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1. INTRODUCTION

Let E/Q be a modular elliptic curve of conductor N and let f be the cuspidal eigenform on I'g(V)
associated with £ by the modularity theorem. Denote by K, the anticyclotomic Z,-extension of an
imaginary quadratic field K, where p is a prime number. The goal of this article is to obtain a proof
of the main conjectures of Iwasawa theory for E over K., both when p is good ordinary and when p is
supersingular for E.

The anticyclotomic setting displays a well-known dichotomy, depending on whether the generic sign
of the functional equation of the complex L-function of E/K twisted by finite order characters of the
Galois group of Ko /K is +1 or —1. For reasons which will be explained later we call the former case
definite and the latter case indefinite.

Assume first that p is a good ordinary prime for E. In the indefinite case, a norm-compatible sequence
of Heegner points arising from a Shimura curve parametrisation is defined over the finite layers of
K /K. Its position in the compact p-adic Selmer group of E/K. is encoded by an element L,(f)
of the anticyclotomic Iwasawa algebra A, called the indefinite anticyclotomic p-adic L-function. (The
notation L,(f) instead of L,(E) is adopted throughout, in order to achieve notational uniformity in the
modular arguments of this article.) The indefinite anticyclotomic ITwasawa main conjecture (IAMC),
formulated by Perrin-Riou [PR87], states that L,(f) generates the square-root of the characteristic ideal
of the A-torsion part of the Pontrjagin dual of the p-primary Selmer group of E/K.. The proof of this
conjecture is one of the main results of this paper. We remark that one divisibility of characteristic ideals
— notably the fact that L,(f) is divisible by the characteristic ideal of the relevant Selmer group — is
obtained in Howard’s paper [How04], as a direct application of the theory of Euler systems.

We now turn to the definite (good ordinary) case, in which the definite anticyclotomic p-adic L-function
L,(f) interpolates central critical values of twists of the complex L-function of E/K, described in Section
2 in terms of special points on the Gross curve. The level raising of the modular form f at certain
admissible primes yields congruent eigenforms modulo arbitrary powers of p. These eigenforms belong
to the indefinite setting and therefore the Heegner construction becomes available on the Shimura curves
supporting them. (See Section 3 for the precise definitions.) This basic observation is the opening gambit
of the article [BD05| by Bertolini-Darmon, which builds on it by establishing a first explicit reciprocity
law relating the resulting Heegner cohomology classes to L,(f). Moreover, with the help of a second
explicit reciprocity law, this article sets up an inductive procedure (which may be viewed as an analogue of
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Kolyvagin’s induction) proving that L, (f) is divisible by the characteristic ideal of the Pontrjagin dual of
the p-primary Selmer group of E /K. This shows one divisibility in the definite Twasawa anticyclotomic
main conjecture (DAMC). (The explicit reciprocity laws are reviewed in Section 6.2.) This procedure
has been formalised in Howard’s paper [How06], leading to the concept of bipartite Euler system. The
full DAMC proved in this paper is rather based on a refinement of the induction argument in [BDO05].
It requires to show the non-vanishing modulo p of values of the definite p-adic L-function attached to
an eigenform congruent to f, obtained by raising the level at sufficiently many admissible primes. This
maximality property ultimately rests on a fundamental p-converse theorem of Skinner—Urban [SU14|,
as explained in Step 4 of Section 7.1. It should be stressed that both the DAMC and the IAMC are
obtained in this article from the same unified approach based on the above-mentioned inductive process.
The article [BCK21] by Burungale-Castella—Kim uses directly the techniques of bipartite Euler systems
to obtain a proof of the IAMC (that is, Perrin-Riou’s Heegner point main conjecture).

Assume now that p is a supersingular prime for E. As customary in the supersingular theory, two
cases indexed by a sign € = + need to be distinguished. Depending on the choice of €, one is led to
introduce the concepts of e-points, e-Selmer groups and e-p-adic L-functions L;( f). In terms of these
objects, this article formulates and proves the analogues of the AMCs outlined above. In the definite
setting, the analogous inclusion of [BD05] was obtained by Darmon—Iovita [DI0O8| when p is split in K
and a,(E) = 0, and extended by Burungale-Biiyiikboduk-Lei [BBL24| without assuming a,(E) = 0 and
covering also the case p inert in K.

The following two specific aspects of the supersingular setting are worth noting.

On the one hand, our study of the structure of the e-Selmer groups rests in a fundamental way on
the control result stated in Proposition 5.3. The proof of this result is based on Theorem 5.2, which was
known for p split in K thanks to the work of Iovita—Pollack [IP06]. For p inert in K, Theorem 5.2 is a
consequence of the recent proof of Rubin’s conjecture on local points in p-adic towers due to Burungale—
Kobayashi-Ota [BKO21]. In a previous version of this article, the control statement of Proposition 5.3
was a running assumption in the inert case.

When p is inert in K, the supersingular setting displays a subcase for ¢ = +, called exceptional in
Definition 1.3 of this Introduction. In the exceptional case, the +-p-adic L-function acquires an extra-
zero of local nature and our approach only allows us to show one divisibility in the AMCs. It would be
interesting to further investigate this exceptional zero and the possibility of establishing the full AMC
in the exceptional case.

We now formulate our main results more precisely. In order to obtain unified statements, we adopt the
convention that e = () in the ordinary case, so that the concept of e-point, e-Selmer group and e-p-adic L-
function simply stands for point, Selmer group and p-adic L-function (then in particular Ly(f) = L;(f)
is this case).

Fix throughout the paper algebraic closures Q of Q and Qp of Qp, as well as embeddings Q— Qp
and Q — C.

Our main results are proved under the following assumptions. Let N be as above the conductor of F,
assumed to be coprime with the discriminant of K. Factor N as N = NTN~, where N* resp. N~ is
divisible only by primes which are split, resp. inert in K.

Hypothesis 1.1.

(1) The rational prime p is > 5 and does not divide N.

(2) The rational prime p does not divide the class number hx and the discriminant of K.

(3) The representation g, : Gq — GL2(F,) arising from the p-torsion E(Q), of E is surjective.

(4) N~ is squarefree.

(5) If E has good ordinary reduction at p, then a,(E) # £1 (mod p) if p is inert in K, and a,(E) # 1
(mod p) if p splits in K.

(6) If ¢ is a prime dividing N, then H°(Gq,, E,) = 0 and gg,,, is ramified at g.

(7) If g/ N~ and ¢ = £ 1 (mod p), then pg, is ramified at q.

Remark 1.2. The set of conditions in Hypothesis 1.1 are enough to state and prove our main results listed
below. Since they are not simultaneously required at all stages, we indicate at the beginning of each
section the assumptions under which the results obtained therein hold. In order to simplify our analysis,
we do not consider in this paper primes p of multiplicative reduction for E. The assumption p { hg,
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i.e. Ko/K is totally ramified at p, is made only to ease notations in the formulas for the compatibility
of special points under the trace operators. As customary in Iwasawa theory, p is assumed to be odd.
Moreover, in order to quote directly the literature at various points, notably in Section 3, we also require
that p > 3. The surjectivity of the mod p representation or ,, as well as assumption (7), is used for the
level raising results of Section 3. The non-anomalous assumption (5) is needed for the control results
of Section 5 and for the special value formula of Lemma 4.2. Assumption (6) simplifies the treatment
of the Selmer conditions at the primes dividing N*. The assumption that p is either split or inert in
K allows us to quote the existing literature on the structure of local points over the anticyclotomic
tower. Finally, assumption (4), i.e. N~ is squarefree, simplifies considerably the moduli description of
the Shimura curves and their special points.

Definition 1.3. We say that (E, K, p,¢) is exceptional if E has supersingular reduction at p, p is inert
in K and € = +.

For e = 4, (), let L;( f) be the anticyclotomic p-adic L-function introduced in Chapter 4 in the definite
case and in Section 8.3 in the indefinite case. Moreover, let Char;( f) be the “algebraic anticyclotomic
p-adic L-function” defined to be the characteristic ideal of a certain Selmer module in Section 7.3, resp.
§8.3 in the definite, resp. indefinite case. Note that in the indefinite case, L;( f) describes the position
of a Heegner class in a compact Selmer group and Charj,(f) refers to the torsion part of an Iwasawa
module of rank one.

The next theorem contains our results on the DAMC and IAMC. Although we have strived for maximal
notational uniformity, the reader should keep in mind that the nature of the result in the two cases is
rather different!

Theorem A (DAMC & IAMC). (L5 (f)) € (Chary(f)) with equality in the non-exceptional case.

The proof of Theorem A is obtained by compiling information from the finite layers of the anticy-
clotomic tower, via a standard method which will not be recalled in detail in this paper. Specifically,
it follows immediately from the e-Birch and Swinnerton-Dyer (BSD) formulas of Theorem 7.1, resp. of
Theorem 8.2 in the definite, resp. indefinite case, by making use of an argument due to Mazur—Rubin
[MRO4, Section 5.2] and Howard [How04, Section 2.2|.

The Birch and Swinnerton-Dyer conjecture leads one to expect BSD formulas for the usual Selmer
groups over the finite anticyclotomic layers. These BSD formulas are obtained in Chapter 9 as a con-
sequence of the above-mentioned e-BSD formulas, via a comparison between the e-Selmer groups and
the standard Selmer groups. We refer the reader to Chapter 7 for the definition of the Selmer group
Sel(K, A¢(x)) as well as of the Shafarevich-Tate group HI(K, A¢(x)), and to Sections 9.2 and 9.3 for an
explanation of the constants C (related to certain archimedean periods) and of the regulator Reg, (E/K),
which appear in the statements below.

Theorem B (Definite BSD formulas). Let x be a finite order character of conductor p" of the Galois
group of Koo /K. Then Sel(K, Af(x)) is finite if and only if L(E/K,x,1) # 0. In this case one has

L(E/K, X, 1)>

1engthﬁX(Sel(K, Ar(x))) < ordx< c

with equality in the non-exceptional case.

Theorem C (Indefinite BSD formulas). Let x be a finite order character of conductor p™ of the Galois
group of Koo /K. Then Sel(K, A¢(x)) has corank equal to 1 if and only if L'(E /K, x,1) # 0. In this case

one has
L'(E/K,x,1)
C - Reg, (E/K)

lengthﬁX(HI(K, Ar(x))) < ordx<
with equality in the non-exceptional case.

Remark 1.4. The case n = 0 can be obtained more directly by applying [SU14, FW22] in the setting of
Theorem B and the techniques of [Zhal4, BBV16] in the setting of Theorem C. In the non-exceptional
case it follows as well from the AMCs proved in this paper. The presence of a local zero in the exceptional
case prevents us to treat the trivial character on the same ground as the other characters.
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Conventions. The following conventions are adopted to lighten the notation (as recalled also in the
appropriate parts of the paper).

e Besides denoting with € one of the signs + or —, we also sometimes write € = +1 when ¢ = +
and ¢ = —1 when € = —. With this convention, the equation (—1)" = ¢ for an integer n implies
that n is even if e = 4+ and n is odd if e = —.

e Given a principal ideal (z) of a commutative ring with unity R and an R-module M, we sometimes
write M /x to denote M /(x) = M/xzM.

Acknowledgements. It is a pleasure to thank the referee for several comments, which allowed us to
improve the exposition of this paper.

2. SPECIAL POINTS ON SHIMURA CURVES AND (GROSS CURVES

2.1. Shimura curves and Gross curves. Fix a positive integer N and a factorisation N = N*TN~
into coprime integers, with N~ squarefree. Let & be the quaternion algebra over Q whose discriminant
has finite part equal to N~. The algebra % (which is unique up to isomorphism) is said to be indefinite,
(resp., definite) if it is split (resp., non-split) at infinity. So Z is indefinite if and only if N~ is divisible
by an even number of primes.

For every abelian group Z, let Z denote Z @y Z, where Z = I prime Z, is the profinite completion of
Z. Let Hom(C, %B«) be the set of R-algebra morphisms of C in %, = % ®q R. The group %* acts
via the diagonal embedding on @*, and via conjugation on Hom(C, %+,). Fix a maximal order X in B,
and an Eichler order Z of level Nt contained in %. Define the set

(2.1) Y+ n-(C) := #*\ %" x Hom(C, Bw) | B*.

As notation suggests, Yy+ y-(C) is a Riemann surface, arising as the set of complex points of a smooth
curve. This curve can be defined over Q, and its description, which we will recall in the next paragraphs,
markedly depends on whether £ is definite or indefinite.

In the indefinite case, let I'y+ y- C SLa(R) be the discrete subgroup of 1o (£*) consisting of elements
of determinant 1; here too : Z = Ma(R) is a fixed isomorphism. Then the strong approximation theorem
shows that

Y+ n-(C) = Tn+ n-\H,

where H := {z € C: ¥(z) > 0}, and the left action of I'y+ x- on H is by fractional linear transfor-
mations. If N™ # 1, we set Xy+ y-(C) = Yn+ y-(C), while if N™ = 1 then Yy+ y-(C) is the usual
modular curve of level I'o(N), and we let X+ n-(C) denote its standard compactification obtained by
adding a finite set of cusps. The Riemann surface X+ y-(C) has a model Xy+ y- defined over Q,
which is called the Shimura curve of discriminant N~ and level N* (up to isomorphism, it is independent
of the choices made).

In the definite case, the double coset space @*\@* / %* is a finite set, in bijection with the set

{%1, ..., %} of conjugacy classes of (oriented) Eichler orders of level N in #. For every j =1,...,h,
set I'; := g?; /Z*; each T'; is a finite group. Then, again by the strong approximation theorem,

h
Yy+n-(C) = J] Ij\Hom(C, Zs,).
j=1

Attach a conic €/Q to £, by the rule
C(A):={x e BoqA:x+#0,Nr(z) =Tr(z) =0} /A",

where Nr and Tr denote reduced norm and trace, respectively. There is a natural bijection between
Hom(C, %) and € (C), from which it follows that Yy+ y-(C) is identified with the set of complex

points of the disjoint union X+ y- := H?Zl ¢ of the genus zero curves ¢} := I';\¢ defined over Q.
The curve X+ n- is called the Gross curve of discriminant N~ and level N +,
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2.2. Hecke operators. Since Pic(Z) = Q*/Q*Z* is trivial, one has a bijection
Y+ .n-(C) = (@*\@* /Q* x Hom(C, @m)) B

The double coset space Q*\@* / Q* is equal to the product over all prime numbers £ of the local double
coset spaces Ty = Z;\%;/Q;, where %y = X @z Z; and By = B ®q Q. If £ 1 N, then Ty is
isomorphic to the set of vertices of the Bruhat-Tits tree Ty = PGL2(Z/)\PGL2(Q/) of PGL2(Qg). This
decomposition gives rise to an action of Hecke operators Ty, for primes ¢ + N, and Uy for ¢ | N by
Q-rational correspondences on Xy+ ny-. By covariant functoriality, they induce endomorphisms of the
Picard group
In+ n- = Pic(Xy+ n-/Q)

of the curve X+ y-/Q, denoted in the same way. Define T+ y- to be the Z-subalgebra of the ring
Endq(Jn+ n-) generated over Z by the operators Ty and Uy. Note that in the definite case Jy+ y- is a
free Z-module of rank equal to the number of connected components of the Gross curve X+ y-.

2.3. The Jacquet—Langlands correspondence. Let Tx+ y- be the Hecke algebra acting faithfully

on the C-vector space Sa(I'g(NN))N ™V of weight-two cusp forms of level N which are new at N—,
generated over Z by Hecke operators Ty for primes 1 N and Uy for primes ¢|N. The Jacquet-Langlands
correspondence states the existence of a canonical isomorphism T+ y- = T+ n- identifying Hecke
operators indexed by the same prime numbers. It follows that Tx+ y- acts as a group of Q-rational
endomorphisms of Jy+ n-. See Section 1.6 of [BD96| for details.

2.4. Special points. Let p > 3 be a prime number such that p{ N, and K/Q be an imaginary quadratic
field of discriminant Dy coprime with Np. Assume in this subsection that the factorization N = N*N~
satisfies the following generalized Heegner hypothesis: a prime divisor ¢ of N divides N7 if and only if it
is split in K.

The inclusion Hom(K, #) C Hom(C, $) arising from extension of scalars induces a map from the
set

In+ N (K) = #\B* x Hom(K, B) | B*
to Y+ n-(C). A special point of Xy+ y- associated with K is any point in the image of this map.
When Z is indefinite (resp., definite), so that X+ y- is a Shimura curve (resp., a Gross curve), we say
that the points in .7+ n-(K) are Heegner points (vesp., Gross points) associated with K.

Let P € #y+ y-(K) be represented by g x f € B x Hom(K, #). Then P is a said to be of conductor

p™ if

FEK)N g™ %" g = f(Opn),
where Opn 1= Z + p"Ok (n > 0) is the order of K of conductor p”. Write .7+ n-(Opn) for the set of
special points of conductor p” in X+ n-(C). The theory of local embeddings guarantees that, under
the condition recalled at the beginning of this subsection, the set .7+ y-(Opn) is not empty for all
n > 0 (see [BDI6|, Section 2.2).

The set of special points .#y+ y-(K) is equipped with an algebraic Galois action of the group
Gal(K®/K), where K® is the maximal abelian extension of K. Let P € ./y+ y-(K) be represented
by a pair g X f € B x Hom(K, %) and let o be represented under the inverse of the Artin map by the
class of an element a € K*. Thadelisationen o (P) is the special point in SN+ n-(K) represented by the
pair gf (a) x f, where f is the adelisation of f.

Let Pic(Opn) = K*\K*/Opn be the Picard group of Opn. By class field theory there exists an abelian
extension K,,/K, the ring class field of conductor p”, such that the Galois group G, = Gal(K,/K) is
isomorphic to Pic(Opn) via the inverse of the Artin map. Recall that the Galois group Gal(K/Q) acts
on én as inversion.

If X+ n- is a Shimura curve, then the theory of complex multiplication shows that .+ y—(Opn) is
contained in X+ ny- (f(n)7 for all n > 0, and Shimura’s reciprocity law states that the algebraic Galois
action on the set of special points .+ y- (K) described above coincides with the usual geometric action
of Gal(Q/Q) on Xy+ n-(Q). In this case, for any extension H/Q in Q, denote as usual Jy+ n-(H)
the subgroup of H-rational divisors of Jy+ y—-(Q), i.e. those fixed by Gal(Q/H).
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If Xy+ - is a Gross curve, then the algebraic action of Gal(K*™/K) on y+ n-(K) described
above does not correspond to any geometric Galois action, since all special points are already defined
over K. However, one can check that each element in .+ n-(Opn) is fixed by the algebraic action of
Cal(K?*/K,), for all n. > 0. Extend canonically the action of Gal(K?"/K) on SN+ N-(K) defined above
to the subgroup of Jy+ y- generated by the image of #y+ y-(K). Given an abelian extension H of K
and an element D C Jy+ y- supported on .+ n- (K), write with an abuse of notation D € Jy+ y-(H)
to mean that D is fixed by the action of Gal(K?"/H).

2.5. Compatible sequences of special points. Let K, N = NTN~ and p { N be fixed as in the
previous subsection, and assume that p t hg, the class number of K. Recall from the Introduction the
anticyclotomic Zy-extension Ko /K, and for any integer n > 0 let K, be the subfield of K., such that
G, = Gal(K,/K) 2 Z/p"Z. Since p { hg, we have Kn—i—l = K, - K, and K,, N K; = K. In particular
énJrl = A X G, with A = Gl. By convention, set K_1 = K.

