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Abstract

We investigate a class of fourth-order elliptic problems involving exponential-type nonlin-
earities and spatial weights of Hénon type. Motivated by the symmetry-breaking phenom-
ena observed in semilinear second-order problems—such as those governed by the Hénon
equation—we consider weighted functionals of the form

m

k
F(u) = /B || <6‘7|“|2 _ Z (;C-!|u|2k> dx,

k=0

defined on the unit ball B ¢ R*, where m € Ny « > 0, o > 0 are suitable parameters. We
first establish an Adams-type inequality with weight, characterizing the sharp threshold for
the boundedness of F' on the unit sphere of the biharmonic Sobolev space. Then, we prove
that for large values of the weight exponent «, radial symmetry of maximizers is broken.
These results extend classical findings in the second-order setting (e.g., Trudinger—Moser-
type functionals and the weighted Hénon equation) to the biharmonic context and offer
new insights into the interplay between weights, nonlinearity, and symmetry in higher-order
PDEs.
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M. Calanchi, C. Tarsi

1 Introduction

In this work we investigate the phenomenon of symmetry breaking for maximization prob-
lems involving fourth—order elliptic operators with critical exponential growth of Adams
type under the presence of a Hénon weight in dimension four.

Our aim is twofold: on the one hand, we wish to extend to the biharmonic setting several
classical ideas originating from the work of Hénon and Ni for second—order operators; on
the other hand, we identify in a precise and quantitative manner the mechanisms which lead
to the loss of radial symmetry for extremal functions, par- alleling the foundational contri-
butions of Smets—Su—Willem and Calanchi—Terraneo in lower—order cases.

The starting point of our investigation is the celebrated Hénon problem

—Au
u
u

(here B C RY is a ball centered at the origin, N > 2, o > 0 and p > 2) which arose from
Hénon’s 1973 mathematical model [15] describing the distribution of spherical stellar clus-
ters subjected to anisotropic forces. A distinctive feature of the model lies in the power—type
radial weight ||, which shifts the concentration of solutions away from the origin, produc-
ing in turn profound changes in the analytic structure of the associated variational problem.

Ni’s seminal paper [18] opened the modern analysis of the Hénon problem. Working
with the energy functional in H} (B), he proved that the presence of the weight significantly
enlarges the range of exponents p for which radial solutions exist, namely

|z|*uP~!  in B

0 (M
0 on B,

v

p€(2,2*+%>, o* = 2N

and also showed, by means of the Pohozaev identity, that this range is sharp. Ni’s insight
revealed a fundamental mechanism: the Hénon weight interacts with scaling in such a way
as to effectively “shift” the critical exponent of the embedding. This phenomenon, though
simple to state, has since been shown to have far-reaching analogues in a wide spectrum of
elliptic problems.

Nonradial solutions, however, appear beyond Ni’s radial framework.

A first numerical indication came from Chen—Ni—Zhou [8], who produced explicit non-
radial ground states in dimension two. The complete picture was given by Smets, Su, and
Willem [21], who studied the minimizers (ground state solutions) of the Rayleigh quotient

2
RZ(U)=IBW—u|dm;7 u€ Hy(B), u#0,. @)
([ lz|*lulpda) ?

and proved that for every p € (2,2*) and for « sufficiently large, the minimizers lose radial
symmetry:
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Theorem (Smets - Su - Willem, [21]) Assume N > 2. For any p € (2, 2*) (2* = +o0 for
N = 2) there exists o* > 0 such that any minimizer of (2) is non-radial provided o« > o*.

This result, which today stands as a classical reference in the theory of symmetry break-
ing, establishes a bifurcation phenomenon driven by the weight exponent a.

In the borderline case N = 2, classical Sobolev embeddings only yield logarithmic sum-
mability; hence the Moser—Trudinger inequality [17, 19, 24] becomes the natural analytic
environment.

It is well known that the maximal degree of summability for functions in H} (£2), 2 C R?
, 1s of quadratic exponential type, as established independently by Pohozaev [19] and
Trudinger [24] (see also [26]). Several years later, Moser [17] was able to simplify Truding-
er’s proof, and to determine the optimal threshold; more precisely,

sup / e dy < M ()|
IVull2<1JQ

where the constant M («) stays bounded provided @ < 47 and the supremum becomes
infinity when o > 4.

In this sense, a natural 2-dimensional extension of the Hénon problem with exponential
growth has been first considered by Calanchi and Terraneo in [7]. They realized that the
Hénon problem with exponential nonlinearities presents a behaviour strikingly similar to
the polynomial case, proving once again that for sufficiently large «, radial symmetry of
maximizers is lost. Their work established that the interplay between weight concentration
and critical exponential growth is robust across dimensions and functional settings.

