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Allometric scaling laws, such as Kleiber’s law for metabolic rate, highlight
how efficiency emerges with size across living systems. The brain, with its
characteristic sublinear scaling of activity, has long posed a puzzle: why
do larger brains operate with disproportionately lower firing rates? Here
we show that this economy of scale is a universal outcome of avalanche
dynamics. We derive analytical scaling laws directly from avalanche
statistics, establishing that any system governed by critical avalanches must
exhibit sublinear activity–size relations. This theoretical prediction is then
verified in integrate‑and‑fire (IF) neuronal networks at criticality and in
classical self‑organized criticality (SOC) models, demonstrating that the
effect is not model‑specific but generic. The predicted exponents align
with experimental observations acrossmammal species, bridging dynamical
criticality with the allometry of brain metabolism. Our results reveal
avalanche criticality as a fundamental mechanism underlying Kleiber‑like
scaling in the brain.

1. Introduction
Why do larger brains firemore efficiently? Scaling laws have long revealed how
living systems achieve remarkable economies of scale, frommetabolism tomor‑
phology. In biology, allometry denotes systematic departures from isometry,
where traits grow with body size according to power laws [1,2]. Among the
most celebrated examples is Kleiber’s law, describing howmetabolic rate scales
with body mass as rm ∼M3∕4 [3–7]. The brain follows its own distinct rules:
brain mass scales sublinearly with body mass, mb ∼M3∕4, unlike most organs
that grow closer to isometry [5,8]. Other brain traits show equally systematic
patterns, from the metabolic rate scaling with brain volume rm ∼V5∕6b [9–11] to
the near‑isometric relation between brain mass and neuron number in rodents,
which contrasts with the superlinear scaling in primates [12]. Cortical folding,
too, varies by lineage, scaling shallowly in rodents but more steeply in primates
[13]. These regularities suggest that brain function is governed by an economy
of scale, yet the dynamical origin of this allometry remains unresolved [2,5].

In parallel, mounting evidence shows that neural activity performs close
to criticality. Neuronal avalanches—spatio‑temporal cascades of firings with
power‑law distributed sizes and durations—were first observed in rat cortex
[14] and subsequently across other species, including humans [15–19]. These
cascades are hallmarks of self‑organized criticality (SOC) [20–22], first intro‑
duced in the Bak–Tang–Wiesenfeld (BTW) sandpile model [20] and formalized
through branching processes [23,24]. SOC provides a natural explanation for
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Figure 1. Illustration of sublinear allometry in a system exhibiting avalanche dynamics: the neuronal cortex. As the number of cortical neurons N increases, the total
firing rate ⟨na⟩ is expected to scale sublinearly with N in an economy-of-scale regime, as ⟨na⟩∝ N𝜂 with 𝜂 < 1, owing to the spatio-temporal organization of cortical
activity into neuronal avalanches. This sublinear scaling implies that individual neurons fire, on average, more frequently in smaller brains (e.g. mouse, red spikes) than
in larger ones (e.g. human, blue spikes).

how complex systems self‑tune to critical states without fine control. Here, we propose that the sublinear allometry of brain activ‑
ity is not merely an echo ofmetabolic scaling, but a universal outcome of avalanche criticality, as illustrated in figure 1. By deriving
scaling relations directly from avalanche statistics, we establish that any avalanching system can exhibit sublinear activity–size re‑
lations. We then confirm these predictions in neuronal networks at criticality and in classical SOCmodels, demonstrating that the
phenomenon is not model‑specific but generic. Finally, by comparing with experimental data in mammals [10,25–28], we argue
that the economy of scale of the brain reflects a universal dynamical law of avalanching systems.

