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The orbital angular momentum (OAM) from a laser beam can be coherently transferred to a Bose-
Einstein condensate in a ring trap, in quantized units of 4. The light-matter coupling allows for the
superradiant transfer of the atoms between the discrete OAM states. Tuning the ring parameters
and winding number of the pump light, specific angular momentum states can be populated. This
in turn allows control of the emission to generate light with OAM different from that of the pump,
as the atomic ring imprints its contribution on the scattered light.

Introduction — Photons possess both translational and
spin-angular momentum, where the latter is associated
with different polarization states of the light wave [1].
Light may also be prepared in states with well-defined
orbital angular momentum (OAM), such as in Laguerre-
Gaussian (LG) beams [2]. Coherent control of the in-
teraction between light and matter facilitates the macro-
scopic transfer of those quantities from one medium to
another, opening up exciting and novel possibilities for
quantum information engineering, such as storing and
transferring light in ensembles of atoms [3].

The spatial modes of the matter field possessing or-
bital angular momentum are associated with a discrete
infinite-dimensional (because of the quantization of the
OAM) Hilbert space. Transferring orbital angular mo-
mentum from light to a Bose-Einstein condensate pro-
vides a route to entanglement that involves many or-
thogonal quantum states, rather than just two [4, 5].
Multi-dimensional entangled states could be of consid-
erable importance in the field of quantum information,
enabling, for example, a more efficient use of communi-
cation channels in quantum cryptography [6].

Recently, it has been shown that cold atoms trapped in
a ring trap and driven by a laser beam carrying OAM are
set in rotation and acquire bunching in phase [7]. De-
pending on the pump winding number ¢ and on the ring
radius, different harmonics of the phase become bunched,
similarly to the longitudinal configuration of light-matter
instabilities [3]. However, a classical treatment of the az-
imuthal motion of the atoms means that their OAM is
not quantized.

We here investigate the collective coupling between the
ring of atoms and light within a quantized approach,
so the OAM of the trapped condensate evolves through
states with integer numbers of h. The light-mediated
dipole-dipole interactions between the atoms results in a
“superradiant” coupling with the light, in analogy with

the coupling achieved in cigar-shaped matter waves and
linear-momenta states [9], yet here promoting the trans-
fer of the atoms toward different OAM states. The non-
linear nature of this light-atom dynamics leads to the
population of higher OAM states for the atoms and, con-
sequently, for the scattered photons. This population
of higher OAM states stems from the presence of higher
harmonics in the potential experienced by the atoms. We
show that this in turn enables the creation of cat states
and the emission of light with OAM different from the
pump.

Modelling the light-atom interaction — Let us consider
that the atoms are driven resonantly by an OAM laser
beam in the mode LGy, with electric field

Eo(p, ¢, 2) = AgR(p)e!FoHto=wot) 4 ¢ ¢ (1)

with R(p) = (V2p/w)’exp(—p?/w?) using cylindrical
coordinates, w the beam waist and ¢ the pump wind-
ing number. The atoms rotate in a ring trap in the
plane perpendicular to the pump propagation axis z (see
Fig. 1a), and they are described by the matter wave func-
tion ¥(¢, 7), where ¢ refers to the azimuthal angle. Their
dynamics is given by [7, 10]
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with 7 = wyt the dimensionless time, wy = h/2M p? the
angular recoil frequency, M the atom mass and p the ring
radius. The light-atom coupling is characterized by the
parameter 7 = N (I'/wy)(Q0/200)?R?(p), where N is the
atom number, Q¢ = dAy/h the pump Rabi frequency,
I" the atomic decay rate for the two-level transition at
frequency w,, d the associated dipole moment, and Ay =



wq —wp the pump-atom detuning. The potential V reads
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where q(p) = 1/sin®(¢/2) + €2 and ¢ is a cut-off parame-
ter. The potential V' has a finite range due to the multi-
mode emission in vacuum [11], and it decreases as 1/7j,
with the distance r;,, between the pair of atoms (j,m).
Since the atoms are set on a ring of radius p, we have
Tim = 2p|sin[(¢; — ¢ )/2]|. The phenomenological cut-
off € in ¢(¢; — 1) has been added to avoid the singularity
in the denominator and can be chosen arbitrarily small.

