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We address multi-parameter quantum estimation for one-dimensional discrete-time quantum walks and its
applications to quantum metrology. We use the quantum walker as a probe for unknown parameters encoded
on its coin degrees of freedom. We find an analytic expression of the quantum Fisher information matrix for
the most general coin operator, and show that only two out of the three coin parameters can be accessed. We
also prove that the resulting two-parameter coin model is asymptotically classical i.e. the Uhlmann curvature
vanishes. Finally, we apply our findings to relevant case studies, including the simultaneous estimation of charge
and mass in the discretized Dirac model.

I. INTRODUCTION

Quantum enhanced metrology [1–5] is among the most
promising quantum technologies. Squeezing-enhanced opti-
cal interferometry [6, 7] has been recently exploited in grav-
itational wave detectors [8, 9], whereas quantum probes have
carved their place into experimental investigation of delicate
systems [10]. Several other applications of quantum enhanced
sensors have been also suggested [11–20]. Quantum metrol-
ogy has its foundations in quantum estimation theory [1–
4, 21–27], which assesses the ultimate precision in the estima-
tion of unknown parameters characterizing quantum systems
and operations.

Since the early stages of quantum simulation, quantum
walks have provided a formidable tool for both the determina-
tion of the computational power of quantum computers, and
the study of discrete quantum systems [28–32]. In fact, be-
ing the quantum analog of classical random walks (on con-
figuration spaces), quantum walks in either the discrete- or
continuous-time version [33] provide a simple but powerful
instrument to define and characterize quantum algorithms [34]
and communication protocols in the same way as classical
random walks are used to analyze randomized algorithms. On
the other side, discrete time and space version of fundamen-
tal equations, such as the Dirac equation, can be interpreted
as coined discrete-time quantum walks on lattices [35–42]. In
view of their use for in the realization of quantum protocols,
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the characterization of quantum walks at the quantum level
is a necessary step. Indeed, quantum metrological schemes
have been proposed and precision benchmarks have been ob-
tained for either the discrete [43]- or continuous-time quantum
walks [44].

In this work, we assess the ultimate precision attainable in
the determination of the unknown coin operator in a discrete-
time quantum walk. Since three parameters are necessary, in
the general setting, to define a unitary operator acting on a
two-level system, multi-parameter quantum estimation theory
will be exploited to determine bounds on the efficiency of un-
biased estimators of the coin operator. As we will see by ex-
ploiting our analytic expression of the quantum Fisher infor-
mation matrix, only two out of the three parameters defining
the coin operator may be actually accessed. On the other hand,
we prove that for the resulting two-parameter coin model there
is no incompatibility, i.e. the Uhlmann curvature vanishes and
the model is asymptotically classical. This fact implies that
the quatum walker can be used as an optimal probe in the
multi-parameter quantum metrology which yields to the com-
patible model of estimation [45].

The paper is organized as follows. We will first briefly in-
troduce multi-parameter quantum estimation and define the
relevant quantities in Section II. Section III is devoted to
coined discrete-time quantum walks. In Section IV we present
our main results about the analytic expression of the quantum
Fisher information matrix and Uhlmann curvature (or incom-
patibility) matrix. We proceed in Section V with presenting
some relevant examples, that allow us to establish the com-
patibility of our findings with what already present in the lit-
erature, and to illustrate the scope and range of our results.
Section VI closes the paper with some concluding remarks.
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II. MULTI-PARAMETER QUANTUM ESTIMATION

Quantum estimation theory deals with the assessment of
the ultimate estimation precision attainable in the presence of
quantum resources, such as coherence and entanglement. The
estimation process can be ideally seen as follows: a quan-
tum system, or probe, is prepared in a particular initial state,
evolved under the action of an Hamiltonian, or Liouvillian,
having unknown parameters, and then measured. The goal
of this procedure is to gain as much information as possible
on the unknown parameters, which determine the dynamics
of the probe. For fixed initial state and evolution, the amount
of information that is accessed upon measurement depends on
the measurement itself, whose outcome is then suitably pro-
cessed by means of an estimator. Analogously to the classical
Cramèr-Rao bound, limiting from above the efficiency of es-
timators in terms of a quantity independent of the estimator
itself, i.e. the Fisher information... (Graybill), the quantum
Cramèr-Rao bound fixes an upper bound to the the ultimate
efficiency of the parameter estimation in the presence of quan-
tum resources. In the case of a single unknown parameter θ,
once indicated by {ρθ} the family of quantum states depend-
ing on θ the ultimate precision of any unbiased estimator θ̂ for
θ is given by quantum Cramèr-Rao inequality:

σ2[θ̂] ≥ 1

F (θ)
, (1)

where σ2 is the variance of the estimator and F (θ) is the quan-
tum Fisher information (QFI) defined as

F (θ) = Tr
[
ρθL

2
θ

]
. (2)

Lθ is the symmetric logarithmic derivative (SLD) implicitly
defined by

∂ρθ
∂θ

=
1

2
{Lθ, ρθ}, (3)

and {·} denotes the anti-commutator. The QFI is therefore, as
its classical counterpart, independent of the measurement. We
moreover remark that the optimal measurement, i.e. the one
saturating the quantum Cramér-Rao inequality, is the projec-
tor operator which can be constructed by the eigenvectors of
the SLD [2].