2. Results

2.1. Sublinear allometry in integrate-and-fire networks
To analyse how neuronal activity scales with system size under controlled conditions, we consider an integrate‑and‑fire (IF)model
implemented on a scale‑free, directed neural network ofN∈ [5 × 103, 105] neurons, with short‑ and log‑term plasticity [29] (see §4
for details of the implementation). A neuron can be either excitatory or inhibitory, and fires whenever its voltage reaches a thresh‑
old vc = 1. We consider both fully excitatory networks, pin = 0%, and networks with a fraction pin = 20% of inhibitory neurons, a
value consistent with measurements in neocortical areas across several species [30]. When the voltage of all neurons is below the
threshold, external input is introduced by adding a small voltage 𝛿v= 0.1 to a randomly selected neuron at each time step, in‑
dependently of N. This ensures a slow external driving [24,31], an important constraint to observe avalanche‑like behaviour [32].
The model includes a parameter 𝛿urec that, when properly tuned for each system size N and fraction pin, sets the system in the
critical state [29]. We then study the average number of firing neurons ⟨na⟩ per time step ts as a function of the system size N,

⟨na⟩= ts
N∑

i
ri ≡

N∑

i
ri , (2.1)

where we set ts = 1 without loss of generality. The quantity ri is the firing rate of neuron i∈ [1,N], defined as ri = (1∕T)
∑T

t=1 𝜎i(t),
with 𝜎i(t) = 1 if vi ≥ vc during the tth time step, 𝜎i(t) = 0 otherwise, and T is the total number of time steps.

In figure 2, we show the numerical results for ⟨na⟩ as a function of N, for the IF model considering fully excitatory networks
and networks with pin = 20%, in the critical state. In that same figure, we also fit the numerical data with a power law ⟨na⟩∝N𝜂

(coloured dashed lines) by considering consecutively fewer data points for small system sizes, to take into account the weak cur‑
vature in the data and study how the exponent 𝜂 converges for large N. In both cases, we observe sublinear allometric scaling,
with 𝜂 = 0.46 ± 0.04 for fully excitatory networks and an even slower‑than‑linear scaling with 𝜂 = 0.37 ± 0.04 for networks with
pin = 20%, considering N∈ [3 × 104, 105] (red and grey dashed lines). This scaling relation implies that neuronal activity operates
according to an economy‑of‑scale regime [33–35], whereby larger biological neuronal networks exhibit disproportionately lower
activity rates.

In figure 3, we plot the collapse of the distributions P(S) and P(D) of avalanche sizes S and durationsD, respectively, for several
N and both pin = 0% and pin = 20% (see electronic supplementary material for the non‑collapsed data). Both distributions follow
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Figure 2. Numerical results for the average number of firing neurons ⟨na⟩ during each time step as a function of N, for fully excitatory networks (orange symbols) and
networks with pin = 20% (cyan symbols). The coloured dashed lines are power-law least-squares fits ⟨na⟩∝ N𝜂 , with 𝜂 as the fitting parameter, obtained by consec-
utively considering only the larger system sizes. The error is of the order ±0.04 for all 𝜂. Sublinear allometry is observed for both cases, with 𝜂 = 0.46 ± 0.04 for
pin = 0% (red dashed line) and 𝜂 = 0.37 ± 0.04 (grey dashed line) for pin = 20%, considering N∈ [3 × 104, 105]. For each N, averages are performed over 2000
network configurations, and over 2 × 104 avalanches for each configuration.

Figure 3. Collapse of the numerical distributions of avalanche sizes S (a and c) and durations D (b and d), for different sizes N∈ [5 × 103, 105], on to a universal
curve P̃(S) = S𝛼SF(S∕N𝛽S) and P̃(D) = D𝛼DF(D∕N𝛽D), respectively, considering IF networks with two different fractions of inhibitory neurons pin = 0% (a–b) and
pin = 20% (c–d).

a universal scaling relation, corresponding to P̃(S) = S𝛼SF(S∕N𝛽S ) for the size distributions and P̃(D) =D𝛼DF(D∕N𝛽D ) for the du‑
ration distributions. The values of 𝛼S ≈ 3∕2 and 𝛼D ≈ 2 are characteristic of the universality class of the mean‑field self‑organized
branching process [23], and are consistent with experimental observations [14,19].

