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Abstract. Intuitionistic Strong Lob logic iSL is an intuitionistic modal
logic with a provability interpretation. We introduce GbuSLg, a termi-
nating sequent calculus for iSL with the subformula property. GbuSLg
modifies the sequent calculus G3iSLg for iSL based on G3i, by annotat-
ing the sequents to distinguish rule applications into an unblocked phase,
where any rule can be backward applied, and a blocked phase where only
right rules can be used. We prove that, if proof search for a sequent ¢ in
GbuSLp fails, then a Kripke countermodel for o can be constructed.

1 Introduction

Intuitionistic Strong Lob Logic iSL is the intuitionistic modal logic obtained by
adding both the Godel-Lob axiom O(0yp — ¢) — O¢ and the completeness
axiom ¢ — Oy to Ko, the O-fragment of Intuitionistic Modal Logic. Equiva-
lently, iSL is the extension of K with the Strong Lob axiom (Op — ¢) — ¢.
Logic iSL has prominent relevance in the study of provability of Heyting Arith-
metic HA. Tt is well known that the Godel-Lob Logic, obtained by extending
classical modal logic with Gédel-Léb axiom, is the provability logic of Peano
Arithmetic [11]. However, it is an open problem what the provability logic of HA
should be; a solution to this problem is claimed in a preprint paper [8]. In [16],
it is shown that iSL is the provability logic of an extension of HA with respect
to slow provability. Moreover, iSL plays an important role in the X;-provability
logic of HA [1]. We stress that iSL, as well as other related logics (such as the
logics iGL, mHC and KM investigated in [13,14]), only treats the [J-modality,
connected with the provability interpretation; it is not clear what interpretation
¢ should have and which laws it should obey.

In this paper we investigate proof search for iSL. Recently, in [13,15] some
sequent calculi for iSL have been introduced, obtained by enhancing the sequent
calculus G3i [12] for IPL (Intuitionistic Propositional Logic) with the rule RO
to treat right O (actually, four variants of such a rule are proposed). We start
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by presenting the sequent calculus G3iSLJ|:|r (see Fig.1), a polished version of
the calculus G3iSLg [13,15] where rule RO avoids some redundant duplications
of formulas. The calculus G3iSLE has the subformula property, namely: every
formula occurring in a G3iSLE—tree is a subformula of a formula in the root
sequent. However, G3iSLE is not well-suited for proof search. This is mainly due
to the rule L — for left implication, which has applications where the sequent
a — (3, = « is both the conclusion and the left premise, and this yields loops
in backward proof search. We are interested in a sequent calculus C where back-
ward proof search always terminates, that is: given a sequent of C and repeatedly
applying the rules of C upwards, proof search eventually halts, no matter which
strategy is used. A calculus of this kind is called (strongly) terminating and can
be characterized as follows: there exists a well-founded relation < on sequents
of C such that, for every application p of a rule of C, if the sequent o is the
conclusion of p and ¢’ is any of the premises, then ¢’ < o. Clearly, any calculus
containing rule L — is not terminating; in this case, to get a terminating proof
search procedure for C some machinery must be introduced (for instance, loop-
checking). A calculus C is weakly terminating if it admits a terminating proof
search strategy. The calculus G3i is weakly terminating. A well-known terminat-
ing calculus for IPL is G4i [2]; this is obtained from G3i by replacing the looping
rule L — with more specialized rules: basically, the left rule with main formula
a — [ is defined according to the structure of a. The same approach is used
in [13,15], where the G4-variants of the G3-calculi for iSL are introduced. The
obtained calculi are weakly (but not strongly) terminating and the proof search
procedure yields a countermodel in case of failure. This means that, if proof
search for a sequent 0 = I' = ¢ fails, one gets a Kripke model for o (as defined
in [1,7]) certifying that ¢ is not an iSL-consequence of I". These results have been
definitely improved in [10], where the G4-style (strongly) terminating calculus
G4iSLt for iSL is presented. Notably, the proofs of termination and completeness
(via cut-admissibility) have been formalized in the Coq Proof Assistant.

So far, it seems that the only way to design a (weakly or strongly) terminat-
ing calculus for iSL is to throw rule L — away and to comply with G4-style. As
a side effect, the obtained calculi lack the subformula property. Now, an intrigu-
ing question is: is it possible to get a terminating variant of G3iSLJ,£I still pre-
serving the subformula property? To address this issue, we follow the approach
discussed in [4,5], where (strongly) terminating variants of the intuitionistic cal-
culus G3i are introduced: the crucial expedient is to decorate the sequents with
one of the labels b (blocked) and u (unblocked). In backward proof search, if a
sequent has label b, the (backward) application of left rules is blocked, so that
only right rules can be applied. Accordingly, bottom-up proof search alternates
between an unblocked phase, where both left and right rules can be applied,
and a blocked phase, where the focus is on the right formula (the application
of left rules is forbidden). We call the obtained calculus GbuSLg (see Fig.2).
The subformula property for GbuSLg can be easily checked; to ascertain that
GbuSLp is terminating, we introduce the well-founded relation <y, on labelled
sequents (Definition 2). We show that a GbuSLg-derivation can be translated
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into a G3iSLE-derivation; as a corollary, the calculus G3iSLE is weakly termi-
nating. To prove the completeness of GbuSLg, we show that, if proof search
for a sequent o with label u fails, then a countermodel for o can be built. An
implementation of the proof search procedure, based on the Java framework
JTabWb [6], is available at https://github.com/ferram/jtabwb_provers/tree/
master/isl _gbuSL; the repository also contains the online appendix we refer to
henceforth.

