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Università degli Studi di Milano
Via Celoria 16, 20133 Milano, Italy



Non ti disunire, Schisa.
Non ti disunire mai.
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Introduction

Tu saresti capace di piantare tutto e ricominciare la vita da capo?
Di scegliere una cosa, una cosa sola, ed essere fedele a quella,
riuscire a farla diventare la ragione della tua vita,
una cosa che raccolga tutto e che diventi tutto
proprio perché è la tua fedeltà che la fa diventare infinita. Ne saresti capace? [...]
No, questo tipo no, non è capace.
Questo vuole prendere tutto, arraffare tutto, non sa rinunciare a niente.
Cambia strada ogni giorno perché ha paura di perdere quella giusta,
e sta morendo, come dissanguato . . .

Motivation

The appearance of quantum mechanics in the mid 1920’s yielded a milestone progress
in modern science, providing a fundamental theory to describe natural phenomena at
the microscopic and sub-microscopic scale, being untenable within the framework of
classical physics. However, if on the one hand it establishes a consistent description
of highly non-classical phenomena, involving atoms and molecules, semi- and super-
conductors, . . . ; on the other hand, in time, physicists questioned themselves about
the non-intuitive aspects of the theory, namely, non-commutativity of observables, the
Einstein-Podolsky-Rosen paradox, quantum non-locality and the von Neumann reduc-
tion induced by quantum measurements [1]. Starting from the 1950’s, the perspective
changed, and the emerging results in the quantum mechanics foundations gave birth
to a new field: quantum information science. While quantum mechanics limits itself to
explain the natural phenomena at the microscopic level, quantum information science
starts from the Landauer’s observation that information is a physical entity, being de-
pendent of the physical laws used to store and processes it [2–4], and focuses on its
transmission and processing by means of the quantum features of a physical system.

Historically, the first developments of quantum information arose from the field of
quantum communications. Indeed, in the 1960’s, Gordon [5], Stratonovich [6, 7], and Hel-
strom [8, 9] firstly proposed a formulation of optical communications in the quantum
regime, with the intent of establishing the fundamental limits posed by quantum me-
chanics in the transmission of classical information over optical communication links. In
particular, Gordon and Stratonovich addressed the information capacity of optical chan-
nels, while Helstrom focused himself on quantifying the error probability in a decision

xiii



xiv Thesis overview

strategy when a finite set of classical symbols is encoded onto non-orthogonal quantum
states of radiation. These results provided the first step for all the subsequent investiga-
tions, assessing the ultimate limits of quantum protocols and operations ranging from
channel parameter estimation [10], information capacity [11], optical amplification [12],
and so on. Moreover, thanks to the recent technological progresses, these limits not only
provide useful theoretical results, but have also been experimentally demonstrated and,
nowadays, are commonly encountered in several contexts, from near- and deep-space
communications to loss mitigation of realistic metropolitan fiber channels.

On the other hand, the 1980’s brought a remarkable change in perspective. Instead
of merely considering quantum properties as passive features that pose limitations on
the performance of classical protocols, scientists realized that they could be exploited as
active resources to design completely new protocols and paradigms that outperform the
existing classical schemes. In other words, since information is physical, we can employ
quantum mechanical effects, e.g. Heisenberg’s uncertainty, superposition, . . . , to trans-
mit it in novel and more powerful fashion. The main result in this direction has been
achieved by quantum key distribution (QKD), firstly introduced by Bennett and Bras-
sard in 1984 [13], that allows two distant parties to distill a random key via the exchange
of quantum states, with unconditional security guaranteed by the quantum mechanics
laws. In time, QKD has become one of the milestone aspects of quantum information,
and its application has been extended from discrete variable to continuous variable sys-
tems [14]. Following this philosophy, in more recent years, a big enhancement has been
obtained also regarding the information transmission over quantum channels, by ad-
dressing the transmission of genuine quantum information, i.e. quantum states (pos-
sibly entangled), instead of the simple encoding of classical symbols onto a quantum
optical carrier field [15].

Thesis overview

Given the motivations described above, nowadays quantum communications provide a
vast field of research in rapid expansion, with a huge potential impact on the future de-
velopments of quantum technologies. The scope of this Thesis is then to address some
relevant aspects of the field, and provide innovative results being also experimentally
oriented. In particular, here we focus on two relevant paradigms, namely quantum state
discrimination and continuous variable (CV) QKD, with particular reference to optical
platforms. In the former case, we design new hybrid receivers for discrimination of
phase-shift-keyed coherent states, obtaining a quantum advantage over conventional
detection schemes. In the latter scenario, we proceed in two different directions. On the
one hand, we design new CVQKD protocols employing discrete modulation of coher-
ent states, being a more feasible solution compatible with the state of the art in optical
communications technologies; on the other hand, we address the more fundamental
problem of performing channel losses mitigation to enhance the key generation rate
(KGR), by considering both feasible conventional optical amplifiers and more sophis-
ticated schemes like probabilistic noiseless linear amplifiers. Finally, we make a first
step towards a fully non-Gaussian CVQKD scheme by proposing, for the first time, the
adoption of an optimized state discrimination receiver, commonly adopted for quantum
decision theory, within the context of CVQKD, obtaining a genuine quantum enhance-
ment over conventional protocols in particular ranges of transmission distance.

Here below, the structure and the main original results of the Thesis are summarized
in more detail.
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Organizational note

The present PhD Thesis consists of three Parts, followed by Conclusions and a list of
Appendices, for a total of ten Chapters. In particular, Part I provides a preliminary
part that introduces the notation and the fundamental tools employed throughout the
rest of the Thesis, and it is divided into three Chapters. Part II is devoted to quantum
state discrimination theory, presenting a comprehensive analysis of binary and M -ary
discrimination protocols, and it is composed of two Chapters. Finally, Part III deals with
QKD in continuous variable systems, addressing the different existing approaches to
assess security, and it consists of four Chapters.

• In Chapter 1, we summarize the modern tools of quantum mechanics, present-
ing the postulates of the theory regarding quantum states, quantum evolution and
quantum measurements.

• In Chapter 2, we present the basic elements of quantum optics, with relevant exam-
ples of quantum states of radiation, quantum maps and quantum measurements.
In particular, we give a detailed presentation of the Gaussian state formalism, that
will be widely exploited in the main Parts of the Thesis.

• In Chapter 3, we introduce the main aspects of realistic quantum communication
systems and information theory, highlighting the difference between the classical
and quantum description.

• In Chapter 4, we outline the framework of quantum state discrimination theory:
we introduce the decision error probability as the main figure of merit, and address
the fundamental case of binary discrimination of quantum states. In particular, we
focus on coherent-state discrimination and present a comprehensive analysis of the
quantum receivers proposed in literature, assessing their performance also in the
presence of realistic inefficiencies, e.g. non-unit quantum efficiency, dark counts,
visibility reduction and phase noise. Results have been published in [16–18].

• In Chapter 5, we extend the analysis to multiple-state discrimination. We present
a deep review of all the fundamental theoretical results of the theory and, even-
tually, specialize it to quadrature phase-shift-keying discrimination of coherent
states, discussing the functioning and the limits of the most relevant quantum re-
ceivers. Results have been published in [19].

• In Chapter 6, we address QKD: at first, we provide a basic overview of its main as-
pects and, thereafter, we focus on CVQKD, where coherent states are employed as
information carrier. We present three different approaches to assess the security of
the protocols, namely unconditional security, trusted-device scenario and wiretap
channel assumption, and introduce the KGR as the fundamental figure of merit.
Subsequently, we focus on the unconditional scenario and provide security proofs
by the “optimality of Gaussian attacks” theorem. Then, we apply the obtained the-
oretical results to both Gaussian modulation and discrete modulation protocols.
Results have been published in [20].

• In Chapter 7, we study the two other security frameworks previously introduced,
that represent examples of restricted eavesdropping. At first, we address the trusted-
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device scenario and extend the validity of the optimality of Gaussian attacks, ac-
counting also for the limitations of the eavesdropper. Thereafter, we study the
security of a wiretap channel, in which the eavesdropping attack is assumed to be
known, comparing the resulting KGR with the unconditional security case. Results
have been published in [20].

• In Chapter 8, we discuss the potentiality of optical amplifiers to perform mitigation
of the transmission losses and enhance CVQKD. We address the problem of optical
amplification at the quantum limit, introducing both conventional amplifiers, i.e.
phase-insensitive and phase-sensitive amplifiers, and probabilistic noiseless linear
amplifiers. Then, we study their application in CVQKD schemes, providing se-
curity analysis under different security frameworks. Results have been published
in [21, 22].

• In Chapter 9, we proceed beyond the standard CVQKD protocols, employing Gaus-
sian measurements, and investigate the potentiality of non-Gaussian detection schemes
to increase the KGR. In particular, we resort to M -ary quantum state discrimina-
tion theory, discussed in Chapter 5, and design an optimized quantum receiver
maximizing the KGR, comparing its performance with respect to standard Gaus-
sian receivers under the wiretap channel assumption. Results have been published
in [19].

Main results

Binary discrimination of coherent states (see Sec.s 4.4, 4.5, and 4.6): Starting from
the state-of-the-art quantum receivers, namely the homodyne and displacement re-
ceivers (e.g. the Kennedy one), we propose a new hybrid scheme, the hybrid near-
optimum receiver (HYNORE), that combines both the homodyne-like and displacement-
photon counting setups via feed-forward operations to obtain an enhanced discrim-
ination strategy. The receiver not only outperforms the Kennedy, but also provide a
fascinating proposal for experimental implementations, as it only relies on photon-
number-resolving (PNR) detectors and electro-optic modulators (EOMs) to imple-
ment conditional displacements. Thereafter, we also extend the scheme to a multi-
copy receiver, to design a second hybrid receiver, the hybrid feed-forward receiver
(HFFRE), where further reduction of the decision error probability is obtained by
splitting the encoded signal into many rescaled copies and performing subsequent
feed-forward operations. Finally, we detailedly address the robustness of the two
proposed hybrid receivers against the typical experimental imperfections, that is
non-unit quantum efficiency, dark counts, reduced interference visibility, and phase
diffusion noise.

M -ary state discrimination (see Sec.s 5.2.1 and 5.3.1.2): The problem of the opti-
mal decision becomes highly nontrivial in the presence of a constellation of M > 2
quantum states. Unlike the binary case, where Helstrom’s theory provides an explicit
derivation of the optimum receiver and the corresponding minimum error probabil-
ity, for M -ary state discrimination, the decision problem is recast into a convex opti-
mization problem. The optimum receiver is only indirectly characterized by Yuen’s
theorem, presenting necessary and sufficient conditions to be fulfilled, while, in gen-
eral, calculation of the corresponding positive-operator valued measure (POVM) and
decision error probability should be handled numerically. Given this limitation,
suboptimal POVMs with simpler construction have been proposed, among which
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the paradigmatic example is provided by the pretty good measurement (PGM), be-
ing proved to yield the optimum receiver in the particular case of pure-state con-
stellations satisfying the geometrically uniform symmetry (GUS). In this Thesis, we
present a new and simpler derivation of the optimum receiver in this latter scenario.
In particular, we prove that, in the presence of GUS, every pure-state discrimination
receiver is ultimately identified by a set of M − 1 phases, which may be properly
chosen to minimize the decision error probability, thus transforming a convex func-
tional optimization into optimization of a real function with M − 1 real variables.
Remarkably, this result provide a huge simplification, and leads to straightforward
construction of the optimum receiver that does not refer to suboptimal methods, ob-
tained by setting all the free phases equal to 0.
CVQKD with discrete modulation (see Sec. 6.5.2): Given the practical difficulty to
implement Gaussian modulation of coherent states in the current CVQKD demon-
strations, we propose a new CVQKD protocol employing quadrature amplitude mod-
ulation (QAM) of the coherent pulses, assisted by probabilistic amplitude shaping to
obtain a non-uniform sampling probability distribution that approximates a Gaus-
sian distribution. We prove QAM to both outperform the conventional discrete mod-
ulation formats based on phase-shift keying (PSK), and to close the gap with respect
to Gaussian modulation, thus providing a solution to achieve high values of KGR
with a feasible experimental setup.
Security of CVQKD in the trusted-device scenario (see Sec. 7.1): Usual security
proofs for CVQKD are obtained in the unconditional security framework, where the
whole channel connecting sender and receiver is considered to be untrusted, thus
assuming the presence of an omnipotent eavesdropper. However, this represent an
excessive assumption, that can be relaxed in practical conditions. To this aim, we
consider the trusted-device scenario, in which some of the channel components (e.g.
detection losses and noise) are trusted. We provide for the first time a security proof
for discrete modulation protocols, by extending the “optimality of Gaussian attacks”
theorem, commonly adopted in the unconditional framework, to this scenario, pro-
viding a general tool to assess security also in the presence of restricted eavesdrop-
ping.
Long-distance CVQKD with optical amplifiers (see Sec.s 8.3 and 8.4): We address
the problem of channel losses mitigation in CVQKD by adopting different kinds
of optical amplifiers. At first, we consider conventional amplifiers, namely phase-
insensitive (PIAs) and phase-sensitive amplifiers (PSAs), arranged in a multi-span
configuration, where the quantum channel is composed of many regenerative sta-
tions interspersed with lossy links. We address security under both the unconditional
and the trust-device frameworks. In the former case, we prove that the KGR is im-
proved with respect to the standard no-amplifier protocol only for PSA links where
the de-amplified quadrature is measured. In the latter, we assume all amplifiers and
spans except one are trusted, and show that the position of the untrusted span greatly
affects the potential enhancement offered by amplification. Thereafter, we study
CVQKD assisted by heralded noiseless linear amplifiers (NLAs), being probabilistic
operations that amplify signals without additional noise, provided that a particular
outcome is retrieved from the measurement of some ancillary modes. For the sake
of simplicity, we only address unconditional security, and prove that, remarkably, it
is possible to distill a secure key at arbitrary large distances if the amplifier gain is
properly optimized.
CVQKD with state-discrimination receivers (see Chapter 9): Ultimately, we make
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a first step towards the design of fully non-Gaussian CVQKD protocols. By drawing
inspiration on our original results for M -ary quantum state discrimination, we pro-
pose an innovative optimized state-discrimination receiver for the quadrature PSK
(QPSK) protocol, referred to as the key-rate optimized receiver (KOR). For the sake
of simplicity, we analyze security under a pure-loss wiretap channel, and obtain an
enhancement with respect to the conventional QPSK protocol in the metropolitan-
network distance regime. We also consider the performance of a feasible displace-
ment feed-forward receiver, in which case we have an increase in the KGR with re-
spect to Gaussian detection for short transmission distances.

As a final remark, we underline that all the materials presented in the Thesis are
either original or adapted from the author’s published articles listed at the beginning of
the Thesis, with the intent of providing a coherent and consistent picture of the research
conducted during the PhD activity.

. . . Ma che cos’è questo lampo di felicità che mi fa tremare, mi ridà forza, vita?
Vi domando scusa, dolcissime creature; non avevo capito, non sapevo.

Com’è giusto accettarvi, amarci. E come è semplice!
Luisa, mi sento come liberato: tutto mi sembra buono, tutto ha un senso, tutto è vero.

Ah, come vorrei sapermi spiegare. Ma non so dire. . .
Ecco, tutto ritorna come prima, tutto è di nuovo confuso.

Ma questa confusione sono io, io come sono, non come vorrei essere adesso.
E non mi fa più paura dire la verità, quello che non so, che cerco, che non ho ancora trovato.

Solo cosı̀ mi sento vivo, e posso guardare i tuoi occhi fedeli senza vergogna.
È una festa la vita: viviamola insieme! Non so dirti altro, Luisa, né a te né agli altri:

accettami cosı̀ come sono, se puoi. È l’unico modo per tentare di trovarci.

- Guido Anselmi, 8½
(directed by Federico Fellini)
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CHAPTER 1

Mathematical tools of quantum mechanics

This thesis deals with the analysis of communication protocol at the quantum limit;
therefore this preliminary Part is devoted to a basic introduction to the main features
that will be exploited throughout the work.

To begin with, this Chapter presents the fundamental tools of quantum mechanics
from a modern perspective, by following a quantum information approach [23]. The
Chapter is organized as follows. In Sec. 1.1, we first introduce the standard prescrip-
tions to establish a statistical theory, i.e. states, evolution and measurements. Then, we
address the case of quantum mechanics, presenting the postulates of the theory in the
standard fashion. Finally, we proceed beyond and generalize the postulates, accounting
for the presence of an open quantum system. In particular, in Sec. 1.1.1 we present the
generalized description of quantum states in terms of statistical operators, in Sec. 1.1.2
we introduce the concept of quantum completely positive maps as an extension of the
usual unitary dynamics, and in Sec. 1.1.3 we define positive-operator-valued measures,
providing the most general description for quantum measurements.

1.1 Mathematical tools of quantum mechanics

Generally speaking, any physical theory that provide a complete description of a physi-
cal system1 should be structured by a minimum set of prescriptions, establishing the con-
nection between the observed phenomena and the adopted mathematical framework.
The typical fundamental building blocks are three. Firstly, we identify what is the state
of the system, that is the mathematical object describing its preparation. Secondly, we
introduce the dynamics, that is the evolution law of a physical state of the system. Finally,
we define measurements, specifying the objects that describe observables. As an example,
in the case of classical mechanics, the state of a system is identified by a set of canonical
variables, i.e. positions and momenta {xj , pj}j , the evolution is provided by a suitable
differential equation in the canonical variables, namely the Hamilton equation, while
probability measures determine the rule that predicts the measurement outcomes.

Beside, in the case of quantum mechanics, these three prescriptions are defined through
the postulates of the theory, representing the minimal requirements to describe the be-
haviour of a system in the presence of genuine quantum effects. In their original formu-
lation, the standard postulates of quantum mechanics can be summarized as follows [23,
24].

• Postulate 1. (States) The quantum state of a system is described by a normalized
vector of a separable Hilbert space H, |ψ⟩ ∈ H, ⟨ψ|ψ⟩ = 1. For multipartite systems,

1With the term physical system we refer to a single given degree of freedom, e.g. position, spin, polariza-
tion, angular momentum,...

3



4 1.1 Mathematical tools of quantum mechanics

the global Hilbert space is the tensor product of the Hilbert spaces associated with
each subsystem. Given this vector space description, the superposition principle
holds: if |ψ1⟩ and |ψ2⟩ are two physical states, then every (normalized) linear com-
bination α|ψ1⟩+ β|ψ2⟩, α, β ∈ C, |α|2 + |β|2 = 1, is also a possible physical state of
the system.

• Postulate 2. (Dynamics) Given the initial state |ψ0⟩ at time t0, its time evolution is
obtained through a unitary operator U(t, t0), that is U†(t, t0)U(t, t0) = 1, 1 being
the identity operator over H. The state at time t then reads |ψ(t)⟩ = U(t, t0)|ψ0⟩.

• Postulate 3. (Measurements) Observables are Hermitian operators acting on the
Hilbert space H, X ∈ B(H). By the spectral theorem, X =

∑
x xPx, where x ∈

R and Px = |x⟩⟨x| are a complete set of orthogonal projectors PxPx′ = δxx′Px.
The eigenvalues of X represent all possible outcomes of the measurement, and the
probability of retrieving x given state |ψ⟩ is provided by the Born rule:

px = |⟨x|ψ⟩|2 . (1.1)

Finally, when the measurement brings the value x, the conditional state of the
system after detection is the (normalized) projection of the probed state onto the
eigenspace associated with x, namely

|ψx⟩ =
1

√
px

Px|ψ⟩ , (1.2)

referred to as Von Neumann reduction.

Actually, all these postulates presuppose a “Postulate 0”, that is to consider a closed
and isolated system. On the other hand, in practical situations we mostly deal with sys-
tems interacting with the rest of the universe, either during their dynamical evolution, or
when subjected to measurement. In turn, in the following we develop a suitable modifi-
cation of the three prescriptions, referred to as the generalized postulates, that hold also
in the presence of open quantum systems.

1.1.1 Postulate 1: Quantum states

The first generalized postulate takes into account that the preparation of a quantum sys-
tem, in general, may not be completely under control. Thus, a probabilistic description
must be considered, in terms of a given statistical ensemble {pk, |ψk⟩}k, meaning that
state |ψk⟩ is prepared with probability pk. In this case, the description of the system is
obtained by the statistical (density) operator ρ =

∑
k pk|ψk⟩⟨ψk|. By suitably character-

izing this mathematical object, we rephrase Postulate 1 as follows.

Postulate 1. (States) The quantum state of a system is described by a statistical operator, that
is a positive operator of unit trace, ρ ∈ L(H), ρ ≥ 0, Tr[ρ] = 1.

In the former expression, L(H) refers to the set of all linear operator acting on he
Hilbert space H. As a consequence, given state ρ, if we consider a traditional Hermitian
observable X , the Born rule and the von Neumann reduction become:

px = Tr[ρPx] and ρx =
1

px
PxρPx , (1.3)
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respectively. In the presence of a pure state |ψ⟩ ∈ H, we have a 1-rank density operator
ρ = |ψ⟩⟨ψ|, while, in the more general case, we have 1 ≤ rank(ρ) ≤ d, with d = dim(H),
and the state is said to be mixed.

The new generalized postulate can be reconciled with the standard Postulate 1 by
observing that, for an isolated bipartite system AB, described by the vector state |ψ⟩⟩AB ,
the state describing only subsystem A is obtained as the partial trace of the global state:

ρA = TrB

[
|ψ⟩⟩AB⟨⟨ψ|

]
, (1.4)

and the same undergoes for ρB . Conversely, any density operator on H can be viewed
as the partial trace of a state vector on a larger Hilbert space. In fact, given a quantum
state ρ it is also possible to construct its purification as follows. We start from the spectral
decomposition ρ =

∑
k λk|ϕk⟩⟨ϕk|; now, we introduce another Hilbert space K with

dimension dim(K) ≥ rank(ρ) and an orthonormal basis {|θk⟩}k in K. Then, the vector
|Ψ⟩⟩ ∈ H ⊗K, equal to:

|Ψ⟩⟩ =
∑
k

√
λk |ϕk⟩|θk⟩ , (1.5)

provides a purification of ρ, namely a pure state such that TrK[|Ψ⟩⟩⟨⟨Ψ|] = ρ. We also note
that the expression (1.5) represents the Schmidt decomposition of |Ψ⟩⟩ [25, 26]. Given this
argument, we underline that there exist infinitely many purifications of a density opera-
tor. However, thanks to the “freedom-in-purifications theorem” [27], all purifications are
unitarily equivalent. That is, if |Ψ1⟩⟩ ∈ H ⊗ K1 and |Ψ2⟩⟩ ∈ H ⊗ K2 are two purifications
of ρ, there exists a unitary operation U : K1 → K2 which transforms |Ψ1⟩⟩ into |Ψ2⟩⟩,
namely:

|Ψ2⟩⟩ =
(
1̂H ⊗ U

)
|Ψ1⟩⟩ . (1.6)

Finally, to quantify the degree of mixedness of a quantum state ρ, that is how far a
density operator is from a pure state, we introduce two typical measures:

• the purity, defined as the trace of the square density operator:

µ[ρ] = Tr[ρ2] , (1.7)

such that 1/d ≤ µ[ρ] ≤ 1, d being the dimension of the Hilbert space. Pure states,
satisfying ρ2 = ρ, have µ = 1, while for any µ < 1 we have a mixed state;

• the von Neumann entropy:

S[ρ] = −Tr[ρ log ρ] = −
∑
n

λn log λn , (1.8)

where {λn}n are the eigenvalues of ρ, and the logarithm is typically taken in basis
2. The von Neumann entropy captures the intuitive idea that, if a system is pre-
pared in a pure state, we have the maximum possible information, and S[ρ] = 0;
while mixed states are obtaining by tracing out some degrees of freedom of a larger
system, thus ignoring the information encoded in the correlations between the por-
tion under investigation and the rest of the universe. In this latter case, we have
0 < S[ρ] ≤ log d.
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1.1.2 Postulate 2: Quantum dynamics

The second generalized postulate characterizes the dynamics of quantum states in the
presence of open systems, in which case the unitary description is untenable. Within
this framework, the evolution of system is described in terms of a map E : L(H) → L(H)
that transforms a quantum state ρ into another quantum state E(ρ). The fundamental
requirements that should be fulfilled by E to describe a physical operation are the fol-
lowing [23]:

(a) The map E is positive and trace preserving: if ρ ≥ 0, then E(ρ) ≥ 0 and Tr[E(ρ)] =
Tr[ρ], guaranteeing that the output state is a genuine quantum state satisfying Pos-
tulate 1.

(b) The map E is linear: E
(∑

k pkρk
)
=
∑
k pkE(ρk), such that the state obtained by

applying the map to the ensemble {pk, ρk}k is the ensemble {pk, E(ρk)}k.

(c) The map E is completely positive (CP): besides satisfying positivity, the map E ⊗ 1̂n :
L(H ⊗ Cn) → L(H ⊗ Cn) is also positive ∀n ∈ N. This property captures the idea
that the map should be preserve its physical meaning when applied to subsystems
of a composite system.

Then, we have:

Postulate 2. (Dynamics) The evolution of a quantum system is described by a map E : L(H) →
L(H) satisfying (a)− (c), usually referred to with the terms quantum CP map, quantum opera-
tion, or quantum channel.

The reconciliation with the usual closed system dynamics is guaranteed by Kraus
theorem [26, 28].

Theorem 1.1 (Kraus, 1971). Let E : L(H) → L(H) be a linear map. Then, the following are
equivalent:

• E is a quantum CP map,

• there exists a group of operators {Mk}k ⊂ L(H) (named Kraus operators) such that

E(ρ) =
∑
k

MkρM
†
k ,

∑
k

M†
kMk = 1̂ , (1.9)

• there exist a Hilbert space HB , a preparation |ω⟩B ∈ HB and a unitary operation U ∈
L(H⊗HB) such that

E(ρ) = TrB

[
U ρ⊗ |ω⟩B⟨ω| U†

]
. (1.10)

We note that the theorem yields two equivalent representations for the map E . Eq. 1.9
constitutes a “local representation”, the so-called Kraus representation, providing the
generalization of unitary evolution in terms of a set of Kraus operators. In this frame-
work, unitary maps are retrieved as CP maps associated with a single Kraus operator
Mk. On the contrary, Eq. 1.10 is a “microscopic representation”, that constructs a unitary
dilation of E as the partial trace of a unitary evolution on a larger system. In particular,
this construction follows from the Stinespring dilation theorem [26, 29].
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1.1.3 Postulate 3: Quantum measurements

Finally, we deal with quantum measurements. As introduced before, a quantum mea-
surement in a closed and isolated system is characterized by a complete set of orthogonal
projectors {Px}x associated with the self-adjoint operator X =

∑
x xPx. Analogously

to quantum maps, we now relax these requirements and highlight the minimum pre-
scriptions that should be satisfied by quantum observables, leading to the definition of
generalized measurements. In fact, we note that the Born rule in (1.3) can be rewritten
as:

px = Tr[ρPx] = Tr[ρP2
x] . (1.11)

In turn, the only request to let px be a faithful probability distribution is that P2
x should

be a positive operator Πx ≥ 0, satisfying the normalization condition
∑
xΠx = 1̂. This

condition defines a generalized quantum measurement as a positive operator-valued mea-
sure (POVM) {Πx}x, such that Πx ≥ 0 for all x, and

∑
xΠx = 1̂. Moreover, due to

positivity, the POVM elements Πx can be expressed in terms of detection operators Mx as
Πx =M†

xMx [23]. In summary:

Postulate 3. (Measurements) A generalized quantum measurement is described by a POVM,
i.e. a collection {Πx}x of positive operators Πx =M†

xMx ≥ 0, such that
∑
xΠx = 1̂. Then, the

Born rule and the Von Neumann reduction become:

px = Tr[ρΠx] and ρx =
1

px
MxρM

†
x , (1.12)

respectively.

Formally, the detection operators are obtained as Mx =
√
Πx, thus representing the

counterpart of the projectors Px in the conventional projection-valued measures (PVMs).
However, unlike PVMs, the orthogonality condition between the {Mx}x is not required,
therefore the number of the POVM elements need not to coincide with the dimension of
the Hilbert space, and can also be larger.

Similarly to Kraus theorem, one can prove that any POVM {Πx} can be brought back
to a suitable PVM performed on a larger Hilbert space. This provides conciliation with
the standard postulate, guaranteed by Naimark theorem [26, 30].

Theorem 1.2 (Naimark, 1943). Given a generalized measurement {Πx}x on a Hilbert space
HA, there exist a Hilbert space HB , a preparation |ω⟩B ∈ HB , a unitary operation UAB ∈
L(HA ⊗HB) and a projective measurement {Px}x on HB such that:

px = TrA[ρΠx] = TrAB

[
UAB ρ⊗ |ω⟩B⟨ω| U†

AB (1̂A ⊗ Px)
]
, (1.13a)

ρx =
1

px
MxρM

†
x =

1

px
TrB

[
UAB ρ⊗ |ω⟩B⟨ω| U†

AB (1̂A ⊗ Px)
]
. (1.13b)

As for the case of quantum maps, Naimark theorem provides a “microscopic repre-
sentation” of a generalized quantum measurement. In fact, in practical contexts, per-
forming a quantum measurement implies the presence of a detection apparatus, pre-
pared into an ancillary state interacting with the quantum state of the system and, there-
after, being measured. As a matter of fact, within this description, the measured quantity
may be always described by a PVM on the global Hilbert space of both the system and
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the apparatus. Then, an equivalent description in terms of POVMs is obtained when
tracing out the degrees of freedom of the apparatus. Conversely, any conceivable POVM
is associated with a Naimark extension, providing a physical implementation via ancilla-
based standard measurement. We also note that the possible Naimark extensions are
infinite, corresponding to the intuitive idea that exists infinitely many apparatuses, with
an arbitrary number of ancillary systems, to measure a physical quantity: indeed, for a
given POVM element Πx there are infinite possible detection operators Mx. For this rea-
son, the construction reported in the statement of Naimark theorem is usually referred
to as the canonical extension of the POVM, which does not necessarily coincide with a
feasible actual implementation.



CHAPTER 2

Basics of quantum optics

In this Chapter, we present a general overview of continuous variable systems, with
particular attention to quantum optical systems, that will provide the main platform for
the quantum communication protocols discussed throughout the thesis. We establish
the quantum description of optical electromagnetic fields, both in the Hilbert space and
the quantum phase space representations, and, in particular, we focus on the Gaussian
state formalism, that describes most of the optical elements being commonly exploited
in the state-of-art technologies.

The structure of the Chapter is the following. In Sec. 2.1 we introduce continuous
variable systems, namely physical systems described by position- and momentum-like
operators that obey the canonical commutation rule. Then, Sec. 2.2 specializes the anal-
ysis to quantum optical fields, presenting the description of quantum states in both the
Hilbert space and the quantum phase space. Thereafter, Gaussian states are introduced
and characterized, and some relevant examples are reported. Instead, in Sec. 2.3 we dis-
cuss the quantum evolution of quantum optical states, focusing on the case of Gaussian
dynamics, transforming input Gaussian states into output Gaussian states. Finally, in
Sec. 2.4, we study quantum measurements of optical systems. At first, we provide a
complete description of Gaussian measurement, yielding Gaussian statistics and Gaus-
sian conditional states when performed on a Gaussian probe. Then, we present some
relevant examples of non-Gaussian measurements that will be discussed in the rest of
the thesis, i.e. photon-number resolving detection and weak-field homodyne detection.

2.1 Introduction to continuous variable systems

In this thesis, we deal with continuous variable systems. With this terminology, we
refer to a non-relativistic degrees of freedom, each one being quantized by a pair of
Hermitian position-like and momentum-like operators q and p that satisfy the canonical
commutation relation (CCR):

[q, p] = 2iσ2
0 , (2.1)

where σ0 ≥ 0 is a proper multiplicative constant, whose physical meaning will be dis-
cussed thereafter. These systems require the adoption of an infinite dimensional Hilbert
space, hence the terminology “quantum continuous variables”. In fact, operators q and p
have continuous spectrum, q =

∫
R q |q⟩⟨q| and p =

∫
R p |p⟩⟨p|, with eigenvalues over the

whole real line, and improper eigenstates {|q⟩} and {|p⟩} such that ⟨q1|q2⟩ = δ(q1 − q2),
⟨p1|p2⟩ = δ(p1 − p2), and ⟨q|p⟩ = exp(iqp)/

√
2π [31].

9



10 2.2 Quantum states of radiation

Equivalently, for bosonic systems we also introduce the creation and annihilation
operators:

a =
q + ip

2σ0
and a† =

q − ip

2σ0
, (2.2)

effecting the creation and annihilation of energy quanta, e.g. photons, phonons, . . . ,
of an harmonic oscillator, that obey [a, a†] = 1 [32]. Furthermore, the extension of the
CCR to n pairs of canonical variables {qj , pj}, j = 1, . . . , n, is straightforward, and reads
[qj , pk] = 2iσ2

0δjk, or, equivalently, [aj , ak] = [a†j , a
†
k] = 0 and [aj , a

†
k] = δjk, δjk being

the Kronecker delta. To get a more compact notation, it is useful to introduce a vector
representation of the canonical operators:

r̂ = (q1, p1, ..., qn, pn)
T , (2.3)

and re-express the CCRs as:

[r̂, r̂T] = 2iσ2
0 Ω

(n) , (2.4)

where [A,B] = AB− (AB)T and Ω(n) = ⊕nj=1Ω is the n-mode symplectic form, with

Ω =

(
0 1
−1 0

)
, (2.5)

and ⊕ denoting direct sum.

2.2 Quantum states of radiation

The previous description provides theoretical modeling of a wide range of physical
bosonic platforms, such as mechanical harmonic oscillators, electromagnetic field, trapped
ions, . . . . For the purposes of this thesis, we will only focus on quantum optical plat-
forms, in which case the canonical operators q and p represent the quantized quadratures
of a single mode optical field at given angular frequency ω, associated with the Hamil-
tonian:

H = ℏω
(
n̂+

1

2

)
, (2.6)

where ℏ is the reduced Planck’s constant and n̂ = a†a is the photon-number operator,
revealing the number of excitation quanta (photons) of a given quantum state [31–33].
Moreover, the corresponding electric field operator Ê(r) at position r, is obtained as:

Ê(r) = E0

[
a eik·r + a† e−ik·r

]
=

E0

σ0

[
q cos(k · r)− p sin(k · r)

]
, (2.7)

where k is the wave-vector associated with the carrier frequency, with modulus k =

|k| = ω/c, and E0 =
√

ℏω/(2ϵ0V ) is the so-called electric field “per single photon”,
in which c, ϵ0 and V are the speed of light, the vacuum electric permittivity, and the
quantization volume, respectively. If the number of modes of the field is n > 1, the
Hamiltonian becomes H =

∑n
j=1 ℏωj(n̂j + 1/2), n̂j being the photon-number operator

associated with the bosonic mode aj [32].
Given these considerations, we present some paradigmatic examples of quantum

states for optical fields.
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Fock states. They are the eigenstates of the Hamiltonian (2.6), corresponding to the
eigenstates of the number operator, {|n⟩}, n ∈ N, such that n̂|n⟩ = n|n⟩. By the spectral
theorem, they form a complete orthonormal system. In particular, among Fock states,
we find the vacuum state |0⟩ such that n̂|0⟩ = 0, for which the quadrature mean values
and variances read:

⟨q⟩ = ⟨p⟩ = 0 and ∆2q = ∆2p = σ2
0 , (2.8)

revealing the physical meaning of constant σ2
0 introduced in (2.1), namely the zero-point

fluctuations of the field quadratures, also referred to as vacuum fluctuations or shot noise
variance. In turn, the shot noise σ2

0 provides a measurement scale to evaluate the quadra-
ture variances of all quantum states; thus, in principle, its value can be arbitrarily chosen.
Typically, there are two conventional choices: either fixing σ2

0 = 1/2, the so-called canon-
ical representation, or σ2

0 = 1, corresponding to shot-noise units (SNU).

Coherent states. They are the eigenstates of the annihilation operator a, that is a|α⟩ =
α|α⟩, α ∈ C, expanded in the Fock basis as:

|α⟩ = e−
|α|2
2

∞∑
n=0

αn√
n!
|n⟩ = D(α)|0⟩ , (2.9)

whereD(α) = exp(αa†−α∗a) is the displacement operator. Coherent states are not orthog-
onal with one another, since eigenstates of a non-Hermitian operator,

⟨β|α⟩ = e−|α−β|2/2e(αβ
∗−α∗β)/2 , α, β ∈ C , (2.10)

but, nevertheless, they form an overcomplete set, as:∫
C

d2α

π
|α⟩⟨α| = 1̂ . (2.11)

Moreover, these states are usually considered as quasi classical states, namely the quan-
tum states that describe classical optical fields in the absence of noise. Indeed, given
a coherent state with amplitude α = |α|eiϕ, 0 ≤ ϕ < 2π, the expectations values of
quadratures read ⟨q⟩ = 2σ0|α| cosϕ and ⟨p⟩ = 2σ0|α| sinϕ, reproducing the behaviour of
a classical harmonic oscillator, albeit exhibiting shot noise fluctuations ∆2q = ∆2p = σ2

0 ,
that become negligible in the classical limit of high-intensity fields, |α|2 ≫ σ2

0 .

Thermal state. It is the mixed state describing radiation emitted by thermal sources,
namely:

νth(n̄) =
1

1 + n̄

∞∑
n=0

(
n̄

1 + n̄

)n
|n⟩⟨n| , (2.12)

n̄ being the mean number of photons. It has null mean values of quadratures and vari-
ances larger than vacuum fluctuations, as ∆2q = ∆2p = σ2

0(1 + 2n̄).
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Single-mode squeezed vacuum state. It is the state of radiation obtained from second
order interaction of light within a non linear crystal of nonzero second order susceptibil-
ity, expressed as:

|r⟩ = S(r)|0⟩ , (2.13)

where S(r) = exp[r(a†2 − a2)/2] is the single-mode squeezing operator, r ∈ C. If r > 0, we
compute the expectation values of quadratures as ⟨q⟩ = ⟨p⟩ = 0 and:

∆2q = e2rσ2
0 and ∆2p = e−2rσ2

0 . (2.14)

The name squeezing derives from the fact that fluctuations on p are reduced below the
vacuum, at the expense of enlarging those on p above the shot-noise limit. In other
words, quadrature p is squeezed, i.e. de-amplified, while quadrature q is anti-squeezed,
that is amplified.

Two-mode squeezed vacuum state (TMSV). It is the paradigmatic example of a two-
mode entangled state, defined as:

|TMSV⟩⟩ = S2(r)|0⟩|0⟩ =
√

1− λ2
∞∑
n=0

λn|n⟩|n⟩ , (2.15)

where S2(r) = exp[r(a†b† − ab)] is the two-mode squeezing operator, acting on two modes
a and b, [a, b] = 0, and λ = tanh r. In the previous expression, we assumed r ≥ 0 for the
sake of simplicity. The TMSV represents the maximally entangled state at fixed mean
energy, as, after performing partial trace over one mode, we retrieve a thermal state with
energy n̄ = λ2/(1− λ2) [33].

2.2.1 The quantum phase space description

Beside the Hilbert space description, obtained by expansion over a suitable basis, an
equivalent representation of optical quantum states is obtained in the so-called quantum
phase space. It is introduced as a bijective mapping between n-mode density operators in
the Hilbert space and complex scalar function defined in R2n.

Let us consider a n-mode bosonic system, described by the bosonic operators a =
(a1, a2, . . . , an)

T, arranged in vector notation. Then, according to Glauber’s formula,
also referred to as Fourier-Weyl relation, any quantum state ρ can be expressed as [31,
33, 34]:

ρ =

∫
Cn

d2α

πn
χ(α)Da(α)† , (2.16)

where α = (α1, α2, . . . , αn)
T ∈ Cn and

Da(α) =

n⊗
k=1

Dak(αk) , (2.17)

where Dak(αk) = exp(αkak
† − α∗

kak) is the displacement operator acting on mode ak.
Some useful properties of the displacement operator are reported below:

Da(α1)Da(α2) = Da(α1 +α2) , α1,α2 ∈ Cn , (2.18a)
Dξa(α) = Da(ξα) , ξ ∈ R , (2.18b)

Tr
[
Da(α)

]
= πnδ(n)(α) , (2.18c)
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δ(n)(α) being the complex n-mode Dirac delta distribution. Moreover, for any pair of
generic operators O1 and O2 acting on the Hilbert space H of n modes the trace rule
holds:

Tr[O1O2] =

∫
Cn

d2α

πn
χ[O1](α)χ[O2](−α) , (2.19)

χ[O1(2)](α) being the characteristic function of O1(2), respectively. As an example, for
a single radiation mode a, we choose O1 = D(α), with α = x + iy, and O2 = q2 =
σ2
0(a+ a†)2 and obtain [35]:

Tr
[
D(α)q2

]
= σ2

0 e
−(x2+y2)/2

[
πδ(2)(α) + 2πyδ(x)

d

dy
δ(y)− πδ(x)

d2

dy2
δ(y)

]
, (2.20)

where δ(x) is the Dirac delta distribution.
Remarkably, we note that Eq. (2.16) formally represents an expansion on the set of

displacement operators, which constitutes a complete basis set on the Hilbert space L(H)
of the linear operators acting on H. In turn, the coefficient:

χ(α) = Tr
[
ρDa(α)

]
, (2.21)

referred to as the characteristic function associated with ρ, contains all information about
the quantum state. We conclude that, as anticipated before, we can study and analyze
the properties of ρ by a function of n complex variables rather than a density operator in
the Hilbert space.

Starting from χ(α) we also introduce the generalized characteristic function, or s-
ordered characteristic function [31, 33, 34]:

χs(α) = Tr
[
ρDa(α)

]
esα

†α/2 , (2.22)

that satisfy the following properties:

i) χs(0) = Tr[ρ] = 1;

ii) for all j = 1, . . . , n and s = −1, 0, 1, we have:(
∂

∂αj

)m(
− ∂

∂α∗
j

)k
χs(α)

∣∣∣∣∣
α=0

=
〈(
a†j
)m
ak
〉
s
, (2.23)

where ⟨·⟩s is the s-ordered expectation value, corresponding to anti-normal order
(s = −1), symmetric order (s = 0) and normal order (s = 1). That is, the general-
ized characteristic function is the moment generating function for the state ρ.

Finally, by passing to the Fourier transform, we obtain the quasi-probability distribution
[31, 33, 34]:

Ws(α) =

∫
Cn

d2β

π2n
e(β

†α−α†β)/2 χs(β) , (2.24)

such that:

i)
∫
Cn d

2αWs(α) = χs(0) = 1;
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ii) for all j = 1, . . . , n and s = −1, 0, 1, we have:

(
∂

∂αj

)m(
− ∂

∂α∗
j

)k
χs(α)

∣∣∣∣∣
α=0

=

∫
Cn

d2α
(
α∗
j

)m
αkj Ws(α) , (2.25)

and, by integration, we retrieve all statistical moments of state ρ;

iii) for s = 0 the trace rule becomes:

Tr[O1O2] = πn
∫
Cn

d2αW [O1](α)W [O2](α) , (2.26)

where we omitted the pedix 0 for convenience.

We also remark that, by performing a suitable change of variables, we can re-express
all the previously introduced functions in terms of 2n real variables in the domain R2n,
rather than n complex ones in Cn. To this aim, we introduce a set of Cartesian variables
r = (x1, y1;x2, y2; . . . ;xn, yn)

T = 2σ0(Reα1, Imα1; Reα2, Imα2; . . . ; Reαn, Imαn)
T ∈

R2n and set:

χs(r) = χs(α(r)) and Ws(r) =
1

(4σ2
0)
n
Ws(α(r)) , (2.27)

where α(r) denotes the re-parametrization of the complex vector α in terms of the new
variables, i.e. αj = (xj + iyj)/2σ0, j = 1, . . . , n, and the pre-factor 1/(4σ2

0)
n in the quasi-

probability distribution Ws has been introduced to preserve its normalization.
Moreover, quasi-probability distributions provide useful tools to assess some rele-

vant quantum features of the state ρ. In particular, the most common distributions refer
to the values s = −1, 0, 1 and are presented below for the single mode case, n = 1.

P -function (s = 1). If s = 1, the function P (α) = W1(α) is called P - function, or
Glauber-Sudarshan function, such that for each state ρ we have:

ρ =

∫
C
d2α P (α) |α⟩⟨α| , (2.28)

|α⟩ being a coherent state. We note that, in general, P (α) is not a regular function. In
particular, if we deal with a coherent state ρ = |β⟩⟨β|, β ∈ C, we have P (α) = δ(2)(α−β);
otherwise, if the state cannot be expressed as a statistical mixture of coherent states, the
corresponding P (α) is a pathological function, being more singular than a Dirac delta.
In turn, the singularity of the P -function provides a sufficient condition to assess non-
classicality of quantum states.

Wigner function (s = 0). The function W (α) =W0(α) is called Wigner function, being
the Fourier transform of the characteristic function χ(α). It represents the conventional
choice to describe quantum states in the phase space, and can be also computed as [33,
34]:

W (α) =
2

π

∞∑
n=0

(−1)n ⟨n|D†(α) ρD(α)|n⟩ . (2.29)
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{|n⟩}n being the Fock basis. Moreover, in the Cartesian notation, performing integration
over one of the two variables yields:∫

R
dpW (q, p) = ⟨q|ρ|q⟩ and

∫
R
dqW (q, p) = ⟨p|ρ|p⟩ , (2.30)

where |q⟩ and |p⟩, q, p ∈ R, are the improper eigenstates of the canonical operators q
and p, respectively. Therefore the marginal distributions of the W -function yield the
probability distributions associated with quadrature detection [33, 34]. Unlike the P -
function, the Wigner function is non-singular, W (α) <∞, but it can get negative values.
If so, the width of the Wigner negativity region in the phase space provides a measure
of non-classicality [36].

Q-function (s = −1). Finally, the function Q(α) = W−1(α) is called Q-function (or
Husimi function). Its fundamental property is that:

Q(α) =
⟨α|ρ|α⟩
π

≥ 0 , (2.31)

|α⟩ being a coherent state. In turn, Q(α) is regular for all quantum states.

2.2.2 Gaussian states

Within the phase space representation, a quantum state ρG is a Gaussian state if its asso-
ciated Wigner function (or, analogously, its characteristic function) is Gaussian, namely:

W (r) =
1

(2π)n
√

det(σ)
exp

[
−1

2
(r−R)T σ−1 (r−R)

]
(2.32)

where r = (x1, y1, . . . , xn, yn)
T ∈ R2n, and

R = Tr[ρG r̂] (2.33)

is the first moment vector (FM) and

σ =
1

2
Tr

[
ρG
{
(r̂−R), (r̂−R)T

}]

=
1

2
Tr

[
ρG
{
r̂, r̂T

}]
−RRT (2.34)

is the 2n×2n covariance matrix (CM), where {A,B} = AB+(AB)T is the anti-commutator
of A and B. Thus, a Gaussian state is completely characterized by its FM and its CM.
Equivalently, a Gaussian state can be expressed as a Gibbs-state of a (at most) quadratic
Hamiltonian Ĥ = r̂TH r̂/2 + aTr̂, where H is a 2n× 2n symmetric matrix and a ∈ R2n is
a “displacement” vector. That is:

ρG =
e−βĤ

Z
, (2.35)

Z = Tr[e−βĤ ], where β is a free parameter.
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The expansion of a Gaussian state ρG onto the Fock basis has been recently derived
in [37]. To this aim, we first re-express Eq. (2.32) as:

W (α) =
1

πn
√
det(σ̃)

exp

[
−1

2
(α− β)† σ̃−1 (α− β)

]
(2.36)

with α = (α1, α
∗
1, . . . , αn, α

∗
n)

T ∈ C2n, and

β = Ux and σ̃ = UσU† (2.37)

where U = ⊕nk=1U1 and

U1 =
1

2σ0

(
1 i
1 −i

)
. (2.38)

Thereafter, we introduce the matrices

σQ = σ̃ + 12n/2 (2.39a)

A = X(12n − σ−1
Q ) (2.39b)

γT = β†σ−1
Q (2.39c)

where 12n is the 2n× 2n identity matrix and X = ⊕ns=1σx, σx being the Pauli x-matrix.
Then, the matrix element in the Fock basis ρmk = ⟨m|ρ|k⟩, |k⟩ = |k1 k2 . . . kn⟩ and
|m⟩ = |m1m2 . . .mn⟩, reads:

ρmk = Tmk

n∏
s=1

(
∂

∂αs

)ks ( ∂

∂α∗
s

)ms

exp

(
1

2
αTAα+ γTα

) ∣∣∣
α=0

(2.40)

where

Tmk =
1√

det(σQ)
∏n
s=1 ks!ms!

exp

(
−1

2
β†σ−1

Q β

)
. (2.41)

We now list some fundamental properties of Gaussian states that will be helpful
throughout the thesis:

• Tensor products of Gaussian states are Gaussian. That is, given two Gaussian states
ρA(B) with FM RA(B) and CM σA(B), respectively, the bipartite state ρ = ρA ⊗ ρB
is Gaussian with FM R = RA ⊕ RB and CM σ = σA ⊕ σB .

• The partial trace of a Gaussian state is Gaussian. We consider a generic bipartite Gaus-
sian state ρAB , with FM and CM:

R =

(
RA
RB

)
, σ =

(
σA σAB
σAB σB

)
. (2.42)

Then, ρA(B) = TrB(A)[ρAB ] is still Gaussian with FM RA(B) and covariance σA(B),
that is the sub-blocks associated with subsystem A(B) in R and σ.
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• The purity and the von Neumann entropy of a Gaussian state only depend on its CM. The
purity of a Gaussian state ρG, with CM σ, is retrieved as:

µ[ρG] = Tr[ρ2G] =
(σ2

0)
n√

det(σ)
, (2.43)

whereas its von Neumann entropy S[ρG] = −Tr[ρG log2 ρG] reads:

S [ρG] =

n∑
j=1

h

(
dj/σ

2
0 − 1

2

)
, (2.44)

where h(x) = (x+1) log2(x+1)−x log2 x, and {dj}j are the n symplectic eigenval-
ues of σ, i.e. the positive eigenvalues of the 2n× 2n matrix iΩ(n)σ [31, 33]. Closed
expressions for the symplectic eigenvalues are available for systems of n = 1, 2

modes. In particular, for n = 1, we have d1 =
√
det(σ), whereas for n = 2 we

express the CM in block form as in Eq. (2.42) and obtain:

d1(2) =

√
∆±

√
∆2 − 4I4
2

, (2.45)

with I1(2) = det(σA(B)), I3 = det(σAB), I4 = det(σ) and ∆ = I1 + I2 + 2I3.

We now present some common examples of Gaussian states. Moreover, for single-
mode states it is also possible to provide a graphical phase space representation, depicted
in Fig. 2.2.1, obtained as the contour plot of the Wigner function W (q, p) at the height of
variances.

First of all, the vacuum |0⟩ is a Gaussian state with R = 0 and σ = σ2
012, being

represented in the phase space as a circle with radius σ0 centered in the origin, see
Fig. 2.2.1(a). Also coherent states |α⟩ = D(α)|0⟩ are Gaussian, with R = 2σ0(Reα, Imα)
and σ = σ2

012; thus the displacement operator acts as a translation in the phase space,
see Fig. 2.2.1(b). Thermal states are Gaussian, with null FM and σ = σ2

0(1 + 2n̄), see
Fig. 2.2.1(c), being, therefore, represented as a circle with a bigger radius than the vac-
uum. Finally, the single-mode squeezed state is Gaussian, with null FM and CM

σ = σ2
0

(
e2r 0
0 e−2r

)
, (2.46)

where we assume r ≥ 0: that is, the squeezing operator acts as a dilatation of the q-
axis and a compression of the p axis, deforming the vacuum circle into an ellipse of
bigger semi-axis equals to erσ0 and smaller semi-axis e−rσ0, see Fig. 2.2.1(d). In the more
general case r = |r|eiψ , the ellipse is rotated by an angle ψ/2. We also note that, starting
from these basic examples, it is possible to reconstruct all single-mode Gaussian state.
In fact, by the former definition of Gaussian states of Eq. 2.35, it follows that a generic
single mode Gaussian state can always be written as a displaced squeezed thermal state
ρG = D(α)S(r)νth(n̄)S†(r)D†(α), for some parameters α, r ∈ C and n̄ ≥ 0.

Finally, within the class two-mode states, the typical example of Gaussian state is the
TMSV, having null FM and CM:

σ = σ2
0

(
V 12 Z σz
Z σz V 12

)
, (2.47)

where V = cosh(2r) = (1 + λ2)/(1 − λ2) is the so-called quadrature variance, Z =

sinh(2r) =
√
V 2 − 1 is the correlation term, and σz is the Pauli z-matrix.
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Figure 2.2.1: Phase space representation of Gaussian states: the vacuum |0⟩ (a), a coherent state
|α⟩ (b), α ∈ C, a thermal state νth(n̄) (c), and a single-mode squeezed vacuum state |r⟩, r > 0 (d).
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2.3 Quantum evolution of optical states

The dynamics of a quantum optical system follows the prescriptions outlined in the pre-
vious Chapter. That is, in the presence of a closed system, we have a unitary dynamics
governed by a self-adjoint Hamiltonian operator Ĥ through the Schrödinger evolution
dρ/dt = −i[Ĥ, ρ], where we adopted the natural units, ℏ = 1. Otherwise, open quantum
dynamics are modeled by a suitable quantum master equation for the density operator
ρ, obtained from a Hamiltonian dynamics over a larger system, that includes an envi-
ronment, being, ultimately, traced out [26, 31]. Under proper dynamical assumptions,
we retrieve a time-local master equation in the Lindblad form:

dρ

dt
= γ

∑
j

L[Aj ] ρ , (2.48)

where γ is a decoherence rate and L[A]ρ = AρA† − {A†A, ρ}/2, L[A] being the so-called
Lindblad superoperator [26].

In the following, we mainly focus on the special case of Gaussian dynamics, in which
situation the theoretical description is rather simplified.

2.3.1 Gaussian dynamics

The class of Gaussian dynamics refers to evolutions of quantum states that preserve
Gaussianity, namely mapping Gaussian states into Gaussian states. This corresponds
either to unitary evolutions of closed systems associated with linear or bilinear Hamilto-
nian operators, or suitable master equations modeling quadratic interaction of an open
system with a Gaussian environment [31, 33]. Since Gaussian states are completely char-
acterized by first and second moments, we wonder to describe the dynamics in the phase
space by introducing suitable transformation laws for the FM and the CM. In more de-
tail, if ρin(out) is the initial (evolved) state, with FM Rin(out) and CM σin(out), the task is
to determine transformation rules mapping Rin → Rout and σin → σout. We consider
both unitary and CP evolutions.

In the case of closed systems, a Gaussian evolution is a unitary evolution generated
by linear or quadratic Hamiltonian Ĥ . If Ĥ is linear, Ĥ = aTr̂, then the modes evolution
reads [31, 33]:

r̂out = r̂in + d , (2.49)

with d = Ω(n)a t, t being the duration of the time evolution. That is, the unitary operator
Û = exp(−iĤt) takes the form of a displacement operator, and, accordingly:

Rout = Rin + d and σout = σin . (2.50)

Othwerwise, if the Hamiltonian Ĥ is quadratic, namely in the form Ĥ = r̂T H r̂/2, then:

r̂out = eiĤt r̂in e−iĤt = S r̂in , (2.51)

where S = exp[Ω(n)H t] is a 2n× 2n symplectic matrix, satisfying the fundamental prop-
erty [31, 33]:

S Ω(n) ST = Ω(n) . (2.52)
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Then, the output first and second moments read:

Rout = S Rin and σout = S σin S
T , (2.53)

and the unitary evolution associated with Ĥ corresponds to a symplectic evolution of
FM and CM under matrix S.

Finally, we present some examples of symplectic matrices associated with commonly
encountered transformations.

• Phase shift. A phase shift is a single mode evolution associated with the unitary
operator Uθ = exp[−iθa†a]. Its associated symplectic matrix is a rotation matrix of
angle θ:

S =

(
cos θ sin θ
− sin θ cos θ

)
. (2.54)

• Single-mode squeezing. As introduced before, the single-mode squeezing evolution
corresponds to the operator S(r) = exp[r(a†2 − a2)/2]. If r > 0, the associated
symplectic matrix is:

S =

(
er 0
0 e−r

)
. (2.55)

• Beam splitter. The beam splitter acts as a two-mode mixing evolution, mapping
two input modes a and b, into two output ports, associated with modes c and d.
It corresponds to the unitary operator UBS = exp[θ (a†b − ab†)], such that cos2 θ =
T ≤ 1 is the beam splitter trasmissivity. The symplectic matrix is the 4× 4 matrix:

S =

( √
T 12

√
1− T 12

−
√
1− T 12

√
T 12

)
. (2.56)

Accordingly, the input-output relations read:

c = U†
BS a UBS =

√
T a+

√
1− T b , (2.57a)

d = U†
BS b UBS =

√
T b−

√
1− T a . (2.57b)

• Two-mode squeezing. The two-mode squeezing operator S2(r) = exp[r(a†b† − ab)]
generates a Gaussian dynamics associated with the 4× 4 symplectic matrix:

S =

(
cosh(r)12 sinh(r)σz
sinh(r)σz cosh(r)12

)
, (2.58)

where we assumed r ≥ 0. The input-output relations are the following:

c = S2(r)
† a S2(r) = cosh(r) a+ sinh(r) b† , (2.59a)

d = S2(r)
† b S2(r) = cosh(r) b+ sinh(r) a† . (2.59b)
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In the opposite scenario of an open system, the Gaussian evolution of quantum states
is provided by a suitable CP map, describing quadratic interaction with an environment
prepared in a Gaussian state, and thereafter being traced out. Accordingly, following
Kraus theorem, any open Gaussian dynamics can be retrieved as a symplectic joint evo-
lution of system and environment. In more detail, if r̂in and r̂(E)

in are the input quadrature
operator vectors of system and environment, respectively, and the environment is pre-
pared in a Gaussian state with null FM and CM σ

(E)
in , there exists a symplectic matrix S,

in the form:

S =

(
X B
C D

)
, (2.60)

such that (
r̂out
r̂(E)
out

)
= S

(
r̂in

r̂(E)
in

)
. (2.61)

In turn, the input output relation for the system becomes:

r̂out = X r̂in +B r̂(E)
in , (2.62)

and we obtain the FM and CM transformation rule as:

Rout = XRin and σout = XσinX
T + Y , (2.63)

with Y = B σ
(E)
in BT.

In summary, a Gaussian CP map is defined by two 2n × 2n matrices X and Y such
that:

i) Rout = XRin ,

ii) σout = XσinX
T + Y ,

iii) Y + iσ2
0Ω

(n) ≥ iσ2
0XΩ(n)XT,

where condition iii) guarantees that the additive noise matrix Y preserves Heisenberg’s
uncertainty relations for the output state. In the particular case of X being a symplectic
matrix and Y = 0, we regain the usual unitary evolution.

A paradigmatic example of a Gaussian CP map is the thermal-loss channel, corre-
sponding to the loss master equation in the presence of a thermal bath:

dρ

dt
= γ(n̄+ 1)L[a] ρ+ γn̄L[a†] ρ , (2.64)

wehre γ is the system-bath coupling rate and n̄ is the mean number of photons of the
bath. The resulting dynamics is equivalent to a Gaussian CP map associated with the
matrices [31]:

X =
√
T 12 and Y = (1− T )(1 + 2n̄)12 , (2.65)

12 being the 2 × 2 identity matrix, in which T = exp(−γt) ≤ 1 is the channel transmis-
sivity.
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2.4 Quantum measurements of optical states

In this section, we conclude the presentation of the fundamental aspects of quantum
optics by discussing the main examples of quantum measurements, i.e. POVMs, that
can be implemented. First of all, we provide characterization of Gaussian measurements,
such that, if performed on a Gaussian state, yield a Gaussian probability distribution and
a Gaussian conditional state, and, subsequently, we present some relevant non-Gaussian
schemes, based on photo-detection.

2.4.1 Gaussian measurements

Formally, with the term Gaussian measurement, we refer to a continuous-valued POVM
{Πrm}, rm ∈ R2n, whose elements Πrm are associated with a Gaussian Wigner function:

W [Πrm ](r) =
1

(4πσ2
0)
n

1

(2π)n
√
det(σm)

exp

[
−1

2
(r− rm)

T σm
−1 (r− rm)

]
, (2.66)

where rm is the outcome of the measurement and σm is the so-called “covariance matrix
of the measurement”, being characteristic of the particular measurement performed. We
also note that, unlike quantum states, the function W [Πrm ](r) is not normalized, as the
POVM elements constitute a resolution of the identity,

∫
drmΠrm = 1̂. In fact:∫

R2n

drmW [Πrm ](r) =W

[∫
R2n

drmΠrm

]
(r)

=W [1̂](r) =
1

(4πσ2
0)
n
, (2.67)

where we exploited the linearity of Wigner functions. Then, by applying the trace rule (2.26),
when a Gaussian measurement is performed on a Gaussian state ρG with FM R and CM
σ, the probability of retrieving outcome rm reads:

p(rm) = Tr[ρG Πrm ] = (4πσ2
0)
n

∫
R2n

drW [ρG](r)W [Πrm ](r) (2.68)

=
1

(2π)n
√
det(σ + σm)

×

exp

[
−1

2
(rm − R)T(σ + σm)

−1(rm − R)

]
. (2.69)

That is, the outcomes of the Gaussian measurement are Gaussian distributed, with aver-
age value R and covariance σ + σm.

Finally, we also discuss the case of conditional measurements, that will be often en-
countered throughout the thesis. We consider a bipartite system AB, where subsystems
A and B are composed of nA an nB modes, respectively. In the vector notation we have
a = (aA,aB). We consider a bipartite quantum state ρAB with characteristic functions
χAB(α) = χAB(αA,αB). We now perform a quantum measurement on subsystem B,
described my means of the positive-operator-valued measurement (POVM) {Πrm}rm ,
whose elements are associated with the characteristic function χrm(αB). By applying



Basics of quantum optics 23

the trace rule, the conditional state on A reads:

ρA|rm =
1

p(rm)
TrB

[
ρAB

(
1A ⊗Πrm

)]
=

1

p(rm)

∫
d2αA
πnA

χA|rm(αA)DaA
(αA)

† , (2.70)

where:

χA|rm(αA) =

∫
d2αB
πnB

χAB(αA,αB)χrm(−αB) , (2.71)

and p(rm) is the detection probability:

p(rm) = TrAB
[
ρAB

(
1A ⊗Πrm

)]
= TrA

[∫
d2αA
πnA

χA|rm(αA)DaA

]
= χA|rm(0) . (2.72)

An interesting result is obtained for Gaussian states and Gaussian measurements.
We now assume ρAB to be a Gaussian state with FM R = (RA,RB) and CM (written in
block form)

σ =

(
σA σZ

σT
Z σB

)
. (2.73)

Moreover, we consider a Gaussian POVM {Πrm}rm , with CM σm. Then, the conditional
state ρA|rm is still a Gaussian state with CM σA|rm and FM RA|rm given by [31, 33, 34]:

σA|rm = σA − σZ(σB + σm)
−1σT

Z , (2.74)

and

RA|rm = RA + σZ(σB + σm)
−1(rm −RB) , (2.75)

respectively.

2.4.1.1 Homodyne and double-homodyne detection

Typical examples of Gaussian measurements are the so-called coherent detection schemes,
corresponding to homodyne and double-homodyne measurements. The name “coher-
ent” arises from the fact that, in experimental implementations, a strong local oscillator is
let impinge with the incoming optical signal, which implies the two fields to be perfectly
phase-matched in both the spatial and temporal domain.

To begin with, we introduce the homodyne measurement. With this term, we refer to
measurement of one of the field quadratures:

xϕ = cosϕ q + sinϕ p = σ0
(
ae−iϕ + a†eiϕ

)
, (2.76)

0 ≤ ϕ < π. In turn, homodyne detection is described as a conventional projective mea-
surement over the eigenstates of xϕ, namely Πxϕ

= |xϕ⟩⟨xϕ|, and the probability of ob-
taining outcome x from state ρ reads P (x) = ⟨xϕ|ρ|xϕ⟩.
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Figure 2.4.1: (a) Setup of homodyne detection of quadrature xϕ = cosϕ q + sinϕ p. The signal
interferes with a high-intensity LO |zeiϕ⟩ at a balanced beam splitter, with z2 → ∞; thereafter,
photon-number detection is performed on both branches and the difference photocurrent ∆̂ is
considered. (b) Setup of double homodyne (DH) detection. The incoming signal is divided into
two parts at a balanced beam splitter, on which joint homodyne measurement of both quadratures
qc and pd is performed.

Remarkably, homodyne is a Gaussian measurement, associated with the CM:

σm = σ2
0 lim
z→0

{
Rϕ

(
z 0
0 1

z

)
RT
ϕ

}
, (2.77)

where Rϕ is a rotation matrix of angle ϕ:

Rϕ =

(
cosϕ sinϕ
− sinϕ cosϕ

)
. (2.78)

The practical implementation is achieved by the scheme reported in Fig. 2.4.1(a). At
first, the incoming signal is mixed at a balanced beam splitter, with transmissivity T =
1/2, with a local oscillator (LO) excited in the coherent state |zeiϕ⟩, z > 0; thereafter
photon-number detection is performed on both the output beams [38]. At the quantum
limit, we describe the input optical modes associated with signal and LO by two bosonic
operator a and b, respectively, while performing photon-number detection on the output
modes c and d corresponds to measure the two Hermitian operators n̂c = c†c and n̂d =

d†d. Ultimately, we evaluate the difference photocurrent ∆̂ = n̂c− n̂d. In the Heisenberg
picture, namely by applying the modes transformations at a balanced beam splitter a→
c = (a+ b)/

√
2 and b→ d = (b− a)/

√
2, we have [39]:

∆̂ = ab† + a†b . (2.79)

Therefore, considering the state |zeiϕ⟩ of the LO as fixed, we have:

⟨zeiϕ|∆̂|zeiϕ⟩ = z

σ0

(
ae−iϕ + a†eiϕ

)
=

z

σ0
xϕ . (2.80)

In turn, measuring the rescaled photocurrent ∆̂/(zσ0) may provide an indirect measure-
ment of the quadratures of the input field. If we compute, however, the expectation
value of ∆̂n we have:

⟨zeiϕ|∆̂n|zeiϕ⟩
(z/σ0)n

= xnϕ + γ
(n)
ϕ (a, a†; z) , (2.81)
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where γ(n)ϕ (a, a†; z) is a function of both the field operators a and a† and the LO intensity,

to be explicitly calculated; for instance, γ(1)ϕ (a, a†; z) = 0, γ(2)ϕ (a, a†; z) = a†a/(z/σ0)
2,

γ
(3)
ϕ (a, a†; z) = (3a†xϕ a+ xϕ)/(z/σ0)

2 and

γ
(4)
ϕ (a, a†) =

3(a†)2a2 + a†a

(z/σ0)4
+

6a†x2ϕ a+ 4(x2ϕ − 1) + 1

(z/σ0)2
. (2.82)

Therefore, it is clear that the actual measurement of the quadrature is achieved only
in the limit z2 → ∞ in which the measurement of the moments (∆̂/z)n corresponds
to measure xnϕ [40]. Moreover, in practical realizations, in the presence of high LO,
photon-number measurement is implemented by p-i-n photodiodes, namely photode-
tectors generating macroscopic photocurrents proportional to the intensity of the incom-
ing light.

The homodyne measurement allows us to retrieve information on a single field quadra-
ture, raising the question to design a scheme for the joint detection of the two canonical
quadratures q and p. This task is not straightforward, as [q, p] = 2iσ2

0 , therefore q and
p cannot be jointly measured with maximum precision, according to Heisenberg’s un-
certainty principle. However, this kind of measurement can be realized in terms of a
POVM, referred to as double-homodyne (DH) measurement.

Formally, DH detection is described as a 1-rank (non-orthogonal) projection on co-
herent states, with associated POVM:

Πq,p =
|ζq,p⟩⟨ζq,p|

2πσ2
0

, (2.83)

where |ζq,p⟩ is a coherent state with amplitude ζq,p = (q+ip)/2σ0, such that
∫
dqdpΠq,p =

1̂. The corresponding probability distribution is P (q, p) = ⟨ζq,p|ρ|ζq,p⟩/2πσ2
0 = Q(q, p),

that is the Husimi Q-function; whilst the CM of the measurement is σm = σ2
012. In turn,

measurement of both quadratures introduces a ineludible excess noise, equal to the shot
noise variance, that makes the quadrature variances larger than the usual homodyne
detection.

The practical implementation of this scheme is reported in Fig. 2.4.1(b). Now we split
the incoming signal in two parts thanks to a balanced beam splitter, in whose second
port we have the vacuum state |0⟩. Then, we implement joint homodyne detection of
quadrature qc = (qa + qb)/

√
2 (corresponding to ϕ = 0) and pd = (pb − pa)/

√
2 (ϕ = π/2)

on the transmitted and reflected branch c and d, respectively.

2.4.2 Some relevant examples of non-Gaussian measurements

Beyond the Gaussian realm, the paradigmatic example of a non-Gaussian measurement
is provided by photo-detection, namely photon-number measurement, described as pro-
jection onto the Fock states, Πn = |n⟩⟨n|. Usually, photo-detection is also referred to
as incoherent detection or direct detection, as it does not require the presence of auxiliary
fields nor an interferometric scheme, as for homodyne detection. Nevertheless, from a
practical point of view, resolving individual photons is a highly nontrivial task. In fact,
all the existing photo-detectors actually implement a destructive measurement based on
the photoelectric effect, and indirectly probe the particle-like properties of radiation by
measuring the electron flow, i.e. the current, generated inside the detector by the absorp-
tion of photons. In light of this, some examples of commonly employed photo-detectors
are the following:
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• p-i-n photodiodes, namely proportional detectors that generate a macroscopic cur-
rent proportional to the incoming number of photons. They provide an efficient
solution for detection of semi-classical fields, e.g. homodyne detection, whilst not
being able to resolve photons;

• on-off detectors, that is click-no click detectors that can only resolve the vacuum
state, distinguishing the absence or presence of photons. Accordingly, they are
described by the binary POVM {Πoff ,Πon}, with Πoff = |0⟩⟨0| and Πon = 1̂−Πoff ;

• photon-number resolving (PNR) detectors, capable of resolving the lowest Fock states
n = 0, 1, . . . ,M up to a maximum number M <∞.

Within these classes, PNR detectors provide the more advanced solution from the tech-
nological point of view, and its functioning will be discussed in detail in the following.

2.4.2.1 Photon-number resolving detection

As mentioned above, PNR detectors are able to resolve any number of photons n up
to a maximum number M < ∞, hence referred to as the photon number resolution;
to highlight this features, throughout this thesis we will refer to them as PNR(M ) de-
tectors. For instance, PNR(3) refers to a detector that has only four possible outcomes
n ∈ {0, 1, 2,≥3}, where “≥3” means 3 or more photons. Clearly, PNR(1) detectors corre-
spond to on-off detectors, whereas ideal photo-detection requires PNR(M ) with M = ∞
[16]. Accordingly, we describe PNR(M ) detection by a finite-valued POVM with M + 1
possible outcomes, {Π0,Π1, . . . ,ΠM}, with:

Πn =


|n⟩⟨n| if n = 0, . . . ,M − 1 ,

1̂−
M−1∑
j=0

|j⟩⟨j| if n =M.
(2.84)

As a consequence, if we are performing PNR(M ) measurement on a generic coherent
state |α⟩, α ∈ C, the probability of detecting the outcome n = 0, . . . ,M reads:

pn(N) = ⟨α|Πn|α⟩ =


e−N

Nn

n!
if n = 0, . . . ,M − 1 ,

1− e−N
M−1∑
j=0

N j

j!
if n =M ,

(2.85)

with a mean photon number N = |α|2, namely a truncated Poisson distribution.
Good candidates as PNR detectors are the hybrid photodetectors, which are en-

dowed with partial photon-number resolution and a linear response up to 100 photons
[41], though with a quantum efficiency of about 50% in the green spectral region. Very
high quantum efficiencies are obtained with transition-edge sensors (TES), but their dy-
namic range falls to approximatively 10 photons [42, 43]. More recently, also Silicon
photomultipliers (SiPMs) has been investigated as PNR detectors, since they are more
compact and with higher dynamic range [44–46].
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Figure 2.4.2: (a) Scheme of weak-field homodyne (WH) detection employing a low LO, z2 < ∞,
and PNR(M ) detection. The outcome is a pair of integer values n = (n1, n2), n1(2) = 0, . . . ,M .
(b) Homodyne-like (HL) detection, namely a WH scheme where we only consider the difference
photocurrent ∆ = −M, . . . ,M at the output.

