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OPTIMAL MAPS IN ESSENTIALLY NON-BRANCHING SPACES

FABIO CAVALLETTI AND ANDREA MONDINO

ABSTRACT. In this note we prove that in a metric measure space (X, d, m) verifying the measure con-
traction property with parameters K € R and 1 < N < oo, any optimal transference plan between two
marginal measures is induced by an optimal map, provided the first marginal is absolutely continuous
with respect to m and the space itself is essentially non-branching. In particular this shows that there
exists a unique transport plan and it is induced by a map.

1. INTRODUCTION

One of the first questions of Optimal Transportation theory goes as follows: given two probability
measures over a common space and a cost function, what is the optimal manner, with respect to this
cost, to transport one measure into the other measure? This question can be made precise, for instance,
by taking as a common space a complete and separable metric space (X, d) and d? as cost function; then
the optimal transport problem becomes: denoting P(X) the space of Borel probability measures over X
and given pg, u1 € P(X), called marginal measures, study

(1.1) min /XXX d?(x, y) m(dxdy),

mEI(po,p11)

where the set of optimal transport plans is defined as follows
(po, 1) := {m € P(X x X): (P1)gm = po, (P2)ym = pur },

and P; : X x X — X denotes the projection on the i-th component, for ¢ = 1,2. The natural question
then is whether the optimal transport plan is induced by a transport map or not, i.e. if there exists

T:Dom(T)C X — X, Typo = p,

such that (Id,T)gpo € II(o, 11) is an optimal transport plan, i.e. it is a minimiser in (II]).

One can easily find examples where such an optimal map cannot exist: if ug = §, for some 0o € X and
w1 is not a Dirac mass, then no optimal transport map exists. To avoid such situation, a typical trick is
to introduce a reference Radon measure m over X such that the metric measure space (X,d, m) enjoys
some “regularity” and assume py < m. Then metric measure spaces look like a natural framework for
proving existence and uniqueness of optimal transport maps.

The problem has a long bibliography. Existence and uniqueness of optimal transport maps was first
proved in the Euclidean setting by Brenier [3] under the assumption that the first marginal is absolutely
continuous with respect to the Lebesgue measure and later extended to more general marginal measures
by McCann [I5]. Since then there have been many generalisations; most relevant in the context of this
paper is the result of McCann [I6] for Riemannian manifolds.

In the framework of sub-Riemannian manifolds, existence and uniqueness of optimal transport maps
have been established by Ambrosio-Rigot [I] on the Heisenberg group and by Figalli-Rifford [9] under the
assumption that the distance is locally Lipschitz (or locally semi-concave) outside of the diagonal. For
general sub-Riemannian manifolds it seems to be still an open problem.

For more general metric measure spaces, existence and uniqueness of an optimal transport map has
been obtained imposing some type of curvature bounds from below and/or a nice behaviour of the geodesic
of the space. In particular we mention the results by

- Bertrand [4] for Alexandrov spaces;
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- Gigli [10] under the assumption that (X,d, m) is a non-branching metric measure space satisfying
CD(K,N) (or CD(K,c0) under the extra assumption that o is in the domain of the Shannon
Entropy);

- by the first author and M. Huesmann [5] assuming (X, d, m) to be non-branching and m to verify
a weak property concerning the behaviour of m under the shrinking of sets to points. This in
particular covers non-branching spaces satisfying MCP. Also the cost function could be of the
form h od for any increasing and strictly convex h;

- Rajala and Sturm [20] under the assumption that (X, d, m) satisfies the strong CD (K, 0o)-condition
and both po and pq are absolutely continuous with respect to m;

- Gigli, Rajala and Sturm [I2] for RCD(K, N) spaces and pg absolutely continuous.

Without the non-branching assumption we cannot expect to have existence and uniqueness of optimal
maps, even assuming a lower curvature bound. In particular in [I3] the authors construct a branching
space satisfying MCP(0, 3) and absolutely continuous marginal measures o and pq such that the optimal
plan is not induced by any map. It is then natural to investigate whether a weaker variant of the non-
branching condition, namely essentially non-branching (see Definition [Z2]), is enough to obtain existence
and uniqueness of optimal maps under curvature bounds. The goal of the present paper is to answer
affirmatively to such a question. Before stating the main result let us recall that an optimal dynamical
plan v € OptGeo(po, pt1) is given by the map G : X — Geo(X) if v = Gypuo, for all the notations see
Section

Theorem 1.1. Let (X,d, m) be an essentially non-branching metric measure space verifying MCP(K, N).
If po,p1 € Pa(X) with pg = pom < m, then there exists a unique v € OptGeo(uo, p1); such a unique
v € OptGeo(uo, 1) is given by a map and it satisfies (e;)sr = pom < m for any t € [0,1) and the
MCP(K, N)-inequality

(1.2) / p N m > / T (d(z,e1(S(@)))py N m(dx), Ve [0,1),

where S is the unique map giving v.
Moreover if py and 1 have bounded support and py is m-essentially bounded then

1 Y
(1.3) loelliexm) < F—gwe” V™  lpollimcem), VEE 0,1),

where D = diam (supp(po) Usupp(p1)) and K~ = max{—K,0}.

Notice that in particular Theorem [[LT] implies existence and uniqueness of the optimal Wa-transport
map from pp = pom < m to p.

Note that in the MCP(K, N) assumption one requires only a control on geodesics shrinking to a Delta
mass, nevertheless both the estimates (L2)) and (L3]) are valid for any second marginal u; € P2(X). Let
us also stress that MCP(K, N) is the weakest among the finite dimensional Ricci curvature lower bounds
conditions; in particular is strictly weaker than CD condition.

From the technical point of view, notice that while MCP is a condition on the behaviour of Wasserstein
geodesics whose second marginal is a Dirac mass, the essentially non-branching property only applies to
dynamical optimal geodesics connecting absolutely continuous measures.

2. PRELIMINARIES

Throughout this note (X, d) is a proper, complete and separable metric space, and m is a locally finite
non-negative Borel measure (i.e. m(B) < oo for every bounded Borel set B).

We will now recall some of the basic objects we will use during the paper. For a complete overview on
Optimal Transportation theory, we refer to [23] and references therein.
We will denote with Geo(X) the set of geodesics of the space, i.e.

Geo(X) = {y € C([0,1]; X): d(v,7s) = [t — s|d(v0,71)};
for any ¢t € [0,1] we can consider the evaluation map e; : C([0,1]; X) — X defined by e(y) = . The
set of Borel probability measures over X will be denoted by P(X), the ones also having finite second

moment are denoted by P2(X) and finally P,.(X) stands for the set of probability measures absolutely
continuous with respect to m.
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We will also consider the set of optimal transference plan

Wopt (po, 1) = {77 € M(po, ) : Walpo, p1)* = /dQ(%y)W(dﬂﬁdy)};

and the set of optimal dynamical optimal plan
OptGeo(po, 1) = {v € P(Geo(X)): e;4v = i, i = 0,1, t — (er)sv is a Wa-geodesic};

We say that an optimal dynamical plan v € OptGeo(ug, 1) is given by the map G : X — Geo(X) if
v = Gypp. Notice that in this case in particular the optimal transference plan (e, e1);v is induced by
the optimal map e; o G.

