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Frequency estimation by frequency jumps
Check for updates
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The frequency of a quantum harmonic oscillator cannot be precisely determined through static
measurement strategies on a prepared state. Therefore, dynamical procedures must be employed,
involvingmeasurements taken after the system has evolved and encoded the frequency information. This
paper explores the precision achievable in a protocol where a known detuning suddenly shifts the
oscillator’s frequency, which then reverts to its original value after a specific time interval. Our results
demonstrate that the squeezing induced by this frequency jump can effectively enhance the encoding of
frequency information, significantly improving the quantum signal-to-noise ratio (QSNR) compared to
standard free evolution at the same resource (energy and time) cost. The QSNR exhibits minimal
dependenceon the actual frequency and increaseswithboth themagnitudeof thedetuningand theoverall
durationof theprotocol.Furthermore, incorporatingmultiple frequency jumps into theprotocolcould further
enhance precision, particularly for lower frequency values.

Harmonic behavior is ubiquitous in physics, and the quantum harmonic
oscillator (QHO) model is relevant in nearly every field of physics. The
kinematics and dynamics of the QHO are governed by the frequency
parameter, whose determination is essential to characterize the system
properly. Indeed, accurate frequency estimation is relevant for severalfields,
including metrology1–6 and quantum sensing7–9, spectroscopy10–12, and
precision timekeeping13. Additionally, frequency estimation finds applica-
tion in quantum communication and computation14,15.

As amatter of fact, the dependenceof the eigenvalues and eigenstates of
the quantum harmonic oscillator on its frequency leads to unfavourable
scaling of precision, making static strategies, i.e., measurements on a pre-
pared state, inherently inefficient. Instead, the frequency must be estimated
dynamically by performingmeasurements after the system has evolved and
encoded the frequency information. Free evolution may suffice for this
purpose, but one may wonder whether more efficient methods exist to
encode frequency information in the evolved state, thereby improving the
precision of frequency estimation, either in absolute terms or for a fixed
amount of resources (energy and time). This is precisely the scope of this
paper. In particular, we investigate whether suddenly detuning the oscilla-
tor’s frequency16–19 and then returning it to its original value after a specific
time interval can enhance the precision and efficiency of the estimation
strategy.

Our results demonstrate that the squeezing induced by a frequency
jump can effectively enhance the encoding of frequency information, sig-
nificantly boosting the quantum signal-to-noise ratio (QSNR) compared to
standard free evolution at the same resource cost. The QSNR exhibits
minimal dependence on the actual frequency and increases with both the
magnitude of the detuning and the overall duration of the protocol.

Furthermore, incorporating multiple frequency jumps into the protocol
further improves precision, especially for lower values of frequency.

The manuscript begins with a review of the theoretical description of
harmonic systems with time-dependent frequency, focusing particularly on
Gaussian states. It then introduces key concepts from local estimation theory
relevant to our study. We present results concerning frequency estimation
under a single frequency jump, followed by a comparisonwith the precision
bounds obtainable under free evolution without frequency jumps. The
analysis is then extended to scenarios involving multiple frequency jumps.
Finally, we conclude with a summary of our findings and their implications.

Results
Harmonic oscillator with time-dependent frequency
Theharmonic oscillatorwithn successive frequency jumps canbe described
by specifying the frequency function ω(t) as a piece-wise function over n
intervals. Let us denote the natural frequency as ω0, and the changed fre-
quency asω1 =ω0+ δ. The timeof thefirst frequency jump fromω0 toω1 is t
= 0 and successively the system spend a time interval t = τ/n at ω1, before
coming back toω0. Thenup to t=T/n the system remains at a frequencyω0,
before coming back to ω1 and repeating the frequency jumps cycle. Overall
the system spend a time interval T − τ = (1 − α)T at ω0 and τ = αT at ω1,
where T is the total time evolution and 0 ≤ α ≤ 1. The frequency function
ω(t) can be expressed as follows:

ωðtÞ ¼ ω1 if mτn ≤ t ≤ ðmþ 1Þτn 0 ≤m< n

ω0 elsewhere ;

�
ð1Þ

where τn = αT/n.
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This frequency jump model is adopted in a large variety of theoretical
frameworks and experimental realizations. In optomechanical systems, the
time scale of the frequency switch is determined by the bandwidth of the
involved acousto-optical modulator, which is usually much larger than the
two involved frequencies, making the switch effectively instantaneous. In
other range of frequencies, a smoother description of frequency jumpsmay
insteadbemore convenient.On theother hand, in situationswhere there is a
linear fast transient between the two frequencies20, a Fourier dependence21 or
a hyperbolic tangent time dependence22, our model provides a very good
approximation. More generally, since squeezing is generated for any rate of
frequency change, suddenor smooth23, the stepmodelmayprovide at least a
qualitative description.

