NON-NEGATIVE RICCI CURVATURE AND MINIMAL GRAPHS
WITH LINEAR GROWTH

GIULIO COLOMBO, EDDYGLEDSON S. GAMA, LUCIANO MARI, AND MARCO RIGOLI

ABSTRACT. We study minimal graphs with linear growth on complete mani-
folds M™ with Ric > 0. Under the further assumption that the (m — 2)-th
Ricci curvature in radial direction is bounded below by Cr(z)~2, we prove
that any such graph, if non-constant, forces tangent cones at infinity of M to
split off a line. Note that M is not required to have Euclidean volume growth.
We also show that M may not split off any line. Our result parallels that
obtained by Cheeger, Colding and Minicozzi for harmonic functions. The core
of the paper is a new refinement of Korevaar’s gradient estimate for minimal
graphs, together with heat equation techniques.
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1. INTRODUCTION

The theory of entire minimal graphs in Euclidean space R™, that is, of functions
u: R™ — R solving the minimal (hyper)surface equation

Du

I+ 1Du?

is built upon the following foundational results:

(MSE) M u) = div
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(#1) The Bernstein theorem: solutions of (MSE) are all affine if and only if
m < 7.

(#2) For each m > 2, positive solutions of (MSE|) are constant.

(#3) For each m > 2, solutions of (MSE) with at most linear growth on one side
are affine (i.e., the Hessian D?u = 0).

Here, u is said to have at most linear growth on one side if, up to changing the sign
of u,
u(z) = —C(1+r(z))
holds on R™ for some constant C' > 0, where r is the distance from a fixed origin.
The validity of (#1) is due, as well-known, to the combined effort of S. Bernstein
[8] (m = 2, see also [63] 43]), W.H. Fleming ([38], still for m = 2), E. De Giorgi
(26} 27, m = 3), F. Almgren ([2], m = 4), J. Simons ([60], m < 7) and E.
Bombieri, De Giorgi and E. Giusti ([I3], counterexamples if m > 8). On the other
hand, (#2) and (#3) were both proved in [12] by Bombieri, De Giorgi and M.
Miranda for m > 3; in particular, (#3) refines J. Moser’s Theorem [54], which
states that v is affine provided that |Du| € L>°(M). Further properties of entire
minimal graphs in Euclidean space were obtained in [14] by Bombieri and Giusti:
among them, we mention the fact that w is affine whenever m — 1 of its partial
derivatives are bounded. The result was improved in recent years by A. Farina
[34, B5], who showed that u is affine if m — 7 partial derivatives of u are bounded on
one side. Other extension of Moser’ result, proving that D?u = 0 by only assuming
that |Du| = o(r) as r(x) — oo, were obtained in [I7], 32 [59]. We also mention the
recent [36], where the rigidity of a minimal graph is obtained by assuming that an
upper level set contains, or is contained in, a half-space.
In a Riemannian setting, it is natural to ask the following

Question 1. For which classes of complete Riemannian manifolds M one could
expect results like (B1), ($B2),(B3)?

The problem motivated our previous works [I1], 22] as well as the present paper.
Recall that a solution of on a Riemannian manifold (M™, o) gives rise to a
graph

F:M—>RxM, F(z) = (u(z),z)
which is minimal if the ambient space R x M is endowed with the product metric
dt? + 0. Hereafter, we say that the graph is entire if u is defined on the whole of
M.

If M is close to hyperbolic space H™, namely, M is a Cartan-Hadamard man-
ifolds with suitably pinched negative curvature, (#1), (#2), (#43) drastically fail,
since each continuous function ¢ € d,,M can be attained as the limit value of an
entire minimal graph, which is therefore bounded. An exhaustive literature on the
problem can be found in the survey [33], see also the introduction of [9].

Denoting with ¢ = F*(dt* 4+ o) the graph metric and with A, its Laplace-
Beltrami operator, equation can be written as Aju = 0, suggesting that for
(AB2), (%43) an answer to the above question may be guided by the global behaviour
of harmonic functions on Riemannian manifolds. This is clearly not the case for
(A1), since already in R™ there is no rigidity result for harmonic functions without
imposing any growth condition. For (#2) and (#3), it is therefore natural to look
at the problem on manifolds satisfying either

(1) Sec > 0, or Ric >0
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where Sec, Ric are the sectional and Ricci curvature of (M, ). Indeed, if Ric > 0,
positive harmonic functions are constant, by S.Y. Cheng and S.T. Yau’s gradient
estimate [62, [20], while a harmonic function with linear growth force any tangent
cone at infinity of M to split, by work of J. Cheeger, T. Colding and W. Minicozzi
[19]. Indeed, M itself splits off a line whenever Ric > 0 is strengthened to Sec > 0
(cf. [5] for a complete proof).

In view of the convergence theory developed in the past 50 years for manifolds
with Sec > 0 or Ric > 0, some of the tools used to prove the Bernstein theorem in
R™ are available on manifolds satisfying , making these assumptions a natural
setting also for the study of (#1). However, much has to be done and (#1) seems
very challenging to prove even on manifolds with Sec > 0. In fact, we are aware of
no results in this direction.

The situation is different for (#2) and (#3), for which, as we shall detail below,
the main difficulty is to prove the results by only requiring Ric > 0, arguably the
sharp condition for their validity (in this case, however, (#3) has to be suitably
weakened, see later).

Regarding (#2), after previous work in [57] by H. Rosenberg, F. Schulze and
J. Spruck, a complete answer was obtained by the first, third and fourth authors
together with M. Magliaro in [22], and independently by Q. Ding in [29] with
different methods:

Theorem 2. [22] 29] Complete manifolds M with Ric > 0 satisfy (%2), that is,
entire positive minimal graphs over M are constant.

In this paper, we address (#3). In view of the result in [19], it is reasonable to
formulate the following

Conjecture 3. Let M be a complete manifold with Ric > 0 and possessing a non-
constant entire minimal graph with at most linear growth on one side. Then, every
tangent cone at infinity of M splits off a line.

The problem seems to be considerably harder compared to the case of harmonic
functions. We are aware of only two results in the direction of Conjecture [3] The
first is [31], where Ding, J. Jost and Y. Xin proved that R™ is the only manifold
satisfying the following assumptions:

B
(2la) Ric >0, lim M>0
(2) r—oo rm

| B) the curvature tensor decays quadratically

and admitting an entire, non-constant minimal graph with at most linear growth
on one side. Very recently, Ding [30] posted on arXiv a paper where he proved
Conjecture [3| on manifolds satisfying the assumptions in a). The bulk of his
argument is to show the remarkable property that the isoperimetric inequality,
satisfied by (M, o) in view of a), is inherited by the graph of u. This allowed Ding
to adapt, in a nontrivial way, tools from [12] [I4] and from Cheeger-Colding’s theory
to reach the goal. We stress that his method heavily depends on the Euclidean
volume growth condition in (2}«).

In our work, we address Conjecture [3] without requiring the Euclidean volume
growth assumption, but rather a mild further curvature condition. To formulate
our main result, we recall the definition of the ¢-th Ricci curvature:
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Definition 4. Let (M, o) be a manifold of dimension m > 2. For{ e {l,...,m—
1}, the -th (normalized) Ricci curvature is the function

¢
1
veT,M +— Ric®(v)= inf = ZSec(v nej) |
W <ot ¢ i=1
dimW =/

where {e;} is an orthonormal basis of W.

The function Ric®”) interpolates between the sectional and Ricci curvatures, ob-
tained respectively for ¢ = 1 and, up to the normalization constant (m — 1), for
¢ =m — 1. In particular, with our chosen normalization the following implications
are immediate:

Sec >¢ = Ric P >¢

— Ric” >¢ = Ric> (m—1)c
Hereafter, given H € C([0,00)) and denoting with r the distance from a fixed origin

0 € M, we use the short-hand notation Ric!)(Vr) > —H(r) on M to mean the
inequality

Ric® (Vr(z)) = —H(r(z)) Vo € M\ ({o} Ucut(o)),

where cut(o) is the cut-locus of o.

Recall that a manifold M is said to be parabolic if every positive superharmonic
function on M is constant. Also recall that a tangent cone at infinity for a complete
(non-compact) manifold M is any metric space obtained as a blow-down of M. More
precisely, a pointed metric space (Xoo,doos Too)s Too € Xoo, IS & tangent cone at
infinity for (M, o) if, for some base point « € M and some sequence {\, } of positive
real numbers such that \,, — +00, one has

(M, A;l diStg,SU) — (Xocndooa :EOO)

in the pointed Gromov-Hausdorff (pGH) sense. If (M, o) has non-negative Ricci
curvature, then tangent cones at infinity exist based at any point x € M, by
Gromov’s precompactness theorem [41].

