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QUASILINEAR LOGARITHMIC CHOQUARD EQUATIONS
WITH EXPONENTIAL GROWTH IN RY

CLAUDIA BUCUR, DANIELE CASSANI, AND CRISTINA TARSI

ABSTRACT. We consider the N-Laplacian Schrédinger equation strongly
coupled with higher order fractional Poisson’s equations. When the or-
der of the Riesz potential « is equal to the Euclidean dimension N,
and thus it is a logarithm, the system turns out to be equivalent to a
nonlocal Choquard type equation. On the one hand, the natural func-
tion space setting in which the Schrodinger energy is well defined is the
Sobolev limiting space W1 (RY), where the maximal nonlinear growth
is of exponential type. On the other hand, in order to have the nonlocal
energy well defined and prove the existence of finite energy solutions,
we introduce a suitable log-weighted variant of the Pohozaev-Trudinger
inequality which provides a proper functional framework where we use
variational methods.

1. INTRODUCTION AND MAIN RESULTS

Consider the following system of elliptic equations

—Apu+ V(@) |ul™u = f(u)v,
reRYN, N>2 (1.1)
—A%v = F(u) ,
where A,,, m > 2, is the m-Laplace operator defined as follows
Au = div(|Vu|" *Vu),

V :RY — R is the external Schrodinger potential, F' is the primitive of f
vanishing at zero and where (—A)%, a > 0, is the fractional Laplacian, see
Section 2.1. System (1.1) is in gradient form as the nonlinearity in the right
hand side of (1.1) is the gradient of the potential function G(u,v) = F(u)v.
It is also strongly coupled as u = 0 <= v = 0. However, (1.1) does not
possess in general a variational structure because of the presence of the
nonlocal operator in the second equation, which prevents solutions of the
system to be critical points of an energy functional F(u,v), which may not
exist or may not be well defined.
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The parameters m, N, a play an important role from the theoretical point of
view as well as from that of applications, see [24] and references therein. For
m = 2 we have the linear Schrodinger operator in the left hand side of the
first equation and the problem has been widely studied in dimension N > 2
and for a < N, see [21] for a survey and [I1, 13] for related critical cases.
The case of dimension N = 2 and o < N has been studied in [1,5]. More
recently in [0, 10, 14] it has been considered the limiting case & = N = 2;
see also [3,9] for related results.

A major difficulty in the limiting case is to construct a proper function
space framework in which to settle the problem. As developed in [10] in
dimension N = 2, in order to consider the maximal exponential growth, a
suitable functional framework can be obtained by means of log-weighted
versions of the Pohozaev—Trudinger inequality [20,30].

In this paper we tackle the general limiting case

la=N=m>2]. (1.2)

This leads from one side to handle a quasilinear Schrodinger equation in the
system [12] and on the other side demands for a more general function space
setting. A key ingredient for this purpose, is to extend the fundamental
functional inequality established in [10], in the special case « = N = m = 2,
to the general case (1.2).
Let Iy: RV \ {0} — R be the logarithmic Riesz kernel

In(z) = L log L

TN |z

N

By setting v := Iy * F'(u), (1.1) is formally equivalent (see Section 2.1) to
the following quasilinear Choquard type equation

~Anu+VuNu = Iy * F(u))f(u) in RY, (1.3)

with

which does have a variational structure.
Indeed, (1.3) is the Euler-Lagrange equation related to the energy func-
tional

1 1
E(u) = —/ |Vu|N + V]u|N de — —/ (In * F(u))(z)F(u(z)) dz ,
N RN 2 RN
provided such energy is well defined in a suitable function space which we
are going to construct in the sequel as one of our main results.

Before stating our main results let us introduce a few assumptions:

(V) V:RY — R is continuous, 1-periodic and there exists V; > 0 such
that V(x) > Vi,

(f1) f: R — R is continuous and differentiable, such that
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(i) f(s) >0, for all s > 0 and we may also assume (as we look for
positive solutions) f(s) =0 for s < 0;

(ii) there exists C' > 0 such that f(s) < CsPe®¥*" "' as s — +o0,
for some p > 0 and where ay is given below;
(iii) f(s) < s?7! as s — 400, for some ¢ > N;
(f2) there exist C' > § > 0 such that
N-2 F(s)[f'(s)

— i<~ L > 0;
N ST pE =% #20
(f3) limgyi o0 F(Jfg{;)(s) = 1, or equivalently limg_, %?((5)) =0;

(f1) there exists § > 0 such that

where v will be explicitly given in Sect. 4.
Notice that from the assumptions on f we also deduce the following:
e there exists sy > 1 such that

|S|q7 S S S0,

s ons T (4)

OSF(S)SC’{

, S > S0;

e f(s) is monotone increasing, hence F(s) = [/ f(7)dr < sf(s), while

the quantity % is well defined and vanishes only at s = 0. Fur-
thermore,
2 _ /

4 (PG _ PO -FOMG) 2 .

ds \ f(s) f2(s) N
which implies F(s) < (% — 8)sf(s);

/
e (f3) implies a fine lower bound on the quotient —>-, as s — +oo.

Indeed, for any € > 0 there exists s. > 0 such that

rrs { (5)e ase o)

2
/ (1—¢g)s, § > S

e (f4) isin the spirit of the de Figueiredo-Miyagaki—Ruf condition [15]
and turns out to be a suitable compactness condition in this context.
The role of condition (f4) will be detailed in Section 4.1.

Examples of functions F(s) satisfying our set of assumptions are given
below:

57,5 < 59
F(s) = N , Vg > N,

,§ > 8o
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N-1
asPe’s , 8> 5

s?, s< s
F(s) = &

for ¢ > N, p > 1 and suitable constants «, 8 > 0.