2 The Logic iSL

Formulas, denoted by lowercase Greek letters, are built from an enumerable set
of propositional variables V, the constant 1 and the connectives A, V, — and
[J; =« is an abbreviation for « — L. Let o be a formula and I' a multiset of
formulas. By OI" we denote the multiset {Oa | o € I'}. By Sf(a) we denote
the set of the subformulas of «, including « itself; Sf(I") is the union of the sets
Sf(e), for every « in I'. The size of «, denoted by |«|, is the number of symbols
in a; the size of I', denoted by |I'|, is the sum of the sizes of formulas « in I',
taking into account their multiplicity. A relation R is well-founded iff there is
no infinite descending chain ... RzoRxz1Rzo; R is converse well-founded if the
converse relation R~! is well-founded.

An iSL-(Kripke) model K is a tuple (W, <,/ R,r, V) where W is a non-empty
set (worlds), < (the intuitionistic relation) and R (the modal relation) are subsets
of W x W, r (the root) is the minimum element of W w.r.t. <, V' (the valuation
function) is a map from W to 2Y such that:

(M1) < is reflexive and transitive;

(M2) R is transitive and converse well-founded;

(M3) R is a subset of <;

(M4) if wy < w; and w; Rws, then woRws;

(M5) V is persistent, namely: wo < wy implies V(wo) C V(wy).

Given an iSL-model K, the forcing relation I between worlds of K and formulas
is defined as follows:

K,wlkpiff pe V(w),VpeV K,wl L

K,wlFangiff C,wlkaand K,w ik G K,awlkavpgiff C,wlkaor K w3
K,wlFa— 8iff Vw' > w, if K, w’ IF o then K, w’ IF 3

K,w - O iff Vo' € W, if wRw' then K, w’ IF a.

We write w I ¢ instead of K, w IF ¢ when the model K at hand is clear from
the context. One can easily prove that forcing is persistent, i.e.: if w IF ¢ and
w < w', then w' IF ¢. Let I" be a (multi)set of formulas. By w IF I we mean that
w I ¢, for every ¢ in I'. The iSL-consequence relation =g is defined as follows:

IkEsLy iff VKVw (KiwlbFDl = K,wlkg).
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Fig. 1. The calculus G3iSL{, (p € V, k € {0,1}).

The logic iSL is the set of formulas ¢ such that () s ¢. Accordingly, if ¢ & iSL,
there exists an iSL-model I such that r ¥ ¢, with r the root of KC; we call
K a countermodel for . We stress that iSL satisfies the finite model prop-
erty [16]; thus, we can assume that iSL-models are finite and condition (M2)
can be rephrased as “R is transitive and irreflexive”.

Ezample 1. Figure) defines a formula ¥ and a countermodel K for ¥. The worlds
of IC are wy (the root), wr, wia, wis, wig, was. The relations < and R of K can
be inferred by the displayed arrows, as accounted for in the figure. For instance
wy < wig, since there is a path from ws and wig (actually, a unique path);
wo < wis and weRwqs, since the path from ws, and w5 ends with the solid
arrow —. However, it is not the case that wsRwig, since the path from ws to
w19 ends with the dashed arrow --+. In each world wy, the first line displays the
value of V(wy), the remaining lines report (separated by commas) some of the
formulas forced and not forced in wy. Since wq W 9, K is a countermodel for .

We remark that, if we replace a dashed arrow with a solid arrow, or vice-
versa, we get ws IF 9, thus K is no longer a countermodel for 1. For instance,
let us set we — wy. Then, we Rwy and, since wy ¥ s, we get we W Os, hence
wo W a. Since wr IF v and wio I G, it follows that wso IF v. Similarly, assume
w15 — wyg, which implies w5 Rwig. Then wys ¥ O-p (indeed, wisRwie and
w9 ¥ —p) and, by the fact that we Rwys, we get we W O0—p, thus we ¥ «; as in
the previous case, we conclude ws IF 9. Let us set wy — wis. Since wis ¥ C—p
and wyo Rwio, we get wo ¥ O—p; this implies that ws IF 1. O

In the paper we introduce some sequent calculi for iSL. For the notation
and the terminology about a generic calculus C (e.g., the notions of C-tree, C-
derivation, branch, depth of a C-tree), we refer to [12]. By k¢ o we mean that
the sequent o is derivable in the calculus C. Let C be a calculus and let < be a
relation on the sequents of C. A rule R of C is decreasing w.r.t. < iff, for every
application p of R, if o is the conclusion of p and ¢’ is any of the premises of p,
then o/ < 0. A calculus C is terminating iff there exists a well-founded relation
< such that every rule of C is decreasing w.r.t. <.

The calculus G3iSLE in Fig.1 is obtained by adding the rule RO to the
intuitionistic calculus G3i [12]. Sequents of G3iSL{, have the form I" = §, where I’
is a finite multiset of formulas and ¢ is a formula. The calculus is very close to the
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variant G3iSLE of the calculus G3iSLg for iSL presented in [13,15]. The notable
difference is in the presentation of rule R[J: given the conclusion I',JA = e,
in G3iSLY the premise is Oa, I, 0A, A = «, in G3iSLE the redundant multiset
OA is omitted. The calculus G3iSLE is sound and complete for iSL:

Theorem 1. '_G3iSLE I' =0 4iff I'EisL d.

The soundness of G3iSL{; (the only-if side of Theorem 1) immediately follows
from the soundness of G3iSLYy (for a semantic proof, see the online appendix);
the completeness is discussed in Sect.4.! It is easy to check that G3iSLJ,£I enjoys
the subformula property; however, as discussed in the Introduction, G3iSLE is
not terminating, due to the presence of rule L —.

