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Abstract

We generalize theorems of Bondal and Van den Bergh and of Rouquier. A corol-
lary of our main results says the following. Let X be a scheme proper over a an
excellent, finite-dimensional noetherian ring R. Then the Yoneda pairing, taking an
object A in the category DP*f(X) and an object B in the category Di’oh (X), to the
finite R—module Hom(A, B), gives an equivalence of Di’oh(X ) with the category of
finite R-linear homological functors H : DPerf(X)°P —» R-mod , and an equiva-
lence of DPe'f(X)°P with the category of finite homological functors H : ch’ h(X) —
R-mod . Recall: a homological functor H is finite if @ioifooH" (C) is a finite
R-module for every C € DP(X). Bondal and Van den Bergh proved the special
case, of the assertion about Dé’oh (X) identifying with the finite homological functors
on DP(X)P, as long as R is a field and X is projective over R. And the assertion
about DPeT(X)°P_identifying with the finite homological functors on Di’oh (X), again
under the assumption that X is projective over a field R, is due to Rouquier. But our
theorems are far more general yet. They aren’t only about schemes, they work in the
abstract generality of triangulated categories with coproducts and a single compact
generator, satisfying a certain approximability property. At the moment I only know
how to prove this approximability for the categories Dqc(X) with X a quasicompact,
separated scheme, for the homotopy category of spectra, for the category D(R) where
R is a (possibly noncommutative) negatively graded dg algebra, and for certain rec-
ollements of the above. The work was inspired by Jack Hall’s elegant new proof of
a vast generalization of GAGA, a proof based on representability theorems of the
type above. The generality of Hall’s result made me wonder how far the known rep-
resentability theorems could be improved.
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1 Introduction

This paper begins with the observation that triangulated categories with coproducts,
and with a single compact generator, have a preferred class of r—structures. This al-
lows us to define thick subcategories 7, 7+ and 7. A slightly subtler definition
is that of 7.~ . The full subcategory 7.~ C 7 makes sense unconditionally, and it is
thick as long as there exists a compact generator G and an integer A > 0 so that
Hom(G, £'G) = 0 for all i > A. We also define a subcategory 7, = 7.” N 7.

In the special case where 7 = Dgc(X), with X a quasicompact, quasiseparated
scheme, the preferred class of —structures contains the standard z—structure, the sub-
categories 7, 7+ and T b are nothing other than the classical DEC(X ), D(J]“c(X )

and Dflc(X ), and if X is noetherian the subcategories 7,> C 7.~ can be proved to be

D’c’oh(X ) C D_;,(X). What we have learned so far is that these standard categories
have an intrinsic description. There is a method to construct them out of 7 in purely
triangulated-category terms.

Still in the world of triangulated categories with coproducts and a single compact
generator: the category 5 may be weakly approximable or even approximable. We
will define these concepts later in the introduction, and study their properties in the
body of the paper. For now we note that the category Dgc(X) is weakly approximable
as long as X is a quasicompact, quasiseparated scheme, and approximable if X is
separated. The homotopy category of spectra is also approximable.

To show that this abstraction can be useful we will prove representability theo-
rems. To state them we begin with
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Two Brown representability theorems 533

Definition 1.1 Let R be a commutative ring, let 7 be an R-linear triangulated cate-
gory and let 8 C 7 be a full, replete subcategory with X8 = B. A B-homological
functor is an R—linear functor H : 8 — R-Mod which takes triangles to long exact
sequences. Dually, a B8—cohomological functor is an R-linear functor H:8% —
R-Mod which takes triangles to long exact sequences. This means that, if we have
a triangle x — y —> z —> Xx with all three of x, y, z belonging to B, then H
(respectively H ) takes it to a long exact sequence in R—Mod.

Suppose the ring R is noetherian, and let G € 8 C T be an object. The
B—(co)homological functor H is called G—locally finite if

(i) H(Z'G) is a finite R—module for all i € Z.
(i) H(Z'G)=0fori <0.

The B8—(co)homological functor H is G—finite if, in addition to the above, we have

(iii) H(E'G)=0fori > 0.

Remark 1.2 Let 7 be an R-linear triangulated category, 8B a full, replete subcategory
with ¥ 8B = B, and H a B—(co)homological functor. If H is G-locally finite (respec-
tively finite) for every G € B we leave out the G, and just say that H is locally finite
(respectively finite).

Note that if H is G-locally finite (respectively finite) then it is also G'-locally
finite for any G’ obtainable from G by forming in 8B finite direct sums, direct sum-
mands, suspensions or triangles. Thus local finiteness (respectively finiteness) can be
checked on any classical generator.

Remark 1.3 The careful reader will observe that Definition 1.1 is not self-dual. If we
replace 7 by 7 °P, and take B C 7 °P to be a full, replete subcategory with *.8 = B,
then for a (co)-homological functor H on 8B to be G—finite is of course equivalent
to the (co)homological functor H being G—finite on B°P C 7. But local finiteness
changes, because on 7 °P the shift functor ¥ is replaced by X 1.

There exists a way to remedy this, by viewing local finiteness as continuity with
respect to certain metrics. This will be discussed extensively in subsequent articles.

Our main theorem says that

Theorem 1.4 Let R be a commutative, noetherian ring, and T an R-linear trian-
gulated category with coproducts. Assume T is approximable, and suppose further
that there exists in T a compact generator G such that Hom (G, G[n]) is a finite
R-module for all n € Z. Consider the two functors

%197 — Hom ([7]°, R-Mod), Y. [7.7]" — Hom (7", R-Mod)
defined by the formulas Y (B) = Hom(—, B) and ’g(A) = Hom(A, —). Note that, in
these formulas, we permitall A, B € T .

But the (—) in the formula }i(B) = Hom(—, B) is assumed to belong to T ¢,
whereas the (—) in the formula Y (A) = Hom(A, —) must lie in ‘ch. Now consider
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534 A.Neeman

the following composites

ThC T Homg ([7¢1°P, R-Mod)

c c

7 Y
[7e]P ———~ [7.]® ——~ Homg (7, R-Mod)

c

We assert:

(1) The functor Y is full, and the essential image consists of the locally finite coho-
mological functors. The composite Y o i is fully faithful, and the essential image
consists of the finite cohomological functors.

(ii) With the notation as in Reminder 1.12(xii), assume further that there exists an

_(_

integer N > 0 and an object G’ € ch withT =(G") 5 Oo’oo). Then the functor g
is full, and the essential image consists of the locally finite homological functors.
The composite Y o7 is fully faithful, and the essential image consists of the finite

homological functors.

Remark 1.5 The original versions of the result were posted on the archive as two arti-
cles, with the first proving Theorem 1.4(i) and the second devoted to Theorem 1.4(ii).
The reason they could not be merged, at the time, was that the proof of Theo-
rem 1.4(ii) depended on very useful little results in joint work with Jesse Burke and
with Bregje Pauwels, see [8, Lemma 3.6 and 3.9(iv)]. And the joint article with Burke
and Pauwels built in turn on the theory developed to prove Theorem 1.4(i). This issue
has since been solved, through the inscrutable vissicitudes of the publication pro-
cess: as it happens the joint work with Burke and Pauwels appeared first, and the two
articles for which I happen to be the sole author could therefore be merged.

But I should take this opportunity to highlight the value of the joint work with
Burke and Pauwels, especially [8, Lemma 3.9(iv)]. At the time we proved it seemed,
to the three of us, to be a small, technical lemma. But by now this little lemma has
found diverse and surprising applications.

From Theorem 1.4(i) we deduce:

Corollary 1.6 Let T be as in Theorem 1.4(i), but assume further that T is contained
in TL. Let (T=0, 729 be one of the preferred t—structures.

Let L : TC” —> & be an R-linear triangulated functor. Then the functor £ has a
right adjoint if and only if the following three conditions hold.:

(1) For any pair of objects (t,s), witht € T¢ and s € 8, the R—module
Hom (L(1), s) is finite.
(i) For any object s € & there exists an integer A > 0 with
Hom (L(TP NT="4),5)=0.
(iii) For any object t € T and any object s € 8 there exists an integer A so that
Hom (£(E’”t), s) =0forallm < —A.

In the special example of T = Dgc(X), Theorem 1.4 specializes to
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Two Brown representability theorems 535

Example 1.7 Let X be a scheme proper over a noetherian ring R. Then it is separated
and quasicompact, hence the category 7 = Dgc(X) is approximable. But properness
also guarantees that, for any compact generator G € 7 and any i € Z, the R—module
Hom(Z!G, G) is finite. The conditions of Theorem 1.4(i) are satisfied, and the con-
clusion is:

(1) The functor Y oi gives an equivalence frorf)l the category Di’ on (X) to the category
of finite cohomological functors DP(X) P R-Mod.

(ii) On the larger category D_; (X), the functor Y is full and the essential image is
the category of locally finite cohomological functors DPf (X)) — R—Mod.

If we furthermore assume that the ring R is of finite Krull dimension and excellent,

then from Aoki [2, Theorem 5.1] we know that there exists an object G’ € ”’Cb =

coh(X) and an integer N > 0 with Dgc(X) = (G’) 5. Thus the hypotheses of Theo-
rem 1.4(ii) are also satisfied, and we obtain:

(iii) The functor g o7 gives an equivalence from the category DPe(X) to the cat-
egory of finite homological functors Di’oh(X ) — R-Mod.

(iv) On the larger category D_, (X)°P, the functor Y is full and the essential image
is the category of locally finite homological functors Di’ o (X) — R-Mod.

Problem 1.8 The results in Theorem 1.4 and of Example 1.7 have an obvious sym-
metry, which leads one to wonder if there is a way to understand and unify them.

Only very recently have I made any substantial progress on this, and the work is
still very much in progress.

Remark 1.9 If R is a field and X is projective over R, then the part of Example 1.7
concerning the objects in the image of Y o i and of g o7 is known—see Bondal and
Van den Bergh [5, Theorem A.1] for Y o i and Rougier [22, Corollary 7.51(i1)] for
y o7. Neither of the old theorems says anything about the functors Y oi and y o7
being fully faithful.

About the existing proofs: what Rouquier presents in [22, Corollary 7.51(ii)] is
the outline of how a proof might go, which unfortunately I haven’t been able fill out.
And aside from this one published sketch, there is nothing in the existing literature
resembling a proof of Example 1.7(iv).

The existing proofs of variants of Example 1.7(ii), including the current one, pro-
ceed in two steps. Starting with a finite 7 “—cohomological functor H one first proves
that H = Y (¢) for some ¢ € 7, and then shows that # must actually belong to T
Bondal and Van den Bergh [5, Theorem A.1] and Jack Hall [12, Proposition 4.1] rely
on suitable special features that allow the functor H : 7¢ = DP*(X) — R-Mod
to extend to a cohomological functor on all of 7 = Dgc(X), and then use the usual
Brown representability theorem for Dgc(X). For Bondal and Van den Bergh the key
is forming the double dual—this works since R is assumed a field, and a finite-
dimensional vector space over R is canonically isomorphic to its double dual. Jack
Hall relies on the fact that his functors come from morphisms of ringed spaces
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c:X — X, and formal properties then provide adjoints

natural Lc*
Dge(X) —/———= D(X) —————= D(X)
ROx Rex

We should recall one more result in the literature: although Ben-Zvi, Nadler and
Preygel [4, Sect. 3] is not technically either a special case or a generalization of
Theorem 1.4, the reader is nonetheless encouraged to look at it—there are interesting
parallels. Enhancements play a role in [4], as well as the construction of an explicit
generator and estimates similar to those of [17, Theorem 4.1].

What’s different here is the generality. Let H be any locally finite 7 ¢—
cohomological functor. Under hypotheses weaker than approximability (see Propo-
sition 9.10 for the precise statement) we prove that H = Y(r) where t € 7 is some
object—the existence of ¢ is formal, not special to narrow classes of 7 ’s or H’s. And
by combining a careful analysis of the proof of Proposition 9.10, with the theory de-
veloped in Sect. 3, we will deduce—under only the approximability hypothesis—that
¢t must belong to 7.