2.4.2.2 Weak-field homodyne detection

Given the previous considerations, an intriguing question arises: that is, to investigate
the performance of the homodyne scheme, depicted in Fig. 2.4.1(a), beyond the high-LO
limit, when z2 < ∞, in which case the setup does not implement quadrature detection
anymore.

We can identify two possible scenarios. The first one is referred to as weak-field
homodyne (WH) detection, whose scheme is reported in Fig. 2.4.2(a): the conventional
p-i-n photodiodes of the standard homodyne detection scheme are replaced by PNR(M )
detectors [42, 47]. As a matter of fact, realistic PNR detectors have a finite resolution
M < ∞, hence a low-intensity LO is required. The use of PNR detectors gives access
to the two local photon-number statistics and allows jointly probing both the wake- and
particle-like properties of the field. Accordingly, WH detection returns a pair of integer
outcomes n = (n1, n2), n1(2) = 0, . . . ,M . Given an input coherent state |α⟩, α ∈ C, the
resulting probability distribution reads:

P (ϕ)
n (α) = pn1

(
µ+(α;ϕ)

)
pn2

(
µ−(α;ϕ)

)
, (2.86)

where

µ±(α;ϕ) =

∣∣α± zeiϕ
∣∣2

2
, (2.87)

is the mean energy on the two output branches, respectively, and pn(µ) is the PNR(M )
distribution reported in Eq. (2.85).

In the second scenario we consider the WH scheme where we evaluate the difference
∆ between the number of photons measured at output beams. Due to the clear analogy
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with the standard homodyne detection, we refer to this configuration as homodyne-like
(HL) detection, depicted in Fig. 2.4.2(b) [41, 44, 48]. The probability of obtaining the
value ∆ = n1 − n2, with −M ≤ ∆ ≤M , becomes:

S(ϕ)
∆ (α) =

M∑
n1,n2=0

pn1

(
µ+(α;ϕ)

)
pn2

(
µ−(α;ϕ)

)
δn1−n2,∆ , (2.88)

δjk being the Kronecker delta. In particular, when M = ∞, ∆ represents the difference
between two Poisson variables, thus Eq. (2.88) approaches a Skellam distribution [16].



CHAPTER 3

Fundamentals of quantum communication systems

In this last Chapter of Part I, we discuss the fundamental aspects of quantum commu-
nication systems, whose general goal is to transmit information between a sender and a
receiver located at a certain distance. Given this scenario, different protocols can be de-
signed, according to both the type of information to be shared, either classical informa-
tion (e.g. a classical message) or quantum information (i.e. a quantum state), and the re-
ceiver’s task. In particular, in the rest of the thesis we will deal with two different classes
of protocols involving transmission of classical information carried by quantum states
over a quantum channel, that is quantum state discrimination and continuous variable
quantum key distribution. Instead, in this Chapter we maintain a general approach, and
provide a general description, being valid for all the subsequent case studies.

The Chapter is organized as follows. At first, in Sec. 3.1, we present a general scheme
of a telecommunication system, discussing the role and the composition of the sender
and receiver stations. Then, we focus on two relevant aspects. In Sec. 3.2, we discuss
in detail the methods adopted for encoding of classical information onto optical signals,
both at the classical and quantum limit. Thereafter, in Sec. 3.3, we briefly review the ba-
sics of information theory, firstly developed by Shannon [49], that provide the theoretical
description for all the considered protocols.

3.1 A general scheme of telecommunication systems

Generally speaking, any communication system, operating both at the classical and the
quantum limit, involves two distant parties, the sender (also referred to as transmitter
or modulator) and the receiver (or demodulator), usually renamed as Alice and Bob,
respectively.

Alice handles a classical source that emits a message to be reliably transmitted to Bob
via a communication channel. In more detail, the message m is a sequence of classical
symbols m = (x1, . . . , xn), for some n ≥ 1, where the {xj} are outcomes of a random
variable X , whose values x are drawn from a given alphabet A and distributed accord-
ing to the probability {p(x)}. In classical information theory, the amount of information
contained in each of these sequences is established by the first Shannon coding theorem,
being equal to the minimum number of binary digits (bits) needed to determine its bi-
nary representation [15, 49]. In the aymptotic limit n≫ 1, this quantity is approximately
equal to nH(X), where

H(X) = H[p(x)] ≡ −
∑
x∈A

p(x) log2 p(x) (3.1)

29



30 3.2 Encoding of optical signals

is the Shannon entropy of the probability distribution {p(x)}. To convey this information
to Bob, Alice encodes the message into optical signals, e.g. laser pulses, being injected
into a communication channel, being, in general, noisy. In turn, at the channel end Bob
receives a corrupted pulse, from which he extracts an approximate replica of the original
message, m′ = (y1, . . . , yn). Practically, the optical transmitter is composed of three
subsequent elements: the optical source, generating a carrier optical field, the modulator,
that modifies the shape of the carrier field according to the encoded information (by
typically varying its amplitude or phase), and a coupling device adapting the beam to
the optical transmission medium, e.g. optical fibers, free space, water, . . . . Similarly,
the receiver is composed of the cascade of a coupling device and a detector; therefore it
ultimately implements a measurement of the received pulse, whose outcome provides a
classical random variable Y correlated to X .

In general, the receiver may be designed to accomplish different objectives, that, ac-
cordingly, identify different kinds of communication protocols. Some common examples
are the following:

i) quantum state discrimination, whose task is to distinguish between a set of possible
symbols with the minimum decision error probability;

ii) optical communication, in which the goal is to reliably transmit classical information
over the channel at the maximum rate;

iii) quantum key distribution, where the two parties aim at sharing a common random
secure key, even if the channel is attacked by a third malicious party, the eaves-
dropper.

In this thesis, we will widely discuss cases i) and iii), that will be addressed in Parts II
and III, respectively. On the contrary, here we maintain a general approach and present
some basic features of both optical signaling and information theory that will be helpful
throughout the rest of the work.

3.2 Encoding of optical signals

As previously mentioned, information is usually transmitted by electromagnetic waves
that propagate throughout the physical channel. The sender encodes the input symbols
into linearly polarized optical signals, e.g. laser pulses, located in temporal slots of dura-
tion T = B−1, whereB is the so-called slot rate, or symbol period, characterizing the width
of the spectrum in the frequency domain [38, 50, 51]. Given that a laser source produces
a narrowband radiation field, each single pulse is described by a quasi-monochromatic
wavepacket:

ψ(t) = u(t)e−iω0t , (3.2)

where ω0 is the carrier angular frequency, such that 2πB ≪ ω0, and u(t) is the complex
envelope of the waveform. The commonly adopted choices for u(t) are twofold. The
first one is to employ square waves, equal to:

u(t) =

{
u0 for 0 < t < T ,

0 elsewhere ,
(3.3)

for some complex constant u0 = |u0|eiϕ0 ∈ C. This choice will provide our bench-
mark scenario throughout the whole thesis. The latter is to use sinc waves, u(t) =
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u0 sin(πBt)/(πBt), overlapping in the temporal domain, in which case the slot rate B
coincides with the signal bandwidth in the Fourier space [38, 50, 51].

From a classical viewpoint, the electric field associated with the wavepacket ψ(t) is
obtained as:

E(t) = E0

[
u(t)e−iω0t + u∗(t)eiω0t

]
, (3.4)

E0 =
√
ℏω0/(2ϵAeff) being the corresponding electric field per single photon, where ℏ,

ϵ and Aeff are Planck’s reduced constant, the electric permittivity of the propagation
medium and the effective area of the transverse signal spatial mode, respectively [32].
Unlike the previous Chapter, for a clearer understanding here we choose not to adopt
natural units, to emphasize the role of Planck’s constant. In turn, the average optical
power is obtained as:

P =
1

T

∫ T

0

dt

∫
Aeff

d2r

(
1

2
ϵ |E(t)|2

)
= Bℏω0

∫ T

0

dt |u(t)|2 , (3.5)

that reduces to P = Bℏω0|u0|2 in the presence of square waves.
On the contrary, at the quantum limit, each wavepacket is described by (possibly

mixed) a quantum state ρ with mean energy, i.e. mean number of photons, equal to n̄ =
P/(Bℏω0); such that the previously introduced time integral of the complex envelope,∫ T
0
dt|u(t)|2, corresponds to the mean pulse energy. In particular, laser pulses (with sta-

ble phase) are well described by coherent states ρ = |α⟩⟨α|, with |α⟩ = e−|α|2/2∑
n α

n/
√
n!|n⟩,

α ∈ C and |n⟩ being the n-photon state, containing n̄ = |α|2 mean photons [38]. In par-
ticular, for square-wave encoding we have n̄ =

∫ T
0
dt|u(t)|2 = |u0|2T ≡ |α|2, establishing

the connection between the wavepacket and the coherent state amplitudes, respectively.

3.3 Elements of information theory

We now present the basic features of information theory, providing the framework to
describe communication protocols operated in both the classical and quantum regimes.

In an optical communication protocol between a sender (Alice) and a receiver (Bob),
the complex amplitude u0 for a wavepacket ψ(t) = u(t)e−iω0t located in a given slot is
randomly selected according to the outcome x of an input random variable X , associ-
ated with probability pA(x). Thereafter, Alice injects the signal into the noisy channel,
corrupting the encoded symbol, and, after propagation, Bob, performs a suitable mea-
surement, retrieving an outcome y, associated to a random variable Y [15, 38, 51, 52].

In a classical description in the absence of memory effects, the channel is character-
ized by a conditional probability distribution pB|A(y|x), such that the overall probability
distribution of Y reads pB(y) =

∑
x pA(x)pB|A(y|x) [53]. As established by the second

Shannon coding theorem, the amount of information aboutX extractable from Y is equal
to the mutual information:

I(X;Y ) = H(Y )−H(Y |X) , (3.6)

where H(Y ) = H[pB(y)] and H(Y |X) =
∑
x pA(x)H[pB|A(y|x)] are the average and

conditional Shannon entropies, respectively [15, 38, 51]. Mutual information optimized
over all possible input distributions yields the channel capacity:

C = max
pA(x)

I(X;Y ) , (3.7)
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expressed in bits per time slot, i.e. per channel use, and representing the maximum
amount of information extractable from the correlated variables X and Y . Accordingly,
the maximum attainable transmission rate R, expressed in bits per unit time, is given by
R = BC [38].

However, in many different conditions, e.g. high-loss transmission or long-distance
communications, the probed signals are so attenuated that the granulosity of electromag-
netic radiation emerges, thus a quantum description in terms of photons is required.
In a quantum picture, Alice encodes symbols x onto quantum states of radiation ρx,
the quantum channel is modeled as a quantum CP map E , while Bob’s detection is de-
scribed by a POVM {Πy}y , Πy ≥ 0 and

∑
y Πy = 1. In turn, the conditional distribution

follows from the Born rule, pB|A(y|x) = Tr[E(ρx)Πy] [23]. Within this framework, for
each combined choice of both the carrier quantum states and the POVM at Bob’s side we
define a different classical channel, mapping the input variable X into its counterpart
Y . Therefore, the classically-evaluated capacity C determines the maximum achievable
information rate from given input ensemble {ρx}x and POVM {Πy}y .

Given this scenario, we may proceed beyond classical limits, and determine the ul-
timate channel capacity by optimization over all quantum measurements and state en-
sembles, thus obtaining the maximum information rate compatible with quantum me-
chanics laws. To this aim, we first resort to the Holevo theorem, establishing an upper
bound to the mutual information of a channel whose symbols are encoded onto quan-
tum states [54]. That is, for any choice of state ensemble and quantum measurement,
associated with random variables X and Y , we have:

I(X;Y ) ≤ χ(A;B) , (3.8)

where χ(A;B) is the Holevo information between Alice and Bob:

χ(A;B) = S

[
E

(∑
x

pA(x)ρx

)]
−
∑
x

pA(x)S[E(ρx)] , (3.9)

S[ρ] = −Tr[ρ log2 ρ] being the von Neumann entropy of state ρ [15]. We note that χ(A;B)
has the same formal structure of the mutual information, being the difference between
the von Neumann entropy of the average output quantum state after propagation and
the average von Neumann entropy of individual output states. Importantly, it only de-
pends on the input state ensemble {ρx} and modulation {pA(x)} and not on the em-
ployed quantum measurement. Moreover, the coding theorem established by Holevo
[11, 55] and by Schumacher–Westmoreland [56] proves that the bound (3.8) is saturable
by a particular POVM, being, in general, a collective measurement. Accordingly, the ulti-
mate transmission rate is provided by the so-called Holevo capacity, or classical capacity,
equal to [55, 57]:

CH = max
{ρx,pA(x)}

χ(A;B) , (3.10)

that can be regarded as the analog of the previously introduced second Shannon coding
theorem.

As a final remark, we note that our analysis was focused on the transmission of clas-
sical messages, achieved by the so-called “classical–quantum” channels. Actually, this
only provides the simplest scenario, operating single-letter encoding, such that a mes-
sage m = (x1 . . . , xn) is encoded onto a factorized quantum state ρx1 ⊗ . . .⊗ρxn . Further
improvements can be obtained by letting the sender use as input any (possibly entan-
gled) quantum state, or by introducing cooperation between the input and output of the
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Figure 3.3.1: Plot of the Shannon capacities Cr, r = SH,DH, in Eq. (3.13), and the Gordon-Holevo
capacity CH in (3.15) as a function of the mean received energy nS for zero excess noise photons
nN = 0.

quantum channel, leading to the concept of “quantum channel capacity”, as opposed to
the classical channel capacity in Eq. (3.10) [15].

3.3.1 The capacity of the thermal-loss channel

As a milestone example, we now apply the previous analysis to assess the capacity of
the thermal-loss channel, modeling transmission inside optical fibers in the presence
of additive Gaussian excess noise, thus being also known with the term additive-white-
Gaussian noise (AWGN) channel [38, 58, 59]. The channel is characterized by a transmis-
sivity T ≤ 1, quantifying signal attenuation, and a mean number of excess noise photons
nN added to the signal mode in each time slot. In particular, if Alice performs modula-
tion of coherent states with average input energy n̄, after transmission Bob probes a
rescaled displaced-thermal state ensemble, with mean received energy

nS = T n̄ , (3.11)

and thermal variance on both quadratures equal to 1+2nN, expressed in shot-noise units
(SNU).

Within a classical description of the channel, the maximum information rate follows
from the the Shannon-Hartley theorem [49], and obtained via coherent-state encoding
and measurement of either one or both canonical field quadratures q and p, that is by
single- (SH) or double-homodyne (DH) detection, respectively [38, 39]. The correspond-
ing Shannon channel capacity is reached with Gaussian modulation of the coherent state
amplitude α = xA+iyA. For the homodyne case, we set yA ≡ 0 and the uni-variate mod-
ulation pA(xA) = Nσ2(xA), where

Nσ2(x) =
exp

[
− x2/(2σ2)

]
√
2πσ2

, (3.12)

whereas in the presence of DH detection we adopt a bi-variate modulation, namely
pA(xA, yA) = Nσ2(xA)Nσ2(yA). In turn, the average quantum state at Bob’s side con-
tains nS = σ2 and nS = 2σ2 mean photons, respectively. Then, the Shannon capacities
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read:

CSH =
1

2
log2

(
1 +

4nS
1 + 2nN

)
, (3.13a)

CDH = log2

(
1 +

nS
1 + nN

)
, (3.13b)

and are reported in Fig. 3.3.1 as functions of the mean received signal energy for zero
excess noise photons. When nN = 0, we have CSH ≥ CDH for nS ≤ 2, whereas for
higher energy the DH capacity becomes larger than the single quadrature one. In fact,
the joint measurement of both the non-commuting q and p operators, corresponding to
the DH detection, introduces an ineludible excess noise equal to the shot-noise vacuum
fluctuations, thus reducing the available signal-to-noise ratio (SNR) [38]. In turn, there
is a tradeoff between this reduced SNR and the increase of accessible information due
to the bi-variate signal modulation, such that if the signal energy is sufficiently low SH
detection becomes preferable. Instead, in the opposite limit of large excess noise, nN ≫ 1,
we have:

CSH ≈ 1

2
log2

(
1 + 2

nS
nN

)
< log2

(
1 +

nS
nN

)
≈ CDH , (3.14)

and for all SNR values DH detection is the preferable choice.
However, the Shannon capacity limit is obtained from two underlying assumptions,

namely the adoption of coherent states as information carrier at the input and quadra-
ture detection at the output. When both these limits are relaxed, we obtain the ultimate
capacity of the channel, optimized over all measurement and quantum states, corre-
sponding to the Gordon-Holevo capacity:

CH = g(nS + nN)− g(nN) , (3.15)

where g(x) = (x + 1) log2(x + 1) − x log2 x, see Fig. 3.3.1. In particular, for pure-loss
transmission, nN = 0, we have CH = g(nS) and, in the high-energy regime nS ≫ 1:

CH = g(nS) = log2(1 + nS) + log2 e−
log2 e

2nS
+O(n−2

S ) . (3.16)

The first term coincides with the Shannon DH capacity, therefore for high signal energy
the Holevo capacity introduces a constant information enhancement equal to 1 nat =
log2 e ≈ 1.44 bits. On the contrary, when nN ≫ 1, we have:

CH = g(nS + nN)− g(nN)

= CDH +

(
1

nN
− 1

nS + nN

)
log2 e+O(n−2

N ) , (3.17)

and DH detection re-approaches CH.
Remarkably, we note that also the Gordon-Holevo capacity is reached by Gaussian

modulation of coherent states, as for the Shannon case. However, the optimal POVM
achieving (3.15) is a collective measurement, operating simultaneously on multiple time
slots, whose associated detection scheme is still unknown [15, 38, 51]. Thus, the inter-
est has been directed to either design simple collective measurements approximating the
Holevo capacity in particular energy regimes [60, 61], or to find feasible suboptimal indi-
vidual measurement performed on single time slots, e.g. photon-number measurement
[52, 62–66].
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Quantum state discrimination
theory





CHAPTER 4

Introduction to quantum decision theory

The problem of performing discrimination of quantum states in efficient way is ubiqui-
tous in quantum information, being at the basis of many communication and computing
protocols, e.g. quantum key distribution and probabilistic computing algorithms. Fur-
thermore, it also plays a crucial role in hypothesis testing scenarios, such as gravitational
waves detection [67]. In fact, in all quantum information schemes, information carriers
are provided by quantum states of a physical system. In turn, when the set of all possible
output states is known, one has to infer which particular state was exploited in order to
read out the encoded information. However, this task can be easily accomplished only
with a family of mutually orthogonal states, whereas, in the presence of non-orthogonal
states, quantum mechanics laws forbid exact discrimination. As a consequence, any dis-
crimination strategy is associated with a decision error probability, and the optimum re-
ceiver is the one achieving the minimum error probability compatible with the quantum
mechanical limits. Moreover, one can adopt different discrimination strategies accord-
ing to the specific context under investigation, e.g. quantum quantum decision theory,
unambiguous discrimination, and maximum confidence strategies [67].

Historically, the problem of quantum state discrimination has been firstly raised in
the 1970’s by the seminal works of Helstrom [9] and Holevo [15]. Following the subse-
quent developments of quantum information theory, there has been a revived interest
in the 1990’s, when Bennett et al. recognized that non-orthogonal states could be also
used for quantum key distribution [68]. In parallel, the topic has been also investigated
in the context of telecommunication engineering, whose technological progresses led
to the experimental demonstration of non-negligible noise of quantum origin in long-
distance and deep-space communications, that ultimately introduce a bit error rate on
the information read out at the receiver [51].

In this Chapter, we provide the general framework of the theory, and then focus on
the relevant scenario of binary quantum decision theory. In particular, we address dis-
crimination of coherent states and present the most relevant examples of feasible quan-
tum receivers, analyzing their performance also in the presence of realistic defects, e.g.
non-unit quantum efficiency, dark counts, visibility reduction and phase diffusion noise.
The structure of the Chapter is the following. In Sec. 4.1 we schematize the general
features of quantum state discrimination, whereas Sec. 4.2 focuses itself on quantum
decision theory, with particular reference to the binary case. Thereafter, in Sec. 4.3 we
address binary discrimination of coherent states, and consider binary phase-shift keying
modulation, in which information is encoded on the phase of a coherent signal with fixed
mean energy. Furthermore, we present the benchmark examples of quantum receivers
achieving a genuine quantum advantage over conventional schemes based on quadra-
ture detection, namely the Kennedy, Dolinar, displacement feed-forward (DFFRE) and
Sasaki-Hirota receivers. Then, in Sec. 4.4, we propose two new hybrid schemes, the
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hybrid near-optimum (HYNORE) and the hybrid feed-forward (HFFRE) receivers, and
obtain a further reduction of the error probability with respect to displacement-photon
counting methods. Finally, in Sec.s 4.5 and 4.6, we analyze the performance of the pro-
posed receivers in the presence of detection imperfections and phase noise, respectively.

4.1 Quantum state discrimination: the general framework

Generally speaking, the problem of quantum state discrimination is formulated as fol-
lows [51, 67, 69–74]. We have a physical system that can be prepared in M ≥ 2 non-
orthogonal quantum states {ρk}k, k = 0, . . . ,M − 1. The set of the possible states is
typically referred to with the term constellation. A quantum source randomly generates
one of the M states, preparing ρk with a priori probability 0 ≤ qk ≤ 1,

∑
k qk = 1. The

task is to implement a receiver to infer which was the prepared state. That is, we look
for a POVM {Πx}x, x ∈ X , Πx ≥ 0, and

∑
xΠx = 1̂, 1̂ being the identity operator over

the whole Hilbert space, associated with a decision rule, such that if the outcome x falls
into a certain confidence region ∆j , we infer the state generated by the source to be ρj .

The problem has no trivial solution, as perfect discrimination of non-orthogonal
quantum states is not allowed by quantum mechanics laws. To better understand this
point, we consider a paradigmatic example. We address binary discrimination of pure
states, when the source emits either state |γ0⟩ or |γ1⟩, with ⟨γ0|γ1⟩ = X ̸= 0. In this case,
we should design a binary receiver, associated with a POVM {Π0,Π1}, Π0 + Π1 = 1̂.
If the receiver were able to perform perfect discrimination, outcome “0” could not be
retrieved from state “1” and vice versa, thus we would have:

Π0|γ1⟩ = 0 and Π1|γ0⟩ = 0 . (4.1)

However, this would also imply that:

0 = ⟨γ0|Π0|γ1⟩+ ⟨γ0|Π1|γ1⟩ = ⟨γ0| (Π0 +Π1) |γ1⟩ = ⟨γ0|γ1⟩ = X , (4.2)

leading to contradiction. The former argument can be straightforwardly extended to
statistical mixtures ρk =

∑
s λ

(k)
s |γ(k)s ⟩⟨γ(k)s |, k = 0, 1, with

∑
s λ

(k)
s = 1. In this case,

the orthogonality condition becomes S1 ⊥ S2, Sk being the linear subspace spanned
by states {|γ(k)s ⟩}s, providing the support of operator ρk [67]. As a consequence, in the
presence of non-orthogonal quantum states it is not possible to determine with certainty
which state was prepared. This is one of the fundamental result in quantum theory,
being in strict connection with the no-cloning theorem, according to which no physical
operation can produce an identical copy of a given unknown quantum state [75–77].

In turn, when the outcome x is obtained from the measurement {Πx}x, the receiver
can take the decision j even if the state k ̸= j was probed, resulting in a decision error.
Thus, the paradigm of perfect discrimination should be abandoned and different strate-
gies may be adopted, according to the specific context under investigation. Generally
speaking, in literature there exists three main scenarios:

• quantum decision theory: it represents a conclusive discrimination strategy, being the
first scenario historically addressed by Helstrom and Holevo [9, 15]. In this case,
a final decision is always performed, even in the possible presence of decision er-
rors. To have conclusive results only, each measurement outcome must be associ-
ated with one and only one of the constellation states, resulting in a finite-valued
POVM, with exactly M elements. Then, the receiver is designed to minimize the
overall decision error probability.
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Figure 4.2.1: Schematic description of a quantum decision problem. A source encodes a classical
symbol k = 0, . . . ,M−1, generated with a priori probability qk ≤ 1, onto non-orthogonal quantum
states ρk. The task is to design a quantum receiver, namely a POVM {Πj}j , j = 0, . . . ,M − 1,
associated with a decision rule, that minimizes the decision error probability.

• unambiguous discrimination strategy: guaranteeing error-free discrimination, at the
cost of introducing inconclusive measurement outcomes. That is, the receiver is
described by a POVM with more than M elements: if we obtain an outcome as-
sociated with one of the constellation states, we perform a decision with certainty;
otherwise, if an inconclusive outcome is retrieved, no decision is performed. In
turn, the goal becomes to minimize the probability of obtaining inconclusive out-
comes. The strategy was first introduced in [78] and then solved for binary pure-
state discrimination in [79, 80].

• maximum confidence strategy: this provides an intermediate solution between the
two former strategies, introduced in [81]. The receiver is optimized to maximize
the confidence, namely the a posteriori probability P (ρj |j) of inferring state ρj
when outcome j is retrieved.

In the following, we only deal with the first scenario, being of particular relevance in
the field of quantum communications.

4.2 Quantum decision theory

The paradigm of quantum decision theory can be easily embedded in the quantum com-
munications scheme introduced in Chapter 3, where a sender and a receiver share clas-
sical information in the following way, schematized in Fig. 4.2.1. The sender encodes a
classical symbol k = 0, . . . ,M − 1 onto one of the M constellation states {ρk} and, there-
after, sends them to the receiver who implements a quantum receiver to “decode” the
value of the sent symbol. Following the previous considerations, the quantum receiver
is described by a M valued POVM {Πj}, j = 0, . . . ,M − 1, Πj ≥ 0,

∑
j Πj = 1̂, such

that obtaining outcome j infers symbol j. However, due to the non-orthogonality of the
constellation states, any receiver is associated with an error probability, equal to:

Perr = 1− Pc , (4.3)

where

Pc =
M−1∑
k=0

qk p(k|k) =
M−1∑
k=0

qk Tr[ρkΠk] (4.4)
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is the (overall) correct decision probability, p(j|k) = Tr[ρkΠj ] being the probability of
performing decision j, when symbol k was sent. In turn, the goal is to find the optimum
receiver, reaching the minimum error probability, or, equivalently, the maximum correct
decision probability, compatible with quantum mechanics laws [9, 15, 51, 67].

In general, minimizing Eq. (4.3) over all possible POVMs represents a functional op-
timization problem, being non-easy to handle. The problem is rather simplified for the
binary discrimination case, whereas treating M -ary state discrimination, with M > 2,
requires the employment of advanced tools from linear algebra. For these reasons, in the
following we will only focus on the binary case, completely characterized the mid-1970s
by Helstrom’s theory, where the minimum error probability gets analytical expression
[9]. On the contrary, we leave the discussion of discrimination of multiple states for the
next Chapter.

4.2.1 Quantum discrimination in the binary case

In the binary discrimination scenario, the receiver has to distinguish between two states
ρ0 and ρ1, associated with a priori probabilities q0 and q1, respectively. Thus, it is de-
scribed by a binary POVM {Π0,Π1}, where Π1 = 1̂ − Π0. This allows to re-express the
error probability (4.3) as:

Perr = q0p(1|0) + q1p(0|1)

= q0 Tr[ρ0Π1] + q1 Tr[ρ1Π0]

= q0 Tr
[
ρ0
(
1̂−Π0

)]
+ q1 Tr[ρ1Π0]

= q0 +Tr[ΛΠ0] = q1 − Tr[ΛΠ1] , (4.5)

where we introduced the Hermitian operator:

Λ = q1ρ1 − q0ρ0 . (4.6)

Furthermore, we consider the spectral decomposition Λ, namely:

Λ =
∑
λ≥0

λ |λ⟩⟨λ|+
∑
λ<0

λ |λ⟩⟨λ| , (4.7)

where |λ⟩ is the eigenstate associated with eigenvalue λ ∈ R, and the contributions of
the eigenspaces associated with positive and negative eigenvalues have been separated
[9, 51, 67]. Given Eq. (4.5), minimizing Perr is equivalent to find a POVM satisfying the
following conditions:

min
Π0

{
Tr[ΛΠ0]

}
and max

Π1

{
Tr[ΛΠ1]

}
. (4.8)

Thanks to (4.7), we straightforwardly obtain the optimum POVM as:

Π
(opt)
0 =

∑
λ<0

|λ⟩⟨λ| and Π
(opt)
1 =

∑
λ≥0

|λ⟩⟨λ| , (4.9)

coinciding wit projection over the positive and negative parts of Λ, respectively. An in-
triguing particular case emerges when negative eigenvalues do not exist, as noted by
Hunter [82]. In this case, we would have Π

(opt)
0 = 0 and Π

(opt)
1 = 1̂, and the minimum
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error probability is achieved by always inferring state “1”, without performing any mea-
surement. Analogous considerations hold in the opposite case, namely in the absence of
positive eigenvalues.

The corresponding minimum error probability associated with the optimum POVM,
referred to as the Helstrom bound, reads:

PHel =
1

2

{
q0 +Tr[ΛΠ0] + q1 − Tr[ΛΠ1]

}
=

1

2

{
1 + Tr[Λ(Π0 −Π1)]

}

=
1

2

1 +
∑
λ<0

λ−
∑
λ≥0

λ

 =
1

2

(
1−

∑
λ

|λ|

)

=
1

2

[
1− Tr

(
|Λ|
)]
, (4.10)

where |Λ| = (Λ†Λ)1/2. We also note that Tr(|Λ|) = ∥Λ∥1, ∥·∥1 being the 1-norm, thus
PHel = (1−∥q1ρ1− q0ρ0∥1)/2, corresponding to the trace distance bewteen the weighted
operators q1ρ1 and q0ρ0 [9, 51, 67].

The former expression further simplifies for pure-state discrimination of states |γk⟩,
k = 0, 1, with X = ⟨γ0|γ1⟩ ̸= 0. In this case, the eigenvalues of operator Λ = q1|γ1⟩⟨γ1| −
q0|γ0⟩⟨γ0| are equal to λ± = (q1 − q0 ±

√
1− 4q0q1|X|2)/2, and the corresponding Hel-

strom bound becomes:

PHel =
1

2

[
1−

√
1− 4q0q1|⟨γ0|γ1⟩|2

]
. (4.11)

The optimum projectors become Π
(opt)
0 = |λ−⟩⟨λ−| and Π

(opt)
1 = |λ+⟩⟨λ+|, where:

|λ−⟩ =
1

N−

(
|γ0⟩+

q0X
∗

q1 − λ−
|γ1⟩

)
and |λ+⟩ =

1

N+

(
|γ1⟩+

q1X

q0 + λ+
|γ0⟩

)
, (4.12)

N± being the normalization constant. That is, the optimum receiver is realized by a 1-
rank projective measurement over a suitable linear combination of the encoded states [9,
51, 67].

4.3 Binary discrimination of coherent states

We now apply the tools of quantum decision theory, developed in the previous section,
to the quantum communications systems presented in Chapter 3, where information is
encoded onto coherent states, describing the radiation emitted by stable laser sources.
That is, in each time slot, the sender encodes a binary symbol k = 0, 1 onto the coherent
pulse |αk⟩, generated with equal a priori probabilities qk = 1/2. Thereafter, pulses are
sent to the receiver though a channel, assumed here to be noiseless. Ultimately, we
implement a quantum receiver, namely a binary POVM {Π0,Π1}, with Π1 = 1 − Π0, to
infer the transmitted symbol, associated with a nonzero error probability. In the presence
of binary modulation, the encoding stage may be deployed according to two typical
strategies [51]:
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Figure 4.3.1: Phase space representation of the OOK (left) and BPSK (right) encodings. In the
former case, information is encoded on the absence or presence of a given field with amplitude
α > 0, i.e. |α0⟩ = |0⟩ and |α1⟩ = |α⟩, whilst in the latter scenario symbols are encoded on the
field phase, |α0⟩ = | − α⟩ and |α1⟩ = |α⟩. We note that the overlap |⟨α0|α1⟩|2 is lower for BPSK
modulation, leading to a lower value of the Helstrom bound.

• on-off keying (OOK): it represents the simplest scheme, in which symbol “0” is en-
coded onto the vacuum state |α0⟩ = |0⟩, while symbol “1” corresponds to a co-
herent state with given amplitude α > 0, i.e. |α1⟩ = |α⟩. Practically, this scheme
is realized by either amplitude modulating a laser source at fixed frequency or,
more simply, by switching on and off the laser itself according to the symbol to be
transmitted;

• binary phase-shift keying (BPSK): now, a coherent state of mean energy α2, α > 0, is
generated in all time slots, and information is encoded in the field phase, namely:

|αk⟩ = |ei(k+1)πα⟩ , k = 0, 1 , (4.13)

such that |α0⟩ = | − α⟩ and |α1⟩ = |α⟩. That is, the two states has the same energy
but are phase-shifted by π. This kind of encoding is practically implemented by
phase modulation of an input laser beam.

The two modulation formats are schematized in Fig. 4.3.1. In the following, we will
draw our attention on the sole BPSK case, since, as we can see, the overlap between the
two encoded pulses is lower for the BPSK case than the OOK, leading to a lower value
of the Helstrom bound, see Eq. (4.11). In fact, we have |⟨0|α⟩|2 = exp(−α2) for OOK
and |⟨−α|α⟩|2 = exp(−4α2) for BPSK. However, from a more practical point of view,
the preference for one format over the other is not only limited to theoretical reasons,
but is also due to practical characteristics, concerning the technologies of the adopted
equipment, the accuracy in the phase stabilization of the encoded signals, the achievable
symbol repetition rates and so on [51].

In the presence of BPSK, thanks to Eq. (4.11), the minimum error probability, i.e. the
Helstrom bound, becomes:

PHel =
1

2

[
1−

√
1− e−4α2

]
. (4.14)

The optimal measurement strategy achieving such a minimum is the “cat state” mea-
surement, defined by the two-valued POVM {Π0,1 − Π0}, Π0 = |ψcat⟩⟨ψcat|, where
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Figure 4.3.2: Setup of the Kennedy receiver. The incoming signal |αk⟩, k = 0, 1, undergoes a dis-
placement operationD(α) followed by on-off detection. The final decision is performed according
to the rule: “off” → “0” and “on” → “1”.

|ψcat⟩ = c0(α)|α0⟩ + c1(α)|α1⟩ is an optimized “cat state” [9]. However, a concrete real-
ization of such a POVM is not an easy task.

On the contrary, the conventional binary receivers adopted in optical communication
systems are based on homodyne detection, being sensitive to the field phase. The homo-
dyne receiver works as follows. We perform measurement of the quadrature q and infer
symbol “0” when the outcome x ≥ 0 is retrieved, and symbol “1” when a negative value
x < 0 is obtained. We remind that the homodyne distribution of states |αk⟩ is equal to:

pHD(x|k) =
exp

[
−(x− 2αk)

2/2
]

√
2π

, (4.15)

expressed in shot-noise units, being limited by shot-noise due to vacuum fluctuations.
In turn, there is a nonzero probability of retrieving outcomes x ≥ 0 when state |α0⟩ was
sent, and vice versa. Accordingly, the error probability for the homodyne receiver reads

PSQL =
1

2

[∫ ∞

0

dx pHD(x|0) +
∫ 0

−∞
dx pHD(x|1)

]

=
1− erf

(√
2α
)

2
, (4.16)

referred to as the standard quantum limit (SQL), or shot-noise limit. The SQL represent
the best error probability achievable by semi-classical means in ideal conditions, being
suboptimal with respect to the Helstrom bound, as PSQL > PHel. Given this scenario, the
task of quantum state discrimination theory is to design a feasible receiver outperform-
ing the SQL and being as close as possible to the Helstrom bound. Several proposals
of feasible optimum or near-optimum receivers have been advanced in literature, based
on either single-shot discrimination or feedback-based strategies. In the following, we
present the main ones, employing displacement operations and photon counting.

4.3.1 The Kennedy receiver

The first quantum receiver beating the SQL has been proposed in 1973 by Kennedy [83],
whose scheme is reported in Fig. 4.3.2.

In the Kennedy receiver, or displacement receiver, the incoming signal |αk⟩ undergoes
the displacement operation [39] D(α), followed by on-off detection. As discussed in
Sec. 2.3, the displacement may be implemented practically by letting the signals interfere
with a suitable intense local oscillator at a beam splitter with large transmissivity [84].
We note that D(α) performs a nulling operation, leading to the mapping:

| − α⟩ → |0⟩ and |α⟩ → |2α⟩ . (4.17)
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Figure 4.3.3: Log plot of the error probabilities of the standard and improved Kennedy receivers
PK and PIK, respectively, as a function of the signal energy α2. PSQL and PHel refer to the
SQL (4.16) and the Helstrom bound (4.14), respectively.

This is the so-called “nulling” displacement, since one of the two signals is displaced
into the vacuum state. Therefore, BPSK is turned into OOK and on-off detection pro-
vides the optimal measurement choice, with the following decision rule: “off” → “0”
and “on” → “1”. Thus, an error occurs when an “off” result is retrieved from state |α1⟩,
leading to the error probability

PK = q1 p(off|1) =
1

2

∣∣⟨0|2α⟩∣∣2 =
e−4α2

2
, (4.18)

depicted in Fig. 4.3.3 as a function of the signal energy and compared to both the SQL
and the Helstrom limit. As we can see, in the high-energy limit α2 ≫ 1 the Kennedy
receiver is near-optimum, namely proportional to the Helstrom bound, as PK ≈ 2PHel.
In fact:

PHel =
1

2

[
1−

√
1− e−4α2

]
≈ 1

2

[
1−

(
1− e−4α2

2

)]
=
PK

2
, (4.19)

where we used the Taylor expansion
√
1− x = 1−x/2+O(x2). Futhermore, the receiver

also beats the SQL for α2 > α2
K, with α2

K ≈ 0.38 [16, 83].
The feasibility of the Kennedy setup has been demonstrated experimentally in [85–

88]. The main drawback towards a practical implementation is represented by the local
oscillator laser required to realize the displacement D(α), which need to be finely tuned
in both frequency and phase with respect to the incoming signal. To overcome this prob-
lem, to date, many practical realizations employ a single laser source from which both
the signal and the local oscillator are generated. This laser emits a high-intensity coher-
ent state, being then splitted at a beam splitter with small transmissivity, such that the
transmitted (weak) pulse is sent to the phase modulator, becoming the encoded state,
while the reflected (strong) pulse plays the role of the local oscillator.

An improved version of the Kennedy receiver has been obtained by Takeoka and
Sasaki by optimizing the displacement amplitude [89]. In their improved Kennedy (IK)
receiver, the “nulling” displacement D(α) is replaced with a generic D(β), β > 0, whose
value is optimized to minimize the overall error probability. In turn, the encoded states
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Figure 4.3.4: Optimized displacement βIK of the IK receiver as a function of the coherent am-
plitude α of the incoming signal. The dashed line βK = α represents the (fixed) displacement
amplitude of the standard Kennedy receiver.

are mapped into:

| − α⟩ → |β − α⟩ and |α⟩ → |β + α⟩ . (4.20)

The final decision still follows from the outcomes of on-off detection but, differently
from the standard Kennedy receiver, now, an error occurs either when a “off” result
is retrieved from state |α1⟩ or when a “on” is obtained from |α0⟩. The resulting error
probability reads:

PIK = max
β>0

PIK(β) , (4.21)

where

PIK(β) = q1 p(off|1) + q0 p(on|0) =
1

2

[
e−(β+α)2 + 1− e−(β−α)2

]
. (4.22)

By nulling the derivative of PIK(β) with respect to β, i.e. dPIK(β)/dβ = 0, we find
that the optimal displacement amplitude βIK shall satisfy the following transcendental
equation:

βIK − α

βIK + α
= e−4αβIK , (4.23)

to be solved numerically. The solution of Eq. (4.23) is plotted in Fig. 4.3.4 as a function
of the coherent amplitude α of the encoded signal, together with βK = α, being the
displacement amplitude of the standard Kennedy receiver. As we see, the optimized
displacement amplitude βIK is always larger than α, but in the high-energy limit the
two lines approach each other, thus making the IK receiver coincide with the Kennedy.
In turn, as showed in Fig. 4.3.3, the IK receiver outperforms the Kennedy in the low-
energy regime, whereas in the limit α2 ≫ 1, PIK ≈ PK and the improvement due to the
displacement optimization becomes negiglibile. Remarkably, the enhancement for small
energies allows to beat the SQL for all α2 > 0.

Finally, it is worth to mention a further variation of the original Kennedy scheme,
the so-called displacement-photon-number-resolving receiver (DPNR), originally introduced
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in [90–93]. It consists of the same setup depicted in Fig. 4.3.2, where the on-off detector
is replaced by a photon-number resolving (PNR) detector with finite resolution M , see
Sec. 2.4.2.1. The final decision rule is then suitably adjusted to either include a given
inconclusive-result probability [90, 91] or account for detection imperfections and noise
[92, 93].

4.3.2 The Dolinar receiver

The Kennedy receiver presented above represents the typical benchmark for all sub shot-
noise-limited quantum receivers, due to both its theoretical simplicity and its practical
feasibility with the technologies commonly adopted in optical communications, based
on linear optics and on-off detection. As a consequence, its scheme has provided a build-
ing block to construct more sophisticated receivers with better performances.

A paradigmatic example is represented by the Dolinar receiver [94]. By suitably gen-
eralizing the Kennedy scheme, in 1973 Dolinar proposed a feedback receiver employing
conditional displacements and continuous-time photodetection, proving it to be opti-
mum for all input energies.

The basic principle of the Dolinar receiver is to implement a real-time adjustment of
the displacement operation of the Kennedy setup in both amplitude and phase, accord-
ing to the obtained outcome of the photon counter, via closed-loop feedback control per-
formed during the time processing of the encoded signal [51, 94, 95]. Thus, to compute
the error probability we should resort to the temporal description presented in Sec. 3.2.
The encoded pulse |αk⟩, k = 0, 1, corresponds to a wavepacket ψk(t) located in a time
slot of duration T , equal to [51, 95]:

ψk(t) = eiπ(k+1)ψ e−iωt , 0 < t ≤ T , (4.24)

ω being the carrier signal frequency and ψ > 0, with mean photon number

n̄k =

∫ T

0

|ψk(t)|2dt = ψ2T ≡ α2 . (4.25)

The overlap betweent the pulses is then retrieved as |⟨α0|α1⟩|2 = exp[−
∫ T
0
dtS(t)], where

S(t) = |ψ0(t)− ψ1(t)|2 = 4ψ2 (4.26)

is the photon counting rate for a plane wave of complex envelope ψ0(t) − ψ1(t) [94]. In
turn, we have |⟨α0|α1⟩|2 = exp(−4ψ2T ) = exp(−4α2), as expected. The transition from
the coherent pulse representation to the continuous-time picture is obtained as follows.
We perform a coarse graining in time and divide the time slot into many temporal bins of
duration δt≪ T . Thanks to the properties of coherent states, each time bin still contains
a coherent state but with smaller amplitude, such that the reduced pulse in the time
bin comprised between t and t + δt is equal to |α̃k(t)⟩ = |αk

√
δt/T ⟩. Accordingly, for

t′ ∈ (t, t+ δt], the field value is equal to ψk(t′) ≈ ψk(t), with mean energy ψ2δt.
Given this scenario, the Dolinar receiver operates as depicted in Fig. 4.3.5. The setup

consists of a photon counter performing on-off detection connected to a switch s, in
which the field ψk(t) in each time bin (t, t + δt], corresponding to the reduced pulse
|α̃k(t)⟩, is sequentially injected [17, 95]. The switch switches back and forth between two
positions, called s = 0 and s = 1, with each click of the detector, applying alternatively
two different time-varying displacement operations

D (u0(t)) if s(t) = 0 , (4.27)
D (u1(t)) if s(t) = 1 , (4.28)
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Figure 4.3.5: Setup of the Dolinar receiver. The field ψk(t) in each time bin (t, t + δt], associated
with the reduced pulse |α̃k(t)⟩, k = 0, 1, undergoes a displacement operationD(u0(t)) orD(u1(t))
determined by the position of a switch s(t), changing at every count of the photodetector. After
time T , when all time bins are processed, the value s(T ) gives the final decision.

such that D (uj(t))ψk(t) = ψk(t) + uj(t), j, k = 0, 1. In the above expression s(t) refers
to the position of the switch at time t ≤ T . The initial position of the switch is set to
s(0) = 0, meaning that the signal in the first time bin is displaced by D(u0(0)). After
the first photodetection, if the detector clicks the position of the switch is changed to
s(δt) = 1 and the second copy will be displaced by D(u1(δt)). Otherwise, we keep
still s(δt) = 0 and the second copy will be displaced by D(u0(δt)). The feedback loop
continues according to this basic rule: at every click of the detector the switch changes its
position. When all the time bins are processed, the final decision is obtained by reading
the position of the switch, according to:

s(T ) = 0 → infer state |α0⟩ , (4.29)
s(T ) = 1 → infer state |α1⟩ . (4.30)

Now, the mathematical problem is to choose the functions u0(t) and u1(t) that maxi-
mize the correct detection probability at the end of the process, namely:

PDol(T ) = q0P00(T ) + q1P11(T ) , (4.31)

where Pkl(t) is the probability of inferring state “l” at time t ≤ T if signal “k” is sent,
k, l = 0, 1 [17, 95]. Actually, in his original proposal Dolinar inferred the optimal solution
to the present problem and then verified its optimality afterwards [94]. On the contrary,
here we follow an equivalent approach leading to the same solution adopted in [95].
Furthermore, we restrict to the case of symmetric solutions, i.e. u0(t) = −u1(t) = u(t).

At first we assume that state |α0⟩ = | − α⟩ is sent. Then, s(t) can be interpreted as a
telegraph stochastic process [96], being alternately driven, in each time bin (t, t+ δt], by
a inhomogeneous Poisson process with rates

λ+(t) = |ψ0(t) + u(t)|2 and λ−(t) = |ψ0(t)− u(t)|2 . (4.32)

At time t + δt a correct decision is performed in two cases: firstly if s(t) = 0 and the
detector detector does not click; secondly if s(t) = 1 and the photodetector clicks. More-
over, since δt≪ T , we may safely assume that the detector effectively measures no more
than one photon, thus the probability of obtaining a non-click result in the former case
reads p(off|0) ≈ 1− λ+(t)δt, while the probability of a click in the latter scenario is equal
to p(on|0) ≈ λ−(t)δt [51]. Accordingly we have:

P00(t+ δt) = P00(t)
[
1− λ+(t)δt

]
+
[
1− P00(t)

]
λ−(t)δt , (4.33)
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leading to the following differential equation in the limit δt→ 0:

dP00(t)

dt
= λ−(t)−

[
λ+(t) + λ−(t)

]
P00(t) , (4.34)

to be solved with the initial condition

P00(0) = 1 , (4.35)

as the switch is initialized in position “0”. In a similar way, we prove that P11(t) satisfies
the same equation with initial condition P11(0) = 0, thus we conclude that also PDol(t)
is a solution of Eq. (4.34) with PDol(0) = 1/2.

To solve it, we make the ansatz that, at any time t ≤ T there exists some value of
the displacement amplitude u(t) such that the provisional correct decision probability is
exactly equal to the Helstrom bound relative to binary pulses of duration t, namely

PDol(t) =
1

2

[
1 +

√
1− e−4ψ2t

]
≡ 1 +R(t)

2
. (4.36)

Actually, this is not a very restrictive requirement, as it has been proved that, when mul-
tiple identical copies of the encoded quantum states are available, the Helstrom bound
can be reached by performing local adaptive measurements on single copies, each one
being optimized according to the results measurements on the previous copies [95, 97,
98]. Moreover, if the number of these copies is sufficiently large, the encoded pulse is
a sequence of weak coherent states and the optimum measurements are well approx-
imated by suitable displacements and photon counting, retrieving the scenario of the
Dolinar setup under investigation [95].

Given this considerations, we plug Eq. (4.36) into (4.34) and obtain:

ψ2e−2iωt 1−R2(t)

R(t)
= ψ2e−2iωt + u2(t) + 2ψe−iωt u(t)

−
[
ψ2e−2iωt + u2(t)

][
1 +R(t)

]
, (4.37)

which is solved by [99]

uDol(t) =
ψ e−iωt

R(t)
=

ψ e−iωt√
1− e−4ψ2t

. (4.38)

As a consequence, by implementing the time-varying displacement in the setup of Fig. 4.3.5
with the choice u0(t) = uDol(t) and u1(t) = −uDol(t), at time T we perform BPSK dis-
crimination with the minimum error probability

PDol = 1− PDol(T ) =
1

2

[
1 +

√
1− e−4α2

]
, (4.39)

proving the Dolinar receiver to be optimum. We also underline that the optimality of
the Dolinar setup is guaranteed regardless the particular shape of the wavepacket ψk(t),
only provided that the corresponding optical field is described as a coherent state. In
the presence of arbitary wavepackets, the optimal displacement amplitude derived by
Dolinar with condition u0(t) = −u1(t) = u(t), becomes uDol(t) = ψ0(t)/R(t) [94].

However, even though theoretically optimum, the Dolinar scheme requires a non-
trivial experimental implementation, for a twofold reason. On the one hand, to effec-
tively process the signal in time as a sequence of shorter pulses of duration δt ≪ T , the
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Figure 4.3.6: Scheme of the displacement feed-forward receiver (DFFRE) proposed in [101]. The
incoming signal |αk⟩, k = 0, 1, is split into N copies and undergoes a sequence of conditional
displacements followed by photon counting. The first copy undergoes a positive displacement,
whereas the sign of the subsequent displacements is decided via Bayesian inference.

bandwidth of both the detector and electronic components must be much larger than
the symbol repetition rate. Moreover, the feedback circuit needs precise control of an
optical-electrical loop to achieve fast response times, to avoid delays in the local oscil-
lator adjustment. On the other hand, continuous measurements and feedback control
require detectors with high performances, i.e. high quantum efficiency, low dark count
rate, high visibility and short dead time. In fact, the presence of realistic inefficiencies
induces unwanted decision errors during the signal processing, which accumulate in
time and affect the feedback loop, degrading the quantum advantage of the receiver and
overall resulting in a bad performance.

Due to all the previous drawbacks, it is not surprising that the first attempt to imple-
ment the Dolinar receiver dates back to 2006 by Lau et al. [85], 33 years after Dolinar’s
paper. The authors realized both a Dolinar and a Kennedy receiver, but the obtained per-
formance was unsatisfactory, as the measured Dolinar error probability was even larger
than the Kennedy. The biggest limitation that did not allow to prove the Dolinar opti-
mality was the limited visibility of the amplitude modulator, which was approximately
≈ 98% at the employed bandwidth, while the proper regime should have been ≈ 99.9%.
Only a year later, in 2007 Cook et al. obtained a satisfactory practical implementation of
the Dolinar receiver, close to the Helstrom bound in the low energy regime [100].

For all these reasons, the interest has been directed to feed-forward receivers, where
the signal is split into a finite number of copies, to obtain a tradeoff between minimum-
error discrimination and robustness in practical contexts, as discussed in the following.

4.3.3 The displacement feed-forward receiver

Following the previous philosophy, in 2016 Sych and Leuchs proposed a new receiver,
the displacement feed-forward receiver (DFFRE), combining both the simplicity of the Kennedy
scheme and the optimality of the Dolinar one [101]. The key idea is to split the encoded
state |αk⟩, k = 0, 1, into a finite number of copies N rather than a large number of time
bins. Thereafter the displacement-photon counting scheme employed in the improved
Kennedy receiver [89] is implemented on each copy, optimizing the displacement am-
plitude via feed-forward Bayesian inference. The initial splitting of the signal may be
implemented either by time-multiplexing [102, 103] or by spatial separation into differ-
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Figure 4.3.7: Equivalent scheme of the DFFRE. Each copy |α(j)
k ⟩ undergoes a displacement opera-

tion whose sign is determined by the position of a switch s.

ent modes thanks to an array of splitters, providing in both cases a feasible solution
overcoming the fast measurements requirement of the Dolinar proposal.

The scheme of the DFFRE is depicted in Fig. 4.3.6. As discussed, the input state |αk⟩
is split into N rescaled copies, that is

|αk⟩ →
N⊗
j=1

|α(j)
k ⟩ , (4.40)

where |α(j)
k ⟩ = |αk/

√
N⟩. Then, each copy undergoes an optimized conditional dis-

placement followed by PNR(M ) detection. We start by displacing the first copy |α(1)
k ⟩ by

D(β1), with amplitude β1 > 0 maximizing the correct decision probability, thereafter we
perform PNR(M) detection on the output signal |αk/

√
N + β1⟩. According to the maxi-

mum a posteriori probability (MAP) criterion based on Bayesian inference, the PNR(M)
measurement outcome n is used to choose the sign of the optimized conditional dis-
placement to be performed on the second copy. In other words, we infer the state “0” or
“1” associated with the maximum a posteriori probability given the outcome n [16, 92,
101]. If “0” is inferred we displace the second copy |α(2)

k ⟩ by D(β2), otherwise we apply
D(−β2), where β2 > 0 is chosen to maximize the correct decision probability, too. Then,
we perform again photodetection and repeat the process until the N -th copy.

With ideal detectors, the previous criterion is equivalent to performing on-off detec-
tion on each displaced copy. The j-th copy, j = 1, . . . , N , undergoes the displacement
operation D(σjβj), where βj > 0 is the optimized amplitude and σj = ±1 is the sign of
the displacement. The first displacement has a fixed sign, namely, σ1 = +1. The other
values of σj are assigned according to the following decision rule: if we get outcome
“off” from the (j − 1)-th measurement we set σj = σj−1, otherwise if a “on” is retrieved
we switch σj = −σj−1. Ultimately, the outcome obtained from the last copy determines
the final decision. Therefore, the outcome “off” infers state |−σNα⟩, outcome “on” infers
state |σNα⟩, σN being the sign of the last displacement.

Therefore, the DFFRE mimics the functioning of the Dolinar receiver, albeit with a
discrete number of modes, being then equivalent to scheme reported in Fig. 4.3.7. As in
Sec. 4.3.2, we have a PNR(M ) detector performing on-off detection connected to a switch
s, switching at every click between s = 0 and s = 1, but, now, we process only N copies
|α(j)
k ⟩, j = 1, . . . , N [17]. According to the position of the switch s(j) after the j-th copy
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Figure 4.3.8: (a) Log plot of P (N)
DF as a function of the signal energy α2 for different number of

copies N . PSQL, PHel and PK refer to the SQL (4.16), the Helstrom bound (4.14), and the Kennedy
error probability (4.18), respectively. (b) Plot of R(N)

DF as a function of α2 for different N . For
α2 ≫ 1 all ratios approach the Kennedy limit.

is processed, we apply one of the two displacement operations:

D(+βj) if s(j) = 0 , (4.41)

D(−βj) if s(j) = 1 , (4.42)

where the value βj is optimized to maximize the correct decision probability in each step
[17]. If the initial position of the switch is set to s(0) = 0, by retracing the passages in
Sec. 4.3.2, we obtain the correct decision probability after j steps, namely P(j)

DF = q0P
(j)
00 +

q1P
(j)
11 , as:

P(j)
DF = max

βj

{
P(j−1)
DF qoff

(
λ
(j)
− (α)

)
+
[
1− P(j−1)

DF

]
qon

(
λ
(j)
+ (α)

)}
, (4.43)

to be solved with the initial condition P(0)
DF = 1/2, where

qoff(x) = e−x and qon(x) = 1− e−x , (4.44)

are the probabilities of “off” and “on” results, respectively, and

λ
(j)
± (α) =

∣∣∣βj ± α√
N

∣∣∣2 , (4.45)

is the mean photon number of the resulting displaced copies. Ultimately, we retrieve the
discrimination error probability of the DFFRE after N copies as:

P
(N)
DF = 1− P(N)

DF . (4.46)

Plots of P (N)
DF are depicted in Fig. 4.3.8(a) as a function of the input energy α2 and dif-

ferent values of N . The receivers is near-optimum and beat the SQL for all energies. For
N = 1 the DFFRE coincides with the improved Kennedy receiver [89], and by increasing
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N the error probability is further reduced for α2 ≪ 1, coming closer to the Helstrom
bound (4.14), as emerges by computing the ratio

R(N)
DF =

P
(N)
DF

PHel
, (4.47)

plotted in Fig. 4.3.8(b). In the regime α2 ≪ 1, the larger the number of copies, the
smaller the ratio R(N)

DF , whereas in the asymptotic limit α2 ≫ 1 the DFFRE approaches
the Kennedy receiver for any N .

4.3.4 The Sasaki-Hirota receiver

To conclude, we present a further proposal of optimum receiver, suggested by Sasaki
and Hirota in 1996 [104], who proved that it is possible to reach the Helstrom bound
by recasting the problem into the two-dimensional subspace spanned by the encoded
states.

At first, we perform the “nulling” displacement D(α) to he encoded signals |αk⟩,
k = 0, 1, as in the Kennedy scheme, shifting the discrimination problem to states |0⟩ and
|2α⟩. Now, we consider the following orthonormal basis of the subspace S spanned by
|0⟩ and |2α⟩:

|η0⟩ = |0⟩ and |η1⟩ =
1√

1−X2

(
|2α⟩ −X |0⟩

)
, (4.48)

where X = ⟨0|2α⟩, and construct the unitary operator

U(θ) = cos θ

(
|η0⟩⟨η0|+ |η1⟩⟨η1|

)
+ sin θ

(
|η0⟩⟨η1| − |η1⟩⟨η0|

)
, (4.49)

depending on a free parameter θ. In the Sasaki-Hirota receiver the operator U(θ) is applied
to the displaced signals |0⟩ and |2α⟩, followed by a projective measurement onto the
basis (4.48), namely:

Π0 = |η0⟩⟨η0| and Π1 = |η1⟩⟨η1| . (4.50)

By numerical optimization of θ, the authors showed that the present scheme reaches the
Helstrom bound [51, 104].

We note that, since ⟨0|η1⟩ = 0, the projective measurement (4.50) may be safely re-
placed by on-off detection, making it feasible in realistic conditions. On the contrary, the
unitary U(θ) is a non-Gaussian operation, whose realization would require highly non-
linear optical elements, thus making this kind of receiver not realizable with the usual
practical linear optics components.

4.4 Hybrid receivers

As discussed in the previous section, most sub shot-noise-limited receivers are con-
structed via the displacement-photon counting technique, probing the particle-like be-
haviour of the encoded quantum field. On the contrary, the SQL is achieved by homo-
dyne detection, which gives information on the field phase, thus probing the wave-like
properties of radiation. Therefore, a natural question arises, that is whether or not it is
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Figure 4.4.1: Scheme of the HYNORE. The incoming signal is split at a beam splitter with transmis-
sivity τ , thereafter HL detection is implemented on the reflected branch. The outcome ∆ = n−m
is exploited to decide the displacement operation implemented on the transmitted signal. (Inset)
Setup of the weak-field homodyne, or homodyne-like, detection. The signal is mixed at a balanced
beam splitter with a low-intensity local oscillator (LO), and PNR(M) detection is performed on the
output modes.

possible to design hybrid receivers employing both of the field properties to obtain a
better performance in terms of error probability.

To this aim, in this section we firstly propose an innovative receiver: the hybrid
near-optimum receiver (HYNORE), a single-shot receiver based on the combination of the
homodyne-like detection presented in Sec. 2.4.2.2 and the displacement-photon counting
scheme of the Kennedy setup [16]. Later on, we extend this approach to multi-copy re-
ceivers and construct the hybrid feed-forward receiver (HFFRE), by embedding homodyne-
like detection into the DFFRE scheme [17]. In both our proposals, we adopt homodyne-
like detection (employing PNR detectors) instead of the traditional homodyne scheme
(implemented by p-i-n photodiodes). The motivation behind this choice is merely prac-
tical. In fact, from an experimental point of view, a hybrid scheme involving both homo-
dyne detection and displacement-photon counting would require to employ different
types of detectors for the two components of the setup: two proportional photodiodes
producing macroscopic photocurrents to implement the standard homodyne measure-
ment, and a PNR detector for the displacement receiver. Moreover, in the context of
quantum discrimination, pulsed homodyne detection would be preferable for an exper-
imental realization at telecom wavelength, due to the reduced response time of the mea-
surement [105–107]. On the contrary, employing homodyne-like and low-intensity local
oscillator provides a more fascinating solution since the resulting receiver is obtained
with the use of sole PNR detectors.

In the following, we present in detail both the HYNORE and the HFFRE, comparing
it to the Kennedy receiver and the DFFRE, respectively. The results obtained in both this
section and the following ones are all original.

4.4.1 The hybrid near-optimum receiver

The scheme of the HYNORE is depicted in Fig. 4.4.1. The idea is to exploit a displacement-
PNR(M ) (DPNR) setup where the nulling displacement is not assigned a priori, but is
conditioned on the outcome of a homodyne-like (HL) detection performed on a fraction
of the input signal. More in detail, we split the input coherent state |αk⟩, k = 0, 1, at a
beam splitter of variable transmissivity τ (this can be obtained, for instance, considering
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the polarization of the input states and by using a polarizing beam splitter), such that:

|αk⟩ → |α(r)
k ⟩ ⊗ |α(t)

k ⟩ = | −
√
1− ταk⟩ ⊗ |

√
ταk⟩ . (4.51)

Then, we perform HL detection on the reflected branch |α(r)
k ⟩ and, thereafter, apply a

feed-forward nulling displacement operation on the transmitted part of the signal |α(t)
k ⟩

conditioned on the difference photocurrent ∆ = n−m retrieved from the homodyne-like
measurement:

∆ ≥ 0 → apply D
(√
τα
)
, (4.52a)

∆ < 0 → apply D
(
−
√
τα
)
, (4.52b)

Finally, on the resulting displaced state we perform a PNR(M ) measurement in terms
of on-off detection: the photon number resolution of the detector will turn out to be
useful in the presence of detection imperfections, as we will see in the following. The
intuitive motivation behind the feed-forward rule of Eqs. (4.52) is the following. If we
suppose that |α0⟩ was sent, from the definition of the beam splitter operation of Eq. (4.51)
it is more likely to obtain ∆ > 0. As a consequence, we decide to perform a positive
displacement sending the transmitted signal into the vacuum such that the PNR(M ) de-
tector does not click and we refer to this event as “off”. Of course there is still a non-zero
probability to get ∆ < 0, and in that case we decide to apply a negative displacement
such that the on-off detector is more likely count some photon. This event is called “on”.
Finally, for the case ∆ = 0, the displacement amplitude is chosen to be positive simply by
convention. Analogous considerations may be obtained by considering state |α1⟩. Given
this scenario, the decision rule at the end of the final measurement is chosen according to
Table 4.4.1.

outcomes decision
∆ ≥ 0 off “0”
∆ < 0 on “0”
∆ < 0 off “1”
∆ ≥ 0 on “1”

Table 4.4.1: Decision strategy for the HYNORE in Fig. 4.4.1.

Since:

p(∆ ≥ 0; on|0) = p(∆ < 0; off|1) = 0 , (4.53)

the error probability for the HYNORE reads:

PHY(τ, z) =
1

2
[ p(∆ < 0; off|0) + p(∆ ≥ 0; off|1)]

=
1

2

[ −1∑
∆=−M

S∆

(
α
(r)
0

)
e−4τα2

+

M∑
∆=0

S∆

(
α
(r)
1

)
e−4τα2

]

=
e−4τα2

2

[ −1∑
∆=−M

S∆(
√
1− τα) +

M∑
∆=0

S∆(−
√
1− τα)

]
, (4.54)
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depending on the transmissivity τ , ruling the splitting of the incoming state, and the
amplitude of the local oscillator (LO) |z⟩, z ≥ 0, of HL detection. We recall that the HL
probability distribution reads:

S∆(α
(r)
k ) =

M∑
n,m=0

pn
(
µ+(α

(r)
k )
)
pm
(
µ−(α

(r)
k )
)
δ(n−m),∆ (4.55)

where δk,j is the Kronecker delta, M is the photon-number resolution,

µ±(α
(r)
k ) =

|α(r)
k ± z|2

2
, (4.56)

is the mean energy on the two output branches, respectively, and

pn(µ) =


e−µ

µn

n!
if n < M ,

1− e−µ
M−1∑
j=0

µj

j!
if n =M .

(4.57)

For completeness, we note that performing standard homodyne detection instead of
homodyne-like, the error probability of the previous equation becomes

P
(HD)
HY (τ) =

e−4τα2

2

{
1− erf

[√
2(1− τ)α

]}
. (4.58)

We also note that if τ = 0 we have the homodyne receiver, whereas if τ = 1 we retrieve
the Kennedy one. This can be understood since when τ = 1 the information coming from
the homodyne receiver is inconclusive, as it measures the vacuum leading to a positive
or negative outcome with 50% of probability. Therefore, known the outcome sign, we
can apply the same inference strategy as in the Kennedy receiver.

Given this outline, in the following we compute the error probability of the HYNORE
by considering two alternative scenarios involving either ideal photodetectors, namely
PNR(M ) detectors with M = ∞, or realistic PNR detectors with finite resolution M .

4.4.1.1 HYNORE with ideal photodetectors

At first, let us consider PNR(∞) detectors, and a LO |z⟩ with fixed intensity z2. In this
case, the HL probability distribution (4.55) approaches a Skellam distribution, as dis-
cussed in Sec. 2.4.2.2. Under these conditions, we retrieve the HYNORE error probabil-
ity by optimizing Eq. (4.54) with respect to τ , i.e. finding the transmissivity τ (id)opt , that in
general is a function of α2, minimizing the value of PHY(τ, z) for every α2. Consequently,
we obtain the optimized error probability of our receiver as

P
(id)
HY = min

τ
PHY(τ, z) for PNR(∞) detection , (4.59)

depicted in Fig. 4.4.4(a). As we see, the HYNORE proves to be near-optimum, outper-
forming the Kennedy receiver for all α2.

To better enlighten this advantage, it is also relevant to introduce the ratio with the
standard Kennedy receiver (4.18),

R
(id)
h/K =

P
(id)
HY

PK
. (4.60)
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Figure 4.4.2: (a) Log plot of P (id)
HY as a function of α2 for LO intensity z2 = 5 compared to the

Kennedy receiver (4.18), the SQL (4.16) and the Helstrom bound (4.14). (b) Plot of the ratio R(id)

h/K

as a function of α2 for several values of the LO intensity z2. In the inset, plot of the optimized
transmissivity τ (id)opt as a function of α2. For α2 > Nth(z) we have τ (id)opt = 1− λ(z)/α2. In both the
pictures we consider PNR(∞) detectors.

Plots of R(id)
h/K and τ

(id)
opt (in the inset) are displayed in Fig. 4.4.4(b) for different LO in-

tensity z2. It emerges that τ (id)opt = 0 up to a threshold energy Nth(z) which depends on
the LO amplitude z, while for α2 > Nth(z) it is an increasing function of the energy and
reaches asymptotically 1. Note that in the limit τ → 1 some information about the signal
reaches the homodyne receiver and we still have an improvement of the performance.

If α2 ≤ Nth(z) the optimized strategy is realized with the sole homodyne-like setup,
whereas for larger energies the more efficient scheme is obtained by the appropriate
interplay between the homodyne-like and the DPNR parts of our receiver. The choice
of the optimal τ makes the receiver near-optimum with a ratio R(id)

h/K saturating to the

value R(id)
∞ < 1 for every value of the LO intensity z2.

As we noticed, if we increase the value of z2, the performance of the homodyne-like
detection approaches the standard homodyne one and the HYNORE performs better
and better. In fact, the variance of the homodyne-like quadrature probability distribution
decreases as the local oscillator energy becomes quite larger with respect to the input
signal one [39]. In this case, the ratio in Eq. (4.60) reads

R
(HD)
h/K =

P
(HD)
HY

PK
=
e4(1−τ)α

2

2

{
1− erf

[√
2(1− τ)α

]}
. (4.61)

The saturation of R(id)
h/K for large α2 suggests the following ansatz on the expression

of the optimized τ (id)opt , namely:

τ
(id)
opt = 1− λ(z)

α2
for α2 > Nth(z) , (4.62)

where λ(z) ∈ R+ and depends on the LO amplitude z. As an example, for the homodyne
limit z2 → ∞, by computing the derivative of Eq. (4.61) with respect to τ and inserting
the expression in Eq. (4.62) we get the following relation that must be satisfied by λ ≡
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Figure 4.4.3: Plot of Rα(z) as a function of the LO intensity z2 for different resolutionM and fixed
signal energy α2 = 2. For M <∞, R(z) exhibits a minimum at a finite LO intensity.

λ(z = ∞) : √
2

πλ
− 4e2λ

[
1− erf

(√
2λ
)]

= 0 , (4.63)

that leads to the numerical solution λ ≈ 0.094. Then, the threshold N (HD)
th ≡ Nth(z = ∞)

can obtained by setting τ (id)opt = 0, bringing to N (HD)
th = λ and the saturation ratio reads:

R(HD)
∞ = e4λ

[
1− erf

(√
2λ
)]

≈ 0.786 . (4.64)

An identical analysis can be performed for the homodyne-like case, where we may ex-
pect λ(z) < λ.

4.4.1.2 HYNORE with finite photon-number resolution

We now consider the more realistic case of PNR(M ) detectors having a finite photon
number resolution M , being only able to resolve any number of photons n up to M .
Clearly, PNR(1) is a on-off photodetector. In the absence of detection imperfections, the
presence of a reduced resolution affects the sole homodyne-like setup, reducing the in-
ferable information on the field phase, since the displacement-photon counting scheme
performed on the transmitted branch is associated with on-off decision strategy regard-
less the value of M .

Differently from the ideal case, when M < ∞ the error probability (4.54) is not a
monotonous function of the LO intensity. This emerges by computing the following
z-dependent ratio, for fixed input signal energy and varying LO:

Rα(z) =
minτ PHY(τ, z)

PK
, (4.65)

depicted in Fig. 4.4.3 for different values of M . As discussed above, in the ideal case,
i.e. M = ∞, Eq. (4.65) descreases monotonically with z2, proving the homodyne limit to
be the best working regime. On the contrary, for M < ∞, Rα(z) exhibits a minimum at
a finite LO intensity. Indeed, if only few photons can be resolved, increasing the LO is
useless since much of its energy could not be detected.
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Figure 4.4.4: (a) Log plot of PHY as a function of α2 for different resolution M compared to the
Kennedy receiver (4.18), the SQL (4.16) and the Helstrom bound (4.14). (b) Plot of the ratio Rh/K

as a function of α2 for differentM . The caseM = ∞ refers to the homodyne limit (4.58) optimized
over transmissivity.

In turn, to establish the performance of the HYNORE, we are entitled to optimize
Eq. (4.54) over both τ and z, leading to the optimized error probability

PHY = min
τ,z

PHY(τ, z) for PNR(M ) detection , (4.66)

together with the ratio

Rh/K =
PHY

PK
, (4.67)

where, for the sake of simplicity, the dependence on the resolution M has not been ex-
plicitly reported. Plots of PHY andRh/K are depicted in Fig. 4.4.6(a) and (b), respectively,
in which the case M = ∞ refers to the homodyne limit (4.58) optimized over transmis-
sivity. As we can see, the effect of the finite resolution is to decrease the saturation ratio
R∞, which in any case is still less than 1, maintaining the advantages of HYNORE with
respect to the Kennedy. We also note that employing high resolution detectors is not
strictly required to obtain a performance close to the ideal case. Furthermore, the opti-
mized transmissivity τopt shows analogous behavior to the one depicted in the inset of
Fig. 4.4.4(b), namely τopt = 1 − λ(M)/α2, λ(M) being a increasing function of the PNR
resolution M such that λ(M) < λ ≈ 0.094. In contrast, the optimized LO intensity is of
the order of the resolution for all input energies; in fact we have z2opt ≲M .

4.4.2 The hybrid feed-forward receiver

As discussed above, employing a hybrid receiver like the HYNORE turns out to be ben-
eficial for quantum discrimination, obtaining a better performance than the Kennedy
receiver thanks to the splitting of the incoming signal into two beams, followed by a
suitable adaptive operation. Given this consideration, a natural extension emerges. That
is, the homodyne-like setup may be suitably embedded into the multi-copy approach
described in Sec. 4.3.3 to construct a new kind of receiver, referred to as the hybrid feed-
forward receiver (HFFRE) [17]. In more detail, the HFFRE is obtained by suitably merging
the setups of both the HYNORE and the DFFRE, resulting in the scheme depicted in
Fig. 4.4.5.
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Figure 4.4.5: Scheme of the HFFRE. We split the incoming signal |αk⟩, k = 0, 1, at a beam splitter
of variable transmissivity τ . We perform HL detection on the reflected branch, whereas we imple-
ment the displacement feed-forward setup on the transmitted one. We exploit the HL outcome to
decide the sign of the displacement operation on the first copy of the transmitted signal.