We are ready to state

Theorem 5. Let (M, o) be a complete Riemannian manifold of dimension m > 2
with

Ric > 0,
and let uw € C°(M) be a non-constant entire solution of (MSE]).

(i) If M is parabolic, then M = N x R with the product metric o + ds?, for
some complete manifold N with Ricy > 0, and in the variables (y,s) €
N X R it holds u(y, s) = as + b for some a,b € R.
(¢i) If M is non-parabolic and
- u has at most linear growth on one side;
- there exists an origin o € M such that, denoting with r the distance
from o,
72

s (m—2
(3) Ric™=2(Vr) > 112

on M,

for some constant K > 0,
then every tangent cone at infinity of M splits off a line.
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Remark 6. In Case (ii), since M is non-parabolic then necessarily m > 3 (see
below), so Ric™ ™2 is well-defined. Also, we emphasize in the statement of (i)
that tangent cones at infinity may be based at any point of M, not necessarily at
o.

Case (i) in Theorem [5] is easy to obtain, and might be well-known among spe-
cialists. We included it for the sake of completeness. Regarding Case (i), the
curvature condition in is only used to infer that v has bounded gradient on M.
In other words, as a consequence of our proof we obtain a generalization of Moser’s
result in [54] to the following

Theorem 7. Let M be a complete manifold with Ric > 0. If u is a non-constant
solution of (MSE) and |Du| € L>® (M), then every tangent cone at infinity of M
splits off a line.

It was already observed in [I9] that a manifold M with Ric > 0 may not split off
any line despite each of its tangent cones at infinity splits off a line. A counterex-
ample was constructed in [45], and building on it we get the following result:

Proposition 8. For m > 4, there exists a complete manifold M with
Ric® > 0, Ric > 0, |Sec| < R2

for some constant & > 0, which carries a non-constant minimal graph v : M — R
with |Du| € L>®(M).

Note that Ric ™2 > 0 and that M does not split off any line. Whence, in
assumption (¢7) of Theorem [5) the conclusion cannot be strengthened to a splitting
of M itself.

When Sec > 0, however, the above phenomenon does not happen. Leaving aside
the case m = 2, covered by Case (i) in Theorem [5] we obtain

Corollary 9. Let (M,o0) be a complete Riemannian manifold of dimension m > 3
satisfying Sec > 0. If there exists a non-constant entire solution u € C°(M) of
(MSE) with at most linear growth on one side, then M = N x R with the product
metric o +ds?, for some complete manifold N with Secy > 0, and in the variables
(y,8) € N xR it holds u(y, s) = as + b for some a,b € R.

The corresponding problem for harmonic functions was also studied by A. Kasue
[44]. Corollary [9] relates to the results obtained in [49] by P. Li and J. Wang.
There, the authors study complete, stable minimal hypersurfaces ¥ — M properly
immersed into a complete manifold M whose sectional curvature is non-negative,
and prove that either ¥ has only one end or ¥ is a totally geodesic cylinder P x R,
for some compact manifold P with non-negative sectional curvature. Our setting
falls into their framework, since a minimal graph in R x M is stable, properly
embedded and M = R x M has non-negative sectional curvature. However, our
conclusion is stronger, since it allows M to have only one end and it also implies a
splitting of M itself.

To conclude, we prove the next result for graphs with slower than linear growth
on one side, that should be compared to [3I, Theorem 3.6] and [30, Theorem 1.4].

Theorem 10. Let (M, o) be a complete Riemannian manifold of dimension m > 2
with Ric > 0, and let u € C*°(M) solve (MSE) on M and satisfy

) u_(r)

)
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where u_(x) = max{—u(x),0}. Assume that either
- M 1is parabolic, or
- M is non-parabolic and there exists an origin o € M such that, denoting
with r the distance from o,
72
1+7r2

Ric™=2(Vr) > — on M,

for some constant £ > 0.
Then, u is constant.

Strategy of the proof. Case (i) in Theorem [5[ is a direct consequence of the
parabolicity of (M, o), which in our setting can be transplanted to the graph of
u. In particular, since every surface with Ric > 0 is parabolic, the result holds if
m = 2, so we focus on dimension m > 3. In [I2], the authors obtain (#3) in R™
via the following steps:
(a) a sharp gradient estimate, implying that a solution u € C°°(R™) of
with at most linear growth on one side satisfies |Du| € L (R™);
(b) an argument of Moser [54]: since |Du| € L (R™), for each coordinate field
0; the partial derivative Jju is a bounded solution of a uniformly elliptic
PDE. The global Harnack inequality implies that d;u is constant, which
implies that u is affine.

Step (b) cannot be implemented on manifolds, which in general lack parallel
fields. An alternative idea was proposed in [I9] to study harmonic functions, a
blowdown argument which exploits the convergence theory of manifolds with Ric >
0. Our strategy closely follows the one in [I9], and can be split into the following
steps:

(a) we prove that a solution u € C*°(M) of with at most linear growth
on one side satisfies |Du| € L>*°(M);
(b) for fixed zg € M, we show that the functions |Du| and |D?u| satisfy

1
(5) [ Dufdz = sup | Duf?,
R—oo | Br(w)] BR<zo>| M |
R2
(6) lim ———— |D*uf*dz =0,

R—oo |Br(20)| JBg(a0)

where Bg(zg) is the geodesic ball of radius R and center xy in (M, o).
(c) we use the blowdown argument to guarantee the splitting of any tangent
cone at infinity with base point xg.

To be more precise, Step (a) will be achieved by assuming

2

3 s (m=2 K
(7) Ric >0 and Ric™=2(Vr) > T

while (b) will be shown by requiring

(8) Ric >0 and |Du| € L*°(M).

Though the strategy is the same as that in [I9], we emphasize that the techniques
in the current literature to prove (a) (respectively, (b)) do not apply under the sole
assumptions in (respectively, in (8)). We shall justify this claim in the next
sections. Our strategy to obtain (a) is to refine a method due to N. Korevaar [46],
see Theorem below, while to get (b) in our needed generality we exploit heat
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equation techniques, inspired by works of P. Li [47] and L. Saloff-Coste [58]. In
this respect, we underline Theorem below, yielding to @, that in the stated
generality seems to us new and of an independent interest.

2. PRELIMINARIES

We briefly review some formulas for minimal graphs that will be used later on.
In local coordinates (z*) on M, we write

o= aijda?i @dz!, ¢g= gijdxi ®@de?,  du = u;dz’.

We have g;; = 0;; + u;u;. Denoting as 0%/, g the inverse matrices of (¢;), (gi;),
respectively, it holds
uiu!
w2’
where W = /1 + |Dul? and v’ = 0%u;. In general, if ¢ € C'(M) then we denote
as D¢ and V¢ the gradients of ¢ with respect to metrics o and g, respectively, and
in local notation we write

d¢ = ¢ida’, Do = ¢'0y, = 0 ¢;0,,, V¢ =97¢;0n,.
Differentiating the upward pointing unit normal vector n = W~1(9; — u'e;), the
second fundamental form II in the direction of n has components
9) L = 357
where u;; are the components of the Hessian D?v in the metric 0. Let H = g% hij
be the mean curvature, which we assume to vanish. Using the relation

g =o' —

ukuij

W2

between the Christoffel coefficients Ffj of g and ij of o, for every ¢ : M — R the
Laplace-Beltrami operator A, of g writes as

k ko_
Fij —Yij =

Ag¢ = g”@‘j - ¢kukW = 9”@51‘3‘,

where we used the minimality of ¥. Also, A, has the following local expression:

. I
(10) Agp = m div ( lglg J¢>z’3xj) =W div (Wg" ¢;0x,)
where div is, as before, the divergence operator in (M, o) and |g| = W? is the

determinant of g with respect to o. Next, for every Killing field X defined in
R x M, the angle function © ¢ = (n, X) solves the Jacobi equation

(11) A0 + (1] + Ric(n,m) ) O,

with Ric the Ricci curvature of R x M. This is the case, for instance, of the angle
function ©y, = (n,d;) = W1 associated to the Killing field d;. As a consequence,
W satisfies

(12) ZwW = (|11]]* 4+ Ric(n,n)) W,
where we defined

L =W?div, (W2Ve) = Ayp — 2(Vieg W, V).
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Observe that, in terms of the metric o,
(13) Lo =Wdiv (W g7 ¢;0,,).
If X is a Killing field in (M, o) then we can extend it by parallel transport on
R x M to a Killing field X satisfying (8¢, X) = 0, with corresponding angle function
O% = (n,X) = —-W~lo(Du, X). Since holds for both ©y, and O, it can be
checked that the quotient
v = *@X/@ay = O’(DU,X)
is a solution of
(14) gw’t) =0.
We next discuss the implications of -th Ricci curvature lower bounds. Hereafter,
we set Rt = (0,00) and R = [0, o0).
Proposition 11. Let (M, o) be a complete manifold of dimension m > 2 satisfying
Ric®(Vr) > —H(r)  for £ =max{1,m — 2},
where v is the distance from a fived origin o € M, and 0 < H € C(R{). Let
h € C*(RY) solve
' — Hh>0 on RT,
15 !
(15) lim inf (h — 1) > 0.
t—0 h t

Let w: M — R solve (MSE). Then, denoting with A, the Laplacian on the graph
of u,

h'(r)

h(r)

pointwise on M\({o} Ucut(o)) and in the barrier sense on M\{o}.

