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1 | INTRODUCTION

The idea of a stability condition on a triangulated category 7 was introduced by Bridgeland in [11], where he also proved
that the space of all such stability conditions admits a natural topology making it a complex manifold, thus defining a novel
invariant of triangulated categories. The study of the properties of this stability manifold is difficult, even if we consider
only 7 = DP(X) for a smooth projective variety X over C, which was the setting that originally motivated Bridgeland. It
is, for instance, unknown if this space is nonempty for all X of dimension > 3, and a complete description of the stability
manifold is known only when X is a curve [11, 34, 38]. For more results in this direction, we refer the reader to [1, 12] in
the case of surfaces, and in higher dimension to [2, 3, 9, 27, 31, 35], and references therein.

A related line of inquiry is the study of the stability manifold of certain triangulated subcategories of D?(X). The most
well-studied situation of this kind is when D?(X) admits an exceptional collection E,, ..., E,, and the subcategory 7 is
(Ey, ..., Ejy)*. When X is a cubic fourfold, D?(X) admits an exceptional collection given by Oy, Ox (1), Ox(2), and the right
orthogonal is called the Kuzgnetsov component, denoted by Ku(X). Kuznetsov showed in [19] that for many cubic fourfolds
(notably, in each case X was rational), Ku(X) is equivalent to the derived category of a K3 surface. Afterward, it was
shown in [4] that Ku(X) admits stability conditions, and that the corresponding moduli spaces of semistable complexes
are smooth, projective hyperkahler varieties [5].

The richness of these results motivates the study of analogous situations. In particular, the derived categories of Gushel-
Mukai (GM) varieties are known to contain exceptional collections [22], the Kuznetsov components of which have been
shown to admit stability conditions in [4, 39]. See Section 2.2 for a summary.

In this paper, we consider the case when X is a GM threefold. In [4, Theorem 6.9] Bayer, Lahoz, Macri and Stellari
constructed a family of stability conditions on Ku(X), which we denote by o(«, §), depending on two real numbers «a, 5
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satisfying certain conditions (see Theorem 2.10 for a more precise formulation). Our main result concerns the action of the
Serre functor Sk, x) of Ku(X) on the stability conditions o(a, §). Recall that there is a right action of the universal cover

~+
GL, (R) of the group GL;(R) of real 2 X 2 matrices with positive determinant on the stability manifold. We show that
~t
Skuex)[—2] acts as the identity of GL, (R) on the stability conditions in the same orbit of the stability conditions o(a, §)
~+
with respect to the GL, (R)-action.

Theorem 1.1 (Theorem 3.6, Corollary 3.17, Corollary 4.3). Let X be Gushel-Mukai threefold. Let o be a stability condition
~+
on the Kuznetsov component Ku(X) which is in the same orbit of a(c, ) with respect to the action of GL, (R). Then

Sxuen[—2]-0=0.

Theorem 1.1 shows that the stability conditions constructed in [4] are Serre-invariant in the sense of Definition 4.1. As
pointed out in Theorem 3.18, an analogous result holds more generally for certain Fano threefolds of Picard rank 1, index
1, and even genus. In this case, we show that the Serre functor of their Kuznetsov component preserves the orbit of the

stability conditions constructed in [4] with respect to the ﬁ; (R)-action.

As an application, we construct stability conditions on the Kuznetsov component of a special GM fourfold. Recall that
a special GM fourfold X is a double cover of a linear section of the Grassmannian Gr(2, 5) ramified over an ordinary GM
threefold Z. By [21, Corollary 1.3] there is an exact equivalence

Ku(2)%4/?2 ~ Ku(X),

where Ku(Z)%/?% denotes the category of Z/2Z-equivariant objects of Ku(Z) and the Z /2Z-action on Ku(Z) is given by
Skuz)[—2]-

Theorem 1.2 (Corollary 4.3, Remark 4.4). Let X be a special GM fourfold and Z be its associated ordinary GM threefold.
Serre-invariant stability conditions on Ku(Z) induce stability conditions on the equivariant category Ku(Z Y222 In particular,
they define stability conditions on Ku(X).

In Corollary 4.5, we show that there is a unique 61:; (R)-orbit of Serre-invariant stability conditions on Ku(X) of a GM
threefold X.

Related works and motivations. In [41, Proposition 5.7], it is shown that the stability conditions induced on the Kuznetsov
component of a Fano threefold of Picard rank 1 and index 2 (e.g., a cubic threefold) with the method in [4] are Serre-
invariant. Using this result, the authors further proved that non-empty moduli spaces of stable objects with respect to
these stability conditions are smooth. They also gave another proof of the categorical Torelli Theorem for cubic threefolds
in [41, Theorem 5.17], following the strategy in [8, Theorem 1.1], where this result was proved for the first time (see also
[6] for a different approach).

In fact, the property of Serre-invariance is very helpful in the study of the properties of moduli spaces and the stability
of objects, see, for instance, [18, 32] for many recent applications. In [14] the notion of Serre-invariance is applied to show
that the moduli space of stable Ulrich bundles of rank d > 2 on a cubic threefold is irreducible.

On the other hand, not all triangulated subcategories of the bounded derived category of a smooth projective vari-
ety admit Serre-invariant stability conditions. In the recent paper [22], the authors show that the Kuznetsov component
(called residual category) of almost all Fano complete intersections of codimension > 2 does not admit Serre-invariant
stability conditions.

In [14, Theorem 1.1], a criterion is proved which ensures that a fractional Calabi-Yau category of dimension < 2 admits

a unique Serre-invariant stability condition, up to the action of GI:;(R). In Corollary 4.5, we show that this criterion
applies to the Kuznetsov component of a GM threefold. Note that this result was already known by [18, Theorem 4.25].
In particular, all known stability conditions on Ku(X) for X a Fano threefold of Picard rank 1, index 2 or index 1 and even
genus > 6 are Serre-invariant.

The next interesting question is to investigate whether the property of Serre-invariance characterize the stability
conditions on Ku(X), providing a complete description of the stability manifold as in the case of curves [34] (see
Remark 3.19).
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Stability conditions on the Kuznetsov component of a GM fourfold have been constructed in [39]. However, this exis-
tence is not shown through an explicit construction for special GM fourfolds, where it follows from the proof of the duality
conjecture for GM varieties in [23]. The stability conditions constructed in Theorem 1.2 are, to the authors’ knowledge,
the first explicit ones defined on special GM fourfolds. In the work in preparation [40], Theorems 1.1 and 1.2 are useful to
study properties (like non-emptyness) of moduli spaces of stable objects in Ku(X) of an ordinary GM threefold X, together
with the results in [39] on moduli spaces on the associated special GM fourfold.

Strategy of the proofs. Our proof of Theorem 1.1 is inspired by the approach used in [41] to address the corresponding
question for cubic threefolds, although the situation in the case of GM threefolds is more complicated. Roughly speaking,
the main issue is the presence of the rank two exceptional bundle U, which does not allow to use the same argument
applied for cubic threefolds, where the exceptional objects were two line bundles. In fact, the inverse of the Serre functor
decomposes as a composition of the left mutations with respect to Ox and U, a twist by Ox(H) and a shift; in the case of
cubic threefolds, we had a similar decomposition, but with only one left mutation with respect to the line bundle O.

To overcome this problem, we first induce stability conditions o(s,q) on Ku(X) from (a double tilt of) tilt stability
conditions defined on D?(X), via the criterion given in Proposition 5.1 of [4], for pairs (s, ) in a region that is slightly
larger than the one considered in [4], lying above the boundary given by Li in [28] (see Propositions 3.1 and 3.2). Next,
fixing one such stability condition, we study the action on it of the left mutation with respect to Ox and then with respect
to U¥. These left mutations induce equivalences between the right orthogonals of two distinct exceptional collections in
DP(X) and Ku(X). The Serre invariance of the considered stability condition follows from showing that its image via these
equivalences is in the same ﬁ;(R)-orbit of the induced stability conditions o(s, g). See Section 3.2 for a more detailed
summary of the argument.

The proof of Theorem 1.2 consists in showing that Serre-invariant stability conditions, for instance the induced stability
conditions (s, q), are invariant with respect to the Z/2Z-action on the Kuznetsov component of the GM threefold.

Plan of the paper. In Section 2, we review the notions of (weak) stability conditions, GM varieties and their Kuznetsov
components, and the construction of stability conditions in the case of GM threefolds. Section 3 is devoted to the proof
of Theorem 1.1. In Section 3.1, we induce stability conditions on the Kuznetsov component of X following the method in
[4], enlarging the region parameterizing them over Li’s boundary, defined in [28]. In Section 3.2, we outline the proof of
Theorem 1.1, which will be performed in Sections 3.3-3.5. Section 4 is devoted to the proof of Theorem 1.2 and Corollary 4.5.

2 | PRELIMINARIES ON GUSHEL-MUKAI VARIETIES AND STABILITY CONDITIONS

In this section, we review the definitions of (weak) stability conditions, GM varieties and some basic properties of their
Kuznetsov components. Then in the case of GM threefolds, we recall the construction of stability conditions from [4]. We
work over the field of complex numbers C throughout this paper.

2.1 | (Weak) stability conditions and tilting

A (weak) stability condition on a triangulated category 7 is given by two pieces of data: a full subcategory .A C T called a
heart of a bounded t-structure and a group homomorphism Z : K(A) — C called a (weak) stability function. We review
these definitions now.

Definition 2.1 [11], Lemma 3.2. A heart of a bounded t-structure is a full subcategory A C 7 such that:

1. Forany E,F € A and k < 0, we have Hom(E, F[k]) = 0.
2. For any E € T, there is a filtration:

0=EO£Elﬁ---ﬁ>Em=E

such that for each i, Cone(¢;) = A;[k;] for some A; € Aand k; >k, > --- > k.
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A heart of a bounded t-structure is an Abelian subcategory of 7 [7]. We now define the (weak) stability functions
mentioned above.