These results and definitions can be extended to the multi-
parameter estimation scenario [46–50], namely when the un-
known parameters to be jointly estimated are more than one.
In this case we indicate by {ρΘ} the statistical model, with
Θ = (θ1, θ2, . . . , θn) and θi ∈ R. The Cramér-Rao bound (1)
for multi-parameter estimation is expressed as [51]

Cov(Θ) > F −1, (4)

where Cov(Θ) is the n × n covariance matrix; F denotes
instead the quantum information Fisher matrix (QFIm) with
elements defined as

Fµν =
1

2
Tr [%Θ{Lµ, Lν}] , (5)

where Lµ denotes the SLD with respect to the µ-th parameter.
From now on we omit the Θ subscript wherever clear from the
context for ease of notation.

Differently from the single-parameter case, in the multi-
parameter scenario the quantum limit given by the matrix in-
equality (4) is not achievable in general [45, 52–57]. This fact
has its root in the non-commuting nature of the operator al-
gebra, preventing the simultaneous measurement of arbitrary
observables with arbitrary accuracy and leading to trade offs
for the precision of the individual estimators.

A most useful scalar bound can be obtained by introducing
a real and positive weight matrix W . This yields

Tr [Cov(Θ)W ] > CS(Θ,W ), (6)

where

CS(Θ,W ) = Tr
[
F −1W

]
, (7)

also known as the symmetric bound. A tighter scalar bound
was derived by Holevo [46, 49], which can be numerically
calculated by means of linear semi-definite programming as
[54]. Recently, it has been proved that the Holevo bound
CH(Θ,W ) can be upper bounded by the symmetric bound
as follows [53]

CS(Θ,W ) 6 CH(Θ,W ) 6 (1 + R )CS(Θ,W ). (8)

The quantity R is defined as

R =
∥∥iF −1D

∥∥
∞, (9)

where ‖A‖∞ is the largest eigenvalue of the matrix A, and
0 ≤ R ≤ 1. The coefficient R measures the amount of
incompatibility of the unknown parameters, and is in fact de-
fined in terms of the Uhlmann curvature matrix

Dµν = − i
2

Tr [%Θ [Lµ, Lν ]] . (10)

Strictly speaking, multi-parameter quantum metrology cor-
responds to simultaneous estimation of multiple parameters
using a single quantum system to probe a quantum dynamics
with unknown parameters. Of course, separate experiments
may be also exploited, and in this case each parameter is in-
dependently estimated. This means that in every estimation
run all parameters except one are considered perfectly known.
The symmetric bound is not generally achievable in the simul-
taneous estimation, corresponding to the fact that in simulta-
neous estimation one uses only the resources of one of the
separate schemes.

The compatibility conditions are as follows: i) The
Uhlmann curvature matrix vanishes, Dµν = 0; this require-
ment ensures the existence of compatible measurements and
the saturability of the symmetric bound, ii) The QFIm is a di-
agonal matrix, i.e. Fµν = 0 for all µ 6= ν, which implies
that the different parameters can be estimated independently,
and iii) There exists a single probe state that maximizes the
QFIs for all parameters. When these compatibility conditions
are fulfilled, the performance of the simultaneous and sepa-
rate schemes will be equal to each other. Such models are
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referred to as compatible models [45]. In compatible mod-
els each of parameters is estimated independently with ulti-
mate precision, and typically require fewer resources with re-
spect to separate schemes [45, 58]. In this work, we prove that
discrete-time quantum walks provide a compatible model for
multi-parameter quantum metrology.

III. DISCRETE-TIME QUANTUM WALK

In a discrete-time quantum walk (DTQW) on a one di-
mensional lattice, at each time step a walker moves between
nearest-neighbor sites of the lattice with an amplitude that de-
pends on the state of a two-level system playing the role of a
coin [30, 31]. Between different moves, moreover, the state
of the coin can be modified by some operator. The Hilbert
space Hp of the walker is spanned by the elements of the po-
sition basis {|x〉 | x ∈ Z}, where |x〉 indicates that the walker
is on the x-th site of the lattice. A basis for the space Hc
of the coin is instead provided by the eigenstates {|0〉, |1〉}
of the Pauli matrix σz , and the complete lattice-coin space is
H = Hp ⊗Hc.