Let us now introduce some basic notation:

ull v = llull v @y
and
1
[ul| == flullwrveyy = ([[Vul|§ + [Jul|¥)™

Let w(z) := log(e+]|x|) and define the weighted Sobolev space WV L4 (RY)
as the completion of smooth compactly supported functions with respect
to the norm

lullge = 1Vully + Tl Zowar)

N/q
:/ \Vu|Nd:c+</ |u|q10g<e+\x|>dx) |
RN RN

When ¢ = N, for simplicity we denote W2V (RY) := WLV LN(RY) and

lully = IVully + el 2y e =/ IVUINdl“+/ Jul™ log(e + |2]) da.
RN RN

Let us set
~
|ully = (/ |Vu|N +V|u|Nd:E) ,
RN

and we use W7 (R™) to denote the set of all functions with bounded | -||y
norm. Let us also set wy(z) :=log(1 + |z|), and

q

ol = Y+ By = Dl ([ fulont1 -+ ez "

and consider Wé’NLgUO (RY) as the completion of smooth compactly sup-
ported functions with respect to the norm || - ||4 v.w,-

The proper function space setting in which the energy and the variational
framework turns out to be well defined, will be a consequence of the follow-
ing weighted version of the Pohozaev—Trudinger inequality, which we state
here for simplicity in the case ¢ = N (see Section 3 for the case ¢ > N):

Theorem 1.1. The weighted Sobolev space WEN(RY) embeds into the
weighted Orlicz space Ly, (RN log(e + |z|)dx) where
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More precisely, the following holds
/ ON <a|u|%) log(e + |z])dz < o0 (1.7)
RN

for any v € WEN(RYN) and any o > 0. Moreover, the following uniform
bound holds

NNV
|| S||1]1Vp<1/RN on | an (Tﬂ) |u|¥=T | log(e+ |z|)dz < +o00, (1.8)

1
where ay = Nwy_; is the sharp Moser exponent, and wy_y is the (N —
1)—dimensional surface of the unit sphere in RY.

Inequality (1.8) and its version in the case ¢ > N (Theorem 3.3), turn out
to be key ingredients to obtain the following result:

Theorem 1.2. Suppose the nonlinearity f satisfies (f1)—(f1) and that the
potential V' enjoys (V). Then, problem (1.3) possesses a nontrivial moun-
tain pass solution which has finite energy in the weighted Sobolev space

WyNLL (RN).

Overview. In the next section we collect some preliminary material. Spe-
cial attention is devoted to discuss equivalence between (1.3) and (1.1).
This is a quite delicate matter and still with some shadows which prevent
to obtain optimal results. We are motivated by a very recent debate on
this topic, towards a better understanding of the higher order fractional
context.

In Section 3, we prove some fundamental results which from one side ex-
tend classical embeddings from Functional Analysis, due independently to
Pohozaev and Trudigner in late sixties, on the other side provide a new
tool in the ‘variational toolbox’ to prove existence results by variational
methods; we are confident these results will be useful in other situations.
Here we extend in a non trivial fashion to any dimension, previous results

obtained in [10] in dimension two and then applied to prove the existence
of finite energy solutions to Schrodinger-Newton systems by variational
techniques.

In Section 4, we exploit the abstract results of Section 3 to provide a suit-
able variational framework in which we can prove the existence of a moun-
tain pass solution to (1.3). Due to the presence of exponential growth in
the nonlinearity and of a sign-changing logarithmic kernel in the nonlocal
part of the equation, here even the most standard variational steps become
somehow delicate. We take care of stressing differences with the two di-
mensional case, in particular passing from semilinear, in dimension N = 2,
to quasilinear nonlocal Schrodinger equations in higher dimensions N > 3,
where some new ideas and efforts are needed.
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2. ON THE EQUIVALENCE BETWEEN NONLOCAL EQUATIONS AND
HIGHER ORDER FRACTIONAL SYSTEMS

Here we discuss the equivalence between the Choquard type equation (1.3)
and the higher order fractional system (1.1). Formally, if in (1.3) we set

b, = Iy * F(u),

then the function u solves the equation
~Anu+ ViuNu = @, f(u), in RY
and moreover, ®, is the unique solution in R to the following fractional
equation
N

(—A)2¢ = F(u) .
However, this argument is affected by the notion of solution we deal with,
this is somehow a delicate matter and not yet completely understood. Hav-

ing in mind the commitment to make precise in the sequel what we mean
by solution, we have the following, and for the moment heuristic

Proposition 2.1. Let u € Wé’NL%UO(RN) be a solution of (1.3). Then u
s a solution to

—Ayu+ VulNu=¢f(u) inR"Y, (2.1)
where ¢ is the unique solution to
(=A)2¢ = F(u) inRY.
Let us begin by recalling the definition in the distributional sense of the
fractional Laplacian of any order. Set for s > 0,

Ny ._ 1 (N |u(z)]
LS(R )— {UELIOC(R ) ’ /RNwdl’<OO},

the operator (—A)%u is defined for all u € Ly(RY) via duality, as

((—A)u, @) = / u(—A)pdr, Yo € S(RY), (2.2)

RN
where

(=AY =F (g Fe€)),  VeeSRY)
denoting by F the Fourier transform and where S(R") denotes the Schwartz
space of rapidly decreasing functions. We remark that the right hand side
of (2.2) is well defined, thanks to the fact that for p € S(RY),

C
() ()| < v

see e.g. [18, Proposition 2.1].
Let us consider the fractional Poisson’s equation
N
(=A)u=f in RY with 0<s< o) (2.3)
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If s € (0,1), the setting and the representation formulas for solutions of this
equation are settled in literature, among which recent studies carried out
in [1,8]. The case s > 1 has been considered in very recent papers [2,7,29],
whereas a general approach, based on the notion of distributional solution
dates back to classical works [20,27,28], see also [16].

Definition 2.2. Given f € S'(RY), we say that u € L%(RN) is a distri-
butional solution of (2.3) if

[ unipdo= (169
for all o € S(RY).