The wave function ¥ describes the atoms in
a BEC state, with the normalization condition
fOQﬂ |¥(¢,7)[?d¢ = 1. This wave-function can be
expanded on the basis of the angular momentum
states |m) as U(¢,7) = (1/vV2m) >, cm(T)exp(ime),
while the potential is expanded as a Fourier
series:  V(g) = >, Viexp(iky), with V, =
(1/2m) fo% V() exp(—ike)dp. By projecting Eq. (2) on
the state |m), we obtain the dynamical equations for the
probability amplitudes ¢, (7):
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where the normalization condition now reads
Yo lem(T)? = 1. The radiated intensity emitted
by the atoms is I(6,¢) = I;R*(p)N?|M (6, $)|?, where
[10]
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is the dimensionless electric field, € is the polar angle,
I = (hwol'/871r%)(Q0/24¢)? and 7 is the distance from
the detector. Introducing the m-th azimuthal bunching
coefficient
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the electric field rewrites as the sum of different OAM
components, composed by photons with angular momen-
tum Al = h(€ 4+ m):

M(aa ¢) = Z(_i)€+mJl+m(k0pSin g)cbm(T)ei(Zer)(ba
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where J,(x) is the Bessel function of the first kind and
of order n. The rescaled intensity averaged over the az-

imuthal angle is () =", JZ, ., (kopsin0)|®, |>.
Linear stability analysis — Let us now discuss the atom
dynamics. We observe that the cubic nonlinearity in
Eq. (4) couples state m with the states m =+ k provided
that a k-th Fourier component V. of the potential and a
k-th azimuthal bunching ®; are present. More quantita-
tively, the dynamical growth of the azimuthal bunching

FIG. 1. (a) Scheme of the atomic ring pumped with OAM
light, so the atoms acquire phase bunching. (b) Growth rate
|[Re(Ar)| for the modes m, as a function of the ring radius kop.
The mode with the strongest rate corresponds to m =~ kp.
Simulations realized with v = 0.2 and € = 0.1.

at harmonic m is obtained by a linear stability analysis of
Eq. (4) around the equilibrium point 3l = Om,0, Which
describes uniformly distributed phases. This leads to the
complex eigenvalues [10]

Am = Fimy/m? + YV, (8)

where the m-th azimuthal bunching ®,,, grows exponen-
tially as exp[Re(An,)7]. Hence, the exponential growth of
the azimuthal bunching ®,, requires a finite imaginary
part of the m-th Fourier component of the potential, V,,.
For ¢ = 0 the potential V() is an even function of ¢ and
Vi is real, hence the system is unstable only in presence
of OAM light, with £ # 0. Intuitively, the OAM pump ex-
erts on the atoms a torque forcing them to rotate. Since
the atomic angular momentum is quantized, the atoms
rotate with a discrete angular momentum, whose value
is determined by the anharmonicity of the potential V.

When uniformly distributed in phase, all the atoms ro-
tate with the same angular velocity and no macroscopic
rotation is visible. However, in presence of an OAM
beam, the combined effect of the pump and scattered
beam creates a self-consistent potential which modulates
the azimuthal atomic phases. As a result, atoms are cou-
pled by the scattered photons, recoiling in phase as an-
gular momentum is transferred from the light. Because
the beam-matter coupling grows with the bunching in
phase, an instability develops and both the bunching in
phase and the scattered intensity grow exponentially un-
til the moment when the atoms are transferred to a new
OAM state |m). In the case of a subwavelength trap, the
ring of atoms essentially behaves as a point-like dipole
and the matter is transferred to the state |¢), where h¢
is the angular momentum of the pump photons. How-
ever, increasing the ring radius p, the potential presents
higher harmonics and is able to transfer the atoms to
OAM states with m larger than .