Agr<m

Proof. Outside of {0} U cut(o), denote by {\;(D?r)} the eigenvalues of D?r in
increasing order. The comparison theorem in [52, Prop. 7.4] guarantees that

= (D2 m— W (r)
(16) ;AJ(D ) < ( 1)h(r)

pointwise on M\ ({o} U cut(o)) and in the barrier sense on M\{o}. Note that the
initial assumptions on h therein are h(0) = 0, 2’(0) > 1, but the same proof works
for the more general . In this respect, note that A’ > 0 on Rt follows from
H >0.

To estimate Agr = gijrl-j, pick a point z where r is smooth. If Du(x) = 0, then
¢" = 69, In our assumptions, the Ricci curvature satisfies

Ric(Vr,Vr) > —(m —1)H(r),
so by the Laplacian comparison theorem and since h’ > 0,
W (r) W (r)
< .
A(r) = " h(r)

Assume that Du(z) # 0, write v = Du/|Du| in a neighbourhood of = and complete
it to a local orthonormal basis {v, e, } with 2 < a < m. Note that g% is diagonalized

Agr = Tr(D?r) < (m—1)
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with eigenvalues W2 < 1 in direction v and 1 in directions {e,}. Expressing A,r
in the basis {eq,, v} we get

1 m
Agr = WD%(V,V)JrO;DZT(emea)
1

(7) =

Tr(D?r) — Z D?*r(eq, eq)
a=2

+ Z D?r(eq, eq)
a=2

W2—1} N

E D?r(eq, €q)-
2 oy o
w ~=

By min-max and since the eigenvalues are ordered,

1
= W Tr(DQT) + |:

2 mo- 2 = 2 “ 2
< < .
Tr(Dr) < — 3:2 Aa(D7T), O;:QD r(eqs€a) < ;:2 Aa(D7T)
Therefore,
m W2 _-1] &
Agr < [ 5+ 5 } E Ao (D)
(18) (m—-1)W w ~=

1 R (r) R (r)
—— +1 -1 <m-—
[ 1 o 07 <
as claimed. The inequality in the barrier sense on the entire M\{o} easily follows
from the corresponding one for via the argument in [52] Prop. 7.4]. |

Remark 12. In particular, letting & € R{, for £ = max{1,m — 2} it holds
Ric®) (Vr) > —&? = Agr < mk coth(Rr)

m(14+v/114R7)
Agr < -5

Ric)(Vr) > —

I_$2
—s
pointwise outside of {0} U cut(o) and in the barrier sense on M\{o}. Indeed, it is
enough to consider for h, respectively, the functions

Sinh (Rt y 1+ 1+ 4R2
h(t) = w and h(t) =t*, where & = %
3. PROOF OF THEOREM [5], (i)

Since Ric > 0, by work of N. Varopoulos [63] and Li and Yau [50], the parabolicity
of M is equivalent to

* sds
" |
where By is a geodesic ball centered at a fixed origin o. Indeed, is sufficient
for the parabolicity of a complete manifold, independently of any curvature re-
quirement. An argument in [48] (cf. also [61]) shows that the volume of the graph
¥ = (M, g) inside an extrinsic ball B, C Rx M centered at a point (u(0), 0) satisfies

1
|E ﬂBT| S |Br| + §|BST\BT| S 2|B37‘|

Hence, the volume of a geodesic ball BY in 3 centered at o is bounded as follows:

(20) |Bg| g |20Br| S 2‘B3r‘a
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> sds
il
|BY|

and therefore the graph ¥ = (M, g) is parabolic. By the Jacobi equation

which implies

Ay = — (I + Ricn, m) +r-,
the bounded function 1/W is superharmonic on ¥, and it is therefore constant by
parabolicity. Hence, IT = 0 and ¥ is totally geodesic in M x R. Equivalently, by
@, D2y =0 in M. As a consequence, since u is non-constant, Du is a non-zero
parallel vector field, and M splits isometrically as a product N x R, u being an
affine function of the R-coordinate alone.

4. A LOCAL GRADIENT ESTIMATE

Let w : B C M — R solve (MSE)) on a geodesic ball B = Br(x). The original
argument in [12] to prove the gradient estimate in Euclidean setting

u(z) —infp, u
R )

for some constants ¢; = ¢;(m), makes use of the isoperimetric inequality, which
does not hold for minimal graphs over manifolds (M, o) with Ric > 0 unless M
has maximal volume growth compatible with the Bishop-Gromov inequality, in the
sense that a) is satisfied. Indeed, the isoperimetric inequality forces geodesic
balls B¢ in the graph ¥ = (M, g) to satisty |BZ| > Cr™, which coupled with
imply that M has Euclidean volume growth.

In the seminal paper [14], Bombieri and Giusti improved to the following
inequality:

(21) |Du(z)| < ¢q exp {02

(22) mmws@{uﬁ@mm@ﬂyj

R

showing that, differently to the case m = 2 (cf. [37]), an exponentially growing
bound in terms of |u| is not sharp. If M has Ric > 0 and Euclidean volume growth,
the validity of an isoperimetric inequality on entire minimal graphs was recently
shown in [30], see also [I5] for the case Sec > 0. As a consequence, in [30, Theorems
1.3 and 6.2] the author was able to extend and to such manifolds.

An alternative method to prove in Euclidean setting was given by N.
Trudinger [61]. His strategy hinges on a mean value inequality on ¥ which, re-
markably, is obtained without needing the isoperimetric inequality and is therefore
suited to apply to manifolds that do not have a Euclidean volume growth. However,
to adapt the proof to minimal graphs over M, it seems that an upper bound on the
sectional curvature of M is necessary, see also the related [3I]. Later, the striking
argument found by N. Korevaar in [46] gave another method to obtain gradient
estimates, which only requires lower bounds on the curvatures of M. Exploiting
Korevaar’s method, in [57] the authors obtained the slightly different estimate

R2

provided that Ric > 0 and Sec > —&2. Note that, unless # = 0, the estimate
explodes as R — oo if u : M — R is of linear growth. Extensions to more general

(23) | Du(x)| < ey exp {c2[1 + kR coth(rR)) (1) = zn ) } 7



SPLITTING FOR MINIMAL GRAPHS 11

ambient spaces were later given in [I8] 23] 24], but they only consider graphs which
are bounded on one side or have logarithmic growth.

Inspecting the proofs in [57, 23], 24] 1], to reach the inequality |Du(z)| < C for
solutions of linear growth the bounds on Sec are instrumental to guarantee that the
distance r,, from z satisfies Agyr, < Cy/r, for some absolute constant C;. In view of
the arbitrariness of the point z, assumption Sec > 0 in [57] seems therefore difficult
to replace with a weaker control on Sec from below. For instance, if one considers
the inequality Sec > —&2/(1 + r2) for some constant # > 0 and some origin o,
comparison theory and standard estimates for ODE would yield to a constant Cf,
hence C, that depends on the distance of x from o and explodes as r,(z) — oo,
making the estimate on Agr, insufficient to imply the desired gradient bound.

From a different perspective, we mention that a global gradient estimate for
positive entire solutions was obtained in [22] under the sole curvature assumption

Ric > —(m — 1)x?, k€ RY,
namely, a positive solution of (MSE]) on the entire M shall satisfy

V1 + [Du(z)]? < eru(@vm=1 Ve M.

Note that (#2) directly follows if kK = 0. However, modifying the argument in [22]
to allow for linearly growing solutions seems challenging.

Our first main result, Theorem provides an improvement of Korevaar’s
method that apply to the more general assumption .