The insight is to exploit a HL measurement to guide the choice of the first displace-
ment operation sign in the DFFRE. As for the HYNORE, we divide the incoming signal
|αk⟩, k = 0, 1, at a beam splitter with variable transmissivity τ , see Eq. (4.51). The re-
flected signal |α(r)

k ⟩ undergoes HL detection with difference photocurrent outcome ∆.
Then, we split the transmitted state |α(t)

k ⟩ into N copies, |α(t)
k /

√
N⟩, and implement the

same procedure described in Sec. 4.3.3. The only difference with respect to the displace-
ment feed-forward receiver lies in the displacement operation performed on the first
copy. Indeed, the difference photocurrent ∆ provides us with a priori information ex-
ploitable to decide the sign of the first optimized displacement operation, according to
the HYNORE adaptive rule, namely:{

∆ ≥ 0 → apply D(β1)

∆ < 0 → apply D(−β1) ,
(4.68)

β1 > 0. Displacements on the other copies are still conditioned on the outcomes of the
(j − 1)-th PNR(M ) measurement.

Thus, the probability of performing a correct decision P(j)
HF(τ, z) after j steps gets the

same form of Eq. (4.43):

P(j)
HF(τ, z) = max

βj

{
P(j−1)
HF (τ, z)qoff

(
λ
(j)
− (

√
τα)

)

+
[
1− P(j−1)

HF (τ, z)
]
qon

(
λ
(j)
+ (

√
τα)

)}
, (4.69)

with the rates λ(j)± in Eq. (4.45), albeit to be solved with a different initial condition, that
is:

P(0)
HF(τ, z) =

1

2

[ −1∑
∆=−M

S∆

(
α
(r)
1

)
+

M∑
∆=0

S∆

(
α
(r)
0

)]
,
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Figure 4.4.6: Log plot of P (N)
HF and P (N)

DF as a function of the signal energy α2 for N = 1. The PNR
resolution is M = 2. PSQL, PHel, PK and PHY refer to the SQL (4.16), the Helstrom bound (4.14),
and the error probabilities of the Kennedy receiver (4.18) and the HYNORE (4.66), respectively.
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Figure 4.4.7: (a) Plot of R(N)
p , p = DF,HF, as a function of α2 for different number of copies N .

The PNR resolution is M = 2. (b) Plot of R(N)
HF as a function of α2 for N = 1 and different PNR

resolutions M . The dashed line corresponds to R(N)
DF for N = 1.

corresponding to the probability of correct decision after the HL measurement. Clearly,
if τ = 1 we retrieve the results of the DFFRE.

As both τ and z are free parameters, after N copies the error probability reads

P
(N)
HF = 1−max

τ,z
P(N)
HF (τ, z) , (4.70)

depicted in Fig. 4.4.6 as a function of the input energy α2 and compared to the DFFRE
error probability P (N)

DF in Eq. (4.46). The HFFRE outperforms the DFFRE, P (N)
HF ≤ P

(N)
DF .

Both the receivers are near-optimum and beat the SQL for all energies, but we observe
different asymptotic scalings. Indeed, for α2 ≫ 1, the DFFRE approaches the Kennedy
receiver, P (N)

DF ≈ PK, whereas the HFFRE reaches the HYNORE, P (N)
HF ≈ PHY, with the

PHY in Eq. (4.66). As a consequence, exploiting information on both the phase and the
photon statistics of the field proves to be a powerful tool to reduce the error probability.

Furthermore, by increasing the number of copiesN the performance of both the feed-
forward receivers improves for α2 ≪ 1, coming closer to the Helstrom bound (4.14), as
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emerges by computing the ratio

R(N)
p =

P
(N)
p

PHel
, (p = DF,HF) , (4.71)

plotted in Fig. 4.4.7(a).
In the regime α2 ≪ 1, the larger the number of copies, the smaller the ratio R(N)

p ,
whereas in the asymptotic limit α2 ≫ 1 the displacement and hybrid receiver converge
to Kennedy and HYNORE, respectively, regardless the value of N . Moreover, the ratio
for the hybrid receiver R(N)

HF may be further reduced by increasing the PNR resolutionM ,
as shown in Fig. 4.4.7(b). In particular, the asymptotic ratio is reduced for greater values
of M and reaches its minimum value for PNR(∞) detectors, i.e. ideal photodetectors, in
which case the HL distribution in Eq. (4.55) becomes a Skellam distribution.

4.5 Quantum receivers in the presence of detection imperfections

So far, we described the structure of quantum receivers by considering an ideal sce-
nario involving perfect detection schemes and excluding imperfections within each el-
ement of the setups. In these conditions, we proved the hybrid receivers, namely the
HYNORE and HFFRE, to outperform the receivers based on displacement strategies,
i.e. the Kennedy receiver and the DFFRE, respectively. Now, we may wonder whether
or not the obtained enhancement in the error probability could be effectively realized
in practical experiments. This raises the problem of the robustness of the proposed re-
ceivers in the presence of realistic conditions, e.g. limited quantum detection efficiency,
dark counts and visibility reduction in the adopted displacement operations.

As one may expect, in a realistic scenario neither the hybrid nor the displacement
receiver remain near-optimum, therefore they are not able to approach the Helstrom
bound (4.14) anymore. Accordingly, a new goal emerges, that is to show whether or
not these receivers are still able to beat the SQL (4.16) even in the presence of practical
imperfections. Indeed, in this case we would get a robust quantum advantage with
respect to the best receiver achievable with semi-classical means.

In the following, we compare the performance of the proposed hybrid receivers with
respect to their corresponding displacement-photon counting schemes in the presence of
the typical imperfections occurring in PNR detection [16, 17]. In particular, we consider
a non-unit quantum efficiency η ≤ 1 of the PNR(M ) detectors, as well as the presence
of dark counts. Moreover, since the displacement operation is realized into practice by
letting the signal interfere with a suitable LO at a beam splitter [84], we also address the
effects of non-unit visibility ξ ≤ 1.

4.5.1 HYNORE vs displacement receiver

At first, we start by addressing the robustness of single-copy receivers, namely the HYNORE
and the displacement receiver. For a better clarity, we discuss separately the impact on
the receiver performance of three experimental defects above presented, namely quan-
tum efficiency, dark counts and reduced visibility.

4.5.1.1 Reduced quantum efficiency

Concerning the inefficient photodetection, the introduction of a quantum efficiency η
has the effect of re-scaling all the coherent amplitudes of the measured pulses by a factor√
η, since it corresponds to a photon loss.
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Figure 4.5.1: Log plot of PHY(η) and PK(η) as a function of the signal energy α2 for different
quantum efficiency η. The PNR resolution is M = 2. PSQL and PHel refer to the SQL (4.16) and the
Helstrom bound (4.14), respectively.

Thus, for the Kennedy receiver employing inefficient on-off detection, the error prob-
ability is changed into:

PK(η) =
e−4ηα2

2
. (4.72)

Instead, in the HYNORE, the efficiency affects both the HL and the PNR(M ) measure-
ment schemes. For the HL detection the rates in Eq. (4.56) are changed into µ± → ηµ±,
obtaining:

S∆(η;α
(r)
k ) =

M∑
n,m=0

pn
(
η µ+(α

(r)
k )
)
pm
(
η µ−(α

(r)
k )
)
δ(n−m),∆ . (4.73)

On the other hand, an inefficient on-off detection by the PNR implies the substitution
exp(−4τα2) → exp(−4ητα2). By performing these substitutions into Eq. (4.54) we get
the corresponding error probability:

PHY(η) = min
τ,z

PHY(τ, z; η) , (4.74)

with

PHY(τ, z; η) =
e−4ητα2

2

[ −1∑
∆=−M

S∆(η;α
(r)
0 ) +

M∑
∆=0

S∆(η;α
(r)
1 )

]
. (4.75)

The error probabilities PK(η) and PHY(η) are depicted in Fig. 4.5.1 for PNR(2) re-
ceivers. The behavior is analogous for all resolution M . As expected, the performance
of both detector is degraded for lower quantum efficiency, but, interestingly, for a given
value of η, exploiting the HYNORE is always preferable than the Kennedy, as PHY(η) ≤
PK(η). In particular, the relative ratio

Rh/K(η) =
PHY(η)

PK(η)
, (4.76)
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Figure 4.5.2: (a) Plot of the ratio Rh/K(η) as a function of α2 for different η. (b) Plot of the gain
Gp(η), p = K,HY, as a function of α2 for different η. The PNR resolution is M = 2.

reported in Fig. 4.5.2(a), saturates to the same R∞ obtained for η = 1, regardless the
value of quantum efficiency. Furthermore, in the high-energy regime, both receivers
beat the SQL (4.16). To better highlight this feature, we consider the gain

Gp(η) = 1− Pp(η)

PSQL
, p = K,HY , (4.77)

plotted in Fig. 4.5.2(b). Accordingly, the SQL is outpermed when Gp(η) > 0. We ob-
serve that there exists a threshold energy α2

p(η) after which the discussed receivers beat
the SQL, that is Gp(η) > 0 for α2 > α2

p(η), and we have α2
HY(η) ≤ α2

K(η). By reduc-
ing the quantum efficiency η, the gain and the threshold energy decrease and increase,
respectively.

4.5.1.2 Dark counts

Dark counts are random clicks of the PNR due to environmental noise and so not directly
correlated to the properties of the coherent measured pulse. They can be described in
terms of Poisson counting [108], occurring at rate ν which in many realistic conditions
takes values ν ≲ 10−3 [109–113]. Generally speaking, the outcome n of an ideal PNR
measurement on a generic coherent state |ζ⟩ in the presence of dark counts turns out to
be the sum of two Poisson variables and, therefore, still follows a Poisson distribution
with rate equal to |ζ|2 + ν 1. In turn, in the presence of a PNR(M ) we have a probability
pn(µ) as in Eq. (4.57) but with rate µ = |ζ|2 + ν.

The presence of dark counts has a significant effect on the performances of quantum
receivers. In particular, it becomes detrimental for the Kennedy receiver, as the receiver
registers environmental clicks uncorrelated to the probed signal, inducing unwanted
decision errors and undermining the “nulling” displacement technique. In fact, in such
a situation the on-off detector may click even if the vacuum is measured.

Displacement-PNR receiver. As anticipated in Sec. 4.3.1, to counteract this effect, Di-
Mario and Becerra proposed the displacement-PNR (DPNR) receiver, namely a Kennedy

1The sum of two Poisson independent random variables is still a Poisson random variable. If x ∼ P(µ) and
y ∼ P(λ) are two Poisson independent random variables with rates µ and λ respectively, the probability that
x+ y gets the value k reads p(x+ y = k) =

∑k
l=0 p(x = l)p(y = k− l) = e−µ−λ

∑k
l=0 µ

lλk−l/(l!(k− l)!) =

e−µ−λ(µ+ λ)k/k! ∼ P(µ+ λ).
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Figure 4.5.3: (a) Log plot of PD(ν) as a function of the signal energy α2 for different resolution M .
PSQL and PHel refer to the SQL (4.16) and the Helstrom bound (4.14), respectively. (b) Plot of the
gain GD(ν) as a function of α2 for different M . In both the pictures, the dark count rate is set to
ν = 10−3.

setup employing PNR(M ) detectors instead of on-off, and exploit the photon number
resolution to choose the decision rule for discrimination in a more accurate way [92, 93].
In fact, in place of the usual on-off strategy, in the presence of dark counts the decision
rule should be changed according to the maximum a posteriori probability criterion (MAP),
discussed in App. A.1. If |α0⟩ is sent the probability of detecting n photons is pn(ν),
whereas if |α1⟩ is sent the probability is pn(4α2 + ν). The error probability for the DPNR
receiver is then obtained as:

PD(ν) = 1− 1

2

M∑
n=0

max
[
pn(ν), pn(4α

2 + ν)
]
. (4.78)

The procedure of maximizing the a posteriori probability is equivalent to defining a
threshold count nth(ν) ≤ M such that all measurement outcomes n ≥ nth(ν) are as-
signed to state “1” and all n < nth(ν) are assigned to state “0”. The threshold number
is obtained by equating the photon number distributions of the two displaced states,
namely pn̄(ν) = pn̄(4α

2 + ν), n̄ ∈ R, and considering the lowest integer greater than the
obtained root n̄, namely nth(ν) = ⌈n̄⌉, where ⌈·⌉ is the ceiling function. Ultimately, we
have:

nth(ν) = min

[⌈
4α2

ln
(
1 + 4α2/ν

)⌉ , M] , (4.79)

We note that the threshold is a function of α2, namely nth(ν) = nth(ν;α
2). For the

case of PNR(1) we have nth(ν) = 1, retrieving the on-off discrimination of the standard
Kennedy receiver. Furthermore, in the limit ν → 0, nth(ν) approaches 1, retrieving the
usual Kennedy configuration.

Plots of the error probabilities for different PNR(M ) detectors are depicted in Fig. 4.5.3(a),
where it emerges that dark counts have a drastic effect for large energies, making the
error probability saturating. The step-like behaviour of the curves follows from the
adopted discrimination strategy: for α2 ≪ 1, according to (4.79), the optimized dis-
crimination threshold is equal to nth(ν) = 1, equivalent to on-off detection, whereas, for
increasing α2, nth(ν) jumps to higher integer values up to nth =M in the regime α2 ≫ 1.
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In turn, at every change in the threshold, the corresponding error probability exhibit a
cusp. Moreover, when nth(ν) =M , the sole outcome M will infer state “1” and all other
outcomes smaller than M will infer state “0”. In such a situation the receiver makes the
wrong decision only if a M outcome were actually induced by the state |α0⟩. Then, the
error probability for large α2 should be:

PD(ν) ≈
pM (ν)

2
=

1

2

1− e−ν
M−1∑
j=0

νj

j!

 , (4.80)

being independent of the pulse energy α2 and making PD(ν) saturate.
Finally, we note that, in the presence of dark counts, neither the DPNR is near opti-

mum, since it outperforms the SQL only for particular values of the signal energy. To
highlight this, we consider the gain

GD(ν) = 1− PD(ν)

PSQL
, (4.81)

plotted in Fig. 4.5.3(b). As expected, the gain is not monotonic with α2, but it exhibits M
jumps before decreasing monotonously. As we can see, the DPNR receiver outperforms
the SQL in the low-energy limit and only in particular intervals of α2.

HYNORE. On the contrary, when considering the HYNORE setup, the presence of
dark counts afflicts both PNR(M ) detection on the transmitted branch and HL detection
on the reflected one. Indeed, the probability of obtaining the photocurrent difference
∆ = −M, . . . ,M now becomes:

S∆(ν;α
(r)
k ) =

M∑
n,m=0

pn
(
µ+(α

(r)
k ) + ν

)
pm
(
µ−(α

(r)
k ) + ν

)
δ(n−m),∆ . (4.82)

Given all the previous considerations, the decision rule for the HYNORE in presence
of dark counts should be modified into that of Table 4.5.1, provided that the threshold
count nth in Eq. (4.79) is now computed by considering only the transmitted fraction of
the energy τα2, namely nth(ν) = nth(ν; τα

2).
Ultimately, the error probability reads:

PHY(ν) = min
τ,z

PHY(τ, z; ν) , (4.83)

outcomes decision
∆ ≥ 0 n < nth(ν) “0”
∆ < 0 n ≥ nth(ν) “0”
∆ < 0 n < nth(ν) “1”
∆ ≥ 0 n ≥ nth(ν) “1”

Table 4.5.1: Decision strategy for the HYNORE in the presence of a nonzero dark count rate ν.
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Figure 4.5.4: (a) Plot of the optimized transmissivity τopt(ν) as a function of α2 for different PNR
resolution M . (b) Plot of the optimized LO intensity z2opt(ν) as a function of α2 for M = 3. In the
shaded regions we have τopt(ν) = 1 and the HYNORE performs as a DPNR receiver.

with

PHY(τ, z; ν) =
1

2
[p(∆ < 0;n < nth(ν)|0) + p(∆ ≥ 0;n ≥ nth(ν)|0)]

+
1

2
[p(∆ < 0, n ≥ nth(ν)|1) + p(∆ ≥ 0, n < nth(ν)|1)]

=
1

2

nth(ν)−1∑
n=0

pn(4τα
2 + ν)

[ −1∑
∆=−M

S∆(ν;α
(r)
0 ) +

M∑
∆=0

S∆(ν;α
(r)
1 )

]

+
1

2

M∑
n=nth(ν)

pn(ν)

[ −1∑
∆=−M

S∆(ν;α
(r)
1 ) +

M∑
∆=0

S∆(ν;α
(r)
0 )

]
. (4.84)

Plots of the optimized transmissivity τopt(ν) and LO intensity z2opt(ν) are reported
in Fig. 4.5.4(a) and (b), respectively. We see that, differently from the ideal scenario de-
scribed in Sec. 4.4.1, the optimized transmissivity τopt(ν) is not anymore a monotonous
function of α2 asymptotically reaching 1. On the contrary, for nonzero dark count rate,
at first the value of τopt(ν) increases with α2 until to reach exactly the value 1, i.e. per-
forming as a DPNR receiver. For larger energies, according to the resolution M , there
appears M − 1 “sawteeth”, that is other M − 1 regions in which τopt(ν) decreases to a
value smaller than 1 and increases further to reach again 1. Finally, in the high-energy
limit α2 ≫ 1, we have τopt(ν) ≡ 1 and the HYNORE leads to the same performance of
the DPNR, namely saturation to the value (4.80). Accordingly, when τopt(ν) < 1, the
optimized LO is z2opt(ν) ≲M .

In turn, the HYNORE outperforms the DPNR receiver only in some energy regimes.
For a better visualization of the advantages brought by the hybrid receiver, we consider
the relative ratio

Rh/D(ν) =
PHY(ν)

PD(ν)
, (4.85)
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Figure 4.5.5: (a) Plot of the ratio Rh/D(ν) as a function of α2 for different M . (b) Plot of the gain
GHY(ν) as a function of α2 for different M . The dot-dashed line refers to the DPNR gain GD(ν) for
PNR(3) detection.

and the gain

GHY(ν) = 1− PHY(ν)

PSQL
, (4.86)

depicted in Fig. 4.5.5(a) and (b), respectively. Consistently with the previous discussion,
Rh/D(ν) is not a monotonous function of α2 and exhibits M sawteeth when τopt(ν) < 1,
in which case the corresponding gain is GHY(ν) > GD(ν). In particular, the advantage
over the DPNR is increased for larger PNR resolution M . This happens because of the
HL part of the setup, retrieving more information on the reflected pulse when increasing
M . Instead, when τopt(ν) = 1 the HYNORE performs as a DPNR and GHY(ν) = GD(ν).
Furthermore, the saturation of the error probabilities forbids to beat the SQL in the high-
energy regime. Indeed, both the gains Gp(ν), p = D,HY, are positive up to a maximum
energy α2

p(ν), coinciding for both DPNR and HYNORE.

4.5.1.3 Visibility reduction

Finally, we address the effects of the interference visibility of the displacement oper-
ations employed in the realization of the receivers. This effect is consequence of the
mode mismatch at the beam splitter which implements practically a displacement. We
introduce the value ξ ≤ 1 to quantify the overlap between the spatial areas of the sig-
nal and the auxiliary field mixed at the beam splitter. As a consequence, interference
is only achieved between the field fractions being effectively superimposed, while the
remaining parts do not interact with each other, resulting in an imperfect realization of
mode-mixing operations [114]. A detailed model of the visibility reduction process is
derived in App. A.2. In realistic conditions, the values of ξ ranges from 0.90 to 0.999,
according to the accuracy of the experimental setup [85, 92, 93, 114]. As discussed in [92,
93], a reduction of the visibility affects crucially the performances of quantum receivers.

Generally speaking, we consider a coherent state |ζ⟩ which we want to displace by a
quantity β into the state |ζ + β⟩. For the sake of simplicity, we assume ζ, β ∈ R. Then we
can describe the effect induced by imperfect mode matching by stating that the outcome
n of the subsequent PNR measurement follows a Poisson distribution with rate

µ = ζ2 + β2 + 2ξζβ ̸= (ζ + β)2 . (4.87)
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Figure 4.5.6: Log plot of PHY(ξ) and PK(ξ) as a function of the signal energy α2 for different PNR
resolution M and ξ = 0.998. PSQL and PHel refer to the SQL (4.16) and the Helstrom bound (4.14),
respectively.

As for the case of dark counts, non-unit visibility is detrimental for the Kennnedy re-
ceiver, making the DPNR as the more adequate solution to implement a displacement
receiver. As in the previous subsection, in the following we first analyze the case of
DPNR receiver and then address the HYNORE.

D-PNRM receiver. In the presence of a visibility reduction the approach is quite sim-
ilar to the dark count case. Given Eq. (4.87), if |α0⟩ is sent the probability of detecting
outcome n is pn(2α2(1− ξ)), whereas for |α1⟩ the probability becomes pn(2α2(1+ ξ)). By
following the MAP criterion, the error probability then reads

PD(ξ) = 1− 1

2

M∑
n=0

max [pn(g−), pn(g+)] , (4.88)

where

g± = 2α2(1± ξ) , (4.89)

associated to the threshold outcome nth(ξ) = nth(ξ;α
2):

nth(ξ) = min

[⌈
4ξα2

ln (1 + ξ)− ln (1− ξ)

⌉
, M

]
. (4.90)

We recall that the case of PNR(1) is equivalent to the on-off Kennedy receiver. The con-
sequences of a non-unit visibility on the error probability is shown in Fig. 4.5.6. As for
dark counts, the visibility reduction makes the error probability non monotonic, and in
particular increasing for large α2. As before, this is a consequence of the finite resolu-
tion M . In the regime of large α2 the threshold outcome becomes nth(ξ) = M , thus the
error probability is due to outcomes M induced by the state |α0⟩ which is not perfectly
“nulled” due to the imperfect displacement operation. Therefore we have:

PD(ξ) ≈
pM (g−)

2
=

1

2

1− e−2α2(1−ξ)
M−1∑
j=0

(
2α2(1− ξ)

)j
j!

 , (4.91)

which is an increasing function of α2.
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outcomes decision
∆ ≥ 0 n < nth(ξ) “0”
∆ < 0 n ≥ nth(ξ) “0”
∆ < 0 n < nth(ξ) “1”
∆ ≥ 0 n ≥ nth(ξ) “1”

Table 4.5.2: Decision strategy for the HYNORE in the presence of visibility reduction ξ ≤ 1.

HYNORE. In the HYNORE, we should also include the effect of visibility reduction in
the balanced beam splitter inside the HL detector. As a consequence, the probability of
measuring the photocurrent ∆ = −M, . . . ,M is changed into:

S∆(ξ;α
(r)
k ) =

M∑
n,m=0

pn
(
µ+(α

(r)
k ; ξ)

)
pm
(
µ−(α

(r)
k ; ξ)

)
δ(n−m),∆ , (4.92)

where

µ±(α
(r)
k ; ξ) =

(
α
(r)
k

)2
+ z2 ± 2ξ z α

(r)
k

2
. (4.93)

The decision rule for the HYNORE, displayed in Table 4.5.2, is identical to the case of
dark counts, with the threshold nth(ξ) = nth(ξ; τα

2). The error probability then reads:

PHY(ξ) = min
τ,z

PHY(τ, z; ξ) , (4.94)

where

PHY(τ, z; ξ) =
1

2
[p(∆ < 0;n < nth(ξ)|0) + p(∆ ≥ 0;n ≥ nth(ξ)|0)]

+
1

2
[p(∆ < 0, n ≥ nth(ξ)|1) + p(∆ ≥ 0, n < nth(ξ)|1)]

=
1

2

nth(ξ)−1∑
n=0

pn(τg+)

[ −1∑
∆=−M

S∆(ξ;α
(r)
0 ) +

M∑
∆=0

S∆(ξ;α
(r)
1 )

]

+
1

2

M∑
n=nth(ξ)

pn(τg−)

[ −1∑
∆=−M

S∆(ξ;α
(r)
1 ) +

M∑
∆=0

S∆(ξ;α
(r)
0 )

]
, (4.95)

with the g± in Eq. (4.89).
Plots of PHY(ξ) are reported in Fig. 4.5.6. If α2 is small we observe the same step-like

behaviour of the dark count case, and the HYNORE beats the DPNR only for particu-
lar values of the signal energy. On the contrary, for large α2 the HYNORE significantly
outperforms the DPNR, as PHY(ξ) < PD(ξ). The difference between the two regimes be-
comes clearer by looking at the optimized transmissivity τopt(ξ) and LO z2opt(ξ), depicted
in Fig. 4.5.7(a) and (b), respectively. In the low-energy regime, similarly to Fig. 4.5.4,
τopt(ξ) is a non-monotonous function of α2, exhibiting M − 1 sawteeth, whilst the op-
timized LO is z2opt(ξ) ≲ M . On the other hand, for large α2 the transmissivity changes
discontinuously, and becomes a decreasing function of α2, saturating for α2 ≫ 1 to an
asymptotic value τ∞ ̸= 0. Remarkably, τ∞ < 1, thus by appropriately choosing the
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Figure 4.5.7: Plot of the optimized transmissivity τopt(ξ) (a) and LO intensity z2opt(ξ) (b) as a func-
tion of α2 for ξ = 0.998. The PNR resolution is M = 3. In the shaded regions we have τopt(ξ) = 1
and the HYNORE performs as a DPNR receiver.

energy of the signals undergoing the HL and the DPNR measurements it is possible to
regain part of the information lost by to the finite resolution of the detectors. As a result,
the interplay between the two schemes allows to mitigate the negative effects introduced
by the visibility reduction. In these conditions, z2opt(ξ) is not constant anymore, and in-
creases with α2, being a linear function for α2.

The existence of two different energy regimes affects also the relative ratio

Rh/D(ξ) =
PHY(ξ)

PD(ξ)
, (4.96)

shown in Fig. 4.5.8(a). In fact, in the low-energy regime, Rh/D(ξ) exhibits M sawteeth,
whilst, after the jump in the transmissivity τopt(ξ), becomes a decreasing function of α2.
Finally, to quantify the quantum advantage over the SQL, we consider the gain

Gp(ξ) = 1− Pp(ξ)

PSQL
, p = D,HY , (4.97)

plotted in Fig. 4.5.8(b) for different PNR resolution. As for dark counts, both DPNR and
HYNORE beat the SQL only in particular energy regimes. Even in this case, the gains
are positive up to a maximum energy α2

p(ξ), which, now, is different between the two
receivers, as α2

HY(ξ) ≥ α2
D(ξ).

4.5.2 HFFRE vs DFFRE

After widely discussing the robustness of single-copy receivers, we now extend the com-
parison to multi-copy receivers, namely DFFRE and HFFRE. In both cases, splitting the
encoded signal into many rescaled copies makes the decision errors induced by prac-
tical imperfections accumulate during the feed-forward loop, leading to a non-trivial
behaviour. For the sake of simplicity, in the following we will perform the analysis by
considering the sole HFFRE. In fact, as discussed in Sec. 4.4.2, the error probability asso-
ciated with the DFFRE may be retrieved in an analogous way from the DFFRE scheme
in Fig. 4.4.5 by setting τ = 1.
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Figure 4.5.8: (a) Plot of the ratio Rh/D(ξ) as a function of α2 for different M . (b) Plot of the gain
Gp(ξ), p = D,HY, as a function of α2 for different M . We set the value ξ = 0.998.

4.5.2.1 Reduced quantum efficiency

The presence of a quantum efficiency η ≤ 1 requires only to rescale the coherent ampli-
tudes of all the measured pulses by a factor

√
η, as no mixedness is introduced at the

detectors. Thereafter, in the HFFRE scheme of Fig. 4.4.5 the HL probability distribution
of the reflected signal |α(r)

k ⟩ becomes S∆(ηα
(r)
k ) with the µ± in Eq. (4.56). The effect is

the same on the transmitted branch, where the average photon numbers of the displaced
copies λ±, see Eq. (4.45), are replaced by ηλ±. In turn, the correct decision probability
P(j)
HF(η; τ, z) becomes

P(j)
HF(η; τ, z) =

max
βj

{
P(j−1)
HF (η; τ, z) qoff

(
ηλ

(j)
− (

√
τα)

)

+

[
1− P(j−1)

HF (η; τ, z)

]
qon
(
ηλ

(j)
+ (

√
τα)

)}
, (4.98)

with the quantities introduced in (4.44), to be solved with the initial condition

P(0)
HF(η; τ, z) =

1

2

[ −1∑
∆=−M

S∆

(
ηα

(r)
1

)
+

M∑
∆=0

S∆

(
ηα

(r)
0

)]
,

and the associated error probability reads

P
(N)
HF (η) = 1−max

τ,z
P(N)
HF (η; τ, z) . (4.99)

The error probability for the DFFRE P (N)
DF (η) may be derived from the previous equa-

tions by fixing τ = 1. Plots of P (N)
HF (η) and P

(N)
DF (η) are depicted in Fig. 4.5.9, show-

ing that the presence of a non-unit quantum efficiency increases the error probability,
preventing the receivers to approach the Helstrom bound. Nevertheless, we still have
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Figure 4.5.9: Log plot of P (N)
HF (η) and P (N)

DF (η) as a function of the signal energy α2 for N = 1 and
different values of η. The PNR resolution is M = 2.
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Figure 4.5.10: (a) Plot of the gain G(N)
p (η), p = DF,HF, as a function of the signal energy α2 for

N = 1 and different quantum efficiency η. (Bottom) Plot of the gain G(N)
p (η), p = DF,HF, as

a function of α2 for η = 0.7 and different number of copies N . In both the pictures, the PNR
resolution is M = 2.

P
(N)
HF (η) ≤ P

(N)
DF (η) and, remarkably, in the high-energy regime both the discussed re-

ceivers beat the SQL (4.16). To better highlight this feature, we consider the gain

G(N)
p (η) = 1− P

(N)
p (η)

PSQL
, (p = DF,HF , (4.100)

plotted in Fig.s 4.5.10(a) and (b). Accordingly, the SQL is outperformed when G(N)
p (η) ≥

0.
If we consider a fixed number of copies N , see Fig. 4.5.10(a), there exists a threshold

energy α2
p(N, η) after which the discussed receivers beat the SQL, that is G(N)

p (η) ≥ 0

for α2 ≥ α2
p(N, η). By reducing the quantum efficiency η, the gain and the threshold

energy decrease and increase, respectively. More interestingly, in the opposite scenario
where we fix η and let N vary, as in Fig. 4.5.10(b), we see that increasing the number of
copies mitigates the detriments of the quantum efficiency, and makes the gain increase.
In particular, for a sufficiently large N , α2

p(N, η) may be made arbitrarily small, main-
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Figure 4.5.11: (a) Log plot of P (N)
HF (ν) and P (N)

DF (ν) as a function of the signal energy α2 for different
values of N . (b) Plot of the gain G(N)

p (ν), p = DF,HF, as a function of α2 for different N . In both
the pictures, the PNR resolution is M = 2 and the dark count rate is ν = 10−3.

taining G(N)
p (η) ≥ 1 for all energies. In all cases, the HFFRE outperforms the DFFRE, as

G(N)
HF (η) ≥ G(N)

DF (η) and α2
HF(N, η) ≤ α2

DF(N, η).

4.5.2.2 Dark counts

More drastic effects appear in the presence of dark counts. The HL probability distri-
bution of the reflected signal |α(r)

k ⟩ is equal to (4.82), as discussed in the former section.
A more detrimental effect is observed in the displacement-photon counting scheme per-
formed on the transmitted signal. Indeed, in the presence of dark counts the MAP crite-
rion does not coincide anymore with on-off discrimination and, in principle, one should
perform a different Bayesian inference process after each detection stage. However, for
the sake simplicity here we adopt a simpler decision rule. We introduce a fixed threshold
outcome 1 ≤ nth ≤ M such that if we get outcome n < nth from the (j − 1)-th PNR(M )
measurement we set σj = σj−1 and, then, displace the j-th copy byD(σjβj); otherwise if
n ≥ nth we choose σj = −σj−1. In the ideal scenario with zero dark count rate we have
nth = 1. The final decision rule becomes: n < nth → | − σNα⟩ and n ≥ nth → |σNα⟩.

As a consequence, the correct decision probability P(j)
HF(ν; τ, z) satisfies:

P(j)
HF(ν; τ, z) = max

βj

{
P(j−1)
HF (ν; τ, z) q̃0

(
λ
(j)
− (

√
τα; ν);nth

)

+

[
1− P(j−1)

HF (ν; τ, z)

]
q̃1
(
λ
(j)
+ (

√
τα; ν);nth

)}
, (4.101)

where

q̃0(x;nth) =

nth−1∑
s=0

e−x
xs

s!
, (4.102)

q̃1(x;nth) = 1− q̃0(x;nth) , (4.103)



74 4.5 Quantum receivers in the presence of detection imperfections

and

λ
(j)
± (α; ν) = λ

(j)
± (α) + ν . (4.104)

The initial condition of Eq. (4.101) reads

P(0)
HF(ν; τ, z) =

1

2

[ −1∑
∆=−M

S∆

(
ν;α

(r)
1

)
+

M∑
∆=0

S∆

(
ν;α

(r)
0

)]
,

and the associated error probability is obtained as

P
(N)
HF (ν) = 1− max

τ,z,nth

P(N)
HF (ν; τ, z) , (4.105)

where, differently from the other cases, we perform optimization also over the threshold
discrimination outcome nth. As before, with the choice τ = 1 we retrieve the probability
P

(N)
DF (ν) associated with the displacement receiver.

The plots of P (N)
HF (ν) and P

(N)
DF (ν) are reported in Fig. 4.5.11(a) for different number

of copies N and M = 2. As discussed in Sec. 4.5.1, the step-like behaviour of the curves
follows from the adopted discrimination strategy: for α2 ≪ 1 the optimized discrimina-
tion threshold is equal to nth = 1, equivalent to on-off detection, whereas, for increasing
α2, nth jumps to higher integer values up to nth = M in the regime α2 ≫ 1. In turn, at
every change in the threshold, the corresponding error probabilities exhibit a cusp.

Remarkably, in the presence of dark counts the performance of the receivers is not im-
proving anymore with larger number of copies. In fact, increasingN induces a reduction
of the error probability only for α2 ≪ 1. On the contrary, for large energies employing
many copies becomes detrimental. Indeed, it has been shown in the previous section
that dark counts induce decision errors, letting the error probability saturate for α2 ≫ 1.
Accordingly, when we split the signal into N copies, the decision errors induced by dark
counts accumulate, letting the error probability reach higher saturating values.

To quantify the present effect, some analytical results may be retrieved in the limit
α2 ≫ 1. For the DFFRE, numerical results show that, in the regimeα2 ≫ 1, the optimized
displacement amplitudes are βj ≈ α/

√
N and nth = M . Thus, we have λ(j)− (α; ν) = ν

and λ(j)+ (α; ν) = ν+4α2/N ≫ 1. This implies that an error occurs only when the outcome
M is obtained from the input |α0⟩, in turn the correct decision probability at the j-th step
reads:

P(j)
DF(ν) ≈ P(j−1)

DF (ν) q̃0(ν) +
[
1− P(j−1)

DF (ν)
]
, (4.106)

with q̃0(ν) = q̃0(ν;M). By iteration, we get:

P
(N)
DF (ν) ≈ 1−

{
[q̃0(ν)− 1]

N

2
+

1− [q̃0(ν)− 1]
N

1− [q̃0(ν)− 1]

}
, (4.107)

being independent of the energy α2 and, therefore, letting the error probability saturate.
The same result also holds for the HFFRE, since the optimized transmissivity τopt in the
high-energy regime is equal to τopt = 1.

Finally, we note that the benefits of the hybrid scheme are more relevant for N ≲ 5.
For larger number of copies the improvement becomes negligible: as we can see, for
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Figure 4.5.12: (a) Log plot of P (N)
HF (ξ) and P (N)

DF (ξ) as a function of the signal energy α2 for different
values of N . (b) Plot of the gain G(N)

p (ξ), p = DF,HF, as a function of α2 for different N . In both
the pictures, the PNR resolution is M = 2 and the visibility is ξ = 0.998.

instance, in Fig. 4.5.11(a), the curves associated with the HFFRE and DFREE lines for
N = 10 are superimposed and fully indistinguishable.

The saturation of the error probability forbids to beat the SQL in the large energy
regime. Indeed, the gain

G(N)
p (ν) = 1− P

(N)
p (ν)

PSQL
, p = DF,HF , (4.108)

plotted in Fig. 4.5.11(b), is positive up to a maximum energy α2
p(N, ν). Here the tradeoff

between the number of copies and the error probability is clearer: for larger values of
N we increase G(N)

p (ν) in the low-energy regime α2 ≪ 1, at the expense of reducing
also α2

p(N, ν). If on the one hand we reduce the error probability for low energies, on
the other one we inevitably reduce the range in which the receivers exhibit a quantum
advantage.

4.5.2.3 Visibility reduction

Finally, we address the impact of reduced visibility ξ ≤ 1. In the HFFRE we observe
a visibility reduction both in the HL setup, where the signal is mixed with the LO |z⟩,
and in the conditional displacement operations governed by the feed-forward rule. The
HL probability distribution of the reflected signal |α(r)

k ⟩ is reported in Eq. (4.92), whereas
for the feed-forward rule on the transmitted signal, we proceed as for the case of dark
counts and introduce the threshold outcome 1 ≤ nth ≤M .

Accordingly, the correct decision probability P(j)
HF(ξ; τ, z) satisfies:

P(j)
HF(ξ; τ, z) = max

βj

{
P(j−1)
HF (ξ; τ, z) q̃0

(
λ
(j)
− (

√
τα; ξ);nth

)
+

[
1− P(j−1)

HF (ξ; τ, z)

]
q̃1

(
λ
(j)
+ (

√
τα; ξ);nth

)}
, (4.109)
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with the same q̃k(x;nth), k = 0, 1, introduced in Eq. (4.102), the rates

λ
(j)
± (α; ξ) =

α2

N
+ β2

j ±
2ξβjα√
N

, (4.110)

and the initial condition

P(0)
HF(ξ; τ, z) =

1

2

[ −1∑
∆=−M

S∆

(
ξ;α

(r)
1

)
+

M∑
∆=0

S∆

(
ξ;α

(r)
0

)]
.

Finally, the error probability writes:

P
(N)
HF (ξ) = 1− max

τ,z,nth

P(N)
hyb (ξ; τ, z) , (4.111)

whereas for τ = 1 we obtain the corresponding P (N)
DF (ξ).

As depicted in Fig. 4.5.12(a), the behaviour of P (N)
HF (ξ) and P

(N)
DF (ξ) is similar to the

case of dark counts, with a step-like behaviour induced by the jump in the threshold nth.
Even in this case, increasing the number of copiesN reduces the error probability for low
energies, α2 ≪ 1, but, differently from the dark counts case, this reduction holds also in
the high-energy regime α2 ≫ 1. In fact, the detriments of the visibility reduction are
more relevant for strong signals and, in turn, the error probability for α2 ≫ 1 becomes
an increasing function of the energy [16]. As a consequence, splitting the incoming sig-
nal into a larger number of copies N reduces the energy of each displaced copy, thus
partially mitigating the effects of the imperfect displacements.

With a similar argument to the one adopted for dark counts, we can obtain the ana-
lytic expression for the error probability in the high-energy regime. For the DFFRE, we
have:

P
(N)
DF (ξ) ≈ 1−

{
[q̃0(g)− 1]

N

2
+

1− [q̃0(g)− 1]
N

1− [q̃0(g)− 1]

}
, (4.112)

with q̃0(g) = q̃0(g;M) and g = 2α2(1 − ξ)/N , being an increasing function of α2. On
the contrary, the HFFRE beats the DFFRE since the optimized transmissivity τopt for the
HFFRE is < 1, and combining HL and displacement results in a lower error probability.

Anyway, there still exist an intermediate region, comprised between the regimes
α2 ≪ 1 and α2 ≫ 1, where increasing N is not beneficial anymore. Moreover, we note in
the high-energy regime the HFFRE outperforms significantly the DFFRE, because of the
higher degree of robustness of HL with respect to visibility reduction [16].

The existence of three different energy regimes affects also the gain with respect to
the SQL,

G(N)
p (ξ) = 1− P

(N)
p (ξ)

PSQL
, p = DF,HF , (4.113)

plotted in Fig. 4.5.12(b). As for the case of dark counts, we have G(N)
p (ξ) ≥ 0 up to a max-

imum energy α2
p(N, ξ), but the behaviour of α2

p(N, ξ) is not monotonic with the number
of copies N . For N ≲ 5, splitting the signal into more copies improves the robustness of
the quantum advantage, letting α2

p(N, ξ) increase. On the contrary, for largerN the error
probabilities surpass the SQL already in the intermediate energy regime and, in turn,
α2
p(N, ξ) decreases.
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Figure 4.6.1: Phase space representation of the BPSK encoding before (left) and after (right) the
application of phase diffusion. The phase diffusion CP map Eσ transforms the initial coherent sig-
nals into a Gaussian mixture of phase-shifted coherent states, reducing both purity and coherence.

4.6 Quantum receivers in the presence of phase noise

Throughout this Chapter, we performed a detailed analysis of binary quantum decision
theory in the presence of coherent-state encoding, namely BPSK. Within this framework,
the goal is to perform discrimination between two symbols k = 0, 1, encoded into two
π phase-shifted (pure) coherent states. As discussed, the Dolinar receiver provides the
optimum POVM, even though its practical implementation remains a challenging task,
whereas both displacement receivers, e.g. Kenendy and DFFRE, and hybrid receivers,
namely HYNORE and HFFRE, provide feasible near-optimum schemes, beating the SQL
and enhancing information transfer over attenuating (Gaussian) channels [19]. Further-
more, they are robust against the typical practical inefficiencies and preserve the quan-
tum advantage over the SQL in several regimes.

Beside this, the performance of quantum receivers in the presence of noisy non-
Gaussian channels is another fundamental task towards the realistic implementation of
quantum optical communications. A paradigmatic example is provided by phase noise
[115–118], which represents the most detrimental source of noise for phase-shift encod-
ing, destroying the coherence and the purity of the employed coherent pulses [119, 120].

In the presence of a phase diffusion channel, the problem of BPSK discrimination is
remarkably different with respect to the scenario discussed in the previous sections. In
fact, the encoded coherent states evolve according to a suitable master equation [119],
being equivalent to the completely positive (CP) map Eσ , such that:

|αk⟩
Eσ−→ ρk =

∫
R
dϕ gσ(ϕ) |αke−iϕ⟩⟨αke−iϕ| , k = 0, 1 , (4.114)

where gσ(ϕ) = exp[−ϕ2/(2σ2)]/
√
2πσ2 is a Gaussian distribution whose standard devi-

ation σ > 0 quantifies the amount of noise. That is, the overall effect of phase diffusion
is the application of a Gaussian-distributed random phase shift to the incoming signal,
resulting in a overall non-Gaussian CP map.

Given the previous considerations, in the presence of BPSK the effect of phase dif-
fusion is detrimental: it reduces both the coherence and the purity of the encoded co-
herent states as emerges from Fig. 4.6.1, reporting the phase space representation of the
quantum states before and after the noisy channel. In turn, the quantum receiver has
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Figure 4.6.2: Log plot of the Helstrom bound PHel(σ) and the SQL PSQL(σ) as a function of the
signal energy α2 for different values of phase noise σ. In the limit of large noise, the homodyne
receiver becomes near optimum and PSQL(σ) ≈ PHel(σ).

to discriminate between the two mixed phase-diffused states ρ0 and ρ1. The Helstrom
bound becomes [9, 18, 51, 67, 121]:

PHel(σ) =
1

2

[
1− Tr

(
|Λ|
)]
, (4.115)

with

Λ =
1

2
(ρ0 − ρ1)

=
e−α

2

2

∞∑
n,m=0

e−(n−m)2σ2/2

√
n!m!

αn+m
[
(−1)n−m − 1

]
|n⟩⟨m| , (4.116)

expanded in the Fock basis {|n⟩}n. Plots of PHel(σ) are reported in Fig. 4.6.2 as a function
of the mean signal energy α2 for different values of noise. As expected, the presence of
the noise makes the error probability increase. In particular, for small α we may truncate
Λ at low dimension, achieving the analytic expression

PHel(σ) ≈
1

2

[
1− α e−σ

2/2
]
, for α≪ 1 , (4.117)

whereas in the limit of large noise, i.e. σ ≫ 1, we have:

PHel(σ) ≈
1

2

[
1− fHel(α)e

−σ2/2
]
, for σ ≫ 1 , (4.118)

fHel(α) being a decreasing function of α [121].
On the contary, the SQL, obtained with homodyne detection, reads [18, 121]:

PSQL(σ) =
1

2

[∫ ∞

0

dx p
(σ)
HD(x|0) +

∫ 0

−∞
dx p

(σ)
HD(x|1)

]
, (4.119)

depicted in Fig. 4.6.2, where

p
(σ)
HD(x|k) =

∫
R
dϕ gσ(ϕ)

exp
[
−(x− 2αk cosϕ)

2/2
]

√
2π

(4.120)
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is the homodyne probability of obtaining outcome x given the state |αk⟩, expressed in
shot-noise units. For small values of the coherent amplitude we get the analytic expres-
sion

PSQL(σ) ≈
1

2

[
1− α

√
2

π
e−σ

2/2

]
, for α≪ 1 , (4.121)

whereas in the limit of large noise, i.e. σ ≫ 1, we have:

PSQL(σ) ≈
1

2

[
1− fSQL(α)e

−σ2/2
]
, for σ ≫ 1 , (4.122)

where fSQL(α) is a decreasing function of α such that fSQL(α) < fHel(α) which ap-
proaches fHel(α) for increasing coherent amplitude α [121].

As we can see from the plot, the homodyne receiver is quite robust with respect to the
noise, as, for σ ≲ 0.2 and low energy α2, the value of PSQL is almost constant. In contrast,
when σ > 0, in the high-energy limit α2 ≫ 1 we have PSQL ≈ PHel and homodyne
detection becomes near-optimum, as emerges from the asymptotic expansions (4.118)
and (4.122). Furthermore, as σ increases, the gap between PSQL and PHel is closed and,
for σ ≳ 0.5, the two quantities almost coincide.

Given this scenario, a natural question arises, that is to quantify the performance of
other quantum receivers, such as displacement and hybrid receivers, in the presence of
phase diffusion, and assess whether or not their quantum advantage over the SQL is
maintained [18]. For the sake of simplicity, in the following we investigate only single-
copy receivers, namely the displacement receiver and the HYNORE, leaving the analy-
sis of multi-copy schemes as an open problem for future developments. Moreover, we
note that the presence of phase noise is detrimental for the Kennedy receiver [121]. In-
deed, the Kennedy receiver is no longer near-optimum and its performance is severely
degraded for σ > 0, since the displacement does not implement anymore a “nulling”
operation, as in the presence of dark counts and visibility reduction [121]. Following
the same philosophy adopted in the former section, we take the DPNR receiver as a
benchmark, whose performance is discussed in the following [92, 93].

4.6.1 DPNR receiver in the presence of phase diffusion

In the presence of phase noise, the displacement operation D(α) of the DPNR scheme
maps states ρk into Φk = D(α)ρkD(α)†, equal to:

Φk =

∫
R
dϕ gσ(ϕ)

∣∣∣√µk(α2, ϕ) e−iϕ/2
〉〈√

µk(α2, ϕ) e−iϕ/2
∣∣∣ , (4.123)

where

µ0(α
2, ϕ) = 4α2 sin2(ϕ/2) and µ1(α

2, ϕ) = 4α2 cos2(ϕ/2) . (4.124)

Differently from the noiseless case, the nulling operation implemented by D(α) is not
perfect and the output state Φ0 still contains some photons. Thereby, on-off detection is
not the most appropriate strategy anymore and the DPNR setup is expected to outper-
form the Kennedy.

The PNR(M) probability distribution of the displaced states Φk reads:

Pσ(n|k) =
∫
R
dϕ gσ(ϕ) pn

(
µk(α

2, ϕ)
)
, (n = 0, . . . ,M) , (4.125)
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Figure 4.6.3: (a) Error probability PD(σ) of the DPNR receiver as a function of the signal energy α2

for different photon number resolution M . The PNR(1) case corresponds to the Kennedy receiver.
(b) Threshold count nth as a function of the signal energy α2 for PNR(∞) detectors. In both the
pictures we fix the noise value to σ = 0.1.

with the probability pn(µ) and the count rates µk(α2, ϕ) defined in Eq.s (4.57) and (4.124),
respectively. The final decision is performed according to the maximum a posteriori
probability (MAP) criterion: given the outcome n = 0, . . . ,M , we infer the state “0”
or “1” associated with the maximum a posteriori probability [92, 93]. Again, this is
equivalent to introducing a threshold nth = nth(α

2, σ) ≤ M such that all outcomes
n < nth correspond to decision “0”, while outcomes n ≥ nth infer state “1” [16]. The
threshold is obtained numerically by equating the photon number distributions of the
two displaced phase-diffused states, namely Pσ(n̄|0) = Pσ(n̄|1), n̄ ∈ R, and considering
the lowest integer greater than the obtained root n̄, namely nth(α

2, σ) = ⌈n̄⌉. In turn, the
error probability of the DPNR receiver reads:

PD(σ) =
1

2

[
nth−1∑
n=0

Pσ(n|1) +
M∑

n=nth

Pσ(n|0)

]
, (4.126)

and with PNR(1) detection we retrieve the Kennedy receiver.
Plots of PD(σ) as a function of the signal energy α2 are reported in Fig. 4.6.3(a) for the

realistic noise value σ = 0.1 [122]. The error probability is not a monotonic function of
α2 and, as demonstrated in [121], the Kennedy receiver is not near-optimum anymore in
the presence of noise. The Kennedy is beaten by DPNR receivers with higher resolution
M , whose corresponding error probabilities exhibit a step-like behaviour. This follows
from the application of MAP criterion: as displayed in Fig. 4.6.3(b), for α2 ≪ 1 the
threshold decision count is equal to nth = 1, equivalent to on-off detection, whilst for
larger α2 it jumps to higher integer values, until reaching nth = M in the high-energy
limit α2 ≫ 1. Accordingly, the error probability has a cusp at every change in the value
of nth and, once nth =M , it becomes an increasing function of the energy. In fact, in the
high-energy limit a decision error occurs only when outcome n = M is retrieved from
state ρ0, therefore the error probability is equal to [16, 17]:

PD(σ) ≈
Pσ(M |0)

2
=

1

2

1−M−1∑
j=0

∫
R
dϕ gσ(ϕ) e

−µ0(ϕ)
µ0(ϕ)

j

j!

 , (4.127)
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Figure 4.6.4: Gain GD(σ) of the DPNR receiver with respect to the SQL as a function of the signal
energy α2 for different photon number resolution M , when GD(σ) > 0 we beat the SQL. The
PNR(1) case corresponds to the Kennedy receiver. We fix the noise value to σ = 0.1.

being an increasing function of α2. On the contrary, PNR(∞) detectors do not have a fi-
nite resolution, therefore nth(σ) can get arbitrary large values and the step-like behaviour
is observed in every energy regime, as shown in Fig. 4.6.3(a).

Differently from the noiseless case, the SQL is beaten by DPNR receivers only in
particular energy regimes. To highlight this, we consider the gain

GD(σ) = 1− PD(σ)

PSQL(σ)
, (4.128)

plotted in Fig. 4.6.4. In turn, we have a genuine quantum advantage over the SQL when
GD(σ) > 0. As expected, the gain GD(σ) is not monotonic with α2, but it exhibits M
jumps before decreasing monotonously. The DPNR receiver outperforms the SQL in the
low-energy limit and only in particular intervals of α2. Remarkably, for a given noise
σ we obtain the maximal region of positive gain with PNR(M) detectors having suffi-
ciently small M , whereas increasing the resolution further is not necessary to enhance
the violation of the SQL.

In Fig. 4.6.5(a) and (b) we report the error probability PD(σ) as a function of the noise
σ for low and high energy values α2 = 1 and α2 = 4, respectively. In both the cases
DPNR receivers beat the SQL only for small noise, whilst in the large-noise limit the
SQL becomes near optimum [121]. We also note that for α2 = 1 the performance of
PNR(M) detectors withM ≥ 2 is the same, since in this case the threshold count is equal
to nth = 2. On the contrary, for α2 = 4 increasing the PNR resolution is beneficial to
reduce the error probability.

Given the previous considerations, we introduce as a figure of merit the maximum
tolerable phase noise σ(D)

max, namely the maximum level of noise for which GD(σ) ≥ 0 for
a given signal energy α2, depicted in Fig. 4.6.6. Thus, the DPNR receiver outperforms
the SQL if σ < σ

(D)
max, corresponding to the undergraph region of σ(D)

max. We have σ(D)
max = 0

for α2 < α2
K ≈ 0.38, since in that regime the DPNR does not beat the SQL neither in the

noiseless case (in which it performs as a Kennedy); then the plot exhibits M peaks and,
thereafter, it decreases towards 0.
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Figure 4.6.5: Error probability PD(σ) of the DPNR receiver as a function of the noise σ for α2 = 1
(a) and α2 = 4 (b). For α2 = 1, the curves of PNR(M) detection with M ≥ 2 are superimposed
and, thus, indistinguishable. Given the energy α2, the DPNR receiver outperforms the SQL in the
small-noise regime, whereas for large noise the SQL becomes near-optimum.
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Figure 4.6.6: Maximum tolerable phase noise σ(D)
max as a function of the signal energy α2 for dif-

ferent photon number resolution M . The DPNR receiver beats the SQL in the undergraph region,
namely σ < σ

(D)
max.
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4.6.2 HYNORE in the presence of phase diffusion

Now, we address the role of the HYNORE for BPSK discrimination of phase-diffused co-
herent states. As discussed above, quantum receivers based on either quadrature mea-
surements or displacement and photon counting show different degrees of robustness
against phase noise, therefore a hybrid scheme like the HYNORE, based on the combi-
nation of both of them, provides a good candidate to better mitigate the impact of the
noise.

To evaluate the performance of the HYNORE we proceed as follows. After the beam
splitter with transmissivity τ , the dephased signal ρk is split into the separable bipartite
state

Ξk =

∫
R
dϕ gσ(ϕ)

∣∣∣α(r)
k e−iϕ

〉〈
α
(r)
k e−iϕ

∣∣∣⊗ ∣∣∣α(t)
k e−iϕ

〉〈
α
(t)
k e−iϕ

∣∣∣ , (4.129)

with α(r)
k and α

(t)
k introduced in Eq. (4.51). Then, we perform HL detection on the first

branch obtaining outcome ∆ and displace the conditional state on the second branch
accordingly, obtaining the (not normalized) state Φk(∆) = Trr[U Ξk U

†
], where the re-

flected beam has been traced out, and

U = P∆ ⊗D
{
Θ(∆)

√
τα+ [1−Θ(∆)](−

√
τα)

}
, (4.130)

P∆ being the projection operator over the eigenspace associated with the outcome ∆ and
Θ(∆) is the Heaviside Theta function, returning 1 for ∆ ≥ 0 and 0 elsewhere. In turn,
we have:

Φk(∆) =

∫
R
dϕ gσ(ϕ)S(∆|α(r)

k e−iϕ)
∣∣∣αk(τ, ϕ) e−iϕ/2〉〈αk(τ, ϕ) e−iϕ/2∣∣∣ , (4.131)

with:

αk(τ, ϕ) = Θ(∆)
√
µk(τα2, ϕ) + [1−Θ(∆)]

√
µk⊕1(τα2, ϕ) , (4.132)

S(∆|α(r)
k e−iϕ) being the HL probability of Eq. (4.55) and “⊕” denoting the mod 2 sum.

Finally, we implement PNR(M ) detection on states Φk(∆). The resulting joint probability
of outcomes −M ≤ ∆ ≤M and n = 0, . . . ,M reads:

Pσ(∆, n|k) =
∫
R
dϕ gσ(ϕ)S(∆|α(r)

k e−iϕ)

× pn

{
Θ(∆)µk(τα

2, ϕ) + [1−Θ(∆)]µk⊕1(τα
2, ϕ)

}
. (4.133)

We perform discrimination according to the MAP criterion, i.e. by considering the
threshold count depicted in Fig. 4.6.3(b), with the remark that the energy value to be
considered is now the transmitted fraction τα2, namely nth = nth(τα

2, σ). Accordingly,
the decision rule is modified as in Table 4.6.1.

The error probability is obtained as

PHY(σ) = min
τ,z

PHY(τ, z;σ) , (4.134)
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outcomes decision
∆ ≥ 0 n < nth “0”
∆ < 0 n ≥ nth “0”
∆ < 0 n < nth “1”
∆ ≥ 0 n ≥ nth “1”

Table 4.6.1: Decision strategy for the HYNORE in the presence of phase diffusion.

where

PHY(τ, z;σ) =
1

2

[
Pσ(∆ < 0, n < nth|0) + Pσ(∆ ≥ 0, n ≥ nth|0)

+ Pσ(∆ < 0, n ≥ nth|1) + Pσ(∆ ≥ 0, n < nth|1)
]

=
1

2

∫
R
dϕ gσ(ϕ)

{
nth−1∑
n=0

pn
(
µ1(τα

2, ϕ)
)

×

[ −1∑
∆=−M

S(∆|α(r)
0 e−iϕ) +

M∑
∆=0

S(∆|α(r)
1 e−iϕ)

]

+

M∑
n=nth

pn
(
µ0(τα

2, ϕ)
)

×

[ −1∑
∆=−M

S(∆|α(r)
1 e−iϕ) +

M∑
∆=0

S(∆|α(r)
0 e−iϕ)

]}
. (4.135)

Plots of PHY(σ) are reported in Fig. 4.6.7(a). Like the DPNR receiver, the error proba-
bility PHY(σ) exhibits a step-like behaviour induced by the change in the threshold nth.
The HYNORE outperforms the DPNR, PHY(σ) ≤ PD(σ), especially in the high-energy
limit α2 ≫ 1, where the error probability is reduced of a factor ≈ 5, 15, 20 for M = 1, 2, 3,
respectively, showing higher robustness in mitigating the phase noise. Moreover, we
observe a quantum advantage also in the low-energy regime, as emerges by computing
the gain

GHY(σ) = 1− PHY(σ)

PSQL(σ)
, (4.136)

depicted in Fig. 4.6.7(b). We have GHY(σ) ≥ GD(σ) and, differently from the DPNR case,
improving the resolution M makes the gain increase, since the HL scheme performs
better and better, coming closer to the homodyne limit. As one may expect, the best
performance is obtained with PNR(∞) detectors, where the HL performs as standard
homodyne detection and GHY(σ) ≥ 0 for all energies.

The physical meaning of the present results is clearer when considering the opti-
mized transmissivity τopt(σ) and LO amplitude z2opt(σ) obtained after the minimization
in Eq. (4.134), reported in Fig. 4.6.8(a) and (b), respectively, for the case of PNR(3) detec-
tors. Analogous results can be retrieved for other values of the resolution M . The results
are similar those obtained in Sec. 4.5.1 in the presence of reduced visibility ξ ≤ 1. In fact,
in the low-energy limit, the transmissivity τopt(σ) increases with α2 up to reach 1 (cor-
responding to DPNR). Thereafter, we observe M − 1 “sawteeth”, namely regions where
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Figure 4.6.7: (a) Error probability PHY(σ) of the HYNORE as a function of the signal energy α2

for different photon number resolution M . The dot-dashed lines are the error probabilities of the
DPNR receiver. (b) Gain GHY(σ) of the HYNORE with respect to the SQL as a function of the
signal energy α2. In both the pictures we fix the noise value to σ = 0.1.
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Figure 4.6.8: Optimized transmissivity τopt(σ) (a) and LO z2opt(σ) (b) as a function of the signal en-
ergy α2 for PNR(3) detectors. Both the quantities have been obtained by numerical optimization.
In the shaded regions we have τopt(σ) = 1 and the HYNORE performs as a DPNR receiver. We fix
the noise value to σ = 0.1.
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Figure 4.6.9: Error probability PHY(σ) of the DPNR receiver as a function of the noise σ for α2 = 1
(a) and α2 = 4 (b), compared to the DPNR receiver.
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Figure 4.6.10: Maximum tolerable phase noise σ(HY)
max as a function of the signal energy α2 for

different photon number resolution M . The HYNORE receiver beats the SQL in the undergraph
region, namely σ < σ

(HY)
max . The dot-dashed line refers to σ(D)

max for M = 3.

τopt(σ) < 1 before increasing to again reach 1. Accordingly, when τopt(σ) < 1 the LO
is z2opt(σ) ≈ M and the HYNORE outperforms the DPNR, whilst when τopt(σ) = 1 all
signal is sent to the transmitted DPNR setup. On the contrary, in the high-energy limit
the transmissivity jumps discontinuously and becomes a decreasing function of α2, sat-
urating for α2 ≫ 1 to an asymptotic value τ∞ ̸= 0. Remarkably, τ∞ < 1, therefore the
optimal strategy is obtained with a proper combination of both the HL and the DPNR
schemes. In this regime, z2opt(σ) increases with α2, being a linear function for α2 ≫ 1.

Finally, in Fig. 4.6.9 we plot PHY(σ) (solid lines) as a function of the noise σ for α2 = 1
(left panel) and α2 = 4 (right panel), respectively, comparing it to the DPNR (dot-dashed
lines). We see that PHY(σ) ≤ PD(σ) in both the small- and large-noise limits and the
enhancement is more relevant for large α2, consistently with the previous analysis. As
a consequence, the HYNORE increases the maximum tolerable phase noise σ(HY)

max , as
depicted in Fig. 4.6.10. In fact, we have σ(HY)

max ≥ σ
(D)
max for all energies, and σ

(HY)
max = 0 for

α2 < α2
HY(M), enlarging the region of quantum advantage with respect to the DPNR.

Moreover, increasing the resolution M lets the height of the peaks increase, improving
further the robustness of the receiver.



CHAPTER 5

Discrimination in multilevel quantum communications
systems

In this Chapter, we proceed beyond binary decision theory and tackle the problem of
discrimination of a constellation of M ≥ 2 non-orthogonal quantum states. This repre-
sents a relevant issue in digital communication systems operated at the quantum limit,
that leads to the appearance of a nonzero bit error rate due to decision errors induced by
the nonzero overlap between the encoded states. In particular, the decision problem can
be recast into a convex optimization problem, and, thanks to advanced tools of linear
algebra, there are well established necessary and sufficient conditions to be fulfilled by
the optimum receiver. To date, unlike the binary case, the general expression of the op-
timum POVM is not known, and the optimum receiver is explicitly constructed only in
the presence of pure states with geometrically uniform symmetry (GUS) [51, 54, 83, 123–
125]. To overcome these limitations, suboptimal methods have been established, e.g. the
pretty good measurement (PGM) method, yielding the optimal decision under certain
conditions [126–134].

The Chapter is organized as follows. In Sec. 5.1, we present a comprehensive review
of the results of M -ary quantum decision theory, together with the characterization of
the optimum receiver guaranteed by Yuen’s theorem. On the other hand, Sec. 5.2 focuses
in detail on pure-state discrimination, providing a further characterization of quantum
receivers. Thereafter, in Sec. 5.3 we introduce the concept of GUS and perform explicit
construction of the optimum POVM achieving the minimum decision error probability.
Instead, in Sec. 5.4, we analyze the PGM method, that, in general, determines a subopti-
mal receiver (not achieving minimum error probability), whilst becoming optimal in the
presence of pure-state discrimination and GUS. Finally, as a paradigmatic case study,
in Sec. 5.5 we apply the obtained results to quadrature phase-shift keying (QPSK) dis-
crimination of coherent states, presenting some relevant examples of quantum receivers,
namely the Bondurant, quaternary displacement (QDRE) and quaternary displacement
feed-forward (QDFFRE) receivers.

5.1 Discrimination of M -ary constellations

In the previous chapter we widely investigated the problem of binary discrimination,
firstly developed by Helstrom’s theory, and, thereafter, we considered a relevant appli-
cation for quantum communications, namely coherent state discrimination, providing
a few examples of feasible quantum receivers. Now, we proceed beyond the binary
case and present the general theory for M -ary state discrimination, mainly developed
by Yuen, Holevo and Kennedy [51, 54, 83, 123–125]. Differently from Helstrom’s theory,
in this case the solution to the decision problem, that is the optimum POVM achieving
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minimum error probability, is highly nontrivial and requires advanced tools from linear
algebra.

To begin with, we start by reviewing the scenario under investigation. We have a
source that encodes a set of classical symbols k = 0, . . . ,M − 1, onto a constellation of
non-orthogonal quantum states C = {ρk}k, ρk being a positive semidefinite operator
acting on a Hilbert space H, with Tr[ρk] = 1, and generated with a priori probability
0 ≤ qk ≤ 1,

∑
k qk = 1. The number M of the constellation states is typically referred

to as modulation order. The task is to implement a quantum receiver to infer which was
the state emitted by the source. The receiver is described by a M -valued POVM Π =

{Πj}j , j = 0, . . . ,M − 1, with Πj ≥ 0 and
∑
j Πj = 1̂, associated with a decision rule,

such that, when outcome j is retrieved, we infer the probed state to be ρj . Due the
non orthogonality of the constellation states, any receiver is associated with an error
probability Perr = 1− Pc, Pc being the correct decision probability, equal to:

Pc =
M−1∑
k=0

qk p(k|k) , (5.1)

where p(j|k) = Tr[ρkΠj ] is the probability of inferring symbol j when state ρk was sent.
Therefore, the goal is to identify the optimum receiver, achieving the minimum error
probability P

(min)
err or, equivalently, the maximum correct decision probability P(max)

c

compatible with quantum mechanics laws [51].
The decision problem presented above can be recast into the framework of convex

semidefinite programming (SDP), namely optimization of a linear cost function with (lin-
ear) constraints over the closed convex cone of positive semidefinite operators [51, 135,
136]. In fact, for a given constellation, we should determine the POVM that maximizes
the functional:

J (Π) =

M−1∑
j=0

Tr[ρ̃jΠj ] , Πj ∈ B , (5.2)

where ρ̃j = qjρj are the weighted density operators and B is the set of Hermitian opera-
tors on H. That is, we should solve the following SDP problem:

max
Πj∈B

J (Π) ,

subject to:

Πj ≥ 0 , j = 0, . . . ,M − 1 , and
∑
j

Πj = 1̂ . (5.3)

The first constraint in (5.3) defines the cone set of Hermitian positive semidefinite oper-
ators, being the proper domain of functional J , while the second one provides a linear
constraint on the variables Πj .

Within this framework, a first characterization of the optimum POVM has been car-
ried out independently in the early 1970s by both Yuen [123, 124] and Holevo [54]. In
particular, in 1970 Yuen determined a class of necessary and sufficient conditions to be
satisfied in the presence of equiprobable symbols, even though his proof contained re-
dundant constraints and did not hold anymore in the presence of infinite dimensional
Hilbert spaces. On the contrary, in 1972, Holevo derived the sufficient condition for
optimality with different approach, but he did not establish that it was also necessary.



Discrimination in multilevel quantum communications systems 89

Instead, he found a necessary condition, different than the sufficient one, being valid
for any functional of the POVM Π, even non-linear. A unified description was finally
achieved by Yuen et al. in 1975 [125], after private communications with Holevo. This
ultimate proof removes the redundancies of the previous version and properly extends
its validity to non-uniform a priori probability and infinite dimensional spaces.

Yuen’s proof exploits the Lagrange duality theorem in convex programming. The
principle behind it is to transform constrained maximization into a dual minimization
problem, where the constraints are included as Lagrange multipliers [135–137]. The con-
struction of the dual problem requires technical concepts and properties from topology
theory, therefore we decided not to report it here, as it goes beyond the purpose of this
dissertation. Its derivation is explicitly reported in [125] for both finite and infinite di-
mensional Hilbert spaces. Ultimately, Yuen et al. derived the following equivalence:

max
Πj∈B
Πj≥0∑
j Πj=1̂

∑
j

Tr[ρ̃jΠj ] = min
Λ∈T

Λ−ρ̃j≥0

Tr[Λ] , (5.4)

where Λ ∈ T , T ⊂ B being the subset of the trace-class Hermitian operators on H,
namely T = {T ∈ B : Tr[T ] <∞}. The right-hand side problem,

min
Λ∈T

Tr[Λ] ,

subject to:
Λ− ρ̃j ≥ 0 , j = 0, . . . ,M − 1 , (5.5)

is the dual problem of (5.3). Thanks to topological arguments, they established the ex-
istence of a solution to problems (5.3)-(5.5), therefore there exists a POVM Πopt and a
corresponding trace-class operator Λopt such that:

J (Πopt) = Tr[Λopt] = P(max)
c , (5.6)

retrieving the maximum correct decision probability.
Furthermore, they formulated the theorem, from now on referred to as “Yuen’s theo-

rem”, providing a complete characterization of the optimum POVM, determining neces-
sary and sufficient conditions to be fulfilled by Πopt. To prove it, we need the following
lemma.

Lemma 5.1. Let X and Y be two positive semidefinite operators of an arbitrary Hilbert space.
Then

Tr[XY ] ≥ 0 , (5.7)

and Tr[XY ] = 0 if and only if XY = Y X = 0.

Proof. Since bothX and Y are positive, they admit a unique positive semidefinite square
root X1/2 and Y 1/2 such that X =

(
X1/2

)2
and Y =

(
Y 1/2

)2
, respectively. Then:

Tr[XY ] = Tr

[(
X1/2

)2 (
Y 1/2

)2]
= Tr

[(
X1/2Y 1/2

)† (
X1/2Y 1/2

)]
≥ 0 . (5.8)
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From (5.8) and the ciclicity of the trace, it follows that Tr[XY ] = 0 if and only ifX1/2Y 1/2 =

Y 1/2X1/2 = 0. Then, if X1/2Y 1/2 = 0, we have XY = 0. On the other hand, XY = 0
also implies that (XY )† = Y X = 0, thus X and Y commute, i.e. [X,Y ] = 0. In turn, all
their powers commute with one another and, in particular, [X1/2, Y ] = [X1/2, Y 1/2] = 0.
Therefore, XY = (X1/2Y 1/2)†(X1/2Y 1/2) = 0, implying X1/2Y 1/2 = 0.

We are now ready to enunciate Yuen’s theorem.

Theorem 5.1. (Yuen et al., 1975) In a M -ary system characterized by the weighted density
operators ρ̃j = qjρj , j = 0, . . . ,M − 1, the POVM Π = {Πj}j is optimal if and only if the
following two conditions hold:∑

j

ρ̃jΠj =
∑
j

Πj ρ̃j , (5.9a)

∑
s

ρ̃sΠs − ρ̃j ≥ 0 , j = 0, . . . ,M − 1 . (5.9b)

Proof. “ ⇒ ”: we start by proving the necessity of conditions (5.9). Let Π(0) = {Π(0)
j }j

and Λ(0) solve the SDP problems (5.3) and (5.5), respectively. Then, thanks to (5.4), we
have: ∑

j

Tr
[
Π

(0)
j

(
Λ(0) − ρ̃j

)]
= 0 . (5.10)

Lemma 5.1 then yields:

Π
(0)
j

(
Λ(0) − ρ̃j

)
=
(
Λ(0) − ρ̃j

)
Π

(0)
j = 0 , j = 0, . . . ,M − 1 . (5.11)

We perform summation over index j and obtain:

Λ(0) =
∑
j

ρ̃jΠ
(0)
j =

∑
j

Π
(0)
j ρ̃j , (5.12)

thus proving (5.9a). Moreover, Eq. (5.12), together with the dual problem constraint
Λopt ≥ ρj for all j, leads to (5.9b).

“ ⇐ ”: to show sufficiency we first derive a general property. Let Π = {Πj}j and Λ be
arbitrary operators that only satisfy the constraints of the SDP problem. In particular, we
have Λ−ρ̃s ≥ 0 for all s = 0, . . . ,M−1. Then, by Lemma 5.1, we have Tr[Πs(Λ−ρ̃s)] ≥ 0,
therefore:

Tr

[∑
s

ρ̃sΠs

]
≤ Tr[Λ] . (5.13)

Now, let Π(0) = {Π(0)
j }j be a POVM that also satisfies (5.9). We claim that Π(0) is optimal.

In fact, we define the operator Λ(0) =
∑
s ρ̃sΠ

(0)
s , which satisfies Λ(0) − ρ̃j ≥ 0 thanks

to (5.9b) and saturates the equality in Eq. (5.13), thus maximizing Tr [
∑
s ρ̃sΠs].

Yuen’s theorem is a cornerstone result of quantum decision theory, even though
it does not provide a method to construct the optimal measurement. Moreover, we
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note that the optimum POVM Πopt is not unique in general. As an example, we con-
sider the case where the constellation states {ρk}k commute with one another, namely
[ρk, ρj ] = 0 [138, 139]. In this case, there exists a common set of eigenstates {|µlj ⟩}j ,
lj ∈ {0, . . . ,M − 1} for all j, that diagonalizes all states. The optimum POVM {Πj}j is
constructed from the projectors Plj = |µlj ⟩⟨µlj |, according to the maximum a posteriori
probability (MAP) criterion: given projector Pln , we infer the state ρn with the highest a
posteriori probability Tr[ρ̃nPln ] > Tr[ρ̃kPln ], for all k ̸= n. In this case, we set Πn = Pln .
On the contrary, if there exists l′n such that, for some ρm and ρn, we have:

Tr[ρ̃mPl′n ] = Tr[ρ̃nPl′n ] > Tr[ρ̃kPl′n ] ∀k ̸= m ̸= n , (5.14)

then we may choose either Πn = Pl′n or Πm = Pl′n with the same overall correct decision
probability [138, 139].