Definition 2.1. We call a set I' C Geo(X) non-branching if for any v',7? € T' we have: if there exists
t € (0,1) such that v} = ~2 for all s € [0,], then ! = +2.

A measure v € P(Geo(X)) is concentrated on a set of non-branching geodesics if there exists a non-
branching Borel set I' C Geo(X), such that v(T") = 1.

Then we recall the following definition given for the first time in [20].

Definition 2.2. A metric measure space (X,d,m) is essentially non-branching if for every g, 1 €
Pac(X), any v € OptGeo(po, pt1) is concentrated on a set of non-branching geodesics.

In order to consider restriction of dynamical plans, for any s,t € [0,1] with s < ¢ we consider the

restriction map
restr’, : C([0,1]; X) — C(]0,1]; X), v yo fl

where f!:[0,1] — [0, 1] is defined by fi(z) = s+ (t — s)z. During this note we will use several times the
following fact: if v € OptGeo(po, p11) then the restriction (restrf)yv is still an optimal dynamical plan; in
particular, called u; := (e;)4v, it belongs to OptGeo(us, ). This fact simply follows from the triangular
inequality of the Wasserstein distance Ws.

We conclude recalling that for any two measures po, 1 € P(X) with Wa(uo, 1) < oo, for each
A€ (0,1), the set

Ix(po, pa) == {n € P(X): Wa(po,n) = AWa(po, p1), Wa(n, p1) = (1 = N)Wa(po, 1)},
is called set of A-intermediate points and the Excess mass functional, firstly introduced in [I§], is defined
as follows: for any C' > 0, F¢ : P(X) — [0, 1] with®
(2.1) Fo(m) = [llp = O) "l (xmy + 1°(X),
where = pm + p® with p* L m and ™ = max{a, 0}.

2.1. Curvature conditions. Here we briefly recall the synthetic notions of lower Ricci curvature bounds,

for more detail we refer to [2, T4l 2] 22| 23].

In order to formulate curvature properties for (X,d, m) we introduce the following distortion coeffi-
cients: given two numbers K, N € R with N > 1, we set for (¢,6) € [0,1] x Ry,

o0, if K62 > (N —1)m?,
(sin(to /KN =)\
i [ Sind /N 1D) if 0 < K62 < (N — )72,
sin(0/K/(N — 1))
(2.2) iy (0) =St if K62 <0 or

if K62 =0and N =1,

N-—1

sinh(t0/—K/(N — 1)) B if K02 <0and N > 1
sinh(0/—K/(N — 1)) - |

~
2=

That is, TI(?N(G) = tl/NU%?N_l(H)(N_l)/N where

(t) sin(t0/K/N)
UK,N(H =

sin(6y/K/N)
if 0 < K6? < Nn? and with appropriate interpretation otherwise.

)
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Remark 2.3. During the paper we will use the following easy estimate involving the o coefficient for
negative K:

(A

o 0
(2.3) %() > exp{ —(1-\0 K*/N};
indeed denoting o = /K~ /N:
A
agq,)zv(e) _ A — gmA _ —(1-Na 1—e 2
A Ae® —e™@) A1 — e—2a)’

Then to prove (23) it is sufficient to show 1 — e=2** > \(1 — e¢~2%); that can be rearranged as
1—A>e 2o \e 29,

but now this last inequality holds for any A € [0, 1]: just observe that the right hand side is convex.

Then we also recall the definition of the Rényi Entropy functional: £y : P(X) — [0, 0],

(24) En(p) = / p' N (@) m(dx),
X
where p = pm + p® with p° 1L m;

Definition 2.4. Let K € R and N € [1,00); a metric measure space (X, d, m) verifies CD*(K, N) if for
any two g, pt1 € Pac(X) with bounded support and contained in supp(m) there exists v € OptGeo(pug, 1)
such that for any N > N

(2.5) En(pe) > /Uﬁiﬁ?(d(%m))p&lm + 0 (d(v0, 1))y N w(dny),

for any ¢ € [0,1], where we have written (e);v = psm + p5™™ with m L ™.

Definition 2.5. Let K € R and N € [1,00); a metric measure space (X,d, m) verifies MCP(K, N) if
for any o € Pue(X) with bounded support and contained in supp(m) and any o € supp(m) there exists
v € OptGeo(po, d,) such that

(2:6) Entne) = [ 50 e, s V(o)

for any ¢ € [0,1), where we have written (e;)yv = pym + ™" with m L p"™9.

So during this note we will always assume the proper metric measure space (X,d,m) to satisfy
MCP(K, N), for some K, N € R, and to be essentially non-branching. This will imply that supp(m) = X
and that (X,d) is geodesic.

3. Goob GEODESICS UNDER MCP

Inspired by (and partly following) the clever work of Rajala [I8],[T9] on the existence of good geodesics
in CD/CD*-spaces, in this section we prove the next result roughly stating that in an MCP(K, N)-space
we can construct Wasserstein geodesics which are absolutely continuous and whose densities satisfy L>°
and Entropy bounds. Geodesics satisfying all of these properties will be during this note sometimes
named “good geodesics”.

Theorem 3.1. Let (X,d,m) verify MCP(K,N), for some K € R and N € [1,00). Then for any
1o € Poc(X) with bounded support and essentially bounded density and any o € X there exists v €
OptGeo(po,d) such that (e)sv < m for every t € [0,1). Moreover, writing p; := (e;)yv = pim for
t €10,1), we have the following upper bound for the density

1 =
(3:1) ol cxm < G=gme” VT ool . V€ [0,1),
and the following entropy inequality
_piYN—DK—
(3.2) Exim) = (1 - e P Y=gy (ug), WE € [0,1),

where D = diam (supp(uo) U{o}) and K~ = max{—K, 0}.
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Proof. The proof will consist of several steps. We consider pg = pom and p; = 6, fixed once for all.
Notice moreover that it is sufficient to prove the claim only for K < 0.