Theorem 13. Let (M,0) be a Riemannian manifold with dimension m > 2. Let
Br = Bgr(0o) € M be a geodesic open ball of radius R > 0 centered at o € M and
let u € C3(BR) be a non-constant solution to (MSE). Assume that

R2
1472
for some K,k € Rar, where r denotes the distance from o. Let 0 < Ry < R. Then,

1+ |Du(z)|?

< max< /14 ad(v*)? ag LRV g
X )
- o ag — a2 eLR(VeEr+1—/e?+r(x)?/R*—qy(z)) _

for every x € Bp, (0), where

Ric > —(m —1)x?,  Ric9(Vr) > — on Br, {=max{1,m—2},

u(z) —infp, u . supg,, u—infg, u
3(a) = L)~ Il F = swoa(e) = —— ,
;cEBRl

€>0 and 7 € (0,1) are fized arbitrarily, q,a0 € RY satisfy

1 2 - /(Ri/R)? 2 1
Vite \/(* 1/R)? +¢ s> >0
Y VTaoy
and L € RT satisfies
1 (m-’-l)/?&()L
1o (g2 = o )2 - W IR0R )2
1= (0"~ ) oo

with R = max{1,k}. Finally, as,as are defined by

% “3(1T)<q2

g =
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Remark 14. The assumption that u is non-constant ensures that v. > 0 by the
mazximum principle.

Before proving the Theorem, we give some applications, starting from the case
where xk = 0.

Corollary 15. Let (M™, o) be a Riemannian manifold with Ric > 0 and

RQ

ic®)
Ric (V?”) > —m,

¢ =max{l,m — 2},

for some K € RS’, where v denotes the distance from o. Let u € C3(Bgr) solve
(MSE). Then, for every ¢ € (0,1) and for every Ry € (0,0R),

(24) sup v/1 + |Du|? < Cy exp (CQWLKO 2

[supp, u—infp, u)?
with Bg = max{1,k} and C1,Cs > 0 only depending on .

Proof. The desired inequality is trivial if u is constant, so assume that u is non-
constant. It suffices to prove the claim for § € [1/2,1). Let

SUpp, U — infp, u

T R

Choose

1 1-6 2 S(m + 1)/%0

T=z, £ = 67 = ) a ) L =

2 R WoNe T gy eRg?

With this choice, we have
V1+e?2—/(Ri/R)?+¢e2 V1+e2 — V02 42
(25) 0 0
VI+62 /25
= > 2q,
0

where, from § < 1, we used

1— 42 1—62 1-6
V1462 —V26 = > = :
VI+2Z+V20 ~ V2+V20 V2

We also have

g T
ag(y*)*r 2 2
and then
1 L2¢? (m+ 1)RoL
=(1-— R — 2 = =2 =92 .
0=-n (¢ o ) = 5 T

Hence, all assumptions of Theorem ?7 are satisfied and for every x € Br, we have

1+ [Du()]? < max{ L+ ag(v)?, \/5} X
eLR(V1teZ—e) _q
y .
cLRVTHE2—/(r()/R)>+e2 —qv(x)) _
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Note that, for every z € Bp, and taking into account (25,

V1+e2 = /(r(@)/R? + e —qy(z) > V1+e2 — V62 +e2 —gy*
227" = a7 = a7,

and also
\/1“1‘752 —&= ! < ! = 1 < 1 — 2 qv*.
ViteZ+e  VI+e2 VI+462 7 V25 0(1-0)
Therefore, we can estimate
CLRNVTFT—2) _ LR
cLR(VT+2—/(r()/R)2+e2—q(2)) _ | = eLRgv* _ 1

Here, we have exploited the fact that for every o € R one has the validity of an
inequality of the form

< ¢(8)t a0

y* -1
y—1
for a suitable constant C'(«) > 0. Recalling that
m2 _ 32(y%)?
ag(v")? = ik
8(m—+1)koy*  16v2(m + 1)7-;0( "2
5q T s1—e)

< Cla)y™? Vy>1

LRgqy" =

we obtain

\/1+|Du(x)2§max{ l+m,\/§}x

16v2(m + 1)& 2 oo
><C(5)exp< 500 ° <5(1_5) —1> (") )

and the conclusion follows. O

Assuming that u has at most linear growth, we get

Corollary 16. Let (M™,0) be a complete Riemannian manifold with Ric > 0 and
72
for some k € RE. If u € C°(M) solves and has at most linear growth on
one side, then |Du| € L>°(M).

Ric)(Vr) > — ¢ = max{1l,m — 2},

Proof. Without loss of generality we can assume that the negative part of u has
at most linear growth, so that there exists a > 0 such that u(z) > —a(l + r(x))
for every © € M. Let Ry > 0 be fixed. Choosing 6 = 1/2 and letting R — oo in

estimate we get
sup v/1 + |Dul? < Cjexp (CQmROCLQ)

BRl

where C1,Cy > 0 do not depend on R;. Since R; > 0 was arbitrary, we get
sup /1 + |Dul? < C; exp (CQmROaQ) .
M
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To prove Theorem [I3] we need the following

Lemma 17. Let (M™,0) be a complete Riemannian manifold with
=2
Ric) (Vr) > —ﬁ, ¢ =max{l,m — 2},

for some kK € Ré‘, where r is the distance from a fized origin o € M, and let
u € C*(Bpg) solve (MSE)) on a geodesic ball Br centered at o.
For any given a > 0, the function 1 = va? + r? satisfies

Dl <1, Ay < (m 1y RedLE

in the barrier sense on Br and pointwise on By \ cut(o).

Remark 18. By its very definition, a solution in the barrier sense is also a solution
in the viscosity sense, see [51] for comments.

Proof. Outside of {0} Ucut(o), a direct computation yields |D¢| = 7|Dr| <1 and
PN - VA 2
W= Jm (@2
From [|Vr|]* = gijrﬂ“j < |Dr]? =1 and Remark
L (mO VTR | e
Va? + 12 2 a? +r?

and the conclusion follows by observing that ——— < 1 and that

VaZt+rz = a
m(1+ 1+ 4kr?2) N a?

Agh <

5 <m(l+k)+1<(m+1)max{1,r}.

2 a?+r
The validity of the inequality in the barrier sense can be proved by Calabi’s trick,
see for instance [52 Prop. 7.4]. O
Proof of Theorem[13 Without loss of generality, we can assume inf g, u = 0. Then
. Supp,
7= sup y(z) = —p—
TEBR,

As in the statement of the theorem, fix 7 € (0,1) and € > 0, and choose ¢ > 0 and
ap > 0 such that

24+ 1—+/(R1/R)? +¢? 1
(26) Ve + \/(* 1/R)? +¢ S
Y VTagy
and then L > 0 matching
1 (m‘i’l)ﬁoL
27 1— 2_ - L277 -1 2
e -0 (P i) R (- 12,

where Ko = max{1,%}. Set

define the function
Y =/e2R2 4 r2
where r(z) = dist, (0, x), and let

nze*CU*Lwié, Z:WT].
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By writing
n= 5 (eLR(\/62+ —+v/e2+(r/R)2—qu/R) _ 1)
we see that for every x € Bp,

() =6 (eLR(x/ﬁf\/m*qv(r)) _ 1)
- (eLR(m—\/W—qv*) _ 1) >0

as a consequence of . Noting that, on 0Bg,
n=2a (e_qL“ — 1) <0,
the set o o
Q={x € Br:z(x) >0} ={x € Bgr:nx) >0}
is non-empty and satisfies Br, C Q2 C Bg. Therefore, there exists xg € €2 such that
0 < z(xg) = max z.
The function z satisfies

Az —2(Vz,ViegW) > <(m — 1)K2||Vulf? + Ag”) ©  on Q.
n

The above inequality has to be interpreted in the viscosity sense, in case xg is not
a point where r (hence, 9) is smooth. By the maximum principle, necessarily

A
(28) —(m — 1)K?||Vul|* + 7977 <0 at =z

in the viscosity sense. We compute

Agn = (n+6) (~CAyu— LAY + |CVu+ LVY|]?).
We recall that W=2(c); ; < (9¥);; < (06");; in the sense of quadratic forms,
hence

ICVu + LV|* = ¢ (Cu; + Lapi) (Cuy + L))

1

1

Y

Y

It follows that

Agn 1 2
> —CAyu— LAY+ Du + LDvy|”.
e CAgu ) W2|C U Y|

Using Agju = 0 and Young’s inequality we obtain
Agn
> —LA 1-
n + 5 — gw + ( T)
Taking into account Lemma [17| we infer

CQ‘Du‘Q _LQI_T‘DQ/)P
w2 T W2

(m + ].)I_{O
eR
Substituting these estimates in the above inequality, we deduce
Agn o | Dul? (m+1ky 1—7 L
297 > (1= 2\C — L —
n+o6 — (1-7) W2 eR + T W2

Dyl <1,  Agy <
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2
If |Du(zo)| > agy* then 12420l > L Thys, we can further estimate

W2aZ(y*)? = W2
Agn 5 1 o|Dul?>  (m+1)koL
Bl 5 g - L - ¢
n+9d — ( 7) (q Tad(v*)? w2 eR ab o
that is,
A
(29) nij% > a1 || Vul|® — as
with
1 (m+1)RoL
a1:(1_7)<q2—7_ag(7*)2).[/2>0, GQZT>O.