Furthermore, from Yuen’s theorem we derive the following result.

Corollary 5.1. If the POVM Π = {Πj}j is optimum, then

Πj

(∑
s

ρ̃sΠs − ρ̃j

)
=

(∑
s

ρ̃sΠs − ρ̃j

)
Πj = 0 , (5.15)

for all j = 0, . . . ,M − 1.

Proof. The result follows directly from Eq.s (5.11) and (5.12).

The corollary provides us with a recipe to construct the optimal measurement, ac-
cording to the following outline:

• at first, we solve the dual problem (5.5), retrieving the optimum operator Λopt and
the corresponding maximum correct decision probability P(max)

c = Tr[Λopt];

• then, from Theorem 5.1 we know that the optimum POVM Πopt = {Π(opt)
j }j is

related to Λopt via the equality Λopt =
∑
s ρ̃sΠ

(opt)
s . Therefore, thanks to Corol-

lary 5.1, we obtain the optimal measurement operators as solutions of the system
of equations:

(Λopt − ρ̃j)Π
(opt)
j = 0 , (5.16)

for all j = 0, . . . ,M − 1, with the further request
∑
j Π

(opt)
j = 1̂. In the matrix

notation, we have:
Λopt − ρ̃0 0 · · · 0

0 Λopt − ρ̃1 · · · 0
. . .

0 0 · · · Λopt − ρ̃M−1

1̂ 1̂ · · · 1̂



Π

(opt)
0

Π
(opt)
1
...

Π
(opt)
M−1

 =


0
0
...
0

1̂

 , (5.17)

where we deal with a rectangular (M + 1) ×M matrix to include the identity res-
olution constraint [140].
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However, generally speaking, analytic solution to this problem cannot be reached. Nev-
ertheless, the dual problem (5.5) can be numerically solved efficiently thanks to SDP
algorithms, providing the maximum correct decision probability in several cases of prac-
tical interest [51, 135, 136].

Finally, to conclude the presentation of the general quantum decision theory, we re-
port a further property satisfied by the optimum POVM, derived by Eldar et al. in 2003,
that holds in the presence of finite-dimensional Hilbert spaces H [140].

Proposition 5.1. In the presence of a finite dimensional Hilbert space H, dim(H) = d <∞, the
optimal POVM elements Πj have rank not higher than that of the associated constellation state,
namely:

rank(Πj) ≤ rank(ρj) , j = 0, . . . ,M − 1 . (5.18)

The proof of the proposition invokes the rank-nullity theorem, a result from linear
algebra providing a relation between the rank and nullity of a linear operator A acting
on a finite dimensional vector space V . The rank of A is equal to the dimension of its
image, i.e. rank(A) = dim(Im(A)), while the nullity is the dimension of its kernel, i.e. the
null space ker(A) = {v ∈ V : Av = 0}. The theorem states that rank(A) + dim(ker(A)) =
dim(V ) [25].

Proof. We first note that it is not restrictive to assume that the constellation states span the
whole Hilbert space H. Otherwise, we can rephrase the problem on the subspace S ⊂ H
spanned by the eigenstates of {ρk}k, having finite dimension too, as dim(S) ≤ dim(H) <
∞. Now, let Π = {Πj}j be an optimum POVM, and Λ =

∑
s ρ̃sΠs its associated solution

to the dual problem. Then, by Corollary 5.1, it follows that, for all j, the image of Πj
lies in the kernel of Λ − ρ̃j , as all vectors in the form Πj |h⟩, for some |h⟩ ∈ H, satisfy
(Λ− ρ̃j)Πj |h⟩ = 0. In turn, Im(Πj) ⊂ ker(Λ− ρ̃j) and, consequently,

rank(Πj) ≤ d− rank(Λ− ρ̃j) . (5.19)

We also note that Λ is a full-rank operator. In fact, we have Λ− ρ̃j ≥ 0 for all j thanks to
the constraints of the dual problem and, since and the eigenvectors of the constellation
states span H, for any |h⟩ ∈ H, there exists an index k such that ⟨h|ρk|h⟩ > 0. These
two conditions imply ⟨h|Λ|h⟩ > 0 for all |h⟩ ∈ H, therefore the kernel of Λ only contains
the null vector, ker(Λ) = {0}. From the subadditivity of the rank, i.e. rank(A + B) ≤
rank(A) + rank(B) for any two linear operators A and B [25], we have d = rank(Λ) ≤
rank(Λ− ρ̃j) + rank(ρ̃j) which, together with Eq. (5.19), leads to:

rank(Πj) ≤ rank(ρ̃j) = rank(ρj) , (5.20)

proving the desired result.

As a final remark, we stress that Proposition (5.1) is only valid if the dimension of the
Hilbert space H is finite, or, at least, if the subspace spanned by the eigenstates of the con-
stellation states is finite-dimensional. Otherwise, in the presence of infinite-dimensional
vector spaces the rank-nullity theorem does not hold anymore, and the argument of the
proof vanishes.
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5.2 Pure-state discrimination

The problem of the optimal decision is considerably simplified if the constellation C =
{ρk}k is composed of linearly independent pure states, namely:

ρk = |γk⟩⟨γk| , k = 0, . . . ,M − 1 . (5.21)

To quantify the overlap between the encoded states, it is convenient to introduce the
Gram matrix G, that is the M ×M matrix of the inner products:

G =
(
⟨γl|γk⟩

)
l,k
, l, k = 0, . . . ,M − 1 , (5.22)

which is G ̸= 1M for non-orthogonal states, 1M being the M ×M identity matrix. It
is not restrictive to reduce the problem to the M dimensional subspace spanned by the
encoded states, S = span{|γk⟩ : k = 0, . . . ,M − 1} and to find a M -valued POVM
Π = {Πj}j , such that

Πj ≥ 0 and
∑
j

Πj = PS , (5.23)

PS being the projection operator onto subspace S [51, 141]. In fact, if we decompose each
POVM element as Πj = Π′

j + Π′′
j , with Π′

j and Π′′
j having support equal to S and S⊥,

respectively, we would have Π′′
j |γk⟩ = 0 for all k, thus the two POVM sets {Πj}j and

{Π′
j}j would be associated with the same correct decision probability. Moreover, due to

the linearly independence of constellation states, subspace S has dimension equal to M ,
therefore Proposition 5.1 holds. In more detail, the following theorem, firstly proved by
Kennedy in 1973, provides characterization of the optimum POVM [142].

Theorem 5.2. (Kennedy, 1973) In a M -ary system specified by M pure states {|γk⟩}k, the
optimum POVM Π = {Πj}j is a 1-rank projective measurement, namely:

Πj = |µj⟩⟨µj | , j = 0, . . . ,M − 1 , (5.24)

for some measurement vectors {|µj⟩}j satisfying ⟨µj |µk⟩ = δjk.

Proof. Thanks to Proposition 5.1, the optimal measurement is composed of 1-rank op-
erators, hence Eq. (5.24) follows. It only remains to prove the orthonormality relation
among the measurement vectors. Following the same arguments reported above, it is
not restrictive to assume that |µj⟩ ∈ S for all j. Then, the POVM elements resolve the
identity over S,

∑
j |µj⟩⟨µj | = PS , and

|µk⟩ = PS |µk⟩ =
∑
j

|µj⟩⟨µj |µk⟩ , (5.25)

which yields ⟨µj |µk⟩ = δjk .

In particular, the measurement vectors {|µj⟩}j provide an orthonormal basis of sub-
space S.
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5.2.1 Characterization of M -ary pure-state discrimination receivers

Given the Kennedy theorem, the decision problem in the presence of pure states may be
recast into a geometric optimization task. Indeed, we introduce the state and measure-
ment (row) matrices [19]:

Γ =

(
|γ0⟩, . . . , |γM−1⟩

)
and M =

(
|µ0⟩, . . . , |µM−1⟩

)
, (5.26)

respectively. With this notation, the Gram matrix (5.22) is retrieved asG = Γ† Γ, whereas,
due to the orthonormality of the measurement vectors M† M = 1M , 1M being theM×M
identity matrix. Since {|µj⟩}j ⊂ S, the measurement vectors are expressible as a linear
combination of the state vectors, |µj⟩ =

∑
k akj |γk⟩, akj ∈ C, or equivalently,

M = ΓA , (5.27)

A being a M ×M matrix with coefficients (akj)k,j .
In turn, we provide characterization of any quantum receiver by its corresponding

matrix A, subject to the constraint:

AA† = G−1 , (5.28)

guaranteeing the identity resolution of the resulting POVM [19].
Eq. (5.28) can be derived as follows. For all vectors |ψ⟩ ∈ S , we have PS |ψ⟩ = |ψ⟩,

where |ψ⟩ =
∑
s bs|γs⟩, bs ∈ C. Thanks to Eq.s (5.23) and (5.27), the following equations

hold: [∑
j

(∑
k,l

akja
∗
lj |γk⟩⟨γl|

)]∑
s

bs|γs⟩ =
∑
t

bt|γt⟩ , (5.29)

∑
k

(∑
j,l,s

akjajl
†Glsbs

)
|γk⟩ =

∑
t

bt|γt⟩ , (5.30)

where Gls = ⟨γl|γs⟩. In the matrix notation we have AA†Gb = b to be satisfied for all
b = (b0, . . . , bM−1). This implies:

AA†G = 1M , (5.31)

and, ultimately, AA† = G−1.

5.2.2 Consequences of Yuen’s theorem

A further characterization of the receiver, being somehow specular to (5.27), can be ob-
tained by expanding the state vectors on the orthonormal basis composed of the mea-
surement vectors, |γk⟩ =

∑
j bjk|µj⟩ or, equivalently

Γ = MB , (5.32)

where:

Bkj = ⟨µj |γk⟩ , k, j = 0, . . . ,M − 1 , (5.33)
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are the inner products between the elements of the two vector systems, describing the
geometry between the state and measurement vectors. Since M† M = 1M , the relation
between matrices A and B is:

B = M† Γ = A†G , (5.34)

implying B†B = Γ† Γ = G.
If matrix A provides a characterization of the quantum receiver, as M = ΓA, the

properties of matrix B determine its optimality for the decision problem. In fact, the
maximum correct decision probability can be re-expressed as a function of the sole ma-
trix B, since the conditional probability of obtaining outcome j if the k-th state is probed
is given by

p(j|k) = Tr[ρk Πj ] = |⟨µj |γk⟩|2 = |Bkj |2 . (5.35)

In turn, we have:

Pc =
M−1∑
k=0

qk |Bkk|2 . (5.36)

Yuen’s theorem can be specified to the pure-state discrimination scenario, finding nec-
essary and sufficient conditions that should be fulfilled by B. Accordingly, Theorem 5.1
leads to the following corollary [51].

Corollary 5.2. In a M -ary system specified by M pure states Γ = {|γk⟩}k, generated with
a priori probabilities {qk}k, the optimum measurement vectors M = {|µj⟩}j must verify the
following conditions:

qjB
∗
jjBkj − qkBkkB

∗
jk = 0 , k, j = 0, . . . ,M − 1 , (5.37a)

(
M−1∑
s=0

qsBss|µs⟩⟨γs|

)
− qj |γj⟩⟨γj | ≥ 0 , j = 0, . . . ,M − 1 . (5.37b)

Proof. Eq. (5.37a) follows from condition (5.9a) of Yuen’s theorem, namelyL =
∑
j qjρjΠj =∑

j qjΠjρj = L†. In the pure-state discrimination scenario, we have:

L =
∑
j

qj⟨γj |µj⟩ |γj⟩⟨µj |

=
∑
j

qjB
∗
jj

(∑
k

Bkj |µk⟩

)
⟨µj |

=
∑
jk

qjB
∗
jjBkj |µk⟩⟨µj | . (5.38)

Imposing L = L† leads to:∑
jk

(
qjB

∗
jjBkj − qkBkkB

∗
jk

)
|µk⟩⟨µj | = 0 , (5.39)

from which we obtain (5.37a). With analogous argument, we retrieve Eq. (5.37b) from
condition (5.9b).
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In principle, one may claim to construct the optimal matrix B by solving the non-
linear system determined by Eq.s (5.37a) together with condition B†B = G, and, then,
retrieve the maximum correct decision probability. In particular, the system is composed
of M(M +1)/2 equations, and its physical solutions will be only those verifying (5.37b).
However, it has been showed that this procedure is rather cumbersome, as the search of
an exact solution is nontrivial [51]. On the contrary, numerical algorithms based on the
SDP approach remain the preferable choice due to their computational efficiency, even
in the presence of pure states.

5.3 The geometrically uniform symmetry

Generally speaking, the search for the optimum POVM, both in the presence of mixed-
and pure-state discrimination, turns out to be simpler if the constellation C = {ρk}k
exhibits some degree of symmetry. In fact, the symmetries of the encoded states may
be exploited to further characterize the optimal measurement, thus reducing the com-
plexity of the SDP problem. In particular, the most relevant example is provided by
the geometrically uniform symmetry (GUS), being also verified in several practical optical
communications systems, e.g. phase-shift keying [51, 126, 132, 134, 143, 144].

We start by considering the most general scenario in which ρk are mixed states. The
constellation C = {ρk}k, k = 0, . . . ,M − 1, satisfies the GUS if there exists a unitary
symmetry operator S, with S†S = 1̂, such that:

ρk = Sk ρ0
(
S†)k and SM = 1̂ , (5.40)

1̂ being the identity operator over the Hilbert space H. That is, in the presence of GUS, all
states ρk ∈ C can be retrieved from a single “reference” state ρ0 by sequential application
of the symmetry operator S. From now on, for consistency with the symmetry of C, we
will assume equal a priori probabilities

qk =
1

M
, k = 0, . . . ,M − 1 , (5.41)

such that also the weighted operators {ρ̃k}k have the GUS, i.e. ρ̃k = Sk ρ̃0(S
†)k [51, 126,

132, 134]. Even though this choice may appear more restrictive, it is still of great interest
since uniform sampling represents the standard scenario occurring in practical quantum
communications formats [19, 20, 51]. In this condition, the GUS can be also embedded
into the optimal measurement, according to the following proposition [51, 144].

Proposition 5.2. If the weighted constellation states {ρ̃k}k verify the GUS for some operator S,
then it is not restrictive to assume that also the optimum POVM Π = {Πj}j verifies the GUS
for the same symmetry operator, that is:

Πj = Sj Π0

(
S†)j , j = 0, . . . ,M − 1 . (5.42)

Proof. Let Π = {Πj}j be an optimum POVM satisfying Theorem 5.1, and maximizing
the functional J (Π) defined in (5.2). We note that, in general, this measurement does not
satisfy the GUS. To prove the proposition, starting from Π, we construct another POVM
Υ = {Υj}j , that now satisfies the GUS for operator S, and prove it to be optimum too.
To this aim, we set:

Υ0 =
1

M

M−1∑
n=0

(
S†)nΠn Sn , (5.43a)
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Υj = Sj Υ0

(
S†)j , j = 1, . . . ,M − 1 , (5.43b)

where qn is the a priori probabilities associated with state ρn. The collection Υ is a
POVM, as Υj ≥ 0 by construction and∑

j

Υj =
1

M

∑
j,n

Sj−nΠn
(
S†)j−n =

1

M

∑
m,n

SmΠn
(
S†)m

=
1

M

∑
m

Sm

(∑
n

Πn

)(
S†)m = 1̂ , (5.44)

where we performed the change of variables m = j−n and exploit the periodicity of the
symmetry operator S.

Now, we compute:

J (Υ) =
∑
j

Tr[ρ̃jΥj ] =
∑
j

Tr
[
Sj ρ̃0Υ0

(
S†)j]

=
∑
j

Tr[ρ̃0Υ0] =M Tr[ρ̃0Υ0]

=
∑
n

Tr
[
ρ̃0
(
S†)nΠn Sn] =∑

n

Tr
[
Snρ̃0

(
S†)nΠn] = J (Π) . (5.45)

Thus, the two POVMs Π and Υ has the same correct decision probability. We conclude
that Υ is an optimum measurement that satisfies the GUS.

From the previous proof, we note that, in the presence of a POVM Π = {Πj}j satis-
fying the GUS, the calculation of the correct decision probability reduces to:

Pc =M Tr[ρ̃0Π0] = Tr[ρ0Π0] . (5.46)

Furthermore, the SDP problem (5.4) is also simplified as:

max
Π0≥0

Tr[ρ0Π0] = min
Λ−ρ̃0≥0

[Λ,S]=0

Tr[Λ] , (5.47)

where the dual problem is now subject to the two constraints Λ − ρ̃0 ≥ 0 and [Λ, S] =
ΛS − SΛ = 0 [51, 144]. Therefore, in the presence of GUS (and equiprobable symbols),
the optimum POVM is completely specified by operators S, ρ0 and Π0, inducing a sim-
plification in the numerical SDP algorithms providing solutions to the dual problem [51].

5.3.1 Pure-state discrimination

We now address the pure-state discrimination case, where the presence of GUS provides
analytic solution to the decision problem, leading to exact expressions for both the max-
imum correct decision probability and the optimum POVM [19].

In the presence of a pure-state constellation, specified by the state matrix Γ =
(
|γk⟩

)
k
,

k = 0, . . . ,M−1, and equiprobable symbols qk = 1/M , the GUS is satisfied if there exists
a unitary symmetry operator S, S†S = 1̂, such that [19, 51, 126, 132, 134]

|γk⟩ = Sk |γ0⟩ and SM = 1̂ . (5.48)
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In this case, the Gram matrix G = Γ† Γ is a circulant matrix, having the form [19, 51, 145]

G =


G00 GM−1 0 . . . G10

G10 G00 . . . G20

...
...

. . .
...

GM−1 0 GM−2 0 . . . G00

 . (5.49)

That is, its elements only depend on the difference modulo M between the indices, i.e.
Gjk = G(j−k)modM,0: indeed, Gjk = ⟨γj |γk⟩ = ⟨γ0|Sk−j |γ0⟩ = ⟨γ(j−k)modM |γ0⟩.

Furthermore, the following property holds.

Proposition 5.3. In the presence of GUS, the symmetry operator S commutes with the Gram
operator

T ≡ ΓΓ† =

M−1∑
k=0

|γk⟩⟨γk| , (5.50)

that is [S, T ] = ST − TS = 0.

Proof. By the definition of the Gram operator and the unitarity of S, for which S† = S−1,
we have T =

∑
k S

k|γ0⟩⟨γ0|S−k, therefore:

TS =
∑
k

Sk|γ0⟩⟨γ0|S−k+1 = S
∑
k

Sk−1|γ0⟩⟨γ0|S−(k−1)

= S
∑
j

Sj |γ0⟩⟨γ0|S−j = ST . (5.51)

5.3.1.1 Properties of circulant matrices

As will become clearer, the circulant structure is a fundamental tool to construct the
optimal solution to the decision problem. In particular, circulant matrices satisfy the
following properties, that will be helpful throughout the text.

• Any circulant matrix C = (Cjk)jk, j, k = 0, . . . ,M − 1, Cjk = C(j−k)modM,0, is
diagonalizable by the unitary matrix U = F−1, F = (Fjk)jk being the discrete
Fourier transform matrix, with: [145]

Fjk =
e−i2πjk/M√

M
, j, k = 0, . . . ,M − 1 . (5.52)

• The spectral decomposition of C then reads:

C = UΛC U† , (5.53)

where ΛC = diag(λ0, . . . , λM−1), is the diagonal matrix composed of the eigen-
values {λj}j of C, given by the discrete Fourier transform of the circulant vector
r = (rp)p ≡ (CpmodM,0)p, p = 0, . . . ,M − 1, namely [51, 145]:

λp =

M−1∑
q=0

Upqrq . (5.54)
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• Since all circulant matrices are diagonalized by the same unitary U, we conclude
that circulant matrices form a commutative algebra. That is, for any pair of circu-
lant matrices C1 and C2, also C1C2 and C2C1 are circulant, and [C1, C2] = 0 [145].
In particular, if C is circulant, then C† is also circulant and [C,C†] = 0.

5.3.1.2 Construction of the optimum POVM for pure-state constellations with GUS

Thanks to the circulant property, we are now able to provide an exact derivation of the
optimum POVM in the presence of a pure-state constellation satisfying the GUS for op-
erator S [19]. To our knowledge, this method is original and, remarkably, it provides a
simpler strategy to retrieve the optimum receiver than the traditional derivation, based
on the symmetry of suboptimal receivers, that will be described in Sec. 5.4.1.

By invoking Proposition 5.2, we assume that also the optimal measurement vectors
M =

(
|µj⟩

)
j
, j = 0, . . . ,M−1, exhibit the GUS for the same operator S, thus the optimum

POVM {Πj}j is identified by a single “reference” measurement vector:

|µ0⟩ =
M−1∑
k=0

ak0 |γk⟩ , (5.55)

ak0 ∈ C, while all the others will be retrieved as |µj⟩ = Sj |µ0⟩, j = 0, . . . ,M − 1. Conse-
quently, the matrix A in (5.27) is a circulant matrix, as akj = a(k−j)modM,0. Its eigende-
composition is given by

A = UΛA U† , (5.56)

where ΛA = diag(λ0, . . . , λM−1), is the diagonal matrix composed of the eigenvalues
{λj}j of A. Furthermore, A† is also circulant and commutes with A, thereby, A† =
UΛA†U† and Eq. (5.28) becomes:

U |ΛA|2 U† = G−1 , (5.57)

where |ΛA|2 = diag(|λ0|2, . . . , |λM−1|2). We conclude thatA andG−1 are simultaneously
diagonalizable and |λj |2 = g−1

j , {gj}j being the eigenvalues of the Gram matrix (5.22)
listed in increasing order, that is, g0 ≥ g1 ≥ . . . ≥ gM−1. In conclusion, the matrix A may
be re-expressed in the following form:

A ≡ Aϕ = UΛ
(ϕ)
A U† , (5.58)

where:

Λ
(ϕ)
A = diag

({
λ
(ϕ)
j

}
j=0,...,M−1

)
, (5.59)

and

λ
(ϕ)
j = eiϕjg

−1/2
j , (5.60)

in which the relative phases ϕ = (ϕ0, . . . , ϕM−1) provide the only free parameters. Fur-
thermore, the matrix Aϕ is defined up to an overall phase due to (5.27), therefore we
may fix ϕ0 = 0, ending up with M − 1 phases whose value can be arbitrarily chosen. We
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conclude that, in the presence of GUS, every pure-state discrimination receiver is ulti-
mately identified by the set of phases ϕ, which may be properly chosen to maximize the
correct decision probability Pc, thus transforming a convex functional optimization task
into optimization of a real function with M − 1 real variables [19].

Thanks to Eq. (5.46), the correct decision probability, when both the state and mea-
surment vectors verify GUS and qk = 1/M , reduces to:

Pc = |⟨µ0|γ0⟩|2 = |B00|2 , (5.61)

with the matrix B = A†G introduced in (5.32). Since both A† and G are circulant, we
conclude that also B is circulant, and equal to:

B ≡ Bϕ = UΛ
(ϕ)
B U† , (5.62)

where:

Λ
(ϕ)
B = diag

({
e−iϕjg

1/2
j

}
j=0,...,M−1

)
, (5.63)

with the quantities introduced in Eq. (5.58). In turn, for every tuple of relative phases
ϕ = (ϕ0, . . . , ϕM−1), the corresponding correct decision probability becomes:

Pc(ϕ) =
∣∣(Bϕ)00

∣∣2 =

∣∣∣∣∣∣ 1M
M−1∑
j=0

(
e−iϕjg

1/2
j

)∣∣∣∣∣∣
2

. (5.64)

That is, the correct decision probability is determined by the square modulus of the
sum of the M complex numbers e−iϕjg

1/2
j . From geometric considerations, we conclude

that its maximum value is achieved when the relative phases ϕj are all equal with one
another. In turn, the optimum receiver is defined by the choice:

ϕopt = 0 = (0, . . . , 0) , (5.65)

with the corresponding maximum correct decision probability:

P(max)
c = Pc(ϕopt) =

∣∣∣∣∣∣ 1M
M−1∑
j=0

g
1/2
j

∣∣∣∣∣∣
2

=
∣∣∣(G1/2

)
00

∣∣∣2 , (5.66)

where G1/2 is the square root of the Gram matrix. Finally, the optimal matrix A becomes

Aopt = G−1/2 , (5.67)

that defines the optimal measurement vectors via Mopt = ΓAopt [19].
In conclusion, the presence of GUS makes the problem of designing the optimum re-

ceiver for pure-state discrimination solvable. The optimum POVM, as well as the maxi-
mum correct decision probability, is completely characterized by the Gram matrix G, i.e.
by the geometry of the constellation. However, from a wider viewpoint, we remark that
Eq. (5.58) provides characterization of any M -valued projective measurement to be per-
formed on a pure-state constellation, and its validity goes further beyond the framework
of quantum discrimination. As a consequence, the phases ϕ can be determined to opti-
mize any desired figure of merit according to the context under investigation, not only
the correct decision probability. As will be discussed in Sec. 9.2, this will be the starting
point to address the role of the class of M -valued quantum receivers for continuous-
variable quantum key distribution.
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5.4 The pretty good measurement method

In the previous sections, we described the fundamental results of quantum decision the-
ory, providing characterization of the optimum POVM for M -ary discrimination. The
optimum receiver has to satisfy Yuen’s theorem, see Theorem 5.1, which, however, does
not yield a method to construct the associated POVM. In general, optimization can be
carried out numerically by solving the dual problem (5.5), and a closed-form analytic ex-
pression for the optimum POVM is known only in few cases, e.g. binary discrimination
or M -ary pure-state constellations with equiprobable symbols satisfying the GUS.

In turn, one may claim for simpler methods that, although being suboptimal, reduce
the complexity of the problem. That is we look for a suboptimal POVM that does not
achieve the maximum correct decision probability anymore, but, in turn, that can be con-
structed in a simpler way with respect to the optimum receiver satisfying Theorem 5.1.
Within suboptimal methods, the most important is represented by the pretty good mea-
surement (PGM) method, being also referred to as square root measurement (SRM) or least
square measurement (LSM) method [126–134].

The method was firstly proposed in 1994 by Hausladen et al. [127, 128], who con-
sidered the problem of distinguishing between an arbitrary set of pure states which, in
general, can be linearly dependent. The authors propose a quantum receiver composed
of 1-rank operators that performs “pretty good” discrimination, even though not being,
in general, optimum. Later on, this measurement has been also called SRM, since the
pretty good measurement is obtained by computing the square root of the Gram op-
erator [129–131]. Instead, the LSM method was subsequently developed by Eldar and
Forney in 2001 [132, 133], with the goal of designing a 1-rank POVM, projecting on mea-
surement vectors that minimize the sum of the squared norms of the differences between
each corresponding state and measurement vector. In particular, Eldar and Forney in-
vestigated the connection between their method and the other types of measurements,
proving the LSM technique to be equivalent to the SRM. Thereafter, the method has been
extended to mixed state discrimination [134].

The PGM is a cornerstone example of suboptimal POVM. In fact, its construction is
simple, as it is directly derived from the given collection of states, it is “pretty good”
when the states to be distinguished are equiprobable and almost orthogonal, namely it
is asymptotically optimal [127, 128, 146]. Remarkably, it becomes optimal in the presence
of pure-state constellations satisfying the GUS. For these reasons, in more recent times, it
has been systematically applied to the performance evaluation of typical quantum com-
munications systems [147, 148], and also experimentally implemented in the framework
of cavity quantum electrodynamics [129, 130].

In the following, we present the detailed derivation of the PGM following the ap-
proach of Eldar and Forney, which provides a simple geometric interpretation. We start
by reviewing a fundamental theorem of linear algebra, namely the singular value de-
composition (SVD) of a matrix [25, 51, 132], which is widely invoked in the construction
of the measurement.

Theorem 5.3. [Singular value decomposition (SVD)] Let Φ be an arbitrary n×m complex
matrix of rank r ≤ min{n,m}. Then, there exist a unitary n × n matrix U , a diagonal n ×m
matrix Σ, and a unitary m×m matrix V such that:

Φ = U ΣV † =

r−1∑
i=0

σi |ui⟩⟨vi| , (5.68)

where:
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i) Σ is a diagonal n × m matrix whose first r diagonal elements are σi > 0, and whose
remaining m − r diagonal elements are 0. The numbers σi, referred to as the singular
values of Φ, are equal to σi =

√
λi, where {λi}j , i = 0, . . . , r − 1, are the eigenvalues of

the r-rank positive semidefinite matrix S = Φ†Φ;

ii) V is a m × m unitary matrix whose first r columns are the orthonormal eigenvectors
|vi⟩, spanning a subspace V ⊆ Cm, and whose remaining m − r columns span the or-
thogonal complement V⊥ ⊆ Cm. In particular, V diagonalizes matrix S = Φ†Φ, as
Φ†Φ = V (Σ†Σ)V † =

∑r−1
i=0 σ

2
i |vi⟩⟨vi| =

∑r−1
i=0 λi |vi⟩⟨vi|;

iii) U is a n × n unitary matrix whose first r columns are the orthonormal eigenvectors
|ui⟩, spanning a subspace U ⊆ Cn, and whose remaining n − r columns span the or-
thogonal complement U⊥ ⊆ Cn. In particular, U diagonalizes matrix T = ΦΦ†, as
ΦΦ† = U(ΣΣ†)U† =

∑r−1
i=0 σ

2
i |ui⟩⟨ui| =

∑r−1
i=0 λi |ui⟩⟨ui|.

In particular, we note that the eigenvectors of U and V provide a complete orthonor-
mal system of Cn and Cm, respectively, and further satisfy:

r−1∑
i=0

|ui⟩⟨ui| = PU and
r−1∑
i=0

|vi⟩⟨vi| = PV , (5.69)

PU and PV being the projectors onto subspaces U and V , respectively.
However, in practical applications, computing the full SVD, including a full unitary

decomposition of the null-space of Φ, is rather useless. Instead, if the matrix Φ has no
full rank, i.e. r < min{n,m}, it suffices to adopt the reduced SVD, namely:

Φ =

r−1∑
i=0

σi |ui⟩⟨vi| = Ur Σr V
†
r , (5.70)

where the matrices Ur and Vr only contain the first r eigenvectors of U and V , respec-
tively, and Σr is a r × r diagonal matrix that only contains the nonzero singular values
σi > 0. In turn, Ur and Vr become n× r and r ×m matrices, respectively [25, 51].

Given these results, we are now ready to introduce the PGM method. Following
Eldar and Forney’s approach, we present the theory for pure-state discrimination and
equiprobable symbols, as in the original proposal [132, 133]. The extension to mixed
states will be briefly mentioned therafter.

5.4.1 Derivation of the pretty good measurement

To begin with, we consider the problem of M -ary pure state discrimination of the con-
stellation C = {|γk⟩⟨γk|}k, k = 0, . . . ,M − 1, described by the state matrix:

Γ =

(
|γ0⟩, . . . , |γM−1⟩

)
, (5.71)

see Sec. 5.2.1. Even though in practical scenarios the constellation states are linearly
independent, here we assume the possible presence of linearly dependent vectors, and
let Γ have rank r ≤ M , such that the subspace S = span{|γk⟩ : k = 0, . . . ,M − 1}
has dimension r ≤ M . Furthermore, we assume equiprobable symbols, namely equal a
priori probabilities:

qk =
1

M
, k = 0, . . . ,M − 1 . (5.72)
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Figure 5.4.1: Two-dimensional example of the PGM method. Given the constellation states
{|γk⟩}k, we seek for a 1-rank POVM {Πj}j , with Πj = |µj⟩⟨µj |, such that the error vectors
|ej⟩ = |γj⟩ − |µj⟩ minimize the squared error E in Eq. (5.75), subject to the normalization con-
straint

∑
j |µj⟩⟨µj | = PS .

The method can be extended to non-uniform generation by substituting the constellation
states with the weighted states

√
qk|γk⟩ [132]. The goal of the PGM scheme is to define a

suitable M -valued 1-rank POVM {Πj}j , j = 0, . . . ,M −1, with Πj = |µj⟩⟨µj |, associated
with the measurement matrix:

M =

(
|µ0⟩, . . . , |µM−1⟩

)
. (5.73)

We may safely assume the measurement vectors to be |µj⟩ ∈ S , thus we have M = ΓA
for some M ×M matrix A, see Sec. 5.2.1, and:

MM† =
∑
j

|µj⟩⟨µj | = PS . (5.74)

Instead, in general, we do not require the vectors {|µj⟩}j to be orthogonal or normalized
[19, 51, 132, 133].

To construct such a measurement, we seek for measurement vectors {|µj⟩}j “close”
to the states {|γk⟩}k, i.e. making the difference vectors |ej⟩ = |γj⟩ − |µj⟩ as “small” as
possible, as schematized in Fig. 5.4.1. More precisely, we look for a measurement vector
set {|µj⟩}j that minimize the squared error:

E =

M∑
j=1

⟨ej |ej⟩ =
M∑
j=1

(
⟨γj | − ⟨µj |

)(
|γj⟩ − |µj⟩

)
, (5.75)

subject to the normalization constraint (5.74) [51, 132, 133]. We note that, if the state
vectors were orthonormal, the minimum of E, compatible with (5.74), would be trivially
reached by the choice |µj⟩ = |γj⟩ for all j, with Emin = 0. On the contrary, the problem
is nontrivial in the presence of non-orthogonal states. To determine the solution, we first
re-express Eq. (5.75) in terms of the state and measurement matrices as:

E = Tr
[
(Γ−M)

†
(Γ−M)

]
= Tr

[
(Γ−M) (Γ−M)

†
]
. (5.76)
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We now employ the reduced SVD of the state matrix Γ, i.e. Γ = Ur Σr V
†
r . Since the

columns of Γ are composed by states |γk⟩ ∈ S , we conclude that Γ is a square M ×M
matrix with rank r ≤M . In turn, Ur is aM×r unitary matrix that diagonalizes the Gram
operator T = ΓΓ† =

∑
k |γk⟩⟨γk|, whose eigenvectors provide a complete orthonormal

system of the subspace S , i.e.
∑r−1
i=0 |ui⟩⟨ui| = PS . Given this considerations, we perform

the trace in (5.76) over the Ur-eigenbasis, obtaining:

E =

r−1∑
i=0

⟨ui| (Γ−M) (Γ−M)
† |ui⟩ =

r−1∑
i=0

⟨di|di⟩ , (5.77)

where

|di⟩ = (Γ−M)
† |ui⟩ = Γ†|ui⟩ − |ai⟩ , i = 0, . . . , r − 1 , (5.78)

with |ai⟩ = M†|ui⟩. Thanks to the reduced SVD of Γ†, i.e. Γ†
r = Vr Σr U

†
r =

∑r−1
i=0 σi|vi⟩⟨ui|,

we have Γ†|ui⟩ = σi|vi⟩ for i = 0 . . . , r−1. Moreover, vectors {|ai⟩}i, i = 0, . . . , r−1, pro-
vide an orthonormal set of S. In fact, we have ⟨ai|aj⟩ = ⟨ui|MM†|uj⟩ = ⟨ui|PS |uj⟩ = δij .

Then, the problem of designing a POVM minimizing (5.75) reduces to finding a set
of r orthonormal vectors {|ai⟩}i that minimizes

E =

r−1∑
i=0

⟨dj |dj⟩ =
r−1∑
i=0

[(
1 + σ2

i

)
− 2σiRe (⟨ai|vi⟩)

]
. (5.79)

The minimum is achieved when Re(⟨ai|vi⟩) gets its largest value for all i = 0, . . . , r −
1. Since also vectors {|vi⟩}i are orthonormal, we conclude that the minimizing vectors
should be |ai⟩ = |vi⟩, i = 0, . . . , r − 1 [51, 132, 134].

In turn, the PGM is defined by the relation MPGM|ui⟩ = |vi⟩ or, equivalently:

MPGM = UrV
†
r =

r−1∑
i=0

|ui⟩⟨vi| , (5.80)

associated with the minimum square errorEmin =
∑r−1
i=0 (1−σi)2. Thanks to the reduced

SVD of Γ, Eq. (5.80) can be expressed in equivalent way as a function of both the Gram
matrix G = Γ† Γ and the Gram operator T = Γ Γ† as:

MPGM = UrV
†
r = T−1/2Γ = ΓG−1/2 , (5.81)

where T−1/2 andG−1/2 should be intended as square-root Moore-Penrose pseudo-inverses
of T and G, respectively, when matrix Γ is not full-rank, i.e. r < M . In particular, from
Eq. (5.81) we obtain the PGM measurement vectors as:

|µj⟩PGM = T−1/2|γj⟩ , j = 0, . . . ,M − 1 , (5.82)

and Π
(PGM)
j = T−1/2|γj⟩⟨γj |T−1/2. Equivalently, given the relation M = ΓA derived in

Sec. 5.2.1, the coefficient matrix A for the PGM reads:

APGM = G−1/2 . (5.83)
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We also note, that the PGM measurement vectors are orthogonal only in the presence of
linearly independent constellation states, when matrix Γ has full rank r =M . Indeed, in
that case we have

M†
PGM MPGM =

(
PGM⟨µj |µk⟩PGM

)
jk

= G−1/2GG−1/2 = 1M . (5.84)

On the contrary, if r < M , we should consider Moore-Pensore pseudo-inverses and the
previous argument does not hold anymore. Then, the M measurement vectors cannot
be mutually orthonormal since they span the r- dimensional subspace S.

Finally, we now evaluate the correct decision probability associated with the PGM
with the methods of Sec. 5.2.2. We obtain the matrix B = M† Γ = A†G as:

BPGM = G1/2 , (5.85)

such that the probability of obtaining outcome j when state |γk⟩ was sent reads pPGM(j|k) =
|PGM⟨µj |γk⟩|2 = |Bkj |2 = |(G1/2)kj |2. The correct decision probability then becomes:

P(PGM)
c =

1

M

M−1∑
k=0

∣∣∣(G1/2
)
kk

∣∣∣2 , (5.86)

where we recall that we considered equiprobable symbols.

5.4.1.1 On the optimality of the PGM

Generally speaking, the PGM provides a suboptimal POVM for the decision problem,
leading to a lower bound of the maximum achievable correct decision probability. This
raises the problem to understand how “close” it is with the respect to the optimum
receiver. As a first fundamental result, the PGM is asymptotically optimal, namely it
becomes optimal when the Gram matrix tends to the identity G → 1M . As firstly,
proved by Holevo in 1979 with independent methods, the minimum error probability
Pmin = 1− P(max)

c is related to the PGM error probability PPGM = 1− P(PGM)
c by: [146]

Pmin ≤ PPGM ≤ 2

M
Tr
[
1M −G1/2

]
, (5.87)

thus in the limit G→ 1M we have PPGM ≈ Pmin.
More importantly, Eldar and Forney proved that the PGM becomes optimal when the

constellation states satisfy the GUS with equiprobable symbols [51, 132]. Indeed, we note
that the PGM matrix APGM = G−1/2 coincides with the optimum one derived in Sec. ??
for pure-state constellations with GUS. Equivalently, we prove that matrixBPGM = G1/2

satisfies the necessary and sufficient conditions for optimality outlined in Corollary 5.2.
That is, we have to prove that BPGM = (Bkj)kj verifies:

B∗
jjBkj −BkkB

∗
jk = 0 , k, j = 0, . . . ,M − 1 , (5.88a)

(
M−1∑
s=0

Bss|µs⟩PGM⟨γs|

)
− |γj⟩⟨γj | ≥ 0 , j = 0, . . . ,M − 1 , (5.88b)

where we considered equiprobable symbols, i.e. qk = 1/M . We remark that, in the
presence of GUS, G is circulant, thus BPGM = G1/2 is also circulant and its element only
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depends on the difference between indices, i.e. Bjk = ⟨µj |γk⟩ = w(k − j), where w is a
complex-valued function satisfying w∗(j) = w(−j). Then, we have:

B∗
jjBkj −BkkB

∗
jk = w(0)∗w(j − k)− w(0)w(k − j)∗ = 0 , (5.89)

and condition (5.89) is satisfied. To prove (5.88b), we consider the operator:

L =
∑
s

Bss|µs⟩PGM⟨γs| = w(0)
∑
s

|µs⟩PGM⟨γs| . (5.90)

We now construct the reduced SVD of Γ in the presence of GUS. First of all, we note
that, in the presence of GUS, Γ is full-rank and the Gram matrix G is diagonalized by the
unitary F−1, F being the discrete Fourier transform matrix, see Sec. 5.3.1.1. Therefore,
the right unitary Vr in the SVD corresponds to F−1, its column vectors being equal to
|Fi⟩ = (e2πijkM/

√
M)j , i, j = 0, . . . ,M − 1. Furthermore, the matrix of the singular

values Σ = diag({σj}j) has nonzero diagonal values, and rank equal to M . Then, it is
easy to check that the choice Y = Γ(F−1)Σ−1 yield the left unitary matrix Ur of the SVD.
In turn, we have:

Γ = YΣ
(
F−1

)†
=

M−1∑
i=0

σi |ui⟩⟨Fi| , (5.91)

where the eigenvectors of Y are equal to |ui⟩ = Γ |Fi⟩/σi, i = 0, . . . ,M − 1. The PGM is
obtained as:

MPGM = Y
(
F−1

)†
=

M−1∑
i=0

|ui⟩⟨Fi| . (5.92)

As a consequence, the following relations hold: Then,

|γs⟩ = YΣ|Fs⟩ and |µs⟩PGM = Y|Fs⟩ , (5.93)

and Eq. (5.88b) reduces to:

Y
(
w(0)Σ− Σ|Fj⟩⟨Fj |Σ

)
Y† ≥ 0 , j = 0, . . . ,M − 1 . (5.94)

It is, therefore, sufficient to show that operator Tj = w(0)Σ − Σ|Fj⟩⟨Fj |Σ is positive
semidefinite for all j. To this aim, we recall that w(0) = PGM⟨µj |γj⟩ = ⟨Fj |Σ|Fj⟩ and we
invoke the Cauchy-Schwartz inequality [25]. Thereby, for any |h⟩ ∈ S, we have:

⟨h|Tj |h⟩ = ⟨Fj |Σ|Fj⟩⟨h|Σ|h⟩ − |⟨h|Σ|Fj⟩|2

≥ ⟨Fj |Σ|Fj⟩⟨h|Σ|h⟩ − ⟨h|Σ|h⟩⟨Fj |Σ|Fj⟩

= 0 . (5.95)

Thus, also condition (5.88b) is verified, proving the PGM as the optimum receiver in the
presence of GUS.
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5.4.2 Extension to mixed states

The PGM has been originally formulated for pure-state discrimination, in which case the
construction of the POVM follows the geometric intuition depicted in Fig. 5.4.1. How-
ever, in 2004 Eldar and Forney derived an extension of the method for mixed-state dis-
crimination of constellations C = {ρk}k, k = 0, . . . ,M−1. [51, 134]. The principle behind
the generalization is the so-called factor decomposition of the density operators ρk [51].

The factor decomposition of a general positive semidefinite matrix ρ is equal to:

ρ = γγ† , (5.96)

achieved for some matrix γ, which does not need to be diagonal. The existence of a
factor follows from the positivity of ρ. In particular, given the spectral decomposition
of ρ, i.e. ρ =

∑r−1
j=0 ρj |ϕj⟩⟨ϕj | = ΦDΦ†, with ρj ≥ 0, r = rank(ρ), D = diag({ρj}j) and

Φ = (|ϕ0⟩, . . . , |ϕr−1⟩), we immediately derive γ = Φ
√
D as a factor of ρ [51].

Once obtained the factors γk for each state ρk, we define the state matrix Γ as:

Γ =

(
γ0, . . . , γM−1

)
, (5.97)

where the number of columns is now equal to H ≥M , with the associated Gram matrix
and operator:

G = Γ†Γ =
(
γ†jγk

)
jk

and T = ΓΓ† =

M−1∑
j=0

γjγ
†
j , (5.98)

where Gjk = γ†jγk now is the (j, k)-block of matrix G, j, k = 0, . . . ,M − 1 .
We now look for a POVM {Πj}j in the form Πj = µjµ

†
j , where now the {µj}j rep-

resent the measurement factors. Then, the construction in Sec. 5.4.1 still holds and the
PGM is defined, accordingly, by:

MPGM = (µ0, . . . , µM−1) = T−1/2 Γ = G−1/2 Γ . (5.99)

We have BPGM = M†
PGMΓ = G1/2, with the corresponding correct decision probability:

P(PGM)
c =

1

M

M−1∑
k=0

Tr

[(
G

1/2
kk

)†
G

1/2
kk

]
, (5.100)

G
1/2
kk being the (k, k)-block of G1/2.

As regards the optimality, we underline that, differently from the case of pure states,
in the presence of mixed-state constellation with GUS, the PGM, in general, is not opti-
mal anymore. To achieve optimality, a further condition is required, namely:

(BPGM)00 = G
1/2
00 = α1H , (5.101)

where α is an arbitrary proportionality constant and 1H is the H × H identity ma-
trix [134]. Satisfying condition (5.101) is nontrivial. As an example, in the commonly
exploited quantum communication systems, based on phase-shift keying and pulse-
position modulation, Eq. (5.101) is not verified, thus the PGM is not optimum even in
the presence of GUS [51].
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Figure 5.5.1: Phase space representation of the QPSK encoding, where information is encoded
in the coherent states |αk⟩ = |α eπ(2k+1)/M ⟩, k = 0, . . . ,M − 1 and M = 4. The constellation
satisfies the GUS for the symmetry operator Sθ = exp(−iθa†a), θ = 2π/M , namely the phase-shift
operator.

5.5 Quantum receivers for quadrature phase-shift keying discrimina-
tion

As in the previous Chapter, we now consider the application of the quantum decision
theory developed in the former section to a realistic quantum communication scenario,
involving M -ary coherent state encoding, see Chapter 3. Differently from Sec. 4.3, in the
presence of multilevel communication systems, there exist different formats for coherent
state modulation, e.g. phase-shift keying, quadrature amplitude modulation, amplitude
phase-shift keying, whose corresponding constellations exhibit different kinds of sym-
metry. Here, we focus our attention on a paradigmatic example, namely phase-shift
keying (PSK), that provides the simplest scheme for practical implementation, as it only
requires phase modulation of a carrier laser beam with given intensity [51]. In more
detail, a PSK(M ) constellation is composed of the M coherent states:

|αk⟩ = |α eiπ(2k+1)/M ⟩ , k = 0, . . . ,M − 1 , (5.102)

where α ≥ 0, generated with equal a priori probabilities qk = 1/M . That is, the con-
stellation is composed of M coherent states with the same energy α2 and phase-shifted
by θ = 2π/M ; therefore, it satisfies the GUS for the phase-shift symmetry operator
Sθ = exp(−iθn̂), n̂ being the photon-number quantum operator [19, 51]. In the fol-
lowing, we focus on the special case M = 4, reported in Fig. 5.5.1, also referred to as
quadrature phase-shift keying (QPSK). The QPSK constellation is a cornerstone example
in M -ary quantum communications, being investigated in several frameworks, ranging
from quantum decision theory [51, 92, 109, 113, 149–155], information transmission over
a quantum channel [156–161], and continuous variable quantum key distribution [19,
162–169].

The QPSK scheme satisfies the GUS, therefore the PGM provides the optimal solution
to the decision problem. That is, the optimum receiver, leading to the maximum correct
decision probability, is obtained by the 1-rank projective POVM {Πj}j , Πj = |µj⟩⟨µj |,
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j = 0, . . . ,M − 1, satisfying M = ΓA with the optimal coefficient matrix A = G−1/2, see
Sec. ??, where the Gram matrix G = (Gjk)jk, j, k = 0, . . . , 3, is defined as:

Gjk = ⟨αj |αk⟩ = exp

{
−α2

[
1− cos

(
π(k − j)

2

)]}
×

exp

{
−i α2 sin

(
π(k − j)

2

)}
. (5.103)

Thereafter, we obtain the minimum error probability allowed by quantum mechanics
as:

Pmin = 1−
∣∣∣(G1/2

)
00

∣∣∣2 = 1− 1

16

 3∑
j=0

g
1/2
j

2

, (5.104)

where {gj}j are the eigenvalues of the Gram matrix. Since G is circulant, it is diag-
onalized by the inverse discrete Fourier transform matrix F−1 in Eq. 5.52, therefore
gj = (FGF−1)jj . Straightforward calculation leads to:

g0 = 2e−α
2

(coshα2 + cosα2) ,

g1 = 2e−α
2

(sinhα2 + sinα2) ,

g2 = 2e−α
2

(coshα2 − cosα2) ,

g3 = 2e−α
2

(sinhα2 − sinα2) . (5.105)

In literature, the error probability (5.104) is sometimes referred to as the QPSK Helstrom
bound (with partial abuse of language), since derivation of the optimum QPSK receiver
was also carried out by Helstrom in [9]. We also note that the optimum POVM, equal
to the PGM, corresponds to projection over a suitable linear superpositions of the con-
stellation states {|αk⟩}k, i.e. |µj⟩ =

∑
k(G

−1/2)kj |αk⟩, as for binary coherent state dis-
crimination. However, differently from the binary case where the PGM is implemented
via the Dolinar receiver [94, 95], in the presence of QSPK designing a feasible optimum
receiver is an open problem, and, from a practical point of view, there is no clear idea on
its experimental implementation [19].

On the other hand, the standard quantum limit (SQL), namely the error probability
associated with conventional QPSK receivers, is achieved by double homodyne detec-
tion. That is, we perform joint measurement of quadratures q and p on the incoming
signal, retrieving a pair of real outcomes x = (x, y) ∈ R2, and adopt the following de-
cision rule: if both x, y ≥ 0 we infer state “0”, if x < 0 and y ≥ 0 we infer “1”, if both
x, y < 0 we infer “2” and, finally, if x ≥ 0 and y < 0, we infer “3”. The double homodyne
probability distribution of state |αk⟩ reads:

pDH(x|k) =
1

4π
exp

{
− [x− 2Re(αk)]

2
+ [y − 2 Im(αk)]

2

4

}
, (5.106)

expressed in shot-noise units, such that the probability pDH(j|k) of performing the de-
cision j when state k is sent is equal to pDH(j|k) =

∫
Qj
dx pDH(x|k), where Qj is the

(j + 1)-th quadrant of the (x, y) plane, corresponding to the confidence region derived
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from the previous decision rule. In particular, for all k = 0, . . . , 3, we have:

pDH(k|k) = pDH(0|0) =
∫ ∞

0

dx

∫ ∞

0

dy pDH(x|k) =

[
1 + erf

(
α/

√
2
)

2

]2
, (5.107)

and, accordingly, we retrieve the SQL as:

PSQL = 1− 1

4

3∑
k=0

pDH(k|k) = 1− 1

4

[
1 + erf

(
α√
2

)]2
, (5.108)

such that PSQL > Pmin. In particular, in the high-energy limit α2 ≫ 1, we have PSQL ≈√
2/(πα2)e−α

2/2 and Pmin ≈ e−2α2

/2: thereby, the two error probabilities show different
dependence on the input energy, and the ratio PSQL/Pmin → ∞ when α2 → ∞.

As a consequence, we claim to design quantum receivers that beat the SQL and pro-
vide a genuine quantum advantage, even though they are not able to reach the minimum
error probability. Following the philosophy adopted for BPSK discrimination, the first
idea in this direction is to provide suitable generalization of the Dolinar receiver, and in-
vestigate its optimality. This approach has been carried out by Bondurant in 1993, who
designed a QPSK feedback receiver based on conditional nulling displacements [150].
Unfortunately, the Bondurant receiver is not optimum, and, to date, it is not known
whether or not the PGM can be implemented by optical feedback and linear optics.
Nevertheless, the Bondurant receiver outperforms the SQL in the high-energy limit, thus
providing anyway a cornerstone example in the field ofM -ary quantum communication
systems. Its functioning is explained in detail here below.

5.5.1 The Bondurant receiver

Starting from the Dolinar receiver, that provides optimal binary discrimination by condi-
tional time-dependent displacements and feedback control, see Sec. 4.3.2, it is possible to
design feedback receivers for M -ary discrimination by suitable extension of the scheme
in Fig. 4.3.5 [170]. The first attempt in this direction has been made in 1993 by Bon-
durant, who proposed a feedback receiver for QPSK discrimination [150]. In particular,
he designed two kinds of receivers, referred to as type I and type II Bondurant receiver, re-
spectively, and obtain a near-optimum performance, beating the SQL in the high-energy
regime.

As in Sec. 4.3.2, since we deal with coherent states, the analysis can be conducted by
considering the time-dependent wavepackets ψk(t), associated with the encoded states
|αk⟩, k = 0, . . . , 3, equal to:

ψk(t) = eiπ(2k+1)/4 ψ e−iωt , 0 < t ≤ T , (5.109)

with ψ > 0, and ω and T being the carrier signal frequency and the time slot duration,
respectively. Accordingly, the mean energy of each pulse reads n̄k = ψ2T = α2.

Similarly to the Dolinar scheme, the Bondurant receiver implements a feedback loop,
applying a time-dependent “nulling” displacement D(−ψj(t)) to the incoming signal
ψk(t), j, k = 0, . . . , 3, where the nulled symbol j is decided according to the outcome
of a photodetector, performing continuous-time measurement The receiver is realized
by a photon counter performing on-off detection connected to a switch s, that, now, can
assume the four positions, namely s = 0, . . . , 3, as depicted in Fig. 5.5.2. The position s(t)
at time t ≤ T determines the amplitude of a nulling displacement operation D(−ψj(t)),
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Figure 5.5.2: Setup of the Bondurant receiver. The field ψk(t) undergoes a nulling displacement
operation D(−ψj(t)), j, k = 0, . . . , 3, the value of j being determined by the position of a switch
s(t), with initial condition is s(0) = 0. In the type I receiver, s(t) increases in sequential fashion at
every count of the photodetector, whereas in the type II receiver s(t) is suitably determined from
the the time arrival distribution of the clicks. After time T , the value s(T ) gives the final decision.

with j = s(t), to be performed on the field ψk(t). To determine the value of s(t) at each
time, different switching rules are considered for the type I and type II scheme.

In particular, the type I Bondurant receiver tries to null out the incoming field in
sequential order. The initial position of the switch is set to s(0) = 0, and the signal at time
t = 0 is displaced byD(−ψ0(0)). Then, at every click of the detector, the switch increases
its position by 1, proceeding in sequential fashion, namely 0 → 1 → 2 → 3. As an
example, if the detector register clicks at times t1, t2 and t3, the displacement is changed
to D(−ψ1(t)) for t1 < t ≤ t2, D(−ψ2(t)) for t2 < t ≤ t3 and D(−ψ3(t)) for t3 < t ≤ T .
After the whole signal is processed, the switch position s(T ) infers the probed state to be
|αs(T )⟩.

The calculation of the error probability follows from the properties of Poisson stochas-
tic processes [96]. In particular, if state k is probed and symbol j is nulled, the displaced
field D(−ψj(t))ψk(t) = ψk(t)− ψj(t), is associated with Poisson photon counting statis-
tics, and the outcome of the photon counter is described as a stationary Poisson stochas-
tic process with rate:

λjk = |ψk(t)− ψj(t)|2 = 2ψ2

{
1− cos

[
π(j − k)

2

]}
, (5.110)

such that the probability of registering a click in a time bin of duration δt≪ T is equal to
λjkδt [96]. In turn, the probability π(0)

jk (t1, t2) that the detector does not click in the time
interval (t1, t2] reads:

π
(0)
jk (t1, t2) = lim

δt→0

(
1− λjkδt

) t2−t1
δt

= e−λjk(t2−t1) . (5.111)

Given this results, the receiver performs a decision error when not enough photocounts
are registered, i.e. when the detector at time T experiences nc < k clicks if state k is
probed, with the consequence that the “nulling” displacement D(−ψk(t)) is not imple-
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mented at all. Accordingly, the error probability P (I)
Bon(k) given state k is equal to

P
(I)
Bon(k) =

k−1∑
nc=0

p(nc|k) , (5.112)

where p(nc|k) is the probability of retrieving nc clicks if state k was sent. If k = 0 no
errors are made, since state “0” is always nulled thanks to the initial condition s(0) =
0. On the contrary, if k = 1 an error occurs if no clicks are registered over the whole
interval (0, T ], as in this case the receiver always implements D(−ψ0(t)) and, ultimately,
performs the decision “0”. The error probability P (I)

Bon(1) reads:

P
(I)
Bon(1) = p(nc = 0|1) = π

(0)
01 (0, T ) = e−2ψ2T = e−2α2

. (5.113)

If state k = 2 is sent, we have a decision error if either zero or one click is registered. The
probability in the former case is equal to p(nc = 0|2) = π

(0)
02 (0, T ) = exp(−4α2), whereas

in the latter one we have a single click at time t1 ≤ T , thus:

p(nc = 1|2) =
∫ T

0

dt1 π
(0)
02 (0, t1)λ02 π

(0)
12 (t1, T )

=

∫ T

0

dt1 e
−4ψ2t1

(
4ψ2

)
e−2ψ2(T−t1)

= 2e−2α2
(
1− e−2α2

)
. (5.114)

Summing up the two contributions, we get:

P
(I)
Bon(2) = 2e−2α2

− e−4α2

. (5.115)

Finally, in the case k = 3 errors are obtained if the photon counter clicks at most twice.
We have:

p(nc = 0|3) = e−2α2

, (5.116a)

p(nc = 1|3) = e−2α2

− e−4α2

, (5.116b)

while the probability of getting two clicks at times t1 ≤ T and t2 > t1 reads:

p(nc = 2|3) =
∫ T

0

dt1

∫ T

t1

dt2 π
(0)
03 (0, t1)λ03 π

(0)
13 (t1, t2)λ13 π

(0)
23 (t2, T )

=

∫ T

0

dt1

∫ T

t1

dt2 e
−2ψ2t1

(
2ψ2

)
e−4ψ2(t2−t1)

(
4ψ2

)
e−2ψ2(T−t2)

= 4α2e−2α2

− 2e−2α2
(
1− e−2α2

)
. (5.117)

Ultimately, P (I)
Bon(3) reads:

P
(I)
Bon(3) = 4α2e−2α2

+ e−4α2

, (5.118)

and the overall error probability of the type I Bondurant receiver is obtained as:

P
(I)
Bon =

1

4

3∑
k=0

P
(I)
Bon(k) = e−2α2

(
α2 +

3

4

)
. (5.119)
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Figure 5.5.3: Log plot of P (p)
Bon, p = I, II, as a function of the signal energy α2. PSQL and Pmin refer

to the SQL (5.108) and the minimum error probability (5.104) achieved by the PGM, respectively.
Type I and type II receivers beat the SQL for α2 ≥ α2

p, p = I, II, whereas, in the limit α2 ≫ 1, we
have P (I)

Bon ≈ α2e−2α2

and P (II)
Bon ≈ e−2α2

, proving type II receiver to be near-optimum.

The plot of P (I)
Bon is reported in Fig. 5.5.3, together with the SQL (5.108) and the minimum

error probability (5.104). As we can see, the receiver is not optimum, as in the high-
energy limit α2 ≫ 1 we have P (I)

Bon ≈ α2e−2α2

, whilst Pmin ≈ e−2α2

. Nevertheless, it still
beats the SQL for α2 ≥ α2

I ≈ 0.68, providing a quantum advantage for a wide range of
signal energies.

The performance of the type I receiver can be enhanced by suitably improving the
the ordering of the pulse nulling. In fact, we note that the most detrimental effect on
P

(I)
Bon is determined by the probability p(nc = 2|3) in Eq. (5.117), containing the term

proportional to α2e−2α2

. This contribution can be significantly reduced by extracting
some information on the signal from the time arrival distribution of the first two clicks.
In fact, if state k = 3 is sent, the counting rate switches from λ03 = 2ψ2 to λ13 = 4ψ2 when
the first click is registered, therefore we expect the second click to occur more quickly
then the first one. That is, if the photon counter clicked at times t1 and t2, it would be
more likely that t1 > (t2−t1). On the contrary, we would have t1 ≤ (t2−t1) if state k = 2
were sent, as, now, the count rate would be reduced after the first click, since λ02 = 4ψ2

and λ12 = 2ψ2. Following this considerations, we construct the type II receiver from the
same scheme in Fig. 5.5.2, albeit with the following improved switching rule:

• the switch is initialized in position 0, s(0) = 0. If no clicks are registered, i.e. nc = 0,
at time T we infer state “0”;

• if a click is registered at time t1 ≤ T , the switch moves to position s(t) = 1 for
t > t1. If no more clicks are registered, at time T we infer state “1”;

• if a second click is obtained at t2 > t1, then:

a) if t1 ≤ (t2 − t1), i.e. t2 ≥ 2t1, we set s(t) = 2 and perform the displacement
D(−ψ2(t)) for t > t2. If no more counts are registered until time T , we infer
state “2”; otherwise, if another count occurs, we infer state “3”.

b) if t1 > (t2 − t1), i.e. t2 < 2t1, we set s(t) = 3 and perform the displacement
D(−ψ3(t)) for t > t1. If no more counts are registered until time T , we infer
state “3”; otherwise, if another count occurs, we infer state “2”.
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In turn, the error probabilities for given input state P (II)
Bon(k) only differ for k = 2, 3,

while P (II)
Bon(0) = P

(I)
Bon(0) = 0 and P

(II)
Bon(1) = P

(I)
Bon(1) = exp(−2α2). On the contrary, if

state k = 2 was sent, errors occur when either the number of total clicks is nc < 2, see
Eq. (5.121), or nc = 2 clicks are obtained at times t1 and t2, with t2 < min{2t1, T}. In this
latter case, we have:

p(nc = 2,t2 < min{2t1, T}|2)

=

∫ T

0

dt1

∫ min{2t1,T}

t1

dt2 π
(0)
02 (0, t1)λ02 π

(0)
12 (t1, t2)λ12 π

(0)
32 (t2, T )

=

∫ T

0

dt1

∫ min{2t1,T}

t1

dt2 e
−4ψ2t1

(
4ψ2

)
e−2ψ2(t2−t1)

(
2ψ2

)
e−2ψ2(T−t2)

= 2e−4α2
(
1− eα

2
)2

, (5.120)

therefore:

P
(II)
Bon(2) = e−4α2

(
1− 2eα

2
)2

. (5.121)

Finally, if state k = 3 we have a decision error when either nc < 2, see Eq. (5.116), or
when nc = 2 clicks are obtained at times t1 and t2, with t2 ≥ min{2t1, T}, with associated
probability:

p(nc = 2,t2 ≥ min{2t1, T}|3)

=

∫ T

0

dt1

∫ T

min{2t1,T}
dt2 π

(0)
03 (0, t1)λ03 π

(0)
13 (t1, t2)λ13 π

(0)
23 (t2, T )

=

∫ T

0

dt1

∫ T

min{2t1,T}
dt2 e

−2ψ2t1
(
2ψ2

)
e−4ψ2(t2−t1)

(
4ψ2

)
e−2ψ2(T−t2)

= 2e−4α2
(
1− eα

2
)2

, (5.122)

such that

P
(II)
Bon(3) = P

(II)
Bon(2) = e−4α2

(
1− 2eα

2
)2

. (5.123)

Ultimately, we retrieve the error probability of the type II Bondurant receiver as:

P
(II)
Bon =

1

4

3∑
k=0

P
(II)
Bon(k) =

3

4
e−4α2

− 2e−3α2

+ 2e−2α2

, (5.124)

reported in Fig. 5.5.3. We have P
(II)
Bon ≥ P

(I)
Bon for all energies and beats the SQL for

α2 ≥ α2
II ≈ 0.35 < α2

I . Remarkably, in the high-energy regime we have:

P
(II)
Bon ≈ 2e−2α2

= 4Pmin for α2 ≫ 1 , (5.125)

proving the type II receiver to be near-optimum.
The two Bondurant receivers represent a benchmark for all the QPSK receivers pro-

posed thereafter. In particular, in 2015 Müller et al. designed an improved version by
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Figure 5.5.4: Scheme of the QDRE proposed in [109]. The incoming signal |αk⟩ is split into 3
branches thanks to a pair of beam splitters with transmissivity t1(2) (and corresponding reflectiv-
ity r1(2) = 1 − t1(2). On the 3 signals, we implement the “nullling” displacements D(−

√
t1α0),

D(−√
r1r2α2) and D(−

√
r1t2α1), respectively, followed by on-off detection. We perform the final

decision according to the outcomes of the 3 detection schemes: if a “off” is obtained on the first
branch, we infer state “0”; if “on” and “off” are retrieved from the first and second branch, respec-
tively, we infer “2”; if two “on” and a “off” are registered on the first, second and third branch,
respectively, we infer “1”; otherwise, we perform decision “3”.

optimizing the displacement amplitude [155]. That is, they replaced the “nulling” dis-
placements D(−ψj(t)) with optimized displacements D(uj(t)), with

uj(t) = eiπ(2j+1)/4 u e−iωt , j = 0, . . . , 3 , (5.126)

where the wavepacket amplitude u is optimized to minimize the resulting error prob-
ability. Differently to exact-nulling schemes, now the total number of detection events
is, in general, unbounded, as the clicks registered by the photon counter at time T may
be nc > 3. Therefore, the authors considered two different switching rules: either cyclic
probing, where s(t) is changed in cyclic order 0 → 1 → 2 → 3 → 0 → . . ., or Bayesian
probing, based on the maximum a posteriori probability (MAP) criterion. In both the
cases, they obtain a quantum advantage for all input energy, beating the SQL for all
α2 > 0 and outperforming also the type I Bondurant receiver [155].

However, despite its theoretical relevance, due to the technical difficulties in imple-
menting the feedback loop, the first experimental realization of the Bondurant scheme
has been obtained only in 2020 by Jabir et al. [170]. The authors implement Müller’s
improved scheme with the cyclic probing rule, where the real-time displacement ad-
justment is implemented by a field-programmable gate array (FPGA), stimulated by the
electric pulses produced by the photon detector. The experimental data prove a quantum
advantage over the SQL only in the low energy regime, due to the presence of a reduced
visibility ξ ≈ 0.997 that prevents an efficient decision strategy for large energies, making
the error probability increase when α2 ≫ 1.

5.5.2 The quaternary displacement receiver

As discussed above, the Bondurant receiver represents a challenging solution from a
practical point of view, as its implementation requires continuous photo-detection and
fast electrical feedback. As a consequence, simpler feasible receivers have been proposed
thereafter, splitting the coherent signal into a finite number of copies, and employing
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the displacement-photon counting technique. These receivers have been designed in
different forms, either employing feed-forward strategies [92, 109, 151, 153–155] or not
[109, 152, 153, 169].

In particular, displacement receivers without feed-forward can be constructed as a
generalization of the Kennedy receiver, described in Sec. 4.3.1, where, now, the input
signal should be divided in 3 copies, as at most 3 nulling displacements are necessary
to perform a conclusive decision. The first proposal in this direction has been raised by
Izumi et al. in 2012 [109], whose scheme is reported in Fig. 5.5.4. In the following, we
will refer to this scheme as the quaternary displacement receiver (QDRE).

In the QDRE, the incoming signal |αk⟩, k = 0, . . . , 3, is split in three branches thanks
to a pair of beam splitters with transmissivity t1(2) (and corresponding reflectivity r1(2) =
1 − t1(2)). Following Kennedy’s philosophy, the signal in the first branch, |

√
t1αk⟩, un-

dergoes the displacement D(−
√
t1α0), nulling symbol “0”, followed by on-off detection.

If the measurement outcome is “off”, we directly infer state |α0⟩, and the corresponding
probability p(0|k) reads:

p(0|k) = e−t1|αk−α0|2 = e−2t1α
2[1−cos(kπ/2)] . (5.127)

Otherwise, if we obtain “on” from the first detection, we discard the hypothesis “0”
and consider the subsequent branch. The signal |√r1r2αk⟩ on the second branch is then
displaced by D(−√

r1r2α2). We choose to null symbol “2” instead of “1” because |α2 −
α0|2 ≥ |α1 − α0|2, therefore, if a “on” is retrieved on the first branch, it would be more
likely that state “2” was sent. As before, we perform again on-off detection: if the result
is “off,” then we infer state |α2⟩, otherwise symbol “2” is discarded and a final decision
between states “1” and “3” is performed according to the result on the third branch. The
probability p(2|k) of performing decision “2” when state k is sent is then equal to:

p(2|k) =
(
1− e−t1|αk−α0|2

)
e−r1r2|αk−α2|2

=
(
1− e−2t1α

2[1−cos(kπ/2)]
)
e−2r1r2α

2[1−cos((k−2)π/2)] . (5.128)

Finally, if the result is “on” also on the second branch, we displace the signal on the third
one |

√
r1t2αk⟩ by D(−

√
r1t2α1): if the result is “off,” we infer state |α1⟩, otherwise we

infer state |α3⟩. The corresponding probabilities then read:

p(1|k) =
(
1− e−t1|αk−α0|2

)(
1− e−r1r2|αk−α2|2

)
e−r1t2|αk−α1|2

=
(
1− e−2t1α

2[1−cos(kπ/2)]
)(

1− e−2r1r2α
2[1−cos((k−2)π/2)]

)
×

e−2r1t2α
2[1−cos((k−1)π/2)] , (5.129)

and

p(3|k) =
(
1− e−t1|αk−α0|2

)(
1− e−r1r2|αk−α2|2

)(
1− e−r1t2|αk−α1|2

)
=
(
1− e−2t1α

2[1−cos(kπ/2)]
)(

1− e−2r1r2α
2[1−cos((k−2)π/2)]

)
×(

1− e−2r1t2α
2[1−cos((k−1)π/2)]

)
. (5.130)
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Figure 5.5.5: Log plot of P (p)
QD, p = I, II, as a function of the signal energy α2. PSQL, Pmin, and P (I)

Bon

refer to the SQL (5.108), the minimum error probability (5.104) achieved by the PGM, and the error
probability of type I Bondurant receiver (5.121).

Summing up all the contributions, we obtain the error probability as:

PQD(t1, t2) = 1− 1

4

3∑
k=0

p(k|k) , (5.131)

that depends on the values of the transmissivities t1(2).
We identify two scenarios. In the former, referred to as case I, we consider coherent-

state splitting in equal copies, corresponding to t1 = 1/3 and t2 = 1/2; in the latter, called
case II, we optimize the values t1(2) for each α2 to minimize Eq. (5.131). That is,

P
(I)
QD = PQD(t1 = 1/3, t2 = 1/2)

=
1

4
e−8α2/3

(
1− e2α

2/3 + 4e2α
2
)
, (5.132)

and

P
(II)
QD = min

t1,t2
PQD(t1, t2) . (5.133)

Plots of P (p)
QD, p = I, II, are reported in Fig. 5.5.5 as a function of α2. As we can see,

in both the cases the QDRE beats the SQL for sufficiently high α2, and P
(II)
QD ≤ P

(I)
QD,

proving optimization of the splitted signal fractions as crucial factor to maximize the
receiver performance. In particular, the numerically optimized transmissivities in the
limit α2 ≫ 1 are t1 ≈ 2/5 and t2 ≈ 1/3, therefore:

P
(II)
QD ≈ 5

4
e−4α2/5 for α2 ≫ 1 , (5.134)

whereas P (I)
QD ≈ exp(−2α2/3) > P

(II)
QD .

5.5.3 The quaternary displacement feed-forward receiver

The QDRE performance may be significantly improved by considering displacement
feed-forward receivers. This class of receivers provide a particularly attractive solution,
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Figure 5.5.6: Scheme of the QDFFRE proposed in [109]. The incoming signal |αk⟩ is split into N
copies. Each copy m = 1, . . . , N undergoes a conditional displacement D(−αjm/

√
N) followed

by on-off detection. For the first copy we have j1 = 0. For the others, the outcome of the (m−1)-th
detection sets out the displacement amplitude jm to be implemented on the following copy.

leading to error probabilities closer to the Bonduarant limit, albeit with few adaptive
steps, simpler setup and less-demanding requirements in terms of detection efficiency,
dark count rate and visibility reduction [19, 109]. As a paradigmatic example, here,
we focus on the proposal of the quaternary displacement feed-forward receiver (QDFFRE)
presented in [109] and depicted in Fig. 5.5.6.

