
Annali di Matematica Pura ed Applicata (1923 -)
https://doi.org/10.1007/s10231-026-01700-5

Symmetry breaking in biharmonic equations with weighted 
exponential nonlinearities

Marta Calanchi1 · Cristina Tarsi1

Received: 19 December 2025 / Accepted: 8 April 2026
© The Author(s) 2026

Abstract
We investigate a class of fourth-order elliptic problems involving exponential-type nonlin-
earities and spatial weights of Hénon type. Motivated by the symmetry-breaking phenom-
ena observed in semilinear second-order problems—such as those governed by the Hénon 
equation—we consider weighted functionals of the form 

	
Fm(u) =

ˆ

B

|x|α
(

eσ|u|2
−

m∑
k=0

σk

k!
|u|2k

)
dx,

defined on the unit ball B ⊂ R4, where m ∈ N0 α > 0, σ > 0 are suitable parameters. We 
first establish an Adams-type inequality with weight, characterizing the sharp threshold for 
the boundedness of F  on the unit sphere of the biharmonic Sobolev space. Then, we prove 
that for large values of the weight exponent α, radial symmetry of maximizers is broken. 
These results extend classical findings in the second-order setting (e.g., Trudinger–Moser-
type functionals and the weighted Hénon equation) to the biharmonic context and offer 
new insights into the interplay between weights, nonlinearity, and symmetry in higher-order 
PDEs.
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1  Introduction

In this work we investigate the phenomenon of symmetry breaking for maximization prob-
lems involving fourth–order elliptic operators with critical exponential growth of Adams 
type under the presence of a Hénon weight in dimension four.

Our aim is twofold: on the one hand, we wish to extend to the biharmonic setting several 
classical ideas originating from the work of Hénon and Ni for second–order operators; on 
the other hand, we identify in a precise and quantitative manner the mechanisms which lead 
to the loss of radial symmetry for extremal functions, par- alleling the foundational contri-
butions of Smets–Su–Willem and Calanchi–Terraneo in lower–order cases.

The starting point of our investigation is the celebrated Hénon problem

	

{
−∆u = |x|αup−1 in B
u > 0
u = 0 on B,

� (1)

(here B ⊂ RN  is a ball centered at the origin, N ≥ 2, α > 0 and p > 2) which arose from 
Hénon’s 1973 mathematical model [15] describing the distribution of spherical stellar clus-
ters subjected to anisotropic forces. A distinctive feature of the model lies in the power–type 
radial weight |x|α, which shifts the concentration of solutions away from the origin, produc-
ing in turn profound changes in the analytic structure of the associated variational problem.

Ni’s seminal paper  [18] opened the modern analysis of the Hénon problem. Working 
with the energy functional in H1

0 (B), he proved that the presence of the weight significantly 
enlarges the range of exponents p for which radial solutions exist, namely

	
p ∈

(
2, 2∗ + 2α

N−2

)
, 2∗ = 2N

N−2 ,

and also showed, by means of the Pohozaev identity, that this range is sharp. Ni’s insight 
revealed a fundamental mechanism: the Hénon weight interacts with scaling in such a way 
as to effectively “shift” the critical exponent of the embedding. This phenomenon, though 
simple to state, has since been shown to have far-reaching analogues in a wide spectrum of 
elliptic problems.

Nonradial solutions, however, appear beyond Ni’s radial framework.
A first numerical indication came from Chen–Ni–Zhou [8], who produced explicit non-

radial ground states in dimension two. The complete picture was given by Smets, Su, and 
Willem [21], who studied the minimizers (ground state solutions) of the Rayleigh quotient

	
Rp

α(u) =
´

B
|∇u|2dx

(´
B

|x|α|u|pdx
) 2

p

, u ∈ H1
0 (B), u ̸= 0, .� (2)

and proved that for every p ∈ (2, 2∗) and for α sufficiently large, the minimizers lose radial 
symmetry:
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Theorem  (Smets - Su - Willem, [21]) Assume N ≥ 2 . For any p ∈ (2 , 2 ∗) (2 ∗ = +∞ for 
N = 2 ) there exists  α∗ > 0  such that any minimizer of  (2) is non-radial provided α > α∗.

This result, which today stands as a classical reference in the theory of symmetry break-
ing, establishes a bifurcation phenomenon driven by the weight exponent α.

In the borderline case N = 2, classical Sobolev embeddings only yield logarithmic sum-
mability; hence the Moser–Trudinger inequality [17, 19, 24] becomes the natural analytic 
environment.

It is well known that the maximal degree of summability for functions in H1
0 (Ω), Ω ⊂ R2

, is of quadratic exponential type, as established independently by Pohožaev [19] and 
Trudinger [24] (see also [26]). Several years later, Moser [17] was able to simplify Truding-
er’s proof, and to determine the optimal threshold; more precisely,

	
sup

∥∇u∥2≤1

ˆ

Ω
eαu2

dx ≤ M(α)|Ω|

where the constant M(α) stays bounded provided α ≤ 4π and the supremum becomes 
infinity when α > 4π.

In this sense, a natural 2-dimensional extension of the Hénon problem with exponential 
growth has been first considered by Calanchi and Terraneo in [7]. They realized that the 
Hénon problem with exponential nonlinearities presents a behaviour strikingly similar to 
the polynomial case, proving once again that for sufficiently large α, radial symmetry of 
maximizers is lost. Their work established that the interplay between weight concentration 
and critical exponential growth is robust across dimensions and functional settings.

Their main result can be stated as follows:

Theorem  (Calanchi - Terraneo, [7]) Let B ⊂ R2  be the unit ball, and consider the functional

	
F : H 1

0 (B) → R, F(u) =
ˆ

B
|x|α

(
ep|u|γ

− 1 − p|u|γ
)

dx,

where α > 0 , p > 0 , and 1 < γ ≤ 2 . Then,

	 if 1 < γ < 2 and p > 0, or γ = 2 and 0 < p < 4π,

there exists a threshold α∗ = α∗(p, γ) > 0  such that for all α > α∗, any maximizer of F  
on the unit ball of H 1

0 (B) is nonradial. That is, radial symmetry is broken for large values 
of the weight exponent α.

All the results above were improved and further developed in various directions (see e.g. 
[3, 5, 12, 20], and the references therein).

Motivated by this circle of ideas, some natural questions arise:

	– Do analogous range of solvability persists in higher–order problems with critical 
growth, governed by Adams–type inequalities?

	– Do analogous symmetry–breaking phenomena persist in the same setting? 
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The present work aims to extend the aforementioned ideas to the case of a fourth order 
operators in dimension four.

In recent years, biharmonic equations with nonlinear source terms have attracted signifi-
cant attention.