Step 1. Cousider A € (0,1) fixed. From MCP(K, N) there exists v € OptGeo(uo, pt1) verifying (2.6
that is concentrated on a family of geodesics of length at most D. Then from Jensen inequality it follows
that

1 1-A

m({pa > N = —— [ {3 . 0) (o),
HPOHLoo(XJn)

where, as usual, we have written (ey);r = pam + Mii"g with m L Mii"g . Then from (Z3) it follows that

(1-)) Y
(3.3) e () = (1N (%‘ﬁ”) > (1= Nexp{—0\/(N—-1)K-/N}.
Then
(3.4) m({px > 0}) > (1 -1V (e_D’\V (N_l)K7||p0||L°°(X,m))7

From now on we use the following notation C(K, N, D, \) := (1 — \)"NerPv (N-1K~

Step 2. We will need to minimize the excess mass functional (2J)) and maximise the Rényi Entropy
functional on the set of A-intermediate points Z (10, f41)-

From MCP(K, N) and the boundedness of the support of pg, it follows that for any A € (0,1) the
set Zx(po, p11) is compact in (P(X), Ws), see [I8, Lemma 3.3]. Moreover for any C' > 0 the excess
mass functional F¢ is lower semi-continuous over bounded metric spaces with respect to the Wasserstein
distance Wa; therefore, for any C' > 0 and any A € (0, 1), there exists a minimiser of F¢ in Zy(uo, p1),
see [I8, Lemma 3.6 and Proposition 3.7] for additional details. Moreover Ex is upper semi-continuous
and restricted to measures supported on a given bounded set attains only values on a compact interval;
it follows that £y has maximum in Zy (uo, pt1), see [19, Lemma 2.4] for more details.

Step 3. Estimate on minimisers of the excess mass functional.
This part is taken from Proposition 3.11 of [I8]. We show that for C > M := C(K, N, D, \)||pol| f,ecx,m),
it holds
min  Fea(n) = 0.

nEL(po,p1)
We will argue by contradiction. Denote with Zyin C Zx (1o, 141) the minimisers of Fe. Let p € Ziin be
such that

1/4
3.5) w((o> )= (F) s wlp,> ).

NE€Lmin
where 1 = p,m + p® with p° L m and n = p,m +n° with n° L m. Consider the set A := {p, > C} and
assume by contradiction that m(A) > 0. Then there exists § > 0 such that

m@ﬂz(%fmmmx

with A" := {p, > C+}. Let m € (110, 1) be an optimal transference plan and consider any dynamical
optimal plan & given by Step 1 such that

- TLX x A’ ~
eo)V: P1 ( ), 61)1/:(50
( i ( )ﬁ M(A/) ( i
and verifying ([B4). For ease of notation denote the geodesic ((es)ﬁﬂ)se[o,l]’
prm + I'* with T'* 1 m. From (B4]) and the definition of 7 it follows that

with I'. Write then I'y =

Ay C c\'?
(36) e > 0)) = M7 > D > (1) w
Now we can consider a new measure
C 1)
L= P S s+ ———u(ANT .
A= et Eghea +C+5u( )T
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From Lemma 3.5 of [I§] it follows that i € Z) (0, #1). Let us compute the variation of the excess mass
functional: adopting the usual notation i = pzm + ° with ° L m, we have

Felw) = Feli) = [ (o= C) m+'(X) = [ (o= ) m— ()

5 +
= /X\A,(Pu -O)F — (Pu + mu(A')pr - C) m

N
+//(Pu -0 - (Ci 5Pnt Ciéu(z‘l')pr - C) m
- CLM(MS(A') — n(AT*(X))
N
= /X\A,(Pu -0 = (Pu + CLMM(A’)/)F - C) m
/. CLM(W — u(A)pr)m + CLM (17(A") = (AT (X))

5 + 5
— o + _ AI o - AI
/X\A,(Pu C) (mﬁ C+5u( )pr C) + C+5u( )pr m

©-pom+ [ ’

e
{(C> S5 u(A)pr+p,} O+ 0

1)
= min § C' — p,, —M(A')pp} m.
/{Pu<c} { . ¢+

Since the integrand is non-negative, from the minimality of x4, the integral must be zero and thus gt € Zyiy.
Necessarily

(A")prm
/{pu<C§c~i5H(A/)PF+Pu}

m ({pp <C}N{pr >0})=0.
Moreover for y € {pr > 0} N {p, > C} it holds p; > C. Hence, from [B.6) and B.3) we infer

1/2 1/4
wilop > Ch 2 mllor >0 = (57) m) = (§7) s miln, >0,

M M NE€Lmin
yielding a contradiction, since i € Zyni, and C' > M.

It remains to consider the case m(A) = 0 and p*(X) > 0. This can be treated analogously by
redistributing the singular the mass using ([4]). This gives a contradiction with the minimality property
of 1 since the value of functional F¢ evaluated at the combination of the redistributed singular part and
the absolutely continuous part of y, is lower than Fe(p).

At this point we have shown that for any C' > C(K, N, D, \)||pol| L (x,m), it holds

min  Feo(n) =0;
NELN(po,p1) (77)
with an easy argument one also obtains the same property for C' = C(K, N, D, \)||pol| L (x,m), see [I8]
Corollary 3.12].
The upper bound just obtained for good intermediate points is the building block to obtain a geodesic
from po to py that at each time is absolutely continuous with respect to m and verifies (B1]).

Step 4. Maximising En .

To obtain also the curvature inequality (2:6]) one needs to prove the following claim: for any maximiser
p € Ix(po, p1) of En we have Feo(u) = 0, where C' = C(K, N, D, N)|[poll Lo (x,m)-

Such a claim has been obtained in [I9, Proposition 3] under the stronger curvature condition given
by the Curvature-Dimension condition CD(K, N); the proof was a modification of [I8, Proposition 3.11]
that we have already adapted to the weaker curvature condition given by MCP(K, N) in Step 3. We
therefore take the claim for granted and refer to [19] for additional details.

Step 5. From A\-Intermediate points to geodesic: upper bound.
To summarise: we proved that any maximiser py of En restricted to Zy (o, 1) (that always exists) is
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absolutely continuous with respect to m and, writing py = pam, the estimate (3.1) holds:

oAl 2o (xm) < (1—¥A)N€DA O ool oo (x m)-
We denote with GZ (o, pt1) the set of these good A-intermediate points.

To conclude the proof of (Bl), we need to prove the same statement but for a complete Wa-geodesic.
This part of the proof does not follow [I§] and [I9]; there the “globalization” procedure was built on
a bisection argument taking advantage of the symmetric formulation of CD and CD* conditions. In
our framework such a symmetry breaks down and we are forced to proceed with a different argument.
Anyway we recall that a non-symmetric construction was done in Section 5 of [I8] where it was shown
that Definition 2.5 implies MCP in the sense of Ohta.

Consider X € (0,1). First we define recursively a curve in P(X) only on a countable subset of [0, 1]:

L't = po, Lane € GIN(Lqyyk-1,1) Ve €Nk > 1.

Then I' is defined on the collection of points 5 := (1 — A\)*, k € N, and in particular I';, , = po. Let us
prove that on such points both (Z) and (BI)) are verified.
We start with the upper bound @I)): if I', , = ppm then Step 4 implies
1 k—1 —
A —N0F /(N = A
o5l oo (x,m) < meml ) (N-1)K lPr—1ll Lo (x,m)>

where the term D(1 — \)¥~! comes from the fact that the distance from the support of /)2—1 and 0, = 1
is bounded by D(1 — A\)¥~! since we have taken k subsequent M-intermediate points. Hence we have

\/ Zl<n<k 1 )‘

108l oo (x,m) < m "ol o (xm)s

Calculating the geometric sum yields:

(3.7) HpkHL“(Xm < —eD(l ) VN HPOHLOc (X,m)-
/\ k

Notice that [B7) is stable if we let A — 0.