Their main result can be stated as follows:

Theorem (Calanchi- Terraneo, [7]) Let B C R? be the unit ball, and consider the functional
F:H!(B) =R,  F(u) :/ 2| (P! — 1 — plu]?) du,
B

where o > 0, p > 0, and 1 < v < 2. Then,
if 1<y<2 and p>0, or v=2 and 0<p<dmn,

there exists a threshold o* = o*(p, ) > 0 such that for all « > «*, any maximizer of F
on the unit ball of H} (B) is nonradial. That is, radial symmetry is broken for large values
of the weight exponent o.

All the results above were improved and further developed in various directions (see e.g.
[3, 5, 12, 20], and the references therein).

Motivated by this circle of ideas, some natural questions arise:

— Do analogous range of solvability persists in higher—order problems with critical

growth, governed by Adams—type inequalities?
— Do analogous symmetry—breaking phenomena persist in the same setting?
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The present work aims to extend the aforementioned ideas to the case of a fourth order
operators in dimension four.

In recent years, biharmonic equations with nonlinear source terms have attracted signifi-
cant attention.

Following the line of the works cited above, in [27] the authors considered the problem

I
S
S
I
o
o
5
o5
s

{ A2y = |x|*uPL in B,
u

and proved the existence of at least one non-radial solution when N > 8, p = % is the

critical Sobolev exponent, and o > 0 is sufficiently large.
A few years later, Wang [25] considered the same problem with different boundary type
conditions,

A%y = |z|*uP~! in B,
u=Au =0 on 0B,
2N

proving till the existence of at least one non-radial solution when N > 6, p = = and

a > 0 is sufficiently large. On the other hand, in the subcritical case, the biharmonic equa-
tion above can be seen as a particular instance of a more general system studied in [6] (see
also [4]), where the authors investigated the existence of radial and non-radial solutions
for Hardy-Hénon type elliptic systems. In particular, in their paper they consider systems
that generalize the structure of the weighted biharmonic problem, and show that even in
the subcritical regime, non-radial solutions may exist. This result further emphasizes the
richness of the solution structure, influenced by the presence of weights and the geometry
of the domain. See also [14, 27] and the references therein for results on multiplicity and
related topics.

It is therefore natural to ask whether such results can be extended to higher-order prob-
lems with critical (or even supercritical) growth.

As in the first order case, the critical exponent p* = Np/(N — kp) for the Sobolev
embeddings W*?(Q) C LP", Q C R" in the limiting case p = N/k becomes +oco. The
analogue of Moser’s inequality in higher order space has been proved in 1988 by D.R.
Adams [1] obtaining

sup

< i <
o [ S clel, if B< Bk
= +o0, if ﬁ>ﬁN$k

BN
uew, ' k()
IVFul| x <1
k

where S 1, is explicit, and V*u stands for the k-th order gradient of u:
AF/2y, k odd
Vky =
VAE=D/2y [ even.
This result holds under weaker boundary condition, as proved by Tarsi in [23], who con-

sidered Wf/% (), the Sobolev space of functions u € W* % (Q) with boundary condition
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uw=Au=..=AlE=D/2ly = 0 on 9Q where N > k and Q C R" be a bounded open set
with smooth boundary (the so called Navier type conditions).

Motivated by results [25, 27] analogous to those of Ni in the second-order case, we
address the case of the biharmonic operator in dimension four.
If N =4 and k = 2, the sharp threshold provided by Adams Sy reduces to 3272

. N
, and the Sobolev space with Navier boundary condition, ijf ¥ (Q), coincides with
HZ () = H}(Q) N H?(Q).
We begin by showing that the solvability range of the associated Hénon-type maximiza-
tion problem is enlarged when radial symmetry is imposed. In particular, the presence of a
radial weight not only preserves finiteness of the supremum, but actually allows the critical

exponential growth to increase in a precise and quantifiable way, as described in the follow-
ing Theorems 1 and 2:

Theorem 1 Let B C R* be the unit ball. Let HY _(B) = Hj ,,,(B) N H},

rad

subspace of HS(B) = HJ (B) N H?(B) of functions with radial symmetry, and

(B) be the

For o > 0, define the functionals F', F,, : Hff’vﬂ(B) —-R

F(u) :/ |x\ae‘7“2 dz,
B

and, for any m € N,

A o &S oFu
Fm(u):/B|:c\ (e —Z o )dx.

k=0
Then
Tred — sup Flu) < 400 <= o< 32r° (1 + %) =i 0q.
u €< HJQV,W[(B)
[Aullz =1

Moreover, the same conclusion holds if F is replaced by F,,, for any m € N.
We emphasize that the result is not affected by the boundary type conditions, and it still
holds with the same sharp threshold in the spaces H, gm 4 With Dirichlet boundary conditions:

Theorem 2 Let B C R# be the unit ball. Let Hi (B) be the subspace of HF (B) of func-

tions with radial symmetry. Then

rad
T0raed — sup Fu) < 400 <= o0<o0,.
u€Hg | gllAul2=1
The same statement holds if F is replaced by Fy,.
We now turn to the question of whether symmetry breaking continues to persist in the

presence of a radial weight. The following result makes this precise and highlights the
robust nature of symmetry breaking.
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Theorem 3 Let B C R# be the unit ball, and consider the functional F,, defined above,
wherem €N, m>1, a> 0,0 < 327°. Let

T;ar‘i = sup Fo(w), Toam= sup F(u) 3)
w€EHR, o (B),]|Aul[2=1 u€H3,(B),||Aul|2=1

be the suprema of F, evaluated on Sobolev spaces with Navier boundary conditions, and

Torad — sup Fn(u), T°, = sup F(u)

a,m a,m (4)
uw€HF ,(B),||Aull2=1 u€HF(B),||Aull2=1

be the suprema of F', evaluated on Sobolev spaces with Dirichlet boundary conditions.
Then for every m € N, there exists a threshold o* = o*(m) > 0 such that for all o > o*,

T < Ty, Tomtd<T2,.
In the subcritical regime o < 3272, the following result holds:

Corollary 4 Let o < 327°. Then the suprema above are attained. Moreover, for every
m €N, m > 1, there exists o* = a(m) such that, for all o > o, any maximizer of To, m,
or Tg,m is nonradial.

Any such maximizer solves the following boundary value problem for some constant ~:

2 m ghy2k .
(V) A%y = y|z|% (e"“ - reo T) in B
u =Au=0 on 0B

or

(D) { A2y = |z *u (e‘”‘2 — ZL:O %) in B

u :g—Z:O on 0B.

Due to the non-homogeneous nature of the exponential nonlinearity, the constant vy cannot
be determined explicitly. As a result, a direct link between the equation and ground state
solutions is lacking, unlike in the case of the Hénon equation, including its biharmonic
version.

We point out that we are able to establish this symmetry—breaking phenomenon only
for the truncated functional F},,. Although this limitation might at first appear to be merely
technical, our analysis suggests that the obstruction is subtler, and that the extension to the
full functional is likely to require genuinely new ideas.

The paper is organised as follows: since our approach relies on refined estimates, in
Sect. 2 we first provide a radial lemma (Lemma 5) that plays a central role for identifying
the critical threshold of the functional.
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Next, in Sect. 3, we provide the proofs of the two main theorems, Theorems 1 and 2,
and the optimality of the critical value is established by means of a Moser-type sequence of
functions for which the functional becomes unbounded.

In Sect. 4, we establish symmetry breaking by adapting the arguments developed in [21]
and [7], obtaining an upper asymptotic bound for the supremum of the functional F;,, when
restricted to the class of radial functions as o — 4-00. We then provide a lower bound for
the supremum evaluated on the full admissible function space. A comparison between these
two estimates will lead to the desired conclusion.

2 Towards the critical threshold

The aim of this section is to provide a heuristic argument for the existence of the critical
threshold o, the number that guarantees a uniform bound for the functional F on the space

H/%/,v _”(B). The key point is a pointwise estimate for radial functions in Hf\ﬁv 4[(B ). This

estimate will be a key point when proving a symmetry breaking result in H, g,m 4(B) (which

is contained into HR, _-(B)).

The underlying idea is not new. In addressing the limiting case of the Sobolev embed-
ding theorem, one approach is to seek a (possibly optimal) embedding into a suitable Zyg-
mund space. The Zygmund space Z(S)), which consists of all measurable functions u(x)
on ) C RY such that

1
/ AU dr < oo for some A = A(u) > 0
Q

equipped with the quasinorm

uw*(t
lllze = sup —2D
t€(0,19) [Hlog (@)} ®
t

where ©* denotes the decreasing rearrangement of u, namely the unique non-increasing
right-continuous function from [0, +00) into [0,+o0c0) which is equidistributed with w.

N
Actually, the Sobolev space T, "™ (Q2) embeds into the Zygmund space Z~¥ = for any

1 <m < N, and the best embedding constants are deeply related to the sharp thresholds
for the uniform bound in Moser and Adams’ inequalities, as one can infer from the origi-
nal proof of Moser [17] (see also [2]), and from [23] for the higher order case: Moser and
Adams’ inequality, for 8 < f3,, ,, are trivial consequences of the optimal Zygmund embed-
ding, thanks to the explicit formula of the embedding constant (even with relaxed boundary
conditions of Navier type) and to a suitable reduction argument to the radial setting.

In the case m = 2, N = 4, it turns out that the same sharp embedding provides the uni-
form bound for the Hénon functional F in the radial setting, at least for o < o,: since we
consider that it is a further insight on the properties of the limiting Sobolev embedding
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cases, we provide here a self-contained proof in the radial setting. The rigorous proofs of
Theorems 1 and 2, which include the discussion of the borderline case o = o, and the
counterexamples for o > o, will be given in the next sections.