According to Eq. (8), the system admits two different
regimes: a classical regime when ~|V;,| > m? and thus
Am =~ ximy/vV,,, which is characterized by an expo-
nential growth rate proportional to v/N, and a quantum
regime, when v|V,,,| < m? so that \,, ~ +i(m2++V,,/2),
which presents a rate proportional to N [12]. In the
classical regime, both the states |m) and | — m) be-
come populated almost simultaneously. Differently, in
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FIG. 2. (a) Populations N,, and (b) average angular velocity (w), in units of we, as a function of the dimensionless time 7. (c)
Dimensionless scattered intensity |M (0, ¢)|> and (d) I(0) vs 6 for kop = 1, £ = 1 and v = 0.05; The blue line is the component
with ¢ = 0, the red line is the component with ¢ = 1 and the dashed black line is the total intensity. for v = 0.05, kop = 1
and £ = 1. The inset in (b) presents the rate coefficients g (in a.u.) as a function of k, showing that the dominant transition

is for k = 1.

the quantum regime, the dynamical term exp(4im?7)
corresponds to a phase shift proportional to the rota-
tional energy L2/2Mp? = hwym?, with orbital angular
momentum L, = Am. This energy shift, which stems
from energy and angular momentum conservation in the
photon-atom scattering process, hinders the occupation
of one of the two states | &= m) (which one is populated
depends on the sign of Im(V,,,)). This leads to the scaling
of the growth rate as N for the quantum regime [12].

The scattering of the pump light into different OAM
states can be deduced from the eigenspectrum, whose
real part |[Re(\.,)| is presented in Fig. 1b for the quan-
tum regime (v = 0.2), as a function of the radius kgp and
of m. The fact that for increasing kqp the maximum oc-
curs at values of m which scales linearly with kgp implies
that larger ring are able to populate higher OAM states
of the condensate. This is a notable difference with the
case of the one-dimensional quantum collective atomic
recoil lasing (CARL) [8, 13, 14], where only transitions
between adjacent linear momentum states are possible.
This is due to the fact that CARL is characterized by a si-
nusoidal potential at the light wavelength, which results
from the interference between the pump and the back-
ward scattered modes. In the ring trap, the presence
of higher harmonics in potential (3) allows the atoms to
bunch at higher OAM states but also, as we shall see
later, to scatter photons of different OAM in different
directions.

Rate equations — In the quantum regime, when
Y|V < m?, the atoms are transferred to OAM states
|m) through a superradiant cascade which involves, es-
sentially, only two states at the time. Then, Eqgs. (4)
are approximated by the following rate equations for the
state populations N,, = |¢,, |*:

de m “+o0
ngNm—k - ngNch N, (9)
k=1 k=1

where gr = v|/Im(V})| are the rate coefficients, and with
the normalization condition ), = N,, = 1. These coupled
equations generalize the superradiant transition between
two states Ny and Nj when only a single coefficient gj is

present, and it solves as No x(7) = (1/2){1 F tanh[gy (T —
70)/2]}, with 79 = (1/gx)In[2/4/ N (0)] the delay time.
In the superradiant cascade the coherence of the matter
wave function is preserved and the phases of the com-
plex amplitudes ¢,, = v/Np,e'®m are determined by the
equations
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with ag = (7/2)Re(Vy).

For a small ring radius, kgp < 1, the atoms are trans-
ferred sequentially through the OAM states by steps of
Am = /. This is illustrated in Fig. 2, which depicts
the temporal evolution of the populations N, for the
first OAM states (see panel (a)) and the average angular
velocity (w) = > mN,, (see panel (b)). The angular
distribution of the scattered field intensity |M (6, ¢)|? is
plotted in Fig. 2(c) at the time when the bunching is
maximum (|®;]| ~ 1/2), while panel (d) shows the to-
tal average intensity /() as a function of the polar an-
gle 6 (dashed line), together with the main OAM com-
ponents. In this case the field (5) is approximated by
M0, ¢) ~ —iJi(kopsin @) exp(i¢) + P73 Jo(kopsin 0), with
|®1] &~ 1/2 and where we have neglected the term pro-
portional to Ja(sin@). The average intensity is I(0) ~
JE(kopsinB) + |®1]2J2 (kopsinf). In Fig. 2 we can ob-
serve the component ¢/ = 1 (red line), the component
¢" = 0 (blue line) and the total intensity (dashed black
line). The light with the same orbital angular momen-
tum of the pump ¢ = 1 is emitted in the perpendicular
direction, whereas the light with £ = 0 is emitted forward
and backward within a large diffraction angle. The total
intensity is almost isotropic, as expected for a small ring.