In this basis, the evolution of the quantum walk is therefore
determined by the repeated application to an initial state of the
form

|Ψ(0)〉 =
∑

x,j
cx,j(0)|x〉p ⊗ |j〉c (11)

of the operator

UΘ = S(1⊗ CΘ), (12)

where

S =
∑
x

|x+ 1〉〈x| ⊗ |0〉〈0|+ |x− 1〉〈x| ⊗ |1〉〈1| (13)

is the conditional shift operator and CΘ is the coin operator.
Neglecting an overall phase factor the most general form of
the coin operator, i.e. an element of U(2), is given by

CΘ = Cθ,α,β =

(
eiα cos θ eiβ sin θ
−e−iβ sin θ e−iα cos θ

)
. (14)

The parameters θ, α and β are the unknown parameters ad-
dressed by our multi-parameter estimation problem. The state
of the quantum walker after t steps is equal to

|ΨΘ(t)〉 = U tΘ|Ψ(0)〉. (15)

For our purposes it is expedient to work with a diagonal rep-
resentation of the shift operator. To this end we define a new
basis for the position space by applying the Fourier transfor-
mation [59]

|k〉 =
∑
x

eikx|x〉. (16)

The set {|k〉}, −π ≤ k ≤ π satisfies the completeness condi-
tion

1

2π

∫ π

−π
dk |k〉〈k| = 1, (17)

and, moreover,

δ(k − k′) =
1

2π

∑
x

e−i(k−k
′)x. (18)

The unitary operator in k-space is given by

UΘ =
1

2π

∫ π

−π
dk |k〉〈k| ⊗ uk(Θ), (19)

with

uk(Θ) =
(
e−ik|0〉〈0|+ eik|1〉〈1|

)
CΘ. (20)

Replacing Eq. (19) in Eq. (15) yields

|ΨΘ(t)〉 =
1

2π

∫ π

−π
dk |k〉 ⊗ |ϕtk(Θ)〉, (21)

where |ϕtk(Θ)〉 = utk|ϕk (0)〉 and

|ϕk (0)〉 = 〈k|Ψ(0)〉 , (22)

is the amplitude of initial state in k-space. We observe that we
have replaced utk(Θ) by utk to simplify the notation. It is clear
from Eq. (21) that in the k-space the state of the walker after
t steps will be block-diagonal and that the parameter depen-
dence appears only in the coin part.

IV. MAIN RESULT

Equation (21) is the pure state of DTQW after t steps
which is defined on the whole Hilbert space, namely the coin
and the position space. By exploiting the fact that for pure
states the relations

(
%2 = % = |Ψ〉〈Ψ|

)
and Lµ = 2∂µ% =

2 (|∂µΨ〉〈Ψ|+ |Ψ〉〈∂µΨ|) hold, it is possible to determine the
QFIm and the Uhlmann curvature matrix; their elements are
given by

Fµν [|Ψ〉〈Ψ|] = 4R
(〈
∂µΨ

∣∣∣∂νΨ
〉
−
〈
∂µΨ

∣∣∣Ψ〉〈Ψ
∣∣∣∂νΨ

〉)
,

(23)

Dµν [|Ψ〉〈Ψ|] = 4 I
(〈
∂µΨ

∣∣∣∂νΨ
〉
−
〈
∂µΨ

∣∣∣Ψ〉〈Ψ
∣∣∣∂νΨ

〉)
,

(24)

where R and I denote, respectively, the real and imaginary
part, and ∂µ = ∂

∂θµ
. The first derivative of Eq. (21) is

|∂µΨΘ(t)〉 =
1

2π

∫ π

−π
dk |k〉 ⊗ |∂µϕtk(Θ)〉 (25)

where

|∂µϕtk(Θ)〉 =

t−1∑
m=0

um+1
k Oµ u

m+1 †
k |ϕtk(Θ)〉, (26)

and Oµ = u †k ∂µuk (see Appendix A for details on the deriva-
tion). One can define the superoperator,Ak on the coin space
of the walker as
t−1∑
m=0

um+1
k Oµ u

m+1 †
k ≡

t−1∑
m=0

Am+1
k (Oµ) = A

′

k(Oµ). (27)
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This yields〈
∂µΨ

∣∣∣∂νΨ
〉
−
〈
∂µΨ

∣∣∣Ψ〉〈Ψ
∣∣∣∂νΨ

〉
(28)

=

∫ π

−π

dk

2π

〈
A

′

k(O†µ)A
′

k(Oν)
〉
t
−(∫ π

−π

dk

2π

〈
A

′

k(O†µ)
〉
t

)(∫ π

−π

dk

2π

〈
A

′

k(Oν)
〉
t

)
,

where

〈•〉t = 〈ϕtk(Θ)| • |ϕtk(Θ)〉 = Tr
[
•Atk(%0)

]
, (29)

with %0 = |ϕk (0)〉〈ϕk (0) |. In order to extract simple ana-
lytic relations for Fµν and Dµν , we adopt the superoperator
formalism[60, 61].