Let L > 1 be a squarefree integer, prime to Np; when L > 1, we suppose that L is the product of primes
which are inert in K. The set .7+ - (Opn) of special points of conductor p™ in X+ rn-(C) is then
non-empty for every n > 0 (note that X+ ;- might be a Gross curve or a Shimura curve, accordingly
with the parity of the number of prime divisors of N™L). As in Section 2.4 of [BD96| fix a compatible
sequence Pog(L) = (Py(L))n=0 of special points of p-power conductor, where P, (L) € Sy+ pn-(Opn).
For every integer n > — 1 define

P,(L) = Z 0 (Pot1(L)) € I+ pn-(Ky),
geA

Pe(L)= Y. o(P(L) € Jy+ n-(K).
c€Pic(Ok)

Let ex be the quadratic character associated with K, and ux be one half of the order of the unit group
O Define

(2.2) up = (p — ex(p))/uk-
Then these points satisfy the following relations:
(2.3) P_y(L) =wuy,- Pg(L),

T,Pr (L) if ex(p) =—1,

(2.4) wae ol = {TpPK(L) —2Pg(L) if ex(p) = +1,

(2.5) Traceg, /K, (Pnt1(L)) = TpPy(L) — Po-1(L), for every n > 0,

where Tracer.,, ., /K, =D seal(Kpyi /K O I L =1 we simply write P, = P,(L) and Px = Pk(L).

n

3. ADMISSIBLE PRIMES AND RAISING THE LEVEL

Fix a positive integer N, a factorisation N = NTN~ into coprime positive integers, and a rational
prime p > 5 coprime to N. Assume that N~ is square-free.

3.1. Eigenforms of level (N, N7). Recall the Hecke algebra T N+ n- defined in Section 2.3 and let
R be a complete local Noetherian ring with finite residue field kg of characteristic p. A R-valued (weight
two) eigenform of level (N, N~) is a surjective morphism f : Ty+ y- — R. Denote by So(Nt, N7; R)
the set of such eigenforms. To every eigenform f € So(NT, N7; R) is associated a Galois representation
pr: Gq — Gla(kg),
unramified at every prime ¢ t Np, and such that an arithmetic Frobenius Froby € Gq at ¢ has charac-
teristic polynomial char (pf(Froby)) = X2 — f(T,)X + q € kr[X], where f(T}) denotes the reduction of
f(T) modulo the maximal ideal of R. The semi-simplification of ps is characterised by these properties.

Moreover, as proved by Carayol [Car94], if ps is irreducible (hence absolutely irreducible since p is odd),
it can be lifted uniquely to a Galois representation

Py - GQ — GLQ(R),
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unramified at ¢ { Np, and such that trace(Frob,) = f(1;) and det(Frob,) = ¢ for such a ¢. Assuming
that py is irreducible, write Ty for an R-module giving rise to the representation py, and, for R a quotient
of Z,, define Ay = Homg, (T, jipes ), where ppeo is the group of p-power roots of unity.

Let n € NU{oo} and define R =Z, if n = oo and R = Z/p"Z if n < oo. Let f € So(NT,N7; R).
If k€ NU{oc} and 1 < k < n, let fr = f (mod p¥) denote the reduction of f modulo p¥, with the
convention that foo = f if n =k = oo. Let Ty and Ay be the modules introduced above for f, (i.e.
Ty =Ty, and Agp = Ayg, ). If particular, if n = oo then Ty = Ty and Af = Ay. Finally, for any
Zy-algebra 0, we will write Ty o = Ty ®z, O and Afp o = Afy Rz, 0.

3.2. Admissible primes. Let R denote a complete, local Noetherian ring with finite residue field kg of
characteristic p and let f € So(NT, N7; R) be an R-valued eigenform of level (N*, N7). Fix a quadratic
imaginary field K/Q of discriminant Dy coprime with Np. Following [BD05], we say that a rational
prime ¢ is an admissible prime relative to (f, K) if the following conditions are satisfied:

Al. /¢ does not divide Np;

A2. p does not divide ¢? — 1;

A3. f(Ty)> = (U +1)? € R;

A4. ¢ is inert in K/Q.

Write .7 (f, K) for the set of squarefree products of admissible primes for (f, K).

Let n € NU {oo}, and put R = Z, if n = co and R = Z/p"Z if n < co. For f € So(NT,N7; R),
and k € N U {oo} with 1 < k < n, call k-admissible prime any admissible prime relative to (fx, K),
where recall that f; is the reduction of f modulo p¥, with the convention that f., = f. With an abuse
of notation, if no confusion may arise, we write %% for 7 (fi, K). We say that L € % is definite
if ex(LN~) = —1 and indefinite if ex(LN~) = +1, and write .73 and .#/"¢ for the subsets of .7
consisting of definite and indefinite integers, respectively; clearly . = k‘}ef U Y,ind.

The following lemma is proved by the same argument appearing in the proof of Lemma 2.6 of [BD05].

Lemma 3.1. Let ¢ be an admissible prime relative to (f, K), and let K;/Qq be the completion of K at
the unique prime dividing ¢ (so that K; = Qg2 is the quadratic unramified extension of Qg ). There is a
decomposition of R|G,]-modules Ty = R(e) ® R, where R(e) (resp., R) denotes a copy of R on which
Gk, acts via the p-adic cyclotomic character € (resp., acts trivially).

3.3. Level raising. Let n be a positive integer, and let f € So(NT, N~;Z/p"Z).

Hypothesis 3.2. The data (ps, NT, N~,p) with N = NTN~ satisfy the following conditions:

(1) N~ is squarefree, p > 5 and p{ N;
(2) ps: Gq — GLo(F,) is surjective.
(3) If ¢||N~ and ¢ = + 1 mod p, then p; is ramified at g.

Theorem 3.3. Assume that f € So(NT,N~;Z/p"Z) satisfies Assumption 3.2. Let S € .S for some
integer 1 < k < n. Then there exists an eigenform
fs: Ty n-s — Z/p"Z

of level (NT,N—S) such that fs(T,) = fi(Ty) for ¢t NS and fs(Uy) = f(U,) for q | N, where recall
that fi, = f (mod p*). Moreover, fs is unique up to multiplication by a unit in (Z/ka)*.
Proof. Assume that N~ > 1 and that N~ has an odd (resp., even) number of prime divisors. In this
case Theorem 3.3 is proved in Section 5 (resp., Section 9) of [BDO05| under slightly more restrictive
assumptions on (pg, N *, N7, p), subsequently removed in [PW11]. The method of [BD05] builds on
work of Ribet (who considered the case n = k = 1), and makes essential use of the generalisation of
Thara’s Lemma to Shimura curves obtained by Diamond-Taylor [DT94]. We refer to [BDO05] for more
details and references.

Assume now that N~ = 1. If n = k = 1, the theorem was proved by Ribet. If n > 1, it can be proved
by following the arguments of Section 9 of [BD05] (see in particular Proposition 9.2 and Theorem 9.3),

using Thara’s Lemma (rather than its generalisation by Diamond-Taylor) in the proof of Proposition
9.2. O
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In the situation of Theorem 3.3, we say that fg is the level raising of fr = f (mod p™) at S; it is
defined up to units in Z/p*Z.

4. p-ADIC L-FUNCTIONS AND SPECIAL VALUES FORMULAE

Let E/Q be the elliptic curve fixed in the introduction, and let f be the cuspform associated to E by
modularity. In this section we assume the following:

Hypothesis 4.1.

(1) N~ is squarefree, p > 5 and p{ N.

(2) p1hi.

(3) If E/Q, has good ordinary reduction, then a,(E) # £1 (mod p) if p is inert in K and a,(E) # 1
(mod p) if p is split in K.

(4) pr: Gq — GLa(F)) is surjective.

(5) If /[N~ and ¢ = + 1 mod p, then p; is ramified at g.

Let k € Z>1 U {oco} be an integer or the symbol co. If k is an integer let L € Y,fef be a definite
k-admissible integer (i.e. ex(LN~) = —1) and denote by g = f; € So(NT,LN~;Z/p*Z) the L-level
raising of f modulo p¥. If k = oo assume that f is definite (i.e. ex(N~) = —1), and set L = 1 and
g = f; under the Jacquet-Langlands isomorphism T+ ;ny- = T+ n- recalled in Section 2, if £ = oo
the form g induces a Zj-valued ring homomorphism T y+ ;x- — Zp, denoted by the same symbol g. In
both cases X+ pn- is a Gross curve. Define R = Z, if k = oo and R = Z/p*Z if k is an integer. We
may in both cases view g as a morphism

g: TNJF,LN* — R

Fix a topological generator v of Goo. Let w, = 77" — 1, denote ®,,41(T) = zg’;{l} TI?" € Z[T)] the

p"Tlcyclotomic polynomial. Set v, = 0 (resp., v, = 1) if p is inert (resp., splits) in K. Define

wi =w = (y - 1)
wyg =7 — L
For each integer n > 2,

wi =0 =17 [ @50

INSEY

For each integer n > 1.

wp=(-1 J[ @107

1< | 2

4.1. Modular parametrisations. Let m; C T+ ;- be the kernel of the reduction
g:Tn+n- — Fp

of g modulo p, and let Jy,, and Ty, denote the completions of Jy+ ;y- and T+ - at mp respectively.
Thanks to Ribet’s level lowering theorem, Hypothesis 1.1 imply that Hypothesis CR in [PW11] holds
true, so according to Theorem 6.2 and Proposition 6.5 of [PW11] (relaxing one of the assumptions of
[BD05, Lemma 2.2]) it follows that Jy, is a free Ty, -module of rank one. As a consequence g induces
a surjective morphism

Yy In+ N- Rz Ly — R

satisfying 14 (t - ) = g(t) - ¥4(x) for every t € T+ pn- and every x € Jy+ -, which is uniquely
determined by g up to multiplication by a p-adic unit. Let finally Ap = A ®z, R = R[G] (so that
Ar=Aif k=00 and Agr = A/pFA if k < o0) and put Ay i = R[Gy].
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4.2. The ordinary case. In the ordinary case, the construction of the p-adic L-function, which we will
recall below, has been obtained in [BD96]. Assume in this section that £/Q,, has good ordinary reduction
at p, i.e. pf N and g(T},) = a,(E) (mod p*) is a p-adic unit. The Hecke polynomial X2 — g(7,)X + p
has a unique root ay,(g) in R which is congruent to g(7,,) modulo p and hence is a p-adic unit. Recall the
compatible sequence P, (L) = (Py(L))n>—1 of Gross points fixed in Section 2.5. For every n > 1 define

w2 ((o(Paa(1) = aplo) -y (o(Pa(L) ) -0 € A

(6]
p JEG

Since Yy(Tpx) = ap(E) - y(x) for every x € Jy+ pn-, a direct computation based on Equation (2.5)
shows that the elements (Lg,)n>1 are compatible under the natural projection maps Ay y15 — Apg.
Define the anticyclotomic square root p-adic L-function

Ly= lim Ly, € Ag

as the inverse limit of the compatible sequence (L4 n)n>1 in Uim A, = Ag.
For any x € A and any ring homomorphism x : A — €, define as usual z(y) = x(x). Denote 1 the
trivial character. One has (cf. Equation (2.5))

(1= ap(9)?) - y(Pr(L))  if ex(p) =—1,
(4.1) L,(1) = \ |

L1 = ap9))" - vg(Pk(L)) i ex(p) =+1.
)

Lemma 4.2. The equality L4(1) = 1), (PK(L ) holds in R up to multiplication by an element in R*.
Proof. This follows from the formulas above and Hypothesis 4.1(3). O

The definition of £, depends on the choice of the compatible system of Heegner points Ps(L). If
Qoo(L) is another compatlble system, then there exists v € Goo such that v(P,(L)) = Qn(L) for every
n > 0 (cf. Section 2 of [BDI6]). As a consequence the square root p-adic L-function £, is well defined
up to multiplication by G,. Define the anticyclotomic p-adic L-function

Ly(g) = Ly - Ly, € Ag,

where ¢ is Iwasawa’s main involution. Note that L,(g) is independent of the choice of P (L).

4.3. The supersingular case. In the supersingular case, the construction of the p-adic L-function has
been obtained in [DI08] when p is split, building on the fundamental work of Pollack [Pol02]. We extend
the construction to the inert case. Assume that £/Q, has good supersingular reduction. As p > 3 the
Hasse bound gives a,(F) = 0. Let A, = A/(wn,p*) = R[Gy], and define Afk, = A/(w, pF). Set

° w0+ = wl =1.

e w, =v—1

e For each integer n > 2,

\<

N\:

e For each integer n > 1,

W, = Doj—1(7)-
I
Recall that v is a topological generator of G, so that w, = (y—1) & - @, (and &} = w; in the inert

n
case) for each n > 0. For every n > 0 define

Lyn= Z ¢g(7j(Pn(L))) "Vj € Ag.
=0

Lemma 4.3. Let ¢ = (—1)". Then wi, - Ly, € wy - Ag for all integers n > 0.
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Proof. The case when p is split is [DI08, Proposition 2.8(1)], and we only need to check the inert case.
The proof is by induction. If n = 0, we have, using (2.4) for the second equality and a,(E) = 0 for the
last,

uk - Lgo = Ug(Po(L)) = ap(E)hg(Pk (L)) =0,
so Lg0 = 0 and the statement is true. If n = 1, the statement is trivially true because w; = wi. So
we can fix n > 1, assume the statement true for all integers s with 0 < s < n and prove it for n + 1.

We first prove a relation between Ly, 1 and Lg,,—1, where m > 1 is an integer. Understanding that
congruences are modulo w,,, we have

p—1
Loymir= Y (Z¢ TP (P (L)) -vipm> Ly

j*O i=0

= Z ¢g TraceK +1/Km(Pm+1(L)))) -’yj (because fyipm —1=0 (mod wy,))

Z Yg(Tpy? (Pm) =7 (Pm-1(L))) -7’ (by Equation (2.5))

7=0
pm—1
(4.2) =— Z Vg (v (Pm—1(L))) -7 (because a,(E) = 0)
L . 1 1
== X YO B L) "
7=0 =0
p—1 [pm~t-1 ‘ ‘ . .
=3[ 2 v Puca@)) -+ | 47" (because 17" (Pu-1(L)) = Pra (L))
— =
= _ (,y(p—l)pm‘1 T T 1) Lgm_1
= — q)m(’)/) : ‘Cg,m—l‘

The statement then follows easily. Indeed, if n =2m + 2 > 2 is even,

Winto * Lgamiz = Wi o (—Pomi1(7) - Lg2m + wamr - §) (for some & € Agpyo k)

= — o 12(7) - Pomi1(Y) - wyr, - Lgom + wjm+2 “wom41 - €

€ —Pomi2(7) - Pomt1(7) - wom -Aomi2k + w2m+2 wom+1 “Nomt2k
—_———

=wam+2 divisible by wam42
where the last equality follows by the inductive hypothesis and because wgrm oW2m+1 18 divisible by
Wam+2, SiNce Wy, 1o = Wy, 1. If n.=2n +3 > 3 is odd, we have similarly
Womas - Lgoamt3 = Wop i3 - (—Poma2(7) - Lg2mr1 + wamy2 - §) (for some € € Ag)
= —Poni3(7) - Ppzm+2(7) - Wap i1 - Lo 2mit + Wop i Wamt2 - §

€ —Pomi3(7) - Pom+2(7) - wWamt1 Aomisk + Wopys - W2mt2 “A2m3 k-

N— ———
=W2m+3 divisible by wam+3
where the last equality follows by the inductive hypothesis and because ws,,  swom+2 is divisible by
Wam+3, since w;m+2 = w;m+3 Ol
We will use repeatedly the following elementary result.

Lemma 4.4. Suppose that R is UFD. Let x,y be non-zero elements of R, and let z = zy. Let finally
w be an element of R such that m and z do not have common factors. The multiplication by © : R — R

defines an isomorphism xR/(y,m) = (R/(z,7))[y].
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Proof. Multiplication by = induces a map = : R/(y,m) — R/(z,m): indeed, suppose that a and b are
elements of R which satisfy a = b + ac for some ¢ € R and a € (y,7); then za = zb 4 zac, and
za € x(y,m) C (2,2m) C (2,7), so x[a] = [xa] = [xb] = z[b] in R/(z, 7). Since y[za] = [azxy] = [za] = [0],
the image of the map is contained in (R/(z,7))[y]. We next show that the map is injective. Suppose
[za] = [zb]. Then za = xb + ca for some ¢ € R and a € (z,7), so there exist d and e such that
xz(a — b —dy) = em; now m and x do not have common irreducible factors, so since R is a UFD, we
have that x | e. Therefore, we can write x(a — b — dy — fm) = 0 for some f. Since z # 0 and R is a
domain, we have a —b—cy — fr =0, so [a] = [b] in R/(y, ). We finally show that the map is surjective.
Fix [¢] such that y[c] = [cy] = 0. Then cy = do for some d € R and a € (z,7), so y(c —ex) = fw
for some e and f, and again, since y and 7 do not have common factors, we see that y | f, so we can
write y(c — ex — gm) = 0 for some g, and since y # 0 and R is a domain, we have ¢ = ex + gm. So
z[d] = [zd] = [c]. O

By Lemma 4.4, in the split case multiplication by @, gives an isomorphism between Aik and the w-
torsion submodule of A, j, (cf. [IP06, Section 4 |). In the inert case, again by Lemma 4.4, multiplication by
w, = @l gives an isomorphism between A, and the w; -torsion submodule of Ay, i, and multiplication
by w,, = (v — 1)@, gives an isomorphism between A, and the w = @ -torsion submodule of A, .
Lemma 4.3 then implies that if € = (—1)", there exists elements L] ; € A7 ; such that

e If pis split in K or p is inert in K and € = —1 (the non-exceptional case):
Lo (—)"2@, L], if n is even,
o (—1)=D2gkLo if nis odd.

e If pisinert in K and € = +1:
Lyn=(—1)"2w, L}

n~gn

Denote by F;m+2 c AT K A2m+17k the natural projections.

+ — A
omt2k Azm,k and 7y, 3 A

2m—+3,
+ + _ — - _ -
Lemma 4.5. 73, 5(Ly 0 42) = Ly oy, and o, 3(L 913) = Loy for every m > 0.

Proof. In the split case, this is Lemma 2.9 of [DI0§|, so we only need to check the inert case. Equation
(4.2) shows that
(4.3) Lgom+2 = —Pom11(7) - Lg2m + womt1 - 2
for some z € A, for each m > 0.
We first prove the statement for £ ,,. From (4.3)
(_1)m+1 "Wornta £3_72m+2 = (—1)m+1‘p2m+1(’7) " Wop, £;2m + Wam41 - 2.

Both sides of the previous equation are divisible by w,,, 5. Since A}Lm 1o has no nontrivial wy, . o-torsion,
dividing by wg,, o, we get the result.
We now prove the statement for £_,. From (4.3)

1~ - 1 ~ -
(_1)m+ T Wom43 ﬁg,2m+3 = (_1)m+ : (I)2m+3(7) ’ w;m—s—l ’ ‘Cg,2m+1 + wam+2 - 2.
Both sides of the previous equation are divisible by d);m 43 Since Aj has no nontrivial d);m  g-torsion,
dividing by (Z);rm 13 we get the result. O
Since @A;m p = AR = @A;erl i (cf. Section 4 of [IP06]) the previous lemma allows us to define
ﬁ; = l&n E;n € Ag,
meNe

where N°¢ is the set of natural numbers n satisfying (—1)" = e. Every continuous character y : Goo — Q;

extends uniquely to a morphism x : Ag — O, /pF O, of Z,-algebras, where 0, = Z,[x(Gwo)]. As before,
denote by E;t(x) = X(ﬁff) the value of y at E;t and by 1 the trivial character of G .

Lemma 4.6. If (f, K,p,€) is non-exceptional, then the equality L5 (1) = v4(Px (L)) holds in R up to
multiplication by an element in R*.
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Proof. This follows from (2.5), after noticing that P_1(L) = wu, - Px(L) by (2.3) in the non-exceptional
case. O

Remark 4.7. In the exceptional case, a result analogous to the equality in Lemma 4.6 is not currently
available, to the best knowledge of the authors. Indeed, L4 = uj a,(E)y(Prx (L)) = 0 by Lemma 4.3
(recall a,(E) = 0 under our assumptions). As a consequence, on the one hand L, ¢ does not have a direct
relation with 14 (Pk (L)), which is instead directly related to the special value of the L-series of E over K.
On the other hand, the equality £, = 0, which can be interpreted as an exceptional-zero phenomenon,
makes it possible to divide by v—1 to define the anticyclotomic p-adic L-function E;; however, the p-adic
L-function thus obtained does not seem to have a clear relation with t4(Pr(K)) as well. Therefore, it
might be interesting to further investigate an analogue of Lemma 4.6 in the exceptional case, since it
seems to require new ideas and a different approach than in the non-exceptional case.