3 The Sequent Calculus GbuSL

The sequent calculus GbuSLg is obtained from G3iSLJ,£I by refining the sequent
definition: we decorate sequents by a label [, where [ can be b (blocked) or u
(unblocked). Thus, a GbuSLo-sequent o has the form I'L §, with [ € {b,u}; I"
and § are referred to as the lhs and the rhs (left /right hand side) of o respectively.
We call I-sequent a sequent with label I; Sf(I" & §) denotes the set Sf(I"U {d}).
To define the calculus, we introduce the following evaluation relation.

Definition 1 (Evaluation). Let I' be a multiset of formulas and ¢ a formula.
We say that I' evaluates @, written I' > @, iff ¢ matches the following BNF:

e=y|lpAo|pValaVe|a—e|Op withy eI and a any formula.

By I'> A we mean that I' >4, for every 6 € A. We state some properties of
evaluation.

Lemma 1.

(i) If T'>p and I’ C I, then I' > .

(i) If TUA> @ and I > A, then T'UT" > .
(ii5) If I'> @, then I' N St(p) > .

(i) If I'>p, then '_G3iSLE I' = .

(v) If ' and K,w Ik T, then K, w I+ @.

Proof. All the assertions are proved by induction on the structure of ¢.

(i). Let I'bp and I' C I'; we prove I" > . If o € T', then ¢ € I'", hence I'' > .
Let us assume ¢ € I'. If ¢ = a A, then I'> « and I' > (5. By the induction
hypothesis, we get ">« and I >3, hence I''>a A 3. The other cases are similar.
(ii). Let T'U A @ and IV > A; we prove I' U IV > . Let us assume ¢ € I'U A.
If o € I', then I' U T” > . Otherwise, it holds that ¢ € A. Since I'" > A, we

1 'We stress that the completeness of G3iSLE is not a consequence of the one of G3iSLE,
since rule RO of G3iSL{, is a restriction of rule RO of G3iSL{.
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get IV > ¢; by point (i), we conclude I" U I'" > . Let us assume ¢ ¢ I' U A. If
@ =aAf, then 'UAp>a and I' U A (. By the induction hypothesis we get
I''ul">aand 'UT" >3, hence I'U T >a A 3. The other cases are similar.
(iii). Let I'>y: we prove I'NSt(p)>. If ¢ € T, then ¢ € I'NSf(p), which implies
I'nSf(p)> . Let o € I'. If o = a A B, then I'> v and I'> 8. By the induction
hypothesis, we get I' N Sf(a) > and I' N SE(B) > 5. Since Sf(a) C Sf(a A ) and
St(B) C Sf(a A B), by point (i) we get I' N Sf(a A B)>a and I'NSf(a A B) > 5;
we conclude I' N Sf(a A B) > a A 8. The other cases are similar.

(iv). We prove the assertion by outlining an effective procedure to build a G3iSLE—
derivation of the sequent I' = ¢. We start by showing that:

(%) |_G3iSLE p, I" = ¢, for every formula ¢ and every multiset of formulas I".

We prove (*) by induction on the structure of . If ¢ € VU {L}, a G3iSL{-
derivation of ¢, I" = ¢ is obtained by applying rule Id or rule L L. Otherwise, a
G3iSLE—derivation of ¢, I" = ¢ can be built as follows, according to the form of
0, where the omitted G3iSLE—derivations are given by the induction hypothesis:

a, B, =« a, B8, =3 o, = « B, I =

_— RV ——— X RV
aNB, I =« LA aNg, I =3 R/\ a, I’ =>aVvp 0 B, ' =>aVp I !
aANB,I =aNp A aVp,I =aVp v
, I = 68,1 = ’
va—pB @ B A L — Oa,a, " = «

a,a— B, =0
a— B, =>a—0

R — Da,F = o

Let I' > ¢; we show that I" = ¢ is provable in G3iSLE. If ¢ € I', the assertion
follows by (*). Let us assume ¢ ¢ I'. According to the shape of ¢, a G3iSL{-
derivation of I' = ¢ can be built as follows:

I' =>a«a I =g I' = o o, I’ = p Oo, I' = «
RA RV R — RO
I' =>ang I' ==a)Var I' =a—0 I' = o

The omitted G3iSLJDr—dcrivations exist by the induction hypothesis; for instance,
if o =aAp, then I'>b« and I'> 3, hence both I' = « and I' = [ are provable
in G3iSL{. In the cases p = o — (3 and ¢ = Oa, we also have to use point (i).
For instance, let ¢ = a — f3; then, I'> 8 and, by point (i), we get I' U {a} > 3,
hence the G3iSLE—derivation of a,I' = [ exists by the induction hypothesis.

(v). Let I'b and w IF I' (in K); we prove that w I ¢. The case ¢ € I is trivial.
Let p € I'. If o = a A B, then I'>« and I'> 3. By the induction hypothesis, we
get w IF a and w IF 3, hence w - a A 3. The other cases are similar. |
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Fig. 2. The calculus GbuSLg (I € {b,u}, k € {0,1}).