Any two-dimensional Hermitian (anti-Hermitian) opera-
tor like O can be represented in terms of Pauli matrices
{1, σx, σy, σz} as follows

O =
1

2
(o01 + oxσx + oyσy + ozσz) , (30)

where the coefficients oi are determined by the Hilbert-
Schmidt product Tr [Oei] ofO with the i-th element of a basis
for the space of 2 × 2 matrices. We set oi = Tr [Oσi] , i ∈

{0, x, y, z}, and σ0 = 1. The coefficients of the above ex-
pansion can be regarded as the elements of four-dimensional
column vector

|O) =

 o0

ox
oy
oz

 ≡ (o0, ~o)
T
, (31)

in which ~o is nothing else than the Bloch vector. The Bloch
vector reminiscent of the Bloch representation for any density
matrix.

Theorem 1 The elements of the QFIm Fµν and of the
Uhlmann curvature matrix Dµν are

Fµν = t2
{∫ π

−π

dk

2π
(Oµ| A1

k |Oν) (32)

−
(∫ π

−π

dk

2π
(Oµ| A1

k |%0)

)(∫ π

−π

dk

2π
(%0| A1

k |Oν)

)}
,

Dµν = 0, (33)

where Oi = u †k ∂iuk, i ∈ {α, β, θ}, uk represents the evolu-
tion operator, %0 = |ϕk (0)〉〈ϕk (0) | denotes the initial state
of the DTQW in k-space, and

A1
k = N


1
N 0 0 0

0 sin2 (k − β) − cos (k − β) sin (k − β) cot θ sin (k − β) sin (k − α)

0 − cos (k − β) sin (k − β) cos2 (k − β) − cot θ cos (k − β) sin (k − α)

0 cot θ sin (k − β) sin (k − α) − cot θ cos (k − β) sin (k − α) cot2 θ sin2 (k − α)

 , (34)

with N = sin2 θ
1−cos2 θ cos2(k−α) .

For the sake of readability, the proof of the theorem, requir-
ing quite heavy notation, is presented in Appendix C. Here
we limit ourselves to remark some consequences of our main
result.

Corollary 1: Only the parameters θ and α of the coin op-
erator can be estimated.

Proof: By exploiting the definition Oi = u †k ∂iuk, one can
easily show that

|Oθ) = 2i

 0
− sin(α− β)
cos(α− β)

0

 , (35)

|Oα) = i

 0
cos(α− β) sin 2θ
sin(α− β) sin 2θ

2 cos2 θ

 , (36)

|Oβ) = i


0

cos(α− β) sin 2θ
sin(α− β) sin 2θ
−2 sin2 θ

 . (37)

It is thus straightforward to show that

A1
k |Oβ) = 0. (38)

This result implies that Fµβ = 0 for µ ∈ {θ, α}; all nonvan-
ishing elements of Fµν are therefore given by θ and α.

Corollary 2: By vanishing the second term of the Fµν
in Eq. (32) which, in contrast to first one, is initial-state de-
pendent, the maximum value of the diagonal elements of the
QFIm is given by

Fµµ = t2
∫ π

−π

dk

2π
(Oµ| A1

k |Oµ) (39)

=

{
4t2 sin θ (1 + sin θ)

−1
µ = θ,

4t2 (1− sin θ) µ = α,

which explicitly depends the single parameter θ. Moreover, if
this limit is saturated by a suitable choice of the initial state,
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then the QFIm will be diagonal. This is due the form of the
off-diagonal elements (µ 6= ν), which contain the initial-state
independent terms∫ π

−π

dk

2π
(Oµ| A1

k |Oν) = 0. (40)

Corollary 3: In order to simultaneously maximize both the
diagonal elements Fθθ and Fαα of the QFIm–see Corollary 2,
one should solve Fθθ = Fαα which admits solutions sin θ =

−g and sin θ = −g−1, where g = 1+
√

5
2 and g−1 = 1−

√
5

2
are the “golden ratio” and the “golden ratio conjugate”, re-
spectively. Since g > 0, we have θ = arcsin(−g−1).

Corollary 4: If the walker is initially localized on a site of
the lattice, the elements of the QFIm are explicitly given by

Fθθ =
4t2

1 + sin θ

(
sin θ −

(n̂× ~r)2
ẑ

1 + sin θ

)
, (41)

Fφφ = 4t2 (1− sin θ)

(
1− (n̂ · ~r)2

1 + sin θ

)
, (42)

Fθφ =
−4t2 (1− sin θ)

cos θ (1 + sin θ)
(n̂ · ~r) (n̂× ~r)ẑ , (43)

where φ = α − β, n̂ = (sin θ cosφ, sin θ sinφ, cos θ), ~r is
the Bloch vector of the coin initial state, and (·)ẑ indicates the
third component of the vector. In particular, for a localized
initial state, the diagonal form of the QFIm is attainable by
choosing ~r = ∂θn̂—see Corollary 2.