2.2. Scaling of ⟨na⟩with N: analytical derivation
At this point, we propose that the allometric scaling shown in figure 2 is a consequence of avalanche dynamics and therefore
depends on the finite‑size scaling behaviour of the distributions in figure 3. To demonstrate this statement, we generalize ⟨na⟩ to
represent the average number of active sites per time step in a generic model with avalanche dynamics, where ri now denotes
the average activation rate of site i∈ [1,N]. First notice that ⟨na⟩ is equivalent to the ratio ⟨S⟩∕⟨D⟩ multiplied by the fraction of
time 𝛿aval ≤ 1 involved in avalanching processes, where ⟨S⟩ and ⟨D⟩ are the average avalanche size and duration, respectively. The
fraction 𝛿aval can be estimated by considering the average quiet time ⟨∆t⟩ between avalanches, 𝛿aval = ⟨D⟩∕(⟨D⟩ + ⟨∆t⟩), therefore

⟨na⟩=
⟨S⟩

⟨D⟩ + ⟨∆t⟩
. (2.2)

Equation (2.2) is general, and only assumes that the averages ⟨S⟩, ⟨D⟩ and ⟨∆t⟩ are well‑defined. Since a particular site may activate
several times during an avalanche, we note that, in equation (2.2), S represents the total number of activation events during an
avalanche, as opposed to the number Sd ≤ S of distinct activated sites.

In the critical state, according to the finite‑size scaling assumption [36], S and D follow a power‑law distribution with a cut‑off
that scales with the system size,

P(X) =AXf(X)X−𝛼Xg(X∕Xc), for X∈ [1,∞], (2.3)

where X∈ {S,D}, AX is the normalization constant, and f(X) is a correction factor which accounts for possible deviations from
the power‑law behaviour at small X, with f(X) ≈ 1 when X≫ 1; g(X∕Xc) is a rapidly decaying function for X>Xc modelling the
cut‑off, where Xc ∝N𝛽X , and g(X∕Xc) ≈ 1 for X<Xc. Given these definitions, the scaling of the average ⟨X⟩=∫∞1 XP(X)dX can be
estimated in the large N limit (see electronic supplementary material),

lim
N→∞

⟨X⟩∝N𝛽X⋅(2−𝛼X), for 1< 𝛼X < 2. (2.4)
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Figure 4. Numerical results for the average quiet time ⟨∆t⟩ as a function of the system size N for the IF model with pin = 0% (a) and pin = 20% (b) inhibitory neu-
rons, as well as for the BTW (c) and Manna (d) sandpile models. For all models, at least for large N, the data are well fitted by ⟨∆t⟩= aNb + c (black dashed lines),
where {a, b, c} are the fitting parameters. For all cases, a nonlinear least-squares fit gives b< 0, meaning limN→∞⟨∆t⟩ tends to a constant: c= 5 ± 5 (IF, pin = 0%),
c= 7.5 ± 7.5 (IF, pin = 20%); c= 1.24 ± 0.01 (BTW); c= 0.39 ± 0.01 (Manna). In (d), we also plot the quantity 1∕p − 1 (orange line) for several N, where p is the
time-averaged density of occupied sites (sites with one grain). As explained in the electronic supplementary material, 1∕p − 1 should equal ⟨∆t⟩ in the Mannamodel,
in the limit N→∞.

Equation (2.4) is consistent with previous analytical results [37,38]. For 𝛼X ≤ 1 or 𝛼X ≥ 2, corrections to equation (2.4) are needed.
In particular, if 𝛼X > 2, limN→∞⟨X⟩ is expected to converge to a constant, while for 𝛼X = 1 or 𝛼X = 2, modifications to the exponent
are needed and an additional logarithmic scaling with N is also present (see electronic supplementary material).