We start recalling the following radial pointwise estimate (see also [23]Proposition 1] for
the general case, in the Zygmund setting).

Lemma5 Let u € C?(B) NCY(B) a radial function such that v = 0 on OB. Then,

—1 1/2
uto)] < 2 A B

where wg is the area of the sphere in R4 .

Proof With an abuse of notation we write u(z) = u(|x]).

Letv(t) = u(1/v/t),t € [1,+00). We have v(1) = 0 and v'(+00) = 0.
By differentiating v we obtain

V(t) = - 2t3/2 u'(1VY), (1) = pu (V) + 45/2 u'(1/V/1),

so that
u'(1/VE) = 26320 (1), u"(1/Vt) = 430" (t) + 6t%0' (¢).

Therefore,

1
/|Au|2d$:w3/ u”
B 0

+oo
= w / \4t3v”<t>+6t%’<t>+M(—zﬁ/%’(t))ft-s/%t—wdt (6)
1

+o0 9
=8w3/ [o" (t)|” t3dt.
1

2

3
(r) + ;u'(r) r3dr =1V

On the other hand,
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—+oo +o0

lo(s)| = / dt’ £)de di| = £)ee—1de dt‘
+o0
< / / e peasa| e2dsr|
s +oo 1/2
~|[ [ woped)  qogs
1 t

s 13 +o0 s 1/2
" 22 dd 1 22d d 1 1/2
(/ wope i [ orea t) (log )

1/2

s 400
=(/ WOreE - Dae+ [ prere (s—l)dg) (log )1/2

s 400 1/2
s(/ oreds+ [ vore dg) (log 5)'/2.

Therefore, by (6)

Lo 1/2
por ([ @red)  tose? = B s,
that is
1/2 -] 1/2
/v < CEL aul — ] < SFED— aul

O
As consequence, we have the following (embedding) result:

Proposition6 Forall p > 1, HY, v embeds continuously in LP(B, |z|*dz) and it holds

1 P

P (14 2) T au,

1
P _ @ P
ullZ o (@ ojda) /B|m\ |u(z)Pdx < PR 5

where I is the classical Gamma-function.

In particular, for p = 2k, k € N we have the following inequality

2k 1+k —k
| lel (@) < bt gt~

Proof By a density argument (see e.g. [6], Theorem 16 in Appendix) we prove the inequality
foru € C>*(B)NC°(B), u =0 on B. From Lemma 5

1

1 1
B 0
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With the substitution r = p, ¢ = 4%1 one has

1 1 1
/ rots (_ log T,)P/Q dr = E/ ps(ﬂ+3) (—E log p)P/2 psildp _ El+p/2/ p3 (_ log p)P/2 dp.
0 0 0

—t/4

Letting p = e we obtain

1 [oe]
30 p/2 ;1 p/2 —t 34 _ I'(1+p/2)
/Op( log p) dp—41+p/2/0 et = — s n

Summing up we have the thesis

_r
2

o e\1t% P\ w
[ laltu@r < (3)7 T (14 5) 25 llaulk:

We are now ready to prove the following proposition:

Proposition7 Let F : HY, v — R be the functionals

Hz 2 mO'ku2k
Fu:/ z|¢ e d, qu:/ma e’ — dx..
()= | Il (= | lal >

Then, for o < 327%(1 + 7). we have

sup F(u) < 400, and sup Fr(u) < 4o00.

|Au||2=1 uweH? |Au|l2=1

2
uw€H ~owap

./\/’,Vﬂ’l

Proof We use the Taylor expansion of the exponential
2 = O'k
P = [ el e o =3 % [ ol futa) P,
B k' Jp
k=0

By Proposition 6 we have

= k gltk 1—k 2k R ok 4tr 1—k 2k
Flu) <3 0" qrmees Al = > s qrvees 1wl
k=0 k=0
P A Y
- k=0 (44 a)!tF (dws)k 27

and, for F,,,,
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o= (A)30'k‘ 1 A 2k
Fo(u) <> G5 o) Ty AUl

k=m
Therefore, if 0 < (4 + o) (4ws) = 327% (1 + &), then
T, T < 4o0.

where Tamd, and 77 are the supremum of the functionals F| F},, on Hf\,,v 4((B).

a,m

O
For the critical threshold o, = 3272(1 + ¢), we need a more refined computation.
3 The critical threshold o : proof of Theorems 1 and 2
In what follows, we will see that the value o, = 3272 (1 + %) is indeed the threshold value
for the uniform boundedness of F(u) both on HR. ¢ (B) and on Hg . ,(B).
3.1 The sufficient condition

In order to prove the uniform boundedness of F(u) also for o = o, it is enough to consider

the larger space Hy, o _-(B).