Proof: All of |Oi)s depend on θ and φ = α − β see Eqns.
(35)-(37). In addition, for any local initial state in the position
space

|Ψ(0)〉 = |x0〉p ⊗ |χ〉c, (44)

and %0 = |ϕk (0)〉〈ϕk (0) | = |χ〉〈χ| does not depend on k.
The integration in Eq. (32) is thus taken over A1

k and the
solution of the integral depends on θ and φ. It follows that the
elements of the QFIm have only two independent parameters
(θ and φ). Equations (41), (42), and (43) can be easily derived
by calculating Eq. (32) with %0 ≡ |%0) = (1, ~r)

T .

Theorem 2 The choice of an optimal initial state of the quan-
tum walker, namely an initial state that makes the initial
state dependence expressed by the second term of the QFIm
(32), the DTQW yields to a compatible model in the multi-
parameter quantum metrology.

Proof: Theorem 1 and Corollary 2 indicate that choosing
the optimal initial states which maximize the both diagonal
elements of the QFIm and vanish the off-diagonal elements of
that, satisfy three compatibility conditions.

Let consider the initial-state dependent term of F in
Eq. (32) ∫ π

−π

dk

2π
(Oµ| A1

k |%′0) , µ ∈ {θ, α}. (45)

One can suppress this term by two approaches: i) choosing
initial states which satisfy A1

k |%′0) = 0; ii) choosing an en-
tangled initial state between the position space and the coin

space. In particular, we observe that for any entangled initial
state of the walker of the form

|Ψ′(0)〉 =
1√
2

(|x1,p0c〉+ |x2,p1c〉) , (46)

where x1 and x2 indicate two points in the position space and
|x1 − x2| is an odd number, we have∫ π

−π

dk

2π
(Oµ| A1

k |%′0) = 0, µ ∈ {θ, α}.

In this case |%′0) do depend on k but does not depend on the
unknown parameters. Hence by these two approaches, one
can find the optimal initial state of the quantum walker which
assures, together with the fulfillment of the other conditions,
the compatibility.

A (discrete-time) quantum walker can be used as a probe
in a multi-parameter quantum metrology scenario in which
the unknown parameters are encoded on the coin space of the
walker. The evolution is governed by the unitary operation
of the DTQW. As we showed, by suitably choosing the initial
state, the DTQW yields to a compatible model, where all pa-
rameters are estimated with ultimate precision independently
while consuming fewer resources. Moreover, optimal entan-
gled initial states does not depend to the unknown parameters,
in contrast to optimal local initial states—see Corollary 4. We
illustrate some relevant applications of our results by means
of the following examples.

V. CASE STUDIES

In order to gain insight about the applications of the above
general results, let us now consider few examples. In particu-
lar, we aim to show the applicability of our results in DTWQ-
related quantum metrology problems.

1. Single-parameter quantum metrology

We start by appling our results to the single-parameter case.
Without loss of generality in what follows we set α = β = 0,
and focus on the remaining parameter θ. In this case Eq.(41)
simplifies to

Fθ = t2f~r(θ) = t2
4 sin θ

[
1 + sin θ

(
1− r2

y)
)]

(1 + sin θ)2
. (47)

The ultimate estimation accuracy, as determined by the QFI,
is thus monotonically increasing with time; for fixed value of
the unknown parameter θ, moreover, the QFI is a function of
the initial state and is maximized by the set of states lying in
the x− z plane for which ry = 0, whereas the ±1 eigenstates
of σy minimize the QFI. As shown in Fig.1 at any fixed time
the difference between the optimal and worse choice of the
initial state can lead to 1/

√
2 factor in the standard deviation

of the efficient estimator of θ.
The minimum value of the Fθ is compatible with the results

in Ref.[43], where numerical evaluation for each initial state
of the coin was required.
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Figure 1. The QFI (47) for θ = π/4 as a function of time when a
maximizing (ry = 0, solid red line) or a minimizing (eigenstates of
σy , dashed blue line) initial state is selected. In the inset the prefac-
tor f~r(θ) for the same maximizing (solid red line) and minimizing
(dashed blue line) initial states as a function of θ.

2. Two-parameter quantum metrology with special initial states of
the coin

Let us now consider the following initial state of the walker
|Ψ1(0)〉 = 1√

2
(|0p0c〉+ |1p1c〉). This corresponds to an ini-

tially delocalized walker, over the site x = 0 and x = 1 in
the position space, and entangled with the coin. Substituting
|Ψ1(0)〉 in Eq. (22) yields

|ϕ′k(0)〉 =
1√
2

(
|0c〉+ e−ik|1c〉

)
, (48)

and

|%′0) = |ϕ′k(0)〉〈ϕ′k(0)| = (1, cos k,− sin k, 0)
T
. (49)