Inorder to compute thequantumstate of theHOat anarbitrary instant
t > 0, we need to obtain the time evolution operator for this time-dependent
Hamiltonian. Following refs. 16–19, theHamiltonianof theHOwith a time-
dependent frequency as given in Eq. (1):

H ¼ p2

2
þ 1

2
ω2
0 þ 2ω0ηðt; τ;TÞ

� �
q2 ð2Þ

Here, q represents the position operator, p is themomentum operator,ω0 is
the initial frequency, and η(τ, T) is the time-dependent function encoding
the frequency variation defined by

ηðt; τ;TÞ ¼
X
m

η0

�
Θ t �mðτ þ TÞ

n

� �
� Θ t �mðτ þ TÞ þ τ

n

� ��
ð3Þ

where Θ(t) is the Heaviside step function and

η0 ¼
ω2
1 � ω2

0

2ω0
; ω1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
0 þ 2ω0η0

q
: ð4Þ

The evolution of the system is piece-wise time-independent, where the two
time-independent Hamiltonians are respectively given by

H1 ¼ p2

2 þ 1
2ω

2
1q

2

¼ 1
2 η0ða2 þ ay2Þ þ ðω0 þ η0Þ ayaþ 1

2

� � ð5Þ

H0 ¼
p2

2
þ 1

2
ω2
0q

2 ¼ ω0ðayaþ
1
2
Þ; ð6Þ

where [a,a†] = 1 are the usualfield operators for theQHO.TheHamiltonian
H0 describes free evolution and corresponds to rotation in the phase space,
whereas the Hamiltonian H1 describes (generalized) squeezing. Starting
from the ground state of theharmonic oscillator, the evolved state in the case
of a single jump in frequency is given by

∣ψðtÞ
 ¼ ∣ψsðtÞ



0 < t < τ

∣ψτðtÞ



τ < t <T

(
ð7Þ

where

∣ψsðtÞ

 ¼ NðtÞ

X1
n¼0

ffiffiffiffiffiffiffi
2n!

p

2nn!
ΛnðtÞ ∣2ni; ð8Þ

∣ψτðtÞ

 ¼ NðτÞ

X1
n¼0

ffiffiffiffiffiffiffi
2n!

p

2nn!
ΛnðτÞ e�2iω0nðt�τÞ ∣2ni: ð9Þ

In other words, ∣ψðtÞ
 is a squeezed vacuum state with time-dependent
amplitude and phase. In the above formulas we have

NðtÞ ¼ cosh νðtÞ � λðtÞ
2νðtÞ sinh νðtÞ

� ��2
�����

�����
1
4

ð10Þ

ΛðtÞ ¼ �4i η0 t sinh νðtÞ
2ν cosh νðtÞ � λðtÞ sinh νðtÞ ; ð11Þ

where

λðtÞ ¼ �2iðω0 þ η0tÞ ð12Þ

νðtÞ ¼ 1
4
λ23 � η20t

2

� �1
2

: ð13Þ

In order to solve the dynamics in the case of multiple jumps, it is
convenient to describe the dynamics in the phase space24. This is possible
because both theHamiltonians above are quadratic in the field operators
with two main consequences: 1. the dynamics maintains the Gaussian
character of any initial Gaussian states; 2. for an initial Gaussian state,
the dynamics may be entirely described using the symplectic formalism,
i.e., by the evolution of the first two moments of the canonical operators
q and p, i.e., the vector ofmean valuesX(t) = (〈q〉, 〈p〉) and the covariance
matrix σ(t) with elements σ lm ¼ 1

2 hXlXm þ XmXli � hXlihXmi where
〈. . . 〉 = 〈ψ(t)∣. . . ∣ψ(t)〉.

In particular, if we start from the QHO initially in the ground state we
have X(0) = (0, 0) and σð0Þ ¼ 1

2 I2, and the state in Eq. (7) may be
equivalently described as the Gaussian state having

XðtÞ ¼ ð0; 0Þ ð14Þ

σðtÞ ¼
1
2 SðtÞTSðtÞ 0 < t < τ
1
2RðtÞTSðτÞTSðτÞRðtÞ τ < t <T

(
; ð15Þ

where T denotes transposition. The symplectic matrices corresponding to
squeezing and rotation are given by

RðtÞ ¼ cosω0t Iþ i sinω0t σ2 ð16Þ

SðtÞ ¼ cosh 2r Iþ sinh 2r cos ϕ σ3 þ sinh 2r sin ϕ σ1 ð17Þ

where the σ’s are the Pauli matrices, and the time-dependent squeezing and
phase parametersmay be obtained from the relationsTanh r(t) = ∣Λ(t)∣ and
Tan ϕ(t) = ArgΛ(t), i.e.,

rðtÞ ¼ ArcTanh
jω2

0 � ω2
1jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðω2
0 þ ω2

1Þ2 þ 4ω2
0ω

2
1cot

2ðω1tÞ
q

0
B@

1
CA ð18Þ

ϕðtÞ ¼ ArcTan
2ω0ω1 cotðω1tÞ

ω2
0 þ ω2

1

� �
ð19Þ

In the case of n frequency jumps, at the end of the cycle the vector of mean
values still vanishes, whereas the covariance matrix is given by