For any v > 0, with a slight abuse of notation, let us define

w (vlog & ¢
’I,L(l') = 11,(’[‘) = 2(’;\/%7)7 i.e.’ w(t) = 2/7 u (67;) .
Then
2
u’(r) _ fywl(t) et/'y7 u//(,r) _ Vw/(t) + Y w//(t) 6275/’7
2my/2y 2m\/2y  2m\/2y
(1) + Sl (r) = 2yw'(t) — vy w" (¢) o2t/
2/ 27y
Therefore,
[oe] 2
/ \Au|2 dr = 272 /+ ‘ (27w’(t) — ’y2w”(t)> 2tV g4t/ @
B 0 271'\/% ¥

V2w (t)  2yw'(t) > dt

= 27(‘2 /Jroo .
0 2m\/2y 212y 0

+oo v 2
:/ ‘fw”(t)—w’(t)‘ dt.
0 2
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Further,

1
2 2
/ |z|%e”™ dx = wg/ e pat3 gy
B 0

+o0o 2
w cw _a+3 _t
— i 68”27 -e ~ t e dt

Y Jo

—+o0

4
“3 exp ot 20 w? —t| | dt.
7 Jo 7 [87*(a+4)

Let us now choose v = a + 4: recalling that o = o, = 3272 (1 + %), it is sufficient to
prove that

oo +00
sup / e Tt dt . / w
0 0

We complete the argument by invoking the following lemma, originally due to Marshall
[16], which simplifies a well-known result of Moser [17]:

, (ot 4
2

2
dt§1}<—|—oo.

Lemma 8 (Marshall-Moser) There is a constant C > 0 such that

+o0 400
if V2 (y)dy <1, then / e FWar < 0,
0 0

where F(t) =t — (f;“/)(y)dy)g

Observing that w(0) = lim, _,; o u(r) = 0, we have that w(t) = ft

o W'(s)ds so that

+oo 5 +o0
/ eV Thdt = / e F®Wdt, where 1y = w'.
0 0

Our thesis follows directly from the previous Lemma, once we will have proved that

f0+°° |w'|2dt < 1. Indeed,

+oo
12/ w
0

, (a+4)w”

2 +oo +oo +oo 2
4
_ dt:/ lw'|2dt — (a+4)/ w’w"dtJr/ m‘wu‘zdt
2 0 0 0 4

+oo +oo
> / |w'|?dt — (o + 4)/ w'w” dt
0 0

Now it is sufficient to prove that f0+°° w'w"dt < 0. But

oo 1 o 1
/0 ww'dt = 5(w/)2 (T _ 75(11}/)2(0)

since v/(r) — 0 asr — 07 (by the smoothness and radial symmetry of «), and
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—QWﬁe’t/"’u’ (eft/w) _ _ V2

w'(t) = Vi 7 cru/(r)

r—e—t/v

Therefore,
+0o0 +oo
—(a+ 4)/ w'w”dt >0, and, in turn, / |w'|?dt < 1.
0 0

This concludes the proof of the sufficient condition.

3.2 The necessary condition: optimality of o,

—0, ast— +oo.

In order to show that the threshold o, is optimal, we evaluate the functional on a suitable

Moser-type sequence. Although exhibiting a sequence in H, gﬁmd

(B) would already suffice

to directly prove the sharpness of o, also under Navier boundary conditions, we prefer to
present the two sequences separately, due to the different technical issues involved.
Let us first prove the optimality of o, in HJQ\/ v %F(B ). Inspired by [13], let us consider

the following family of functions:

(r) = — Lol gx/fﬁ e
w(r) = ——
| \/@ \l/% if \%<7’§1
The functions are continuous on B,

() = —— T TSR
" T\/ﬁ if Ve<r<l1

which are continuous and negative, and

1 .
—_—— if r << e
u//(r) _ 1 Vel loge| \/>
v = —
w3 1 . 4 <
% Y T if Ye<r<i1

In terms of W (t) := 24/ (a + 4)ws ue (e*ﬁ),

2t
/| loge| Ve—e otd if > atd 1
4 + 2\/e\loge| ! t= 4 ‘ Og6|

—t if tg‘%‘*\logd

V| loge|

We(t) = 24/ (a + 4)

By direct computation,
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Ve Loy 4
A5 = / 0 54 +/ ———r¥dr| =1+ ——.
o €lloge| vz 7| loge| |loge|

Let us consider the sequence of normalized functions v, = ||A7;75||2 € Hﬁ/ v _”(B); we

prove the sharpness of o, verifying that for any 5 > 1
/ eﬁ"avgma dr — 400 ase — 0T,
B
that is,

oo
/ Pt dt — 400 as t — 400,
0

wE(t)
lAve]l2*

where w,(t) = Indeed, one has

+o0o “+oo +oo

4)|1
/ eﬁwfff dt Z/ eﬁwgftdt 2/ exp | B- w —t | dt
0 244 loge| 244 joge| 4 (1+ ﬁ)