Definition 2.2. Let .4 be an Abelian category. A weak stability function on A is a homomorphism of groups:
Z . KA -C
E - RZ(E)+iSZ(E),

where K(.A) denotes the Grothendieck group of A, such that forall0 # E € A, we have SZ(E) > 0and SZ(E) = 0implies
RZ(E) < 0. We say that Z is a stability function if, in addition, when SZ(E) = 0 we have RZ(E) < 0.

We denote by K(7) the Grothendieck group of 7. Let A be a finite rank lattice and v : K(7) — A a surjective group
homomorphism.

Definition 2.3. A weak stability condition on T with respect to A is a pair ¢ = (A, Z), where A is a heart of a bounded
t-structure and Z : A — C is a group homomorphism, such that:

z
1. The composition K(A) = K(T) % AS Cis a weak stability function on .A. We will omit the function v and write
Z(E) = Z(v(E)) for brevity. Given such a Z, we may define the slope of any E € A as:

RZ(E) ~

- SZ(E 0
wo(By = s SPBF

+00 otherwise.

We also obtain a notion of semistability (stability): we say 0 # E € A is o-semistable (o-stable) if for any nonzero,
proper subobject F & E, we have u,(F) < us(E) (us(F) < us(E/F)).

2. Any E € A admits a Harder-Narasimhan filtration with o-semistable factors. Explicitly, this means that given E € A,
there is a filtration:

0=Bp 2. p —k

such that E; /E;_; is o-semistable, with u,(E; /Ey) > -+ > ts(Ep/Em—1)-
3. (Support property) There is a quadratic form Q on A ® R such that Q| is negative-definite, and Q(E) > 0 for all

o-semistable E € A.

Definition 2.4. A weak stability condition ¢ = (A,Z) on T with respect to A is called a stability condition if Z is a
stability function.

Fix a (weak) stability condition ¢ = (A, Z) on 7. Given a semistable object E € A with Z(E) # 0, we define the phase
of E as

$(E) = ~arg(Z(E)).

If Z(E) = 0, we set ¢(E) = 1, and for any shift E[n], we define ¢(E[n]) = ¢(E) + n. The notion of phase of a semistable
object E € A naturally gives rise to a slicing of T .

Definition 2.5. Let o be a (weak) stability condition on 7. The slicing of T associated with o is a collection P of full
additive subcategories P(¢) of T for each ¢ € R such that:

1. For ¢ € (0,1], P(¢) is the subcategory of all o-semistable objects of phase ¢, together with the zero object.
2. For¢p € (0,1]and n € Z, P(¢p + n) = P(p)[n].
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We denote by P(I) the extension-closed subcategory of 7 generated by the subcategories P(¢) with ¢ € I, whereI C Ris
an interval. Given a (weak) stability condition o with slicing P, the heart A is recovered via A = P((0, 1]), and conversely,
a slicing P arises from o immediately by definition. In the next, we will use the notations (A, Z) and (P, Z) for a (weak)
stability condition interchangeably.

We write Stab, (7) to denote the set of stability conditions on 7. The space Stab, (7)) can be given a metrizable topology
in a natural way, and Bridgeland [11] proved that with this topology, the map Stab, (7) - Hom(A, C) given by (A,Z) » Z
is a local homeomorphism, hence Stab(7") is a complex manifold of dimension rk(A).

The manifold Stab, (7") admits two natural group actions, one from the universal cover of GL;(R) (denoted by 61:; (R))
and one from the group Aut,(7") of exact autoequivalences which are compatible with v. For the former of these, given
some g =(g,M) € ﬁ;(ﬂ%) with M € GL;(IR) and g : R — R increasing with g(¢ + 1) = g(¢) + 1, the action on a sta-
bility condition o = (P, Z) is given by o - § = (P',M~'0Z), where P'(¢) = P(g(¢)). For the Aut, (7 )-action, given some
® € Aut,(T), we have @ - o = (®(P), Zo®; 1), where @, is the induced automorphism on K(7).

The first issue in the construction of stability conditions is to produce a suitable heart of a bounded t-structure. For
instance, the canonical choice of Coh(X) cannot be the heart of a stability condition with respect to the numerical
Grothendieck group A = N'(X) of X, unless X is a curve [43]. However, if we have a (weak) stability condition (A, Z),
it is sometimes possible to produce a new heart by tilting the old one. We discuss this procedure now.

Definition 2.6. Let .A be an Abelian category. A torsion pair is a pair of two full, additive subcategories (F, 7) of A such
that:

1. ForanyT € T,F € F, we have Hom(T, F) = 0.
2. Givenany E € A, thereare T € T,F € F and a short exact sequence:

0-T—->E—->F—-O0.
The importance of this notion comes from the following theorem:

Theorem 2.7 [16]. Let A C D?(X) be a heart of a bounded t-structure and let (F,T) be a torsion pair in A. Then, the
extension-closure (F[1], T') is also a heart of a bounded t-structure in DP(X).

Given a (weak) stability condition ¢ = (A, Z) on D?(X), one may produce a new heart according to the theorem above
by choosing any ¢ € R and considering the following torsion pair:

F = (E € A : E is semistable with u,(E) < u)

T/ = (E € A : E is semistable with u,(E) > u).

We say that the new heart (F2[1],7) is constructed by tilting the (weak) stability condition o at the slope y. This
construction is ubiquitous in what follows.

Example 2.8. ([4, Example 2.8]) Let X be a smooth projective variety of dimension n with an ample class H. We have
that the group morphism

Zy t Ax~Z7> > C; (H"rk(E),H" !ch,(E)) —» —H" ! ch,(E) + H" rk(E)V -1

defines a weak stability function on Coh(X). Moreover, the pair o;; = (Coh(X), Zp;) is a weak stability condition on D?(X)
with respect to A, known as slope stability. The slope with respect to o is denoted by uy. Furthermore, if n = 1, then oy
is a stability condition on D?(X).

We remark that slope semistable coherent sheaves satisfy the classical Bogomolov-Gieseker inequality: for every -
semistable E € Coh(X) we have the inequality

(H"! ch, (E))? — 2H" tk(E)H"~2 ch,(E) > 0. 2.1)
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2.2 | Gushel-Mukai varieties and Kuznetsov components

A GM variety of dimension n, for 2 < n < 6, is a smooth intersection
Cone(Gr(2,5))nQ,

where Cone(Gr(2, 5)) is the projective cone over the Pliicker-embedded Grassmanian Gr(2,5) < P° and Q is a quadric
hypersurface in some P(W) = P"+* < P19, Gushel [15] and Mukai [37] showed that for n > 3, GM varieties are precisely
the Fano varieties of Picard number 1, degree 10 and coindex 3, while if n = 2, GM surfaces are Brill-Noether general
polarized K3 surfaces. If the vertex of the cone Cone(Gr(2, 5)) is not in the linear section P(W), then X is an ordinary GM
variety, otherwise X is a special GM variety.

Kuznetsov and Perry [22] proved that the bounded derived category D?(X) of a GM variety X of dimension n > 3 admits
a semiorthogonal decomposition of the form

DP(X) = (Ku(X), Ox, Uy, ..., Ox((n — 3)H), Uy ((n — 3)H)), (2.2)

where U is the pullback to X of the rank 2 tautological subbundle on the Grassmannian, H C X is a hyperplane class

and Ku(X) := (Ox, U‘;, .., Ox((n — 3)H), U';(’((n — 3)H))* is the Kuznetsov component. For n = 2, set Ku(X) := D?(X).
Since Ku(X) is an admissible subcategory of D?(X), it admits a Serre functor, which we denote by Skux)- By [22,

Proposition 2.6] (which makes use of [20, Corollaries 3.7, 3.8]) the Serre functor of Ku(X) has the following property:

* if nis even, then Sk, x) = [2];
* if nis odd, then Sk, x) & o[2] for a nontrivial involutive autoequivalence o of Ku(X).

Moreover, computing the Hochschild homology [22, Proposition 2.9] one sees that if n is even, then Ku(X) is a
noncommutative K3 surface, while for n odd Ku(X) is a noncommutative Enriques surface.

Let X be a GM threefold. Since wy = Ox(—H), by Serre duality we can write the semiorthogonal decomposition (2.2)
as

DP(X) = (Ku(X), Ox, Uy) = (Uy/(~H),Ku(X), Ox).
Since U)\(’ (—H) = Uy, we obtain the alternative semiorthogonal decomposition
DP(X) = (Lyy, (Ku(X)), U, Ox)

which is the one used in [4] for the construction of stability conditions. Note that Ku(X) and L, (Ku(X)) are equivalent
by [24, Proposition 3.8], [10]. In order to be compatible with [4], we set

Ku(X), := (Ux,Ox)* (2.3)
sitting in
D’(X) = (Ku(X);, Uy, Ox)

(in fact, in the rest of this paper we will need to be precise on which Kuznetsov component we are working on, see
Section 3.1). By [26, Proposition 3.9], the numerical Grothendieck group M (Ku(X);) of Ku(X), satisfies N'(Ku(X),) & 7%
and a basis is

3 1

by=1- EH2 + %H3 (2.4)

— 3 2 1 3
by=H~ZH>+ H’.
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The Todd class of X is

117,51,
td(X) = 1+ S H + S H” + - H.

2.3 | Stability conditions on Ku(X)

The existence of stability conditions on Ku(X) of a GM variety is known. More precisely, if X has dimension 2, this follows
from Bridgeland’s work [12]. By the duality conjecture [23, Theorem 1.6] if X has dimension 6 or 5, the problem reduces to
the same question in dimensions 4 and 3, respectively: if X is a GM fourfold, this is proved in [39], while the case of GM
threefolds is solved by Bayer, Lahoz, Macri and Stellari in [4].

In this section, we focus on GM threefolds and we review the construction of stability conditions on Ku(X) defined in
Equation (2.3) given in [4].