Remark 1.10 The work was inspired at the time by the lovely new proof of a vast gen-
eralization of GAGA, to be found in Jack Hall [12]. More precisely: it was inspired
by the original idea, which is to be found in [12, Sect. 2, the section labeled “A simple
case”]. As Hall’s paper became more general it developed a different tack and, by the
published version [11], the short section with the simple, central idea went missing.
One of the points of the current paper is that our representability theorems obviate
the need to do much to pass from Hall’s original, simple idea to a full-blown proof.
In Example A.2 the reader can find this spelt out: the Appendix is all of two pages
long and gives a full proof of GAGA.

The condensed summary of the Appendix is as follows. Let X be a scheme proper
over the complex numbers C. With R = C we apply Corollary 1.6, with T = Dgc(X)
[and hence with TCb = Di’oh(X )], with § = Di’oh(X amy " and where the functor £ :
D’c’oh(X ) — Di’ on (X is the analytification. The hypotheses of Corollary 1.6 are
trivial to check, and hence £ has a right adjoint R : D’C’Oh(X any — D’C’Oh(X ). And
then, proving that .£ and R are quasi-inverses, reduces to checking that the unit 7 :
id — R4 and counit ¢ : LR — id of adjunction are isomorphisms, and standard-
enough techniques make this an easy exercise. For details see the Appendix.

It isn’t often that one achieves such a thing: find a more elegant, much shorter
proof of a theorem by a giant like Jean-Pierre Serre. After all: Serre isn’t only a giant
as a mathematician, he is also a master of crisp and elegant exposition. Of course
most of the credit goes to Jack Hall, he had the beautiful key idea. In this article we
provide the technical, triangulated category framework allowing for a straightforward
and direct passage from the simple idea to a complete proof.

Remark 1.11 In the time since the first versions of the current manuscript appeared on
the archive, people have found applications of the representability theorems presented
in Example 1.7 quite different from the one that originally motivated the author. Per-
haps the most spectacular of these is Bondarko [6], which uses the full strength of

@ Springer



Two Brown representability theorems 537

the respresentability theorems to extablish a bijection between semiorthogonal de-
compositions of DP*(X) and of D’goh(X ). This amounts to a major improvement on
earlier, wonderful results by Karmazyn, Kuznetsov and Shinder [16].

We have already mentioned that part of the interest of the paper is that natural
objects, like the subcategories ch’oh(X ) C D, (X) of the category T = Dgc(X), have
an intrinsic description. The definitions are not hard to give, we include them in the
Introduction. Before all else we recall some standard notation.

Reminder 1.12 Let 7 be a triangulated category. We define

(i) If A C T is afull subcategory, then smd(+4) is the full subcategory of all direct
summands of objects of .

(ii) If A C T is a full subcategory, then add(+A) is the full subcategory of all finite
direct sums of objects of 4.

(iii) If T has small coproducts and «4 C 7 is a full subcategory, then Add(+) is the
full subcategory of all coproducts of objects of .

(iv) If A, B are two full subcategories of 7, then 4 » B is the full subcategory
of all objects y € T such that there exists a triangle a — y — b — with
acAand b e B.

(v) Given an object G € 7 and two integers A < B, let C C 7 be the full sub-
category with objects {£ /G | A <i < B}. For integers n > 0 we define the
subcategories coprod,, (G[A, B]), inductively on the integer n, by the formulas

coprod,; (G[A, B]) =add(@) ,
coprod, (G[A, B]) = coprod, (G[A, B]) * coprod,, (G[A, B]) ,
coprod(G[A, B]) =, coprod,(G[A, B]) .

(vi) Given an object G € 7 and three integers A < B and n > 0, we define the
subcategories (G)A*5! by the formula (G)}*8! = smd[coprod, (G[A, B])].

(vii) We adopt the following conventions:

Gyt =) ) = J 6o,

A B
Gy = G, (G = (G,
A<B n>0
@) E={J et e f={ )
n>0 A
(G4 = oo,
B

(viii) Suppose T has coproducts, let G be an object, and let A < B be two integers.
We define € C 7 to be the full subcategory with objects {X7'G | A <i < B}.
For integers n > 0 we define the subcategories Coprod,, (G[A, B]), inductively
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538 A.Neeman

on the integer n, by the formulas

Coprod, (G[A, B]) =Add(C),
Coprod, ;1 (G[A, B]) = Coprod, (G[A, B]) « Coprod, (G[A, B]) .

In other words the difference between Coprod and coprod is that in Coprod we
allow infinite coproducts in the formation of Coprod,;. The inductive procedure
is unaltered.

(ix) We allow A and B to be infinite in (viii). For example Coprod, (G(—oo, B]) is
defined to be Add(C) with ¢ = {X~'G |i < B}.

(x) Let A < B be integers, possibly infinite. Then Coprod(G[A, B]) is the smallest
full subcategory 4 C T, closed under coproducts, with § x 4 C 4, and with
T GesforA<i<B.

(xi) For triples of integers A < B and n > 0, we let

@[A’B] = smd[Coprod, (G[A, B)].

n
In this formula we also allow A and B to be infinite.

(xii) For pairs of integers A < B we let @[A’B] = smd[Coprod(G[A, B])]. In this
formula we also allow A and B to be infinite, but as it happens for infinite A
we obtain nothing new. The categories

Coprod(G(—oo, B]), Coprod(G(—oo, oo))

are closed under coproducts and (positive) suspensions, and therefore contain
all direct summands of their objects.

The following lemma is an easy consequence of the definitions.

Lemma 1.13 Suppose G, H are objects in a triangulated category T . We show

(i) If H € (G) then there exists an integer A > 0 with H € (G)\, 41,
[—A,A]

(ii) If (G) = (H) then there exists an integer A > 0 with H € (G),
G e (H)lF MM

and with

Proof For (i) the assumption is H € (G) = UA>0(G)[A_A’A], hence H belongs to one
of the sets in the union. For (ii) observe that (G) = (H) implies that H € (G) and
G € (H) and apply (i). O

Now we come to the first new definition.

Definition 1.14 Suppose we are given two 7—structures on a trlangulated cate §ory
that is we are given two pairs of subcategories (7 ("<0 r'>0) and (‘Tz< ‘T> ) satis-
fying the conditions in [3, Définition 1.3.1]. These f—structures are eqmvalent if and
only if there exists an integer A > 0 with 7= =4 c 7'250 - T]SA.

Observation 1.15 For any t-structure (T=°, 729 we have 70 = L

-
J
and 720 = (ZT=0L. It immediately follows that two t-structures ('Tl< 7

)
)

=
>0
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and (TZSO, TZZO) are equivalent if and only if there exists an integer A > 0 with
+=A >0 +>—A

Tt CTy CT,

Observation 1.16 Recall that, for any t—structure (T =, T=9), the categories T,
T+ and T are defined by

=UpsoT =", TH=UpaoTZM, Th=7"ngt.

T
I (722, 72°% and (7,=°, 7,7° valent t—struct t
If ( 7)) and (75,77, T,77) are equivalent t—structures we note

N G- _ag— g+ _ g+ b _ b
) 7 =7, ,7 =7, and T =7,".
(ii) If T~ [respectively T, respectively 7?1 contains a compact generator G € T,
then T~ [respectively T, respectively T°] contains all of T°€.

Proof We prove (i) and (ii) for 7~ and leave 7+ and 7 to the reader. To prove (i)
observe that the inclusions T]S*A - 7‘250 - T]SA imply

U ,Tlf—A+m c U Tzfm c U 7'1§A+m

m>0 m>0 m>0

thatis 7, C 7, C 7.
For the proof of (ii) the assumption is that G € 7 ~. This makes 7~ C 7 a thick
subcategory containing G, hence 7¢ = (G) C 7 . O

Example 1.17 Let 7 be a triangulated category with coproducts. Given any com-
pact object G € T, from Alonso, Jeremias and Souto [25, Theorem A.1] we learn

that 7 has a unique ¢—structure (7 Gfo, T GZO) generated by G. In the notation of Re-

. . . . . —(—00,0
minder 1.12, the aisle cho of this #—structure is nothing other than 7, GSO = (G)( * ].
It follows formally that both T, Gfo and TGZO are closed under coproducts and direct
summands—the closure under direct summands is true for any aisle and co-aisle of a

t—structure, the closure of ‘TGSO under coproducts is also true for any aisle, while the
fact that ‘TGZO is closed under coproducts may be found in [25, Proposition A.2]; it
comes from the compactness of the object G.

If G, H are two compact objects of 7~ with (G) = (H), Lemma 1.13(ii) tells us
that there exists an integer A > 0 with H € (G)E‘_A’A] and G € (H)E;A’A]. Hence
N T c TN that is 754 € 750 € 774 Thus the
t—structures generated by G and H are equivalent. This leads us to

Definition 1.18 If the compactly generated triangulated category 7 has a single com-
pact object G that generates it, then the preferred equivalence class of t—structures is
the one containing the f—structure (TGSO, ‘TGEO) generated by G.

Remark 1.19 For any compact generator G we have that (G) = 7€, the full subcate-
gory of all compact objects. Any two compact generators G, H satisfy (G) = 7€ =

(H), and Example 1.17 says that G and H generate equivalent r—structures. Thus the
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540 A.Neeman

preferred equivalence class of —structures does not depend on the choice of compact
generator.

Now [25, Proposition A.2] guarantees that, in the preferred equivalence class,
there will exist some r—structures with 7= and 7 =° both closed under coproducts—
just take (757, 75°) for a compact generator G. The reader should note that this
property is not stable under equivalence. In general there will be r—structures in the
preferred equivalence class where 7= is not closed in 7~ under coproducts.

From Observation 1.16(i) we learn that, as long as we stick to the preferred equiv-
alence class of t—structures, the categories 7, 7 and 7 are intrinsic.

And now for the next formal construction.

-

Definition 1.20 Suppose 7
(729, 729 pe a r-structure.

An object F belongs to the subcategory 7.~ C 7 if, for any integer m > 0, there
exists a triangle E —> F —> D with E€ T%and D € T=7™,

The subcategory ch is defined by ch =7 N7’

c

is a triangulated category with coproducts and let

Remark 1.21 Note that the definition of 7.~ depends on the choice of a t—structure,
but not much—equivalent t—structures lead to the same 7,. For any choice of
t—structure the category 7.~ contains 7 €. After all if F' is compact then the trian-

gle F LN F—>0has FeT%and 0 € 7="™, for every m and every f—structure.

Remark 1.22 Assume the r—structure (7=, 720) is such that there is a compact

generator G contained in J ~; any f—structure in the preferred equivalence class is

an example, after all G € @(700’0] = TGSO C T ~. Observation 1.16(ii) gives that

7 ¢ C 77, and Definition 1.20 tells us that, for any integer m > 0,
7. C Texg="" C T
Still in gorgeous generality we will prove

Proposition 1.23 Let T be a triangulated category with coproducts, and let
(T=0, 729 be a t—structure. I there exists an integer A > 0 and a compact generator
G € 7 with Hom (274G, 750) =0 then T,V C T~ are triangulated subcategories

_ b _ . . —
of T . If furthermore G € T~ , then T? C T~ C T are thick subcategories of T

Remark 1.24 We are most interested in the special case where the r—structure
(7=0, 729 is in the preferred equivalence class and 7,” C 7.~ are independent of
choices.

Suppose there exists a compact generator G and an integer A > 0, so that
Hom(G, £!G) =0 for all i > A. Define the full subcategory 4§ by

8§ = {Se7 |Hom(Z“G,S)=0).
The compactness of G says that 4 is closed under coproducts, by hypothesis

8 contains XIG for all i > 0, while obviously 4 is closed under direct sum-

mands and 8 % 8 C &. Therefore § contains @(_W’O] =7 G<0 We deduce that
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Two Brown representability theorems 541

Hom (E‘AG, ‘J‘GSO) = 0. Since G is obviously in ’J‘Gfo

forms us that 'fcb C T are thick subcategories of 7.