Following the line of the works cited above, in [27] the authors considered the problem

	

{
∆2u = |x|αup−1 in B,

u = ∂u
∂n = 0 on ∂B,

and proved the existence of at least one non-radial solution when N ≥ 8, p = 2N
N−4  is the 

critical Sobolev exponent, and α > 0 is sufficiently large.
A few years later, Wang [25] considered the same problem with different boundary type 

conditions,

	

{
∆2u = |x|αup−1 in B,

u = ∆u = 0 on ∂B,

proving till the existence of at least one non-radial solution when N ≥ 6, p = 2N
N−4  and 

α > 0 is sufficiently large. On the other hand, in the subcritical case, the biharmonic equa-
tion above can be seen as a particular instance of a more general system studied in [6] (see 
also [4]), where the authors investigated the existence of radial and non-radial solutions 
for Hardy-Hénon type elliptic systems. In particular, in their paper they consider systems 
that generalize the structure of the weighted biharmonic problem, and show that even in 
the subcritical regime, non-radial solutions may exist. This result further emphasizes the 
richness of the solution structure, influenced by the presence of weights and the geometry 
of the domain. See also [14, 27] and the references therein for results on multiplicity and 
related topics.

It is therefore natural to ask whether such results can be extended to higher-order prob-
lems with critical (or even supercritical) growth.

As in the first order case, the critical exponent p∗ = Np/(N − kp) for the Sobolev 
embeddings W k,p(Ω) ⊂ Lp∗

, Ω ⊂ RN  in the limiting case p = N/k becomes +∞. The 
analogue of Moser’s inequality in higher order space has been proved in 1988 by D.R. 
Adams [1] obtaining

	

sup
u∈W

k, N
k

0 (Ω)

∥∇ku∥ N
k

≤1

ˆ

Ω
eβ|u|

N
N−k

{
≤ C|Ω| , if β ≤ βN,k

= +∞ , if β > βN,k

where βN,k is explicit, and ∇ku stands for the k-th order gradient of u:

	
∇ku =

{
∆k/2u, k odd

∇∆(k−1)/2u, k even.

This result holds under weaker boundary condition, as proved by Tarsi in [23], who con-
sidered W k, N

k

N (Ω), the Sobolev space of functions u ∈ W k, N
k (Ω) with boundary condition 
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u = ∆u = ... = ∆[(k−1)/2]u = 0 on ∂Ω where N > k and Ω ⊂ RN  be a bounded open set 
with smooth boundary (the so called Navier type conditions).

Motivated by results [25, 27] analogous to those of Ni in the second-order case, we 
address the case of the biharmonic operator in dimension four.

If N = 4 and k = 2, the sharp threshold provided by Adams βN,k reduces to 32π2

, and the Sobolev space with Navier boundary condition, W
k, N

k

N (Ω), coincides with 

H2
N (Ω) = H1

0 (Ω) ∩ H2(Ω).
We begin by showing that the solvability range of the associated Hénon-type maximiza-

tion problem is enlarged when radial symmetry is imposed. In particular, the presence of a 
radial weight not only preserves finiteness of the supremum, but actually allows the critical 
exponential growth to increase in a precise and quantifiable way, as described in the follow-
ing Theorems 1 and 2:

Theorem 1  Let B ⊂ R4  be the unit ball. Let H 2
N ,∇⊣⌈(B) = H 1

0 ,rad(B) ∩ H 2
rad(B) be the 

subspace of H 2
N (B) = H 1

0 (B) ∩ H 2 (B) of functions with radial symmetry, and

For σ > 0 , define the functionals F , Fm : H 2
N ,∇⊣⌈(B) → R

	
F(u) =

ˆ

B
|x|αeσu2

dx,

and, for any m ∈ N,

	
Fm(u) =

ˆ

B
|x|α

(
eσu2

−
m∑

k=0

σku2k

k!

)
dx.

Then

	

T rad
α = sup

u ∈ H2
N ,∇⊣⌈(B)

∥∆u∥2 = 1

F(u) < +∞ ⇐⇒ σ ≤ 32π2
(

1 + α

4

)
=: σα.

Moreover, the same conclusion holds if F  is replaced by Fm , for any m ∈ N.
We emphasize that the result is not affected by the boundary type conditions, and it still 

holds with the same sharp threshold in the spaces H2
0,rad with Dirichlet boundary conditions:

Theorem 2  Let B ⊂ R4  be the unit ball. Let H 2
0 ,rad(B) be the subspace of H 2

0 (B) of func-
tions with radial symmetry. Then

	
T 0,rad

α = sup
u∈H2

0,rad
,||∆u||2=1

F (u) < +∞ ⇐⇒ σ ≤ σα.

The same statement holds if F  is replaced by Fm .

We now turn to the question of whether symmetry breaking continues to persist in the 
presence of a radial weight. The following result makes this precise and highlights the 
robust nature of symmetry breaking.
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Theorem 3  Let B ⊂ R4  be the unit ball, and consider the functional Fm  defined above, 
where m ∈ N, m ≥ 1 , α > 0 , σ ≤ 32π2 . Let

	
T rad

α,m = sup
u∈H2

N ,∇⊣⌈(B),||∆u||2=1
Fm(u), Tα,m = sup

u∈H2
N (B),||∆u||2=1

Fm(u)� (3)

be the suprema of Fm  evaluated on Sobolev spaces with Navier boundary conditions, and

	
T 0,rad

α,m = sup
u∈H2

0,rad
(B),||∆u||2=1

Fm(u), T 0
α,m = sup

u∈H2
0 (B),||∆u||2=1

Fm(u)� (4)

be the suprema of Fm  evaluated on Sobolev spaces with Dirichlet boundary conditions. 
Then for every m ∈ N, there exists a threshold α∗ = α∗(m) > 0  such that for all α ≥ α∗,

	 T rad
α,m < Tα,m, T 0,rad

α,m < T 0
α,m.

In the subcritical regime σ < 32π2, the following result holds:

Corollary 4  Let σ < 32π2 . Then the suprema above are attained. Moreover, for every 
m ∈ N, m ≥ 1 , there exists α∗ = α(m) such that, for all α ≥ α∗, any maximizer of Tα,m  
or T0

α,m  is nonradial.

Any such maximizer solves the following boundary value problem for some constant γ:

	
(N)

{
∆2u = γ|x|αu

(
eσu2 −

∑m
k=0

σku2k

k!

)
in B

u = ∆u = 0 on ∂B

or

	
(D)

{
∆2u = γ|x|αu

(
eσu2 −

∑m
k=0

σku2k

k!

)
in B

u = ∂u
∂n = 0 on ∂B.

Due to the non-homogeneous nature of the exponential nonlinearity, the constant γ cannot 
be determined explicitly. As a result, a direct link between the equation and ground state 
solutions is lacking, unlike in the case of the Hénon equation, including its biharmonic 
version.

We point out that we are able to establish this symmetry–breaking phenomenon only 
for the truncated functional Fm. Although this limitation might at first appear to be merely 
technical, our analysis suggests that the obstruction is subtler, and that the extension to the 
full functional is likely to require genuinely new ideas.

The paper is organised as follows: since our approach relies on refined estimates, in 
Sect. 2 we first provide a radial lemma (Lemma 5) that plays a central role for identifying 
the critical threshold of the functional.
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Next, in Sect. 3, we provide the proofs of the two main theorems, Theorems 1 and 2, 
and the optimality of the critical value is established by means of a Moser-type sequence of 
functions for which the functional becomes unbounded.