4
= exp (az [(B—1)|loge| — 4+ 0(1)]) — 400, as e—0T.
Let us now prove the optimality of the value o, also in the case of H&m 4- We have to
slightly modify the sequence of functions, as follows:

ue(r) if r<1l-mn

Ue,o(r) =

2log(1— 1 21 3 .
og(2 ne)| log 7| |log 7| if 1_n5<7n§1
log?(1—nc )4/ ws| log e]

where

1

e 1og |loge|

It is easy to verify that u. o is continuous, with u. o(1) = 0; further,
ul(r) if r<l-n

/ —
u5,0(r) - —4log(1—n.) log 7+3| log r|?
r log2(1—n€)\/w3| log €|

—
=

l-n.<r<1

which is still continuous, with u, (1) = 0; finally,
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"
u r)= p .
5,0( ) —4log(1—n.)—2|log 7| (34+2log(1—n.))—3| log r|? if
r2 log2(1—n5)\/u)3| log e|

Hence,

1—nc 1 4
O A T e
' 0 1 |loge|

—Ne

4 log(1 — !
=14+ 14 og(1 —7.) +w3/ |Au€,0|2r3dr.
[loge] *~ [loge|

By direct computation, if 1 —n. <r <1

—41og(1 — ne) — 2|logr|(3 — 41log(1 — n.)) + 6|log r|?

uL(r) if r<l-—mn

Au570 =

r2 10g2(1 —ne)y/ws|loge|

so that

l-n.<r<1

o /1 |AueoPridr = /1 | —4log(1 —ne) — 2|logr|(3 — 4log(l —n.)) + 6] 10g7‘\2|2dr
1-ne 1-ne

rlog*(1 —n.)|loge|

c b log®(1 —ne) + [logr[*(1+log®(1 —n.)) + \10gr\4d7,

(for some positive C) <
log*(1 = 11.)| loge| J1-n. r

_ o log’ (=) — §log’(1 —n.)(1 +log?(1 — n.) — 5 log”(1 — ne)

log"(1 — n.)| log |

< -C :O<log\1ogs|>'
log(1 —n)|loge| |loge|

At the end, we find
log |loge
|Aucolz=1+0 log | loge| ,
|loge|
As above, let us consider the family of normalized functions v, o = ”Aqffﬁ S

; we prove the sharpness of o, verifying that for any 5 > 1

2
/ ePoaveo|2|® dz — +oo ase — 0T,
B

Indeed, one has

Hg,rad(B)
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4

1 2 \/g 2 % B 2|A -2 3
wg/ efoaveo pdtegy > ws/ ePoaveo pdtegy = W3/ ePratcllBueolls™ pdta gy
0 0 0

>/+°O ep | 8- (v +4)|loge| e
* Lones ™ 7 (oo (o)

4
= exp (ajl_ [(B—1)|1loge| + O(log | log5|)}> o T

4 Symmetry breaking: proof of Theorem 3

The aim of this section is to prove that a symmetry breaking phenomenon occurs when
considering the two maximization problems

Toq = sup Fi(u), T°,= sup Fi(u),

a,l
uw€HZ (B)||Aul|2=1 uw€HZ(B)||Aul|2=1

that is, the supremum evaluated on the whole space H3/(B) are strictly greater then the cor-
responding ones, restricted to the radial subspaces:
ﬂx,l > £?1d7 Tg,l > T(g:Iadv
if « is large enough.
The proof of the strict inequalities relies on two different asymptotic estimates for
To, Tgvl and their radial counterparts as o« — +o0.
Our first result is an asymptotic estimate of Tt o, Tg,m, for any integer m > 0.

Proposition 9 (Estimate for T, ,, and T(S,m)

Let o < 3272, For every m € Ny, there exists C; = Cy(m) > 0 such that

Ton >T0,, > G

— o,m — a4 °

Proof Since HZ(B) C H3/(B), the first inequality is trivial. It is therefore sufficient to
show that the second one holds. Let u be a positive smooth function strictly supported
in B and such that ||Au||s = 1. Let uq (z) = u(a(z — 24)), where z, = (1 - 1,0,0,0).
The support of u,, is contained into B, := B(x,, 1/«), the ball centered in z,, and radius
ro = 1/a,and B, C B; further, || Au,||2 = 1. Hence, fix a function v € Hﬁ/(B): we have,
for a > 3,
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0 « olua|? = 0'k|’ltoé|21C
Ta,m > Fm(ua) = 5 |x| e mel — Z T dz

k=0

2\ 2 = 0F|ug 2
> (1= — olual® _ Z_trel d
= ( a> /Ba (e > v

k=0

¢ 1 2 L ak|u\2k
il olul® _
) o /B <e Z il dx

k=0

1 2 e oF|ulf?k Cy
> olul® _ i e B St
- 27044/3 <e Z k! ~ at

k=0

Let us now consider the asymptotic estimates of the suprema on the radial subspaces.