Stability conditions on Ku(X) are induced from double-tilted slope stability on D?(X). First for &« > 0 and g € R,
consider the weak stability conditions on D?(X) of the form

0ap = (Coh’(X),Z,, 5)

with respect to the rank-3 lattice A generated by vectors (H? rk(E), H? ch;(E), H ch,(E)) for E € D®(X). Here, Coh” X)is
the heart of a bounded t-structure obtained by tilting Coh(X) with respect to slope stability at slope 4 = 3 (see Example 2.8),
and the central charge Z, g is

Zop(E) = %a2H3 -chP(E) — H - chf (B) + i1 - chf (B), 2.5)

where chf (E) is the ith component of the twisted Chern character ch” (=) = e PH . ch(-) (see [4, Proposition 2.12]). For
E € Coh” (X) the slope of E defined by o, g is

_226®ir g7, 5(E) > 0
Hap(B) =4 SZas®) (2.6)
+00 otherwise.

Note that o, g-semistable objects satisfy the inequality (2.1) which can be taken as the quadratic form satisfying the
support property.
Second for 4 € R, denote by Cohg ﬁ(X ) the heart obtained by tilting Coh” (X) with respect to o, g at slope u, g = u. Fix
Re(u)

u € C such that u is the unit vector in the upper half plane with u = ~ Tt By [4, Proposition 2.15] we have that
u
I u U
Tup = (COha,ﬁ(X)’Zcx,ﬁ) 2.7
is a weak stability condition on D?(X) with respect to A, where ZZ =1 g

Now, we recall the following criterion from [4], which is useful for determining when weak stability conditions defined
on D?(X), like those above, restrict to stability conditions on the orthogonal complement of a subcategory determined by
an exceptional collection. In the following, 7 is a triangulated category with Serre functor S, E, ..., E,, are exceptional
objects in 7 and D = (E,, ..., E,,,), giving a semiorthogonal decomposition 7 = (D', D).

Proposition 2.9 [4], Proposition 5.1. Let 0 = (A, Z) be a weak stability condition on T. Assume that:
1L EEeA

2. S(E;) € A[1]
3. Z(E;) # 0 foralli.
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Ifforall0 #£ E € AND* = A; we have Z(E) # 0, then the pair (A, Z| 4,) defines a stability condition on Dt

The criterion above was applied in [4] to show the following existence result.

Theorem 2.10 [4], Theorem 6.9. Let X be a GM threefold. Then, the weak stability conditions og 5 defined in Equa-
tion (2.7) induce stability conditions on Ku(X); so long as a > 0 is sufficiently close to 0, § > —1 is sufficiently close to —1
and uy g(Ox(=D[1]) < p < pg (Ux).

3 | ACTION OF THE SERRE FUNCTOR ON STABILITY CONDITIONS ON Ku(X)

This section is devoted to the proof of Theorem 1.1. In Section 3.1, we induce stability conditions on the Kuznetsov com-
ponent of X from (a tilt of the) tilt stability conditions lying over Li’s boundary, defined in [28]. This allows us to enlarge
the region, where there are induced stability conditions on Ku(X) with the method of [4] and will be useful in Section 3.4.
In Section 3.2, we outline the proof of Theorem 1.1, which will be carried out in Sections 3.3-3.5.

3.1 | Stability conditions over Li’s boundary

Let X be a GM threefold. Note that we have the following semiorthogonal decompositions:

D (X) = (Ku(X);, Uy, Ox), (3.1)
DP(X) = (Ku(X),, Ox, Uy), 32)
D?(X) = (Ku(X)s, Uy, Ox(H)) (3.3)

Here, Ku(X), was already defined in Equation (2.3) and Ku(X), := Ku(X) as in Equation (2.2). We can obtain Equation
(3.3) tensoring Equation (3.1) by Ox(H) and setting Ku(X); : = Ku(X);(H). Analogously, by Serre duality we have

Db(X) = <Ku(X)37U)}/’(9X(H)> = (OX’Ku(X)3’U)\(/> = <|]_(9X(KU(X)3), 0X71f)\(/>7

so we get Ku(X), = Lo, (Ku(X)3). Note also that Ku(X),, Ku(X),, Ku(X); are equivalent to each other by [24, Proposition
3.8], [10].

As in [29, Section 1], [28], we consider the following reparameterization of the tilt stability condition o, g, whose
definition is recalled in Section 2. For ¢ > 0,s € R and E € D?(X), we define

Zg4(E) = —(H - chy(E) — qrk(E)H?) + V—1(H? - chy(E) — stk(E)H?).
For E € Coh’(X), we have the associated slope function
P

H - chy(E) — qrk(E)H?
H? - ch;(E) — stk(E)H3"

Ms,q (E ) =

2 2
x :’3 . it follows that

Then for @ > 0, € R, settings = 5,9 =
Hap = Hsg — S, (3.4)

where g is defined in Equation (2.6) and p, is defined in the above formula, and for g > %sz the pair oy, =

(Coh’(X),Z 5,¢) defines a weak stability condition on Db(X).
For E € D(X), we consider the reduced character

0(E) := [H31k(E) : H? - chy(E) : H - chy(E)]
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E = (s(E). q(E))

| N
} \ F = (s(F), q(F))

FIGURE 1 IfE,F are o, -semistable, their u ,-slope is the gradient of the line connecting the point (s, q) with (s(E), q(E)) and
(s(F), q(F)), respectively. We may also compare the  ,-slope of E and F, using the picture: E has larger slope than F is and only if the line

connecting E to (s, q) is above the line connecting F with (s, q) (see [30, Lemma 2]).

which defines a point in a projective plane IP’HZR when 0y(E) # 0. If rk(E) # 0, we consider the affine coordinates

H? - chy(E) H - ch,(E)
<S(E) = Tk(lE)’ q(E) = TkiE)) S Aﬂé

Note that since the inequality (2.1) holds for o, ,-semistable objects, we have that points below the parabola g = %32 cor-
respond to oy ;-semistable objects. Furthermore, the slope of a o ;-semistable objects E € Coh*(X) is the gradient of the
line connecting (s, q) and (s(E), q(E)) (see Figure 1).

By [28, Theorem 0.3] slope stable coherent sheaves on X satisfy a stronger Bogomolov inequality. More precisely, in the
affine plane Aﬂé we consider the open region

R; (3.5)

20

defined in [28, Definition 3.1] as the set of points above the curve s*> — 2q = % and above the tangent lines to the curve

s> —2q = 0 at 0y (Ox(kH)) for all k € Z (see Figure 2).
As a consequence, we obtain the following refined result.

Proposition 3.1 [4], Proposition 2.12, [28], Theorem 0.3. For (s,q) € R 3, the pair o, 4 = (Coh’(X ), Zs q) defines a weak

20
stability condition on DP(X) with respect to the lattice qu ~ 7% generated by the reduced Chern character.

Now using the same strategy as in [4] we can induce stability conditions on the Kuznetsov components Equations (3.1)-
(3.3) from oy, for certain values of (s,q) € R 3 . As done in Equation (2.7), we need to tilt a second time. For u € R, we

20
denote by Cohf, ¢(X) the heart obtained by tilting Coh®(X) with respect to 0Osq at 4. Then [4, Proposition 2.15], which
applies in the same way to the reparameterized tilt stability conditions, implies that aﬁf g= (Cohﬁf X ),Zéf ¢) is a weak
stability condition on D?(X).
Fori =1,2,3, we set

A(s, q) := Cohf ,(X) N Ku(X);
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q
q=3s
_ 12 3
1=35 "%
Ox(—H) Ox(H)
OX
N
FIGURE 2 We represent the boundary of the region R s among 0y (Ox(—H)) and 0y (Ox(H)) in red.
and
Z(S’ q) = _équKu(X)i (36)
where Z£ q= lZS gand u = — 24 We also note that the exceptional bundles in the semiorthogonal decompositions (3.1)—-
’ u Su

(3.3) are on the boundary of R 3 as

20

2
choo@y ki) = (1A, 51 ) - ehs) = (2 35117

chos (Vi) = <2, _H, I—IOHZ), chy (U (—H)) = <2,—3H, %m).

Proposition 3.2. Let (s, q) be points in the region R s .
20

L If (s, q) is below the segment connecting U (Ox(—H)) and Ug(Uy), then the pair o(s,q) = (A(s,q), Z(s, q)) defines a
Bridgeland stability condition on Ku(X); with respect to Af{ Jor u € R satisfying u; ,(Ox (=H)[1]) < p < pg o(Ux).

2. If(s, q) is below the segment connecting U (Ox) and U (UY), then the pair o(s, q) = (A(s, q), Z(s, q)) defines a Bridgeland
stability condition on Ku(X), with respect to AIZLI Jor u € R satisfying u; o(Ux[1]) < 1 < ps,4(Ox).

3. If(s, q) is below the segment connecting U (Ox) and UH(U)\(’ ), then the pairo(s, q) = (A(s, q), Z(s, q)) defines a Bridgeland
stability condition on Ku(X); with respect to Alzq Jor u € R satisfying u, ,(Ox[1]) < u < ,us,q(‘lf)\(’).

In Figure 3, we represent the regions where there are induced stability conditions as in Proposition 3.2.

Proof. This is a refinement of [4, Theorem 6.8], where the statement is proved in the case of Ku(X), for (s, q) above the
parabola g — %sz = 0and y as in item 1.

We study the case of Ku(X);, the others can be treated analogously. Note that Uy, Oy, Ux(—H), Ox(—H) are slope stable
sheaves with slope —%, 0, —%, —1, respectively. Thus, Uy, Ox, Ux(=H)[1], Ox(—H)[1] belong to Coh’(X) for -1 < s < —%.
Since these objects are on the boundary of R s , by [2, Corollary 3.11] we have that Uy, Ox, Ux(—H)[1], Ox(—H)[1] are

20
0,,4-Stable in Coh*(X). For (s, ) as in the assumptions of item (1), by a direct computation or comparing the slopes using

the picture, we see that

ts,q(Ux (=HDI1]) < i o(Ox (=HDI1]) < i q(Ux) < 5,g(Ox).
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Oy(—H) Ox(H)

FIGURE 3 We represent in red the boundary of the regions defined in Proposition 3.2.