It is well known that, if s < %, the distributional solution of (2.3) is given
by
_ 1
o) = 7 (A ) @
which is realized also by convolution with the Newtonian potential
1

u(x) = (Iys x f)(2), where [y(z) = 77|:1€|25_N

for some vy s > 0, (see [27, Chapter 5]). Note that the Newtonian potential,
in the case 2s = N, is given by

1 1
I = —log— = N
N(x) YN og |.T‘ ‘F|£| (.’L‘),
Nevertheless, when 2s = N it is not possible to define the solution to (2.3)
by Fourier transform in S(RY) in general, due to the singularity of |¢|~" in
zero. However, various assumptions on f, which improve the regularity of
its Fourier transform, allow to recover the notion of distributional solution,
for instance, the assumption

Ff(0)=0, thatis f(z)dz = 0.
RN
The notion of Fourier transform has to be settled in a suitable framework,
such as Lizorkin’s spaces, defined as the subspace of Schwartz functions
which are orthogonal to polynomials, namely :

o = {ota) o € SEY). [Pol) =0, vijl € Moy

Again, the convolution with a log-kernel does not yield enough L} -regularity
to provide a notion of distributional solution in the general context of

S(RY). See [27, Chapter 5] for more details.

Notice that when N is even, (—A)M/? is an integer order operator, so its

fundamental solution in RY is known, see e.g. [22, Proposition 22].

When N is odd, the fractional case, an alternative approach to circumvent

the loss of regularity in the borderline case 2s = N is given in [18] (see
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also [17,19,23]). We next recall some ideas from [I8]. The argument
is simple, the N/2-Laplacian can be seen as the composition of the 1/2-
Laplacian with the Laplacian of integer order (N — 1)/2. The following
proposition ensures that the logarithmic potential I is the fundamental
solution of the N/2-Laplacian in this sense.

Proposition 2.3. [/8, Lemma A.2] Let N > 3 be an odd integer number
and define

JE— Cn
o |x|N71'

®(z) = (—A)7 Iy(z)

Then ® is the fundamental solution of (—A)% in RN, in the sense that for
all f € LY(RY) it holds that ® x f € L%(RN) and that

(~8)2(@ % f),0) = / (@ @) (-A)p(r)de= | fodr,

RN

for all p € S(RY).

However, it is not straightforward from here that Iy is the fundamental
solution of (—A)N/2 in the sense of Definition 2.2. Actually, by interpreting
the N/2-Laplacian (when N is odd) as the composition of the Laplacian of
(integer) order (N — 1)/2 and the 1/2-Laplacian, one has that Definition
2.2 turns out to be equivalent to the following

Definition 2.4. [/8, Definition 1.1] Given f € S'(RY), we say u is a
solution of (2.3) if

and

for all ¢ € S(RY).
Indeed, we have

Proposition 2.5. [/8, Proposition 2.6] Let f € LY(RY). Then u is a
solution of (2.3) in the sense of Definition 2.4 if and only if u is a solution
in the sense of Definition 2.2.

As already pointed out, the convolution Iy f itself does not provide in gen-
eral a distributional solution of (2.3). Nevertheless, a suitable modification
of the logarithmic potential Iy, from one side yields enough L], -regularity,
on the other side it is the fundamental solution of the N/2-Laplacian, in

the distributional sense of Definition 2.2.

Lemma 2.6. [/8, Lemma 2.3] Let f € LY(RY), and for all z € RY,

o(x) = %N /RN log <|1x+_|‘z||) fly) dy.
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Then © € W "N (RN) and

JRCIEN

N
2

pyde= [ (-8)"F 5()(-a) k(o) do

= | f(@)e(z)de

RN

for all p € S(RY), i.e, ¥ is a distributional solution (in the sense of Defi-
nitions 2.4, 2.2) of (2.3).

Lemma 2.7. [18, Lemma 2.4] Let u be a solution of (2.3) in the sense of
Definition 2.2 with f € L*(RY). Then

u=17v+p,
where p is a polynomial of degree at most n — 1.

As a consequence of what we have recalled here from [18], we are now in
the position to proof Proposition 2.1.

Proof of Proposition 2.1. Let u € WHNLZ (RY) be a (weak) solution of
(1.3). Then F(u) € LP(RY) for any p > 1, as a consequence of Theorems

1.1 and 3.3. Let
) 1+Iy|)
v(x) = log< F(u(y)) dy.
(@) /RN |z —yl ()

Let us rewrite equation (1.3) as follows

(=A)nu(z) + V(@)u(@)["u(x)

Set
O(z) := Iy * F(u)(z) = 0(z) + [(In % F(u))(z) — 0(x)]
and recall that
(Iy * F(u))(z) - 0(x) =

=L (ot s ()Y P ay

=~ [ tog(l+ Iy Fulu)) dy.

Since u € WHVLYL (RY), according to Theorem 3.3

[ s+ oD P (ute) dy < .
R
hence ky := (Iy * F(u))(z) — 0(x) is a constant function. Hence

O(z) = o(x) + wy € WEHRY)

loc
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and according to Lemma 2.6, for any ¢ € S(RY) we have

/RN&)(—A)%sodaf:/ (—A) T d(—A)2pdz

RN

Indeed, we point out that since N is odd, (—A)% is an integer order
operator and hence (—A)%HN = 0. Therefore, ® is a distributional

solution of (—A)Z¢ = F(u), in the sense of Definition 2.2. O
Remark 2.8. Notice that
Iy * F(u) € L, (RY)

since
[l Falds < [ Jlogle — yl|F(u)dady <
Q QxRN
<, [ +log(1+ |z]) +log(1 + |y|)| F(u(y))dzdy < 400
QxRN ‘SL’ - y|,u

where ¢ > 0. Boundedness follows by the Hardy-Littlewood-Sobolev in-
equality and from Theorems 1.1 and 3.3. Similarly one also has

Iy * Fu) € Ly(RY)
and that it is a distributional solution of
(—A)N2p = F(u).

