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Abstract The Lott—Sturm—Villani Curvature-Dimension condition provides
a synthetic notion for a metric-measure space to have Ricci-curvature bounded
from below and dimension bounded from above. We prove that it is enough
to verify this condition locally: an essentially non-branching metric-measure
space (X, d, m) (so that (supp(m), d) is a length-space and m(X) < ©0)
verifying the local Curvature-Dimension condition CD;,.(K, N) with param-
eters K € Rand N € (1, 00), also verifies the global Curvature-Dimension
condition CD(K, N). In other words, the Curvature-Dimension condition
enjoys the globalization (or local-to-global) property, answering a question
which had remained open since the beginning of the theory. For the proof,
we establish an equivalence between L'- and LZ-optimal-transport-based
interpolation. The challenge is not merely a technical one, and several new
conceptual ingredients which are of independent interest are developed: an
explicit change-of-variables formula for densities of Wasserstein geodesics
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depending on a second-order temporal derivative of associated Kantorovich
potentials; a surprising third-order theory for the latter Kantorovich potentials,
which holds in complete generality on any proper geodesic space; and a certain
rigidity property of the change-of-variables formula, allowing us to bootstrap
the a-priori available regularity. As a consequence, numerous variants of the
Curvature-Dimension condition proposed by various authors throughout the
years are shown to, in fact, all be equivalent in the above setting, thereby
unifying the theory.
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1 Introduction

The Curvature-Dimension condition CD(K, N) was first introduced in the
1980’s by Bakry and Emery [15,16] in the context of diffusion generators,
having in mind primarily the setting of weighted Riemannian manifolds,
namely smooth Riemannian manifolds endowed with a smooth density with
respect to the Riemannian volume. The CD(K, N) condition serves as a
generalization of the classical condition in the non-weighted Riemannian
setting of having Ricci curvature bounded below by K € R and dimen-
sion bounded above by N € [1, oo] (see e.g. [56,60] for further possible
extensions). Numerous consequences of this condition have been obtained
over the past decades, extending results from the classical non-weighted
setting and at times establishing new ones directly in the weighted one.
These include diameter bounds, volume comparison theorems, heat-kernel
and spectral estimates, Harnack inequalities, topological implications, Brunn—
Minkowski-type inequalities, and isoperimetric, functional and concentration
inequalities—see e.g. [17,48,77] and the references therein.

Being a differential and Hilbertian condition, it was for many years unclear
how to extend the Bakry—Emery definition beyond the smooth Riemannian
setting, as interest in (measured) Gromov-Hausdorff limits of Riemannian
manifolds and other non-Hilbertian singular spaces steadily grew. In parallel,
and apparently unrelatedly, the theory of Optimal-Transport was being devel-
oped in increasing generality following the influential work of Brenier [21]
(see e.g. [2,36,53,65,75-77]). Given two probability measures g, (41 On a
common geodesic space (X, d) and a prescribed cost of transporting a single
mass from point x to y, the Monge-Kantorovich idea is to optimally couple 11
and | by minimizing the total transportation cost, and as a byproduct obtain

@ Springer



4 F. Cavalletti, E. Milman

a Wasserstein geodesic [0, 1] 2 # — u; connecting o and p in the space of
probability measures P(X). This gives rise to the notion of displacement con-
vexity of a given functional on P (X) along Wasserstein geodesics, introduced
and studied by McCann [52]. Following the works of Cordero-Erausquin—
McCann—Schmuckenschlédger [33], Otto—Villani [62] and von Renesse—Sturm
[701], it was realized that the CD(K, 0o) condition in the smooth setting may
be equivalently formulated synthetically as a certain convexity property of an
entropy functional along W> Wasserstein geodesics (associated to L2-Optimal-
Transport, when the transport-cost is given by the squared-distance function).

This idea culminated in the seminal works of Lott—Villani [51] and Sturm
[73,74], where a synthetic definition of CD(K, N) was proposed on a gen-
eral (complete, separable) metric space (X, d) endowed with a (locally-finite
Borel) reference measure m (“metric-measure space”, or m.m.s.); it was more-
over shown that the latter definition coincides with the Bakry—Emery one in
the smooth Riemannian setting (and in particular in the classical non-weighted
one), that it is stable under measured Gromov-Hausdorff convergence of
m.m.s.’s, and that it implies various geometric and analytic inequalities relating
metric and measure, in complete analogy with the smooth setting. It was sub-
sequently also shown [58,64] that Finsler manifolds and Alexandrov spaces
satisfy the Curvature-Dimension condition. Thus emerged an overwhelmingly
convincing notion of Ricci curvature lower bound K and dimension upper
bound N for a general (geodesic) m.m.s. (X, d, m), leading to a rich and fruit-
ful theory exploring the geometry of m.m.s.’s by means of Optimal-Transport.

One of the most important and longstanding open problems in the Lott—
Sturm—Villani theory (see [73,74] and [77, pp. 888, 907]) is whether the
Curvature-Dimension condition on a general geodesic m.m.s. (say, having
full-support supp(m) = X) enjoys the globalization (or local-to-global) prop-
erty: if the CD(K, N) condition is known to hold on a neighborhood X, of any
given point 0 € X (a property henceforth denoted by CDy,.(K, N)), does it
also necessarily hold on the entire space? Clearly this is indeed the case in the
smooth setting, as both curvature and dimension may be computed locally (by
equivalence with the differential CD definition). However, for reasons which
we will expand on shortly, this is not at all clear and in some cases is actu-
ally false on general m.m.s.’s. An affirmative answer to this question would
immensely facilitate the verification of the CD condition, which at present
requires testing all possible W;-geodesics on X, instead of locally on each X,,.
The analogous question for sectional curvature on Alexandrov spaces (where
the dimension N is absent) does indeed have an affirmative answer, as shown
by Topogonov, and in full generality, by Perelman (see [22]).

Several partial answers to the local-to-global problem have already been
obtained in the literature. A geodesic space (X, d) is called non-branching
if geodesics are forbidden to branch at an interior-point into two separate
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geodesics. On a non-branching geodesic m.m.s. (X, d, m) having full support,
it was shown by Sturm in [73, Theorem 4.17] that the local-to-global property
is satisfied when N = oo (assuming that the space of probability measures with
finite m-relative entropy is geodesically convex; see also [77, Theorem 30.42]
where the same globalization result was proved under a different condition
involving the existence of a full-measure totally-convex subset of X of finite-
dimensional points). Still for non-branching geodesic m.m.s.’s having full
support, a positive answer was also obtained by Villani in [77, Theorem 30.37]
for the case K = 0and N € [1, c0).

We stress that in these results, the restriction to non-branching spaces is not
merely a technical assumption—an example of a heavily-branching m.m.s. ver-
ifying CDj,.(0, 4) which does not verify CD(K, N) for any fixed K € R
and N € [1, oo] was constructed by Rajala in [67]. Consequently, a natural
assumption is to require that (X, d) be non-branching, or more generally, to
require that the L2-Optimal-Transport on (X, d, m) be concentrated (i.e. uptoa
null-set) on a non-branching subset of geodesics, an assumption introduced by
Rajala and Sturm in [68] under the name essentially non-branching (see Sect. 6
for precise definitions). For instance, it is known [68] that measured Gromov-
Hausdorff limits of Riemannian manifolds satisfying CD(K, oo), and more
generally, RCD(K, oo) spaces, always satisfy the essentially non-branching
assumption (see Sect. 13).

In this work, we provide an affirmative answer to the globalization prob-
lem in the remaining range of parameters: for N € (1,00) and K € R, the
CD(K, N) condition verifies the local-to-global property on an essentially
non-branching geodesic m.m.s. (X, d, m) having finite total-measure and full
support. The exclusion of the case N = 1 is to avoid unnecessary patholo-
gies, and is not essential. Our assumption that m has finite total-measure (or
equivalently, by scaling, that it is a probability measure) is most probably tech-
nical, but we did not verify it can be removed so as to avoid overloading the
paper even further. This result is new even under the additional assumption
that the space is infinitesimally Hilbertian (see [40])—we will say that such
spaces verify RCD(K, N)—in which case the assumption of being (globally)
essentially non-branching is in fact superfluous.

To better explain the difference between the previously known cases when
% = 0 and the conceptual challenge which the newly treated case % #= 0
poses, as well as to sketch our solution and its main new ingredients, which
we believe are of independent interest, we provide some additional details
below and refer to Sect. 6 for precise definitions.
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6 F. Cavalletti, E. Milman

1.1 Disentangling volume-distortion coefficients

Roughly speaking, the CD(K, N) condition prescribes a synthetic second-
order bound on how an infinitesimal volume changes when it is moved along
a W2-geodesic: the volume distortion (or transport Jacobian) J along the
geodesic should satisfy the following interpolation inequality for #p = 0 and
=1

ﬁ(an + (1= a)tg)
@t =10l TN (1) + T (11— 10l )TV (19) Ve € [0, 1],
(1.1)

where r,((t) ~(0) is an explicit coefficient depending on the curvature K € R,
dimension N € [1, oo], the interpolating time parameter ¢ € [0, 1] and the
total length of the geodesic 6 € [0, co) (with an appropriate interpretation
of (1.1) when N = o0). When N < o0, the latter coefficient is obtained by
geometrically averaging two different volume distortion coefficients:

e ) =1Vl 0, (1.2)
where the o I((t,)N—l (0) term encodes an (N — 1)-dimensional evolution orthog-
onal to the transport and thus affected by the curvature, and the linear term
t represents a one dimensional evolution tangential to the transport and thus
independent of any curvature information. As with the Jacobi equation in the
usual Riemannian setting, the function [0, 1] 2 ¢ +— o () := 01(<t,)N—1(9) is
explicitly obtained by solving the second-order differential equation:

o”(t)-l—GzNIi o) =0on1e0.1]. 00) =0, o() =1 (1.3)

The common feature of the previously known cases % = 0 for the local-
to-global problem is the linear behaviour in time of the distortion coefficient:

r]((t)N () = t. A major obstacle with the remaining cases % ;é 0 is that the

function [0, 1] > ¢ — r(l) N (0) does not satisfy a second- order differential
characterization such as ( 1. 3) If it did, it would be possible to express the
interpolation inequality (1.1) on [#g, 1] C [0, 1] as a second-order differential
inequality for J ¥ on [fg, t1] (see Lemmas A.5 and A. 6), and so if (1.1) were
known to hold for all {[z}, #]1},_, , so that U_, (¢}, ) = (0, 1), it would
follow that (1.1) also holds for [79, 1] = [O, 1] However, a counterexample
to the latter implication was constructed by Deng and Sturm in [34], thereby
showing that:
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The globalization theorem 7

the local-to-global property for % # 0, if true, cannot be
obtained by a one-dimensional bootstrap argument on a (14)
single W,-geodesic as above, and must follow from a deeper
reason involving a family of W,-geodesics simultaneously.

On the other hand, the above argument does work if we were to replace
T by the slightly smaller o coefficients. This motivated Bacher and Sturm
in [14] to define for K € R and N € (1, oo) the slightly weaker “reduced”
Curvature-Dimension condition, denoted by CD* (K, N), where the distortion
coefficients r,(;) v (0) are indeed replaced by o ,(g) ~ (0). Using the above gluing
argument (after resolving numerous technicalities), the local-to-global prop-
erty for CD*(K, N) was established in [14] on non-branching spaces (see
also the work of Erbar—Kuwada—Sturm [35, Corollary 3.13, Theorem 3.14
and Remark 3.26] for an extension to the essentially non-branching setting, cf.
[29,68]). Let us also mention here the work of Ambrosio-Mondino—Savaré
[10], who independently of a similar result in [35], established the local-to-
global property for RCD*(K, N) proper spaces, K € R and N € [1, o0],
without a-priori assuming any non-branching assumptions (but a-posteriori,
such spaces must be essentially non-branching by [68]).

Without requiring any non-branching assumptions, the CD*(K, N) condi-
tion was shown in [14] to imply the same geometric and analytic inequalities
as the CD(K, N) condition, but with slightly worse constants (typically miss-
ing the sharp constant by a factor of NT_l), suggesting that the latter is still the
“right” notion of Curvature-Dimension. We conclude that the local-to-global
challenge is to properly disentangle between the orthogonal and tangential
components of the volume distortion J before attempting to individually
integrate them as above. This also highlights the geometric nature of the glob-
alization problem, and demonstrates that it is not merely a technical challenge.

1.2 Comparing L2- and L'-Optimal-Transport and main result

There have been a couple of prior attempts to disentangle the volume distor-
tion into its orthogonal and tangential components, by comparing between W»
and W Wasserstein geodesics (associated to L2- and L'-Optimal-Transport,
respectively). In [30], this strategy was implicitly employed by Cavalletti and
Sturm to show that CDy,.(K, N) implies the measure-contraction property
MCP(K, N), which in a sense is a particular case of CD(K, N) when one end
of the W,-geodesic is a Dirac delta at a point o € X (see [57,74]). In that case,
all of the transport-geodesics have o as a common end point, so by considering
a disintegration of m on the family of spheres centered at o, and restricting the
W»-geodesic to these spheres, the desired disentanglement was obtained. In
the subsequent work [24], Cavalletti generalized this approach to a particular
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8 F. Cavalletti, E. Milman

family of W»-geodesics, having the property that for a.e. transport-geodesic
y, its length £(y) is a function of ¢(3p), where ¢ is a Kantorovich potential
associated to the corresponding L?-Optimal-Transport problem. Here the dis-
integration was with respect to the individual level sets of ¢, and again the
restriction of the Wj-geodesic enjoying the latter property to these level sets
(formally of co-dimension one) induced a Wy-geodesic, enabling disentangle-
ment.

Another application of L!-Optimal-Transport, seemingly unrelated to dis-
entanglement of W,-geodesics, appeared in the recent breakthrough work of
Klartag [47] on localization in the smooth Riemannian setting. The localiza-
tion paradigm, developed by Payne—Weinberger [63], Gromov—Milman [44]
and Kannan—Lovédsz—Simonovits [46], is a powerful tool to reduce various
analytic and geometric inequalities on the space (R", d, m) to appropriate one-
dimensional counterparts. The original approach by these authors was based
on a bisection method, and thus inherently confined to R”. In [47], Klartag
extended the localization paradigm to the weighted Riemannian setting, by dis-
integrating the reference measure m on L'-Optimal-Transport geodesics (or
“rays”) associated to the inequality under study (cf. Feldman—McCann [38]),
and proving that the resulting conditional one-dimensional measures inherit
the Curvature-Dimension properties of the underlying manifold.

Klartag’s idea is quite robust, and permitted Cavalletti and Mondino in [27]
to avoid the smooth techniques used in [47] and to extend the localization
paradigm to the framework of essentially non-branching geodesic m.m.s.’s
(X, d, m) of full-support verifying CD;,.(K, N), N € (1, 00). By a careful
study of the structure of Wi-geodesics, Cavalletti and Mondino were able to
transfer the Curvature-Dimension information encoded in the W>-geodesics to
the individual rays along which a given W{-geodesic evolves, thereby proving
that on such spaces,

the conditional one-dimensional measures obtained by disinte-

gration of m on L'-Optimal-Transport rays satisfy CD(K, N). (1.5)

Note that the densities of one-dimensional CD(K, N) spaces are characterized
viathe o (as opposed to 7) volume-distortion coefficients (see the “Appendix™),
so by applying the gluing argument described in the previous subsection, only
local CD;,.(K, N) information was required in [27] to obtain global control
over the entire one-dimensional transport ray.

This allowed Cavalletti and Mondino (see [27,28]) to obtain a series of sharp
geometric and analytic inequalities for CD;,.(K, N) spaces as above, in par-
ticular extending from the smooth Riemannian setting the sharp Lévy-Gromov
[42] and Milman [55] isoperimetric inequalities, as well as the sharp Brunn-
Minkowski inequality of Cordero-Erausquin—-McCann—Schmuckenschliger
[33] and Sturm [74], all in global form (see also Ohta [59]).
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The globalization theorem 9

We would like to address at this point a certain general belief shared by some
in the Optimal-Transport community, stating that the property BM(K, N) of
satisfying the Brunn-Minkowski inequality (with sharp coefficients correctly
depending on K, N), should be morally equivalent to the CD(K, N) condi-
tion. Rigorously establishing such an equivalence would immediately yield the
local-to-global property of CD(K, N), by the Cavalletti-Mondino localiza-
tion proof that CD;,.(K, N) = BM(K, N). However, we were unsuccessful
in establishing the missing implication BM(K, N) = CD(K, N), and in fact
a careful attempt in this direction seems to lead back to the circle of ideas we
were ultimately able to successfully develop in this work.

Instead of starting our investigation from BM(K, N), our strategy is to
directly start from a suitable modification of the property (1.5), which we
dub CDI(K , N), when (1.5) is required to hold for transport rays associ-
ated to (signed) distance functions from level sets of continuous functions.
A stronger condition, when (1.5) is required to hold for transport rays asso-
ciated to all 1-Lipschitz functions, is denoted by CDlLi »(K, N)—see Sect. 8
for precise definitions. The main result of this work consists of showing that
CDI(K ,N) = CD(K, N), by means of transferring the one-dimensional
CD(K, N) information encoded in a family of suitably constructed L'-
Optimal-Transport rays, onto a given W»-geodesic, thereby obtaining the
correct disentanglement between tangential and orthogonal distortions. This
goes in exactly the opposite direction to the one studied by Cavalletti and
Mondino in [27], and completes the cycle

CDyoc(K, N) = CDy; (K, N) = CD'(K, N) = CD(K, N).

To the best of our knowledge, this decisive feature of our work—deducing
CD(K, N) for a given W;-geodesic by considering the CDjo.(K, N) infor-
mation encoded in family (in accordance with (1.4)) of different associated
W>-geodesics (manifesting itself in the CD!(K, N) information along a family
of different L'-Optimal-Transport rays)—has not been previously explored.

Main Theorem 1.1 Ler (X, d, m) be an essentially non-branching m.m.s. with
m(X) < oo, and let K € Rand N € (1, 00). Then the following statements
are equivalent:

(1) (X, d, m) verifies CD(K, N).

(2) (X, d, m) verifies CD*(K, N).

(3) (X, d, m) verifies CD}; (K, N).

(4) (X, d, m) verifies CD' (K, N).
If in addition (supp(m), d) is a length-space, the above statements are equiv-
alent to

(5) (X, d, m) verifies CDj,.(K, N).
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10 F. Cavalletti, E. Milman

To this list one can also add the entropic Curvature-Dimension condition
CD¢(K, N) of Erbar-Kuwada-Sturm [35], which is known to be equiva-
lent to CD*(K, N) for essentially non-branching spaces. In other words, all
synthetic definitions of Curvature-Dimension are equivalent for essentially
non-branching m.m.s.’s, and in particular, the local-to-global property holds
for such spaces (recall that this is known to be false on m.m.s.’s where branch-
ing is allowed by [67]). The equivalence with CD;,.(K, N) is clearly false
without some global assumption ultimately ensuring that (supp(m), d) is a
geodesic-space, see Remark 13.4.

As already mentioned, and being slightly imprecise (see Sect. 13 for precise
statements), the implications CD(K, N) = CD*(K, N) = CDj,.(K, N)
follow from the work of Bacher and Sturm [14], and the implication
CDyoc(K,N) = CD IL ip(K, N) follows by adapting to the present framework
what was already proved by Cavalletti and Mondino in [27] (after taking care
of the important maximality requirement of transport-rays, see Theorem 7.10).
So almost all of our effort goes into proving that CD! (K, N) = CD(K, N).
For a smooth weighted Riemannian manifold (M, d, m), it is an easy exercise
to show the latter implication using the Bakry—Emery differential character-
ization of CD(K, N)—simply use an appropriate umbilic hypersurface H
passing through a given point p € M and perpendicular to a given direc-
tion§ € T, M, and apply the CD!(K, N) definition to the distance function
from H. Of course, this provides no insight towards how to proceed in the
m.m.s. setting, so it is natural to try and obtain an alternative synthetic proof,
still in the smooth setting. While this is possible, it already poses a much
greater challenge, which in some sense provided the required insight leading
to the strategy we ultimately employ in this work.

1.3 Main new ingredients of proof

To achieve the right disentanglement, we are required to develop several new
ingredients beyond the present state-of-the-art, which, being conceptual in
nature, are in our opinion of independent interest.

(1) The first is a change-of-variables formula for the density of an L*-
Optimal-Transport geodesic in X (see Theorem 11.4), which depends on
a second-order derivative of associated interpolating Kantorovich poten-
tials.
Let Geo(X) denote the collection of constant speed geodesics on X
parametrized on the interval [0, 1], and lete; : Geo(X) > ¥y — ¥y € X
denote the evaluation map at time ¢ € [0, 1]. Given two Borel probability
measures o, L1 € P(X) with finite second moments, any W»-geodesic
[0,1] > t = p; € P(X) can be lifted to an optimal dynamical plan
v € P(Geo(X)), so that (e;)zv = u, forall t € [0, 1]. Let ¢ denote a
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The globalization theorem 11

(@)

Kantorovich potential associated to the L2-transport problem between 11
and u1. Given s, t € (0, 1), we introduce the time-propagated intermedi-
ate Kantorovich potential ®% by pushing forward ¢; via e; o es_l, where
{@¢}1¢q0.17 18 the family of interpolating Kantorovich potentials obtained
via the Hopf-Lax semi-group applied to ¢. While e, ! may be multi-
valued, Theorem 3.11 ensures that <I>§ =g@so0es0€; !'is well-defined on
e:(Gy), the set of 7-mid-points of transport geodesics.

Theorem 11.4 states that if (X, d, m) is an essentially non-branching
m.m.s. verifying CDI(K, N) m(X) < oo and N € (1,00)), and if
Ho, L1 < m, then for v-a.e. transport-geodesic y € Geo(X) of positive
length:

ps(yvs) ()

= -hY (1) forae.t,s € (0,1), (1.6)
o (Vi) Vlem®I(y)

where p, are appropriate versions of the densities d w; /dm, and for every
s € (0, 1), hY is a CD(£(y)*K, N) density on [0, 1] so that 2} (s) = 1.
In particular, for a.e. t,5 € (0,1), 9¢|r= P} (y;) exists and is posi-
tive. Here h} is obtained from the cD! (K, N) condition applied to the
transport-ray associated to the (signed) distance function from the level
set {gs = @5 (¥s5)}

Theorem 11.4 constitutes the culmination of Part II of this work, which is
mostly dedicated to introducing the CD!(K, N) condition and rigorously
establishing the change-of-variables formula (1.6). Note that we refrain
from making any assumptions on (the challenging) spatial regularity of
®! whent # s, so we are precluded from invoking the coarea formula in
our derivation. Our main tool for deriving (1.6) is a comparison between
two disintegrations of appropriate measures, one encoding W, informa-
tion and another encoding W; information—see Sect. 11 for a heuristic
derivation.

To obtain disentanglement of the “Jacobian” ¢t +— 1/p;(y;) intoits orthog-
onal and tangential components, we need to understand the first-order
variation of the change-of-variables formula (1.6) atr = s, i.e. the second-
order variation of ¢t +— <I>§ at t = s, which amounts to a third-order
variation of ¢ +— ¢;. Our second main new ingredient in this work is a
surprising third-order bound on the variation of ¢t — ¢, along the Hopf—
Lax semi-group (Theorem 5.5), which holds in complete generality on
any proper geodesic space.

To this end, we develop in Part I of this work a first, second, and finally
third order temporal theory of intermediate Kantorovich potentials in a
purely metric setting (X, d), without specifying any reference measure m
and without assuming any non-branching assumptions. This part, which
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12 F. Cavalletti, E. Milman

may be read independently of the other components of this work, is pre-
sented first (in Sects. 2-5), since its results are constantly used throughout
the rest of this work.

Our starting point here is the pioneering work by Ambrosio—-Gigli—
Savaré [5], [6, Section 3], who already investigated in a very general
(extended) metric space setting the first and second order temporal
behaviour of the Hopf-Lax semi-group Q; applied to a general func-
tion f : X — RU{4o00}. However, the essential point we observe in our
treatment is that when f is itself a Kantorovich potential ¢, characterized
by the property that ¢ = Q1(—¢°) and ¢ = Q1(—¢), much more may
be said regarding the behaviour of t — ¢; := —Q;(—¢), even in first
and second order. This is due to the fact that if we reverse time and define
@r = Q1-:(—¢°), then we obtain two-sided control over ¢, on the set
{¢r = @}, which turns out to coincide with the sete; (G ). So for instance,
two apparently novel observations which we constantly use throughout
this work are that for all ¢ € (0, 1), ZIZ/Z := 0¢; exists on ;(Gy), and
that transport geodesics having a given x € X as their -midpoint al/ have
the same length ¢;(x). In Sect. 3, we establish Lipschitz regularity prop-
erties of ¢ > Z%(x) for all x € X, as well as upper and lower derivative
estimates, both pointwise and a.e., for appropriate times ¢. These are then
transferred in Sect. 4 to corresponding estimates for the function ®°.
Part I culminates in Sect. 5, whose goal is to prove a quantitative version
of the following (somewhat oversimplified) statement, which crucially
provides second order information on ¢;, or equivalently, third order infor-
mation on ¢;, along y;:

2
If ﬁat |T:,%(y,) existsa.e.int € (0, 1) and

coincides with an absolutely continuous func-
tion z, then z/(r) > z(t)? for a.e. 1 € (0, 1).

(1.7)

Equivalently, this amounts to the statement that:

1 r 02
0,)>r— L = - Op | gy — dt | 1 ,
O, 1)>r ) exp( o) /;0 e ,z(yt) ) is concave
(1.8)
since (formally)

4

L
— = (log L) + (logL))? = —7 + 7> < 0.

It turns out that L(#) precisely corresponds to the tangential component
of 1/p:(y:), and its concavity ensures that it is synthetically controlled by
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The globalization theorem 13

the linear term appearing in the definition of r,((t) n(0) in (1.2). The novel
observation that it is possible to extract in a general metric setting third
order information from the Hopf-Lax semi-group, which formally solves
the first-order Hamilton-Jacobi equation, is in our opinion one of the most
surprising parts of this work. Even in the smooth Riemannian setting, we
were not able to find a synthetic proof which is easier than the one in
the general metric setting; a formal differential proof of (1.7) assuming
both temporal and (more challenging) spatial higher-order regularity of
¢; is provided in Sect. 5.1, but the latter seems to wrongly suggest that
it would not be possible to extend (1.7) beyond a Hilbertian setting. Our
proof in the general metric setting (Theorem 5.2) is based on a careful
comparison of second order expansions of &€ +— @;4.(y;) at T = 1,5,
and subtle differences between the usual second derivative and the second
Peano derivative (see Sect. 2) come into play.

(3) Our third main new ingredient, described in Part III, is a certain rigid-
ity property of the change-of-variables formula (1.6), which allows us to
bootstrap the a-priori available temporal regularity, and which in com-
bination with the first and second ingredients, enables us to achieve
disentanglement.

Indeed, the definition of ®! may be naturally extended to an appropriate
domain beyond e;(G) as follows, allowing to easily (formally) calculate
its partial derivative:

t th t 2 th

CIDS:(/’;+(I—S)E, 8,<I>S:€, +(I—S)8[3.

Evaluating at x = y; and plugging this into the change-of-variables for-
mula (1.6), it follows that for v-a.e. geodesic y:

ps(¥s) hy (1)

P 1 g (o ) Pt 2)

forae.r,s € (0, 1). (1.9)

Thanks to the idea of considering together both initial-point s and end-
point ¢, the latter formula takes on a very rigid structure: note that on the
left-hand-side the s and ¢ variables are separated, and the denominator
on the right-hand-side depends linearly is s. Consequently, we can easily
bootstrap the a-priori available regularity in s and ¢ of all terms involved.
It follows that le)af |,:t£% /2(y;) must coincide for a.e. t € (0, 1) with
a locally-Lipschitz function z(¢), so that (1.7) applies. In addition, by
redefining {h);} for s in a null subset of (0, 1), we can guarantee that
(0,1) > s +— h)(r) is locally Lipschitz (for any given ¢ € (0, 1)),
even though there is a-priori no relation between the different densities

{h;/ }se(O,l)'
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14 F. Cavalletti, E. Milman

At this point, if p; (y,) and z(r) were known to be C% smooth, and equality
were to hold in (1.9) for all s, ¢ € (0, 1), we could then define

Y(r) :=exp (/ 3¢ )1—s log hZ(r)ds) , (1.10)

0

and as 0y|¢=s log(1 4+ (t — 5)z(¢)) = z(s), it would follow, recalling the
definition (1.8) of L, that

ProVro)

= L)Y () Vre (0,1). (1.11)
or (vr)

Using the fact that all {h? }se ©.1) are CD(E(J/)ZK , N) densities to con-

trol 812|t:r log h,(t), and surprisingly, also the concavity of L (again!) to
control the mixed partial derivatives 00, |;—s—, log hY (1), a formal com-
putation described in Sect. 12.2 then verifies that Y is a CD(E(V)ZK ,N)
density itself. A rigorous justification without all of the above non-realistic
assumptions turns out to be extremely tedious, due to the difficulty in
applying an approximation argument while preserving the rigidity of the
equation—this is worked out in Sect. 12 and the “Appendix”.

After taking care of all these details, we finally obtain the desired disentan-
glement (1.11) of the Jacobian: L is concave and so controlled synthetically
by a linear distortion coefficient, whereas Y is a CD(Z(y)zK , N) density and
so (by definition) Y I/(N=1) i5 controlled synthetically by the ‘71(<t) N_1 )
coefficient. A standard application of Holder’s inequality then verifies that
JYN@y = ,o,(y,)_l/ N is controlled by the r,(;)N(E(y)) distortion coeffi-
cient, i.e. satisfies (1.1)—in fact for all 7, 1 € [0, 1]—thereby establishing
CD(K, N), see Theorem 13.2.

The definition (1.10) of Y finally sheds light on the crucial role which the
parameter s € (0, 1) plays in our strategy—its role is to vary between the
different W,-geodesics from which the CDy,. (K, N) information is extracted
into the CD' (K, N) information on the disintegration into transport-rays from
the (signed) distance functions from level sets {¢; = ¢;(y5)}, thereby coming
full circle with the observation of (1.4).

Besides establishing the local-to-global property of CD(K, N) and the
equivalence of its various variants (in our setting), we emphasize that as a
by product of our proof, we obtain a remarkable new self-improvement prop-
erty of CD(K, N): the tg y-concavity (1.1) of the transport Jacobian J; (y;)
along all W;-geodesics implies the (a-priori) stronger “L-Y” decomposition
Ji(yr) = Ly, ()Y, (t), where L, is concave and Y, is a CD(Z()/)ZK, N) den-
sity on (0, 1). As already mentioned above, this self-improvement is false for
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The globalization theorem 15

a single W>-geodesic. We believe that the stronger “L-Y” information will
prove to be of further use in the study of CD(K, N) essentially non-branching
spaces.

We refer to Sect. 13 for the final details and for additional immediate
corollaries of the Main Theorem 1.1 pertaining to RCD(K, N) and strong
CD(K, N) spaces. We also provide there several concluding remarks and sug-
gestions for further investigation.

Part I Temporal theory of Optimal-Transport
2 Preliminaries
2.1 Geodesics

A metric space (X, d) is called a length space if forall x, y € X, d(x, y) =
inf £(0), where the infimum is over all (continuous) curves ¢ : I — X con-
necting x and y, and £(o) := sup Zle d(o (ti—1), o (t;)) denotes the curve’s
length, where the latter supremum is over all k € Nand #9p < --- < #; in the
interval I C R. A curve y is called a geodesic if £(y |[1,.,,1) = d(y (t0), v (t1))
forall [fg, 11] C 1.1f £(y) = 0 we will say that y is a null geodesic. The metric
space is called a geodesic space if for all x, y € X there exists a geodesic in
X connecting x and y. We denote by Geo(X) the set of all closed directed
constant-speed geodesics parametrized on the interval [0, 1]:

= s — 1
Geo(X) := {y (011 x; GO YO =18 [Ot|?](y<0), y (1) } |

We regard Geo(X) as a subset of all Lipschitz maps Lip([0, 1], X) endowed
with the uniform topology. We will frequently use y; := y (¢).

The metric space is called proper if every closed ball (of finite radius) is
compact. It follows from the metric version of the Hopf-Rinow Theorem (e.g.
[22, Theorem 2.5.28]) that for complete length spaces, local compactness is
equivalent to properness, and that complete proper length spaces are in fact
geodesic.

Given a subset D C X x R, we denote its sections by

D) ={xeX; (x,t) e D}, Dx) ={reR; (x,t) € D}.

Given a subset G C Geo(X), we denote by G = {)/l(o,l) ;Y€ G} the
corresponding open-ended geodesics on (0, 1). For a subset of (closed or open)
geodesics G, we denote

D(G)::{(x,t)eXxR; Elyeé,teDom(y),xzy,}.
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16 F. Cavalletti, E. Milman

We denote by e; : Geo(X) 2 y +— y; € X the (continuous) evaluation map at
t € [0, 1], and abbreviate given I C [0, 1] as follows:

e(6) =G0 =DG)D) =y v Gl ei(6)i=Uere(G),

G(x) := D(G)(x) = {t €[0,1];: Iy € G, t € Dom(y) , s = x}.

2.2 Derivatives

For a function g : A — R on a subset A C R, denote its upper and lower
derivatives at a point fp € A which is an accumulation point of A by

d 1) — gt d 1) — et
2 o(to) = timsup 8L =810 4y liming 8 Z 800
dt Ast—19 r—1o dt Ast—1 t—1y

We will say that g is differentiable at 79 iff &g (19) := L g(19) = L g(19) < oo.
This is a slightly more general definition of differentiability than the traditional
one which requires that 7y be an interior point of A.

Remark 2.1 Note that there are only a countable number of isolated points in
A, so a.e. point in A is an accumulation point. In addition, it is clear that if
to € B C A is an accumulation point of B and g is differentiable at 7, then
g|p is also differentiable at 7y with the same derivative. In particular, if g is a.e.
differentiable on A then g|p is also a.e. differentiable on B and the derivatives
coincide.

Remark 2.2 Denote by A1 C A the subset of density one points of A (which
are in particular accumulation points of A). By Lebesgue’s Density Theorem
L'(A\A}) = 0, where we denote by £' the Lebesgue measure on R throughout
this work. If g : A — R is locally Lipschitz, consider any locally Lipschitz
extension ¢ : R — R of g. Then it is easy to check that for 7p € Ay, g is
differentiable in the above sense at 7 if and only if g is differentiable at 7y in
the usual sense, in which case the derivatives coincide. In particular, as g is
a.e. differentiable on R, it follows that g is a.e. differentiable on A| and hence
on A, and it holds that %g = %g a.e.on A.