By exploiting Eq. (32) one can evaluate the QFIm as follows

F1 = 4t2
(

sin θ
1+sin θ 0

0 1− sin θ

)
, (50)

where the initial-state dependent terms of Eq. (32) vanish∫ π

−π

dk

2π
(Oθ| A1

k |%′0) =∫ π

−π

dk

2π

2i cos(k − α) sin(2k − β) sin2 θ

1− cos2(k − α) cos2 θ
= 0, (51)

and ∫ π

−π

dk

2π
(Oα| A1

k |%′0) =∫ π

−π

dk

2π

−i sin(k − α) sin(2k − β) sin 2θ

1− cos2(k − α) cos2 θ
= 0. (52)

In other words, having an initially entangled state makes the
off-diagonal elements of the F and the D to vanish, and max-
imizes its diagonal elements (see Theorems 1 and 2). The

θ=
π

4
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Figure 2. The behavior of the Holevo bound for the full state of the
walker as a function of time for θ = π/4 and θ = 3π/8. In the inset,
the quantity f~r (see Eq.(47)) as a function of θ.

model is thus compatible and the inequalities (8) are saturated,
so that

CH(Θ,W ) = CS(Θ,W )

= Tr
[
F −1

1 W
]
. (53)

In particular, by assumingW = 1, Tr
[
F −1

1 W
]

gives the sum
of the mean square errors for each of the unknown parameters.
One can thus calculate the Holevo bound

CH1 (Θ,W ) =
1

t2
g(θ) =

1

t2
sin θ + cos2 θ

4 sin θ(1− sin θ)
. (54)

Figure (2) shows the Holevo bound for the full state for dif-
ferent values of θ. One will asymptotically gain the factor 1

t2

which indicates a quadratic enhancement in precision.
As another example, we consider the following initial state:

|Ψ2(0)〉〈Ψ2(0)| = |0〉〈0| ⊗ |γ〉〈γ| (55)

|γ〉〈γ| = 1

2
(1 + cos γσx + sin γσy).

The localized initial condition of the walker sets us once again
under the conditions for Corollary 4 to apply. This time, how-
ever, the initial state of the coin is parametrized by γ. The el-
ements of the QFIm of the full space can be derived by means
of (41-43) and are

F2,θθ =
4t2

1 + sin θ

[
sin θ − sin2 θ

1 + sin θ
sin2(γ − φ)

]
, (56)

F2,αα = 4t2 (1− sin θ)

[
1− sin2 θ

1 + sin θ
cos2(γ − φ)

]
,

(57)

F2,θα =
−4t2 (1− sin θ)

cos θ (1 + sin θ)

[
sin2 θ sin(γ − φ) cos(γ − φ)

]
.

(58)

Note that by tunning γ in the initial state |Ψ2(0)〉 (Eq. (55)),
one finds the optimal value γ = φ which maximizes F2,θθ
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and makes the off-diagonal terms to vanish. On the other hand
F2,αα is not maximum. Hence for this local initial state the
compatibility conditions are not fulfilled.

3. Joint estimation of two components of the magnetic field

We apply our formalism to estimate the components of a
magnetic field [15, 62, 63]. In order to do that, we con-
sider a quantum walk in which the coin operation is gov-
erned by the magnetic field having two unknown components
~B = (0, b2, b3), where B =

√
b22 + b23 . The magnetic field

act therefore on a two-level system according to the following
Hamiltonian

e−iBB̂.σ = cosB1− i sinB
B

b2σy − i
sinB

B
b3σz. (59)

To estimate the unknown components of the magnetic field
within our formalism, we encode them on the coin operator of
the DTQW (Eq. (14)) as follows

sin θ = − sinB

B
b2,

tanα = − tanB

B
b3,

β = 0. (60)

This implies that estimating the unknown parameters of the
coin provides the components of the magnetic field.

4. Joint estimation of mass and charge in the Dirac equation

Our formalism may be used to simultaneous estimate physi-
cal quantities like mass and charge. In order to show this pos-
sibility, we consider the Dirac Hamiltonian in (1+1) dimen-
sions in the presence of an electromagnetic field (in Planck
units ~ = c = 1)

[iγµ (∂µ − iqAµ)−m]ψ = 0, (61)

where q and m denote the charge and the mass of a spin-
less particle, Aµ is the vector potential, and the γµ denote
Dirac gamma matrices with µ = 0, 1, satisfying the anti-
commutation relation {γµ, γν} = 2gµν1, in which gµν =
diag(1,−1) and 1 is the 2 × 2 identity matrix. We choose
γ0 = σx, γ1 = −iσy , and Aµ = (0, Ax)

T , i.e. we assume a
zero scalar potential. With the above assumptions, the Dirac
Hamiltonian, Eq. (61), rewrites as

i∂tψ = HDψ = (−iσz∂x + qAxσz +mσx)ψ. (62)