In figure 4a–b we present the numerical results for the average quiet time ⟨∆t⟩ for the IF model, as well as a fitting with the
function ⟨∆t⟩= aNb + c, with {a, b, c} being fitting parameters (dashed line). We notice that limN→∞⟨∆t⟩ tends to a constant for both
cases pin = 0% and pin = 20%, thus, for large N, ⟨∆t⟩ can be disregarded in equation (2.2), simplifying to

lim
N→∞

⟨na⟩≈
⟨S⟩
⟨D⟩

. (2.5)

Note that requiring ⟨∆t⟩ not to diverge in the largeN limit is a natural condition. If ⟨∆t⟩were to diverge faster than ⟨D⟩, avalanches
would vanish in the thermodynamic limit, rendering the system uninteresting. By joining equations (2.4) and (2.5), we obtain a
power law for ⟨na⟩,

lim
N→∞

⟨na⟩∝N𝛽S⋅(2−𝛼S)−𝛽D⋅(2−𝛼D), for 1< 𝛼S, 𝛼D < 2. (2.6)

Recalling that isometric scaling corresponds to 𝜂 = 1, equation (2.6) indicates that allometric scaling is generally expected. We can
now compare this prediction with the exponents reported in figure 2. First, notice that, since 𝛼D > 2 in the IF model (figure 3b–d),
limN→∞⟨D⟩ is expected to converge to a constant, as previously mentioned. Therefore, equation (2.6) modifies to

lim
N→∞

⟨na⟩∝N𝛽S⋅(2−𝛼S) , for 1< 𝛼S < 2, 𝛼D > 2. (2.7)

Using the values {𝛼S, 𝛽S} estimated for the case pin = 0% (figure 3a), equation (2.7) predicts an allometric scaling exponent of 𝜂 =
0.48 ± 0.03, consistentwith the fitting exponent of figure 2. Similarly, for pin = 20% (figure 3c) equation (2.7) predicts 𝜂 = 0.38 ± 0.03,
again consistent with the corresponding fitting exponent of figure 2. Notice that the values of 𝛼S are similar for both cases pin = 0%
and pin = 20% (figure 3a,c), as well as 𝛼D > 2 for both pin (figure 3b,d). Therefore, the change in 𝜂 is explained by the change in the
value of the cut‑off scaling exponent 𝛽S (figure 3a,c). It is plausible that further increasing pin would lead to even smaller 𝛽S, as
a larger fraction of inhibitory neurons suppresses system‑spanning avalanches and causes the distribution cut‑offs to scale less
rapidly with N and therefore the scaling regime to decrease. Provided that 𝛼S ≈ 1.50 and 𝛼D > 2 for increasing pin, 𝜂 is therefore
expected to decrease with increasing pin.

2.3. Sublinear allometry in self-organized criticality models
Finally, in order to verify that equation (2.6) generally holds for critical avalanching systems, we consider two models for SOC,
the BTW and Manna models, implemented on a square grid with L2 =N sites and open boundaries [20,39,40] (more details of the
implementation in §4). The main difference between the models is that the BTW sandpile has deterministic toppling dynamics,
whereas in the Manna model the dynamics is stochastic. External driving is applied between avalanches by adding a single grain
of sand at a randomly selected site at each time step.

In figures 5 and 6, we show the numerical results for ⟨na⟩ as well as the data collapse of the distributions P(S) and P(D), for
severalN∈ [4 × 102, 1.6 × 107], for both SOCmodels. Since finite‑size scaling is known to work well in theMannamodel, unlike in
the BTW model where unambiguous results are difficult to obtain [36], the data collapse in figure 6 shows a narrower overlap in
the Manna case. Specifically, in figure 5 we observe sublinear allometric scaling for ⟨na⟩, scaling as ⟨na⟩∝N𝜂 , with 𝜂 = 0.52 ± 0.04
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Figure 5. Same as in figure 2, but for the BTW (orange symbols) and Manna (cyan symbols) SOC models. From a power-law fitting ⟨na⟩∝ N𝜂 (coloured dashed lines),
we obtain sublinear allometric scalings with 𝜂 = 0.52 ± 0.04 (purple dashed line) for the BTWmodel and 𝜂 = 0.60 ± 0.04 (cyan dashed line) for the Manna model,
considering L=

√
N∈ [103, 4 × 103]. Averages are performed over 107 avalanches for each N, after reaching the steady state.