The calculus GbuSLy (see Fig.2) consists of the axiom rules Ax” and L1,
together with left/right rules for each logical operator. The calculus is oriented
to backward proof search, where rules are applied bottom-up. If the conclusion of
a rule has label b, the (bottom-up) application of left rules is blocked. There are
two rules for right implication, namely R>, and R%,; the choice between them is
settled by the evaluation relation >. Right O-formulas are handled by rules RE'
and RE; here the choice is determined by the label of the conclusion. We remark

that if 0 = I, DAL Oa and I'UOA > Oa, then o is an axiom sequent (see rule
Ax") and an application of rule RE to o is prevented by the side condition of
RE. Rule RE is similar to rule RO of G3iSLE: both rules introduce in the lhs
of the premise a copy of the main formula O« (also called diagonal formula); in
rule RE’ such a duplication is not required. In backward proof search, a b-sequent
starts the construction of a branch only containing b-sequents, where only right
rules are applied. This phase ends either when an axiom sequent is obtained or
when no rule can be applied or when one of the rules turning a label b into u is
applied (namely, rules RY, and RE).

Ezample 2. We show a GbuSLp-derivation of the u-sequent og = % —=p.

C Ax” — Ll
Up, ~Up = Up 4y Up, L =p
Op, ~Op & p 3,
o ., LL
~Hp=Up ) L= L
-
—Op= Ly

=="Up o)
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In the derivations each sequent is marked with an index (n) so that we can
refer to it as 0,. The above derivation highlights some of the peculiarities of
GbuSLg. In backward proof search, oq is obtained by a (backward) application
of rule L — to oq; the label b in o5 is crucial to block the application of rule
L —, which would generate an infinite branch. The sequent o3 is obtained by
the application of rule RE to os9. In this case, the key feature is the presence
of the diagonal formula Op; without it, the sequent o3 would be =(p & p and,
after the application of L — (the only applicable rule), the left premise would

be 04 = ~Op 2 Op, which yields a loop (04 = 03). O
We state the main properties of GbuSLg.
Theorem 2.

(i) GbuSLg has the subformula property.

(#i) GbuSLg is terminating.
(iii) Fobusiy I8 implies I' =is & (Soundness).
(i) I' l=isL 0 implies Fepusiy I =0 (Completeness).

We remark that in soundness [ is any label; instead, in completeness the label is
set to u. For instance, since p V ¢ |=isi ¢ V p, completeness guarantees that the
u-sequent o = pV ¢ gV p is provable in GbuSL. A GbuSLg-derivation of o
is obtained by first (upwards) applying rule LV to ¢" and then one of the rules
RVg or RVy; if we first apply a right rule, we are stuck (e.g., if we apply RV
to o, we get the unprovable sequent p V ¢ ¢). On the contrary, the b-sequent
pV g2 qVpis not provable in GbuSLg, since the label b inhibits the application
of rule LV and forces the application of a right rule.

The subformula property of GbuSLg can be easily checked by inspecting
the rules; termination is discussed below and completeness in the next section.
Soundness can be proved in different ways. One can exploit semantics, relying
on the fact that rules preserve the consequence relation isi (see the online
appendix). Here we prove the soundness of GbuSLg by showing that GbuSLg-
derivations can be mapped to G3iSLE—derivations.

Proposition 1. If GbuSLg F I' L. §, then G3iSLE F I' = 4.

Proof. Let T be a GbuSLg-tree with root sequent o = I’ L, §;7T can be translated
into a G3iSLE-tree 7 having root sequent & = I" = & by erasing the labels and
weakening the lhs of sequents when rules R*, and RE are applied. Assume now
that the GbuSLg-tree 7 is a GbuSLg-derivation of o and let 6* = A = ¢ be a
leaf of 7 which is not an axiom of G3iSL7. Note that An, hence by Lemma 1(iv)
we can build a G3iSLE—derivation D* of o*. By replacing in 7 every leaf o* with
the corresponding derivation D*, we eventually get a G3iSLE-derivation of 6. 1

To prove the termination of GbuSLg we have to introduce a proper well-
founded relation <y, on labelled sequents. As mentioned in the Introduction,
the main problem stems from rule L —. Let ¢ and ¢’ be the conclusion and the
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left premise of an application of rule L —; we stipulate that ¢’ <, o since o’
has label b and ¢ has label u; thus, we establish that b weighs less than u. Now,
we need a way out to accommodate rules RY and RE that, read bottom-up,
switch b with u. In both cases, we observe that the lhs of the premise evaluates
a new formula; e.g., in the application of rule R¥, having premise «, I' & 3 and
conclusion I'4 o — 3, it holds that I i a (side condition) and I' U {a} b a
(definition of ©>); this suggests that here we can exploit the evaluation relation.
Let Ev be defined as follows:

Ev(I'L ) = {¢ | peSH(IU{6})and I'> ¢}

Note that Ev(c) C Sf(o). We also have to take into account the size of a sequents,
where |I" L §| = |I'| + |6]. This leads to the definition of <

Definition 2 (<py). 0’ <pu 0 iff one of the following conditions holds:

(a) St(c’") C St(o);

(b) St(o’) = St(o) and Ev(c’) D Ev(o);

(c) Sf(o’) = St(o) and Ev(o’) = Ev(o) and label(c’) = b and label(c) = u;
(d) St(c’) = St(o) and Ev(c’) = Ev(o) and label(o’) = label(o) and |o'| < |o].

Proposition 2. The relation <y, is well-founded.

Proof. Assume, by contradiction, that there is an infinite descending chain of the
kind ... <py 01 <pu 00. Since Sf(og) 2 Sf(o1) D ... and Sf(oy) is finite, the sets
Sf(o;) eventually stabilize, namely: there is k£ > 0 such that Sf(o;) = Sf(oy) for
every j > k. Since Ev(o;) C Sf(o;), we get Ev(ox) C Ev(og41) € ... C Sf(ox).
Since Sf(oy) is finite, there is m > k such that Ev(o;) = Ev(o,,) for every j > m.
This implies that there exists n > m such that all the sequents o, 0,41, ... have
the same label; accordingly |oy,| > |on+1| > |onaa| > ... > 0, a contradiction.
We conclude that <y, is well-founded. |

To prove that the rules of GbuSLg are decreasing w.r.t.<y,, we need the
following property.