Let f : I — R denote a convex function on an open interval / C R. Itis
well-known that the left and right derivatives /"~ and f* exist at every point
in I and that f is locally Lipschitz there; in particular, f is differentiable at a
given point iff the left and right derivatives coincide there. Denoting by D C [
the differentiability points of f in /7, it is also well-known that 7 \ D is at most
countable. Consequently, any pointin D is an accumulation point, and we may
consider the differentiability in D of f' : D — R as defined above. We will
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The globalization theorem 17

require the following elementary one-dimensional version (probably due to
Jessen) of the well-known Aleksandrov’s theorem about twice differentiability
a.e. of convex functions on R” (see [45, Theorem 5.2.1] or [20, Section 2.6],
and [71, p. 31] for historical comments). Clearly, all of these results extend to
locally semi-convex and semi-concave functions as well; recall that a function
f : I — Riscalled semi-convex (semi-concave) if there exists C € R so that
I>sx— f(x)+ Cx? is convex (concave).

Lemma 2.3 (Second Order Differentiability of Convex Function) Let f :
I — R be a convex function on an open interval I C R, and let vy € I and
A € R. Then the following statements are equivalent:

(1) fisdifferentiable at to, and if D C I denotes the subset of differentiability
points of f in I, then f': D — R is differentiable at T with

(f/)/(TO) — Dlim () — f(r0) _

S5T—10 T—17

A.

(2) The right derivative fT:1—R is differentiable at to with
(f") (1) = A.

(3) The left derivative f"~:1—R is differentiable at 7ty with
(f"7) () = A.

(4) f is differentiable at Ty and has the following second order expansion
there:

2
F(t0+) = f(r0) + f/(0)e + A% +o(?) ase— 0.

In this case, f is said to have a second Peano derivative at 1.

We remark that even for a differentiable function f, while the implication
(1) = (4) follows by Taylor’s theorem (existence of the second derivative at
a point implies existence of the second Peano derivative there), the converse
implication is in general false (see e.g. [61] for a nice discussion). For a locally
semi-convex or semi-concave function f, we will say that f is twice differen-
tiable at 7 if any (all) of the above equivalent conditions hold for some A € R,
and write (22)%[;—, f (1) = A.

Finally, we will require the following slightly more refined notation.

Definition Given an open interval / C R and a function f : I — R which is
differentiable at 7o € I, we define its upper and lower second Peano derivatives
at 7o, denoted P f (t9) and P, f (7o) respectively, by

_ h h
P2 f(tg) := lim sup g > lim inf g =: P, f(10),
e—0 & e—>0 ¢
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18 F. Cavalletti, E. Milman

where

h(e) :=2(f (w0 + &) — f(z0) — &f'(20)).

Clearly f has a second Peano derivative at 7 iff Ps f(x0) =P, f(10) < 0.

The following is a type of Stolz—Cesaro lemma:

Lemma 2.4 Givenanopeninterval I C Rand alocally absolutely continuous
function [ : I — R which is differentiable at Tty € I, we have

d — d
ﬁf/(fo) <P, f(w0) < P2f(w) < Ef/(fo).

Proof By local absolute continuity, f is differentiable a.e. in / and we have
for small enough |e|:

1 &
FhE©) = f(w+e) — f(w) ~ ef () = /O (f'(zo +8) — f'(0))d8,

and hence

h 1 & / 8 _ /

() _ _f hgl (0 +8) = f(T0) o
g2 g2 Jo b

Taking appropriate subsequential limits as ¢ — 0, the asserted inequalities

readily follow. m|

3 Temporal theory of intermediate-time Kantorovich potentials: first
and second order

In the next sections, we will only consider the quadratic cost function ¢ = d?/2
on X x X.

Definition (c-Concavity, Kantorovich Potential) The c-transform of a function
¥ X — R U {xoo} is defined as the following (upper semi-continuous)
function:

oo dr, y)?
Yo(x) = ylfelf( — v(y).

A function ¢ : X — R U {£o00} is called c-concave if ¢ = ¢ for some ¥ as
above. It is well known [76, Exercise 2.35] that ¢ is c-concave iff (¢€)¢ = ¢.
In the context of Optimal-Transport with respect to the quadratic cost c, a
c-concave function ¢ : X — R U {—o0} which is not identically equal to —oo
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The globalization theorem 19

is also known as a Kantorovich potential, and this is how we will refer to such
functions in this work. In that case, ¢¢ : X — RU{—o0} is also a Kantorovich
potential, called the dual or conjugate potential.

There is a natural way to interpolate between a Kantorovich potential and
its dual by means of the Hopf-Lax semi-group, resulting in intermediate-time
Kantorovich potentials {¢;},¢(,1). The goal of the next three sections is to
provide first, second and third order information on the time-behavior ¢ +—>
¢ (x) at intermediate times ¢ € (0, 1). In these sections, we only assume that
(X, d) is a proper geodesic metric space.

In this section, we focus on first and second order information. The main
new result is Theorem 3.11.

3.1 Hopf-Lax semi-group

We begin with several well-known definitions which we slightly modify and
specialize to our setting.

Definition (Hopf-Lax Transform) Given f : X — R U {z£o0o} which is not
identically 400 and ¢+ > 0, define the Hopf-Lax transform Q,f : X —
R U {—o0} by

L dxy)?
O/ f(x) = ylfelf( —;  t F ). 3.1

Clearly either Q; f = —oo or Q; f(x) is finite for all x € X (as our metric d
is finite). Consequently, we denote:

t(f) :=supf{t >0; Q;f # —o0}
setting #,.( f) = 0 if the supremum is over an empty set. Finally, we set Qg f :=
f-

It is not hard to check (see e.g. [49, Theorem 2.5 (i)]) that when (X, d) is a
length space (and in particular geodesic), the Hopf-Lax transform is in fact a
semi-group on [0, 00):

Qs+ f =0Qs00Q,f Vt,s>0.

Remark 3.1 Itis also possible to extend the definition of Q; f to negative times
t < 0 by setting

d , 2
00 f () = =0 y(—f)(x) = sup 2

yeX 2

+ f(y), t <O.
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20 F. Cavalletti, E. Milman

This is called the backwards Hopf-Lax semi-group on (—oo, 0]. However,
R, +) >t — (Qy, o) is in general not an abelian group homomorphism, not
even for ¢ € [0, 1] when applied to a Kantorovich potential ¢ (characterized
by O_1 0 Q1(—¢p) = —¢p)—see Sect. 3.3. This will be a rather significant
nuisance we will need to cope with in this work.

Clearly (0, 00) x X > (¢, x) — Q; f(x) is upper semi-continuous as the
infimum of continuous functions in (¢, x), and by definition [0, c0) > ¢ >
0O f (x) is monotone non-increasing for each x € X. Consequently, (0, o0) >
t — QO f(x) must be continuous from the left.

It may also be shown (see [5, Lemma 3.1.2]) that X x (0, ,.(f)) > (x, 1) —
0O: f (x) is continuous (and in fact locally Lipschitz, see Theorem 3.4 below).
Together with the left-continuity, we deduce that for every x € X, (0, t.(f)]
t — QO f(x) is continuous.

Note that by definition f¢ = Q(—f), and that a Kantorovich pair of
conjugate potentials ¢, ¢¢ : X — R U {—oo} are characterized by not being
identically equal to —oo and satisfying:

¢ = 01(—=¢), ¢ = Q1(—9).

In particular, t, (@), t.(¢) > 1, and we a-posteriori deduce that ¢, ¢ are both
finite on the entire space X (we have used above the fact that the metric d is
finite, which differs from other more general treatments).

Definition (Interpolating Intermediate-Time Kantorovich Potentials) Given a
Kantorovich potential ¢ : X — R, the interpolating Kantorovich potential at
time ¢ € [0, 1], ¢; : X — R, is defined for all ¢ € [0, 1] by

@i (x) = Q—1(p) = —Qi(—9).
Note that g9 = ¢, 91 = —¢°, and

d?(x, y)

T e(y) Vte(,l].

— — inf

@1 (x) Inf

Applying the above mentioned general properties of the Hopf-Lax semi-
group to ¢, it will be useful to record:

Lemma 3.2 (1) (x,t) — ¢;(x) is lower semi-continuous on X x (0, 1] and
continuous on X x (0, 1).

(2) For every x € X, [0,1] o t — ¢;(x) is monotone non-decreasing and
continuous on (0, 1].
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Definition (Kantorovich Geodesic) Given a Kantorovich potential ¢ : X —
R, a geodesic y € Geo(X) is called a ¢-Kantorovich (or optimal) geodesic if

d(yo, 1)? _ L(y)?
2 2

e(yo) + ¢ (y1) =

We denote all g-Kantorovich geodesics by G,. Note that y € G, iff y© €
Gye, where y€(t) := y (1 — 1) is the time-reversed geodesic. By upper semi-
continuity of ¢ and ¢, it follows that G, is a closed subset of Geo(X).

The following is not hard to check (see e.g. [24, Corollary 2.16]):

Lemma 3.3 Let y be a p-Kantorovich geodesic. Then

_d(ysv)? Ly)?
os(vs) —or(vr) = m =(r—ys) 5

Vs, r €10, 1].

3.2 Distance functions

The following important definition was given by Ambrosio—Gigli—Savaré [5,
6]:

Definition (Distance functions Djf) Given f : X — R U {400} which is not
identically +o0, denote

DT (x, 1) :=suplimsupd(x, y,) > inf liminf d(x, y,) =: D7 (x, ),
! n—>00 f

n—oo

where the supremum and infimum above run over the set of minimizing
sequences {y,} in the definition of the Hopf-Lax transform (3.1). A simple
diagonal argument shows that the (outer) supremum and infimum above are
in fact attained.

The following properties were established in [5], [6, Chapter 3]:

Theorem 3.4 (Ambrosio—-Gigli-Savaré) For any metric space (X, d) (not
necessarily proper, complete nor geodesic):

(1) Both functions Djf (x, t) are locally finite on X x (0, t.(f)), and (x, t) —
QO f (x) is locally Lipschitz there.

2) (x,1) — Djf (x,t) is upper (D}' (x,1)) / lower (D; (x,t)) semi-
continuous on X x (0, t.(f)).

(3) Foreveryx € X, bothfunctions (0, t,(f)) 2t — Djf (x, t) are monotone
non-decreasing and coincide except where they have (at most countably
many) jump discontinuities.
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+ (D} (x,)?
(4) Foreveryx € X, 0, O, f(x) = —Tfor allt € (0, t.(f)), where

0; and 8,+ denote the left and right partial derivatives, respectively. In
particular, the map (0, t.(f)) > t — Q;f(x) is locally Lipschitz and
locally semi-concave, and differentiable at t € (0, t,.(f)) iff D}r (x,1) =
D; (x,1).

It may be instructive to recall the proof of property (3) above, which is

related to some ensuing properties, so for completeness, we present it below.
For simplicity, we restrict to the case of interest for us, and first record:

Lemma 3.5 Given a proper metric space X, a lower semi-continuous f :
X >R xeXandt € (0, t.(f)), there exist ytfC € X so that

d(x, y©)?

o + f(yt ) and d(x, yti) = Di(x 1).

O/ f(x) =

Recall that —¢ is indeed lower semi-continuous for any Kantorovich potential
®.

Proof of Lemma 3.5 Let { y,jE "} denote a minimizing sequence so that

2
0. f() = li m%

+ f(yti’") and D}E(x, t) = lim d(x, y,i’n).
. n—o0
By property (1) we know that D}E (x,1) < R < 00, and the properness implies

that the closed geodesic ball Bg(x) is compact. Consequently { y,jE "} has a
converging subsequence to yti, and the lower semi-continuity of f implies
that:

d(x 2 d
0 () = int (2 +fo)= min 3E +f()_(x2—yf

yeBR(x) 2t

+ fO),

as asserted. O

Proof of (3) for proper X and lower semi-continuous f.The assertion will
follow immediately after establishing

D}L(x,s) < D]_p(x, 1) YO <s <t <tf),
since trivially DJT < D]f and since a monotone function can only have a

countable number of jump discontinuities. By Lemma 3.5, there exist y;" and
y; so that

Osf(x) =

+ f(y) = —=—+ f(y;) and

d(x, y)? d(x, y;)?
2s 2s
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dx, ;) = D} (x, 9),

and:

. dx, y)? _d(x, y)? _
Qtf(x)—ylfelgTJFf()’)—T‘l‘f()’z ) and
d(x,y;) = Dy(x,1).

It follows that
d(x, y;")? d(x, y,)? _
R E R L)
s 2s
d(x, y,)? __dx, yh)? N
— +f0) = — + ().

Summing these two inequalities and rearranging terms, one deduces

D} (x s)(l—l><D_(x n(L-1
U s t) = I s t)’

as required. O

3.3 Intermediate-time duality and time-reversed potential

It is immediate to show by inspecting the definitions that we always have (e.g.
[77, Theorem 7.34 (iii)] or [3, Proposition 2.17 (ii)]):

O s00sf<fonX Vs>0;

this is an inherent group-structure incompatibility of the Hopf-Lax forward
and backward semi-groups. Note that for f = —¢ where ¢ is a Kantorovich
potential, we do have equality for s = 1, and in fact for all s € [0, 1]. However,
for f = Q;(—¢),t € (0,1)and s = 1 — ¢, we can only assert an inequality
above ([77, Theorem 7.36], [3, Corollary 2.23 (1)]):

@)1= 0--no Q1(—¢) = Qi(—¢) = —¢; on X, (3.2)
and equality may not hold atevery point of X (cf. [77, Remark 7.37]). Neverthe-

less, in our setting, the subset where equality is attained may be characterized
as in the next proposition. We first introduce the following very convenient:
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Definition (7ime-Reversed Interpolating Potential) Given a Kantorovich
potential ¢ : X — R, define the time-reversed interpolating Kantorovich
potential at time ¢ € [0, 1], ¢; : X — R, as

¢ = —((Pc)l—t = Ql—t(—(/)c) = —Q—(l—z) 0 Q1—1(—¢r).
Note that ¢g = ¢, ¢1 = —¢°, and

2
d°ix, ) —¢°(y) Vielo,1).

o
G =1l 05

Proposition 3.6 (1) @9 = @9 = ¢ and 1 = @1 = —¢°.
(2) Forallt €0, 1], ¢or < ¢r.
(3) Forany t € (0,1), ¢;(x) = ¢;(x) if and only if x € ¢,(Gy). In other

words:

D(Gy) ={(x,1) € X x (0, 1) 5 ¢;(x) = @ (x)}. (3.3)

(1) is immediate by c-concavity, and (2) is a reformulation of (3.2), so the
only assertion requiring proof is (3). The if direction is well-known (e.g. [77,
Theorem 7.36], [3, Corollary 2.23 (ii)]), but the other direction appears to be
new. It is based on the following simple lemma, which we will use again later
on:

Lemma 3.7 Assume that for some x,y,z € X andt € (0, 1):

d(x, y)? . d(x, 2)?
T—¢(y) =" (2) — A0

Then x is a t-intermediate point between y and z:

d(x, d(x,
d(y.2) = (xt Y _ 1(x—j)’ (3.4)

and there exists a p-Kantorovich geodesic y : [0,1] — X with y(0) = y,
y(t)=xandy(l) =z

Proof Using that

d(y, )

> (3.5)

() +¢(2) <

our assumption yields

dee, p? | dex2? _dy.2)?
2t 20—1) — 2

@ Springer



The globalization theorem 25

On the other hand, the reverse inequality is always valid by the triangle and
Cauchy—Schwarz inequalities:

2 2 2 2
d(y, 2) - (d(x, y) +d(x,2) - d(x, y) . d(x, 2) .
2 2 21 2(1 — 1)

It follows that we must have equality everywhere above, and (3.4) amounts to
the equality case in the Cauchy—Schwarz inequality. Consequently, the con-
catenation y : [0, 1] — X of any constant speed geodesic y; : [0,¢] - X
between y and x, with any constant speed geodesic y» : [t, 1] — X between
x and z, so that y(0) = y, y(#) = x and y (1) = z, must be a constant speed
geodesic itself (by the triangle inequality). Lastly, the equality in (3.5) implies
that y € G, thereby concluding the proof. |

Proof of Proposition 3.6 (3) We begin with the known direction. Let x = y;
with y € Gy,. Apply Lemma 3.3 to y withs =0 andr =1:

len(y)?
2 b

() — o (¥r) = po(y0) — @i (1) =t

andto y© € Gye withs = landr =1 —1:

len(y)? tlen(y)z
2 2

—0(v0) — @)1= () = @)1 () — (@)1= (y_,) = —t

where we used that (¢); = —(¢°)¢ = —¢. Summing these two identities, we
obtain:

0 (V) = = (@) 1-: (Vo).

as asserted.

For the other direction, assume that ¢, (x) = —(¢°)1—;(x) for some x € X
and ¢ € (0, 1). By Lemma 3.5 applied to the lower semi-continuous functions
—@ and —¢¢, there exist y;, z; € X so that

d(x, y,)?
i) = 01— = T2,
d(x, z;)?
010) = ~@1-10) = Q190 = ST = ).

Summing the two equations, the assertion follows immediately from Lemma 3.7.
O

We also record the following immediate corollary of Lemma 3.2:
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Corollary 3.8 (1) (x,t) — @;(x) is upper semi-continuous on X x [0, 1)
and continuous on X x (0, 1).

(2) Forevery x € X, [0,1] > t — ¢;(x) is monotone non-decreasing and
continuous on [0, 1).

Finally, in view of (3.3), we deduce for free:

Corollary 3.9 D(Co}w) is a closed subset of X x (0, 1).

Proof ITmmediate from (3.3) by the continuity of ¢;(x) and ¢; (x) on X x (0, 1).
O

3.4 Length functions ¢ and ¢F

Definition (Length functions Z,i, E;JE) Given a Kantorovich potential ¢ : X —
R, denote

DE (x.t) D* o (x.1—1)
CE(x) = ‘/’f , () = “’l—t , (x, 1) € X x (0, 1).

To provide motivation for these definitions, let us mention that we will shortly
see thatif x =y, withy € Gy and ¢ € (0, 1), then

G0 =67 (0) = 67 () = £ (x) = L(y).

In particular, all ¢p-Kantorovich geodesics having x as their 7-mid-point have
the same length. These facts seem to not have been previously noted in the
literature, and they will be crucially exploited in this work.

Definition For ¢ = ¢, ¢, introduce the following set:
D= {0 eXx©.; & w =0 w},

and on it define f, (x) as the common value f:r (x) = Zt_ (x).

Recalling that ¢; = —Q;(—¢) and ¢; = Q1—;(—¢°), we begin by translat-
ing Theorem 3.4 into the following corollary. We freely use standard properties
of semi-convex (semi-concave) functions, like twice a.e. differentiability, non-
negativity (non-positivity) of the singular part of the distributional second
derivative (see e.g. Lemma A.11), etc.

Corollary 3.10 Ler ¢ : X — R denote a Kantorovich potential. Then:
(1) For ¢ =1¢,0and O =@, Zti(x) are locally finite on X x (0, 1), and
(x,1) = @;(x) is locally Lipschitz there.
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(2) For = 0,0, (x,1) Z;E(x) is upper (Z,Jr(x)) / lower (f,_(x)) semi-
continuous on X x (0, 1). In particular, the subset D; C X x (0, 1) is
Borel and (x,t) — f, (x) is continuous on Dyj.

(3) Forevery x € X we have
0 (x)?
2

6F (x)?

3 (x) = , EG(x) =

vt € (0, 1).

In particular, for £ = £, € and § = @, §, respectively, the map (0,1) >
t > @(x) is locally Lipschitz, and it is differentiable at t € (0, 1) iff
t € Dy(x), the set on which both maps (0,1) > t Zti(x) coincide.
Dj(x) is precisely the set of continuity points of both maps, and thus
coincides with (0, 1) with at most countably exceptions. In particular

3 i 2 02 (x)
%m—%m=/ 5

1

dt Vi, e (0, 1).

(4) Foreveryx € X:

(a) Both maps (0,1) > t +— tﬂti(x) are monotone non-decreasing. In
particular, Dy(x) > t — Etz(x) is differentiable a.e., the singular part
of its distributional derivative is non-negative, (0, 1) > t — @;(x) is
locally semi-convex, and

22 (x) 1,
Q,T > —;6, (x) Vt e Dy(x). (3.6)
(b) Both maps (0,1) >t +— (1 —_I)Z;JE (x) are monotone non-increasing.

In particular, Dj(x) > t Z,z(x) is differentiable a.e., the singular
part of its distributional derivative is non-positive, (0, 1) > t > ¢;(x)
is locally semi-concave, and

t

<L22(x) Vit € Dj(x) (3.7)
2 —1—¢! e '

Proof The only point requiring verification is that monotonicity of 7 > £, (x)
in (4a) and t — (1 — 1)¢; in (4b) implies (3.6) and (3.7), respectively. For
instance, using the continuity of t — £;(x) on Dy (x), (3.6) is clearly equivalent
to

8,60 = () Vi € Dy (3.8)

Now, if £;(x) = 0 the monotonicity directly implies 9,¢;(x) > 0 and estab-
lishes (3.8), whereas otherwise, (3.8) is equivalent by the chain-rule (and again
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the continuity of ¢ — £;(x) on D¢(x)) to

9, log(r8;(x)) =

1
P log(4;(x)) =0 Vi € Dy(x),

which in turn is a consequence of the aforementioned monotonicity. The proof
of (3.7) follows identically. O

We now arrive to the main new result of this section, which will be constantly
and crucially used in this work:

Theorem 3.11 Let ¢ : X — R denote a Kantorovich potential.
(1) Forall x € e;(Gy) witht € (0, 1), we have

L) =67 ) =60 =47 () = L)
forany y € G, so that y; = x. In other words
DGy) = {(,) X x (0,1); x=1, vy € Gy} C DyN Dy,

and moreover Eg(x) = 0,(x) there. B
(2) Forallx € X, Gy(x) 3t = £;(x) = £,(x) is locally Lipschitz:

),/z(l 08, (x) — /s(1 = S)Zs(x)‘
< VL@ |\/z(1 ) — s = z)) Vi.s € Gpx). (3.9)

(3) For all (x,t) € D((.}(p) C D¢ N D; we have for both x =
Porpi(x), Pargr(x):

1 6 = =& 1
80 20,0 <P <k < Pop 0 <5 < B,

where the Peano (partial) derivatives are with respect to the t variable.
(4) Forall (x,t) € D(Gy) C D¢ N Dj we have:

2 2
5,& (x) < 5t£t (x) + (1 l_t + ;) th(x) < (& + ;) E,Z(X)

2 2
2(x) £2(x) 1 1 2 1
9, L > d -+ —)¢ > (24— ) 2w).
Ot 5 Z 0 ) (t+1—t> t(X)_ (Z‘+1—t) t(X)
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In particular, for every x € X, we have:

AR AC))

5 Vi € Gy(x),

0rr (x) = 0r g (x) =
. £2(x) 2(x) . . .
witht +— -5=andt +— -5~ continuous on Dy¢(x) N Dy(x), differentiable a.e.

there, and having locally bounded lower and upper derivatives on éw (x) C
Dy¢(x) N Dj(x) as in (3) and (4).

Proof Tosee (1),let (x,t) € D((o}w). Equivalently, by Proposition 3.6 (3), we
know that ¢;(x) = ¢;(x). In addition, Lemma 3.5 assures the existence of yi
and z* in X so that

d , +\2
— i (x) = % — o), dx,yE) = 16 )
_ d , +\2 . _
0 = = SR gt d ) = (1 - nEE)

Equating both expressions and applying Lemma 3.7, we deduce that x is the
t-midpoint of a geodesic connecting y* and z* (for all 4 possibilities), and
that

d(x,y®)  d(x,z%)
o 1—1t

G (x) = = F(x) (3.10)
so that all 4 possibilities above coincide. We remark in passing that this already
implies in a non-branching setting that necessarily y* = y~ and z+ = 7™,
i.e. the uniqueness of a ¢-Kantorovich geodesic with #-mid point x.
Furthermore, if x = y; for some y € G, then by Lemma 3.3:

d(x, w)*

o o (y0).

—@r(x) =
It follows by definition of Dﬂ_t(p (x, t) that:
167 (x) = D-,(x, 1) < d(x, yo) = 1€(y) < D, (x, 1) = 16 (x),
which together with (3.10) establishes that £(y) = ¢;(x) = 2;(x).

To see (2), let y', y* € G, be so that y/ =y = x, for some 7, 5 € (0, 1).
Then

t(y?)? oo Aol vd)?
o) =< 5

eyl = 3 ; —o(y)
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for (p,q) = (t,s) and (p, q) = (s, t). Summing these two inequalities, we
obtain the well-known c-cyclic monotonicity of the set {(v§, ¥), (5, ¥ }:

YD+ L) <dOd, vHP+d0g, v

To evaluate the right-hand-side, we simply pass through x and employ the
triangle inequality:

diyg, v =d. x) +dix, ) = pey?) + (1 — @) L(y?).

Plugging this above and rearranging terms, we obtain

t(1 =00y 451 —5)e(y*)? < (t(1 —5) +s(1 — ) L(yHLFS).

Completing the square by subtracting 24/7(1 — 1)s(I — s)£(y")€(y*) from
both sides, and recalling that £(y?) = £,(x) for p = t, s, we readily obtain
(3.9). In particular, using ¢ = s, the above argument recovers the last assertion
of (1) that £(y) is the same for all y € G, so that y; = x.

To see (3), recall that given x € X, we know by Proposition 3.6 that ¢, (x) <
@ (x) for all t € (0, 1) with equality iff t € (o}(p(x). Since é‘p(x) C De(x) N
Dj(x) by (1), we know that both maps ¢ — ¢;(x) are differentiable atfry €

02
[() )

G ¢(x), and we see again that = 0;Q1y(X) = 01y (x) = al , since the
derlvatlves of a function and its majorant must coincide at a rr_1utual point of
differentiability where they touch. Moreover, defining 2 = h, h as

() =2 (Grote (X) — @1y (x) — €311y (X))

it follows that 1 < & (on (—fo, 1 — fp)). Diving by & and taking appropriate
subsequential limits, we obviously obtain

Prgi(x) < Py (x) , Pagi(x) < Pagy(x).

Combining these inequalities with those of Lemma 2.4, (3.6) and (3.7), the
chain of inequalities in (3) readily follows.

To see (4), let tg € G°</,(x). Consider the function f(¢) := ¢;(x) — ¢;(x) on
(0, 1), which is locally semi-concave by Corollary 3.10. By Proposition 3.6,
we know that f > 0 with f(fp) = 0. The function f is differentiable on

D¢(x) N Dy(x) and satisfies f'(t) = 4 (x) 4 (x) there. In particular, this

holds at ¢y € G(p(x) C D¢(x) N Dj(x) by (D) and f'(to) = 0. Note that by
Corollary 3.10:

NN AN 1
Bf) <82 = 0,5 < ) + G ).
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In particular, since both D;(x) > 1 ft (x) are continuous at t = ty €
Dy (x) N Dj(x), for 7 = ¢, ¢, it follows that

Ve >0 38>0 Vre(to—35,10+8) N De(x) N Dz(x)
3 f @) < L p (x) + Lp (x)+¢
! “1—n fo 1o fo '

It follows that on the open interval I5 := (tp — 6,0 +8) N (0, 1), f — Cgé is
concave with C, defined as the constant on the right-hand-side above. Applying
Lemma 3.12 below to the translated function f(- 4 #y) on the interval /5 — 1o,
it follows that:

! (@(x) _ e?<x>) _fo-ro .

r—1 2 2 t—1

1) 1)
vVt € (to — 5, to + E) N De(x) N Dg(x)

As £y (x) = £;,(x) by (1), we obtain

2w GO 2r GO

2 2 < 2 2 +C
r—1g B t—1 ¢

1) 1)
Vi e (ty — > to + 5) N Dy(x) N Dj(x).

The assertion of (4) now follows by taking appropriate subsequential limits as
t — to and using the fact that & > 0 was arbitrary. |

Lemma 3.12 Given I C R an open interval containing 0, let f : I — R
denote a C-semi-concave function, so that I >t — f — C % is concave,
C > 0. Assume that f > 0 on I, that f is differentiable at 0 and that
) = f'(0) = 0. Then 9|;—0f'(t) > —C, and moreover, @ > —C
forallt € D N1/2, where D C I denotes the subset (of full measure) of
differentiability points of f.

Note that the C-semi-concavity is equivalent to 3 li=0 f'(t) < C, while the
conclusion is from the opposite direction. It is not hard to verify that the
asserted lower bound is in fact best possible.

Proof of Lemma 3.12 Set g = f’ on D. The C-semi-concavity is equivalent
to the statement that g(¢) — Ct is non-increasing on D, so that g(#2) < g(¢1) +
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C(to—ty) forallty, r, € Dwitht] < 1. Itfollows that necessarily g(¢) > —Ct
forallt € DN 1/2 witht > 0, since:

2t t
0< fQ21) — f(0) = / 2(s)ds < / (2(0) + Cs)ds
0 0

2t l‘2 t2
+ (g(t)+C(s—t))ds=C3+tg(t)+CE.

t

Repeating the same argument for r — f(—t), we see that —g(z) > Ct for all
t € DN 1/2witht < 0. This concludes the proof. O

In a sense, Theorem 3.11 (2) is the temporal analogue of the spatial 1/2-
Holder regularity proved by Villani in [77, Theorem 8.22]. Formally taking
s — tin (3.9), it is easy to check that one obtains (for both £ = ¢, ?) stronger
bounds than in Theorem 3.11 (3) and (4):

GO, ) <8_£t g, 0 _ !
2 -2 Tl

1 .
- ;zf(x) < te,z(x) Vi € Gy(x).

(3.11)

However, we do not know how to rigorously pass from (3.9) to (3.11) or vice
versa (by differentiation or integration, respectively), since we cannot exclude
the possibility that the (relatively closed in (0, 1)) set (‘}(p (x) hasisolated points,
nor that itis disconnected. Instead, we can obtain the following stronger version
of (3.11) which only holds for a.e. t € G°¢ (x), but will prove to be very useful
later on.

Corollary 3.13 Forall x € X, fora.e. t € (o;(p(x), B,Etz(x) and atff(x) exist,
coincide, and satisfy:

22(x) le(x)|é¢(x) th(x)léw(x) 22(x) 1
= 0 =0 =0 =
2 2 2 2 1—

1
GG 7 ().

(3.12)

Proof By Corollary 3.10, for all x € X and (= 0,0, 1 — Z,z(x) is differ-
entiable a.e. on Dj(x). Consequently, the first and third equalities in (3.12)

follow for a.e. t € éw(x) C D¢(x) N Dy(x) by Remark 2.1. The second

equality follows since ¢;(x) = 0;(x) fort e (o}w(x) by Theorem 3.11. The
lower and upper bounds in (3.12) then follow from Theorem 3.11 (3) (or as in
(3.11), by taking the limit as s — ¢ in Theorem 3.11 (2)). O
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3.5 Null-geodesics

Definition 3.14 (Null-Geodesics and Null-Geodesic Points) Given a Kan-
torovich potential ¢ : X — R, denote the subset of null ¢-Kantorovich
geodesics by

G):={y eGy; t(y)=0}.

Its complement in G, will be denoted by G;f. The subset of X of null ¢-
Kantorovich geodesic points is denoted by

XO::{xeX; HyeGg y=x}={xeX: o) +¢‘x)=0}.

Its complement in X will be denoted by X .

The following provides a convenient equivalent characterization of X° and
Xt

Lemma 3.15 Given x € X, the following statements are equivalent:

(1) x € X ie. p(x) + ¢ (x) = 0.

(2) V1 € (0, 1), g1 (%) = ¢;(x) = (x) = —¢(x).

(3) vVt € (0, 1), ¢;(x) = c and ¢;(x) = ¢ for some c, ¢ € R.

(4) D¢(x) = Dj(x) = (0, 1) and Vt € (0,1) £,(x) = £ (x) = 0.

(5) 3ty € Gy (x) s0 that gy (x) = @(x) 0 Gy (x) = P(x) 0r 1 (x) = —¢° (x)
or @y (x) = —¢°(x).

(6) 3t € Gy (x) sothat &y (x) = 0or & (x) = 0orly (x) = 0or{} (x) = 0.

In other words, we have the following dichotomy: all p-Kantorovich geodesics
having x € X as some interior mid-point have either strictly positive length
(iff x € XT) or zero length (iff x € X0).

Remark 3.16 In fact, we always have ¢;(x) = ¢;(x) and £,(x) = 2,(x) for
t € Gy(x) C D¢(x) N Dy(x) by Theorem 3.11, so we may simply write
“@r,(x) = @(x) or ¢z, (x) = —¢(x)” and “l;,(x) = £;,(x) = 0” in statements
(5) and (6), respectively. However, we chose to formulate these statements with
the (a-priori) minimal requirements.

Proof of Lemma 3.15 (1) = (2) is straightforward: for instance, (1) is by
definition identical to ¢1(x) = ¢o(x) and (2) follows by the monotonicity of
[0, 1] 2 t — @;(x) for both ¢ = @, @; alternatively, apply Lemma 3.3 to the
null geodesic y° = x with respect to both Kantorovich potentials ¢ and ¢°.
(2) = (3) is trivial.
(3) < (4) follows by using that D;(x) is characterized as the subset of
t-differentiability points of ¢;(x) on (0, 1) with 9;¢;(x) = th (x)/2 there.
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(3) = (1): by the continuity of ¢ — ¢;(x) from the left at ¢t = 1 it follows
that ¢ = ¢1(x), and similarly the continuity of t + ¢;(x) from the right
at t = 0 yields that ¢ = @p(x) = ¢(x). Since always ¢ < ¢, we deduce
¢1(x) = ¢ < ¢ = @(x). On the other hand, we always have p(x) < ¢1(x) by
monotonicity, so we conclude that ¢(x) = ¢ (x), establishing statement (1).
This concludes the proof of the equivalence (1) < (2) & (3) < (4).

(2) = (5) and (4) = (6) are trivial.