The unitary evolution of the Dirac Hamiltonian for small ε is
given by [36]

|ψ(t+ ε)〉 = e−iHDε|ψ(t)〉
= e−εσz∂xe−iε(qAxσz+mσx)|ψ(t)〉+O(ε2),

(63)

where in the last line we have employed the Lie-Trotter prod-
uct formula. Equation (63) shows that the evolution induced
by the Dirac Hamiltonian corresponds to a DTQW where the
first exponential term is the translational operator and the sec-
ond one denotes the coin operator. Moreover, it indicates that
the mass and charge of the particle corresponds to the coin
parameters as follows

sin θ =
−m√

q2A2
x +m2

sin
(
ε
√
q2A2

x +m2
)

' −mε,

tanα =
−qAx√

q2A2
x +m2

tan
(
ε
√
q2A2

x +m2
)

' −qAxε,

β =
π

2
. (64)

DTQW thus represents a convenient tool to simulate the evo-
lution of a Dirac particle, and to simultaneously estimate the
mass and the charge of the particle via coin parameter esti-
mation. Moreover, the vanishing of the Uhlmann curvature
assures that the mass and the charge can be estimated simul-
taneously with fewer resources.

VI. CONCLUSIONS

In this paper, we have addressed multi-parameter quantum
estimation for one-dimensional discrete-time quantum walks.
In particular, we have explored the possibility of exploiting
quantum walk to address the full statistical model, namely the
simultaneous estimation of different unknown parameters. We
have found the analytic expression of the quantum Fisher in-
formation matrix for the most general coin operator, and then
exploited our findings to demonstrate that a (discrete-time)
quantum walker can be used as an optimal probe if the un-
known parameters of the statistical model are encoded in the
coin space.

We have shown that for the full model, only two out of
the three parameters defining the coin operator can be ac-
tually accessed, and proved that the resulting two-parameter
coin model is asymptotically classical i.e. the Uhlmann cur-
vature vanishes. Finally, we have applied our findings to rel-
evant case studies, including the simultaneous estimation of
two components of a magnetic field and of the charge and
the mass of a particle in the discretized Dirac model. Our re-
sults clarify the role of coin parameters in discrete quantum
walks, and pave the way for further investigation in systems
with more than a walker.
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Appendix A: Proof of Eq. (26)

The first derivative of the coin part (|ϕtk(Θ)〉) is given by

|∂µϕtk(Θ)〉 = ∂µu
t
k|χ〉c =

t−1∑
m=0

umk 1 (∂µuk)ut−m−1
k |χ〉c =

t−1∑
m=0

umk uku
†
k (∂µuk)u†m+1

k utk|χ〉c

=

t−1∑
m=0

um+1
k

(
u †k ∂µuk

)
u†m+1
k |ϕtk(Θ)〉, (A1)

Appendix B: Useful relations in the calculation of the Bloch representation

Let us consider

A =
1

2
(a01 + ~a.~σ) , B =

1

2

(
b01 +~b.~σ

)
, C =

1

2
(c01 + ~c.~σ) .

It is it straightforward to show that

Tr [AB] =
1

2

(
A†|B

)
=

1

2

(
a0b0 + ~a.~b

)
, (B1)

Tr [ABC] =
1

4

(
i~a.(~b× ~c) + a0

(
B†|C

)
+ b0

(
C†|A

)
+ c0

(
A†|B

)
− 2a0b0c0

)
=

1

4

(
i~a.(~b× ~c) + a0(~b.~c) + b0(~a.~c) + c0(~a.~b) + a0b0c0

)
. (B2)

Using Eq. (B2), we also have

Tr [A{B,C}] = Tr [ABC +ACB]
(B2)
=

1

2

[
a0(~b.~c) + b0(~a.~c) + c0(~a.~b) + a0b0c0

]
, (B3)

Tr [A[B,C]] = Tr [ABC −ACB]
(B2)
=

1

2
i~a.
(
~b× ~c

)
. (B4)

Appendix C: Proof of theorem 1

Let us define the following transformatio

O′ = ukOu
†
k,≡ AkO, (C1)

where Ak denotes the superoperator. From Eqs. (20), (30), and (31), one obtains

O′ = ukOu
†
k =

1

2

(
e−i(k−α) cos θ e−i(k−β) sin θ
−ei(k−β) sin θ ei(k−α) cos θ

)(
o0 + oz ox − ioy
ox + ioy o0 − oz

)(
ei(k−α) cos θ −e−i(k−β) sin θ
ei(k−β) sin θ e−i(k−α) cos θ

)
, (C2)

with four-dimensional column vector representation as

|O′) =


o0

cos2(θ)(ox cos 2(k − α)− oy sin 2(k − α))− sin2 θ(ox cos 2(k − β) + oy sin 2(k − β))− oz sin 2θ cos(2k − α− β)
cos2 θ(ox sin 2(k − α) + oy cos 2(k − α)) + sin2 θ(oy cos 2(k − β)− ox sin 2(k − β))− oz sin 2θ sin(2k − α− β)

sin 2θ(ox cos(α− β) + oy sin(α− β)) + oz cos 2θ

 .