Populating higher OAM states — Atomic rings larger
than the wavelength are able to populate directly atomic
states with large OAM, taking advantage of the higher
harmonics of the potential V. In Fig. 3 we illustrate how
by choosing parameters such that the potential favors
the coupling to several higher OAM states, the system
can be cast in a macroscopic superposition. The pump
with £ = 2 transfers most of the atomic population from
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FIG. 3. Populations N,, as a function of the dimensionless
time 7. Simulations realized for kop = 5.605, £ = 2 and
~v = 1. The inset presents the rate coefficients g (in a.u.) as
a function of k, showing that the dominant transitions are for
k=5 and k =6.

m = 0 tom = 6, and to m = 5 to a lesser extent,
due to the set of coefficients g; among which gg and g5
are highest (the parameters have been chosen so g; = 0,
so transitions with Am = 1 are suppressed). The first
transition sees a transfer of population from m = 0 to
m =6 (Ng = 91%) and to m = 5 (N5 = 9%). During
the next transitions, the atoms are transferred to m = 12
and m = 11, then to m = 18 and m = 17, and so on,
since the specific set of parameters favors transitions with
Am = 6. Thus, after two transition channels are open
(that is, with Am = 5 and 6), a macroscopic superpo-
sition of two rotational states, is created. Throughout
the successive transitions toward higher phase bunching
states, superpositions of two states persist. The possi-
bility that these superposition states are Schrodinger cat
states will be investigated elsewhere.

Tailoring the light emission — The dynamical evolu-
tion to higher OAM atomic states in turn results in the
emission of light whose angular momentum differs from
the pump one. This can be a tool either for reading the
atomic state, or for producing light with a specific OAM.
In particular, one may choose the ring radius such that no
photons with the same OAM of the pump are emitted in
a particular direction, so light with a different OAM can
be collected more efficiently. As an example, we show in
Fig. 4(a) how an atomic ring with radius kgp = 5, along
with a pump of winding number ¢ = 2, is transferred to
the OAM state m = 5.

This bunching in phase leads to five-lobe radiation pat-
tern in the azimuthal direction, see panel (b). Because
the Bessel function Jy(kop sin @) vanishes for kop = 5 and
6 = 7/2, no photons with ¢ = ¢ = 2 are emitted in the
transverse direction. At this angle, only the component
with ¢/ = 1 +m = —3 of the scattered light is present.
Thus, in this specific direction, light with a well-defined
OAM, which is different from that of the pump, can be

collected.

In conclusion, we have demonstrated how orbital angu-
lar momentum can be transferred coherently from a sin-
gle Laguerre-Gaussian to a Bose-Einstein condensate in
a ring trap. The spontaneous formation of the azimuthal
bunching of ultracold atoms in the ring trap is at the
core of the process. The process is similar to the quan-
tum regime of collective atomic recoil lasing [3, 13, 14]
and to the superradiant Rayleigh scattering [9], but with
transfer of orbital angular momentum in units of & in-
stead of linear momentum in units of Ak. Differently
from these linear configurations, the many harmonics of
the potential here allow to promote the atoms to one or
more higher OAM states. This mechanism is particu-
larly promising for the creation of states of matter with
tailored OAM [15—-17]: in the present scheme, the choice
of the ring radius, by tuning the trap frequencies, al-
lows one to manipulate the relative populations of differ-
ent angular momentum states. The emission of photons
with angular momentum different from that of the pump
and with a specific spatial pattern offers the possibility
to either use this light to read the atomic state, or to
use the atomic ring to produce light with a new OAM.
The atomic ring may also be used as a beam splitter,
dividing the light into two or more topological states, so
robust phase qubits can be generated. In this context,
one may take advantage of the complete orthonormal ba-
sis formed by the OAM states to design more elaborate
quantum states for quantum information processing [18].

The proposed setup correspond to ring traps with radii
of a few optical wavelengths, or subwavelength for the
case p < A (yet this latter case does not produce ef-
ficiently higher OAM light). Recent advances in the
control of quantum gases have seen the development of
atom ring traps formed from both magnetic and optical
dipole potential, and more recent implementations using
hybrids of both, down to p = 9um ring traps [19, 20].
Although much more challenging, nanometer-scale traps
are also currently under investigation [21].
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