In Sect. 4, we establish symmetry breaking by adapting the arguments developed in [21] 
and [7], obtaining an upper asymptotic bound for the supremum of the functional Fm when 
restricted to the class of radial functions as α → +∞. We then provide a lower bound for 
the supremum evaluated on the full admissible function space. A comparison between these 
two estimates will lead to the desired conclusion.

2  Towards the critical threshold

The aim of this section is to provide a heuristic argument for the existence of the critical 
threshold σα, the number that guarantees a uniform bound for the functional F on the space 

H2
N ,∇⊣⌈(B). The key point is a pointwise estimate for radial functions in H2

N ,∇⊣⌈(B). This 

estimate will be a key point when proving a symmetry breaking result in H2
0,rad(B) (which 

is contained into H2
N ,∇⊣⌈(B)).

The underlying idea is not new. In addressing the limiting case of the Sobolev embed-
ding theorem, one approach is to seek a (possibly optimal) embedding into a suitable Zyg-
mund space. The Zygmund space Zα(Ω), which consists of all measurable functions u(x) 
on Ω ⊂ RN  such that

	

ˆ

Ω
eλ|u|

1
α dx < ∞ for some λ = λ(u) > 0

equipped with the quasinorm

	

∥u∥Zα = sup
t∈(0,|Ω|)

u∗(t)
[
1 + log

(
|Ω|
t

)] 1
α

,

where u∗ denotes the decreasing rearrangement of u, namely the unique non-increasing 
right-continuous function from [0, +∞) into [0, +∞) which is equidistributed with u. 

Actually, the Sobolev space W m, N
m

0 (Ω) embeds into the Zygmund space Z
N

N−m  for any 

1 ≤ m < N , and the best embedding constants are deeply related to the sharp thresholds 
for the uniform bound in Moser and Adams’ inequalities, as one can infer from the origi-
nal proof of Moser [17] (see also [2]), and from [23] for the higher order case: Moser and 
Adams’ inequality, for β < βn,m, are trivial consequences of the optimal Zygmund embed-
ding, thanks to the explicit formula of the embedding constant (even with relaxed boundary 
conditions of Navier type) and to a suitable reduction argument to the radial setting.

In the case m = 2, N = 4, it turns out that the same sharp embedding provides the uni-
form bound for the Hénon functional F in the radial setting, at least for σ < σα: since we 
consider that it is a further insight on the properties of the limiting Sobolev embedding 
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cases, we provide here a self-contained proof in the radial setting. The rigorous proofs of 
Theorems 1 and 2, which include the discussion of the borderline case σ = σα and the 
counterexamples for σ > σα, will be given in the next sections.

We start recalling the following radial pointwise estimate (see also [23]Proposition 1] for 
the general case, in the Zygmund setting).

Lemma 5  Let u ∈ C2 (B) ∩ C0 (B) a radial function such that u = 0  on ∂B. Then,

	
|u(x)| ≤ (− log |x|)1/2

2√
ω3

||∆u||2,� (5)

 where ω3  is the area of the sphere in R4 .

Proof  With an abuse of notation we write u(x) = u(|x|).

Let v(t) = u(1/
√

t), t ∈ [1, +∞). We have v(1) = 0 and v′(+∞) = 0.
By differentiating v we obtain

	
v′(t) = − 1

2t3/2 u′(1/
√

t), v′′(t) = 1
4t3 u′′(1/

√
t) + 3

4t5/2 u′(1/
√

t),

so that

	 u′(1/
√

t) = −2t3/2v′(t), u′′(1/
√

t) = 4t3v′′(t) + 6t2v′(t).

Therefore,

	

ˆ

B

|∆u|2dx = ω3

ˆ 1

0

∣∣∣∣u′′(r) + 3
r

u′(r)
∣∣∣∣
2

r3dr =r=1/
√

t

= ω3

ˆ +∞

1

∣∣4t3v′′(t) + 6t2v′(t) + 3
√

t(−2t3/2v′(t))
∣∣2

t−3/2 1
2

t−3/2dt

= 8ω3

ˆ +∞

1
|v′′(t)|2 t3dt.

� (6)

On the other hand,
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|v(s)| =
∣∣∣∣
ˆ s

1
v′(t)dt

∣∣∣∣ =
∣∣∣∣
ˆ s

1

ˆ +∞

t

v′′(ξ)dξ dt

∣∣∣∣ =
∣∣∣∣
ˆ s

1

ˆ +∞

t

v′′(ξ)ξξ−1dξ dt

∣∣∣∣

≤
∣∣∣∣
ˆ s

1

ˆ +∞

t

|v′′(ξ)|2ξ2dξdt

∣∣∣∣
1/2 ∣∣∣∣
ˆ s

1

ˆ +∞

t

ξ−2dξdt

∣∣∣∣
1/2

=
∣∣∣∣
ˆ s

1

ˆ +∞

t

|v′′(ξ)|2ξ2dξdt

∣∣∣∣
1/2

(log s)1/2

=
(ˆ s

1
|v′′(ξ)|2ξ2

ˆ ξ

1
dtdξ +

ˆ +∞

s

|v′′(ξ)|2ξ2dξ

ˆ s

1
dt

)1/2

(log s)1/2

=
(ˆ s

1
|v′′(ξ)|2ξ2(ξ − 1)dtdξ +

ˆ +∞

s

|v′′(ξ)|2ξ2 (s − 1) dξ

)1/2

(log s)1/2

≤
(ˆ s

1
|v′′(ξ)|2ξ3dξ +

ˆ +∞

s

|v′′(ξ)|2ξ3 dξ

)1/2

(log s)1/2.

Therefore, by (6)

	
|v(s)| ≤

(ˆ +∞

1
|v′′(ξ)|2ξ3dξ

)1/2

(log s)1/2 = (log s)1/2
√

8ω3
||∆u||2,

that is

	

∣∣u(1/
√

s)
∣∣ ≤ (log s)1/2

√
8ω3

||∆u||2 =⇒ |u(r)| ≤ (− log r)1/2

2√
ω3

||∆u||2.

� □
As consequence, we have the following (embedding) result:

Proposition 6  For all p ≥ 1 , H 2
N ,∇⊣⌈ embeds continuously in Lp(B, |x|αdx) and it holds

	
||u||pLp(Ω,|x|αdx) =

ˆ

B

|x|α|u(x)|pdx ≤ 1
(α + 4)1+ p

2
Γ

(
1 + p

2

)ω
1− p

2
3
2p

||∆u||p2,

where Γ  is the classical Gamma-function.

In particular, for p = 2k, k ∈ N we have the following inequality

	

ˆ

B

|x|α|u(x)|2k ≤ k! ε1+k

41+2k
ω1−k

3 ||∆u||2k
2 .

Proof  By a density argument (see e.g. [6], Theorem 16 in Appendix) we prove the inequality 
for u ∈ C∞(B) ∩ C0(B̄), u = 0 on ∂B. From Lemma 5

	

ˆ

B

|x|α|u(x)|p = ω3

ˆ 1

0
rα+3|u(r)|pdr ≤ ω

1− p
2

3
2p

||∆u||p2
ˆ 1

0
rα+3 (− log r)p/2

dr.
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With the substitution r = ρε, ε = 4
4+α  one has

	

ˆ 1

0
rα+3 (− log r)p/2

dr = ε

ˆ 1

0
ρε(α+3) (−ε log ρ)p/2

ρε−1dρ = ε1+p/2
ˆ 1

0
ρ3 (− log ρ)p/2

dρ.