As in the ordinary case, define
L

which is independent of the choice of Py,

p(9) = Ly - (Ly)" € AR,
(L).

5. SELMER GROUPS

Recall the notation introduced in Section 2.5: for every integer n > 0, K,,/ K is the cyclic subextension
of Koo/K of degree p", and G,, = Gal(K,/K) (as in Section 2.5, we assume that p does not divide the
class number of K, cf. Hypothesis 5.1 below). Let Goo = Gal(Kw/K), Ay, = Zp[G,] and A = Z,[G].
In this section we also fix a finite flat extension €'/Z,, and define Ay, = O[G,] and Ay = O[G]. For
each prime ideal w of K, denote by K,, the completion of K at w. Fix an algebraic closure K, of K,
define G, = Gal( w/K ), and let Ix, be the inertia subgroup of G, .

Let E/Q be an elliptic curve of conductor N, and let p > 5 be a prime number not dividing N. We
also let N = NTN~ denote the factorization of N as before (a prime divides N if and only if it is split
in K, and divides N~ if and only if it is inert in K). Let

f € 82(To(N))

be the newform attached to E by modularity, which we identify, with a slight abuse of notation, with
a modular form f € So(NT,N7;Z,) by the Jacquet-Langlands correspondence (cf. Section 2.3). The
representations Ay and T associated with f as in Section 3.1 are then the p-divisible group and the
p-adic Tate module of F, respectively. In this section we work under the following:

Hypothesis 5.1.

(1) N~ is squarefree, p > 5 and p{ N.
(2 ) The rational prime p does not divide the class number and the discriminant of K.
pr: Gg — GLo(F,) is irreducible.
f-~Q P
(4 ) If E has good ordinary reduction at p, then a,(F) # +1 (mod p) if p is inert in K, and a,(F) # 1
(mod p) if p is split in K.
(5) If ¢ is a prime dividing N*, then HO(GQq, E,) =0 and py is ramified at q.

5.1. e-rational points. In this subsection we assume that F has supersingular reduction at p. Let p
be a prime of K dividing p. For every n € N U {oo} denote by ¥,, = K, , the completion of K, at the
unique prime dividing p, by O,, the ring of integers of ¥,, and by m, its maximal ideal. Set ¥ = Wy,
O = Op and m = mg. Then ¥, is a totally ramified Z,-extension of ¥, whose Galois group can be
identified with Goo (via i, : Q <= Q). Let E/O be the formal group of E/¥, which gives the kernel of
the reduction modulo p on F, and let logg : E — G, be the formal group logarithm. The formal group
E/O is a Lubin-Tate group for the uniformiser —p € O ([Hon70]). Since Epm = E,m for every m > 1 as
Gy-modules, the p-adic Tate module T of E is isomorphic to the p-adic Tate module of E, hence has a
natural structure of O[Gal(¥/¥)]-module.

Denote by = the set of Q;—valued finite order characters on G,. For every x € E let n, be the smallest
nonnegative integer such that y factors through Gy, , and let

EE={x€Z|n, =1, (-1)™ = +1}.
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If p splits in K/Q, set E = =%, if p is inert in K/Q set Ey =ETand E, =2 U {1}, where 1 € Zis
the trivial character on G’oo. Let log, : E(moo) — Q, be the morphism 5end1ng y in E(my) to

log, (y) -m Z o) tlogg (),
c€Gm
where m = m(x,y) is any positive integer large enough so that m > n, and y belongs to E(m,,).
Following [Rub87] set

E(ms)+ = {y € E(ms) | log, (y) = 0 for every x € E]},
and for every 1 < k < oo define
H&n,i(\poo’Af,k) = E(my)+ @z (Qp/Zp)

viewed as submodules of H' (W, A ) under the local Kummer map.

Let € denote one of the signs + or —. With an abuse of notation, we sometimes identify the sign
e = + with £1, so that the equation (—1)" = ¢ makes sense for each integer n, and states that n is even
if e = + and n is odd if e = —. For every integer n > 0 and every prime p of K dividing p set

E(m,): = E(m,) NE(my)..

If follows from the definitions that w? - E(m,,). = 0 for every n > 0 and p|p; in particular, if p is inert in
K then E(m);y =0 and E(m)_ = E(m), while if p is split in K, we have E(m); = E(m)_ = E(m).

Denote by Ao the tensor product of A with O. For every Galois extension W'/W¥ the group E(¥’)
is a module over O[Gal(¥’/¥)]. The next theorem, which elucidates the structure of the Ap-modules
E(V,,) and E(¥,,)., has been obtained by Iovita—Pollack [I[P06, Theorem 4.5] in the split case (building
on the work of Kobayashi [Kob03]) and by Burungale-Kobayashi-Ota [BKO21, Theorem 5.5] in the inert
case. It shows that the e-local points enjoy trace relations analogous to those satisfied by the families of
Heegner points and Gross points intervening in the definition of the e-p-adic L-functions.

Theorem 5.2.
(1) E(V) is a free O-module of rank 1. Choose a generator dy o € E(V); define d;o =d,g=dpo if
p 1s split in K and d;—;o =0, dpj0 =dyo if p is inert in K.
(2) If n > 1 and € = (—1)", then E(¥,). is a free Ao/(ws)-module of rank 1. We can choose
generators d,, ,, € E(Vy). satisfying the following trace relations:
i Tracen+2/n+1(d§,n+2) d; ns
. Tracel/o(d;’l) =wu-dy, for some unit u € Z).
(3) If n 2 1 and e = —(=1)", define dy,, = d,,,, 1 € E(¥;,_1)c. Then the Ao-module E(¥y,) is
and dy 7.

generated by d,, ,

Theorem 5.2 furnishes elements dy ,, defined for all n > 0 and € € {+} which we consider fixed from
LOW On.

5.2. Selmer groups. Let k € NU{oc}. If k€ N and L € 4, let g: Ty+ y-f — Z/p*Z be the level
raising of fr = f (mod p*) at L (cf. Section 3.3). If k = oo, set L = 1 and g = f. Fix an isomorphism
of Gg-modules between Ty and the p-adic representation T}, associated with g, which also fixes an
isomorphism between Ay and A, = Homg, (Ty, ipeo). We often identify Ay with Tr ®z, (Qp/Zp)
hence Ay with Ty ®z, (Qp/Zp),x, using the Weil pairing on E (with the convention p> = 0). Let
t: A — A be Iwasawa’s main involution (acting as inversion on group-like elements), and let

T, =T,®z, AMes)) and Ag= Homeont (T4, ppe=),

where € : Gg — A* is the tautological representation (obtained by composing the canonical projection
Gk — G with the inclusion Goo — A* of group-like elements) and one writes M* = M ®4 , A for every
A-module M. We also define the scalar extensions

Tgﬁv‘ = Tg ®zp ¢ and AgVﬁ = Ag ®Zp 0.
For every ideal P of Ag, set Op = Ay /B, and set
Tg,ﬁ(m) = Tg,ﬁ/m ) Tg,/f and Ag,ﬁ(m) = Ag,ﬁ[m]‘
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Write T, (B) for Ty z,(B) and A,(B) for Ay z,(B). Then Ay »(*B) is isomorphic as a Ay |Gk ]-module to
the Kummer dual Homg (T, 6 ("), pipe ®z, O) of Ty o(B*)", where PB* = 1(B). For every finite prime
w of K, local Tate duality gives then a perfect &-bilinear pairing

(5.1) (= o+ H (K, Ty, (B)) x H' (Ku, Ag.o(B)) — A/ 0,
where # = Frac(0) is the fraction field of &, such that

<)‘ © L, y>q3,'u) = <(177 [’()\) : y>£]3,w
for every A € Ag, every z € H(Ky, Ty 6(B)), and every y € HY (K, Ag.o(P)).

5.2.1. Primes dividing p. Let p be a prime of K dividing p and let € € {), +}. For ¢ = =+, recall the
groups H%nﬁ(Koo,p, Ay ) defined in Section 5.1, and for € = () define

Hflin(Koo,p’ Af,k’) = E(Koo,tﬂ) Xz (Qp/zp)pka

viewed as submodules of H 1(K007P,Af7k) under the Kummer map. Shapiro’s Lemma yields a natu-
ral isomorphism of A-modules H' (K, Ay) & H' (Ko p, A,), which we often consider an equality, and
we denote by Hflm,z-:(KP? A,) the submodule of H(K,, A,) corresponding to Hén’e(Kow,Af,k) via this
isomorphism. We then define
Hén,E(Kp’ Ag’ﬁ) C Hl (Kp, Agvﬁ)

as the image of H{}ln,s(KP’ A,) ®z, O via the canonical isomorphism H'(K,, Ay) ®z, 0 = H (K,, Ay ).
For every ideal 3 of As define

Hf}m,s(va Ag,ﬁ(m)) C H' (Kpa Ag,ﬁ(m))
as the inverse image of H&n,e(Kpa A, o) under the map HY(K,, Ay o(P)) — H(K,, A, s) (induced in
cohomology by the inclusion Ay »(B) = Ay o[B] — Ay s), and define

Hén,e(Kpa Tg,ﬁ(m)) C Hl (Kpa Tg,ﬁ(m))

as the orthogonal complement of H} (Koo p, Ag o (")) under the local Tate pairing (—, —pp- HMgo
denotes either T, o or A, ¢, let Hslingﬁ(Kp,Mgﬁ(iB)) be the quotient of H!(Ky, M, 4(B)) by the finite
subgroup Hén’ -(Kp,Mg.6(PB)), so that we have a canonical exact sequence

0— Hrlm,s(KpaMg,ﬁ(g’B)) — Hl (vaMg,ﬁ(g’B)) — Hl (KpaMg,ﬁ(m)) — 0.

sing,e

A global class x € H'(K,M, 5(B)) is said to be e-finite at p if resy(z) € Hﬁln,g(KpaMgﬁ(‘B»- For any
element s € H'(K,M, 5(B)), denote Jy(s) the projection of the restriction of s at p to the singular
quotient of H(K,,M, 4 (B)). We call 9, the residue map at p, and 9, = @©p|pOp the residue map at p.

5.2.2. Primes dividing N~ . Let ‘3 be an ideal of Ay and let £ be a rational prime dividing N~. Then £ is
inert in K/Q and ¢- O splits completely in K, /K. As a consequence the G'i,-representation T, o (B)
is isomorphic to the base change T, ®z, Oy (with G, acting trivially on Og). The elliptic curve E/K,
is a Tate curve, i.e. is isomorphic as a rigid analytic variety to the quotient of the multiplicative group
G/ K¢ by the lattice gZ generated by the Tate period q¢ € £-Z, ([Sil94, Chapter 5]). This gives a short
exact sequence of G'k,-modules

0 — TF) — Tp — Trp — 0,
where T}Q >~ 7,/p*(1) and T%L >~ Z,/p", which in turn induces an exact sequence of Oy[Gr,]-modules
L l
0 — Ty (B) — Ty (B) — T, (B) — 0,

with Tgf%(m) ~ Oyp(1) ®z, Zp/p* and Tg[f}ﬁ(fﬁ) ~ Oy Rz, Zp/p®. Define Ag)ﬁ(‘ﬁ) and Az}ﬁ(‘ﬁ) to be the

Kummer duals of Tglﬁ(‘BL)L and Tg(%(‘ﬁ‘)L respectively, so that one has an exact sequence

0 — AY)(P) — Ag0(B) — AL (T) — 0
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of Oyp[Gk,|-modules. If My » is either T, o or A, ¢, define the ordinary subspace of H(K,, Mg.6(B)) by

4
(K My, 0 (F)) = T (H (K, M), (F)) — H' (K, My 0 () )
As easily proved, H. (K, T, 0(B)) is the orthogonal complement of H! i (Ky, Ay o (")) under (—, =)0

O

A global class in H' (K, M, 5(B)) is said to be ordinary at ¢ if its restriction at ¢ belongs to the ordinary
subspace H!  (K¢,M, 0(P)).

5.2.3. Primes dividing L. Let *§38 be an ideal of Ag, and let £ be a prime divisor of L. As above £ - Ok
splits completely in Ko /K and T, »(B) = T, ®z, Oy as Gk,-modules, with G, acting trivially on the
second factor. Lemma 3.1 then implies that the Oy |Gk, ]-module Ty (B) is isomorphic to the direct sum

of T;%(‘B) = 0yp(1) ®z, Zp/pk and Tg[ﬂﬁ(&ﬁ) = OpQ®z, Zp/pk (where by definition Og(1) = Zp(1) ®z, Op
. ¢ ¢ 0 i 0 remin

as Galois modules). Let as above Aéy)ﬁ(ip) and A[g}ﬁ(‘ﬁ) be the Kummer duals of T;]ﬁ(ip )" and Tg(,é(ip )

respectively. For M, g € {T, 5, Ay ¢}, define the ordinary subspace of H'(K;,M, »(B)) by the equality

4
Hog (K Mg o (B)) = H' (e, M, ().
By Lemma 3.1, H} (KM, o(B)) is also isomorphic to the singular quotient

Hyo (Ko, My 0(B)) = H' (Ko, My 6(R))/ Hiy (Ko, Mg 0 (B)).-
Moreover, note that Hl (K¢, T, o(B")) (vesp., Hi (K, Ty 0(PB))) is the orthogonal complement of
H! (K¢, Ayo(B)) (vesp., HE (Kp, Ay o(B))) under <_’_>‘B,€ . A global class in H'(K,M,4(P)) is
said to be ordinary (resp., finite) at £ if its restriction at ¢ belongs to the ordinary (resp., finite) subspace

of H'(K¢,My,0()).

5.2.4. Primes outside LN~ p. Let w be a prime of K which does not divide LN ~p, let 8 be an ideal of
Ay and let My 5 denote either T, o or A, o. A global class in H'(K,M, 5(R)) is finite (vesp., trivial) at
w if its restriction at w belongs to the finite subspace

Hiy (K Mg,0(B)) = H Gk, /Trc,, Mg, 0 (P) )
of H'(Ky,My o(R)) (resp., is zero).

5.2.5. Discrete and compact Selmer groups. Let S be a positive squarefree integer and let 3 be an ideal
of Ag. The discrete Selmer group

Sel? (K, Ag.0(F)) € H' (I, Ag.0(B))
is defined to be the @p-module of global cohomology classes in H' (K, A, 5(B)) which are
e-finite at primes dividing p;
ordinary at primes dividing LN ~;
trivial at primes dividing SNT;
finite outside SLNp.
The compact Selmer group

GQ[SS(Kv Tg,ﬁ(m)) C Hl (Ka Tg,ﬁ(g’p))

is the Og-module of global cohomology classes in H'(K, T, »(8)) which are

e c-finite at primes dividing p/g.c.d.(S, p);

e ordinary at primes dividing LN~ /g.c.d.(S, LN™);

e finite outside SLNp.
Write Sel. (K, A, ¢()) and Gel*(K, T, »(B)) as shorthands for Sell(K, Ay(R)) and &el5(K, T, »(B))
respectively. If B is the zero ideal, so that Ty s(B) = Ty ¢ and Ay »(B) = Ag.e, set

Sel? (Koo, Ag.o) = Sel2 (K, Ay 5) and Gely (Koo, Ty o) = Gelg(K, T, 0).

Note that if p | S then Sel® (K, A, ») = Sel®(K, A, ¢) and Gelg(K, Ty 5) = Gels(K, T, 0).

5.3. Local properties. If E has (good) ordinary reduction at p, set € = () and Héne = H%n. If E has
(good) supersingular reduction at p, let € denote either + or —.
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5.3.1. Primes dividing p. Fix a prime p of K dividing p. We first investigate local properties of points,
and then we consider finite and singular subgroups.

Proposition 5.3. For every nonnegative integer n, the restriction map induces an isomorphism
E(Knp)e @2 Qp/Zp = (E(Koop): ®2 Qp/Zp) [wr].

Proof. If E/Q, has good supersingular reduction, this follows from Theorem 5.2. More precisely, the
Pontrjagin dual of the restriction map

E(Knp)e ©2 Qp/Zp—(E(Kmp)e 9z Qp/Zyp)[w]

is a surjective morphism of Ap-modules, for all integers m > n. Since Theorem 5.2 implies that its source
and target are finite free Z,-modules of the same rank (indeed both are isomorphic to Ap/w}), it is an
isomorphism.

Assume that F/Q, has good ordinary reduction and consider the restriction maps

o HY (Kpp, Ap) — H' (Koo, Ag)[wn]
and . .
T:Ling . H (Kn,P’ Af) N H (KOO;P’ Af) )
E(Knyp) ®z Qp/Zyp E(Kwyp) @z Qp/Zyp
Lemma 3.4 of [Gre97] proves that the kernel of 5"® has cardinality |E(Fy),%. (Loc. cit. considers
the cyclotomic Z,-extension Fi/F of a finite extension F'/Q,, but the argument works for every Z,-
extension Fi,/F such that the inertia subgroup of Gal(Fu/F') has finite index, cf. [Gre97, Proposition

2.4].) The inflation-restriction sequence shows that r, is surjective and that its kernel is isomorphic to
a quotient of H(Kuop, Af) = E(Keop)peo. Assumption 5.1(4) then implies that ry, is an isomorphism

and that r5"8 is injective. The statement follows. O
Fix an ideal 3 of Ay generated by a regular sequence.

Proposition 5.4.

(1) Hf%n@(Kp’Tf,ﬁ(m)) and Hsling75(KP7Tf,ﬁ(g’B>) are free Ao /B-modules of rank [K, : Q).
(2) Hflima(Kp,Afﬁ(‘B)) and HY . (Ky, A7.6(B)) are co-free Ag/B-modules of rank [K, : Qp).

sing,e

Proof. Since H&nﬁ(Kp,Tfﬁ(‘B)) and Hsling7€
Hsling,e(KP7 Af»ﬁ(mb))b and Hf%n,s
divided into three steps.

Step 1. If P denotes the Pontrjagin dual of A, one has isomorphisms of A-modules
(5.2) Hiy o (Kp, Ap) = 97 Y) and HY,, (K, Ag) = 2

sing,e

(Ky,Tr,0(B)) are isomorphic to the Pontryagin duals of
(Kp, Af,o)(B"))" respectively, it is sufficient to prove (2). The proof is

If £/Q, has good supersingular reduction and p is splits in K/Q, (the duals of) Equations (5.2)
are proved in Propositions 4.16 of [[P06], which in turn is a slight generalisation of Theorem 6.2 of
[Kob03] (see also [Kob03, Proposition 9.2|). If E/Q, has good supersingular reduction and p is inert in
K/Q,, this is a consequence of Rubin’s conjecture proved in [BKO21]: if, as in Section 5.1, O denotes
the valuation ring of ¥ = K,, it is proved in [Rub87| that Hflinﬁ(Kp,A ) is a co-free Ap-module of
rank one. Moreover [BKO21| proves that (as conjectured in [Rub87]) H(K,, Ay) is the direct sum of
Hflin7+(Kp,Af) and Hém_(Kp, A ;). The statement follows.