We conclude this preliminary section by recalling two classical versions of
the Hardy—Littlewood—Sobolev inequality which will be used later on:

Proposition 2.9 (HLS inequality). Let s,r > 1 and 0 < p < N with
1/s+u/N+1/r =2, f € L*(RY) and g € L"(RY). There erists a
constant C(s, N, u,r), independent of f,h, such that

/ {L * f(x)] g9(x) < C(s, Ny ) [ f sl gl
ey |7

Proposition 2.10 (Logarithmic HLS inequality). Let f,g be two non-
negative functions belonging to Lln L(RY), such that [ flog(l + |z|) <
o0, [glog(1+|z]) < oo and || f|li = |lglli = 1. There exists a constant Cly,
independent of f, g, such that

2N [logi * f(x)] g(x) < Cy —i—/ flog fdx+/ glog gdx .
RN RN RN

|z]
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3. A log-WEIGHTED POHOZAEV-TRUDINGER TYPE INEQUALITY IN RY

In this section, we prove a Pohozaev—Trudinger type inequality in the whole
RY, with a logarithmic weight which appears just in the mass part of the
energy. The prototype weight is

w = log(e + [z),

which plays a role only as |z| — +00. The main result of this section is a
quite involved extension of [10, Theorem 3.1], where the two dimensional
case was considered. We begin with the case ¢ = N whence the case ¢ > N
will be covered in Theorem 3.3.

Proof of Theorem 1.1. We perform a change of variables, by using hypersh-
perical coordinates in RY, to pass from WM (RY) to WHN(RY) as follows

(21 = |x|sinfysinfy...sinfy_osinfy_y
To = |x|sinby sinfy...sinOy_ocosOy_4

T =1 23 =|z|sinf;sinb,...cosOy_ o

Ny = |x| cos by,

where 61,...0x_o € [0, 7], whence Ox_; € [0,27), |z|> = 23 + -+ + 2%. By
acting only on the radial component of a point in RV, set

Y x
ﬂMFM,mzm,Mzmmmﬁﬁw

We set r = |z| and s = |y|, hence s = T'(r) = r {/log(e 4+ r). We obtain

Nlog(e +7r) + -
Ty = BT ST o poy =0, Tim T(r) = +oo

Nllog(e + )]~ =400

and thus T is invertible on RY (though the inverse map is not explicitly
known). Set

or, equivalently

w(rsinfy ...sinfy_q,...,rcosb)
v(T(r)sinb, ...sinOy_q,...,T(r)cosb;) .
Then, denoting 6 = (64, ...,0y_1) and

1
w(r, ) —u(rsmﬁl sinfy_q,...,rcosb)
w(s,0) :==v(ssinfy...sinfy_q,...,scos6;),
w(r,0) = w(T(r),0),

we compute
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Therefore

[ 9ol

R
2w s s +oo &)Vz s 9
= / sin Oy _o- - / sin?V 2 0, / [w§<3, ‘9) + # +
o Jo 0 0 s

ngil (87 9)

s2sin® @y ...sin? Oy,

_ /OQF/OWSMN2.../07rsmN291/0+°° [w§<T(r),e)+%;7;7W+,__

N
2 2
w0N71 (T(T), 9) N—1 ,
T T'(r)drdb; ...d0N_odON_
T2(r)sin® 0, .. .sin* Oy _o (r)T"(r)dr db, N-2dUN-1

2T ™ T +o0 9 9 9
= 1 e s N=2 wy <T7 9) w01 <T7 9) r
— /O /0 sin Oy _o /0 sin «91/0 |:[T/<T)]2 + T 4.

N
2

2
] SN_ldS d@l e deN_Q deN—l

2
weNﬂ(n d rt N—1rp
T T'drdf; ...d0N_odON_1.
" r? TQ(T) sin? 0, .. .sin? On—_o ravy N—2a0N_1
Now, since
2(N—1)
1 [log(etr)] ~ e .
= . _
[T/(T)]2 [1og(e -+ r) + N(;_T)] T2(7«) [log(e + T)]Q/N
we get
N 72 1 r2

NA1T0) S PP T T
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Thus we have

N % 2 ™ T
— sinfy_o--- [ sinV 20
() [ s [
+o0

. /0 [w3<r,e>+w31<§’9>+

r

z rNT'(r)
T(r)

ng_l (r,0)

dr d@l Ce d@N,Q d@N,1

r2sin®6; ...sin?On_o

S / |VU|Ndy1dyN
RN

o ™ +o00 9 9
[ ot [t [ om0
o 70 0 0 r

U}2 T, 0 N NT,
61\771( ) r <T> drdf;...dOn_odOn_1 .

r2sin®6; ...sin’Oy_o T(r)

On the one hand, from

M) r
T(r) N(e+r)log(e +r)
one has
N
no1 T (r) N+1 v
3.1
r < o) < (3.1)
and then

N
N 2 N N N+1 N
— d d dz. 2
(N+1) /RN|VU| x</RN|Vv| y<—x /RN|VU| z. (3.2)

On the other hand,

[y
RN
21 T
= / sinfn_o- -
0 0

/
2w s ™ +oo
= / / sinfy_o- - - / sin™ %6, / |w(T(r), H|NT' TN Ydr ... dOx_,
0 0 0 0
2w s ™
0 0 0

™

+oo
sin™ 26, / |w(s,0)|NsN"tdsdh, . ..dON_,
0

+oo
sinV 2 6, / lw(r, )|NT'TN Ydrdb, . ..dON_,.
0
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Notice that

()TN (r) = PV1 {log(e +7) + m]

=r"""log(e+71) [1—1— Ne 1) log(e—i—'r)] (3.3)

:rNT'(r)
T(r)

log(e +7)

and hence

2 ™
/ |v|Ndy:/ / sinfy_o...
RN o Jo

™ +o0 7,,va/
/ sin® 2 91/ lw(r, )| 7 log(e +r)dr...d0N_1 .
0 0

By (3.1),
N+1
/RN lu|Y log(e + |z|)dz < /RN lv|N dy < I /RN lu|Y log(e + |z|)dx
Finally,
N
N \?2 N +1
(557) el <ol < S5 (3.4)