σnðα;TÞ ¼
1
2

RT ðTnÞST ðτnÞ
� 
n

SðτnÞRðTnÞ
� 
n ð20Þ

where

τn ¼ αT
n Tn ¼ ð1�αÞT

n
ð21Þ

Local quantum estimation theory
By encoding a parameter onto the states of a quantum system, we obtain a
family of density matrices ρλ, usually referred to as a quantum statistical
model, λ 2 Λ � R. An estimation strategy consists of an observable to be
measured and an estimator to process data. The measurement is described

https://doi.org/10.1038/s41534-025-01112-y Article

npj Quantum Information |          (2025) 11:174 2

www.nature.com/npjqi


by apositive operator-valuedmeasure (POVM) Πy

n o
, y∈Y, such thatΠy>

0 ,∀ y, and
P

y2YΠy ¼ I. The estimator is a function λ̂ fromthedata spaceY

× Y ⋯ × Y (M times) to the domain Λ, where M denotes the number of
repeated measurements. The outcomes of the measurement are distributed

according to the Born rule pðyjλÞ ¼ Tr ρλ Πy

h i
. The precision of the esti-

mation strategy is quantified by the variance of the estimator. For unbiased

estimators, i.e.,
R
Ydy pðyjλÞ ^λðyÞ ¼ λ, the Cramèr-Rao theorem establishes

a bound on the variance as follows

Var λ̂≥
1

MFðλÞ ; ð22Þ

where the Fisher information F(λ) is defined as

FðλÞ ¼
Z

dy pð yjλÞ ∂λ ln pð yjλÞ
� 
2

: ð23Þ

An estimator is said to be efficient if it saturates the Cramèr-Rao bound. The
ultimate bound on the precision of any estimation strategy for λ may be
obtainedbymaximizing theFisher information over all the possible POVM.
The optimization may be actually carried out and the optimal POVM
corresponds to the spectral measure of the symmetric logarithmic derivative
Lλ, which is the self-adjoint operator solving the Lyapunov equation

2∂λρλ ¼ Lλρλ þ ρλLλ : ð24Þ

The maximum value of the Fisher information is usually referred to as the
Quantum Fisher Information (QFI)G(λ), and the corresponding bound as
the Quantum Cramèr-Rao bound

max
fΠyg

FðλÞ ¼ GðλÞ � Tr ρλ L
2
λ

� 

ð25Þ

Var λ̂≥
1

MGðλÞ : ð26Þ

For statistical models made of pure states ρλ ¼ ∣ψλ



ψλ

�
∣ the QFI may be

written as

GðλÞ ¼ 4 h∂λψλj∂λψλi � ∣h∂λψλjψλi∣2
� 


: ð27Þ

For Gaussian states having vanishing vector of mean values X = (0, 0) and
covariance matrix σ the QFI may be written as

GðλÞ ¼ �Tr ΩT ∂λσ
� �

Ω ∂λσ
� �� 


; ð28Þ

where Ω = iσ2 is the symplectic matrix.
Finally, in order to fairly compare estimation schemes for small and

large actual values of the parameter, we introduce the signal-to-noise ratio
(SNR) of an estimation strategy, R(λ) = λ2/Varλ ≤ λ2F(λ). The optimal
measurement is characterized by the maximal value of the SNR and, in
general, we have R(λ) ≤Q(λ), where the quantum signal-to-noise ratio
(QSNR) is defined by

QðλÞ ¼ λ2GðλÞ : ð29Þ

Local QET has been successfully applied to find the ultimate bounds to
precision for estimation problems in open quantum systems, non-unitary
processes, and nonlinear quantities as entanglement25–39 and for a closed
system, evolving under a unitary transformation40–42. The geometric
structure of QET has been exploited to assess the quantum criticality as a
resource for quantum estimation43–47.

Frequency estimation by a single frequency jump
In this Section, we analyze the behavior of the quantumsignal-to-noise ratio
of the quantum Fisher information for the frequency of the oscillator, as
obtained by performing measurements on the evolved state after a single
frequency jump. Specifically, we optimize the duration of the jump, τ = αT,
which represents the fraction of the total evolution time T that induces
squeezing, to maximize the QSNR and the QFI, thus enhancing the
metrological properties of the probe. In the following, we continue to denote
by ω0 the natural frequency of the oscillator, i.e., the parameter to be esti-
mated, and introduce the symbol δ = ω1 − ω0 to represent the frequency
shift. At first, we setT= 1 and defer the discussion about the dependence on

Fig. 1 | Quantum signal-to-noise ratio for a single-frequency jump protocol. The
quantum signal-to-noise ratio Q(ω0) as a function of the squeezing time fraction α
for different values of frequency ω0 and of the frequency shift δ. a, b show results for
ω0 = 1.0 and c, d for ω0 = 5.0. In (a, c), we show linear plots for δ = 0.3 (blue), δ = 0.5
(red), δ = 0.8 (green), δ = 1.0 (magenta), respectively. In (b, d), we show log-plots for
δ = 2 (dashed blue), δ = 3 (dashed red), δ = 4 (dashed green), δ = 5 (dashedmagenta),
respectively.
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T to the end of the Section. Results are summarized in the four panels of
Fig. 1.