If £/Q, has good ordinary reduction, the representation T is ordinary at p, i.e. there exists a short
exact sequence of Z,[Gq,]-modules

0— T} — Ty — T7 — 0,
arising from the reduction modulo p on E(Qp). More precisely let «, 8 € Z, be the roots of the Hecke
polynomial X2 — a,(E)X + p. Since a,(E) is a p-adic unit, one can assume a € Z, and j € pZ,. Then
17 = Zp(Xeye - ¥~ 1) and 17 = Zp(¥), where ¢ : Gq, — Zj, is the unramified character which sends an
arithmetic Frobenius to a. Set T} =T} ®g, Aezl) for x € {e, 0}, so that there is an exact sequence of
A[Gk|-modules T} — Ty — T%. According to a result of Greenberg (cf. Proposition 2.4 of [Gre97])

(5.3) H,(Ky, Ty) = Image(H' (K,, T}) — H'(K,,Ty)) = H'(K,, T}).
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Let I be the augmentation ideal of A. Since T$/I =T} and HY(K,, T7) = 0, one has HY(K,, T%)[I] = 0.
Moreover H'(Kj, T}) /I is a free Z,-module, because it is isomorphic to a submodule of the free Z,-
module Hl(Kp,TJ:). This implies that Hl(Kp,T}) is a free A-module of rank [K, : Qp], hence so is
H} (K,,Ty) by Equation (5.3). The short exact sequence T} < Ty — T} and Equation (5.3) induce
an exact sequence of A-modules

0 — Hy,o(Ky, Ty) — H'(K,, T%) — H*(K,, T%).

sing

By Hypothesis 5.1(4), ¢ (Froby) # 1 (mod p), hence HQ(Kp,TJ: ®z, Fp) = 0. This implies that
H?(K,, T;) vanishes, hence so does H?(Kj, T}) by Nakayama’s Lemma. It follows that Hslmg(Kp7 Ty)
is isomorphic to H'(Kj,, T%). Another application of Hypothesis 5.1(4) gives HY(K,, T @ Qp/Zp) =0
which implies that Hl(Kp,TJ‘;’) is a free Z,-module. As above one deduces that Hl(Kp,Tj}) is a free
A-module of rank [K, : Q,], hence so is H51ng(Kp7 Ty).

Step 2. The inclusion Ay s(B) — Ay ¢ induces isomorphisms of Ag/PB-modules
Hl(va Aﬁﬁ(m)) = HI(KP’ Af,ﬁ)[m] and Hf%n,e(KPv Af,ﬁ(f‘p)) = Hflin,a(Kpa Aﬁﬁ)[m]

If E has good supersingular reduction the Gk, = Gal(K,/K,)-representation E,, is irreducible (see
for example [Ser72, Proposition 12|). If £/Q, has good ordinary reduction, the kernel of the reduction
modulo p on E(K,) is isomorphic to F,(1) as a representation of the inertia subgroup of Gr,. Then
Hypothesis 5.1(4) implies that H°(K,, E,) vanishes in all cases. Because Af[m,] is isomorphic to
E, this gives HO(Kp,Af) = 0, and therefore HO(Kp,Afﬁ) = 0, which in turn easily implies that
HY(K,, At o()) is isomorphic to the P-torsion submodule of H'(Kj, At o). The claim follows directly
from this and the definitions.

Step 3. Since H'(K,, Ay) is a co-free A-module of rank 2[K, : Q] (cf. Step 1), it follows from Step
2 and the flatness of 0/Z, that H'(K,, Afo(P)) is a co-free Ag/P-module of rank 2[K, : Qp). To
conclude the proof it is then sufficient to show that Hén75(Kp,Afﬁ(‘B)) is a co-free Ay /P-module of
rank (K, : Qp]. This is a consequence of the previous two steps. O

Corollary 5.5. Let F denote one of the symbols (), «fin,e» or «sing,e».
(1) The projection T g — T1,6(B) induces an isomorphism H%(Ky, Ty o) /B =2 HL(Ky, Tt.0(R)).
(2) The inclusion Ay o(PB) — Ay g induces an isomorphism HY%(Kp, Afo(B)) = HY (Kp, Ag o) [B].

Proof. The second sentence has been proved in Step 2 of the proof of Proposition 5.4, and the first
sentence follows by duality. O

We end this section by proving (following arguments of [Kim07]) that the e-finite local conditions are
suitably self-dual. Set ¥ = K, and I,, = wy, - A, so that T,(I,) = T, ® Z,[G,] (with g in Gi acting
as g ® g~1), and Shapiro’s isomorphism identifies H' (¥, T,(I,)) with H'(¥,,T,). Similarly Shapiro’s
lemma identifies H'(¥, Ay(1,,)) with H'(¥,, A;). The Weil pairing then defines a perfect pairing
(5:4) [ = [ Joan + HY (W, Ty(Ln)) x HY (Y, Ty (1)) — Z/p",
such that [A - z,yl, = [z,t(\) - y], for each A in A and each z and y in HY(V,T,(1,)).

Lemma 5.6. Hﬁna(\IJ Ty(I,)) is its own orthogonal complement under [-,-],.

Proof. Set L} = Héne(\I/,Tg(In)). By definition (after identifying A, with Ty via the Weil pairing,

and HY(¥,, A,) with the w,-torsion submodule of H'(V, A,) via restriction), it is the orthogonal

complement of L, = (E(Vs): ® Qp/Zy)[wn,p"] = (E(¥eo)s/p")[wn] under [, ],. In addition, L, and
L? have the same cardinality (cf. Proposition 5.4), hence it is sufficient to prove the claim
(5.5) |:Ln7 (E(‘I’m)a/pk) [wn]]n =0

for each integer m > n.
We start by proving Equation (5.5) in the special case n = m. Since L, is co-free over A, (cf.
Proposition 5.4), L, = Lp[ws] + Lpjwn/wi] = Lp[ws] + wE - L,. As t(wg) kills E(U,,)./p*, one has
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[wE - Ly, E(¥,):/p*]n = 0. Moreover, Proposition 5.3 gives Ly, [wS] = E(¥,,)./p* C E(¥,)/p*, and the

n

latter is orthogonal to itself under [-,-],,, hence [L,[w], E(V,,):/p*], = 0. This proves
(5.6) [Ly, E(Y0)e/p"]5 = 0.

Fix now an isomorphism of A-modules H! (¥, 4,) ~ 2% & 2%, where 2 = Homes(A/p¥, Qp/Zy) is
the Pontjagin dual of A/p* and a = [V : Q,], which identifies E(¥o)./p* with the first copy of Z¢ (cf.
Proposition 5.4). Set %, = Z|w,] = Homg, (A /p", Qp/Z,), and for each m > n let Crjn : Dm — Dn
be the dual of the injective map A, /p* — A, /p* sending A + (wn, p¥) to (Wm/wn) - A + (Wi, p*), for
each A in A. Then the surjective map Cor,,,, = C;, /n @ ce m/n corresponds to the corestriction map

HY (W, Ay) — H*(¥,, A;) under the fixed isomorphism, once one identifies H(W¥,, A;) with the ws-
torsion submodule of H!(V,, A;) (cf. Corollary 5.5). It follows that for every m > n one has

Cotyy jn(Lm) = Ly,
which combined with Equation (5.6) proves the Claim (5.5): for each y in (E(¥;,)s/p")[wy] one has
[Ln>y]n = [Corm/n(Lm)>y]n = [Lma y}m = 0.

(Here one identifies H!(W,,, Ay) with the w,-torsion submodule of H!(V,,, A;) via the restriction map,
and uses the fact that restriction and corestriction are adjoint to each other under the Tate pairing.) O

5.3.2. Primes not dividing p. Recall the notation introduced at the beginning of Section 5.2: k is a
positive integer or the symbol oo, L € ., is a square-free product of k-admissible primes, and g is either
the level raising of f; = f (mod p¥) at L if k is an integer, or g = f if k = co. Let ¥ be a principal
ideal of Ay generated by a regular sequence.

Lemma 5.7.

(1) Let £ be a prime dividing N—. Then the morphism
14 L
HY(K,, AV (3) — H'(K,, Al

induced by the inclusion Ag ]ﬁ(‘ﬁ) = Ag]ﬁ[‘m — Ag]ﬁ is injective.
(2) Let l € .S be a k-admissible prime. Then the morphisms

HY(Ky, A ,(P)) — H' (K, AY)) and - HY(Ky, A} ,(B) — H'(K,, Al))
induced by the inclusions Aéoﬁ(iﬁ) s Al )ﬁ and Am o(B) — A[ge]ﬁ respectively are injective.

Proof. (1). Let 2, denote the Pontrjagin dual of Ay. Then Agﬁ]ﬁ(‘p) is isomorphic to 2, [B, p¥] with
trivial Galois action (cf. Section 5.2), hence H'(Ky, Afﬁ(‘]ﬁ?)) is isomorphic to Homeont (G ¢, Za , B, P¥]).-

. N ¢ ¢
Similarly, H'(Ky, Ay)) & Homeont (Gr,, 7 ,[p¥)), and the map H' (K, A}, (B)) — H' (K, Al,) cor-
responds to the morphism induced by the inclusion of Z, [, p] in 2, [p"].

(2) The injectivity of the map Hl(Kg,A[;’]ﬁ(%)) — Hl(Kg,Aé[ﬁ]ﬁ) is proved as above. The repre-
sentation Aé%(iﬁ) is isomorphic to the Kummer dual of Tg]ﬁ(‘BL)L =~ Ag/(B,p*). Since p 1 £2 — 1
because ¢ € %, and O is a flat Z,-algebra, H*(Ky, Ag/(B,p*)) = Ag/(B,p*) and local Tate dual-
ity then gives Hl(Kg,AEJZ)ﬁ(‘B,pk)) =~ Pp,[B,p"]. Similarly Hl(Kg,Ag)ﬁ) =~ 9P\ ,[p"], and the map
H'(Kqy, A},(P)) — H' (K¢, Al')) is identified with the inclusion [, 0] — 24, [p¥). O

Lemma 5.8. If w is a prime of K which divides N, then H (K, Ap.o(B)) = 0 for every j.

Proof. Hypothesis 5.1(5) and local Tate duality imply that A ¢[ms] = E,, is an acyclic G,,-module. Since
O|Zy, is flat, this in turn implies that A s[J] is an acyclic Gy-module for every ideal J of A generated
by a regular sequence. Because Aj ¢ (P) is isomorphic to A ¢ 5[B, p'], this concludes the proof. O
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5.4. Control theorems. Let P be an ideal of Ay generated by a regular sequence.
Proposition 5.9. Let S € .} be a (possibly empty) squarefree product of k-admissible primes. Then
Sel? (K, Ag.0(F)) = SelZ (K, Ag.0)[¥].

Proof. Let & = Gal(Kgrnp/K) be the Galois group of the maximal algebraic extension of K which is
unramified at every finite place w { SLNp of K. Since H°(&, E,) vanishes by Hypothesis 5.1.(3), the
same is true for the &-module E, ®z, 0, and therefore for every ideal B of Ay generated by a regular
sequence the natural map gives an isomorphism H'(&, A 5[P]) = H' (6, A s)[P] (cf. Step 2 in the
proof of Proposition 5.4). This implies that the natural map Sel? (K, A, »(B)) — Sel2 (K, A, »)[F] is
injective, and its cokernel is isomorphic to a submodule of the kernel of

ED Hlpo (K Ago(B) @ @D HY (KW AN @ @ H (K, Ago(B))

w‘(L S) w|SN+
— @ sing,e Kw’Agﬁ)eB @ Hl(Kw’A[gl%)@ @ Hl(KunAgﬁ)'
wlp w\LLN;) w|SN+
The proposition then follows from Corollary 5.5(2), Lemma 5.7 and Lemma 5.8. U

Proposition 5.10. Let S be an integer coprime with LNp. The canonical map
Selg(K, Ty o) ®r, Ao /B —> Selg(K, Ty 0(B))
1S 1njective.

Proof. Let & be the Galois group of the maximal algebraic extension of K unramified outside S LN poo.
Since Ay /p"* has no nontrivial -torsion the morphism

HY(8,Ty0) @p, Mo/P — H' (8, Ty 6(P))

is injective. Moreover the cokernel of the inclusion Gelg(K, T, s) — HY(®, T, ) is isomorphic to a
submodule of

(57) @ blngeKW7T9’ﬁ)@ @ Hl(K Tglﬁ)

w|LN—

To prove the first part of the proposition it is then sufficient to show that each summand of the direct sum

(5.7) has no non-trivial B-torsion. For Hslmg .(Kuw, Ty ¢) this is a consequence of Proposition 5.4. Assume

that w = £ - Ok for a rational prime ¢ dividing LN ™. In this case Tl ]ﬁ is isomorphic to Ay ®z, Z,/ pF
(with trivial Galois action), hence H'(K,, Tg%) ~ HY(Ky, Z,/p" )®ZPA/)’ and H!(K,, Tgé)[‘ﬁ] =0. O
In light of the applications to the definite and indefinite main conjectures, we also record the following

result due to Mazur—-Rubin and Howard. In the rest of this section, let P8 be a height one prime ideal of
A, and let & be the integral closure of A/ in its fraction field. Consider the canonical map

(5.8) Gel*(K, Ty) /B — Gel*(K, Ty 6(B)),
induced by the composition spy : Ty — Ty ®z, (A/B) — T o (), and the map
(5~9) Sels(Kv Afﬁ(m)) — Sele(Ka Af) [m}

induced by the Kummer dual of spy. : Ty — T o ().

Proposition 5.11. There is a finite set ¥ of height one primes in A such that for B & 3, the maps (5.8)
and (5.9) have finite kernel and cokernels, of order bounded by a constant depending only on [0 : A /).

Proof. The proof proceeds as in [MR04, Proposition 5.3.14], replacing the local results in loc. cit. with
Corollary 5.5 (for primes dividing p), and following the proof of [How04, Lemma 2.2.7] for the ordinary-
type conditions. (]
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5.5. Global freeness. Assume in this section that k < co. Let g € So(Nt,LN~;E,) be the reduction
of g modulo p, and let my = (w1, p) - A be the maximal ideal of A. Define

Seld (K, Ag) € HY(K, A [my])

to be the Selmer group obtained from Sel® (K, Ag) by relaxing the local conditions at the primes of K
dividing p (so that Sel®(K, Ay) is the set of classes in Sel3 (K, Az) which are finite at p.)

Definition 5.12. A freeing set relative to g is an integer S € .%} such that Sel3 (K, Ag) =

A generalization of [BD05, Theorem 3.2| guarantees the existence of infinitely freeing sets relative to
g (see also the proof of [BD94, Lemma 2.23], and compare with [KPW17] where a correction including
the ramification condition at primes ¢ | NT is made). Let n denote either a nonnegative integer or oo.
Set Woo =0, Igy, =wpn - Ag, and Ag 1 = A/,v/(I@n,pk), and write

Ge[%(Kn,Tg’ﬁ) = GQ[ES(K, Tg’ﬁ(fﬁm)) and Ge[gp(Kn,T%ﬁ) = GQ[SP(K, Tg,ﬁ’(lﬁ,n))a
where e = () if E is ordinary at p, and ¢ denotes one of the symbols @), + of — otherwise.

Proposition 5.13. Let S be a freeing set relative to g and set 6(S) = #{prime divisors of S}.
(1) The Selmer group Gelg(Ky, Ty ¢) is a free Mg p-module of rank 6(S).
(2) The Selmer group Gelgy(Ky,Ty.6) is a free Ag ,, p-module of rank 5(S) + 2.

Proof. If E/Q, has ordinary reduction this is a variant of [BD05, Proposition 3.3] (see also Section 3 of
[BD94]). We use the computations of the preceding sections to give a proof which works in our more
general setting. Without loss of generality, we can (and will) assume n # oo and & = Z, throughout
the proof. As usual, we then omit ¢ from the notation.

Step 1. Set Sel? (K, A,) = Sel? (K, A,(I,)). We show that
(5.10) Sel? (K, Ay) =0
Indeed Proposition 5.9 yields
Sel? (K, Ag) = Sel? (K, Ay)[mp] = Sel? (K, Ay)[ma].
As (by assumption) Sel? (K, A;) C Sel3(K, Az) = 0, Equation (5.10) follows from Nakayama’s Lemma.
Step 2. We show that
(5.11) Selsy (K, Ty) = Gelgy (K, Ty)[ma].

Denote by Kgrnp the maximal algebraic extension of K which is unramified outside SLNp and by &,
the Galois group of Kgpnp/Ks, for every 0 < s < oo. If one identifies H' (&g, T,(I,)) with H'(&,,,T,)
via the Shapiro isomorphism, then

GQ[SP(KMTQ) = ker ( Q5n7T @ Hl n[a f]))
[|LN-
where the direct sum is taken over the primes [ of K, which divide LN~. Hypothesis 5.1.(3) guarantees
that H°(K,Ty/p") vanishes for all » > 1 and s > 0. As a consequence the map
HY (80, T5) — H' (&5, Ty)[ma]

induced by restriction from K to K, and the inclusion p*~! : T; = Tr/p — T f/pk = T, is an
isomorphism. To prove Equation (5.11) it is then sufficient to verify that the map

J4
B HY Ky, T — H' (K, TV

is injective for every prime [ of K, lying over £|LN~. The Gk,-representation T[g] T J[f] /p" is isomorphic
to Z/p" for every r > 1, and one has K, | = K, (since ¢ splits completely 1n Kn/K) It follows that
HY(K,, T][fl) = Homeont(Gk,, Z/p"), and (via the fixed isomorphisms T, = T, and Ty = Tj) the map

By is (identified with) the injective morphism induced by the inclusion p*~! : Z/p < Z/p*.
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Step 3. We prove (2). As the local conditions defining Gelg,(K,,T;) are dual to those defining
Sel®P (K, A,) (via Tate’s duality), Theorem 2.19 of [DDT95], Hypothesis 5.1.(3) and Lemma 5.8 yield

#Sel°P (K, Ag) (K, T,(I,)) #HO (K, T,(I1,))
#Gelsy(Kn, Ty) H #Hl (K, Ty(In)) H #H) (K, Ty(1n))

w|Sp ¢ LN—-/(S,LN—)
Step 1 implies that Sel*P(K,,, T,) C Sel (K, T,) vanishes. For each w | pSLN~, define

_ #HO(Kw, Ty(In))
- #HN Ky, Ty(I))

huw

and let hoo = #T4(I,). For every prime ¢ dividing S, Ty(I,) = Ty ® Ak, hence Lemma 3.1 and the
local Euler characteristic formula give h,' = #H?(K;,T,(I,)) = #An . For every prime ¢|L Lemma
3.1 similarly gives h,, = 1. If /|N~, considering the long exact cohomology sequence associated with
P > Ty — Z/p* one easily proves that hy = 1 even in this case. If p is a prime dividing p the

local Euler characteristic formula shows that h,, 1= #Ai[ka:Qp] - #H*(K,,T,(I,)). On the other hand

H?*(K,,T,(I,)) has the same cardinality as H°(K,, A,(I,)), which vanishes since its my-torsion sub-
module is equal to H°(K,, E,) = 0 (thanks to Hypothesis 5.1(4) in the ordinary case). The previous
equation then yields

(5.12) #Gelsy(Kn, Ty) = hal - AT = A0+

Since A/I,, is a Gorenstein local ring, it is isomorphic to Homz, (A /I, Z,) as a A-module, so that A,y is
isomorphic to its Pontrjagin dual %, , = Homgz, (A, Qp/Zy) as a A-module. Taking n =0 and k = 1
in Equation (5.12) shows that Gelg, (K, Ty) has dimension 6(5) + 2 over F,, hence

Gelgp(Kn,Tg)[mA] = Fg(s)JrZ
by Step 2. By Nakayama’s Lemma there exists then a surjective morphism
6(S)+2
An(,k)+ - HOHIZP (Ge[SP(Kn? TQ)? QP/ZP)?

which is an isomorphism by another application of Equation (5.12). As a consequence Gelg, (K, Ty) is

(S)+2 ~ A (S)+

isomorphic to 7, , as was to be shown.

Step 4. There is an exact sequence of Ag-modules

0,
(5.13) 0 — &ely(Kn, T,y) — Selgy(Kn, Ty) — @D Hing o (K, Tr(Ing)) — 0.
plp
The only nontrivial fact is the surjectivity of the residue map d,. By construction (cf. Section 5.2) the
local conditions defining &el% (K, T,) are dual to those defining Sel? (K, A,), hence PoitouTate duality

implies that the cokernel of d, is isomorphic to a submodule of the Pontrjagin dual of Self (Kn,Ay) (see
e.g. Theorem 7.3 of [Rub00]), which is trivial according to Step 1.

Step 5. Step 3, Step 4 and Proposition 5.4.(1) prove that Selg(K,,T,) is a (projective, hence) free
A g . k-module of rank 6(S), thus concluding the proof of the proposition. O

We record for future application the following

Corollary 5.14. Let S be freeing set relative to g. Then, for each integer 1 < n < oo, the natural
projection A — A, induces isomorphisms of A-modules

Gelsp(Koo, Tyg) /wn = Gelgp(Ky, Ty)  and  Gelg(Koo, Ty)/wp = Selg(Ky, Ty).