The QDFFRE is based on the slicing property of coherent states: indeed, thanks to
an array of splitters, the incoming signal |αk⟩ is split into N ≥ 3 identical copies with
reduced amplitude |αk/

√
N⟩. Then, each m-th copy, m = 1, . . . , N , undergoes a condi-

tional displacement operation followed by an on-off detection which returns a click-no
click result. The first copy is displaced by D(−αj1/

√
N), with j1 = 0, being mapped into

the coherent state |(αk − αj1)/
√
N⟩. In turn, if k = 0 the incoming signal is displaced

into the vacuum and the subsequent on-off detector will not click, whereas if k ̸= 0 the
detector is more likely to click with a probability 1− pk, where

p0 = 1 ,

p1 = p3 = e−2α2/N ,

p2 = e−4α2/N . (5.135)

According to the result of the first detection, we decide what would be the value of the
amplitude of the displacement D(−αj2/

√
N) applied to the second copy: if an “off”

result is registered, that is the detector does not click, we set j2 = j1 = 0; otherwise
we discard hypothesis “k = 0”, set j2 = j1 + 1 and probe the final hypothesis from
the remaining set k = 1, 2, 3. We proceed iteratively in this way until the last copy
is processed, following the feed-forward rule: if the (m− 1)-th detection gives outcome
“off” we displace them-th copy byD(−αjm/

√
N) with jm = jm−1, if an “on” is obtained

we set jm = jm−1 + 1, discard all states j ≤ jm−1 and restrict the decision to the states
jm, . . . , 3. The outcome of the last detection determines the final decision. If an “off” is
retrieved, we decide the state j = jm has been sent, otherwise we perform a random
decision among the remaining states.

The conditional probabilities p(N)(j|k) of inferring the state j = 0, . . . , 3 after N
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Figure 5.5.7: Log plot of the decision error probability P
(N)
QDF as a function of the signal energy

α2 for different N , compared to both the SQL (5.108) and the minimum error probability (5.104)
achieved by the PGM. The QDFFRE beats the SQL only in the regime α2 ≫ 1 and, for large N ,
scales as P (N)

QDF ≈ α2e−2α2

, approaching the type I Bondurant receiver, whilst the minimum error

probability is Pmin ≈ e−2α2

.

copies if state k = 0, . . . , 3 was sent read:

p(N)(0|k) = pNk , (5.136a)

p(N)(1|k) =
N−2∑
t=0

ptk (1− pk) p
N−1−t
(k−1) mod 4 +

pN−1
k (1− pk)

3
, (5.136b)

p(N)(2|k) =
N−3∑
t=0

N−3−t∑
s=0

ptk (1− pk) p
s
(k−1) mod 4 (1− p(k−1) mod 4)×

pN−2−t−s
(k−2) mod 4 +

N−2∑
t=0

ptk (1− pk)
pN−2−t
(k−1) mod 4(1− p(k−1) mod 4)

2

+
pN−1
k (1− pk)

3
, (5.136c)

p(N)(3|k) =
N−3∑
t=0

N−3−t∑
s=0

N−3−t−s∑
u=0

ptk (1− pk) p
s
(k−1) mod 4×

(1− p(k−1) mod 4) p
u
(k−2) mod 4 (1− p(k−2) mod 4) p

N−3−t−s−u
(k−3) mod 4

+

N−2∑
t=0

ptk (1− pk)
pN−2−t
(k−1) mod 4(1− p(k−1) mod 4)

2

+
pN−1
k (1− pk)

3
. (5.136d)
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Then, the associated decision error probability reads:

P
(N)
QDF = 1− 1

4

3∑
k=0

p(N)(k|k) , (5.137)

depicted in Fig. 5.5.7 as a function of α2 for different N . As emerges from the plot, the
present displacement receiver outperforms the SQL achieved with double homodyne
detection only in the high-energy regime α2 ≫ 1. We also note that, in the limit N ≫ 1,
we have P (N)

QDF ≈ e−2α2

(α2 + 3/4), and the QDFFRE approaches the type I Bondurant
receiver [150].

The gap between P
(N)
QDF and Pmin can be further reduced by optimizing the receiver

setup in Fig. 5.5.6. In particular, Izumi et al. obtained a better performance in the low-
energy regime by changing the order of the nulling displacements from the sequenatial
fashion 0 → 1 → 2 → 3 to 0 → 2 → 1 → 3, following the scheme of the QDRE,
such that, if the first “on” is retrieved from the (m − 1)-th copy, we displace the m-th
one by D(−α2/

√
N) instead of D(−α1/

√
N). This choice reduces the error probabil-

ity for α2 < 1, but it worsen the receiver performance in the asymptotic limit α2 ≫ 1
[109]. Further improvements in the low-energy regime may be obtained by replacing
on-off detectors by photon-number resolving detectors to adopt the maximum a pos-
teriori probability criterion [151, 153], and by optimizing the displacement amplitude,
following Müller’s approach [154, 155]. With these methods, we obtain an improved
version of the QDFFRE, being able to beat the SQL for all energies and maximizing the
performance of the displacement-photon counting setup.
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CHAPTER 6

Quantum key distribution: the general framework

The third Part of the thesis is devoted to the field of quantum key distribution (QKD),
that has received increasing attention in the latest years, as it guarantees unconditionally
secure communication between two distant parties connected by an untrusted quantum
channel. In fact, while the current cryptographic systems, e.g. public-key cryptography,
only offer conditional security based on assumptions on the computational complexity of
specific tasks, QKD makes sender and receiver share a random secure key with uncon-
ditional security, regardless the action of any third malicious party, e.g. an eavesdropper
[171–174]. This powerful property directly follows from the quantum mechanics laws,
that impose ineludible limits on any possible eavesdropping strategy, and, accordingly,
lead to general security proofs only based on few basic assumption. Nevertheless, in
practical conditions dealing with unconditional security may be excessive, as a realistic
eavesdropper may encounter further limitations due to both the available state-of-art
technologies and the particular composition of the adopted experimental setup, there-
fore, in time, different security layers have been established, according to the level of
trust of the equipment, e.g. the trusted-device scenario and the wiretap channel assump-
tion.

In this Chapter, we discuss the fundamental aspects of QKD, with particular attention
to continuous variable QKD (CVQKD), in which the key is distilled after the exchange
of coherent states of radiation. Then, we provide a detailed analysis of the unconditional
security framework. At first, we present the GG02 protocol, providing the milestone
CVQKD scheme proposed by Grosshans and Grangiér in 2002, employing Gaussian
modulation of coherent states and Gaussian detection at the receiver [14, 175–177]. Then,
we prove the “optimality of Gaussian attacks” theorem, independently established in
2006 by both Navascués et al. [178] and Garcı́a-Patrón et al. [179, 180], that provides a suf-
ficient condition to assess unconditional security of protocols employing non-Gaussian
modulation and Gaussian detection, and study discrete modulation CVQKD with both
the phase-shift keying (PSK) and quadrature amplitude modulation (QAM) formats.

The structure of the Chapter is the following. At first, in Sec. 6.1 we give a general
overview on QKD, together with an historical outline, and highlight the fundamental
features of all protocols, introducing the key generation rate (KGR) as the main figure of
merit. Thereafter, in Sec. 6.2, we widely discuss CVQKD, and outline the different secu-
rity frameworks to conduct the security analysis. Given these premises, Sec. 6.3 presents
the GG02 protocol, for which the KGR can be exactly computed. Subsequently, in Sec. 6.4
we prove the “optimality of Gaussian attacks” theorem, and exploit it in Sec. 6.5 to ad-
dress unconditional security of the PSK and QAM protocol, employing discrete modu-
lation.

123
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6.1 Basic notions on quantum key distribution

The cryptographic systems currently employed for secure communications are mostly
based on public-key cryptography, which allows two distant parties to exchange confi-
dential messages without pre-sharing a secret key. It provides a convenient solution for
practical applications but, unfortunately, only offers conditional security, as it usually
relies on some assumptions on both the computational resources of a possible eaves-
dropper and the complexity of an underlying mathematical problem, e.g. the difficulty
of factoring large integers in the Rivest-Shamir-Adleman (RSA) algorithm [181]. On the
other hand, the one-time pad [182], together with analogous cryptographic techniques,
offer unconditional security (guaranteed by information theory), albeit with much less
practical implementation, as they require the involved parties to share in advance a se-
cret key with the same length as the confidential message, to keep it secret, and to use it
only once [49]. In practice, the one-time pad technique shifts the security problem from
the transmission of the confidential message to the distribution of a secure key. How-
ever, since distributing long keys is practically not convenient and may pose a significant
security risk, public-key cryptography is more widely used than the one-time pad.

Nevertheless, the rapidly emerging progress in the field of quantum computation
represents a potential threat for conventional classical cryptosystems. In fact, the quan-
tum factoring algorithm developed by Shor allows to perform probabilistic factorization
of non-trivial integers in bounded-error polynomial time [27, 183]. A further weakening
for public-key protocols may also arise from future advances in number theory, where an
efficient factorization algorithm for classical Turing machines may be developed [184].
In contrast, a possible solution to the problem of secure key distillation is offered by
quantum key distribution (QKD), allowing to share a secret key through the exchange
of quantum states [171–174]. The very laws of quantum mechanics, like the uncertainty
principle, the no-cloning theorem, or the monogamy of entanglement, guarantee the un-
conditional security of QKD protocols, making the two communicating parties detect
the intrusion of any malicious eavesdropper [75].

Historically, the first QKD protocols have been designed for discrete variable (DV)
systems, i.e. qubits. Preliminary ideas in this direction dates back to the early 1970s,
when Wiesner speculated about the design of bank notes robust to counterfeiting [185,
186], until 1984, when Bennett and Brassard introduced the first seminal DVQKD pro-
tocol, referred to as BB84 [13], which nowadays is the main one being commercially
distributed. In time, several DVQKD schemes have been proposed, e.g. employing en-
tangled photons [187], non-orthogonal quantum states [68] and decoy states [188–190].
However, from a practical point of view, the large-scale implementation of DV systems
is highly nontrivial for a twofold reason. The main obstacle is represented by the gen-
eration of single photons, whose polarization provides the proper degree of freedom to
encode the secure bits. Furthermore, the technology required by DVQKD is not com-
patible with the that of classical telecommunication systems, which, instead, are based
on exchange of laser pulses and homodyne or double homodyne (DH) measurements of
optical signals [38, 191–193].

For these reasons, from the late 1990s, proposals of QKD protocols on continuous
variable (CV) platforms were developed [194–199]. Ultimately, in 2002 Grosshans and
Grangier proposed the first genuine CVQKD protocol based on Gaussian modulation of
coherent states and single quadrature detection at the receiver’s side, referred to as GG02
[14, 175–177]. Later, a no-switching scheme where the single quadrature measurement
is replaced by DH detection has also been proposed by Weedbrook et al. [200]. More re-
cently, also squezeed-state protocols have been developed, obtaining further advantages
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in the case of long-distance transmission [201–205].

6.1.1 The general structure of a QKD protocol

Regardless the particular platform employed to transmit quantum states between the
two parties, either DV or CV, all QKD protocols share the same fundamental structure,
being divided into two main parts, that is a quantum communication stage followed by
classical post-processing [174].

The first one represents the quantum part of the protocol. Here, the sender, Alice, en-
codes the outcomes of a classical random variable α, generated with a priori probability
pA(α), onto an ensemble of quantum states, being not necessarily orthogonal with one
another. These states are, then, sent to the receiver, Bob, throughout a quantum chan-
nel. More precisely, with the term “quantum channel” we refer to the physical support
connecting Alice and Bob, in which the encoded signals propagate. In practical contexts,
it describes different physical systems according to the adopted platform, e.g. optical
fibers, free-space settings, fading channels or underwater communications [191, 206–
208]. Beside, the channel is typically noisy, and introduces distortions of the input sig-
nals; therefore, it is considered as untrusted, assuming these distortions to be produced
by a third malicious party, the eavesdropper (Eve), who is interested in extracting the
secure key generated by Alice and Bob. After the channel, Bob probes his received sig-
nals by performing a measurement, described by a suitable POVM, retrieving a random
outcomes β, associated with probability pB(β), being partially correlated to Alice’s ones.
In turn, after repeated iterations of the present scheme, Alice and Bob share a set of raw
data described by the two correlated classical variables α and β.

For what concerns the post-processing part, we can divide it into three steps.

• Channel evaluation: Alice and Bob use part of their raw data to assess the character-
istics of the channel, by performing estimation of the channel parameters, such as
its transmissivity and added noise.

• Reconciliation: starting from the results of channel estimation, Alice and Bob par-
tially share a subset of their data to perform error correction, which allows them
to detect and eliminate errors induced by the signal transmission, and ultimately,
agree on a common raw key. We note that, at this stage, this raw common bit
string can be partially known by the eavesdropper which can intercept the flow of
information.

• Privacy amplification: the raw key undergoes a stage of privacy amplification, im-
plemented via numerical codes based on hash functions,e.g. low density parity
check (LDPC) codes [209, 210], which allows the trusted parties to reduce the
eavesdropped information to a negligible amount, at the cost of reducing the length
of the common bit string. The result of this stage provides the secure key, which is
typically much shorter than the raw one.

In some particular protocols, like BB84, a further step, called sifting, is introduced: in
this case, the two parties perform classical communication to agree on a subset of their
raw data, while discarding the rest, according to the measurement bases that they chose
independently in each repetition of the protocol [171, 172, 174].

Remarkably, we underline that the reconciliation step requires a public exchange of
information, performed on a classical authenticated channel. Therefore the secure key
can be distilled only thanks to proper interplay between quantum and classical com-
munication stages; whereas the sole quantum communication is insufficient to the task.
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Moreover, reconciliation can be performed in two alternative ways, according to the
party that publicly reveals part of his data. We have direct reconciliation (DR) if this party
is Alice, and Bob post-processes its outcomes accordingly to infer Alice’s encodings. This
procedure is typically realized via forward classical communication Alice → Bob. In the
opposite scenario, referred to as reverse reconciliation (RR), the situation is reversed; now,
we have backward classical communication Bob → Alice, and Alice post-processes her
data to infer Bob’s variable [174].

6.1.2 Eavesdropping strategies

The figure of merit to assess the security of the protocol is the key generation rate (KGR),
also referred to as secret key rate, expressed in bits per time slot, i.e. per channel use, and
defined as the difference between the amount of information shared by Alice and Bob
and the information lost throughout channel propagation, assumed to be intercepted by
Eve. Given this premise, security can be investigated in two different conditions. The
former, called asymptotic security, requires the two parties to perform N ≫ 1 repetitions
of the protocol, thus possessing an infinite dataset of variables (α, β). In particular, this
implies that the channel parameters can be estimated with no uncertainty, according to
the Cramér-Rao theorem [211]. Clearly, the asymptotic security provides a simpler, al-
though less realistic, scenario. On the other hand, when the number of repetitions N is
not large enough to reach the asymptotic regime, we deal with finite size effects, which
introduce ineludible inefficiencies in all the post-processing stages, thus weakening se-
curity of the scheme.

Let us start with the asymptotic case. Now, the possible attacks that Eve may launch
can be divided into three main class, namely individual, collective, and coherent, ac-
cording to the amount of resources in her hands. In individual attacks, Eve performs an
independent and identically distributed (i.i.d.) attack on each single intercepted signal.
That is, at every repetition of the protocol, she prepares a fresh ancillary state which
interacts with the transmitted signal and is individually measured thereafter. The in-
dividual measurements can be either performed on-the-fly or delayed at the end of the
protocol, letting Eve optimize them according to the public information shared on the
classical authenticated channel. Therefore, in this case the three parties, Alice, Bob and
Eve, end up with three classical correlated random variables α, β and γ, respectively.
The asymptotic KGR is then obtained as the difference between the mutual information
shared by the various parties, namely:

Kind = βI(A;B)− I(A;E) for DR, (6.1a)

Kind = βI(A;B)− I(B;E) for RR, (6.1b)

where β ≤ 1 is the reconciliation efficiency, quantifying the procedural errors of both er-
ror correction and privacy amplification, I(A;B) is Alice and Bob’s mutual information
associated with the variables α and β, whilst I(A;E)[I(B;E)] is the mutual information
shared by Alice (Bob) and Eve, corresponding to the variables α (β) and γ. Clearly, the
protocol is successful iff the KGR is larger than 0, meaning that the information shared
between Alice and Eve is larger than that intercepted by Eve.

On the contrary, we have collective attacks when Eve still launches an i.i.d. attach us-
ing a fresh ancilla per channel use, but now, she stores all the interpreted states into
a quantum memory, being collectively measured only at the end of the protocol. If
so, we should assume Eve to achieve the maximum amount of information allowed by
quantum mechanics laws, corresponding to the Holevo information (which, indeed, is
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achieved by collective measurement). Thus, the KGR becomes:

Kcoll = βI(A;B)− χ(A;E) for DR, (6.2a)

Kcoll = βI(A;B)− χ(B;E) for RR, (6.2b)

where χ(A;E) = S[ρE ] −
∫
dα pA(α)S[ρE|α] and χ(B;E) = S[ρE ] −

∫
dβ pB(β)S[ρE|β ]

are the Holevo information between Alice and Eve, and Bob and Eve, respectively. In
the former expression, ρE represents the average state in Eve’s hands, ρE|α(β) is Eve’s
state conditioned to the outcome α(β), associated with probability pA(α)[pB(β)], and
S[ϱ] = −Tr[ϱ log2 ϱ] is the von Neumann entropy of state ϱ.

Finally, in the case of coherent attacks, the i.i.d. hypothesis is relaxed. That is, Eve pre-
pares a global non-factorized ancillary state on a set of correlated modes, which jointly
interacts with all the encoded signals via collective unitary operation. The output state is
then stored in a quantum memory, and collectively measured at the end of the protocol.
Coherent attacks provide the most powerful eavesdropping strategy; however, in the
asymptotic scenario, Renner proved that they can be reported back to collective attacks
thanks to quantum de Finetti reduction [212–214].

Beyond asymptotic security, finite-size effects arise in the presence of a finite number
N of protocol repetitions. In this case, the KGR should be appropriately modified to take
into account the inefficiencies introduced in each post-processing step, namely param-
eter estimation, error correction and privacy amplification. On the one hand, channel
evaluation is not exact with a finite statistical sample, and the estimated parameters are
associated with a confidence interval of finite width; on the other hand, error correction
and privacy amplification are practically implemented by probabilistic routines, thus
being associated with a nonzero failure probability that scales with the length of the pro-
cessed dataset. In turn, in the finite-size setting perfect security cannot be achieved, but
we are limited to ε-security: that is, we introduce a (possibly small) ε parameter, quanti-
fying the error probability of each protocol step, meaning that the protocol is successful
with probability ≥ 1 − ε. The security proofs conducted in this framework falls under
the composable security paradigm, currently established for many DV and CV schemes
[167, 168, 206, 215–221].

6.2 Continuous variable QKD

In this thesis, we restrict ourselves to the analysis of CVQKD schemes, which can be di-
vided into two main categories, according to the quantum states of radiation employed
by Alice to encode her random variable, being either coherent or squeezed signal states
[174, 222]. In more detail, we only consider protocols employing coherent-state modu-
lation, focusing on asymptotic security under collective attacks. Instead, a detailed dis-
cussion on the fundamental issues of the finite-size setting is reported in [180, 206, 220].
Moreover, we focus on RR strategies, that provide a more powerful solution for long-
distance communications, whilst DR is intrinsically bounded to a 3 dB-limit of channel
losses, as more than 50% of the signal must arrive to the receiver in order to have the
information shared between sender and receiver larger than the one shared between
sender and eavesdropper [174, 222].

Here, we present the basic features of coherent-state protocols. First of all, we un-
derline the security analysis can be carried out under two equivalent frameworks. The
former, referred to as the prepare and measure (PM) protocol, represents the most intu-
itive and feasible scheme. Here, Alice samples a random variable drawn from a suitable
probability distribution, either discrete or continuous, and encodes its value onto optical
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Figure 6.2.1: Scheme of the PM version of CVQKD. Alice randomly generates a coherent state |αk⟩
with probability pA(αk) and sends it to Bob throughout an untrusted noisy quantum channel,
described by the quantum CP map N . Bob performs the POVM {Π(B)

x }x on the received signals,
obtaining a set of outcomes x correlated to Alice’s ones.

signals. The signals are then sent to Bob, who implements a quantum measurement to
infer the value of the encoded variable. The latter is the entanglement-based (EB) protocol,
being a theoretical scheme, equivalent to the PM, in which Alice’s preparation is mod-
eled as a quantum measurement over one branch of a two-mode entangled state, that
projects the remaining mode onto the signal state transmitted throughout the channel
[174, 222]. Despite this more elaborated structure, the EB scheme turns out to provide a
simpler theoretical analysis, as will become clearer in the following.

6.2.1 Prepare and measure protocol

The prepare and measure (PM) version of CVQKD, corresponding to the practical im-
plementation scheme of the protocol, is depicted in Fig. 6.2.1. In the PM protocol, Alice
prepares a coherent state drawn from a constellation {|αk⟩}k, k ∈ K, sampling the k-th
state with a priori probability pA(αk), such that

∑
k pA(αk) = 1. Here, we adopt a gen-

eral description, where the random variable of Alice’s source may be either continuous
or discrete [222, 223]. When the constellation contains an infinite number of states, the
set K has infinite cardinality and we deal with continuous modulation [14, 175–177, 200],
whereas in the presence of a finite number of the constellation states, K contains a finite
number of elements k = 0, . . . ,M − 1, and we have discrete modulation [20, 162, 164, 165,
223–235]. The average state generated at Alice’s side then reads:

ρ =
∑
k∈K

pA(αk)|αk⟩⟨αk| . (6.3)

We note that ρ is a density operator acting on the subspace spanned by the constellation
states, namely ρ ∈ L(S), S = span{|αk⟩ : k ∈ K}, which in the presence of continu-
ous modulation typically coincides with the whole Hilbert space. On the contrary, in
discrete modulation schemes, ρ is a convex mixture of M linearly independent vectors,
thus rank(ρ) =M . In turn, the mean photon number employed at the modulation stage,
referred to as the modulation energy reads:

n̄ =
∑
k

pA(αk)|αk|2 . (6.4)

After modulation, the encoded pulses are injected into the untrusted noisy channel,
described by a quantum CP map N until to reach Bob, who performs a suitable quan-
tum measurement on the received signals, described by the POVM {Π(B)

x }x, Π(B)
x ≥ 0,
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Figure 6.2.2: Scheme of the EB version of CVQKD. Now, Alice holds the two-mode entangled state
|Φ⟩⟩AA′ on two modes A and A′; when she performs the projective measurement P(A)

k on mode A,
mode A′ is projected into the coherent state |αk⟩A′ with probability pA(αk). The prepared state is
then injected into the noisy untrusted channel, associated with the CP map N : A′ → B, to Bob,
who implements his POVM {Π(B)

x }x.

∑
xΠ

(B)
x = 1̂, and retrieves the outcome x ∈ X . Typically, one consider Gaussian

measurements, either homodyne or DH. The outcomes x are distributed according to
the conditional probability distribution pB|A(x|αk) when Alice sent the k-th state, from
which we retrieve the overall probability distribution pB(x) =

∑
k pA(αk)pB|A(x|αk).

6.2.2 Entanglement based protocol

An equivalent version of the former PM protocol is the entanglement based (EB) scheme.
While the PM protocol represents the actual practical implementation of CVQKD, the
corresponding EB version provides a simpler theoretical analysis. In fact, the two schemes
are indistinguishable from the perspective both of Bob and Eve, therefore they share the
same security and are equivalent between each other [174, 222, 223].

The key idea to construct the EB scheme is to model Alice’s state preparation as the
result of a quantum measurement performed onto an ancillary physical system. As de-
picted in Fig. 6.2.2, in the EB protocol Alice holds a bipartite entangled state |Φ⟩⟩AA′ on
two modes A and A′, expressed in the form:

|Φ⟩⟩AA′ =
∑
k

√
pA(αk) |ψk⟩A |αk⟩A′ , (6.5)

where A⟨ψj |ψk⟩A = δjk, with j, k ∈ K. Thereby, when Alice performs the projective
measurement P(A)

k = |ψk⟩A⟨ψk| on mode A, mode A′ is projected into the coherent state
|αk⟩A′ with probability pA(αk). The prepared signal on A′ is then injected into the un-
trusted channel and probed by Bob, as in the PM protocol [222, 223]. Moreover, we note
that the average state on mode A′ being sent to Bob is equal to the state ρ reported in
Eq. (6.3):

TrA

[
|Φ⟩⟩AA′⟨⟨Φ|

]
=
∑
k

pA(αk)|αk⟩A′⟨αk| = ρA′ , (6.6)

where the pedix A′ underlines the optical mode on which the state is generated. This
guarantees the equivalence of the EB protocol with the PM. However, we remind that
the choice of the purification is highly not unique, therefore there exist infinitely many
choices of both |Φ⟩⟩AA′ and P(A)

k , all of them being equivalent from the perspective of
security analysis.
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Given this outline, we now perform explicit construction of the entangled state in
Alice’s hands, satisfying both Eq.s (6.6) and (6.8) [162, 180, 223]. We start from the eigen-
value decomposition of the state ρ in (6.3), namely ρ =

∑
j λj |ϕj⟩⟨ϕj |, λj ≥ 0, and

consider the particular purification obtained by the Schmidt decomposition:

|Φ⟩⟩AA′ ≡
∑
j

√
λj |ϕ∗j ⟩A |ϕj⟩A′

=
∑
j

√
λj |ϕ∗j ⟩A

( ∞∑
n=0

⟨n|ϕj⟩|n⟩A′

)

=

∞∑
n=0

∑
j

√
λj |ϕ∗j ⟩A⟨ϕ∗j |

 |n⟩A|n⟩A′

=
[
(ρ∗)1/2 ⊗ 1

]
|EPR⟩⟩AA′ , (6.7)

where we introduced the Fock basis {|n⟩}n, such that ⟨n|ϕj⟩ = ⟨ϕ∗j |n⟩, and the EPR
state |EPR⟩⟩ =

∑∞
n=0 |n⟩|n⟩, corresponding to a (un-normalizable) two-mode squeezed

vacuum state with infinite amount of squeezing. The ∗ in Eq. (6.7), denoting complex
conjugation, only represents a technical detail of small practical relevance. In fact, the
main constellation schemes employed in optical communications, e.g. phase-shift key-
ing and quadrature-amplitude modulation, exhibit symmetry with respect to complex
conjugation, and one typically has |ϕ∗j ⟩ = |ϕj⟩ and ρ∗ = ρ.

The state (6.7) is pure and normalized, and satisfies the physical request (6.6). More-
over, it provides a symmetric configuration between the two subsystems A and A′, as
performing partial trace over mode A′ yields:

TrA′

[
|Φ⟩⟩AA′⟨⟨Φ|

]
=
∑
k

pA(αk)|α∗
k⟩A⟨α∗

k| = ρ∗A . (6.8)

In turn, the overall state on mode A has the same mean energy as that on A′, i.e. n̄A =
n̄A′ = n̄, see Eq. (6.4), and, beside complex conjugation, it describes the same statistical
ensemble being injected into the channel towards Bob.

We now prove that this purification can be brought back to the expression (6.5). To
this aim, we define the projective measurement P(A)

k associated with |Φ⟩⟩AA′ by intro-
ducing the measurement vectors [223]:

|ψk⟩ ≡
√
pA(αk) (ρ

∗)−1/2 |α∗
k⟩ , (6.9)

where, in general, (ρ∗)−1/2 represents the square-root Moore-Penrose pseudo-inverse
of ρ∗, accounting for the case in which ρ gets finite rank, thus being not invertible. In
particular, this implies that ρ∗(ρ∗)−1 = PS∗ , PS∗ being the projector onto the subspace
S∗ spanned by the conjugated constellation states {|α∗

k⟩}k.

Eq. (6.9) implies the equivalence between states (6.7) and (6.5), as their overlap OAA′
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is equal to:

OAA′ =

{∑
k

√
pA(αk)⟨ψk|⟨αk|

}{
[(ρ∗)1/2 ⊗ 1]

∞∑
n=0

|n⟩|n⟩

}

=
∑
kn

pA(αk)⟨α∗
k|⟨αk|

[
(ρ∗)−1/2 ⊗ 1

] [
(ρ∗)1/2 ⊗ 1

]
|n⟩|n⟩

=
∑
kn

pA(αk)⟨α∗
k|⟨αk|(PS∗ ⊗ 1)|n⟩|n⟩

=
∑
n

⟨n|

(∑
k

pA(αk)|αk⟩⟨αk|

)
|n⟩ = Tr[ρ] = 1 , (6.10)

where we used the properties ⟨α∗
k|n⟩ = ⟨n|αk⟩ and PS∗ |α∗

k⟩ = |α∗
k⟩.

Finally, in order to complete the EB construction, we need to prove that the measure-
ment vectors M = {|ψk⟩ : k ∈ K} form indeed an orthonormal system in the subspace
S∗, such that the associated measurement P(A)

k is projective. The completeness relation
follows directly from (6.9):∑

k

|ψk⟩⟨ψk| =
∑
k

pA(αk)(ρ
∗)−1/2|α∗

k⟩⟨α∗
k|(ρ∗)−1/2

= (ρ∗)−1/2ρ (ρ∗)−1/2 = PS∗ , (6.11)

On the contrary, the obtain the orthogonality condition ⟨ψj |ψk⟩ = δjk, we proceed as
follows. At first, we compute the reduced (not normalized) state |χj⟩A′ obtained after
projecting the state |Φ⟩⟩AA′ in (6.7) onto |ψj⟩A, that yields the coherent state |αj⟩A′ :

|χj⟩A′ = A⟨ψj |Φ⟩⟩AA′

=
√
pA(αj)

∑
n

A⟨α∗
j |
[
(ρ∗)−1/2 ⊗ 1

] [
(ρ∗)1/2 ⊗ 1

]
|n⟩A|n⟩A′

=
√
pA(αj)

∑
n

A⟨α∗
j |PS∗ |n⟩A|n⟩A′

=
√
pA(αj)

∑
n

⟨n|αj⟩|n⟩A′ =
√
pA(αj)|αj⟩A′ . (6.12)

On the other hand, from (6.5) we get |χj⟩A′ =
∑
k

√
pA(αk)⟨ψj |ψk⟩|αk⟩A′ , being equiv-

alent to Eq. (6.12) iff ⟨ψj |ψk⟩ = δjk, thus proving the measurement vectors to form a
complete orthonormal set.

Bearing this in mind, the overall state ρAB shared by Alice and Bob after propagation
through the noisy channel can be written as:

ρAB =
(
1̂A ⊗N

) [
|Φ⟩⟩AA′⟨⟨Φ|

]
, (6.13)

where, now, the CP map N acts on mode A′, being transformed into B. In turn, the
conditional output statistics at Bob’s side is obtained as pB|A(x|αk) = Tr[ρAB P(A)

k ⊗
Π

(B)
x ].
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Figure 6.2.3: Unitary dilation of the channel noisy map N , obtained according to Kraus theorem.
It is described by a set of additional modes E = (E1, . . . , En), n > 1, coupled to the signal mode
A′ via a suitable joint unitary operation U .

6.2.3 Addressing physical layer security

As discussed along the previous lines, regardless the adopted version of the protocol,
in CVQKD Alice and Bob have only access to the input ensemble {pA(αk), |αk⟩}k and
the output statistics pB|A(x|αk), k ∈ K, and pB(x). However, these quantities are not
sufficient to perform full characterization of the untrusted channel N , which remains
only partially known, being, in general, described in terms of few relevant parameters to
be estimated during the channel evaluation stage. As an example, in fiber-optic practical
realizations (which will provide the main case study in this thesis) the quantum channel
is typically described by means of a thermal-loss channel with transmissivity

T = 10−κd/10 , (6.14)

where d is the transmission distance in kilometers and κ = 0.2 dB/km is typical loss rate
for fibers at telecom wavelength (1550 nm) [38, 191, 192, 236, 237]; and with the excess
noise ϵ ≥ 0, introduced by realistic defects in the experimental apparatus, being of the
order of 10−3 ÷ 10−2 shot-noise units [191, 192]. In particular, the excess noise is intro-
duced both at the modulation stage, thanks to imperfect generation of the signals; dur-
ing propagation, by non-idealities of the fiber support; and in the detection apparatus,
e.g. arising from electronic noise, phase-mismatch between signal and local oscillator
in the presence of homodyne and DH measurement, ... Equivalently, this effect can be
also modeled in terms of equivalent number of thermal photons; that is by assuming a
single-mode thermal bath interfering with the encoded signal mode, such that the mean
photon number at the receiver’s side is equal to

n̄rec = T n̄+ n̄b , (6.15)

where n̄ is the mean energy at transmitter, reported in (6.4), whereas n̄b = Tϵ/2 is the
number of background photons added to the signal mode, resulting in excess noise equal
to ϵ. We precise that the adoption of the excess noise as a figure of merit is typical in
fiber-optic communications, whilst the description in terms of equivalent background
photons is more common for free-space channels [206, 220].

Given these considerations, an eavesdropper may exploit Alice and Bob’s incom-
plete knowledge to his favor, and manipulate the channel in suitable way to extract the
largest amount of information without being detected by the two trusted parties. In fact,
the noisy map N is, in general, not unique, namely, there exists different CP maps that
lead to the same local statistics at the sender’s and receiver’s side. According to Kraus
theorem, each of these maps is associated with a different unitary dilation, described by
a set of additional modes E = (E1, . . . , En), for some n > 1, coupled to A′ via a suit-
able joint unitary operation U , as schematized in Fig. 6.2.3. Then, Eve may optimize her
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strategy and choose the unitary dilation that provides her with the maximum amount of
information compatible with both the fundamental limits imposed by quantum mechan-
ics and the local statistics probed by Alice and Bob, thus being completely undetected
by them.

Accordingly, to address security of the protocol, we should first answer to the ques-
tion: How much is the channel untrusted? Indeed, different assumptions on the setup
would lead to different security levels, corresponding to more or less constraints on Eve’s
action. In light of this, we identify three main different security frameworks:

• Unconditional security: the channel is completely untrusted, thus Eve performs ar-
bitrary channel manipulation, i.e. her attack implements the most-informative uni-
tary dilation among those that preserve the local statistics at Alice and Bob’s sides,
without any further constraint.

• Trusted-device scenario: there is some level of trust in the equipment, e.g. trusted de-
tection losses and noise. This implies that only few additional modes (E1, . . . , Em)
in E, with m < n, are at Eve’s disposal, whilst the remaining n−m are assumed to
be under Alice and Bob’s control, thus reducing the set of possible eavesdropping
strategies.

• Quantum wiretap channel: in this case, Alice and Bob hold characterization of the
quantum channel, obtained thanks to either reasonable assumptions or prior infor-
mation, therefore they have access to a specific noise map N . This also establishes
the channel connecting Alice to Eve in terms of the unitary dilation of N , therefore
arbitrary channel manipulation by Eve is not allowed [238, 239].

The two latest scenarios provide examples of restricted eavesdropping, being also
referred in literature with the terms practical security or conditional security, as opposed
to the unconditional approach. Here below we will firstly focus on the unconditional
security analysis, whilst the features of restricted eavesdropping will be addressed in
Chapter 7.

6.2.3.1 Unconditional security

In the unconditional security framework, Eve is unrestricted; therefore, the most power-
ful attack that Eve may launch is the so-called purification attack, where she is assumed
to “purify” the state ρAB in Eq. (6.13). That is, she has full access to the unitary dila-
tion of the noise map N depicted in Fig. 6.2.3, and controls all the additional modes E.
Therefore, the tripartite system ABE is closed and isolated, and the state of system is a
pure state |Ψ⟩ABE such that ρAB = TrE [|Ψ⟩ABE⟨Ψ|] [222]. This allows to explicitly eval-
uate the Holevo information χ(B;E) = S(E) − S(E|B), namely the maximum amount
of information extractable by Eve, where S(E) = S[ρE ] is the von Neumann entropy
of Eve’s overall state ρE , and S(E|B) =

∑
x pB(x)S[ρE|x], where ρE|x is the conditional

Eve’s state related to Bob’s measurement outcome x, obtained with probability pB(x).
In fact, we consider the Schmidt decomposition of the (pure) state of ABE:

|Ψ⟩ABE =
∑
s

√
λs |φs⟩AB ⊗ |ςs⟩E , (6.16)
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λs ≥ 0, and obtain the quantum states of the reduced subsystems AB and E as:

ρAB = TrE

[
|Ψ⟩ABE⟨Ψ|

]
=
∑
s

λs|φs⟩AB⟨φs| ,

ρE = TrAB

[
|Ψ⟩ABE⟨Ψ|

]
=
∑
s

λs|ςs⟩E⟨ςs| , (6.17)

respectively, being diagonal in the Schmidt bases [27, 222]. As a consequence, they have
the same von Neumann entropy, equal to:

S(E) = S(AB) = −
∑
s

λs log2 λs , (6.18)

where S(AB) = S[ρAB ].
Analogously, when Bob performs a 1-rank measurement Πx = |πx⟩B⟨πx|, retrieving

outcome x with probability pB(x), the joint conditional state of modes AE is pure and
equal to |Ξ⟩⟩AE|x = B⟨πx|Ψ⟩ABE/

√
pB(x), therefore the two reduced conditional states

on modesA andE, obtaining after partial trace, are isentropic: we have S[ρA|x] = S[ρE|x].
In turn, the average conditional entropy S(E|B) =

∑
x pB(x)S[ρE|x] and S(A|B) =∑

x pB(x)S[ρA|x] are equal, i.e. S(E|B) = S(A|B). We note that the choice of a 1-rank
measurement is not too restrictive, as in practical realizations one often deals with ho-
modyne or DH detection. We conclude that, for a given channel map N ,

χ(B;E) = S(E)− S(E|B)

= S(AB)− S(A|B) , (6.19)

completely characterizing Eve’s information in terms of the state ρAB shared by Alice
and Bob and reported in (6.13). However, in the unconditional security approach, we re-
mind that Alice and Bob do not perform characterization state ρAB , but have only limited
information on it, arising from the statistics pA(αk), pB|A(x|αk), and pB(x), respectively.
Accordingly, there exists different states ρAB , or, equivalently, different channel CP maps
N , leading to the same statistics, and the KGR is obtained by performing optimization
over all the possible CP maps that preserve these local statistics at Alice’s and Bob’s side,
namely:

KDW = βI(A;B)− sup
N :A′→B

χ(B;E) , (6.20)

referred to as the Devetak-Winter bound (DW) [240], where β ≤ 1 is the reconciliation
efficiency.

6.3 The GG02 protocol

We now introduce the GG02 protocol, being the first seminal CVQKD protocol, proposed
by Grosshans and Grangier in 2002 and proving the benchmark for all the subsequent
progress in the field [14, 175–177].

The scheme of the protocol in its PM version is reported in Fig. 6.3.1(a). Here, Alice
implements Gaussian modulation of coherent states; that is, in each repetition of the
protocol, she generates a coherent state |xA + iyA⟩, where the variables z = xA, yA are
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Figure 6.3.1: Scheme of the GG02 protocol both in the PM (a) and EB version (b). In the PM
protocol, Alice generates a random coherent state |xA + iyA⟩, where the amplitudes z = xA, yA
are drawn from a normal distribution NΣ2(z) with variance Σ2. Instead, in the EB scheme the
signal generation is obtained by performing DH detection on the first branch of a TMSV with
modulation variance V = 1 + 4Σ2; when she retrieves the outcome (xA, yA), the second arm is
projected onto a coherent state with amplitude proportional to xA + iyA.

(independently) sampled from the normal distribution:

NΣ2(z) =
e−z

2/(2Σ2)

√
2πΣ2

, z = xA, yA , (6.21)

with zero mean and variance Σ2 ≥ 0, such that the probability of preparing a coher-
ent state with amplitude xA + iyA reads pA(xA, yA) = NΣ2(xA)NΣ2(yA). The overall
statistical mixture generated by Alice then reads:

ρ =

∫
R2

dxAdyA pA(xA, yA) |xA + iyA⟩⟨xA + iyA|

=
1

1 + 2Σ2

∞∑
n=0

(
2Σ2

1 + 2Σ2

)n
|n⟩⟨n|

= νth(2Σ2) , (6.22)

corresponding to a thermal state with n̄ = 2Σ2 mean photons. The encoded signals are
then injected into the untrusted quantum channel, described as a thermal-loss channel
with transmissivity T ≤ 1 and excess noise ϵ ≥ 0, until to reach Bob, who performs Gaus-
sian detection on his received pulses, either homodyne detection of a random quadra-
ture chosen between q and p, as in the original proposal [14], or DH detection, as in
the no-switching scheme proposed in [200]. In the following we will follow the original
proposal and, thanks to the symmetry of the modulation scheme with respect to both
quadratures, we safely assume that Bob always homodynes quadrature q. The DH pro-
tocol leads to analogous results. Given this considerations, the conditional probability
that Bob obtains outcome xB , measuring q, when Alice sent the state |xA + iyA⟩ reads:

pB|A(xB |xA) =
exp

[
−(xB − 2

√
TxA)

2/(2(1 + Tϵ))
]

√
2π(1 + Tϵ)

, (6.23)
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expressed in shot-noise units (SNU), which will be always considered thereafter. As we
can see, pB|A(xB |xA) is independent of yA. Accordingly, the overall distribution probed
by Bob reads:

pB(xB) =

∫
R
dxA NΣ2(xA) pB|A(xB |xA)

=
exp

[
−x2B/(2Σ2

B)
]√

2πΣ2
B

(6.24)

where Σ2
B = 1 + T (4Σ2 + ϵ) = 1 + T (2n̄+ ϵ). We underline that all the probed statistics,

corresponding to Alice’s modulation and Bob’s detection, are Gaussian: an important
property that will be useful for the security analysis. Given the probability distribu-
tions (6.21), (6.23), and (6.24), we evaluate the mutual information by recalling that the
Shannon entropy of a Gaussian distribution G (µ, σ2) with mean µ and variance σ2 is
equal to H[G (µ, σ2)] = log2(2πeσ

2)/2. In turn, we get:

IGG(A;B) = H(B)−H(B|A)

=
1

2
log2

(
1 +

2T n̄

1 + Tϵ

)
, (6.25)

which coincides with the Shannon capacity for the signal-to-noise ratio (SNR):

SNR =
2T n̄

1 + Tϵ
, (6.26)

whose numerator represents the mean signal power, proportional to the mean number
of photons at the receiver’s side, while the denominator provides the added noise on
quadratures in SNU, equal to 1 + Tϵ.

Equivalently, we design the EB version of the protocol, by considering a purification
of state (6.22), provided by the two-mode squeezed vacuum state (TMSV):

|TMSV⟩⟩AA′ =
√
1− λ2

∞∑
n=0

λn|n⟩|n⟩ , (6.27)

where λ =
√
(V − 1)/(V + 1), V = 1+2n̄ = 1+4Σ2 being the modulation variance [176,

222]. Then, Alice performs DH measurement on mode A, described as a 1-rank projec-
tion onto the coherent state |α⟩A, where α = xA + iyA; when she obtains the outcomes
(xA, yA), the branch A′ is projected onto a coherent state, as

A⟨α|TMSV⟩⟩AA′ ∝ |λα⟩A′ . (6.28)

This guarantees the equivalence with the PM scheme, provided that Alice rescales her
outcomes by a constant factor λ. The scheme of the EB protocol is displayed in Fig. 6.3.1(b).

6.3.1 Unconditional security

To assess unconditional security, we underline that in the GG02 protocol all the statistics
probed by Alice and Bob are Gaussian. As a consequence, the quantum channel has also
to be Gaussian; otherwise some non-Gaussianity introduced throughout signal propaga-
tion would be registered at the receiver’s side. This imposes a constraint on the possible
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eavesdropping strategies by Eve, being limited to implement a Gaussian purification at-
tack; making it straightforward to compute the DW (6.20), as no optimization over all
channel maps N yielding Alice’s and Bob’s statistics is required.

Then, approaching the problem in the EB description, we start by considering the
covariance matrix (CM) of Alice’s TMSV state, namely:

σAA′ =

(
V 12 Z σz
Z σz V 12

)
, (6.29)

where Z =
√
V 2 − 1, 12 is a 2 × 2 identity matrix and σz is the Pauli z-matrix [31, 33].

Thereafter, mode A′ is injected into the thermal-loss channel, with associated transmis-
sivity T ≤ 1 and thermal noise n̄T = Tϵ/(2(1−T )), described via a Gaussian completely
positive (CP) map associated with the matrices [31]:

XTL =
√
T 12 and YTL = (1− T )(1 + 2n̄T )12 . (6.30)

Ultimately, the state ρAB shared by Alice and Bob is a Gaussian state with zero first
moments and CM σAB = (12⊕XTL)σAA′(12⊕XTL)

T+(0⊕YTL), 0 being the null 2×2
matrix. Straightforward calculations lead to:

σAB =

(
σA σZ

σT
Z σB

)
=

(
V 12

√
TZ σz√

TZ σz T (V + χ)12

)
, (6.31)

where

χ =
1− T

T
+ ϵ (6.32)

provides the total added noise on quadratures, due to both the vacuum and the thermal
excess noise contributions.

We also note that Eq. (6.25) can be re-derived as follows. Alice and Bob performs
Gaussian detection on their local modes, namely DH and homodyne of q, being associ-
ated with the CMs:

σ
(m)
A = 12 and σ

(m)
B = lim

z→0

(
z 0
0 z−1

)
, (6.33)

respectively. In turn, the mutual information between Alice and Bob is obtained directly
from (6.31) as:

IGG(A;B) =
1

2
log2

{
det
[
σA + σ

(m)
A

]
det
[
σB + σ

(m)
B

]
det
[
σAB + (σ

(m)
A ⊕ σ

(m)
B )

] }
(6.34)

=
1

2
log2

[
1 +

T (V − 1)

1 + Tϵ

]
. (6.35)

Furthermore, the Holevo information χ(B;E) = S(AB) − S(A|B) can be also re-
trieved from the CM (6.31), by exploiting the tools of the Gaussian formalism. In fact,
the von Neumann entropy of the (Gaussian) state ρAB depends only on its CM and reads:

S(AB) = h

(
d1 − 1

2

)
+ h

(
d2 − 1

2

)
, (6.36)



138 6.3 The GG02 protocol

Figure 6.3.2: Schematic description of the entangling cloner attack, performed in the GG02 proto-
col. Eve replaces the quantum channel by a lossless channel where she inserts a beam splitter with
transmissivity T . To mimic the presence of the excess noise, she generates a TMSV with variance
Vϵ = 1 + 2n̄T on two modes E = (E1, E2) and lets Alice’s signal mode A′ interfere with E1 at the
beam splitter. Then, she keeps the reflected beam for herself while sending the transmitted one
to Bob. This scheme allows her to be undetected from Alice and Bob, as performing partial trace
over modes E yields a thermal-loss channel CP map.

where

h(x) = (x+ 1) log2(x+ 1)− x log2 x , (6.37)

and

d1(2) =

√
∆±

√
∆2 − 4I4
2

, (6.38)

being the symplectic eigenvalues of σAB , with I1(2) = det(σA(B)), I3 = det(σZ), I4 =
det(σAB) and ∆ = I1 + I2 + 2I3. Moreover, the conditional state of Alice ρA|xB

given
Bob’s outcome xB is still a Gaussian state with CM:

σA|B = σA − σZ

[
σB + σ

(m)
B

]−1

σT
Z (6.39)

=

(
V − V 2−1

V+χ 0

0 V

)
, (6.40)

being independent of xB , thus S(A|B) = h((d3 − 1)/2), where d3 =
√

det(σA|B). Ac-
cordingly, Eve’s Holevo information writes:

χGG(B;E) = h

(
d1 − 1

2

)
+ h

(
d2 − 1

2

)
− h

(
d3 − 1

2

)
. (6.41)

As demonstrated in [222], the optimal purification eavesdropping strategy is practi-
cally implemented by the so-called entangling cloner attack, introduced by Weedbrook et
al. in [241] and displayed in Fig. 6.3.2. It represents an active eavesdropping strategy,
allowing Eve to mimic the effect of the channel losses and excess noise. In more detail,
Eve replaces the quantum channel by a lossless channel where she inserts a beam splitter
with transmissivity T . She prepares a TMSV with variance Vϵ = 1+2n̄T = 1+Tϵ/(1−T )
on two modes E = (E1, E2) and lets Alice’s signal modeA′ interfere withE1 at the beam
splitter. Then, she keeps the reflected beam for herself while sending the transmitted one
to Bob. In this way, when Alice generates a coherent state |xA + iyA⟩, Bob will receive a
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Figure 6.3.3: (a) Log plot of the KGR KGG as a function of the transmission distance d in km
for different values of the excess noise. For ϵ > 0 there exists a maximum transmission distance
dmax after which the KGR drops to 0. (b) Log plot of the optimized modulation variance Vopt for
the GG02 protocol as a function of d for ϵ = 0.03. In both the pictures we set the reconciliation
efficiency β = 0.95 and the loss rate κ = 0.2 dB/km.

displaced thermal state, with displacement amplitude
√
T (xA + iyA) and mean number

of thermal photons equal to Tϵ/2, leading to the same results of a thermal-loss channel
with parameters (T, ϵ) in the absence of eavesdropper. Thereby, the entangling cloner at-
tack allows Eve to hide herself behind the channel losses and noise, being completely
undetected by Alice and Bob.

Given this considerations, we obtain the KGR associated with the GG02 scheme as

KGG = max
V

{
βIGG(A;B)− χGG(B;E)

}
, (6.42)

where we perform optimization over the modulation variance V for fixed realistic values
of reconciliation efficiency β = 0.95, loss rate κ = 0.2 dB/km, and channel excess noise ϵ
[162, 210, 223].

Plots of the resulting KGR as a function of the transmission distance d in km is re-
ported in Fig. 6.3.3(a). As demonstrated in [14, 177, 222], in the absence of excess noise,
ϵ = 0, and for unit reconciliation efficiency β = 1, the KGR is KGG > 0 for all d ≥ 0,
allowing to share secret keys at arbitrary large distances. Otherwise, as we can see from
the plot, when ϵ > 0, KGG is positive up to a maximum transmission distance dmax, i.e.
KGG > 0 for d ≤ dmax, after which the KGR drops to 0 and no secure communication is
possible. The resulting maximum transmission distance dmax is then a function of both
the excess noise ϵ and the reconciliation efficiency β, i.e. dmax = dmax(ϵ, β). In particular,
for β = 0.95 and ϵ = 0.03 (ϵ = 0.05), we have dmax ≈ 290 km (dmax ≈ 140 km).

For completeness, in Fig. 6.3.3(b), we also show the optimized input modulation Vopt,
being a decreasing function of d, that, differently from the KGR, is only weakly depen-
dent on the excess noise value ϵ.

Finally, another relevant figure of merit to evaluate the performance of the protocol
is the maximum tolerable excess noise ϵmax, being a decreasing function of the transmis-
sion distance d, as depicted in Fig. 6.3.4. It represents the maximum value of ϵ for which
the KGR is positive. That is, at the distance d the KGR is positive as long as ϵ < ϵmax.
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Figure 6.3.4: Log plot of the maximum tolerable excess noise ϵmax for the GG02 protocol as a
function of the distance d in km. The shaded area, corresponding with the undergraph of ϵmax,
represents the region where KGG > 0. We set the reconciliation efficiency β = 0.95.

6.4 The optimality of Gaussian attacks

The GG02 protocol provides the cornerstone example of CVQKD, representing the bench-
mark for all other proposals of possible protocols. Moreover, its security analysis can be
easily carried out, since the protocol involves only Gaussian resources: a particular fea-
ture that, indirectly, constrains Eve to implement Gaussian attacks, i.e. the entangling
cloner. However, in more general schemes, non-Gaussian elements may be introduced,
e.g. non-Gaussian modulation of coherent states at Alice’s side, or non-Gaussian chan-
nels, in which case the statistics probed by Alice and Bob are not sufficient to characterize
the quantum state ρAB shared by them in the EB protocol, making it hard to compute
the DW. In fact, in these conditions, the DW should be evaluated by optimization over
all possible channel quantum CP maps compatible with the probed statistics.

A convenient solution is to look for simpler suitable bounds, upper bounding Eve’s
Holevo information and, accordingly, providing a lower bound on the DW, and a suffi-
cient condition to establish unconditional security. Following this outline, a fundamen-
tal result is the so-called “optimality of Gaussian attacks” theorem, being independently
proved in 2006 with different methods by both Navascués et al. [178] and Garcı́a-Patrón
and Cerf [179, 180]. In particular, provided Bob’s measurement to be Gaussian, the the-
orem establish an upper bound on Eve’s information by the Holevo information of the
Gaussian state having the same first and second momenta of the quantum state ρAB
in (6.13). The resort to Gaussian formalism leads to a simple lower bound on the DW,
being useful to assess security in protocols adopting either non-Gaussian modulation by
Alice or propagation through non-Gaussian channels.

Here, we prove the theorem following Navascués approach [178], which exploits the
extremality properties of Gaussian states and operations. On the contrary, the equiv-
alent proof developed by Garcı́a-Patrón and Cerf in [179, 180] involves theorems from
functional analysis, being more technical, and, therefore, it is hard to provide a physical
interpretation.

To begin with, in the following subsection we derive some fundamental results that
will be exploited throughout the proof.
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6.4.1 Theoretical framework

Let us now consider an arbitrary quantum state ϱ of a physical system A, being a quan-
tum operator over a Hilbert space H, and let F : B(H) → C be a functional over the set of
Hermitian operators B(H). We now introduce the state ϱG as the Gaussian state having
the same first moments and CM as ϱ. If F is the value of some quantity computed for
state ϱ and FG the corresponding value related to state ϱG, we define the difference:

∆F ≡ FG − F . (6.43)

To prove the optimality of Gaussian attacks it is useful to state the following lemmas.
The first lemma involves the average conditional entropy.

Lemma 6.1. Let {Πx}x be a positive-operator valued measurement (POVM) performed on a
system A and associated with a classical register X , such that Πx = M†

xMx and
∑
xΠx = 1̂.

Let p(x) = Tr[ϱΠx] and ϱ|x = MxϱM
†
x/p(x) be the probability of retrieving outcome x and

the corresponding conditional state of A, respectively. Then, the average conditional entropy
S(A|X) =

∑
x p(x)S(ϱ|x) is equal to:

S(A|X) = S(AX)−H(X) , (6.44)

where S(AX) is the von Neumann entropy of the state

RAX =
∑
x

p(x)ϱ|x ⊗ |x⟩⟨x| , (6.45)

|x⟩ being the (classical) state of registerX associated with outcome x, andH(X) = −
∑
x p(x)×

log2 p(x) is the Shannon entropy of the distribution p(x).

Proof. To prove Eq. (6.44), we should compute the von Neumann entropy of state RAX ,
namely S(AX) = −Tr [RAX log2RAX ]. To begin with, we evaluate the operator

R = log2RAX = log2

(∑
x

ϱ̃|x ⊗ |x⟩⟨x|

)
. (6.46)

with ϱ̃|x = p(x)ϱ|x. For given x, we consider the spectral decomposition ϱ̃|x, equal to
ϱ̃|x =

∑
j λj(x)|ϕj(x)⟩⟨ϕj(x)|, with λj(x) ≥ 0 and {|ϕj(x)⟩}j being a complete orthonor-

mal system. Then, state RAX becomes:

RAX =
∑
x

∑
j

λj(x)|ϕj(x)⟩⟨ϕj(x)| ⊗ |x⟩⟨x| . (6.47)

We note that Eq. (6.47) corresponds to the spectral decomposition of RAX , provided a
suitable reordering of the indices j and x. Therefore, we straightforwardly obtain the
spectral decomposition of R as:

R =
∑
x

∑
j

log2 (λj(x)) |ϕj(x)⟩⟨ϕj(x)|︸ ︷︷ ︸
≡log ϱ̃|x

⊗|x⟩⟨x|

=
∑
x

log2 ϱ̃|x ⊗ |x⟩⟨x| . (6.48)
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As a consequence, the von Neumann entropy S(AX) is equal to:

S(AX) = −Tr [RAX log2RAX ]

= −TrAX

{(∑
y

p(y)ϱ|y ⊗ |y⟩⟨y|

)[∑
x

log2
(
p(x)ϱ|x

)
⊗ |x⟩⟨x|

]}
, (6.49)

where the trace is performed over both systems A and X . At first, we perform partial
trace over X , obtaining:

S(AX) = −
∑
x

∑
y

p(y) TrA

{
ϱ|y log2

(
p(x)ϱ|x

)
|⟨y|x⟩|2

}
= −

∑
x

p(x) TrA
{
ϱ|x log2

(
p(x)ϱ|x

)}
= −

∑
x

p(x) TrA{ϱ|x
(
log2 p(x) + log2 ϱ|x

)
}

= −
∑
x

p(x) log2 p(x) TrA{ϱ|x}︸ ︷︷ ︸
=1

−
∑
x

p(x) TrA{ϱ|x log2 ϱ|x}︸ ︷︷ ︸
=S[ϱ|x]

= H(X) + S(A|X) , (6.50)

H(X) being the Shannon entropy of p(x). In turn, we have S(A|X) = S(AX) − H(X).
Moreover, in the second line we used the property ⟨x|y⟩ = δxy , being valid since the
register states are classical and, thus, distinguishable.

The second lemma introduces the relation between ∆S(A), namely, the difference be-
tween the von Neumann entropies of ϱG and ϱ, see Eq. (6.43), and their relative entropy.

Lemma 6.2. For any quantum state ϱ of a system A, we have

∆S(A) = S(ϱ ∥ ϱG) and S(ϱ ∥ ϱG) ≥ 0 , (6.51)

where S(ϱ ∥ ϱG) = Tr[ϱ log2 ϱ]− Tr[ϱ log2 ϱG] is the relative von Neumann entropy.

Proof. We re-express the quantity ∆S(A) = SG(A)− S(A) = −Tr[ϱG log ϱG] + Tr[ϱ log ϱ]
as ∆S(A) = S(ϱ ∥ ϱG) + ∆, where

∆ = Tr[(ϱ− ϱG) log2 ϱG] . (6.52)

We remind that any n-mode Gaussian state can be written as a Gibbs state in the quadra-
ture vector operators r̂ = (q1, p1, q2, p2, . . . , qn, pn)

T. That is, ϱG = exp(−ζĤ)/Z , with ζ >
0, Z = Tr[exp(−ζĤ)], and Ĥ = r̂Td+ r̂THr̂/2, for some displacement vector d ∈ R2n and
2n× 2n symmetric matrix H ∈ Sym(2n) [31]. In turn, we have log2 ϱG = − log2 Z − ζĤ,
being a polynomial operator of the second order in the canonical variables {qk, pk}k.
This, together with the fact that, by construction, ϱ and ϱG share the same CM, leads to
∆ = Tr[(ϱ− ϱG) log2 ϱG] = 0. Ultimately, we have ∆S(A) = S(ϱ ∥ ϱG).

We remark that, since the relative entropy is a non-negative quantity, Lemma 6.2
implies that the state of maximal entropy for fixed first moments and CM is Gaussian.
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With analogous methods the lemma can be also proved for probability distributions p(x),
x ∈ X . That is:

∆H(X) = H(p ∥ pG) ≥ 0 , (6.53)

where pG(x) is the Gaussian distribution having the same FM and CM as p(x), andH(p ∥
pG) =

∑
x p(x) log2 (p(x)/pG(x)) is the Shannon relative entropy [242].

Finally, the last lemma follows from the monotonicity of quantum relative entropy,
firstly proved by Lindblad [26, 243].

Lemma 6.3. For any Gaussian CPTP map EG acting the system A, one has:

∆S(A) ≥ ∆S
(
EG(A)

)
, (6.54)

and ∆S(A) = ∆S
(
EG(A)

)
iff the state of A is Gaussian.

Proof. Lemma 6.3 follows from the monotonicity of the quantum relative entropy: that
is, for any two states ϱ1 and ϱ2 and any quantum CP map E , we have:

S(ϱ1 ∥ ϱ2) ≥ S (E(ϱ1) ∥ E(ϱ2)) . (6.55)

If E = EG is a Gaussian map and ϱ is an arbitrary quantum state of system A, the choices
ϱ1 = ϱ and ϱ2 = ϱG, together with Lemma 6.2, imply that:

∆S(A) ≥ S (EG(ϱ) ∥ EG(ϱG)) . (6.56)

To conclude the proof, we should demonstrate that the state Ξ′ = EG(ϱG) is indeed
the Gaussian state associated with Ξ = EG(ϱ), that is ΞG = Ξ′. To this aim, we approach
the problem in the Heisenberg picture and consider the input-output relations associated
with EG. At first, we remind that any open Gaussian dynamics can be retrieved from
a Gaussian interaction with a Gaussian environment, having null first moments and
CM σE , and being thereafter traced out [31]. In turn, if r̂in(out) are the input (output)
quadrature operators of the channel, we have:

r̂out = X r̂in +M r̂E and Y =MσEM
T (6.57)

where r̂E is the quadrature vector operator of the environmental modes, and X and Y
are the matrices describing the evolution of first and second momenta under EG, see
Sec. 2.3.1 [31]. Given these considerations, we evaluate the first moments and CM of
state Ξ as: Then, the first moments and CM of state Ξ read:

RΞ = ⟨r̂out⟩ = XRϱ , (6.58a)

σΞ =
1

2
⟨{r̂out, r̂Tout}⟩ −RΞR

T
Ξ = XσϱX

T + Y , (6.58b)

where Rϱ and σϱ are the first moments and CM of the input state ϱ. Analogous results
can be obtained for state Ξ′, provided the substitution ϱ→ ϱG. However, by construction
RϱG = Rϱ and σϱG = σϱ, thus, we conclude that ΞG = Ξ′.

6.4.2 Proving Gaussian optimality

The preliminary results derived above allow us to rephrase the scheme of a general
CVQKD protocol in more precise fashion, as schematized in Fig. 6.4.1. We start from
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Figure 6.4.1: Extended scheme of the EB version of a general CVQKD protocol, adopted for the
proof of the optimality of Gaussian attacks. Differently than Fig. 6.2.2, we now expand the protocol
description and include the two classical registers XA(B) in which Alice and Bob store the results
of the quantum measurement performed on the first and second branch of the state ρAB = (1̂A ⊗
N )[|Φ⟩⟩AA′⟨⟨Φ|], respectively.

the EB protocol depicted in Fig. 6.2.2, and widely discussed in Sec.s 6.2.2 and 6.2.3.1, in
which Alice holds an entangled pure state |Φ⟩⟩AA′ and sends branch A′ to Bob, such that
the two parties eventually share the state ρAB in Eq. (6.13). Then, following Lemma 6.1,
we construct an extended scheme of the previous EB picture, in which the classical out-
comes of Alice’s and Bob’s measurements are stored in a classical register XA(B), respec-
tively. This description provides explicit modeling of the quantum-to-classical decoding
induced by the performed quantum measurements but, as a matter of fact, it only rep-
resents a technicality that does not change the amount of information shared by the par-
ties. Within this approach, we rewrite the mutual information shared by Alice and Bob
as I(A;B) = H(XA) +H(XB) −H(XAXB), where H(·) is the Shannon entropy associ-
ated with the classical variables XA(B). Similarly, the Holevo information shared by Bob
and Eve becomes χ(B;E) = S(E)−S(E|XB), where S(E) is the von Neumann entropy
of the overall state in Eve’s hands, and S(E|XB) is the average conditional entropy of
Eve related to Bob’s measurement outcomes, being stored in register XB .

We are now ready prove the Gaussian optimality theorem.

Theorem 6.1. (Optimality of Gaussian attacks) Provided Bob’s measurement to be Gaus-
sian, for any state ρAB , the Holevo information χ(B;E) is upper bounded by:

χ(B;E) ≤ χG(B;E) , (6.59)

where χG(B;E) is the Holevo information computed for the Gaussian state having the same CM
as ρAB .

Proof. At first, following the purification argument adopted in Eq. (6.19), we re-express
Eve’s information as χ(B;E) = S(E) − S(E|XB) = S(AB) − S(AB|XB). To prove the
theorem, we focus on the quantity ∆χ(B;E), see (6.43). Then, we have:

∆χ(B;E) = χG(B;E)− χ(B;E)

= ∆S(AB)−∆S(AB|XB)

= ∆S(AB)−∆S
(
ABXB

)
+∆H(XB) (6.60)

where we used Lemma 6.1 to get the last equality. Since the map AB → ABXB is a
Gaussian CP map, as Bob’s detection is Gaussian, Lemma 6.3 implies:

∆S(AB)−∆S
(
ABXB

)
+∆H(XB) ≥ ∆H(XB) , (6.61)

and, finally, exploiting Lemma 6.2 we find ∆H(XB) ≥ 0, or, summarizing the previous
relations, χG(B;E) ≥ χ(B;E), that proves the theorem.
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As a consequence, Eq. (6.71) provides a lower bound on the DW:

K = βI(A;B)− χG(B;E) ≥ KDW , (6.62)

where I(A;B) is the (exact) mutual information between Alice and Bob, whereas χG(B;E)
is the Holevo information retrieved in a virtual EB protocol where Alice and Bob share
a Gaussian state with the CM σAB of state ρAB . The evaluation σAB is based on the
amount of knowledge that Alice and Bob have on the channel. In particular, we identify
two main scenarios, corresponding to the assumption of a linear or nonlinear channel.

Linear channel. The channel N : A′ → B is linear if described by the following input-
output relations of the quadrature operators in Heisenberg picture,

qB =
√
TqA′ + qb and pB =

√
TpA′ + pb , (6.63)

where qb and pb are the quadrature operators of some additional background noise
modes, uncorrelated with the signal mode, such that ⟨qb⟩ = ⟨pb⟩ = 0, and ⟨q2b⟩ = ⟨p2b⟩ =
1− T + Tϵ. In this case, σAB can be expressed as a function of the CM σAA′ of the state
|Φ⟩⟩AA′ generated by Alice, see Eq. (6.5), that reads:

σAA′ =

(
V 12 Z σz
Z σz V 12

)
, (6.64)

where:

V = 1 + 2n̄ and Z =
1

2
⟨⟨Φ|(qAqA′ − pApA′)|Φ⟩⟩ , (6.65)

in which n̄ =
∑
k pA(αk)|αk|2 is the mean number of photons per symbol, and σz is the

Pauli z-matrix. The correlation term Z can be also expressed as a function of the average
quantum state generated by Alice, equal to ρ =

∑
k pA(αk)|αk⟩⟨αk|, see Eq. (6.3), as:

Z = 2Tr
[
ρ1/2a ρ1/2a†

]
, (6.66)

where a and a† are the creation and annihilation operators, respectively [223]. Then,
thanks to (6.63), we obtain σAB as:

σAB =

(
V 12

√
T Z σz

√
T Z σz T (V + χ) 12

)
, for a linear channel . (6.67)

Nonlinear channel. The linear channel provides a simple model to describe beam
propagation in optical media, e.g. fibers, being often adopted in classical communi-
cations. However, from the CVQKD perspective, it may represent a too restrictive con-
dition. In fact, if the channel from Alice to Bob is linear, we implicitly assume to know all
the statistical moments of Bob’s output state, whereas the quantities evaluated in a real-
istic CVQKD protocol are only the first and second moments of Bob’s conditional state
when Alice sends state k, and the second moment of Bob’s overall state, as discussed
in Sec. 6.2. For these reasons, it is also worth to investigate the more general case of an
arbitrary N : A′ → B, being associated with a nonlinear input-output relation. This
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scenario has been addressed in detail by Denys et al. in [223]. Now, the CM σAB gets the
different expression:

σAB =

(
V 12 Z̃ σz

Z̃ σz T (V + χ) 12

)
, for a nonlinear channel . (6.68)

where the off-diagonal block terms Z̃ satisfy:

Z̃ ≥ 2
√
T Tr

[
ρ1/2a ρ1/2a†

]
−
√
2Tϵw , (6.69)

in which we introduce the quantity:

w =
∑
k

pA(αk)
[
⟨αk|a†ρaρ|αk⟩ − |⟨αk|aρ|αk⟩|2

]
, (6.70)

with aρ = ρ1/2a ρ−1/2. To assess unconditional security, one can either perform numer-
ical calculation of Z̃ [164, 168], or take the right hand side of (6.69) as a lower bound to
the CM σAB and evaluate the corresponding KGR [223].

6.4.3 Final remarks and comments

Remarkably, we underline that referring to Theorem 6.1 as the “optimality of Gaussian
attacks” theorem is rather misleading. The theorem merely states that we may safely
assess security of a CVQKD protocol by considering the Gaussian state associated with
the unknown state ρAB actually shared by Alice and Bob. Therefore, it does not provide
identification of the most powerful attack at Eve’s disposal, which, in general, is non
Gaussian. In fact, the bound (6.71) can be saturated iff ρAB itself is a Gaussian state,
in which case we retrieve the usual GG02 protocol, where the optimal eavesdropping
coincides with a Gaussian attack, i.e. the entangling cloner [222]. On the contrary, in all
other protocols, the bound is not attainable, and the optimal attack is no longer Gaussian.

Finally, we note that Eq. (6.62) requires to evaluate the exact mutual information
I(A;B) shared by the two parties, whose numerical calculation should be preferably
approached in the PM picture. However, with analogous techniques, a simpler Gaussian
bound on I(A;B) can be obtained in the presence of Gaussian modulation at Alice’s side.
In this case, the following theorem holds.

Theorem 6.2. If Bob’s measurement is Gaussian and Alice employs Gaussian modulation, for
any state ρAB , the mutual information I(A;B) is lower bounded by:

I(A;B) ≥ IG(A;B) , (6.71)

where IG(A;B) is the mutual information computed for the Gaussian state having the same CM
as ρAB , see Eq. (6.34) .

Proof. Starting from the expression I(A;B) = H(XA)+H(XB)−H(XAXB), we evaluate
the quantity ∆I(A;B), see (6.43):

∆I(A;B) = IG(A;B)− I(A;B)

= ∆H(XA) + ∆H(XB)−∆H(XAXB)

≤ ∆H(XA) , (6.72)

where we used Lemma 6.3 as the map XAXB → XB , corresponding to averaging over
the (Gaussian) random variableXA, is Gaussian. Then, since Alice implements Gaussian
modulation, we have ∆H(XA) ≡ 0, concluding the proof.
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Theorem 6.2 implies that the KGR of a Gaussian-modulated protocol with Gaussian
detection is lower bounded by that of an all-Gaussian protocol where Alice and Bob
share the Gaussian state with CM σAB , namely:

K ′ = βIG(A;B)− χG(B;E) ≥ K ≥ KDW , (6.73)

which provides a lower bound to (6.62), that avoids the exact numerical computation of
the mutual information I(A;B). In particular, the present bound is applicable to CVQKD
schemes over non-Gaussian channels.

6.5 Discrete modulation protocols

Despite its simplicity, the GG02 scheme discussed in the previous sections raises im-
portant issues about its practical implementation with the state-of-the-art technologies
in optical communications, especially regarding the continuous modulation of the co-
herent pulses. In fact, although justified on a theoretical level, Gaussian modulation in-
volves several practical difficulties, and, so far, its application is limited to short-distance
communications [244–246]. The main drawback lies in the error correction stage needed
for the reconciliation process, being implemented via suitable codes originally designed
for discrete variables, that perform worse in the presence of Gaussian modulation [162,
180, 246]. In fact, as discussed in Sec. 6.3, to perform GG02 in the long-distance regime,
the protocol should operate at low values of modulation energy, corresponding to few
mean photons per time slot, see Fig. 6.3.3(b); thus, accordingly, we should consider low
values of SNR. On the other hand, reconciliation of Gaussian variables, even with the
most advanced error correction codes, e.g. turbo codes [13] or LDPC codes [247], can
be efficiently performed only in the high SNR regime, whereas the common techniques,
e.g. the slice reconciliation method [248], even if assisted by LDPC, leads to low recon-
ciliation efficiency if the SNR is too low [162, 180, 210].

To date, the problem of obtaining good reconciliation efficiencies at low SNR is still
open; therefore a possible solution is to design CVQKD protocols employing discrete
modulation formats of appropriate order. In this way, the dataset in Alice’s and Bob’s
hands would be the same of a classical communication scheme based on discrete sig-
naling and additive white Gaussian noise channel, for which there exists more efficient
codes working in the low SNR regime, e.g. multi-edge type LDPC codes [249].

For these reasons, CVQKD employing discrete modulation has been recently ad-
dressed in literature, with the intent of adopting a feasible modulation technique being
as close as possible to the Gaussian modulation limit [162, 164, 165, 167, 223, 225–229,
231–235, 250–252]. To this aim, in the following we address two paradigmatic formats,
namely, phase-shift keying (PSK), a well known stratgey in literature, and quadrature
amplitude modulation (QAM), here investigated for the first time in the context of un-
conditionally secure CVQKD.