(5) = (6) is straightforward: for instance, if ¢, (x) = @o(x) = @(x) for
somety € (0, 1)and ¢ € {¢, ¢}, thenby monotonicity, ¢; (x) = ¢(x) forallt €
[0, t0], and hence the left derivative at ¢ = ¢ satisfies 4y (x) =0, lr=rpr (x) =
0if ¢ = g and £, (x) = 3 li=@: (x) = 0if ¢ = @. If G, (x) = g1 (x) =
—@°(x), repeat the argument using the right derivative.

The only direction requiring second-order information on ¢; is (6) = (3).
By Corollary 3.10, t +— tﬁfc(x) and t — (1 — t)f,i(x) are monotone non-
decreasing and non-increasing on (0, 1), respectively. Since #) € é(p, in view
of Remark 3.16, (5) is equivalent to Efg (x) = Z_,io (x) = 0. The monotonicity
implies that £ (x) = 0 forall # € (0, fo] and that £--(x) = O forall 7 € [fo, 1).
It follows that ¢; (x) is constant on (0, #p] and ¢; (x) is constant on [#y, 1). As
@1y (x) = @1, (x), the monotonicity of  — ¢;(x) and the majoration ¢; < ¢;
forces both ¢ — ¢;(x) and ¢ — ¢;(x) to be constant on (0, 1), establishing
(3) (in fact with ¢ = ¢). |

Corollary 3.17 Ifx € X then £,(x) > O for all t € [inf (o?(p(x), 1) N Dy(x)
and £;(x) > Oforallt € (0, sup (O?w(x)] N Dj(x).

Proof Immediate by (6) and the monotonicity of D¢(x) > ¢ > £,(x) and
D;(x) >t — (1 — )€, (x), together with the fact that G,(x) is relatively
closed in (0, 1) by Corollary 3.9. O

Corollary 3.18 Given x € X, assume that 3t1, t) € (oi(p(x) with t| # ty. Then
x € XU iff o (x) = @1, (x) (or equivalently, G, (x) = ¢1, (x)).

Proof The “only if” direction follows immediately by Lemma 3.15, whereas
the “if”” direction follows by Corollary 3.17, after recalling that ¢, (x) —

2
o (x) = fz ? E’éx)d 7 by Corollary 3.10. As usual, the equivalent condition
follows by Theorem 3.11. O

4 Temporal theory of intermediate-time Kantorovich potentials:
time-propagation

The goal of this section is to introduce and study the following function(s):
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Definition (7ime-Propagated Intermediate Kantorovich Potentials) Given a
Kantorovich potential ¢ : X — R and s, # € (0, 1), define the 7-propagated s-
Kantorovich potential ® on Dy (r), and its time-reversed version ®% on D (1),
by:

02 - _ 02
QL =g + (1 — s);’ one/(Gy), ! =g, + (1 — s)zt on Dj(1).
Observe that for all s, ¢ € (0, 1):

(I)zY = q_)i = @5 O € Oet_l on e;(G(p);

indeed, whilee,” L ¢;(Gy) — G, may be multi-valued, Theorem 3.11 implies
that £(y) = £;(x) = £;(x) for any y € G, with y; = x, and consequently
Lemma 3.3 yields that ¢, o e, is single-valued for all such y and (also recalling
Proposition 3.6):

QL (y) = PL(y) = @s(vs) Yy € Gy.

Consequently, on &,(G,), . = ®! is identified as the push-forward of ¢ via
e o es_l, i.e. its propagation along G, from time s to time 7.

We will use the following short-hand notation. Given s € [0, 1] and a5 € R,
we denote:

Gas = {V € G(p ; os(Y(s)) = as} s

suppressing the implicit dependence of G, on s. The above argument about

why ¢ 0oeg0€; !'is well-defined can be rewritten as:

Corollary 4.1 (Inter Level-Set Propagation) Foralls,t € (0, 1), as, by € R,
as # bs, we have:

e/ (Gy) N{ P, = a;} N { @} = b5} = e:(Gay) Ne(Gyp,) = 0.
Note that while typically disjoint sets remain disjoint under optimal-transport

only under some additional non-branching assumptions, Corollary 4.1 holds
true in general.
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4.1 Monotonicity

Lemma4.2 Let x = yt} = )/é with y!, y? € Gyand0 <ty <t < 1. Then
foranys € (0, 1):

1—s

T ) (95, (x) — 1 (x)) = 0. (4.1)
-1

S
os(¥2) — @s(y) = 2min (tz

Moreover, the left-hand-side is in fact strictly positive iff x € X .

Proof We know by Lemma 3.3 and Theorem 3.11 that:

; - e(yhH ( ).
@s(vg) = o1 (V) + (ti = 5) S =)+ (i =) ci=1,2.
Recall that ¢y, (x) = @r;(x) and £, (x) = Z,l. (x) by Proposition 3.6 and Theo-
rem3.11,as x = y,:,. Now sets := (s Vi) Atp.Since s € {11, 12, s}, it follows
that:

05 (v — @5 (¥ — (01, (%) — 1y (X))

2 2
Q()_(__) (x)+(__) ()_(1_”()

=(n—ys)

By Corollary 3.10, we know for £ = ¢, € that Dy(x) > ¢ > £2(x) is dif-
ferentiable a.e., and that the singular part of its dlstrlbutlonal derivative is
non-negative for £ = ¢ and non-positive for £ = £. Consequently, we may
proceed as follows:

t 2 K 02
z/zgf ((r—s)gf(x)>dr+/ 7, ((r—s)zf(x)>dr,
5 2 f 2

where we used that T — s > Owhens < 17 < fmpandthat 7 —s < 0
when s > t > 1. Using (3.6) and (3.7) to bound the above lower and upper
derivatives on the sets (having full measure) D, (x) and D;(x), respectively,
we obtain:

[, zz(x)d 5 |l =8 Zi(x)d

—ﬂ(‘ f)z +/tl(+1_r)T’

I 22(x) S/ 1—5s Ez(x)

_/5 (2;_) — T +/,l (21—1'_1> 2
<2——1>/t2£2(x)d +( =S —1)/§@dt
) s 2 l—n no 2
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N

1 —
= (2% — 1> (01, (x) — @5(x)) + <21 T 1) (@5 (x) — @r, (x)) .

Summarizing, we have obtained:

os(rd) — os(vy) = (2% —~ 1) (0, (x) — @5(x)) + @1, (x)

1 —
+ (21 _,sl - 1) (@5(x) = 91, (X)) — @1, (x).

We now use the inequality ¢5(x) < @;5(x) in the first line above when 2% —1>

0, and in the second line when 2 11:1“1 — 1> 0, yielding

> 2%(@2(3() —¢5(x)) + 211—;51(('55()6) ) 5= %2
25 (¢ (x) = 5(0) + 275 (65(0) — @y () 1 =5 = 1.

In particular, the first estimate applies whenever s > % and the second one
whenever s < % Using that [0, 1] 2 T — @, (x) is monotone non-decreasing,
the asserted (4.1) is established in either case. Moreover, (4.1) implies that if
<ps(ys2) — (ps(ysl) = 0 then ¢;, (x) = ¢4, (x), and hence by Corollary 3.18 that
x € X9 and vice-versa, if x € X° then all geodesics having x as an interior
point are null by Lemma 3.15, and hence ysl = ysz = x and ¢ (ysz) — Qs (ysl) =
0. O

We can already deduce the following important consequence, comple-
menting Corollary 4.1, which holds for any proper geodesic space (X, d),
independently of any additional assumptions like various forms of non-

branching:

Corollary 4.3 (Intra Level-Set Propagation) For any s € (0, 1), a; € R, and
t1,1p € (0, 1) witht; # ty:

e (G, \ G9) N (Ga, \ G) = €4,(Ga,) Nen(Ga) N XT =0,

In other words, for each x € e(,1)(Gg,) N X7, there exists a unique t € (0, 1)
so that x € e;(Gg,).

Proof If x = yt} = ytg € XT,0 < t; <ty <1, then Lemma 4.2 yields
05 (¥2(5)) > @ (¥ ' (s)), establishing the assertion. O
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4.2 Properties of @'

The following information will be crucially used when deriving the Change-
Of-Variables formula in Sect. 11:

Proposition 4.4 For any s € (0, 1), the following properties of ®' and @g
hold:

(1) The maps (x,t) + ®.(x) and (x,t) > ®.(x) are continuous on D
and Dy, respectively.

(2) For each x € X, d = d, and [ = 0,0, respectively, Dg(x) E A
d~>§ (x) is differentiable at t iff D;(x) > t > E,Z(x) is differentiable at t
orift =s € Dy(x), so in particular t + d>§ (x) is a.e. differentiable. At
points t of differentiability:

72
3P (x) = 02 (x) + (t —S)M.

4.2)
In particular, if s € Dy(x) then 30; ;=g d~>§ (x) = f%(x).

(3) For each x € X, the map (e:'(/,(x) >t dL(x) = Dl(x) is locally
Lipschitz and non-decreasing (if #(o?(p (x) > 2, it is strictly increasing iff
xeXt)

(4) Forallt € (0, 1):

A\
5%

Vx € Dy(t) ;

IA
5%

9,0 (x) > 202(x)
0, P4 (x) < L7 (x)

v
5%

Vx € D;(1).

IA
5

9,9 (x) < I=202(x) ¢
3,dL(x) = 1=02(x)

(5) Forall (x,1) € D(Gy):

(s 1—3s t—s
min (;, = s I))E,Z(x) <9,9(x)

<30l () < max [ 125 4 LTS ) 2y
X X Ty xs
= s = 1=t  t(—-n)"

t—3s
T

) € (x) < 9,PL(x)

<3,8 (0 <max (1255 175 Y2
R 1—t't t(1—-n) "7
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Proof Recall that

72
( ) on Dj.

®f =G (x) + (¢ —5) - 7

The first and second statements follow by Lemma 3.2 and Corollary 3.10.

As 1 — ¢(x) is differentiable on Dj(x) with derivativ

2 ’
differentiability of ¢ CDg (x) must 001n01de with those of t — Etz (x) and
(4.2) follows immediately, with the only possible exception being the point
t = s if s € Dj(x), where direct inspection and continuity of 7 > ftz (x) on
Dj(x) verifies (4.2). The local Lipschitzness follows by Theorem 3.11 (2). The
monotonicity follows by Lemma 4.2, since if y’ € G, is such that y/ = x,
then @ (y/) = ®L(y/) = @s(¥!). The last two assertions follow as in the
proof of Lemma 4.2, after noting that:

3,dL(x) = £2(x) + (
9, @ (x) = £2(x) + (1 — s)a,

t >
=% vxe D),

“x) t<s

and similarly for 9;.Indeed, the estimates (3.6) and (3.7) of Corollary 3.10yield
(4), which already yields half of the inequalities in (5) for all (x, 1) € DN Dj.
To get the other half, we must restrict to D(Gow) and use the estimates of
Theorem 3.11 (4), thereby concluding the proof. O

As animmediate corollary of Proposition 4.4, Corollary 3.13 and Lemma 3.15,
we obtain:

Corollary 4.5 Forall x € X, fora.e. t € é(ﬂ(x), 3 @ (x) and 3, ' (x) exist,
coincide, and satisfy:

(s 1=s)\ » t t
min | -, -— G (X)) < 9 Pi(x) = 9 Pi(g ()
Y = 9,® (x) < i W
= 0; S(x)|(°;¢(x) = 0, ®;(x) < max ;, : 7 (x).

In particular; if x € X then 3, ®%(x) > 0 forae.t € (c}(p(x).

We will also require the following consequence of Proposition 4.4 and
Theorem 3.11:

Lemma 4.6 Forany x € X, s € (0, 1), and d = o, d and { = 0,0, respec-
tively:

lim — / (0%t - Ef(x)) dr = 0.
e=>02¢ J(s—e.5+6)NGy(x)
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Proof By (4.2), the claim boils down to proving

/ (t = )87 (x)d1t = 0.
e—02¢ (s—g,s-i—e)ﬂé(p(x)

Using Corollary 3.13, it follows that:

: - : G (x)
lim — (t — )04y (x)dt| < lim 0y dt
e—02¢ (s—a,s—Q—s)ﬁ(u}q;(x) =0 (s—s,x+s)ﬁ(°}¢(x) 2
1 . =2
< —  lim €5 (x)dt.
mm(s, 1 — S) e—0 (x—s,s-i—s)ﬁéw(x)
But the latter limit is clearly O (e.g. by Corollary 3.10 (1)). O

5 Temporal theory of intermediate-time Kantorovich potentials: third
order

Fix a non-null Kantorovich geodesic y € G;‘, and denote for short £ :=
£(y) > 0. Recall by the results of Sect. 3 that for all # € (0, 1), €;(y;) =
£ (y;) = € and that 9,¢; (x) = 8¢, (x) = £2(x)/2 for all x € ,(Gy). Also,
recall that given x € X and ¢ = ¢, ¢, the function Di(x) >t > Z;(x) is
only a.e. differentiable, and even on (c}(p (x) C D¢(x)N Dj(x), we only have at
the moment upper and lower bounds on 8tlzt2 (x)/2 and 5&? (x)/2,1.e. second
order information on ¢, (x). o

The goal of this section is to rigorously make sense and prove the following
formal statement, which provides second order information on ¢;, or equiva-
lently, third order information on ¢y, along y;:

2 L z0)?
z(1) == 8r|r:t?(yt) = z(@)= 2 (5.1

Equivalently, this amounts to the statement that the function:
1 [r e
L(r) = exp (——2 / aflf:t—’(mm)
= Jy 2
is concave in r € (0, 1), since formally:

/" l 2

L Z Z
- = (log L) + ((log L)) = —Ftas 0.
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5.1 Formal argument

We start by providing a formal proof of (5.1) in an infinitesimally Hilbertian
setting, which is rigorously justified on a Riemannian manifold if all involved
functions are smooth (in time and space).

Recall that the Hopf-Lax semi-group solves the Hamilton-Jacobi equation
(e.g. [6]):

hor = 02 = Vg 2. (5.2)
2t 2

We evaluate all subsequent functions at x = y;. Since:

2(0) = e (v (1) = (Vorgr, Vo),
and since y'(t) = —V; (see e.g. [6] or Lemma 10.3),
Z(t) = 8o — (Voror, Vo).
But taking two time derivatives in (5.2), we know that:
o = (Volor, Vo) + (Vo Vier)
and so we conclude that:
20 = [Voel*.
It remains to apply Cauchy—Schwarz and deduce:

2 2

Ve z2(1)
"t) > (Vo,p, —— ) = |
Z()_< Al |V¢’t|> e

as asserted. Note that in a general setting, we can try and interpret z(¢) as minus
the directional derivative of Etz /2 = 9;¢; in the direction of y’(¢) (by taking

derivative of the identity %(y ) = %), and thus hope to justify the Cauchy—
Schwarz inequality as the statement that the local Lipschitz constant of 9;¢;
is greater than any unit-directional derivative. However, a crucial point in the
above argument of identifying z/(z) with |V, ¢, |2 was to use the linearity of
(-, -) in both of its arguments, and so ultimately this formal proof is genuinely
restricted to an infinitesimally Hilbertian setting.

The above discussion seems to suggest that there is no hope of proving (5.1)
beyond the Hilbertian setting. Furthermore, it seems that the spatial regularity
of ¢; and 9;¢; = %6,2 should play an essential role in any rigorous justification.
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Remarkably, we will see that this is not the case on both counts, and that an
appropriate interpretation of (5.1) holds true on a general proper geodesic
space (X, d).

5.2 Notation

Recall that by the results of Sect. 3, T +— ¢;(x) and T +— @ (x) are locally
semi-convex and semi-concave on (0, 1), respectively, and that E)f(p, (x) =
GE()?/2, 5@ (x) = £F (x)?/2 and €F () = €5 (y) = L forall 1 € (0, 1).
We respectively introduce p = p, p by defining at ¢ € (0, 1):

=l ()

L) = pi(t) = 0elemt 2(1)/2 = € D lrmi br(yr) = £ -
Fl le=lE(y)

El
PLW) = p-(0) =3y L=t b7 (v) /2 = € By lemibe(y) = £+ 0
where the penultimate equalities in each of the lines above follow from the
continuity of D;(yy) 3 © = £ (yy) att =1 € Gy (yr) C Dj(y1), and the last
ones by the monotonicity of T — rﬂf(y,) and 7 — (1 — r)f@t(yt) and the
density of D; in (0, 1). Clearly p_(#) < p4(¢),and p_(t) = p+(1) = p € R
iff Dy(y) > 7 = 57% /2(y,) is differentiable at T = ¢ with derivative p. In
addition, for g = ¢, g, set:

G+ (1) 1= P2 () |x=y, = Podr (X)|x=y, = G- (1),

where the Peano (partial) derivatives are with respect to the 7 variable. It will
be useful to recall that if we define h = h, h by:

h(t, &) :=2(Gre Vi) — G (Vi) — €@t (V1))
=2 (Gr+e (1) — @1 () — €2/2)
then:

ht, . ha, -
G+ (t) = lim sup ¢ €) > lim inf @ €) =qg_(1).
e—0 &2 e—0 g2

By definition, g_(¢) = g+ (t) = ¢ € R if and only if 7 — ¢;(3;) has second
order Peano derivative at T = ¢ equal to ¢, and hence by Lemma 2.3, iff
p—(t) = p+(t) = q, or equivalently, iff any of the other equivalent conditions
for the second order differentiability of (0,1) > t +— ¢.(y;) at T = ¢ are
satisfied. Moreover, Lemma 2.4 implies:

p-(1) =q-(t) =q+(1) < py(t) vVt e(0,1),
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but we will not require this here. We summarize the above discussion in:
Corollary 5.1 The following statements are equivalent for a givent € (0, 1):
72
(1) p-(@t) = p+(t) = p e R ie. Dj(yy) > T > %’(yz) is differentiable at
T =t with derivative p.

2) g-(t) =qg+(t) =q € R ie. (0,1) > t +— @ (1) has a second Peano
derivative at T =t equal to q.

In any of these cases (0, 1) > © +— @ (y,) is twice differentiable at T = t, and
we have:

3 2 8 o
32 omi@r () 1= Ocle=i () = £ dele=tli(y) = p = .

5.3 Main inequality
The following inequality and its consequences are the main results of this
section.

Theorem 5.2 Forall s < t and € so that s, t,s +¢,t + ¢ € (0, 1), we have
(for both possibilities for £):

h(t,e) —h(s,¢) - s+e

+ 2
PR - t—}—S(ZH—S(VS) _Zs(ys)) B
and

h(t, &) — h(s, &) -t
t—s “1—ys

— & - _
— () = L))
Proof By Lemma 3.5, there exists ysjE € X so that

dz()’;t» ¥s) +
—@s1e(Vs) = D6+ o(yg ),
with d(yF, 7o) = DE, (v s + &) = (s + )0, . () = Dy, By definition,
note that:

dz(y;tv Vt) _

+
dite PO

—@rre(Vr) <

We abbreviate D, := rf = d(y,, y0), r = s, t. The proof consists of subtract-
ing the above two expressions and applying the triangle inequality:

dOE, y) < dOE, ys) +d(ys. v) = D, + (Dr — Dy) = Dy + (D, — Dy).
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Indeed, we obtain after subtraction, recalling the definition of #, and an appli-
cation of Lemma 3.3:

dz(ygia Vt) _ dz(yéta Vs)
2(t +¢) 2(s +¢)
dz(ygc’ Vi) (Ds+a)2

0=< @rie(Vr) — @ste(ys) +

1
= = (h(t,e) = h(s,8) + o (v1) — s (¥5) +

2 DT e 2s+e)
! Ez (Dé—i—s)z
= 3 (h(t,e) — h(s, &) — _(; ) — TeEs
(DY+8 D )2 + D2 + 2(D9+8 Ds)Dl‘

2(t+¢)

Carefully rearranging terms, we obtain:

1
3 (h(t,e) — h(s,¢))

+
> (Ds+e D2 + g% l_ 1 _ (Dsi-hs D )2+2(Ds+e DS)DI
“2s+e 25 2 2(t + o)

t t+¢
S R D2)+Ds2 L +D’2 -
T 2s+e) ST s 2 \s+¢ s 2 \t t+e

_ (Dxi+s D )2 +2(D9+£ D.Y)Dt

2(t +¢)
= (DX, - Dy M_ D +ﬁ er & _(Dsi+e—Ds)2
ste s 2(s +¢) t+e 2 \t+e s+e¢ 2(t +¢)
DI — Dy +2D; —2(s + &) 1 1
— Di -D s+e N s D 1
(Drse ‘Y)< 2s +e) A
L2l (L L) _@0ie =D
2 \s+e t+e 2(t +¢)
St (N N U PR P Y
2 s+e t+e s+e

vt —pop (- L) (1 !
ste UTE e 2 \s+e t+e
I L (D5, — Dy " 2
= — - —el(D; - . — Dy —
(s-i—s t+s)< 2 e6(Dsss s) e 2

1 1 1 + 2
:§<s+e _t+e)(D‘Y+S_DS_Se)

_1 1 1 7 >
=5\ s (s + )2 (6. () — 0
t—vv-i—s +

= ite —— (05 () — O,

and the first claim follows.
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The second claim follows by the duality between ¢ and ¢°¢. Indeed, exchange
@,y,¢&,8,t with ¢, y¢, —e,1 — 1,1 — s, and recall that ¢, = —¢]_,. A
straightforward inspection of the definitions verifies:

W (1 —r,—e) = —h?(r. ),

and

¢ 4 .
€ i)’

2

L 2
_ (GHED)
= 0TS, () = 0T Grae(yy) = +T

and so the second claim follows from the first one. Alternatively, one may
repeat the above argument by subtracting the following two expressions:

_ d*(zF, v) cot
Grre(yr) = 2—r—o 0 (z;),
_ dZ(Z;t’ )/S) C +
Pste(ys) < m — ¢ (z),

withd(zF, y,) = wac(yt, 1—t—¢)=(1—1t—¢)li (v and applying the
triangle inequality d(ze, y5) < d(ze, y1) + d(vs, ¥s)- o

5.4 Consequences

As immediate corollaries of Theorem 5.2, we obtain after diving both sides by
&2 and taking appropriate subsequential limits as ¢ — O:

Corollary 5.3 For both g = q, q, the functions t +— q_(t) and t +— G (t)
are monotone non-decreasing on (0, 1).

Corollary 5.4 Forall0 <s < t < 1 (and both possibilities for £):

2
M = (” £ ) , (5.3)
— S
and
G0 —G-() _ 11 <ﬁi<f))2. (5.4)
t—s Tl ¢

It will be convenient to use the above information in the following form:
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Theorem 5.5 Assume that fora.e. t € (0, 1):

0, 1) 5 T+ @ (y) is twice differentiable at T = t for both ¢ = ¢, ¢ (5.5)

in any of the equivalent senses given by Corollary 5.1, and that moreover:
02le=i0e (1) = 0 lemeGe (vi) fora.e.t € 0, 1). (5.6)

Furthermore, assume that the latter joint value coincides a.e. on (0, 1) with
some continuous function z.:

0 e=10: (V1) = 8 o=t Pr(v1) = 2c(t) forae t € (0, 1). (5.7

Then (5.5) holds forall t € (0, 1), and we have:

_ 2
8$|r=t(pr(yt) = 812|r:t(pr(yt) = at|r:t?t()/t)
EZ
= ar|r=t?T(Vt) =z:(1) Vre(0,1). (5.8)

Moreover, we have the following third order information on ¢;(x) at x = y;:

Ze (1) — ze(s) < i I —1[ze(s)] |ze(0)]

; =71 72 VO<s <t <. (5.9
—s —s

In particular, for any point t € (0, 1) where z.(t) is differentiable:

Zc(t)z
02

Z.(t) >

Proof The assumptions imply by Corollary 5.1 that g_(t) = g+ (t) = z.(¢)
for a.e. t € (0, 1). It follows that the same is true for every t € (0, 1) by
monotonicity of g+ and the assumption that z. is continuous, yielding (5.8).
Furthermore, Corollary 5.1 implies that p_(t) = p4(t) = z.(t) for both
p = p, pandforallt € (0, 1), and we obtain (5.9) by taking geometric mean
of (5.3) and (5.4). The final assertion obviously follows by taking the limit in
(5.9)ass — t. ]

We do not know whether all three assumptions (5.5), (5.6) and (5.7) hold for
a.e.t € (0, 1) for a fixed Kantorovich geodesic y. However, we can guarantee
the first two assumptions, at least for almost all Kantorovich geodesics, in the
following sense:
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Lemma 5.6 Let v denote any o -finite Borel measure concentrated on G, so
that for a.e. t € (0, 1), u; := (&) (v) K m for some o-finite Borel measure
mon X. Then for v-a.e. geodesic y, (5.5) and (5.6) hold for a.e. t € (0, 1).

Proof Recall that D((c}(p) is closed in X x (0, 1) by Corollary 3.9. Denote the
following Borel subsets:

Pi= {(x,t) e D(Gy) ; 30,2(x) . 30,2(x) . 8,2(x)/2 = atéf(x)/z},
B:=D(G,)\ P.

By Corollary 3.13, we know that £!(B(x)) = 0 for all x € X. By Fubini

1
0= / LY(B(x))m(dx) = / m(B(1) L (dr),
0

and so for a.e. t € (0, 1), m(B(t)) = 0. Since u; < mfora.e.t € (0, 1), it
follows that for a.e. t € (0, 1), v(e,_lB(t)) = s (B(t)) = 0. In other words,
for a.e. € (0, 1), the Borel set {y € Gy, ; ¥ € B(t)} has zero v-measure.
Applying Fubini again as before

0= / v({y € Gy 7 € BODL (dn)= f Ll ({0, D; v e BODv(dy),

we conclude that for v-a.e. y € Gy, the set {r € (0, 1) ; y, € B(¢)} has zero
Lebesgue measure, or equivalently, the set

{t€0,1) 5 30 lemr2(71)s F0clemrC2 (V). e leme O3 (1) /2= e le=r O3 (1) /2]

has full Lebesgue measure. The asserted (5.5) and (5.6) now directly follow
from an application of Corollary 5.1. |

Finally, we obtain the following concise interpretation of the 3rd order
information on t +— ¢; along y;, which will play a crucial role in this work:

Lemma 5.7 Assume that for some locally absolutely continuous function z,4.
on (0, 1) we have

62
Harlt:té(yt) = Zac(t) forae.t €(0,1).

Then for any fixed ro € (0, 1), the function

1 [ 02 1 [
L(r) =exp (—3—2 / 8f|f=,3’(yt)dt) = exp (77 f zac(t)dt),
ro ro
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is concave on (0, 1).

Proof Since L € C'(0, 1), concavity of L is equivalent to showing that the
function:

W(r) i= —02L'(r) = L(r)zac(r)

is monotone non-decreasing. But as this function is locally absolutely contin-
uous, this is equivalent to showing that W/(r) > 0 for a.e. r € (0, 1). Note
that the points of differentiability of W and z,. coincide. At these points (of
full Lebesgue measure), we indeed have

W' (r) = L' (N zac(r) + L1z (r) = L) (2o (r) = zac(r)?/€%) > 0,

where the last inequality follows from Theorem 5.5. This concludes the proof.
]

We will subsequently show that under synthetic curvature conditions, the
above assumption is indeed satisfied for v-a.e. geodesic y.

Part II Disintegration theory of Optimal-Transport
6 Preliminaries

So far we have worked without considering any reference measure over our
metric space (X, d). A triple (X, d, m) is called a metric measure space,
m.m.s. for short, if (X, d) is a complete and separable metric space and m
is a non-negative Borel measure over X. In this work we will only be con-
cerned with the case that m is a probability measure, that is m(X) = 1,
and hence m is automatically a Radon measure (i.e. inner-regular). We refer to
[3,5,43,76,77] for background on metric measure spaces in general, and the
theory of Optimal-Transport on such spaces in particular.

6.1 Geometry of Optimal-Transport on metric measure spaces

The space of all Borel probability measures over X will be denoted by P(X).
It is naturally equipped with its weak topology, in duality with bounded con-
tinuous functions Cp (X)) over X. The subspace of those measures having finite
second moment will be denoted by P> (X), and the subspace of P, (X) of those
measures absolutely continuous with respect to m is denoted by P> (X, d, m).
The weak topology on P,(X) is metrized by the L?-Wasserstein distance W,
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defined as follows for any g, u; € P(X):

W3 (0. 1) = inf /X Bl ), dy), 6.1)

where the infimum is taken over all # € P(X x X) having po and p; as
the first and the second marginals, respectively; such candidates 7 are called
transference plans. It is known that the infimum in (6.1) is always attained for
any (o, u1 € P(X), and the transference plans realizing this minimum are
called optimal transference plans between g and 1. When Wo (1o, 1) < oo,
itis known that given an optimal transference plan 7 between po and p1, there
exists a Kantorovich potential ¢ : X — R (see Sect. 3), which is associated
to 7, meaning that

X))+ ¢°(y) = for m-a.e. (x,y) € X x X. (6.2)

d(x, y)?
2

In particular, when wo, 11 € P2(X), then necessarily W (uo, (1) < oo and
the above discussion applies. Moreover, in this case, it is known that for any
Kantorovich potential ¢ associated to an optimal transference plan between
wo and w1, (6.2) in fact holds for all optimal transference plans = between
wo and w1. In addition, in this case a transference plan m is optimal iff it is
supported on a d?-cyclically monotone set. A set A C X x X is said to be
c-cyclically monotone if for any finite set of points {(x;, yi)}i=1
holds

.....

N N

D e, y) =Y elxin yig)

i=1 i=1

with the convention that yy+1 = yi.

As (X, d) is a complete and separable metric space then so is (P2 (X), W»).
Under these assumptions, it is known that (X, d) is geodesic if and only if
(P2(X), Wr) is geodesic. Recall that e; denotes the (continuous) evaluation
map at ¢t € [0, 1]:

e :Geo(X)>y >y € X.

A measure v € P(Geo(X)) is called an optimal dynamical plan if (eg, e1)zv
is an optimal transference plan; it easily follows in that case that [0, 1] >
t — (e)yv is a geodesic in (P2(X), Wr). It is known that any geodesic
(t)refo,11 in (P2(X), W2) can be lifted to an optimal dynamical plan v so
that (e;)pv = p, for all t € [0, 1] (see for instance [3, Theorem 2.10]).
We denote by OptGeo(ug, (t1) the space of all optimal dynamical plans v
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so that (e;)s v = u;, i = 0, 1. Consequently, whenever (X, d) is geodesic,
the set OptGeo(ug, 1) is non-empty for all ug, w1 € P2(X), and for any
Kantorovich potential ¢ associated to an optimal transference plan between
o and 1, we have v(G,) = 1 for all v € OptGeo(ug, 1).

In order to consider restrictions of optimal dynamical plans, for any s, ¢t €
[0, 1] with s <t we consider the restriction map

restrg :C(0,1; X) sy > yo fst e C([0, 1]; X),

where fS’ : [0,1] — [s,¢] is defined by f/(r) = s + (t+ — s)t. During
this work we will use the following facts: if v € OptGeo(ug, (1) then the
restriction (restr});v is still an optimal dynamical plan, now between g and
wu: where u, := (e,)zv. Moreover, any probability measure v' € P(Geo(X))
with supp(v') C supp(v)(C G,) is also an optimal dynamical plan, between
(ep)zv" and (e)yV'.

On several occasions we will use the following standard lemma (whose
proof is a straightforward adaptation of e.g. [29, Lemma 4.4], relying on the

Arzela—Ascoli and Prokhorov theorems):

Lemma 6.1 Assume that (X, d) is a Polish and proper space. Let {,uf)} , {M’] } -
P2(X) denote two sequences of probability measures weakly converging to
uy’, u° € Pr(X), respectively. Assume that Vi€ OptGeo(Mé, /,Lli ). Then
there exists a subsequence {vif } weakly converging tov™> € OptGeo(ug®, 17°).

Definition (Essentially Non-Branching) A subset G C Geo(X) of geodesics
is called non-branching if for any !, y% € G the following holds:

e 1) yl=y vsel0,r] = yl=y2 vselo 1]
(X, d) is called non-branching if Geo(X) is non-branching. (X, d, m) is called
essentially non-branching [68] if for all ug, u; € P2(X,d, m), any v €

OptGeo(ug, 1) is concentrated on a Borel non-branching set G C Geo(X).

Recall that a measure v on a measurable space (€2, F) is said to be concentrated
on A C Qif3dB C A with B € Fsothatv(2\ B) = 0.

6.2 Curvature-Dimension conditions
We now turn to describe various synthetic conditions encapsulating general-

ized Ricci curvature lower bounds coupled with generalized dimension upper
bounds.
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Definition 6.2 (o xr-coefficients) Given K € R and N € (0, oo], define

——~Z _ K>0, N <
DKJ\/ i:{VK/“ .

+00 otherwise

In addition, given ¢t € [0, 1] and 0 < 8 < Dk s, define

sinhy ) A) K>0 N<ox
. K sin(@,/ K ’
sin(76/ x7) N

=" =1

, K
sin(6/ x7) sinh(16,/ 55)

sinh(6,/ %)

and set UI(;,)N(O) =t and GI((I,)N(O) = o0 for 6 > Dg .

K=0orN =00,

K <0, N <o

Definition 6.3 (tx n-coefficients) Given K € R and N € (1, oo], define
Ty ©) == tVa )y (0) .

When N = 1, set 7, () = 1 if K < 0 and 7}, (8) = +o0if K > 0.

The synthetic Curvature-Dimension condition CD(K, N) has been defined
on a general m.m.s. independently in several seminal works by Sturm and
Lott—Villani: the case N = oo and K € R was defined in [73] and [51], the
case N € [1,00) in [74] for K € R and in [51] for K = 0 (and subsequently
for K € R in [50]). Our treatment in this work excludes the case N = oo
(for which the globalization result we are after is in any case known [73]). To
exclude possible pathological behavior when N = 1, we will always assume,
unless otherwise stated, that K € Rand N € (1, 00).

We will use the following definition introduced in [74]. Recall that given
N € (1, 00), the N-Rényi relative-entropy functional &y : P(X) — [0, 1]
(since m(X) = 1) is defined as

En(w) :=fpl_flvdm,

where ;1 = pm + %" is the Lebesgue decomposition of i with %" | m.
It is known [74] that £y is upper semi-continuous with respect to the weak
topology on P(X).
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Definition 6.4 (CD(K, N)) A m.m.s. (X, d, m) is said to satisfy CD(K, N)
if for all wg, 1 € P2(X, d, m), there exists v € OptGeo(ug, (1) so that for
allz € [0, 1], us := (e;)#v < m, and for all N’ > N:

(1—1) —1/N'

T v/ (d(xo, x X

SN/wt)zf (Kﬂg) 0.2y ° Cx0) )n(dxo,dxn, (63)
XxX \ +7g o (d(xo, x1))py " (x1)

for some optimal transference plan 7 between wg = pom and u; = py m.