Since
az = a; — (m — 1)K?
we have a1 > a3z > 0 by condition . We claim that

| Du(zo)|? 2 _ G2
——— = ||Vu(x <=,
e = IVu(a)| < 2
that is,
as
30 w < .
(30) (z0) < p—
Indeed, assume by contradiction that
(31) IVu(zo)|? > 2.
as

Then, from it follows

A
29 s | VulP —a2 >0 at xo,

n+o6
hence Ayn > 0 and, by and again,

A A
(m — 1)K2|Vul? > =21 > ng >a|Vul? —as  at xo,
n n

leading to
az > (a1 — (m — 1D)E2)||Vul|* = as||Vul]? at xq,
which contradicts and proves our claim.
On the other hand, if |Du(xg)| < agy*, then

(32) W(zo) <y/1+af(v*)?
Since ¢ is a global maximum point for z in €2, we have z(z) < z(xg), that is,

n(zo)

for every € Br, C 1. Note that

77(550) eLR(mf e2+r(x0)?/R%—qu(z0)/R) _ 1

n(x) eLR(VEP+1—1/e2+r(x)?/R?—qy(z)) _
eLR(\/€2+176) -1

<
T JLR(VEFI—\/24r(2)2/RZ—qy(2)) _ 1




SPLITTING FOR MINIMAL GRAPHS 17

hence
eLR(\/s2+1—s) -1
W(x) <W .
(x) - (l‘o) eLR(\/sz—i- —v/e2+r(x)2/R2—qvy(z)) _ 1
The latter, together with and 7 implies the desired estimate. [

5. UNIFORMLY ELLIPTIC OPERATORS ON MANIFOLDS WITH Ric > 0

Having shown that an entire minimal graph with at most linear growth on one
side has globally bounded gradient, we need to show and @ We shall prove
both of them under the only conditions

(33) Ric >0,  |Du| € L>®(M).

In such generality, it seems difficult to apply the “elliptic” approach in [19], adapted
in [31} 30]. To justify the statement, we observe that the method in [19] relies on
the construction of a function p satisfying

(34) Clr<o<Cr, |Do| < C, Agyo < %,

for some absolute constant C'. When considering harmonic functions, the third
condition is replaced by Ap < C/p, thus by comparison theory the choice ¢ = r is
admissible. On the contrary, to our knowledge, for minimal graphs the existence
of o satisfying is currently unknown under the sole assumptions . If M
has Euclidean volume growth, we mention that in [31] B0] the authors used as o
a reparametrization of the Green kernel of the Laplacian on M. Although the
inequality Ao < C/p may not hold pointwise, the integral estimates for |D?g|
provided in [21] suffice to estimate Agp and apply the method in [I9], as done in
[30, Lemma 7.1]. However, to our knowledge, estimates like those in [2I] are not
yet (if ever) available on manifolds with Ric > 0 but whose volume growth is less
than Euclidean.

For these reasons, inspired by [47, [58] we choose a different approach via the
heat equation. Throughout this section, let (M™, o) be a complete Riemannian
manifold of dimension m > 2 with Ric > 0. Let L be the linear uniformly elliptic
operator defined by

(35) L = div(ADy)
where A is a measurable section of T M satisfying
(36) i) a X< (AX,X) and i) |AX|<alX|] VXeTM

for some constant « > 0. Hereafter, we shall assume that A is smooth, the general
case being obtainable by approximation.

We denote by Hp(z,y,t) the minimal heat kernel associated to the parabolic
operator 9; — L, that is, the unique continuous function on M x M x RT such that
for every ¢ € C5°(M) the function u defined by

u(t,z) = y Hy(z,y,t)p(y)dy  V(t,z) eERT x M

is a solution of
(37) Owu = Lu
on RT x M satisfying

i) wu(t, -) — @ pointwise on M as t \, 0,
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ii) u <wvon (0,T) x M for every v € C?([0,T) x M), T > 0, such that
O = Lo on (0,T) x M,
¥ <wv(0,-) on M.
If the endomorphism A is self-adjoint with respect to (, ), the minimal heat kernel
Hip, is a symmetric function of the space variables, that is,
(38) Hp(x,y,t) = Hp(y, z,t) Vx,ye M,Vt>0.
By [58], see Corollary 6.2 and Theorem 6.3, there exist positive constants C; > 0,
1 <4 <6, depending only on m and « such that, for every x,y € M and t > 0,

dist(z, y)? dist(z, y)?
exp <Czt) exp <C4t)
(39) Cl S HL(x,y,t) S 03
VIB@)] [Bsv)] V1B [Bsw)]
and
dist(x, y)?
exp (| —Cg—————
(40) 0 H L (2, y, )] < =2 ( ! )

L V1Bu@) B

Remarks on will be given in the Appendix. We first need the following
simple estimate on the volume of geodesic balls.

Lemma 19. Let (M™,0) be a complete manifold with Ric > 0. For every x,y € M
and for every R > 0 it holds

m

IBR@ﬂ<y+dE%§AO)‘2§ |BR@»|BR@0|S|BR@g<y+d3%:40)

Proof. By Bishop-Gromov’s comparison Theorem we have

S

B m
|R@”§<R), 0<r<R<oo,
‘Br(x” r
thus Gst(oy) N
ist(z,y
IBr(9)] < |Bridiey ()] < |Br(@)| (1 + R) |
and the thesis follows. O

Next, we recall that L generates a diffusion which is stochastically complete (cf.
[40]), that is, the following holds:

Lemma 20. Let M be a complete manifold with Ric > 0, and let A, L be as in
-, with A self-adjoint and smooth. Then

/ Hy(z,y,t)dy =1 V(t,z) eRT x M.
M

The result is stated with no proof in the discussion following [58, Theorem 7.4].
We here provide an argument for the convenience of the reader.

Proof. Since L is uniformly elliptic and M has polynomial volume growth as a
consequence of Ric > 0, by Theorem 4.1 of [I] we have that for any A > 0 the only
entire bounded solution v of Lv = Av on M is v = 0. Then the conclusion follows
by Theorem 3.11 of [56]. O



SPLITTING FOR MINIMAL GRAPHS 19

With the above preparation, we are ready to state the following asymptotic
mean value theorem. Our method is inspired by the one in [47], where the author
considered the case L = A, but with a noticeable difference. Indeed, in [47] the
author needs to use the Li-Yau’s differential Harnack inequality to get rid of a
boundary term at infinity. The inequality is available for solutions of the heat
equation, but in general it fails for solutions of d;u = Lu unless one has a uniform
control on the gradient of A on the entire M. As we will apply our results to
A = WId — W—ldu ® Du, with W = /1 + |Dul?, in our setting only an L*°
control on A is available. For this reason, we shall modify the method, exploiting
upper level sets of Hy, rather than geodesic balls. Note that we do not assume a
Euclidean volume growth. We start with the following

Lemma 21. Let (M™,(,)) be a complete, noncompact manifold with Ric > 0 and
let A, L be as in —, with A self-adjoint and smooth. If f € C*(M)NL>®(M)
satisfies Lf <0 on M then the function u : R™ x M — R given by

(41) uto)= [ f@Hep0dy Vi) eRE XM
M

satisfies

(42) Ou <0 on RT x M.

Proof. Note that the integral on the RHS of converges for every (t,2) € RTx M
since f € L (M) and because of and Lemmal[19] Also note that Hy, is smooth
as a consequence of the regularity assumptions on A. By Lemma u only varies
by an additive constant if so does f, hence without loss of generality we can assume
infys f = 0. Let (¢,7) € RT x M be fixed. For notational convenience, for every
a > 0 we define

(43)  ¢"(y)=Hp(z,y,t) —a Vye M, Qo ={y € M : p(y) > 0}.