Thus for y as in the statement, we have Uy, Ox, Ux(—H)|[2], Ox(—=H)[2] in Cohéf ¢(X). Finally, by [4, Lemma 2.16] objects
in Coh’’ 5,¢X) with vanishing central charge Z f are objects in Coh®(X) with vanishing central charge Z, ,g» Which are torsion
sheaves supported on points. Since for such a sheaf T we always have Hom(Ox, T') # 0, we conclude that T does not belong

to Ku(X),. Then, Proposition 2.9 implies the statement. O

Note that we omit ¢ from the notation of the induced stability condition. In fact, (s, ¢) does not depend on y, up to the
~ +
action of GL (2, R), as we show in the next lemma.

Lemma 3.3. Fixi=1,2,3. Let (s,q) be a pointin R s, u > u’ € R satisfying the conditions in item (i) of Proposition 3.2.

20

Then, the stability condition induced from c q is the same as the one induced from a¥ ., up to the GL (2, R)-action.

S,q’°

Proof. Denote by o(s, g, 1) and o(s, g, 1) the induced stability conditions on Ku(X); corresponding to the choice of u and
', respectively. We claim that

Coh(X) C (Coh, (X), Coh, (X)[1]).

Indeed, consider F € Coh’(X) semistable with Msq(F) > p, which is an object in Coh” 5,¢X). Then g (F) > uw,
F e Coh?’ ¢(X). Otherwise, consider F € Coh’(X) semistable with Msq(F) < u,s0 F[1] € Cohéf g If pg o(F) < W, then

F[1] € Coh‘sf ,q(X ), while if u, ,(F) > W, then F[1] € Cohﬁf ;(X )[1]. By the definition of Coh’sf ¢(X), we deduce the claim.
As a consequence, we have the same relation between the restrictions of the hearts on Ku(X); by [4, Lemma 4.3], that
is,

A(s,q, 1) C (A(s,q, 1), A(s, g, u)[1]).

By definition ZS = Z 5g and Zg o = 1z Zj 4, for unit vectors u, u’ in the upper half plane. Recall the generators b; and
b, of N'(Ku(X),) deflned in Equatlon (2. 4) Since Ku(X); = Ku(X),(H) and Ku(X), = Lo, (Ku(X);), we have that

d :=by(H) = <1,H, %HZ,%), (3.7)

o _ 2,0 3
d, :=by(H) = <0,H,5H, 6>

85UB01 7 SUOWIWOD SAERID (dedl|dde ayy Aq peusenob afe sapie YO ‘9sn Jo SNl Joj Afeiq1T8UlUO 8|1 UO (SUONIPUOD-PUE-SWLB) W00 A8 1M AReq Ul UO//:SdNy) SUONIPUOD pue SWe | 841 88S *[£202/50/2T] Uo ARigiTauliuo AB|Im ‘oueli 1 eISeAIuN AJ 0TO00ZZ0Z BUeL/Z00T OT/I0p/W00" A8 |1 Ake.d1jpuluo//sdny woy papeojumod ‘0 ‘9T9zZZST



12 MATHEMATISCHE PERTUSI AND ROBINETT
NACHRICHTEN
form a basis of M (Ku(X)3), and
_ 1., 5
C = ([LOX)*(dl) = _39Ha gH ’_8 5 (38)
2 5
C2 = ([I—QX)*(dZ) = <_47H’ §H25_6>

for N'(Ku(X),). An easy computation shows that multiplying by 1/u and 1/u’ does not change the orientation of the
! /

basis Zg 4(b1), Z; 4(b,) of C. Thus, the basis Zﬁf q(bD), Zéf q(b2) and Z_/f’ q(b1), Zéf 4(b2) have the same orientation. Analogous

comments hold for d;, d, and ¢y, c,.

! !
Note that Zéfq = %Zﬁfq, thus setting M := %, we have Z(s, q, u) = M~'Z(s, q, ') and there exists a cover g = (g, M) €

—~+
GL (2,R)such thato(s,q,u') - § = (A',M~'Z(s,q, ') = Z(s, q, u)), where

A C (A(s,q, 1), A(s, g, ()[1]).

It follows that the stability conditions o (s, q, 4) and o(s, g, ') - g have the same central charge and their hearts are tilt of
the same heart A(s, g, 1'). [2, Lemma 8.11] implies that they are the same stability condition. O

We end this section by showing that the induced stability conditions on each Ku(X); are in the same orbit with respect
~+
to the action of GL (2, R).

Proposition 3.4. Fixi = 1, 2, 3. The stability conditions induced in item (i) of Proposition 3.2 on Ku(X); are in the same orbit
~t
with respect to the GL (2, R)- action.

Proof. We explain the proof for i = 1, the other cases are analogous.
Let (s,q), (s',q") as in Proposition 3.2(1). It is not restrictive to assume s’ > s and q > ¢q’. By Lemma 3.5, we only need
to show that the central charges of o(s,q) and o(s’, q') are in the same orbits with respect to the action of GL*(2, R).

Note that for every (s, q) as in Proposition 3.2(1), we can choose to tilt at u = —1%. Indeed, since (s, q) is below the line
q= —%s — % passing through 0y (Ox(—H)) and 05 (UY), it satisfies the inequalities
1
Ox (-1 = 2= <=
Hs.q\Cx YT s T 10
=852
Hsa\Ox) = 55 10
By Lemma 3.3, the stability condition o(s, q) does not depend on the choice of i, so we can assume y = —%. In particular,

1

Now, consider the central charges Z\ q and Zf, g Since multiplying by L does not change the orientation, we reduce to
. , u
compare the orientations of Zs ; and Zy ;s on the basis b,, b,. We have

Zs4(b)) = 10<q + 1—30> +10V=1(=s), Z4(by) = 10(% + \/__1>

Then

gt dsrastey 309 50
ATt 72 T T 7Y

L3
q 10

—S

=W

since (s, q) is above the parabola g = %sz - %. In particular, there exists N € GL*(2,R) such that Zy ,, = N~ - Z .. We

write N = ! (a b),where
detN-1) \ ¢ d
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_ 10g+3+65 _6(¢'—q)
T 10g+3+6s°  10g+3+6s
. 10(s" — ) _10q’ +3+6s
"~ 10g+3+6s°  10g+3+6s’

—+
As a consequence, we have Zf, ¢ = M‘lqu, where M~ = LN~1y and there exists (g,M) € GL (2,R)such thatg(0,1) C
) ’ u

(0, 2). This implies o(s, q) - (g, M) = (A/,Zf,’q, | & (Rux)), ) With

A’ c (A(s,q), A(s, @)[1]).

Thus, the stability conditions o (s, ¢") and o (s, q) - (g, M) have the same central charge and their hearts are tilt of A(s, g).
We conclude that they are the same stability condition by [2, Lemma 8.11]. O

Lemma 3.5. Fixi = 1,2, 3. Let (s, q), (s', ¢') as in Proposition 3.2(i). If s < ', then A(s', ') € (A(s, q), A(s, @)[1]), while if
s=¢, then A(s',q") = A(s,q).

Proof. The argument is similar to the one used in the proof of [41, Lemma 3.8]. Consider the case i = 1, the others are
analogous. By Lemma 3.3, we can fix 4 = —19—0. We denote by P; , the slicing defined by oy ;. We claim that Cohéf X)) =

Py o(@u, $y + 1], where ¢, = %arg(u). Indeed, assume E € Coh’sf ¢X) is céf g-semistable. Then, there is a triangle A[1] —
E — B,where A € Coh’(X) (resp.B € Coh’(X)) and its 05,¢-semistable factors have slope y ; < u (resp. > w). If Zg ((B) #
0, then A[1] has larger slope than B with respect to aéf ¢- This would contradict the semistability of E, unless either E = B, or
E = A[1].IfE = B, the o, ,-semistable factors of E would have phase in the interval (¢,,, 1] by definition of B. Actually, this
also shows that E is o, ,-semistable, as a destabilizing sequence of E with respect to o, , would destabilize E with respect
to cﬁf ¢- A similar observation shows that A[1] € P 4(1, ¢, + 1]. It remains to consider the case when Z; ;(B) = 0, that s, B
is a torsion sheaf supported on points. Then, B is o, ,-semistable of phase 1. Since A[1] € P 4(1, ¢, + 1], we conclude that
E € P o(¢u,du + 1]. This shows Coh/sf q(X ) C Py g(us bu + 1]. Since those are hearts of bounded t-structures, we deduce
that they are equal.

Nowifs’ > s, itis easy to see that Cohsl (X) is a tilt of Coh®(X), that i, Cohsl X)c (Cohs(X ), Coh’(X )[1]). Equivalently,
Py ¢(0,1] C Py 4(0,2]. The action by multiplication with u~! preserves the distance of the slicings Psq and Py o, thus

COhl;/’q/(X) = Ps’,q’(¢u’ $ut1]C Ps,q(¢u’ $u +2] = <C0h/;’q(X), COh:l:,q(X)[lD-

Consider A(s,q') = Ku(X) n Cohg, q,(X ). Since the cohomology with respect to the restricted heart of an objects E €
Ku(X) is the same as the cohomology in Coh’sf q(X ) by [4, Lemma 4.3], we deduce that

A, q") € (A(s, ), A(s, I1]).

If s’ = s, we get Coh’, s = Cohf,(X), which implies A(s', g") = A(s, @). O

Notation: In the next, we will use the subscript s, q (resp. a, 8) when we refer to the reparameterized tilt stability
condition (resp. to the classical tilt stability). If we work in the region above the parabola q — %sz = 0, we will prefer to
use the classical tilt stability condition depending on « and 8, and we will make use of the tilt stability below this parabola
and above Li’s boundary only where it is necessary.

We will denote by Coh’(X )Ms,q> . (resp. Coh’(X) g < ,) the subcategory of Coh*(X) generated by u ,-semistable objects
with slope 4 , > u (resp. < w), and analogous notation with the subscript a, 3.
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3.2 | Proofof Theorem 1.1

Consider Ku(X); defined in Equation (3.3). By [20, lemma 2.6], since Sx(—) = — ® Ox(—H)[3], the Serre functor Sgx),
on Ku(X)j; satisfies

50, (™) = LuyoLoy(nol— ® Ox (H)[=3] = (- ® Ox(H))oly, olLo, [-3]. (39)

The goal of the next sections is to prove Theorem 1.1, which follows from the result below.