Lemma 2. Let p be an application of a rule of GbuSLg, let o be the conclusion
of p and o’ any of the premises. For every formula ¢, if Ths(o)>¢ then lhs(o’)>e.

Proof. The assertion can be proved by applying Lemma 1. For instance, let o =
IOAY% Oa and o' = I A% o be the conclusion and the premise of rule RY;
assume that I' UOA > . Since A>OA, by Lemma 1(ii) get I"' U A . |

Proposition 3. Every rule of the calculus GbuSLp is decreasing w.r.t. <py.

Proof. Let o and o’ be the conclusion and one of the premises of an application
of a rule of GbuSLg. Note that Sf(¢’) C Sf(o); moreover, if Sf(¢’) = Sf(o), by
Lemma 2 we get Ev(o’) 2 Ev(o). We can prove ¢’ <y, o by a case analysis; we
only detail two significant cases.
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I'** is a multiset of propositional variables, I'™ is a multiset of —-formulas
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7F“6 I—vb Fb 7F116
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Fig. 3. The refutation calculus RbuSLy (I € {b,u}, k € {0,1}).

’

o =a—-pBT2a B, %5
c=a—pIT3%6

If Sf(o") C Sf(0), then o’ <py, o by point (a) of the definition. Otherwise, it holds
that Sf(¢’) = Sf(o) and Ev(¢’) D Ev(c). If Ev(o’) D Ev(c), then ¢’ <py o by
point (b); otherwise, ¢’ <y, o follows by point (c).
o = 0o, A% o
o = I0AL Qo

R}  T'uOA¥ Do

If Sf(¢’) C Sf(o), then o' <py o by point (a). Otherwise, Sf(o’) = Sf(c) and
Ev(¢’) 2 Ev(o). Note that Do € Ev(o’) and, by the side condition, Da ¢ Ev(o).
This implies that Ev(c’) D Ev(o), hence o’ <py o by point (b). [ |

By Proposition 2 and 3, we conclude that the calculus GbuSLp is terminating.

4 The Refutation Calculus RbuSL

A common technique to prove the completeness of a sequent calculus C consists
in showing that, whenever a sequent o is not provable in C, then a counter-
model for o can be built (see, e.g., the proof of completeness of G4iSLg dis-
cussed in [13,15]); we prove the completeness of GbuSLg according with this
plan. Following the ideas in [3-5,9], we formalize the notion of “non-provability
in GbuSL” by introducing the refutation calculus RbuSLg, a dual calculus to
GbuSLg. Sequents of RbuSLp, called antisequents, have the form I’ L §. Intu-
itively, a derivation in RbuSLg of I" Ly § witnesses that the sequent I' L § is
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refutable, that is, not provable, in GbuSLp. Henceforth, I'®® denotes a finite
multiset of propositional variables, I'~ denotes a finite multiset of —-formulas
(i.e., formulas of the kind o — ). The axioms of RbuSLg are the irreducible
antisequents, namely the antisequents I’ Ly § such that the corresponding dual
sequents I' L § are not the conclusion of any of the rules of GbuSLg. Irreducible
antisequents are characterized as follows:

Definition 3. An antisequent o is irreducible iff ¢ = I'* '~ 0A L & and
both (i) 6 € VU{LH\IT? and (i) l=Db or '™ =1.

The rules of RbuSLg are displayed in Fig.3. In rules S2*, SY and S5 (we call
Succ rules) the notation {I" LN 0}a—per— means that, for every a« — € ',

the b-antisequent I" & « is a premise of the rule. Note that all of the Succ rules
have at least one premise (in rule S2* this is imposed by the condition '™ # 0)).
The next theorem, proved below, states the soundness of RbuSL:

Theorem 3 (Soundness of RbuSLp). If Frpusiy I' % 6, then I s 9.

Ezample 3. Figure 4 displays the RbuSLg-derivation D of oy = 2 1. The (back-
ward) application of rule SY to o3 has three premises, the left-most one is related
to the formula p — ¢ in ©. The application of rule S{?t to o7 has only the
premise og, generated by the formula —s in A. To 013 we must apply R>,, since
X' q. The application of rule S4* to oa4 gives rise to two premises, correspond-
ing to the formulas =—¢ and —p in {2. By Theorem 3, we get b~ p. ¥, namely
¥ & iSL. %

Countermodel Extraction. An iSL-model I with root r is a countermodel for
oc=1 2 §iff rlI- I and r ¥ §; thus K certifies that I" |55 . Let D be an
RbuSLp-derivation of a u-antisequent of; we show that from D we can extract
a countermodel Mod(D) for of. A u-antisequent ¢ of D is prime iff o is the
conclusion of rule Irr or of a Succ rule. We introduce the relations <, < and <gr
between antisequents occurring in D:

— 01 < 09 iff 07 and o3 belong to the same branch of D and oy is below o9;

— 01 = o9 iff either 097 = 09 or 01 < 09;

— 01 <R 09 iff there exists a u-antisequent ¢’ such that o1 < ¢/ < 09 and ¢’ is
either the premise of rule RE or the rightmost premise of SE'.