Letting ρ = e−t/4 we obtain

	

ˆ 1

0
ρ3 (− log ρ)p/2

dρ = 1
41+p/2

ˆ ∞

0
tp/2e−tdt = Γ(1 + p/2)

41+p/2 .

Summing up we have the thesis

	

ˆ

B

|x|α|u(x)|p ≤
( ε

4

)1+ p
2

Γ
(

1 + p

2

)ω
1− p

2
3
2p

||∆u||p2.

� □

We are now ready to prove the following proposition:

Proposition 7  Let F : H 2
N ,∇⊣⌈ → R be the functionals

	
F (u) =

ˆ

B

|x|α eσ|u|2
dx, Fm(u) =

ˆ

B

|x|α
(

eσu2
−

m∑
k=0

σku2k

k!

)
dx..

Then, for σ < 32π2 (1 + α
4 ), we have

	
sup

u∈H2
N ,∇⊣⌈,||∆u||2=1

F (u) < +∞, and sup
u∈H2

N ,∇⊣⌈,||∆u||2=1
Fm(u) < +∞.

Proof  We use the Taylor expansion of the exponential

	
F (u) =

ˆ

B

|x|α eσ|u|2
dx =

+∞∑
k=0

σk

k!

ˆ

B

|x|α |u(x)|2kdx.

By Proposition 6 we have

	

F (u) ≤
+∞∑
k=0

σk ε1+k

41+2k
ω1−k

3 ||∆u||2k
2 =

+∞∑
k=0

σk

(4 + α)1+k

41+k

41+2k
ω1−k

3 ||∆u||2k
2

=
+∞∑
k=0

ω3σk

(4 + α)1+k

1
(4ω3)k

||∆u||2k
2 ,

and, for Fm,
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Fm(u) ≤

+∞∑
k=m

ω3σk

(4 + α)1+k

1
(4ω3)k

||∆u||2k
2 .

Therefore, if σ < (4 + α)(4ω3) = 32π2 (
1 + α

4
)
, then

	 T rad
α , T rad

α,m < +∞.

where T rad
α , and T rad

α,m are the supremum of the functionals F, Fm on H2
N ,∇⊣⌈(B).

� □
For the critical threshold σα = 32π2(1 + α

4 ), we need a more refined computation.

3  The critical threshold σα: proof of Theorems 1 and 2

In what follows, we will see that the value σα = 32π2 (
1 + α

4
)
 is indeed the threshold value 

for the uniform boundedness of F(u) both on H2
N ,∇⊣⌈(B) and on H2

0,rad(B).

3.1  The sufficient condition

In order to prove the uniform boundedness of F(u) also for σ = σα, it is enough to consider 

the larger space H2
N ,∇⊣⌈(B).

For any γ > 0, with a slight abuse of notation, let us define

	
u(x) = u(r) =

w
(
γ log 1

r

)
2π

√
2γ

, i.e., w(t) := 2π
√

2γ u
(

e− t
γ

)
.

Then

	

u′(r) = − γw′(t)
2π

√
2γ

et/γ , u′′(r) =
(

γw′(t)
2π

√
2γ

+ γ2w′′(t)
2π

√
2γ

)
e2t/γ

u′′(r) + 3
r

u′(r) = −
(

2γw′(t) − γ2w′′(t)
2π

√
2γ

)
e2t/γ .

Therefore,

	

ˆ

B

|∆u|2 dx = 2π2
ˆ +∞

0

∣∣∣∣−
(

2γw′(t) − γ2w′′(t)
2π

√
2γ

)
e2t/γ

∣∣∣∣
2

e−4t/γ · dt

γ

= 2π2
ˆ +∞

0

∣∣∣∣
γ2w′′(t)
2π

√
2γ

− 2γw′(t)
2π

√
2γ

∣∣∣∣
2

· dt

γ

=
ˆ +∞

0

∣∣∣γ

2
w′′(t) − w′(t)

∣∣∣
2

dt.
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Further,

	

ˆ

B

|x|αeσu2
dx = ω3

ˆ 1

0
eσu2

rα+3 dr

= ω3

γ

ˆ +∞

0
e

σw2
8π2γ · e− α+3

γ t · e− t
γ dt

= ω3

γ

ˆ +∞

0
exp

(
α + 4

γ

[
σ

8π2(α + 4)
w2 − t

])
dt.

Let us now choose γ = α + 4: recalling that σ = σα = 32π2 (
1 + α

4
)
, it is sufficient to 

prove that

	
sup

{ˆ +∞

0
ew2−t dt :

ˆ +∞

0

∣∣∣∣w′ − (α + 4)w′′

2

∣∣∣∣
2

dt ≤ 1

}
< +∞.

We complete the argument by invoking the following lemma, originally due to Marshall 
[16], which simplifies a well-known result of Moser [17]:

Lemma 8  (Marshall-Moser) There is a constant C > 0  such that

	
if

ˆ +∞

0
ψ2(y)dy ≤ 1, then

ˆ +∞

0
e−F (t)dt < C,

where F(t) = t −
(´ t

0 ψ(y)dy
)2

.

Observing that w(0) = limr→+∞ u(r) = 0, we have that w(t) =
´ t

0 w′(s)ds so that

	

ˆ +∞

0
ew2−t dt =

ˆ +∞

0
e−F (t)dt, where ψ = w′.

Our thesis follows directly from the previous Lemma, once we will have proved that ´ +∞
0 |w′|2dt ≤ 1. Indeed,

	
1 ≥
ˆ +∞

0

∣∣∣∣w′ − (α + 4)w′′

2

∣∣∣∣
2

dt =
ˆ +∞

0
|w′|2dt − (α + 4)

ˆ +∞

0
w′w′′dt +

ˆ +∞

0

(α + 4)2

4
|w′′|2dt

	
≥
ˆ +∞

0
|w′|2dt − (α + 4)

ˆ +∞

0
w′w′′dt

Now it is sufficient to prove that 
´ +∞

0 w′w′′dt ≤ 0. But

	

ˆ +∞

0
w′w′′dt = 1

2
(w′)2∣∣+∞

0 = −1
2

(w′)2(0)

since u′(r) → 0 as r → 0+ (by the smoothness and radial symmetry of u), and
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w′(t) = −2π

√
2

√
γ

e−t/γu′ (
e−t/γ

)
= −2π

√
2

√
γ

· ru′(r)
∣∣∣
r=e−t/γ

→ 0, as t → +∞.

Therefore,

	
−(α + 4)

ˆ +∞

0
w′w′′dt ≥ 0, and, in turn,

ˆ +∞

0
|w′|2dt ≤ 1.

This concludes the proof of the sufficient condition.