Remark 6.5 When m(X) < oo as in our setting, it is known [74, Proposition
1.6 (ii)] that CD(K, N) implies CD(K, 00), and hence the requirement p; <
m for all intermediate times ¢ € (0, 1) is in fact superfluous, as it must hold
automatically by finiteness of the Shannon entropy (see [73,74]).

The following is a local version of CD(K, N):

Definition 6.6 (CD;,.(K, N)) Am.m.s. (X, d, m) is said to satisfy CD;,. (K, N)
if for any o € supp(m), there exists a neighborhood X, C X of o, so that for
all wo, u1 € P2(X, d, m) supported in X, there exists v € OptGeo(ug, i11)
so that for all ¢ € [0, 1], u; := (e;)#v < m, and for all N > N, (6.3) holds.

Note that (e;)yv is not required to be supported in X, for intermediate times
t € (0, 1) in the latter definition.

The following pointwise density inequality is a known equivalent definition
of CD(K, N) on essentially non-branching spaces (the equivalence follows
by combining the results of [29] and [41], see the proof of Proposition 9.1):

Definition 6.7 (CD(K, N) for essentially non-branching spaces) An essen-
tially non-branching m.m.s. (X, d, m) satisfies CD(K, N) if and only if for all
1o, 1 € P2(X, d, m), there exists aunique v € OptGeo(ug, i41), v isinduced
byamap (i.e.v = S:(up) forsomemap S : X — Geo(X)), u; := (e;)4y <K m
for all t € [0, 1], and writing u; = p;m, we have for all ¢ € [0, 1]:

—1/N 1— —1/N
o N = o Ao ydeg N ()

+¢y @G0, y)py Vo) for v-ae. y € Geo(X).

The Measure Contraction Property MCP(K, N) was introduced indepen-
dently by Ohta in [57] and Sturm in [74]. The idea is to only require the
CD(K, N) condition to hold when | degenerates to ,, a delta-measure at
o € supp(m). However, there are several possible implementations of this
idea. We start with the following one, which is a variation of the one used in
[29]:
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Definition 6.8 (MCP.(K, N)) A mm.s. (X,d,m) is said to satisfy
MCP. (K, N) if for any o € supp(m) and o € P2(X, d, m) with bounded
support, there exists v € OptGeo(uo, §,), such that for all ¢+ € [0, 1), if
Ut = (e;)#Vv then supp(u;) C supp(m), and:

_1
En () = /X T (Ao, 0))py Y (ro)m(dxo), (6.4)

where (o = pom.
The variant proposed in [57] is as follows:

Definition 6.9 (MCP(K, N)) Am.m.s. (X, d, m) is said to satisfy MCP (K, N)
if for any o € supp(m) and po € P2(X, d, m) of the form o = ﬁml_ A for
some Borel set A C X with 0 < m(A) < oo, there exists v € OptGeo(uo, 6,)
such that:

Lz s (e Ao )V o@p) Veelo 1l (65)

m(A) ’
Remark 6.10 Note that in [57] it was assumed in addition that supp(m) = X
and that (X, d) is a length-space, but (6.5) was only required to hold for
A C B(o, Dk ny—1) if K > 0; both our version and the one from [57] imply
that the diameter of supp(m) is bounded above by Dk n_ (this follows in our
version since tx y(0) = +00if @ > Dk ny—_1,and by [57, Theorem 4.3] in the
version from [57]), and also that supp(m) is a geodesic-space (see Lemma 6.12
below), and therefore both versions are ultimately equivalent.

When either the MCP (K, N) or MCP. (K, N) conditions hold for a given
o € supp(m), we will say that the space satisfies the corresponding condition
with respect to o.

Remark 6.11 The CD(K, N), CD;,.(K, N), MCP.(K, N) and MCP(K, N)
conditions all ensure that for all # € [0, 1], supp((e;)zv) C supp(m) for the
appropriate v € OptGeo(uo, £1) appearing in the corresponding definition.
Consequently, for a fixed dense countable set of times ¢ € (0, 1), y; € supp(m)
for v-a.e. y € Geo(X); since supp(m) is closed, this in fact holds for all
t € [0, 1],and hence y € Geo(supp(m)) forv-a.e.y € Geo(X),i.e.supp(v) C
Geo(supp(m)). It follows that (X, d, m) satisfies CD(K, N), CD;,.(K, N),
MCP. (K, N) or MCP(K, N) iff (supp(m), d, m) does.

The following simple lemma will be useful for quickly establishing that
(supp(m), d) is proper and geodesic:

Lemma 6.12 Ler (X, d, m) be a m.m.s. verifying CD(K, N), MCP,(K, N)
or MCP(K, N). Then (supp(m), d) is a Polish, proper and geodesic space.

@ Springer



54 F. Cavalletti, E. Milman

The same holds for CDj,.(K, N) if (supp(m), d) is assumed to be a length
space.

Proof Assupp(m) C X is closed, (supp(m), d) is Polish. It was shown in [57,
Lemma 2.5, Theorem 5.1] for MCP(K, N) (and hence MCP, (K, N)) and
in [74, Corollary 2.4] for CD(K, N) that these conditions imply a doubling
condition, so that every closed bounded ball in (supp(m), d) is totally bounded.
Together with completeness, this already implies that the latter space is proper.
By Remark 6.11, (supp(m), d, m) verifies the same corresponding condition
as (X, d, m). In particular, if (X, d, m) and hence (supp(m), d, m) verifies
CD(K, N),MCP.(K, N) or MCP(K, N), then for any x, y € supp(m), there
is at least one geodesic in supp(m) from B(y, &) N supp(m) to x; together
with properness and completeness, this already implies that (supp(m), d) is
geodesic. On the other hand, if (X, d, m) and hence (supp(m), d, m) verifies
CDjyc(K, N), the above argument shows that (supp(m), d) is complete and
locally compact. Together with the assumption that the latter space is a length-
space, the Hopf-Rinow theorem implies that it is proper and geodesic. O

Lemma 6.13 The following chain of implications is known.:
CD(K,N) = MCP.(K, N) = MCP(K, N).

Proof By Remark 6.11, we may reduce to the case supp(m) = X. Fixing ;o <
m with bounded support and 0 € X, let v® be an element of OptGeo(Lo, (t7)
satisfying the CD(K, N) condition for u§ = m(B(o, 8))_1m|_3(,,78). By
Lemma 6.1 (which applies since the space is proper by Lemma 6.12), {v®}
has a converging subsequence to v° € OptGeo(jo, 8,) as & — 0. The upper
semi-continuity of £y and the continuity of the evaluation map e, ensure that v°
satisfies the MCP, (K, N) condition (6.4). The second implication follows by
the arguments of [66, Section 5] (without any types of essential non-branching
assumptions). |

Remark 6.14 We will show in Proposition 9.1 that for essentially non-
branching spaces, MCP(K, N) implies back MCP. (K, N). We remark that
for non-branching spaces, the implication CD(K, N) = MCP(K, N) was
first proved in [74].

Many additional useful results on the structure of Wj-geodesics can be
obtained just from the MCP condition. The following has been shown in [29,
Theorem 1.1 and Appendix] (when supp(m) = X; the formulation below is
immediately obtained from Remark 6.11):

Theorem 6.15 ([29]) Let (X, d, m) be an essentially non-branching m.m.s. sat-
isfying MCP(K, N). Given any pair 1o, 1 € P2(X) with no < m and
supp(u1) C supp(m), the following holds:
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— there exists a unique v € OptGeo(ug, 1) and hence a unique optimal
transference plan between |1 and (L1,

— there exists amap S : X D Dom (§) — Geo(X) such that v = Sz o,

— foranyt € [0, 1) the measure (e;):v is absolutely continuous with respect
tom.

The following is a standard corollary of the fact that the optimal dynamical
plan is induced by a map (see e.g. the comments after [41, Theorem 1.1]); as
we could not find a reference, we sketch the proof for completeness.

Corollary 6.16 With the same assumptions as in Theorem 6.15, the unique
optimal transference plan v is concentrated on a (Borel) set G C Geo(X),
so that for all t € [0, 1), the evaluation map e;|c : G — X is injective. In
particular, for any Borel subset H C G:

(e)z(vim) = (e)e(W)Le,y V1 €10, 1).

Sketch of proof First, we claim the existence of X| C X with uo(X;) =1, so
the for all x € X, there exists a unique y € G, with yp = x. Otherwise, if
A C X is a set of positive pp-measure where this is violated, there are at least
two distinct geodesics in G, emanating from every x € A. As these geodesics
must be different at some rational time in (0, 1), it follows that there exists a
rational 7 € (0, 1) and B C A still of positive jo-measure so that both pairs
of geodesics emanating from x are different at time 7 for all x € B. Consider
ito = porp/mo(B) < m, and transport to time 7 half of its mass along one
geodesic and the second half along the other one (see e.g. the proof of [29,
Theorem 5.1]). The latter transference plan is optimal but is not induced by a
map, yielding a contradiction.

Now denote G := S(X1) (and hence v(G) = 1), so that the injectivity of
eolg is already guaranteed. To see the injectivity of e;|g for all t € (0, 1),
suppose in the contrapositive the existence of y!, y? € G with yll = ytz.
Denoting by 7 the gluing of y ! restricted to [0, 1] with 2 restricted to [, 1],
it follows by d’-cyclic monotonicity (see e.g. the proof of [14, Lemma 2.6]
or that of Lemma 3.7) that n € G, with ng = yol and n # p!. But this is in
contradiction to the definition of X1, thereby concluding the proof. O

6.3 Disintegration theorem

We include here a version of the Disintegration Theorem that we will use. We
will follow [18, Appendix A] where a self-contained approach (and a proof)
of the Disintegration Theorem in countably generated measure spaces can be
found. An even more general version of the Disintegration Theorem can be
found in [39, Section 452].
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Recall that given a measure space (X, 2, m), aset A C X is called m-
measurable if A belongs to the completion of the o -algebra 2", generated by
adding to it all subsets of null m-sets; similarly, a function f : (X, 2, m) — R
is called m-measurable if all of its sub-level sets are m-measurable.

Definition 6.17 (Disintegation on sets) Let (X, 2", m) denote a measure
space. Given any family {Xq},cp Of subsets of X, a disintegration of m on
{Xa}uep 18 @ measure-space structure (Q, 2, q) and a map

Osar—m, e P(X, 2)

so that

(1) for g-a.e. « € Q, my is concentrated on X;
(2) forall B € 2, the map o — my(B) is g-measurable;
(3) forall B € 2°, m(B) = [ my(B) q(da).

The measures m,, are referred to as conditional probabilities.

Given a measurable space (X, Z7) and a function Q : X — Q, with Q a
general set, we endow Q with the push forward o -algebra 2 of Z":

Ce2 < Q') e,

i.e. the biggest o-algebra on Q such that £ is measurable. Moreover, given a
measure m on (X, 2"), define a measure q on (Q, 2) by pushing forward m
via Q, i.e. q 1= Qs m.

Definition 6.18 (Consistent and Strongly Consistent Disintegation) A disin-
tegration of m consistent with Q : X — ( is a map:

Osar— m, e P(X, 2)

such that the following requirements hold:

(1) for all B € 27, the map o — my(B) is g-measurable;
(2) forall B € 2 and C € 2, the following consistency condition holds:

m (BN (0)) = /Cma(B) q(da).

A disintegration of m is called strongly consistent with respect to £ if in
addition:

(3) for g-a.e. ¢ € Q, my is concentrated on O Na);

@ Springer



The globalization theorem 57

The above general scheme fits with the following situation: given a measure
space (X, 2, m), suppose a partition of X is given into disjoint sets {Xq}oco
so that X = UyecpXo. Here Q is the set of indices and Q : X — Q is the
quotient map, i.e.

a=9(kx) < x € X,.

We endow Q with the quotient o -algebra £ and the quotient measure ¢ as
described above, obtaining the quotient measure space (Q, <2, q). When a
disintegration o — m, of m is (strongly) consistent with the quotient map £2,
we will simply say that it is (strongly) consistent with the partition. Note that
any disintegration o > my of mon a partition { X4 }oc o (as in Definition 6.17)
is automatically strongly consistent with the partition (as in Definition 6.18),
and vice versa.

We now formulate the Disintegration Theorem (it is formulated for proba-
bility measures but clearly holds for any finite non-zero measure):

Theorem 6.19 (Theorem A.7, Proposition A.9 of [18]) Assume that (X, 2", m)
is a countably generated probability space and that {Xy}qc g Is a partition of
X.

Then the quotient probability space (Q, 2, q) is essentially countably gen-
erated and there exists an essentially unique disintegration & — my consistent
with the partition.

If in addition 2 contains all singletons, then the disintegration is strongly
consistent if and only if there exists a m-section Sy € Z of the partition
such that the o -algebra on Sy, induced by the quotient-map contains the trace
o-algebra & NSy :={ANSm; A e 2}

Let us expand on the statement of Theorem 6.19. Recall that a o-algebra
A is countably generated if there exists a countable family of sets so that A
coincides with the smallest o -algebra containing them. On the measure space
(0, 2, q), the o-algebra 2 is called essentially countably generated if there
exists a countable family of sets Q,, C Q such that for any C € 2 there
exists C € 2, where 2 is the o-algebra generated by { Q) },eN, such that
q(CAC)=0.

Essential uniqueness is understood above in the following sense: if & —
and o > m2 are two consistent disintegrations with the partition then
= m2 for g-ae. @ € Q.

Finally, a set § C X is a section for the partition X = Uyeg X, if for any
a € 0, SN Xy is a singleton {x4}. By the axiom of choice, a section S always
exists, and we may identify Q with S viathemap Q > o = x4 € S. A set S,
is an m-section if there exists ¥ € 2" withm (X \ Y) = 0 such that the partition
Y = Ugeg, (Xo NY) has section Sy, where O = {a € Q; Xy NY # 0.

m

1
f
My
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As q = Qgm, clearly q(Q \ Om) = 0. As usual, we identify between Qn, and
Sm, so that now Qy, carries two measurable structures: 2 N O, (the push-
forward of 2" NY via Q), and also 2" N Sy, via our identification. The last
condition of Theorem 6.19 is that 2 N Oy, D Z N Sy, i.e. that the restricted
quotient-map Qly : (Y, 2" NY) > (Sm, 2 N Sy) is measurable, so that the
full quotient-map Q : (X, Z°) — (S, Z N S) is m-measurable.

We will typically apply the Disintegration Theorem to (E, B(E), mLEg),
where E C X is an m-measurable subset (with m(E) > 0) of the
m.m.s. (X, d, m). As our metric space is separable, B(E) is countably gen-
erated, and so Theorem 6.19 applies. In particular, when QO C R, E is a
closed subset of X, the partition elements X, are closed and the quotient-map
9 : E — Q is known to be Borel (for instance, this is the case when £ is
continuous), [72, Theorem 5.4.3] guarantees the existence of a Borel section S
for the partition so that 3 : E — S is Borel measurable, thereby guaranteeing
by Theorem 6.19 the existence of an essentially unique disintegration strongly
consistent with £.

7 Theory of L!-Optimal-Transport

In this section we recall various results from the theory of L'-Optimal-
Transport which are relevant to this work, and add some new information
we will subsequently require. We refer to [2,13,19,23,37,38,47,76] for more
details.

7.1 Preliminaries

To any 1-Lipschitz function # : X — R there is a naturally associated d-
cyclically monotone set:

I, ={(x,y) e X xX:ulx)—uly)=dx, y)}. (7.1)

Its transpose is given by Fu_l ={(x,y) e X x X :(y,x) € I',}. We define
the transport relation R, and the transport set T, as

R, :=T,Ul !, T, := PR, \ {x =y}, (7.2)

where {x = y} denotes the diagonal {(x, y) € X? : x = y} and P; the projec-
tion onto the i-th component. Recall that I',(x) = {y e X; (x,y) € Ty}
denotes the section of I', through x in the first coordinate, and similarly
for R, (x) (through either coordinates by symmetry). Since u is 1-Lipschitz,
Iy, T, I'and R, are closed sets, and so are I, (x) and R, (x). Consequently 7,
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is a projection of a Borel set and hence analytic; it follows that it is universally
measurable, and in particular, m-measurable [72].
The following is immediate to verify (see [2, Proposition 4.2]):

Lemma 7.1 Let (yo, y1) € I'y for some y € Geo(X). Then (ys, ;) € T'y for
all0<s <t <1.

Also recall the following definitions, introduced in [23]:

Ay ={xeT,:3z,wel,),( w) ¢ R},
A ={xeT, 3z, wel, (x), (@ w) ¢R,).

Ay are called the sets of forward and backward branching points, respectively.
Note that both A4 are analytic sets; for instance:

A+ = Pl({(x,z,u)) 67;4 x X x X: ()C,Z),()C,LU) S Fua (Z,U_)) ¢ Ru})a

showing that A is a projection of an analytic set and therefore analytic. If
x € Ay and (y, x) € I', necessarily also y € A (as [',(y) D I',(x) by the
triangle inequality); similarly, if x € A_ and (x, y) € I';, then necessarily
yeA_.

Consider the non-branched transport set

17 =T, \ (AL UAL),

which belongs to the sigma-algebra o (A) generated by analytic sets and is
therefore m-measurable. Define the non-branched transport relation:

Rl .= R, N (TP x T?).

It was shown in [23] (cf. [19]) that RS is an equivalence relation over ’Z;b and
that forany x € ’Z;b, R, (x) C (X, d)isisometric to a closed interval in (R, |-|).

Remark 7.2 Note that even if x € Tuh , the transport ray R, (x) need not be
entirely contained in ’Tuh . However, we will soon prove that almost every trans-

port ray (with respect to an appropriate measure) has interior part contained
: b
in7,.

It will be very useful to note that whenever the space (X, d) is proper (for
instance when (X, d, m) verifies MCP (K, N) and supp(m) = X), 7, and A+
are o -compact sets: indeed writing R, \ {x = y} = U.=oR, \ {d(x, y) > &} it
follows that R, \ {x = y} is o-compact. Hence 7, is o -compact. Moreover:

Av = Pi({0n 2 w) € Ty x (RS (x,2), (v, w) € T));
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60 F. Cavalletti, E. Milman

since (R,)¢ is open and open sets are F, in metric spaces, it follows that
{(x,z,w) € T, x (R : (x,2), (x,w) € '} is o-compact and therefore A
is o-compact; the same applies to A_. Consequently, 7;}’ and Rfj are Borel.
Now, from the first part of the Disintegration Theorem 6.19 applied
to (’Z;b , B(,];b),ml_fz'ub), we obtain an essentially unique disintegration of

megb consistent with the partition of ’Z;b given by the equivalence classes
{R}(@)},p of RY:

mLTszf my q(da)
)

with corresponding quotient space (Q, 2, q) (Q C ’];b may be chosen to be
any section of the above partition). The next step is to show that the disintegra-
tion is strongly consistent. By the Disintegration Theorem, this is equivalent to
the existence of a mz»-section QeB (’];b ) (which by a mild abuse of notation
we will call m—sectionbﬁ, such that the quotient map associated to the partition is
m-measurable, where we endow Q with the trace o -algebra. This has already
been shown in [19, Proposition 4.4] in the framework of non-branching metric
spaces; since its proof does not use any non-branching assumption, we can
conclude that

mI_Tb:/ my q(da), and for g-a.e.a € Q, mo,(Rff(oz)) =1,
“ o Jo

where now Q0 O Q € B(?;b) with O an m-section for the above partition
(and hence q is concentrated on Q). For a more constructive approach under
the additional assumption of properness of the space, see also [25, Proposition
4.8].

A-priori the non-branched transport set ’Z;b can be much smaller than 7,.
However, under fairly general assumptions one can prove that the sets A+ of
forward and backward branching are both m-negligible. In [23] this was shown
for a m.m.s. (X, d, m) verifying RCD(K, N) and supp(m) = X. The proof
only relies on the following two properties which hold for the latter spaces
(see also [25]):

— supp(m) = X.

— Given po, n1 € P2(X) with pg < m, there exists a unique optimal trans-
ference plan for the W»-distance and it is induced by an optimal-transport
map .

By Theorem 6.15 these properties are also verified for an essentially non-
branching m.m.s. (X, d, m) satisfying MCP (K, N) and supp(m) = X. We
summarize the above discussion in:
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Corollary 7.3 Let (X, d, m) be an essentially non-branching m.m.s. satisfying
MCP(K, N) and supp(X) = m. Then for any 1-Lipschitz functionu : X — R,
we have m(7, \ 7;}’ ) = 0. In particular, we obtain the following essentially
unique disintegration (Q, 2, q) of mLr,= megb strongly consistent with the

partition of 7;b given by the equivalence classes {RZ (o) }a 0 of Rfj :
mLz,= / my q(da), andfor g-a.e.a € Q, my(R2(a)) =1. (7.3)
0

Here Q may be chosen to be a section of the above partition so that Q D Qe
B (’Z;b ) with Q an m-section with m-measurable quotient map. In particular,
2 D B(Q) and q is concentrated on Q.

Remark 7.4 By modifying the definitions of A, A_ to only reflect branching
inside supp(m), it is possible to remove the assumption that supp(X) = m,
but we refrain from this extraneous generality here.

Remark 7.5 If we consider u = d(-, 0), it is easy to check that the set A
coincides with the cut locus C,, i.e. the set of those z € X such that there
exists at least two distinct geodesics starting at z and ending in 0. Hence the
previous corollary implies that for any o € X, the cut locus has m-measure
zero: m(C,) = 0. This in particular implies that an essentially non-branching
m.m.s. verifying MCP(K, N) and supp(m) = X also supports a local (1, 1)-
weak Poincaré inequality, see [69].

7.2 Maximality of transport rays on non-branched transport-set

It is elementary to check that I, induces a partial order relation on X:
y=ux < (x,y)el,.

Note that by definition:

x€A+,y2ux = y€A+,
XxXeEA_, y<,x = yeA_.

Recall that for any x € 7;1’ , (R,(x),d) is isometric to a closed interval in
(R, |-]). This isometry induces a total ordering on R, (x) which must coincide
with either <, or >, implying that (R, (x), <,) is totally ordered.

Lemma 7.6 For any x € ’Z;b, (Rg(x) = R,(x)N ’];b, d) is isometric to an
interval in (R, | - |).
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62 F. Cavalletti, E. Milman

Proof Consider z, w € R, (x) ﬂTub ;as (R, (x), <) is totally ordered, assume
without loss of generality that z <, w. Given y € R, (x) withz <, y <, w,
we must prove that y € 7;}’ . Indeed, since w >, y and w ¢ A, necessarily
vy ¢ Ay, and since z <, yand z ¢ A_, necessarily y ¢ A_. Hence y € ’Z;b
and the claim follows. O

Recall that given a partially ordered set, a chain is a totally ordered subset. A
chain is called maximal if it is maximal with respect to inclusion. We introduce
the following:

Definition 7.7 (Transport Ray) A maximal chain R in (X, d, <,) is called
a transport ray if it is isometric to a closed interval [ in (R, |-|) of positive
(possibly infinite) length.

In other words, a transport ray R is the image of a closed non-null geodesic
y parametrized by arclength on 7 so that the function u o y is affine with slope
1 on 7, and so that R is maximal with respect to inclusion.

Lemma 7.8 Given x € Tub, R is a transport ray passing through x if and only
If R = Ry(x).

Proof Recall that for any x € Tub , (R,(x),d, <,) is order isometric to a
closed interval in (R, |-|). As R, (x) is by definition maximal in X with respect
to inclusion, it follows that it must be a transport ray.

Conversely, note that for any transportray R we alwayshave R C Nyeg Ry (w).
Indeed, for any w, z € R, we have z <, w or z >, w, and hence by definition
(w,z) € Rysothatz € R,(w).If x € RN Tub, we already showed above that
R, (x) is a transport ray. Since R C R, (x) and R is assumed to be maximal
with respect to inclusion, it follows that necessarily R = R, (x). O

Corollary 7.9 If Ry and R, are two transport rays which intersect in ’];b then
they must coincide.

In this subsection, we reconcile between the crucial maximality property
of R, (a) which we will require for the definition of CD' in the next section,
and the fact that the disintegration in (7.3) is with respect to (the possibly
non-maximal) Rfj () = R, ()N 7;1’ . We will show that under MCP, for g-a.e.
o, the only parts of R, («) which are possibly not contained in ’Z;b are its end
points—this fact is the main new result of this section.

To rigorously state this new observation, we recall the classical definition
of initial and final points, a and b, respectively:

a:={xeT:PyeT, (y.x) €Ty, y#x},
b:={xeT:ByeTy (x,y) €y, y#x}.
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Note that

a="7,\ P]({Fu\{x =y,

so a is the difference of analytic sets and consequently belongs to o (A);
similarly for b. As in the previous subsection, whenever (X, d) is proper, a, b
are in fact Borel sets.

Theorem 7.10 (Maximality of transport rays on non-branched transport-set)
Let (X, d, m) be an essentially non-branching m.m.s. verifying MCP (K, N)
and supp(m) = X. Letu : (X, d) — R be any 1-Lipschitz function, with (7.3)
the associated disintegration of m_,.

Then there exists Q C Q such that q(Q \ Q) = 0 and forany a € Q it holds:
R, (@)\ TP caUb.
In particular, for every o € Q
Ru(@) = RE(@) D RY(@) D Ry(e)

(with the latter interpreted as the relative interior).

Proof Step 1. Consider the m-section Q from Corollary 7.3 sothat Q D Q €
B(Tub), 2 > B(Q) and q(Q \ Q) = 0. Consider the set

01 :={aecQ: R()\ T’ ¢ aUb).

The claim will be proved once we show that q(Q;) = 0. First, observe that
01=0nPI(RN (T x (A \ @ UA-\ 1)),

and therefore Q1 C Q is analytic; since 2 D B(Q), it follows that Q; is
g-measurable. Now suppose by contradiction that q(Q1) > 0.
We can divide O into two sets:

Of ={e e Qi:TW@)\T) Zb}, QO ={aeQ:I, (@\T} a}

Since Q1 = Ql+ UQ , withoutany loss in generality let us assume ¢ ( Q;r) > 0,
and for ease of notation assume further that 07 = Q.

Hence, for any o € Q1, there exists z € ', («) such that z ¢ 7;” and z ¢ b;
note that necessarily z € A_.Recall thatforalla € Q, R, («) and hence I', ()
are isometric via the map u to closed intervals, and hence ', («) \ ({a} U b) is
isometric to an open interval. Since I';, (o) N ’];b is isometric to an interval and
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contains «, it follows that for o € Q1, there exist distinct aq, by, € 'y (o) \ ’Z;b
so that

((be), u(ag)) C u(Ty(e) \ T2)

is a non-empty open interval. Moreover, we may select a, and by to be g-
measurable functions of Q1. To see this, consider the set ¥ := {(«, x, y) €
O xI'y:xe A_, (a,x) € Ty, d(x,y) > 0}, and observe that it is ana-
Iytic (being the intersection of analytic sets), and that P{(¥X) = Q;. By von
Neumann’s selection Theorem (see [72, Theorem 5.5.2]), there exists a o (A)-
measurable selection of X:

Q13 o — (da, ba),
and so in particular these functions are gq-measurable. It follows that
Q130 — uae), Q13a— uby),
are also o (A)-measurable and hence g-measurable. Possibly restricting Q1, by

Lusin’s Theorem we can also assume that the above functions are continuous.
Step 2. By Fubini’s Theorem

0< [ @)~ utuyaida) = [ afte e 01: utn) <1 < utan))dr.
Q1 R

Hence there exists ¢ € Rand Q1  C Q1 with q(Q1,) > 0, such that for any
a € Q1 itholds ¢ € (u(by), u(ay)); in particular for any o« € Q. there
exists a unique z, € ', () such that u(z,) = c. Furthermore, we can assume
that O . is compact, and hence by continuity of u(a,) it follows that

de >0 Vae Q1 ulay)—c>e.
Then define the following set:
A= {(.x,2) € Q1.e x Tyt (. x) € R, u(z) =c}.

Recall that R{j is Borel since (X, d) is proper, and therefore A is Borel.
Note by the aforementioned discussion that Pj(A) = Qi .. Also note that
for (@, x,z) € A, since R,(«) is isometric to a closed interval, necessar-
ily z = z,. Finally, we claim that P> 3(A) is d’-cyclically monotone: for
(x1,21), (x2,22) € P23(A) observe that

d(x1, z1) = u(xy) —u(z)) = u(x)) —c = u(xy) — u(z2) < d(xy, 22).
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Hence for {(x;, z;)}i<n C P2,3(A), setting z,4+1 = 21,

Z d?(x;, zi) < Z d?(xi, zit1),

i<n i<n

and the monotonicity follows. We can then define a function 7' by imposing
graph(7T) = P>3(A); note that P> 3(A) is analytic and therefore T is Borel
measurable (see [72, Theorem 4.5.2]).

Step 3. Consider now the measure

no = my q(da),
Ql,c

and since q(Q1,) > 0 it follows that no(X) > 0; note that ng is concentrated
on Dom (T') = Uyep, RS (). Hence there exists x € X and r > 0 such that
no(Br(x)) > 0, and we redefine ng to be the probability measure obtained by
conditioning 19 to B, (x). Clearly no < m. Finally we define n; := T} 9. By
Step 2 and Theorem 6.15, the map T is the unique Optimal-Transport map
between 1o and 7, for the W-distance (as it is supported on a d’>-cyclically
monotone set). Consider moreover v the unique element of OptGeo(ng, n1)—
then v-a.e. y it holds that

¥ € Dom (T) N B, (x) C T , u(y)=c , (yo. 1) € L.

It follows in particular by Lemma 7.1 that y; € I';,(yo) for all s € [0, 1].
Recalling that u(ay) —c > e foralla € Q1 , thata, < M by continuity on
01.c, and that the support of ng is bounded, it follows that there exists 7 € (0, 1)
such that v-a.e. y; € T,\7,” C Ay UA_.Sincem(A;UA_) = 0, necessarily
(e7)zv L m, but this is in contradiction with the assertion of Theorem 6.15
that (e;);v < msince 7o < mand 7 < 1. The claim follows. |

8 The CD! condition

In this section we introduce the CD' (K, N) condition, which plays a cardinal
role in this work. As a first step towards understanding this new condition, we
show that it always implies MCP. (K, N) (and MCP(K, N)), without requir-
ing any types of non-branching assumptions. By analogy, we also introduce
the MCP! (K, N) condition, which may be of independent interest.
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8.1 Definitions of CD! and MCP!

We first assume that supp(m) = X. Note that we do not assume that the
transport rays {Xy}oep below are disjoint or have disjoint relative interiors,
in an attempt to obtain a useful definition also for m.m.s.’s which may have
significant branching. However, throughout most of this work, we will typically
assume in addition that the space is essentially non-branching, in which case
an equivalent definition will be presented in Proposition 8.13 below.

Definition 8.1 (CD! (K, N) when supp(m) = X) Let (X, d, m) denote a
m.m.s. with supp(m) = X,let K € Rand N € [1,00], and letu : (X,d) —
R denote a 1-Lipschitz function. (X, d, m) is said to verify the CD;(K ,N)
condition if there exists a family {Xy}vcp C X, such that:

(1) There exists a disintegration of mcz, on {Xy}reo:
mLTH=/ my q(da), with my(Xy) =1, forg-ae.a € Q. (8.1)
0

(2) For g-a.e. @ € Q, X, is a transport ray for I';, (recall Definition 7.7).
(3) For g-a.e. @ € Q, m, is supported on X,,.
(4) For g-a.e. @ € Q, the mm.s. (X, d, my) verifies CD(K, N).

We take this opportunity to define an analogous variant of MCP:

Definition 8.2 (MCPbll(K , N) when supp(m) = X) Let (X, d, m) denote a
m.m.s. with supp(m) = X, let K € Rand N € [1,00], let 0 € X and
denote the 1-Lipschitz function u := d(-, 0). (X, d, m) is said to verify the
MCP;(K , N) condition if there exists a family {Xy}ocp C X, such that
conditions (1)—(3) above hold, together with:

(4’) For g-ae. « € Q, the mm.s. (X, d, my) verifies MCP(K, N) with
respect to 0 € Xy .

Remark 8.3 Note that when u = d(-, 0) then necessarily 7, = X (if X is not
a singleton). In addition (x, 0) € I';, for any x € X, and hence by maximality
of a transport ray, we must have o € X, for g-a.e. « € Q, and by condition
(3) we deduce that o € supp(my) for g-a.e. « € Q. As CD(K, N) implies
MCP(K, N) (in the one-dimensional case this is a triviality), we obviously
see that CD;(K, N) implies MCP;(K, N) for all u = d(-, 0).

We will focus on a particular class of 1-Lipschitz functions.

Definition (Signed Distance Function) Given a continuous function f :
(X,d) — Rsothat {f = 0} # @, the function

df : X — R, dy(x) = dist(x, { f = 0})sgn(f), 8.2)
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is called the signed distance function (from the zero-level set of f).

Lemma 8.4 dy is 1-Lipschitz on {f > 0} and {f < 0}. If (X, d) is a length
space, then dy is 1-Lipschitz on the entire X.

Proof Given x, y € X with f(x) f(y) > 0, the assertion follows by the usual
triangle inequality, valid for any metric space:

|dy(x) —dy(y)| = Idist(x, {f = 0}) —dist(y, {f = 0})| < d(x, y).

When f(x) f(y) < 0,and givene > 0,lety : [0, 1] — X denote a continuous
path with yp = x, y1 = y and £(y) < d(x, y) + €. By continuity, it follows
that there exists ¢ € (0, 1) so that f(y;) = 0. It follows that

|df(x) —dy(y)| = dist(x, {f = 0}) +dist(y, {f = 0})
<d(x,y) +dy, y) < €(y) <d(x,y) +e.

As ¢ > ( was arbitrary, the assertion is proved. O

Remark 8.5 To extend Remark 8.3 to more general signed distance functions,
we will need to require that (X, d) is proper, and in that case 74 s D X\{f =0}
Indeed, given x € X \ {f = 0}, consider the distance minimizing z € { f = 0}
(by compactness of bounded sets). Then (x, z) € Ry ; and as x # z it follows
that x € 7y .