Proof. This is a direct consequence of Propositions 5.10 and 5.13. O
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5.6. Self-duality. In this section k < oo. Let x : A — &) be a morphism of Zj-algebras into a discrete
valuation ring &) contained in Q,. Set Ay = Ag, , and write again x : Ay, —» Oy for the &)-linear
extension of x. Set P, = ker(x), and set

Tg(X) = Tg,ﬁx (gpx> and Ag(X) = Ag,ﬁx (mx)
If x = x ot denotes the composition of x with (the &)-linear extension of) Iwasawa’s main involution,
then Ty(x) = Ty ®z, Ox(X) and Ay(x) = Homgz, (Ty, ptp=) @z, Oy (X) as Oy[Gk]-modules (where 0 (x)
is a copy of 0, on which G acts through the composition of Gx —» Gal(Ks/K) — A* and x). Via
the identifications Ty ~ Ty and Ay ~ A, fixed above, the Weil pairing then yields and isomorphism

wy : Ty(x) =~ Ag(X).
of O,|Gk]-modules. For each ¢ in {(}, +, —}, one has the following

Proposition 5.15. The isomorphism induced in G i -cohomology by w, restricts to an isomorphism
wy : Gel* (K, Ty(x)) =~ Selc (K, Ag(x))-

More precisely, for each prime v of K dividing N Lp, the isomorphism induced in Gy, -cohomology by
wy identifies the local conditions at v defining Selo(K,T,(x)) and Sel®(K, Ag(x))-

Proof. For each prime v of K not dividing pN L, denote by L, (x) (resp., £} (x)) the local condition at v
satisfied by the classes in the Selmer group Sel®(K, A4(x)) (resp., Gel-(K,T,(x))). By definition £ (x)
is the orthogonal complement of £,() under the perfect local Tate duality

(5 )xw Hl(Kng(X)) X Hl(KvaAg(X)) — ﬁx/pk

arising from the &y-bilinear extension of the evaluation pairing Ty X Ay — p,x. To prove the proposition
it is then sufficient to show that £}() is the orthogonal complement of £} (x) under the perfect pairing

[l + HY (K, Ty(x)) % H (Ko, Ty(X)) — Oy /"

defined as the composition of (-,-)y,, and the isomorphism id x wy, 1. This is easily checked when v { p,
in which case £,(x) is either an ordinary local condition, or A4 () is cohomologically trivial. Assume
then that v = p is a prime of K dividing p, and set ¥ = K.

Since x(y — 1) belongs to the maximal ideal of O, there exists an integer n > 0 such that x(wy)
belongs to p” Oy, id est w, belongs to (‘Bx,pk). According to Corollary 5.5, one has an isomorphism

HY (W, Ty(x)) = H (¥, Ty) @n Ay/By > H (Y, Ty(1n)) ©On, An/By
which restricts to an isomorphism
L3(x) = Hiy (U, Ty(In)) ©a, An/PBy.-

One has a similar isomorphism for y in place of x, and via these isomorphisms [-, ], is the reduction
modulo B, of the &)-linear extension of the pairing

(b s HH (W, Ty(In) x HY(Y, Ty(1)) — An
defined for each x and y in H'(V,T,(I,)) by the formula

{z,y}x0 = Z [, Ylnw - 0,
oeGn
where [+, ], is the pairing defined in Equaiton (5.4). Because L} = Hénja(\lf, Ty(1y)) is a Ap-submodule
of H'(V,T,(I,)), Lemma 5.6 yields {L},, L} }y.o = [L, Li]5,0 = 0, hence [£5(x), £5(X)]x,0 = 0. In other
words L£*(Y) is contained in the orthogonal complement L£*(x)* of L£*(x) with respect to the pairing
[,Jy,o- On the other hand, Proposition 5.4 implies that £}(x), £:(x)* and £:(y) all have the same

cardinality \ﬁx/pk\[‘l’:QP}, thus £5(x) = L£:(x)*". This concludes the proof of the proposition. O

Remark 5.16. Let 7 in Gq be complex conjugation, let Ad(7) be conjugation by 7 on Gk, and let
[7] : T4(x) — T4(x) be the isomorphism of &,-modules induced by 7 : T; — T,. Then the map sending
a l-cocycle ¢ : Gxg — Ty(x) to the 1-cocyle [7] 0 p 0 Ad(7) : Gk — T,() induces an isomorphism of
O\ -modules Gel. (K, T,(x)) ~ Sel.(K,T,(X))-
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6. RAMIFIED CLASSES AND RECIPROCITY LAWS

We suppose from now until the end of the paper that Hypothesis 1.1 holds. According to our conven-
tions stated at the end of the Introduction, recall that we often write M /x for M /xM for a module M
over a commutative ring with unity R and an element x € R; in particular, we often write Z/ p* in place
of Z/pFZ, for an integer k > 1.

6.1. Global classes. Let k be a positive integer and L € .%} a squarefree product of k-admissible
primes. Assume that L € .7" is indefinite (i.e. ex(LN~) = +1), so that Jn+ pn- is the Picard variety
of the Shimura curve Xy+ py-. Let g = f, € So(NT, LN, Z/p*) be the L-level raising of f modulo p*.
Let I, C T+ n- denote the kernel of g. Proposition 4.4 of [PW11], a slight generalization of [BDO05,
Theorem 5.15|, shows that there is an isomorphism of Z,[Gq]-modules

mg + Tay(In+ Lv-)/1g = T,
which is unique up to multiplication by a p-adic unit by Hypothesis 1.1. For every integer n > 0 define
Vgt In+ v (Kn) — H' (K, Tap(Iy+ pn-)/1g) = H (K, Ty ),
where the first (resp., second) map is induced by the Kummer map (resp., by m,). It follows from
Proposition 2.7.12 of [Nek12] (see also Section 7 of [BD05] and Theorem 3.10 of [DI08]) that for every
r € Jy+ n-(Kp) the class 9y ,(x) is finite at every prime of K, dividing p. (To apply Proposition
2.7.12 of [Nekl12], note that all results in the Appendix A of loc. cit. on flat cohomology of finite flat
group schemes hold for the p-divisible group of the elliptic curve E/K, for any prime p | p of K because
K,/Qp, being unramified, has ramification index smaller that p — 1). Moreover, since Jy+ pn- has
purely toric reduction at every prime divisor of LN, Mumford-Tate theory of p-adic uniformisation
implies that these classes are ordinary at every such prime. In particular, 4, gives a morphism (cf.
Section 5.2.5)
Vg + In+ Ln- (Kn) — Gel(K,, Ty).

Recall the compatible sequence of Heegner points P, (L), for n > 0, introduced in Section 2.5 and define

Fin(9) = Ygn(Pn(L))-
6.1.1. Ordinary case. Suppose that E has ordinary reduction at p. In this case, define

(6.1) Kn(g) = ap(lg)n (%n—l(g) — ap(g) - /%n(g))>-

By the previous discussion k,(g) belongs to the compact Selmer group Gel(K,,T,) = Sel(K,T, (1))
(with I,, = wp, - A). A simple computation using (2.5) shows that the corestriction map takes kp+1(g)
to Ky (g) for all n > 1. Since Gel(K,Ty) = Gel(K, Ty) is isomorphic to the inverse limit of the Selmer
groups Sel(K,,T,) under the corestriction maps, we can define

(6.2) Fioo(9) = lim kp(g) € Gel(Koo, Ty).

6.1.2. Supersingular case. Suppose now that F has supersingular reduction at p. Choose a freeing set
S € .7 relative to g which is coprime to L. As a,(g) = 0 (in Z/p*), the norm relations (2.3), (2.4) and
(2.5) imply that, if ¢ = (—1)", the class £, (g) is killed by w$ (cf. Lemma 4.3):

(6.3) wy - kn(g) =0 if e=(-1)".
If either p splits in K, or p is inert in K and € = —1, set w, ¢ = @, ¢. If p is inert in K and ¢ = +1 (id
est in the exceptional case), set @, ¢ = w,,. Since Gelg(K,,T,) is free over A, (cf. Proposition 5.13,

applied with e = )), the previous equation implies that, if e = (—1)", there exists a unique element
ki (9) € Gelg(Kn, Tyg) /wy,
such that
(—1)°™ay® - k5 (9) = Falg),
where §(n) =n/2 if n is even (id est e = +1), and §(n) = (n — 1)/2 if n is odd.
According to Corollary 5.14 (applied again with ¢ = (), the projections A —» A induce isomorphisms
Gelg(Koo, Tg) /wy, >~ Gelg(Ky, Ty)/wy,.



24 MASSIMO BERTOLINI, MATTEO LONGO, AND RODOLFO VENERUCCI

Via these identifications, the natural projections A7, , — Aj, then induce surjective maps

69[5( n+2; )/w761+2 - Ge[S(Kna Tg)/w’i

As Gelg(Koo, Ty) is finite free over A, it is equal to the inverse limit of the maps 77, 5, taken over the
set N¢ of nonnegative integers n satisfying e = (—1)":

(6.4) Sels(Koo, Ty) = lim Gels(Ky, Ty) /wf,
neNe

Lemma 6.1. For each n in IN¢, one has

Trto(Knto(9)) = K3 (9)

Via the isomorphism defined in Equation (6.4), one then gets a class
Foo(9) = (K (9))nens € Gelg(Koo, Tg).

Proof. After identifying Gelg(K, Ty) with A%S) (cf. Proposition 5.13), this is proved precisely as the
corresponding statement for p-adic theta elements (cf. Lemma 4.3). O

The class kS (g) is finite at every prime divisor ¢ of S. Indeed, as ¢ is a k-admissible prime relative
to (f, K), the Gk, -module Ty(I,) splits as the direct sum of Ay, = A/(p",wy) - A (with trivial Galois
action) and Ay (1), and both H'(Ky, Ag,) = Hi (Kq, T,(I )) and H'(Ky, Apn(1) = HL ((Kq, Ty(1))
are free Ay ,-modules of rank one (cf. Section 5.2.3). If 9, : H(K,,T,) — HL (K, T,(I,)) is the
composition of the Shapiro isomorphism H!(K,,T,) = Hl(K, T4(I,)), restriction at ¢, and projection
onto the ordinary subspace, it follows that 9y(k5(g)) is the unique class in Hl (K, Ty(1,))/ws mapping
to (—1)°( . 9,(%,(g)) under multiplication by @, . Finally, by construction the Heegner class &, (g) is
finite at ¢, id est 0y(Rn(g)) = 0, hence 9;(k5(g)) = 0. Taking the limit for n in N tending to infinity,
this proves that x5, (g) is in the kernel of the residue map 9, : Gelg(Kw, Ty) — HL (K4, Ty), as claimed.

We now prove that the class s is e-finite at p. For each positive integer n, let K, be the product
of the completions of K, at the primes dividing p. Since &,(g) is (by construction) finite at p, and
since E(K,,,):/p" is equal to the wi-torsion submodule of the finite local condition E(K,,,)/p" (cf
Theorem 5.2), Equation (6.3) implies that, if e = (—1)", then the restriction at p of %,(g) belongs to
(the image under the Kummer map of) E(K,, ,)-/p*. According to (the proof of) Lemma 5.6 the latter
is contained in the e-finite subspace Hf}myg(Kn,pyT ) = HénE(Kp,T (In)), so that the residue 9p(kn(g))

of %n(g) at p is zero in the singular quotient HY , (Knp,Ty) = HL ., (K, T,(I,)), provided that

sing,e sing,e

e = (—1)". On the other hand Proposition 5.4 proves that H. smgs(KnP’T ) is a free Ay n-module, so
that multiplication by &, yields an isomorphism between HY , (K, T,)/ws and H, smg (K p, Tg)ws].

sing,e

As by construction @;,° - 9,(k5(g)) equals (—1)°0 - 9,(&,(g)) = 0 if € = (—1)", we conclude that % (g)
belongs to the kernel of the residue map 8, : Gelg(Ky, T,)/ws — HL | (Knp, Ty)/ws if e = (=1)". As

sing,e

Hblmgg(Koo,pyTg) = Hp, . (Kp, Ty) is the inverse limit of the groups Hy,, .(Knp, Ty)/w;, as n tends to

infinity in N¢ (cf. Corollary 5.5), this proves that the class k5 (g) belongs to the kernel of the residue
map 0y : Gelg(Koo, Ty) — H , (Koo p, T,). We summarise the discussion in the following key

sing,e 00,

Proposition 6.2. k5 (g) belongs to Gel* (Ko, Ty).

Remark 6.3. Let g = f1, be the level raising of f; = f (mod p¥) at a definite product L in yfef, and let
¢ be a k-admissible prime relative to (f, K) not dividing L, so that L¢ belongs to Yénd. Let gr = fre
be the level raising at ¢ of g (namely the L{-level raising of fi). Then, for ¢ = & (resp., ¢ = ) in the
supersingular (resp., ordinary) case, the class k5 (g¢) € Gel*(Kwo,Ty,) is also an element of the e-Selmer
group Gelj (K, Ty) of g relaxed at .

6.2. Reciprocity laws. The cohomology classes in Section 6.2 are related the square-root p-adic L-
functions by the following explicit reciprocity laws.

Recall that ¢ = ) in the ordinary case and € = + in the supersingular case. Equation (8.1) and
Proposition 6.2 define global Selmer classes x5, (g) in Gel*(K,Ty). Note that each k-admissible prime



THE ANTICYCLOTOMIC MAIN CONJECTURES FOR ELLIPTIC CURVES 25

¢ is totally split in K. /K, being inert in K. Therefore, H' (K¢, T,) = H'(K;, T,) is isomorphic to
H(K,, Ty) ® A, and Lemma 3.1 allows us to define morphisms

vp: HY (Koo, Ty) — Hi (K, T)) @ A2 Ay, and 0y : HY (Koo, Ty) — HLq(Ke, T,) @ A = Ay,

defined by composing the restriction map at ¢ with the projection onto the finite and the ordinary (or
singular) part respectively (cf. Section 5.2.3). Given a global class # € H'(K,Tyy), we call vy(z) its
finite part at ¢, and Op(x) its residue at £. If L =[], ¢; € ./} is a squarefree product of admissible primes
/i, then we write 0r, = @;0y, and vy, = ®;vy,.

Theorem 6.4 (First Reciprocity Law). Assume that L € y,fef 1s definite, let ¢ = fr be the L-level
raising of f modulo p*, and let £ 1 L be an admissible prime relative to g and K, so that L{ € y,i,nd 18
indefinite. Let gy be the (-level raising of g. The following equality

9 (roo(gr)) = L
holds in A/p* up to units.

Proof. By [BDO05, Theorem 4.1], whose proof works both in the ordinary and in the supersingular case,
we have 0y (kn(g¢)) = Lgn- In the ordinary case, this completes the proof. In the supersingular case,
recall that by definition we have for all n such that ¢ = (—1)™:

e If pis split in K or p is inert in K and € = —1 (the non-exceptional case):

Ko (ge) = (_1)71/2‘:’;6’{5% ge), if n is even;
MU (—1) @25k (gy), i s odd;

n/2~— . . .
Loy = (=)@, °LE . if n is even;
” (—1)("’1)/%55/:; if n is odd;

o If pisinert in K and € = +1 (the exceptional case):

kin(ge) = (—1)"%wy k1 (g0);

n?

Egn - (—l)n/2w;£;n

)

In both cases, since Af , is w, *-torsion free (split and non-exceptional case) and is w,, *-torsion free
(exceptional case) it follows from 9 (kn(gr)) = Lgn that 0y (x5 (90)) = L5, for all n > 0, and the
conclusion follows. g

Theorem 6.5 (Second Reciprocity Law). Assume that L € y,ind is indefinite, let g = fr, be the L-level
raising of f modulo p* and let £ L be an admissible prime relative to g and K, so that Ll € y,?ef 18
definite. Let gy be the (-level raising of g. Then k5 (g) is finite at £ and the equality

v (oo (9)) = Ly,
holds in A/p* up to units.
Proof. The result follows as in the proof of Theorem 6.4 from the relation
(6.5) e (koo (9)) = Loy

If N© # 1, (6.5) is [BD05, Theorem 4.2|, which is proved in Section 9 of loc. cit. using an extension
of Thara’s Lemma to indefinite Shimura curves due to Diamond-Taylor [DT94]. The same argument
applies when N~ = 1 using the standard Ihara’s Lemma,; alternatively, to prove (6.5) when N~ = 1 one
can adapt the arguments in Section 6 of Vatsal’s paper [Vat03], where the case n = 1 is considered. O
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7. e-BSD FORMULAE IN THE DEFINITE CASE

This section is devoted to the proof of BSD formulae for the e-Selmer groups. They are a crucial
ingredient in the proof of the main results stated in the Introduction. We adopt the abuse of notation in-
troduced in the previous section, thus writing M /z instead of M /xM for any element 2 of a commutative
ring with unity R, and for any R-module M.

Fix a positive integer £ > 1 and a (possibly empty) definite squarefree product L € Yﬁ}ff of 2k-
admissible primes relative to (f, K, p) (hence ex (LN~) = —1). Denote by § = fr, € So(N*t, LN~; Z/p**)
the L-level raising of the reduction of f modulo p?* (cf. Section 3.3) and by g € So(NT, LN~;Z/p*) the
reduction of § modulo p*.

Let x : A — O, be a morphism of Z,-algebras, where &, is a discrete valuation ring finite over Z,.
Denote by B, the kernel of x. We assume throughout this section that &) is the integral closure of
A/, in its fraction field 7, = Frac(0y) and, by an abuse of notation, we still denote by

X: Ao, — Oy

the morphism of &) -algebras induced by x and by B, C Ag, its kernel. Let ord, : J#; — Z U {oco} be
the normalised discrete valuation, let w, be a uniformiser of 0, and let F, = 0, /w, be its residue field.
If M is a finite free 0 /w'-module (for some integer m > 1) and z is a non-zero element of M, denote
by ordy(z) € N the largest nonnegative integer ¢ > 0 such that = € w! - M. After setting ord, (0) = oo,
this defines an 0\ -adic valuation ord, : M — {0,1,...,m — 1,00}. Recall that we already introduced
the notation

Tg(X) = Tg,ﬁx (mx) and Ag(X) = Agﬁx (mx)

Theorem 7.1. Assume that Lg(X) # 0. Then lengthy (Selo(K, Ag4(x))) < 20rdy (L;(x)), with equality
i the non-exceptional case.

The rest of this section is devoted to the proof of Theorem 7.1.

7.1. The Kolyvagin system. Assume that the value of the p-adic L-function £ € A/ pF at y is non-
zero and denote by

(7.1) £5(9) = ordy (£5(x)) < oc

its w,-adic valuation. Let ¢ € . be a 2k-admissible prime not dividing L, so that ¢- L ¢ 5’21};‘1 is
indefinite, and let S € S be a freeing set relative to ¢ which is divisible by ¢ - L (cf. Section 5.5). We
simplify the notation and write

Ge[fg(K, T(J) ® ﬁx = GQIES(Kﬂ Tg,ﬁx) ®A@X ﬁxv
where the tensor product on the right is taken with respect to the canonical map x : Ag, — Oy induced

by x. Proposition 5.13 shows that &elg(K, Tj) ® O) is a free 0, /p**-module of rank §(5).
Let g¢ be the level raising of § at £. Section 6 attaches to g, a global cohomology class k5 (ge)

Koo(Je) € Gelf(K, Ty) C Gelg(K, Ty) C Gelg(K, Ty 0,)
(cf. Proposition 6.2). To simplify the notation, we write from now on
Koo (£) = Koo (9e)
Denote by /i;(ﬁ) the image of ki ({) in Gelg(K, Ty) ® O, under the natural projection, and by

(7.2) t;(g,f) = ordx(ﬁ;(é))

its Oy-adic valuation. Note that ] (g, ¢) is independent of the choice of S and Theorem 6.4 yields
(7.3) #5(9.€) < ordy (9e(k5,(0))) = ordy (£5(x)) = t5(9) < ordy (p"),

where

O : Gelg(K, Ty0,) — Hyo(Ke, Tyo,) = Mg, /07
is the scalar extension of the residue map at ¢ introduced in Section 6 and the second equality follows

from Equation (7.1). In particular there exists &5 (¢) € Gelg(K, Ty) ® Oy such that
(7.4) ord, (k5 (¢)) =0,
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(7.5) K (0) = @y RS (0).