We have hence proved that the map
TWINRY) = Wy N(RY)
u = v

is invertible, continuous and with continuous inverse. Then, similarly as
above,

/RN N (a\u(:c)|%> log(e + |z|)dx

2w ™
= / .. ./ SlIlN_2
0 0

400 N
/ ON <a\w(7’, «9)\ﬁ> log(e 4 r)rN"tdrdf, ...dONx_,
0

//Nl

/0 " o (al@(T(r), 0)77) 1;%(6);(7» )TN_l ()T ()N "'dr dby ... dOx

27 m +oo
< [ [ o [ o (alo 0] ¥) 0 dp . dby
0 0 0

ON a\v|%> dx < 400

RN
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for any a > 0, where we have used (3.1), (3.3), and [21, Theorem 1.1] in
the last line. The uniform bound (1.8) follows directly from (3.4). Indeed,

for any u € WLV (RY) and o < ay (NLH)U(N_U one has

oo ( (Mw) ) log(e + [«])dz

e (BT, ogle e e
0¢N<“< ) )Tf(r)T(r)N—lT”T” Ao

oo N
/ on | an (M) oM rdpdhy ... dOy_4
0 o]
R AN L P
RN o]l

by (3.4) and using [21, Theorem 1.1] for the last inequality. O

As a byproduct of this embedding result one has the continuity of a weighted
Pohozaev—Trudinger functional on WY (RY), namely we have the follow-
ing

Corollary 3.1. For any o > 0, the functional

N
U — ON (a\u\m)log(e+\x|)dx
RN

is continuous on WLV (RN).

Remark 3.2. The value ay (NLH)I/(NA) in (1.8) is not sharp and we con-

jecture that the sharp value is ay as in the Moser case [25], though it is
somehow delicate and still out of reach.

Next we consider the case in which the asymptotic growth of the nonlin-
earity near zero is a power ¢ > N. We prove the following

Theorem 3.3. Let f: R — [0,400) satisfying (f1) and let ¢ > N. Then,
the space WHN L1 (RYN) embeds into the weighted Orlicz space Lp(RY log(e+
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|z|)dx). More precisely,

/ F(alu|)log(e + |z|) dx < 0o, VYu € W'NLL(RY), Va >0 .
RN

Moreover, for any a < % (NLH)I/N the following uniform bound holds
sup / F (o|ul)log(e + |z])dz < 400 . (3.5)
flull¥w <t JRN

Proof. For uw € WV L1 (RY) set
{\u\ﬁ‘v, [u < 1,
V=

ul,  Jul =1,

which belongs to WY (RY). Indeed,
||| = / |Vv|Ndx+/ lv|" log(e + |z]) dz
RN RN

< () L Iveldrt [ fulmog(e +lal)de < () ul

Now recall from (1.4) that for any ||u||,. < 1 one has:

L
N-1’

o if p <
| Fralubtog(e + [a]) do
RN
<c ( [ alultog(e + Jal) dz
RN
1 e
+af NI / e og(e 4 |2]) dx)
{ul>1}
=C (/ allul?log(e + |x|) dx
RN
_N _N
Lo / o @l ) T (/1) oo 4 ) dx)
{ol>1)
<C (aqHuH%q(wm)
N

o N O\TT (] \ T
+a? Nl/ on | « <7) ( ) log(e + |x|)dx | < C
{lv|>1} N ( N N+1 Hv”w ( | D

(where the last bound is independent of u in the unit ball of W L2 (RV));




QUASILINEAR LOGARITHMIC CHOQUARD EQUATIONS 17

01fp>N I

| Flalul)ogte +1o]) d
RN
<C </ allul?log(e + |x|) dx
RN
1 o
+/ (alulP~ 7T eon @™ g (e + |2) d
{lu|>1}
— C ()]s
N
+/ (afv])™ w1 eon (@lfollw) VT (jol/ o))
{lv|>1}

<C (O‘qHuH%q(deC)
N
N

N
Mpm/ |u|r<pN11>/ gran (@loll) ¥ (ol/oll) FT log(e+|x|)dx)
{lul>1} {Jv[>1}

N

1 N—1 L
where r = (NLH) N-T (%) " S 1, provided o < % (NLH)N and r’ is the

Young conjugate of . Hence,

/RN F(a|ul)log(e + |z|) dx

< C ()l iy +

L N O\ o] \ ¥
o? N—l/ ) (7) Q ( ) log(e + |z|)dx | < C
o) N( 1) Y\l (e el

where the constant oes not depend on w 1n the unit ball o ’ .
h h Cd d d in th it ball leNLgURN
U

N
N—

" log(e + \x|)daz)

Remark 3.4. The analogous of Corollary 3.1 holds also in the case ¢ > N.

4. THE VARIATIONAL FRAMEWORK: PROOF OF THEOREM 1.2

The energy functional we consider is the following
1
Ty (u) = llully = F(w),

with
Flu) = = /]R (I # F() (@) Flu(2)) da

2
/. (log Bk F<u>) (2)F(u(z)) dz (41)

1
o [ s ) Fu(e)) da .

2
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The regularity of Zy, can be proved following line by line [10, Lemma 4.2],
namely one has

Theorem 4.1. The energy functional Iy is of class C* on I/V‘l/’NL?U0 (RM).

4.1. Mountain pass geometry. Let us focus here on the geometry of the
energy functional Zy .

Lemma 4.2. The energy functional Iy, satisfies the following:

(i) there exist p, 09 > 0 such that Ly |s, > &y for allu € S,
Sp = {u € WV LL (RN) | [|ullg v = p};

(ii) there exists e € Wé’NLgUO (RM), llellgviwe > p such that Ty (e) < 0.
Proof. Throughout the proof, constants may change from line to line. No-

tice that from the logarithmic Hardy-Littlewood-Sobolev inequality, Propo-
sition 2.10, we have

F0) < IF@ s ColF @l + o [ Pl o F) do

1
_ N”F(U)HLI(RN) log ”F(U)HLl(RN)) .