6.5.1 Phase-shift keying (PSK)

The first discrete modulation protocol was proposed in 2009 by Leverrier and Grangier
[162], involving the phase-shift keying (PSK) format already presented in Sec. 5.5. The
choice of PSK modulation is mainly due for twofold reason. Firstly, a well known re-
sult in classical communication theory is that PSK constellations, of proper order M ≥
2, approximate the Shannon capacity, achieved by Gaussian modulation, in the low-
energy regime [53, 253]; thus making it worth of interest to assess their relevance also
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Figure 6.5.1: Phase space representation of several PSK(M ) constellations, with different M > 1.
The case PSK(4) is also referred to as quadrature phase-shift keying (QPSK). We also note that,
in the limit M ≫ 1, we approach the PSK(∞), or continuous phase-shift keying, modulation, in
which the constellation is composed of infinitely many coherent states with the same amplitude
α > 0, and different phase, getting continuous values in the range ϕ ∈ [0, 2π).

for CVQKD. Secondly, from a practical point of view, PSK(M) protocols represent the
simplest hybrid schemes, combining both the physical implementation of GG02, and
the practicality of discrete modulation protocols, for which the error correction stage,
occurring during reconciliation, is much simpler to perform.

Given these considerations, in the presence of PSK(M ) modulation, Alice randomly
prepares a coherent state drawn from the constellation of the M states {|αk⟩}k, with:

|αk⟩ = |α eiπ(2k+1)/M ⟩ , k = 0, . . . ,M − 1 , (6.74)

where α ≥ 0, generated with equal a priori probabilities pA(αk) = 1/M [19, 51]. We
remind that the case M = 4 is also referred to as quadrature phase-shift keying (QPSK).
The phase space representation of PSK(M ) constellations is reported in Fig. 6.5.1 for the
typical values M = 4, 8 commonly employed in optical communications.

Accordingly, the overall quantum state generated at Alice’s side is equal to:

ρ =
1

M

M−1∑
k=0

|αk⟩⟨αk| =
M−1∑
k=0

λk|ϕk⟩⟨ϕk| , (6.75)

whose right hand side provides its spectral decomposition, associated with eigenvalues:

λk = e−α
2

∞∑
n=0

α2(nM+k)

(nM + k)!
=
e−α

2

M

M−1∑
j=0

e−i
2π
M jk exp(α2ei

2π
M j) , (6.76)

and eigenstates:

|ϕk⟩ =
e−α

2/2

√
λk

∞∑
n=0

αnM+k√
(nM + k)!

|nM + k⟩ , (6.77)

expanded in the Fock basis. As an example, for the QPSK case we have:

λ0(2) =
e−α

2

2

[
cosh(α2)± cos(α2)

]
,

λ1(3) =
e−α

2

2

[
sinh(α2)± sin(α2)

]
. (6.78)
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After signal modulation, Alice injects the pulses into the unstrusted quantum chan-
nel, associated with transmissivity T ≤ 1 and excess noise ϵ ≥ 0; finally, Bob collects the
output signals and performs Gaussian detection. Here, we consider the case of homo-
dyne detection, and, without loss of generality, assume that quadrature q is measured. In
turn, when Alice sends state |αk⟩, Bob’s conditional probability of obtaining the outcome
xB is equal to:

pB|A(xB |αk) =
exp

{
−
[
xB − 2

√
Tα cos

(
π(2k+1)

M

)]2 /
(2(1 + Tϵ))

}
√
2π(1 + Tϵ)

, (6.79)

whose corresponding Shannon entropy gets the analytic expression

H
[
pB|A(xB |αk)

]
=

∫
R
dxB pB|A(xB |αk) log2 pB|A(xB |αk)

=
1

2
log2

[
2πe(1 + Tϵ)

]
, (6.80)

being independent of the signal amplitude. Instead, Bob’s overall homodyne distribu-
tion reads:

pB(xB) =
1

M

M−1∑
k=0

pB|A(xB |αk) . (6.81)

In turn, we obtain the mutual information shared by the two parties as:

IAB(α
2) = HB − 1

2
log2

[
2πe(1 + Tϵ)

]
, (6.82)

where HB is the Shannon entropy of pB(xB), to be evaluated numerically.
We now prove unconditional security of the PSK(M ) protocol, by invoking the op-

timality of Gaussian attacks presented in the previous section. That is, we consider the
EB description, where Alice and Bob share the non-Gaussian state ρAB in (6.13), and
provide an upper bound to the actual Holevo infomation shared between Bob and Eve
by the Holevo information obtained in the associated EB Gaussian protocol, where Alice
and Bob share the Gaussian state with the same CM as ρAB , equal to σAB . Moreover,
here we adopt the linear channel assumption, as in the original proposal [162], and,
thanks to Eq. (6.67), we get:

σAB =

(
σA σZ

σT
Z σB

)
=

(
V 12

√
T ZM σz

√
T ZM σz T (V + χ) 12

)
, (6.83)

V = 1+ 2α2 being the modulation variance, χ = (1− T )/T + ϵ, and with the correlation
ZM = 2Tr[ρ1/2a ρ1/2a†], see Eq. (6.66). To explicitly compute it, we exploit Eq. (6.75) and
note that:

⟨ϕj |αk⟩ =
√
λje

i 2πM jk and a |ϕk⟩ = αλ
1/2
(k−1) mod Mλ

−1/2
k |ϕ(k−1) mod M ⟩ . (6.84)

Straightforward calculations lead to [162, 180, 223]:

ZM = 2α2
M−1∑
k=0

λ
3/2
k

λ
1/2
k+1

. (6.85)
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Figure 6.5.2: (a) Log plot of the optimized KGR K as a function of the transmission distance d
in km for QPSK (solid lines) and PSK(∞) (dashed lines) and different values of the excess noise.
The black line corresponds to the KGR KGG of the GG02 protocol for ϵ = 0.02. As we can see,
K < KGG, proving PSK(M ) modulation to be strongly suboptimal with respect to Gaussian mod-
ulation. (b) Plot of the optimized modulation energy α2

opt as a function of d for QPSK (solid line)
and PSK(∞) (dashed line) and ϵ = 0.01. In both the pictures we set the reconciliation efficiency
β = 0.95 and the loss rate κ = 0.2 dB/km.

Then, we obtain the Holevo information as:

χBE(α
2) = h

(
d1 − 1

2

)
+ h

(
d2 − 1

2

)
− h

(
d3 − 1

2

)
, (6.86)

with the h function in Eq. (8.40), d1(2) being the symplectic eigenvalues of σAB , and
d3 =

√
det(σA|B), where:

σA|B = σA − σZ

[
σB + σ

(m)
B

]−1

σT
Z , (6.87)

in which

σ
(m)
B = lim

z→0

(
z 0
0 z−1

)
(6.88)

is the 2× 2 CM associated with homodyne detection. Ultimately, the KGR reads:

K(α2) = βIAB(α
2)− χBE(α

2) , (6.89)

β ≤ 1 being the reconciliation efficiency, where we highlighted the dependence on the
modulation energy α2. Since we are interested in determining the highest achievable
key rate as a function of the transmission distance d, we perform optimization over α2

and obtain:

K = max
α2

K(α2) , (6.90)

together with the distance-dependent optimized mean energy α2
opt.

In Fig. 6.5.2(a) we report plots of the optimized KGR K as a function of the trans-
mission distance d for the QPSK case, i.e. M = 4, and different channel excess noise ϵ.
Similarly to the GG02 protocol, the KGR is positive up to a maximum transmission dis-
tance dmax decreasing with the excess noise ϵ. However, as we can see, for a given excess
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noise, we have K < KGG, and both the values of KGR and maximum distance of the
PSK(M ) protocol are much lower than the corresponding ones achieved by the GG02.
This is a ineludible consequence both of the type of constellation employed and the val-
ues of the resulting optimized mean energy α2

opt, reported in Fig. 6.5.2(b). In fact, at
given energy α2, the mutual information IAB(α2) is close to that shared in GG02, equal
to (6.25) and coinciding with the Shannon capacity, only in the range α2 ≲ 10−1. In this
regime, the correlation term ZM of the CM (6.83) is ZM ≲ ZGG, where ZGG =

√
V 2 − 1

is the off diagonal CM term of the TSMV state employed in GG02, and, accordingly, also
χBE(α

2) is close to the Holevo information achieved by the Gaussian modulation proto-
col. On the contrary, in high-energy regime, the overlap between the PSK encoded states
vanishes and IAB(α

2) saturates to the maximum possible entropy of the constellation,
equal to log2(M). In turn, for high α2, the encoded symbols are more “distinguishable”,
allowing Eve to retrieve more information, and making the KGR (6.89) deviate from the
GG02 limit and drop below 0. The tradeoff between these two energy regimes leads to
optimized values of the modulation energy comprised between 0.2 ≤ α2

opt ≤ 0.6, being
at least one order of magnitude lower than those achieved by GG02. This, ultimately,
leads to lower values of optimized KGR and makes PSK modulation strongly subopti-
mal with respect to Gaussian modulation.

Further improvements may be obtained by increasing the modulation order M , e.g.
considering the PSK(8) protocol proposed by Becir et al. [232], for which both the op-
timized energy and key rate are larger. In light of this, the best performance of PSK
modulation is achieved in the limit M ≫ 1, where we approach the PSK(∞), or contin-
uous phase-shift keying, modulation. Now, the constellation is composed of an infinite
number of coherent pulses in the form |αϕ⟩ = |αeiϕ⟩, with the same amplitude α > 0
and different phase, getting continuous values in the range ϕ ∈ [0, 2π), and being chosen
with a priori probability pA(αϕ) = 1/2π, see Fig. 6.5.1 [254]. Then, the average state at
Alice’s side is the phase-averaged (PHAV) state [255]:

ρPHAV =
1

2π

∫ 2π

0

dϕ |αeiϕ⟩⟨αeiϕ| = e−α
2

∞∑
n=0

α2n

n!
|n⟩⟨n| , (6.91)

corresponding to a Poisson-distributed ensemble of Fock states {|n⟩}n, while the corre-
lation term ZM in the CM (6.83) becomes:

Z∞ = 2e−α
2

∞∑
n=0

√
n+ 1

n!
α2n+1 for PSK(∞) modulation, (6.92)

where the (convergent) series has to be evaluated numerically. Accordingly, we follow
the same procedure above outlined, and compute the optimized KGR and modulation
energy, plotted in Fig. 6.5.2(a) and (b), respectively. As we can see, PSK(∞) induces
an enhancement both in the KGR and the maximum transmission distance with respect
to QPSK, being more accentuated for higher values of excess noise ϵ. However, as we
can see, the gap with respect to GG02 is not closed, thus the sole phase modulation,
even of infinitely many coherent states, is not sufficient to approach the peformance
Gaussian modulation protocol. Furthermore, we note that numerical calculations prove
that PSK(8) is sufficient to well approximate the continuous phase-shift keying limit.

Finally, we compute the maximum tolerable excess noise ϵmax for both the QPSK
and PSK(∞) protocols, depicted in Fig. 6.5.3, and compared to the maximum tolerable
noise ϵ(GG)

max of GG02. As expected, we have ϵmax < ϵ
(GG)
max , consistently with the previous

discussion.
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Figure 6.5.3: Log plot of the maximum tolerable excess noise ϵmax for the QPSK (solid line) and
PSK(∞) (dashed line) protocols as a function of the distance d in km. The black line corresponds
to the maximum tolerable noise ϵ(GG)

max of GG02. As we see, PSK(M ) protocol are much less toler-
ant to the channel excess noise than the Gaussian modulation protocol. We set the reconciliation
efficiency β = 0.95.

6.5.2 Quadrature amplitude modulation (QAM)

Despite their practicality for the error correction procedure, in the previous subsec-
tion we showed that, for a given reconciliation efficiency β ≤ 1, PSK(M ) protocols are
strongly suboptimal with respect to GG02, in terms of both KGR and maximum tolera-
ble excess noise. Therefore, we may look for other suitable discrete modulation formats,
that, in principle, could close the gap with the Gaussian modulation protocol, and still
provide efficient reconciliation.

Recently, quadrature amplitude modulation (QAM) of a regular grid of signals has
been proposed as a promising solution [223, 225, 226]. In fact, differently from PSK,
QAM constellations may employ a non-uniform discrete probability distribution of the
symbols that approximates better the Gaussian one, thus obtaining a higher KGR closer
to GG02. To implement this non-uniform sampling, probabilistic amplitude shaping
(PAS) is a practical coded modulation scheme that combines QAM, probabilistic constel-
lation shaping, and forward error correction (FEC) to closely approach optimal channel
capacity [256–258]. PAS uses a distribution matcher to map uniformly distributed infor-
mation bits on QAM symbols with the desired target distribution [259–261]. In particu-
lar, a Maxwell–Boltzmann target distribution is considered, which maximizes the source
entropy for a given discrete constellation and mean energy per symbol [262] (in practice,
lower-energy symbols are used more often than higher-energy symbols, reducing the
energy required to achieve a certain information rate).

In more detail, the QAM format adopted by Alice works as follows [51, 263]. Alice
generates a coherent state |αxA,yA⟩ = |xA + iyA⟩, where each couple (xA, yA) is drawn
from the finite set A = Λ× Λ, where

Λ =

{
n∆ : n = −M − 1

2
, . . . ,

M − 1

2

}
(6.93)

contains M = 2k points, for some k ∈ N. The points in Λ are placed at distance ∆ ≥ 0
between one another, ∆ ∈ R being a parameter that determines the mean energy per
symbol, which is hence referred to indifferently as scaling factor or symbol spacing [263].
In turn, the resulting constellation consists in a square lattice of M ×M coherent states,
centered in (2σ0xA, 2σ0yA) and with pace 2σ0∆, σ2

0 being the shot noise variance, de-
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Figure 6.5.4: Phase space representation of the QAM(M2) constellation, with M = 4, composed
of a regular grid of M ×M coherent states, centered in (2σ0xA, 2σ0yA) and with pace 2σ0∆, σ2

0

being the shot noise variance.

picted in Fig. 6.5.4 for the relevant case of M2 = 16 symbols. As before, we will consider
shot noise units (SNU), fixing σ2

0 = 1 in the rest of the analysis. Unlike PSK, now the
pulses encoded by Alice are associated with different mean energies |αxA,yA |2, therefore
different probability distributions may be investigated to sample the alphabet A. In par-
ticular, here we discuss two alternative possibilities. The former, referred to as case I, is
the uniform distribution:

P(z) =
1

M
, z = xA, yA , (case I) , (6.94)

commonly exploited in classical communications [263] and quantum state-discrimination
schemes [51]. The latter, case II, is the Maxwell–Boltzmann (MB) distribution: [53, 262]

Mξ(z) =
e−ξz

2

Z
, z = xA, yA , (case II) , (6.95)

Z =
∑
z e

−ξz2 being the normalization constant, that depends on the free parameter ξ,
referred to as the inverse temperature. The MB represents the maximum-entropy distri-
bution for a discrete random variable with given variance (mean energy) [53] and, for a
sufficiently large QAM constellation, it has been shown to closely approach the Shannon
capacity of the AWGN channel [256]. For this reason, it provides a good candidate to
also enhance discrete modulation CVQKD, closing the gap between the PSK(M ) and the
GG02 protocols. We also note that in the limit ξ → ∞, only the lowest-energy level of
the MB have non-zero probability, so that the resulting constellation tends to a simple
QAM(4), i.e. with M = 2, being equivalent to QPSK. On the other hand, for ξ = 0, all
the levels of the MB distribution have the same probability, and we retrieve the uniform
modulation adopted in case I.

We start the security analysis by considering case I. At first, we determine the value
of the symbol spacing ∆(I) from the mean energy n̄ of the constellation. The overall state
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generated by Alice is:

ρ(I) =
1

M2

∑
xA∈Λ

∑
yA∈Λ

|xA + iyA⟩⟨xA + iyA| , (6.96)

its mean energy being equal to n̄ = 2/M
∑
xA
x2A = 2∆2/M

∑(M+1)/2
n=−(M−1)/2 n

2, which can
be inverted to obtain:

∆(I) =

√
6n̄

M2 − 1
. (6.97)

Accordingly, the mean energy n̄ provides a free parameter in Alice’s hands to properly
adjust the size of the QAM constellation. Thereafter, once the signals have been gen-
erated, Alice injects them into the quantum channel of parameters (T, ϵ). Bob receives
them and performs homodyne detection, associated with the mutual information:

I
(I)
AB(n̄) = H

(I)
B − 1

2
log2

[
2πe(1 + Tϵ)

]
, (6.98)

where H(I)
B is the Shannon entropy of Bob’s overall distribution:

p
(I)
B (xB) =

1

M

∑
xA

pB|A(xB |xA) , (6.99)

with

pB|A(xB |xA) =
exp

[
−(xB − 2

√
TxA)

2/(2(1 + Tϵ))
]

√
2π(1 + Tϵ)

. (6.100)

Instead, the Holevo information χ(I)
BE(n̄) is computed thanks to the optimality of Gaus-

sian attacks. We exploit Eq. (6.86) and the CM (6.83), where, now, the correlation term
ZM should be changed into:

Z(I) = 2Tr
{[
ρ(I)
]1/2

a
[
ρ(I)
]1/2

a†
}
, (6.101)

to be evaluated numerically from the quantum state (6.96). The resulting KGR then
reads:

K(I) = max
n̄

[
βI

(I)
AB(n̄)− χ

(I)
BE(n̄)

]
, (6.102)

together with the optimized energy n̄(I)opt.
On the contrary, in case II, the modulation stage is associated with two free param-

eters: the constellation energy n̄ and the inverse temperature ξ. Now, the statistical
operator at Alice’s side becomes:

ρ(II) =
∑
xA,yA

Mξ(xA)Mξ(yA) |xA + iyA⟩⟨xA + iyA| , (6.103)

therefore we have:

n̄ = 2
∑
xA

Mξ(xA)x
2
A = 2∆2

M+1
2∑

n=−M−1
2

Mξ(n∆)n2 , (6.104)
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Figure 6.5.5: Log plot of the optimized KGRs K(p), p = I, II, as a function of the transmission
distance d in km for ϵ = 0.01 (a) and ϵ = 0.05 (b). As we can see, QAM modulation outperforms
the results obtained for PSK(M ) protocols for all M , both in the presence of uniform and MB
sampling. Moreover, when QAM is further assisted by PAS, namely in case II, by increasing the
number of symbols M , we progressively close the existing gap between the PSK and the Gaussian
modulation. In both the pictures we set the reconciliation efficiency β = 0.95 and the loss rate
κ = 0.2 dB/km.

to be inverted numerically, and whose corresponding solution ∆(II)(ξ) exhibits an im-
plicit dependence also on ξ, making the spacing dependent on both the energy and the
inverse temperature. The mutual information shared by Alice and Bob becomes:

I
(II)
AB (n̄, ξ) = H

(II)
B − 1

2
log2

[
2πe(1 + Tϵ)

]
, (6.105)

where H(II)
B is the Shannon entropy of the distribution:

p
(II)
B (xB) =

∑
xA

Mξ(xA) pB|A(xB |xA) , (6.106)

whereas the Holevo information χ(II)
BE(n̄, ξ) is computed by Eq. (6.86) and the CM (6.83),

with the correlation term:

Z(II) = 2Tr
{[
ρ(II)

]1/2
a
[
ρ(II)

]1/2
a†
}
. (6.107)

The obtained KGR is equal to:

K(II) = max
n̄,ξ

[
βI

(II)
AB (n̄, ξ)− χ

(II)
BE(n̄, ξ)

]
, (6.108)

with the optimized energy n̄(II)opt and inverse temperature ξopt.
Plots of K(p), p = I, II, are reported in Fig. 6.5.5 as a function of the transmission

distance d with excess noise ϵ = 0.01 (a) and ϵ = 0.05 (b), for the relevant constellations
QAM(16) and QAM(32), corresponding to M = 4, 8, respectively. As we can see, QAM
modulation provides a preferable choice over PSK, beating the PSK(∞) protocol for both
cases p = I, II, and leading to higher KGR and larger maximum transmission distance.
The MB sampling outperforms the uniform one, as K(II) ≥ K(I), and, remarkably, its
corresponding KGR is also able to approach the GG02 scheme for a large enough number
of symbols M . In particular, the QAM(32) constellation is able to well approximate the
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Figure 6.5.6: Plot of the optimized parameters ξopt (a) and n̄opt (b) for cases p = I, II, as a function
of the transmission distance d in km. In both the pictures we set the values ϵ = 0.01, β = 0.95, and
κ = 0.2 dB/km.
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Figure 6.5.7: Log plot of the maximum tolerable excess noise ϵmax for the QAM protocols in cases
p = I, II, together with the maximum tolerable noises of the PSK(∞) and GG02 protocol. Consis-
tently with the previous results, QAM modulation closes the gap with respect to GG02, especially
when assisted by PAS. We set the reconciliation efficiency β = 0.95.

results of GG02 for excess noises ϵ ≤ 0.05. In turn, PAS proves itself as a crucial factor to
combine both the practical necessity of discrete modulation formats and the possibility
to obtain high values of key rate.

The enhancement brought by PAS is due to a nontrivial optimization of the MB dis-
tribution, as emerges by considering the optimized inverse temperature ξopt, reported
in Fig. 6.5.6(a). In fact, ξopt an increasing function of the transmission distance such that
0 < ξopt < ∞; thus, we do not retrieve neither the QPSK nor the uniform modulation
limit, and the best-working performance of the protocol is achieved by exploiting the full
cardinality of the constellation, in which the lower-energy symbols are more likely than
the higher-energy ones. Moreover, ξopt saturates for large d and is a decreasing function
of M . For the sake of completeness, in Fig. 6.5.6(b) we report the optimized energy n̄(p)

opt,
p = I, II, which is a decreasing function of the distance and saturates as d increases. As
one may expect, increasing the size of the constellation increases also n̄(p)opt, until to reach
the value of the GG02 scheme. Moreover, for large d we have n̄(II)

opt ≥ n̄
(I)
opt, and the MB

reaches its maximum KGR for higher energies.

Finally, we compute the maximum tolerable excess noise ϵ(p)max, p = I, II, plotted in
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Fig. 6.5.7, and compared to the maximum tolerable noise of both the PSK(∞) and the
GG02 protocols. Consistently with the former analysis, we have ϵ(II)max ≥ ϵ

(I)
max, and, in

both the cases, the maximum tolerable noise is larger than that of PSK(∞). Remarkably,
by increasing the modulation orderM , the QAM constellation assisted by PAS closes the
gap with respect to GG02.





CHAPTER 7

CVQKD in the presence of restricted eavesdropping

In this Chapter, we study the two other main security frameworks presented in the previ-
ous one, namely the trusted-device scenario and the wiretap channel assumption. They
both provide examples of restricted eavesdropping, in which the eavesdropper, Eve,
cannot perform arbitrary channel manipulation, unlike the unconditional security case.

In more detail, in the trusted-device scenario we assume a composite quantum chan-
nel, given by the composition of two subsequent noisy maps, of which only one is actu-
ally controlled by Eve. This scenario models the realistic case of noisy detection at the
receiver’s side, where we may safely assume that detection noise and losses are simply
lost to the environment and cannot be intercepted by Eve, who, instead, controls both the
losses and noise acquired during signal transmission. On the contrary, the wiretap chan-
nel provides an example of specific eavesdropping. Indeed, the term wiretap channel
refers to a quantum channel from Alice to Bob being completely characterized in terms
of its unitary dilation; accordingly, if we consider the ancillary environmental modes to
be controlled by Eve, the wiretap channel not only described signal propagation from
both Alice to Bob, but also determines the quantum map Alice → Eve, ultimately identi-
fying a particular eavesdropping strategy.

The Chapter is organized as follows. In Sec. 7.1, we study the trusted-device sce-
nario: we extend the validity of the optimality of Gaussian attacks to this framework,
and compute the corresponding KGR for the QPSK protocol, as a paradigmatic exam-
ple. Subsequently, in Sec. 7.2 we introduce the wiretap channel description and per-
form the associated CVQKD security analysis. Ultimately, we compute the KGR for the
QPSK protocol, comparing the obtained results under both the unconditional security
and wiretap channel assumptions.

7.1 The trusted-device scenario

As widely discussed in the previous Chapter, the traditional security proofs for CVQKD
have been established under unconditional security. This implicitly assumes the pres-
ence of an omnipotent eavesdropper having full access to the quantum channel connect-
ing Alice and Bob, namely being able to both collect all the lost photons and control the
noise acquired during the propagation [222]. Within this framework, security has been
firstly guaranteed by the optimality of Gaussian attacks, providing a lower bound to
DW, while, more recently, an almost exact calculation of DW have been achieved by a
sophisticated approach based on SDP [164–166].

In realistic conditions, however, Bob will also experience further noise due to non-
idealities in his measurement device, which may not be directly accessible to Eve. There-
fore, it is justified to address physical layer security under different frameworks, consid-
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Figure 7.1.1: Extended scheme of the EB version of a CVQKD protocol in the presence of trusted
devices. Alice prepares the state |Φ⟩⟩AA′ and injects mode A′ into the quantum channel. The
noisy evolution is composed of the two CP maps N1 (untrusted) and N2 (trusted). Thereafter, Bob
performs a Gaussian measurement {Π(B)

x }x, storing the obtained outcomes in a classical register
XB .

ering different degrees of trust for each setup component. In particular, we retrieve un-
conditional security if all components are completely untrusted, whereas when some of
the setup elements (e.g. detection losses and noise) are trusted, we deal with the trusted-
device scenario [22, 220, 264]. This latter scenario includes also loss-compensation strate-
gies, e.g. exploiting phase-insensitive amplifiers to perform signal restoration before
detection [12], being noisy operations that are useless under the unconditional security
approach, but whose application, if trusted, may be beneficial [22, 193].

To date, security in the trusted scenario has been carried out only for Gaussian pro-
tocols, where the optimal eavesdropping strategy is again realized by entangling cloner
attack [22, 264], leaving the problem open for more general schemes, e.g. involving dis-
crete modulation. The first obstacle in this direction is to identify the optimal attack that
Eve may launch. In fact, while in the existing unconditional security proofs Eve’s in-
formation is computed by a purification ansatz, see Sec. 6.2.3.1, this argument does not
hold anymore in the case of some lack of information on Eve’s side, that, now, cannot
purify the whole state shared among the parties. This makes the security analysis non-
trivial, as the framework presented in both [178–180] and [164–166] cannot be applied
straightforwardly.

To this aim, in the following we extend for the first time the validity of Gaussian
attacks optimality for general CVQKD protocols in the presence of trusted devices. In
particular, we prove that, provided Bob’s measurement to be Gaussian, the information
extracted by Eve is upper bounded by the Holevo information of the Gaussian state
having the same first and second momenta of the quantum state shared between Alice,
Bob and the trusted parties. The results of this section are original.

7.1.1 Extending the optimality of Gaussian attacks

To investigate security, we adopt the EB framework depicted in Fig. 7.1.1. We model
the noisy evolution as a composition of two distinct CP maps N1 and N2, describing the
quantum channel under Eve’s control and the further losses and noise, respectively. As
a matter of fact, N1 is untrusted, whilst N2 could be assumed to be trusted, and here we
assume it is.

Overall, the signal prepared by Alice on mode A′ experiences the subsequent evo-
lutions N1 and N2 and reaches Bob, who implements a 1-rank Gaussian measurement
{Π(B)

x }x and stores the outcomes x in a classical register XB . We denote by B′ and B
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the output modes retrieved after the maps N1 and N2, respectively (see Fig. 7.1.1). Since
N2 is trusted, we have access to its unitary dilation guaranteed by Kraus theorem, that
is a set of n trusted ancillary modes C ′ = (C ′

1, . . . , C
′
n) and a unitary operation U cou-

pling modes B′ and C ′ [23]. The output ancillary modes after U are referred to as C.
Ultimately, Alice and Bob share the state ρABC of modes ABC.

Given this scenario, the optimal eavesdropping strategy is the “purification attack”
as proved in [222, 264], where the eavesdropper is assumed to “purify” the state ρABC .
Then, Eve has access to the unitary dilation of N1: the state of the global (closed and
isolated) system of modes ABCE can be written as a pure state |Ψ⟩ABCE such that
ρABC = TrE [|Ψ⟩ABCE⟨Ψ|]. In turn, thanks to the property of von Neumann entropy [21,
222, 264], the Holevo information between Bob and Eve becomes χ(B;E) = S(ABC) −
S(ABC|XB), depending only on ρABC .

Starting from these considerations, the extension of the optimality of Gaussian at-
tacks becomes straightforward. In fact, we now prove that, for any state ρABC :

χ(B;E) ≤ χG(B;E) , (7.1)

where χG(B;E) is the Holevo information computed for the (n + 2)-mode Gaussian
state having the same CM as ρABC . To this aim, we exploit the results derived in frame-
work presented in Sec. 6.4.1 and evaluate the quantity ∆χ(B;E), see Eq. (6.43), whose
positivity confirms Gaussian optimality. Indeed:

∆χ(B;E) = χG(B;E)− χ(B;E)

= ∆S(ABC)−∆S(ABC|XB)

= ∆S(ABC)−∆S
(
ABCXB

)
+∆H(XB) (7.2)

where we used Lemma 6.1 to get the last equality. Since the map ABC → ABCXB is
Gaussian, as Bob’s detection is Gaussian, Lemma 6.3 implies:

∆S(ABC)−∆S
(
ABCXB

)
+∆H(XB) ≥ ∆H(XB) , (7.3)

and, finally, exploiting Lemma 6.2 we get ∆H(XB) ≥ 0.
As for the unconditional security framework, Eq. (7.1) bounds the maximum amount

of information that Eve may extract during the protocol, leading to a lower bound of the
KGR achievable by Alice and Bob. Remarkably, this bound can be saturated iff ρABC
itself is a Gaussian state, in which case the optimal eavesdropping coincides with an
entangling cloner attack [222, 264]. Moreover, if also the map N2 were untrusted, we
would retrieve the standard proof of Gaussian optimality under unconditional security
by tracing out modes C and computing the CM of ρAB = TrC [ρABC ].

The calculation of the CM σABC associated with ρABC is further simplified under
some realistic assumptions. First of all, if the map N2 is Gaussian, it suffices to compute
the CMs σAB′ and σC′ of the states of AB′ and C ′, respectively, and:

σABC = (12 ⊕ S)σAB′ ⊕ σC′ (12 ⊕ S)
T
, (7.4)

where ⊕ denotes direct sum, 12 is the 2×2 identity matrix and S is the symplectic matrix
associated with the unitary operator U in Fig. 7.1.1 [31, 33]. Furthermore, if the channel
N1 is linear and characterized by a transmissivity 0 ≤ Tch ≤ 1 and excess noise at the
transmitter ϵch ≥ 0, such that the total added noise is χch = (1 − Tch)/Tch + ϵch, the CM
σAB′ reads:

σAB′ =

(
V 12

√
Tch Z σz√

Tch Z σz Tch (V + χch) 12

)
, (7.5)
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where V = 1 + 2n̄, n̄ =
∑
k pA(αk)|αk|2 being the mean number of photons per symbol

and Z = ⟨⟨Φ|(qAqA′ − pApA′)|Φ⟩⟩/2 = 2Tr[ρ1/2a ρ1/2a†], in which ρ =
∑
k pA(αk)|αk⟩⟨αk|

is overall quantum state at Alice’s side, see Eq. (6.66). In the more general case of an
arbitrary N1, we should consider the bound in Eq. (6.69) for the off-diagonal block terms
of σAB′ , as discussed in Sec. 6.4.

The present extension of the Gaussian optimality theorem provides a cornerstone to
prove security under restricted eavesdropping in wider scenarios. First of all, it guar-
antees a sufficient condition to assess security in non-Gaussian protocols with Gaussian
measurements, e.g. involving discrete modulation or non-Gaussian channels [21, 35,
250]. Thereafter, it provides a scalable approach that may be extended to composite
quantum channels, such as multi-span links [22, 265, 266], free-space settings with mul-
tiple noise sources [205, 220, 267, 268], or trusted preparation noise [264, 269]. In fact, if
the channel connecting Alice and Bob is modeled by a sequence of M ≥ 2 CP maps Nj ,
j = 1, . . . ,M , of which only m < M are trusted, we bound Eve’s Holevo information
from the CM of the state of the quantum system composed of Alice, Bob and the ancil-
lary modes associated with the m maps. Moreover, by increasing m, the modes under
Eve’s control are progressively reduced and the KGR increases accordingly. As a final
remark, we note that the philosophy adopted here can be also embedded into the SDP
approach of [165, 166], where, now, the quantum state shared between Alice, Bob and
the trusted parties should be considered to perform the convex optimization algorithm.

7.1.2 A case study: the QPSK protocol

We now apply the optimality of Gaussian attacks to a paradigmatic example: the quadra-
ture phase-shift keying (QPSK) protocol originally proposed in [162]. As discussed in
Sec. 6.5.1, in the QPSK protocol Alice samples one of the four coherent states |αk⟩ =

|αeiπ(2k+1)/4⟩, generated with equal a priori probability pA(αk) = 1/4. The signal is then
injected into the untrusted channel N1, assumed to be a linear channel with parameters
(Tch, ϵch), until to reach Bob, who implements homodyne detection of either quadrature
qB or pB .

We perform the security analysis by considering trusted noisy detection at Bob’s side,
including non-unit quantum efficiency η ≤ 1 and nonzero electronic noise. In this case,
the map N2 describes detection noise, modeled as a thermal-loss (Gaussian) channel,
where detection losses are described as a beam splitter with transmissivity η, and the
electronic noise is a thermal noise arising from a two-mode squeezed state (TMSV) on
two ancillary modes C ′ = (C ′

1, C
′
2), whose first branch C ′

1 is injected into the auxiliary
port of the previous beam splitter [192, 193, 220, 269]. The TMSV has n̄d = ηTchϵd/[2(1−
η)] mean photons, ϵd ≥ 0 being the detection excess noise. In turn, state ρC′ is a Gaussian
state with CM:

σC′ =

(
Vd 12 Zd σz
Zd σz Vd 12

)
, (7.6)

where Vd = 1 + 2n̄d and Zd =
√
V 2
d − 1 [192]. The global channel, given by the

subsequent applications of N1 and N2, is then associated with a total transmissivity
Ttot = ηTch and excess noise ϵtot = ϵch + ϵd [220, 264].

To address physical layer security, we identify three scenarios associated with differ-
ent trust levels at the detection:

• trusted losses and noise (tL; tN);
• trusted losses and untrusted noise (tL; uN);
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• untrusted losses and noise (uL; uN).

The latter scenario falls under the unconditional security framework. In all the cases the
lower bound on the KGR is computed as

K(sL;sN) = max
α2

[
βIAB(α

2)− χ
(sL;sN)
BE (α2)

]
, s = t,u , (7.7)

where β ≤ 1 is the reconciliation efficiency, IAB(α2) is the exact mutual information
shared between Alice and Bob in Eq. (6.82), while χ(sL;sN)

BE (α2) is the Gaussian bound over
Eve’s Holevo infomation, to be computed in different ways according to the scenario
under investigation. For case (tL; tN), both modes C ′ are trusted, therefore χ(sL;sN)

BE (α2)
is retrieved from the 8 × 8 CM σABC in Eq. (7.4), with the symplectic matrix Sη of the
detection-losses beam splitter, namely:

Sη =

( √
η 12

√
1− η 12

−
√
1− η 12

√
η 12

)
, (7.8)

and the CMs σC′ in (7.6) and σAB′ in (7.5), with the choice of parameters V = 1 + 2α2

and

Z = 2α2
3∑
k=0

λ
3/2
k

λ
1/2
k+1

, (7.9)

with λ0,2 = e−α
2

[cosh(α2)± cos(α2)]/2, and λ1,3 = e−α
2

[sinh(α2)± sin(α2)]/2 [162, 180].
The von Neumann entropy of the Gaussian state associated with σABC is then retrieved
by Eq. (2.44). On the contrary, for case (tL; uN) detection noise is untrusted, therefore the
mode C2 shall be assumed under Eve’s control and the Holevo information χ(sL;sN)

BE (α2)
is computed from the 6×6 CM σABC1 of state ρABC1 = TrC2 [ρABC ], obtained by selecting
the sub-blocks of σABC associated with modes ABC1. Similarly, for case (uL; uN) both
modesC are untrusted, therefore χ(sL;sN)

BE (α2) is obtained with the unconditional security
approach, by considering the state ρAB = TrC [ρABC ] and its associated 4× 4 CM σAB .

The three resulting KGRs are reported in Fig. 7.1.2(a) as a function of the transmission
distance d, for the realistic values of quantum efficiency η = 0.7 and detection noise
ϵd = 0.01 [220], and channel excess noise ϵch = 0.01. In all cases, the modulation variance
V has been optimized to maximize the key rate value. As we see, K(uL;uN) ≤ K(tL;uN) ≤
K(tL;tN) and in the trusted-device scenario both the KGR and the maximum transmission
distance are increased. In particular, a crucial role is played by the presence of trusted
detection excess noise. ndeed, the detection noise accounts for both electronic noise of
realistic measurement devices and phase mismatch introduced by an imperfect LO in the
homodyne setup [192, 220], being typically larger than the channel excess noise, ϵd ≳ ϵch.
Therefore, a trusted ϵd guarantees a huge increase in the transmission distances reached
by the protocol.

Furthermore, in the presence of trusted detector we observe the “fighting noise with
noise” effect. That is, as displayed in Fig. 7.1.2(b), for cases (tL; uN) and (tL; tN) and
large channel excess noise ϵch, trusted losses and noise increase the key rate with respect
to the lossless detection scheme [264, 270, 271]. It happens when the values of η and
ϵd decrease Eve’s information more than the mutual information IAB(α2), resulting in a
higher KGR. While this effect is fragile against detection noise for case (tL; uN), it shows
more robustness for case (tL; tN) even for large ϵd.
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Figure 7.1.2: (a) Log plot of the optimized KGRs of the QPSK protocol K(sL;sN), s = t, u, as a
function of the transmission distance d in km, for the realistic parameters η = 0.7, ϵd = 0.01, and
ϵch = 0.01 [220]. (b) Log plots of the optimized KGRs K(tL;uN) and K(tL;tN), as a function of the
quantum efficiency η for fixed transmission distance d = 60 km and detection noise ϵd = 0.001,
and different channel excess noise ϵch. For large ϵch, there is an increase in the KGR in the trusted-
device scenario. In both the pictures we set the reconciliation efficiency β = 0.95 and the loss rate
κ = 0.2 dB/km.

Figure 7.2.1: Schematic representation of a classical (a) and quantum (b) wiretap channel.

7.2 The wiretap channel

Finally, we discuss the last proposed security framework and address secret-key distil-
lation in the presence of a wiretap channel. Generally speaking, the concept of wiretap
channel has been first introduced by Wyner in 1975 in the context of classical commu-
nications [272]. He addressed the problem of reliable transmission of classical informa-
tion over a memory-less channel being wiretapped at the receiver’s side, in which the
wiretapper views the channel output by a second (separately parameterized) memory-
less channel. In turn, in classical information theory, the wiretap channel is completely
characterized by the conditional probability distribution P (Y, Z|X) between the sender,
described by a classical random variableX , the legitimate receiver Y , and the wiretapper
Z, see Fig. 7.2.1(a).

Moving to the quantum realm, the wiretap scenario involves a quantum channel
N : A → B between the sender, holding a quantum system A, and the receiver B, in
the presence of a third malicious party, namely the eavesdropper Eve, E, that wiretaps
the channel output by a second quantum channel A′ → E. Accordingly, the quantum
wiretap channel, shown in Fig. 7.2.1(b), is formally described by the unitary dilation U
of the CP map N guaranteed by Kraus theorem. The transformation U : AE′ → BE
couples Alice’s system A to an ancillary quantum system E′, leading, at the output, to
a joint correlated system BE. We assume that Eve controls the input system E′, being
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Figure 7.2.2: Scheme of the PM CVQKD protocol in the presence of a pure-loss (a) and thermal-loss
(b) wiretap channel. In the former case, Eve only collects the fraction of the signals lost during the
propagation through the channel, whereas in the latter, she performs an entangling-cloner attack:
that is she injects one arm of a TMSV into the channel beam splitter, retrieving the final output
state.

prepared in a state statistically independent ofA, such that, at the output, subsystemB is
sent to Bob, while she keeps subsystem E for herself. Furthermore, from the perspective
of CVQKD, the wiretap channel description implies that the action of the eavesdropper
is known, as the unitary U is specified, and, unlike the unconditional security case, no
arbitrary channel manipulation is allowed. This captures the realistic idea that Eve is
not omnipotent and cannot perform any quantum operation, but is partially limited to
implement realistic attacks compatible with the state-of-the-art technologies [238, 239].

The wiretap channels associated with the usual CVQKD protocols over either pure-
loss and thermal-loss channels, are depicted in Fig. 7.2.2(a) and (b), respectively, where,
now, the prepare and measure (PM) approach provides the natural framework to adopt,
as the unitary dilation of the channel map is known [238, 239, 264]. In both the cases,
transmission losses are described by a beam splitter dynamics of suitable transmissiv-
ity T = 10−κd/10, where κ is the photon loss rate of the link. In the pure-loss case, the
auxiliary port of the beam splitter is left in the vacuum, and Eve performs passive eaves-
dropping: that is she only collects the reflected fraction of the encoded signals. On the
contrary, in the latter case, she also generates the channel excess noise acquired by the
pulses, thus implementing active eavesdropping. We model this effect via the entangling
cloner scheme, see Fig. 6.3.2. In more detail, Eve locally prepares a TMSV with variance
Vϵ = 1 + Tϵ/(1 − T ) on two modes E = (E1, E2), and makes branch E1 interfere with
the pulse sent by Alice; ultimately, she collects the output reflected state. Physically, this
implies that Eve is limited to implement a Gaussian attack, in which she both collects all
the lost photons and hides behind the channel excess noise.

We conclude that, in general, performing CVQKD over a quantum wiretap channel
yields a higher KGR than the unconditional security scenario, as we are considering a
particular Gaussian unitary dilation of the noisy map N : A → B. On the contrary,
the GG02 protocol provides a special case where the two approaches lead to same KGR,
given that the optimal attack is known, and equal to the entangling-cloner.
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Figure 7.2.3: Log plot of the optimized KGR K(w) of the QPSK protocol over a wiretap channel,
as a function of the transmission distance d in km, compared to both the KGR K(u) of the QPSK
protocol under unconditional security and the GG02 protocol. We set the reconciliation efficiency
β = 0.95, the loss rate κ = 0.2 dB/km and the excess noise ϵ = 0.02.

7.2.1 The QPSK protocol over a wiretap channel

As a paradigmatic example, we now compute the KGR for the QPSK protocol, intro-
duced in Sec. 6.5.1, in the presence of a thermal-loss wiretap channel. According to the
previous discussions, when performing the entangling-cloner attack, Eve is undetected
by Alice and Bob, who then share the same mutual information IAB(α

2) in Eq. (6.82).
The difference with respect to the unconditional security approach lies in the amount of
information achievable by Eve. In fact, since the wiretap channel represents a particular
unitary dilation, we expect Eve to have access to the Holevo information χ(w)

BE(α
2), being

lower than that in Eq. (6.86).

However, in the present case, the computation of χ(w)
BE(α

2) is not straightforward
and requires the advanced tools of Gaussian formalism summarized in Sec. 2.2.2. In
particular, we adopt the PM description depicted in Fig. 7.2.2(b), noting that, if Alice
samples the coherent state |αk⟩ = |αeiπ(2k+1)/4⟩, k = 0, . . . , 3, both Eve’s overall and
conditional states ρE(αk) and ρE|xB

(αk), respectively, are Gaussian states. In more detail,
in a thermal-loss wiretap channel, Eve generates a TMSV state with variance Vϵ = 1 +

Tϵ/(1− T ), with zero first moment (FM) vector, r(0)E = 0, and CM

σ
(0)
E =

(
Vϵ 12 Zϵ σz
Zϵ σz Vϵ 12

)
, (7.10)

with Zϵ =
√
V 2
ϵ − 1 and σz being the Pauli z-matrix. Moreover, if Alice samples a state

with amplitude αk, she gets a single-mode Gaussian state with FM r
(0)
A = 2α [cos((2k +

1)π/4), sin((2k + 1)π/4)] and CM σ
(0)
A = 12. Thereafter, Alice’s pulse interferes at the

channel beam splitter with Eve’s modeE1, resulting in a tripartite Gaussian state ρAE(αk)
characterized by FM and CM equal to

rAE = S
(
r
(0)
A ⊕ r

(0)
E

)
and σAE = S

(
σ

(0)
A ⊕ σ

(0)
E

)
ST , (7.11)
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with S = SBS ⊕ 12 and

SBS =

( √
T 12

√
1− T 12

−
√
1− T 12

√
T 12

)
(7.12)

being the symplectic matrix associated with the beam splitter operation. From (7.11) we
straightforwardly derive both Eve’s overall state ρE(αk) and conditional state after Bob’s
homodyne measurement ρE|xB

(αk) [31, 33]. In turn, the overall quantum states at Eve’s
sides read:

ρE =
1

4

3∑
k=0

ρE(αk) , (7.13a)

ρE|xB
=

1

4pB(xB)

3∑
k=0

pB|A(xB |αk) ρE|xB
(αk) , (7.13b)

with the probability distributions in (6.79) and (6.81). Ultimately, we obtain the Holevo
information as:

χ
(w)
BE(α

2) = S
[
ρE
]
−
∫
dxB pB(xB)S

[
ρE|xB

]
, (7.14)

that can be computed numerically by suitably expanding states (7.13) onto the Fock basis
[37]. The resulting KGR then reads:

K(w) = max
α2

[
βIAB(α

2)− χ
(w)
BE(α

2)
]
, (7.15)

optimized over the input modulation energy.
Plot of K(w) is reported in Fig 7.2.3 as a function of the transmission distance d in

km for ϵ = 0.02, compared to the KGR K(u) of the QPSK protocol under unconditional
security in Eq. (6.90). As expected, we have K(w) ≥ K(u), and the wiretap channel
assumption leads to higher values of key rate and maximum transmission distance. In-
cidentally, we also note that the gap between K(w) and K(u) provides a measure of the
non-Gaussianity of the protocol, as the entangling cloner scheme embedded in the wire-
tap model provides the optimal eavesdropping strategy for a Gaussian protocol. In turn,
we expect the separation between the two key rates to be progressively reduced when
considering modulation formats of increasing order than better approximate Gaussian
modulation, e.g. QAM.





CHAPTER 8

Optical amplification for long-distance CVQKD

The previous Chapter showed that one of the crucial limitations of CVQKD is provided
by the channel losses and noises, that both reduce the amount of extractable secure bits,
i.e. the KGR, and introduce a maximum transmission distance, after which the KGR
drops to 0. Accordingly, a challenging strategy to enhance CVQKD in the long-distance
regime is to adopt optical amplification techniques to perform signal restoration after
transmission, or, equivalently, loss mitigation. However, optical amplifiers are limited
in the quantum regime, and deterministic noiseless amplification is untenable with-
out the introduction of excess noise of quantum origin. In turn, optical amplification
has to be described in terms of CP maps, and amplifiers are commonly divided into
two main classes: conventional amplifiers and probabilistic noiseless linear amplifiers
(NLAs). With the first tem, we refer to either phase-insensitive amplifiers (PIAs), per-
forming noisy signal amplification by two-mode squeezing, with the ineludible intro-
duction of thermal noise on both the field quadratures, and phase-sensitive amplifiers
(PSAs), namely single-mode squeezing operations that noiselessly amplify a single field
quadrature at the expense of the conjugate one. On the other hand, NLAs are probabilis-
tic heralded schemes that perform noiseless amplification by coupling the signal mode
to an ancillary system, being measured thereafter. Amplification is successful with a
given probability, provided that a particular outcome is retrieved from the measurement
of the ancillary system. Given this scenario, in this Chapter we address the role of opti-
cal amplification in CVQKD protocols, assessing the potentiality and limitations of each
type of amplifiers.

The Chapter is organized as follows. In Sec.s 8.1 and 8.2 we introduce the problems
of long-distance CVQKD and optical amplification at the quantum limit, respectively.
Thereafter, we study the application of both conventional amplifiers and NLAs within
the context of CVQKD. In particular, in Sec. 8.3, we discuss the role of PIAs and PSAs ar-
ranged in a multi-span configuration, addressing security under both the unconditional
security framework and the trusted-device scenario, where only a single span of the link
is untrusted. Then, in Sec. 8.4 we analyze NLA-assisted CVQKD under unconditional se-
curity, by considering both the application of an ideal NLA and feasible physical NLAs,
that is quantum scissors (QS) and single-photon catalysis (SPC).

8.1 The problem of long-distance CVQKD

As widely discussed in the previous Chapters, CVQKD makes a sender and a receiver
share a common secure key in the presence of an untrusted channel up to a maximum
transmission distance dmax, at which the key generation rate (KGR) vanishes. The value
of dmax depends on several factors, such as the channel characteristics, e.g. the loss rate
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and the amount of thermal excess noise [191], the non-unit reconciliation efficiency [210],
the presence of finite-size effects [252] and the degree of trust of the channel, condition-
ing the amount of information at the eavesdropper’s disposal [206, 220]. In turn, all
these limitations crucially affect the KGR and prevent long-distance communication in
practical realizations. As an example, we note that the first implementation of CVQKD
at telecom wavelength has been achieved in 2007 by Lodewyck et al. [192], reaching the
maximum distance of ≈ 25 km. Since then, in 2013 and 2016 the maximum transmission
distance has been increased to 80 km [237] and 100 km [273], respectively. More recently,
thanks to the exploitation of ultra-low-losses fibers, CVQKD has been established up to
distances ranging from 100 to 200 km [274–277]. In contrast, the performance of realistic
DVQKD, implemented by the so-called decoy states [188, 189, 278], is much more ro-
bust, reaching distances from 15 to 100 km in the early 2000s [279–282], until the record
transmission distance of 421 km achieved by Zbinden et al. with ultra-low-loss fibers
[283].

A challenging task to face those CVQKD issues is to embed strategies in the original
protocols allowing to increase as much as possible the maximum transmission distance.
In principle, we may follow two different approaches, aiming at either reducing the
amount of channel losses or mitigating the impact of excess noise. In this Chapter, we
focus on the first scenario and consider the role of the optical amplifiers, introduced in
the following section, to perform signal restoration after transmission, with the intent of
increasing the effective transmissivity of the channel. In more detail, in the following we
take the GG02 protocol, presented in Sec. 6.3, as a benchmark, and design an improved
scheme assisted by two different classes of amplifiers:

• at first, we adopt conventional optical amplifiers, namely phase-insensitive (PIAs)
and phase-sensitive amplifiers (PSAs), in a multi-span configuration, where the
untrusted channel is composed of many regenerative stations interspersed with
lossy links. In this case, we investigate security under both the unconditional and
the trusted-device frameworks;

• thereafter, we discuss a more intriguing solution provided by heralded noiseless
linear amplifiers (NLAs), being probabilistic operations that amplify signals with-
out additional noise, provided that a particular outcome is retrieved from the mea-
surement of some ancillary modes. We consider noiseless amplification at the re-
ceiver’s side and, for the sake of simplicity, we only address unconditional security,
comparing both ideal and physical feasible examples of NLAs.

8.2 Amplification of optical signals

The problem of optical amplification is one of the relevant issues in quantum communi-
cations. In fact, since the development of masers in the 1950’s, it has been realized that
active optical media, e.g. laser systems without cavity, can be effectively used to amplify
the power of a laser beam without converting it into an electrical signal [284]. For this
reason, optical amplifiers can be exploited as optical repeaters for signal restoration in
long distance fiber-optic communication networks, as well as front-end devices for opti-
cal receivers, in which a weak optical signal is amplified before detection. The range of
possible applications makes it fundamental to assess the ultimate quantum-mechanical
limitations of these devices, which has been firstly analyzed by Caves in [12].

Ideally, at the quantum limit, we would like an optical amplifier to be described by a
quantum operation that, when a coherent state |α⟩ is considered at the input, produces
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Figure 8.2.1: Schemes of the phase-insensitive amplifier (PIA) (a) and phase-sensitive amplifier
(PSA) (b). In both the cases the amplification power gain G is related to the squeezing parameter
r. The PIA applies the same amplification to both quadratures and introduces additional noise
while PSA amplifies one of the quadratures and deamplifies the second rescaling the variances
accordingly as seen on the example for a coherent state with amplitude α = αq + iαp.

as output another coherent state with amplitude gα, for a given real (amplitude) gain
g ≥ 1. Accordingly, G = g2 represents the amplifier power gain [285]. This suggests the
following input-output relation between the input radiation mode a, [a, a†] = 1, and the
output mode aout:

aout = g a , (8.1)

that, however, violates the canonical commutation rule:

[aout, a
†
out] = g2 [a, a†] = G ̸= 1 . (8.2)

We conclude that the present transformation does not represent a physical operation,
and a unitary description of optical amplification is untenable. In turn, we should recast
the problem within the framework of quantum CP maps, in which case two different ap-
proaches are possible, involving either deterministic maps or heralded non-deterministic
(non-unitary) transformations.

8.2.1 Phase-insensitive and phase-sensitive amplifiers

From the perspective of deterministic CP maps, the usual conclusion is that an additional
noise operator should be added to the input-output relation (8.1) in order to preserve
the commutation rule. That is, we introduce an ancillary optical mode b prepared in
the vacuum state |0⟩, such that [b, b†] = 1 and [a, b] = 0, and consider the following
transformation:

aout = g a+
√
g2 − 1 b† , (8.3)

that, now, satisfies [aout, a
†
out] = 1. Then, we conclude that linear amplification is an

intrinsically noisy process, amplifying not only the signal power but also its noise level.
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Indeed, if mode a is excited in the coherent state |α⟩, the expectation values and variances
on the two output quadratures become

⟨qout⟩ = 2σ0gRe(α) and ⟨pout⟩ = 2σ0g Im(α) , (8.4a)

∆2q = ∆2p = (2g2 − 1)σ2
0 = σ2

0 +Ng , (8.4b)

respectively, thus introducing an excess noise equal to Ng = 2(g2−1)σ2
0 on both quadra-

tures, that turns the pure state |α⟩ into a mixed state.
From a practical point of view, the transformation (8.3) may be realized by the phase-

insensitive amplifier (PIA) depicted in Fig. 8.2.1(a). It is implemented by coupling the
signal mode a together with an ancillary mode b excited in the vacuum |0⟩ and perform-
ing a two-mode squeezing operation, namely

S2(r) = exp
[
r (a†b† − ab)

]
, (8.5)

r ≥ 0 being the squeezing parameter [31, 284]. The original input mode is then trans-
formed into aout =

√
Ga +

√
G− 1 b†, with G = cosh2 r, thus retrieving the result of

Eq. (8.3). Thereafter, we trace over mode b, ending up with an amplified signal but at
the expense of introducing a further ineludible noise equal to G− 1 on both quadratures
variances.

Given these considerations, PIAs are of particular interest for systems working at
high powers, whereas their application at the quantum level is more limited due to the
introduced excess noise [12]. The issue of noise may be circumvented by employing
phase-sensitive amplifiers (PSAs), see Figure 8.2.1(b), implemented via a unitary single-
mode squeezing operation

S(r) = exp

{
r

2

[
(a†)2 − a2

]}
, (8.6)

r ≥ 0 [31, 284]. The PSA amplifies the quadrature q by a factor
√
G = exp(r) ≥ 1 at the

expense of squeezing, i.e. de-amplifying, quadrature p by 1/
√
G ≤ 1. Consequently, the

quadrature variances are also amplified and de-amplified by G and 1/G, respectively.
Crucially, the input commutation relations between the quadratures are preserved with-
out introducing any further noise.

8.2.2 Noiseless linear amplifiers

Even if conventional amplifiers, namely PIAs and PSAs, can efficiently perform restora-
tion of classical signals, their application at the quantum limit is more limited. Indeed,
both PIAs and PSAs introduce partial distortions of the original signal, by introducing
either thermal noise on both quadratures or phase-sensitive effects, respectively. There-
fore, we may look for a more sophisticated solution, that produces noiseless linear am-
plification, albeit in probabilistic fashion. In fact, in principle, the input-output rela-
tion (8.1) can be realized by a non-deterministic (non-unitary) transformation T , such
that T |α⟩ = γ|gα⟩, for some constant γ ∈ C. In particular, Eq. (8.1) is retrieved with the
choice T = gn̂, n̂ = a†a being the photon-number operator of the input radiation mode,
where T is a non-unitary unbounded operator. In turn, we have:

T |α⟩ = e−|α|2/2
∞∑
n=0

αn√
n!
gn|n⟩ = γ|gα⟩ , (8.7)
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for the constant γ = exp[(g2 − 1)|α|2/2]. Given this consideration, we define an ideal
noiseless linear amplifier (NLA) as the device implementing the CP map:

Eid(ρ) = Pid
T ρ T †

Tr[T ρ T †]
+ (1− Pid)|0⟩⟨0| . (8.8)

That is, we assume that an heralding signal identifies which state is produced in every
run of the device, such that noiseless linear amplification of the input signal is achieved
with probability Pid ≤ 1, whereas, in the opposite case, the output state is left into the
vacuum. We also note that the success probability Pid ≤ 1 is not equal to the trace of
the post-selected state T ρ T †, since T is unbounded. The map Eid describes a physical
operation, provided that the distinguishability of the amplified states is not increased on
average [285, 286]; that is, the map must not decrease the fidelity F between any two
input quantum states [27, 287]. In turn, for all states ρ we should have:

F (ρ, |0⟩⟨0|) ≤ F (Eid(ρ), |0⟩⟨0|) , (8.9)

where we exploited the property Eid(|0⟩⟨0|) = |0⟩⟨0|. In the presence of a coherent input
ρ = |α⟩⟨α|, this imposes a constraint on the success probability, namely [286]:

Pid ≤ 1− e−|α|2

1− e−g2|α|2
. (8.10)

In summary, provided Pid to satisfy this bound, we have an heralded probabilistic device
that increases the amplitude of a coherent state retaining the initial amount of noise.

Nevertheless, to date, the unitary dilation of Eid, that should provide its exact ex-
perimental implementation, is still unknown. Therefore, the task is to design feasible
physical NLAs, that approximate the map (8.8), at least in the limit of weak amplitudes
[285, 288–296]. Here, we present two relevant examples, the quantum scissors (QS) and
the single-photon catalysis (SPC).

Quantum scissors (QS). The first implementation of a physical NLA has been pro-
posed by Ralph and Lund in [285] via the QS scheme schematized in Fig. 8.2.2(a).

In the QS scheme, the incoming signal mode a, impinges at a balanced beam splitter
with the first arm of the two-mode single-photon entangled state:

|φ⟩⟩bc =
√
τ |10⟩⟩bc +

√
1− τ |01⟩⟩bc , (8.11)

obtained by mixing a single photon with the vacuum at a beam splitter with transmis-
sivity τ , as depicted in Fig. 8.2.2(a). If mode a is excited in the coherent state |α⟩, the
tripartite state at the output reads:

|Ψ⟩abc = UabDa(α)
[√
τb† +

√
1− τc†

]
|000⟩

=

√
τ

2
Da

(
α√
2

)
Db

(
− α√

2

)
(|01⟩ab + |10⟩ab) |0⟩c

+
√
1− τ

∣∣∣∣ α√2

〉
a

∣∣∣∣− α√
2

〉
b

|1⟩c , (8.12)

where Da(b)(·) is the displacement operator on mode a(b) and Uab is the beam splitter
operator acting on modes a and b.
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Figure 8.2.2: Schematic representation of the quantum scissors (QS) (a) and the single-photon
catalyis (SPC) (b). In the QS scheme, a single photon is mixed with the vacuum at a beam splitter
with transmissivity τ . One of the output branches then impinges at a balanced beam splitter
with the incoming signal, after which double conditional photo-detection is performed. Noiseless
amplification is achieved when one of the two detectors reveals a single photon. Instead, in the
SPC process a single photon interferes directly with the incoming signal at a beam splitter with
transmissivity τ and then a single photon is retrieved at the end.

Thereafter, we perform conditional photodetection on both the output modes a and
b: when one of the two detectors retrieves a single photon, the output mode c is projected
onto the (not normalized) quantum state:

|ψ⟩ = e−|α|2/2
√
τ

2

[
|0⟩c ±

√
1− τ

τ
α |1⟩c

]
, (8.13)

where the “+” and “−” solutions are obtained by projection onto Π10 = |10⟩⟩ab⟨⟨10| and
Π01 = |01⟩⟩ab⟨⟨01|, respectively. In particular, for weak amplitude coherent states, i.e.
|α|2 ≪ 1, we have |ψ⟩ ≈ |gα⟩ for the gain:

g =

√
1− τ

τ
, (8.14)

being larger than 1 for τ ≤ 1/2. Hence, the action of the QS is to truncate the coherent
state expansion up to the first order and simultaneously amplify the coherent amplitude.
Finally, the success probability is is given by twice the norm of |ψ⟩, as NLA is successful
when both the pairs of outcomes (0, 1) and (1, 0) are retrieved, leading to:

PQS = 2e−|α|2 τ

2

[
1 + g2|α|2

]
≈ τe(g

2−1)|α|2 . (8.15)

Experimental demonstrations of the QS scheme have also been achieved by means
of linear optics, parametric-down-conversion-based single-photon source, and single-
photon detection [297–299].

Single photon catalysis (SPC). It has been recently proved in [292] that also SPC pro-
vides a candidate to implement noiseless amplification. As depicted in Fig. 8.2.2(b), in
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the SPC scheme a single ancillary mode b, excited in the single-photon state |1⟩, impinges
with the incoming signal at a beam splitter with transmissivity τ . Thereafter, photode-
tection is implemented on the reflected branch, conditioning on Π1 = |1⟩⟨1|.

In turn, the reduced conditional dynamics for the signal mode a is described by the
Kraus operator:

M1 = b⟨1|Uab|1⟩b =
[
1− (1− τ)aa†

] eln(√τ)a†a√
τ

, (8.16)

Uab = exp[arccos(
√
τ) (a†b − ab†)] being the beam splitter operator acting on modes a

and b. When a weak coherent state |α⟩ ≈ |0⟩+ α|1⟩, |α|2 ≪ 1, is considered at the input,
we obtain:

|ψ⟩ =M1|α⟩ ≈
√
τ

[
|0⟩ − 1− 2τ√

τ
α |1⟩

]
≈

√
τ |eiπgα⟩ , (8.17)

that approximates an amplified coherent state with a π phase shift and gain:

g =
1− 2τ√

τ
, (8.18)

such that g ≥ 1 for τ ≤ 1/4.
Moreover, the SPC setup has been experimentally realized in [300, 301] with the in-

tent of generating nonclassical states of light, whilst its application for noiseless ampli-
fication has not been practically tested to date. However, we note that, differently from
QS, in the SPC process a single photon interferes directly with the incoming signal; there-
fore, SPC provides a simpler scheme and may represent a feasible alternative to QS for
experimental NLA realizations.

8.3 CVQKD with phase-insensitive and phase-sensitive amplifiers

Starting from the discussions of the previous section, we now address for the first time
the application of optical amplifiers as a possible resource to mitigate the losses impact
in CVQKD schemes. The results obtained in the following sections are original. Here,
we start from the case of PIAs and PSAs, arranged in multi-span configuration.

8.3.1 Multi-span links

To compensate transmission losses and restore the signal, a first natural option is to em-
ploy conventional optical amplifiers [12, 284, 302] and consider a multi-span link, that
is, a periodic array of amplifiers connected by many independent thermal-loss channels.
To date, this configuration have been investigated with the intent of increasing channel
capacity for information transmission [265, 266, 303, 304], showing that both PIAs [265]
and PSAs [266] induce an exponential enhancement of the ultimate capacity being more
appreciable for short-distance communication. In contrast, in the context of CVQKD
the role of optical amplifiers has been investigated to compensate for detection imper-
fections [193], raising the question on their possible application to the channel losses
mitigation task. In fact, multi-span links provide a simple and versatile solution for
practical implementations, unlike many other solutions. As an example, an alternative
choice would be instead to insert classical-like repeaters after each span and establish
keys separately between neighboring nodes. At the quantum limit, a classical repeater



176 8.3 CVQKD with phase-insensitive and phase-sensitive amplifiers

Figure 8.3.1: Scheme of CVQKD in the presence of a multi-span link. A two mode squeezed
vacuum state (TMSV) is distributed between Alice and Bob. Alice performs a double homodyne
(DH) measurement on her mode, whereas the mode sent to Bob travels through a thermal-loss
channel modeled by a series ofM beam splitters with transmissivities Tj and added mean thermal
number of photons n̄j . To counteract losses, the signal mode Bj after each span is amplified by
either PIA or PSA with power gain Gj . Finally, Bob performs a measurement which we assume
to be either case I: a random homodyne detection of quadratures q/p, or homodyne detection of
either q, IIa, or p, IIb.

would be described as an intercept-resend system, performing double homodyne detec-
tion on the received signal and preparing a coherent pulse with amplitude equal to the
obtained outcome. Due to the probabilistic nature of quantum measurements, the over-
all effect of such intercept-resend strategy would be the introduction of an excess ther-
mal noise, similar to the case of PIA. In principle, establishing keys between subsequent
nodes would significantly reduce the impact of channel losses at the cost of introduc-
ing additional excesss noise due to probabilistic nature of the quadrature measurement.
However, from a practical point of view, this configuration would be unfeasible in real
networks, as classical-repeater nodes are expensive and, thus, cannot be placed at every
few kilometers. A further solution may be the adoption of quantum repeaters [305–307],
which represent an intriguing strategy from a theoretical point of view, but rather an
unpractical one with current state-of-the-art technology. In fact, quantum repeaters for
CV systems employ probabilistic noiseless linear amplifiers as a fundamental building
block, and, thus, require the presence of a quantum memory, not yet available with the
current optical communication technologies and far from a direct large-scale implemen-
tation [308, 309]. Thus, employing either classical or quantum repeaters can lead to a
much higher key rate at the cost of making infrastructure complicated and expensive.
On the contrary, optical amplifiers like PIA and PSA are much cheaper and manageable
than repeaters and provide a feasible tool to enhance communication between the nodes.

Given these considerations, the scheme of CVQKD over multi-span links is depicted
in Fig. 8.3.1. In particular, we start from the GG02 scheme in its entanglement-based
version: that is, Alice has a two-mode squeezed vacuum state (TMSV) with variance
V > 1, namely

|TMSV⟩⟩ =
√
1− λ2

∞∑
n=0

λn|n⟩|n⟩ , (8.19)

where λ =
√
(V − 1)/(V + 1) and |n⟩ being the Fock state with n photons [39]. She

injects the second branch into the quantum channel while performing double homodyne
(DH) detection on the remaining mode, such that the conditional state sent to Bob is
a coherent state. Ultimately, Bob performs a homodyne measurement on the received
pulses, which in the former version of GG02 consists of a random homodyne detection
of either q or p quadratures [14, 177].
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Unlike in the standard GG02 protocol, now, the quantum channel consists of a multi-
span link with M spans alternated by optical amplifiers. Each span j = 1, . . . ,M is
modeled as an independent thermal-loss channel with transmissivity Tj ≤ 1 and excess
noise ϵj ≥ 0. More precisely, the optical mode entering the j-th link is mixed at a beam
splitter with transmissivity Tj with a thermal state having n̄j = Tjϵj/[2(1 − Tj)] mean
number of photons [39]. Thereafter, the radiation undergoes optical amplification, either
phase-insensitive or phase-sensitive, before being injected into the (j + 1)-th span. For
simplicity, here we assume both identical and equally spaced amplifiers, such that all
spans have the same transmissivity Tj = T , added thermal noise n̄j = n̄T and ampli-
fication power gain Gj = G. Note, however, that this choice may not be the optimal
arrangement [265]. Then, if the total transmission distance is d, two neighboring ampli-
fiers are spaced by d/M and we have

T = 10−κd/(10M) , (8.20)

κ = 0.2 dB/km being the typical loss rate of standard optical fibers [38, 191, 192]. More-
over, we assume the added thermal photons in each span to be equal to

n̄T =
TM ϵ

2(1− TM )
. (8.21)

With these choices, in the absence of optical amplification, that is G = 1, we retrieve the
standard GG02 scenario, that is a single-span thermal-loss channel with total transmis-
sivity Tn = TM and added noise χn = (1− Tn)/Tn + ϵ, ϵ ≥ 0 being the total excess noise
[177, 222].

Starting from the scheme in Fig. 8.3.1, we address three different cases, differing from
one another by both the employed amplifier and the measurement implemented by Bob:

• Case I: PIA link and random homodyne detection of quadratures q/p,

• Case IIa: PSA link and homodyne detection of quadrature q, namely the anti-
squeezed quadrature,

• Case IIb: PSA link and homodyne detection of quadrature p, namely the squeezed
quadrature.

We note that the presence of a PSA link makes the channel phase-sensitive, thus differ-
entiating the behavior of quadratures q and p. Therefore, in the presence of PSAs Bob
may perform homodyne detection of a single quadrature for those experimental runs
dedicated to key extraction, while homodyning both q and p for the channel evaluation
stage, in order to fully characterize the quantum channel [222]. We also remark the im-
portant difference between PIA and PSA: the former is a noisy operation requiring the
introduction of an additional light mode lost to the environment which, in principle, can
be intercepted by a malicious party, whereas the latter amplification scenario assumes
unitary evolution which does not leak any information, thus being always trusted.

In the following, we compute the KGR for all three cases under both unconditional
security and the trusted device scenarios, in which we assume trusted amplifiers and
only a single untrusted span 0 ≤ k ≤M . To perform the analysis, we adopt the notation
introduced in Fig. 8.3.1. At first Alice has two optical modesA andB0 excited in a TMSV
state. Then, the mode B0 is injected into the sequence of M spans. We denote by Bj the
optical mode coming out from the j-th span and subsequently amplified by the j-th
amplifier. Finally, we refer to the last output mode as B = BM . We start by computing
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the mutual information shared between Alice and Bob, addressing the cases I and IIp,
p = a,b, separately. The whole analysis is carried out following the Gaussian formalism.

In fact, a thermal-loss channel with transmissivity T ≤ 1 and thermal noise n̄T is
described via a Gaussian completely positive (CP) map associated with the matrices
[31]:

XTL =
√
T 12 and YTL = (1− T )(1 + 2n̄T )12 , (8.22)

12 being the 2× 2 identity matrix.
As regards optical amplification, PIA are descripted by the Gaussian CP map [31]:

XPIA =
√
G12 and YPIA = (G− 1)12 , (8.23)

G ≥ 1 being the amplification power gain, whilst PSA are unitary maps, thus completely
described by the symplectic matrix [33]:

SPSA =

(
G1/2 0
0 G−1/2

)
. (8.24)

Thus, for case I, namely in the presence of a PIA link, each span is given by the
composition of the two Gaussian CP maps described by Eqs. (8.22) and (8.23), resulting
in a overall Gaussian CP map defined by the matrices:

X(I) = XPIAXTL =
√
GT 12 ,

Y (I) = XPIAYTLX
T
PIA + YPIA

= [G(1− T )(1 + 2n̄T ) + (G− 1)] 12 . (8.25)

Otherwise, for case II, namely PSA link, each span is the composition of the CP map (8.22)
and the symplectic evolution (8.24), resulting in the overall Gaussian CP map associated
with X(II) = SPSAXTL and Y (II) = SPSAYTLS

T
PSA, namely:

X(II) =

(√
GT 0

0
√
G−1T

)
, (8.26)

and

Y (II) =

(
G(1− T )(1 + 2n̄T ) 0

0 G−1(1− T )(1 + 2n̄T )

)
. (8.27)

Case I : PIA link The initial state before injection into the channel is a TMSV in modes
A and B0, completely characterized by its covariance matrix (CM)

σAB0
=

(
V 12 Z σz
Z σz V 12

)
, (8.28)

where Z =
√
V 2 − 1, and σz is the Pauli z-matrix.

The mode B0 is injected into the noisy channel, which may be modeled via a se-
quence of Gaussian CP maps. More specifically, each node is described by a Gaussian
CP map (8.23), such that the bipartite state on modes ABj after the j-th span is a Gaus-
sian state with associated CM σ

(I)
ABj

= (12 ⊕ X(I))σ
(I)
ABj−1

(12 ⊕ X(I))T + (0 ⊕ Y (I)), 0
being the null 2× 2 matrix.
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Accordingly, after M nodes applying PIA the state shared between Alice and Bob is
still Gaussian with CM

σ
(I)
AB =

(
σ

(I)
A σ

(I)
Z

σ
(I)T
Z σ

(I)
B

)
=

(
a(M)

12 z(M)σz
z(M)σz b(M)

12

)
, (8.29)

where

a(M) = V , (8.30a)

b(M) = T (M)

[
V + χ(M)

]
, (8.30b)

z(M) =
√
T (M) Z , (8.30c)

and

T (M) = (GT )M , (8.31a)

χ(M) =
1

(GT )M−1

1− (GT )M

1−GT

[
χ+ χG

]
, (8.31b)

χ = (1 − T )(1 + 2n̄T )/T being the added noise introduced after the passage though a
single span due to the channel thermal noise, while χG = (G−1)/(GT ) is the added noise
due to the PIA. Consequently, compared to the scenario in the absence of amplifiers, the
PIA link is equivalent to a thermal-loss channel with increased transmissivity T (M) ≥ Tn,
but also increased added noise χ(M) ≥ χn.