Step 6. From A-Intermediate points to geodesic: Entropy inequality.
Since we are considering an optimal transport problem to a Dirac mass, we know that disjoint annular
regions centred in the Dirac mass remain disjoint along the optimal transport. Then we can restrict
ourselves to a sufficiently small annular region so that the lengths of the optimal geodesics are almost
equal to D and, by the continuity of the map 6 — TI((t)N (0), assume that all the optimal geodesics have
constant length equals to D (for a related reduction argument see the comments after Lemma 3.1 of [19]).
Using iteratively (2.6) we then have

EN(Tty,) = En(Ta0) ﬁ TENA) - A" VE > 1
using (@) we obtain -
Ex (i) > Ex(Tro)(1 M exp {mi:u . wmm}
bt
= En(Tao)trs exp {4)(1 - tmmﬂv} .

In particular this implies that

B9 x> [tnwen{—do) - i)y IV = DR /N o) N po(da).
Notice that [B.8]) is stable for A — 0.

In order to conclude, choose A := 277 for j > 1, set s :=1— (1 —279)" =1 — ¢y, , for k > 1, and
define B ,
M =127  fork>1, and T} :=T3"

2=J k ty—

Sj.k

= Ho-

7,0
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Since all the measures {fg’jwk}jykeN are contained in a common compact set, they are precompact in
(Py, Ws). Via a diagonal argument, letting j — oo, we then get a limit Wa-geodesic T' with Ty = o and
[y = p1; moreover, since (B.7) and (3.8) are stable if we let A — 0, on the one hand using that uniform
density bounds are stable under weak convergence, we conclude that the limit geodesic I'y = p,m satisfies

the desired bound

1 e
19s]| Loe (x,m) < meD VIV=DET oo poe (x,m)5

on the other hand using that the entropy is upper semi-continuous under Ws-convergence we get that
(N—1)K—
J oz ) [t R e N )

> (1= 5)e 2T [ ()N m(da),

4. EXISTENCE OF GOOD GEODESICS FOR GENERAL SECOND MARGINAL
The goal of this section is to prove the following result.

Theorem 4.1. Let (X,d, m) be an essentially non-branching m.m.s. satisfying the MCP (K, N) condition.
Let o, p1 € P(X) have bounded support and assume pg = pom << m with py essentially bounded.

Then there exists v € OptGeo(po, 1) such that (e;)sv < m for every t € [0,1). Moreover, denoting
(er)sv = e = ppm for any t € [0,1), the upper bound BI) and the entropy inequality B2) hold with
D = diam (supp(uo) U supp(p1))-

The rough idea for proving Theorem [£1]is to approximate the measure py by a convex combination
of Dirac masses for which we know the validity of (B)) and (8:2)) thanks to the results of the previous
section, and then conclude by a stability argument. Such a trick is not new in the literature, see for
instance [8] where it is used to obtain absolute continuity of Wasserstein geodesics in the Heisenberg
group and [6] where is used to study L' Optimal transportation problems. In order to perform such a
strategy we will make use of various auxiliary results. The first one is the following proposition, which
constitutes a special case of the main Theorem 5.1

Proposition 4.2. Let (X,d,m) be an essentially non-branching m.m.s. wverifying MCP(K,N). Let
o € P(X) with po < m and with bounded support, and py be a finite convex combination of Dirac
masses, i.e. f1 = Y5y Ny, for some {x;}j=1,. n C X withx; # x; fori # j, and {N;j}j=1,..n C (0,1]
with 375 Aj = 1.

Then there exists a unique transference plan from pg to uy and it is induced by a map T, i.e.

W00 1)? = /X d(r, T())? po (d).

Proof. We divide the proof in steps.

Step 1.
Consider a couple of Kantorovich potentials o, ¢ associated with the transport problem from g to p1,
the sets

..........

(41) TI'= {(:C,y) € X x X: p(x) + ¢°(y) = w} . T(z) = PQ(Fm ({a} x X)),

and S the set of those € X such that I'(x) is not a singleton. Note that the set S is analytic. It will
be enough to prove the stronger statement fo(.S) = 0.
So suppose by contradiction 10(.S) > 0. Since pq is a finite sum of Dirac masses, up to taking a smaller
S and up to relabelling the points z;, we can assume that there exist
7,15 : S — X, graph(7Ty), graph(7s) C T,
both pp-measurable with 77 (x) = x1 and Ta(x) = x5 for all x € S, with 21 # 22 and S is bounded.

Step 2.
With no loss of generality we can assume o to be restricted and renormalised to S. In particular we
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redefine p19 := mLg/m(S). Let v* € OptGeo(uo,dz,) and v? € OptGeo(po, z,) given by Theorem [311
Note that necessarily
vt L2
indeed for i = 1,2 it holds v*({~: v1 = x;}) = 1 and by construction z1 # w».
In particular it holds for i = 1,2

@2 [ ez - e

for any ¢ € [0,1) where we have written (e;);v* = pim and D = diam (S U {z1,22}). Then by Jensen’s
inequality we get

_piY(N—DK-
N m

_Dt\/winr /péq/N (5)1/1\1,

m(dz) = (1 —t)e

/X(pzt')1—1/Nm = m({p >0})/{ i>0}(Pi)1_1/Nm

| | . 1-1/N
m({p; > 0}) </{pi>0} P m)

<
= m({p; > 0p"",
which, combined with ([2]), gives
(43) liminfm ({o} > 0}) > m () = m ({gh > 0})

Denote now by S¢ := {z € X : d(z,y) < e for some y € S} the e-tubular neighbourhood of S and
observe that, by Dominated Convergence Theorem, we have lim._,o m(S¢) = m(S). In particular there
exists g9 > 0 such that

(4.4) m(5) < —m(9).

We now claim that there exists a small positive time 7 > 0, such that
(4.5) m ({p} > 0} N {p2 > 0}) >0.

To this aim notice that, by construction, for ui-a.e. z € X there exists a geodesic v € Geo(X) such that
x = v and 79 € S; in particular, for ¢t € [0,e0] the measure p! is concentrated on S0. But then the
combination of @3] and ([@4) implies that there exists 7 € (0,¢q) satisfying the claim ([E3]).

Step 3.
Note that (eg,e1)s(v! 4+ 1%)/2 is an optimal transference plan; indeed

(eo,el)ﬁ(ul +v%)/2 € T(po, (62, + 62,)/2)

and since the graph of both T} and T, are subsets of I, necessarily the transference plan [(Id, T1)gpo +
(Id,T5)¢p0]/2 is optimal. It follows that

Walpio, Boy +02)/2 =5 3 [ @p)td T =5 3 [ @ mlenen’

i=1,2 i=1,2

The same argument also ensures that there exists a set I' C Geo(X) such that {(y9,71): v € '} is d*-
cyclically monotone (since it is contained in T' which is d2-cyclically monotone) and v'(I') = v2(I') = 1.
In particular, for ¢ € (0,1) also (e, e;)3(v* + /?)/2 is an optimal transference plan and, moreover from
Theorem B.1], it follows that (e;)s(v! + ?)/2 is absolutely continuous with respect to m.