C T, Proposition 1.23 in-

For the structure defined so far we needed very little. To go further it turns out to
be useful to estimate how much effort it takes to approximate an object in 7~ by a
compact generator G. This leads us to

Definition 1.25 Let 7 be a triangulated category with coproducts. The category T
is called weakly approximable if there exists a compact generator G, a f—structure
(729, 729 and an integer A > 0 so that

(i) 24G € 7=0 and Hom (274G, 7=%) =0.
A=A Al

(ii) Every object F € 7= admits a triangle E — F — D with E € (G)
and D e 7571,

The category T is called approximable if the integer A can be chosen to further
satisfy

(iii) In the triangle E —> F —> D of (ii) above we may strengthen the condition
on E, we may assume E € @E;A,A] c @[7A,A].

The following are easy to prove, they will be part of a string of formal conse-
quences of approximability, see Sect. 3.

Facts 1.26 Let T be a triangulated category with coproducts. If T is weakly approx-
imable then

(i) The t=structure (T=0, 720 which is part of Definition 1.25 and is assumed to
satisfy some hypotheses, must belong to the preferred equivalence class.

(ii) For any compact generator G and any t—structure (7=, 7=0) in the preferred
equivalence class there must exist an integer A, depending on G and on the
t—structure (T=°, 729), which satisfies Definition 1.25(i) and (ii). If T is ap-
proximable the integer A may be chosen to satisfy (iii) as well.

Thus in proving that T is (weakly) approximable we can choose our compact gener-
ator and t—structure to suit our convenience. Once we know the category is approx-
imable, it follows that the convenient t—structure is in the preferred class, and any
compact generator and any t—structure in the preferred equivalence class fulfill the
approximability criteria.

Facts 1.27 As stated in the first few paragraphs of the introduction [before we pre-
sented the definitions] we will prove that, if X is a quasicompact, separated scheme,
then T = Dy (X) is approximable and the standard t—structure is in the preferred
equivalence class. If X is only quasiseparated, then the reader is referred to [21, The-
orem 3.2 (iii) and (iv)] for the fact that T = Dy (X) is weakly approximable and the
standard t—structure is in the preferred equivalence class. In the special case where
X is noetherian then ?'Cb C T are just ch’oh(X) C D, (X). For non-noetherian
X the description of fl”ch C 7. is slightly more complicated, but still classical—see
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Remark 5.8 for details. The fact that the standard t—structure is in the preferred equiv-
alence class tells us that T~ =D, (X), Tt = D;;(X) and 7P = Dgc (X).

Another example is the homotopy category T of spectra. In this case we can take
7=0 C T to be the subcategory of connective spectra—the t—structure this defines
is in the preferred equivalence class. The category T turns out to be approximable,
and the subcategory T~ is the category of spectra X whose stable homotopy groups
7; (X) are finitely generated Z—modules and m; (X) =0 for i < 0. And ch CT. s
the subcategory where all but finitely many of the m; (X) vanish.

The representability we prove in Theorem 1.4 applies to this example but the result
is not new. There is a theorem of Adams [1] which says that every cohomological
Sfunctor H on T € is the restriction of a representable one on T, and it is easy to show
that finiteness or local finiteness of H translate to saying that the representing object
must lie in T.” or T.”. But the theorem of Adams does not generalize to DP*(X) C
Dy (X); see [10, 19].

If X is a quasicompact, quasiseparated scheme and Z C X is a closed subset
with quasicompact complement, then the category T = Dy¢ 7 (X), the subcategory of
Dy (X) of all complexes supported on Z, turns out to be weakly approximable but
not (in general) approximable. The proof of the weak approximability is in [21, The-
orem 3.2(iv)], and an example showing that approximability fails in general is given
in [21, Remark 8.1]. In [21, Theorem 3.2(iii)] the reader will learn that the standard
t—structure is in the preferred equivalence class. If X is noetherian the categories T~
and ch are (respectively) the intersections of D _; (X) and D? . (X) with the category

coh

Dye,7(X); the reader can find this in [21, second paragraph of Sect. 8].

The definitions have all been made and the reader can go back to the statements of
Theorem 1.4 and Corollary 1.6, which are now precise. Note that in both results 7
has to be approximable, weakly approximable is not enough.

We have discussed what we know, but should point out that there are many
more potential examples. After all: let R be a commutative ring and let 7 be a dg
R-algebra. Then the category 7 = D(T-Mod) is a triangulated category with co-
products and a single compact generator 7. It has a preferred equivalence class of
t—structures, one can define the intrinsic subcategories 7, 7, Tb, 7. and ‘TC” s
and in general I have no idea what they are. If H I(T) =0 for i > 0 then the subcat-
egories 7.~ and 7.7 are thick, this follows from Remark 1.24. If H'(T) = 0 for all
i > 1 we are in the trivial case (see Remark 5.3), where it’s easy to prove the category
D(T-Mod) to be approximable and work out explicitly what are 77—, 7+, 72, T
and ’J”C” . More generally: if T is a dg algebra, with H (T) = 0 for all i > 2, then Bon-
darko and Vostokov [7, Corollary 4.3] proves that the derived category D(T-Mod) is
weakly approximable. So far the only other general result, producing further exam-
ples of approximable triangulated categories, is [8, Theorem 4.1]. It says that, under
reasonable hypotheses, the recollement of two approximable triangulated categories
is approximable. But for T a general dga, satisfying H'(T) = 0 for i > 0, I have no
idea when the categories D(T-Mod) are approximable or weakly approximable. In
view of Theorem 1.4 and Corollary 1.6 it would be interesting to find out, especially
since the categories D(7-Mod) are of so much current active interest—their study
is at the core of noncommutative algebraic geometry. Who knows, there might be a
noncommutative generalization of GAGA.
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2 Basics

Since t—structures will play a big part in the article we begin with a quick reminder
of some elementary facts.

Reminder 2.1 In this section 7~ will be a triangulated category and (7=, 7=%) will
be a r—structure on 7. The category 4 = 7 =N 720 is abelian, it is called the heart of

the t—structure. The functor #(—) = [(—)50]* is a homological functor # : T —>
A. We will let ¢ be the functor #*(—) = #[Z(—)] = EK[(—)SZ]Z(Z

Lemma 2.2 Let T be a triangulated category and let (T =, T=9) be a t—structure on
T .If F is an object of T~ and #*(F) =0 for all £ > —i, then F belongs to T=7".

Proof We are given that F belongs to 7~ = U, 7T =", hence F € 7 =" for some n and
the map F=" —> F is an isomorphism. But now the triangle F=‘~!1 — F=t
Yt H#Y(F) informs us that, as long as £ > —i, the map F=‘~1 — F={ is also
an isomorphism. Composing the string of isomorphisms F=~1 — F=—itl

— F=" — F we have that F==/ — F is an isomorphism—therefore F €
F=—i O

Lemma 2.3 [f there is an integer A and a generator G € T with Hom (G, TS*A) =
0, then

(i) Any object F € T, with #*(F) = 0 for all £, must vanish.
(i) If f: E —> F is a morphism in T~ such that #*(f) is an isomorphism for
every L € 7, then f is an isomorphism.

Proof To prove (i) assume HE(F) =0 for all £; Lemma 2.2 says that F belongs to
ﬂg‘ffe. But then Hom(X'G, F) =0foralli € Z, and as G is a generator this implies
F=0.

(ii) follows by applying (i) to the mapping cone of f. g

Lemma 2.4 Suppose the category T has coproducts, and the t—structure is such that
both T=° and 7=° are closed under the coproducts of T . Then:

() The functors (—)=0 and (—)=° both respect coproducts.
(i) The heart A C T is closed in T under coproducts, and the functor J : T —> A
respects coproducts.
(iii) The abelian category A satisfies [AB4], that is coproducts are exact.
@(v) If Ey — E» — E3 —> --- is a sequence of objects and morphisms in T,
then there is a short exact sequence in the heart A of the t—structure

0 > colim#‘(E;) — Je‘f( Hocolim Ei> . colim' #UTI(E) > 0
H —_— H
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Proof Suppose we are given in 7 a collection of objects {E, A € A}. For each A we
have a canonical triangle E fo — E, — E /\Zl — XFE /\SO. The coproduct of these
triangles is a triangle

@Efo — PE —— @Efl N @EEfo

AEA reA rEA rEA

By hypothesis @AGAEASO belongs to 7= and @AeAEfl belongs to 7=!, and the
triangle above must be canonically isomorphic to

o) e (o) (o)’

reEA rEA rEA reEA

This proves (i).

Since 7= and 720 are closed in 7 under coproducts so is their intersection
A = 70N 729 By (i) we know that the functors (—)=° and (—)=° both respect
coproducts, hence so does their composition #H(—) = [(—)50] 20. This proves (ii).

The category 7 has coproducts and its subcategory 4 is closed under these co-
products, hence # has coproducts—it satisfies [AB3]. Now suppose we are given
a set {f), : Ax = By, A € A} of morphisms in 4. Complete these to triangles
A) — By — C; —> X A, and form the coproduct

Dien /1

P a. Ps — Po. — P=as

rEA AEA rEA rEA

which is a triangle. The long exact sequence obtained by applying # to this triangle
tells us that the kernel of the map ;.5 fa is H ' (@D, Cs.), but (i) informs us
that this is @, ., #~1(C;.), which is @), . , Ker(f3). The right exactness of coprod-
ucts is formal, completing the proof of (iii).

Finally (iv) follows by applying the functor # to the triangle

o0 o0 o0
@Ei - @Ei — - Hocolim E; — @EE,»

i=1 i=1 i=1
and using (ii) to compute the long exact sequence. 0

Remark 2.5 Remark 1.19 tells us that, if 7 is a triangulated category with coprod-
ucts and a single compact generator, then the preferred equivalence class contains
t—structures (7 =0, 72%) with 7= and 7=° both closed under coproducts. This is
the situation in which we will apply Lemma 2.4. Note also that Remark 1.19 warns
us that not every r—structure in the preferred equivalence class needs to satisfy this

property.
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We will mostly use Lemma 2.4(iv) in the special case where the sequences
HYE) — HY(E)) — HY(E3) —> --- eventually stabilize for every £. When
this happens the co_li)m1 terms all vanish, and the natural map is an isomorphism

colim #¢(E;) —> J¢*( Hocolim E;).
— —_—

Remark 2.6 We should note that, in the special case where the r—structure is com-
pactly generated (for example the r—structure generated by a single compact object),
then much more is now known. As the reader can see in Saorin and St ovicek [23,
Theorem 8.31], the heart of a compactly generated r—structure has to be a locally
finitely presented Grothendieck abelian category.

The proof of this recent theorem, by Saorin and St ovicek, is substantially more
involved than the simple-minded, short argument we presented in this section. And
for us, in this article, the results of the current section amply cover what we will need.

3 The fundamental properties of approximability

Lemma 3.1 Let T be a triangulated category with a t—structure (T=°, 729, and let
8 C T be a full subcategory with .8 = &. Assume A is also a full subcategory of T,
and define A(m) inductively by

(i) A(l) = A.
(ii) AGm+1) = A@m) « Z" A.

Suppose every object in F € 8 N\ T=9 admits a triangle E; — F —> Dy, with

Ei e Aand Dy € §N 7 ==L, Then we can construct a sequence £y — E) —>
E3z — - -+, with a map from the sequence to F and so that, if we complete E,, —> F
to a triangle E,, —> F —> D,,, then E,, € A(m) and D,, € § NT="",

Proof We are given the case m = 1; assume we have constructed the sequence as far
as an integer m > 0, and we want to extend it to m + 1. Take any object F € § N T =0,
and by the inductive hypothesis construct the sequence up to m. In particular choose
atriangle E,, — F —> D,, with E,, € A(m) and D,, € $NT =™ Now apply the
case m = | to X" D,,; we produce a triangle E' —> D,, —> D41 with Dy, 4| €
$NT="""1and E’' € ™ A. Form an octahedron from the composable morphisms
F — D,, —> Dy, 11, that is

Ey, En
E+1 F D41
E’ Dy, D11
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The object D,, 4 belongs to § N T=""~1 by construction. The triangle E,, —>
Emn+1 —> E' tells us that E,; | € A(m) x ™ A = A(m + 1), and we have factored
the map E,, — F as E,, — E, 41 —> F sothat, in the triangle E,,;+| — F —
Dyy1, we have E,, 1 € A(m+ 1) and Dy € §NT =71, O

Corollary 3.2 Let T be a triangulated category with coproducts, let G € T be an
object, and let (T=°, 729) be a t-structure. The following is true.