Because of it holds Hp(z,y,t) — 0 as y — oo in M, hence the collection
{Q0}a>0 is an exhaustion of M by relatively compact open subsets, with Q, C Q
when a > b. By and boundedness of f, we can apply Lebesgue’s dominated
convergence theorem to get

(44) Opu(t,z) = / fW)oeHp(z,y,t)dy = lim f()o0eHp (z,y,t)dy.
M a—0t Qu

Therefore, since Lf <0 and ¢, > 0 on Q,, holds if we prove the inequality
(15) | rwa < [ owLie)
Because of 0:Hy,(z,y,t) = LyHr(z,y,t) = Lo(y) = Ly.(y), we have

/Q fW)oHL(z,y,t)dy = /Q fW)LyHL(2,y,t)dy = /Q f(y)Lga(y) dy.
Since Hy, € C°(RT x M), we have ¢ € C>°(M) and for almost every a > 0 the set
Q. has smooth boundary. Let a > 0 be a regular value for p. By Green’s identity,

since p, = 0 on 99,

/Q W) La(t,y) dy = / palt) LI dy+ [ Fu)(ADga(y), v) dH™ 1 (y)

Qa o,
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where v = —Dg, /|Dy,| is the outward pointing normal on 9€2,. Noting that f > 0,
that ¢, is non-increasing in the direction of v and that A is positive definite, we
see that f(ADy,,v) <0 on 09, and therefore the second integral is non-positive,
which implies the desired inequality . [

Proposition 22. Let (M™,{(,)) be a complete, noncompact manifold with Ric > 0
and let A, L be as in (35)-(36), with A self-adjoint and smooth. If f € C*(M) N
L (M) satisfies Lf <0 on M, then for any x € M

(46) fly)dy =inf f.

R 1Br(2)| /B

Proof. Without loss of generality, we assume infy; f = 0. Let v : RT x M — R be
the function defined by . Note that u is the minimal solution of the parabolic
equation dyu = Lu on Rt x M corresponding to the initial datum w (0", -) = f.
Hence, by the maximum principle and the monotonicity we have

i}r\}ffgu(t,x)gf(x) V(t,z) e RY x M.

In particular, the limit
Uoo () = tlim u(t, x)
—00

is well defined for every @ € M. The convergence u(t, -) — s iS uniform on
compact subsets, 1, is bounded and Lus, = 0. Since M is complete and has non-
negative Ricci curvature, the operator L enjoys a Liouville property, see Theorem
7.4 of [58]. In particular, us must be constant. Since infy f < uy < f, it must
be us = infy; f =0, that is,

(47) lim u(t,z) =0 Ve M.

t—o0

To conclude the proof of ., we observe that

t IE / HL 7ya )dy

ist(z, —m/2 ist(2. )2
|Bf 7 Uy ( R e (e ) s
—m/2 2
== — - xp [ —Cy— m—1 .
“ma ) (v 7)  ee(-ef) [, mmarea
Cl Vit r —m/2 7"2 .
> |B\/|/ (1 + ) exp (_02t> /8&(96) fly)dH™ (y)dr

m/2 702
> 2 G / / y)dH™ (y) dr
By 9B,(

9—m/2 —CQC
= Bil/ f(y) dy
| \/2(95)| B ()

Since f > 0, by comparison we have
1
lim fly)dy =0=inf f
A TB @) I i

as desired. O
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From the above result, we also obtain information on the spherical mean of u.
This follows from the next variant of de L’Hopital’s Theorem.

Lemma 23. Let h,g € LS. (RT) satisfy h >0, g > 0 a.e. and g & L'(00). Then,
T
h(t)dt
h J,
(48) ess lim inf (r) < liminf 20—,

r—00 g(r) T—00 / g(t)dt
0

Proof. Denote by A and B, respectively, the left-hand side and right-hand side of
(48). For A’ < A, fix RO such that h > A’g a.e. on (Ry,00). Then, for each r > Ry,

r Ry r
/ ht " hwar s [ nar h(t) dt + A / o() dt

— Ro > 0 Ro

/Og(t)dt /ORO (t)dtJr/R:g(t)dt B /OROg(t)dtJr/R:g(t)dt

Since g ¢ L'(c0), letting r — oo along a sequence realizing B we get B > A, and
the thesis follows by letting A’ 1 A. O

Corollary 24. Let (M™,(,)) be a complete (connected) Riemannian manifold
with infinite volume. Let 0 < f € L{ (M) and x € M and assume that

1

liminf ——— fly)dy =inf f.
R—oo |Br(z)| JBg(a) M
Then )
esshmmf f(y)dH™ 1 (y)dy = inf f.
PR DB Josry T WY

Proof. The functions h and g defined by
WO = [ f@AHT) and g0 =[0Bi@)]  Ye>0
OBy ()

satisfy the assumptions of the previous Lemma (note that 1/g € LS (R™) by [10,
Prop. 1.6], since M is non-compact). The thesis follows from the next chain of

inequalities:

1
infp, f < ebbhmmf fly)dH™ (y)dy
R—oo |0BR(2)| JoBu()

IN

1
<i .
1gglollf Br(o)] f(y)dy_leVl[ff

O

We are ready to state our second main result of the section, which will enable
us to prove the Hessian estimate @ The argument below seems to be new.

Theorem 25. Let (M™, (,)) be a complete manifold with Ric > 0 and let A, L be
as in -, with A self-adjoint. If f € L*>°(M) satisfies Lf < 0 on M, then
for any x € M

R2
(49) lim Lf(y)dy=0.
R—o0 | BR(2)| Jpp(a)
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Proof. Without loss of generality, we assume infy; f = 0. Fix x € M. We refer
to the proof of Lemma |21] for notation, and in particular, for ¢ > 0 and a > 0 we
define ¢, (y) and €, as in ([3). As already observed, {€,} is an exhaustion of M,
increasing as a decreases. Furthermore, for almost every a > 0 the boundary 0,
is smooth. From the proof of Lemma [21| we get

(50) | oty a < [ L) ay
On the other hand, since f > 0, by and Lemma we can estimate

/Q F()0H(z,y,1)dy

By and Lemma [19| we also have the bounds

o ( dist(z, y) > —m/2 < dist(z, y)? )
—_— 1+ —== exp [ —Co—————
[Byi(@)] Vi o

Cs ( dist(ar:,y))m/2 ( dist(x,y)Q)
< Hp(z,y,t) < 1+ exp (0, Y )
BT Vi S

Now, fix £ > 1 large enough so that

1
Cs(1+ s)m/Qe*C“S iC 127202 Vs >k
and pick
012—m/26—02
a=——".
2B ()]

With this choice, we have

p<a on M\Bkﬂ(x),
¢ >2a on B j(z),

hence B ;(x) C Q, C By s4(z) and ¢, > a on B s4(z). Thus, using also we

can estimate

C127™/2e=C2
0> Bt [ Liway=of L
| \/;(x | B ;(z) B s (z)

> /B PRI /Q u(y) L1 () dy

> / F )0 H (2, y,1) dy

S )

t‘Bf z)| /Wm
where
2
C7 = Cssup {(1 + s)m/ge_cﬁs 18> 0} < oo
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Summing up, there exists a constant C' > 0, depending only on C;, 1 <1 < 7, such

that ; o

0> Lz - [ sy,

1B ()| B i(x) 1B i(@)| JB, ;)
Since f > 0, by Bishop-Gromov theorem we also have
t k'f}'l/

02— Lf(y)dy = ——s / dy.
By Proposition .We have that the RHS of this 1nequahty converges to infy; f =0
as t — oo, and the conclusion follows. [l

6. PROOF OF THEOREM [5] (i)

Combining Corollary Proposition [22] and Theorem we get

Proposition 26. Let (M™,0) be a complete Riemannian manifold with Ric > 0

and L
R

142
for some k € Rg and where r is the distance from a fized origin. Let u € C*° (M) be
a non-constant solution of which grows at most linearly on one side. Then,

for each x € M,

Ric(Vr) > ¢ = max{l,m — 2},

1
(51) lim ———— |Du|?dz = sup | Dul?,
R—o0 |Br(7)| Jpp(a) M

2
(52) lim |D?u|*dz = 0.
Ro0 |Br(2)| Jp )
Proof. Because of Corollary E in our assumptions |Du| € L> (M), hence by
the operator N

Lo =WAy¢ =div (Wg"¢:0s,)

is uniformly elliptic on M. By the Jacobi equation, f = 1/W is a non-negative
solution of Lf < f||II||2 <0, and therefore —W? € L°°(M) satisfies L(—W?) < 0.
Applying Proposition 2/to —W?2 and Theorem [25|to f we deduce

(53) lim W2dx = sup W?