After transmission, Alice performs DH detection on her mode, associated with the
CM σDH = 12, while Bob implements a homodyne detection of either quadrature q or p,
referred to as sub-cases a and b, and described by the CMs

σa = lim
z→0

(
z 0
0 z−1

)
and σb = lim

z→∞

(
z 0
0 z−1

)
, (8.32)

respectively. Due to the symmetry of (8.29), the resulting statistics for both quadrtures
are identical, therefore, we can safely assume that Bob always measures the quadrature
q. In turn, the mutual information between Alice and Bob may be obtained directly
from (8.29) as:

I
(I)
AB(V,G) =

1

2
log2

{
det
[
σ

(I)
A + σDH

]
det
[
σ

(I)
B + σa

]
det
[
σ

(I)
AB + (σDH ⊕ σa)

] }
, (8.33)

where we highlighted the dependence on the free parameters V and G.

Case II : PSA link For cases IIp, p = a,b, we follow analogous procedure as in the
previous subsection. Now, each node is modeled by a Gaussian CP map (8.26). The
shared state on modesABj has CM σ

(II)
ABj

= (12⊕X(II))σ
(II)
ABj−1

(12⊕X(II))T+(0⊕Y (II)),
thus ultimately we obtain the CM of the state shared between Alice and Bob as:

σ
(II)
AB =

(
σ

(II)
A σ

(II)
Z

σ
(II)T
Z σ

(II)
B

)
=


a(M) 0 z

(M)
1 0

0 a(M) 0 −z(M)
2

z
(M)
1 0 b

(M)
1 0

0 −z(M)
2 0 b

(M)
2

 , (8.34)
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where

b
(M)
1(2) = T

(M)
1(2)

[
V + χ

(M)
1(2)

]
, (8.35a)

z
(M)
1(2) =

√
T

(M)
1(2) Z , (8.35b)

and

T
(M)
1 = (GT )M , T

(M)
2 = (G−1T )M , (8.36a)

χ
(M)
1 =

1

(GT )M−1

1− (GT )M

1−GT
χ , (8.36b)

χ
(M)
2 =

1

(G−1T )M−1

1− (G−1T )M

1−G−1T
χ , (8.36c)

with χ = (1− T )(1 + 2n̄T )/T .
Unlike case I, the PSA link is a phase-sensitive channel. Indeed, in the presence of

PSA, quadrature q exhibits an increased transmissivity T (M)
1 ≥ Tn and reduced added

noise χ(M)
1 ≤ χn, whereas quadrature p shows a reduced transmissivity T (M)

2 ≤ Tn with
increased added noise χ(M)

2 ≥ χn. As we discuss in the following, under appropriate
conditions this allows Bob to hide behind the increased noise to reduce the amount of
information intercepted by an eventual eavesdropper. The mutual information for the
two sub-cases p = a,b then reads:

I
(IIp)
AB (V,G) =

1

2
log2

{
det
[
σ

(II)
A + σDH

]
det
[
σ

(II)
B + σp

]
det
[
σ

(II)
AB + (σDH ⊕ σp)

] }
. (8.37)

In the next subsections, we will perform a security analysis of the above protocols
by considering both the cases of unconditional security, where the entire channel is un-
trusted, and conditional security, assuming that only a single span is untrusted and may
be intercepted by Eve. In both scenarios, we take as a benchmark the security of the
associated protocol in the absence of optical amplifiers, referred to as the “no-amplifier
protocol”, in which we assume Bob to perform a random homodyne measurement of
either quadrature q or p as in GG02. The results of the standard no-amplifier protocol
can be retrieved from both cases I and II by fixing G = 1.

8.3.2 Unconditional security

At first, we analyze the performance of the discussed protocol under the unconditional
security approach, where the whole transmission line is supposed to be attacked by
Eve. In this framework, all elements of the multi-span link are assumed to be untrusted
and the most powerful attack is the so-called purification attack [177, 222]. That is, Eve
intercepts all the lost photons, and collects modes associated with the channel noise
and purifies the final state shared between Alice and Bob, such that the tripartite system
ABE is pure [222]. Under these conditions employing PIAs is useless because Eve would
have access also to their purification, and extract more information with respect to the
no-amplifier protocol. In contrast, case II is still worth of interest due to the unitarity of
phase-sensitive amplification.
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Considering reverse reconciliation [177, 222], for the cases IIp, p = a,b, the KGR is
given by

K(IIp)
u (V,G) = βI

(IIp)
AB (V,G)− χ

(IIp)
BE (V,G) , (8.38)

where β ≤ 1 is the reconciliation efficiency and χ
(IIp)
BE (V,G) = SE − S

(p)
E|B is the Holevo

information between Bob and Eve, SE and S
(p)
E|B being the Von Neumann entropies of

Eve’s overall state and Eve’s conditional state after Bob’s measurement, respectively.
Due to the purification attack and the fact that Bob’s measurement is represented by a
1-rank operator, we have SE = SAB and S

(p)
E|B = S

(p)
A|B , where SAB and S

(p)
A|B are the

Von Neumann entropies of Alice and Bob’s bipartite state and Alice’s conditional state,
respectively. These two latter quantities can be retrieved from the CM (8.34), leading to:

χ
(IIp)
BE (V,G) = h

(
d1 − 1

2

)
+ h

(
d2 − 1

2

)
− h

(
d
(p)
3 − 1

2

)
, (8.39)

where

h(x) = (x+ 1) log2(x+ 1)− x log2 x , (8.40)

d1 and d2 are the symplectic eigenvalues of (8.34) and d
(p)
3 =

√
det
[
σ

(IIp)
A|B

]
, with

σ
(IIp)
A|B = σ

(II)
A − σ

(II)
Z

[
σ

(II)
B + σp

]−1

σ
(II)T
Z . (8.41)

In particular, we have:

d
(a(b))
3 = V

√√√√√1− Z2

V

[
V + χ

(M)
1(2)

] . (8.42)

Finally, we perform optimization over the free parameters - modulation variance V
and power gain G, obtaining

K(IIp)
u = max

V,G
K(IIp)
u (V,G) , (p = a,b) , (8.43)

subject to the set of constraints b(j)1 ≤ V , see Eq. (8.35a), i.e.

T
(j)
1

[
V + χ

(j)
1

]
≤ V , (j = 1, . . . ,M) , (8.44)

assuring that throughout the channel the squeezing operation does not amplify the vari-
ances of the quadratures, proportional to the total optical power, over their input values
[265, 266]. This conditions arises from a physical requirement that realistic optical fibers
cannot support propagation of pulses with arbitrarily high energy without damaging
the optical infrastructure or the emergence of unwanted nonlinear effects. Therefore,
it is reasonable to impose a condition on the gain of the PSA, such that energy of the
amplified signal after each span is not larger than the input one.
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Figure 8.3.2: (a) Log plot of K(IIb)
u as a function of the transmission link length d for different level

of external noise and number of amplifiers M , with fixed reconciliation efficiency β = 0.95. (b)
Log plot of K(IIb)

u as a function of d for different values of reconciliation efficiency and number of
amplifiers M , with fixed channel excess noise ϵ = 0.05. The enhancement introduced by PSAs is
accentuated for lower β. The caseM = 0 refers to the no-amplifier protocol. The pink shaded area
represents KGR greater than the PLOB bound, computed for ϵ = 0.05.
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Figure 8.3.3: Plot of the optimized amplifier power gain G(IIb)
u as a function of link length d for

different number of amplifiers M . The dashed lines represent the maximum attainable gain G(II)
max

computed with the optimized modulation V
(IIb)
u , presented in the inset. We set ϵ = 0.05 and

β = 0.95.



Optical amplification for long-distance CVQKD 183

Furthermore, since we assume all amplifiers to be characterized by the same gain , it
suffices to verify condition (8.44) for j = 1, satisfied if b(1)1 ≤ V , namely

G ≤ G(II)
max ≡ V

1 + T (V + ϵ− 1)
. (8.45)

In this security paradigm, the no-amplifier protocol is described by a single-span
quantum channel with transmissivity Tn and added noise χn, which coincides with the
GG02 protocol. The benchmark key rate K(n)

u is obtained by optimizing the unamplified
KGR over the modulation variance V :

K(n)
u = max

V
K(IIp)
u (V,G = 1) . (8.46)

The obtained numerical results suggest that the optimized gain for case IIa is equal to
G

(IIa)
u ≡ 1 for all d, therefore K(IIa)

u ≡ K
(n)
u and measuring the anti-squeezed quadrature

q does not increase the key rate of the discussed protocol. On the contrary, the case IIb
improves the security for large values of excess noise ϵ, as depicted in Fig. 8.3.2(a). In
this case, PSA links offer a higher KGR and, remarkably, increase the achievable maxi-
mum transmission distance, although the enhancement is relevant only for large excess
noise, namely ϵ ≳ 0.05 [225, 226]. Furthermore, as shown in Fig. 8.3.2(b), at fixed ex-
cess noise ϵ, the KGR increase induced by PSAs becomes larger for lower values of the
reconciliation efficiency β. For the sake of completeness, in Fig. 8.3.2 we also show the
Pirandola–Laurenza–Ottaviani–Banchi (PLOB) bound [310]:

KPLOB = − log2
[
(1− Tn)T

n̄T
n

]
− h(n̄T ) , (8.47)

which represents the maximum KGR achievable with the considered repeaterless thermal-
loss channel.

The optimized gain G
(IIb)
u obtained from the maximization procedure is plotted in

Fig. 8.3.3. For small link lengths d, constraint (8.45) leads to G
(IIb)
u = G

(II)
max and the

gain increases with link length, whereas for larger d it becomes a decreasing function
approaching 1 asymptotically. Moreover, G(IIb)

u decreases with the number of spans M ,
as expected. Finally, the optimized modulation V

(IIb)
u is a decreasing function of the

link length such that V (IIb)
u ≥ V

(n)
u , where V (n)

u is the optimized modulation of the no-
amplifier protocol.

The physical explanation of the previous results is the following. When measuring
the squeezed quadrature p, Bob observes a higher added noise with respect to the stan-
dard protocol, that is, χ(M)

2 ≥ χn, and a reduced effective transmissivity T (M)
2 ≤ Tn, as

depicted in Fig. 8.3.4. In turn, the mutual information between Alice and Bob is reduced,
but at the same time also Eve’s Holevo information is reduced since the conditional en-
tropy S

(b)
E|B becomes larger, according to (8.42). The tradeoff between the two types of

information leads to the the existence of an optimized gain for which the Holevo infor-
mation is reduced more than the mutual information, eventually resulting in a higher
KGR obtained by “hiding” behind the noise.

In light of this, the advantage introduced by PSAs shall increase with the number of
spans M . In particular, we may obtain the maximum increase in KGR in the continuous-
amplification limit, M ≫ 1. Since TM = Tn is fixed, in this limit, up to a leading order in
M , we have that T ≈ 1, 1− T ≈ − lnT = −(lnTn)/M and GM = G∞. Consequently, the
effective transmissivities and added noises read

T
(∞)
1 = G∞Tn , T

(∞)
2 = G−1

∞ Tn , (8.48)
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Figure 8.3.4: Plot of the added noise χ(M)
2 (a) and the effective link transmission T

(M)
2 (b) as a

function of link length d for different number of amplifiers M for ϵ = 0.05 and β = 0.95. The case
M = 0 refers to the no-amplifier protocol.

while the effective added noise χ(M)
1 on quadrature q becomes:

χ
(∞)
1 = lim

M→∞

{
1

G∞Tn

1−G∞Tn
1− (G∞Tn)1/M

1− T

T
(1 + 2n̄T )

}

=
1

G∞Tn

[
− 1−G∞Tn
ln(G∞Tn)/M

] [
− lnTn

M

]
(1 + 2n̄T )

=
1−G∞Tn
G∞Tn

lnTn
ln (G∞Tn)

(1 + 2n̄T ) , (8.49)

where we also adopted the Taylor expansion 1− x1/M = − lnx/M + O(1/M2), holding
for M ≫ 1. With analogous method, we obatin:

χ
(∞)
2 =

1− Tn/G∞

Tn/G∞

lnTn
ln (Tn/G∞)

(1 + 2n̄T ) , (8.50)

and we obtain the KGR by (8.43). These channel parameters, calculated for the resulting
optimized gain G∞, are plotted in Fig. 8.3.4. Note also that even a few spans allow one
to approach the continuous amplification limit.

Finally, we calculate the maximum tolerable excess noise ϵ(IIb)max as a function of the
transmission distance, reported in Fig. 8.3.5. It represents the maximum acceptable
amount of noise to maintain a positive KGR. Consistently with the previous results, the
exploitation of PSAs increases the maximum tolerable excess noise with respect to the
no-amplifier scheme in the metropolitan-distance regime, as ϵ(IIb)max ≥ ϵ

(n)
max. As expected,

the advantage introduced increases with the number of nodes.

8.3.3 Trusted-device scenario

We now discuss the second instance under investigation, namely the restricted eaves-
dropping case. In this scenario we assume Eve to attack only a single span of the link,
whilst all the remaining ones as well as the employed amplifiers are considered to be
trusted, thus letting our analysis to belong to the conditional security framework. In
turn, only a fraction 1/M of the whole fiber link is untrusted. The scheme for the eaves-
dropping strategy under investigation is depicted in Fig. 8.3.6. Across the whole chan-
nel, only the k-th link, k = 1, . . . ,M , is untrusted and may be attacked via entangling
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Figure 8.3.5: Plot of the maximum tolerable noise ϵ(IIb)max as a function of the link length d for differ-
ent number of amplifiers M and β = 0.95. The case M = 0 refers to the no-amplifier protocol.

Figure 8.3.6: Scheme of the CVQKD protocol under restricted eavesdropping. All the amplifiers
are trusted and Eve is allowed to attack only the k-th span, k = 1, . . . ,M , via active eavesdropping,
that is by injecting one arm of a TMSV state into the span, hiding herself behind the introduced
excess noise.
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cloner attack by Eve [222, 239], performing active eavesdropping. That is, Eve hides
herself behind the thermal noise n̄k = n̄T , equal to (8.21), by generating a TMSV state
with variance Vϵ = 1 + 2n̄T on two modes E = (E1, E2) and injecting mode E1 into the
second input port of the beam splitter modeling the k-th span, retrieving the reflected
output state. In this way she gets undetected by Alice and Bob, as performing partial
trace over modes E introduces an additive thermal noise with exactly n̄T mean number
of photons. In order to perform the security analysis under the above paradigm we shall
compute the quantum state in Eve’s possession after the entangling cloner attack. We
proceed as follows, starting with the case I.

Since all nodes j = 1, . . . , k − 1 are trusted, the quantum state shared by Alice and
Bob injected into the k-th span is in the form (8.29), namely:

σ
(I)
ABk−1

=

(
a(k−1)

12 z(k−1) σz
z(k−1) σz b(k−1)

12

)
. (8.51)

Instead, the CM of Eve’s initial TMSV state reads:

σE =

(
Vϵ 12 Zϵ σz
Zϵ σz Vϵ 12

)
, (8.52)

with Zϵ =
√
V 2
ϵ − 1. After the interference at the beam splitter, the joint quantum state

of Alice, Bob and Eve is described by the CM:

σ
(I)
ABkE

= S

(
σ

(I)
ABk−1

⊕ σE

)
ST , (8.53)

where

S = 12 ⊕ SBS ⊕ 12 , (8.54)

and

SBS =

( √
T 12

√
1− T 12

−
√
1− T 12

√
T 12

)
(8.55)

is the symplectic matrix associated with the beam splitter operation [31, 33].
Thereafter, we let the transmitted signal pass through the remaining M − k spans,

applying the techniques described in 8.3.1. Ultimately, the tripartite joint state after the
channel is associated with the CM:

σ
(I)
ABE =

(
σ

(I)
AB σ

(I)
C

σ
(I)T
C σ

(I)
E

)
, (8.56)

with the σ
(I)
AB in Equation (8.29) and

σ
(I)
E =

([
(1− T )b(k−1) + TVϵ

]
12

√
TZϵ σz√

TZϵ σz Vϵ 12

)
, (8.57)

σ
(I)
C =

σ
(I)
AE

σ
(I)
BE

 =

(
c(1) σz 0

c(2) 12 c(3) σz

)
, (8.58)
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being the CM of Eve’s overall state and the correlation matrix between Alice and Bob
and Eve, respectively, with

c(1) = −
√
1− T z(k−1) , (8.59)

c(2) =
√
(GT )M−k+1(1− T )

[
Vϵ − b(k−1)

]
, (8.60)

c(3) =
√
(GT )M−kG(1− T )Zϵ . (8.61)

Subsequently, after Bob’s measurement Eve is left with the conditional state associated
with:

σ
(I)
E|B = σ

(I)
E − σ

(I)T
BE

[
σ

(I)
B + σa

]−1

σ
(I)
BE . (8.62)

Similarly as in the unconditional security case, the KGR resulting from the present
conditional security analysis is given by the difference between the appropriately rescaled
Alice and Bob’s mutual information I(I)AB(V,G) and the Holevo information between Eve
and Bob χ(I)

BE(V,G):

K(I)
c (V,G) = βI

(I)
AB(V,G)− χ

(I)
BE(V,G) , (8.63)

where β denotes the reconciliation efficiency. The Holevo information can be written as

χ
(I)
BE(V,G) = S

(I)
E − S

(I)
E|B = h(d

(I)
1 ) + h(d

(I)
2 )− h(d

(I)
3 )− h(d

(I)
4 ) , (8.64)

where h(x) is the function in (8.40) and d
(I)
1(2) and d

(I)
3(4) are symplectic eigenvalues of the

CMs (8.57) and (8.62), respectively. The resulting optimized KGR is equal to:

K(I)
c = max

V,G
K(I)
c (V,G) , (8.65)

subject to the constraints of maximum power in the link T (j)[V + χ(j)] ≤ V for all j =
1, . . . ,M , or, equivalently,

G ≤ G(I)
max ≡ 1 + V

2 + T (V + ϵ− 1)
. (8.66)

The same procedure may be followed to derive the key rate of case II, identifying
the corresponding CMs σ

(II)
E and σ

(IIp)
E|B , p = a,b, the latter depending on the particular

quadrature measured by Bob. Now, the joint state of the three parties is associated with
the CM:

σ
(II)
ABE =

(
σ

(II)
AB σ

(II)
C

σ
(II)T
C σ

(II)
E

)
, (8.67)
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with the σ
(II)
AB in Equation (8.34) and

σ
(II)
E =


e1 0

√
TZϵ 0

0 e2 0 −
√
TZϵ√

TZϵ 0 Vϵ 0

0 −
√
TZϵ 0 Vϵ

 , (8.68)

σ
(II)
C =

σ
(II)
AE

σ
(II)
BE

 =


c
(1)
1 0 0 0

0 −c(1)2 0 0

c
(2)
1 0 c

(3)
1 0

0 c
(2)
2 0 −c(3)2

 , (8.69)

with

e1(2) =
[
(1− T )b

(k−1)
1(2) + TVϵ

]
, (8.70a)

c
(1)
1(2) = −

√
1− T z

(k−1)
1(2) , (8.70b)

c
(2)
1 =

√
(GT )M−k+1(1− T )

[
Vϵ − b

(k−1)
1

]
, (8.70c)

c
(2)
2 =

√
(G−1T )M−k+1(1− T )

[
Vϵ − b

(k−1)
2

]
, (8.70d)

c
(3)
1 =

√
(GT )M−kG(1− T )Zϵ , (8.70e)

c
(3)
2 =

√
(G−1T )M−kG−1(1− T )Zϵ . (8.70f)

Finally, Eve’s conditional CM reads:

σ
(IIp)
E|B = σ

(II)
E − σ

(II)T
BE

[
σ

(II)
B + σp

]−1

σ
(II)
BE , p = a,b . (8.71)

The corresponding KGR can be written as:

K(IIp)
c (V,G) = βI

(IIp)
AB (V,G)− χ

(IIp)
BE (V,G) , p = a,b , (8.72)

with the mutual information I
(IIp)
AB (V,G) given in (8.37) and the Holevo information

equal to

χ
(IIp)
BE (V,G) = S

(II)
E − S

(IIp)
E|B

= h(d
(II)
1 ) + h(d

(II)
2 )− h(d

(IIp)
3 )− h(d

(IIp)
4 ) , (8.73)

d
(II)
1(2) and d

(IIp)
3(4) being the symplectic eigenvalues of σ(II)

E and σ
(IIp)
E|B , respectively. Finally,

one obtains

K(IIp)
c = max

V,G
K(IIp)
c (V,G) , (8.74)
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subject to the constraint (8.45). Differently from Section 8.3.2, in this scenario the no-
amplifier protocol is equivalent to the case of a wiretap channel under restricted eaves-
dropping, in which Eve has access only to a portion 1/M of the fiber link [239]. That
is, we may model the channel as an asymmetric three-span channel composed of three
beam splitters with effective transmissivities Tl = T k−1, Tk = T and Tr = TM−k, and
thermal noise n̄l = n̄k = n̄r = n̄T , respectively, in which only the central span is attacked
by Eve via entangling-cloner attack. The benchmark key rate K(n)

c is then equal to:

K(n)
c = max

V
K(I)
c (V,G = 1) . (8.75)

In the following, we show the obtained results, by comparing directly cases I and IIa,
in which the amplified quadrature is probed by Bob and, thereafter, by discussing case
IIb, where Bob detects the de-amplified quadrature.

8.3.3.1 Cases I and IIa : measuring the amplified quadrature

For both the discussed cases I and II, plots of the KGR K
(q)
c , q = I, IIa, are presented in

Figure 8.3.7 for links with M = 5 (a) or M = 10 (b) amplifiers and different positions
k = 1, . . . , N of the untrusted span, and compared to K(n)

c for no-amplifier protocol. We
underline that the results for M = 5 and M = 10 can be only qualitatively compared, as
we keep the assumption that only one span is untrusted and, in turn, by increasing M
Eve becomes more and more restricted.

In general, one can observe that, when Bob measures the amplified quadrature, both
PIAs and PSAs improve the KGR with respect to the no-amplifier protocol only if Eve
attacks one of the first spans of the fiber-link. The case k = 1, where the first span is
the untrusted one, represents the best-case scenario, where the key rate is increased by
several orders of magnitude. Indeed, in this scenario the signal intercepted by Eve has
not been amplified yet. Thus, Eve’s overall state, described by the CM σ

(q)
E , is indepen-

dent of the gain G and the only effect of amplification is the reduction of the conditional
entropy S(q)

E|B appearing in the Holevo information Eqs. (8.64) and (8.73). On the other
hand, for k ≥ 2, amplifying Bob’s received signal also increases Eve’s overall entropy
S
(q)
E . In turn, the benefits of optical amplification are more and more reduced with in-

creasing k. To better quantify this effect, we compute the ratio:

R(q) =
K

(q)
c

K
(n)
c

, q = I, IIa , (8.76)

which is presented in Figure 8.3.7(c-d). All ratios are initially equal to 1 up to a threshold
distance, that is, R(q) = 1 if d ≤ d

(q)
min, thereafter for k ≥ 2 they reach a maximum

and then decrease towards an asymptotic value. Moreover, the key ratio R(q) decreases
with increasing k and there exists a threshold value kth such that for k ≥ k

(q)
th we have

R(q) ≡ 1. Therefore, if Eve attacks a span located further, k ≥ k
(q)
th , employing signal

amplification is no longer beneficial. For link parameters values κ = 0.2dB/km, ϵ = 0.05

and β = 0.95 one obtains k(I)th = 2 and k
(IIa)
th = 3 for M = 5, while for M = 10 one gets

k
(I)
th = 5 and k

(IIa)
th = 8. Importantly, note that the performance of PIA links is always

lower than PSA ones, as R(I) ≤ R(IIa), d(I)min ≤ d
(IIa)
min and k

(I)
th ≤ k

(IIa)
th . This is a direct

consequence of the additional noise introduced by the phase-insensitive amplification
process.
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Figure 8.3.7: Plot of the optimized KGR Kc and key ratio R for cases I and IIa as a function of the
transmission link length d for different locations of the eavesdropper for M = 5 (a) and (c) and
M = 10 (b) and (d), respectively. We set ϵ = 0.05 and β = 0.95.
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Figure 8.3.8: Optimal amplifier power gain (a) and modulation (b) for cases I and IIa as a function
of the link length d for different locations of the untrusted span k for M = 10, ϵ = 0.05 and
β = 0.95.
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The optimized gain G(q)
c and modulation V (q)

c , q = I, IIa, are depicted in Figure 8.3.8
(a) and (b), respectively. Consistent with the results from the previous paragraph, it
is optimal to not amplify the signal, i.e. G

(q)
c = 1, for short distances d ≤ d

(q)
min. For

longer link lengths the optimal gain initially increases with d, following constraints (8.45)
and (8.66), and then ultimately decreases towards an asymptotic value. The optimal gain
G

(q)
c also decreases with k, similarly to the key ratio. On the other hand, the behavior of

optimal modulation V (q)
c is quite peculiar. For k = 1 it is a monotonous decreasing func-

tion of the transmission distance d, as obtained in Section 8.3.2. The presence of optical
amplifiers increases the modulation value with respect to the no-amplifier protocol, as
V

(q)
c ≥ V

(n)
c . On the contrary, when k ≥ 2 the situation is completely different and in the

long-distance regime the optimized modulation turns out to be an increasing function
of d. In fact, if Eve attacks one of the last spans of the communication link she intercepts
a weak pulse, therefore it is possible to safely increase the input modulation variance
without preventing secure communication between Alice and Bob.

When the amplified quadrature is measured, the effective transmissivity probed by
Bob, namely T (M) and T (M)

1 for cases I and IIa respectively, is larger with respect to the
no-amplifier protocol, T (M), T

(M)
1 ≥ Tn. This leads to an increase of both mutual in-

formation between Alice and Bob, and, at the same time, Holevo information on Eve’s
side. This is because for k ≥ 2 she also receives an amplified signal. In turn, when per-
forming optimization over the free parameters, there emerges a tradeoff between these
two types of information, resulting in the key rates shown in Figure 8.3.7. In particu-
lar, for short-distance communication, d ≤ d

(q)
min, one obtains that optical amplification

is useless, G(q)
c = 1. The difference between cases I and IIa is due to the different im-

pact of the added noise. In fact, for case IIa the added noise is rescaled with respect to
the no-amplifier protocol, χ(M)

1 ≤ χn, whilst for case I the noise is increased because of
the additive contribution χG due to phase-insensitive amplification, χ(M) ≥ χn. In the
latter case the (incoherent) added contribution χG detriments the mutual information
between Alice and Bob, being less than its counterpart of case IIa. Ultimately, this leads
to a reduced performance of PIA links with respect to PSA ones.

8.3.3.2 Case IIb : measuring the de-amplified quadrature

The KGR K
(IIb)
c for the Bob’s measurement of the de-amplified quadrature, IIb, is de-

picted in Figure 8.3.9 for links with M = 5 (a) or M = 10 (b) amplifiers and different
positions k = 1, . . . ,M of the untrusted span, together with the key ratio

R(IIb) =
K

(IIb)
c

K
(n)
c

. (8.77)

The scenario is reversed with respect to the previous cases. Indeed, when Bob probes
the squeezed (i.e. de-amplified) quadrature, PSA links improve the resulting KGR if Eve
attacks one of the last spans of the channel. The best-case scenario is provided by k =M ,
in which the KGR increases by more than an order of magnitude. Consequently, and in
contrast to the results from Section 8.3.3.1, one observes enhancement in the key ratio
R(IIb) with increasing k. In this scenario the PSA becomes useless if Eve attacks the first
span for all M , namely R(IIb) ≡ 1, since in this case she intercepts the pulse before all
amplifiers and therefore, de-amplifying the signal only reduces the mutual information
between Alice and Bob, maintaining a higher Holevo information at Eve’s side. On the
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Figure 8.3.9: Plot of the optimized KGR and key ratio R(IIb) for case IIb as a function of the
transmission link length d for different locations of the eavesdropper for M = 5 (a) and (c) and
M = 10 (b) and (d), respectively. We set ϵ = 0.05 and β = 0.95.
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Figure 8.3.10: Optimal amplifier power gain (a) and modulation (b) for case IIb as a function of
the link length d for different locations of the untrusted span k for M = 10, ϵ = 0.05 and β = 0.95.

other hand, for k ≥ 2, de-amplifying Bob’s signal also reduces Eve’s extracted informa-
tion, thus leading to R(IIb) ≥ 1. In particular, there exists a threshold attack location
k
(IIb)
th such that for k ≤ k

(IIb)
th one has R(IIb) ≡ 1, being equal to k(IIb)th = 1 for M = 5

and k
(IIb)
th = 2 for M = 10. For eavesdropping performed on a span located further

within the link k ≥ k
(IIb)
th all key ratios exhibit a maximum and then decrease towards

an asymptotic value, equal to 1 for locations closer to the threshold value or greater than
1 for those placed further, implying an improvement of security in the long-distance
regime brought by the PSA link.

We note that the absence of PSA advantage for k = 1 does not stand in contradiction
with its existence in the unconditional security framework discussed in Section 8.3.2,
where Eve is assumed to collect the reflected pulses from all spans. This is because de-
amplification reduces the accessible information contained in the signals lost after the
second span, eventually resulting in a enhancement of the KGR.

In Figure 8.3.10(a) and (b), one can see the optimized gain G
(IIb)
c and modulation

V
(IIb)
c , respectively. We see that amplification is not beneficial, G(IIb)

c ≡ 1 , for eaves-
dropping performed on initial spans k ≤ k

(IIb)
th , whereas for attacks on latter spans

the optimal gain increases with the link length following constraint (8.45), until finally
decreasing towards an asymptotic value. In accordance with the previous results, one
needs to employ the stronger optimal amplification the further the eavesdropped span
is located. The optimized modulation increases with respect to the no-amplifier proto-
col V (IIb)

c ≥ V
(n)
c . Similarly to the results obtained in Section 8.3.3.1, it is a decreasing

function of the link length if the attack is performed on the first span, whilst it becomes
non-monotonous for k ≥ 2, increasing in the long-distance regime.

The physical meaning of these results is analogous to these obtained in Section 8.3.2.
Indeed, the case IIb is associated with a reduced transmissivity with respect to the no-
amplifier protocol, T (M)

2 ≤ Tn, and amplified added noise χ(M)
2 ≥ χn. Therefore, for

k ≥ 2 by employing PSAs Bob accepts to reduce the extracted mutual information, in
order to increase the conditional entropy S(IIb)

E|B , resulting in a lower Holevo information
between Eve and himself. The tradeoff between these two quantities is such that for
k ≥ k

(IIb)
th one has G(IIb)

c ≥ 1 and PSA links increase the obtained KGR.
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Figure 8.4.1: Scheme of the CVQKD protocol assisted by the ideal NLA proposed in [287]. Alice
performs double homodyne (DH) detection on the first branch of a TMSV state with variance
V > 1 to perform coherent state generation. The second one is then injected into the thermal-
loss channel to Bob, who implements the ideal NLA operation gn̂ to amplify his signal, before
performing homodyne (HD) detection.

8.4 CVQKD with noiseless linear amplifiers

As outlined in the previous section, conventional amplifiers based on parametric down
conversion have a relatively limited impact of CVQKD in the presence of unconditional
security, whereas they prove themselves more powerful under restricted eavesdropping,
when only few parts of the fiber links are untrusted. An intriguing solution to over-
come this fundamental limitation is provided by heralded noiseless linear amplification
at the receiver’s side. Indeed, in 2012 Blandino et al. showed that an ideal probabilistic
NLA with amplitude gain g leads to an increase in the maximum transmission distance
proportional to log g [287]. Nevertheless, any realistic physical NLA can only approxi-
mate the ideal amplifier for low-amplitude optical signals [285, 288–296]. To avoid this
drawback, measurement-based NLAs, performing virtual amplification based on clas-
sical data post-selection, have also been proposed [311–313]. However, the low success
probabilities of these operations [314, 315] make physical NLAs still worth of investi-
gation. Recently, CVQKD employing quantum scissors (QS) [285] has been addressed,
allowing to achieve long-distance secure communication for sufficiently low channel
excess noise [35, 250]. To the same goal, also single-photon catalysis (SPC) has been
investigated [292, 316].

In the following, we firstly present the unconditional security analysis for the GG02
protocol assisted by the ideal NLA proposed by Blandino et al.. Thereafter, we inves-
tigate security in the presence of feasible physical NLAs, realized via either the quan-
tum scissors (QS) or the single-photon catalysis (SPC) scheme, in which we consider the
simplified realistic scenario where photo-detection is replaced by on-off detection, see
Sec. 8.2.2. Moreover, we distinguish two alternative cases. In the former, we fix the NLA
gain g and show that also physical NLAs increase the maximum transmission distance
by the same amount ln g as the ideal amplifier. In the latter, we assume g to be a free
parameter and optimize its value, obtaining that both physical and ideal NLAs achieve
arbitrary long-distance CVQKD. For the physical amplifiers, we also discuss the robust-
ness in the presence of a quantum detection efficiency η ≤ 1, showing that the detection
efficiency only rescales the KGR without preventing long-distance communication.

8.4.1 Ideal NLA

To begin with, we consider a GG02 scheme in which Bob employs an ideal NLA to am-
plify his received signal, as depicted in Fig. 8.4.1. That is, Alice prepares a two-mode
squeezed vacuum (TMSV) state with modulation variance V > 1 and injects one mode
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into a thermal-loss channel with transmissivity T ≤ 1 and excess noise ϵ ≥ 0, with cor-
responding added noise χ = (1 − T )/T + ϵ. Thereafter, Bob implements an ideal NLA
with gain g > 1 on his received pulse, before performing a Gaussian measurement, here
assumed to be homodyne (HD) detection. As discussed in Sec. 8.2.2, the ideal NLA
is a non-deterministic operation described by the self-adjoint operator gn̂, n̂ being the
photon-number operator of the optical mode undergoing amplification, therefore it pre-
serves Gaussianity [285, 287]. Therefore the protocol in Fig. 8.4.1 is equivalent to a GG02
scheme where Alice and Bob share a Gaussian state with covariance matrix (CM):

σ
(id)
AB =

(
Vid 12

√
TidZid σz

√
TidZid σz Tid(Vid + χid)12

)
, (8.78)

with χid = (1 − Tid)/Tid + ϵ, Zid =
√
V 2
id − 1, and the effective channel parameters,

explicitly derived in App. A.3:

Vid = V +
T (g2 − 1)Z2

2− T (g2 − 1)(V − 1 + ϵ)
, (8.79a)

Tid =
g2T

1 + T (g2 − 1)[1 + Tϵ(g2 − 1)(2− ϵ)/4− ϵ]
, (8.79b)

ϵid = ϵ+ (g2 − 1)
Tϵ(2− ϵ)

2
, (8.79c)

provided that:

g ≤

√
1 +

2

T (V + ϵ− 1)
. (8.80)

Without the last condition on the gain an unphysical un-normalizable state is obtained
[285, 287]. Equivalently, for a fixed gain Eq. (8.80) corresponds to a threshold of the
transmissivity, namely:

T ≤ Tth ≡ 2

(g2 − 1)(V + ϵ− 1)
, (8.81)

preventing the use of the NLA protocol for distances d ≤ d
(id)
th = (−10 log10 Tth)/κ. For

d > d
(id)
th , employing the ideal NLA is equivalent to considering an effective channel of

increased transmissivity Tid ≥ T . The resulting KGR then reads:

K̃id(V, g) = Pid(V, g)

[
βI

(id)
AB (V, g)− χ

(id)
BE (V, g)

]
, (8.82)

where Pid(V, g) is the success probability of the NLA, β ≤ 1 is the reconciliation effi-
ciency, whereas I(id)AB (V, g) and χ

(id)
BE (V, g) are computed from Eq.s (6.34) and (6.41), re-

spectively, with the modified parameters (8.79). As demonstrated in App. A.3, the suc-
cess NLA probability is bounded by Pid(V, g) ≤ 1/g2, therefore from now on we consider
as a benchmark the KGR:

Kid(V, g) =
1

g2

[
βI

(id)
AB (V, g)− χ

(id)
BE (V, g)

]
. (8.83)
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Figure 8.4.2: Scheme of the CVQKD protocol assisted by the two physical NLAs discussed in the
paper. (a) Strategy based on quantum scissors (QS); (b) strategy based on single-photon catalysis
(SPC).

The KGR (8.83) depends on the two free parameters V and g that can be optimized.
As discussed in the following, the choice of the gain g will be a crucial task. Hence, we
will discuss two separate cases. In the former case we assume a fixed g and optimize
only the modulation variance, obtaining the KGR:

Kid(g) = max
V

Kid(V, g) , (8.84)

and the corresponding distance-dependent modulation V
(id)
opt (g). In the latter case the

optimization involves also the gain, obtaining:

Kid = max
V,g

Kid(V, g) , (8.85)

and the associated parameters V (id)
opt and g(id)opt . For the sake of clarity, we will review the

obtained results in Sec. 8.4.3 together with the physical NLA-assisted strategies under
investigation.

8.4.2 Physical NLAs: QS and SPC

Now, we consider the more realistic scenario in which Bob employs a physical NLA, re-
alized via either QS or SPC and employing on-off detection rather than photon counting.

In the QS scheme proposed in [35], see Fig. 8.4.2(a), Bob prepares two ancillary modes
in the Fock states |1⟩ and |0⟩, respectively. He mixes them at a beam splitter with trans-
missivity τ and lets the reflected signal interfere at a balanced beam splitter with the
pulse received by Alice. Then, he performs conditional on-off detection on both the out-
put branches (see App. A.4 for details), corresponding to the positive-operator-valued
measurement (POVM) {Πoff ,Πon = 1−Πoff}, where:

Πoff =

∞∑
k=0

(1− η)k|k⟩⟨k| , (8.86)
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and η ≤ 1 is the detection quantum efficiency. If one of the two detectors gives the out-
come “on”, Bob performs homodyne detection on the post-selected output state. The
value of τ fixes the gain associated with the NLA, that for low-amplitude coherent sig-
nals reads g =

√
(1− τ)/τ [285]. Thus, to achieve the gain g we set the transmissivity

equal to:

τQS(g) =
1

1 + g2
. (8.87)

On the contrary, in the SPC scheme, reported in Fig. 8.4.2(b), Bob has a single ancillary
mode excited in |1⟩ impinging at a beam splitter with transmissivity τ with the pulse
received by Alice. He performs on-off detection on the reflected branch, conditioning
on outcome “on”, and homodynes the post-selected state. The associated gain is g =
(1 − 2τ)/

√
τ [292], which can be inverted to find the transmissivity as a function of the

gain,

τSPC(g) =
1

8

(
4 + g2 − g

√
8 + g2

)
. (8.88)

In both the cases, after the NLA Alice and Bob share a non-Gaussian state ρ(p)AB , p =
QS,SPC. However, since Bob’s measurement is Gaussian, the security analysis of the
NLA-assisted protocol can be based on the optimality of Gaussian attacks discussed in
Sec. 6.4, which, in this scenario, maximize the amount of information extractable by Eve.
Moreover, since also Alice’s DH detection is Gaussian, we further consider the Gaussian
lower bound on the mutual information, and, in turn, obtain a lower bound of the exact
KGR as:

Kp(V, g) = Pp(V, g)

[
βI

(p)
AB(V, g)− χ

(p)
BE(V, g)

]
, (8.89)

where Pp(V, g) is the success probability associated with the p-th NLA and I(p)AB(V, g) and
χ
(p)
BE(V, g) are the mutual information and the Holevo information, respectively, both

computed for a Gaussian state having the same CM of ρ(p)AB . The condition Kp(V, g) ≥ 0
provides a sufficient condition to guarantee secure communication. Nevertheless, our
results are in good agreement with other exact numerical approaches [35], proving the
bound (8.89) to be tight, especially in the long-distance regime κd≫ 1.

Thus, in our approach it suffices to compute the CM σ
(p)
AB associated with ρ

(p)
AB to

perform the security analysis. Straightforward calculations lead to:

σ
(p)
AB =

(
Vp(V, g)12 Zp(V, g)σz

Zp(V, g)σz Wp(V, g)12

)
, (8.90)

as derived in App. A.4. The expressions of Pp(V, g), Vp(V, g), Wp(V, g) and Zp(V, g) are
clumsy and thus only reported in App. A.4. We compute the mutual information and
the Holevo information following the procedure described in Sec. 6.3 by substituting
σAB → σ

(p)
AB and optimize Eq. (8.89) over the free parameters, obtaining the KGRs

Kp(g) = max
V

Kp(V, g) , p = QS,SPC , (8.91)
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Figure 8.4.3: (a) Log plot of the KGRs Kp(g) for different values of the quantum efficiency η and
Kid(g) as functions of the distance d in km. The dashed line is the KGR of the original protocol.
(Bottom) Plot of the optimized (input) modulations V (p)

opt (g) and V (id)
opt (g) as a function of the dis-

tance d in km for ϵ = 0.03. In both the plots, the shaded region represents the regime d ≤ d
(id)
th ,

where ideal NLAs generate an unphysical un-normalizable state (see the text for details). We set
β = 0.95, ϵ = 0.03 and g = 2.

for a fixed g, together with the corresponding modulation V (p)
opt (g), and

Kp = max
V,g

Kp(V, g) , p = QS,SPC , (8.92)

if g can be optimized too, with the associated optimized parameters V (p)
opt and g(p)opt.

We note that in the SPC scheme there always exists a local maximum for τ = 1, in
which case the SPC performs as the identity operator, allowing to retrieve the results of
the original GG02 protocol. However, for a more fair comparison with the QS, in the
optimization procedure we have neglected this point and restricted maximization over
the interval 0 ≤ τ ≤ 1/2 for which the corresponding gain is g ≥ 0, as shown in App. A.4.

8.4.3 Unconditional security for the NLA-assisted protocols

We now compare the KGRs of all the schemes under investigation, for the two cases of
fixed or optimized gain.

8.4.3.1 KGR with fixed gain g

For a fixed g, the optimized KGRs are depicted in Fig. 8.4.3(a) for ϵ > 0. As emerges from
the plot, NLAs are fundamental in the long-distance regime, as for large d all the NLA-
assisted protocols beat the KGR KGG of the original protocol. The ideal NLA increases
the maximum transmission distance by the amount (20 log10 g)/κ, since for T ≪ 1 the
effective transmissivity in Eq. (8.79) is Tid ≈ g2T [287]. Remarkably, also the physi-
cal NLA-assisted protocols achieve the same maximum transmission distance. More-
over, the presence of inefficient conditional detection reduces the value of the KGRs,
still maintaining the same increase in distance even for the realistic values of practical
CVQKD systems where 0.4 ≤ η ≤ 0.6 [191, 192].

In fact, by expanding the CM (8.90) in the long-distance regime where T ≪ 1 up to
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Figure 8.4.4: (a) Log plot of I(QS)
AB (g) and χ(QS)

BE (g) (solid lines) and I(GG)
AB (dashed line) and χ(GG)

BE

(dash-dotted line) as a function of the distance d in km. (b) Plot of the success probability PQS(V, g)
as a function of the distance d and the modulation variance V . The horizontal plane refers to the
value 1/g2: when PQS(V, g) > 1/g2, the QS do not perform noiseless amplification. In both the
pictures we set β = 0.95, ϵ = 0.03, g = 2 and η = 1.

the first order in T , we have:

Vp(V, g) = V +O(T ) , (8.93a)

Wp(V, g) = g2T (V + χ) +O(T 2) , (8.93b)

Zp(V, g) =
√
g2T Z +O(T 3/2) , p = QS,SPC , (8.93c)

corresponding to the CM of a GG02 scheme with transmissivity g2T , consistently with
the ideal case. The success probabilities read :

Pp(V, g) ≈ Pp(g) = ητp(g) , (8.94)

and, being PSPC(g) ≤ PQS(g), we haveKSPC(g) ≤ KQS(g). In turn, a quantum efficiency
η ≤ 1 only reduces the success probability and rescales the KGR, without preventing
long-distance secure communication. For completeness, we report the (input) optimized
modulations in Fig. 8.4.3(b). Despite the different behaviour at small distances, for large
d all the protocols converge to the same asymptotic value, not depending on ϵ. Numeri-
cal calculations have also shown that V (p)

opt (g) does not depend on the quantum efficiency.
We note that in the short-distance regime, where T ≈ 1 or, equivalently, κd≪ 1, both

the physical NLAs are useless, since we obtain negative KGR up to a threshold distance
d
(p)
th , p = QS,SPC. In this regime, the CM (8.90) cannot be recast in the GG02 form of

Eq. (6.31), and, as displayed in Fig. 8.4.4(a) for the QS case, both the mutual information
I
(p)
AB(g) = I

(p)
AB(V

(p)
opt (g), g) and the Holevo information χ

(p)
BE(g) = χ

(p)
BE(V

(p)
opt (g), g) are

lower than their GG02 counterparts I(GG)
AB and χ

(GG)
BE , respectively. Moreover, for ϵ > 0

we have I(p)AB(g) ≤ χ
(p)
BE(g), leading to a negative KGR which inhibits secure communica-

tion. This effect may be understood by considering the success probability Pp(V, g) of the
proposed physical NLAs, plotted in Fig. 8.4.4(b) for the QS case. Analogous considera-
tions hold for SPC. When Pp(V, g) > 1/g2 the p scheme does not implement a true NLA
[35, 287], and the amplification process introduces a unavoidable noise on the quadra-
ture variances, becoming a further resource for Eve’s attack. Accordingly, for κd ≪ 1

the optimization procedure leads to low modulation variances V (p)
opt (g) ≈ 1, resulting in
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Figure 8.4.5: Log plot of the maximum tolerable excess noise ϵ(id)max(g) and ϵ(p)max(g), p = QS, SPC,
as a function of the distance d in km. The black dashed line corresponds to the ϵ(GG)

max of the original
protocol. We set β = 0.95 and η = 1.

a lower mutual information with respect to the GG02 scheme and in a negative KGR.
On the other hand, for κd ≫ 1, V (p)

opt ≈ V
(GG)
opt and both I

(p)
AB and χ

(p)
BE outperform the

GG02 protocol. In turn, between the short- and long-distance regimes, we identify the
threshold distance such that Kp(g) ≥ 0 for d ≤ d

(p)
th .

Finally, in Fig. 8.4.5 we plot the maximum tolerable excess noise (MTEN) ϵmax as a
function of the distance d: it represents the maximum value of ϵ still leading to a positive
KGR. For the original protocol, ϵ(GG)

max is a decreasing function of d. The behaviour is
rather different for the NLA-assisted protocols. In the presence of ideal NLA the MTEN
ϵ
(id)
max(g) for d ≲ 40 km is lower than the original protocol due to the limitation imposed

by (8.80). However, for larger distances we have ϵ(id)max(g) > ϵ
(GG)
max . On the contrary,

the MTEN associated with the physical NLAs, namely ϵ
(p)
max(g), is not a monotonous

function of d: it is an increasing function of d approaching ϵ(id)max. A quantum efficiency
η ≤ 1 does not affect the value of ϵ(p)max, consistently with the previous discussions. As
a consequence, for fixed g, in the long-distance regime the physical NLAs guarantee the
same performance of the ideal NLA.

8.4.3.2 KGR with optimized gain g

The situation is rather different if we can also optimize the gain g associated with the
NLAs, as reported in Fig. 8.4.6(a). Firstly, in the short-distance regime the physical NLAs
still exhibits a threshold distance to obtain a positive KGR, differently from the ideal am-
plifier. Secondly, all the NLA-assisted protocols allow to reach arbitrary large distances,
but the ideal amplifier outperforms the physical ones. As before, a quantum efficiency
still rescales the KGR. However, differently from Sec. 8.4.3.1, in the long distance regime
κd ≫ 1, KQS and KSPC are almost identical, proving SPC as a feasible alternative to
QS. We also remark that in the long-distance regime both Kid and Kp, p = QS,SPC, are
proportional to the PLOB bound:

KPLOB = − log2
[
(1− T )T n̄T

]
− h(n̄T ) , (8.95)

with n̄T = Tϵ/(2(1−T )) and the h function in Eq. (8.40), thus resulting in nearly optimal
strategies.
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Figure 8.4.6: (a) Log plot of the KGRs Kp, p = QS, SPC, and Kid as a function of the distance d
in km, for different values of the quantum efficiency η and ϵ = 0.03 and with optimized gain g.
The dashed line is the KGR of the original protocol and the upper line is the PLOB bound (8.47).
(b) Log plot of the maximum tolerable excess noises ϵ(id)max and ϵ(p)max, p = QS, SPC, as a function of
the distance d in km, for η = 1. ϵ(GG)

max corresponds to the maximum tolerable excess noise of the
original protocol. In both the pictures we set β = 0.95.

Furthermore, in Fig. 8.4.7(a) and (b) we report the optimized parameters V (p)
opt and

g
(p)
opt, respectively. The modulation V (p)

opt has a different behavior with respect to Sec. 8.4.3.1,
being an ϵ-dependent growing function of d. On the contrary, the modulations of the
original and the ideal NLA-assisted protocols are decreasing functions of d converging
to an asymptotic value not depending on ϵ, as for the case of fixed g. Instead, the opti-
mized gains g(id)opt and g(p)opt grow exponentially with d in the long-distance regime. How-
ever, if ϵ = 0 this exponential scaling is not reached yet for the physical NLAs within the
considered range of distances d ≤ 500 km.

Finally, in Fig. 8.4.6(b) we plot the MTENs as a function of d. Differently from
Sec. 8.4.3.1, the MTEN associated with the physical NLAs, namely ϵ(p)max, do not achieve
the performance of the ideal one, ϵ(id)max. Actually, both these MTENs outperform the orig-
inal protocol and saturate to a value ϵ∞ as κd≫ 1. However, the saturation value of the
physical NLAs, namely ϵ(p)∞ ≈ 0.04, is lower than the ideal NLA one, that is ϵ(id)∞ ≈ 0.1,
see Fig. 8.4.6(b). The numerical results also show that a quantum efficiency η ≤ 1 does
not affect the value of ϵ(p)∞ , consistently with the previous findings.

The difference between ideal and physical NLAs emerges by expanding the CM (8.90)
in the long-distance regime T ≪ 1 up to the first order, keeping all the contributions of
O(g2T ), due to the fact that g(p)opt ≫ 1, and neglecting the other terms:

Vp(V, g) ≈ V + δVp , (8.96a)

Wp(V, g) ≈ Tp
[
Vp(V, g) + χp

]
, (8.96b)

Zp(V, g) ≈
Tp√
g2T

Z , p = QS,SPC , (8.96c)

where δVp = TpZ
2/2. Tp represents the effective transmissivity

Tp =
g2 T

1 + g2T (V + ϵ− 1)/2
, (8.97)
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Figure 8.4.7: (a) Plot of V (p)
opt , p = QS, SPC, as a function of the distance d in km, for different values

of excess noise ϵ. The upper gray and the dash-dotted lines represent the optimized modulation
for the original and the ideal NLA-assisted protocols, respectively, for ϵ = 0.03. (b) Log plot of
g
(p)
opt, p = QS, SPC, as a function of the distance d in km, for different values of excess noise ϵ. The

plots have been performed only for the distances such that Kp > 0, p = QS, SPC. We set β = 0.95
and η = 1.

while χp = (1− Tp)/Tp + ϵp, with the effective excess noise

ϵp = ϵ− δVp . (8.98)

Employing a physical NLA is then equivalent to considering an effective channel of
higher transmissivity Tp ≥ T and lower excess noise ϵp ≤ ϵ. Nevertheless, the correspon-
dence with a GG02 protocol does not occur anymore, as the correlation term Zp(V, g)
does not coincide with the one expected for a GG02 scheme, namely,

Z(GG)
p (V, g) =

√
Tp
[
Vp(V, g)2 − 1

]
, (8.99)

but rather:

Zp(V, g) ≤ Z(GG)
p (V, g) , (8.100)

as depicted in Fig. 8.4.8(a). We have Zp(V, g) ≈ Z
(GG)
p (V, g) only if g2T ≪ 1. As a

consequence, the analogy with the ideal-NLA assisted protocol in Eq. (8.79) is broken.
Now, the optimization procedure described above leads to exponential gains g(id)opt

and g(p)opt for the ideal and physical NLAs, respectively, such that the product g2T is kept
constant for κd ≫ 1. Consequently, the effective transmissivities Tid and Tp saturate, as
shown in Fig. 8.4.8(b). In turn, also the mutual information and the Holevo information
saturate and the corresponding KGRs (8.85) and (8.92) turn out to be proportional only
to the success probability of the NLAs, namely:

Kid ∝ 1(
g
(id)
opt

)2 ∝ T , (8.101)

and

Kp ∝ Pp ≈ ηT

2Tp

[
1 + Tp(Vp + χp)

]
, (8.102)
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Figure 8.4.8: (a) Plot of Zp(V, g) and Z(GG)
p (V, g), p = QS, SPC, as a function of g2T for ϵ = 0.03

and V = 4. (b) Log plot of the effective transmissivity Tp, p = QS, SPC, as a function of the
distance d in km, for different values of excess noise ϵ. The plot have been performed only for the
distances such that Kp > 0. In both the pictures we set β = 0.95 and η = 1.

with Pp = Pp

(
V

(p)
opt , g

(p)
opt

)
and Vp = Vp

(
V

(p)
opt , g

(p)
opt

)
, decreasing linearly with T and thus

guaranteeingKp > 0 for κd≫ 1. The same linear scaling is achieved by the PLOB bound
if T ≪ 1:

KPLOB ≈ T

{
2− ϵ[1− ln(ϵ/2)]

2 ln 2

}
, (8.103)

which proves both all the NLA-assisted protocols to be nearly optimal. Furthermore, as
in Sec. 8.4.3.1 a quantum efficiency η ≤ 1 only rescales the KGR and does not introduce
any maximum transmission distance.

Moreover, the saturation value of Tp determines the difference between ideal and
physical NLAs. Indeed, if ϵp is small we have Tp ≪ 1 and the physical NLA-assisted
protocols approximate a GG02 protocol with the effective channel parameters Tp and ϵp.
By increasing the excess noise further, we have Tp ≪̸ 1 and Zp(V, g) ≤ Z

(GG)
p (V, g), the

state shared between Alice and Bob is less correlated and the protocol deviates more and
more from GG02. This implies the reduced asymptotic maximum tolerable excess noise
with respect to the ideal case.





CHAPTER 9

Enhancing CVQKD by non-Gaussian measurements

In this last Chapter, we proceed beyond the Gaussian CVQKD previously discussed, and
make a first step towards the design of fully non-Gaussian protocols. As a matter of fact,
to date, all the proposed CVQKD schemes always assume Gaussian detection at the re-
ceiver, for both practical and theoretical reasons, whereas it has recently been proved that
the secret key capacity provided by the PLOB bound, introduced in the previous Chap-
ter, is achieved by a non-Gaussian measurement [317]. Therefore, non-Gaussian CVQKD
represents a new challenging topic, with unexplored potentialities. On the other hand,
addressing security of protocols that do not exploit Gaussian detection is a nontrivial
task, as, in this case, the Gaussian optimality theorem is no longer applicable, and more
complex analyses have to be carried out, e.g. based on the semidefinite programming
approach recently proposed by Lin et al. [165, 166]. In turn, all these considerations make
non-Gaussian CVQKD both an attractive and unclear field of research.

In this Chapter we propose an example of CVQKD employing non-Gaussian detec-
tion. By drawing inspiration on the results of quantum state discrimination theory pre-
sented in Chapter 5, we design an optimized state-discrimination receiver for the QPSK
protocol, referred to as the key-rate optimized receiver (KOR) [19]. For the sake of sim-
plicity, we analyze security under a pure-loss wiretap channel, and compare the result-
ing KGR with that obtained from conventional double-homodyne detection, showing an
enhancement in the metropolitan-network distance regime. We also consider the perfor-
mance of a feasible scheme, namely the quaternary displacement feed-forward receiver
(QDFFRE), obtaining an increase in the KGR with respect to Gaussian detection up to a
maximum transmission distance.

The structure of the Chapter is the following. In Sec. 9.1 we discuss the issues and
the state of the art in non-Gaussian CVQKD. Thereafter, in Sec. 9.2 we perform explicit
construction of the KOR for the QPSK protocol, discussing its security under the wiretap
channel assumption, also comparing its performance with the QDFFRE. The results of
the whole Chapter are original.

9.1 Towards non-Gaussian CVQKD

As we outlined throughout the previous Chapters, several CVQKD protocols have been
proposed in literature, employing either Gaussian modulation of coherent states [14,
175–177, 200] or discrete modulation formats [162, 164, 165, 168, 223, 231, 232, 235, 302,
318–320]. All these schemes share a common feature: they assume Gaussian detection
at Bob’s side, either homodyne or double homodyne (DH). This is mainly due for a
twofold reason. The former, more practical, is that quadrature detection provides a sim-
ple and feasible solution for experimental implementations being large-scale applica-
ble, as it is commonly adopted in the state-of-the-art communication systems at telecom
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wavelength [191–193]. The latter, more theoretical, is that Gaussian detection guarantees
unconditional security proofs, thanks to the resort to the optimality of Gaussian attacks
[178–180], whilst, only recently, a tight lower bound to the Devetak-Winter (DW) bound,
not invoking Gaussian optimality, has been obtained [165]. However, the fundamen-
tal limitations of Gaussian CVQKD have been recently established in [317], proving a
gap between the key generation rate (KGR) achievable with Gaussian operations and
the secret-key channel capacity provided by the PLOB bound. In turn, non-Gaussianity
becomes necessary to enhance quantum secure communications and close the gap with
respect to the PLOB bound.

These results suggest non-Gaussian measurements as a potential resource for CVQKD,
also considering that in many other frameworks, they often outperform Gaussian ones.
For instance, in the transmission of classical information, the classical capacity of a
lossy bosonic channel is enhanced, in particular energy regimes, by resorting to photon-
number resolving (PNR) detection [64–66] and weak-field homodyne measurement [52].
Furthermore, in quantum state discrimination, the quantum receivers associated with
the standard quantum limit (SQL), based on Gaussian detection, do not achieve the
minimum decision error probability, as widely discussed in Chapters 4 and 5. Neverthe-
less, addressing unconditional security of a CVQKD scheme employing non-Gaussian
measurements is an open problem since the Gaussian optimality theorem does not hold
anymore, and the DW bound can only be directly evaluated with the advanced methods
presented in [165]. Therefore, to date, the main results in the field of non-Gaussian key
distribution have been limited to restricted eavesdropping settings. In particular, Catta-
neo et al. showed that weak-field homodyne detection enhances a Gaussian modulation
protocol, in the presence of a quantum pure-loss wiretap channel under both individual
and collective attacks, with higher increase in the KGR for high channel transmissivity,
corresponding to short-distance communications [321].

Following the same philosophy, we now extend the analysis in this direction and
address a complementary problem, namely to design an optimized state-discrimination
receiver for discrete modulation CVQKD, by exploiting the characterization outlined in
Chapter 5. In fact, in the present literature, only the receivers achieving the SQL have
been investigated for CVQKD [163], leaving the open problem of designing a genuine
quantum receiver maximizing the KGR of a M -ary protocol. This also raises the ques-
tion about the compatibility between optimum discrimination and maximum secret-key
distillation, that is whether or not the POVM minimizing the decision error probability
coincides with that maximizing the KGR.

In light of this, in the following we consider a quadrature phase-shift keying (QPSK)
protocol employing a quantum discrimination receiver in place of Gaussian detection
and show that, in particular conditions, it is possible to theoretically design a suitable
measurement outperforming the conventional quadrature detection schemes. Moreover,
as in [321], we investigate security under a quantum wiretap channel, where Eve may
only collect the lost fraction of the encoded signals without performing arbitrary channel
manipulation.

9.2 The QPSK protocol with state-discrimination receivers

Here, we investigate the potentiality of state-discrimination receivers for secure quan-
tum communications and propose a new quantum receiver, the key-rate optimized receiver
(KOR), for CVQKD protocols employing discrete modulation. In particular, we consider
a QPSK protocol in which Bob implements the KOR rather than a Gaussian measure-
ment [19]. We compute the KGR under the wiretap channel assumption and, for the
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Figure 9.2.1: Scheme of the QPSK protocol employing state-discrimination receivers. Alice gen-
erates one of the coherent states |αk⟩, k = 0, . . . ,M − 1, with uniform probability qk = 1/M and
sends it via the quantum wiretap channel to Bob, who performs the finite-valued POVM {Πj}j ,
j = 0, . . . ,M − 1.

sake of simplicity, we consider a pure-loss channel, in order to deal with discrimina-
tion of pure states at Bob’s side. This latter assumption depicts a simplified scenario,
providing a cornerstone fostering more advanced developments. However, it is still
worth of investigation for a twofold reason. At first, in the recent literature there has
been a revived interest in passive eavesdropping strategies [322–327]. Secondly, pas-
sive eavesdropping can be used as the first stepping stone to identify scenarios where a
potential advantage of quantum receivers may be substantial, even in the possible pres-
ence of nonzero excess noise. Starting from the general structure of quantum receivers
derived in Sec.s 5.2.1 and 5.3.1.2, we design the KOR to maximize the KGR of the ad-
dressed protocol and compare it with the pretty good measurement (PGM), being the
POVM minimizing the decision error probability for discrimination, showing that both
these non-Gaussian measurements improve the KGR in the metropolitan-network dis-
tance regime with respect to the conventional Gaussian measurement scheme. Finally,
we also investigate the performance of some feasible quantum receivers, by considering
the quaternary displacement feed-forward receiver (QDFFRE) introduced in Sec. 5.5.3.

Given this outline, the protocol under investigation is reported in Fig. 9.2.1. The
sender, Alice, employs the QPSK modulation, that is she generates one of the M = 4
coherent states:

|αk⟩ = |α eiπ(2k+1)/M ⟩ , k = 0, . . . ,M − 1 , (9.1)

where α ≥ 0, sampled with equal a priori probabilities qk = 1/M . We remind that the
QPSK constellation satisfies the geometrically uniform symmetry (GUS) for the phase-
shift symmetry operator Sθ = exp(−i θ n̂), with θ = 2π/M and n̂ being the photon-
number quantum operator [51]. After the modulation stage, Alice injects the signals into
an untrusted pure-loss wiretap channel with transmissivity:

T = 10−κd/10 , (9.2)

d being the transmission distance (expressed in km) and κ = 0.2 dB/km is the loss rate of
common fibers at telecom wavelength [38, 191, 192, 236, 237]. Then, the transmitted frac-
tion |α(t)

k ⟩ = |
√
Tαk⟩ reaches the receiver, Bob, whereas the eavesdropper, Eve, receives

the reflected part |α(r)
k ⟩ = |

√
1− Tαk⟩. Ultimately, Bob, probes the rescaled constella-

tion {|α(t)
k ⟩}k via a state-discrimination receiver, namely, a finite-valued POVM {Πj}j ,

j = 0, . . . ,M − 1, defined in the M -dimensional subspace S spanned by the transmitted
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pulses and satisfying the properties described in Sec. 5.2. Actually, we note that, to form
a truly identity-resolving set, the POVM elements {Πj}j , should be complemented with
an (M +1)-th inconclusive element ΠM = 1̂−PS , PS being the projection operator onto
subspace S. However, for the case under investigation, ΠM is irrelevant, and we will
neglect it in the following. This would not be true anymore in the presence of a channel
excess noise; thus, registering a zero probability for this additional outcome may pro-
vide a useful way to check the reasonableness of the pure-loss hypothesis in a realistic
implementation of the proposed protocol.

Provided these two assumptions, in the following we construct the optimized POVM
that describes the KOR, and show it to bring advantages in some particular regimes.

9.2.1 Construction of the key-rate optimized receiver

In our protocol Bob should employ an optimized POVM to perform discrimination
among the transmitted pulses, described by the state vector Γ = (|α(t)

0 ⟩, . . . , |α(t)
M−1⟩)

and the Gram matrix:

G =
(〈
α
(t)
l

∣∣α(t)
k

〉)
l,k=0,...,M−1

, (9.3)

see Sec. 5.2.1, in which the overlap Glk = ⟨α(t)
l

∣∣α(t)
k

〉
reads [31]:

Glk = exp

{
−1

2

∣∣∣α(t)
k − α

(t)
l

∣∣∣2 + 1

2

[
α
(t)
k

(
α
(t)
l

)∗
−
(
α
(t)
k

)∗
α
(t)
l

]}

= exp

(
−Tα2

{
1− cos

[
2π

M
(k − l)

]}
+ i Tα2 sin

[
2π

M
(k − l)

])
. (9.4)

The constellation of transmitted pulses maintains the GUS for the phase-shift opera-
tor Sθ, thus the set of measurement vectors M = {|µj⟩}j , j = 0, . . . ,M−1, with M = ΓA,
also satisfies the GUS, and the corresponding matrix A is in the form (5.58), according
to the results of Sec. 5.3.1.2. That is, A ≡ Aϕ = UΛ

(ϕ)
A U†, U being the inverse discrete

Fourier transform matrix and

Λ
(ϕ)
A = diag

({
λ
(ϕ)
j

}
j=0,...,M−1

)
, (9.5)

where:

λ
(ϕ)
j = eiϕjg

−1/2
j , (9.6)

{gj}j being the eigenvalues of the Gram matrix (9.3) and ϕ being the array of phases
fully characterizing the receiver. Given this structure, the KOR is obtained by optimizing
the phase array ϕ to maximize the KGR, and is described by the optimized “reference”
measurement vector:

|µ(ϕ)
0 ⟩ =

M−1∑
k=0

(Aϕ)k0

∣∣∣α(t)
k

〉
(9.7)

= e−Tα
2/2

∞∑
n=0

(√
Tα0

)n
√
n!

λ
(ϕ)
(n−1) mod M |n⟩ , (9.8)
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where a mod b is the modulo operation, returning the reminder of the division a/b, a, b ∈
Z, and {|n⟩}n is the photon-number basis. In turn, the other measurement vectors are
obtained as |µ(ϕ)

j ⟩ = (Sθ)
j |µ(ϕ)

0 ⟩, j = 0, . . . ,M − 1.
Given the previous considerations, we compute the KGR of the discussed protocol,

considering a reverse reconciliation scenario [14, 175, 176]. Moreover, for the sake of sim-
plicity, we perform the asymptotic key-rate calculation, where the channel parameters
are known with no uncertainty. Under this paradigm, for a generic state-discrimination
receiver described by the phase vector ϕ, the KGR reads:

K(ϕ, α2) = βIAB(ϕ, α
2)− χBE(ϕ, α

2) , (9.9)

where IAB and χBE are the mutual information between Alice and Bob and the Holevo
information [55] between Bob and Eve, respectively, and β ≤ 1 is the reconciliation
efficiency [162, 231].

The mutual information reads:

IAB(ϕ, α
2) = H

[
p
(ϕ)
B (j)

]
− 1

M

M−1∑
k=0

H
[
p
(ϕ)
B|αk

(j)
]
, (9.10)

where

p
(ϕ)
B|αk

(j) =
〈√

Tαk |Πj |
√
Tαk

〉
=

∣∣∣∣(A†
ϕG
)
kj

∣∣∣∣2 , (9.11)

and

p
(ϕ)
B (j) =

1

M

M−1∑
k=0

p
(ϕ)
B|αk

(j) , (9.12)

are the conditional and overall probabilities of Bob’s detection associated with outcome
j = 0, . . . ,M −1, respectively, andH[p(x)] = −

∑
x p(x) log2 p(x) is the Shannon entropy

of the probability distribution p(x).
To compute the Holevo information shared between Bob and Eve, that is the maxi-

mum amount of information accessible to Eve, we approach the problem in the prepare-
&-measure picture [14, 175, 222] and obtain:

χBE(ϕ, α
2) = S [ρE ]−

M−1∑
j=0

p
(ϕ)
B (j)S

[
ρ
(ϕ)
E|j

]
, (9.13)

where ρ(ϕ)
E|j and ρE are the conditional and overall Eve’s state, respectively, p(ϕ)

B (j) is
Bob’s probability distribution (9.12) and S[ρ] = −Tr[ρ log2 ρ] represents the von Neu-
mann entropy associated with state ρ. These two states may be retrieved from the joint
state of Bob and Eve after the channel, that is:

ρBE = UBS(T ) ρA ⊗ |0⟩⟨0|UBS(T )
†

=
1

M

M−1∑
k=0

∣∣∣α(t)
k

〉〈
α
(t)
k

∣∣∣⊗ ∣∣∣α(r)
k

〉〈
α
(r)
k

∣∣∣ , (9.14)
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where ρA =
∑
k qk|αk⟩⟨αk| is Alice’s overall state, |0⟩ is the vacuum state and UBS(T ) is

unitary operator associated with a beam splitter with transmissivity T [39], as displayed
in Fig. 9.2.1. In turn, we have:

ρE = TrB [ρBE ] =
1

M

M−1∑
k=0

∣∣∣√1− Tαk

〉〈√
1− Tαk

∣∣∣ , (9.15)

and

ρ
(ϕ)
E|j =

1

p
(ϕ)
B (j)

TrB
[
ρBE Πj ⊗ 1̂E

]

=
1

Mp
(ϕ)
B (j)

M−1∑
k=0

p
(ϕ)
B|αk

(j)
∣∣∣√1− Tαk

〉〈√
1− Tαk

∣∣∣ , (9.16)

TrB being the partial trace over Bob’s mode and 1̂E being the identity operator over
Eve’s mode. Finally, the von Neumann entropy of states (9.15) and (9.16) may be com-
puted as follows. Both of them are expressed in the form:

ϱ =

M−1∑
k=0

ck |α(r)
k ⟩⟨α(r)

k | , (9.17)

for some coefficients ck ∈ C. To compute the associated entropy we need to diag-
onalize (9.17). If |ψ⟩ is the eigenvector of ϱ associated with eigenvalue ω, we have
|ψ⟩ =

∑
m bm|α(r)

m ⟩ and the following chain of equations holds:

ϱ|ψ⟩ = ω|ψ⟩(∑
k

ck|α(r)
k ⟩⟨α(r)

k |

)∑
m

bm|α(r)
m ⟩ = ω

∑
s

bs|α(r)
s ⟩

∑
k

ck

(∑
m

Gkmbm

)
|α(r)
k ⟩ = ω

∑
s

bs|α(r)
s ⟩ , (9.18)

where Gkm = ⟨α(r)
k |α(r)

m ⟩.
As a consequence, we obtain the set of equations:

ω bk = ck

(
M−1∑
m=0

Gkmbm

)
, k = 0, . . . ,M − 1 , (9.19)

or, equivalently, (
ω

ck
− 1

)
bk −

∑
m ̸=k

Gkmbm = 0 . (9.20)

This defines the homogeneous linear system Mb = 0, where b = (b0, . . . , bM−1) and

M =


ω
c0

− 1 −G01 −G02 −G03

−G10
ω
c1

− 1 −G12 −G13

−G20 −G21
ω
c2

− 1 −G23

−G30 −G31 −G32
ω
c3

− 1

 . (9.21)
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The equation Mb = 0 always admits a trivial solution b = 0, therefore to obtain a
nonzero eigenvector we shall impose the condition detM = 0. This provides us with the
four eigenvalues {ωj}j and the corresponding von Neumann entropy S[ϱ] = −

∑
j ωj log2 ωj .

For state ρE in (9.15), for which ck = M−1, the equation detM = 0 may be solved ana-
lytically, leading to:

ω0(1) =
e−(1−T )α2

2

{
cosh

[
(1− T )α2

]
± cos

[
(1− T )α2

]}
,

ω2(3) =
e−(1−T )α2

2

{
sinh

[
(1− T )α2

]
±
∣∣∣ sin [(1− T )α2

]∣∣∣} . (9.22)

In our analysis, we are interested in the maximum achievable KGR as a function
of the transmission distance d, therefore, in the end we will perform optimization over
the free parameters, namely the phases ϕ and the constellation energy α2. The final,
optimized, KGR is therefore equal to

KKOR = max
ϕ, α2

K(ϕ, α2) , (9.23)

with the optimized phases and modulation energy denoted by ϕKOR = (0, ϕ
(KOR)
1 , . . . , ϕ

(KOR)
M−1 )

and α2
KOR, reminding that, thanks to the GUS, we may set ϕ(KOR)

0 = 0. As a consequence,
we define the KOR via Eq. (5.58), as the quantum receiver associated with the optimized
phase vector ϕKOR. Furthermore, we compare the performance of the KOR with that
associated with the PGM, defined via Eq. (5.58) with the choice ϕPGM = 0, for which the
optimized KGR reads:

KPGM = max
α2

K(ϕ = 0, α2) , (9.24)

with the optimized energy α2
PGM. The results obtained for the above two receivers are

discussed in the following section, where we compare both KGRs with the key rate of
the DH protocol in order to highlight the advantages brought by the two non-Gaussian
measurements.