3.2  The necessary condition: optimality of σα

In order to show that the threshold σα is optimal, we evaluate the functional on a suitable 
Moser-type sequence. Although exhibiting a sequence in H2

0,rad(B) would already suffice 
to directly prove the sharpness of σα also under Navier boundary conditions, we prefer to 
present the two sequences separately, due to the different technical issues involved.

Let us first prove the optimality of σα in H2
N ,∇⊣⌈(B). Inspired by [13], let us consider 

the following family of functions:

	

uε(r) = 1
√

ω3




√
| log ε|

4 +
√

ε−r2

2
√

ε| log ε|
if r ≤ 4

√
ε

| log r|√
| log ε|

if 4
√

ε < r ≤ 1

The functions are continuous on B,

	

u′
ε(r) = 1

√
ω3




−r√
ε| log ε|

if r ≤ 4
√

ε

−1
r
√

| log ε|
if 4

√
ε < r ≤ 1

which are continuous and negative, and

	

u′′
ε (r) = 1

√
ω3




−1√
ε| log ε|

if r < 4
√

ε

1
r2

√
| log ε|

if 4
√

ε < r ≤ 1
.

In terms of w̄ε(t) := 2
√

(α + 4)ω3 uε

(
e− t

α+4

)
,

	

w̄ε(t) = 2
√

(α + 4)




√
| log ε|

4 +
√

ε−e
− 2t

α+4

2
√

ε| log ε|
if t ≥ α+4

4 | log ε|

t√
| log ε|

if t ≤ α+4
4 | log ε|

By direct computation,
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∥∆uε∥2

2 =

[ˆ 4√ε

0

16
ε| log ε|

r3dr +
ˆ 1

4√ε

4
r4| log ε|

r3dr

]
= 1 + 4

| log ε|
.

Let us consider the sequence of normalized functions vε = uε

∥∆uε∥2
∈ H2

N ,∇⊣⌈(B); we 
prove the sharpness of σα, verifying that for any β > 1

	

ˆ

B

eβσαv2
ε |x|α dx −→ +∞ as ε → 0+,

that is,

	

ˆ +∞

0
eβw2

ε−t dt −→ +∞ as t → +∞,

where wε(t) = w̄ε(t)
∥∆vε∥2

. Indeed, one has

	

ˆ +∞

0
eβw2

ϵ −t dt ≥
ˆ +∞

α+4
4 | log ε|

eβw2
ϵ −t dt ≥

ˆ +∞

α+4
4 | log ε|

exp


β · (α + 4)| log ε|

4
(

1 + 4
| log ε|

) − t


 dt

= exp
(

α + 4
4

[(β − 1)| log ε| − 4 + o(1)]
)

→ +∞, as ε → 0+.

Let us now prove the optimality of the value σα also in the case of H2
0,rad. We have to 

slightly modify the sequence of functions, as follows:

	

uε,0(r) =




uε(r) if r ≤ 1 − ηε

2 log(1−ηε)| log r|2−| log r|3

log2(1−ηε)
√

ω3| log ε|
if 1 − ηε < r ≤ 1

,

where

	
ηε := 1

log | log ε|
.

It is easy to verify that uε,0 is continuous, with uε,0(1) = 0; further,

	

u′
ε,0(r) =




u′
ε(r) if r ≤ 1 − ηε

−4 log(1−ηε) log r+3| log r|2

r log2(1−ηε)
√

ω3| log ε|
if 1 − ηε < r ≤ 1

,

which is still continuous, with u′
ε,0(1) = 0; finally,
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u′′
ε,0(r) =




u′
ε(r) if r < 1 − ηε

−4 log(1−ηε)−2| log r|(3+2 log(1−ηε))−3| log r|2

r2 log2(1−ηε)
√

ω3| log ε|
if 1 − ηε < r < 1

.

Hence,

	

∥∆uε,0∥2
2 = ω3

[ˆ 1−ηε

0
|∆uε|2r3dr +

ˆ 1

1−ηε

|∆uε,0|2r3dr

]
= 1 + 4

| log ε|

= 1 + 4
| log ε|

+ 4log(1 − ηε)
| log ε|

+ ω3

ˆ 1

1−ηε

|∆uε,0|2r3dr.

By direct computation, if 1 − ηε < r < 1

	
∆uε,0 = −4 log(1 − ηε) − 2| log r|(3 − 4 log(1 − ηε)) + 6| log r|2

r2 log2(1 − ηε)
√

ω3| log ε|

so that

	

ω3

ˆ 1

1−ηε

|∆uε,0|2r3dr =
ˆ 1

1−ηε

| − 4 log(1 − ηε) − 2| log r|(3 − 4 log(1 − ηε)) + 6| log r|2|2

r log4(1 − ηε)| log ε|
dr

(for some positive C) ≤ C

log4(1 − ηε)| log ε|

ˆ 1

1−ηε

log2(1 − ηε) + | log r|2(1 + log2(1 − ηε)) + | log r|4

r
dr

= C
− log3(1 − ηε) − 1

3 log3(1 − ηε)(1 + log2(1 − ηε) − 1
5 log5(1 − ηε)

log4(1 − ηε)| log ε|

≤ −C

log(1 − ηε)| log ε|
= O

(
log | log ε|

| log ε|

)
.

At the end, we find

	
∥∆uε,0∥2 = 1 + O

(
log | log ε|

| log ε|

)
.

As above, let us consider the family of normalized functions vε,0 = uε,0
∥∆uε,0∥2

∈ H2
0,rad(B)

; we prove the sharpness of σα, verifying that for any β > 1

	

ˆ

B

eβσαv2
ε,0 |x|α dx −→ +∞ as ε → 0+.

Indeed, one has
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ω3

ˆ 1

0
eβσαv2

ϵ,0 r3+αdr ≥ ω3

ˆ 4√ε

0
eβσαv2

ϵ,0 r3+αdr = ω3

ˆ 4√ε

0
eβσαu2

ϵ ∥∆vε,0 ∥−2
2 r3+αdr

≥
ˆ +∞

α+4
4 | log ε|

exp


β · (α + 4)| log ε|

4
(

1 + O
(

log | log ε|
| log ε|

)) − t


 dt

= exp
(

α + 4
4

[(β − 1)| log ε| + O(log | log ε|)]
)

−−−−→
ε→0+

+∞.

� □

4  Symmetry breaking: proof of Theorem 3

The aim of this section is to prove that a symmetry breaking phenomenon occurs when 
considering the two maximization problems

	
Tα,1 = sup

u∈H2
N (B)||∆u||2=1

F1(u), T 0
α,1 = sup

u∈H2
0 (B)||∆u||2=1

F1(u),

that is, the supremum evaluated on the whole space H2
N (B) are strictly greater then the cor-

responding ones, restricted to the radial subspaces:

	 Tα,1 > T rad
α,1 , T 0

α,1 > T 0,rad
α,1 ,

if α is large enough.
The proof of the strict inequalities relies on two different asymptotic estimates for 

Tα,1, T 0
α,1 and their radial counterparts as α → +∞.

Our first result is an asymptotic estimate of Tα,m, T 0
α,m, for any integer m ≥ 0.