Since ||ullv < ||ullgviw, = p, for p small, by (1.4) and noting that for any
s> spand p >0

Spfﬁéij (QNS%) < COnps™Non (204N5ﬁ>
we have, for some r > 1,

1
o

[ F ()|l reyy < Cllul|+C [/RN |u|2Nr’dx:|

2l ) ’
2nT|Vu — dx
/RN¢N< VT (e

< C (lullf + 1uli™) < C (lullgyuw + 1u15V0m) < Cllullgvu,

and in turn,

|1F () || 1y Log | F () || 1@y | < Cllullgly,w, 10 lluallg vl
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Moreover, combining ( f1) With elementary estimates for the function t|logt|,
and since ¢ > N, if p > 7= we have

/RN F(u)log F(u) dx < C/RN F(u)|log F(u)| dz

<C (/ |u| Y —i—/ F(u)log|F(u)| dx)
{lu|<1} {lu>1]}
_N
SCOMW+/ ww1w“Nd)scww5+mmﬂ,
{lu>1]}

for small ||ul|yv, where we have also applied the classical Moser inequality
on the whole RY. Similarly, when p < 1= we obtain

/RN F(u)log F(u)dr < C /RN F(u)|log F(u)| dz

<C </ |u| Y +/ F(u)log|F(u)] dx)
{lu|<1} {Ju>1[}
N i | |% N T
scnwv+/ e ar ) < 0 (a4 )
{Ju>1[}

Combining the two previous estimates we end up with the following

F(u) < Cllullgyu, (IIUIIva,w0 +llullg v, 108 lullgviu | + llu] qvm)

N2
< Cllully,

quo :

Hence, for p small enough one has

2

Ty (u) > —HUH — Cllul| gy, = 00 >0,

q,V,wo quo

with dp depending only on p, which proves (7).
In order to prove (ii), let us consider a smooth function e € qu ‘]/Vwo (RN),

supported in Bj/y. Since F(e(x)), F'(e(y)) # 0 only for z,y By, let us
evaluate

Fle) = 1/RN(IN x F(e))(x)F(e(x)) dx

o [ (] ot e dy) et s




20 C. BUCUR, D. CASSANI, AND C. TARSI

from which we have

1
Ty (te) = " |lelly — Fte)

as t — 400, since F' has exponential growth. O

By Ekeland’s Variational Principle, there exists a Palais-Smale (PS in the
sequel) sequence {u,} € WJ’NL;JUO (R™) such that

I{/(un) — 07 IV(un) — My,
where my is the mountain pass level,

0< = inf 7 t
my = Inf max v(v(t)),

and

Q7V7w0

L= {y e (0,1, W%, RY)) | 7(0) = 0, Ty(3(1)) < 0}.

Next, a few efforts are needed to extend to the higher dimensional case
N > 3, the mountain pass level estimates carried out in [10, Lemma 5.2].
Lemma 4.3. The mountain pass level my satisifes

1

my < — .
VN

Proof. We are reduced to exhibit a function v € Wé’NL;]UO (RY) with unitary
norm and such that

1
T?g]XIV(tU) <5

For this purpose let us introduce the following Moser type functions for all
n > 1, supported in B, for some p > 0,

C,logn, 0<|z|<Z,
n

_ pp

0, p < lal,
with
Cy, = (wy_1log n)_%. (4.2)
We have

p
/ |V, |V dx = wN_lc,iV/ rtdr = wn_1CN logn =1,
RN P
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as well as

/ V(x)|@n|Nd:E
RN

<supV <C’,]LV(log n)N/
B

By

N
dx+/ cN <log ﬁ) dx
p/n BP\Bp/n |l‘|
— N N " N-1 8 PN N-1
=Cwy_1supV | (logn) ro T dr + log r T dr
B, 0 2 r

supp, V [ (logn)™ /p( A
< B 1 —) dr | |
— logn < NN P + 2 o8 r) "

recalling from (4.2) that CNwy_1 = 1/logn. Now

/ [w,,|"log(1 + |z|) dx = (C,, logn)q/ log(1 + |z|) dz
RN

Bo/n

+ C;?L/ log(1 + |z|)
B,\B

p/m

q

pdx

log m

P
n

)
= Clwn_1 (logq n/ log(1 +r)r¥ "t dr + /10g(1 + 1) log? (8) N1 dr)
0 2 r
N+1 p
< Clwy-1log’n (B) + Clwn_1 log(e + p) / <log B)q rNldr.
n 3 r
Thus,

Il = [ (9Tl 4 VImY) do

(/RN |7 log(1 + |x|)dx)

su \ N 1 N-1
4+ 2P, / <log B) rNldr + 0 <7( ! njg )
logn Je r n

N
q

N—q

Wyl y g P\? N-1 ’
+ Tog 1 (log(1+ p)) (/g (1og r) r dr)
1 /1 N
+0 ( ( Ofﬁ) ) .
logn \ =

Let us estimate explicitly integrals in the above inequality, as for k € N we
have

/ (log g)krN_ldr = %Z (log§>k_j bk 1)"]\'[§k_j+ 1)>

[z
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and from the estimate

[q] [g+1]
/(logg)q'r’Nld'r < /(logg)q erdr+/<log£)q rN L dr,
r r r

we get
1< ||En||é\’7v7w0 <1+ 6y, with 6, = 0, as n — oo
and
N NI A= x (g g+ 1)
On = lognﬁ SgppVNN +wy? (log(e+p))« <N[q] + Nlg+1] )
1
. (4.3
+OQ%H) 43)
Then,
wn N
wy, = Vi Jwnllgvw < 1.
Claim:
1
dn € N such that I?ZaOXIV(twn) <3 (4.4)
By contradiction, suppose that for all n
1
= > —
Ty (thwy,) rlrtlg)xlv(twn) 2 2
together with
d
%I‘/(twn)‘tZtn =0.
As a consequence we obtain
tN>1+1/1 L Pty (y) F(tawn(x)) dx d (4.5)
— 4+ — og —— F(t,w, wwp(2)) dx dy, .
N =N 2y Jan Byl ! !
and
1
thN > — log —— F(t,w, (v)) f(thwn(z))t,w,(x) de dy. (4.6)
YN JRr2N |z =y

Assume p < 1/2, thus if 2,y € B,, then log(1/|z —y|) > 0. Observe from
(4.5) that, since w,, is supported in B,,

t, > 1.