We now remove the restriction that supp(m) = X and introduce the main
new definitions of this work:

Definition 8.6 (CD};,(K, N),CD'(K, N) and MCP' (K, N)) Let (X, d, m)
denote a m.m.s. and let K € Rand N € [1, oc].

- (X, d, m) is said to verify the CDlLip(K, N) condition if (supp(m), d, m)
verifies CD; (K, N) for all 1-Lipschitz functions « : (supp(m), d) — R.

— (X, d, m) is said to verify the CD'(K, N) condition if (supp(m), d, m)
verifies CD}, /,(K , N) for all continuous functions f : (supp(m),d) — R
sothat {f =0} # @ and dy : (supp(m), d) — R is 1-Lipschitz.

— (X,d,m) is said to verify MCP!'(K, N) if (supp(m),d, m) verifies
MCP;(K, N) for all functions u(x) = d(x, 0) with 0 € supp(m).

Remark 8.7 Clearly CDlLip(K, N) = CD'(K, N) = MCP'(K, N) in view
of Remark 8.3. Note that we do not a-priori know that ds is 1-Lipschitz,
since we do not know that (supp(m), d) is a length-space (see Lemma 8.4);
nevertheless, we will shortly see that the CD'(K, N) condition implies that
(supp(m), d) must be a geodesic space, and hence the sentence “so that d is
1-Lipschitz” is in fact redundant.
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Remark 8.8 By definition, the CDlLip, CD! and MCP! conditions hold for
(X, d, m) iff they hold for (supp(m), d, m). It is also possible to introduce
a definition of CD; and MCP! which applies to (X, d, m) directly, without
passing through (supp(m), d, m)—this would involve requiring that the trans-
port rays {X,} are maximal inside supp(m), and in the case of CD; would
only apply to functions u which are 1-Lipschitz on supp(m) (these may be
extended to the entire X by McShane’s theorem). Our choice to use a tauto-
logical approach is motivated by the analogous situation for the more classical
W definitions of curvature-dimension (see Remark 6.11) and is purely for
convenience, so as not to overload the definitions.

8.2 MCP! implies MCP,

Proposition 8.9 Let (X, d, m) be a m.m.s. verifying MCP!(K, N) with K €
R and N € (1, 00) (in particular, this holds if it verifies CDlLip(K, N) or
CD!(K, N)). Then it verifies MCP4 (K, N).

Proof We will show that (supp(m), d, m) satisfies MCP.(K, N), and con-
sequently so will (X, d, m). By Remark 8.8, we may therefore assume that
supp(m) = X. Fix any 0 € X and consider the 1-Lipschitz function
u(x) := d(x, 0). From MCP' (K, N) and Remark 8.5 we deduce the existence
of a disintegration of m on 7, = X along a family of Borel sets {X4}qe0:

m :/ My q(da), my(Xy) =1, forg-ae o € Q,
0

so that X, is a transport ray for I'y,, m, is supported on X, and (X, d, my)
verifies MCP (K, N) with respect to 0 € Xy, for g-a.e. @ € Q.

Now consider any (g € P(X) with g < m, sothat pg := % has bounded
support. By measurability of the disintegration, the function Q > @ > z4 1=
f,oo(x)mo,(a’x) is g-measurable, and hence Q ={xe Q; z4 € (0,00)} is
g-measurable. Clearly |, 5 Zaq(da) = f 0 Zeq(da) = 1 since zg < oo for
g-ae. o € Q.

Define ug := %poma € P(Xg) for all @ € Q. Since for g-a.e. « € Q,
the one-dimensional (non-branching) (X, d) contains o, there exists a unique
element v* of OptGeo(ug,d,) N P(Geo(Xy)) where Geo(X,) denotes the
space of geodesics in Xy. Define then

v :=/ V¥ze qlda), (8.3)

Q

and observe that (ep)gv = pom = wo and (e1)zv = &,. To conclude that
v € OptGeo(uo, 8,) we must show that r — (e;)sv =: u; is a Wa-geodesic.
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Indeed, for any 0 < s < ¢t < 1, consider the transference plan (e, €;)zv
between us and u;, yielding:

W2, 1) < /Q / @ e sz ade)
- /Q = [P e sy ade)
— (57 /Q | e omnza o)
=(t—s)° f f d*(x., 0)po(x)mg (dx) q(dor)
0 J Xy

=(t—s)° / d(x, 0) po(x)m(dx)
X

= (t — )*W3 (10, 8).

By the triangle inequality, it follows that ¢ — u; must indeed be a geodesic in
(P2(X), W>). Note that this property is particular to transportation to a delta
measure.

It remains to establish the MCP, inequality of Definition 6.8. Fix ¢t € (0, 1),
and recall that for g-a.e. @ € 0, the (one-dimensional, non-branching)
(Xy, d, my) verifies MCP(K, N) (and hence MCP, (K, N)),and as g < mg
and o € supp(my), in particular uf := (e/)z(v*) < mg. Applying e; to both
sides of (8.3), it follows that u; = (e;)(v) < m. Writing u; = p;m and
uy = pfm, for g-a.e. a € Q, the MCP,, condition implies that:

-
[ ' Fman = [ r,&‘,}ﬁ(d(x,o))(p‘);x)) g ()
X X

o

Vg —ae. a € Q. (8.4)

In addition, the application of e; to both sides of (8.3) yields the following
disintegration:

pm = [ pzmaq(da (8.5)
0
Now consider the set Y = {p; > 0}, and note that by (8.5):
/ P2 (x)my(dx) =0 Vg-ae. a € Q. (8.6)
X\Y
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1
Integrating (8.5) against p, ™ on Y = {p, > 0}, applying Holder’s inequality
on the interior integral for g-a.e. « € Q, using (8.6), employing the one-
dimensional MCP, inequality (8.4) and canceling z,, and finally applying
Holder’s inequality again on the exterior integral, we obtain

/m(x)“%m(dx):fm(x)“%m(dx)
X Y

= [ [ srwneo gz
0Jy

1

_N_ __1
> / ( / (p,“(x))“ﬁm(dx))” ( f p,<x)¥ma<dx>) Zoq(da)
Q Y Y
N __1
o -1 N-T N-1 N-T
= / ( / (p% (x)) Nma(dx>> ( f pr(x) W ma<dx)) Zeq(da)
o X X

(1-1) -4 NL
> | ([ W @ 00000 T mg(dx)
o0 \Ux

x (fx p,<x>¥ma<dx))w' q(dec)

> ( /Q /X r};fN’)(d(x,o))po(x)l‘%mudx)q(da))

_ 1
(/,/m(x)”T"ma(dx)q(da)) B
0 Jx

= (/Q /x T’(;;Vt) (d(x,00)p0 ()"~ ¥ mg (dX)q(doz)>

__1
(/ / pf(x>%ma(dx)q<da>> .
0Jx

N
- (fx f,?,‘N”(d(x,o))p()(x)l*%m(dx))w (

Holder’s inequality above in reverse form

[ 171181 do = (/Ifldw>a</ |g|dw)ﬁ,

which is valid as soon as @ + 8 = 1, B < 0, regardless of whether or not

lg| > 0 w-a.e..
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/p,(x)“%mux))_m,
X

where the last inequality above follows since pomy = 0 for ¢ € Q \ 0
and since the exponent on the second term is negative. Note that we applied
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Rearranging terms above and raising to the power of Y=l the desired
inequality follows:

/ (1) Vm(dx) > / Ty (d(x. 0)po(0)'Vm(dx).
X X

O

Remark 8.10 Note that the above proof shows that, not only does it hold
that supp(u;) C supp(m) for all ¢ € [0, 1), as required in the definition of
MCP, (K, N), but in fact u; < m.

Remark 8.11 Recalling that MCP. (K, N) always implies MCP(K, N), we
deduce that MCP! (K, N) implies MCP(K, N). In fact, a direct proof of the
latter implication is elementary. Indeed, let A C X be any Borel set with
0 < m(A) < oo, and denote g = ﬁml_/.‘. Recall that for g-a.e. « € 0,
0 € Xg,supp(my) = Xy and (X, d, my) verifies MCP(K, N). Defining v as
in (8.3) and continuing with the notation used there, it follows by uniqueness
of v* and the MCP condition with respect to the point 0 € X, that for any
Borel set B C X:

mo(8) = | TR @G0 ) (A ),

for g-a.e. o € Q. Integrating over Q we obtain
m(B) = / ma(B)a(da)
/ - f Ty Ao, 1)V me (A% (dy) a(de)
= / . )r}JN”(d(yo,y1)>Nm<A)v(dy),
and the claim follows.

As a consequence, we immediately obtain from Lemmas 6.12 and 8.4:

Corollary 8.12 Let (X, d, m) be a m.m.s. verifying CD' (K, N) with K € R
and N € (1, 00). Then (supp(m), d) is a Polish, proper and geodesic space.
In particular, for any continuous function f : (supp(m),d) — R with {f =
0} # 9, the function d¢ : (supp(m), d) — R is 1-Lipschitz.
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8.3 On essentially non-branching spaces

Having at our disposal MCP(K, N), we can now invoke the results of
Sect. 7 concerning the theory of L'-Optimal- Transport, and obtain the fol-
lowing important equivalent definitions of CD! (K,N), CDI(K ,N) and

MCP!(K, N) assuming that (X, d, m) is essentially non-branching.

Lip

Proposition 8.13 Let (X, d, m) be an essentially non-branching m.m.s. with
supp(m) = X. Given K € Rand N € (1, 00), the following statements are
equivalent:

(1) (X, d, m) verifies CDy; (K, N).
(2) For any 1-Lipschitz function u : (X,d) — R, let {Rg(a)}aEQ denote
the partition of 7;” given by the equivalence classes of RS. Denote by Xy

the closure RS (). Then all the conditions (1)—(4) of Definition 8.1 hold
Jor the family {X o}y e o- In particular, X4 = Ry () is a transport-ray for
g-a.e. @ € Q.

Moreover, the sets { X o }oc o have disjoint interiors {Iéfj (@)}aeq contained
in ’];b, and the disintegration (Q, 2, q) of miz, on{Xo}yeg givenby(8.1)
is essentially unique.

Furthermore, Q may be chosen to be a section of the above partition so
that Q S Q € B(’Tb ) with Q an m-section with m-measurable quotient
map, so that in particular 2 > B(Q) and q is concentrated on Q.

An identical statement holds for cD! (K, N) when only considering signed
distance functions u = dy.

An identical statement also holds for MCP! (K, N) when only considering the
functions u = d(-, o), after replacing above condition (4) of Definition 8.1
with condition (4°) of Definition 8.2.

Proof The only direction requiring proof is (1) = (2). Given a 1-Lipschitz
function u as above, we may assume that m(7,,) > 0, otherwise there is nothing
to prove. The CD! (K, N) condition ensures there exists a family ly, ﬂ} of
sets and a disintegration:

mi 7, = / mgp(dp) . with mg(Yp) =1, forp-ae. B € P,
P

so that for p-a.e. B € P, Y is a transport ray for I'y, (Yg, d, mg) satisfies

CD(K, N) and supp(mg) = Yg. By removing a p-null-set from P, let us
assume without loss of generality that the above properties hold for all 8 € P.

As CDL,p(K, N) = CD!(K, N) = MCP'(K, N) = MCP(K, N), and
as our space is essentially non-branching with full-support, Corollary 7.3
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implies that m(A4 U A_) = 0 and that there exists an essentially unique

disintegration (Q, £, q) of mL7, = mezs strongly consistent with the parti-
tion of 7 given by {RS (ot)}aeQ:

m|_7u=/ my q(da) with ma(Rfj(oc)) =1, forg-ae.a € Q. (8.7)
)

By Corollary 7.3, Q may be chosen to be a section of the above partition sat-

isfying the statement appearing in the formulation of Proposition 8.13. Again,

let us assume without loss of generality that ma(Rfj (@))=1forallax € Q.
By Theorem 7.10, there exists Q; C Q of full g-measure so that R, («) =

% D Rfj(oz) O Ry () forall o € Q1. In addition, since m(7;, \ ’Z;b) =0,
there exists P; C P of full p-measure so that mg (’];b ) =1forall B € P;.By
Lemmas 7.6 and 7.8, (Yg N ’Z;b, d) is isometric to an interval in (R, |-]), and
therefore (Y N72, d, (mg)er;b) still satisfies CD(K, N), is of total measure
1 and satisfies supp((mg)l_fub) =YgN TP, forall B € Py.

Now by Lemma 7.8, since Yg N 7;1’ # Y forall B € P, Yg = Ry(x) for
all x € Yg N 7;” . In particular, for all 8 € P, there exists a unique (since
Rfj is an equivalence relation on 7;}’ and by uniqueness of the section map)
a =a(B) € O sothat Yg = R, (). Denoting by Q C Q the set of indices o
obtained in this way, it is clear that Q if of full g-measure, since:

0=pP\P)=m|T/\ (] ¥
BePy

=m |77\ J R@®)|=a\0.
a(f): pep

Consequently, Q> := Q N Q is of full g-measure as well. Denoting P> :=

ol (Q2) and repeating the above argument, it follows that P, C Pj is of full

p-measure and satisfies that for all 8 € P, Yg = Ry () fora = a(B) € Q.
We conclude that there is a one-to-one correspondence:

n:Pr>p < aeQr whenever Yg ﬂ’];b = RS(a)(: R, (a) ﬂ’];b),

so both of these representations yield an identical partition (up to relabeling)
of the set

c=Jwnt)H= ] R(@.

BeP, aeQr
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Clearly m(’Z;b \ C) = 0 and so C is m-measurable. Therefore, by the above
two disintegration formulae:

mez=mic= [ mf)Lppdp) = f meq(da).
Py

()

After identifying between P, and Q> via n, it follows necessarily that
quo,= pLp, as they are both the push-forward of m.c under the partition
map (since (mg )Lrp and mg are both probability measures on 7,). Applying
the Disintegration Theorem 6.19 to (C, B(C), mL¢), we conclude that there
is an essentially unique disintegration of mL¢ on the above partition of C.
Consequently, there exist P3 C P, of full p-measure and Q3 = n(P3) C Q>
of full g-measure so that

P —
(mﬁ )‘—’];b— My

for all pairs (8, @) € P3 x Q3 related by the correspondence 1.
Recall that X, := Rfj (o). It follows that for all ¢ € Q3 (with corresponding
B € P3):

(1) Xo = R2(a) = Ry () is a transport ray.

2) (YpN TP, d, (mf)p) = (RE(@) = Xg,d, mg) satisfies CD(K, N)
with total measure 1.

(3) Consequently

qu—M:[ my q(da), (8.8)
0

is a disintegration on { Xy }yeq-

%) my, = (mg)LTMb is supported on Yg N 7P = Rb(a) = X,.

This confirms the 4 conditions of Definition 8.1, and the essential uniqueness
of the disintegration (8.8) readily follows from that of the disintegration (8.7)
and the arguments above.

Finally, by Lemma 7.6, since (R2(a) = R, (a) N 7,7, d) is isometric to
an interval in (R, |-]), then )o(a = ﬁft’(a) forall @ € Q. As {RZ(a)}aeQ are

equivalence classes, it follows that {)?a}aeQ is a family of disjoint subsets of
7. This concludes the proof for the case of CD}, , and cD'.

For MCPI, one just needs to note that if u = d(-, 0) then o € Yg for all
B € P (by Remark 8.3, since Y4 is a transport ray). Recalling the definition of
Py C P, since (Yg N Tub, d) is isometric to an interval and mg(Yﬂ N Tub) =1

for all B € Py, it follows necessarily that for those B, 0 € Yg N 7.0 and
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(YgNTP,d, (mg)l_Tub) still satisfies MCP(K, N) with respect to o and is of
full support. The rest of the the argument is identical to the one presented
above, concluding the proof. |

Recall moreover that we already derived several properties of W;-geodesics
in essentially non-branching m.m.s.’s verifying MCP(K, N). Hence from
Proposition 8.9 we also obtain all the claims of Theorem 6.15 and Corol-
lary 6.16, as well as all of the results of the next section, provided the m.m.s. is
essentially non-branching and verifies CD! (K,N)for N € (1, 00).

9 Temporal-regularity under MCP

In this section we deduce from the Measure Contraction and essentially
non-branching properties various temporal-regularity results for the map
t +— p:(y;) and related objects, which we will require for this work. By
Proposition 8.9, these results also apply under the CD! condition. While these
properties are essentially standard consequences of recently available results
and tools, they appear to be new and may be of independent interest.

As usual, we assume that K € Rand N € (1, co). We begin with:

Proposition 9.1 Ler (X, d, m) denote an essentially non-branching m.m.s.

Then the following are equivalent:

(1) (X,d, m) verifies MCP(K, N).

(2) (X, d, m) verifies MCP.(K, N).

(3) Forall ug, 1 € Pr(X) with ny < m and supp(iey) C supp(m), there
exists a unique v € OptGeo(uo, (1), v is induced by a map (i.e. v =
Sz (o) for some map S : X — Geo(X)), u; = (e)#v <K m for all
t €10, 1), and writing u; = pym, we have for all t € [0, 1):

_1 _ _1
e () = T N Do, vy Y (o) for v-ace. y € Geo(X),
9.1)

and (integrating with respect to v):

_1
ENGur) = / % v @00, vy ¥ (ro)v(@y). 9.2)

(4) For all g, 1 € Pa2(X) of the form = 6, for some o € supp(m) and
Ho = ﬁmu\ for some Borel set A C X with 0 < m(A) < oo, there
exists av € OptGeo(ug, (1) so that forallt € [0, 1), u; := (ep)gy K m
and (9.1), (9.2) hold.

Moreover, the equivalence (1) < (4) does not require the essentially non-
branching assumption.
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Remark 9.2 In fact, for essentially non-branching spaces, it is also possible
to add the MCP! (K, N) condition to the above list of equivalent statements.
Indeed, we have already seen in the previous section that MCP! (K, N) =
MCP, (K, N) without any non-branching assumptions. The converse impli-
cation for non-branching spaces follows from [19, Proposition 9.5] (without
identifying the MCP!(K, N) condition by this name), and it is possible to
extend this to essentially non-branching spaces by following the arguments of
[23, Proposition A.1].

Remark 9.3 Note that in (3), one is allowed to test any w1 with supp(u1) C
supp(m), notonly w1 = §, as in the other statements. By Theorem 6.15 (recall
that MCP, (K, N) implies MCP(K, N)), note that the MCP, (K, N) condition
is precisely equivalent to the validity of (9.2) for all measures 11, (1 € P2(X)
of the form p; = §, with o € supp(m) and g < m with bounded support.

Remark 9.4 While the equivalence (1) < (4) will not be directly used in this
work, it is worthwhile remarking that this is the only instance we are aware
of, where one can obtain information on the density along geodesics without
assuming or a-posteriori concluding some type of non-branching assumption.
Indeed, the proof of (1) = (4) relies on the (newly available) Theorem 3.11.

Proof of Proposition 9.1 (1) = (4). (supp(m), d) is proper and geodesic by
Lemma 6.12. Given ug and 1 = 6, as in (4), any v € OptGeo(ug, i41) is
concentrated on G, (where ¢ is the associated Kantorovich potential), and so
Theorem 3.11 implies that d(yy, y1) = ¢;(y;) for v-a.e. y. It follows that with
the notation of Sect. 3:

™z (e):(tx ¥ @0, vV v(@y)) = pr )Ty (4 ()Y m(dx).

The pointwise inequality between densities follows for m-a.e. x, and since
£; < oo (and hence t1(<1,7vt) (s (x)) > 0) for ¢t € (0, 1), this in fact implies that
(er)z(v) < m (withoutrelying on Theorem 6.15, which is unavailable without
the essentially non-branching assumption). Since (e;):(v) < m, the inequality
between densities is verified at x = y; for v-a.e. y. Noting that ﬁ = po(y0)
for v-a.e. y, (9.1) and hence (9.2) are established for wq, ;1 as above.

(4) = (1). This follows by applying (9.1) to uo = ﬁml_,; and up = 6,
raising the resulting inequality to the power of N, and integrating it against
VL{y,eB) for all Borel sets B C supp(y,), thereby verifying the MCP(K, N)
inequality (6.5).

(4) = (2). Let 0 € supp(m) and let uop = pom € P(X) with bounded
support. As (4) = (1), Lemma 6.12 implies that (supp(m), d) is proper, and
in addition the assertions of Theorem 6.15 and Corollary 6.16 are in force.
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Now, there exists an non-decreasing sequence { f'};en of simple functions,
that is

=3 Gxa >0, m(A >0, ALNAL =0, itk # .
k<n(i)

such that M6 = ,o(")m = %fim € P(X) is of bounded support, 7' :=
ffidm A1, f1 7 po pointwise, and ,uf) — o weakly, as i — o0. By
Theorem 6.15 there exists a unique v € OptGeo(ué, 8o), it is induced by a
map, and can be written as

4 1 . o
V= Z ;a,ﬁm(A}c)v,l(,
k<n(i)

with each v,i the unique optimal dynamical plan between /,Lf), (= ,o(i)v (M=

1 ' ' -
WmLA;{ and §,. Moreover, (e/)#v; L (et)#v} whenever k # j, forall ¢ €

[0, 1) by Corollary 6.16. Lastly, supp(vi) C Geo(supp(m)) by Remark 6.11.
It follows by (9.2) applied to v, that

1_1

entCenn) = [ ol oo (ph) " mi).

. AN s
Multiplying by (%a,’(m(A}()) ", summing over k, and using the mutual
singularity of all corresponding measures, we obtain

, . -4
Enl(epy’) = / oy @eo) (o) T m@n. 03

Passing to a subsequence if necessary, Lemma 6.1 implies that vi — v>® ¢
OptGeo(ug, 8,), and hence (e)av’ — (e))4v™. It follows by upper semi-
continuity of £y on the left-hand side of (9.3), and monotone convergence (and
z; — 1) on the right hand side, that taking i — oo yields the MCP.(K, N)
inequality (6.4). (2) = (3). By Remark 6.11, we may reduce to the case
supp(m) = X. In view of Remark 9.3, we first extend the validity of (9.2) by
removing the (immaterial) restriction that pg has bounded support. When
K > 0, supp(uo) is automatically bounded since MCP.(K, N) implies
MCP(K, N) which by Remark 6.10 implies a Bonnet-Myers diameter esti-
mate. When K < 0, we may weakly approximate a general ;o € P>(X, d, m)
by measures ,uf) <« m having bounded support and repeat the argument pre-
sented above in the proof of (4) = (2).
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The case of a general i € P>(X) with supp(e1) C supp(m) follows by
approximating 1 by a convex combination of delta-measures:

uil = Z a,iSOE; , 0;.( € supp(m) for k < n(i), and Z a,i =1;
k<n(i) k=n(i)

with Wz(uﬁ, nw1) — 0asi — oo. By Theorem 6.15 (recall again that
MCP.(K, N) implies MCP(K, N)), for each i there exists a unique v
OptGeo(jo, i), and we may write V' = stn(i) oz,’(v,’( so that

v,i € OptGeo((eo)#v,i, 80;-().

Moreover, as explained above, (e,)#v,"( 1 (et)#vj. whenever k # j, for all
t € [0, 1). Furthermore, as (eo)#v,i <« m (since (eg)av' = o = pom < m),
Theorem 6.15 implies that (e,)#v,i < mforallt € [0, 1). Writing (e,)#v,i =
,o,i’tm, the MCP, (K, N) condition implies for all 7 € [0, 1):

[ wman = [ 45 de o F wm.

Multiplying by (a,’;)lfl/ N summing over k and using the mutual singularity
of the corresponding measures, we obtain

En((engv’) = /X e (A, ) o ¥ () (0. ey (dxdy).

Passing as usual to a subsequence if necessary, Lemma 6.1 implies that v/ —
v>® e OptGeo(uo, 11), and hence (e;)sv' — (e;)#v™. Invoking the upper
semi-continuity of £y on the left-hand-side, and lower semi-continuity of the
right-hand-side (see [74, Lemma 3.3], noting that the first marginal of v’ is
fixed to be o = pom), (9.2) finally follows in full generality.

The density estimate (9.1) then follows using a straightforward variation of
[41, Proposition 3.1], where it was shown how the existence of (a necessarily
unique) transport map S may be used to obtain a pointwise density inequality
such as (9.1) from an integral inequality such as (9.2) (the statement of [41,
Proposition 3.1] involves an assumption on infinitesimal Hilbertianity of the
space, but the only property used in the proof is the existence of a transport
map S inducing a unique optimal dynamical plan).

Finally, (3) = (4) is trivial. This concludes the proof. O
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Corollary 9.5 Let (X, d, m) be an essentially non-branching m.m.s. verifying
MCP(K, N). Then with the same assumptions and notation as in Proposi-
tion 9.1 (3), there exist versions of the densities p; = %, t € [0, 1), so that
forv-a.e. y € Geo(X), forall0 <s <t < 1:

) N (v =) N
ps(ys) >0, (rK,N(d(Vo, yt))) < pi(yi) < (rK{N (d(ys, Vl)))

9.4)

(with 3 = 8 interpreted as 1 above). In particular, for v-a.e. y, the map
t — p:(y;) is locally Lipschitz on (0, 1) and upper semi-continuous at t = 0.

Proof Step 1. Given 0 < s < r < 1, observe that (restr});v is the unique
element of OptGeo(uy, i;); indeed w; is absolutely continuous with respect
to m and so Theorem 6.15 applies. In particular, we deduce that for each
0<s <t <1landv-ae.y:

1—
—1N_G=

)
/N > ps(¥s) TK.N d(ys, y1))»

Pr(ye) ™
with the exceptional set depending on s and . Reversing time and the roles of
Ws, s, we similarly obtain foreach 0 < s <t < 1 and v-a.e. y that:

1/N

ps ()N = o ()N (Ao, v

with the exceptional set depending on s and ¢ (the case s = 0 is also included
as the conclusion is then trivial). Note that given s € [0, 1), as ps(x) > 0 for
us-a.e. x, we have that ps(y5) > 0 for v-a.e. y. Altogether, we see that for
each0 <s <t < 1, forv-ae. y:

ps(ys) > 0,

) N (=) N
ps ) (TN @G0, 7)) = o) < s (T @) )

9.5)

with the exceptional set depending on s and 7.

Together with an application of Corollary 6.16, we deduce the existence of
a Borel set H C Geo(X) with v(H) = 1 such thate;|y : H — X is injective
for all + € [0, 1), and such that for every y € H, the double sided estimate
(9.5) holds for all s, r € [0, 1) N Q. We then define for¢ € [0, 1) and y € H:

lim, HnQas—r Ps(¥s) 1€ (0, 1)

0= o) r=0

’
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and p; = O outside of e, (H). By (9.5) we see thatforany y € H and¢ € (0, 1)
the above limit always exists, and so by injectivity of e;| g, 0; is well-defined.
Furthermore, (9.5) implies that for all y € H, p.(y.) satisfies (9.5) itself for all
0 < s <t < 1. Finally, for each ¢t € [0, 1) consider any sequence {s,} C Q
converging to ¢; then (9.5) is valid for v-a.e. y at ¢ and s,,, with the exceptional
set not depending on n. Taking the limit as n — oo implies o, (vy) = o, (y;).
Hence we have obtained that for each ¢ € [0, 1), for v-a.e. y:

P (1) = pr(V1),

with the exceptional set depending only on 7.

It follows that for all t € [0, 1), p;(x) = p;(x) for u;-a.e. x. As u; and m are
mutually absolutely continuous on {p, > 0}, it follows that p,m = p,1{,,~0ym
forallz € [0, 1).

Step 2. We now claim that for all t € [0, 1), m({p; = 0} Ne;(H)) = O.
This will establish that u; = p;m = p,m, so that p, is indeed a density of u,,
thereby concluding the proof.

Suppose in the contrapositive that the above is false, so that there exists
t € [0,1) with m({p; = 0} Ne;(H)) > 0. As e|y is injective, there exist
K C H suchthat K; :=¢;,(K) ={p; =0} Ne,(H).

Set Ky := eg(K) for all s € [0,1). We claim that m(K;) > 0 for all
s € (0, 1). Indeed, define n; := mcg,/m(K;) and set v := (e,|H);1nt and
ns 1= (es)gv. As v is concentrated on K C H C supp(v), it follows that
(restr})ﬁD must be an optimal dynamical plan between 7, and ;. As ; < m,
Theorem 6.15 implies that the latter plan is in fact the unique element of
OptGeo(ny, n1), and that n; << m for all s € [¢£, 1). As ny(K) = 1, it follows
that m(K;) > 0. If t > 0, a similar argument applies to the range s € (0, ¢].

However, by definition, for all s € [0, 1) N Q we have 0 < p; = ps on
es(H), and in particular on e5(K) = K. Choosing any s € (0, 1) N Q, we
obtain the desired contradiction:

0</ psm=us(Ks)=m(Kt)=/ prm = 0.
Ky

K:
This concludes the proof. O

Proposition 9.6 Let (X, d, m) be an essentially non-branching m.m.s. ver-
ifving MCP(K, N). Consider any o, w1 € Pr(X) with o < m and
supp(u1) C supp(m), and let v denote the unique element of OptGeo(ug, [L1).
Then for any compact set G C Geo(X) with v(G) > 0, such that (9.4) holds
forally €e Gand (0 <s <t < 1, we have forall s € [0, 1), m(es(G)) > 0,
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andforall0 <s <t < 1:

1—\V -
( ) o~ d(G)(1—9)/(N-DK

1—s
_ mEG) _ (5 >Ned(G)u—s>\/<N—1>K, (9.6)
—m(e(G)) T \s

where d(G) = sup{f(y): y € G} < oo and K~ = max{0, —K} (and with
% = g interpreted as 1 above). In particular, the map t — m(e;(G)) is locally

Lipschitz on (0, 1) and lower semi-continuous at t = Q.

Proof We proceed with the usual notation repeatedly used above. Fix s €
[0, 1). Since ug(es(G)) = v(G) > 0and uy < m, it follows that m(e; (G)) >
0. Define 1o := mLe (G)/m(es(G)).

By Corollary 6.16, there exists a Borel set H C G such thate; ! : e;(H) —
G is a single valued map and:

V(G\ H)=0, m(e(G)\es(H)) =0, 9.7

where the second assertion above follows since m and ug are mutually abso-
lutely continuous on {p; > 0}, and since our assumption (9.4) guarantees that
es(G) C {ps > 0}. Now consider:

= (resty 0 €7 )s(floLe (1) = / Srestl (e ! vy A0 (%) € P (Geo(X)).
es(H)

By construction and (9.7), (ep)yV = fto; define 1] := (e1)zV and note that
necessarily b € OptGeo(fio, fi1) (since b is still supported on ad® /2-cyclically
monotone set) and that it is induced by the map T := ej oe; !. Theorem 6.15
thenimplies that 1, = p,m <« mforallr € [0, 1). Note that /i, is concentrated
on the compact sete; (G) with ¢ := s +r(1 —s), and therefore m(supp(it,)) <
m(e;(G)). It follows by Jensen’s inequality together with the MCP(K, N)
assumption that:

mer(GNYY > m(supp(in) /Y = / 571 () m(dx)

> m(es (G)) /N / Ty v (d(x, T(x))) m(dx)

es(G)

> m(es (G) /N (1 = r)e=1=94@)r/ (N-DK~/N.
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where the last inequality follows from the lower bound (see e.g. [29, Remark
2.3]):

(1-r) M
(1 r)(e) - )< 1_1r( )) - (1 _r)e—era/(N—l)K_/N‘

Substituting r = %, the left-hand side of (9.6) is established. Reversing the
time, the right-hand side of (9.6) immediately follows, thereby concluding the
proof. O

The following two consequences of Proposition 9.6 will be required for
the proof of the change-of-variables formula in Sect. 11. Recall that for any
G C Geo(X),

D(G) :={(x,t) e X x[0,1]: x =y, y € G},

and that D(G)(x) = {t € [0,1]: x = y;, y € G} and D(G)(t) = {x €
X:x =y, y € G} = ¢/(G). To simplify the notation, we directly write
G (x) instead of D(G)(x).

Proposition 9.7 With the same assumptions as in Proposition 9.6, we have

foranyt € (0, 1):

I _
i £ (Gx)N(t—e,1+8)

=1 inL' .
Jm e in L' (e;(G), m)

The same result also holds for t = O if we dispense with the factor of 2 in the
denominator.

The proof follows the same line as the proof of [26, Theorem 2.1]. We
include it for the reader’s convenience.

Proof Fix t € (0, 1). Suppose in the contrapositive that the claim is false:

1 _
[ LY(Gx)N ;tg e, t+¢)) n(dx) > 0.

lim sup f
£—0 e (G)

Consider the complement G(x)¢ = {r € [0, 1] : x ¢ e;(G)}, and deduce the
existence of a sequence ¢, — 0 such that

m(dx) > 0. (9.8)

) / LUGE) N (t —en, t + 1))
lim
e (G) 2ep

n—oo
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Now let
E:={(x,5) €e(G) x(0,1); s € G(x)}

with E(x), E(s) the corresponding sections. By Fubini’s Theorem and (9.8)
we obtain that:

1
lim — m(E(s)) L (ds)
n—00 28n (t—en,t+en)

= lim Lm Q LYEN (e,(G) x (1 — en, t + €)))

n—o00 2¢g,

1
= lim — LYG@) N (1 —en, t + &) m(dx) > 0,

=00 28n Je,(G)
so there must be a sequence of {s, },en converging to ¢ so that m(E(s,,)) > «,
for some ¥ > 0. Repeating the above argument for the case ¢t = 0 with the

appropriate obvious modifications, the latter conclusion also holds in that case
as well. Note that

E(sp) = {x €e(G): x ¢ e5,(G)} = e (G) \ &,(G).
The compact sets ey, (G) converge to €;(G) in Hausdorff distance: indeed,
d(ys, ¥s,) < C|t — sp| where C := sup,, ¢ £(y) < 0o by compactness of G.
Hence, for each ¢ > 0 there exists n(g) such that for all n > n(e) it holds

e;(G)® D e, (G) (and vice-versa), where A° := {y € X ; d(y, A) <e}. It
follows that

m(e;(G)*) = m(e(G) \ &, (G)) +m(ey, (G)) = k + m(ey, (G)).