Proposition 9  (Estimate for Tα,m  and T0
α,m)

Let σ ≤ 32π2 . For every m ∈ N0 , there exists C1 = C1 (m) > 0  such that

	
Tα,m ≥ T 0

α,m ≥ C1

α4 .

Proof  Since H2
0 (B) ⊆ H2

N (B), the first inequality is trivial. It is therefore sufficient to 
show that the second one holds. Let u be a positive smooth function strictly supported 
in B and such that ||∆u||2 = 1. Let uα(x) = u(α(x − xα)), where xα = (1 − 1

α , 0, 0, 0). 
The support of uα is contained into Bα := B(xα, 1/α), the ball centered in xα and radius 
rα = 1/α, and Bα ⊂ B; further, ∥∆uα∥2 = 1. Hence, fix a function u ∈ H2

N (B): we have, 
for α ≥ 3,
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T 0
α,m ≥ Fm(uα) =

ˆ

Bα

|x|α
(

eσ|uα|2
−

m∑
k=0

σk|uα|2k

k!

)
dx

≥
(

1 − 2
α

)α ˆ

Bα

(
eσ|uα|2

−
m∑

k=0

σk|uα|2k

k!

)
dx

=
(

1 − 2
α

)α 1
α4

ˆ

B

(
eσ|u|2

−
m∑

k=0

σk|u|2k

k!

)
dx

≥ 1
27α4

ˆ

B

(
eσ|u|2

−
m∑

k=0

σk|u|2k

k!

)
≥ C1

α4 .

� □

Let us now consider the asymptotic estimates of the suprema on the radial subspaces.

Proposition 10  (Estimate for T rad
α,m , T0 ,rad

α,m )

Let σ ≤ 32π2  and m ≥ 1 . Then there exists C2 > 0  such that

	
T 0,rad

α,m ≤ T rad
α,m ≤ C2

α9/2 , as α → +∞.

Proof  As above, since H2
0,rad(B) ⊆ H2

N ,∇⊣⌈(B), the first inequality is trivial, and we 
will consider only the larger space. Moreover, since T rad

α,m ≤ T rad
α,1  it is enough to consider 

m = 1.

The proof mainly relies on a repeated application of the integration by parts rule, com-
bined with some ad-hoc pointwise estimates. A key request will be dealing with positive 
radial functions, satisfying u′(1) ≤ 0. Actually, we will see that we can reduce to the case 
of radially decreasing functions, by combining Talenti’s comparison principle and standard 
elliptic estimates.

Indeed, let us recall the following comparison principle by G. Talenti [22]: let u, v be 
weak solutions respectively of problems

	
(P )

{ −∆v = f, in Ω
v = 0, on ∂Ω and (P ∗)

{
−∆u = f ♯, in Ω♯

u = 0, on ∂Ω♯

where Ω ⊂ RN  (N ≥ 3) is a bounded domain, Ω♯ is the ball centered at the origin with the 
same measure as Ω, and f ∈ Lp(Ω), p = 2N

N+2 . Then, we have the pointwise estimate

	 u(|x|) ≥ v♯(|x|).
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Now, by a density argument, we can assume v ∈ C∞(B) ∩ C(B) be a radial function such 
that v = 0 on ∂B with ∆v ∈ L2(B), and set f := −∆v. By invariance under rearrange-
ment of the L2 norm, we have

	 ∥∆v∥2 = ∥f∥2 = ∥f ♯∥2 = ∥∆u∥2

whereas

	

ˆ

B

F (v)dx =
ˆ

B

F (v♯)dx ≤
ˆ

B

F (u)dx

for any F (·) continuous, positive and increasing, by Cavalieri principle. Finally, note that, 
since v ∈ C∞(B) ∩ C(B), then f ♯ is Lipschitz-continuous, i.e. f ♯ ∈ C0,1(B). Hence, by 
standard elliptic theory ([11] Corollary 6.9) u ∈ C2(B).

From now on we will assume u ∈ C2(B) ∩ C(B) radially decreasing, ∆u ∈ L2(B), with 
u(1) = 0 and ∥∆u∥2 = 1. With the usual abuse of notation set

	
u(x) = u(r) = 1

2
√

ω3(α + 4)
w

(
(α + 4) log 1

r

)
, i.e. w(t) := 2

√
ω3(α + 4) u(e− t

α+4 ).

Then w satisfies

	

ˆ

B

|∆u|2 dx =
ˆ +∞

0

∣∣∣∣
α + 4

2
w′′(t) − w′(t)

∣∣∣∣
2

dt,

with the boundary conditions

	

w(0) = 0, lim
t→+∞

w(t) = u(0) ∈ R, w(t) ≥ 0

w′(t) = −2
√

ω3

α + 4
ru′(r)

∣∣∣∣
r=e

− 2
α+4 t

⇒ w′(0) ∈ R+, lim
t→+∞

w′(t) = 0, w′(t) ≥ 0

since u is smooth, radially decreasing and u(1) = 0.
Let us now prove some pointwise estimates for w(t), which will be repeatedly applied in 

the sequel. First of all,

	

∣∣∣∣w(t) − α + 4
2

[w′(t) − w′(0)]
∣∣∣∣ =

∣∣∣∣
ˆ t

0

(
w′(s) − α + 4

2
w′′(s)

)
ds

∣∣∣∣ ≤
ˆ t

0

∣∣∣∣w′ − α + 4
2

w′′
∣∣∣∣ ds

≤
√

t

√ˆ t

0

∣∣∣∣w′ − α + 4
2

w′′

∣∣∣∣
2

ds ≤
√

t,

so that

	
w′(t) − w′(0) ≤ 2

α + 4
√

t + 2
α + 4

w(t).� (7)
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As already observed in Sect. 3,

	

1 ≥
ˆ

B

|∆u|2 dx =
ˆ +∞

0

(
α + 4

2
w′′(t) − w′(t)

)2

dt

≥ −(α + 4)
ˆ +∞

0
w′′(t)w′(t) dt = α + 4

2
(w′(0))2

,

so that

	
0 ≤ w′(0) ≤

√
2

α + 4
.

As a consequence,

	

ˆ +∞

0
(w′)2dt ≤

ˆ +∞

0

[
(w′)2 + (α + 4)2

4
(w′′)2

]
dt + α + 4

2
(w′(0))2

=
ˆ +∞

0

(
w′ − α + 4

2
w′′

)2

dt ≤ 1,

which implies directly

	
w(t) =

ˆ t

0
w′(s)ds ≤

√
t

√ˆ t

0
(w′(s))2ds ≤

√
t.� (8)

Combining (7) with (8) yields

	
w′(t) ≤ w′(0) + 2

α + 4
(
√

t + w(t)) ≤
√

2
α + 4

(
1 + 2

√
t

α + 4

)
.� (9)

Let us now estimate the integral F1(u). First, for any σ ≤ 32π2,

	

ˆ

B

(
eσu2

− 1 − σu2
)

|x|α dx = ω3

α + 4

ˆ +∞

0

(
e

σ
8π2(α+4)

w2(t) − 1 − σ

8π2(α + 4)
w2(t)

)
e−t dt

By the inequality

	 es − 1 − s ≤ s2es,

we have

	

ω3

α + 4

ˆ +∞

0

(
e

σ
4ω3(α+4) w2

− 1 − σ

4ω3(α + 4)
w2

)
e−t dt
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≤ σ2

16ω3(α + 4)3

ˆ +∞

0
w4e

σ
4ω3(α+4) w2−t

.