We now reach a contradiction obtaining a branching dynamical transference plan between (eq)y (' +
v?)/2 and (et)s(v! + /?)/2. This last part of the proof is strongly inspired by a clever mixing procedure
performed in [20, Corollary 1.4] (notice there are some slight differences though).

Let 7 € (0,1) be given by (1) of Step 2 and after using the restriction map, we can also assume that
(e1)4(v +1v?)/2 is absolutely continuous with respect to m. Define

1 ; 1
pleft — 3 ((restr])sv' + (vestrf) ), prisht — 3 ((restrl)sv' + (vestrl)s?).
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Observe that

(el)uyleft _ (GO)ﬁV

and denote this measure by . We then consider the associated disintegrations

pleft — /Vlzeft a(dm), prisht /V;ight a(dw);

left

right
)

in other words {1/} (resp. {v1'8"}) is the disintegration of 't (resp. v"&h%) with respect to e; (resp.

ep). The next step is to glue together v to v7&M: consider the map
GL:A(v',7%) € C((0,1];X) x C([0,1]; X): 1 =5} = €((0,1]; X),

defining GI(y!,+?) to be equal to 74, if 0 < s < 1/2 and equal to 73,_; when s > 1/2. We can then set
pix L — /1/z a(dx), Vg 1= Glﬂ(ylzeft,yiight).

By construction, the measure ™ is concentrated on the set I defined by
I:={yeC(0,1]; X): 3~', 72 € T': restrfy = restrj~y!, restrly = restri~?}.

Recalling that (eo,e1)(T) is d2-cyclically monotone and using the triangular inequality at time 7, for
1,42 € T with 4L = 2 we get

d*(v9.m) +d*(98,77) < d*(95,77) +d* (95, 71)
< (76N + (1 =D+ (702 + @)

= (Y 4y —2r(1—7) (f(vl) — f(WQ))Q
<Y+ L(P)?
=d*(v5,m) +d*(45,71),

where of course £(7y) denotes the length of the curve 7. It follows that all the previous inequalities are
identities; in particular £(y!) = £(y?) and for a-a.e. z there exists £, > 0 such that v, is concentrated on
geodesics of length ¢,. We then infer that

[ 0 5@ = [ & ersom)dn) = 5 [ & ey 402 a)

1

=3 /dQ(fyO,'yl)(z/l + v2)(dy).

Since ¥™* has the same marginals as (v! + 2)/2, and the latter is optimal, we conclude that v™X is
optimal too.
We now reach a contradiction with the essentially non branching assumption by showing that »™* is

not concentrated on a set of non-branching geodesics. To this aim recall that
a({pr >0} n{p? >0}) >0,

and that (e1)s11 = 0z, L 0z, = (e2)s0. Therefore, for a-a.e. z € {pL > 0} N {p2 > 0} the measure
vight is not a Dirac mass, and thus the dynamical optimal plan »™ is not concentrated on a set of non-
branching geodesics. Then (since in Definition 2]t is required that pq < m) a contradiction is obtained
by restricting v to some interval [0, 1—¢] such that (e1_.)gv1, (€1 )pro < mand (e1_c)gv1 L (e1_¢)pro.
The existence of such € > 0 follows from Theorem [BI] and the convergence of supp((ei—c)sv;) to z; in
the Hausdorft distance as ¢ — 0. The claim follows. O

Proposition 4.3. Let (X,d, m) be an essentially non-branching m.m.s. satisfying MCP(K, N); let pg =
pom and p11 be as in Proposition [{.3 with po essentially bounded.
Then there ezists v € OptGeo(po, p1) with (e)pv = py = prm K m for any t € [0,1) satisfying BI)

and (3.2).
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Proof. Let T be the optimal map from pg to p; given by Proposition [£2] We can define then

11} = poLT—1(s,)-
Then by Theorem B we deduce the existence of a dynamical optimal plan 7 € OptGeo()\;1 ué, z;)
verifying B.I) and [3:2). Then we define v = Y-7 | A\j»7; observe that by definition (eo)yv = po and
(e1)sv = pu1; moreover v € OptGeo(pug, p1). Let us write pjm := (e;)yp? for j =1,...,n and t € [0,1). Tt
is then clear that (e;);r < m for every t € [0,1) and pym = (e;)y17 = (2?21 /\jp{) m.

We first claim that p; satisfies the upper bound (1)) . To this aim, since every p{ satisfies the upper
bound (BIJ), it is enough to observe that

(4.6) m({p; >0} N{p] >0}) =0 Wte(0,1), Vi#j;

indeed if for some 7 € (0,1) it holds m({p: > 0} N {pl > 0}) > 0 for some i # j, then this would
contradict Proposition B2t there would exists a transport plan from ML 503 {pd >0} to 0z, + 0z, (both
renormalised) not induced by a map.

Let us now show the validity of [B2). Recalling (8] and since by construction pf L ,u% for i # 7,
then

no \1-1/N n 1o 1/N n )
(4.7) exntenm) = [(3r)  m=3 [ ()T m =3 ew(enn).
J=1 Jj=1 j=1
Since by construction each 17 satisfies 2], we conclude that u; := (e;)v satisfies [B2) as well. O

In the proof of Theorem L] we will make use of the following compactness lemma (compare with [T
Proposition 4.8]).

Lemma 4.4. Let (X,d) be a complete, proper and separable metric space and pl,pt C P(X) with
uniformly bounded supports. For everyn € N, let v™ € OptGeo(u, ut). Then there exist a subsequence
ng such that the following holds:

(1) There exist pio, 1 € P(X) with bounded support such that pi* — po, pi* — p1 in Wo;
(2) There exist v € OptGeo(uo, p1) such that for every t € [0,1] N Q it holds (er)s™ — (er)gv in
Wa.

Proof. First of all it is clear that the family {4} }ic(0,1),nen has uniformly compact support, where we
have written u} := (e;);v". Indeed, by assumption pg, uf are concentrated in a common bounded set B;
clearly the set By of t-midpoints

By :={v : v0,m € B}

is also contained in a possibly larger bounded set, since d(v,v0) = td(y0,71) < diam(B). But, as
uy(By) = 1, the claim follows by the properness assumption.

Since the supports of {uf }+c[0,1],nen are contained in a common compact subset, by Prokhorov Theo-
rem and a diagonal argument, there exists a subsequence ny, such that for every ¢t € [0, 1] N Q there exists
ue € P(X) satisfying:

up® — pp weakly as measures and in Wa, Vt € [0,1]NQ.