3.2.1 Suppose every object F € T=0

—[—A,A _
E, € (G)[ ] and Dy € T="1. Then we can extend to a sequence Ey — E; —>

E3z — - -+, with a map from the sequence to F and so that, if we complete E,, —> F
—ll-m—A,A
to a triangle E,;, — F —> Dy, then E,, € (G)[ m=AAl and D,, € T=7™",

admits a triangle Ey — F — Dy, with

3.2.2 Suppose every object F € T=°

—[~A,A ——
E| e (G)[A ] and Dy € T="L. Then we can extend to a sequence Ey — E; —>
E3 —> ---, with a map from the sequence to F and so that, if we complete E,, — F
. ——[1-m—A.A ——
to a triangle E,, — F —> Dy, then E,, € (G)me ! and Dy, € T=7™,

admits a triangle Ey — F — D1, with

3.2.3 Forafull subcategory 8 C T with 8 = 8, suppose every object F € N T =0
admits a triangle E| — F —> Dy, with E| € (G)[_A’A] and Dy € $NT="1,
Then we can extend to a sequence E1 —> E» —> E3 —> -- -, with a map from the
sequence to F and so that, if we complete E,, —> F to a triangle E,, — F —>
Dy, then E,, € (G)="=4Al ynd D,, € $NT="",

3.2.4 Forafull subcategory 8 C T with 8 = 8, suppose every object F € N T =0
admits a triangle E; — F —> Dy, with E| € (G)E;A’A] and Dy € $NT="1
Then we can extend to a sequence Ey —> Ey —> E3 —> - -+, with a map from the
sequence to F and so that, if we complete E,, —> F to a triangle E,, — F —>

Dy, then E, € (G)" 4 gpa D, € s 7=,

Proof In each case we apply Lemma 3.1 with a suitable choice of 4 and 4.

To prove (3.2.1) let § =7 and let A = @FA’A]. By induction we see that

A(m) C @[1—;41—/4,/4] and the result follows.
To prove (3.2.2) let 4 =7 and let A = @E‘_A’A]. By induction we see that

A(m) C @,[,:Xm_A’A] and the result follows.

To prove (3.2.3) let 4 = (G)I=44l By induction we see that A(m) C
(G)H=m=A.Al and the result follows.

To prove (3.2.4) let A = (G)E;A’A]. By induction we see that A(m) C
(G)E;m_A’A] and the result follows. O
Lemma 3.3 Suppose T is a compactly generated triangulated category, G is a com-
pact generator and (T =0, TZ=°) a t—structure. Suppose there exists an integer B with
Hom(X~8G, 7% =0.

With any sequence Ey —> E) —> E3 —> --- mapping to F, and such that in
the triangles E,, — F —> D,, we have D,, € 7=~ the (non-canonical) map

Hocolim E,, —> F is an isomorphism.
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Proof For any n > 0 we have 7=" C 79, hence Hom(X~8G,7="") = 0. By
shifting we deduce that Hom(Z 4G, 7="") =0 as long asm + £ > B.

The triangle E,, — F —> D,,, with D,, € 7=, tells us that if m >
max(1, B — £) then the functor Hom(X ‘G, —) takes the map E,, —> F to an
isomorphism. Now [18, Lemma 2.8], applied to the compact object G € T and
the map from the sequence {E,} to F, tells us that Hom(X ‘G, —) takes the
map Hocolim E,, —> F to an isomorphism. But G is a generator, hence the map
Hocolim E,, —> F must be an isomorphism. O

Proposition 3.4 Suppose the triangulated category T, the generator G and the t—
structure (T=0, 720) are as in the hypotheses of weakly approximable categories of
Definition 1.25. We remind the reader: T has coproducts, G is a compact generator,
and there is an integer A > 0 so that

(i) 4G € 7=% and Hom(= 4G, 7<% =0.

(ii) Every object F € T=0
and D e T=71.

admits a triangle E — F —> D with E € @FA’A]

Then the t—structure (T =0, 720 is in the preferred equivalence class.

Proof By (i) we have 4G € 7=9 hence £ G € 7 =0 for all m > A. Therefore 7=°
. (=00, —Al < . . .. L
contains (G)( oo —Al ] GS A Tt remains to show an inclusion in the other direction.

But (3.2.1) constructed, for every object F € 7=0 3 sequence £ — Ey —>

E; — --- with E,, € @[l_m_A'A] - @(_OO’A]. In Lemma 3.3 we proved that F

is isomorphic to Hocolim E,,. There exists a triangle

éEm F ) [é Em]

m=1

. . . =m0, Al —
where the outside terms obviously lie in (G)( oAl J GSA. Hence F € T GSA, and
since F € 7= is arbitrary we conclude that 7= ¢ ‘J‘GSA. g

Lemma3.5 Let T be a com{g)actly generated triangulated category, let G be a com-
pact generator, and let ("J'lS , leo) and (7’250, T;O) be two equivalent t—structures.
Let A > 0 be an integer so that, with k = 1, the conditions

(i) 4G € 7,°° and Hom(£ 4G, 7,°°) = 0.

(i) Every object F € 7};0 admits a triangle E — F — D with E € @[_A’A]
and D € ’J”,f_1

both hold. Then, after increasing the integer A if necessary, (i) and (ii) will also hold
for k =2. Furthermore if (iii) below holds for k = 1

(iii) In the triangle E — F —> D of (ii) above we may strengthen the condition
—~I—AA] _ —=-A,A
on E, we may assume E € (G)E; Al C (G)[ ’ ].

then the integer A may be chosen large enough so that (iii) will hold for k = 2.
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Proof Because the t—structures are equivalent we may choose an integer B so that
T BCT1<0C12 . Hence Hom(E A-Bg, ‘”<0) Hom (274G, 7,= B)_O,
where the Vanishing is because J2 B 'J'1<0 and Hom( —AG, "<0) = 0. Also
246 € 7,7° ¢ 7,°% implies 248G € 7;~°. This proves (i) for k = 2, as long as
we replace Aby A+ B.

If F is an object in ’1‘250 C ‘TISB we may, using (ii) in combination with (3.2.1)
applied to SBF ¢ ‘]’150, construct a triangle Erpy] —> F —> Dppy1 with Eopyg €
@[_B_A’BH‘] and Doy € T]S_B e T ' Thus (ii) also holds for k = 2, as
long as A is replaced by A + B.

It remains to prove the assertion (iii) for k = 2, assuming it holds for k = 1. By

(3.2.2) applied to >BF ¢ ‘]’150, we may construct the triangle Erpt) — F —>
. ——[—B—A,B+A] -
Drp41 with Eppyg € <G>E2B+1)A + and D23+1 € J1 —B-1 C 12< ! Thus asser-

tion (iii) holds, but we must replace A by A = max [A + B,AQ2B + l)]. O

Proposition 3.6 Suppose T zs a weakly approximable triangulated category, H is a
compact generator, and (‘T ) is any t—structure in the preferred equivalence
class. Then there exists an integer A > 0 so that

(i) =4H € 7,0 and Hom(E AH, 70 =
(i) Every ob]ect F e Jl— admits a trlangle E— F— D withE e (H)
and D € 71571.

[-A.A]

If the category T is approximable then the integer A may be chosen to further satisfy

(iii) In the triangle E — F — D of (ii) above we may strengthen the condition

—[—A,A] _—]-AA
onE,wemayassumeEe(H)E, ’]C(H)[ ’].

Proof The definition of weakly approximable categories gives us a compact generator
G, a t—structure (7=°, 729) and an integer A satisfying (i) and (ii), plus (iii) if T
approximable. Proposition 3.4 guarantees that (T<O ">O) 1s in the preferred equiv-
alence class of r—structures. By assumption so is (77~ | ) hence the r—structures
(79,720 and ((J'ISO, ‘J'lzo) are equivalent. By Lemma 3.5 we can, by modifying
the integer A, also have the conditions (i), (ii) and [when appropriate] (iii) hold for the
t—structure (T<0 ”>0) and the compact generator G. Thus we may assume that the
t—structures are the same. We have a single ¢—structure (7=0 720y = (“<O “>O)
and two compact generators G and H. There exists an integer A that works for G
and the #—structure (7°=2, 7°2%), and we need to produce an integer that works for H
and the r—structure (7 =0, 720),

We are given that G and H are compact generators of 7, hence (G) =
7¢ = (H), and Lemma 1.13(ii) allows us to choose an integer B > 0 with
G e (H)5 2P and H € (G); PP, By (i) for G we know that 4G € 7= and
Hom (E‘AG "50) 0. It immediately follows that (G)[ A=2B.=Al - 5<0 and that
Hom ((G)" 21, 7<0) =0, and as S48 € (G)}; A" and £-4FH e
(G)[I?’AHB we deduce that A8 H € 7=0 and that Hom (=48 H, 7=0) = 0.
This established (i) for H, if we replace A by A + B.

>
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Now for (ii) and (iii): for any F € 7 7=0

F —> D with D e 7=~ 1,w1thEe(G)

we know that there exists a triangle E —>

—AA . . .
(=AAl , and if 7 is approximable we may

even choose E to lie in @[A_ But G belongs to (H )[ B.B] , and therefore
—~[-A,Al _ ——[—A—B,A+B . —I-A,A A—B,A+B
@ T T it G et T

Thus (ii) and [when appropriate] (iii) hold for H if A is replaced by max(A + B, AB).
O

Remark 3.7 We have so far proved Facts 1.26: Proposition 3.4 amounts to 1.26(i) and
Proposition 3.6 to 1.26(ii). The remainder of the section will be devoted to the basic
properties of the subcategory 7.~ of Definition 1.20.

Lemma 3.8 Suppose T is a triangulated category with coproducts and let
(T=°, 729 be a t—structure. Assume there exists a compact generator G and an
integer A > 0 so that Hom (274G, 7 "<0) 0.

Then for any compact object H € T there exists an integer B > 0, depending on
H, with Hom (=B H, 7=0) =0.

Proof Let H € 7 be a compact object. The fact that G is a compact genera-
tor gives the equality in H € 7¢ = (G); Lemma 1.13(1) allows us to deduce
that H € (G)[=¢C] for some C > 0. Thus £ 4" CH e (G)I*A+2C] and as

Hom ((G)[A’A+2C] , Tfo) = 0 the Lemma follows, with B=A + C. O

Lemma 3.9 Suppose T is a compactly generated triangulated category and let
(729,729 be a t-structure. Assume there exists a compact generator G and an
integer A > 0 so that Hom (E‘AG, ‘750) =0.

Then the subcategory T~ C T is triangulated.

Proof 1t is clear that 7~ is closed under all suspensions and is additive. We must
show that, if R — § —> T —> X R is a triangle so that R and T belong to 7.7,
then S must also belong to 7,

Choose any integer m > 0. Because T belongs to 7.~ we may choose a triangle
T"—T—T"'withT' €T and T" € 7= Smce T’ is compact, Lemma 3.8
says that we may choose an integer B > 0 with Hom (T', T=" B) =0.

Now R belongs to 7., allowing us to choose a triangle R —> R —> R” with
R eT¢and R € T=~ ~n—B . We have a diagram

T’ T T
R YR >R

The composite from top left to bottom right is a map 7" — T R”, with TR” €
g=—m=B=1 c =8 Since B > 0 was chosen so that Hom (7', 7="5) = 0 the
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map 7’ —> X R” must vanish, hence the composite 7/ —> ¥ R must factor through
Y~ R’ —> X R. We produce a commutative square

7" —— T

]

YR —— ¥R

which we may complete to a 3 x 3 diagram where the rows and columns are triangles

R’ R R" TR’
s’ S s TR
T’ T T =T’
TR TR SR =2R"

Because R’ and T’ are compact, the triangle R —> S —> T tells us that S must
be compact. Also 7" € T="" and R” € T=""=8 ¢ 7=7" and the triangle R —>
§” — T” implies that §” € 7="™. The triangle S’ —> § —> S” now does the job
for S. g

Proposition 3.10 Suppose T is a compactly generated triangulated category and let
(720,729 be a t-structure. Assume there exists a compact generator G and an
integer A > 0 so that 4G € T=° and Hom (z74G, 750) =0.