Taking the limit as n — oo, the continuity property of Proposition 9.6 (lower
semi-continuity if # = 0) implies that for each ¢ > 0:

m(e;(G)°) = k +m(e(G))

with « independent of ¢. Since m(e;(G)) = lim,_.om(e;(G)?) we obtain a
contradiction, and the claim is proved. O

Corollary 9.8 With the same assumptions as in Proposition 9.6, and assuming
that supp(m) = X, we have

viey (XD NG =0,
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where @ is an associated Kantorovich potential to the c-optimal-transport
problem from g to wy with ¢ = d2/2. In particular:

HiLxo= poLxo VYt € [0, 1).

Recall from Sect. 3 that G, C Geo(X) denotes the set of ¢-Kantorovich
geodesics, G(‘; denotes the subset of geodesics in G, having positive length,

and X0 = elo, 1](G8) denotes the subset of null geodesic points in X. Neces-
sarily v(Gy) = 1. The assumption supp(m) = X guarantees by Lemma 6.12
that (X, d) is proper and geodesic, so that the results of Part I are in force; by
Remark 6.11 this poses no loss in generality.

Proof of Corollary 9.8 Suppose by contradiction that v (e, ! X% n G(j) > 0.

By inner regularity, there exists a compact G C e, 'x%n G;f withv(G) > 0
verifying the hypothesis of Proposition 9.6 and therefore also the conclusion
of Proposition 9.7 for + = 0. In particular, for m-a.e. x € eg(G) C X 0 there
exists y € G C G("f and ¢t € (0, 1) (sufficiently small) such that x = y;.
But uo(eg(G)) = v(egl (eg(G))) = v(G) > 0, and hence m(ep(G)) > 0
as ;g < m. It follows that there exists at least one x € eg(G) as above, in
direct contradiction to the characterization of X° given in Lemma 3.15. Hence
we can conclude that v-almost-surely, e, ! (X9) is contained in the set of null
geodesics Gg. Fort € (0,1), et_l(XO) C Gg by Lemma 3.15, and so we
conclude that ;L yo= poLxo forall ¢ € [0, 1). O

Remark 9.9 When applying the results of this section, note that when both
Ho, 1 <K m, then by reversing the roles of 1o and 11, we in fact obtain all
the above results also at the right end-point r = 1.

10 Two families of conditional measures

The next two sections will be devoted to the study of W,-geodesics over
(X,d, m), when (X, d, m) is assumed to be essentially non-branching and
verifies CD!' (K, N). By Remark 8.8, we also assume supp(m) = X. We will
use Proposition 8.13 as an equivalent definition for CD' (K, N). By Proposi-
tion 8.9 and Remark 8.11, X also verifies MCP (K, N), and so Theorem 6.15
applies. In addition, it follows by Lemma 6.12 that (X, d) is geodesic and
proper, and so the results of Part I apply.

Fix o, w1 € P2(X,d,m), and denote by v the unique element of
OptGeo(o, 41). As usual, we denote u; := (e/)zv < mforall z € [0, 1],
and set

My =: prm Vt € [0, 1]
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Fix also an associated Kantorovich potential ¢ : X — R for the c-optimal-
transport problem from g to uy, with ¢ = d? /2. Recall that G, C Geo(X)
denotes the set of ¢-Kantorovich geodesics and that necessarily v(G,) = 1.
We further recall from Sect. 3 that the interpolating Kantorovich potential and
its time-reversed version at time ¢ € (0, 1) are defined for any x € X as

Ay
- (x) = yng( oy @(y),
oy,
@r(x) = ylfel;f( m —°(y) Vre(0,1),

with o9 = ¢p = ¢ and @1 = @1 = —¢°. By Proposition 3.6 we have, for all
t €(0,1), ¢/ (x) < ¢ (x), with equality iff x € e,(Gy).

It will be convenient from a technical perspective to first restrict v, by inner
regularity of Radon measures, Corollary 9.5 (applied to both pairs g, ;1 and
U1, o), Proposition 9.7 and Corollary 6.16, to a suitable good compact subset
G C Gg‘j with v(G) > v(G;j) — ¢. Recall that G;f was defined in Sect. 3 as
the subset of geodesics in G, having positive length, and note that the length
function £ : Geo(X) — [0, 0co) is continuous and hence is bounded away
from 0 and 0o on a compact G C G}

Definition 10.1 (Good Subset of Geodesics) A subset G C G'(; is called good
if the following properties hold:

G is compact;
there exists ¢ > 0 so that for every y € G:

c=ty)=1/c; (10.1)

forevery y € G, ps(ys) > Oforalls € [0, 1] and (0, 1) o s — p5(ys) is
continuous;

the claim of Proposition 9.7 holds true for G;

— The map e;|g : G — X is injective (and we will henceforth restrict e; to
G or its subsets).

Assumption 10.2 We will assume in this section and in Sect. 11.1 that v is
concentrated on a good G C G‘(’f.

We will dispose of this assumption in the Change-of-Variables Theorem 11.4.
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10.1 L! partition

For s € [0, 1] and a; € R, we recall the following notation (introduced in
Sect. 4 for G = G, but now we treat a general G C G, as above):

Gu, = Gy, 5 :i=1{y € G: os(¥5) = as}.

As G is compact and e; : G — X is continuous, e;(G) is compact. When
s € (0,1), s : X — R is continuous by Lemma 3.2, and hence G, is
compact as well.

The structure of the evolution of G, i.e.e[0,1](Gq,) = {y:: t € [0, 1], y €
G, }, will be the topic of this subsection, so the properties we prove below
are only meaningful for a; € ¢;(es(G)) (and moreover typically when
m(eq,11(Gg,)) > 0). It will be convenient to use a short-hand notation for
the signed-distance function from a level set of ¢, dy; := dy,—a, (see (8.2)).

Lemma 10.3 For any s € [0, 1] and a; € ¢5(es(G)) the following holds: for

eachy € Ggand0 <r <t <1, (yr, 1) € Uy, . In particular, the evolution
of G, is a subset of the transport set associated to d, :

€(0.11(Gq,) C 74, -

Proof Fix y € G4,. If s € [0, 1) then for any p € {¢; = as}:

d2 S c c - c d2 >
% =¢s(vs) + 9" (r1) = s (p) + 9" (Y1) < ¢s(p) +¢"(y1) < 2((11)_7;]))

by Lemma 3.3 and Proposition 3.6 (2), and hence d(ys, y1) < d(p, y1); the
latter also holds for s = 1 trivially. Similarly, if s € (0, 1] then for any

q € {os = as}:

d2 s /S d2 ’
T~ o)~ a0 = 060) — gl = S22 L),
s 2s

and therefore d(yp, ¥s) < d(yo, g), with the latter also holding for s = 0
trivially. Consequently, for any p, g € {¢s; = as}:

d(yo, y1) < d(y, p) +d(g, y1).

Taking infimum over p and ¢ it follows that:

d(y0, Y1) < da,(Y0) — da, (1),
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where the sign of d,; was determined by the fact that s > ¢, (yy) is decreasing
(e.g. by Lemma 3.3). On the other hand

da; (Y0) — dag (Y1) < d(y0, y1),

thanks to the 1-Lipschitz regularity of d,_ ensured by Lemma 8.4 since (X, d)
is geodesic. Therefore equality holds and (yp, y1) € I'q,, . The assertion then
follows by Lemma 7.1. m|

Next, recall by Proposition 8.13 applied to the function u = d,, that
according to the equivalent characterization of CDIi (K, N), the following dis-
integration formula holds:

mig, = / A9 4% (da), (10.2)
CJo

where Q is a section of the partition of ’Z:ilz ; given by the equivalence classes

{ Ré’a (@)}aco, and for §%-a.e. & € Q, the probability measure iy’ is sup-

ported on the transport ray X, = Rsa () = Rg, (o) and (Xq, d, mgy’) verifies
CD(K, N). It follows by Lemma 10.3 that

Mieg 11(Gay) = \/‘QﬁlZ{SLe[O,I](Gas) aa: (da). (10.3)

It will be convenient to make the previous disintegration formula a bit more
explicit. We refer to the “Appendix” for the definition of CD(K, N) density
and the (suggestive) relation to one-dimensional CD(K, N) spaces. Recall
that £, (ys) = €(y) forall y € G.

Proposition 10.4 For any s € (0, 1) and as; € ¢5(es(G)), the following dis-
integration formula holds:

Miep 11(Gay) = / G )gas (B, )# <h%§ : ['1‘—[0,1]) q% (dp), (10.4)
Cs(Uay

with g% a Borel measure concentrated on es(G,,) of mass m(eo,11(Gg,)),
8% 1e5(Gy,) x [0, 1] = X is defined by g*(B,t) = et(es_l(ﬁ)) and is Borel
measurable, for q%-a.e. B € e;(Gy,), hgs is a CD(£s(B)*K, N) probability
density on [0, 1] vanishing at the end-points, and the map e;(G,,) x [0, 1]
B, 1) — h%s ) isqg*» ® LIL[o,l]-measumble.

Proof We will abbreviate u = d, .
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Step 1. We claim that
Vy € Gy Yo € O, epo(¥) N RS (@) #0 = Ru(@) D ep(y).

Indeed, if x € ejp,1)(y), then R,(x) D eo,1)(y) by Lemma 10.3. But on the
other hand, R,(x) = R, («) for all x € Rfj (ar), since any two transport rays
intersecting in 7;}’ must coincide by Corollary 7.9. Hence, if 3x € ejg,1(y) N
Rfj (@), the assertion follows.

Step 2. We also claim that

vyl y? € Gy Ya e O, oy )NR@) #£0, i=1,2 = yl=y2

Indeed, since ¢ € Q C 7:,” then R, () is a transport ray by Lemma 7.8, and
since u = d,, is affine (with slope 1) on a transport ray, R, (o) must intersect
{ds, = 0} = {95 = a,}, and hence e;(G,, ), at most once. It follows by Step
1 that y! = 2, and so by injectivity of e5| : G — X, that y! = y2.

Step 3. Denote

G, =y € Gas T2 newn) 29},
o= {Ol € 0; R(a)Ne11(Gy) # @}-
We claim that there exists a bijective map:
n:QlaaHy“eGés,
for which
Rb (@) Nep,11(Gay) = T,) Nepo.(v®) = R (@) Nego,(v®).

Indeed, forallae € Q' there exists precisely one y € G, (andhencey € G zlzs)
so that Rfj(oz) Nep.11(y) # ¥ by Step 2. And vice versa, given any y € G;s,
there is at least one « € Q (and hence & € Q') so that RS () Nepo,11(y) # 9,
and it follows by Step 1 that e[ 1](y) C R, («) and hence 7;[7 Nep,11(y) C
RZ(oz); but this means that for all @ # 8 € Q, RS(,B) Nepo,17(y) = 9, since
{RS B) } 0 is a partition of Tub , implying the uniqueness of & € Q.

Moreover, we claim that the map n : (Q', B(Q") — (GL'ZS, B(GLIZS)) is
measurable. Indeed, recall that G, is compact, and since (X, d) is proper, 7;}’
and R? are Borel, and hence G;S is analytic. Then write:

A= Py, x, ) € TP x Gy x X x [0,1]; (y,x) € R2, x =y},

u
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and
graph(n) = AN (Q' x Go)) = AN (Q' x G}).

Note that A is analytic and that A(x) is either an empty set or a singleton for
all x € ’Z;b by Step 2 (and the fact that Ri’ is an equivalence relation on ’];b ).
It follows that for any B € B(G,,), both A} = Pi(A N (’Z:f’ x B))and Ay =
Pi(AN(T.? x (G, \ B))) are analytic, disjointand Q' = (Q'NA)U(Q'NA,).
By the Lusin separability principle [72, Theorem 4.4.1], there exists a Borel
subset B; C 'Tub containing A which is still disjoint from A,. Consequently
n N (BNGy)=n"'(B)=0'NnA = Q' n By € B(Q'), concluding the
proof that 1 is Borel measurable on Q.

Step 4. Recall that for all @ € Q of full §% measure, My is supported
on the transport ray R, (o) = RE(a) and (R, («), d, tg’) verifies CD(K, N).
Consequently, for such «’s, @’ gives positive mass to any relatively open
subset of R, () and does not charge points. It follows that for « € Q, since
e0.11(¥%) C R, () has non-empty relative interior, it holds that:

RV () Neo.1)(Gay) #0 &
1% (e10.11(Ga,)) = B (RO(@) Nejo,11(Ga,)
= 0% (R2 (@) Nepo. (™))
= mg* (efo,11(y*)) > 0.

In particular, Q' coincides up to a %-null set with the §%-measurable set
0% :={a e Q; My (e.1)(Gq,)) > 0}, and thus Q' is itself §* -measurable.
In fact, it is easy to see that Q! coincides with an analytic set up to a % -null-set.

Step 5. Recalling that e[o,1](G4,) C 7, by Lemma 10.3 and that m(7, \
’Z;b ) = 0 by Corollary 7.3, we obtain from (10.2) the following disintegration
of Miepy (G’

_ _ A ag ~dg
m‘—e[O,l](Gas)_ mL']:‘bﬁe[O.l](Gax)_ ,/Qma L'Z-ubﬁe[o,l](Gax) q (dOl)

A dg
N A My Lep1(y®) 4 A
= Mg Lerg 1 () 4% (dat) :/ —— @ (g0 17 (y¥)4™ (da),
meQl o Eony ono! My (e, 11(¥*)  *

where the last two transitions and the measurability of o > Mg’ (ejo,n(y%) >
0 follow from Step 4. For all « € Q N Q!, define the probability measure:

A as
— ay Mo Lepg 13(y*)

Cmg eo.1(v®)
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Since ejo,1;(¥*) is a convex subset of R,(«), it follows that the one-
dimensional m.m.s. (epo,1j(y%), d, mg') verifies CD(K, N) and is of full
support foralle € O N Q1 Similarly, define:

q* = mg (ero,1(¥*)NI“ L g1 (dav).

Step 6. Recall that our original disintegration (10.2) was on (Q, 2, q%), so
that there exists O C Q of full §% measure sothat Q € B (7, byand 2 > B(Q).
It follows that we may find 2 5 Q' ¢ Q' with §%(Q' \ Q') = 0 so that
2 > B(OY). Let us now push-forward the measure space (Q!, 2N Q!, §%)
via the Borel measurable map e; o n (by Step 3), yielding the measure space
(eg (G1 ), <, q%), which is thus guaranteed to satisfy ./ D B(S), where

S :=eson(Q") is of full q“ measure. Restricting the space to S and abusing
notation, we obtain (S, .7, %) with .# > B(S), implying that g% is a Borel
measure concentrated on S C e (G ) C e5(Gg,). Note that q%, g% and g%
all have total mass m(ejo,11(Gq,)).

Denoting m;ja := Mg, the disintegration from Step 5 translates to

m\—e[O,l](Gas):/ as q“ (dB).

es(Gag

Furthermore, for g%-a.e. B, the m.m.s. (e[o,l](es_l(ﬁ)),d,mgf) verifies
CD(K, N) and is of full support, and is therefore isometric to (I o0 fzasﬁl
L Ias) where I = [0, £,(B)] and ha* is a CD(K, N) probability dens1ty
on I * (see Deﬁmtlon A.1). To prevent measurability issues, we will use the

convention that A% vanishes at the end-points of I5°.
Step 7. Next, we observe that g% is Borel. Indeed, note that by injectivity
of eg:

graph(g®)=P123({ (B.1,x,y)€es(Ga) x[0, 1]1x X X Gy, ;
VSZIB ) J/t:x})-

As G, is compact, it follows that graph(g®) is analytic, and hence (see [72,
Theorem 4.5.2]) g% is Borel measurable.
Step 8. It follows that m%s = g% (B, ')ﬁ(h%sﬁl L[0.17), Where:

[0, 115 1 > R (1) 1= £(BYAY (145(B)).

Clearly h%s isnowaCD(¢,(B 2K, N) probability density on the interval [0, 1].
The only remaining task is to prove that the map e;(G,,) x [0, 1] 3 (B,1) —
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h‘;,“ () is g% ® ElL[o,l]-measurable. By measurability of the disintegration

(10.3) (recall Definition 6.18), the map Q > « > 1y (B) is §% -measurable
for any Borel set B C X. It follows that for any compact I C (0, 1), the map:

g g (€1(Ga,))
g, (€10,11(Ga,))

es(Ga) D S>3 B F(B) = /h‘/;*‘ (1)dt =
1

is~q“f -measurable, where a(8) := (es5 o n)_l(,B) is g% -measurable as a map
(S, 7, q%) — (Q, 2, q%) by the construction from Step 6. As h%s is con-
tinuous on (0, 1) for g%-a.e. 8, we know that for such 8 and all r € (0, 1):

1
hS (1) = lim — he (t)dr.
p e—0 2¢ [t—e,t+¢] P

It follows by [72, Proposition 3.1.27] that for all ¢ € (0, 1), the map
e h (1)

is g% -measurable. As for % -a.e. ,themap (0, 1) > ¢ hiﬁf (t) is continuous,

[72, Theorem 3.1.30] confirms the required measurability.

This concludes the proof. O

It will be convenient to invert the order of integration in (10.4) using Fubini’s
Theorem

Miep 11(Gag) = / gas (-, t)]j (hfls () - Clas) ‘Cl(dt)
[0,1]
We thus define

m = g (0 (1) - q")

so that the final formula is

Miejg 11(Gag) = o) m{* £ (dp). (10.5)

Remark 10.5 Since for q%-a.e. B, the CD(E?(,B)K, N) density h/ags must be
strictly positive on (0, 1) (see “Appendix”), by multiplying and dividing g%
by the positive g% -measurable function 8 h/ag" (s) (recall thats € (0, 1)), we
may always renormalize and assume that h‘é“ (s) = 1. Note that this does not
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affect the definition of m;* above. This normalization ensures that mg* = g%
so that

i 1= g% g (K0 - ). (106)

Remark 10.6 Note that since q“ is concentrated on e;(G, ), by definition mfs
is concentrated on e;(G,,) for all ¢+ € (0, 1). By Corollary 4.3, the latter sets
are disjoint for different #’s in (0, 1) (recall that s € (0, 1) and that G C G;f).
Formula (10.5) can thus be seen again as a disintegration formula over a
partition. In particular, for any s € (0,1) and 0 < 7,7 < 1 with t # 7, the
measures m;* and m7* are mutually singular.

Proposition 10.7 Forany s € (0, 1) and a; € ¢s(es(G)), the map
0,1) 3t m"
is continuous in the weak topology, we have
me.11(Gy,)) >0 = Ve (0,1) m®(e(Gy,)) >0,
and
Vi € [0, 11 m(e/(Ggy)) = [Im* || < C m(ego,1(Ga,)),

for some C > 0 depending only on K, N and ¢ > 0 from assumption (10.1).

Proof Recall that the definition of m;* does not depend on the last normal-
ization we performed, when we imposed that h%“ (s) = 1, so we revert to the
normalization that h%T isa CD(4; (,B)ZK , N) probability density on [0, 1], and
hence ||[q% || = m(e[o,1](G4,)). The second assertion follows since whenever
the latter mass is positive, by positivity of a CD(K, N) density in the interior
of its support (see “Appendix”):

Ve O0.1) i e(Go)) = i = [ @a%@p) > o

Similarly, it follows by Lemma A.8, the lower semi-continuity of h‘;,‘ at the

end-points (see “Appendix”), and assumption (10.1), that max,¢[o,1) h%s (1) is
uniformly bounded in a5 and g for g% -a.e. § by a constant C > 0 as above,
implying that

Vi e[0,1] |mf

= | @) - g

=Cla*

| = C m(ejo,11(Ga,)),

yielding the third assertion.
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Now note that the density (0,1) > ¢ + A% (¢t) is continuous (see
“Appendix”) for g% -a.e. 8, and the same trivially holds for the map [0, 1] 2
t — g%(B,1t). We conclude by Dominated Convergence that for any f €
Cp(X)and any ¢ € (0, 1):

tim [ 00 @) = fim [ @ o)k (00" @)

/ f(g* (B, 0))hy () q* (dB) = / fx)my (dx),
yielding the first assertion, and concluding the proof. O

10.2 L? partition

For each € (0, 1), we can find a natural partition of e;(G) C &,(G) consist-
ing of level sets of the time-propagated intermediate Kantorovich potentials
®! introduced in Sect. 4. Recall that the function ®’, (s, 7 € (0, 1)) was defined
as:
€2
PL=@ + (1 —5)=,
2

and interpreted on €;(G,) as the propagation of ¢y from time s to 7 along G,
ie. ®L = gso0e50 e; . In particular, for any y € G, @ (1) = ¢s(ys), and
e;(Gg,) Ne(Gp,) = ¥ as soon as as; # b, (see Corollary 4.1). It follows that
for any s,t € (0, 1), we can consider the partition of the compact set e;(G)
given by its intersection with the family {®! = a,},4 er; as usual, it will be
sufficient to take a; € ®%(e;(G)) = ¢5(es(G)).

Since @I is continuous, the Disintegration Theorem 6.19 yields the fol-
lowing essentially unique disintegration of mce,(G) strongly consistent with
respect to the quotient-map ®°:

Mie, (G)= / vy, g (das) (10.7)
vs(es(G))

so that for g§-a.e. ay, ™ is a probability measure concentrated on the set

e;(G) N {®! = ay} = e/(Gy,). By definition, g} = (®%)gmLe, (). To make
this disintegration more explicit, we show:

Proposition 10.8 (1) Foranys,t, t € (0, 1), the quotient measures q% and q}
are mutually absolutely continuous.

(2) Foranys,t € (0, 1), the quotient measure q’, is absolutely continuous with
respect to Lebesgue measure L' on R.
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Proof Recall that g} = (®L)smie, ().
(1) For any Borel set I C R, note that:

gD =m{y 1os(vs) €l,y €G}) >0
S w({yrios(ys) €l y € G)) >0,

since u; < m and its density p; is assumed to be positive on e;(G) where u;
is supported (see Definition 10.1). But u; = (e; o et_l)nﬂz, and so:

ey ios(vs) €,y € GY) = u ({yr s o5 (vs) € I,y € GY).

It follows that g% (1) > 0iff q7 (1) > 0, thereby establishing the first assertion.

(2) Thanks to the first assertion, it is enough to only consider the case t = s
in the second one. Recall that ®§ = ¢,. Then the claim boils down to showing
that m(gos_1 (I) Neg(G)) = 0 whenever I C ¢;(es(G)) is a compact set with
LY =0.

By compactness, we fix a ball B, (0) containing e;(G). Since ¢; is Lipschitz
continuous on bounded sets (Corollary 3.10 (1)), possibly using a cut-off Lip-
schitz function over B, (0), we may assume that ¢ has bounded total variation
measure || Dgs| (we refer to [54] and [9] for all missing notions and back-
ground regarding BV-functions on metric-measure spaces). From the local
Poincaré inequality (see Remark 7.5 and [54, page 992]) and the doubling
property (see Lemma 6.12 and recall that supp(m) = X), it follows that the
total variation measure of ¢; is absolutely continuous with respect to m, and
that

dc >0 c|Ves|m < [[Dgg| < [Vos|m (10.8)

(see [54, page 992] or [12, Section 4]), where

[Vos|(x) :=liminf sup M
=0 yeBs(x) b)

By [31, Theorem 6.1], the previous quantity in fact coincides in our setting
with the pointwise Lipschitz constant of ¢ at x, which in turn coincides with
Z:T(x) by [6, Theorem 3.6]; hence for x = y; we have |Vgq|(x) = £4(x). By
the co-area formula (see [54, Proposition 4.2]), for any Borel set A C B, (0):

400
f 10{ps > T}I(A)dt = || DgslI(A), (10.9)
—0o0

where ||0{¢s; > t}|| denotes the total variation measure associated to the set of
finite perimeter {¢s > t}. From [1, Theorem 5.3] it follows that ||d{¢s > T}||
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is concentrated on {¢; = t} and therefore, for any Borel set I C ¢;(es(G))
with £1(I) = 0, it follows by (10.9) and (10.8):

I D@s (o (1) =0, [Vos|m(p; (1)) = 0.

Since | V| = £5(x) > 0 on ez (G), it follows that m(<ps_1(1) Nes(G)) =0,
thereby concluding the proof. O

Remark 10.9 Inspecting the proof of Proposition 10.8, from the co-area for-
mula ([54, Proposition 4.2]) and the Hausdorff representation of the perimeter
measure ([1, Theorem 5.3]), it follows that for gi-a.e. a; € ¢s(es(G)) the
measure my, is absolutely continuous with respect to the Hausdorff measure
of codimension one (see [1] for more details).

Employing the previous proposition, we define:
m!, = (dq}/dL") R

obtaining from (10.7) the following disintegration (for every s, t € (0, 1)):
Mie (G)= / m;v »Cl(das)7 (10.10)
¢s(e5(G))

with mfls concentrated on e;(Gy, ), for Llae. ag € s (e5(G)).

We now shed light on the relation of the above disintegration to L?-Optimal-
Transport, by relating it to another disintegration formula for v, the unique
element of OptGeo(uo, #1). Observe that the family of sets {Gy,}a,er 1S
a partition of G and that G,, = {¢s oes = as}. Since the quotient-map
@s o es : Geo(X) — R is continuous and G is compact, the Disintegration
Theorem 6.19 ensures the existence of an essentially unique disintegration of
v strongly consistent with ¢ o ey:

V= / Vg, 0, (day), (10.11)
@s(es(G))
so that for q-a.e. a; € ¢s(es(G)), the probability measure v, is concentrated
on Gg,. Clearly g (¢s(e5(G))) = vl = 1.

Corollary 10.10 (1) For any s € (0, 1), the quotient measure q; is mutually
absolutely continuous with respect to q3, and in particular it is absolutely
continuous with respect to L.

(2) Foranys,t € (0,1) and L'-a.e. a; € ¢;(es(G)):

pr - Wy = gy (as) - (€)#Va,., (10.12)
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where q; = dq‘s’/dﬁl. In particular, mzs and (e;)#Vv,, are mutually
absolutely-continuous for q;-a.e. as € ¢s(es(G)).
(3) In particular, for any s € (0, 1) and q;-a.e. as € ¢5(es(G)), the map:

[0, 1131 — p - my,

coincides for Ll-a.e. t €0, 1] with the Wa-geodesic t — (e;)zv,, up to a
positive multiplicative constant depending only on as.

Proof Recall that uy; < m is supported on e;(G) and p; > 0O there (see
Definition 10.1), so that ;g and mve (G) are mutually absolutely-continuous.
Itimmediately follows that the same holds for (¢5)# s and g = (¢5)#MLe, (G)-
But:

(@s)#(s) = (@s)u((es)#v) = (@5 0 €5)u(v) = Cl}),

establishing (1).
Denoting the resulting probability density ¢" := dq”/d L', (10.11) trans-
lates to:

V= / q. (as)va, L' (day).
@5 (es(G))

Pushing forward both sides via the evaluation map e; given t € (0, 1), we
obtain:

prm = / q, (ag) - (e)#Va, LY (day),
ps(es(G))

with g; (ay) - (€;)#V,, concentrated on e; (G, ) for Llae. as € s (e5(G)). On
the other hand, multiplying both sides of (10.10) by p; (which is supported on
e;(G)), we obtain

prm = / Pr - My, £ (day),
s (e5(G))

with p; -mgs concentrated on e; (G, ) for Llae.as € @s(es(G)). By the essen-
tial uniqueness of the disintegration (Theorem 6.19), noting that ¢(es(G))
is compact, (10.12) immediately follows. As p; > 0 on e;(G) (see Defini-
tion 10.1) and g; (ay) € (0, 00) for q;-a.e. as € ¢;(es(G)), the “in particular”
part of (2) is also established.

Finally, by Fubini’s theorem, it follows that for each s € (0, 1) and q;-
ae. ag € @s(es(G)), (10.12) holds with g; (as) € (0, 00) for Lllae. t e
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(0, 1). Note that for q;-a.e. a; € ¢5(es(G)), the curve t = (&;)zvg, is a Wo-
geodesic (since vy, is concentrated on G,, C G). This establishes (3), thereby
concluding the proof. O

11 Comparison between conditional measures

So far we have proved, under Assumption 10.2, that for each s € (0, 1) we
have the following two families of disintegrations:

m‘—et(G):/ st L'(das) and mLe[O,l](Ga.v):/ m° £l(dr)
@s(es(G)) [0,1]

(11.1)

for each t € (0, 1) and each a; € ¢s(es(G)), respectively, corresponding to
the partitions:

{€:(Gay)asepsesG))  and  {e:(Gay)lre(,1)-

Moreover, both mgs and mfs are concentrated on e;(G,, ), for each ¢t € (0, 1)

for £'-ae. a5 € s (e5(G)), and for each a; € ¢s(es(G)) and all £ € (0, 1),
respectively, so that the above disintegrations are strongly consistent with
respect to the corresponding partition. In addition, we have by (10.6) and
(10.12) for all s, t € (0, 1) and a.e. a5 € ¢3(Gy,):

mf* = (e; oe; Ny (% (M), pml, = (e; 0 ey Dy(pemy). (11.2)

The goal of the first subsection, in which we retain Assumption 10.2, is

to prove that m;s and m;* are in fact equivalent measures. We will prove in
particular that for all s € (0, 1):

m = 9, P! mgs fora.e.t € (0,1), a5 € ¢5(Gg,). (11.3)

A heuristic formal argument for establishing (11.3) may be seen as follows.
Writing &% (x) = ®,(, x), we have:

e (Ga,) =& (G) N{x € X5 Oy, x) = as}
=¢,(G)N{x e X; (-, x) Nay) =1}.

Formally applying the coarea formula (assuming spatial regularity), we have:

de

m,* [V Dy (2, x)|

= oy = TR )]
my, |VXCDS(,X) (as)‘

@ Springer



98 F. Cavalletti, E. Milman

where the last transition follows by the implicit function theorem V,®; +
3@ - V& =0.

In the second subsection, we deduce the change-of-variables formula (1.6)
for the density along geodesics, discarding Assumption 10.2. An insightful
heuristic argument may be seen by combining (11.2) and (11.3) as follows:

h“?() (@)
A lems DL (y5) = 2" 0(y)?
s (75) rle s()/) v( ) )°.

Ile=®F () m"

OIS
Pt (yt) o1 y

s
PsMg

11.1 Equivalence of conditional measures

Recall that Assumption 10.2 is still in force in this subsection. We start with
the following auxiliary:

Lemma 11.1 Foreverys,t € (0, 1) and as € ¢s(es(G)), the following limit:

ds
m,’ = lim — mv
t es0 28 C[r— sH—s](Gas)

holds true in the weak topology. Moreover, for any f € Cp(X), the map
9s(es(G)) 3 ag — [y fm" is Borel.

Proof By Proposition 10.7, (0,1) > ¢ + m® is continuous in the weak
topology, and so together with (11.1), we see that for any f € Cp(X):

lim — f F@Mie, 1 0(Gay)(d2)

e—0 2¢

= hm—/ (/ f(z)mas(dz)>/l (dt) = /f(z)m (d2),
e—02¢e

thereby concluding the proof of the first assertion. For the second assertion,
given a compact set I C [0, 1], consider the compact set

K :={(x,t,y,a5;) € X x I X G X ¢5(5(G)): x =y, ¢s(¥s5) = as}.

Hence B := P1 4(K) = {(e/(Gy,), as) : as € ¢s(es(G))} is compact as well.
It follows by Fubini’s theorem that the map ¢;(e;(G)) > a5 — 1(Gur) fmis

Borel. Taking I = [t —e¢, t +¢], employing the first assertion, and recalling that
the pointwise limit of Borel functions is Borel, the second assertion follows.
O
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Remark 11.2 One may similarly show (employing an additional density argu-
ment) that for every s, ¢ € (0, 1) and Llae. ag € @s(es(G)), the following
limit:

t

my, = ;}Eﬂ) e ML (1) ~1[a,—¢,a5+£]Ne; (G)

holds true in the weak topology, but this will not be required.
We now find explicit expressions for the densities.

Theorem 11.3 Forany s € (0, 1),

mé =07 -mi  for L'-ae. a; € py(es(G)). (11.4)
Moreover, forany s € (0, 1) and Llaete€(0,1) including att = s, 9; P% (x)
exists and is positive for Llae. a5 € s (e5(G)) and mzs -a.e. x, and we have:

m =8, -m!  for Ll-ae. a; € p5(es(G)). (11.5)

ag

For the ensuing proof, it will be convenient to introduce the following
notation. For all #y € R and xo € X, denote
i Xox - (f,x) € R, X), 13 1Rt (t,x) € (R, X).

l}eoall that G(x) denotes the section {t € [0,1]; Iy € G, y;, = x} and
Gx)=G(x)N(O,1).