Therefore for every s,¢ € [0,1] N Q we have
(4.8) Wa(ps, pe) = N Wo(pg®, p*) = lim (It — 5| Wz(u&u’f)) = [t = s| Wa(po, p12)-

It follows that the curve [0,1]NQ > ¢ — u; € X is Lipschitz and then it can be uniquely extended to
[0,1]; in this way, (@8] still holds for every s,¢ € [0,1]. But this means that the extended curve is a
Wa-geodesic which can be represented by a probability measure v € OptGeo(ug, 1) satisfying (2) of the
thesis. |
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Proof of Theorem [4.7]
Since (X, d) is separable, it is a classical construction to approximate p; € P(X) by a convex combination
of Dirac masses; i.e. there exist a sequence {z;};en C supp(u1) and a sequence {{\, ;}7_; }jen C (0,1)
with >, A j =1 such that

(49) Z )‘n,j (SI], =: ,U,’il — U1 in Wa.

j=1

Since by assumption (X, d, m) is essentially non branching and satisfies MCP (K, N), by Proposition E3]
we know that for every n € N there exists v™ € OptGeo(uo, 1) such that (e;)s"™ = up = pi'm satisfies

1 Ty
(4.10) 108 1| oo (xc.m) < (17t)NeDt (W=DK [pollLo(x,m), V¥t €10,1),
N
(4.11) En(up) > (1 - )e PN En (o), VE € [0,1),

with D = diam (supp(po) U supp(p1)).

Now, by Lemma E4] there exists a limit v € OptGeo(pug, 1) such that (e,)sv"™ — (er)sr weakly as
measures, for every ¢ € [0, 1]NQ. Therefore, since the Rényi entropy is upper semi-continuous with respect
to weak convergence (see for instance [22) Lemma 1.1]), we infer that (32)) holds for every t € [0,1] N Q.
Using again the upper semicontinuity of the Rényi entropy for the left hand side, and the continuity in
t of the right hand side we conclude that ([B.2]) holds for every ¢ € [0,1]. Analogously, using ({I0) and
that L°>°-bounds on the density are stable under weak convergence, we conclude that (e;)r = pym < m
for every ¢ € [0,1) and that (B holds with D = diam (supp(po) U supp(1)).

O

5. MAIN RESULT

Theorem 5.1. Let (X,d, m) be an essentially non-branching metric measure space verifying MCP(K, N).
Then for any ug, 1 € P2(X) with po < m, there exists a unique transference plan and it is induced by a
map T, i.e.

Wapo, 1)? = /X d(z. T(2))? ol d).

Proof. The proof is along the same lines of the proof of Proposition 2] but with some (non-completely
trivial) modifications.

Step 1.
Consider a couple of Kantorovich potentials ¢, ¢ associated with the transport problem, the sets
. d*(z,y)
(5.1)  T={(my) e X xX:p@) +ey) = =321, D@)=P(00({a)x X)),

and S the set of those x € X such that I'(x) is not a singleton. Note that the set S is analytic. It will
be enough to prove the stronger statement f(.S) = 0.
So suppose by contradiction po(S) > 0. By Von Neumann Selection Theorem, there exists

T,12: S — X,  graph(T1), graph(Tz) C I,

both pg-measurable and d(T3(x),T>(2z)) > 0, for all € S. By Lusin Theorem, there exists a compact
set S1 C S such that the maps Ty and T% are both continuous when restricted to S7 and po(S1) > 0. In
particular

inf d(71(x), Ta(z)) = min (T (z), Te(x)) = 2r > 0.

€S, €S,
Then one can deduce the existence of a compact set So C S7, again with po(S2) > 0 such that

{Tl(ac): S Sg} C BT(Zl), {T2($)2 T € Sg} C BT(ZQ),

with d(z1, z2) > 2r, where B,.(z;) is the open ball centred in z; and radius r, for i = 1,2.
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Step 2.
With no loss of generality we can assume gy to be restricted and renormalised to So. In particular we
redefine ug := mrg, /m(Ss); the following measures are well defined as well

n = (T1)sh0, N2 1= (T)st0;

in particular 7,72 are Borel probability measures with

m L no;

notice moreover that we can also assume the supports of pg, 71 and 72 to be bounded. By Theorem T
we know there exist ! € OptGeo(o,n1) and v* € OptGeo(ug,n2) verifying [B.I) and (B2); note that
necessarily

vl L 1/2;
indeed for i = 1,2 it holds v*({~: 71 € B,(2:)}) = 1 and by construction B,(z1) N B;(z2) = 0.
In particular reasoning as in the proof of Proposition 2] (in particular see the proof of [{@3)), from ([B2)
and Jensen’s inequality it follows that

(5.2) lim inf m ({7} > 0}) > m (55) = m ({p} > 0}).

where (e;)31" = pim

Denote now by S5 := {z € X : d(z,y) < e for some y € S} the e-tubular neighbourhood of Sy and
observe that, by Dominated Convergence Theorem, we have lim._,o m(S5) = m(Sz2). In particular there
exists g > 0 such that

(5.3) m(55°) < —m(Sa).

We now claim that there exists a small positive time 7 > 0, such that
(5.4) m ({pL >0} N {p2 > 0}) > 0.

To this aim notice that, by construction, for ui-a.e. z € X there exists a geodesic v € Geo(X) such that
x = 7 and vy € Sa; in particular, for ¢ € [0,£¢] the measure p} is concentrated on S5°. But then the
combination of (52]) and (53]) implies that there exists 7 € (0, ) satisfying the claim (G5.4]).

N W

Step 3.
Note that (eg,e1)s(v' + 1?)/2 is an optimal transference plan. Indeed

(eo,e1)s(v' +1%)/2 € W(po, (m + n2)/2)

and since the graph of both T} and T, are subsets of I, necessarily the transference plan [(Id,T1)gpo +
(Id,T)gp10]/2 is optimal; it follows that

Wa (o, (m +112)/2) Z/szy ), Ti)spo = 5 Z/ (,y)(eo, e1)3v"

112 112

The same argument also ensures that there exists a set I' C Geo(X) such that {(70,71 v €T} is d%-
cyclically monotone (since it is contained in T' which is d?-cyclically monotone) and v*(T') = v*(T) = 1.
To conclude now it is enough to run the mixing procedure performed in [20, Corollary 1.4] and already
used in the final step of the proof of Proposition2l This will produce a branching dynamical transference
plan between absolutely continuous measures yielding a contradiction with the essentially non-branching
assumption. ]

Theorem 5.2. Let (X,d, m) be an essentially non-branching metric measure space verifying MCP(K, N).
Then for any po, 1 € Pa(X) with po < m, there exists a unique v € OptGeo(ug, 1) and such v is induced
by a map.