—
Theorem 3.6. Let 0(s3, q3) be a stability condition on Ku(X); as induced in Proposition 3.2(3). Then, there exists g € GL, (R)
such that

SIE&(X)3 -0(83,q3) = 9(s3,3) - &

Then in Corollary 4.3 we show more precisely that Sgycx),[—2]- 0(s3,q3) = 0(s3,q3), completing the proof of
Theorem 1.1.

Here, we outline the strategy of the proof of Theorem 3.6. The idea is to decompose S_!

Ku(X)3
study the action of Ly, on o(s3,q3) and then of L4, on Lo, - o(s3,q3). In fact, Ly, (resp. Ly, ) induces an equivalence

between Ku(X); and Ku(X), (resp. Ku(X), and Ku(X),),so Ly, - 0(s3,q3)and Ly, - L, - 0(s3,q3) are stability conditions
on Ku(X), and Ku(X),, respectively.

First, in Section 3.3 we consider special values of s; and gz very close to 0. Here, it is not necessary to work with the
reparameterized tilt stability conditions, so we use the notation with o and 8. In particular, we consider the stability con-
dition o(a, €), fore > O very smalland 0 < a < €. In Lemma 3.9, we show that the heart Lo, (A(a, €)) on Ku(X), is a tilting
of A(e!,—€") for 0 < ¢’ <¢,0 < a’ <¢'. The basic idea is that when moving from ¢ to —¢’, the only problematic object
in Cohg,E(X ) is Ox[2], which belongs to Cohg/’_e, (X)[2]. Then, we show in Proposition 3.10 that the stability condition

as in Equation (3.9) and

Lo, - o(a,€) on Ku(X), is the same as o(a’,—€¢") up to the ﬁ;(R)-action. This implies the same statement for every
stability condition o(ss, g3) on Ku(X); (see Corollary 3.11).

Next, in Section 3.4 we follow the same argument for the stability conditions o(s,, g,) on Ku(X), and the left mutation
Ly, - Here, we need to work with the stability conditions over Li’s boundary, as we need to consider s, very close to

—% and g, close to %. Analogously, we show in Lemma 3.14 that the heart [LUX(A(—% +¢€,q,)) on Ku(X), is a tilt of
A(—% — ¢/, q}). This allows us to show in Corollary 3.16 that Ly, - o(s, g,) on Ku(X); is in the same orbit with respect to

the GI:;(IR)-action of the induced stability conditions o(s;, g;) on Ku(X);.
Finally, we simply observe that acting via (—) ® Ox(H) on a stability condition o(s;, g;) on Ku(X);, we get o(s; + 1, q{),
namely a stability condition on Ku(X); in the same orbit of o(s3, g3).

3.3 | Stability conditions on Ku(X); and action of L o

In this section, we study the action of L, on the stability conditions o(s3, g3) on Ku(X); defined in Proposition 3.2(3).
The main result is Corollary 3.11.

We start by considering (s3, g3) close to (0,0). For this reason, we can simply work with the usual parameterization of
the tilt stability o, g and 8 = € > 0 very small.

Lemma 3.7. Fix e > 0very small. Assume that F € Cohgﬁ(X ) for every 0 < a < €. Then, there exist ¢’ > 0 very small and
0 < a’ < €' such that

F € (Coh), _./(X),CohY _.,(X)[1], Ox[2]).

Proof. Step 1: We show that if E € Coh®(X) such that #;,e (E) <0, then there exists 0 < ¢’ < ¢ such that E is an extension

of objects in Coh_el (X) and objects of the form G[1], where G is a slope semistable coherent sheaf with u;(G) = 0 and
et (GI1]) = ue (Ox[1]).
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—e2+

2
Consider E as above. Note that u, (Ox[1]) = 25“ < 0 for @ < € and converges to O for &« — €. Thus, up to taking

close to €, we can assume that ,u;',S(E) < Mg (Ox[1]). On the other hand, by definition E is an extension of the form

HYE)[1] - E —» H(E),

where H°(E) (resp. H~'(E)) is in Coh(X) and its slope semistable factors have slope u;; > € (resp. < €). Clearly, H(E) €
Coh_e/(X ) for every 0 < ¢/ < ¢. Consider H~1(E) and denote by G, ..., Gy its slope semistable factors. Then, there exists
0 < €/ < esuch that if uy(G;) < 0, then uy(G;) < —€’. Then, G;[1] € Coh_E,(X).

Assume there is an index i such that 0 < uy(G;) <e. Setch(G;), = (d,eH, gHz) for integers d, e, f. Thend > 0,e > 0.
Since piy (E) < piq (Ox[1]), it follows that

Hac(Gi[1D) < pg(Gil1D) < pgo(B) < e (Ox[1D). (3.10)

However, the point (s(G;), q(G;)) corresponding to G; in the affine plane A%R does not belong to R 3 by [28, Theorem 0.3]
20

(see Equation (3.5); equivalently, f < 0. This implies that
—fe+e’e+a’e>0, (3.11)

with equality if and only ife = f = 0. The inequality (3.11) contradicts py (Gi[1]) < uy (Ox[1]) unlesse = f = 0 when it
is an equality. This implies the claim in Step 1.

Step 2: We improve the computation in Step 1, by showing the objects of the form G[1] are extensions of copies of Ox[1].

Note that G[1] is a slope semistable torsion free sheaf. Moreover, G[1] is o, .-semistable with slope u, ((Ox[1]), since
the inequalities in Equation (3.10) are equalities. Since by [28, Theorem 0.1], Conjecture 4.1 of [2] holds, it follows that
ch3(G) :=g=>0.

It is not restrictive to assume that G is slope stable, up to replacing it with one of its stable factors. We claim that G =~ Oy.
Indeed, note that y(Ox,G) = d + g > 0. Thus, hom(Oy, ) + hom(Ox, G[2]) > 0. We observe that G is a reflexive sheaf.
Indeed, consider the short exact sequence

0—>g—>gVV—>T—>0

of coherent sheaves, where T is torsion supported in dimension < 1. If T # 0, then T would destabilize G[1] with respect to
Oq.c giving a contradiction. In particular, G[1] is o, o-stable (see [6, Proposition 4.18]). Thus, there exists § > 0 very small

such that G € Coh_5(X ) is o, _s-semistable for some 0 < a < §. By Serre duality, we have
Hom(Oy, G[2]) = Hom(G, Ox(—H)[1]) = 0,

where the last equality follows from the fact that ¢ and Ox(—H)[1] are o, _s-semistable in Coh_a(X ) with
Mo —5(Ox(=H)[1]) < 0 < pg —5(Ox) = py—s(G). Thus, there exists a non-zero morphism Ox — G. Since both are slope
stable, we conclude that Oy =~ G.

Step 3: We can now prove the statement of the lemma.

Consider F € Cohg,e(X ) for € > 0 very small and for every 0 < o < €. By definition F is an extension of the form

A[l] » F - B,
where B (resp. A) belongs to Coh®(X )Ma,e>0 (resp. Coh® (X )ua,QSO)' In the next, we show that
B € (Coh™ (X),,, >0, Coh™* (X)[1]) (3.12)
and
A[1] € (Coh™ (X)[1], Ox [2]), (3.13)

for ¢/ > 0 very small and 0 < &’ < ¢/, which imply the statement.
!
By Step 2, we have that A[1] is an extension of objects in Coh™ (X)[1] and copies of @y [2]. This implies Equation (3.13).
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FIGURE 4 The tilt-stability o, . (resp. o, _./) corresponds to the point (¢, 5 := ) (resp. (—¢/,q’ := @)) in the affine plane.

2
Tilting at u, . = 0 (resp. p, o = 0) is equivalent to tilting at u. s = € (resp. u_o » = —€’). Let B be a 0, s-semistable object in Coh®(X) with

U 5(B) > €. By [30, Lemma 3] the slope of its o_, ,,-semistable factors is greater than or equal to the slope of B~, which is the gradient of the
red line connecting (—¢’, ") to B Since B~ has positive s-coordinate, its slope with respect to o_ o is larger than p_, o, (Ox), which is

represented in blue.

Up to replacing B with its semistable factors, we can assume that B is o, -semistable. Consider 0 <€’ <e¢,

_ (oc/)2+(e’)2

0<a <¢ and set ¢ : . By a similar argument as that at the beginning of Step 1, we have that B €

(Coh_EI(X ), Coh_e, (X)[1]). We will now use the result in [30] to control the slope of the tilt semistable factors of B when
we deform the tilt stability condition o, . to o, _s. To this end, write ch(B), = (a, bH, gH %) for some integers a, b, c. We

24 .2
denote by ¢ the line connecting the point (¢,8 := %) to the point (E, zi) corresponding to B in the affine plane. Let
a a

B™ and B~ be the intersection points of the parabola g = %32 with €. By [30, Lemma 3], if B; is a o/ _./-semistable factor
of B, then its slope satisfies

:uoz’,—e’(B_) < ;uoz’,—e’(Bi) < Mot~ (B+)-

We claim that the coordinate s(B™) of B~ on the s-axis is > 0. Indeed, ¢ has equation

%—a5
q= b—ae(s_€)+5’

so the s-coordinate of B* is given by the solutions of

1, %—a5 %—aé
—5° — s+ e—6=0. 3.14
2 b—ac b—ace (3.14)

c
2
b—ae

—ad

Recall that y, .(B) > 0, equivalently y 5(B) = > ¢ (see Equation (3.4) for the relation between reparameterized tilt

c

-—ad
stability). Then, the coefficient of s in Equation (3.14) is negative, while Z_ €—8>¢e>—58>0,asd < e? (equivalently

a < ¢). It follows that Equation (3.14) has two positive solutions.
Now, comparing the slopes using Figure 4, we deduce that

:u—e’,q’(B_) > M—e’,q’(oX) > —¢,
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equivalently

et —r(B™) > ot~ (O) > 0.
This proves Equation (3.12) and ends the proof of the lemma. O
Lemma 3.8. Let ¢ > 0 be very small. There exists 0 < a < € such that if F € Cohg,E(X ), then Lo, (F) isin Cohg,e(X ).
Proof. Asin [4, Lemma 5.9] we have the five terms exact sequence
0= H ™ (Lo, (F)) = Ox[2]%% - F - 1Ly, (F)) —» Ox[2]%4 -0,
where Hi(I]_OX (F)) denotes the cohomology in Cohg,E(X ) and ko, k; are integers. Note that

2€ .
ue(Ox[2]) = s +ooifa — €.