For lower values of the frequency and frequency shift, i.e.,ω0≲1 andω0

≳ δ, the optimal procedure is to avoid free evolution. Thismeans choosing α
=1 and dedicating the entire evolution time to the squeezing process. This is
illustrated in Fig. 1a, wherewe also observe that theQSNR is notmonotonic
with respect to α but instead exhibits a local maximum. Additionally, we
note that theQSNR increases rapidlywith δ. As the frequency shift increases
to larger values, δ≳ω0, the localmaximumof theQSNR surpasses the value
for α = 1, and a non-trivial optimal value for the jump duration emerges, as
shown in Fig. 1b.

A similar behavior, namely the appearance of a non-trivial optimal
valueofα, is observed for largervalues of the frequency.Results forω0=5are
displayed in Fig. 1c. This trend is further confirmed for larger δ, as seen in
panel (d) of the same figure. The value of the QSNR is not significantly

affected by the specific value of the frequency, indicating that the QFI
decreases approximately asGðω0Þ / ω�2

0 with increasing frequency. As δ is
further increased, additional peaks appear, although the first maximum,
occurring at smaller α, remains the absolute maximum.

Using Eqs. (27) or (28), the analytic expression for Q(ω0) can be
derived. However, this expression is cumbersome and is not provided here.
On the other hand, it is straightforward to show that the amplitude and
phase of the squeezing depend on the relevant quantities through the
dimensionless combinations ω0τ = α ω0 T and δ/ω0, while the QFI and
QSNR depend on α T and δ/ω0. This implies that the optimal time fraction
maximizing the squeezing amplitude, i.e., αmax ¼ π

2 ½Tðω0 þ δÞ��1, corre-
sponding to rmax ¼ logð1þ δ=ω0Þ, is not in general the same as the one
maximizing the QSNR, which must be determined numerically.

In panels (a), (b), and (c) of Fig. 2, we show the optimal time fraction
αopt as a function of the frequency shift δ for different values of the frequency

Fig. 2 | Optimization of quantum signal-to-noise
ratio with respect to squeezing time and
frequency shift. a–c the optimal time fraction αopt
maximizing theQSNR as a function of the frequency
shift δ for ω0 = 1, 2, 3, respectively. In each plot, we
show results for T = 1 (dotted line), T = 3 (dashed),
and T = 10 (solid). The green lines denote the cor-
responding values of αmax, i.e., the time fraction
maximizing the squeezing amplitude. d The max-
imized QSNR as a function of the frequency shift for
ω0 = 1, 2, 3 and T = 1, 10, 100. The curves for dif-
ferent values ofω0 nearly overlap for a given value of
T. The green lines in (d) serve as visual guides pro-
portional to T2δ2.
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ω0 (ω0 = 1, 2, 3, respectively) and the total evolution time T (from top to
bottom T = 1, 3, 10 in each plot). In the three panels, the green lines denote
αmax, i.e., the time fraction maximizing the amplitude of squeezing. We see
that the two values may be very different for lower T, whereas they become
very close to each other for increasing T. The optimal time fraction αopt
decreases with δ, consistently with the results shown in Fig. 1.

In (d) of Fig. 2, we show themaximizedquantumSNRQ(ω0), obtained
for α= αopt, as a function of the frequency shift forω0 = 1, 2, 3 andT = 1, 10,
100.As evident from the plot, the dependence on the frequency is veryweak,
and the curves for different values ofω0 nearly overlap for a given value ofT.
The green lines serve as visual guides, exhibiting a behavior proportional
to T2δ2.

Comparison with free evolution
In principle, the frequency can be estimated by performing measurements
after free evolution (and no frequency jumps) of an initially prepared state
∣ψ0



. In this case, the family of states encoding frequency information is

given by ∣ψðtÞ
 ¼ e�itω0n∣ψ0



, with n = a†a and the QFI andQSNRmay be

easily evaluated as

Gf ¼ 4t2Δn2 Qf ¼ 4ω2
0t

2Δn2 ð30Þ

where Δn2 ¼ hψ0jn2jψ0i � hψ0jnjψ0i2. The QFI is independent of the
frequency, scales quadratically with the overall evolution time, and depends
on the fluctuations of the number operator in the initial state. For the
oscillator initially prepared in a coherent state Δn2 ¼ �n ¼ hayai.