While /%;(ﬁ) is not uniquely determined by the previous equations, its image

RS (0) € Gely(K, Ty) ® Oy, = Gelg(K, Ty 0,) ®n,, Oy

under the morphism induced by the projection Ty — T} is independent of any choice. Let
sy 1 Gelg(K,Ty) ® Oy — Gelg (K, Ty(x))
be the specialization map. Define

§.(0) = &(9,0) = sy (Ry(0)) € Gelg(K, Ty(x))-
and
&) =& (9, 0) € H' (K, T) @, Fy,
as the image of &5 (/) under the map induced in cohomology by the reduction map Ty (x) - T; ®F, Fy,
where g € So(N1,LN~;F)) is the reduction of g modulo p.

Lemma 7.2 (c¢f. Lemma 4.5 of |[BD05]).

(1) 04 €(0) € Se (K. Ty (x)) and v(5(0)) = 0.
(2) ordy (9e(&5(0)) = t5(9) — t5(9,0)- )
(3) 0# & (0) € Gelj(K, T;) ®@r, Fy and 0,(£5,({)) is non-zero if and only if t5(g,€) = t3(g)-

Proof. (1) Because the kernel of Gel$(K, Ty) — Selgy (K, T,) is killed by p* and ordy (f5(¢€)) = 0 by
Equation (7.4), the class i3 (£) is not zero, hence so is its image &5 (¢) under the map s,, which is injective
by Proposition 5.10. Let ¢ be a prime divisor of S/¢. To prove the first statement one has to show that

the residue

0,(&5(0)) € Hjng(Kq, Ty,0,) = O /p"
of £5(¢) at g is zero. Fix isomorphisms Hsling(Kq,Tgﬁx) = Aﬁx/p% and Hsling(Kngﬁx) = A@»X/pk
such that the map Hsling(Kq, Ty.0,) — Hsling(Kq, T, 0,) becomes identified with the natural projection
Aﬁx/p% — Aﬁx/pk. Since 0y(k5,(¢)) is zero by Proposition 6.2 and t5(g,¢) < ord, (p*) by Equation
(7.3), it follows that 94(%5(¢)) € Oy /p* has Oy-adic valuation at least ord,(p¥), hence its projection

04(R5(0)) € Oy/ p* modulo p* vanishes (here and in the following we wrote 9, for the scalar extension

04 ® id to simplify the notation as before). This gives
0q (& (£)) = O 0 sy (RL(£)) = 0g(&5,(€)) = O,

as was to be shown. The second statement is proved similarly, using that vs(kS,(¢)) = 0 by Proposition
6.2.

(2) Equations (7.3), (7.4) and (7.5) show that Jy(%5(¢)) has Oy-adic valuation t; (g) — t5 (g, ). Since
ord, (p*) > t5(g) this is also the &y-adic valuation of 9y(k5(¢)), which is equal to that of 9y(£3(¢)) (cf.
the proof of (1)). -

(3) Note that the class &5 (¢) is equal to the image of &5 (¢) under the composition

Sely (K, Ty) @ Oy — Selg(K, Tg) ® Oy 2% Selg(K, Ty(x)) ©F, Fy.

As above this implies that 5_;(5) is not zero, since s, is injective and ord, (%5 (¢)) = 0. Together with
(1) this implies the first statement. Since 9y (g;(ﬁ)) € Hsling(Kg, T5(x)) ®r, Fy = F, is the projection of

00(&5(0)) € O/ p* modulo w,, the second statement follows from (2). O

7.2. Proof of Theorem 7.1. The proof of Theorem 7.1 is divided into several steps. Steps 1, 2 and 3
consist in a generalization to the present context of similar results of [BD05|. The direct generalizations
of the techniques in [BD05] only allow one to prove the inequality

lengthﬁx (SelE(K, Ag(x))) < 2ord, (52(92))
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in Theorem 7.1; this inequality holds in both cases, exceptional and non-exceptional, while the opposite
inequality can be shown in the non-exceptional case only with a further inductive argument on the length
of Sel. (K, A4(x)), developed in Steps 4, 5, 6 and 7. The key ingredient for the inequality

length, (Sel- (K, Ag(x))) > 20rdy (£5(x))

is Step 4 (the basis of the inductive argument, i.e. the case when length, (Sel-(K, Ay4(x))) = 0) which
combines Gross formula and Lemma 4.6 with results of Skinner-Urban (ordinary case) and Fouquet-Wan
(supersingular case); the inductive argument then follows in Steps 6 and 7 using a a structure theorem
for Sel. (K, A4(x)), which we prove in Step 5.

7.2.1. Step 1. If L(x) is a p-adic unit then Sel. (K, Ay(x)) is trivial.

Proof. (Cf. [BD05, Proposition 4.7|.) Assume ad absurdum that there exists a nontrivial class z in the
Selmer group Sel- (K, Ay(x)). Choose a 2k-admissible prime ¢ such that v,(z) € H} (K¢, Ag(x)) = O /p"
is not zero, which exists by Theorem 3.2 of [BD05]. Since Gel®(K,T,(x)) is the dual Selmer group of
Sel. (K, Ay(x)), Lemma 7.2(1) and the reciprocity law of global class field theory yield

0= Z (resy(z), resv(ﬁfz(ﬁ))>v = <resz(x),re54(£f—<(€))>e,

v
where the sum is taken over all the primes of K and (—,—), denotes the local Tate pairing at v in-
duced by the duality T,(x) x Ay(x) — Oy/p*(1) (cf. [Mil04, Chapter 1]). Since 9y(z) = 0, ve(z) # 0
and H} (K, T,(Y)) is the orthogonal complement of Hi (K;, Ag(x)) under the perfect pairing (—, —),,
the previous equation implies that the residue at ¢ of {%(Z) has positive &,-adic valuation. Accord-
ing to Lemma 7.2(2) this in turn implies that £7(X) has positive y-adic valuation, contradicting the
assumption. O

7.2.2. Step 2. Assume that Sel.(K, Ay(x)) is non-trivial. Then there exist two distinct 2k-admissible
primes ¢; and {5 satisfying the following properties.

L. t5(g,6) = t5(g,£2) < t5(9).
Io. If h € So(N*, Ll14oN~;Z/p*) denotes the £1fs-level raising of g, then

Sel. (K, Ap(x)) = Selz'* (K, Ag(x)).
I;. The w,-adic valuation of L5 (x) € Oy /p" is equal to t5(g,4i) (for i =1,2):
t5(h) = ord, (L5, (x)) = t5(g, £i) < co.
I4. OI‘dX (Ugl (f%(ﬁg))) =0 and OI“dX (ng (5%(51))) =0.

) )
Let ma, be as above the maximal ideal of Ag, , so that Agy(x) [mAﬁx] = A; or, Fy (as x(9) =1
(mod w, ) for every g € G ). The control theorem of Proposition 5.9 yields

Sele (K, Ag g, ) = Sele (K, Ag(x))[ma, ],
hence Sel. (K, Ag 4, ) is nontrivial by Nakayama’s Lemma. Fix a non-zero class
0 # z € Sel.(K, Ag s, ).

According to (a slight generalization of) Theorem 3.2 of [BDO05] there exist infinitely many 2k-admissible
primes ¢ such that v(z) € H} (K, Ag,e,) is non zero. We claim that for every such prime ¢ one has

(7.6) £(9,6) < £(g).

Recall the class 5%(6) € HY(K,T;) ®r, Fy constructed in Section 7.1. Lemma 7.2(3) shows that 5%(6)
belongs to &ely (K, Ty) ®@F, Fy, hence (as in the proof of Step 1) the reciprocity law of global class field

theory yields B
<8€ (5;(6)) 5 U€($)>g =0,
where (—, —), is the F,-linear extension of the perfect local Tate pairing

Hgn (K¢, Ty) @, Hg, (Ky, Ag) — Fp.

sing
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Since ve(x) # 0 this gives Jy (5; (¢)) =0, and the claim (7.6) follows from another application of Lemma
7.2(3).

Fix a 2k-admissible prime ¢; such that #5(g,¢1) < t5(g), and such that (g, (1) < t5(g,£) for every
2k-admissible prime /. Since £(¢1) is non-zero by Lemma 7.2(3), Theorem 3.2 of [BD05] proves that
there exists a 2k-admissible prime £y # ¢; such that ve, (£2(¢1)) € Hg, (Kq,, Tg) @F, Fy = F, is non-zero.
By construction (cf. Section 7.1) the latter condition is equivalent to

ordy (ur, (€5(11))) = 0.

The second reciprocity law Theorem 6.5 and the definition of £5(¢1) show that the identities (where we
write vy for vy ® id for £ = ¢1 and ¢ = {5 as before)

(7.7) D g, (€2(01)) = ey (52(00)) T £5(R) T gy (52(62)) = @ ) vy, (€5(02)

hold in O /p* up to multiplication by p-adic units (cf. the proof of Lemma 7.2(1) for the first and
last identities). Since t5(g,€) < ord, (p¥) for £ = 1,5 by Equation (7.3), and since by construction
t5(g,01) < t5(g,¢2), the previous two equations and Lemma 7.2(1) show that

(7.8) t5(g, 1) = t5(9,€2) < 15(9)
and that the identities

(7'9) (Uh (5)6‘((62)%”52 (5}%(62))) = (1’O)a
(7.10) (ve, (65(61)) v, (€5(01))) = (0,1)

hold in &, /p* @ O, /p* up to multiplication by p-adic units. (Here for £ = ¢; or £ = {5 one fixes an
isomorphism Hi (Ky, Ty(%)) = 0, /p*.) It follows from the definitions (cf. Section 5.2) that

Self 2 (K, A, (x)) = Sel22 (K, Ay (x)),

68[2152 (Ka Tg(i)) = 68[2152 (Ka Th(i))a
and a class z € Gely ,, (K, Ty(x)) belongs to Gel®(K, Ty (X)) precisely if vy, (2) and vy, (z) are both trivial.
Poitou-Tate duality (see Theorem 7.3 of [Rub00] or Chapter 1 of [Mil04]) then yields a short exact
sequence of 0,/ pF-modules

Vv

€ Due, k 821@8 L1462 v
(7.11) Gely g, (K, Ag(X)) Ox /D" ® Ox/p Sele (K, Ap(x))" — Sel.!2 (K, Ag(x))” — 0,
where (-)¥ = Homg, (-, p/Z ) and for £ = 1,05 one identifies HL (K, Ay4(x)) with the Pontrjagin

sing
dual of H} (K, T,(x)) = 0, /p* under the local Tate duality. Equation (7.10) shows that the first map
is surjective, hence

’Ugl

Sele (K, An(x)) = Sel* (K, Ay(x))-
Together with Equations (7.7)—(7.10) this concludes the proof. O

7.2.3. Step 3. length, (Sel- (K, Ag(x))) < 2t(g).

Proof. As in [BDO05| one proceeds by induction on ty(g). Step 1 shows that the statement holds if
ty(9) = 0. Assume then tg(g) > 0. If Sel.(K,Ay4(x)) = 0 the statement is trivially verified, hence
assume that Sel. (K, Ay(x)) is non-trivial. According to Step 2 there exists two distinct 2k-admissible
primes ¢; and {5 satisfying the properties I;-I3. As in loc. cit. denote by h € So(N*, Lé1lsL; Z/p") the
£105-level raising of g.

Let (5(41) € Gelf (K, Ty(x)) be a global class such that d, (C)‘%(El)) generates the image of the residue
map 9y, : Gelf (K, Ty(X)) = Hypo (Ko, Ty(X)) = Oy/p", viz. 9y, induces an isomorphism

sing
(7.12) Oy, 1 &el§ (K, Ty(X))/Gel* (K, Ty(X)) = 0y, (¢5(£1)) - Oy /0",

Since &5(£1) belongs to the Selmer group &ely (K, T,(X)) by Lemma 7.2(1), multiplying (5(¢1) by a
p-adic unit if necessary one can assume that there exists an integer m; > 0 such that

& () =y - G (6) € Sel (K, Ty(x))-
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Equation (7.12), Lemma 7.2(2) and property I3 then yield
(7.13) lengthy, (Self, (K, Ty(X))/Sel*(K, Ty(x))) = ordy (p*) — t5(g) + t5(h) + ma.
mmilarly let (£(£9) € Ge , X e a class such that the residue map at £9 induces an 1Isomorphism
Similarly let (5 (¢2) € el 4, (K, Ty(x)) b 1 h that th id /3 ind i hi
Op, * &el§ 4 (K, Ty(%))/Self, (K, Ty(X)) = 94, (C5(L2)) - Oy /D"
Because £ ({2) € &ely ,, (K, Ty(x)) by Lemma 7.2(1), one can assume that there exists ma > 0 such that
§x(l2) — @2 - (5 (l2) € Gelf, (K, Ty(X)),
and apply as above Lemma 7.2(2) and property I3 to deduce the equality
(7.14) length, (&elf,, (K, Ty(X))/Self, (K, Ty(x))) = ordy(p*) — t5(g) + t5(h) + mo.
When combined together Equations (7.13) and (7.14) give the equality
(7.15)  lengthy (Self, s, (K, Ty(x))/Sel*(K, Ty(x))) = 2 - ordy (p*) — 2 5(9) + 2 - t5(h) + m1 + mo.

By construction Sel_ (K, A4(x)) is the dual Selmer group of Sel®(K,T,(x)), hence Poitou-Tate duality
gives a short exact sequence of &, /p*-modules (cf. Equation (7.11) in the proof of Step 2)

vV

Sl (K Ty () 2,50, e [ SeL(, 4,(1)

0— 172 0 ®0 -9 — 0,
SeE (K. Ty(0)) /7@ Oy Sl (K, 4, (x))

where for ¢ = {1, {3 one identifies Smg(Kg, T,(%)) 2 HE (K, Ag(x))Y with &, /p* under a fixed isomor-
phism. Together with Equation (7.15) and property I this implies

(7.16) length, (Sel(K, Ag(x))) —2- t3(g) = length, (Sel(K, Ap(x))) — 2+ t5(h) —my — ma.
Properties I; and I3 give t5(h) < t5(g), hence

(7.17) length,, (Sel-(K, An(x))) —2-t5(h) <0

by the induction hypothesis. The statement follows from Equations (7.16) and (7.17). O
7.2.4. Step 4. Assume that (f, K, p,¢) is not exceptional and that Sel. (K, A4(x)) = 0. Then t(g) = 0.

Proof. Theorem B of [DT94] implies that there exists a newform £ =3 07 | ap (&) - ¢" in So(To(NL))™™
which is congruent to f modulo p. More precisely, if Q(£) denotes the field generated over Q by the
Fourier coefficients of ¢, then there exists a prime ¢ of Q dividing p such that a;(¢) = a;(E) (mod %)
for every rational prime [ { NLp. (loc. cit. proves the existence of an eigenform & € Sy(I'1(N) NTo(L))
of conductor divisible by L which is congruent to f modulo p. It is not difficult to prove that an
eigenform with these properties has trivial character and conductor NL.) Let J¢ /Q be the quotient
of Pic®(Xo(NL)/Q) associated with & by the Eichler-Shimura construction. It is an abelian variety of
dimension [Q(&) : Q] equipped with a morphism of Q-algebras Q({) — Endq(J¢) ®z Q. Let J¢/Q be an
abelian variety in the isogeny class of Jg which has real multiplication by the ring of integers O of Q(§)
and set P = PNO. Since E,, is an irreducible F,[Gq]-module by Hypothesis 1.1(1), the Eichler-Shimura
relations and the Brauer—Nesbitt theorem imply that there are isomorphisms of O/B[GqJ-modules

Je[B] = Ep @r, O/B = Az ®p, O/PB.
Identify in what follows J¢['B] and Ay ®@F, O/F under a fixed isomorphism, and let
Selyp(Je/K) C HY(K, Ay)

be the B-Selmer group of Je over K (cf. [GP12]). It follows from the results of [GP12, Sections 3-5]
that

(7.18) Seloy(Je/ K) = Sel(K, Ag) @, O/F

inside H'(K, Az) ®@r, O/%B, where Sel(K, Aj) is the Selmer group defined by imposing the finite local
condition Hf (K, Az) & E(K,) @ F,, at every prime p of K dividing p (viz. Sel(K, A;) = Sely(K, A7)
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with the notation of Section 5.2, independently of whether E has ordinary or supersingular reduction at
p). Note that since (f, K, p, ) is not exceptional, then by definition F(K,). = E(K}), hence

Hiy o (Kp, Ag) = Hiy, (Kyp, Ap)[ma] = E(K,)e © Fp = E(K,) © Fy = Hg,, (K, Ag)
where the first equality follows from Corollary 5.5(2) and the second from Proposition 5.3. It follows that
Sel. (K, Az) = Sel(K, Ay). We have an isomorphism H'(K, A5) ®z, Oy = H*(K, Az ¢, ) and an injection
Sel(K, Ay) ®z, Oy — H'(K,Ay) ®z, Oy by the flatness of 0, /Z,, and therefore Sel(K, Ay) ®z, Oy
injects into Sel(K, Az(x)). Since by assumption Sel. (K, A4(x)) is trivial, it follows from Proposition 5.9
and the irreducibility of pg, that the same is true for Sel(K, Az) and Equation (7.18) gives

(7.19) Selfp(Jg/K) =0.

Let L({/K,1)a, denote the algebraic part of the special value of the complex L-function of £ over K,
normalized as in [BBV16, Section 4|. Results of Skinner—Urban and Fouquet—Wan prove the inequality

(7.20) ordy (L(§/K,1)ag) < lengtho,, (Selype (Je/K)) + Z te(q),
q|NL

where t¢(g) is the Tamagawa exponent appearing in [BBV16, Section 4|. See [SU14| in the ordinary
case; for the non-ordinary case, the reader is referred to [FW22, Corollaries 1.9, 1.10] and also [BSTW,
Theorems 1.5, 1.6], [CCSS, Theorem C|.

Since J¢[P] is an irreducible G'g-module, Sely(Je¢/K) is equal to the PB-torsion submodule of the
Selmer group Selges (Je/K), so that Selpe (J¢/K) is trivial by Equation (7.19). In addition t¢(g) = 0 for
every prime g| Nt under our assumptions, and the previous equation yields

ordy (L(¢/K, Daig) < Y telq).
qlLN~
On the other hand, Gross’s formula (see Theorem 4.2 of [BBV16] for the formulation in the form required
in this paper) gives the identity

ordy (L(¢/K, 1)aig) = 2 ordgs (e (Px (L)) + Y te(q).
qlLN—

It follows combining the two previous formulas that ¢ (PK (L)) has trivial B-adic valuation:

(7.21) Ye(Pr (L)) € Og.