Proof. As usual, it is sufficient to show that every v € OptGeo(ug, p11) is induced by a map; indeed if
there exist vy # vo € OptGeo(po, p11) then also (11 4 v2) would be an element of OptGeo(pg, 1) but
2(v1 + 1) cannot be given by a map.
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Assume by contradiction there exists v € OptGeo(po, 1) not induced by a map. In particular, given
the disintegration of v with respect to eqg
- [ et
X

there exists a compact subset D C supp(uo) with po(D) > 0 such that for ug-a.e. 2 € D the probability
measure v, is not a Dirac mass. Via a selection argument, for pp-a.e. x € D we can also assume that v,
is the sum of two Dirac masses. Then for ug-a.e. © € D there exist ¢ = t(x) € (0,1) such that (e;);r, is
not a Dirac mass over X. Then by continuity there exists an open interval I = I(z) C (0,1) containing
t(x) above such that (es)sv, is still not a Dirac mass over X, for every s € I(z).
It follows that we can find a subset D C D C X still satisfying u0(D) > 0 with the following property:
there exists ¢ € QN (0,1) such that (ez)sv, is not a Dirac mass, for every x € D.
Indeed, since D = U, eqn(o,1) Dq where

D, :={x € D : (eq)svy is not a Dirac mass}

and since io(D) > 0, there must exist ¢ € QN (0,1) with po(Dgz) > 0; we then set D := Dj. Set now

1
U= = / Uy po(dx).
D

1o (D)
Note that 7 is an optimal dynamical plan; in particular (eg, ez)y7 is an optimal plan which is not given
by a map. This contradicts Theorem [5.1] and thus the proof is complete. 0

We can now collect Theorem [l Theorem [5.1] and Theorem 5.2 in order to prove Theorem 11

Proof of Theorem [1.1]
Having Theorem [£], Theorem [E.1] and Theorem 5.2 at disposal, the only non trivial statements to show
is that if pg, p1 € P2(X) with po = pom < m then (e;);v < m for any ¢ € [0,1), and that (L2]) holds.

Step 1: (e;)sv < m for any ¢ € [0,1).
To this aim first of all observe that since we know that the transport is given by a Ws-optimal map
T : X — X, then there exist partitions supp(ug) = OjeNE?, supp(p1) = LijjeNEj1 such that ,uO(E?) >0
for all j € N, each E]Q,EJ1 is bounded, ||p0||Loo(E;;7m) < oo and for every j € N there exists ¢ € N such
that T(EY) C E}.
Call i == po(E9) " porEY, T7 := {7 € Geo(X) : 70 € EY} and let 17 := po(E])~'wL.T7. Notice that
vi € OptGeo(u), Typd)) and, since by construction uf, has bounded support and bounded density and
Ty, has bounded support, then we can apply Theorem 1] and infer that (et)ﬁyj = p/m < m for all
t€0,1) and j € N.
Therefore it is enough to show that

(5.5) m({p] >0}N{pli>0})=0 Vte(0,1),Vi#j

If by contradiction there exists 7 € (0,1) such that m({p > 0} N {p. > 0}) > 0 for some i # j then
we could run the mixing procedure performed in [20, Corollary 1.4] and already used in the final step
of the proof of Proposition This will produce a branching dynamical transference plan between
absolutely continuous measures yielding a contradiction with the essentially non-branching assumption.
More precisely, following verbatim Step 3 in the proof of Proposition 2] we get an optimal dynamical
plan v™# such that for m-a.e. z € ({p2 > 0} N {p. > 0} the measure /¢f* is not a Dirac mass; therefore
the time-reversed optimal plan ™™~ defined by

Vmiwa—(y) =v(y7), whereqy; :=y1_+ Vtel0,1],

is not concentrated on a set of non-branching geodesics. Since by construction (e;)s(v™*~) < m for

every t € (0, 1], the optimal dynamical plan 7 := restri_, v™*®~ contradicts the essential non-branching
2
assumption.
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Step 2: the MCP(K, N) inequality (I2)) holds in case p; is a finite convex combination of Dirac
masses.
We first consider the case p; = E?:l Ajde, with A; € (0,1] for every j = 1,...,n, Z?:l Aj =1, and
x; # x5 for i # j. Let v € OptGeo(uo, 1) and consider the disintegration v= Z?:l
e1; observe that by definition (e1)sv; = A;d,,. Since 5 Vi € OptGeo( 5 (eo)ﬁuj,ézj) and since by the first

v; with respect to

part of the theorem the optimal dynamical plan is unique, then v; satisﬁes the MCP(K, N) inequality

(5.6) [oi ™ wz [ e w@n), e 0.,

where we have written (e;)sv; = p;m.

Using that the transport from po to p1 = Z?:l Ajdz; is given by a map, since by construction x; # x;
for ¢ # j, it follows that the measures (ep)4(v;) are concentrated on pairwise disjoint sets. In particular
it holds

Z / O CEEN Dl CRESD Ol A CICT P A1)
j=1

- /TI((INt/ (Y0, 71) (ijl/N/) )

(5.7) = [ E0 5 ),

where, as usual, we write (e;);v = pym, for ¢ € [0,1).
On the other hand, we also have
(5.8) m({pe; >0tN{p; >0}) =0 Vtel01], Vi#j.

Indeed otherwise there exists 7 € (0,1) (notice that 7 cannot be 0 by the above argument or 1 since by
construction g is finite sum of Dirac masses) such that m({p-,; > 0} N {p-; > 0}) > 0, and we could
repeat verbatim verbatim Step 3 in the proof of Proposition [£2] arriving to contradict the essential non
branching assumption.

Having (5.8) at disposal, we can argue as in (0.7) and get that

(5.9) Z/pjt”N' / o ”N')m /ptl YN"m, Vte[0,1], YN’ > N.
j=1

The combination of (&8), (57) and (EZ{I) implies that

/pifl/N = Z//ﬁ, YN > Z/me (@,2;))pso ™ m(dy) Z/Tgﬁ(d(%m))p&w v(dv),
=1

as desired.

Step 3: the MCP(K, N) inequality ([L2]) holds for a general p; € Pa(X).
Since (X, d) is separable, it is a classical construction to approximate p; € Po2(X) by a convex combination
of Dirac masses; i.e. there exist a sequence {z;};jen C supp(u1) and a sequence {{\n ;}7_;}jen C (0,1)
with Y n,; = 1 such that

]<77,
(5.10) Z)\ g Op, =1 — g in W.

By step 2 we know that for every n € N there exists v™ € OptGeo(ug, 1) such that

(5.11) / (o) N m > / e (d(vo,1)pe N v (dy), W [0,1), YN' > N,

where we have written (e;);™ = pfm. Now, by [LI Proposition 4.8], there exists a limit v € OptGeo(ug, p1)
such that (e;)pr™ — (e¢)sv in Wa, for every ¢t € [0,1] N Q. Therefore, since the Renyi entropy is upper
semicontinuous with respect to Wy convergence (see for instance [22, Lemma 1.1]), we infer that (2]
holds for every ¢ € [0,1]NQ. Using again the upper semicontinuity of the Renyi entropy for the left hand
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side, and the continuity in ¢ of the right hand side we conclude that (2] holds for every ¢ € [0, 1].
a

Combining our main result Theorem [[T] with the work of Rajala [18], [19] for CD(K, N)/CD*(K, N)
spaces, we get the next corollary.