Proof of Theorem 11.3 Step 1. Fix s,t € (0,1). By Lemma 11.1 and the
boundedness of |m$*|| uniformly in a; and = € [0, 1] (see Proposition 10.7),
it is easy to deduce (e.g. by Dominated Convergence Theorem) the following
limit of measures on ¢;(es(G)) x X in the weak topology (i.e. in duality with

Cp(gs(es(G)) x X)):

) 1 t+e¢
/ 1 )zm*) £ (dag) = lim —/ f ) m®) £ (dag) £ (d7).
s (e5(G)) e>02¢ Ji—e Jou(e,(G))

Using Fubini’s Theorem and (11.1), we proceed as follows:

. 1
= lim — / (1) (Mie((r—e.14¢]) Gy L' (das)
£0 28 Jo, (es(G))

(as; x) S (ps(ex(G)) x X ;
vi=Xx,yY €G, o;(ys) =a5, T €(t —¢g,t+¢)

(as, x) € gs(es(G)) x X ;
as =®dI(x), T €t —&1+8)NGx)

1
= lim — (2!
51%25“ ®m)|_{
Loy
m— (L ®m)L
2e

=1
e—0
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= lim i(li)ﬁ(ch{cpg(x); tet—et+e)NGx)})m@dx). (11.6)

e=0 Ujr—t|<e€r (G) 2e

Moreover, we claim that it is enough to integrate on e;(G) above:

= lim i(@)ﬁ(ch{@;(x) cTe(—et4¢e) NG} mdx).
e—0 e/ (G) 2¢e

(11.7)

To see this, recall that by Proposition 4.4 (3) (relying on Theorem 3.11 (2)), the
map (t —¢&,t+¢)N é(x) 5> © — ®I(x) is Lipschitz with Lipschitz constant
bounded uniformly ine € (0,7/2 A (1 —1)/2) and x € Uz _;|€;(G) (recall
that for any y € G, £(y) < 1/c); we denote the latter Lipschitz bound by L.
Hence the family of measures

%L‘L{cb;(x) cTe(t—gt4+e)NGW)

is bounded in the total-variation norm by L, uniformly in & and x as above.
But by continuity:

lim m(Uje—rj<c€r (G) \ &(G)) =0,

and so we can modify the domain of integration in (11.6) yielding (11.7).
Step 2. Fixing x € e;(G), we now focus on the weak limit:

1 .
lim —L' (@7 (x); T e(t—e 1t +e)NG@)).
e—02¢

Recall that (t —¢,t+¢)N (c}(x) > 7 > @] (x) has Lipschitz constant bounded
by L, and moreover, is increasing by Proposition 4.4 (3). Now extend it to the
entire (0, 1) while preserving (non-strict) monotonicity and the bound on the
Lipschitz constant, e.g. <i>§ (x) = infre(t_&tﬂmé(x) Or(x) + L(t —r)4.
Then for any f € Cp(R), by the change-of-variables formula for (monotone)
Lipschitz functions:

1

— f(a) L' (da)
2 Jior(x) ; ret—et+0)NG ()}
1 “
= — (@ (x))d; L (x) L (d7)
2e Jt—e,1+6)NG(x)
1

=— (@ (x))d; @F (x) L (d7);
2e Jt—e,i+e)NG(x)
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the last transition follows since 7 = @ (x) is differentiable a.e. on Dy (x) and
hence 9, @} (x) = 9, D} (x)l(hg’t%mé(x) forae. 7 € (t —e¢, t—i—As) NG(x) by
Remark 2.1, and in addition since 9, ®? (x) |(t_8’t+€)ﬂGe(x) = 0. D! (x) for a.e.
Te(t—¢et+e)N (o?(x) by Remark 2.2. Recall that Proposition 4.4 ensures
that for all x € X, 9,P%(x) exists for Llae t e Go(x), including at t = s
if s € é(x) (in which case 9, @’ |;—; = Z?(x)). Moreover, Corollary 4.5 and

our assumption that G C G(j ensure that 9; ®’ (x) > 0 for Lllae. t e (o?(x),
including at t = s. Applying Fubini’s theorem, we have

0= / LYGE)\ [t € G(x): 30, P! (x) > 0})m(dx)
X
1
- / m(e,(G) \ {x € &/(G): 39, P’ (x) > 0D L (dr).
0

It follows that for £'-a.e. r € (0, 1), 9; @’ (x) exists and is positive for m-a.e.
x € e;(G) (including at t = s for all x € ez(G)).

Step 3. We now claim that for £'-a.e. t € (0, 1) including r = s, if f €
Cp(R) and ¥ € Cp(X) then

_ 1
lim [—f (@I ()3, @F (x) L (dT)
e=0Je,G) L26 J(t—e,146)0G ()

— f(@4(x)) 3P (x)] ¥ (x)m(dx) = 0.

To this end, we will show that for such ¢’s, both

1
L) = — / C(F@IM) — F(@L()) 3BT ()L (do),
28 J(t—e,146)NG (x)

and

IL (x) == f(P(x)) [i / 3P ()L (dr) - afcb§<x>] :
(t—e,t+e)NG(x)

2¢
tend to 0 in L'(e;(G), m) as ¢ — 0.

Step 4. To see the claim about I, since [3; 7 (x)| < L (uniformly in
Te(t—¢et+e)N (c}(x) and x € e;(G)), it is clear that limg_ol.(x) = 0
pointwise by continuity of f and é(x) 5> 7 > ®I(x) (see Proposition 4.4).
To obtain convergence in L'(e;(G), m), it is therefore enough to show by
Dominated Convergence that

1

% C (f@I0)) - f(@) L'dr) =C,  (11.8)
€ J(t—e,t4+)NG(x)
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uniformly in x € e;(G). Since f is uniformly continuous on the compact set
@s(es(G)), the uniform estimate (11.8) follows since (o?(x) 57T PI(x)is
Lipschitz on [§, 1 — &], with Lipschitz constant depending only on § > 0 and
an upper bound on {¢(y) ; ¥y € G} (see Proposition 4.4 (3) and Theorem 3.11
(2)).

Step 5. To see the claim about I, it is clearly enough to show that

3 1
I (x) := —/ ¥ PL(x) L (d7) — 8, DL (x)
2e J(—ei1e)nG(x)

— 0in L'(e;(G), m). (11.9)

Step 5a. We first establish (11.9) for Llae. t € (0,1) (independently of
f and W). Since 9, P (x) < L uniformlyint € (t —e,t +¢) N é(x) and
x € ¢;/(G), by Dominated Convergence, it is enough to establish pointwise
convergence in (11.9) for m-a.e. x € ¢;(G).

For every x € X, denote

Leb(x) :={t € é(x) ; tis a Lebesgue point of 7 afCIDf,(x)lé(x)(t)}.

By Proposition 4.4 (based on Theorem 3.11), we know that for every x € X,
the map 7 > 9, ®{ (x) isin L} (G(x)), and so by Lebesgue’s Differentiation

Theorem, £' (G (x) \ Leb(x)) = 0. Integrating over m and applying Fubini’s
Theorem, it follows that for £!-a.e. 7 € O, 1):

m(e;(G) \ {x € &/(G) ; tis aLebesgue point of T > 9, P} (x)lGo(x)(r)}) =0,

thereby establishing (by definition) the pointwise convergence in (11.9) for
m-a.e. x € ¢,(G).
Step Sb. We next establish (11.9) at ¢ = 5. Write

2¢

1
+65 (x) [—f - Lldo) - 1]
2e J(s—es+eNG )

The first expression tends to 0 pointwise for all x € X by Lemma 4.6, and
hence by Dominated Convergence also in L'(e;(G), m) (since | 0 D (x) | <L
and £;(x) < 1/c uniformly). The second expression tends to 0 in L He/(G), m)
by Proposition 9.7 and the uniform boundedness of E% (x).

- 1
I, (x) = —/ (8,0 (x) — £2(x) L1 (d7)
(s—e,s+e)NG(x)
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Step 6. In other words, we have verified in Steps 3-5 the following weak
convergence, for £!-a.e. t € (0, 1) including at r = s:

lim l(lﬁ)ﬁ(ﬁh{cb; (x); T e (t—et+e) NGK)}) mdx)
e—0 e/ (G) 2¢e

= / (12)2 (e ()3 P, (x) m(dx),
e (G)

where recall ®§(x) = ¢s(x) and 9, D’ |;—s = E?(x). Combining this with Step
1, we deduce that:

/ (1 )s(m®) L) (day) = / (12)2 (S )0y B! () m(dhx).
¢s(es(G)) e (G)

Integrating this identity against 1 ® vy with 1 € Cp(R) and ¢ € Cp(X), we
obtain:

/ ¥ (x) my (dx) L' (dag) = ¥ ()3, @ (x) m(dx)
04(e5(G)) Jes(G) &/ (G)

= f ¥ (x) 3, L (x)m!, (dx) L' (day),
vs(es(G)) e (G)

where we used that mfs is concentrated on €;(G,,) C e;(G) forallt € (0, 1)
and a; € ¢s(es(G)) in the first expression, and the disintegration (11.1) of
MLe, (G) in the last transition. In other words, we obtained for Lliae.r€(0,1)
including at t = s:

/ m® £ (day) = / 8@ ', £'(day).
9 (e:(G)) 05(e:(G))

Since mgs is also concentrated on e;(G,,) for all + € (0,1) and Llae.
as € ¢s(es(G)), the assertion follows by essential uniqueness of consistent
disintegrations (Theorem 6.19). Note that by Step 2, 9, @’ (x) exists and is
positive for Lliae.t € (0,1) including at t = s for m-a.e. x € ¢;(G), and so
by (11.1), the same holds for Llae. ag € s (e5(G)) and mgy—a.e. X. |

11.2 Change-of-variables formula

We now obtain the following main result of Sects. 10 and 11. At this time, we
dispense of Assumption 10.2.

Theorem 11.4 (Change-of-Variables) Let (X, d, m) be an essentially non-
branching m.m.s. verifying CDI(K, N) with supp(m) = X, and let g, |11 €
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Pr(X,d, m). Let v denote the unique element of OptGeo(ug, (41), and set
e = (e)gv K mforallt € (0,1).

Then there exist versions of the densities p; := du;/dm, t € [0, 1], so that
forv-a.e. y € Geo(X), (9.4) holds for all 0 < s <t < 1, and in particular,
forv-a.e. y, t — p; (1) is positive and locally Lipschitz on (0, 1), and upper
semi-continuous att = 0, 1.

Moreover, for any s € (0, 1), for L'-a.e. t € (0,1) and v-a.e. y € G;’,
Or lr= @ (1) exists, is positive, and the following change-of-variables formula
holds:

ot (Vr) N 3t|r=tq>:~(l/t) 1

ps (v5) 2wy

(11.10)

Here ¢ denotes a Kantorovich potential associated to the c-optimal-transport

problem between o and 1 with cost ¢ = d2/2, and @' denotes the time-

propagated intermediate Kantorovich potential introduced in Sect. 4; h;f‘; (ra)

is the CD(£(y)*K , N) density on [0, 1] from Proposition 10.4, after applying
the re-normalization from Remark 10.5, so that h;ﬁj (VS)(S) = 1. In particular,
for v-a.e. y € G, the above change-of-variables formula holds for L'-a.e.
t,s € (0, 1).

Lastly, for all y € Gg, we have

pi(y1) = ps(ys) Vt,s € [0, 1]. (11.11)

Recall that v is concentrated on G, = G('; UGY, where G;’ and Gg denote
the subsets of positive and zero length ¢-Kantorovich geodesics, respectively.
Note that 9 |;—; P’ (ys) = E?(ys) = Ez(y) by Proposition 4.4, so that together

with our normalization that h;/,)j(m(s) = 1, we see that both sides of (11.10)
are indeed equal to 1 for 7 = s.

Proof of Theorem 11.4 Step 0. As usual, by Proposition 8.9 and Remark 8.11,
(X, d, m) also verifies MCP (K, N), and so Theorem 6.15 and all the results of
Sect. 9 apply. We will use the versions of the densities given by Corollary 9.5.
On XY = e[o,l](Gg), we know by Corollary 9.8 that oL yo= (1L xo= tsLx0
forall # € [0, 1], and so if necessary, we simply redefine p;|xo := po|xo for
all € (0, 1], so that (11.11) holds. Note that by Lemma 3.15, this will not
affect (0,1) > ¢t +— ps(yy) forall y € G(‘;, and Corollary 9.8 (applied to the
pair u1, (o) ensures that the same is true for v-a.e. y € G;ﬁ att = 1.

Step 1. As explained in the beginning of Sect. 10, by inner regularity of
Radon measures, Corollary 9.5 (applied to both pairs o, 11 and wy, po),
Proposition 9.7 and Corollary 6.16, there exists a good compact subset G C
G S with v(G®) > v(G]) — ¢ for any ¢ > 0 (recall Definition 10.1). Of
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course, we may assume that G¢ is increasing as ¢ decreases to 0 (say, along
a fixed sequence). Fixing ¢ > 0 and a good G?, denote v® = G@) vLge and

¢ 1= (e;)sv® < m, so that all of the results of Sects. 10 and 11.1 apply to
v®. Note that by Corollary 6.16, we have that uf = ‘}(;G.g)(/_L[)Let(GS) for all
t € [0, 1], and therefore

& & &

Wy =pim, pf = ———pile, ey Yt €0, 1]

1
v(G*®)
Also note that as v is concentrated on G®* C Gy, ¢ is still a Kantorovich
potential for the associated transport-problem.

Step 2. Recall that by Corollary 10.10 (3), for each s € (0, 1) and g5 *-a.e.
as € ¢s(es(G*)), the map

81‘

0,137+ p -
coincides for £!-a.e.t € [0, 1] withthe geodesict — (e,)ﬁvjs up to a (positive)

constant C; depending on ay, where v is the conditional measure from the

disintegration in (10.11). Consequently, for such s and ay, for £'-a.e.t € [0, 1]
and any Borel H C G7, , the quantity

/ ,of(x)mi;t(dx) = Cgsf (e,)ﬁvjs(dx) CE ve (H)
e (H) e:(H)
(11.12)

is constant (where we used the fact that ¢;|g= : G® — X is injective).

By Theorem 11.3, for £'-a.e.r € (0, 1) and £L!-a.e. a; € (G%) (and hence
for q5”%-a.e. a, € ®s(G%) by Proposition 10.8), 9, P’ (x) exists and is positive
for mg;t—a.e. x, and mf’as = 9,P! - mZ;t. It follows that for those ¢ and a, for
which this representation and (11.12) hold true:

pg(x) g,a
C;ve (H) = / pe(x)me”(dx):/ J m;“(dx)  (11.13)
oy " e (i) B PL(X)

PEE(BD) i ea
g h . a d
‘/es(H) Orle= PT(g% (B, 1)) B (1) my™ (dB)

Pr (gaé (,3 t)) a 2 e,s
= h s K s d ’
/es(m Az lrms @I (g% (B, 1)) P O (Bm,; (dB)

where the second transition follows from our normalization and Remark 10.5,
ensuring that mg A= (g% (., ) (h® (tymy'®), and the last transition follows
from Theorem 11.3.
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Note that g and & above do not depend on ¢ > 0. For g, this follows
by its very definition as g% (B, t) = ¢ (es_l(,B)) (and the injectivity of es|g,
for all ¢ > 0). For A, this immediately follows by inspecting the proof of
Proposition 10.4, where h‘)ﬁj (t) was uniquely defined (for r € (0, 1)) as the
continuous version of the density of fg’ from (10.2) after conditioning it
on efo,17(y) and pulling it back to the interval [0, 1], where o € Ql’s was
bijectively identified with y € G&' via n®; as Q'¢ and G% ! clearly increase
as ¢ decreases to 0, with nngl,g/ = ns/ for0 < & < &/, we verify that 4 indeed
does not depend on ¢ > 0.

Step 3. As the left-hand-side of (11.13) does not depend on ¢, it follows that
for all s € (0, 1) and for q5*-a.e. a; € ¢;(es(G?)) (both of which we fix for
the time being), there exists a subset T C (0, 1) of full £! measure, so that for
all H C G

P (g% (B, 1))
es(H) Ocle=r PL(g% (B, 1))

T>t—

hig (043 (BYwg (dB)

is constant. As any Borel subset of e;(G,,) may be written as e;(H ), equality
of measures follows, and hence equality of densities for my*-a.e. 8. We have
therefore proved that for 7,1 € T':

P5 (Vi) O Lo @F (i)~ h% (1) = pf (V) Belr= DT (v)) ™ h (1),
(11.14)

for mg’-a.e. B € e;(G% ), where y = P =e1(B) = g% (B, ) € G, , with
the exceptional set depending on ¢, ¢’. Note that given 1’ € T, ¢ |,—y P! (yf )
indeed exists for mf,’ss—a.e. B e eS(GZS) by Corollary 10.10 (2).

It follows that for all 1 € T, for my’-ae. B € es(G% ), (11.14) holds
simultaneously for a countable sequence ¢’ € T* C T whichis densein (0, 1).
Taking the limit in (11.14) as T* > ¢/ — s, using Proposition 4.4 (5) which
entails:

lim delo—y ®F (1)) = 6(rf)? = L(yP)2,
T'>t'—s
employing the continuity of (0, 1) > ¢’ > A3 (¢'), our normalization hY; (s) =
1, and the continuity of (0, 1) > ¢ ,of, (yy) (as G? is good), it follows that
forall s € (0, 1), for q5°-a.e. a; € ¢;(es(G?)) and Llae. t e (0,1):

PE () E(y) > = pf (Y) Brle= @ (v)) ™ % (1) (11.15)

for mg*-a.e. B € es(G5), withy = e 1(B) € G, .
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Step 4. Recall that by Corollary 10.10 (2), mg,” and (e,);v} are mutually
absolutely continuous for q5*-a.e. a; € @;(es(G?)). It follows that for all
s € (0, 1), for q5°-a.e. ag € ;(es(G)) and Ll-ae.t € (0, 1), (11.15) holds
for v, -a.e. y. By Corollary 10.10 (1), note that q5*° and g5 are mutually
absolutely continuous, and hence the disintegration formula (10.11) implies
that for all s € (0, 1) and £'-a.e. 1 € (0, 1):

PE (L) = pf (1Y) (Br = @ () T hG W (1),

for v-a.e. y € G°, and in particular that 0. |,—; ®{ (y;) exists and is positive
for those s, ¢ and y. Taking the limit as ¢ — 0 along a countable sequence, it
follows for all s € (0, 1), £L'-a.e. 7 € (0, 1) and v-a.e. y € G(';, that

Ps (Y )E() 2 = pi(y) (Br = @ () hG 9 (1),

thereby concluding the proof of (11.10). As a consequence, an application of
Fubini’s Theorem verifies that for v-a.e. y € G‘J, (11.10) holds for £!-a.e.
s,t e (0,1).

O

Remark 11.5 Observe that all of the results of this section also equally hold
for @ in place of ®’. Indeed, recall that for all x € X, ®!(x) = ®!(x) for
te (o;(/,(x), and that by Corollary 4.5, 3, ® (x) = 9, (x) fora.e. t € (o;(p(x).
As these were the only two properties used in the above derivation (in particular,
in Step 2 of the proof of Theorem 11.3), the assertion follows.

Part III Putting it all together

12 Combining change-of-variables formula with Kantorovich 3rd
order information

Let (X, d, m) denote an essentially non-branching m.m.s. verifying CD'(k, N).
Let i, 1 € P2(X, d, m), and let v be the unique element of OptGeo(ug, 141)
(by Proposition 8.9, Remark 8.11 and Theorem 6.15). Recall that u; :=
(e)yv < m for all + € [0, 1], and we subsequently denote by p; the ver-
sions of the corresponding densities given by Theorem 11.4 (resulting from
Corollary 9.5). Finally, denote by ¢ a Kantorovich potential associated to the
corresponding optimal transference plan, so that v(G,) = 1.

12.1 Change-of-variables rigidity

Recall that by the Change-of-Variables Theorem 11.4, we know that for v-a.e.
geodesic y € G(‘; and for a.e. 1,5 € (0, 1), 9¢|r= D] () exists, is positive,

@ Springer



108 F. Cavalletti, E. Milman

and it holds that:

p) _ W)
ot (Vr) 8t|r=tq>§(yt)/£(y)2'

(12.1)

In fact, by Remark 11.5, the same also holds with ® in place of &, so that in
particular:

O o= P (¥1) = Ocle= ®{ (ys) forv-ae.y € G forae.r,5 € (0, 1).
(12.2)

Recall that given ¢, s € (0, 1), for o = ®, d and (= 0,0, respectively, &)2
was defined on D; as:

- 22
DL =@ + (1 —5)—,

2
and that by Proposition 4.4 (2), the differentiability points of ¢ — &Jg (x) and

t— 5,2 (x) coincide for all ¢ # s, and at those points:

72
3P (x) = 02 (x) + (t — s)at%t(x). (12.3)

It follows from (12.2) that for v-a.e. geodesic y € G("f and fora.e.r € (0, 1):

02 22 02 22
Har|r:t%(yt) s Har|r:t%(yt) s 8T|T=t?‘r(yl):8f|‘[=[7‘[(yt)' (12-4)

Alternatively, (12.4) follows directly by Lemma 5.6, in fact for v-a.e. y (not
justy € G(j).

Plugging (12.3) and (12.4) into (12.1), it follows that we may express the
Change-of-Variables Theorem 11.4 as the statement that for v-a.e. geodesic
y € G, we have:

Ps(Vs) . h;ej(%)(t)
pe(ve) _ ) dele=/20)
t (Vi 1+t —s) oL
hy " )
= 20 fora.e.r,s € (0, 1). (12.5)
1+ (- S)W

Note that the denominators on the right-hand-side of (12.5) are always positive
(when defined) forall ¢, s € (0, 1) by Theorem 3.11 (3). Fixing the geodesic y,
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we denote for brevity p(t) := p; (1), hs(t) := h;fj_(y“)(t) and Ko := K -E(y)z.
We then have the following additional information for v-a.e. y € G;f, by
Corollary 9.5 and Proposition 10.4, respectively:

(A) (0,1) >+ p(2) is locally Lipschitz and strictly positive.

(B) Foralls € (0, 1), hy isa CD(Ky, N) density on [0, 1], satisfying hs(s) =
1. In particular, it is locally Lipschitz continuous on (0, 1) and strictly
positive there.

Remark 12.1 1t is in fact possible to deduce (A) just from the Change-of-
Variables formula (12.5) and without referring to Corollary 9.5. This may be
achieved by a careful bootstrap argument, exploiting the separation of variables
on the left-hand-side of (12.5) and the a-priori estimates of Lemma A.9 in the
“Appendix” on the logarithmic derivative of CD(K(, N) densities. But since
we already know (A), and since (A) was actually (mildly) used in the proof
of the Change-of-Variables Theorem 11.4, we only mention this possibility in
passing. Note that Corollary 9.5 applies to all MCP(K, N) essentially non-
branching spaces, whereas the Change-of-Variables formula requires knowing
the stronger CcD' (K, N) condition.

Fix a geodesic y € G(j satisfying (12.5), (A) and (B) above. Let I C (0, 1) be
the set of full measure where (12.5) holds for all s € I. It follows from (12.5)

72 ~ —
W coincide a.e. on (0, 1) for both £ = ¢, £

with the same locally Lipschitz function ¢ + z4(¢) defined on (0, 1) \ {s}:

that foralls € I, ¢t +—

Ps(l)/s)h;e::(%)(t)pl(yt) —1

r—s

Zs(t) =

By continuity, it follows that the functions {z;},<; must all coincide on their
entire domain of definition with a single function ¢ +— z(¢) defined on (0, 1);
the latter function must therefore be locally Lipschitz continuous, and satisfy

_ Oele=rl3/2(r) _ Ocle=il7/2(r)
t(y)? t(y)?

z(1) forae.t € (0,1). (12.6)

By Theorem 5.5, which provides us with 3rd order information on intermediate-
time Kantorovich potentials, we obtain the following additional information
on z:

(C) (0,1) >t +— z(¢) is locally Lipschitz.
For any 6 € (0, 1/2), there exists Cs > 0 so that
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% > (1 — Cs(t — ) |z(s)| |z(0)]

VO<d<s<t<l-646<1.

In particular, /(1) > z>(¢) fora.e. t € (0, 1).

Remark 12.2 By Theorem 5.5, we obtain the following interpretation for
z(t)—it coincides for all ¢+ € (0, 1) with the second Peano derivative of
T — @:(y:) and of T — ¢ (y;) at T = t. In particular, these second Peano
derivatives are guaranteed to exist for all + € (0, 1) and are a continuous
function thereof.

We have already seen above how (12.5) enabled us to deduce (12.6),
thereby gaining (by Theorem 5.5) an additional order of regularity for
07 |,:t£$ /2(y (t)). The purpose of this section is to show that the combination
of the Change-of-Variables Formula:

p(s) hy(t)
pt) 1+ (t—9)z@)

fora.e.t,s € (0, 1), (12.7)

together with properties (A), (B) and (C) above, forms a very rigid condition,
and already implies the following representation for #}/[); we formulate this
independently of the preceding discussion as follows:

Theorem 12.3 (Change-of-Variables Rigidity) Assume that (12.7) holds,
where p, {h} and z satisfy (A), (B) and (C) above. Then

% =L(Y(@t) VYte(0,1),

where L is concave and Y is a CD(Kg, N) density on (0, 1).

12.2 Formal argument

To better motivate the ensuing proof of Theorem 12.3, we begin with a formal
argument.

Assume that the functions p and z are C? smooth and that equality holds in
(12.7) for all t, s € (0, 1). It follows that the mapping (s, t) > h4(¢) is also
C? smooth. Fix any ro € (0, 1), and define the functions L and Y by

r r
log L(r) := —/ z(s)ds , logY(r) :=/ 0t |t=s log hs(t)ds.

0 ro
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Note that by (12.7):
-
log p(ro) :/ 0t |s=s log &ds
p(r) "o p (1)

=/ Otlr=s loghs(t)ds—/ O¢lr=s log(1 + (t — 5)2(1))ds

0 0

=logY(r) +log L(r).

As already noted in Lemma 5.7, the concavity of L follows from (C), since

1

L
— = (log )" + ((log L)) =—7+72<0.
The more interesting function is Y. We have for all » € (0, 1):

(log Y)(r) = d|i=, log h, (1),
(log ¥)"(r) = 87 |,=r 10g 1y (t) + 353 |1=5= log h (7).

To handle the last term on right-hand-side above, note that by the separation
of variables on the left-hand-side of (12.7), we have by (C) again, after taking
logarithms and calculating the partial derivatives in ¢ and s:

asat|t:s:r 10g hs(t) = asat|t=s=r 10g(1 + (t - S)Z(t))
=—7(r) +22(r) <0. (12.8)

We therefore conclude that for all » € (0, 1):

(3 li=r log hy (1)) -

(log ¥)"(r) + R <

< 8|1 logh, (1) +

1 2
((logY) (1r)) Ko.

N —

where the last inequality follows from (B) and the differential characterization
of CD(Ky, N) densities (applied to A, (t) at t = r). Applying the characteri-
zation again, we deduce that Y isa (C 2_smooth) CD(Ky, N) density on (0, 1).
This concludes the formal proof that

p(ro)
p(r)

=L(r)Y(r) Vre (1),

with L and Y satisfying the desired properties. In a sense, the latter argument
has been tailored to “reverse-engineer” the smooth Riemannian argument,
where the separation to orthogonal and tangential components of the Jacobian
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is already encoded in the Jacobi equation, (B) is a consequence of the corre-
sponding Riccati equation, and (C) is a consequence of Cauchy—Schwarz (cf.
[74, Proof of Theorem 1.7]).

12.3 Rigorous argument

It is surprisingly very tedious to modify the above formal argument into a
rigorous one. It seems that an approximation argument cannot be avoided,
since the definition of Y above is inherently differential, and so on one hand
we do not know how to check the CD(K(, N) condition for Y synthetically,
but on the other hand Y is not even differentiable, so it is not clear how to
check the CD(Ky, N) condition by taking derivatives. The main difficulty in
applying an approximation argument here stems from the fact that we do not
know how to approximate {/,} and z by smooth functions {A§} and z°, so that
simultaneously:

— {h%} are CD(K( — &, N) densities;
— z% is a function of ¢ only, and not of s;
— and the separation of variables structure of (12.7) is preserved.

Our solution is to note that the main role of the separation of variables in the
above formal argument was to ensure that (12.8) holds, and so we will replace
the rigid third requirement with the following relaxed one:

— 050¢|i=s=r logh$(t) < Bse forallr € [§,1 —6]and 6 > 0.

Proof of Theorem 12.3

Step 1: Redefining /,(¢).

First, observe that there exists I, C (0, 1) of full measure so that forall s € Iy,
(12.7) is satisfied for a.e. t € (0, 1), and hence for all ¢ € (0, 1), since all the
functions p, {h} and z are assumed to be continuous on (0, 1). Unfortunately,
we cannot extend this to all s € (0, 1) as well, since there may be a null set of
s’s for which the densities /() do not comply at all with the equation (12.7).
To remedy this, we simply force (12.7) to hold for all s, ¢ € (0, 1) by defining

i L p(s)
s@) = —=(1+ @ —9)z@) s,t€(0,1), (12.9)
p(t)

and claim that for all s € (0, 1), hy is a CD(K, N) density on (0, 1). Indeed,
for s € Iy, hy = h, and there is nothing to check. If so € (0, 1) \ 7, simply
note that s (1) 1s locally Lipschitz in s € (0, 1) (since p(s) is), and hence

hsy(t) = lim hs(r) = lim hg(r) = lim he(r) Vi e (0, 1).
5§—>50

Iy25—s0 Iy5—s0
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But the family of CD(K(, N) densities on (0, 1) is clearly closed under point-
wise limits (it is characterized by a family of inequalities between 3 points),
and so hy, is a CD(K(, N) density, as asserted.

Step 2: Properties of z and {/,)}.

We next collect several additional observations regarding the functions z and
{ﬁs}. Recall that p (by assumption) and hs (asCD(Ky, N) densities) are strictly
positive in (0, 1). Together with (12.9) (or directly from (12.7)), this implies
that 1 4+ (t — s)z(t) > O forall ¢, s € (0, 1), and hence

D) -1 <z <& vre(D.

1—¢

In fact, we already knew this by Theorem 3.11 (3) but refrained from including
this into our assumption (C) since this is a consequence of the other assump-
tions. Furthermore

E) L ={te©01); 1t fzs(r) is differentiable at t = ¢ forall s €
(0, 1)} is of full measure.

Indeed, this follows directly from the definition (12.9) by considering the set
all points t where p(¢) and z(¢) are differentiable. In addition, we clearly have:

F)Veel,0,1)>s5— B,fzs(t) 1S continuous.

Step 3: Defining L and Y.
Now fix ry € (0, 1), and define the functions L, Y on (0, 1) as follows:

r

log L(r) := — / z(s)ds , logY(r) := / 3t |y—s log s (t)ds.
ro

ro

Clearly, the function L is well defined for all » € (0, 1) as z is assumed locally
Lipschitz. As for the function Y, (E) implies that 9;|;—s log ﬁs (1) exists for
a.e. s € (0, 1), and the fact that the latter integrand is locally integrable on
(0, 1) is a consequence of Lemma A.9 in the “Appendix”, which guarantees a-
priori locally-integrable estimates on the logarithmic derivative of CD (K, N)
densities.

Consequently, as in our formal argument, we may write (since log p is
locally absolutely continuous on (0, 1)):

p(ro) (7 p(s)
log” o) = / Oli=slog s

=/ Otlr=s logfts(t)ds—/ O¢lr=s log(1 + (t — 5)2(1))ds

0 0

=logY(r) +log L(r),
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and hence

p(ro)
p(r)

=L(r)Y(r) Vre(,1).

We have already verified in Lemma 5.7 that the property z'(s) > Z2(s) a.e. in
s € (0, 1) implies that L is concave on (0, 1), so it remains to show that Y is
a CD(Ky, N) density on (0, 1).

Step 4: Approximation argument

We now arrive to our approximation argument. Given €1, &2 > 0,1 € (&) 1=
€1) and s € (&2, 1 — &), define the double logarithmic mollification of A (¢)
by

log K512 (1) := //10gfly(x)%1(l — X)Ye, (s — y)dxdy,

where . (x) = élﬁ(x /€)and ¢ is a C2-smooth non-negative function on R
supported on [—1, 1] and integrating to 1. Since for all € (0, 1/2), we clearly
have by (12.9) (and, say, (D))

I-n pl-p B
f / ‘loghy(x)‘dxdy < 00,
n n

it follows by Proposition A.12 in the “Appendix” on logarithmic convolu-
tions that {15 ()} se(ey.1-e,) is @ C>-smooth (in (t, 5)) family of CD(Ko, N)
densities on (g1, 1 — &1).

Step 5: Concluding the proof assuming (H1) and (H2)
We will subsequently show the following two additional properties of the
family {3 (1)}

(H1) limg, o limg, 0 8;|=s log h"*2(t) = 8;|,=s log hy(t) fora.e.s € (0, 1).
(H2) V8 € (0,1/2) 3Cs > 0 Ve € (0, §] Ver, & € (0, ¢l:

350y r—s—r log hE12(t) < 2Cse Vr € [8,1 — 8]

Assuming these additional properties, let us show how to conclude the proof
of Theorem 12.3. Set ¢ = max(¢ey, &2), and assuming that ¢ < min(rg, 1 —rp),
define the function Y2 on (e, 1 — &) given by

r ~
log Y®1%2(r) := / O lr=s log h$1-*2(r)ds.

ro
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First, we claim to have the following pointwise convergence for all » €
0, 1):

lim lim log Y®"%2(r)
82—)081—)0
p

= lim lim [ 9= logh® 2 (t)ds

g—>0e1—0 "o

.
:/ 3 |r=s log hy(t)ds = log Y (). (12.10)
:

0

Indeed, the pointwise convergence of the integrands is ensured by property
(H1), and as soon as ro, r € (1, 1 — n) for some n > 0, we obtain by the a-
priori estimates of Lemma A.9 in the “Appendix” (since h;'**? isa CD(K(, N)
density on (, 1 — n) forall e1, &> € (O,n]ands € (n, 1 — n)):

Vi, s € [ro, r] Ver, e € (0,n] |8 logh¥2(t)| < C(r, ro, 1, Ko, N).

Consequently, (12.10) follows by Lebesgue’s Dominated Convergence theo-
rem.

Now Y¢é1:€2 ig C2-smooth, and so as in our formal argument, we have for
allr € (¢,1 —&):

(log Y*1%2) (r) = 3 |,=r log hE*2(1),
(log Ye12)" (1) = 82|, log he"*2 (1) + 850; |y—s—r log hE1°52(1).

As 782 is a CD(K(, N) density on (g, 1 — ¢), we know by the differential
characterization of such densities that

37 li=r log hE-22 (1) + (3 li=r log h{"*2(1))* < —Ko.

N —1

Combining this with property (H2), we conclude that for any § € (0, 1/2),
whenever ¢ = max(eq, &) € (0, min(rg, 1 — ro, %)):

(log Yo1€2)"(r) + w2 ((log Y¥1:2)(r))? < —Kg + 2Cse ¥r € [8, 1 — 4],

and hence Y4122 is a C2-smooth CD(Ky — 2Cs¢, N) density on [4, 1 — §].
Combining all of the preceding information, since (as before) the family
of CD(K(/), N) densities is closed under pointwise limits, we conclude from
(12.10) that Y isaCD(K¢—2Cse, N) density on [§, 1—38],forany § € (0, 1/2)
and ¢ € (0, min(rg, 1 —ro, %)). Taking the limit as ¢ — 0 and then as § — 0,
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we confirm that ¥ must be a CD(Ky, N) density on (0, 1), concluding the
proof.
It remains to establish properties (H1) and (H2).