Since £ is congruent to f modulo p, one has wg(PK(L)) = 1y (PK(L)) (mod PB). In addition, as
(f, K,p,e) is not exceptional, Lemmas 4.2 and 4.6 show that the equalities ¢ (Px (L)) = L£5(1) = L5(1)
(mod p) hold in Fy, up to multiplication by non-zero elements. Equation (7.21) then yields £{(1) € Z;,.
This implies that the p-adic L-function £ is a unit in A/ pF, which in turn gives t5(g9) = 0. O

7.2.5. Step 5. There exist an &, /p*-module M and an integer s € {0, 1} such that
Sele (K, Ag(x)) = (O3 /p") @M@ M= Sel* (K, Ty(x))-

Proof. Thanks to the isomorphism w, : Gel (K, T,(x)) =~ Selc (K, A4(x)) of Proposition 5.15, it is enough
to prove the statement for Sel. (K, Ty(x)). This follows from the results of [How06, Section 2.6] (which
in turn grounds on Section 1.4 of [How04|). Precisely, the local conditions defining the Selmer groups
{Gel*(K, T} (x))}n, for h varying through the reductions of g modulo p/ with 1 < j < k, are cartesian in
the sense of Definition 2.2.2 of [How06|: this is easily verified for the primes of K not dividing p (where
the local condition are unramified, ordinary or the relevant Galois representations are cohomologically
trivial), and follows from the local control theorems of Section 5.3.1 for the primes of K dividing p.
Moreover, for each prime v of K, denote by v the complex conjugate of v, and by L, the local condition
at v satisfied by the Selmer classes in Sel®(K,T,(x)). Then Proposition 5.15 and Remark 5.16 prove that
L, is the exact orthogonal complement of £; under the pairing H'(K,, Ty(x)) x HY(Kz, Ty(x)) — Oy /p*
induced by the (not G, -equivariant) bilinear map T,(x) x T,(x) — Oy/p*(1) arising from the Weil
pairing (cf. Equation (4) in Section 2.6 of [How06]). As explained in Section 2.6 of [How06], we can then
apply [How06, Proposition 2.2.7] and conclude the proof of Step 5. O



32 MASSIMO BERTOLINI, MATTEO LONGO, AND RODOLFO VENERUCCI

7.2.6. Step 6. Assume that (f, K, p,¢€) is not exceptional and let ¢; and ¢3 be 2k-admissible primes which
satisfy the conditions I1—I4 (cf. Step 2). Then (with the notation of loc. cit. )

(7.22) lengthy, (Sel-(K, A4(x))) —2-t5(g) = length, (Sele(K, Ax(x))) — 2 - t5(h).
Proof. We first prove that the dimension of Sel. (K, Ag) over F,, is even:
(7.23) dimp, (Sel-(K,A3)) =0 (mod 2).
Let « € Selc (K, Ag) be a nonzero class. Choose an admissible prime ¢ such that
ve(1) € Hy (K, , Ag) = Fy

is non-zero, which exists by Theorem 3.2 of [BD05|. Let h € So(Nt,/LN~;F,) be the (-level raising
of g. Note that Sel.(K, Aj) is identified with Gel*(K,Ty) under the isomorphism T; = Az induced by
the Weil pairing, viz. Sel.(K, Ag) is equal to its own dual Selmer group. (This can either be seen as
a special case of Step 5 or, more simply, follows from the discussion in the proof of Step 4 under the
current assumptions.) As in the proof of Step 1, Poitou—Tate duality then implies that Sel.(K, Ap) is
equal to Selﬁ(K, Ag), hence

dimp, (Sele(K7 Ah)) = dimp, (Selg(K, Ag)) —

since vg(x) # 0. If Sel.(K,Ap) # 0 we can apply the same argument after replacing g with h. In
this way one constructs a squarefree product T' € .#1 of dimp, Sel. (K, Aj) admissible primes such that
Sel.(K, Ap) = 0, where h € So(NT,TLN~;F,) denotes now the T-level raising of g. As in the proof of
Step 4, the results of Skinner—Urban and Fouquet-Wan then implies that L({/K,1) # 0, where ¢ is a
newform of weight I'g(7'LN) which is congruent to f modulo p. As a consequence

1= ex(TLN) = exc(LN") - (—1)dimry (Sel- (K, 45 ))7

and since by assumption LN~ has an odd number of prime divisors, this proves (7.23).
We now show (7.22), which is equivalent to show that the integers m; and mo in Equation (7.16)
are both equal to 0. Preliminarily, note that if length, (Sel(K, Ay(x))) = 2 - t$(g), then, since

lengthy (Sel-(K, An(x))) < 2-t5(h) by Step 3, we have m; +my = 0 (where m; and my are defined in
Step 3; we also have length, (Sele (K, An(x))) = 2 - t5(h)) directly from Equation (7.16). Therefore we
assume in the following that length, (Sel(K, Ay(x))) < 2- t5(9)
We first show that my = 0. By (7.1), t$(g) < ordy (p*). Since the F,-dimension of Sel. (K, A;) is even,
combining Step 5 and Nakayama Lemma shows that
Sel (K, Ag(x)) =MB M.

If follows that length, (M) < ordy (p*), and therefore

e gel (K, Ay (x)) = 0.

We now consider the class §§(¢1) — @™ - (5 (41) in Gel*(K, T;(X)) appearing in the proof of Step 3. Since
wordx(P")=1 Kills Sel, (K Ay(x)), and since Sel. (K, Ay(x)) and Gel*(K,T,(x)) are dual to each other, the
)-

same is true for Gel®(K,T,(X)). Therefore we obtaln the equality

(7.24) PSP ez () = NP gy

X
X

We now show that the left hand side of this equality is always non-trivial. First, enlarge {¢1} to a freeing
set S as in Section 5.5; then by Proposition 5.13, Gel§ (K, Ty(x)) is free over &) /p" of rank §(S), the
number of prime divisors of S. By Lemma 7.2(3), the class EX( ) in Gelg(K,T;) ®r, Fy is not trivial,

therefore @, does not divide &5 (£) and it follows that <) ‘Sx( 1) # 0 from the freeness result
Selg (K, Ty(x)) = (O /P")°) recalled above. On the other hand, if m; > 0, then the right hand side of
(7.24) is zero, which is a contradition. Therefore m; must be equal to 0.

We now show that my = 0 with a similar argument. Consider the class §$(¢2) — @y - (5(£2) in
&elf, (K, Ty(x)) appearing in the proof of Step 3. Since m; = 0, we know that 0y, (§5 (/1)) generates the

ordy (p
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image of the residue map 9, : &ely (K, Ty()) — Hg,,(Ke, Ty(X)), and therefore there exists an integer

sing

m3 > 0 such that the class Jy, (f)‘%(fg) —wy? - CX(EQ)) is equal to the class @ - Jp, (§5(41)), i-e.

Opy (65 (L) — w2 - (S (la) — i - £5(01)) =
Therefore by definition the class §X( 2) — wy'? - (S(le) — @y - €5 (£1) belongs to &el®(K, Ty()). Since
1

this group is annihilated by word"( )= we obtaln the equality
rd rd, (p*)—1 rd, (pF)—1
oy NPT g () — DT (1) = NI e 1),

We now suppose ad absurdum that mo > 0. Then the equation above implies
(7.25) R ()

By 14, ord (W1 (fa (62))) = 0, and therefore, again using the freeness argument as above, we see that

ordy (p
Wx

55 (¢2) is not trivial. Equation (7.25) then shows that mg = 0. Therefore, applying vy, to
Equation (7. 25) we obtain the equality

MO (6 () = = ()

By 14, the left hand side of this equality is not trivial, while by Lemma 7.2(1), the right hand side is
trivial, which is a contradiction. Therefore, mos = 0, concluding the proof of Step 6. O

7.2.7. Step 7. Assume that (f, K,p,¢) is not exceptional. Then
length, (Sel(K, Ag(x))) =2 t%(9)-

Proof. The proof is by induction on length, (Selo(K, Ag(x))). If length, (Sel-(K, Ag(x))) = 0, then
the equality follows from Step 4. When Sel. (K, A4(x)) is not trivial, choose a pair of 2k-admissible
primes ¢1 and {3 satisfying conditions I;-I4, and let h be the ¢1/2-level raising of g. Since t5(h) < t5(g),
we see from Step 6 that length, (Sele(K, Ap(x))) is strictly smaller than length, (Sel-(K, Ay(x))), and
therefore by the inductive hypothesis length,, (Selo (K, An(x))) = 2t (h). A further application of the
equality in Step 6 implies then the result. O

7.3. Proof of Theorem A in the definite case. Let X7(f) be the Pontryagin dual of Sel.(K, Ay),
which is a compact torsion A-module by Theorem 7.1. Denote Char,(f) the characteristic power series

of X;(f).
Theorem 7.3 (DAMC). (L5(f)) C (Charj(f)), with equality in the non-exceptional case.

Proof. The proof easily follows by combining Theorem 7.1 with Proposition 5.11 and repeating the
argument in Mazur—Rubin [MR04, Section 5.3 and Howard [How04, Section 2.2]. O

8. e-BSD FORMULAS IN THE INDEFINITE CASE

Assume that Z is indefinite (i.e. ex(N~) = +1).
Proposition 8.1. The compact Ag-module Gel*(K, Ty p) is free of finite rank.

Proof. By Proposition 5.10 (for 3 equal to the augmentation ideal of As) and Shapiro’s Lemma, the A 4-
quotient of G-coinvariants of Gel*(K, Ty ») injects into Gel*(K, Ty ), and therefore is O-free. Thanks
to E,(K) = 0, we have TGOO = 0, so the Ag-module Gel*(K, T ) is torsion free by [PR0O0, Lemma
1.3.3], hence its Ag- submodule of G-invariants is trivial. The result follows then from a standard
argument (e.g. [NSWO08, Proposition 5.3.19(ii)]). O
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8.1. A-adic classes. We first construct global classes, in a way similar to Section 6.1. Since ex(N~) =
+1, Jy+ n- is the Picard variety of the Shimura curve Xy+ n-. Let Iy C T+ y- denote the kernel of
f. Modularity implies that there is an isomorphism of Z,[Gq]-modules

7y : Tap(Jn+ N-) /1y = Ty,
which is unique up to multiplication by a p-adic unit by Hypothesis 1.1(1). For every integer n > 0
define
Gpm s Ine N (Kn) — H' (Kp, Tap(Jys y-)/1g) = H (Kp, Ty),

where the first (resp., second) map is induced by the Kummer map (resp., by 7). For every point
r € Jy+ ny-(Ky) the class 97, (x) is finite at every prime of K, dividing p. Moreover, since Jy+ -
has purely toric reduction at every prime divisor of N~ , Mumford-Tate theory of p-adic uniformisation
implies that these classes are ordinary at every such prime. Therefore, we obtain a map

’lﬂﬂn : JNJF,LN* (Kn) — 63[(Kn,Tf)

Recall the compatible sequence of Heegner points P, = P, (1), for n > 0, introduced in Section 2.5 and
define

'%n = wf,n(Pn)
8.1.1. Ordinary case. Suppose that E has ordinary reduction at p. The classes
1 . -
0 = oty Uont — owlo) )

belong to Gel(K,, Tr) by the previous discussion, and Equation (2.5) shows that they are norm-compatible.
As in Section 6.1, define

(8.1) fioo = lim iy € lim Gel(K,, Ty)

where the inverse limit is computed with respect to the canonical norm maps.

8.1.2. Supersingular case. Using the freeness result of Proposition 8.1, by the same argument in Section
6.1 one can define classes

Ry, € Gel* (K, Ty)/w;,
such that @, ¢ - &5, = Ry, if p is split in K or p is inert in K and € = —1 (the non-exceptional case), and
wy - Rkt = Ry if pis inert in K and € = +1 (the exceptional case). Define xt = (—=1)*/2&} if n is even
and k;, = (—1)*"D/25 if n is odd. A calculation using Equation (2.5) shows that the classes ¢, are

compatible with respect to the canonical projection maps. Define as in Section 6.1
Koo = lim g, € lim Gl (K, Ty) /e,
n neNe
where IN°¢ is the set of positive integers verifying the condition (—1)" = e.
8.2. Lengths of Selmer groups. Fix a morphism x : A — &, of Z,-algebras, where as above 0, is
the integral closure of A/B,, and B, = ker(x). Denote
K5 € GelF (K, Ty) @ Oy, C Gel*(K, Tt ) ®n,, Oy

the image of x5, via the canonical map described above, where recall that the tensor product ®x o, 18

taken with respect to x. We assume that ord,(x5) is finite. Using that Gel*(K, Ty g, ) is Ag,-free by
Proposition 8.1, define the integer

t5.(f) = ordy (k5) < co.
For any group p-power torsion group G, let G q;, denote the quotient of G by its maximal p-divisible
subgroup.

Theorem 8.2. Suppose that t5,(f) < co. Then the Oy-corank of Sel.(K, Af(x)) is 1 and we have
length, (Selo (K, Af(X)) jaiv) < 2- length, ((Gel*(K, Tf) ® Oy) /O - K5)
and the equality holds if (f, K,p,€) is not exceptional.
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Proof. 1t follows from the freeness of &el*(K, Ty g, ) that there exists &5 in &el*(K, Ty) ® Oy such that
ordy (A5) = 0 and k5, = w;i(f) ‘i, Define £ € &el®(K, Ty(x)) to be the image of &5, under the (injective)
specialization map sy : Gel5(K, Ty) ® Oy — Sel* (K, Tf(x)). We also denote x5 , the image of x5 in
Gel(K, Ty r(x)), for all integers k > 1, and £ ;; the image of £5 in HY(K,Ty(x)). If k =1, the element
w1 Will be denoted . As before (cf. Step 5 in §7.2.5) we have
Sel. (K, Af(x)) = (Hy/Oy)® & M, & M,.
for some integer s and a finite torsion &,-module M, . Choose an integer
k > max{length, (My),t5(f)}.

Using [BDO05, Theorem 3.2], choose an admissible prime ¢ € .#}, such that w(ffz # 0. Let g be the f-level

)
raising of f. Then since H} (Ky, Tt,0,) is a free Oy-module of rank 1, and vy( _>8"<
5.5, we have

(8.2) ord,, (vg (H;k)) = ord, (vg (Ii;)) .
Step 1. Theorem 7.1 for g shows that
length, (Sele (K, Ag(x))) < 2-ord, (E;()Z)) )
with equality in the non-exceptional case, and Theorem 6.5 shows that
ordy (’Ug (Ii;k)) = ord, (E;()Z)) .
Thus, by (8.2) and the injectivity of the map v, (which follows from W(E;) # 0), we have

length, (Sel-(K, Ag(x))) < 2 - ordy (ve (£5)) =2 length,; (Sel*(K,Ty) ® Oy/ 0y - K5)

) # 0, using Proposition

with equality in the non-exceptional case.

Step 2. Recall the relaxed Selmer group Selg) (K, Afr(x)) 2 Selo (K, Af(x)), ie. the set of cohomol-
ogy classes defined requiring the same conditions as Sel. (K, Af(x)) at primes different from ¢, and no
condition at £. We claim that

(8'3) Sele(K7 Af,k(X)) = Selg)(Kv Af,k(X))'
To prove this, let z € Se1l” (K, Af1(x)). We have to show that x is in the kernel of the residue map at

¢. By global class field theory, using the orthogonality of res,(z) and res, (¢ ;) outside £ as in Step 1 of
the proof of Theorem 7.1, one then obtains

0= Z <res,,(:c),resv (§;k))>v = <I‘eSg($),I‘eSg (E%k)»g = <8g($),1)g (f%k))>£.

Since vy (ﬁ_f—()) # 0, and since (—, —), is a perfect pairing, this implies that dy(x) = 0, as was to be shown.
Step 3. We claim that there is an exact sequence:

0 — Selo (K, Ay(x)) — Selo(K, Ay 1(x)) —= Ho (Ko, Api(x)) — 0.
To show this, first note that
Selo (K, Ag(x)) C Sel® (K, Ag(x)) = Sel) (K, Ap1(x)) = Sel- (K, Ag(x))

where the last equality follows from Step 2; this shows the exactness on the left. By definition, the
kernel of the map v, : Sel. (K, Ax(x)) — Hi (Ko, Apr(x)) is HL (Ko, As (X)), proving the exactness

ord
in the middle. Finally, v, is surjective because, under the isomorphism Ty x(x) >~ Ay x(x), & is a class

in Sele (K, Afx(x)) which satisfies v (£5)) # 0.
Step 4. From Step 3 we obtain the equality

length, (Sele(K, Ag(x))) = lengthy (Sel-(K, Afk(x))) — length, (ﬁx/pkﬁx)
and combinig with Step 1 we get
lengthy (Sel: (K, Afx(x))) — lengthy (ﬁx/pkﬁx> < 2-length, (Sel*(K, Ty ® 0y)/ 0y - £5,)
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with equality in the non-exceptional case. Since the left hand side has finite order, bounded independently
of k, we see that the &)-corank of Sel. (K, Af(x)) is 1. By the choice of k,

lengthy, (Sel. (K, A71(x))) - ordy (0/p6, ) = lengthy, (Selo(K, A1(x))ja)
concluding the proof. O

8.3. Proof of Theorem A in the indefinite case. Let X} (f) be the Pontryagin dual of Sel. (K, Ay).
Then the compact A-module X;(f) is pseudo-isomorphic to A © M @ M for a torsion A-module M,
supported only on primes of height 1; this follows from Theorem 8.2, the structure results in Step 5 of
the proof of Theorem 7.1, and Proposition 5.9. Let Char,(f) be the characteristic ideal of the A-module
M.

By Theorem 8.2, Gel*(K,Ty) is a free A-module of rank 1 and &el*(K,Ty)/A - k5, is a torsion
A-module. We may then denote Lj(f) the characteristic power series of Gel*(K, Ty)/A - K5,

Theorem 8.3 (IAMC). (L;(f)) C (Chary(f)), with equality in the non-exceptional case.

Proof. As in the definite case, the proof combines Theorem 8.2 with Proposition 5.11 and follows the
argument in Mazur—Rubin [MR04, Section 5.2 and Howard [How04, Section 2.2]. O

9. PrROOF OF THEOREMS B AND C
Fix throughout this section a finite order character x : Goo — O of conductor p™.

9.1. Comparison of Selmer groups. Suppose that p is supersingular. The aim of this section is to
compare the discrete Selmer groups Sel®(K, A¢(x)) and Sel(K, A¢(x)) and the compact Selmer groups
Gel(K,Ty(x)) and Sel(K,T¢(x)). Let p | p be a prime and fix k € N U {oo}. Set as before ¥ = K,
U, = Kyp and Voo = K p. Let By = (py) be the kernel of the character x : Ay, — O obtained from
X, where p, = v — x(v). We also view x as a character x : 0,[Gy] - O), whose kernel we still denote
by By = (py). To simplify the notation, define

Eﬁx(\yn)div = E(\I’n) Rz (Ji/x/ﬁx)v
Eg, (Vn)+dv = E(Vy)x ®z (H/0Y).

Lemma 9.1. Let ¢ = (—1)".

(Boy (Tn)aiv) Bx]
Eﬁx (\Ijn):—:,div) [‘nx]

(1) In the non-exceptional case, ( is finite and

on (Eo,(Tn)aiv) (B \ o N —
lengtho, ((Eﬁx(ﬁ/n)e,div) Wﬂ) = [ Qpl-ordy(@).

(2) In the exceptional case:

(a) if n =0, so x =1 is the trivial character, then
(Ez,(¥)aiv) [(v — 1)]
(Ez, (¥)raiv) [(v = 1)

(Eoy (Tn)aiv ) By
(Eoy (Tn) 1 aiv) By

Egs (U,)a;

length ( ﬁx( n)chv) [mx]
(Eﬁx (\I/n)+,di\/) [mx]
Proof. Suppose first n = 0. Then x is the trivial character, &), = Z, and we suppress the index 0,
from the notation, thus writing E(¥)q4;y for Ez,(V)q4iy and E(¥) giy for Ez, (V)4 qiv. If p is split, then
E(¥)qiv = E(¥)4 giv, so the quotient in the statement is trivial; on the other hand, @, = 1, and the
statement is proved. If p is inert, E(V)qi, = E(¥)_ qiv and Eg, (V)4 aiv = 0, so the quotient in the

statement is E()qiy [(7 — 1)] = (Qp/Z,) ¥ Q! where the last isomorphism follows from Theorem 5.2.

= E(\P) ®Zp Qp/zp = (Qp/zp)[qj:Qp]§

(b) if n > 2, then is finite and

) = [¥: Qp] - ordy(wy).
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Suppose n > 1. We first observe that we have an exact sequence:
(91)  0——=C—— (Bg (¥n)caiv) (Bl ® (Eo, (¥n)—cdiv) [Br] — (Eo, (¥n)aiv) [By] —— 0

where C = 0 if p is inert in K and C = (Eﬁx (\I/)div) [B,] if p is split in K; in this exact sequence the
second arrow is the map = — (x,z), and the third arrow is the map (z,y) — x —y. If p is inert in K, it
follows from Theorem 5.2 that Eg, (¥y,)div is the direct sum of Eg, (V;,)c aiv and Eg, (¥5,) ¢ giv, which
proves (9.1) (also in the exceptional case). In the split case, it follows again from Theorem 5.2 that

Eo, (Yn)ediv N Eo, (Vn) —cdiv = Eg, (¥)div,
so we need to show that the exact sequence
0——Eg (V)aiv — Eg, (Vn)ediv @ Eg, (V) —c.div —— Eg, (¥n)div —— 0
remains exact after taking 3, -torsion, so we need to show that the map

(Eﬁx(\yn)e,div) {mx] D (Eﬁx (q’n)—s,div) [mx] — (Eﬁx (\I’n)diV) [mx]

is surjective. The cokernel of this map injects into the quotient Eg, (V)aiv/prEs, (¥)div, and we need
to show that this group is trivial. Since Eg, (V) is Oy-free, it is enough to show that

(9.2) (Eo, (V) /pyEe, (V) ®6, Hy /Oy = 0.