Thus up to replacing a, we can assume that Ox[2] is the stable factor of F with larger slope. It follows that 1! (Lo, (F)) =
0, thus L, (F) € Cohg ((X). n

Lemma 3.9. Let e > 0 be very small. Then, thereexist0 < a <¢,0 <€’ <¢ 0 < a’ <€ such that
Lo, (Aa,€)) C (A, —€"), A, —€)[1]).

Proof. Consider F € A(a, ) and its left mutation Lo, (F). By Lemma 3.8, we can find a such that Ly, (F) € Cohg,E(X ).
Note that F € A(a’’,¢) for every 0 < a’' < ¢ by Lemma 3.5. By Lemma 3.7, there exist ¢’ > 0 very small and 0 < o’ < ¢’
such that

Lo, (F) € (Cohy, _./(X), Cohyy _.,(X)[1], Ox[2]).

Up to taking a smaller ¢/, the above relation holds for every F € A(«, €). Note that A(a’, —¢') = Cohg,’_e, (X) N Ku(X),
is a heart of a stability condition on Ku(X), by Proposition 3.2(2). Since Lo, (F) is in Ku(X), and by [4, Lemma 4.3], its

cohomology in Cohg/’_e/ (X) belongs to Ku(X), as well, we deduce that Lo, (F) € (A(a’, =€), A(a’, —€")[1]). Finally, we
observe that the statement does not depend on o’ < ¢/, by Lemma 3.5. [l

Proposition 3.10. Let ¢ > 0 be very small. Then there exist 0 < a < ¢, 0< ¢’ <¢, 0 < a’ < ¢ such that there exists g €
-
GL, (R) satisfying

Lo, -o(a,e) = o(a’,—¢') - &

Proof. Recall that the stability condition L, - o(a, €) has heart Lo, (A(a, €)) and stability function Z "= Z(a, €)o(Lo, )L

—~+

As done for instance in Proposition 3.4, we can check that there exists & € GL, (R) such that o(a’, —¢’) - § = ¢/, where
o' =(A’,Z")and A’ is atilt of A(a’, —€), up to shifting. More precisely, one first needs to check there exists M € GL] (R)
such that Z’ = M~ - Z(a/, —¢’), or equivalently,

Z(a,e) =M - Z(a',—¢') - (Loy ). (3.15)

In order to do this, recall the basis d; := b;(H), d, := b,(H) of N'(Ku(X);) given in Equation (3.7) and the basis ¢; :=
Loy ):(d1), ¢ :=(Lo,).(dy) of N (Ku(X),) defined in Equation (3.8). Recall also that Z(a,¢) = —V=1Z¢ | N (ku(x)s)»
Z(a', =€) = —\/=1Z, _o| N(Ku(x),) as defined in Equation (3.6). Then

2

2
Za,e)dy) = (1—¢) + \/__1@ e+ S %>
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Z(a,e)(dy) = 1+ \/—_1<§ - e>,
Z@, =) =1 =3¢ + \/—_1<§ +¢ — %(e’)2 + %(oc’)2>,
Z(, =€) =1 —4e) + \/—_1<§ +¢ —2(')? + 2(0(’)2).

The two matrices having on the columns the components with respect to the standard basis of C = R? of Z(a,e)(dy),
Z(a,€)(dy), and Z(a', —€")(c1), Z(a’, —€")(c,), respectively, have determinant

"2 1\2
2, 1
@)y (e 2,1,

—%e+1>0
5 5 ) 2 5 5

. . s . . . X, X -
Thus, there exists M € GL;(R) satisfying Equation (3.15). More explicitly, setting M~! = (x; xi), condition (3.15)

translates into

Z(a,e)(dy) = M- Z(a', —€') - (Lo )«(dh),
Z(a,e)dy) =M~ Z(a!,—€') - (Lo, )«(d2)

which is equivalent to solve the linear system

(1 —3e)x;, + (% +¢ - %(E’)2 + %(cx’)z)xz =1-c¢

3¢/ L 3+ 3, = e &2
(1 3e)x3+(§+e 2(€)+2(oc))x4—5 e+2 >
(1 —4e)x;, + (+ € =20 +2a))x, =1

(1 —4e)x; + (% +¢ =20 + 2(a"))xy = % —c.

Using a computer, we can find the solution of the above linear system and check the existence of a cover g = (g,M) €
Gf,;r(lR) with the desired properties.

Since by Lemma 3.9, the heart Lo, (A(a,€)) is a tilt of A(a’,—¢"), by [2, Lemma 8.11] we conclude ¢’ = Lo, - o(a,¢), as
we wanted. O

~+
Corollary 3.11. Fori = 2,3, if o(s;, q;) is a stability condition on Ku(X);, then there exists g € GL, (R) such that

Lo, - 0(s3,93) = 0(5,,92) - &

Proof. By Proposition 3.4, we have that o(s;, q3) (resp. o(s,,q,)) is in the same orbit of o(a,¢) (resp. o(a’, —¢’)) with

~+ ~+
respect to the GL, (R)-action. Since the action of [, commutes with the GL, (R)-action, by Proposition 3.10, we deduce
the claim. O

3.4 | Stability conditions on Ku(X), and action of ¢,

Our goal is now to investigate the action of the left mutation L, on a stability condition o(s,,g,) on Ku(X), as in
Proposition 3.2(2). The main statement is Corollary 3.16.
We would like to apply the same technique as in the previous section. In particular, we need to consider a stability con-

dition corresponding to (s,, g,) very close to the point (— % 2—10) € JR 5 . Thus, we have to work with the stability conditions
20

induced from (a tilt of) the tilt stability conditions oy ; below the parabola g — %sz =0.
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We start by fixing s = —% + € for € > 0 very small such that s < —4/ 2—30. For simplicity, we can assume € < 11—0. Consider
q > 0 such that the point (s, q) satisfies the conditions in Proposition 3.2(2). Explicitly, we have that

1 1, 1.1 1
qe <%+§€ —EE,%—EE). (316)
On the other side of the vertical wall for U, we consider s’ = —% — ¢/ for ¢’ > 0 very small. Note that if ¢’ varies in
1 1,,, 1,1 9,
(20+2(e) t3¢ 55T 16° ) (3.17)

then (s’, q") satisfies the conditions in Proposition 3.2(1), so this point induces a stability condition on Ku(X), after
suitable tilting.
We fix it = —%. Note that

_—q 1 1 1
Hsq(Ox) = T 710790 0f

2
and

: q

0 1 1 1

Msq(Ux[1]) = e <1093 10¢
which holds by Equation (3.16).
On the other side, fix &’ = —19—0. Similarly, we have

ﬂs’,q’(OX(_H)[l]) < :a/ < :us’,q’(U‘X)-

Lemma 3.12. Let ¢ > 0 be very small and ft = —11—0. Assume that F € Coh” . (X) for every q satisfying Equation (3.16).
—-+eq
2

Forjl' = —1%, there exists €' > 0, ¢’ satisfying Equation (3.17) such that

! =1
Fe(Coh”, | (0,Coh”, | GO UxI2]).
2 5 _E_ s

Proof. Fixs = —% +e.
Step 1: We claim that if E € Coh’(X) such that /,t;fq (E) < 1, then there exist ¢/ > 0 very small such that E is an extension

of objects in Cth,(X )where s’ 1= —% — ¢/, and objects of the form [1], where G is a slope semistable coherent sheaf with

wi () = =3 and il (G111) = s o (U [11).

We follow the same argument as in Step 1 of the proof of Lemma 3.7. Up to taking g — L %e, we can assume that

20
/,t;:q(E) < H,4(Ux[1]). Up to choosing ¢/ small enough, we have that E is an extension of objects in Coh® (X) and objects of

the form G[1], where G is a slope semistable coherent sheaf with —% < uy(Q) <sand u;fq(g[l]) < Hs,g(Ux[1]). However,

by a direct computation or comparing the slopes using Figure 5 we must have uy(G) = —% and p ¢(G[1]) = p, (U [1D),
as we wanted.
Step 2: We claim that the objects of the form G[1] in Step 1 are extensions of copies of Ux[1].

Indeed, the point (%(gg)), %) belongs to the boundary of R 5 . Thus by [28, Proposition 3.2] rk(Q) is either 1 or 2. We

exclude the case rk(G) = 1, as the numerical Grothendieck grouZp of X does not contain the class of such object by [26,
Proposition 3.9]. Moreover, G is a slope semistable torsion-free sheaf. Since Hom(G, Ox[2]) = Hom(Ox(H), G[—1]) = 0 by
stability, [33, Theorem 3.14] implies that G is a vector bundle with ch(G) = ch(UYy). It follows that ¢ =~ UY.

Step 3: We end by showing the statement of the lemma, arguing as in Step 3 of the proof of Lemma 3.7.
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alty|

FIGURE 5 The dashed arrow is the vertical line s = —i + ¢, passing through the point (s, g) corresponding to the fixed tilt stability. The

slope p; 4(Ux[1]) is represented in blue. When [1] corresponds to a point in the region —% <s< —é +eandq < %sz - %, we have that
Ms,q(CI1D) 2 g o (U [1D).

q

12

q=3s
Ll _ 3
q9=3 40

B
B

s
Heg=H

FIGURE 6 We represent in blue the slope of Uy with respect to (s, ¢’), and in red that of B~, where s’ = —i —é.