Step 6: proof of (H1)
Giveny € (0, 1) and ¢ € (¢1, 1 — 1), denote

log 75! (1) := /mgiiy(x)wgl(z — x)dx

so that for every s € (2,1 — &2):
log h€1€2 (1) = / log 25! (1) Wre, (s — y)dy. (12.11)

By Proposition A.10 in the “Appendix”, fz‘;‘ isaCD(Ky, N) density on (g1, 1 —
e1) for all y € (0, 1). Consequently, Lemma A.9 implies that ¢ — log fzil ()
is locally Lipschitz on (g1, 1 — ¢1), uniformly in y € (0, 1):

sup
ye(0,1)

3 1ogfz;1(t)) < C(t, &1, Ko, N). (12.12)

In particular, it follows that we may differentiate in ¢ under the integral in
(12.11) atany 79 € (g1, 1 — &1):

Otli=1 log ilil’gz(f) = / Ot li=1o logﬁ‘;‘ (O Ve, (s —y)dy.  (12.13)

Now, by a standard argument (see Lemma 12.5 at the end of this section), we
know that the derivative of an e-mollification of a Lipschitz function converges
to the derivative itself, at all points where the derivative exists, namely:

Vig € I, Vy € (0,1)  1im 0;|1=s, log 25! (t) = 0|y, log ry (1).
e1—0

Together with (12.12) and (12.13), it follows by Dominated Convergence the-
orem that:

Vip e I, Vs € (e,1 —&p)

Jim 3ylry log {2 (1) = / Oli=ig 1og hy (1) ¥rey (s = y)dy.
1

@ Springer



The globalization theorem 117

But by property (F), we know that (0, 1) 3 y + 0;|;=, log fzy (1) is continuous
for all ¢y € I, and therefore taking the limit as e, — 0:

Vig € I, Vs € (0,1)  lim lim 9], log REVE2 (1) = 3y |y—yy log B (1).
—

82—)0 &1

By property (E), I, has full measure, thereby concluding the proof of (an
extension of) property (H1).

Step 7: proof of (H2)
We will require the following:

Lemma 12.4 Let 7 satisfy (C) and (D). Then for all § € (0, 1/2), there exists
Cs > 0, so that for all ¢ € (0, %],r el6,1 =68, r—ec<tij<th<r—+eand
r—e<sy <sy<r+eg, wehave:

(I+ (11 —sDz@)(1 + (12 — 52)z2(22))
S (I 4+ Cse(tr —t1)(s2 —s1)(A + (12 — s1)z2(82)) (1 + (11 — 52)2(21)).

Proof Opening the various brackets, the assertion is equivalent to the state-
ment:

(1) (s2 — s1) — 2(R) (52 — s1) + 2(1)z(12) (12 — 11) (52 — 51)
< Cse(ta —t1)(s2 — s + (12 — s z(22) (1 + (11 — s2)z2(11)),

and after dividing by (#, — #1)(s2> — s1), we see that our goal is to establish:

2(t)2(t) — % < Cse(1+ (12 — s)2())(1 + (11 — 52)2(0),

(12.14)
for an appropriate Cs. Note that the right-hand-side of (12.14) is always positive

by (D). Asmin(t;, 1 —t;) > 6 —¢ > %8, by our assumption (C), (12.14) would
follow from:

2@t 2(2)] B3s2e = Coe(l — 2e z(R) (1 — 2e |z(t)]),

or equivalently (assuming |z(#1)| |z(r2)| > O, otherwise there is nothing to
prove):

1 1
2B C -2 —2¢ . 12.15
=0 <|z<n>| 8) (Iz(tz)l 8) (1215
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But i > min(s, 1 —1;) > 25 by (D), and as e € (0, §1, we see that (12.15)
is ensured by setting:
32

— B3 o

Cs = 52 B3

Translating the statement of Lemma 12.4 into a statement for h s(t) using
(12.9), we obtain that for all § € (0, 1/2), there exists Cs > 0, so that for all
e e (0, %],r el[d,1 =96, r—¢e<t,s <r+eandAt, As € [0, €], we have:

log s (1) + log hypas(t + Al)
<loghs(t + At) +loghyyas(t) + 2Cse At As.

Integrating the above in ¢ against ¥, (r — ¢) and in s against ¥, (r — s) with
£1, & € (0, g], we obtain that under the same assumptions as above:

log hE%2(r) + log LV 2. (r + At)

<loghf"®(r + At) + loghy 2 (r) + Cse At As.

Exchanging sides, dividing by At > 0 and taking limit as Az — 0, and then
dividing by As > 0 and taking limit as As — 0, we obtain precisely:

050r lr=s=r 10g flfl €2 (1) < 2Cse,

thereby confirming (H2). O
For completeness, we provide a proof of the following lemma, used in Step
6 above.

Lemma 12.5 Let f be a locally Lipschitz function on an open interval I C R.
Let r denote a C'-smooth compactly supported function on R which integrates
to 1. Denote by Y. (x) = %w(x/e), & > 0, the corresponding family of molli-
fiers. Then:

Lim (f * Ye) (x) = f'(x),

at all points x € I where f is differentiable.

Proof Without loss of generality, assume that O € I, that f is differentiable at
0 and that f(0) = 0. Assume that ¥ is supported in [—M, M], and lete > 0
be small enough so that [—Me, Me] C I. Then:

(f %92 (0) = /fu+wmw@—ff@wmwy
xO
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where the differentiation under the integral is justified since f is locally Lips-
chitz. Integrating by parts (which is justified as f 1 is absolutely continuous),
we obtain

Me

M
Fev©=— [ FOIW. My = — / TCD .
Me -M &z

But for each z € [-M, M] \ {0}, lim._¢ fg—gzz) = f’(0), and since f is
Lipschitz on [—e M, e M], we obtain by Lebesgue’s Dominated Convergence
Theorem that

M M
lim (f % ) (0) = / FO)2y ()dz = F1(0) / v (@)dz = (0),
e— -M -M
as asserted. O

13 Final results

In this final section, we combine the results obtained in Parts I, II and the
previous section, establishing at last the Main Theorem 1.1 and the global-
ization theorem for the CD(K, N) condition. We also treat the case of an
infinitesimally Hilbertian space.

Throughout this section, recall that we assume K € Rand N € (1, o0).

13.1 Proof of the Main Theorem 1.1

Theorem 13.1 Let (X, d, m) be an essentially non-branching m.m.s. , so that
(supp(m), d) is a length space. Then:

CDyoc(K, N) = CDy,;, (K, N).

Proof By Remark 6.11, (X,d, m) satisfies CDy,.(K, N) if and only if
(supp(m), d, m) does. By Remark 8.8, the same is true for CDlLip (K, N).Con-
sequently, we may assume that supp(m) = X. By Lemma 6.12 we deduce that
(X, d) is proper and geodesic (note that this would be false without the length
space assumption above). Note that for geodesic essentially non-branching
spaces, it is known that CD;,.(K, N) implies MCP (K, N)—see [30] for a
proof assuming non-branching, but the same proof works under essentially
non-branching, see the comments after [29, Corollary 5.4]. Consequently, the
results of Sect. 7 apply.

Recall that given a 1-Lipschitz functionu : X — R, the equivalence relation
Rfj on the transport set ’Z;b induces a partition {RS (@)}aep Of 7;1’ . By Corol-
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lary 7.3, we know that m(7, \ Zf’) = 0 with associated strongly consistent
disintegration:

mLz, = mLgp= / my q(da), with ma(Rf(oz)) =1, forg-ae. o € Q.
u Q

It was proved in [27] that the CDy,.(K, N) condition ensures that for g-a.e.
a € Q, (R (), d, my) verifies CD(K, N) with supp(m,) = R («). Denoting
by X, the closure Rfj (o), Theorem 7.10 ensures that X, coincides with the

transport ray R, («) for g-a.e. « € Q. Consequently, all 4 conditions of the
CD;(K , N) Definition 8.1 are verified, and the assertion follows. |

Theorem 13.2 Let (X, d, m) be an essentially non-branching m.m.s. Then:
CD'(K, N) = CD(K, N).

Proof By Remark 8.8, (X,d,m) satisfies CD'(K,N) if and only if
(supp(m), d, m) does. By Remark 6.11, the same is true for CD(K, N). Con-
sequently, we may assume that supp(m) = X.

By Proposition 8.9 and Remark 8.11, X also verifies MCP(K, N), and
so Theorem 6.15 applies. Given g, 1 € P2(X, d, m), consider the unique
v € OptGeo(uo, (1), and denote p; := (e;)z(v) < mforall r € [0, 1]. Let
pr = du;/dmdenote the versions of the densities guaranteed by Corollary 9.5.

Denote an associated Kantorovich potential by ¢, and recall that v is concen-
tratedon G, = G U Gg, where G and Gg denote the subsets of positive and
zero length ¢-Kantorovich geodesics, respectively. The change-of-variables
Theorem 11.4 and Proposition 4.4 yield that for v-a.e. geodesic y € G(‘;:

ps(vs) he ) (1)
pr(ve) _ g dele=2/2(0)
t (Vi 1+ —s) T
hy " )
= TR0 fora.e.t,s € (0, 1). (13.1)
I+ - S)W

where for all s € (0,1), hy = h%" is a CD(Ko, N) density, with
Ko = £*>(y)K and hy(s) = 1. Together with Corollary 9.5, which ensures
the Lipschitz regularity (and positivity) of (0, 1) > t +— p;(y;), this verifies
assumptions (A) and (B) of Theorem 12.3. As explained in Sect. 12, the 3rd
order information on the Kantorovich potential ¢ asserted by Theorem 5.5
verifies assumption (C) of Theorem 12.3. It follows by Theorem 12.3 (and the
discussion preceding it) that the rigidity of (13.1) necessarily implies that for
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those y € G/ satisfying (13.1), it holds:

=L()Y(@) Yte(0,1),
0t (Vr)

where L is concave and Y is a CD(Ky, N) density on (0, 1). Noting that
,((of)) MO O’(a) (6€(y)), we obtain by a standard application of Holder’s
inequality that for any fo,t1 € (0, 1), ¢ € [0, 1] and ¢, = at; + (1 — @)1o:

P () = LV (1) Y ¥ (1)
> (aL) + (1 =)L) "
G zo|>Yﬁ<mo,?;,‘;>_l<m — DY ¥ (1)) T

1
ZOéNCfKON (o —t0)) v R LN(ll)YN(tl)
1 (1-= N-1 1 1
+ (=) Vol @ (It — o) F LV (10)Y ¥ (19)

N Nol -
:O‘NGI(((X}V (=1l (y)) v pth(th)

1 (1-a) Nolo—gy
+ (I —a)Vog v (0 — 10l €)™ oy ™ ()
—TKN(d(VtO,Vzl))ptlN()/tl)+f(l “)(d(ylo,yn»p,o Y)-
(13.2)

Using the upper semi-continuity of t — p,(y;) at the end-points t = 0, 1
ensured by Corollary 9.5 (as both o, #;1 <« m), we conclude that for v-
ae. .y € G;f, the previous inequality in fact holds for all 79, #; € [0, 1]. In
particular, for g = 0,#; = 1l and all ¢ € [0, 1]:

2 Y () = T A0, v)or T () + 243 @, vy Y ().
(13.3)

As for null-geodesics y € G0 (having zero length), note that r(v) ) ==
andthat [0, 1] 2 ¢ — p;(vr) remalns constant by Theorem 11.4, and therefore
(13.3) holds trivially with equality for all y € GS). In conclusion, (13.3) holds
for v-a.e. geodesic y, thereby confirming the validity of Definition 6.7 and
verifying CD(K, N). ]

As an immediate consequence of the previous two theorems, we obtain the
Local-to-Global Theorem for the Curvature-Dimension condition.
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Theorem 13.3 Ler (X, d, m) be an essentially non-branching m.m.s. so that
(supp(m), d) is a length space. Then:

CDloc(Kv N) — CD(K, N).

Remark 13.4 1t is clear that the above globalization theorem is false without
some global assumption ultimately ensuring that (supp(m), d) is geodesic.
Indeed, simply consider a CD(K, N) space, and restrict it to two dis-
joint geodesically-convex closed subsets of (supp(m), d) (each having pos-
itive measure)—the resulting space clearly satisfies CD;,.(K, N) but not
CD(K, N); it is also easy to construct similar examples where (supp(m), d)
is connected. In addition, as already mentioned in the Introduction, the glob-
alization theorem is known to be false without some type of non-branching
assumption (see [67]).

1

As an interesting byproduct, we also obtain that CD' and CD Lip

alent conditions on essentially non-branching spaces:

are equiv-

Corollary 13.5 Let (X, d, m) be an essentially non-branching m.m.s. Then.:
CD(K,N) <= CD'(K,N) <= CDj,,(K,N).

Proof CD 1Li »(K, N) is by definition stronger than CD'(K, N), which in turn
implies CD(K, N) by Theorem 13.2. But CD(K, N) implies its local version
CDjoc(K, N), as well as that (supp(m), d) is geodesic by Lemma 6.12. The
cycle is then closed by Theorem 13.1. O

Finally, we deduce a complete equivalence between the reduced and the
classic Curvature-Dimension conditions on essentially non-branching spaces.
Recall that the reduced version CD*(K, N), introduced in [14] (in the non-
branching setting), is defined exactly in the same manner as CD(K, N),
with the only (crucial) difference being that one employs the slightly smaller

UI(([)N (0) coefficients instead of the I(;)N (0) ones in Definition 6.4.

Corollary 13.6 Let (X, d, m) be an essentially non-branching m.m.s. Then:
CD*(K,N) <= CD(K, N).

Proof By definition CD(K, N) is stronger than CD*(K, N) (see [14, Propo-
sition 2.5 (1)]). For the converse implication, note that CD*(K, N) implies
that (supp(m), d) is proper and geodesic, by verbatim repeating the proof
of Lemma 6.12. Then we observe that CD*(K, N) = CDj,.(K~, N),
where CDj,.(K ~, N) denotes that (X, d, m) verifies CD;,.(K’, N) for every
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K’ < K (with the open neighborhoods possibly depending on K’). For non-
branching spaces, this was proved in [ 14, Proposition 5.5] (see also [34, Lemma
2.1]), but the proof does not rely on any non-branching assumptions. Then, by
Theorem 13.3, we obtain CD(K’, N) for any K’ < K. Finally, by uniqueness
of dynamical plans (see Theorem 6.15 and Lemma 6.13) and continuity of

rl((t,) v (@) in K, the claim follows. O

13.2 RCD(K, N) spaces

We also mention the more recent Riemannian Curvature Dimension condition
RCD*(K, N).Inthe infinite dimensional case N = oo, it was introduced in [7]
for finite measures m and in [4] for o -finite ones. The class RCD* (K, N) with
N < oo has been proposed in [40] and extensively investigated in [8,11,35].
We refer to these papers and references therein for a general account on the
synthetic formulation of the latter Riemannian-type Ricci curvature lower
bounds. Here we only briefly recall that it is a strengthening of the reduced
Curvature Dimension condition: a m.m.s. verifies RCD*(K, N) if and only if
it satisfies CD*(K, N) and is infinitesimally Hilbertian [40, Definition 4.19
and Proposition 4.22], meaning that the Sobolev space WL2(X, m) is a Hilbert
space (with the Hilbert structure induced by the Cheeger energy). Recall also
that the local-to-global property for the RCD* (K, N) condition (say for length
spaces of full support) has already been established for N = oo in [7, Theorem
6.22] for non-branching spaces with finite second moment, for N < o0 in
[35, Theorems 3.17 and 3.25] for strong RCD*(K, N) spaces, and for all
N € [1,00] in [10, Theorems 7.2 and 7.8] for proper spaces without any
non-branching assumptions.
We are now in a position to introduce the following (expected) definition:

Definition We will say that a m.m.s. (X, d, m) satisfies RCD(K, N) if it
verifies CD(K, N) and is infinitesimally Hilbertian.

We can now immediately deduce:
Corollary 13.7
RCD(K, N) <= RCD*(K, N).
Note that CD*(K, co) and CD(K, co) are the same condition, so the above

also holds for N = co.

Proof Since CD(K, N) is stronger than CD*(K, N), one implication is
straightforward. For the other implication, recall that RCD*(K, N) forces
the space to be essentially non-branching (see [68, Corollary 1.2]), and so the
assertion follows by Corollary 13.6. O
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Corollary 13.8 Ler (X, d, m) be an m.m.s. so that (supp(m), d) is a length
space. Then:

RCDy,.(K, N) <= RCD(K, N).

Proof One implication is trivial. For the converse, as usual, we may assume
that supp(m) = X by Remark 6.11. By Lemma 6.12, we know that (X, d) is
proper and geodesic (as usual, this would be false without the length space
assumption above). As the local-to-global property has been proved for proper
geodesic RCD* (K, N) spaces without any non-branching assumptions in [10],
it follows that:

RCDy,.(K, N) = RCD}, (K, N) = RCD*(K, N) = RCD(K, N),

where the last implication follows by Corollary 13.7. O

13.3 Concluding remarks

We conclude this work with several brief remarks and suggestions for further
investigation.

— Note that the proof of Theorem 13.2 in fact yields more than stated: not
only does the synthetic inequality (13.2) hold (for all #g, #; € [0, 1]), butin
fact we obtain for v-a.e. geodesic y the a-priori stronger disentanglement
(or “L-Y” decomposition):

o) =L,0)Y, ) Vie(,1), (13.4)

where L, is concave and Y, is a CD(E()/)ZK, N) density on (0, 1). As
explained in the Introduction, it follows from [34] that for a fixed y, (13.4)
is indeed strictly stronger than (13.2). In view of Main Theorem 1.1, this
constitutes a new characterization of essentially non-branching CD(K, N)
spaces.

— According to [35, p. 1026], it is possible to localize the argument of [68]
and deduce from a strong CDy,. (K, 0co) condition (when K -convexity of
the entropy is assumed along any W>-geodesic with end-points inside the
local neighborhood), that the space is globally essentially non-branching.
In combination with our results, it follows that the strong CD(K, N) con-
dition enjoys the local-to-global property, without a-priori requiring any
additional non-branching assumptions.

— It would still be interesting to clarify the relation between the CD(K, N)
condition and the property BM(K, N) of satisfying a Brunn-Minkowski
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inequality (with sharp dependence on K, N as in [74]). Note that by Main
Theorem 1.1, it is enough to understand this locally on essentially non-
branching spaces.

— It would also be interesting to study the CD' (K, N) condition on its own,
when no non-branching assumptions are assumed, and to verify the usual
list of properties desired by a notion of Curvature-Dimension (see [28,51,
74]).

— A natural counterpart of RCD(K, N) would be RCD! (K, N): we will
say that a m.m.s. verifies RCD'(K, N) if it verifies CD' (K, N) and it
is infinitesimally Hilbertian. Recall that an RCD(K, N) space is always
essentially non-branching [68], and hence Main Theorem 1.1 immediately
yields:

RCD(K, N) = RCD! (K, N).

The converse implication would be implied by the following claim which
we leave for a future investigation: an RCD! (K, N )-space is always essen-
tially non-branching.

— Inregards to the novel third order temporal information on the intermediate-
time Kantorovich potentials ¢, we obtain in this work—it would be
interesting to explore whether it has any additional consequences pertain-
ing to the spatial regularity of solutions to the Hamilton-Jacobi equation
in general, and of the transport map 7 ; = e; o € |(_;1 from an intermediate
time s € (0, 1) in particular (where G C G, is the subset of injectivity
guaranteed by Corollary 6.16). In the smooth Riemannian setting, the map
T ; is known to be locally Lipschitz by Mather’s regularity theory (see [77,
Chapter 8] and cf. [77, Theorem 8.22]). A starting point for this investiga-
tion could be the following bound on the (formal) Jacobian of T ;, which
follows immediately from (12.5), Theorem 3.11 (3) and Lemma A.9: for
Us-a.e. x, the Jacobian is bounded above by a function of s, ¢, K, N, [5(x)
only.
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A Appendix: One dimensional CD(K, N) densities

Definition A.1 A non-negative function % defined on an interval / C R is
called a CD(K, N) density on I, for K € R and N € (1, 00), if for all
xg,x1 € Iandr € [0, 1]:

h(txy + (1 = 1)xg) 1
1 — 1
> oy (161 — x0Dh )T + o ¥ (lx1 — xoDh (o) VT,
(recalling the coefficients o from Definition 6.2). While we avoid in this work
the case N = oo, it will be useful in this section to also treat the case N = oo,
whence the latter condition is interpreted by subtracting 1 from both sides,
multiplying by N — 1, and taking the limit as N — oo, namely:

log h(tx1 + (1 — £)x0)
> tlogh(x1) + (1 — ) log h(xo) + %(1 — )(x1 — x0)%

For completeness, we will say that & is a CD(K, 1) density on I iff K < 0
and 4 is constant on the interior of /.

Unless otherwise stated, we assume in this “Appendix” that K € Rand N €
(1, oo]. The following is a specialization to dimension one of a well-known
result in the theory of CD(K, N) mm-spaces, which explains the terminology
above. Here we do not assume that a m.m.s. is necessarily equipped with a
probability measure.

Theorem A.2 If h is a CD(K, N) density on an interval I C R then the
m.m.s. (1, -], h(¢)dt) verifies CD(K, N). Conversely, if the m.m.s. (R, |-|, )
verifies CD(K, N) and I = supp(u) is not a point, then u < L' and there
exists a version of the density h = du/dL" which is a CD(K, N) density on
I.

Proof The first assertion follows from e.g. [74, Theorem 1.7 (ii)], and the
second follows by considering the CD(K, N) condition for uniform measures
o, 11 on intervals of length € and a¢, respectively, letting ¢ — 0, employing
Lebesgue’s differentiation theorem, and optimizing on o > 0 (e.g. as in the
proof of [30, Theorem 4.3]). O
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Let 1 be a CD(K, N) density on an interval I C R. A few standard and
easy consequences of Definition A.1 are:

e K is also a CD(K3, N;) density for all K, < K and N, € [N, oo] (this
follows from the corresponding monotonicity of the coefficients ol K N 1)
in K and N, see e.g. [51,74]).

e /1 is lower semi-continuous on / and locally Lipschitz continuous in its
interior (this is easily reduced to a standard identical statement for concave
functions on 1).

e /i is strictly positive in the interior whenever it does not identically vanish
(follows immediately from the definition).

e /1 is locally semi-concave in the interior, i.e. for all xg in the interior of 7,
there exists Cy, € R so that h(x) — Cxox2 is concave in a neighborhood
of xg (easily checked for CD(K, co) densities). In particular, it is twice
differentiable (in the sense of Lemma 2.3) a.e. in /.

A.1 Differential characterization

The following is a well-known differential characterization of C2-smooth
CD(K, N) densities:

Lemma A3 Let h € szo .(I) on some open interval I C R. The following
are equivalent:

(1) hisa CD(K, N) density on I.
(2) Forallx € I:

1 hN-1)"
(log 1)"'(x) + ~— ((log 1) )2 = (N — 1)ﬂ K

hVT(x)
(A1)

where the left hand side is interpreted as (log h)" (x) when N = oc.

Remark A.4 The equality in (A.1) holds for any N € (1, co) by the Leibniz

and chain rules at any point x where /(x) is positive and twice differentiable
1

(and in particular, 2 ¥-T and log & are also twice differentiable at such a point x).

The condition (A.1) is the one-dimensional specialization of the Bakry—Emery

CD(K, N) condition for smooth weighted Riemannian manifolds [15,16].

In fact, we will require a couple of extensions of the above standard claim,
which in particular, together imply Lemma A.3; to avoid unnecessary gener-
ality, we only treat the case N € (1, 00).
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Lemma A.5 Let h denote a CD(K, N) density on an interval I C R, N €
(1, 00). Then h satisfies (A.1) at any point x in the interior where it is twice
differentiable (in particular, (A.1) holds for a.e. x € I).

Proof Let x be a point as above. Observe that:

0_(1/2) ) = l + ﬁi +0(92) asd — 0,
K.N-1 2 16N -1

and so denoting g = hﬁ, the CD(K, N) condition with xo = x — ¢, x| =
x + ¢ and r = 1/2 implies:
¢z K 2
2g(x) > 1+?m+0(8 ))(gx+e)+gx—¢g)) ase — 0.

It follows by Taylor’s theorem and continuity of g in the interior of / that:

"(x) = lim gx +¢e)+ glx —e) —2g(x)
g o e—0

2
€
K — K
<lim -~ _sxFe e K
e>0 N —1 2 N —1
confirming (A.1) and concluding the proof. O

Lemma A.6 Let h be a positive differentiable function on an open interval
I C R whose derivative is locally absolutely continuous there (and hence h is
twice differentiable a.e. in 1 ). If h satisfies (A.1) fora.e.x € I and N € (1, 00),
then £(I) < Dk n—1 and h is a CD(K, N) density on I.

Remark A.7 The differentiability assumption at every point cannot be relaxed,
as witnessed by the convex function & (x) = |x|, which satisfies 2" (x) = 0 for
a.e. x but nevertheless is not concave.

Proof Given xq, x1 € I with |[x; — xo| < Dg n—1, consider the function A
on [0, 1] given by:

T 1

A1) == h(tx) + (1 = 1)xo) V-1 — al(g?N_l(lxl — xoD)h(x;) VT
N 1
_GI(<1,Nt11 (Jx1 — xoDh(xg)N-T1.

As A is positive and bounded away from zero on [0, 1], and since yﬁ is
Lipschitz on compact sub-intervals of (0, co), it follows that A is differentiable
with absolutely continuous derivative on [0, 1]. In addition, clearly A(0) =
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A(1) = 0. Abbreviating o (t) = ‘71<<t,)N—1 (Jx1 — xol), it is immediate to verify
that:

2

(t) = — (x1 — x0)%0 (1), (A2)

—F=0
(dr)? N -1
and therefore our assumption (A.1) for a.e. x € I implies:

2

d At) < —
@2t =N

(x1 — x0)?A(r) forae.re[0,1]. (A3)

Now set Ag(t) = A(r) and A1(t) = A(l —t), and for each i € {0, 1},
denote by B; the absolutely continuous function on [0, 1] given by:

Bi(1) == Aj()a (1) — Ai (1)’ (1). (A.4)
It follows by the Leibniz rule that for any i € {0, 1}:
Bi(t) = Al (1)o (1) — Ai(t)o”(t) <0 forae.t €0, 1],

and since o (0) = 0 we also have §;(0) = 0. The absolute continuity implies
that 8; is monotone non-increasing, and hence 8;(t) < 0 forall ¢ € [0, 1].

We are ready to conclude that A > 0 on [0, 1], by showing that A(zp) > 0
for any local extremum point #y € (0, 1) of A. Indeed, when K < O, this is
immediate, since ¢’ > 0 and:

0 > Bo(to) = Ay(to)o (to) — Ag(to)o’ (t9) = —A(to)o (to).

When K > 0, set t; = 1 — tp which is a local extremal point of Ay in (0, 1),
and note that #;+ € (0, 1/2] for some i* € {0, 1}. Since |x; — xo| < Dk N—1,
it follows that ¢’ > 0 on [0, 1/2], and so the same argument as for the case
K < 0 but applied to A;« yields that A(#g) = A;«(t;x) > 0, as asserted.

Finally, when K > 0, assume in the contrapositive that there exist xg, x; €
with x; —xg = Dk y—1.Denote Ag(t) = A(t) := h(tx1 + (1 —t)xp) and set
o(t) ;= sin(wt) fort € [0, 1]. Note that as before, (A.2) and (A.3) are satisfied,
and so defining the function By by (A.4), Bo is again monotone non-increasing
on [0, 1]. But:

Bo(0) = —Ap(0)0’(0) = —mh(xo) < wh(x1) = —Ag(1)o’(1) = o(1),

yielding a contradiction to the monotonicity, and concluding the proof. m|
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A.2 A-priori estimates

We will also require the following a-priori estimates on the supremum and
logarithmic derivative of CD(K, N) densities. Here it is crucial that N €
(1, 00).

Lemma A.8 Let h denote a CD(K, N) density on a finite interval (a, b),
N € (1, 00), which integrates to 1. Then:

hrg) < 1 [~ K>0
sup X0) = — _ _ .
roe(a.b) b—a |(fyfy_1(b—anp¥~lan~' K <0

In particular, for fixed K and N, h is uniformly bounded from above as long
as b — a is uniformly bounded away from 0 (and from above if K < 0).

Proof Given xq € (a, b), we have by the CD(K, N) condition:
1
1= (xo— a)/ h(txg + (1 — t)a)dt
0
1
+ (b — xo)/ h((1 — )b + txg)dt
0
1
> h(xo) ((xo —a) f (o y_ (xo —a)N~'dt
0
1
+(b — x0) f (0 y_ 1 (0= XO))N_ldt) :
0 .

When K > 0, the monotonicity of K +—> O’I({t’)N_l (6) implies that ‘71(<t,)N—1 ) >

ao(tg\,fl (0) = t, and we obtain:

b

1>h .

> h(xo) N

When K < 0, one may show that the function 6 — OI((t,)N—l (0) is decreasing
on R4, as this is equivalent to showing that the function x — log sinh exp(x)
is convex on R, and the latter may be verified by direct differentiation (and
using that sinh(x) cosh(x) > x). Consequently, we obtain:

1
1> h(x)(b — ) / 0O (b —anNldr,
Gs
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as asserted. We remark that when K > 0, one may similarly show that the func-

tion 6 — ‘71(<t,)N—1(9) is increasing on [0, Dk y—1), and since JI((’?N_l(O) =1,

we obtain the previous estimate we employed. O

Lemma A.9 Let h denote a CD(K, N) density on a finite interval (a, b),
N € (1, 00). Then:

—+v K(N — 1) cot((b —x)y/K/(N — 1))
< (logh)'(x) < VKN — 1) cot((x — a)y/K/(N — 1),

for any point x € (a, b) where h is differentiable. In particular, log h(x) is
locally Lipschitz on x € (a, b) with estimates depending continuously only on
x,a,b, K, N.

Proof Denote W = h T . The inequality on the right-hand-side follows since:
W(tx + (1 = a) = oy (x —a)W(x) Vrel0,1]
with equality at + = 1, and hence we may compare derivatives at t = 1:
(=)W' (x) < gl y_ (x — @)W (x),

whenever W is differentiable at x. The inequality on the left-hand-side follows
similarly. O

A.3 Logarithmic convolutions

We will require the following:

Proposition A.10 Ler h denote a CD(K, N) density on an interval (a, b). Let
Ve denote a non-negative C? function supported on [—e, ] with f Ye = 1.
For any ¢ € (0, b%”), define the function h® on (a + &, b — ¢) by:

logh® :=logh % v,.

Then ht is a C?-smooth CD(K, N) density on (a + &, b — €).
For the proof, we will require the following general:

Lemma A.11 Let g denote a semi-concave function on an open interval |

. 2.
(i.e. g(x) — M= is concave for some M > 0). Let  denote a C 2_smooth
non-negative test function with compact support in 1. Then:

/1 g Y (x)dx < /1 ¢ ()Y (x)dx.
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In other words, the singular part of g’s distributional second derivative is
non-positive.

The argument is identical to the one used by D. Cordero—Erausquin in the
proof of [32, Lemma 1]. For completeness, we present the proof.

Proof Extend g and ¥ to the entire R by defining them as equal to zero outside
of I.Given ¢ > Q0 and x € I, denote:

Dz()_gu+w%+ﬂ2—@ 2ym’
€

and similarly for Dgw(x). By Taylor’s theorem, for any point x € I where g
is twice differentiable we have limg_, ¢ Dg g(x) = g"(x). In fact, this holds at
any point where g has a second Peano derivative, see Sect. 2.2; in the context
of convex functions on R”, such points are called points possessing a Hessian
in the sense of Aleksandrov. Now since for small enough ¢ > 0, Dg g < Mon
the support of iy by semi-concavity (and since {» > 0), we obtain by Fatou’s
lemma:

/g )Y (x)dx = hmsup/ng(x)w(x)dx = hmsup/g(x)Dgw(x)dx
zflg(x)w//(x)dx,

where the last equality follows by Lebesgue’s Dominated Convergence theo-
rem using the fact that \Dgt//(x)| < max |w”| forall x € I,e > 0, and the
fact that g is locally integrable. O

Proof of Proposition A.10 Note that log & is locally integrable on (a, b), so
that the integral:

log h* (x) = / log h(y) e (x — y)dy.

is well-defined for all x € (a + ¢, b — ¢), and we may take two derivatives in
x under the integral (as ¥ is C2-smooth with bounded corresponding deriva-
tives), implying the asserted smoothness. In addition:

d d
(log h°) (x) = / log ()4 Ve(x — ¥)dy = - / log h(3) 1= = y)dy

szyﬂwmu—w@,
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where the last equality follows from the usual integration by parts formula and
Leibniz rule since (log 2(y)) ¥ (x — y) is absolutely continuous. Furthermore:

dZ
(log h°)" (x) = / logh(y) s = y)dy

d2
= /10gh()’)wl/fs(x — ydy

< / (log h)" (N e (x — y)dy.

where the last inequality follows by Lemma A.11 applied to g = log &, since
h is a CD(K, co) density (by monotonicity in N), and hence log h(x) + K %
is concave on (a, b).

Putting everything together and applying Jensen’s inequality, we obtain:

AN/ 1 ey/ 2
(log i7)"(x) + —— ((log ") (x))
1 2
< /(log W' Pex = ndy + w— (/(IOg ) ()P (x — y)dy)
1
< / <<log m'() + - ((log h)/(y»z) Yelx — y)dy <0,

where the last inequality follows since the integrand is non-positive (where it
is defined) by Lemma A.5. A final application of Lemma A.3 concludes the
proof. O

We will use Proposition A.10 in the following form:
Proposition A.12 Let {hy(t)}se(c.q) denote a Borel measurable family of

CD(K, N) densities on (a, b) (so that for everyt € (a, b), (c,d) > s > hy(t)
is Borel measurable). Assume in addition that:

d pb
/ f log iy (x)| dxdy < oc. (A5)
Cc a

Given e1,e2 > 0and s € (¢ + e2,d — €2), denote the following function:

log ht1e2(1) 1= / / 10g 1y (X)W, (t — )W, (s — y)dxdy ,

IE(CZ+81,b_8l)a

(A.6)
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where as usual, ¢; denotes a non-negative C 2 Sfunction supported on [—¢;, &;]
with [ e, = 1. Then {hﬁl’82 (t)}SE(CJﬁ€2 d—e) is a C%-smooth (in (s, t)) family
of CD(K, N) densities on (a + €1, b — &1).

Proof The proof is a repetition of the proof of the previous proposition, so
we will be brief. Our assumption (A.5) implies that (A.6) is well-defined,
and justifies taking two derivatives in ¢ and s under the integral, implying the
assertion on smoothness. The first derivative in ¢ under the integral may be
integrated by parts, whereas for the second derivative we apply Lemma A.11.
A final application of Jensen’s inequality as in Proposition A.10 establishes
the asserted differential characterization of CD(K, N), concluding the proof.

O
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