Now, p, acts on the Oy-free module Eg, (¥) as multiplication by 1 — x(), and since x(7) is a primitive
p"-root of unity, and n > 1, the quotient Eg, (¥)/pyEg, (V) is finite, and (9.2) follows.
We have therefore a commutative diagram with exact rows

0 0 (Eﬁx (\I/n)e,div> [mx] (E/fx (\I]n)s,div) [mx] —0

|

0—— C—— (Eg, (Un)eaiv) By @ (Bo, (¥n)—caiv) [By] —— (Bo, (¥n)aiv) [By] —— 0

where C' is defined before, and the middle vertical arrow is the map x — (x,0). By the snake lemma we
obtain an exact sequence

(Eﬁx (\Iln)div) Wx]
(Eﬁx (\I’n)a,div) [‘Bx]

The Pontryagin dual of the middle term is Ag, /(w,,, py), because the Pontryagin dual of Eg, (¥5,) ¢ div
is Ag, /(w,?); since Ag, /By = Oy, the length of the middle term is equal to the length of &, /x(w,*).
Similarly, if p is split, the length of C' = (Eg (¥)aiv) [By] is equal to the length of &y /x(y — 1) and
therefore the length of the quotient is equal to the length of &) /x(@; ), completing the proof in this

0— C — (Eg, (¥n)—caiv) [By] — — 0.

case. If p is inert, then C is trivial. If ¢ = —1 (the non-exceptional case), then @;” = w;", and the length
of the last term is equal to the length of &, /x(w;) = Oy /x(&;}), while if € = +1 (the exceptional case)
then the length is 0, /x(w,, ), completing the proof. O

Proposition 9.2. In the exceptional case, assume thatn # 0. The discrete Selmer groups Selc (K, A¢(x))
and Sel(K, A¢(x)) have the same Oy-corank. Moreover,

(1) If p is split in K or p is inert in K and € = —1 (the non-exceptional case),
Sre Ara) -
length — ) =2-ordy(@,°).
BN (sew, Af(x)) )
(2) If p is inert in K and € = +1 (the exceptional case),

Sel(K, A5 (x))
Sely (K, Af(x))

lengthy ( ) =2-ordy(w, ).
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Proof. We have the Poitou—Tate exact sequence

le) [mx]
0 — Sel. (K, Af(x)) — Sel(K, A;(x)) — g )5 ) ] —
— (Gel*(K, T (1)) (Ge[(K, Tt(x)))" — 0.

Now Gel*(K,Ty(x)) is Oy-free, and therefore (Gel* (K, Tf(x)))" is p-divisible. If we show that the kernel
of the map (Gel*(K, T¢(x)))" — (Sel(K,Tf(x)))" is divisible, then, since the local quotient in the middle
of the exact sequence above is finite by Lemma 9.1, we have an exact sequence

(Eo, (¥)aiv) [By]
el.(K, A el(K, A (
0 — Sele (K, Af(x)) — Sel(K, Af(x)) — g[ (Eo, (Un)e.div) By Y

and the result follows from Lemma 9.1. So to complete the proof we need to show that the kernel of the
(surjective) map

(el (K, Ty (X)) — (Sel(K, Tf(x)))"
is divisible. For this, it is enough to show that the cokernel of the (injective) map

(9.3) Gel(K, Tj(x))—— Gelf (K, T(X))

is torsion free. Let z € Sel*(K,Tf(x)) and let M > 1 be such that @) -z € Sel(K,T¢(x)); to conclude
that the cokernel of the map (9.3) is torsion-free, it is then enough to show that x € Gel(K,T¢(x)). Since
wﬁ/[ -z € Gel(K,Ty(x)), we have (writing (—, —) for the local Tate pairing (—, —)yp, p to simplify the
notation) (resy(w?! -z),y) = 0for all y € H} (Ky, Ap(x)), and since (resy (@l -x),y) = (resy(z), @ -y),
we also have (resy(z), @l -y) = 0 for all y € H} (K,, Af(x)). Recall that HE (K,, Af(x)) is co-free over

0O\ by Proposition 5.4, hence H (K, Af(x)) is w,-divisible. So the function y — (resy(z),y) is zero on
H} (Ky, Af(x)) and therefore z belongs to &el(K, T¢(Y)), concluding the proof. O

9.2. Proof of Theorem B. Recall L, (f) = L (Lfn)" € Zy[Gy]. By Remark 1.4 we may assume
n #% 0 in the exceptional case.
Step 1. We first show that

length,, (Sel(K, Ag(x))) < ordy (x(Lpn(f)))

with equality in the non-exceptional case. Take g = f for L = () in Theorem 7.1. By Theorem
7.1, Sel. (K, Afr(x)) is finite, of order bounded independently of k, so Sel. (K, Af(x)) is finite, and by
Proposition 9.2 the Selmer group Sel(K, Ay(x)) is finite. Let t5(f) = ordy ()‘((ﬁ?)) and choose

k>max{length@ (Sel-(K, Ag(x))), t5(f), ordy (@ ns)}

For such a k, we have Sel. (K, A¢(x)) = Sel. (K, Af (X)), and, by Proposition 9.2,

o lengthy (Sel(K, Af(x))) = length, (Sele(K, Afk(x))) + 2 - ordy (@, ) in the non-exceptional
case;
e length, (Sel(K, Af(x))) = length, (Sele(K, Afk(x))) + 2 - ordy(w,®) in the exceptional case.

By [BD96, Proposition 2.6, (£%)" = £y L5, for some Yoo € Goo, and therefore 5 (f) = t5(f). We thus
have ord, (x(L5(f))) =2 - t5(f). If p is split in K or p is inert in K and & = —1 (non-exceptional case)
we have @, © - ?n = +L¢, modulo wy,, and therefore
length, (Sel(K, Af(x))) = lengthy (Sel(K, Afr(x))) + 2 - ordy (@, )
= 2-ordy ( ?n()_c)) +2-ordy(@,°)
=2-ordy (Lyn(X))
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where the second equality follows from Theorem 7.1. If p is inert in K and € = +1 (exceptional case),
we have w,, - E}rn = +L}, modulo w,, and therefore again by Theorem 7.1

length, (Sel(K, Af(x))) = lengthy (Sel(K, Afk(x))) + 2 - ordy(w, )
< 2-ordy <£;§n(>2)> + 2 - ordy (wy,)
< 2-ordy (Lyn(X)) -

Step 2. We now use explicit formulas for special values to conclude the proof of Theorem B. Recall
that Gross’s formula gives the equality

L(E/gmc = x(Lp(f))

where Cy, = u?\/|Dg|p" with u = #(Opn) /2, and Q is Gross’s period, defined in [Vat03, Lemma 2.5]. We
refer to [Gro87, Proposition 7.7|, [Vat03, §2.3] and [CST14, Theorem 1.2] for this result; in particular,

2
in the notation of [CST14], Q = %, where (f, f)r,(v) denotes Petersson inner product, ¢ is

the (p-adically normalized) Jacquet-Langland lift of f to the definite quaternion algebra of discriminant
N~ which we use to define L,(f), and (¢, ¢) is the height pairing defined in loc. cit. ; see also [CH18,
Theorem 3.11|. From Theorem A and Gross’s formula we see that Sel(/, Af(x)) is finite if and only if
L(E/K,x,1) # 0 and

lengthﬁx (Sel(K’ Af(X)) < OI“dX <L(E/K7 X 1) i CX>

Q

with equality in the non-exceptional case, which gives Theorem B for C' = Q/C,.

9.3. Proof of Theorem C. As noted in Remark 1.4 we may assume that n # 0 in the exceptional case.
We define the regulator

B hnt (Py)
Reg, (E/K) = 2-length, (Sel(K,Tf(x))/Ox - kx)

and the Shafarevich—Tate group

HI(K, Af(x)) = Sel(K, Af(X)) /div-
Step 1. We first show that

lengthy,, (Sel(K, A7(x))jan) < lengthy,_(Sel(K, T(x))/ 6 - )
with equality in the non-exceptional case. Combining Theorem 8.2 and Proposition 9.2, if p is split in

K or pis inert in K and € = —1 (non-exceptional case) we have
(9.4)

lengthﬁx (Sel(K, Af(X))/div) = 2-lengthﬁx ((66[5(1(, Tfﬁx) Do, Aﬁx/‘ﬁ;J / (ﬁx . n%))—i—%ordx(djga).
From (9.6), using Proposition 5.10 and Proposition 9.2(2), we obtain

(9.5) length, (Sel(K, Af(X))/div) = 2 length, (GeI(K, Tr(x))/ (ﬁx . /{;)) +2-ord, (@,°).

Now kg = x(@,°) - k%, and the result follows. If p is inert in K and € = +1 (the exceptional case),
combining Theorem 8.2 and Proposition 9.2, we have

(9.6)
length, (Sel(K, Af(X)) jaiv) < 2-length, (((‘52[5(1(, Tro) One, Aﬁx/‘l?)—(> / (O - m%)) +2-ordy (w,, ).

From (9.6), using Proposition 5.10 and Proposition 9.2(2), we obtain

(9.7) length, (Sel(K, Af(X)) jaiv) < 2- lengthy (Sel(K, Ty(x))/ (O - K3)) +2-ordy(wy,).
Now iy = x(w,©) - k5, and the result follows.

Step 2. We now use Gross-Zagier formulas to conclude the proof of Theorem C. By the Gross-Zagier
formula we know that )
. 8m(f, f>I‘0(N)

L'(E/K,x,1) = “deg(d)Cy hnt(Py)
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where deg(¢) is the degree of a modular parametrization ¢ : Xo(/N) — E, and, with the same notation
introduced in §9.2, C, = u?\/|D|p" with u = £(0,n)/2 and (f, f)r,(v) denotes the Petersson inner
product. We refer to [GZ86, Theorem 6.3] and [CST14, Theorem 1.1] for the result in this form; see
also [YZZ13, Theorem 1.3.1], [ZhaO1l, Theorem 1.2.1|, [Zha02, Theorem 8.1]. Combing Step 1 with the
definitions of Reg, (E£/K) and HI(K, Af(x)) introduced above and the Gross—Zagier formula we obtain

length,, (II(K, Af(x))) = lengthy (Sel(K, Af(X)) /div)
< 2-lengthy (Sel(K, T(x))/Oy - y))

L'(E/K, x, 1) deg(¢)Cy >
< ord
S ordx (87T2<f, P, - Regy (B/K)

with equality in the non-exceptional case, which gives Theorem C for C' = 872(f, Fro(ny/(deg(e)Cy).

10. STATEMENTS AND DECLARATIONS

- On behalf of all authors, the corresponding author states that there is no conflict of interest.
- Data sharing not applicable to this article as no datasets were generated or analysed during the
current study.

REFERENCES

[BBL24] Ashay Burungale, Kaz1 m Biiyiikboduk, and Antonio Lei. Anticyclotomic Iwasawa theory of abelian varieties of
GLa2-type at non-ordinary primes. Adv. Math., 439:Paper No. 109465, 63, 2024. 2

[BBV16] Andrea Berti, Massimo Bertolini, and Rodolfo Venerucci. Congruences between modular forms and the Birch
and Swinnerton-Dyer conjecture. In Elliptic curves, modular forms and Iwasawa theory, volume 188 of Springer
Proc. Math. Stat., pages 1-31. Springer, Cham, 2016. 3, 31

[BCK21] Ashay Burungale, Francesc Castella, and Chan-Ho Kim. A proof of Perrin-Riou’s Heegner point main conjecture.
Algebra Number Theory, 12(7):1627-1653, 2021. 2

[BD94] Massimo Bertolini and Henri Darmon. Derived heights and generalized Mazur-Tate regulators. Duke Math. J.,
76(1):75-111, 1994. 20

[BD96] M. Bertolini and H. Darmon. Heegner points on Mumford-Tate curves. Invent. Math., 126(3), 1996. 5, 6, 9, 38

[BD05] M. Bertolini and H. Darmon. Jwasawa’s Main Conjecture for Elliptic Curves over Anticyclotomic Zy-extensions
. Annals of Mathematics, 162, 2005. 1, 2, 7, 8, 20, 23, 25, 27, 28, 29, 32, 35

[BKO21] Ashay Burungale, Shinichi Kobayashi, and Kazuto Ota. Rubin’s conjecture on local units in the anticyclotomic
tower at inert primes. Ann. of Math. (2), 194(3):943-966, 2021. 2, 13, 16

[BSTW] Ashay Burungale, Christopher Skinner, Ye Tian, and Xin Wan. Zeta elements for elliptic curves and applications.
arXiv:2409.01350. 31

[Car94] H. Carayol. Formes modulaires et représentations galoisiennes a valeurs dans un anneau local complet. . In
B Mazur and G. Stevens, editors, P-adic monodromy and the Birch and Swinnerton-Dyer conjecture. American
Mathematical Society, 1994. 6

[CCSS]  Francesc Castella, Mirela Ciperiani, Christopher Skinner, and Florian Sprung. On the iwasawa main conjectures
for modular forms at non-ordinary primes. arXiv:1804.10993. 31

[CH18] Masataka Chida and Ming-Lun Hsieh. Special values of anticyclotomic L-functions for modular forms. J. Reine
Angew. Math., 741:87-131, 2018. 39

[CST14] Li Cai, Jie Shu, and Ye Tian. Explicit Gross-Zagier and Waldspurger formulae. Algebra Number Theory,
8(10):2523-2572, 2014. 39, 40

[DDT95] H. Darmon, F. Diamond, and R. Taylor. Fermat’s Last Theorem. In J. Coates and S.-T. Yau, editors, Elliptic
curves, modular forms and Fermat’s last theorem. International Press, 1995. 21

[DI0g] Henri Darmon and Adrian Iovita. The anticyclotomic main conjecture for elliptic curves at supersingular primes.
J. Inst. Math. Jussieu, 7(2):291-325, 2008. 2, 9, 10, 11, 23

[DT94] Fred Diamond and Richard Taylor. Non-optimal levels of mod 1 modular representations. Inventiones mathemat-
icae, 115(3):435-462, 1994. 7, 25, 30

[FW22]  Olivier Fouquet and Xin Wan. The iwasawa main conjecture for universal families of modular motives. preprint
https://arziv.org/abs/2107.18726, 2022. 3, 31

[GP12] B. Gross and J. Parson. On the local divisibility of Heegner points. Number theory, analysis and geometry,
Springer, New York, 2012. 30

[Gre97]  R. Greenberg. Iwasawa theory for elliptic curves. Springer-Verlag New York, Inc., 1997. 16

[Gro87]  Benedict H. Gross. Heights and the special values of L-series. In Number theory (Montreal, Que., 1985), volume 7
of CMS Conf. Proc., pages 115-187. Amer. Math. Soc., Providence, RI, 1987. 39

[GZ86] B. Gross and D. Zagier. Heegner points and derivatives of L-series. Invent. Math., 86(2), 1986. 40

[Hon70] Taira Honda. On the theory of commutative formal groups. J. Math. Soc. Japan, 22:213-246, 1970. 12



[How04]

[How06]
[IPO6]

[Kim07]
[Kob03]
[KPW17]
[Mil04]
[MRO4]
[Nek12]
[NSWO0S|
[Pol02]

[PR87]

[PROO]

[PW11]
[Rub87]
[Rub00]
[Ser72]
[Si194]
[SU14]
[Vat03]
[YZZ13]

[ZhaO1]
[Zha02]

[Zhal4]

THE ANTICYCLOTOMIC MAIN CONJECTURES FOR ELLIPTIC CURVES 41

Benjamin Howard. The Heegner point Kolyvagin system. Compos. Math., 140(6):1439-1472, 2004. 1, 3, 19, 31,
33, 36

B. Howard. Bipartite Euler systems. J. Reine Angew. Math., 597, 2006. 2, 31

Adrian Iovita and Robert Pollack. Iwasawa theory of elliptic curves at supersingular primes over Z,-extensions
of number fields. J. Reine Angew. Math., 598:71-103, 2006. 2, 11, 13, 16

Byoung Du Kim. The parity conjecture for elliptic curves at supersingular reduction primes. Compos. Math.,
143(1):47-72, 2007. 17

Shinichi Kobayashi. Iwasawa theory for elliptic curves at supersingular primes. Invent. Math., 152(1):1-36, 2003.
13, 16

Chan-Ho Kim, Robert Pollack, and Tom Weston. On the freeness of anticyclotomic Selmer groups of modular
forms. Int. J. Number Theory, 13(6):1443-1455, 2017. 20

J.S. Milne. Arithmetic Duality Theorems. Kea Books, 2004. 28, 29

B. Mazur and K. Rubin. Kolyvagin systems, 2004. 3, 19, 33, 36

Jan Nekovar. Level raising and anticyclotomic Selmer groups for Hilbert modular forms of weight two. Canad.
J. Math., 64(3):588-668, 2012. 23

Jirgen Neukirch, Alexander Schmidt, and Kay Wingberg. Cohomology of number fields, volume 323 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-
Verlag, Berlin, second edition, 2008. 33

R. Pollack. On the p-adic L-function of a modular form at a supersingular prime. Duke Math., 118(3), 2002. 9
B. Perrin-Riou. Fonctions L p-adiques, théorie d’Iwasawa et points de Heegner. Bull. Soc. Math. Fr., 115, 1987.
1

Bernadette Perrin-Riou. p-adic L-functions and p-adic representations, volume 3 of SMF/AMS Texts and Mono-
graphs. American Mathematical Society, Providence, RI; Société Mathématique de France, Paris, 2000. Trans-
lated from the 1995 French original by Leila Schneps and revised by the author. 33

R. Pollack and T. Weston. On anticyclotomic p-invariants of modular forms. Compositio Math., 147(5), 2011.
7, 8, 23

Karl Rubin. Local units, elliptic units, Heegner points and elliptic curves. Invent. Math., 88(2):405-422, 1987.
13, 16

Karl Rubin. Fuler systems, volume 147 of Annals of Mathematics Studies. Princeton University Press, Princeton,
NJ, 2000. Hermann Weyl Lectures. The Institute for Advanced Study. 21, 29

Jean-Pierre Serre. Propriétés galoisiennes des points d’ordre fini des courbes elliptiques. Invent. Math., 15(4):259—
331, 1972. 17

J. Silverman. Advanced Topics in the arithmetic of elliptic curves. Springer-Verlag New York, Inc., 1994. 14

C. Skinner and E. Urban. The Iwasawa main conjecture for GLa. Invent. Math., 195(1), 2014. 2, 3, 31

V. Vatsal. Special values of anticyclotomic L-functions. Duke Math. J., 116(2), 2003. 25, 39

Xinyi Yuan, Shou-Wu Zhang, and Wei Zhang. The Gross-Zagier formula on Shimura curves, volume 184 of
Annals of Mathematics Studies. Princeton University Press, Princeton, NJ, 2013. 40

Shou-Wu Zhang. Gross-Zagier formula for GL2. Asian J. Math., 5(2):183-290, 2001. 40

Shou-Wu Zhang. Elliptic curves, L-functions, and CM-points. In Current developments in mathematics, 2001,
pages 179-219. Int. Press, Somerville, MA, 2002. 40

Wei Zhang. Selmer groups and the indivisibility of Heegner points. Camb. J. Math., 2(2):191-253, 2014. 3



	1. Introduction
	2. Special points on Shimura curves and Gross curves
	3. Admissible primes and raising the level
	4. p-adic L-functions and special values formulae
	5. Selmer groups
	6. Ramified classes and reciprocity laws
	7. -BSD formulae in the definite case
	8. -BSD formulas in the indefinite case
	9. Proof of Theorems B and C
	10. Statements and declarations
	References