Figure 6. Same as in figure 3, but for the BTW (a–b) and Manna (c–d) SOC models.

for the BTW model and 𝜂 = 0.60 ± 0.04 for the Manna model, considering L=
√
N∈ [103, 4 × 103] (purple and cyan dashed lines).

The fitting of the average quiet time ⟨∆t⟩= aNb + c in figure 4c–d gives c= 1.24 ± 0.01 for the BTW model and c= 0.39 ± 0.01 for
the Manna model, with b< 0 for both cases, indicating that ⟨∆t⟩ initially decays with N as a power law, and eventually tends to a
constant, thus equation (2.6) is again valid for the SOC models. Using the respective parameters reported in figure 6, the scaling
exponent in equation (2.6) is estimated to be 𝜂 = 0.54 ± 0.09 for the BTW model and 𝜂 = 0.60 ± 0.05 for the Manna model, consis‑
tent with the respective power‑law fit ⟨na⟩∝N𝜂 . In variants of the BTW and Manna models in which the energy is kept fixed,
the average density of active sites or rate of activation 𝜌 is widely recognized as an order parameter [32,41–46], with the control
parameter being the total energy (i.e. the number of grains, fixed by the initial conditions). Since 𝜌 is directly related to the average
⟨na⟩=N𝜌ts, we can also examine the allometric scaling behaviour in these fixed‑energy model variants. Interestingly, the fitted
value 𝜂 = 0.52 ± 0.04measured in figure 5 for the BTWmodel is smaller than the onemeasured in the literature for the fixed‑energy
variant, with a value of 𝜂 = 0.60(8) for system sizes L∈ [320, 1280] [32]. For the BTW model, the mean‑field critical exponents are
𝛼MF
S = 3∕2, 𝛽MF

S = 2, 𝛼MF
D = 2 and 𝛽MF

D = 1 [22,47]. As explained previously, it is reasonable to assume that limN→∞⟨∆t⟩∝ constant if
the system in the mean‑field limit is expected to exhibit avalanches. Since we have the particular case 𝛼MF

D = 2, limN→∞⟨D⟩∝ lnN

(see electronic supplementary material), and equation (2.6) is instead replaced by lim
N→∞

⟨
na
⟩MF

∝N𝛽MF
S ⋅(2−𝛼MF

S )∕ lnN. Replacing the

values of 𝛼MF
S and 𝛽MF

S , we have limN→∞⟨na⟩MF ∝N∕ lnN, different from the power‑law scaling measured numerically in figure 5,
as expected since the dimension d= 2 is still below the upper critical dimension dc > 4 [47]. On the other hand, the fitted exponent
𝜂 = 0.60 ± 0.04 measured in figure 5 for the Manna model is consistent with the one measured in the literature for the fixed‑energy
variant of this model, with a value of 𝜂 = 0.60(9), considering system sizes L∈ [32, 1024] [32].