R0 |BR( )\ Br(z) M

2 R?
(54) limsup ——— |ITT]]*de < — li Lfdz =0.
R—oo |Br(®)| JBs() o [Br(@)] /5 ()

From we readily deduce (51). On the other hand, note that

2 = Wt g w

_ 2 2
= w0t -2t (R )+ (0% (e B))°)

If du(z) = 0, then ||II||> > W~2|D?ul?. Otherwise, let e; = Du/|Du| and choose a

local orthonormal frame {e,} for e{ around x, where 2 < o < m. Then,

D%l =2 |D2u ()| + [DQU(%%)]Q

wW?2-1)>2
20 a5+22 Ul + Uty ju%jJr( W4) uiy

= Za,ﬁ uoéﬁ + W Za ula + Wull > VV_4|172U|2
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Summarizing, we have |[II||? > W ~=4|D?u|?, thus from the boundedness of W and

from we conclude . O

We now conclude the proof of Theorem [5] with a blow-down procedure, for which
we use some basic convergence results in the theory of limit spaces and nonsmooth
spaces with Ricci curvature bounded below. All the tools needed herein can be
found in [42] [3] [].

Fix 0 € M, and write Bg = Bg(0). Because of Corollary [16|and Proposition

1
(55) lim —/ |Du|*dx = sup | Dul?,
|Brl| /By M
(56) lim —— |D?uf?*dz = 0.

Consider a tangent cone at infinity X, for M based at o. By statement (2.1) in
[28], the limit space X, also supports a Borel measure mo, such that, up to a
subsequence,

(57) (M, A, ! disty, Ay, ™da, 0) P25 (Mg, dog, Moo, 000)

in the pointed-measured-Gromov-Hausdorfl (pmGH) sense. For the precise defini-
tion of pGH and pmGH convergence we refer to [39]. Here, {\,} C RT, A\, — oo
as n — oo, and A, !dist, is the distance function induced by the rescaled metric
on = M, %0. Denote with D,, and dz,, the induced connection and volume measure,
and B}, the metric balls centered at o in (M, 0,). Therefore, B} = By, r. Define
Up = u/A,. Then,

(58) |Dptin o, = |Dul, |D2 g, = An|D?u

and therefore, by Arzeld-Ascoli Theorem, up to subsequences u, — s € Lip(My)
locally uniformly, hence u,, — us strongly in L? on BY = Bff (Z0), that is,

lim |un|2dxn = / |uoo|2dm007
BOO

n— 00 n
BR R

lim unppdr, = / Uso@dM g
n—oo [pn Boo
R R

for each ¢ bounded and continuous on a metric space Z in which (B}, d,) and

(B%,doo) are isometrically embedded and converge in Hausdorff sense, with o, —
0 and o,, the center of Bf. From

Wn = /14 [Dpup|2 =1+ |Du> =W

Scaling and we therefore get, for each fixed R > 0

. 1
(59) im B2l /B;g | D)2 da, = sup |Dul?,
i 2, 2
(60) lim — / D20, 2 da, = 0.
n—oo |Bg‘a‘n Bﬁ "
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In particular, from Newton’s inequality |A,uy,[* < n|DZu,|3  and Bishop-Gromov’s
Theorem, |B%ls, < wm—1R™/m we deduce

m—11"
(61) / |Apup|2dz, < Lm=i
B

2 2
i B, . | Dy |5, Ay, — 0
R " R

as n — 0o, and therefore

/ YA U day,
B

n
R

1

(Js “"zdx”)% (fi 18nun )

IN

(62) 1

2

max || {%}5 (fBﬁ Anun|2dxn) — 0.

By and , Anu, — 0 strongly in L2, Combining u,, — s, strongly in L?
with

IN

sup (/ [un® + | Dpun |2 + (Anun)2]dxn> < o0
n B

R

we infer by [3 Thm. 4.4] that
(1) uso € D(A, BY), the domain of the Laplacian on Bf;
(i1) Apun, — Aus on BR weakly in L2, so in particular Aue, = 0;
(i46) |Dpun|2 — [Doglico|2, in L'-strongly in By, for each 7 < R;
In particular, setting P = sup,, |Du|?, from and we get

m—112"
lim |\Dnun|§n — P|dxn < wil/
B

- n
n—ee B |Bilo,

(P — |Dnun|in>dxn =0

Using (iii) and [16, Prop. 1.27 (i)] (cf. also []), we therefore deduce | Dyun |2 —P —
|Dootioo|?, — P strongly in L' on B for each r < R, and thus

n—00

0= lim |[Dnunl2 — P|dz, = / |[Dootino |2, — P|dme.
Be

By
Concluding, uq, solves
At =0, |Doctioo|* = P #0

on the RCD(0,m) space (Moo, doo, Moo, Too). Bochner inequality (see [42, Thm.
1.4]) guarantees that |D?us| = 0 on M. One concludes that M., = N x R by
using [6], Lem. 1.21].

7. PrROOF oF THEOREM [10]

If M is parabolic, clearly the result follows from Theorem If M is non-
parabolic, the argument goes as in [31, Theorem 3.6], so we only sketch the main
steps. In our assumptions, by Corollary |Du| € L>(M), hence L = WA, is
uniformly elliptic. The Harnack inequality in [58] together with imply that
|u(z)| = o(r(z)) as = diverges. By a standard cutoff argument using Lu = 0, the
next Caccioppoli inequality holds: for each ¢ € Lip (M)

(63) / ¢2|Du|2dx§4a2/ u?|Dy|dz.
M M

In particular, having fixed ¢ > 0, by condition u = o(r) we can also fix Ry =
Ro(g) > 0 such that for every R > Ry we have u?> < eR? on Bsg. Considering
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the Lipschitz cutoff function ¢ which is 1 on Bpg, 0 outside of Byr and satisfies
Dyl < 1/R, we get
402

/ |Dul?dz < 5 / u?dx < €| Bag| < Ce|Bg|
Br R B2r\Br

for every R > Ry, where we used the doubling property on M coming from condition
Ric > 0. From we finally infer

1
sup |Dul? = lim —/ |Dul?dz < Ce,
M R—o0 |BR| Br

and the thesis follows by letting € — 0.

8. ProOF oF COROLLARY [9

By Theorem [5, |Du| € L*°(M) and any tangent cone at infinity of M splits off
a line. It is a general fact that, if Sec > 0, a tangent cone splits if and only if
M itself splits. A proof of this result can be found in [, Thm. 4.6]. Therefore,
it remains to prove that u only depends on the coordinate of a split line. Write
M = N™~! x R with coordinates (y1, s1), for some complete manifold N™~! with
Sec > 0, and consider the function v; = o(Du, d, ), which by satisfies Lv; = 0
on M, where we set

Lo =W ' Lyo=div (W 'g7¢;0,,).

Our gradient estimate guarantees that v; is bounded and that L is uniformly elliptic
on M, and therefore, by [58, Theorem 7.4] we deduce that vy is constant on M.

Hence,
w(ys, s1) = arsy + by +us(y)y/1+ .

for some smooth function us : N™~! — R and some ay,b; € R. One easily checks
that uo solves on N™~ 1. Since vy has at most linear growth on one side,
and N™ ! has non-negative sectional curvature, by the first part of the proof we
deduce that either uy is constant or that N~ ! = N™=2 x R and us(yz, $2) =
asss + ba + uz(y2)\/1+ a3. Iterating, we can write M = N™Fk « RF for some
ke {1,...,m — 2} and for some complete manifold N™~* with Sec > 0, and

k

w(z,(s1,...,8K)) = Zajsj + b4 vpt1(2)y/1 +a}

j=1

for some a;,b € R and vp41 : N™ % — R. Indeed, we can continue the iteration
procedure up until either vjy; is constant, or £ = m —2 and v,,_1 is non-constant.
In the latter case, observe that N2 is a complete surface with Sec > 0, hence N?
is parabolic. Being v,,_1 non-constant, both N2 and v,,_; split as indicated in
Theorem |5} (7). Summarizing, in each case we can conclude that M = N™% x R¥
for some k € {1,...,m — 1}, and that

k
(64) w(z, (81,..-,8k)) =Zajsj+b

for some b € R, as required. It is therefore sufficient to consider the splitting
R* = RF¥~! x R along a line in direction (ai,...,ax) to get the desired splitting
M = N xR of M in such a way that u(y,s) = as + b.
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9. PROOF OF PROPOSITION [§]

The following example is essentially that in [45], p. 913]. Let m > 4. We consider
a manifold (P™~2, h) and smooth functions f,n € C*°(RT) to be chosen later, and
define the following metric on M =R x Rt x P:

o= f(r)gdt2 +dr? + 17(7“)211.