We define Mod(D) as the structure (W, <, R, o2, V') where:

— W is the set of the prime antisequents of D;

— < and R are the restrictions of < and <g to W respectively;
— o is the <-minimum prime antisequent of D;
-V(I'x4d)=TnV.

It is easy to check that Mod(D) is an iSL-model; in particular, o} exists since
the antisequent at the root of D has label u. We introduce a canonical map ¥
between the u-antisequents of D and the worlds of Mod(D):
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=a—=(BV(yVy) a = (p—q) ANOs AOO-p A OOO-q

=-(pA-s) y=-¢q—05 §=-pvO-p

p — ¢, Os, O0-p, O0O0O-qg A = p, q, —s, Os, O0-p, O0O0O-g

= q, 7q, Os, O0-p, O0O0—-q T = gq, s, g, O-p, O0—q

2 = q, s, ~—q, —p, O-—p, O—q antisequents marked by x are prime

In L — application (f) the main formula is p — g (thus, p — ¢ is replaced with q)

bi IIT .
- YA Lag Ro (see below)
b
AL s " X3 q13) T %8s * o0
A% Lopyx X % 06 (1) *
el O JAENGS! - L —M
p, 78, O % L (6) =g, © % 06 (11)
u LA b RE} b Trr
pA-s, O3 L5 O 2 v (10) O 2 q(28)
b Trr b RY, b
CES 16 O 3 B O % Vg SV
0% BV(YVQ) () * !
LA (four times)
ah BV (yVa )
* ¥ (0) -~
bi Irr
2% L2
T Irr bi() R2>, — Trr
T 3% L R, 2 2 —q (25) 22 parn GAt
N N 2% 1o * U
- Ter p # 74 (20) Sé“ #+ 1 (24) R,
Y3 Lan P, T3 L(19)* 2% —p(23) o
b RZ b RY, Th o
Y 2 —q(16) Y 2 -pis) Y 2 O-p (22 gV
T % 515 * b

Fig. 4. The RbuSLg-derivation D of 0o = 3 1 (see Example 3).

- ¥(o") = o, iff o, is the =-minimum prime antisequent o such that o" < 0.

One can easily check that ¥ is well-defined and ¥(o,) = oy, for every prime o,,.
We state the main properties of Mod(D).

Theorem 4. Let D be an RbuSLp-derivation of a u-antisequent o).

(i) For every u-antisequent o = I" 2 6 in D, ¥(c") IF I" and ¥ (") ¥ 6.
(#i) Mod(D) is a countermodel for of.

Point (ii) follows from (i) and the fact that ¥(oy) is the root of Mod(D). The
proof of (i) is deferred below. We remark that point (ii) of Theorem 4 immediately
implies the soundness of RbuSLg (Theorem 3).
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Example 4. At the top of Fig.5 we represent the structure of the RbuSLg-
derivation D of Fig.4, displaying the information relevant to the definition of
Mod(D). The countermodel Mod(D) for ¢ coincides with the iSL-model in the
figure and described in Example 1; the figure also reports the canonical map ¥.

O

Structure of the RbuSLg-derivation D (x: prime, e: label b)

026@®
021@ 025@ o27@ At
020® A 024 % v
gi7e® Jgigx " 023 o
g14@ J16® oige® 0220 Sy
age At 013@ 015 % <0 v
o7 % v 012 * u
J6 11
05 g10® 028@
o3e® g4 og® v
09 * u
o1
o0 = %V
v =a—=(BV(yVa) a = (p—q) ANOs AOO-p A OO0-q
ﬂ = —v(p A\ _\S) vy = g — 0é J = -pV \:‘ﬁ—\p
w24 s
w19 : P, 4, S I Lk
/| _
|F _|_‘q J% _|_‘q7 /g
. P
w < w' iff w=w or / W15:q,s /
there is a path from w to w I 0 oo o2 K05 02 K011
w Rw’ iff there is a path from W _‘_‘ql’j P s -4 o12 <R 015
w to w’ ending with — P, =P, o015 L 019 015 <R 023
wy is an alias for oy T W(00) = (o) = U(02) = ws
w7 : P, q A 8 ¢ U(os) = ¥(o6) = ¥(o7) = wr
I-p—q, =g W(o11) = U(012) = w12
LI;];—) 4 7S PATS Y L Os, O0—p, O0O0—q, 8 T(o15) = wis
- W 06, ’j W (o19) = wie
N 7 V(o33) = W(024) = woaa
w2

IFp — q, Os, O0-p, O00O—q, «
¥B,v, a8V (Ve v

Fig. 5. The countermodel Mod(D) for ¢ (see Examples1, 4).

Proof Search. We investigate more deeply the duality between GbuSLp and
RbuSLo. A sequent o = I'L § is regular iff | = u or I' = '™, '~ 0A; by & we
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denote the antisequent I" % 8. Let o be a regular sequent; in the next proposition
we show that either o is provable in GbuSLg or @ is provable in RbuSLp. The
proof conveys a proof search strategy to build the proper derivation, based on
backward application of the rules of GbuSLg. We give priority to the invertible
rules of GbuSLp, namely: LA, RA, LV, R>,, RY,, RE; as discussed in the proof
of Proposition 4, the application of such rules does not require backtracking. If
the search for a GbuSLg-derivation of o fails, we get an RbuSLg-derivation of &.
The proof search procedure is detailed in the online appendix.

Proposition 4. Let o be a regular sequent. One can build either a GbuSLg-
derivation of o or an RbuSLg-derivation of &.