Estimation strategies should be compared under a fixed amount of
resources. In the case of frequency estimation, these resources are the energy
of the probe state and the evolution time. For the free evolution, we consider
the oscillator initially prepared in a coherent state, allowing us to safely
assume that the time required to prepare the initial state is negligible. This
enables a fair comparison of the two encoding strategies, both ofwhich has a
duration T. Regarding energy, in the jump-based strategy, it corresponds to
the mean number of squeezing quanta generated during the jump, which
can be evaluated using Eq. (18)

�n ¼ sinh2rðαoptTÞ ¼ δ
2ω0

� �2 2þ δ
ω0

1þ δ
ω0

× sin2 ω0αoptT 1þ δ
ω0

� �h i
:

ð31Þ

For the free evolution, the dynamics is passive, i.e. no energy is added, and
the number of quanta is that of the initial coherent state.

Inorder to compare the two strategies,we introduce the ratioγbetween
the QSNRs (which is equal to the ratio of the QFIs), using the numerically
calculated αopt, and evaluate it for the oscillator initially prepared in a
coherent state. According to Eq. (30) we have

γ ¼ Gðω0Þ
4T2 �n

ð32Þ

where one has to insert the expression of �n in Eq. (31) in order to compare
the two strategies using the same amount of resources.

In Fig. 3, we show the ratio γ as a function of the frequency ω0 for
different values of the overall time duration T and frequency shift δ. As it is
apparent from the plot, the jump-based strategy outperforms free evolution
for a value of ω0, largely improving the QSNR for lower frequencies. The
asymptotic value forω0≫ 1 is γ≃ 2. The ratio is nearly independent on the
duration T of the protocol (at least in this range of values) and, for lower
values of ω0, increases with δ. We conclude that the squeezing induced by
this frequency jump can effectively enhance the encoding of frequency
information, significantly boosting theQSNRcompared to free evolution at
the same resource cost.

Frequency estimation by multiple frequency jumps
In section Frequency estimation by a single frequency jump, we
demonstrated that the optimal duration of the frequency jump is typically
shorter than the total protocol duration T. This finding highlights the
positive interplay between frequency jumps and free evolution. A natural
question arises: could introducing additional jumps, interspersed with
intervals of free evolution, further enhance frequency encoding? In this
section, we prove that this is indeed the case. Specifically, we show that
multiple jumps can significantly improve precision, particularly for lower
frequency values.

To this end, we introduce the ratios

ρn ¼
Qnðω0Þ
Qðω0Þ

ð33Þ

of theQSNRobtainedbydividing the total durationTof the evolution inton
cycles, each consisting of a frequency jump followed by free evolution, as
described in Eq. (21), and the corresponding QSNR obtained from a sin-
gle jump.

Note that the optimization of the jump duration α yields different
values for different values of n. In the upper panels of Fig. 4 we show the
optimal values αopt as a function of the frequency for different number n of
jumps, δ=1 and two different values of the total durationT of the evolution.
In both cases, the optimal jump duration depends on the number of jumps,
although this dependence is not significant. In the lower panels, we present
the corresponding ratios ρn. As seen in the plots, using multiple frequency
jumps consistently improves precision, with the enhancement being par-
ticularly pronounced for lower frequency values.

Discussion
In this paper, we have addressed the estimation of frequency of a harmonic
oscillator by protocols where a known detuning suddenly shifts the oscil-
lator’s frequency, which then returns to its original value after a specific time
interval. The squeezing induced by the frequency jump provides a metro-
logically effective encoding of frequency, which enhances precision and
increases the quantum Fisher information of the resulting statistical model.
In turn, the quantum signal-to-noise ratio increases compared to standard
free evolution at the same resource cost, i.e., using the same amount of time

Fig. 3 | Comparison of quantum signal-to-noise
ratios for jump-based and free evolution proto-
cols. The ratio γ between the QSNRs of jump-based
and free evolutions as a function of the actual value
of the frequency ω0 for different values of the overall
time duration (from top to bottom, T = 5 (magenta),
4 (red), 3 (blue), 2 (green), respectively). The left
panel shows results for δ = 1.0 and the right one for δ
= 2.0. The asymptotic value for ω0 ≫ 1 is γ ≃ 2,
independent on T. The dotted line denotes the value
γ = 1.
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and energy. TheQSNR showsminimal dependence on the actual frequency
and increases with both the magnitude of the detuning and the duration of
the protocol. We have also found that by employing multiple frequency
jumps, the estimation precision is further enhanced, in particular for lower
values of the frequency.

Squeezing by frequency jumps has been realized experimentally in
levitated optomechanical systems48,49 and to create squeezed states of atomic
motion50. In those systems, the protocol presented in this paper may be
implemented with current technology. More generally, our results pave the
way tomore effective encoding of frequency, including nonlinear squeezing
and information scrambling.

Methods
Frequency-jumpmodel of the harmonic oscillator
We consider a quantum harmonic oscillator subject to n instantaneous
frequency jumps. The frequency alternates betweenω0 andω1 =ω0+ δ in a
piecewisemanner, with a time-dependent profileω(t) defined over n cycles.
The time spent at ω1 is denoted τ = αT, where T is the total evolution time
and 0 ≤ α ≤ 1. The frequency function is given by Eq. (1).