2.4. Sublinear allometry in real cortical systems
Experimental evidence, both from indirect measurements of glucose utilization rates [25] and from energy conservation argu‑
ments [10,26–28], indicates that neuronal firing rates decrease with brain size. In mammals, the average firing rate 𝜌 of neurons
in grey matter, estimated indirectly from measurements of glucose utilization rates, decreases with the brain size, scaling with
grey matter volume as 𝜌∝V−0.15G [25]. More specifically, the total firing rate ⟨na⟩ should scale as ⟨na⟩=N𝜌∝NV−0.15G . If we denote
𝛾 the scaling exponent of the grey matter volume VG with the number of cortical neurons N, VG ∝N𝛾, then ⟨na⟩∝N1−0.15𝛾. We see
that the condition to have sublinear allometry for ⟨na⟩withN is only that 𝛾 > 0, that is, the grey matter volume must increase with
the number of cortical neurons. Indeed, this is verified from experimental data in [13], where the authors estimate 𝛾 = 1.587 and
𝛾 = 0.918 using data across rodent and primate species, respectively. This gives an estimate of ⟨na⟩∝N0.762 across rodent species
and ⟨na⟩∝N0.862 for primates, qualitatively consistent with the economy‑of‑scale behaviour seen for ⟨na⟩ in the IF model. Fur‑
thermore, in [10,26], the authors argued that a fixed energy budget per neuron imposes constraints on neuronal activity, so that
neurons in larger brains are on average less active than in smaller brains. In [27], the author compares the energy cost of spiking
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in cortical neurons between humans and rats, explaining that spikes from human cortical neurons are more expensive owing to
a greater number of synapses and longer dendrites and axon collaterals. It is then concluded that, as a result, the human cortex
must have significantly fewer active neurons than the smaller rat cortex. This is supported by the findings in [28], where authors
reported that the average cortical firing rate of excitatory neurons in the awake resting state is higher in rats, approximately 4.3
Hz, comparedwith humans, approximately 1.15Hz. The generic allometric behaviour of systemswith critical avalanche dynamics
disclosed in this paper might thus explain the observed allometry of brain activity.

3. Discussion
We have shown that the sublinear scaling of brain activity is not an incidental trait of neural circuits, but a robust manifestation of
avalanche dynamics. By deriving scaling laws from universal avalanche statistics, we demonstrate that any system governed by
critical avalanchesmust display an economy of scale in its activity. This result holds independently of microscopic details, and it is
corroborated in both IF neuronal networks and canonical SOC models. Strikingly, the exponents we predict align with empirical
measurements across mammal species, bridging theory and biological reality. Both brain allometry and Kleiber’s metabolic law
ultimately trace back to branching structures—in metabolism, the vascular network that distributes energy, and in avalanching
systems, the spread of activity across a network at criticality. In the mean‑field limit, avalanche propagation maps exactly on to a
critical branching process, yielding the experimentally measured avalanche size exponent 𝜏 = 3∕2 [23]. By identifying avalanche
dynamics as the origin of neuronal firing allometry, our work highlights critical avalanches as the universal dynamical mechanism
that constrains efficiency in large neural systems. This perspective deepens our understanding of why larger brains can function
with disproportionately lower firing activity, and points to avalanche criticality as a general organizing principle for scalable,
resilient and efficient complex systems.

4. Methods

4.1. Integrate-and-fire model
We implement an IF model on a scale‑free, directed network considering both short‑ and log‑term plasticity [29], as well as a
refractory time, an interval of one time step during which neurons remain inactive immediately after firing. We consider systems
with a different number of neurons N randomly placed in a cube of linear size L, keeping the density of neurons N∕L3 = 0.016
fixed. We consider a percentage of inhibitory neurons pin. The outgoing degree k of each neuron follows a power law, P(k) ∝ k−2,
with k∈ [2, 100], independently ofN, following experimental measurements for functional networks [48]. The scaling behaviour of
avalanche size and duration distributions in the IFmodel is expected to be robust with respect to the network topology [49–51].The
probability for two neurons to be connected decays exponentially with their Euclidean distance r, P(r) ∝ e−r∕r0 , where r0 = 5 is a
characteristic length. Each neuron i is characterized by its potential vi, where the resting state is vi = 0. Neuron i will fire every
time its potential is larger than a threshold, vi ≥ vc ≡ 1, transmitting its signal to all its post‑synaptic neurons,

vj(t + 1) = vj(t) ± vi(t)ui(t)gij , (4.1)

ui(t + 1) = ui(t) ⋅ (1 − 𝛿u) , (4.2)

vi(t + 1) = 0 , (4.3)