Proof. Since <y, is well-founded (Proposition 2), we can inductively assume that
the assertion holds for every regular sequent ¢’ such that ¢’ <y, o (IH). If o or
7 is an axiom (in the respective calculus), the assertion immediately follows. If
an invertible rule p of GbuSLp is (backward) applicable to o, we can build the
proper derivation by applying p or its dual image in RbuSLg. For instance, let us
assume that rule LV of GbuSLp is applicable with conclusion o = ag V a1, I' 2.6
and premises oy, = ay, I' = J. Let k € {0,1}; since o), <py o (see Proposition 3),
by (IH) there exists either a GbuSLg-derivation Dy, of oy, or an RbuSLg-derivation
& of 7. According to the case, we can build one of the following derivations:

Do D1 50 51
JAENY) 'y J AN} r%é

o, L = a1, L = v Qo, > LVo aq, 7> LV,
Oé()VCM1,F;>5 040\/0[1,th>5 aoVal,Fééé

Let us assume that no invertible rule can be applied to o; then:
~o=T%6with'=7*T~ 0OAand § € VU{L, § V1, 0dp }.

We only discuss the case § = 0dg. Let o9 = I'**, ', A% §y be the premise
of the application of rule RY of GbuSLg to o; for every a — € I'”, let
0o =T2aand o5 =T\ {a — B}, § be the two premises of an application
of rule L — of GbuSLg to o with main formula o« — . By the (IH):

— we can build either a GbuSLg-der. Dy of oy or an RbuSL-der. & of 7g.
— for every @« — 8 € I'” and for every w € {«, 3}, we can build either a
GbuSL-derivation D, of o, or an RbuSLg-derivation &, of 7.

One of the following four cases holds:

(A) We get Dy.

(B) There is @« — 3 € I'” such that we get both D, and Dg.
(C) There is a — € I'~ such that we get &g.

(D) We get & and, for every a — S € I, &,.

According to the case, we can build one of the following derivations:

Do Do Ds s Ea &o
(A) ZO RO (B) o‘aaag I (©) ? I D) ... aﬁ... o0 §0
ag g
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In the proof search strategy, this corresponds to a backtrack point, since we
cannot predict which case holds. |

Let us assume I =i § and let o = I'& §. By Soundness of RbuSLy (The-
orem 3) @ is not provable in RbuSLg, hence, by Proposition4, o is provable in
GbuSLp; this proves the Completeness of GbuSLg (Theorem 2(iv)). By Proposi-
tion 1 it follows that G3iSLE is complete as well.

Properties of RbuSLg. It remains to prove point (i) of Theorem 4. By Sf™ («) we
denote the set Sf(a) \ {a}; w < w' means that w < w’ and w # w'.

Lemma 3. Let TP be an RbuSLg-tree only containing b-antisequents having
root I'* I~ OA Y 6: let K= (W,<,R,7,V) and w € W such that:

(I1) w W &, for every leaf T2, I~ 0A 5 & of TP;
(12) wlk (' NSt (9)) U OA4;
(13) V(w) = I3,

Then, w ¥ 6.

Proof. By induction on depth(7®). The case depth(7?) = 0 is trivial, since the
root of TP is also a leaf. Let depth(7™) > 0; we only discuss the case where

r]ab
at —
b _ b o I = r~. oA
W =I%8 pe roa
I'ka—gp

By applying the induction hypothesis to the RbuSLg-tree ’Zf)b, having root 0'03’
and the same leaves as T, we get w ¥ (3. Let I', = I'N Sf(a); by Lemma 1(iii),
I, > a. Since Sf(a) C St~ (a0 — ), by hypotheses (I12)- (I3) we get w Ik Iy,
which implies w I+ @ (Lemma 1(v)). This proves w ¥ o — (. ]

Let D be an RbuSLg-derivation having a Succ rule at the root. To display
D, we introduce the schema (1) below; at the same time, we define the relations
< and <y between u-antisequents in D (for exemplifications, see Fig. 5).

DX
D = 0; _ F“t,Fﬁ,DA%X 0’1‘2 = Fat,F_',A%ﬂ/’ g (1)
o' = I I 0A% 6 Hee

. a; is any of the premises of Succ having label b.

e 0, is only defined if Succ is S (thus § = (¢); in this case we set 0" < oy
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e The RbuSLp-derivation D, of a; has the form

m+n >0
(251 Tm b
P o Pn o It . o~ Irr 7. only contains
o1 e Om T1 Tn

b-antisequents
TP at
X r=r*r—0A
ob =Ty
yIin-
~ For every i € {1,...,m}, either (A) p; = R¥, or (B) p; = RY, namely:
(A)

— The RbuSLg-tree TXb has root a; and leaves o, ... 00 TP ... 7P

o; = aaF:‘fbﬁ

¥ or
o =T'xa—-p -
) of = 0o, I T, A%«

oP = 'y Oa
In case (A) we set o < o}, in case (B) we set 0" < o}

(B RY

Lemma 4. Let D be an RbuSLg-derivation of c* = I' 3 & having form (1)
where I' = ' '~ OA; let K= (W, <, R,r,V) and w € W such that:

(J1) for every w' € W such that w < w’, it holds that w' I+ '™

(J2) For every w' € W such that wRw', it holds that w' IF A.

(J3) For every o’ = a,I" 35 B such that o" < o', there exists w' € W such that
w<w and w' Ik o and w ¥ S.

(J4) For every o' = Oa, I'™ '™, A % « such that o <r o', there exists
w' € W such that wRw' and w' ¥ «.

(J5) V(w) = 12,

Then, wlk I' and w ¥ 9.
Proof. We show that:

(P1) w W x, for every premise 0)‘2 =TI 5% y of Succ;
(P2) wlka— g, for every « — € .