Then the subcategory T is thick.

Proof We already know that 7.~ is triangulated, we need to prove it closed under
direct summands. Suppose therefore that S @ T belongs to 7., we must prove that
so does S.

Consider the map 0 @ id: S® T —> S @ T. Complete to a triangle

0did

SeT SeoT SO XS

By Lemma 3.9 we deduce that S @ XS belongs to 7.~ . Induction on n allows us
to prove that, for any n > 0, the object S @ £2"*15 belongs to 7.~ To spell it out:
we have proved the case n = 0 above. For any n we know that =2"*1(§ @ ©§) =
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x21+25 @ £21F1S lies in 7,~, and induction on 7 allows us to assume that so does
S @ ©2*1S. The triangle

Oid

E2n+25®22n+ls S® ZZVH—IS S 22n+3S

then informs us that S @ £2"*3S belongs to 7.~

By Remark 1.22 the category 7, is contained in 7 —, and the object S @ XS
must belong to 7= for some £ > 0. Hence S belongs to 7= and, for every integer
m > 0, we have that ¢t S € 7=="_ Choose an integer n > 0 with 2n +2 > £+ m;
then £2"+2§ € 7= Since the object S ® T2"*1§ belongs to 7.~ we may choose
a triangle K — S @ ©¥'T1§ — P with K € 7¢ and P € 7=""". Now form the

octahedron on the composable morphisms K — § @ £2"t1§ — §. We obtain

K———— = s@xly P
K S 0

l |

22n+2S 22n+2S

The triangle P —> Q —> £2"*25, together with the fact that both P and £2"+2§
belong to =", tell us that Q must belong to 7="". Now the triangle K —> § —
Q does the trick for S. O

The next few results work out how 7.~ behaves when J is approximable or
weakly approximable.

Lemma 3.11 Let us fix a weakly approximable [or approximable] triangulated cat-
egory T . Choose a compact generator G and a t-structure (7=°,729) in the
preferred equivalence class. Choose an integer A as in Proposition 3.6, and let
m > 2A + 1 be an integer.

Then for any K € T¢ N T =0 there exists an object L and a triangle E —> K @
L —> D with E € (G)!="=4Al ynd D e (G)(—0—m+Al

If T is approximable we may further assume E € (G)EX’"_A’A].

<0

Proof Because K belongs to 7 =" the result (3.2.1) permits us to construct, for every

. . . ——[1-m—A,A
integer m > 0, a triangle E,, — K — D,, with E,, € (G)[ " J and D,, €

T =™ _1If the category 7 is approximable we may assume E,, € @,[,Zm_A’A].

The object K is assumed compact and Lemma 3.8 produces for us a positive
integer B, which we may assume > m + 2A, with Hom (K, 'J"S*B) = 0. Since
we chose B > m + 2A we have Hom (E@[l_m_A’A], 75_B> =0, and in par-

ticular Hom (ZEm, TS_B) = 0. From the triangle K — D,, — X E,, and the
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fact that Hom (K,7=78) and Hom (ZE,, 7="8) both vanish we deduce that
Hom (Dm, B) 0.

From D, € T=™ we construct a triangle £’ — D, —> Q with E’ €
Gy ATl and 0 € 7=B. Since Hom (D, T="8) =0the map D,, — Q
must vanish, hence the map E’ —> D,, must be a split epimorphism. Since E’ be-

longs to @[I_B_A’_"H_A] C @(_oo’_”H_A] so does its direct summand D,,.

We have learned that K belongs to (G). " ™« Gy "™ and if 7 is
approximable K even belongs to the smaller @2;’"*"“ * @(_Oo’_erA]. Now
set

X1 = Coprod(G[l —m—A, A]) ,
X2 = Coprod,, ,(G[1 —m — A, A]) ,
Z = Coprod(G(—oco, —m + A]) .
Then Z = smd(Z) is closed under direct summands so Z = @(_oo’_m+A], while
G Zsmd(x) and (Gyo "M = smd()

We are given that K belongs to smd(X;) * Z C smd(X; * Z) with i =1 or 2, de-
pending on whether 7 is approximable. Choose an object K’ in one of the categories

X; * Z above, so that K is a direct summand and K i> K’ —> K is a pair of
morphisms composing to the identity. Now put

Al = coprod(G[l —m—A, A]) ,
A2 = coprod,, 4 (G[l —m—A, A]) ,
C = coprod(G (—oo, —m + A]) .

By [20, Lemma 1.8] any morphism from an object in 7€, to any of X, X, or Z,
factors (respectively) through an object in 4, 42 or C. Furthermore: we have that
T¢ C T is a triangulated subcategory and contains €. Now the map f : K — K’
is a morphism from K € 7¢ to an object K’ € X; x Z, with i =1 or i = 2. By
[20, Lemma 1.6 and Remark 1.7] the map f factors as K — K” —> K’ where
K" € A; % C, with i = 1 or 2. Since the composite K —> K" —> K’ —> K is the
identity we deduce that K is a direct summand of the object in K € #4; * C, proving
the Lemma. g

Lemma 3.12 Let us fix a weakly approximable [or approximable] triangulated cat-
egory T . Choose a compact generator G and a t—structure (7=, T=9) in the pre-
ferred equivalence class.

There exists an integer B > 0 so that, for any object K €
triangle E —> K —> D with E € (G)I78-8l and D ¢ 7=1.

If T is approximable we may further assume E € (G)[B_B’B].

TcNT=O there exists a
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Proof Choose an integer A as in Proposition 3.6. We apply Lemma 3.11 to the
object K, with m = 4A + 1, and obtain a triangle £ — K & L — D with

E € (G)I7344) and D e (G)(~°% 734~ if the category is approximable we may

even assume E € (G)E;jf-i?f]l' Now (G)(~°=34=11 = 5°¢ hence the object D is

compact, and it belongs to 7 =724~ since G € 7=4. Applying Lemma 3.11 to the

object X241 D and with m = 6A we obtain a triangle E' — D ® M — D’
with E’ € (G)I7%4 =4~ and D’ € (G)(=°~7A=1l. if the category is approximable
we may even assume E’ € (G)[GT:Z)A’*AJ]. Now complete the composable maps
K®L®M — D®M —> D’ to an octahedron

E E// El
E KoLeoM DoM
D’ D’

We know that E € (G)74Al and E' € (G)[7°4=4=1 and the triangle £ —
E” —> E’ tells us that E” belongs to
(G)=34:41 4 (G)[=9A.—A-1] c (G)94.41
if 7 is approximable E” belongs to (G)Egj?ﬁ‘].
Now the object D’ belongs to (G)(~°~74=11 ¢ 77==6A=1 The object E’ belongs
to (G)[794.=A=11 = 7=-1 and the triangle E' — D & M —> D’ guarantees that
D @ M and therefore its direct summand M belongs to 7 =~!. Summarizing we have

(i) The object E belongs to (G)[734:41 the object E” belongs to (G)I=441  the
object D belongs to (G)(~° =341 « 7=24=1 ‘the object M belongs to =1
and the object D’ belongs to 7 ="64~1

(ii) If the category 7 is approximable then the objects E and E” were chosen so

—5A,A —9A,A
that £ € (G2 and E” € (G) 077

Now consider the following diagram

E KoL D

|

EF/N—— > K¢gL®M ————> D'

where the vertical map is the direct sum of id : L — L with the zero map. The com-
posite from top left to bottom right is a morphism E —> D', with E € (G)[74-4]
and D' € 7="%4=1 hence must vanish. Therefore the composite E — K @& L —>
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K ® L & M must factor through E” — K & L & M. We deduce a commutative
square

E KoL

| |

E/N ———— = K®oLOM

which we may complete to a 3 x 3 diagram whose rows and columns are triangles

E KoL D

| | |

KoeLeM D’

I |

—— > K®ZK®oM ————> D"

The triangle D" —> D" —> X D, together with the fact that D € 724-land D' €
7-64=1 "tell us that D" € 77242, The triangle E” — E —> X E, combined
with the fact that E € (G)[734Al and E” € (G)I794-A1 tell us that E € (G)[794-A1

if 7 is approximable we have that E € (G)A[;éi’f] and E” € (G)Egifﬁ] and therefore
E belongs to <G>[1;/94?£]A' Now complete the composable maps E—>K®SK®
M — K to an octahedron
E KOSKOM D’
E K D
S2KOIM ——— YK TM

We have that £?K and M both belong to 7="2 and D" belongs to 7="2472,
Hence D € 7=72, and the triangle E —> K —> D satisfies the assertion of the
Lemma. 0

Proposition 3.13 Ler us fix a weakly approximable [or approximable] triangulated
category T . Choose a compact generator G and a t-structure (T =0, 720) in the
preferred equivalence class. Choose an integer B > 0 as in Lemma 3.12.

Then for any object F € T N 7 =0 there exists a triangle E — F —> D with
Ec(G)=8Bl gnd D e 7=1.

If T is approximable we may further assume E € (G)[B_B’B].
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Proof Because F belongs to 7.~ we may choose a triangle K — F — D with
K € 7¢and D; € 7="!. The triangle ¥~'D; — K — F, coupled with the fact
that both ¥~! Dy and F belong to 7=, tell us that K € 7=°. Thus K € 7¢ N T =0,

We may therefore apply Lemma 3.12; there exists a triangle £ — K —> D
with E € (G)[=88) and D, € 7="!. If T is approximable the object £ may be
chosen in (G)E;B’B]. Now complete the composable maps E —> K —> F to an
octahedron

12
:

The triangle D — D — Dy, coupled with the fact that D, and D; both lie in
7="1 tellus that D € 7="!. And the triangle E — F — D satisfies the assertion
of the Proposition. O

Corollary 3.14 Let T be a weakly approximable triangulated category. Let G be a
compact generator and let (T=°, 720) be a t—structure in the preferred equivalence
class. Choose an integer B > 0 as in Lemma 3.12.

For any object F € 7,7 N 7 =0 there exists a sequence of objects E\ —> E; —>
E3 —> -+ mapping to F, and so that E,, € (G)'"""=B-Bl and in each triangle
En, — F —> D, we have D,, € T="™. For any such sequence the non-canonical
map Hocolim E,, — F is an isomorphism.

If the category is approximable we may construct the E,, to lie in (G)EgmiB’B].

Proof The fact that any such sequence would deliver a non-canonical isomorphism
Hocolim E,, — F is contained in Lemma 3.3. We need to prove the existence of
the sequence.

In Proposition 3.13 we constructed a triangle £y — F —> D; with E| €
(G)[=B-Bl and Dy € 7=-1. But (G)[=8B1 ¢ 7¢, and in Remark 1.21 we noted
that 7¢ C 7.~. In the triangle £y — F — D; we have that both E; and F
lie in 7., while Lemma 3.9 proved that the category 7.~ is triangulated. There-
fore Dy € 7,7 N T ="' If we let 8§ = 7.~ we are in the situation of Corollary 3.2,
more specifically the hypotheses of (3.2.3) hold; if 7 is approximable the hypothe-
ses of (3.2.4) hold. The current Corollary is simply the conclusions of (3.2.3) and

(3.2.4). O
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4 Products and homotopy inverse limits in weakly approximable
triangulated categories

This short section assembles together a few facts about products an homotopy in-
verse limits in weakly approximable triangulated categories. We are ready to prove
these facts now, but will not use them until much later in the article, in the proof of
Theorem 1.4(ii). See Sect. 11.

It should perhaps be highlighted that [8, Lemmas 3.6 and 3.9(iv)] play a key role in
the proofs of the present section. It was thus the joint work, with Burke and Pauwels,
that produced the key lemmas allowing me to prove Theorem 1.4(ii). See also Re-
mark 1.5.

Lemma 4.1 Suppose T is a weakly approximable triangulated category, and let
(750, 730) be a t—structure in the preferred equivalence class. Suppose --- —>
Z3 —> Zr — Z1 —> Zy is an inverse sequence of objects in T so that, for any
integer n, the functor (—)=" takes it to a sequence that is eventually stable.

Let Z = Holim Z; and consider the natural map f; : Z —> Z;. Then for i >0
the functor (—)=" takes the map f; to an isomorphism.