Let us now perform an integration by parts; note that, by (8), for any power k ≥ 1

	
0 ≤ lim

t→+∞
wke

4
α+4 w2−t ≤ lim

t→+∞
tke− α

α+4 t = 0.

Hence, applying the previous estimates above (recall that w ≥ 0), for any σ ≤ 32π2 = 16ω3 
we obtain

	

σ2

16ω3(α + 4)3

ˆ +∞

0
w4e

σ
4ω3(α+4) w2−t ≤ 16ω3

(α + 4)3

ˆ +∞

0
w4e

4
α+4 w2−t

=

=0︷ ︸︸ ︷
− 16ω3

(α + 4)3 w4e
4

α+4 w2−t|+∞
0 + 16ω3

(α + 4)3

ˆ +∞

0
4w′w3e

4
α+4 w2

[
1 + 2w2

α + 4

]
e−t dt

(8),(9)
≤ 64

√
2ω3

(α + 4)7/2

ˆ +∞

0
w3e

4
α+4 w2

[
1 + 2t

α + 4

] [
1 + 2

√
t

α + 4

]
e−t dt

= 64
√

2ω3

(α + 4)7/2

ˆ +∞

0
w3e

4
α+4 w2−t dt + 128

√
2ω3

(α + 4)9/2

ˆ +∞

0
tw3e

4
α+4 w2−t

[
1 + 2

√
t

α + 4

]
dt = I1 + I2.

In the following estimates, C may denotes a generic constant, whose value may change from 
line to line.

The estimate for I2 is a immediate consequence of (8):

	

I2 ≤ C

α9/2

ˆ +∞

0
t5/2e

4
α+4 t−t

[
1 + 2

√
t

α + 4

]
dt

= C

α9/2

ˆ +∞

0
t5/2e− α

α+4 t

[
1 + 2

√
t

α + 4

]
dt

≤ C

α9/2

ˆ +∞

0
t5/2e− t

2
[
1 +

√
t
]

dt ≤ C

α9/2 , if α ≥ 4.

Concerning I1, we perform again an integration by parts:

	

I1 =

=0︷ ︸︸ ︷
− 64

√
2ω3

(α + 4)7/2 w3e
4

α+4 w2−t|+∞
0 + 64

√
2ω3

(α + 4)7/2

ˆ +∞

0
w2w′e

4
α+4 w2

[
3 + 8

α + 4
w2

]
e−t dt

(8),(9)
≤ 128ω3

(α + 4)4

ˆ +∞

0
w2e

4
α+4 w2

[
1 + 2

√
t

α + 4

] [
3 + 8

α + 4
t

]
e−t dt

= 128ω3

(α + 4)4

ˆ +∞

0
w2e

4
α+4 w2−t dt + 256ω3

(α + 4)9/2

ˆ +∞

0
w2√

te
4

α+4 w2
[
3 + 8

α + 4
t

]
e−t dt

= I3 + I4.
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As done before for I2,

	

I4 ≤ C

α9/2

ˆ +∞

0
t3/2e

4
α+4 t−t

[
3 + 8

α + 4
t

]

≤ C

α9/2

ˆ +∞

0
t3/2e− t

2 [3 + 2t] dt = C

α9/2 , if α ≥ 4;

whereas

	

I3 =

=0︷ ︸︸ ︷
− 128ω3

(α + 4)4 w2e
4

α+4 w2−t + 256ω3

(α + 4)4

ˆ +∞

0
ww′e

4
α+4 w2

[
1 + 4

α + 4
w2

]
e−t dt

(8),(9)
≤ C

α9/2

ˆ +∞

0

√
te

4
α+4 w2

[
1 + 4

α + 4
t

]
e−t dt

(8)
≤ C

α9/2

ˆ +∞

0

√
te− α

α+4

[
1 + 4

α + 4
t

]
dt

≤ C

α9/2

ˆ +∞

0

√
te− t

2 [1 + t] dt = C

α9/2 .

Combining all the estimates together we find, that there exists a constant C2 such that

	

ˆ

B

(
eσu2

− 1 − σu2
)

|x|α dx ≤ C2

α9/2 , for α large,

for any u ∈ C∞(B) ∩ C(B) radially decreasing, ∆u ∈ L2(B), with u(1) = 0 and 
∥∆u∥2 = 1, and for any σ ≤ 32π2. The constant C2 is independent of u and σ. � □

Let us now conclude the proof of Theorem 3. By Proposition 9, for any m ≥ 1

	
Tα,m ≥ T 0

α,m ≥ C1

α4 as α → +∞.

On the other hand, by Proposition 10, for any m ≥ 1,

	
T rad

α,m ≤ T rad
α,1 ≤ C2

α9/2 ≪ C1

α4 ≤ Tα,m

and analogously,

	
T 0,rad

α,m ≤ C2

α9/2 ≪ C1

α4 ≤ T 0
α,m.

� □
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Remark 1  The restriction of the symmetry-breaking result to the functional found for m ≥ 1 
is related to the proof technique: we need a quadratic nonlinearity at the origin. The question 
remains open as to whether this limitation has a more substantial nature.

Proof  To conclude, we briefly outline the proof of attainability stated in Corollary 4 in the 
Navier case (the Dirichlet case can be handled in a similar way). The symmetry break-
ing result follows from the previous Theorems. Let (uj)j∈N ⊂ H2

N (B) be a maximizing 
sequence, i.e.

	
∥∆uj∥ = 1,

ˆ

B

Fm(uj) → Tα,m.

Since (uj)j  is bounded in H2
N (B), there exists u ∈ H2

N (B) such that, up to a subsequence, 

(i)	 uj(x) → u(x) a.e. in B;
(ii)	 uj → u strongly in Lq(B) for every q ≥ 1;
(iii)	uj ⇀ u weakly in H2

N (B).

Now, it suffices to show that Fm(uj) → Fm(u) in L1(B). For this purpose, we use the fol-
lowing result.

Lemma 11  (Lemma 2.1 in [9]) Let (uj) be a sequence in L1 (Ω) converging to u in L1 (Ω)
, and let f be continuous with f (x, uj(x)), f (x, u(x)) ∈ L1 (Ω). If there exists a constant C 
such that

	

ˆ

Ω
|ujf(x, uj(x))| dx ≤ C, ∀j ∈ N,� (10)

then f (x, uj) → f (x, u) in L1 (Ω).
Therefore, it is enough to verify that (10) holds for F (uj) = |x|αeσu2

j . To this end, choose 
p = 32π2

σ > 1 and let q be its conjugate exponent. By Hölder’s inequality,

	

ˆ

B

|ujF (uj)| dx ≤
ˆ

B

|uj |eσu2
j dx ≤ ∥uj∥q

(ˆ
B

e32π2u2
j dx

)1/p

< C,

where the uniform bound follows from the Adams–Moser–Trudinger inequality in the 
unweighted case. � □

Remark 2  With the same argument, one can prove that for σ < σα = 32π2 (
1 + α

4
)
 the 

suprema on the subspaces of the radial functions is attained.