The DH protocol is analogous to the one discussed above and employs DH detection
at Bob’s side, that is, a measurement of both field quadratures q and p, retrieving a pair of
real outcomes x = (xB , yB) ∈ R2. We underline that, while both the KOR and the PGM
are described in terms of a finite-valued POVM with M possible outcomes, in the pres-
ence of heterodyne detection we have a continuous-variable measurement. Therefore, in
this case Bob’s conditional probability reads:

p
(DH)
B|αk

(x) =
1

4πσ2
0

exp

{
−
[
xB − 2σ0

√
T Re (αk)

]2
/(4σ2

0)

}
×

exp

{
−
[
yB − 2σ0

√
T Im (αk)

]2
/(4σ2

0)

}
, (9.25)

σ2
0 being the shot-noise variance [39], which from now on will be taken equal to 1, per-

forming calculations in shot-noise units (SNU). Similarly to (9.10), the obtained mutual
information is given by:

I
(DH)
AB (α2) = H

[
p
(DH)
B (x)

]
− 1

M

M−1∑
k=0

H
[
p
(DH)
B|αk

(x)
]
, (9.26)
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with p(DH)
B (x) =M−1

∑
k p

(DH)
B|αk

(x). Instead, the Holevo information becomes:

χBE(α
2) = S [ρE ]−

∫
R2

d2x p
(DH)
B|αk

(x) S
[
ρE|x

]
, (9.27)

with ρE given in (9.15) and

ρE|x =
1

Mp
(DH)
B (x)

M−1∑
k=0

p
(DH)
B|αk

(x)
∣∣∣√1− Tαk

〉〈√
1− Tαk

∣∣∣ . (9.28)

The integration in (9.27) can been performed numerically by exploiting the Simpson’s
rule [328]. Finally, the resulting KGR is obtained as

KDH = max
α2

[
βI

(DH)
AB (α2)− χ

(DH)
BE (α2)

]
, (9.29)

with the optimized modulation energy α2
DH.

As a final remark, towards a realistic implementation of the present protocol, we un-
derline that both the KOR and the PGM may not represent appropriate POVMs for the
channel evaluation stage. Indeed, assuming that the channel properties do not change,
Alice and Bob must estimate the channel parameters, which in the present case is limited
to the sole transmissivity T . However, unlike homodyne and DH detection, in principle
the designed POVM {Πj}j does not guarantee full channel characterization. This prob-
lem may be circumvented, at least for the asymptotic key rate calculation, by performing
Gaussian detection on a small fraction of the exchanged pulses and reserving it for the
channel estimation stage, whilst exploiting the non-Gaussian receiver only for the key
extraction. On the contrary, in the presence of a finite-size scenario, Alice and Bob esti-
mate the channel transmissivity T with a finite uncertainty ∆T , thus leaving more space
for Eve’s intervention. Therefore, they employ a conservative strategy and compute the
KGR by considering a lower value of the transmissivity, namely T − ∆T . However,
the main effect of this lower effective transmissivity is to reduce the range of distances
for which the state-discrimination receivers outperforms the heterodyne protocol. Fur-
thermore, the dataset for the key extraction is also finite, resulting in a lower KGR with
respect to the asymptotic case.

Results. We now compare the results derived previously. In Fig. 9.2.2(a) we plot the
KGRs (9.23), (9.24) and (9.29) as a function of the transmission distance d, expressed in
km. The reconciliation efficiency is fixed to β = 0.95 [191, 192, 223]. We see that both
PGM and KOR beat the DH protocol, that is Kp ≥ KDH, p = PGM,KOR. The improve-
ment in the KGR is more relevant for metropolitan-network distances, in particular for
d ≤ 100 km, whereas for larger ones both KKOR and KPGM approach KDH and achieve
the same asymptotic scaling. To quantify this improvement we compute the ratio

Rp =
Kp

KDH
, p = PGM,KOR , (9.30)

reported in Fig. 9.2.2(b). Both the ratios exhibit peaks for d ≤ 40 km and then decrease
towards 1 in the long-distance regime, but the behaviour is rather different between the
two cases. In fact, RPGM achieves a single maximum at ≈ 5 km, increasing the KGR
with respect to KDH by more than 42%, and then decays monotonously to 1. On the
contrary, KKOR is not a monotonic function of the transmission distance and, in turn,
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Figure 9.2.2: (a) Log plot of Kp, p = PGM,KOR, compared to KDH, as a function of the transmis-
sion distance d in km. (b) Plot of the ratio Rp, p = PGM,KOR, as a function of the transmission
distance d. State-discrimination receivers improve the KGR with respect to the DH protocol in the
regime d ≤ 100 km. In both pictures we set β = 0.95.
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Figure 9.2.3: (a) Plot of the optimized phases ϕ(KOR)
j , j = 1, . . . , 3, as a function of the transmission

distance d in km. We recall that ϕ(KOR)
0 = 0. (b) Plot of the optimized modulation energies α2

p,
p = PGM,KOR, and α2

DH, as a function of the transmission distance d. In both pictures we set
β = 0.95.

the associated ratio exhibits two separated peaks. The KOR coincides with the PGM up
to its first maximum, that is RKOR = RPGM for d ≲ 7 km, while for larger d we have
RKOR ≥ RPGM. Thereafter, RKOR reaches a local minimum and then achieves a second
maximum at ≈ 23 km, with ≈ 47% increase in the KGR. Ultimately, the curve decreases
to 1, approaching the DH protocol together with RPGM.

The behavior of KKOR is a consequence of the resulting optimized phases ϕ(KOR)
j ,

depicted in Fig. 9.2.3(a). We recall that ϕ(KOR)
0 = 0 by definition. For d ≲ 7 km we

have ϕKOR = 0 and the optimized receiver is identical to the PGM, whereas for larger
distances the optimized phases are nonzero and RKOR ≥ RPGM. Interestingly, for
d ≳ 20 km the optimized phase tuple becomes distance-independent and reads ϕKOR =
(0, π/2, π, π/2). This choice allows to reach the second maximum in Fig. 9.2.2(b), after
which the KOR approaches the DH protocol. For completeness, Fig. 9.2.3(b) reports also
the optimized energies α2

p, p = PGM,KOR, and α2
DH. All curves converge to 0.5 aver-

age number of photons in the long-distance regime but, differently from the other cases,
α2
KOR shows the same non-monotonic trend of KKOR.
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Figure 9.2.4: Log plot of I(p)AB and χ(p)
BE , p = PGM,KOR, as a function of the transmission distance

d in km. Both the quantities are computed with the optimized parameters α2
p and ϕKOR (for the

KOR). We set β = 0.95.

The previous results prove non-Gaussian receivers as a potential tool for improving
the key rate of the QPSK protocol, at least in the present restricted eavesdropping sce-
nario. Remarkably, they also highlight that the discrete-valued POVM minimizing the
error probability, namely the PGM, does not coincide with the discrete-valued POVM
maximizing the KGR, namely the KOR. The reason becomes evident when compar-
ing separately the mutual and the Holevo information appearing in the KGR (9.9). In
Fig. 9.2.4 we plot the quantities I(p)AB and χ(p)

BE , p = PGM,KOR, computed with the same
optimized energy and phases previously obtained and depicted in Fig. 9.2.3 As we can
see, in the metropolitan-network distance regime the optimized receiver is associated
with a reduced mutual information with respect to the PGM but, at the same time, re-
ducing the mutual information induces also a reduction of the Holevo information ex-
tractable by Eve, thus resulting in a higher KGR. As a consequence, differently from the
state-discrimination scenario, in CVQKD there emerges a tradeoff between the goal of
increasing the information accessible to Bob and the necessity of making the encoded
symbols less “distinguishable” to weaken Eve’s attack.

In light of this, we may interpret the physical meaning of the optimized phases as
follows. For small transmission distances κd≪ 1, Eve’s intercepted signals are too weak
to give her sufficient knowledge on which symbol was sent and the two different goals
of reducing the error probability and maximizing the KGR are compatible, therefore the
KOR coincides with the PGM. On the contrary, for larger d the compatibility does not
hold anymore, and Bob has to sacrifice part of his potential information and to reduce
the mutual information shared with Alice to the detriment of the eavesdropper.

The discussed tradeoff may be qualitatively appreciated by comparing the phase-
space representations of the PGM and the KOR effects. More in detail, we consider the
two reference measurement vectors |µ0⟩p, p = PGM,KOR, computed from (9.7) with the
phases ϕ = 0 and ϕ = (0, π/2, π, π/2), respectively, and compute the associated Wigner
function:

W (p)(q, p) =
1

2π

∞∑
n=0

(−1)n ⟨n|D†(ζ) ρpD(ζ)|n⟩ , p = PGM,KOR , (9.31)

where ζ = (q + ip)/2 expressed in SNU, ρp = |µ0⟩p p⟨µ0| and D(ζ) is the displacement
operator [31, 39]. The contour plots of W (p)(q, p) are depicted in Fig. 9.2.5 for α2 = 1
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Figure 9.2.5: Contour plot of the Wigner functionsW (p)(q, p) of the reference measurement vectors
|µ0⟩p, p = PGM,KOR, for either d = 30 km (a-b) or d = 100 km (c-d). We set α2 = 1 and ϕ = 0
and ϕ = (0, π/2, π, π/2) for the PGM and the optimized receiver, respectively.
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and two different transmission distances d = 30 km and d = 100 km. If d = 30 km, that
is for metropolitan-network distances, there is a qualitative difference between the two
compared cases, see Fig.s 9.2.5(a) and 9.2.5(b). Both Wigner functions exhibit four peaks,
corresponding to the four transmitted states |α(t)

k ⟩. However, W (PGM)(q, p) is well con-
centrated around state |α(t)

0 ⟩, while W (KOR)(q, p) is more delocalized over the four states
and the peaks are less distinguishable. This implies a reduced distinguishability of the
states and, in turn, a reduced mutual information I

(KOR)
AB . On the contrary, when the

distance is larger, e.g. d = 100 km, the transmitted states are weak coherent states with
a greater overlap between one another. As a consequence, W (p)(q, p) for respective re-
ceivers are equally delocalized over the four peaks and the differences between PGM
and KOR become negligible; see Fig.s 9.2.5(c) and 9.2.5(d). In turn, the associated KGRs
converge to the same value, corresponding also to the rate of the DH protocol, as de-
picted in Fig. 9.2.2. Furthermore, in all cases we observe a Wigner-negativity, proving
both |µ0⟩p to be non-classical (as well as non-Gaussian) states at all distances [31, 36, 39].

9.2.2 Employing feasible receivers

Even though both PGM and KOR discussed in the previous sections have shown inter-
esting potentialities for CVQKD, from a practical point of view there is no clear idea on
their experimental implementation. In fact, as discussed in Sec. 5.5, in the presence of
QSPK designing a feasible optimum receiver is an open problem. In contrast, different
suboptimal receivers have been proposed, ranging from feedback ones, like the Bon-
durant receiver, to displacement-photon counting schemes, either without feed-forward,
e.g. the quaternary displacement receiver (QDRE), or employing it, like the quaternary
displacement feed-forward receiver (QDFFRE) [17, 83, 92, 109, 110, 149, 154]. Therefore,
it is worth of interest to investigate also the performance of these receivers for CVQKD.
Here, in particular, we focus on the QDFFRE proposed by Izumi et al. in [109] and pre-
sented in Sec. 5.5.3.

In particular, when Bob adopts the QDFFRE in the protocol of Fig. 9.2.1, he probes
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the conditional probabilities reported in Eq. (5.136), namely:

p
(N)
B|αk

(0) =pN0 , (9.32a)

p
(N)
B|αk

(1) =

N−2∑
t=0

ptk (1− pk) p
N−1−t
(k−1) mod M +

pN−1
k (1− pk)

3
, (9.32b)

p
(N)
B|αk

(2) =

N−3∑
t=0

N−3−t∑
s=0

ptk (1− pk) p
s
(k−1) mod M (1− p(k−1) mod M )×

pN−2−t−s
(k−2) mod M +

N−2∑
t=0

ptk (1− pk)
pN−2−t
(k−1) mod M (1− p(k−1) mod M )

2

+
pN−1
k (1− pk)

3
, (9.32c)

p
(N)
B|αk

(3) =

N−3∑
t=0

N−3−t∑
s=0

N−3−t−s∑
u=0

ptk (1− pk) p
s
(k−1) mod M×

(1− p(k−1) mod M ) pu(k−2) mod M (1− p(k−2) mod M ) pN−3−t−s−u
(k−3) mod M

+

N−2∑
t=0

ptk (1− pk)
pN−2−t
(k−1) mod M (1− p(k−1) mod M )

2

+
pN−1
k (1− pk)

3
, (9.32d)

where, now, p0 = 1, p1 = p3 = exp(−2Tα2/N), and p2 = exp(−4Tα2/N), as Bob receives
only the transmitted fraction of Alice’s signals. Instead, the overall Bob’s probability
reads p(N)

B (j) =M−1
∑M−1
k=0 p

(N)
B|αk

(j), j = 0, . . . ,M − 1.
To compute the KGRKQDF(N ;α2) associated with the QDFFRE, we exploit Eq.s (9.9), (9.10)

and (9.13), provided the substitutions p(ϕ)
B|αk

→ p
(N)
B|αk

and p(ϕ)
B → p

(N)
B , and optimize over

the modulation energy, obtaining:

KQDF(N) = max
α2

KQDF(N ;α2) . (9.33)

Moreover, we also compute the ratio with respect to the DH protocol, namely,

RQDF(N) =
KQDF(N)

KDH
, (9.34)

reported in Fig. 9.2.6(a) for different number of copies N . Unlike the PGM and the KOR,
the QDFFRE outperforms the DH protocol only up to a maximum transmission distance
dmax(N) whose value increases with N . Afterwards, we have KQDF(N) ≤ KDH and, in
turn, RQDF(N) saturates to an asymptotic value ≤ 1. The best performance is achieved
in the limit of infinite copies, N ≫ 1, where the receiver approximates the type-I Bon-
durant receiver, see Sec. 5.5.3, obtaining a maximum increase in the KGR of about ≲ 20%
and dmax(N) ≲ 25 km.
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Figure 9.2.6: (a) Plot of the ratio RQDF(N) as a function of the transmission distance d in km.
Differently from both PGM and KOR, the QDFFRE improves the KGR with respect to the DH
protocol only up to a maximum distance dmax(N), increasing with the number of copiesN . (b) Plot
of the optimized modulation energies α2

QDF(N), α2
PGM, and α2

DH, as a function of the transmission
distance d. In both pictures we set β = 0.95.

This behaviour is a direct consequence of the optimized modulation α2
QDF(N), re-

ported in Fig. 9.2.6(b). In fact, α2
QDF(N) is a decreasing function of d, which in the long-

distance regime, κd≫ 1, reaches an asymptotic value ≳ 0.5. Numerical calculations also
show this asymptote to be independent of the number of copies N . In these conditions,
Bob receives a signal with Tα2

QDF(N) ≪ 0.5 mean photons, for which the QDFFRE does
not beat the SQL, achieved by DH discrimination (see, for instance, Fig. 5.5.7). In turn,
even the KGR of the CVQKD protocol is lower than the corresponding heterodyne pro-
tocol. On the other hand, for κd ≪ 1, the optimized modulation is of few photons, the
QDFFRE outperforms the SQL and we observe an increase also in the KGR.

In conclusion, despite its feasibility, the present displacement feed-forward scheme
is not optimal for CVQKD, just as it is not optimal for coherent state discrimination.
Nevertheless, it still provides an improvement of the resulting key rate in the short-
distance regime, being a candidate for experimental realizations of the present protocol.



Conclusions





CHAPTER 10

Concluding remarks and future perspectives

- Damiel, Der Himmel über Berlin
(directed by Wim Wenders)

In this PhD thesis we have addressed some relevant aspects of quantum communi-
cations theory in continuous variable systems, with particular reference to quantum op-
tical platforms. The field has gained much interest in time, for a twofold reason. On the
one hand, quantum effects determine the ultimate limits of the transmission of classical
information over optical communication links, being of particular relevance for proto-
cols operated at low signal powers, e.g. near-space or deep-space communications. On
the other hand, quantum features, like superposition, entanglement, teleportation, and
Heisenberg’s uncertainty relations, can be effectively exploited as a resource to design
novel protocols and algorithms, and convey information in more efficient fashion. It
is the case of quantum computation and quantum key distribution (QKD), where the
superposition principle and the ultimate quantum noise due to commutation rules are
crucial to efficiently solve hard computation problems and to distill random secure keys
with unconditional security, respectively, thus overcoming the limitations of the corre-
sponding classical schemes.

In particular, throughout the thesis, we focused ourselves on two main topics, namely
quantum state discrimination and continuous variable (CV) QKD, providing a compre-
hensive theoretical analysis, together with an eye to possible practical implementations
being compatible with the state-of-art technologies in optical telecommunications. We
both addressed the general aspects of the theory and proposed new receivers and proto-
cols that can be feasibly experimentally demonstrated, discussing also their robustness
with respect to the relevant realistic inefficiencies occurring in practice.
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To begin with, we dealt with the problem of quantum state discrimination. In Chap-
ter 4, we introduced the fundamental aspects of the theory, whose task is to perform
conclusive decision among a set of non-orthogonal quantum states. The very laws of
quantum mechanics forbid exact discrimination, making every quantum receiver as-
sociated with a nonzero decision error probability, therefore the task is to identify the
optimum receiver achieving the lowest possible error probability. Subsequently, we fo-
cused on the binary discrimination scenario, for which Helstrom’s theory provides a
full characterization of the optimum receiver. Then, we addressed binary discrimina-
tion of coherent states of radiation, that represents one of the fundamental problems
in optical communication schemes, and consider a binary phase-shhift keying (BPSK)
encoding. Remarkably, we proposed new hybrid receivers, based on the combination
of weak-field homodyne detection and conditional displacement-photon counting, that
outperform conventional detection schemes, based on quadrature detection, providing
a genuine quantum advantage, and closing the gap with the Helstrom bound.

In Chapter 5, we widened our analysis to multilevel systems, studying discrimina-
tion of a constellation of M quantum states, with M ≥ 2. In this case, the decision task
can be recast into a convex optimization problem, and advanced linear algebra tools
lead to characterization of the optimum receiver. Nevertheless, an explicit construc-
tion of this optimum quantum measurement is obtained only in the particular case of
pure-state discrimination and geometrically uniform symmetry (GUS). Ultimately, we
addressed M -ary discrimination of coherent states, considering quadrature phase-shift
keying (QPSK) constellations, as a natural generalization of the previously considered
BPSK encoding.

Then, our interest turned to CVQKD. In Chapter 6, we presented the basic tools of
QKD, and discussed the main characteristics of CV protocols, where coherent states with
randomly modulated amplitude are transmitted from a sender (Alice) to a receiver (Bob),
communicating by an untrusted noisy quantum channel. Given this scenario, the proto-
col is considered secure as long as the information shared by Alice and Bob is larger than
the one that can be extracted by a possible eavesdropper (Eve), leading to a nonzero key
generation rate (KGR). Furthermore, we outlined the different security framework un-
der which the analysis may be conducted, namely unconditional security, trusted-device
scenario and wiretap channel. In this Chapter, we focused only on the unconditional se-
curity approach, and provide security proof for the GG02 protocol, based on Gaussian
modulation of coherent states, as well as discrete-modulation protocols, employing both
PSK and quadrature amplitude modulation (QAM), that provide a feasible alternative
being easier to implement into practice. To this aim, we proved the fundamental theo-
rem on the “optimality of Gaussian attacks”, establishing a manageable lower bound to
the KGR of protocols employing Gaussian detection.

Thereafter, in Chapter 7 we studied the two remaining security frameworks, that pro-
vide examples of restricted eavesdropping, in which we pose realistic limitations to the
possible attacks that Eve may launch. In the trusted-device scenario, we included de-
tection losses and noise in the theoretical description, assuming them to be simply lost
to the environment and not intercepted by Eve, who, instead, controls both the losses
and noise acquired during signal transmission. Remarkably, we extended the validity of
optimality of Gaussian attacks to this scenario, thus determining a useful result to assess
security in all the cases of partial lack of information at Eve’s sides. Then, we addressed
the wiretap channel description, that provides an example of a particular eavesdropping
strategy, where Eve’s action is completely characterized and specified. In both the sce-
narios, we computed the KGR for the QPSK protocol, comparing the results with the
unconditional security approach, and obtaining an increase in the distilllable key rate.
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In Chapter 8, we investigated the potentialities of optical amplifiers to perform loss
mitigation of the quantum channel and enhance CVQKD. We established the quan-
tum limits of amplification, introducing both conventional amplifiers, phase-insensitive
(PIAs) and phase-sensitive amplifiers (PSAs), as well as probabilistic noiseless linear
amplifiers (NLAs), studying their application for CVQKD in the Gaussian modulation
format.

Finally, in Chapter 9, we merged the acquired knowledge of the two main Parts of
the thesis, and designed an optimized state-discrimination receiver, the key-rate opti-
mized receiver (KOR), for the QPSK CVQKD protocol, providing a first step towards
non-Gaussian CVQKD. We assessed security under a pure-loss wiretap channel, and
obtain an enhancement of the KGR with respect to the conventional protocol in the
metropolitan-network distance regime. Furthermore, we also consider the performance
of displacement receivers for CVQKD, as a benchmark example of a feasible scheme,
obtaining an increase in the KGR up to a maximum transmission distance.

10.1 Future directions and outlooks

The results obtained in the thesis provide a detailed analysis of the current state of the
art in the fields of both quantum state discrimination and CVQKD, and present innova-
tive solutions to enhance the existing communication protocols by means of improved
quantum receivers and advanced stragies for transmission losses mitigation. Further-
more, they identify the limits of quantum communications in realistic conditions, e.g.
imperfect detection, non-Gaussian noise, imperfect signal modulation, . . . , paving the
way for new applications, from both a theoretical and experimental point of view. A
brief overview of possible further developments is presented in the following.

10.1.1 Novelties in coherent states discrimination

Within quantum decision theory, one of the relevant results of this thesis is the proposal
of hybrid receivers, namely the hybrid near-optimum (HYNORE) and the hybrid feed-
forward (HFFRE) receivers, to enhance BPSK discrimination of coherent states [16–18].
These hybrid schemes exploit the photon-number resolving (PNR) technologies, gain-
ing fast progresses in the latest years [329–331], to suitably combine the homodyne like
and displacement setups, thus jointly probing the wave-like and particle-like proper-
ties of optical fields. In particular, in hybrid receivers the incoming signal is split at a
beam splitter of variable transmissivity, and the reflected beam undergoes homodyne
like detection, whose outcome determines a conditioned displacement operation on the
transmitted beam: accordingly, we obtain a reduced error probability with respect to the
standard displacement receivers.

Interestingly, the present philosophy offers a powerful approach to improve quan-
tum receivers also for quaternary and M -ary phase-shift-keying discrimination [109,
149, 153, 154], where displacement feed-forward schemes are less powerful and may
benefit even more from a suitable combination with weak-field measurements. In par-
ticular, two possible paths can be pursued. On the one hand, a fundamental problem is
to assess the most efficient usage of PNR detectors to improve the maximum a posteriori
probability (MAP) decision strategy. In the presence of multiple state discrimination, the
capability to resolve individual photons promises a powerful enhancement for displace-
ment feed-forward schemes, as the outcomes of PNR detection yield more information
about the incoming signals than on-off detection. In fact, the encoded pulses are associ-
ated with Poisson statistics with different rates, thereby the number of registered clicks
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gives indirect information on which was the probed signal, instead of the simple ac-
ceptance/rejection of the nulled hypothesis occurring with on-off strategies. In turn, a
proper extension of the MAP criterion may lead to significant enhancements of the feed-
forward rules, possibly closing the gap with the type II Bondurant receiver. On the other
hand, given a displacement-PNR setup, we may also claim whether or not hybrid se-
tups combining either weak-field homodyne or double weak-field homodyne detection,
being the natural extension of the HYNORE, are able to further reduce the error proba-
bility, especially in the low-energy limit where non-optimized displacement schemes do
not outperform the standard quantum limit.

10.1.2 Progresses in CVQKD

As regards the CVQKD analysis presented in this work, different problems can be ad-
dressed to obtain innovative solutions.

First of all, in the thesis we widely discussed about the practical limitation of Gaus-
sian modulation, and address discrete modulation protocols as a more practical solu-
tion, highlighting the tradeoff between increased practicality of the setup and reduced
amount of KGR to be achieved. In particular, PSK modulation proved itself as the
simplest scheme for a realistic implementation, whereas QAM yielded a better trade-
off between the modulator complexity and the resulting KGR, allowing to close the gap
with respect to GG02. A further solution within this topic may be offered by ampli-
tude phase-shift keying (APSK) modulation, where both the amplitude and the phase
of a carrier field are modulated to generate a multiple-ring constellation geometry in
the phase space. APSK is becoming the emerging modulation format for deep-space
communications, and it guarantees high information rates and energy efficiency with
respect to competitive schemes, being also able to reach the Gaussian modulation capac-
ity as the constellation size grows to infinity [332–337]. Accordingly, it candidates itself
as a powerful scheme also for CVQKD applications, especially in the presence of smaller
constellations with few symbols.

A second relevant issue in CVQKD is represented by channel loss mitigation, that
can be partially addressed by the exploitation of optical amplifiers. In particular, we
proved NLAs to provide an effective solution to achieve long-distance key distribu-
tion, being also robust against a reduced detection quantum efficiency. In turn, these
results open new perspectives for the applications of NLAs in realistic conditions for
both one-way communication and end-to-end communication over quantum repeater
chains [305–307], with the ultimate goal of increasing the KGR up to the quantum chan-
nel secure-key capacity established in [306]. On the other hand, conventional amplifiers
provide a simpler choice for large-scale applications in the framework of conditional
security CVQKD. In particular, the advantage given by PSA, being a phase-sensitive op-
eration, may be potentially further boosted by employing modulation of squeezed states
[199, 201–205, 338].

Finally, in the last Chapter we made a first step towards the analysis of CVQKD with
non-Gaussian measurements, suggesting suitable non-Gaussian receivers as a resource
to increase the achievable key rate. Differently from conventional CVQKD protocols, this
field still provides unclear and attractive open problems, fostering new research with a
possibly higher potential impact. Given this premise, our results, obtained under a (re-
strictive) pure-loss wiretap channel assumption, leave many points as open problems.
At first, the extension of the present analysis to the more realistic case of a thermal-loss
channel remains a challenging task. In fact, in the presence of thermal mixed states, de-
signing the receiver achieving the minimum error probability is non-trivial. The general



structure of quantum receivers exploited to the design the KOR does not hold anymore,
as theM ≥ 2 mixed states now span the whole infinite dimensional Hilbert space. More-
over, from the perspective of quantum communications, the optimum receiver achiev-
ing the minimum error probability can only be obtained numerically via linear convex
semidefinite programming [51]. As a consequence, the search of the KOR could only be
obtained via a brute-force functional optimization over all possible POVMs, being a non-
linear and non-convex problem. Secondly, the sketch of an unconditional security proof
may be designed, identifying which is the optimal Eve’s attack. To do so, we should op-
timize over all the possible attacks compatible with Alice and Bob’s statistics, retrieving
the Devetak-Winter bound by extending the methods of [165, 166]. Indeed, the question
whether or not protocols employing non-Gaussian measurement guarantee higher secu-
rity than Gaussian ones is an interesting open problem. Finally, we should investigate
the scalability of the present scheme with discrete modulation formats of higher order,
like PSK schemes with M ≥ 4 states or QAM constellations, in which the GUS is not
satisfied anymore [20, 223, 225, 226].
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A.1 The maximum a posteriori probability criterion

The maximum a posteriori probability (MAP) criterion represents a strategy based on
Bayesian inference to improve the decision rule of a displacement-photon counting dis-
crimination scheme [16, 92]. Here, we consider as a paradigmatic example the displacement-
PNR (DPNR) receiver presented in Sec. 4.3.1 and, for the sake of simplicity, we address
the case of binary coherent-state discrimination. That is, we discriminate between the
two coherent states |αk⟩ = |eikπα⟩, k = 0, 1, α > 0, generated with equal a priori proba-
bilities qk = 1/2.

In all displacement receivers, we apply a displacement operation D(β), β > 0, to the
incoming signal, mapping the states into

|αj⟩ → |αj + β⟩ . (A.1.1)

If we fix β = α we retrieve the usual “nulling” technique, whereas when β is consid-
ered as a free parameter to be optimized we obtain the improved receiver proposed by
Takeoka and Sasaki [89].

Thereafter, we perform a PNR measurement on the displaced state and obtain the
outcome n. Without loss of generality, we consider ideal photo-detection, namely with
infinite resolution. The MAP criterion states that, for each n, we infer the state αj , j =
0, 1, with the largest a posteriori probability:

p(αj |n) =
p(n|αj) qj
p(n)

, (A.1.2)

where

p(n|αj) = e−|αj+β|2 |αj + β|2n

n!
(A.1.3)

is the probability of getting n photons given αj and

p(n) =
∑
j=0,1

qjp(n|αj) =
p(n|α0) + p(n|α1)

2
(A.1.4)

is the overall probability of detecting n photons. For example, we infer state α0 if
p(α0|n) > p(α1|n), which is equivalent to condition p(n|α0) > p(n|α1) since we have
qj = 1/2.
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The correct decision probability is then equal to

Pc = q0

∞∑
n=0

p(n|α0)χ0 + q1

∞∑
n=0

p(n|α1)χ1 (A.1.5)

=
1

2

∞∑
n=0

max [p(n|α0), p(n|α1)] , (A.1.6)

where χ0 = 1 if p(n|α0) > p(n|α1) and 0 otherwise and χ1 = 1 if p(n|α1) > p(n|α0) and
0 otherwise. The error probability is obtained immediately as Perr = 1− Pc.

The decision rule p(n|α0) ≶ p(n|α1) is equivalent to the definition of a threshold
outcome nth such that all measurement outcomes n ≥ nth are assigned to state α1 and
all n < nth are assigned to state α0. The threshold number is obtained by equating
p(n̄|α0) = p(n̄|α1), n̄ ∈ R, and considering the lowest integer greater than the obtained
root n̄, namely nth = ⌈n̄⌉, where ⌈x⌉ is the ceiling function, returning the smallest integer
greater than x. We have:

nth =

⌈
|α+ β|2 − |α− β|2

ln
(
|α+ β|2

)
− ln

(
|α− β|2

)⌉ . (A.1.7)

Thus, Pc may be equivalently written as:

Pc =
1

2

[
nth−1∑
n=0

p(n|0) +
∞∑

n=nth

p(n|1)

]
. (A.1.8)

Finally, we note that for the standard Kennedy receiver, where the displacement ampli-
tude is β = α, we have p(n|α0) = δn,0, therefore the correct probability of Eq. (A.1.5)
reduces to the well known expression Pc = 1− exp(−4α2)/2.

A.2 A model for the visibility reduction at a beam splitter

In the framework of quantum optics, phase-sensitive operations, e.g. displacement op-
erations and homodyne detection, are implemented via interference at a beam splitter
between the signal beam and a suitable local oscillator (LO) [31, 33, 39, 84]. To obtain
perfect interference in realistic implementations, it is required that the two optical modes
impinging at the beam splitter are perfectly matched in both the frequency and spatial
domain. This represents a nontrivial task from a practical point of view. In fact, realistic
optical beams are associated with a finite spatial linewidth, and perfect interference can
be only achieved when the spatial profiles of both the signal and the LO are fully su-
perimposed. On the contrary, the presence of any mode mismatch due to misalignment
of the two wave-fronts, leads to reduced visibility ξ ≤ 1 of the optical interference, de-
termined by how the intensity distributions of the signal beam and the LO overlap with
each other. Perfect mode matching corresponds to unit visibility, ξ = 1, whilst in the case
ξ < 1 the LO partially overlaps with the spatial modes orthogonal to the signal mode,
with detrimental effects for any quantum measurement performed thereafter [114]. Here
we present a model to describe the present effect, being relevant for many applications
in quantum communications.

To begin with, we deal with a particular case and consider both the signal and the
LO to be excited in coherent states |α⟩ and |β⟩, α, β ∈ C, respectively, as schematized



Concluding remarks and future perspectives 231

Figure A.2.1: Scheme of imperfect interference of coherent states due to mode mismatch at the
beam splitter, associated with visibility ξ ≤ 1. The two input beams before interference are mis-
aligned, therefore only a fraction ξ of each beam is effectively overlapped, leading to quantum
interference, whilst the remaining portions of both the signal and the LO interferes with spatial
vacuum modes.

in Fig. A.2.1. In the presence of visibility reduction, the two input coherent beams are
mismatched, and interference holds only for the beam portions that effectively overlap
with each other. On the contrary, the remaining parts of both the signal and the LO
overlap with spatial vacuum modes, being split into a transmitted and a reflected beam.

In turn, the presence of reduced visibility ξ ≤ 1, quantifying the spatial overlap be-
tween the input optical beams, is equivalent to the splitting of the input coherent states
into three channels, as described in Fig. A.2.1, namely:

|α⟩ → |
√
ξα⟩ ⊗ |

√
1− ξα⟩ ⊗ |0⟩ , (A.2.1a)

|β⟩ → |
√
ξβ⟩ ⊗ |0⟩ ⊗ |

√
1− ξβ⟩ , (A.2.1b)

where only the reduced pulses |
√
ξα⟩ and |

√
ξβ⟩ are mode-matched, while the other

ones impinge with further modes prepared in the vacuum. Thereafter, states (A.2.1)
interfere at the beam splitter of transmissivity τ ≤ 1, leading to the output states on the
transmitted and reflected side:

|ψ(t)⟩ = |
√
ξ
(√
τα+

√
1− τβ

)
⟩

⊗ |
√
τ(1− ξ)α⟩ ⊗ |

√
(1− τ)(1− ξ)β⟩ , (A.2.2a)

|ψ(r)⟩ = |
√
ξ
(√
τβ −

√
1− τα

)
⟩

⊗ | −
√
(1− τ)(1− ξ)α⟩ ⊗ | −

√
τ(1− ξ)β⟩ , (A.2.2b)

where the beam splitter operation acts independently on each channel. The mean num-
ber of photons n̄ on both branches is then equal to:

n̄(t) = τ |α|2 + (1− τ)|β|2 + 2ξ
√
τ(1− τ)Re(αβ∗) , (A.2.3a)

n̄(r) = τ |β|2 + (1− τ)|α|2 − 2ξ
√
τ(1− τ)Re(αβ∗) . (A.2.3b)
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We note that the overall effect of the mode mismatch is the reduction of the interference
terms in (A.2.3), namely the terms proportional to Re(αβ∗).

In particular, from Eq. (A.2.3) we verify that the parameter ξ coincides with the in-
teference visibility V that can be experimentally measured. In fact, fringes visibility is
measured by considering a balanced beam splitter, τ = 1/2, when the LO and the signal
are equal in power, namely |α|2 = |β|2. We consider a single output port, e.g. the trans-
mitted one, and evaluate the maximum and minimum output power as we change the
phase difference between the two input beams, retrieving:

V =
n̄
(t)
max − n̄

(t)
min

n̄
(t)
max + n̄

(t)
min

=
2|α|2ξ
2|α|2

= ξ . (A.2.4)

Given the previous results, we now implement a quantum operation on the output
beams, discussing the two relevant cases of displacement operation and homodyne de-
tection. In the former one, to implement the displacementD(ζ), ζ ∈ C, we should choose
β = ζ/

√
1− τ in Eq. (A.2.2), take the limit τ → 1, and trace out the signal on the reflected

branch [84]. Then, the mean number of photons on the transmitted beam becomes:

n̄
(t)
D = |α|2 + |ζ|2 + 2ξRe(αζ∗) ̸= |α+ ζ|2 . (A.2.5)

In particular, for the “nulling” displacement amplitude ζ = −α, we have n̄(t)D = 2|α|2(1−
ξ) ̸= 0, thus reduced visibility prevents the displacement of state |α⟩ into the vacuum.
Instead, in the case of homodyne detection, we adopt a balanced beam splitter, τ = 1/2,
and the LO amplitude β = zeiϕ, with z ≥ 0 and 0 ≤ ϕ < π. In this case, the mean
number of photons on the two branches reads:

n̄
(t)
HD =

|α|2 + z2 + ξ|α|z cosϕ
2

and n̄
(r)
HD =

|α|2 + z2 − ξ|α|z cosϕ
2

. (A.2.6)

We, then, evaluate the difference photocurrent ∆, that follows a Skellam distribution
with mean value ⟨∆⟩ = n̄

(t)
HD − n̄

(r)
HD = ξ|α|z cosϕ, and variance Var[∆] = n̄

(t)
HD + n̄

(r)
HD =

|α|2 + z2. We conclude that reduced visibility in homodyne detection acts as a loss,
playing the role of an “effective” quantum efficiency, that only reduces the average ⟨∆⟩,
without affecting the variance of the homodyne distribution.

The former analysis suggests that visibility reduction may be described in terms of
a loss dynamics. Therefore, we now proceed beyond coherent-states interference and
provide a more general description, deriving the Heisenberg evolution of the modes
impinging at a beam splitter with ξ ≤ 1. The scheme is reported in Fig. A.2.2, where
modes ain and bin are the signal and LO modes impinging at a (physical) beam splitter of
transmissivity τ . Following the previous considerations, we model the effect of visibility
on both the signal and the LO as a beam splitter with transmissivity ξ ≤ 1, in which,
before interference, modes ain and bin are mixed with two ancillary modes a′in and b′in,
respectively, prepared in the vacuum state. Then, the output transmitted modes impinge
at the physical beam splitter, while the reflected ones are coupled with a further pair
of vacuum modes a′′in and b′′in. We describe the whole evolution via the input-output
formalism. The input modes are ain = (ain, a

′
in, a

′′
in, bin, b

′
in, b

′′
in). The evolution after the
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Figure A.2.2: Modes evolution in the presence of reduced visibility ξ ≤ 1. We model the overall
effect of visibility as a beam splitter of transmissivity ξ, acting on the input modes before the
interference at the (physical) beam splitter of transmissivity τ .

two beam splitters modeling the visibility effect is described by the unitary matrix:

U1 =



√
ξ

√
1− ξ 0 0 0 0

−
√
1− ξ

√
ξ 0 0 0 0

0 0 1 0 0 0
0 0 0

√
ξ

√
1− ξ 0

0 0 0 −
√
1− ξ

√
ξ 0

0 0 0 0 0 1

 , (A.2.7)

while the interference at the physical beam splitter of the three output channels is asso-
ciated with the unitary:

U2 =



√
τ 0 0

√
1− τ 0 0

0
√
τ 0 0 0

√
1− τ

0 0
√
τ 0

√
1− τ 0

−
√
1− τ 0 0

√
τ 0 0

0 0 −
√
1− τ 0

√
τ 0

0 −
√
1− τ 0 0 0

√
τ

 . (A.2.8)

The output modes aout = (aout, a
′
out, a

′′
out, bout, b

′
out, b

′′
out) are then obtained as:

aout = U2U1ain , (A.2.9)

where

aout =
√
(1− ξ)(1− τ)b′in +

√
ξ(1− τ)bin +

√
τ
(√

1− ξa′in +
√
ξain

)
, (A.2.10a)

a′out =
√
1− τb′′in +

√
τ
(√

ξa′in −
√
1− ξain

)
, (A.2.10b)

a′′out = −
√
(1− ξ)(1− τ)bin +

√
ξ(1− τ)b′in +

√
τa′′in , (A.2.10c)
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bout = −
√
(1− ξ)(1− τ)a′in −

√
ξ(1− τ)ain +

√
τ
(√

1− ξb′in +
√
ξbin

)
, (A.2.10d)

b′out = −
√
1− τa′′in +

√
τ
(√

ξb′in −
√
1− ξbin

)
, (A.2.10e)

b′′out =
√
(1− ξ)(1− τ)ain −

√
ξ(1− τ)a′in +

√
τb′′in . (A.2.10f)

Moreover, the photon-number operators on the transmitted and reflected branches are
equal to:

N (t) = a†outaout + (a′out)
†a′out + (a′′out)

†a′′out , (A.2.11a)

N (r) = b†outbout + (b′out)
†b′out + (b′′out)

†b′′out , (A.2.11b)

respectively. As an example, we consider homodyne detection, where we evaluate the
difference photocurrent ∆̂ = N (t) − N (r) and rescale its value by the LO amplitude. In
this scenario, all the ancillary modes are in the vacuum, while mode bin is excited in the
coherent state |zeiϕ⟩. Accordingly, in the limit z → ∞ we obtain:

⟨zeiϕ,0| ∆̂ |zeiϕ,0⟩
z

= ξ (aine
−iϕ + a†ine

iϕ) = ξ xϕ , (A.2.12)

⟨zeiϕ,0| ∆̂2 |zeiϕ,0⟩
z2

= ξ2 x2ϕ + (1− ξ2) , (A.2.13)

where quadrature operators are expressed in shot-noise units and

|zeiϕ,0⟩ = |zeiϕ⟩bin |0⟩a′in |0⟩b′in |0⟩a′′in |0⟩b′′in . (A.2.14)

Thus, homodyne detection still provides measurement of quadrature xϕ, albeit with an
“effective” quantum efficiency η = ξ2, proving that the impact of visibility can be mod-
eled in terms of inefficient detection, consistently with the previous discussions [114].

A.3 Effective channel parameters in ideal NLA-assisted CVQKD

In this appendix, we perform explicit derivation of the effective channel parameters in
Eq. (8.79), describing the performance of the GG02 protocol assisted by an ideal NLA,
associated with the unbounded operator T = gn̂, where g > 1 is the amplifier gain and n̂
is the photon-number operator of the incoming optical mode. As discussed in Sec. 8.2.2,
the ideal NLA operation can be formally described in terms of the quantum CP map Eid,
such that:

Eid(ρ) = Pid
T ρ T †

Tr[T ρ T †]
+ (1− Pid)|0⟩⟨0| , (A.3.1)

Pid ≤ 1 being the success probability of the transformation, that does not coincide with
the trace of the post-selected state T ρ T †, since T is an unbounded operator. Fur-
thermore, the operator T can be formally written as the exponential as T = exp(H),
H = (ln g) n̂ being a bilinear function of the creation and annihilation operators, there-
fore it preserves Gaussianity. That is, if ρ is Gaussian, T ρ T † is Gaussian too. Neverthe-
less, due to its non-unitarity, it cannot be associated to any symplectic transformation,
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Figure A.3.1: Construction of the effective GG02 protocol associated with the ideal NLA-assisted
protocol discussed in Sec. 8.4.1.

and the standard tools of Gaussian formalism cannot be straightforwardly applied to
perform the security analysis of the CVQKD protocol.

Given these considerations, we conclude that the ideal NLA-assisted protocol de-
picted in the top panel of Fig. A.3.1, in which Alice generates a TMSV state of variance
V > 1, namely:

|TMSV⟩⟩ =
√
1− λ2

∞∑
n=0

λn|n⟩|n⟩ , (A.3.2)

where λ =
√
(V − 1)/(V + 1), whose second brach, thereafter, is injected into a thermal

loss channel (T, ϵ), followed by the ideal NLA T , is equivalent to the effective GG02
scheme depicted in the bottom panel of Fig. A.3.1, where Alice generates a TMSV state
with effective variance Vid = (1+λ2id)/(1−λ2id), with 0 ≤ λid < 1, which then propagates
throughout thermal-loss channel with effective transmissivity Tid < 1 and excess noise
ϵid > 0 [287]. Both the schemes are performed only for those runs when noiseless ampli-
fication is successful, occurring with probability Pid, otherwise the protocol is aborted.
To construct this equivalent protocol, we remind that the conditional state probed by
Bob after Alice’s DH measurement is a displaced thermal state, while the overall state is
a thermal state. Therefore, we first compute the general action of the NLA operation T
on these states and, then, specify the results to the CVQKD scheme under investigation.

Amplified displaced thermal states. As discussed in Sec. 8.2.2, when a coherent state
|α⟩, α ∈ C, undergoes ideal noiseless linear amplification, we have:

T |α⟩ = e−|α|2/2
∞∑
n=0

αn√
n!
gn|n⟩ = e(g

2−1)|α|2/2 |gα⟩ , (A.3.3)

in which we note that the output state is not normalized.
Now, we compute the output state of the ideal NLA when a displaced thermal state

is considered as input, namely:

ρDT = D(β)νth(n̄)D†(β) , (A.3.4)
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where β ∈ C is the displacement amplitude and n̄ is the mean number of thermal pho-
tons. As will become clearer in the following, it is useful to define n̄ in terms of a pa-
rameter 0 ≤ κ < 1 as n̄ = κ2/(1 − κ2), such that κ2 = n̄/(n̄ + 1). Eq. (A.3.4) can be
also expressed in the Glauber-Sudarshan representation as ρDT =

∫
d2αPDT(α)|α⟩⟨α|,

where:

PDT(α) =
1− κ2

πκ2
exp

(
−1− κ2

κ2
|α− β|2

)
(A.3.5)

is the P -function associated with ρDT [287]. Thanks to (A.3.3), the output state ρg ob-
tained after application of the NLA reads:

ρg =
1

N
T ρDT T †

=
1

N

∫
C
d2αPDT(α)e

(g2−1)|α|2 |gα⟩⟨gα| , (A.3.6)

N = Tr[T ρDT T †] being the normalization factor. We perform the change of variable
u = gα and re-express the former equation as ρg =

∫
d2uPg(u)|u⟩⟨u|, where:

Pg(u) =
1

g2N
e

g2−1

g2
|u|2

PDT

(
u

g

)
(A.3.7)

is the P -function associated with ρg . Straightforward calculation leads to:

Pg(u) =
1

g2N
1− κ2

πκ2
exp

{
−g

2 − 1

g2
|u|2 − 1− κ2

g2κ2
|u− gβ|2

}

=
1

g2N
1− κ2

πκ2
exp

{
− 1− g2κ2

g2κ2
|u|2

− 1− κ2

κ2
|β|2 + 2

1− κ2

g2κ2
Re(u∗β)

}

=
1

g2N
1− κ2

πκ2
e

(g2−1)(1−κ2)

1−g2κ2 |β|2×

exp

{
−1− g2κ2

g2κ2

∣∣∣∣u− g
1− κ2

1− g2κ2
β

∣∣∣∣2
}
. (A.3.8)

Eq. (A.3.8) represents a Gaussian complex function up to an irrelevant normalization
factor independent of u, thus state ρg is still a displaced thermal state in the form:

ρg = D(βg)ν
th(n̄g)D

†(βg) , (A.3.9)

with amplified displacement amplitude and thermal energy equal to:

βg = g
1− κ2

1− g2κ2
β and n̄g =

κ2g
1− κ2g

=
g2κ2

1− g2κ2
, (A.3.10)

with κg = gκ, provided that condition gκ < 1 holds, which fixes a limit on the gain
amplitude of the amplifier [287].
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We conclude that an ideal NLA maps a displaced thermal state into another displaced
thermal state with larger displacement amplitude and mean number of thermal photons.
In particular, a thermal state (retrieved by fixing β = 0) is transformed into another
thermal state with higher energy.

Derivation of the effective channel parameter for ideal-NLA assisted CVQKD. Given
the former results, we are now ready to provide derivation of the equivalent channel
displayed in Fig. A.3.1. In particular, we derive a set of 3 equations relating the original
parameters (λ, T, ϵ) to the effective ones (λid, Tid, ϵid) [287]. To this aim, we proceed as
follows.

To begin with, we consider the conditional state at Bob’s side. That is, when Alice
performs DH detection on the first mode of the TMSV, obtaining outcomes (xA, yA), the
second branch is projected onto the coherent state |λαA⟩, with αA = xA + iyA. After
propagation throughout the channel, the coherent pulse is transformed into a displaced
thermal state ρDT(αA) with amplitude β =

√
TλαA and variance 1 + Tϵ, such that the

mean number of thermal photons reads n̄ = Tϵ/2, being associated with parameter
κ2 = n̄/(n̄ + 1) = Tϵ/(2 + Tϵ). Thereafter, Bob performs noiseless linear amplification
on ρDT(αA), obtaining a displaced thermal state with κg = gκ and the amplitude βg
reported in Eq. (A.3.10). This provides us with the first two relations [287]:√

TidλidαA = g
1− κ2

1− g2κ2

√
TλαA , (A.3.11)

Tidϵid
2 + Tidϵid

= g2
Tϵ

2 + Tϵ
. (A.3.12)

On the contrary, when Bob does not have access to the result of Alice’s DH measurement,
the overall state after propagation through the channel is a thermal state νth(n̄′) with
variance T (V + χ) = 1 + T (V − 1 + ϵ), and mean number of photons:

n̄′ = T

(
λ2

1− λ2
+
ϵ

2

)
, (A.3.13)

associated with:

(κ′)2 =
n̄′

n̄′ + 1
=

T [λ2(2− ϵ) + ϵ]

2 + Tϵ− λ2[2− T (2− ϵ)]
. (A.3.14)

After the NLA, the state is converted into a thermal state with κ′g = gκ′, leading to:

Tid[λ
2
id(2− ϵid) + ϵid]

2 + Tidϵid − λ2id[2− Tid(2− ϵid)]
= g2

T [λ2(2− ϵ) + ϵ]

2 + Tϵ− λ2[2− T (2− ϵ)]
. (A.3.15)

Eq.s (A.3.11), (A.3.12) and (A.3.15) provide a system of equations for the variables
(λid, Tid, ϵid), with corresponding solutions:

λid = λ

√
2 + T (g2 − 1)(2− ϵ)

2− Tϵ(g2 − 1)
, (A.3.16)

Tid =
g2T

1 + T (g2 − 1)[1 + Tϵ(g2 − 1)(2− ϵ)/4− ϵ]
, (A.3.17)

ϵid = ϵ+ (g2 − 1)
Tϵ(2− ϵ)

2
, (A.3.18)
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retrieving the results of Eq. (8.79). Moreover, we obtain the expression of the effective
TMSV variance as:

Vid =
1 + λ2id
1− λ2id

= V +
T (g2 − 1)Z2

2− T (g2 − 1)(V − 1 + ϵ)
, (A.3.19)

with Z =
√
V 2 − 1. These parameters can be interpreted as physical parameters of an

effective channel only if they keep a physical meaning, that is if they satisfy the con-
straints 0 ≤ λid < 1 (equivalent to Vid ≥ V ), 0 ≤ Tid ≤ 1 and ϵid ≥ 0. The first request
determines a tradeoff between the amplifier gain g, the channel transmissivity T , and
the modulation variance V , that is:

T (g2 − 1)(V − 1 + ϵ) ≤ 2 , (A.3.20)

which ultimately leads to Eq. (8.80). On the contrary, the second and third constraints
impose conditions on the amplifier gain g and the excess noise ϵ, namely:

g ≤

√√√√ϵ (T (ϵ−4)+2)+4
√

T (ϵ−2)+2
ϵ −2

√
ϵ (T (ϵ−2)+2)+4T−4

T (ϵ−2) 2
, (A.3.21)

and ϵ ≤ 2, respectively, the latter being equivalent to the constraint on the maximum
tolerable excess noise associated with the PLOB bound [310].

Success probability of the ideal NLA. Finally, to complete the construction of the
equivalent protocol, we should determine the value of the success probability Pid as-
sociated with the NLA, when one arm of the TSMV is considered as input. However,
the exact computation cannot be handled, as T is unbounded, therefore the trace of the
amplified states does not provide the corresponding success probability. Nevertheless,
we establish an upper bound to Pid, which can be considered as a best-case scenario for
the security analysis [287].

First of all, from Eq. (A.3.1), we note that Eid(|0⟩⟨0|) = |0⟩⟨0|, proving the vacuum
state to be a fixed point of Eid. Then, we invoke the contractivity of quantum maps: that
is, any trace preserving quantum CP map cannot decrease the fidelity F between two
quantum states [27, 287], thus for all states ρ we have:

F (ρ, |0⟩⟨0|) ≤ F (Eid(ρ), |0⟩⟨0|) . (A.3.22)

In particular, in the CVQKD protocol under investigation, the overall state transmitted
into the channel is a thermal state νth(n̄′) = [1 − (κ′)2]

∑
n(κ

′)2n|n⟩⟨n|, with (κ′)2 =
n̄′/(n̄′+1), see Eq. (A.3.13), while E [νth(n̄′)] = νth(n̄′g), having mean energy n̄′g = κ2g/(1−
κ2g), with κ′g = gκ′. Then, Eq. (A.3.22) becomes:

⟨0|νth(n̄′)|0⟩ ≤ Pid⟨0|νth(n̄′g)|0⟩+ (1− Pid) , (A.3.23)

being satisfied iff:

Pid ≤ 1

g2
, (A.3.24)

providing an upper bound to the NLA success probability [287].
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Figure A.4.1: Schematic representation of the two physical NLA-assisted protocol discussed in
Sec. 8.4. (a) Strategy based on quantum scissors (QS); (b) strategy based on single-photon catalysis
(SPC).

A.4 Unconditional security in physical NLA-assisted CVQKD

In the present appendix, we perform explicit derivation of the CM (8.90), being necessary
for the unconditional security proof of the physical NLA-assisted CVQKD discussed in
Sec. 8.4. As pointed out in the main text, we perform the security analysis by exploiting
the optimality of Gaussian attacks. If Alice and Bob share a non-Gaussian state ρ, a lower
bound of the exact KGR is obtained by considering a Gaussian protocol in which they
share the Gaussian state ρG with the same CM of ρ. In particular, here we derive the CM
for both the the quantum scissors (QS) and the single-photon catalysis (SPC). To do so,
we exploit the input-output formalism and the phase-space representation of quantum
states.

Quantum scissors (QS). By following the notation introduced in Fig. A.4.1(a), the pro-
tocol employing QS works as follows [35]. Alice prepares the TMSV and injects one
mode into the thermal-loss channel, thereafter Bob performs the QS protocol on the re-
ceived beam. The input modes are a = (aA, aB , aB1 , aB2)

T, where aA, aB are the modes
shared by Alice and Bob after the channel whereas aB1

, aB2
are the modes exploited

locally by Bob for the QS. The global input state, according to Glauber’s formula, reads:

ρa =

∫
d2α

π4
χa(α)Da(α)† , (A.4.1)

where α = (αA, αB , αB1
, αB2

)T and

Da(α) =
⊗
k

Dak(αk) , (A.4.2)

where Dak(αk) is the displacement operator acting on mode ak, namely,

Dak(αk) = exp(αka
†
k − α∗

kak) . (A.4.3)
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Furthermore, in the previous expression we introduced the characteristic function:

χa(α) = χG(αA, αB)×
(
1− |αB1

|2
)
e−(|αB1

|2+|αB2
|2)/2 , (A.4.4)

χG(αA, αB) being the Gaussian characteristic function:

χG(αA, αB) = exp

[
− 1

2
α̃T
AB ΓAB α̃AB

]
, (A.4.5)

with null prime moments and the CM ΓAB introduced in Eq. (6.31), and where α̃AB =
[Re(αA), Im(αA),Re(αB), Im(αB)]

T.
The output modes after the mode mixing operations performed by Bob are b =

(bA, bB , bB1 , bB2)
T = MQSa, where

MQS =


1 0 0 0

0 1√
2

√
τ/2 −

√
(1− τ)/2

0 − 1√
2

√
τ/2 −

√
(1− τ)/2

0 0
√
1− τ

√
τ

 , (A.4.6)

with τ = τQS(g) = (1 + g2)−1. The output state then writes:

ρb =

∫
d2β

π4
χb(β)Db(β)

† , (A.4.7)

where, exploiting the properties in Eq. (2.18), χb(β) = χa(MT
QSα).

Finally, Bob performs on-off detection on modes bB , bB1
, corresponding to the positive-

operator-valued measurement (POVM) {Πoff ,Πon = 1 − Πoff}, with associated charac-
teristic functions [33, 339]:

χoff(α) =
1

η
exp

(
−2− η

2η
|α|2

)
and χon(α) = πδ(2)(α)− χoff(α) . (A.4.8)

The amplification is successful if one of the two detectors gives the outcome “on” [35,
285]. In the following we assume to retrieve the couple (on,off), respectively for modes
bB , bB1

. The post-selected state then equals to:

ϱQS =
1

P̃QS

∫
d2βA
π

d2βB2

π
χQS(βA, βB2

)DbA(βA)
†DbB2

(βB2
)† , (A.4.9)

where:

χQS(βA, βB2
) =

∫
d2βB
π

d2βB1

π
χb(β)χon(−βB)χoff(−βB1

) , (A.4.10)

and

P̃QS = Tr

[∫
d2βA
π

d2βB2

π
χQS(βA, βB2)DbA(βA)

†DbB2
(βB2)

†

]

= χQS(0, 0) = 2

[
8ητ + (w − 1)(3 + w)(1 + ητ)

(1 + w)2(3 + w)2

]
(A.4.11)
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is the success probability of this conditional operation, with w = 1 + ηT (V + ϵ− 1). The
same results hold if Bob gets the pair (off,on), thus the global success probability of the
QS-based NLA is:

PQS = 2P̃QS = 4

[
8ητ + (w − 1)(3 + w)(1 + ητ)

(1 + w)2(3 + w)2

]
. (A.4.12)

Finally, we compute the CM associated with the state ϱQS, for which we should com-
pute terms proportional to Tr[Dbk(βk)q

2
bk
]. To handle this calculation, we exploit the

following property of displacement operations, derived in [35]:

Tr
[
D(α)q2

]
= e−(x2+y2)/2

[
πδ(2)(α) + 2πyδ(x)

d

dy
δ(y)− πδ(x)

d2

dy2
δ(y)

]
, (A.4.13)

where we consider a single single radiation mode a with its corresponding quadrature
q = a+ a†, expressed in shot-noise units, with α = x+ iy and δ(x) being the Dirac delta
distribution.

By exploiting Eq. (A.4.13), we have:

VQS = Tr
[
ϱQSq

2
bA

]
= −1− VQS

P̃QS

, (A.4.14a)

WQS = Tr
[
ϱQSq

2
bB2

]
= −1− WQS

P̃QS

, (A.4.14b)

ZQS = Tr
[
ϱQSqbAqbB2

]
= −ZQS

P̃QS

, (A.4.14c)

where

VQS =

[
d2

dy2

(
e−y

2/2χQS(iy, 0)
)]

y=0

= 2(V + 1)

[
(2 + ηTϵ)(1− ητ)

(1 + w)2

− 8(3 + w) + 2ηTϵ(3 + w − 4ητ) + 4ητ(w − 5)

(3 + w)3

]
, (A.4.15a)

WQS =

[
d2

dv2

(
e−v

2/2χQS(0, iv)
)]

y=0

= −4
8ητ + (w − 1)(3 + w)[2− (1− η)τ ]

(1 + w)(3 + w)2
, (A.4.15b)

ZQS =

[
d2

dydv

(
e−(y2−v2)/2χQS(iy, iv)

)]
y=0,v=0

=
√
TZ

8η
√
τ(1− τ)

(3 + w)2
. (A.4.15c)
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Accordingly, the CM writes:

Γ
(QS)
AB =

(
VQS 12 ZQS σz

ZQS σz WQS 12

)
. (A.4.16)

Single-photon catalysis (SPC). For SPC we follow the analogous procedure of the pre-
vious subsection. The input modes depicted in Fig. A.4.1(b) are a = (aA, aB , aB1

)T,
where aA, aB are the modes shared by Alice and Bob after the channel and aB1 is Bob’s
ancillary mode. The global input state reads:

ρa =

∫
d2α

π3
χa(α)Da(α)† , (A.4.17)

where α = (αA, αB , αB1
)T and

χa(α) = χG(αA, αB)× e−|αB1
|2/2(1− |αB1

|2
)
, (A.4.18)

χG(αA, αB) being the Gaussian characteristic function in Eq. (A.4.5) with null prime
moments and the CM (6.31).

The output modes after the mode mixing operation performed by Bob are b = (bA, bB , bB1
)T =

MSPCa, where

MSPC =

1 0 0

0
√
τ

√
1− τ

0 −
√
1− τ

√
τ

 , (A.4.19)

with τ = τSPC(g) =
(
4 + g2 − g

√
8 + g2

)
/8. The output state then writes:

ρb =

∫
d2β

π3
χb(β)Db(β)

† , (A.4.20)

where

χb(β) = χa(MT
SPCα) . (A.4.21)

After the conditional on-off detection on mode bB1
, the post-selected state reads:

ϱSPC =
1

PSPC

∫
d2βA
π

d2βB
π

χSPC(βA, βB)DbA(βA)
†DbB (βB)

† , (A.4.22)

where:

χSPC(βA, βB) =

∫
d2βB1

π
χb(β)χon(−βB1

) , (A.4.23)

and

PSPC = Tr

[∫
d2βA
π

d2βB
π

χSPC(βA, βB)DbA(βA)
†DbB (βB)

†

]

= χSPC(0, 0) = 1− 4(1− ητ) + 2(w − 1)(1− τ)

[2 + (w − 1)(1− τ)]2
(A.4.24)
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is the success probability of the SPC, and we introduced the quantity w = 1 + ηT (V +
ϵ− 1).

The CM associated with the state ϱSPC reads:

Γ
(SPC)
AB =

(
VSPC 12 ZSPC σz

ZSPC σz WSPC 12

)
. (A.4.25)

As for QS, we have:

VSPC = Tr
[
ϱQSq

2
bA

]
= −1− VSPC

PSPC
, (A.4.26)

WSPC = Tr
[
ϱQSq

2
bB

]
= −1− WSPC

PSPC
, (A.4.27)

ZSPC = Tr
[
ϱQSqbAqbB

]
= −ZSPC

PSPC
, (A.4.28)

and

VSPC =

[
d2

dy2

(
e−y

2/2χSPC(iy, 0)
)]

y=0

= −2(V + 1)

[
1

2
− 4 + ηTϵ(1− τ)(1 + q − 4ητ)

(1 + q)3

+
2(1 + ητ)(q − 1)− 4ητ

(1 + q)3

]
, (A.4.29a)

WSPC =

[
d2

dv2

(
e−v

2/2χSPC(0, iv)
)]

y=0

= −4− τ(r − 3) + 4
(q − 1)2 + (r − 1)(q − 1)(η + τ) + 2τ(r − 1)− 2ητ(q − 1)

(1 + q)3

+ 4
2(w − 1)(4− 4τ − τ2) + 4(2− τ(1 + η))

(1 + q)3
, (A.4.29b)

ZSPC =

[
d2

dydv

(
e−(y2−v2)/2χSPC(iy, iv)

)]
y=0,v=0

=
√
τTZ

[
1− 4

2 + (1 + η)(q − 1) + 2η(1− 2τ)

(1 + q)3

]
, (A.4.29c)

with q = 1 + ηT (1− τ)(V + ϵ− 1) and r = 1 + T (V + ϵ− 1).
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[198] N. J. Cerf, M. Lévy, and G. V. Assche, “Quantum distribution of gaussian keys
using squeezed states”, Phys. Rev. A 63, 052311 (2001).

[199] D. Gottesman and J. Preskill, “Secure quantum key distribution using squeezed
states”, Phys. Rev. A 63, 022309 (2001).

[200] C. Weedbrook, A. M. Lance, W. P. Bowen, T. Symul, T. C. Ralph, and P. K. Lam,
“Quantum cryptography without switching”, Phys. Rev. Lett. 93, 170504 (2004).

[201] V. C. Usenko and R. Filip, “Squeezed-state quantum key distribution upon im-
perfect reconciliation”, New J. Phys. 13, 113007 (2011).

[202] V. C. Usenko and F. Grosshans, “Unidimensional continuous-variable quantum
key distribution”, Phys. Rev. A 92, 062337 (2015).

[203] V. C. Usenko, “Unidimensional continuous-variable quantum key distribution
using squeezed states”, Phys. Rev. A 98, 032321 (2018).

[204] V. C. Usenko and A. n. Oruganti, “Role of anti-squeezing noise in continuous-
variable quantum cryptography”, in 2020 43rd International Conference on Telecom-
munications and Signal Processing (TSP) (2020), pp. 421–425.

[205] I. Derkach, V. C. Usenko, and R. Filip, “Squeezing-enhanced quantum key distri-
bution over atmospheric channels”, New J. Phys. 22, 053006 (2020).

[206] S. Pirandola, “Limits and security of free-space quantum communications”, Phys.
Rev. Res. 3, 013279 (2021).

[207] P. Papanastasiou, C. Weedbrook, and S. Pirandola, “Continuous-variable quan-
tum key distribution in uniform fast-fading channels”, Phys. Rev. A 97, 032311
(2018).

[208] X. Tang, Z. Chen, Z. Zhao, R. Kumar, and Y. Dong, “Experimental study on under-
water continuous-variable quantum key distribution with discrete modulation”,
Opt. Express 30, 32428–32437 (2022).

[209] C. Bennett, G. Brassard, C. Crepeau, and U. Maurer, “Generalized privacy ampli-
fication”, IEEE Trans. Inf. Theory 41, 1915–1923 (1995).

[210] M. Bloch, A. Thangaraj, S. McLaughlin, and J.-M. Merolla, “LDPC-based Gaus-
sian key reconciliation”, in 2006 IEEE Information Theory Workshop - ITW ’06
Punta del Este (2006), pp. 116–120.

[211] M. G. A. Paris, “Quantum estimation for quantum technology”, Int. J. Quantum
Inf. 07, 125–137 (2009).

[212] R. Renner, “Symmetry of large physical systems implies independence of sub-
systems”, Nat. Phys. 3, 645–649 (2007).

[213] R. Renner, “Security of quantum key distribution”, Int. J. Quantum Inf. 06, 1–127
(2008).

[214] R. Renner and J. I. Cirac, “De finetti representation theorem for infinite-dimensional
quantum systems and applications to quantum cryptography”, Phys. Rev. Lett.
102, 110504 (2009).

https://doi.org/10.1103/PhysRevA.61.022309
https://doi.org/10.1103/PhysRevA.61.022309
https://doi.org/10.1103/PhysRevA.62.062308
https://doi.org/10.1103/PhysRevA.63.052311
https://doi.org/10.1103/PhysRevA.63.022309
https://doi.org/10.1103/PhysRevLett.93.170504
https://doi.org/10.1088/1367-2630/13/11/113007
https://doi.org/10.1103/PhysRevA.92.062337
https://doi.org/10.1103/PhysRevA.98.032321
https://doi.org/10.1109/TSP49548.2020.9163561
https://doi.org/10.1109/TSP49548.2020.9163561
https://doi.org/10.1088/1367-2630/ab7f8f
https://doi.org/10.1103/PhysRevResearch.3.013279
https://doi.org/10.1103/PhysRevResearch.3.013279
https://doi.org/10.1103/PhysRevA.97.032311
https://doi.org/10.1103/PhysRevA.97.032311
https://doi.org/10.1364/OE.464659
https://doi.org/10.1109/18.476316
https://doi.org/10.1109/ITW.2006.1633793
https://doi.org/10.1109/ITW.2006.1633793
https://doi.org/10.1142/S0219749909004839
https://doi.org/10.1142/S0219749909004839
https://doi.org/10.1038/nphys684
https://doi.org/10.1142/S0219749908003256
https://doi.org/10.1142/S0219749908003256
https://doi.org/10.1103/PhysRevLett.102.110504
https://doi.org/10.1103/PhysRevLett.102.110504


Bibliography 257

[215] V. Scarani and R. Renner, “Quantum cryptography with finite resources: uncon-
ditional security bound for discrete-variable protocols with one-way postprocess-
ing”, Phys. Rev. Lett. 100, 200501 (2008).

[216] L. Sheridan, T. P. Le, and V. Scarani, “Finite-key security against coherent attacks
in quantum key distribution”, New J. Phys. 12, 123019 (2010).

[217] M. Tomamichel, C. C. W. Lim, N. Gisin, and R. Renner, “Tight finite-key analysis
for quantum cryptography”, Nat. Commun. 3, 634 (2012).

[218] F. Furrer, T. Franz, M. Berta, A. Leverrier, V. B. Scholz, M. Tomamichel, and R. F.
Werner, “Continuous variable quantum key distribution: finite-key analysis of
composable security against coherent attacks”, Phys. Rev. Lett. 109, 100502 (2012).

[219] A. Leverrier, “Security of continuous-variable quantum key distribution via a
gaussian de finetti reduction”, Phys. Rev. Lett. 118, 200501 (2017).

[220] S. Pirandola, “Composable security for continuous variable quantum key distri-
bution: trust levels and practical key rates in wired and wireless networks”, Phys.
Rev. Res. 3, 043014 (2021).

[221] C. Lupo, C. Ottaviani, P. Papanastasiou, and S. Pirandola, “Continuous-variable
measurement-device-independent quantum key distribution: composable secu-
rity against coherent attacks”, Phys. Rev. A 97, 052327 (2018).

[222] F. Laudenbach, C. Pacher, C.-H. F. Fung, A. Poppe, M. Peev, B. Schrenk, M. Hentschel,
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[297] Ş. K. Özdemir, A. Miranowicz, M. Koashi, and N. Imoto, “Quantum-scissors
device for optical state truncation: a proposal for practical realization”, Phys.
Rev. A 64, 063818 (2001).

[298] F. Ferreyrol, M. Barbieri, R. Blandino, S. Fossier, R. Tualle-Brouri, and P. Grangier,
“Implementation of a nondeterministic optical noiseless amplifier”, Phys. Rev.
Lett. 104, 123603 (2010).

[299] F. Ferreyrol, R. Blandino, M. Barbieri, R. Tualle-Brouri, and P. Grangier, “Experi-
mental realization of a nondeterministic optical noiseless amplifier”, Phys. Rev.
A 83, 063801 (2011).

https://doi.org/10.1103/PhysRevLett.121.190502
https://doi.org/10.1103/PhysRevLett.121.190502
https://doi.org/10.1063/1.3131295
https://doi.org/10.1038/nphoton.2010.35
https://doi.org/10.1038/nphoton.2010.35
https://doi.org/10.1103/PhysRevA.86.012327
https://doi.org/10.1103/PhysRevA.108.032411
https://doi.org/10.1103/PhysRevA.80.053822
https://doi.org/10.1038/nphoton.2010.35
https://doi.org/10.1038/nphoton.2010.35
https://doi.org/10.1103/PhysRevA.89.023846
https://doi.org/10.1103/PhysRevA.97.043830
https://doi.org/10.1103/PhysRevA.102.063715
https://doi.org/10.1364/OE.443389
https://doi.org/10.1103/PhysRevLett.128.160501
https://doi.org/10.1103/PhysRevLett.128.160501
https://doi.org/10.1103/PhysRevA.105.062425
https://doi.org/10.1103/PhysRevA.64.063818
https://doi.org/10.1103/PhysRevA.64.063818
https://doi.org/10.1103/PhysRevLett.104.123603
https://doi.org/10.1103/PhysRevLett.104.123603
https://doi.org/10.1103/PhysRevA.83.063801
https://doi.org/10.1103/PhysRevA.83.063801


262 Bibliography

[300] A. I. Lvovsky and J. Mlynek, “Quantum-optical catalysis: generating nonclassical
states of light by means of linear optics”, Phys. Rev. Lett. 88, 250401 (2002).

[301] T. J. Bartley, G. Donati, J. B. Spring, X.-M. Jin, M. Barbieri, A. Datta, B. J. Smith,
and I. A. Walmsley, “Multiphoton state engineering by heralded interference
between single photons and coherent states”, Phys. Rev. A 86, 043820 (2012).

[302] M. N. Notarnicola, M. G. Genoni, S. Cialdi, M. G. A. Paris, and S. Olivares, “Phase
noise mitigation by a realistic optical parametric oscillator”, J. Opt. Soc. Am. B
39, 1059–1067 (2022).

[303] A. Yariv, “Signal-to-noise considerations in fiber links with periodic or distributed
optical amplification”, Opt. Lett. 15, 1064–1066 (1990).

[304] C. Antonelli, A. Mecozzi, M. Shtaif, and P. J. Winzer, “Quantum limits on the
energy consumption of optical transmission systems”, J. Light. Technol. 32, 1853–
1860 (2014).

[305] F. Furrer and W. J. Munro, “Repeaters for continuous-variable quantum commu-
nication”, Phys. Rev. A 98, 032335 (2018).

[306] S. Pirandola, “End-to-end capacities of a quantum communication network”,
Commun. Phys. 2, 1 (2019).

[307] J. Dias, M. S. Winnel, N. Hosseinidehaj, and T. C. Ralph, “Quantum repeater for
continuous-variable entanglement distribution”, Phys. Rev. A 102, 052425 (2020).

[308] E. Bersin, M. Sutula, Y. Q. Huan, A. Suleymanzade, D. R. Assumpcao, Y.-C. Wei,
P.-J. Stas, C. M. Knaut, E. N. Knall, C. Langrock, N. Sinclair, R. Murphy, R. Riedinger,
M. Yeh, C. Xin, S. Bandyopadhyay, D. D. Sukachev, B. Machielse, D. S. Levonian,
M. K. Bhaskar, S. Hamilton, H. Park, M. Lončar, M. M. Fejer, P. B. Dixon, D. R.
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