Consider F € Cohg ¢(X). By definition F is an extension of the form
A[l] » F - B,

where B (resp. A) belongs to Coh®*(X )qu>ﬂ (resp. Coh’(X )" qs;z)-
By Step 2, we can find s’ such that A[1] is an extension of objects in Cth,(X )[1] and copies of Ux[2]. In particular,

All] € (Cth,(X)[l], U¥x[2]). On the other hand, note that B € (Cohs’(X), Cth,(X)[l]). It is not restrictive to assume
that B is o ;-semistable. By [30, Lemma 3], we have that

:us’,q’(B+) i ,Ll;;’q,(B), ,us_/’q/(B) 2 :us’,q’(B_)-

Comparing the slopes as in Figure 6, we see that
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9 _
o (BT) > py o (Ux) > —— = fi'.
s s . .
We deduce that B € (Coh™ (X )#S, o Coh™ (X)[1]). Putting everything together, we deduce the statement. O

Lemma3.13. Fixj = —% ande > Overysmall. Then, there exists q satisfying Equation (3.16) such that if F € Coh” . X,
—>+eq
2

then Ly, (F)isin Coh‘z . q(X ).

Proof. Note that 1 = —% foru = ﬁ(l + 104/—1). In particular, by definition
( )= (=) = yv/101  104/101 /— ).
Zsq Zsaq 101 101 Zsq

\/W

Sets = —% + €. Then, ImZé_fq(U‘X[2]) = ( 2¢ + 1 — 20q) which convergesto 0 as g — —0 - —e Thus, /,tsq(U'X[Z]) -

+oo forg — % — l—loe. The same argument of Lemma 3.8 implies the statement. O
The next results follow from Lemmas 3.12 and 3.13, arguing as in Lemma 3.9, Proposition 3.10, and Corollary 3.11.

Lemma 3.14. Let € > 0 be very small. Then, there exist q satisfying Equation (3.16), €’ > 0 very small and q' satisfying

Equation (3.17) such that
L —l _1 _ o _l P
T 5 teq c(A 5 €4 , A 3¢9 [1]).

Proposition 3.15. Let ¢ > 0 be very small. Then, there exist q satisfying Equation (3.16), €' > 0 very small and q' satisfying
~ +
Equation (3.17) such that there exists g € GL, (R) satisfying

1 1 ~
I]—'U'x ’ O‘(_E +e,q) = O‘(_E -é, q,) 8
—~+
Corollary 3.16. Fori = 1,2, ifa(s;, q;) is a stability condition on Ku(X);, then there exists g € GL, (R) such that

Loy - o(s2,q2) = o(s1,q1) - &

3.5 | End of the proof
We are now ready to complete the proof of our main result.

Proof of Theorem 3.6. Let o(s3, g3) be a stability condition on Ku(X); as induced in Proposition 3.2(3). Consider a stability
condition o(sy, g;) on Ku(X); as in Proposition 3.2(1) which is above the parabola g — %52 = 0. By Corollaries 3.11 and 3.16,

—+
there exists g € GL, (R) such that
Luy - Loy - 9(s3,93) = a(s1,q1) - &

Note that if F € Ku(X), is oy, 4 -semistable, then F(H) € Ku(X); is crslﬂ,qi—semistable for qi = % + 51 + q; (see, for
instance, [30, Proof of Lemma 4]). Moreover, (s; + 1, qi) satisfies the conditions in Proposition 3.2(3). This implies

A(s1, q1)(H) C (A(s; +1,97), A(sy +1,g)[1]).
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Arguing as in Proposition 3.10, it follows that
(- ® Ox(H) - o(s1,q1) = o(s1 + 1,q)) - f (3.18)

for f € ﬁ;(R). Since the action by equivalences and by 61:;([]%) on the stability manifold commute, by Equation (3.9)
this implies

SIEIII(X)S : O'(S3, CIS) = U(Sl +1, qi) : E

—~ ~+
for h € GL, (R). By Proposition 3.4, we have that o(s;, q3) and o(s; + 1, qi) are in the same orbit with respect to the
~+
GL, (R)-action, which implies the claim. O

As a consequence, we obtain the same result for the Serre functors of Ku(X), and Ku(X),.

Corollary 3.17. Fori=1,2,3, let o(s;, q;) be a stability condition on Ku(X); as induced in Proposition 3.2(i). Then, there
~ +
exists g € GL, (R) such that

Sﬁé(x)i -0(s,qi) = 0(5:,G:) - 8

Proof. The case of i = 3 is Theorem 3.6. For i = 1, it is enough to note that (— ® Ox(H)) induces an equivalence between
Ku(X); and Ku(X);. Using the fact that the Serre functors commute with equivalences and Equation (3.18), we deduce
the statement for Ku(X),. If i = 2, we apply the same argument since L, induces an equivalence between Ku(X); and
Ku(X), and using Corollary 3.11. O

To complete the proof of Theorem 1.1, it remains to show that the Serre functor shifted by —2 acts as the identity on
a(s, q). This is done in Corollary 4.3.

3.6 | Other Fano threefolds of Picard rank 1, index 1

It is natural to ask whether the above procedure applies to the Kuznetsov component of other Fano threefolds of Picard
rank 1 and index 1. Recall that there are 10 deformation types of these Fano threefolds, classified in terms of the genus
g, which is the positive integer such that the degree d := H? = 2g — 2, corresponding to 2 < g < 12, g # 11 [17]. If X has
even genus g > 6, then by [26, Lemma 3.6], [4, Proposition and Definition 6.3] there is a semiorthogonal decomposition
of the form

D (X) = (Ku(X), &, Ox).

Here, &, is a vector bundle of rank 2, obtained by restricting the tautological bundle on a suitable Grassmannian Gr(2, n).
Fano threefolds of genus 6 are GM threefolds. When X has genus 10, then Ku(X) ~ D?(C,), where C, is a smooth curve
of genus 2, while if X has genus 12, then Ku(X) ~ D?(Qs), where Qs is the Kronecker quiver with three arrows. If X has
genus 8, then Ku(X) is noncommutative, namely it is not equivalent to the derived category of a variety, and Ku(X) is
equivalent to the Kuznetsov component of a cubic threefold. See [26, Section 4].
In all these cases, by [4] the construction reviewed in Section 2.3 allows us to induce stability conditions on Ku(X) and
Theorem 2.10 holds for Ku(X) replacing Uy with &, in the statement. We note the following facts:

1. We can define Ku(X); for i =1,2,3 as in Equations (3.1)-(3.3) and explicit the Serre functor of Ku(X); as in
Equation (3.9).
2. Li’s stronger Bogomolov inequality holds for slope stable coherent sheaves on X by [28, Theorem 0.3], thus every pair

(s,q) in the region R 5 defines a weak stability condition o, ; on DP(X).
2d
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3. Sincech,(&) = (2, —H, %H 2), the point (—%, %) defined by &, belongs to the parabola s? — 2g = %. In particular,

&, is o, 4-stable for every (s, q) € R 3 , and thus we can induce stability conditions on Ku(X) by restriction of a tilting
2d
of o, 4 for (s, q) as in Proposition 3.2.

4. By [26] the numerical Grothendieck group of Ku(X) has rank 2 and a basis is given by

=1-2T2p2

by ad te
B 3d—6_,

b, = o

It is not hard to check that the basis Z(s, q)(b,), Z(s,q)(b,) of C have the same orientation for every (s,q) as in

Proposition 3.2(1), using that (s, q) is above the parabola g = ls - ﬁ

Besides this, the argument explained in Section 3.2 does not use anything else specific of working with a GM threefold.
In fact, we have decided to consider GM threefolds, since this is the case we are interested for applications and in order to
make a more readable proof. We obtain the following generalization of Theorem 1.1 and Corollary 3.17.

Theorem 3.18. Let X be a Fano threefold of Picard rank 1, index 1 and even genus g > 6. Fori = 1,2,3, let o(s;,q;) be a
—_+
stability condition on Ku(X); as induced in Proposition 3.2(i). Then, there exists g € GL, (R) such that

SK&(X) a(si, i) = a(s;,qi) - &

Remark 3.19. If Y, is a Fano threefold of Picard rank 1, index 2, and degree d, by [26], there is a semiorthogonal
decomposition of the form

D?(X) = (Ku(Yy), Oy, Oy, (1))

and by [4] there are stability conditions on Ku(Y), induced by restriction of a double tilting of slope stability on D?(X).
Denote by Mfi the moduli space of Fano threefolds of index i and degree d for i = 1, 2. By [26, Theorem 3.8], ford = 3,4, 5
there is a correspondence Z; C M2 X Mi 442> dominant over each factor, such that for every point (Yg, X44+2) € 24,
there is an equivalence

Dy Ku(Yy) = KuXyg42)-

Via @4, the stability conditions o(s, q) on Ku(X,4,,) define stability conditions on Ku(Yy). By Theorem 3.18 and [14,

Theorem 3.2], [18, Theorem 4.25], these stability conditions are in the same orbit with respect to the 61:; (R)-action of
those constructed in [4] on Ku(Y).

An interesting problem would be to understand whether there is a unique orbit of stability conditions on Ku(Y ;). This
observation could be an evidence toward a positive answer to this question.

Remark 3.20. In the odd genus cases, we have the following semiorthogonal decompositions by [25]:
DP(X1,) = (Ku(Xy,), &5, 0),  DP(X6) = (Ku(Xs6), &, 0),

where X, has degree 12, genus 7 and X;¢ has degree 16, genus 9. Here, & and &; are vector bundles of ranks 5 and 3,
respectively. The Chern characters of £ and &; do not define points on the parabola s> — 2q = % ford =12 and d = 16,
respectively. Thus in order to generalize the argument of Theorem 3.6 to these cases, one needs first to control the tilt
stability of £ and &;. On the other hand, in these cases the Kuznetsov component is equivalent to the bounded derived

—t

category of a curve of genus > 1. Thus by [34] there is a unique orbit of stability conditions with respect to the GL, (R)-
~+

action, and thus all the stability conditions are preserved by the Serre functor up to the GL, (R)-action.
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4 | SERRE-INVARIANT STABILITY CONDITIONS

In this section, we drop the superfluous subscript and write Ku(X) = Ku(X); for any given i = 1, 2, 3 to simplify the nota-
tion, as the results contained herein hold for all such choices. We introduce the following definition (see [14, Definition
3.1)).

Definition 4.1. A stability condition o on Ku(X) is Serre-invariant, or Sk, x)-invariant, if Sx,x) o = o - g for some

~+
g€ GL, (R).