Corollary 5.3. Let (X,d,m) be an essentially non-branching metric measure space verifying CD(K, N)
(resp. CD*(K,N)) for some K € R,N € (1,00). If po,p1 € P2(X) with pg = pom < m, then there
exists a unique v € OptGeo(ug, p1); such a unique v € OptGeo(ug, p1) is given by a map and it satisfies
(er)yv < m for any t € [0,1).

Moreover if g = pom, p11 = p1m € Poe(X) have bounded support, then v satisfies the CD(K, N)-convexity
(respectively CD™ (K, N)-convezity) condition and if in addition the densities po,p1 are m-essentially
bounded then, writing (e;)sv = pym, it holds

(5.12) [lpell oo (xm) < €”VEVE max{||poll oo (x,m)» o1/l (xm) ) VE € [0,1], if CD(K, N) holds,
(5.13) lpellpo(x,my < ePYNET max{|lpoll oe (xt,m)s o1l (xx,my }> VE € [0, 1], if CD*(K, N) holds,
where D = diam (supp(po) U supp(p1)) and K~ = max{—K,0}.

Proof. Since CD(K, N) implies MCP(K, N) and CD*(K, N) imply CD(K*,N) for K = K¥=L (see [2
Proposition 2.5]), by Theorem [[LT] there exists a unique v € OptGeo(pug, 1) which moreover is given
by a map and satisfies (e;)yv < m for any ¢t € [0,1). By uniqueness of the optimal dynamical plan, if
o = pom, 1 = p1m € Py.(X) have bounded support, then it is obvious that v satisfies the CD(K, N)-
convexity (respectively CD*(K, N)-convexity) condition. Finally the L°°-bounds on the density p; of
(e¢)yv follow from [I8] Theorem 1.3] for the CD(K, N) case, and from [I9, Theorem 1.2] for the CD* (K, N)
case. 0

We can also obtain existence and uniqueness of optimal maps under local curvature conditions.

Corollary 5.4. Let (X,d, m) be an essentially non-branching, proper, geodesic, metric measure space
satisfying CDioe(K, N). Then for any o, u1 € P2(X) with pg < m there exists a unique optimal transport
map. Moreover there exists a unique optimal dynamical plan v € OptGeo(ug, 1) and p = pym for any
tel0,1).

Proof. Consider any 7 € II(u, 1) optimal transference plan and any v € OptGeo(uo, 1) associated to
it; let moreover py = (e;)yv. Observe that it is not restrictive to assume both 1o and g1 to have bounded
support; in particular D := diam (supp(uo) U supp(1)) is finite and therefore there exists a compact set
B C X such that supp(u:) C B for each t € [0, 1].

From the CDj,. condition we deduce the existence of an open covering of X, denoted by {U,}icr
where CD(K, N) holds for marginal measures supported inside the same U;; in particular we deduce from
Theorem [Tl the existence and uniqueness of optimal transport maps for marginal measures supported
inside the same Uj;, provided the first one is absolutely continuous with respect to m.

Since B is a compact set, from Lebesgue’s number Lemma, there exists § > 0 such that whenever
A C B has diameter less than 0 then it is contained in U;, for some ¢ € I. Now consider any ¢t € [0, 1)
and consider the disintegration of v with respect to e;:

v= [ v uldo)

and observe that observe that

diam <supp (,[J,tLBJ/4(z)) U supp ((et+6/4D)ﬁ(/ Vfc Mt(dl'))>> < 4.
B

This implies that there exists a unique optimal map from p; to p;ys5/4p, provided py is absolutely
continuous with respect to m. If this is the case, from Theorem [l it also follows that fys5/5p is
absolutely continuous with respect to m.

Since t was any number in [0, 1), we can start with ¢ = 0; since py < m, there exists a unique optimal
map Tp such that Tyuo = ps/5p and ps/sp < m. Repeating the argument finitely many times, it follows
the existence of a map T such that 7 = (Id, T')3uo and the claim follows. Repeating verbatim the proof

5/4(2)
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of Theorem [5.2] we obtain that the optimal dynamical plan v is unique and it is induced by a map. The
absolute continuity follows from the covering argument of the first part of the proof. O

We conclude by saying that Corollary 54 permits to extend the result of [7] to the framework of
essentially non-branching metric measure spaces. In particular it follows that an essentially non-branching
metric measure spaces verifying CDj,.(K, N) also verifies MCP (K, N); hence the claims of Theorem [[T]
are still valid.

APPENDIX

The Ricci curvature condition MCP was introduced independently in [I7] and [22]. The definition
proposed by S.I. Ohta in [I7] goes as follows:

A metric measure space (X,d, m) is said to satisfy MCP(K, N) if for any € X and A C X Borel set
with 0 < m(A) < oo there exists
v € OptGeo(mLa/m(A),d,)
such that
m > (o) (ie v (d(30,71)) Vm(A)w).
That is, using the estimate ([23]), for any B C X it holds

mB)zmd) [ A o) i)

> m(A)(1 — )N e PVIVTUE (0),1(B),
where D = diam (AU {z}). In particular this implies that (e;)sv = pym, for any t € [0,1) and for v-a.e. 7y

(o) < g (L= VP VIR gy 30)(1 )=V IR

that rearranged properly becomes
(5.14) pe(ye) VN = (1= )em PVINEDET/N g (90) 71N,

yielding all the claims of Theorem Bl under the additional assumption that pg = mia/m(A). The
previous calculations show that the claim of Proposition [£.2] can be proved assuming the space to satisfy
MCP version of Ohta and essentially non-branching (see in particular Step 2. of the proof).

This permits to approximate any g with simple functions (i.e. finite linear combination of char-
acteristic functions) and, thanks to Proposition 2] to obtain a Wasserstein geodesic connecting the
approximation of p to the finite combination of Dirac masses up satisfying the estimate (BI4). Since
(BE14) is stable, we directly obtain also Proposition Then one can repeat completely all the rest of
the paper using the Ohta’s version of MCP obtaining the same claims.

As a consequence we also obtain that if (X, d, m) is an essentially non-branching metric measure space
it satisfies Ohta’s version of MCP if and only if it satisfies Definition 25l Indeed we have shown that under
the essentially non-branching condition both MCP definitions can be considered as pointwise conditions
on the density of the Wasserstein geodesics connecting absolutely continuous measures to a Dirac mass
and as pointwise condition they impose the same inequality: for v-a.e. y

- 1—t _
pe(ye) TN > Té{,N)(d(%ﬁl))po(%) A
for every t € [0,1). We conclude this part noticing that, by Section 5 of [I§], Definition 25 implies MCP
in the sense of Ohta even without the essential non-branching assumption.
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