More precisely: there exists an integer L > 0 so that, whenever the sequence

C— Z3Z_L — ZZZ_L — le—L — ZOZ_L is constant, the map fiZO :

770 ZI.ZO is an isomorphism.

7=0 TEO) is a 7—structure

Proof Let G be a compact generator for 7 and suppose (
in the preferred equivalence class. By [8, Lemma 3.9(iv)] there exists an integer A > 0
so that, if Hom(EiG, X)=0foralli <A, then X must belong to 5 =9, Choose and
fix such an integer A. Then choose an integer B > 0 with Hom (G, TS_B) =0.
By shifting and passing to a subsequence it suffices to prove the “moreover” asser-
tion, and we assert that L = A 4+ B + 1 works. Suppose therefore that the sequence
C— Z§7A737] — Z;fA*B*l — Z?7A7371 — Z§7A7371 is constant,

and consider the commutative diagram in which the rows are triangles

o0 o o
[z ———T[lz ——— [[z """
i=0 i=0 i=0

1—shift l l 1—shift

00 00 00
1_[ Z?_A_B_Z 1_[ Zi 1_[ ZiZ_A_B_l

i=0 i=0 i=0
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We may complete it to a 3 x 3 diagram of triangles

X z Y

| | |

o o o
e | el |
i=0 i=0 i=0

l 1—shift l l 1—shift

o o o
[z ———T[lz ——— [[z """
i=0 i=0 i=0

where the middle column is the definition of Z = Holim Z;. The inverse sequence
VA z-A=B=1 g constant, hence the object Y is canonically isomorphic to Z; z-A-B-1
What we know about the object X is that it sits in the triangle given by the 1eft column

o o
1_[(2712[)57/47371 X HZ[S—A—B—Z
i=0 i=0

By the choice of B we have that Hom(XZ!G, —) kills the two outside terms when-
ever i < A + 1, hence the choice of A gives that the two outside terms lie in
7 =~1. Therefore X € 7="!, and it follows that the truncation (—)=° takes the map
Z—Y= Zl.Z_A_B_1 to an isomorphism. 0

Proposition 4.2 Suppose T is a weakly approximable triangulated category, and let
(750, 730) be a t—structure in the preferred equivalence class. Let Y be any object
in T assume - -- —> Z3 —> Zr —> Z1 —> Zy is an inverse sequence of objects
in T, and let f* Y — Z, be a map from Y to the inverse system. Suppose that, for
any integer i > 0, there exists an integer N > 0 so that

> > > . . .
n>N = f7"'":Y=""— Z=""is an isomorphism.

If Z= Holim Z, is the homotopy inverse limit, then the (non-canonical) map f :
Y — Z is an isomorphism.

Applying to the inverse system Z, = Y=~ we learn that T is left-complete with
respect to any t—structure in the preferred equivalence class.

Proof By [8, Lemma 3.6] the r—structure is nondegenerate, hence it suffices to prove
that the morphism ¢=~% : Y=~/ — ZZ~! is an isomorphism for every i € Z. By
shifting it suffices to prove this for i = 0. Let L > 0 be the integer in the “moreover”
part of Lemma 4.1, choose an integer N so large that f==f:y="1 — 7="L js
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an isomorphism whenever n > N, and apply the functor (=)ZY to the commutative
triangle below

N

! z="L

N
_—

Lemma 4.1 teaches us that gof,o is an isomorphism. Since f 130 is also an isomorphism,
the commutativity forces f=° to be an isomorphism. g

Lemma 4.3 Let T be a weakly approximable triangulated category, and choose a
t—structure (‘Tfo, ‘J"ZO) in the preferred equivalence class. Suppose - -+ —> Z3 —>
Zy —> Z| —> Zy is an inverse sequence of objects in T~ so that, for any integer n,
the functor (—)=" takes it to a sequence that is eventually stable.

Then Z = Holim Z; belongs to T .

Proof Since T is weakly approximable, the “moreover” part of Lemma 4.1 pro-
vides an integer L > O such that, given an inverse sequence --- —> Z3 —> Z; —>
Z1—> Zopin T with --- — Z3E_L — ZZE_L — ZIZ_L — ZOE_L all isomor-

phisms, we have that the map [ Holim Z*]ZO — 75" is an isomorphism. Also:
since 7 is weakly approximable it has a compact generator G, and Corollary 3.14

permits us to choose an integer B > 0 such that

(i) Hom (G, 7="8) =0.
(ii) Every object X € 7.~ admits a triangle W — X — D, with W € (G)l=B-2)
and D € 7=0.

OK: we have chosen the integers L and B and it’s time to get to work. Sup-
pose we are given in T~ a sequence - -- —> Z3 —> Zy —> Z| —> Z satisfying
the hypotheses, put Z = Holim Z,, we need to show that Z € 7_.~. Choose any
integer m > 0. We choose an integer i > 0 so that the maps in the subsequence

N Ziz+—2m—L—ZB+l . Zi—lm—L—23+1 _ Ziz—m—L—2B+1
phisms. By (ii) we may choose a triangle W —> Z; —> D with W € (G)[="=5.%)
and D € 7=~ By the choice of L the map Z=—"—28+1 ZizfmszH is an iso-
morphism, and in the triangle Z — Z; — D we have D € 7=""~2B_Therefore
the composite W —> Z; —> D is a map from W € (G)l="=5:2) {0 D ¢ g=—m~2B

and vanishes by (i). We may therefore factor W — Z; as W — Z — Z;. Com-

are all isomor-
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pleting to an octahedron

— — = D

w
w

- .7

|

]
-

produces a triangle W —> Z — D', with W € 7 ¢. The triangle > 'D—D —
D, coupled with the facts that X~!'D € 7=""=28+1 and D € 7=, guarantee that
D eg=—m, O

D ——

5 Examples

In Sects. 3 and 4 we developed some abstraction, and it’s high time to look at exam-
ples. We begin with the trivial ones.

Example 5.1 Let R be an associative (possibly noncommutative) ring, and put 7 =
D(R). Note: our D(R) is an abbreviation for what, in the more explicit notation
standard in representation theory, usually goes by the name D(R-Mod). It is the
derived category whose objects are the (possibly unbounded) cochain complexes
of left R-modules. The category 7 has coproducts and R is a compact genera-
tor. Let (7=9, 729 be the standard r—structure. Then Hom(E_lR, Tfo) =0 and
TReT=0

Let F be any object in 7=9. That is, we take a cochain complex F with H*(F) =0
for all £ > 0. Such a complex has a free resolution; it is isomorphic in 7~ to the cochain
complex

> F3 S F 2 Lo F 1 L F0 L0 >0>0—> ...

with F' free R—modules. The brutal truncation produces for us a short exact sequence
of cochain complexes

e ) —> 00— 0 —=FY S0 =0 =0 — .-

v v v I [

> F3 o F2 o F 1l o F0 S0 >-0—>0—> -.-

I I I oo

> F3 o F2 o F !l 20 —5>0->0-—=>0—> -.-
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and this is a triangle £ — F —> D with E € WEO’O] and D € 7="!. The category

is approximable, the standard f—structure is in preferred equivalence class, and 7~ is
just D™ (R—proj), the category of bounded-above complexes which admit projective
resolutions by finitely generated projectives.

The category ’J‘Cb is the intersection 7.~ N 7 it consists of the objects in
D~ (R—proj) with only finitely many nonzero cohomology groups. We have an in-
clusion D? (R—proj) C rJ‘Cb , and for R general I don’t know much about the difference
‘J"Cb —-D? (R—proj). When R is noetherian we have ‘J"Cb = D?(R-mod), which is usu-
ally much larger than D? (R—proj).

Example 5.2 A very similar analysis works when 7 is the homotopy category of

spectra. The sphere S is a compact generator. Consider the r—structure where 7 =0 is

the category of connective spectra—these are the spectra F with 7; (F) =0 when i <

0. Then Hom (£7'5°, 7=%) = 0 and £5° € 7=°. And any object F € 7= admits
. . —o-10,0] ..

a triangle E — F —> D with E € (§%); " and D € 7="!; this just says that we

may choose a bouquet of zero-spheres £ and a map £ —> F which is surjective
on my. The category is approximable and the ¢—structure above is in the preferred
equivalence class.

Remark 5.3 Examples 5.1 and 5.2 should be viewed as the baby case. If 7" has a com-
pact generator G, such that Hom(G, £'G) =0 for all i > 0, then 7 is approximable.
Just take the r—structure (TGSO, TGZO)); then G € ‘J‘GSO and Hom (271G, TGEO) =0,

and every object F € T;° admits a triangle E —> F —> D with E € @EO’O] and

m=—1
De o -

Now we turn to more complicated examples of approximable and weakly approx-
imable categories. We begin with

Reminder 5.4 If X is a quasicompact, quasiseparated scheme then 7 = Dgc(X) has a
single compact generator, see Bondal and Van den Bergh [5, Theorem 3.1.1(ii)]. Let
G be any such compact generator; [5, Theorem 3.1.1(1)] tells us that G is a perfect
complex.

Since the categories Dgc(X) have single compact generators, one can wonder
which of them is approximable or weakly approximable. To address this question
we begin with

Lemma 5.5 Let X be a separated, quasicompact scheme, let T = Dyc(X) be its de-
rived category, and let (T=°, 729 be the standard t—structure. Then there is a com-
pact generator G' € T and an integer A > 0, so that every object F € T=° admits a
triangle E — F —> D with E € (G/)E‘_A’A] and D e T=71,

Proof Absolute noetherian approximation, that is Thomason and Trobaugh [27, The-
orem C.9] or [26, Tags 01ZA combined with 01 YX], allows us to choose a separated
scheme Y, of finite type over Z, and an affine map f : X — Y. From [20, Defini-
tion 5.2 and Theorem 5.8], in the special case where § = ch(Y)fo for the standard
t—structure and m = 0, we learn:
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(i) There exists a compact generator G € Dgc(Y) and an integer A > 0, so that

every F' € Dgc(Y)=C admits a triangle E' — F' —> D' with E’ € @E{A’A]

and D' € Dgc(Y)="!

Hall and Rydh [13, Lemma 8.2] tells us that G’ = L f*G is a compact generator for
Dgc(X); this is our choice of G’ for the Lemma. Now take any object F € Dgc(X )<0.
Since f: X —> Y isaffinewehave Rf, F = f, F € ch(Y)fo, and (i) above permits
us to find a triangle E' —> f,F —> D’ with E’ € @E‘_A’A] and D' € ch(Y)f_l

Applying the functor L f*, and remembering that L f*Dgc(¥)=0 C Dqc(X)=°, we
deduce

(ii) There is in Dge(X) a triangle Lf*E/ —> Lf*f*F —> Lf*D’, withLf*D’ ¢

Dy(X)="' and Lf*E' e LGy, M c ey, M.
But the counit of adjunction gives a map ¢ : L f* f*F — F, and the fact that the

maps fixF n_f*> fLf*fiF E) f«F compose to the identity tells us that the func-
tor fy takes ¢ : L f* f, F —> F to a split epimorphism. In particular f.e induces an
epimorphism on cohomology sheaves and, because f is affine, this means that ¢ in-
duces an epimorphism of cohomology sheaves already over X. We have a morphism
e:Lf*fuF — F in Dge(X )=0 and, if we complete it to a triangle, the long exact
sequence of cohomology sheaves gives

(iii) In the triangle L f* f,F —> F —> D" we have D" € Dge(X)="!,

Next we form the octahedron

Lf*E —— Lf*E’
Lf*f,F — > F %
Lf*D’ D D’

and (i) tells us that Lf*E’ € (L/G)y ") and Lf*D’ € Dge(X)="", while (iii)
gives that D" € Dge(X)="!. The triangle Lf*D’ — D —> D" tells us that D €
Dgc(X)="!, and the triangle L f*E’ — F —> D does the trick. O

Example 5.6 Assume X is separated and quasicompact, and let the 7—structure on
T = Dgc(X) be the standard one. Lemma 5.5 finds a generator G’ and an integer
A > 0 so that, for every object F € 7=0, there exists a triangle E —> F —> D with
E e (G )[ Aal and D € 7="!. From Reminder 5.4 we know that the compact gen-
erator G’ € Dge(X) is a perfect complex and we may, after increasing the integer A
if necessary, guarantee that Hom (2 ~4G’, 7=) = 0 and 4G’ € 7=. Putting this
together we have that 7 is approximable; it satisfies Definition 1.25 for the compact
generator G', the standard t—structure, and the integer A > 0.
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And now Proposition 3.4 informs us that the standard 7—structure is in the preferred
equivalence class.