In Theorem 3.6, we have established that the stability conditions on Ku(X) as in Proposition 3.2 are Sk,(x)-invariant. We
now aim to explore the implications that this fact has for the existence of Bridgeland stability conditions on special GM

~+
fourfolds (Corollary 4.3) and to show that there is a unique orbit with respect to the GL (2, R)-action of Sg,x)-invariant
stability conditions.

4.1 | Stability conditions on special Gushel-Mukai fourfolds

We begin by setting up some notation. Let Y be a variety with a line bundle 9y (1). We say that D®(Y)) admits a rectangular
Lefschetz decomposition with respect to @y (1) if there is an admissible subcategory B < DY(Y) such that

D2(Y) = (B, BQ), ..., B(m — 1)) (4.1

is a semiorthogonal decomposition for some integer m. Given such a decomposition of D?(Y), pick n,d € N such that
nd < m. Suppose we have a degree-n cyclic cover f : X — Y of Y ramified in a Cartier divisor Z in the linear system cor-
responding to Oy(nd).Ifi : Z < Y is the inclusion, then the derived pullbacks i* and f* are fully faithful upon restriction
to 3. We obtain semiorthogonal decompositions

DP(X) = (Ax, f*B, ..., f*B(m — (n — 1)d — 1)), (4.2)

DP(Z2) = (A, i*B, ...,i* B(m — nd — 1)), (4.3)

with Ay = (f*B, ..., f*B(m — (n — 1)d — 1))* and A, defined similarly. The following theorem of Kuznetsov and Perry
relates Ay and A in the above scenario.

Theorem 4.2 [21], Theorem 1.1. In the setup above, there are fully faithful functors ®; : A; — A;” for0 <k <n-—2such
that there is a semiorthogonal decomposition:

A = (D(A), ..., Ppa(AL)). (4.4)

Here, u,, is the group of nth roots of unity, acting on X via automorphisms over Y and A;" is the corresponding
equivariant category.

If we now assume that X is a special GM fourfold, then the map X — Gr(2, 5) is a double cover of its image Y, ramified
over an ordinary GM threefold Z < Y. In the notation of [21], we have n = 2,d = 1,e = 2,and Ay = Ku(X), Az = Ku(Z)
are the Kuznetsov components of the GM fourfold and threefold. By Theorem 4.2, the map @, provides an equivalence of
categories Ku(Z) =~ Ku(X)“2. As shown in [21, Corollary 1.3, Proposition 7.10], which makes use of [13], we have dually an
equivalence

Ku(2)%4/?Z ~ Ku(X). (4.5)

The action of Z /2 Z on Ku(Z) is induced by the rotation functor I;« 5(— ® Ox(H))[—1], where i* B =+ Ku(Z). Using this
equivalence and Theorem 3.6, we have the following result.
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Corollary 4.3. Let X be a special GM fourfold and Z be its associated ordinary GM threefold. The stability conditions o(s, q)
on Ku(Z) defined in Proposition 3.2 induce stability conditions on the equivariant category Ku(Z)%/?Z. In particular, they
define stability conditions on Ku(X).

Proof. Tt is sufficient to prove that Sgz)[—2] - (s, q) = (s, @), since the Z/2Z-action on Ku(Z) is induced by L;+5(— ®

Ox(H)[-1] = Sglll(z)[Z], or equivalently by Sk,z)[—2]. By Theorem 3.6, there is some g = (M, g) € 51:; (R) such that
Skuz)[—2] - a(s,q) = o(s, q) - . Applying the involution Sk,(z)[—2] to both sides of this equality yields: o (s, q) = a(s,q) -
g%. Writing o(s,q) = (P, Z), at the level of slicings this gives P(¢) = P(g(¢)) for any ¢ € R, hence g : R — R is an
increasing involution, so we must have g = id. On the other hand, on central charges we have M~20Z = Z. The image
of Z is not contained in a line, hence M~2 agrees with the identity on two linearly independent vectors in C = R?, thus
M? = id. There are only three conjugacy classes of 2 x 2 matrices over R squaring to the identity, one of which has nega-
tive determinant, hence M = +1. We cannot have M = —I, since M induces the identity on the circle, thus M = I and we
deduce that Sk, z)[—2] - o(s, q) = o(s, q) as claimed.

As a consequence, if Forg : Ku(Z)%?/?4/ — Ku(Z) denotes the forgetful functor, then by [36, Lemma 2.16] we have that
Forg_1 .0(s, q) defines a stability condition on Ku(Z)?/??. Composing with the equivalence in Equation (4.5) we obtain
stability conditions on Ku(X). O

Remark 4.4. Note that the above proof does not use anything specific on the stability conditions o(s, q). In particular,
Corollary 4.3 holds more generally for every Serre-invariant stability conditions on Ku(Z).

4.2 | Uniqueness

Let X be a GM threefold. The aim of this section is to prove the following result.

~+
Corollary 4.5. If 0y, 0, are Sxyx)-invariant stability conditions, then there exists § € GL, (R) such that o, = 07 - .

Corollary 4.5 has been recently proved in [18, Lemmas 4.22, 4.23, 4.24]. Here, we give an alternative proof making use
of the following result obtained from [14].

Theorem 4.6 [14], Theorem 3.2, Lemma 3.6. Let 7 be a C-linear triangulated category of finite type whose Serre functor
satisfies S; = [4] and whose numerical Grothendieck group N (T') has rank 2. Assume further the following conditions hold:

1 ¢7 :=max{y(v,v) : 0 v e N(T)}<O.
2. There are three objects Qy, Q,, Q; € T such that Q, and Q; have the same class in N'(T), Q, is not isomorphic to Q,, or
Q5[1], and
—¢7 +1 <hom'(Q;,Q), hom'(Q}, Q}) < =2¢7 +2,
hom(Q,,Q;) #0
hom(Qy, Q5[1]) # 0
hom(Q), Q,[3]) = 0.
Then, there exists a unique orbit of Sy-invariant stability conditions on T with respect to the ﬁ;(R)-action.
Let us check the conditions of Theorem 4.6 for the Kuznetsov component Ku(X) := (Uy, Ox)* of a GM threefold X.

We have already recalled in Section 2.2 that SIZ{u(X) = [4] and N (Ku(X)) has rank 2. By [26] the basis b;, b, of (2.4) has
intersection form

85UB01 7 SUOWIWOD SAERID (dedl|dde ayy Aq peusenob afe sapie YO ‘9sn Jo SNl Joj Afeiq1T8UlUO 8|1 UO (SUONIPUOD-PUE-SWLB) W00 A8 1M AReq Ul UO//:SdNy) SUONIPUOD pue SWe | 841 88S *[£202/50/2T] Uo ARigiTauliuo AB|Im ‘oueli 1 eISeAIuN AJ 0TO00ZZ0Z BUeL/Z00T OT/I0p/W00" A8 |1 Ake.d1jpuluo//sdny woy papeojumod ‘0 ‘9T9zZZST



26 %Aﬁ‘gﬁlglhéﬁ'gléﬁHE PERTUSI AND ROBINETT
[NACHRICHTEN |

For v = ab; + b, € N (Ku(X)), we have
v? = =2a% —6af —58% = —(a +2B)* — (a + B)* < -1,

S0 £xy(x) = —1. To find the suitable objects Q;, we argue similarly as in [18, Lemma 4.26], just using conics instead of lines.
Let C C X be a smooth conic. Its ideal sheaf I is in (Oy )* and the left mutation Ly, (Zc) is in Ku(X) by definition, sitting
in the triangle

UX - IC - I]—UX(IC) (46)
The latter can be computed using the short exact sequence
021> 0x =>0—-0

and hO(Uy|c) = 4, ' (Uy/|c) = 0 for i # 0, h°(Uy) = 5, h'(Uy) = 0 for i # 0. Assume further that C is generic on X.
Consider now a smooth twisted cubic D’ C X such that D’ does not intersect C and its ideal sheaf I, € Ku(X). Note that
the generic twisted cubic D’ satisfies these conditions. Finally, pick a twisted cubic D C X such that 7, € Ku(X) and C is
an irreducible component of D. The existence of such D has been proved in [18, Lemma 4.24]. Set

Q =Ly (Ie), Q:=1Ip, Q) :=T1p.

Clearly Q, and Q; have the same class in N'(7") and they are not isomorphic to Q;. The following lemma ends the proof
of Corollary 4.5.

Lemma 4.7. With the notation above, we have

hom'(Q;,Q;) =2, hom'(Q,,Q,) = hom'(Q,Q}) = 3,
hom(Q,,Q;) # 0  hom(Q;,Q5[1]) #0, hom(Q), Q,[3]) = 0.

Proof. Note that homl(Ql, Q)= homl(IC, Q) as Q e Ku(X). By Serre duality, we have homi(ZC, VUy) =
hom® (VY, Ic) = hom®> '(UY,0¢) = h*I(Ux|c) = 0 for every i, as C is a generic conic. Thus, hom'(Z¢,Q;) =
homl(lc, Ic) = 2(see [17, Lemma 4.2.1(ii), Proposition 4.2.5(iii)]). With a similar computation as in [44, Proposition 3.8],
we get hom'(Q,, Q,) = homl(Q;, Q%) = 3. By Serre duality, hom3(Q;, Q,) = hom(Q,, Q5(—H)) = 0 by slope stability of
Q, and Q(—H). Now note that

hom(Q,, Ux) = hom(O@p, Ux[1]) = hom(Uy, Op(—H)[2]) = h*(Ux|p) =0

since h!(Uy) = 0 for every i and Serre duality. It follows that the space Hom(Q,, Z.-) has an injection in Hom(Q,, Q;).
Since C is a component of D, the former is not 0 and we get hom(Q,, Q;) # 0. Finally, we have

hom(Q;, Q5[1]) = hom(Zc, I [1]) = hom(O¢, Iy [2]) = hom(Oc, Ox[2]) = h'(Oc(-H)) = 1,
where in the first and second equalities we have used I,y € Ku(X) and in the third the fact that C n D’ = @. O
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