Acknowledgements  We would like to thank the anonymous referees for their careful reading of the manu-
script and for the valuable comments and suggestions, which have helped improve the quality and clarity of 
the paper. The authors are members of Gruppo Nazionale per l’Analisi Matematica, la Probabilità e le loro 
Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM). C. Tarsi is partially sup-
ported by INdAM-GNAMPA Project 2025 Critical and limiting phenomena in nonlinear elliptic systems, M. 
Calanchi is partially supported by INdAM-GNAMPA Project 2025 Problemi di ottimizzazione in PDEs da 
modelli biologici.



1 3

Symmetry breaking in biharmonic equations with weighted exponential…

Funding  Open access funding provided by Università degli Studi di Milano within the CRUI-CARE 
Agreement.

Open Access   This article is licensed under a Creative Commons Attribution 4.0 International License, 
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as 
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons 
licence, and indicate if changes were made. The images or other third party material in this article are 
included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. 
If material is not included in the article’s Creative Commons licence and your intended use is not permitted 
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the 
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1.	 Adams, D.R.: A sharp inequality of J. Moser for higher order derivatives,. Ann. Math. 128, 385–398 
(1988)

2.	 Alvino, A.: A limit case of the Sobolev inequality in Lorentz spaces. Rend. Accad. Sci. Fis. Mat. Napoli 
44, 105–112 (1977)

3.	 Bonheure, D., Serra, E., Tarallo, M.: Symmetry of extremal functions in Moser-Trudinger inequalities 
and a Hénon type problem in dimension two. Adv. Diff. Equ. 13, 105–138 (2008)

4.	 Calanchi,M., Ruf, B.: Qualitative Properties of Solutions of Semilinear Elliptic Systems to appear in 
São Paulo J. Math. Sci

5.	 Calanchi, M.: Some Weighted Inequalities of Trudinger-Moser Type. In: Analysis and Topology in Non-
linear Differential Equations. D.G. de Figueiredo, J.M.do\'O, C.Tomei (eds.), Cham: Springer 163–174 
(2014)

6.	 Calanchi, M., Ruf, B.: Radial and non radial solutions for Hardy-Hénon type elliptic systems calculus 
of variations and part. Diff. Eqs. 38(1), 111–133 (2010)

7.	 Calanchi, M., Terraneo, E.: Non-radial maximizers for functionals with exponential non-linearity in R2

. Adv. Nonlinear Stud. 5, 337–350 (2005)
8.	 Chen, G., Ni, W.M., Zhou, J.: Algorithms and visualization for solutions of nonlinear elliptic equations, 

internat. J. Bifur. Chaos Appli. Sci. Engng. 10, 1565–1612 (2000)
9.	 de Figueiredo, D.G., Miyagaki, O.H., Ruf, B.: Elliptic equations in R2 with nonlinearities in the critical 

growth range. Calc. Var. Partial. Differ. Equ. 3(2), 139–153 (1995)
10.	 Gidas, B., Ni, W.M., Nirenberg, L.: Symmetry and related properties via the maximum principle. 

Comm. Math. Phys. 68(3), 209–243 (1979)
11.	 Gilbarg, D., Trudinger N.S.: Elliptic partial differential equations of second order. Springer-Verlag, 

Berlin, Reprint of the 1998 edition (2001)
12.	 Gladiali, F., Grossi, M., Neves, S.: Nonradial solutions for the Hénon equation in RN . Adv. Math. 249, 

1–36 (2013)
13.	 Guozhen, L.: Yunyan Yang Adams’ inequalities for bi-Laplacian and extremal functions in dimension 

four. Adv. Math. 220, 1135–1170 (2009)
14.	 Hao, J., Zhang, Y., Chen, X.: Infinitely Many Spiky solutions for a Hénon type Biharmonic equation 

with critical growth. Adv. Nonlin. Stud. 15, 667–690 (2015)
15.	 Hénon, M.: Numerical experiments on the stability of spherical stellar systems. Astronom. Astrophys. 

24, 229–238 (1973)
16.	 Marshall, D.E.: A new proof of a sharp inequality concerning the Dirichlet integral. Ark. Mat. 27, 

131–137 (1989)
17.	 Moser, J.: A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20, 1077–1092 (1970)
18.	 Ni, W.M.: A nonlinear Dirichlet problem on the unit ball and its applications. Indiana Univ. Math. J. 31, 

801–807 (1982)
19.	 Pohožaev, S.I.: The Sobolev embedding in the case pl = n, Proc. Tech. Sci. Conf. on Adv. Sci., 

Research 1964–1965, Mathematics Section: 158–170. Moskov. Ènerget. Inst, Moscow (1965)
20.	 Secchi, S., Serra, E.: Symmetry breaking results for problems with exponential growth in the unit disk. 

Commun. Contemp. Math. 8, 823–839 (2006)
21.	 Smets, D.: Su, M. Willem, Non-radial ground states for the Hénon equation. Communicate. Contemp. 

Mathemat. 4, 467–480 (2002)

http://creativecommons.org/licenses/by/4.0/


1 3

M. Calanchi, C. Tarsi

22.	 Talenti, G.: Elliptic equations and rearrangements. Ann. Scuola Norm. Sup. Pisa Cl. Sci. 3, 697–718 
(1976)

23.	 Tarsi, C.: Adams’ inequality and limiting Sobolev embeddings into Zygmund spaces. Potent. Anal. 37, 
353–385 (2012)

24.	 Trudinger, N.S.: On embeddings into Orlicz spaces and some applications. J. Math. Mech. 17, 473–483 
(1967)

25.	 Wang, Z.: Nonradial positive solutions for a biharmonic critical growth problem Commun. Pure Appl. 
Anal. 11, 517–545 (2012)

26.	 Yudovich, V.I.: Some estimates connected with integral operators and with solutions of elliptic equa-
tions. Dokl. Akad. Nauk SSSR 138, 805–808 (1961)

27.	 Zhang, Y.,Wang, N.,Lü, Y.,Hao,J.: Existence of nonradial solutions for Hénon type biharmonic equation 
involving critical Sobolev exponents. Abs. Appl. Anal. (2014) https://doi.org/10.1155/2014/684679.

Publisher's Note  Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

https://doi.org/10.1155/2014/684679.

	﻿Symmetry breaking in biharmonic equations with weighted exponential nonlinearities
	﻿Abstract
	﻿1﻿ ﻿Introduction
	﻿﻿2﻿ ﻿Towards the critical threshold
	﻿﻿3﻿ ﻿The critical threshold ﻿﻿￼﻿﻿:﻿ proof of Theorems ﻿1﻿ and ﻿2﻿
	﻿3.1﻿ ﻿The sufficient condition
	﻿3.2﻿ ﻿The necessary condition: optimality of ﻿￼﻿﻿

	﻿﻿4﻿ ﻿Symmetry breaking: proof of Theorem ﻿3﻿
	﻿References