The system’s dynamics is governed by the Hamiltonian in Eq. (2),
where the jump structure is encoded via the time-dependent function η(τ,
T). For each cycle, the oscillator evolves alternately under two time-
independent Hamiltonians H0 and H1, defined in Eqs. (5) and (6), respec-
tively. We solve the time evolution starting from the vacuum state by
employing the exact analytical expressions for the squeezed vacuum state
given in Eqs. (8) and (9). The resulting state remains Gaussian throughout
the dynamics, allowing us to characterize it entirely in terms of the first and
second statistical moments. This analysis is carried out within the frame-
work of symplectic formalism, as outlined in Eqs. (14), (15), where the
evolution is encoded in the symplecticmatricesS(t) andR(t), associatedwith
squeezing and rotation, respectively, and defined explicitly in Eqs. (16)
and (17).

Quantum estimation and Fisher information
We apply local quantum estimation theory to compute the quantum Fisher
information (QFI) associated with estimating the oscillator’s natural fre-
quency ω0. Given a parameter-dependent family of quantum states ρλ, the
QFI G(λ) provides the ultimate precision limit for unbiased estimators, as
stated by the quantum Cramér-Rao bound (Eqs. (26), (27)).

For pure and Gaussian states, we use both the wavefunction-based
expression forQFI (Eq. (27)) and the covariance-matrix-based formula (Eq.
(28)). We also evaluate the quantum signal-to-noise ratio (QSNR), Q(λ) =

λ2G(λ), which quantifies estimation performance relative to the value of the
parameter.

Numerical optimization of frequency estimation
We numerically optimize the duration of the frequency jump τ = αT to
maximize theQSNR for various values of δ andω0, keeping the total evolution
time T fixed. The optimization is performed for both single and multiple
frequency jumps. The performance of these jump-based protocols is then
compared to thatof freeevolution,usingacoherent state inputasabenchmark.

Data availability
Nodatawere generated in this researchbeyond thosepresented in thepaper.
The codes used in this study are available from the authors upon reasonable
request.
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Codes are available upon request to the authors.

Received: 3 March 2025; Accepted: 15 September 2025;

References
1. Giovannetti, V., Lloyd, S. & Maccone, L. Quantum metrology. Phys.

Rev. Lett. 96, 010401 (2006).
2. Udem,T., Holzwarth, R. &Hänsch, T.W.Optical frequencymetrology.

Nature. 416, 233–237 (2002).
3. Descamps, E., Fabre, N., Keller, A. & Milman, P. Quantum metrology

using time-frequency as quantum continuous variables: Resources,
sub-shot-noiseprecision andphase space representation.Phys.Rev.
Lett. 131. https://doi.org/10.1103/PhysRevLett.131.030801 (2023).

4. Kuenstner, S. E. et al. Quantum metrology of low-frequency
electromagnetic modes with frequency upconverters. https://arxiv.
org/abs/2210.05576 (2024).

5. Boss, J. M., Cujia, K. S., Zopes, J. & Degen, C. L. Quantum sensing
with arbitrary frequency resolution. Science. 356, 837–840 (2017).

6. Cai, Y., Roslund, J., Thiel, V., Fabre, C. & Treps, N. Quantum-enhanced
measurementofanoptical frequencycomb.npjQuantum Inf.7, 82 (2021).

7. Degen, C. L., Reinhard, F. & Cappellaro, P. Quantum sensing. Rev.
Mod. Phys. 89, 035002 (2017).

8. Pirandola, S., Bardhan, B. R., Gehring, T., Weedbrook, C. & Lloyd, S.
Advances in photonic quantum sensing.Nat. Photonics. 12, 724–733
(2018).

Fig. 4 | Effect of multiple frequency jumps on
optimal squeezing and precision enhancement.
The upper panels show the optimal values αopt for δ
= 1 as a function of the frequency ω0 for different
number n of jumps: n= 1 (black), n = 2 (green), n= 3
(blue), n = 4 (red), n = 5 (magenta), n = 6 (cyan), and
for two different values of the total duration T of the
evolution (T = 1 on the left and T = 10 on the right,
respectively). The lower panels show the corre-
sponding ratios ρn, defined in Eq. (33), illustrating
that using multiple frequency jumps consistently
improves precision, with the enhancement being
particularly pronounced for lower frequencies.

T=10

T=1 T=10

T=1

https://doi.org/10.1038/s41534-025-01112-y Article

npj Quantum Information |          (2025) 11:174 6

https://doi.org/10.1103/PhysRevLett.131.030801
https://doi.org/10.1103/PhysRevLett.131.030801
https://arxiv.org/abs/2210.05576
https://arxiv.org/abs/2210.05576
https://arxiv.org/abs/2210.05576
www.nature.com/npjqi


9. Montenegro, V. et al. Review: Quantum metrology and sensing with
many-body systems. Phys. Rep. 1134, 1–62 (2025).

10. Roos, C. F., Chwalla, M., Kim, K., Riebe, M. & Blatt, R. ‘Designer
atoms’ for quantum metrology. Nature. 443, 316–319 (2006).