Next we prove the following

liminft¢, <1. (4.7)

n—-+4o0o

Indeed, if not there exists some 6, > 0 such that for n large enough

tN>1+90, . (4.8)
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Notice that
1
Fim [ og o Pt () () (o) o dy
R2N |ZL' — y|

— /B . log ﬁF(tnwn(y))f(tnwn(x)) Wy () dz dy

1
' /Rw\( ) B Tr—gl " (nen D Cnenle)tnon () e dy

n

1
> [ o Pt )t ()t 0 i dy.
BB XBB ‘x - y|
again since log(1/|z — y|) > 0 for z,y € B,, where w, is supported. By
(f1), for any € € (0, 5/2) small enough, there exists s. > 0 such that for all

5> S,

1 _ N
2N—-1 /B QNWIJGI:IISW

SHEF()F(s) > e

and in turn
N
sf(s)F(s) > gs N- lezN“JIVV e
Therefore, by using the explicit value of w,, and the fact that |z —y| < 2p/n
for z,y € B% X B%, we have

2‘2

12 Duog (1) e () e ()
2

(t nCh 1ogn)
2p) N2 \n V1+o,

T
2N 1 tn
ﬁWN Llog (23 2N 2N logn, Og"( f\’/m) .
p

2 N2

recalling the value of C,, given in (4.2). It follows from (4.6) that

tn N-1
2N logn N5 -1
\4 n

6 2N_—1 2N€ 4
tN > W _ (4.9)
n = 2N2’7N N-1P N N]XI

< N\/1+5n)

In both cases when ¢, — 0o, as n — oo or when ¢, stays bounded, (4.8)
yields a contradiction. Thus (4.7) holds and hence

lim¢,=1.

n—o0
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Now, from one side we have

and thus

N

<7t" )N_1<1+O( L )
Vi+é, - logn/

On the other side, from (4.9) we obtain

_N_
N2 3 2N-1 QNlog"[( Nfl%n) Nl_l} !
l+o(l) >ty ' > 2N27Nw]\],vjf p*Ne (14 0,)%1
As a consequence we finally get
_N_
ON 1 2N10gn|: -2 N1—1}
1+ 0(1) > 2N€7Nw]\]fv:1l pQNe ( \/1+5n) (1 + 5n)ﬁ
— 2Nﬁ2 w;];,v___lll 2N62N logn[f 1\?21 +o(5n)] )
TN

By substituting (4.3) in the previous inequality and letting n — oo, we end
up with

N N—gq N
Lo BN PR [, s ¥ (i)
—Ww e
= 2N27N N-1 P
For a fixed p < 1/2, set
N N—g N ,
! N ! F1)!
| 2NZ%yy = @55 {supB,,V]éV—szqu (log(1+p)) 7 (L9 +-L5t0)
Vi=Sup —5n Wy €
p<t P
to get a contradiction from (f4), since § > v. O

4.2. On the Ekeland Palais-Smale sequence. In this section we study
the behavior of the PS sequence provided by Ekeland’s Variational Prin-
ciple. In particular, it is a non trivial fact, in this context, that the weak
limit turns out to be a nontrivial solution of the equation. Boundedness of
PS sequences buys the line of [10, Lemma 6.1], to which we refer for the
proof of the next

Lemma 4.4. Assume (V') and (f1)—(fs). Let {u,} C Wé’NL‘{UO (RY) be an
arbitrary PS sequence for Iy at level ¢, namely

/
Ty (up) = ¢ and Ty (u,) =0 in (Wé’NLZ]O(]RN)) . asn — +oo,

the dual space of I/V‘l,’NLZ)0 (RN). Then, the following hold:
(@) Nunlly <C;
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<C;

/R ) {log . F(un)] Fluy)dz

|z]

<C.

/RN [10% o F<un>] n f (1) d

|z]

Remark 4.5. Note that, as a consequence of Lemma 4.4, we may assume
the PS sequence at level ¢ to be positive. Indeed, since u,, is bounded, we
can test Zj, (u,) against u,, = max (—u,,0) to get

'/ V[N + Viu,|Ndz| < 7,0
{un <0}

Hence, the positive sequence {u;} is still a PS sequence at the same level
¢, since F(s) =0 for s <0.

From now on we will consider only positive PS sequences. Because of the
exponential nonlinearity and the presence of a sign-changing logarithmic
kernel, we cannot exploit standard arguments to obtain the existence of a
solution as byproduct of boundedness of a PS sequence. Here it is funda-
mental to take advantage of the key estimate for the mountain pass level of
Lemma 4.3. The next lemma is an extension of [10, Lemma 6.2]. However,
it is not a virtual transcription, so that, for convenience of the reader, we
recall the main steps of the proof.

Lemma 4.6. Assume (V) and (f1)—(fs4). Let {u,} C Wé’NL?UO(]RN) be
a (positive) PS sequence for Ty at level 0 < ¢ < 1/N. Then, for any
1 <a < 1/(Nc) the following uniform bound holds

sup/ F*(uy,)dr < oo .
RN

neN
Proof. From Lemma 4.4, there exists u € W™ (RY) such that:

u, —u in WY (RY);

s
loc

U, —u in L (RY) for any 1 < s < ooc;

Up, — u  a.e. in RY,
with
lim (Ju,|ly = AY > [Jully. (4.10)

n—-+o0o

Let G: Rt — R,

_ [ NFore Nz,
o= \/ AR
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and notice that G € C'(R™) thanks to (f;). By Holder’s inequality we

have
cos(fo) [ (G
=N — gw*% . (4.11)
Set

vy = G(u,) > 0.
Since u,, is bounded in W™ (RY) and thanks to (fa),

B N F(uy) f'(u,) N —2
/RN |an|Ndaj—/RN V[V <§ ) 2 )daz <C

and
/ Voldr = / VG (uy)dr < C’/ Vul dx < C.
RN RN RN
We claim that for n large enough
IVoally < 1.