Proposition 10 (Estimate for T}%, T 0%

o,m’

Let 0 < 3272 and m > 1. Then there exists Cy > 0 such that

C
0,rad rad 2
Ta,m < Ta,m < ag/g?

as a — +0o0.
Proof As above, since HOQ,'rad(B) CH} g -'[(B)’ the first inequality is trivial, and we

will consider only the larger space. Moreover, since T;% < T;jﬁd it is enough to consider

m = 1.

The proof mainly relies on a repeated application of the integration by parts rule, com-
bined with some ad-hoc pointwise estimates. A key request will be dealing with positive
radial functions, satisfying v’(1) < 0. Actually, we will see that we can reduce to the case
of radially decreasing functions, by combining Talenti’s comparison principle and standard
elliptic estimates.

Indeed, let us recall the following comparison principle by G. Talenti [22]: let u, v be
weak solutions respectively of problems

—Av=7f, inQ X —Au=ft inQf
) {207 oo and (P){UZO, on 00

where QO C RY (IV > 3) is a bounded domain, QF is the ball centered at the origin with the

same measure as (), and f € LP(Q),p = 1\2,752 Then, we have the pointwise estimate

u(lz]) > v (Ja]).
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Now, by a density argument, we can assume v € C*°(B) N C(B) be a radial function such
that v = 0 on OB with Av € L?(B), and set f := —Awv. By invariance under rearrange-
ment of the L? norm, we have

[Av]ly = [I£]l2 = [ f*]l2 = [|Aulls

whereas

/BF(v)dx:/BF(uﬁ)d:cg/BF(u)dx

for any F'(-) continuous, positive and increasing, by Cavalieri principle. Finally, note that,
since v € C*(B) N C(B), then f* is Lipschitz-continuous, i.e. f* € C%!(B). Hence, by
standard elliptic theory ([11] Corollary 6.9) u € C%(B).

From now on we will assume u € C?(B) N C(B) radially decreasing, Au € L?(B), with
(1) = 0 and ||Au||2 = 1. With the usual abuse of notation set

u(z) = u(r) 1)11; ((a +4)log i) , Le. w(t) = %/Wu(e—ﬁ).

472 W3&X%*4

Then w satisfies

2

4
ot dt,

5 w” (t) — w'(t)

—+o0
/|Au|2dw:/
B 0

with the boundary conditions

w(0) =0, lim w(t)=u0)eR, w(t)>0

t—+4oo

w'(t) = -2 au—ji 1 ru'(r)

= w'(0)eRY, lim w'(t)=0, w(t)>0

t—+o00

__2
r=e at4

since u is smooth, radially decreasing and u(1) = 0.
Let us now prove some pointwise estimates for w(f), which will be repeatedly applied in
the sequel. First of all,

a+4 , a+4

'w(t)— . [w’(t)—w’(())}‘ - /0 (w’(s)—a;4w/’(s)) ds g/o w — L s
t 2
<\/i\// w’—aTHw” ds < V1,
0
so that
!/ / 2 2
w' () — w'(0) < 074\/54r mw(t). (7)

@ Springer



Symmetry breaking in biharmonic equations with weighted exponential...

As already observed in Sect. 3,

T S+ 4 2
12/ |Au|2dx:/ ( w"(t)w’(t)> dt
B 0 2

o0 4
o) [ wwod= "3 W 0)
0
so that
2
0<w'(0) < )
w'(0) < a+4

As a consequence,

e n2 e N2 (0“"4)2 2 at+d 2
/0 (w)dtg/o [(w) +(w)}dt+2(w(0))

which implies directly
t t
w(t) :/ W (s)ds < Vi / (w(s))%ds < V. @®)
0 0
Combining (7) with (8) yields

w'(1) gw’(0)+ai+4(x/£+w(t)) < ,/ﬁ (1+2 ai4> )

Let us now estimate the integral F (u). First, for any o < 3272,

+o0 - 2
/ (emﬁ _q_ Uu2) |2|* do = ws / e ) _ 1 _ Luﬁ(t) e tdt
B a+4 /), 8n2(a +4)

By the inequality

es—1—s<s%®,

we have

—+o0
a+4J, dwsz(a+4)

@ Springer



M. Calanchi, C. Tarsi

2 +o0

g o w2

< ——m—— w4e Tz (ot W t.
16ws(a +4)3 J,

Let us now perform an integration by parts; note that, by (8), for any power & > 1

. 4 .2 . _ o
0< lim whea @V ~t < lim tfe atit = 0.
t——+o0 t——+o0

Hence, applying the previous estimates above (recall that w > 0), for any o < 3272 = 16ws
we obtain