where + and − stands for excitatory and inhibitory pre‑synaptic neuron, respectively, ui(t) ∈ [0, 1] and gij ∈ [10−5, 1] represent the
amount of neurotransmitters and the synaptic strengths, respectively, modelling the short‑ and long‑term plasticity, and 𝛿u= 0.05
accounts for the fractional amount of neurotransmitter released at each neuronal firing. To keep activity ongoing, a small external
input of 𝛿v= 0.1vc is added to a random neuron at each time step between avalanches. At the end of each avalanche, the amount
of neurotransmitters is recovered by a certain amount 𝛿urec, ui(t)→ ui(t) + 𝛿urec. By carefully tuning the parameter 𝛿urec as a func‑
tion of the system size N and fraction pin, the system can exhibit avalanches of size S≥ 1 and duration D≥ 1 that are power‑law
distributed, indicating that it is operating at a critical point. For all simulations, we average quantities over 2000 different network
configurations, and over 2 × 104 avalanches for each configuration. Before making any measurements, we let the dynamics evolve
for either 104 avalanches or until a synaptic strength gij first reaches a minimum value gmin = 10−5, in which case we set that
strength to gij = gmin, in order to shape the distribution of synaptic strengths gij following the rules of Hebbian plasticity [52], as
described in [29].

4.2. Bak–Tang–Wiesenfeld (BTW) model
The two‑dimensional BTW sandpile model consists of a square grid with L × L sites, with each site (x∈ [1,L], y∈ [1,L]) defined
by its number of grains or height hx,y ≥ 0, with open boundaries h0,y, hx,0, hL+1,y, hx,L+1 = 0. Whenever the height at some site hx,y
reaches a given threshold hc ≡ 4, i.e. hx,y ≥ hc, the site (x, y) topples (i.e. becomes active), hx,y→ hx,y − 4, and one grain is added to
each of its four nearest neighbours, hx±1,y→ hx±1,y + 1 and hx,y±1→ hx,y±1 + 1. If any of these four neighbours is at a boundary, the
grain exits the system. This mechanism generates avalanches of size S≥ 1, corresponding to the number of topplings that occur
during the avalanche, and duration D≥ 1, corresponding to the number of time steps the avalanche lasts. When an avalanche
ends, a grain is added to a random site hx,y→ hx,y + 1 each time step until a site reaches the threshold, and avalanche activity is
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resumed. This time interval with no activity between avalanches is the quiet time 𝜏 ≥ 0. The dynamics is implementedwith parallel
updating [32], i.e. all active sites hx,y ≥ hc topple in the same time step. For all simulations regarding the SOC model, we average
quantities by generating over 107 avalanches, after reaching the steady state, considering sizes of L∈ [20, 4000].

To ensure that the system has indeed reached the steady state, we initially monitor the average height h(t) = 1
N
∑L

x,y hx,y(t)
at a given time step t and compute the relative difference 𝜀 between the current average height and the one at a previous time
step t − tp, 𝜀 = |h(t) − h(t − tp)|∕h(t − tp), with tp = 3L increasing with the system size to account for the slow down in the change
over time of h for larger systems, and declare that the system has reached the steady state after observing that the difference is
consistently below a certain threshold 𝜀 ≤ 10−4.

4.3. Manna model
The implementation of the two‑dimensional Manna model is analogous to the BTW model except for the toppling rule, which is
now stochastic. In the Manna model, the threshold is defined as hc ≡ 2. Whenever a site (x, y) reaches this threshold hx,y ≥ hc, the
site topples, hx,y→ hx,y − 2, with the two toppled grains added to two randomly selected nearest neighbour sites (x′ ∈ {x ± 1}, y) or
(x, y′ ∈ {y ± 1}), chosen independently (two grains can fall on to the same neighbouring site with probability 1∕4). The dynamics is
also implemented using parallel updating. The imposed boundary conditions and the monitoring procedure to reach the steady
state are identical to the BTWmodel.
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