Remark 5.7 In the recent [21, Theorem 3.2 (iii) and (iv)] the reader can find a proof
that, in the generality where X is only assumed quasicompact and quasiseparated, the
category 7 = Dgc(X) is weakly approximable and the standard r—structure is in the
preferred equivalence class.

In the present article we care much more about the case where 7 is not only
weakly approximable, but genuinely approximable. And, at least with the current ma-
chinery, to prove the approximability of Dgc(X) we need to assume X separated. The
methods used in [21], to prove the weak approximability of Dgc(X) for general X, do
not modify in a straightforward way to prove approximability. In [21, Remarks 8.1
and 8.2] there is a discussion: these techniques prove the weak approximability of
categories that are decidedly not approximable.

Remark 5.8 Let X be a quasicompact, quasiseparated scheme, and let 7 = Dgc(X).
The category 7 has a single compact generator by Reminder 5.4, and we now know
that the standard 7—structure is in the preferred equivalence class. One immediately
computes that the preferred 7, 7 and 7 are given by

T~ =Dg(X), Tt =D.(X). TP =D} .(X).

Next we turn our attention to the computation of 7.~ and its subcategory ch .
To facilitate the discussion it might be helpful to imagine two classes of objects in
T =Dgc(X).

(i) The objects belonging to 7.~ = Dgc(X)_ , for the 7.~ defined using the standard
t—structure.

(ii) The objects locally with this property. That is the objects P € Dgc(X)
such that, for any open immersion j : Spec(R) —> X, the object Lj*P €
DqC(Spec(R)) = D(R) is in D(R)_. See Example 5.1 for a description of
D(R)_.

The objects satisfying (ii) are classically called pseudocoherent, they were first stud-
ied in Illusie’s exposés [14, 15] in SGA6. Now [17, Theorem 4.1] is precisely the
statement that the objects satisfying (ii) all satisfy (i). It is trivial to check that the
objects satisfying (i) must satisfy (ii); this means that, for the standard #—structure on
T =Dgc(X), the subcategory 7. is just Df;c(X ) C Dgc(X), the subcategory of pseu-
docoherent complexes. If X happens to be noetherian then pseudocoherence simpli-
fies to something more familiar: for noetherian X we have 7.~ = Df;c(X ) =D, (X).

And the subcategory Tc” C T, is also explicit, it is the full subcategory Dfl’éb (X) C
Dgc (X) whose objects are the pseudocoherent complexes with bounded cohomology.

When X is noetherian this simplifies to 7,” = Df;éb(X) =Dl (X).

coh

Summary 5.9 Until now we have shown

(i) The category Dgc(X) is weakly approximable for all quasicompact, quasisepa-
rated X, and approximable as long as X is separated.
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(ii) The standard r—structure is in the preferred equivalence class.
(iii) We have computed the intrinsic subcategories Dgc(X) ™, Dge(X )T, Dgc(X ),
Dgc(X); and Dge(X)?.

The computations in (iii) yielded no big surprises, the intrinsic subcategories turned
out to be classical, old friends.
When we apply Corollary 3.14 we discover something new.

(iv) Let X be a quasicompact, quasiseparated scheme, and let G be a compact gen-
erator of Dgc(X). There exists an integer B > 0 so that, for any integer m > 0
and any object F € Djjc(X) NDgc(X)=Y, there is a triangle E,, —> F —> D,
with E,, € (G)['="=B:Bl and D,, € Dge(X)=""".
[1-m—B,B]

(v) If X is separated we may choose B to guarantee that E,, € (G),, 5 .

6 An easy representability theorem

It’s time to start proving representability theorems. The main theorems in the article
are a little technical to prove—they hinge on taking homotopy colimits carefully. For
this reason I thought it best to illustrate the methods in a simple case, which involves
no homotopy colimits. In this section we give a simple proof of an old result of
Rouquier, generalizing an even older result of Bondal and Van den Bergh.

But first we recall the following little lemma, well-known in some circles.

Reminder 6.1 Let 4 be a triangulated category, let 8 C 4§ be a full, replete subcate-
gory with 8 = B, and let 4 be an abelian category. Assume we are given a short
exact sequence 0 —> H' —> H —> H” — 0 of functors 8P —> .

If two of the three functors H', H, H" : 8" —> A are 8-cohomological as in
Definition 1.1, then so is the third.

Proof Let x —> y —> z—> Y¥x be a triangle in 4, such that the objects x, y, z all
belong to B. Then with H being any of H', H or H”, the sequence

> H(EZx) = Hz) - H(y) = Hx) = HE "7 - -

is a cochain complex in the abelian category «+. Thus we have three cochain
complexes, one for each of H', H or H”. Because two of the functors are
B-cohomological, two of these three cochain complexes must be acyclic. But then
the short exact sequence 0 — H' —> H —> H” — 0 tells us that the third com-
plex is also acyclic. 0

Next we prove

Lemma 6.2 Let R be a commutative, noetherian ring, let 8 be an R-linear triangu-
lated category, let G € 8 be an object and, with the notation of Definition 1.1 and
Remark 1.2, assume Hom(—, G) is a G—finite cohomological functor. Let k > 0 be
an integer and H a finite (G)ox—cohomological functor. Then there exists an object
F € (G)yx and an epimorphism Hom(—, F)|(G)2k — H(-).
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Proof The proof is by induction on k. Suppose k = 0: by hypothesis H(Z7G) is a
finite R—module, and vanishes for i outside a bounded interval [—A, A]. For each i
with —A <i < A choose a finite set of generators {f;;, j € J;} for the R—module
H(Z7'G). Yoneda tells us that each f;; corresponds to a natural transformation ¢;; :
Hom(—, 7/ G)|g), —> H(—). Define F tobe F =@ _, ®jcj, 7' G, and let
¢ : Hom(—, F)|(G), — H(—) be the composite

1

1

A . (9ij)
Hom(—, F)|(g), == € @Hom(-, =7G)|g);, —= H(-)
i=—A jel;

Obviously F belongs to (G); and g is surjective.

Now suppose we know the Lemma for k > 0, and let H be a finite (G)pk+1—
cohomological functor. Then the restriction of H to (G)y is a finite (G)x—
cohomological functor, and induction permits us to find an object F; € (G) and
an epimorphism ¢ : Hom(—, F1)|(G),, —> H(—)|(G)2k. Complete the map ¢ to a
short exact sequence

2k

o 12
0 —— H'(-) —— Hom(—, F)liG), — H( Gy — 0.

By Reminder 6.1 the functor A’ is (G),«—cohomological, it is clearly finite, and in-
duction applies again to tell us that there exists an object F> € (G),« and an epimor-
phism p : Hom(—, F2)|<G>2k —> H’(—). Combining the results we deduce an exact
sequence of functors

op @
Hom(—, P)l(G),, — Hom(—, F)lig), — H( )l — 0.

Because [ and F> both lie in (G),« the functors Hom(—, Fi)|<G>2k are repre-
sentable for i € {1,2}—Yoneda’s lemma applies. The natural transformation op :
Hom(—, F2)|<G>2k — Hom(—, Fl)|(G>2k is Hom(—,oz)|<G>2k for some morphism
o : F) —> F1, the natural transformation ¢ : Hom(—, F1)|(G)2k — H(—)|(G)2k cor-
responds to some element y € H(F1), and the vanishing of the composite o p says

that H () : H(F1) — H (F,) must take y to zero.

Complete « : F» —> F) to a triangle F; N F i) F-L Y F,. As F| and

¥ F, belong to (G)«, the triangle tells us that F must be in (G )k * (G)ox C (G)ok+1.
And now we remember that H is actually a (G).«+1—cohomological functor. The

H
sequence H(F) ﬂ H(Fy) M H(F,) is exact, and the vanishing of H(«)(y)

says that there exists an element x € H(F) so that H(B) : H(F) — H(F)) takes
x € H(F) to y € H(F1). By Yoneda x corresponds to a natural transformation
Y : Hom(—, F)|<G>szrl — H(—). The fact that H(8)x = y translates, via Yoneda,
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to the assertion that the composite

HOTH(ﬁﬂ)I(G)zkH

v
Hom(—, F1)lig) — > Hom(—, F)l(G) 4., —— H(=)

ok+1 k+1
restricts to be ¢ on the category (G)o«.

We assert that v is surjective. Take any object C’ € (G)i+1; we need to show the
surjectivity of the map ¥ : Hom(C’, F) — H(C’). Now by definition
(G)ge+1 =smd[(G)x * (G)ax |, and applying this gives an object C” € (G)+1 with
C'®C" €({G)or % {G)yr. Put C = C" @ C” and it clearly suffices to prove the sur-

jectivity of i : Hom(C, F) — H(C). Choose a triangle A 2. B i) cXxaA
with A, B € (G) .

Take any z € H(C). The map H(B') : H(C) — H(B) takes z to an el-
ement H(B)z € H(B). But the map ¢ : Hom(B, F|) — H(B) is surjective,
hence there is an element g € Hom(B, F|) with ¢(g) = H(B')(z). Now 0 =
H(aYH(B )z = H(a")p(g) = o Hom(a', F)g, where the last equality is by the nat-
urality of the map ¢ : Hom(—, F1)|(G)2k — H(_)|(G)2k . Therefore Hom(o/, F1)g =
ga’ € Hom(A, Fy) lies in the kernel of ¢ : Hom(A, F;) — H(A). The exact se-
quence

Hom(—,a)|<(;)2k 0
Hom(—, F>)l(G), ——= Hom(—, F)lo1y —— H(Slc)y

tells us that there is an f € Hom(A, F>) with go’ = Hom(A, «) f = af.
In concrete terms we have produced a commutative diagram

) F F X F

o B Y’

A B C YA

J/ f l g J/ h l =f
o B 14

P Fi F IV

We now have an element 7 € Hom(C, F) with h8’ = Bg, or in more complicated
terms Hom(B8', F)h = Hom(B, B)g. This buys us the third equality below
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H(BHz=¢(g)
=y Hom(B, B)(g)
=y Hom(B', F)h

=H(BY(h)

The first equality is the choice of g, the second is because on the category (G)x we
have ¢ = ¢ o Hom(—, ), and the fourth equality is the naturality of yr. We deduce
that H(8") : H(C) —> H(B) annihilates z — v (h).

H(y' H(p'
But the exact sequence H(XA) &) H(C) ﬁ} H(B) tells us there exists a

7 € H(ZA) with H(y")7 =z — ¥ (h). Since £ A belongs to (G),x the map ¢ :
Hom(X A, Fj) — H(X A) must be surjective; there is a A € Hom(X A, F;) with
(L) = 7’. Therefore

2=y (h)=Hy)e()
= H(y")y Hom(Z A, B)(%)
=y Hom(y’, F)Hom(Z A, B)(L)
=y (Bry)

where the second equality is the fact that on the category (G),x we have ¢ = ¢ o
Hom(—, B), the third is the naturality of v, and the fourth is obvious. Hence z =
¥ (h + BAy’) is in the image of . O

When R is a field the theorem below is due to Bondal and Van den Bergh [5, Theo-
rem 1.3], and in the generality below it may be found in Rouquier [22, Theorem 4.16
and Corollary 4.18]. We include this new proof because it contains the simple ideas,
whose more technical adaptation will yield the theorems of Sects. 9 and 12.

Theorem 6.3 Let R be a noetherian, commutative ring, let 8§ be an R-linear triangu-
lated category, and assume that G € § is a strong generator—we remind the reader,
this means that there exists some integer n > 0 with (G), = 8. Assume H is a finite
cohomological functor, as is Hom(—, G). Then there exists a cohomological functor
H' with H ® H' representable. If 8 is Karoubian, meaning idempotents split, then H
is representable.