2 +o0 too '
07‘ / w%,mwz*t < 16ws ‘ / whemw®—t
16ws(a +4)3 J ~ (a+4)3 ),

=0

16ws3 a2 16wz [T 2w? | _
—(a+4)3we+4“’ La’°°+(a+4)3/0 dw'wdesF v’ |1 4+ atd et dt

B0 64y2w5 [T o 42 2t i
< e e 14— | [14+2y/—— | e tdt
< (a+4)7/2/0 w-e +a+4 + ot e

44/2 too 128v2ws  [t°° [t
= 76 V2w / wlesraw’ =t gt + 78\/7‘03 / twdesrrw’ =t |1 + 24/ —— | dt =1 + I».
0 ( 0 a+4

(a+4)7/2 a+4)9/2
In the following estimates, C may denotes a generic constant, whose value may change from
line to line.

The estimate for I5 is a immediate consequence of (8):

I < Og/z/;wtf’/?ef““ 142
205/2/; 5275t t |1 42
é%,o /25 [1+ V4] dt ;ﬁ, if a>4.
Concerning /;, we perform again an integration by parts:
=0
I = —(24;_/;;;3}2 wlewraw goe +% /+ wu'esti?’ {3—}— (18_’_4102] et dt

() 128w /*W 2 Ay
2 a+4
= (a T 4)4 w-e

[t 8
1424/ ——| |3+ ——t|etdt
+ a+4 [ +a+4]e

128ws [T 5 4 .2, 256w3 too 42 8 -
= e Tt gy T tearai —t dt
(a+4)4(/0 we +(a+4)9/2/0 w?Vte 3+a+4 e

= I3+ 14
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As done before for I,

C [T 5 4 8
[2eatat—t [
I4<a9/2/0 rrests {34—0(—1—4%

C Foo : C
S W t3/2€_§ [3+ Qt] dt = W, if « 2 4,
a a

whereas

=0
128ws 5 4,2,  256ws /+°° ;42 4 L]
Jo= ————"7° aFa W _eYEe ara W 1 - dt
3 (a+4)4we +(a+4)4 ; ww'e +a+4w e
8,09 (¢ Foo
= 9/2
a/ 0

® ¢ [t N 4
< — T R
= W02 View [1+ a+4t} d

C Feo _t C
<=5 Vite 2 [1+1 dt = —75.

4
Viewiiv’ [1 + +4t] e tdt
(@

Combining all the estimates together we find, that there exists a constant Cy such that

C
/ (ea'u2 1 Uu2) |z|* dz < T2’ for o large,
B a2

for any u € C°°(B)NC(B) radially decreasing, Au € L?(B), with u(1) =0 and
| Aullz = 1, and for any o < 3272. The constant C is independent of u and . O
Let us now conclude the proof of Theorem 3. By Proposition 9, for any m > 1

C
Tom >T0, > =

> 2 — as o — +00.
’ Qa

On the other hand, by Proposition 10, for any m > 1,

Cy, C
: U

rad rad
T;Jn S 7;,1 <

<T

ot =7

and analogously,

Cy Oy
<5< T3 -

0,rad <
jimﬂn — (¥9/2
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Remark 1 The restriction of the symmetry-breaking result to the functional found for m > 1
is related to the proof technique: we need a quadratic nonlinearity at the origin. The question
remains open as to whether this limitation has a more substantial nature.

Proof To conclude, we briefly outline the proof of attainability stated in Corollary 4 in the
Navier case (the Dirichlet case can be handled in a similar way). The symmetry break-
ing result follows from the previous Theorems. Let (u;)jen C Hi/(B) be a maximizing
sequence, i.e.

18l =1 [ Fuw) = Tom.

Since (u;); is bounded in H3,(B), there exists u € H3;(B) such that, up to a subsequence,

(i) uj(z) = u(x)a.e.in B;
(if) u; — u strongly in L9(B) for every ¢ > 1;
(iii) u; — u weakly in H3/(B).

Now, it suffices to show that F,, (u;) — F,(u) in L*(B). For this purpose, we use the fol-
lowing result.

Lemma 11 (Lemma 2.1 in [9]) Let (u;) be a sequence in L' (£2) converging to u in L* (12)
, and let f be continuous with f(z, u;(z)), f(z, u(z)) € L1 (£2). If there exists a constant C
such that

/ fu f(z,uj@))|de <O, VjeN, (10)
Q

then f(z,u;) — f(z, u) in L1 ().
Therefore, it is enough to verify that (10) holds for F'(u;) = \x|"e"“? . To this end, choose
p= % > 1 and let ¢ be its conjugate exponent. By Holder’s inequality,

1/p
[ s < [ et o < usl, ([ 75 ac) <
B B B

where the uniform bound follows from the Adams—Moser—Trudinger inequality in the
unweighted case. O

Remark 2 With the same argument, one can prove that for o < o, = 3272 (1 + %) the
suprema on the subspaces of the radial functions is attained.
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