Combining the facts Zy (u,) — ¢, (4.1) and (4.10), we have

Jim_ %N /R ) {log (%) \ F(un)] Flun)dz =2 (%N - c) |

/
Moreover, since Zj,(u,) — 0 in <Wé’NLgUO (RN )) , we have

mte 5] 0
and hence
/RN Vil (1 - W) ot /RN Vu"Nlj;gz:)) " (4.12)
_ %N B {log (ﬁ) ] F(un)] Flun)dz = of1).

Again by (4.10) we get

/RN [V |Y (1 - W) de + /RN Vu;“%dx ey
2

2
- = VnNd——/VNdzl.
NRN|“|xNRN“"‘T°()
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Therefore, thanks to (4.11)
lvall = / VG (un) |V da +/ VGN (u,)dx
RN RN

- / IV, Y (gF(l;’;zi;()“") = N; 2) da:+/RN VGN (uy)da
= Nc+ /RN 1% <guﬁ—1% —ul + GN(un)) dz + o(1)

< Nc+o(l) <1
(4.13)

for n large enough.
At this point, we are able to improve the exponential integrability of w,

Thanks to (f3), for any € > 0 there exists t. > 0 large enough such that

! N —2
1—€e< 1(/EF(J2{>@) i <1l+e forall t>t,.

2
Next by (f2) we also have either u,(z) < t. or u,(x) > t. which implies

(U /\/7dt+/ (1—e)d
> \/gt + (1 —€)(up—t) > (1 —e€)(u, —t.) (4.14)

and in turn
un<t+1—, for any x € RY .
€

Hence, by (1.4) and since F' is an increasing function, and recalling that

q>N,
/ FO(uy)dz — / FO(up)da + / Fo(uy)da
RN 0<un<te Un >te

< Ce/ unNO‘d:c
Un <t
+ / {F (t + )] dx
Un >te 1 — ¢
Up ap=x7) Up N
< 06/ ugdaﬁLC/ on | aan(t: + )N-T ) do
un<te Un>te 1- 1—e¢

SCsHUnH%JrCE/ ON (OzOzN(1+e)(te+ 1,U_n€)NN1) dz

Un >te

N
N

<l +C. [ ow (aan(14 ot
N (1—¢)n-1

R
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where C. > 0 may change from line to line. (The last inequality can be
verified just observing that for large values of u,, also v, is large so that

(t + 12077 ~ (£2) 7).
Set
! >0
= — —«
= Nc
and let us fix 0 < ¢, < 1, depending on o < NLC such that
(1 +ea)%

(1— )™

With these choices we obtain

(1 -n*(Ne)?) < 1.

/ Fo(uy)dz < Cfun| N+
]RN

|Un|

dz .

(1 +ea)N]X
N N
N—

Ca/ ng (0763
RY (1 ||vn||v '

By (4.13), |Jun||if < Ne+0(1) as n is large enough, so that

vl

— Ea)

|vn ¥ < Ne+ (Ne)®n,  asn — 400 .

Thus,
N N
(1+€,)N T 1 (1+€,)NT
@ 7N_||Un||v <\ 1) ——5Ne(l+Nen)
(1 —€,)N-T Ne (1 —€,)N-T
<1+5a)% 2 2
:(1 )NN(I—(Nc)n)<1,
— Ea -1
and finally we obtain
N
N1
/ Folu)dz < Ollun]|Y + ca/ . QN% dx < C, .
R RN [[on]]

Proposition 4.7. Assume that conditions (V') and (f1)—(f1) are satisfied.
Let {u,} C WY be a PS sequence for Iy at level ¢ < 1/N, weakly con-

verging to w in WEN(RN). If u # 0, then u € Wy, NLq

weakly in I/V‘l,’NLZ)0 (®RN)- Furthermore, as n — oo

o (RN) and u, — u

(10g 2] * F(n)) F(un) — (log ] « F(w)) f(w) in L (RY) (4.16)
and u s a weak solution to (1.3).

For the proof we refer to [10, Proposition 6.3].
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4.3. Proof of Theorem 1.2. The functional Z; satisfies the Mountain
Pass geometry thanks to Lemma 4.2. This yields a (PS) sequence {u,} C
I/V‘l/’NL?U0 (RM) at level my. Then, by Lemma 4.6 we have that {u,} is

bounded in u € W™ (RY) and it weakly converges to some u € W™ (RN).
It remains to prove that u # 0.
Either {u,} is vanishing, that is for any r > 0

lim sup/ un|Ndz =0
r ()

n——+oo yGRN

or, there exist r,§ > 0 and a sequence {y,} C Z" such that
lim u, |Ndx > 6.
If {w,} is vanishing, by Lions’ concentration-compactness principle we have
u, =0 in L*RY) Vs> N, (4.17)
as n — 0o. In this case it is standard to show that
1F Gl () 1 — 0

for some values of v > 1 and close to 1, thanks to the improved ex-
ponential integrability given by Lemma 4.6 and the growth assumption
F(t) < %tf(t), see (1.5)). Hence, by applying the HLS inequality (Propo-
sition 2.9) we obtain as n — oo, similarly to Proposition 4.7:

1
/RQN log (1 M y|) F(un(2))F(un(y))dedy — 0 (4.18)

/RQN log (1 + #) F(un(2))un(y) f (un(y))dady — 0 (4.19)

|z =y
Combining (4.18)-(4.19) and the facts Zy (u,) — ¢ and Zj,(u,)[v] — 0 on
C>(RY) test functions, we obtain

2

%V o log (1 + |z — y) F(un(x)) [F(un(y)) — Nun(y)f(un(y)) dxdy

=2my + o(1)

so that m, < 0 thanks to (1.5), which is not possible. Therefore, the
vanishing case does not occur.

Now set v, := up(- — yp), then

/ v, [2dz > 6 . (4.20)
B (0)

Using the periodicity assumption, Zy and Zj, are both invariant by the
ZN -action, therefore {v,} is still a PS sequence at level my . Then v, — v
in WY (RN) with v # 0 by using (4.20), since v, — v in LY (RY). We
conclude by Proposition 4.7 that v € Wé’NLgUO (RY) is a nontrivial critical

point of Zy and Zy (v) = my, which completes the proof of Theorem 1.2.
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