To compute the curvatures of M, we use the index agreement 1 < a,b,c,l < m,
3<,B,7,0 <m. Let {6} be a local orthonormal coframe on P, with associated
connection forms wj obeying the structure equations

{ dg* = —wg A 67

wg = —wg

and related curvature forms O3 = dwj + wj A wg. Then, a local orthonormal
coframe {A*} on M is given by

6! = fdt, 6*=dr, 0°=no*,
where, as usual, pull-backs to M via the canonical projections onto R, R™ and P
are implicit. Differentiating, one checks that the forms

2=-Lg

n
50 =0, @f=-0% of=wf, oF=—

OJl - Wz
satisfy the structure equations on M for the coframe {é‘j}, hence they are the

connection forms of {#*}. The associated curvature forms ©¢ = dwf + w2 A @f are
therefore

S0 .
oo = 1 gop gt o g2 p g
! nf >y

(65) ’I’}, 2 f//
O «a no 0 02 N2 nl
Bzeﬁ—<n)9mﬁ i = — 5 n 0,

The components ng and Rgcl of the (3,1) curvature tensors of, respectively, P
and M, are given by the identitis

1 - 1- -
@g = §ngém A 96) 9(; = iRgclec A 91’
and thus, from , we deduce
0= R%Qa = R%al - R%aﬁ = R?Qﬁ = R?ws = 7?’}/5

=

,2 o f// o /f/ —_ o 1"
(66) Riy = S ?ﬁl = *777753’ 352 - *%53’

_ 1 N 2
G5 = R — (%) (03085 — 650s,]

Assume that (P, h) is the round sphere with curvature 1, and let {e,} and {€,}
be, respectively, the dual frames of {#*} and {#*}. From we deduce that the
curvature operator is diagonalized by the simple planes {&, A &}, so for m > 4 we

get

LH
f

n' f’
nf

1—(n)?
772

Sec(m)| < max{‘

) )
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In [45], the authors chose the following functions f,n: given a, 8 € (0,1) such that
m—1—-8>2+aq,let 0<(,( e C°(RT) satisfy

co={fre BB a0= [Tatms

Then, for b,c € R they defined

B+3—m

W) =+ o [, Gleds f) = b )

Note that with such a choice the metric extends in a C? way at r = 0, giving rise
to a complete manifold. Since the curvature operator is diagonalized by {&, A &},

_LN 1— (77/)2 f// n/f/ f// ,]7//

=—(2) .
Ric > mln{ o —_— - =L
! n? faf’ f
(67) L= of 1= o 9" 7f 7217'f’
n? nf’ o n? n’ n af Tanf’
_ 2 "
+2 (27’) ,2”}
n n

By the expression of n, f, the four terms in the second line of are positive, and
it is easy to see that, when b, c are large enough, the three terms in the first line
are positive as well. the two terms in the third line are positive except at r = 0.

Whence, ﬁ(z) > 0, and moreover |Sec| < &2 holds for a suitable & > 0. Moreover,
from the fact that Ric is diagonal in the basis {&,} with

ﬁn:—fT—(m—S)"n;, ﬁggz—%—<m—3)%7
Ricos — |—nf" _ 0" _ =] s
1Cap o~ T m=3) = B

we deduce that Ric > 0if b, ¢ are chosen large enough. To construct linearly growing
minimal graphs, consider a function v : M — R of the coordinate ¢ alone. It follows
that du = u,0% with u; = (yu)/f and u, = 0 for a > 2. The components of the
Hessian D?u obey the relation

ugp0? = dug — UeWe

and from the expression of @S we get

&2u f
U1l = S, U2l = —ﬁat%

Ule = U2 = U2q = Uap = 0,

In particular, setting W = /1 + [Du|? = /1 + u?,

I+|Duf) W WE T PW W T P
It follows that any affine function u(t) = at + b gives rise to a minimal graph.
Furthermore, |Du| = a/f is bounded on M since f is bounded below by a positive
constant, thus u has at most linear growth.

( Du ) _ Au D*u(Du,Du)  0fu  (Ofu)ui O2u
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APPENDIX A.

Let M be a complete Riemannian manifold with non-negative Ricci curvature,
dim M = m, and let A, L, H;, be as in section In this Appendix, we discuss
the two-sided bound in for Hy,. While the upper bound is shown in [58], the
argument for the lower bound is merely indicated with no proof. The approach
relies on the following parabolic Harnack inequality in [58, Corollary 5.4]: given
p€e€M,R>0,T>0andd € (0,1), if u is a positive solution of dyu = Lu on
Br(p) x (0,T), then

(68) log (Z((z?)) SC(W+ (;2+1> (s—t)+1)

for every z,y € Bsg(p) and 0 < t < s < T, with C = C(m,d,a) > 0. A note of
warning: in [58] Corollary 5.4], the final +1 in brackets in is missing. However,
necessity of this correction becomes apparent by direct inspection of Moser’s original
proof, [55, pages 110-112], in Euclidean setting (the analogue of is [65, Formula
(1.5)]). For the reader’s convenience, we give a proof that the lower bound in
follows from the upper one coupled with , along the lines of the argument
developed by Aronson and Serrin [7] in the Euclidean case. A few observations are
in order.
First, in view of Lemma [19| the upper bound in implies

dist(z,y)?
4

!

C
69 Hp(z,y,t) < —2—— exp (—C’

with C%,C} > 0 depending only on m and « (the ellipticity constant of A). Sec-
ondly, the differential Harnack inequality applied to u = Hp(zx, -, -) yields

) Ve,y e M, t >0

dist 2 t
ist(y1, y2) Lo
to — 11 t1
for every y1,y2 € M and 0 < t; < ty < oo, with C' = C(m,«) > 0. Lastly, note
that if we have the validity of a lower bound of the form
dist(z,y)?
t

(70) Hi (g1, 11) < Hy (2, y2,12) exp (c

& ,
M) ) > G exp( c
with C7,C5 > 0 depending only on m and «, then, again by Lemma a lower
bound as that in holds for suitable constants C; € (0,C7) and Cy > Cf
depending only on C], C% and m. Hence, we limit ourselves to the proof that
follows from and under the assumption Ric > 0.
Fix a constant ¢y > 2 such that

) Ve,y e M,t>0

+oo
(72) v = mC’é/ smlemCis" 4s < 1.
NG
Let (z,y,t) € M x M x R be given. By we have
dist 2
(73) Hy(z,x,t/2) < Hp(x,y,t) exp (2cls(f’w +2C’)
and also

dist 2
Hyp(z,z,t/co) < Hp(x,z,t/2) exp <c§Cls(tx’2) + 0200)
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-1
for every z € M, with ¢fj = % = (% — i) . Integrating on B () we get

Co Co
74 Hp(z, z,t/co)dz < et/ B ~(2)|Hy (z,x,t/2).
Vit
B s (x)

Putting together and we obtain
(75)

—(2+co/24c;)C dist(z 2
HL (Jf, Y, t) ( y)

e
> ————————exp (—20’) / Hyp(xz,2,t/co)dz
1B ()] t B ()

From the upper bound and the co-area formula we have

e8] 2
/ Hp(x,z,t/co)dz < Cé/ Mexp (—COCQT> dr
M\B () Vi ‘13V@7;g($)' t
oo t/CO - ( ) ;5
:cé/ Do ‘*45 ds
Ve ‘B

t/c (
where we have changed variable s = ry/¢o/t. Since Ric > 0 we have

-1

t/co‘aB m( )] o t/co‘ﬁB\/—(x)‘
LN R T

< ms™

t/Co ) t/Co )‘

where the first inequality follows by Bishop-Gromov theorem and the second from
the inequality R|0Bgr(z)| < m|Bgr(z)|, holding for every R > 0 and for any base
point = on a Riemannian manifold with Ric > 0, see for instance [47, Formula (19)].
Substituting in the above estimate and recalling and Lemma [20( we get

/ HL(x,z,t/co)dzzl—/ Hp(x,z,t/co)dz >1—~v>0
B () M\B ()

and from we obtain

!

o dist(z,y)?
Hy(z,y,t) > |B\/( ] exp <_2Ct )

where C = (1 —v)e~(2+e0/2+%)C > 0 only depends on m and «. This proves (7I).
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