11. Schmitt, S. et al. Optimal frequency measurements with quantum
probes. npj Quantum Inf. 7, 55 (2021).

12. Lamperti, M. et al. Optical frequencymetrology in the bendingmodes
region. Commun. Phys. 3, 175 (2020).

13. Ludlow, A. D., Boyd, M. M., Ye, J., Peik, E. & Schmidt, P. O. Optical
atomic clocks. Rev. Mod. Phys. 87, 637–701 (2015).

14. Gisin, N. & Thew, R. Quantum communication. Nat. Photonics. 1,
165–171 (2007).

15. Chen, J. Review on quantum communication and quantum
computation. J. Phys. Conf. Ser. 1865, 022008 (2021).

16. Hong-Yi, F. & Zaidi, H. R. Squeezing and frequency jump of a
harmonic oscillator. Phys. Rev. A. 37, 2985–2988 (1988).

17. Ma, X. & Rhodes, W. Squeezing in harmonic oscillators with time-
dependent frequencies. Phys. Rev. A. 39, 1941–1947 (1989).

18. Janszky, J. & Adam, P. Strong squeezing by repeated frequency
jumps. Phys. Rev. A. 46, 6091–6092 (1992).

19. Tibaduiza, D. M. et al. A time-dependent harmonic oscillator with two
frequency jumps: an exact algebraic solution. Braz. J. Phys. 50,
634–646 (2020).

20. Agarwal, G. & Kumar, S. A. Exact quantum-statistical dynamics of an
oscillator with time-dependent frequency and generation of
nonclassical states. Phys. Rev. Lett. 67, 3665 (1991).

21. Matsuo, S., Fujii, T. &Hatakenaka, N. Nonadiabatic squeezed-photon
generation by a Fourier-modified Janszky–Adam scheme. Phys. B
Condens. Matter 468, 57–60 (2015).

22. Fujii, T., Matsuo, S., Hatakenaka, N., Kurihara, S. & Zeilinger, A.
Quantum circuit analog of the dynamical Casimir effect. Phys. Rev.
B-Condens. Matter Mater. Phys. 84, 174521 (2011).

23. Martínez-Tibaduiza, D., Pires, L. & Farina, C. Time-dependent
quantum harmonic oscillator: a continuous route from adiabatic to
sudden changes. J. Phys. B At. Mol. Optical Phys. 54, 205401
(2021).

24. Ferraro,A.,Olivares, S.&Paris,M.G.A.GaussianStates inContinuous
Variable Quantum Information. Napoli series on Physics and
Astrophysics (Bibliopolis, 2005).

25. Huang, J., Zhuang, M. & Lee, C. Entanglement-enhanced quantum
metrology: from standard quantum limit to Heisenberg limit. Appl.
Phys. Rev. 11, 031302 (2024).

26. Wu, W. & Shi, C. Quantum parameter estimation in a dissipative
environment. Phys. Rev. A 102, 032607 (2020).

27. Wang,K. et al. Entanglement-enhancedquantummetrology in anoisy
environment. Phys. Rev. A. 97, 042112 (2018).

28. Beau, M. & del Campo, A. Nonlinear quantum metrology of many-
body open systems. Phys. Rev. Lett. 119, 010403 (2017).

29. Nichols, R.,Bromley, T.R.,Correa, L. A. &Adesso,G.Practical quantum
metrology in noisy environments. Phys. Rev. A. 94, 042101 (2016).

30. Macieszczak, K., Gută,M., Lesanovsky, I. &Garrahan, J. P. Dynamical
phase transitions as a resource for quantum enhanced metrology.
Phys. Rev. A. 93, 022103 (2016).

31. Genoni, M. G., Giorda, P. & Paris, M. G. A. Optimal estimation of
entanglement. Phys. Rev. A. 78, 032303 (2008).

32. Paris, M. G. A. Quantum estimation for quantum technology. Int. J.
Quantum Inf. 7, 125–137 (2009).

33. Brida, G. et al. Experimental estimation of entanglement at the
quantum limit. Phys. Rev. Lett. 104, 100501 (2010).

34. Brivio, D. et al. Experimental estimation of one-parameter qubit gates
in the presence of phase diffusion. Phys. Rev. A. 81, 012305 (2010).

35. Pinel, O., Jian, P., Treps, N., Fabre, C. &Braun,D.Quantumparameter
estimation using general single-mode Gaussian states. Phys. Rev. A.
88, 040102 (2013).

36. Teklu, B., Genoni, M. G., Olivares, S. & Paris, M. G. A. Phase
estimation in the presence of phase diffusion: the qubit case. Phys.
Scr. 2010, 014062 (2010).