(C3)
We define |O′) = Ãk |O) in which

Ãk =


1 0 0 0
0 cos 2(k − α) cos2 θ − cos 2(k − β) sin2 θ − sin 2(k − α) cos2 θ − sin 2(k − β) sin2 θ − cos(2k − α− β) sin 2θ
0 sin 2(k − α) cos2 θ − sin 2(k − β) sin2 θ cos 2(k − α) cos2 θ + cos 2(k − β) sin2 θ − sin(2k − α− β) sin 2θ
0 cos(α− β) sin 2θ sin(α− β) sin 2θ cos 2θ

 .

(C4)
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In order to evaluate Eq. (28), we need to calculate A′

k =
∑t−1
µ=0A

µ+1
k and Atk . The spectral decomposition of Ãk yields

Ãk = |λ1〉〈λ1|+ |λ2〉〈λ2|+ e2iω|λ3〉〈λ3|+ e−2iω|λ4〉〈λ4|, (C5)

where the eigenvalues of Ãk are

λ1 = λ2 = 1, λ3 = e2iω, λ4 = e−2iω, (C6)

in which cosω ≡ cos(k − α) cos θ. From whence

Ã
′

k =

t−1∑
µ=0

Ãµ+1
k = t (|λ1〉〈λ1|+ |λ2〉〈λ2|) +

t−1∑
µ=0

e2iω(µ+1)|λ3〉〈λ3|+
t−1∑
µ=0

e−2iω(µ+1)|λ4〉〈λ4|

= t (|λ1〉〈λ1|+ |λ2〉〈λ2|) +
e2iω

(
1− e2iωt

)
1− e2iω

|λ3〉〈λ3|+
e−2iω

(
1− e−2iωt

)
1− e−2iω

|λ4〉〈λ4|, (C7)

and

Ãtk = |λ1〉〈λ1|+ |λ2〉〈λ2|+ e2iωt|λ3〉〈λ3|+ e−2iωt|λ4〉〈λ4|. (C8)

Substituting Eqs. (C7) and (C8) in Eq. (28) and neglecting fast oscillation terms (proportional to e±2iωt) of integrals in the
asymptotic limit (t � 1), reveals this fact that only the eigenvecotors corresponding to the λ1 and λ2 should be considered.
Hence in the asymptotic limit

Ã
′

k = tÃ1
k, (C9)

Ãtk = Ã1
k, (C10)

where Ã1
k = |λ1〉〈λ1|+ |λ2〉〈λ2| is a projector of Ãk in the subspace with the eigenvalue of 1 and

|λ1〉 =
1√

2(1− cosω)

 cos(k − α) cos θ − 1
sin(k − β) sin θ
− cos(k − β) sin θ
sin(k − α) cos θ

 , (C11)

|λ2〉 =
1√

2(1 + cosω)

 cos(k − α) cos θ + 1
sin(k − β) sin θ
− cos(k − β) sin θ
sin(k − α) cos θ

 . (C12)

Applying these relations to Eq. (28) yields

t2

2π

∫ π

−π
dkTr

[
A1
k

(
O†µ
)
A1
k(Oν)A1

k(%0)
]
−
(
t

2π

∫ π

−π
dkTr

[
A1
k

(
O†µ
)
A1
k(%0)

])( t

2π

∫ π

−π
dkTr

[
A1
k(Oν)A1

k(%0)
])

.

(C13)

By defining A1
k

(
O†µ
)
≡ A, A1

k(Oν) ≡ B, A1
k(%0) ≡ C, and noting Eq. (B2), we have

Tr
[
A1
k

(
O†µ
)
A1
k(Oν)A1

k(%0)
]

=
1

4
(Oµ| Ã1

k |Oν) ,

Tr
[
A1
k

(
O†µ
)
A1
k(%0)

]
=

1

2
(Oµ| Ã1

k |%0) ,

Tr
[
A1
k(Oν)A1

k(%0)
]

=
1

2
(%0| Ã1

k |Oν) , (C14)

in which we use the facts that a0 = b0 = 0, c0 = 1,
(
Ã1
k

)2

= Ã1
k, and

~a.(~b× ~c) = Det
(
Ã1
k

)(
~Oµ.( ~Oν × ~%0)

)
= 0. (C15)
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Noting that the explicit form of Ã1
k implies that Det

(
A1
k

)
= 0. Hence the simple form of Eq. (28) is〈

∂µΨ
∣∣∣∂νΨ

〉
−
〈
∂µΨ

∣∣∣Ψ〉〈Ψ
∣∣∣∂νΨ

〉
=
t2

4

{∫ π

−π

dk

2π
(Oµ| Ã1

k |Oν)−
(∫ π

−π

dk

2π
(Oµ| Ã1

k |%0)

)(∫ π

−π

dk

2π
(%0| Ã1

k |Oν)

)}
.

(C16)

We remark that Oi is the anti-Hermitian operator and the elements of |Oi) are purely imaginary. Consequently Eq. (C16) will
be a real expression. Then Dµν = 0—see Eq. (24).
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