We introduce the following induction hypothesis:

(IH1) to prove Point (P1) for a formula x, we inductively assume that Point (P2)
holds for every formula o — @ such that |a — §] < |x];

(IH2) to prove Point (P2) for a formula a — [, we inductively assume that
Point (P1) holds for every formula yx such that |x| < |a — g

We prove Point (P1). Let o be the premise of Succ displayed in schema (1).
We show that the RbuSLp-tree 72 and w match the hypotheses (11)—(I3) of
Lemma 3, so that we can apply the lemma to infer w I x.

We prove (I1). Assume m > 1 and let i € {1,...,m}; then either (A) oP =
'Y a— gor (B)od =0a ™ r~, AL O In case (A) we have o} =
a,I' 3  and 0" < o}'; by hypothesis (J3), there is w’ € W such that w <
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w’ and w' Ik a and w’ ¥ B, hence w ¥ a — (. In case (B), we have o}' =
Oa, I, ', A % « and 0" < o}'; by hypothesis (J4), there is w’ such that
wRw' and w’ W «, hence w ¥ Oa. Assume n > 1, let j € {1,...,n} and
ij =TI % §;. Since TJb is irreducible and V(w) = I'* (hypothesis (J5)), we get
w K §;. This proves that hypothesis (I1) holds.

We prove (I12). Let v € I'” NSt~ (); since |v| < |x|, by (IH1) we get w I ~.
Moreover, w I+ OA by (J2), thus (I2) holds. Finally, (I3) coincides with (J5).
We can apply Lemma 3 and conclude w ¥ y, and this proves Point (P1).

We prove Point (P2). Let « — 8 € ', let w' € W be such that w < w’
and w’ IF o; we show that w’ I 3. Note that o2 = I’ 5 o is a premise of Succ;
since |a| < |a — B, by (IH2) we get w ¥ «. This implies that w < w’. By
hypothesis (J1), w’ IF o — 8, hence w’ Ik §; this proves (P2).

We prove the assertion of the lemma. By (P2) and hypotheses (J2) and (J5),
we get w IF I'. The proof that w ¥ ¢ depends on the specific rule Succ at hand
and follows from Point (P1) and hypothesis (J5). ]

Proof (Theorem 4(i)). By induction on the depth of the sequent o = ' §
in D. Let p be the rule of RbuSLg having conclusion ¢". We proceed by a case
analysis, only detailing some significant cases.

If p=TIrr, then I' = '™, 0A and § € (VU{L})\ ™ and ¥(c") = o". Since
V(o") = I'** and ¢" is R-maximal, it follows that W(o") I I" and ¥(co") I 6.

Let us assume that p = R®>,. Then, c" = I' % a — (3, where I' > , and
the premise of p is o' = I' & (. By the induction hypothesis, ¥ (o) IF I and
U(o}) ¥ 8. By Lemma 1(v) we get ¥(o}') IF «, which implies ¥(o}') ¥ a — .
Since ¥ (") = ¥(o}'), we conclude ¥ (o") I I" and ¥(a") ¥ o — B.

Let us assume p = SE. We have ¢ = I' % [O6, where I' = ' ['~ 0A,
and ¥(o") = o". Let D" be the subderivation of D having root sequent o"; we
apply Lemma 4 setting D = D", £ = Mod(D) and w = o". We check that
hypotheses (J1)-(J5) hold.

Let w’ be a world of Mod(D) such that o™ < w'. There exists an u-sequent
o/ =I"% § such that o < o/ < w' and I'~ C I". Since depth(o’) < depth(o"),
by the induction hypothesis we get ¥(¢’) I+ I'', hence W(o’) I+ I' . Since ¥(o') <
w’, we conclude w’ IF I", and this proves hypothesis (J1).

Let w’ be a world of Mod(D) such that o"Rw’. There exists an u-sequent
o' =I"% ¢ such that o < ¢/ <w’ and A C I"”. Reasoning as in the previous
case, we get w’ IF A, and this proves hypothesis (J2).

Let o" < ¢’ = «o,I' % (. By the induction hypothesis, ¥(¢’) I+ « and
U(o') ¥ . Since 0" = (") < ¥(o'), hypothesis (J3) holds. The proof for
hypothesis (J4) is similar. Hypothesis (J5) holds by the definition of V. By
applying Lemma 4, we conclude that o" IF I" and o" ¥ 4. |

Conclusions. In this paper we have presented a terminating sequent calculus
GbuSLg for iSL enjoying the subformula property; iSL is obtained by adding
labels to G3iSLE, a variant of the calculus G3iSLg [13,15]. If a sequent o is not
derivable in GbuSL, then ¢ is derivable in the dual calculus RbuSLg, and from
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Lineage |Termination |Subf. property [Other features
GbuSLp G3i Strong v Count
G3iSL], G3i Weak v
G4iSLt [10] G4i Strong X Cut
G3iSLg [13,15] |G3i Weak v Cut
G4iSLp [13,15] |G4i Weak X Count

Fig. 6. Overview of the main sequent calculi for iSL. Cut: syntactic proof of cut-
admissibility; Count: proof search procedure with countermodel generation.

the RbuSLg-derivation we can extract a countermodel for o. In Fig. 6 we compare
the known sequent calculi for iSL. We leave as future work the investigation of
cut-admissibility for GbuSLg; this is a rather tricky task since labels impose strict
constraints on the shape of derivations. We also aim to extend our approach to
other provability logics related with iSL, such as the logics iGL, mHC and KM
(for an overview, see e.g. [13]).
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