37. Invernizzi, C., Paris, M. G. A. & Pirandola, S. Optimal detection of
losses by thermal probes. Phys. Rev. A. 84, 022334 (2011).

38. Genoni, M. G., Olivares, S. & Paris, M. G. A. Optical phase estimation in
the presence of phase diffusion. Phys. Rev. Lett. 106, 153603 (2011).

39. Genoni, M. G. et al. Optical interferometry in the presence of large
phase diffusion. Phys. Rev. A. 85, 043817 (2012).

40. Escandón-Monardes, J., Uzcátegui, D., Rivera-Tapia,M.,Walborn, S.
P. & Delgado, A. Estimation of high-dimensional unitary
transformations saturating the Quantum Cramér-Rao bound.
Quantum. 8, 1405 (2024).

41. Alipour, S., Mehboudi, M. & Rezakhani, A. T. Quantum metrology in
open systems: dissipative cramér-rao bound. Phys. Rev. Lett. 112,
120405 (2014).

42. Boixo, S., Flammia, S. T., Caves, C. M. & Geremia, J. M. Generalized
limits for single-parameter quantum estimation. Phys. Rev. Lett. 98,
090401 (2007).

43. Adani, M., Cavazzoni, S., Teklu, B., Bordone, P. & Paris, M. G. A.
Critical metrology of minimally accessible anisotropic spin chains.
Sci. Rep. 14, 19933 (2024).

44. Gietka, K., Ruks, L. & Busch, T. Understanding and improving critical
metrology. quenching superradiant light-matter systems beyond the
critical point. Quantum. 6, 700 (2022).

45. Wald, S., Moreira, S. V. & Semião, F. L. In- and out-of-equilibrium
quantummetrology with mean-field quantum criticality. Phys. Rev. E.
101, 052107 (2020).

46. Sidhu, J. S. & Kok, P. Geometric perspective on quantum parameter
estimation. AVS Quantum Sci. 2, 014701 (2020).

47. Zanardi, P., Paris, M. G. A. & Campos Venuti, L. Quantum criticality as
a resource for quantum estimation. Phys. Rev. A. 78, 042105 (2008).

48. Rashid, M. et al. Experimental realization of a thermal squeezed state
of levitated optomechanics. Phys. Rev. Lett. 117, 273601 (2016).

49. Duchaň, M. et al. Experimental amplification and squeezing of a
motional state of an optically levitated nanoparticle. https://arxiv.org/
abs/2403.04302 (2024).

50. Xin, M., Leong, W. S., Chen, Z., Wang, Y. & Lan, S.-Y. Rapid quantum
squeezing by jumping the harmonic oscillator frequency. Phys. Rev.
Lett. 127, 183602 (2021).

Acknowledgements
ThisworkhasbeensupportedbyKhalifaUniversityofScienceandTechnology
through the projectC2PS-8474000137 and 8474000739 (RIG-2024-033), and
partially supported by the EU and MIUR through the project PRIN22-
2022T25TR3-RISQUE. The authors thank Paolo Bordone for valuable dis-
cussions andMarcoAdani for his contribution to the early stageof this project.

Author contributions
All the authors contributed equally to the design and performance of the
research, as well as writing the manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to
Matteo G. A. Paris.

Reprints and permissions information is available at
http://www.nature.com/reprints

Publisher’snoteSpringerNature remainsneutralwith regard to jurisdictional
claims in published maps and institutional affiliations.

https://doi.org/10.1038/s41534-025-01112-y Article

npj Quantum Information |          (2025) 11:174 7

https://arxiv.org/abs/2403.04302
https://arxiv.org/abs/2403.04302
https://arxiv.org/abs/2403.04302
http://www.nature.com/reprints
www.nature.com/npjqi


Open Access This article is licensed under a Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License,
which permits any non-commercial use, sharing, distribution and
reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if you modified the licensed material. You
do not have permission under this licence to share adapted material
derived from this article or parts of it. The images or other third party
material in this article are included in the article’s Creative Commons
licence, unless indicated otherwise in a credit line to thematerial. If material
is not included in thearticle’sCreativeCommons licenceandyour intended
use is not permitted by statutory regulation or exceeds the permitted use,
you will need to obtain permission directly from the copyright holder. To
view a copy of this licence, visit http://creativecommons.org/licenses/by-
nc-nd/4.0/.

© The Author(s) 2025

https://doi.org/10.1038/s41534-025-01112-y Article

npj Quantum Information |          (2025) 11:174 8

http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
www.nature.com/npjqi

	Frequency estimation by frequency jumps
	Results
	Harmonic oscillator with time-dependent frequency
	Local quantum estimation theory
	Frequency estimation by a single frequency jump
	Comparison with free evolution
	Frequency estimation by multiple frequency jumps

	Discussion
	Methods
	Frequency-jump model of the harmonic oscillator
	Quantum estimation and Fisher information
	Numerical optimization of frequency estimation

	Data availability
	Code availability
	References
	Acknowledgements
	Author contributions
	Competing interests
	Additional information