Proof Choose an integer k with (G),x = 4. Applying Lemma 6.2 to the (G)—
cohomological functor H we can find an epimorphism Hom(—, F) — H(—). Com-
plete to an exact sequence 0 — H'(—) — Hom(—, F) — H(—) —> 0, and it
follows that H' is also a finite cohomological functor. Applying Lemma 6.2 again we
have a surjection Hom(—, F’) —> H’(—), and this assembles to an exact sequence
Hom(—, F’) — Hom(—, F) — H(—) — 0.

Yoneda’s lemma tells us that the natural transformation Hom(—, F’) — Hom(—,
F) must be of the form Hom(—, «) for some « : F/ — F, that the natural trans-
formation Hom(—, F) — H(—) corresponds to an element y € H(F), and that
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the vanishing of the composite Hom(—, F') — Hom(—, F) —> H(—) means that

the map H(a) : H(F) —> H(F’) must take y € H(F) to zero. Now complete

H
a: F' —> F to a triangle F’ - F L F"” —. The exactness of H(F") ﬁg

H(F) ’ﬂﬁ H(F"), coupled with the fact that H (a)y = 0, means that there must be

an element x € H(F") with y = H(B8)x. By Yoneda this means that we obtain a
natural transformation Hom(—, F”") — H(—) so that the diagram below commutes

Hom(—, F’) —— Hom(—, F) —— Hom(—, F")

|

Hom(—, F') —— Hom(—,F) —— H(—) — 0

and the rows are exact. It immediately follows that the map Hom(—, F”) — H(—)
is a split epimorphism.

Choose a splitting H(—) —> Hom(—, F”), for example the one coming from
the diagram above. The composite Hom(—, F”") — H(—) —> Hom(—, F”) is an
idempotent natural endomorphism of a representable functor, therefore of the form
Hom(—, ¢) where e : F” — F” is idempotent. If e splits then H is representable.

O

7 Approximating systems

In this short section we assemble together a few fairly routine, elementary facts
about countable direct limits of representable functors. We work in the generality
of R-linear functors between R-linear categories, where R is a commutative ring.
What is slightly unusual is that we allow three interacting categories, and hence need
a moment’s reflection to make sure that the standard arguments still work.

Definition 7.1 Let R be a commutative ring, let 7 be an R-linear category, let A, B
be full subcategories of 7, and let H : 8°° —> R-Mod be an R-linear functor.
An A-approximating system for H is a sequence in -+ of objects and morphisms
Ey— E; — E3 —> ---, so that

(i) There is a cofinal subsequence of E, whose objects belong to 4 N B.
(i) We are given an isomorphism cﬂ)m Hom(—, E;) — H(—) of functors

B°P — R—Mod.

In the proof of Theorem 1.4(i) we will mostly consider the case where +4 is contained
in B, but in the proof of Theorem 1.4(ii) we will need the more flexible notion.

Since we will freely use approximating systems in our constructions, it is com-
forting to know that they are all the same up to subsequences. More precisely we
have
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Lemma 7.2 Suppose we have an R-linear functor H : B°° — R-Mod, and two
A—approximating systems E, and F, for H. Then the systems E, and F, are ind-
isomorphic. We remind the reader: this means that there exists an A—approximating
system L for the functor H, more explicitly Ly —> Ly —> L3 —> ---, and subse-
quences E,, CE,, F, C Fyand L, L] C Ly with E\, =L/ and F, = L.

Proof Since we may pass to subsequences we will assume that both E, and F, belong
to A N B. To slightly compress the argument we will extend the sequences by zero;
we will set Eg = Fp = Lo =0, look at the sequences Eg —> E; —> E» —> --- and
Fy — Fi — F, —> -, and out of them construct the sequence Lo —> L1 —>
Ly —>---.

Let Lo =0 and L; = E1, and inductively proceed as follows. Assume that, for
some m > 1, the sequence Lo — L} —> --- L, —> L,, and the map from the
sequence to H (—) have been defined, in such a way that Ly — L3 — L5 —> ---
is a subsequence of E, and Ly — Ly —> L4 —> Lg —> --- is a subsequence of
F.. We wish to extend to m + 1. There are two cases, m can be odd or even, but up to
interchanging E, and F, in the argument below they are the same. We will therefore
assume m odd and leave to the reader the even case.

Then L,,—1 is F; for some [ > 0, while L,, may be assumed equal to E; for
some J > I. Viewed in the category of functors (A N B)°°P — R-Mod, the map
Hom(—, L,;,) = Hom(—, E;) — H(—) = cﬂm Hom(—, F;) is a natural transfor-
mation from the representable functor Hom(—, E ;) to the colimit. Yoneda tells us
that it corresponds to an element in H(E ;) = ciir)n Hom(E}, F;), where the colimit

is over i. We may therefore choose an I’ > J and a morphism L,, = E; —> Fp
which delivers the right element in the colimit. The composite F; = L;,,—1 —>
L,, — Fp does not have to agree with the map F; —> Fs of the sequence F,,
but they have the same image in H(Fj) = ciir)n Hom(F;, F;) [where the colimit is

again over i]. That is: after composing with some F;r —> Fy» in the sequence F
they become equal. Set L, +1 = Fyr. g

Lemma 7.3 Let T be an R-linear category, let A, B be full subcategories, let
H,H': 8°° — R-Mod be two R-linear functors, and assume we are given for
H an A-—approximating system Ei — Ey — E3 —> ---. Replacing the se-
quence E, by a subsequence belonging to A N B, there is a natural isomorphism
Hom(H, H) = (112 H'(E,,) in the category of functors B°° — R—Mod.

Proof We have isomorphisms
Hom(H, H') = Hom (co_li)m Hom(—, E,,), H'(-))
= lﬂ Hom (Hom(—, E,,), H'(-))
= lim H'(Ep)
where the last isomorphism is by Yoneda. O

@ Springer



Two Brown representability theorems 569

Corollary 7.4 Suppose we are given R-linear categories A C B and two R-linear
functors H, H' : 8°° —> R-Mod. If H has an A—approximating system then
restriction to the subcategory A C B is a natural bijection Hom(H, H') —>
HOIII(HLA, H/|A).

Proof Choose an «-approximating system E; — E; — E3 —> --- for H.
Lemma 7.3 tells us that both sets are in bijection with (hﬁ H'(E,), and the bijection

commutes with the restriction map. O

Lemma 7.5 Let B be an R-linear category, let H, H' : 8°° — R-Mod be two
R-linear functors, and let ¢ : H — H' be a natural transformation. If each of
H, H' has a 8-approximating system, let’s say Ey — Ey —> E3 —> --- for H
and E{ — E), — E}, — --- for H' then, after replacing E{ — E), — E}, —
.-+ by a subsequence, we can produce a map of sequences f : E, —> E! so that
@ : H—> H' is the colimit of the image of f, under Yoneda.

Moreover: assume we specify in advance subsequences E. C E, and Efk CE..
Then the replacement of E’, by a subsequence on which the morphism f is defined,
as in the last paragraph, can be made in such a way that if E, belongs to E, then
E; will belong to E;l And we can even handle more than one subsequence: we can
specify in advance a finite set of matching subsequences, pairs

({subsequence of Ex} , {subsequence of E;}) ,

and, in the replacement of E/, by a subsequence as in the previous paragraph, we can
guarantee that if E, belongs to one of the specified subsequences of E., then E}, is
chosen to belong to the matching subsequence of E.,.

Proof By Lemma 7.3 we have an isomorphism
Hom(H, H) = (hﬂ H'(E) = (hﬂ,' ciir)nj Hom(E;, E}).

Our element ¢ € Hom(H, H') must therefore correspond to an inverse system of
elements @; € ciir)n j Hom(E;, E ;.). We proceed inductively.

(i) Choose some integer j; and a preimage in Hom(Eq, E}l) of ¢ €
ciir)nj Hom(Ey, Ej). Call this map f;: E; —> E}l. If E; belongs to one of
the prescribed subsequences of E, then choose ji so that E }1 belongs to the
matching subsequence of E,.

(i) Suppose the sequence has been constructed up to an integer m > 1. In par-

ticular we have a map E,, — E}m, whose image under the natural map

Hom(E,,, E;.m) — cﬁ)mj Hom(E,,, E}) is @y
We have the element ¢4 € co_lignl,' Hom(E+1, E;.), we can choose a

preimage in Hom(E,,+1, E ;) for some integer J, and we may assume J > jy,.
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This gives us amap [ : E,,1 —> E’;. Now the square

ﬁ?l
E, —— E’

Jm

|,

Ens1 —— E)

need not commute, but the two composites both go, via the map Hom(E,,,
E)) — cﬂ)m j Hom(E,,, E}), to the same element ¢,,. Hence replacing E’,

by some E;m | with jq1 > J, we may assume the square commutes. And if
E+1 belongs to one of the prescribed subsequences of E,, choose j,4+1 > J
so that E}mH belongs to the matching subsequence of EJ,.

We have replaced E, by a subsequence and produced a map of sequences fy : Ex —>
E.. The reader can check that, if we apply Yoneda to the map of sequences f; :
E,. —> E/ and then take colimits, we recover ¢ : H —> H'. O

Remark 7.6 In the remainder of the paper we will use approximating systems in the
following situation. We will work in some ambient R-linear triangulated category
7, and will assume that 7 has coproducts. What is special in this case is that, given
a functor H : 8°* — R-Mod and an #A-approximating system E; — E, —>
E3 — --- for H, we can construct in 7 the homotopy colimit ¥ = Hocolim E;.
For (—) in the category 8 we have a natural map

H-) —————— ciir)n Hom(—, E;)) ——— > Hom(—, F)

and we will be interested in approximating sequences for which this map H(—) —
Hom(—, F) is an isomorphism of functors 8°° — R-Mod.

In this situation we will say that £y — Ey; — E3 —> -+ is an A—
approximating system for F over 8B.

Remark 7.7 In the proof of Theorem 1.4(i), the case of interest is where 8 C 7€,
that is the objects of B are all compact. From [18, Lemma 2.8] we know that,
for any compact object K € 7 and any sequence of objects of 7, the natural map
is an isomorphism H(K) = ciir)n Hom(K, E;) —> Hom (K, Hocolim E,-). Thus
we’re automatically in the situation of Remark 7.6; any sequence E, in + is an
A—approximating system for F = Hocolim E;, over any 8 C 7 °. In Sect. 9 we will
therefore allow ourselves to occasionally leave unspecified the category 8 C 7 ¢, and
just say that E, is an A—approximating system for F.

But here we are careful to specify 8B, because this will come up in the proof of
Theorem 1.4(ii).

In the generality of Remark 7.6 we note the following little observation.
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Lemma 7.8 Let T be a triangulated category with coproducts, let A, B be subcat-
egories, and assume Ey — E» —> E3 —> --- is a A—approximating system for
F €T over 8.

If G is another object of T, and if ¢ : Hom(—, F)| g —> Hom(—, G)|g is a natu-
ral transformation of functors on 8B, then there exists in T a (non-unique) morphism
f: F — G with ¢ =Hom(—, f)|g.

Proof By Lemma 7.3 the natural transformation ¢ : Hom(—, F) — Hom(—, G)
corresponds to an element in (hﬂ Hom(E;, G). Thus for each i we are given in T

a morphism f; : E; — G, compatibly with the sequence maps E; — E;;1. The
compatibility means that the composite

e 1—shift 0 (f1,f2:f3,-.)

must vanish. Hence the map @72, E; —> G factors (non-uniquely) through F =
Hocolim E;, which is the third edge in the triangle

Sy 1—shift © (f1,f2:f3,--) )
@Ei @Ei Hocolim E; .

i=1 i=1 O

8 A couple of technical lemmas

In Sect. 9 we will prove Theorem 1.4(i), and in Sect. 12 we will prove Theo-
rem 1.4(ii). Both proofs will rely heavily on a couple of technical lemmas—in this
section we state and prove these lemmas, in sufficient generality to cover both appli-
cations. Let us therefore set up a little notation.

Notation 8.1 Throughout this section R will be a commutative ring, 7 will be an
R-linear triangulated category with coproducts, and § C 7 will be a triangulated
subcategory. The Yoneda functor Y : 7 — Homp [/SOP , R—Mod] will be the map
taking + € 7 to Hom(—,¢), where Hom(—, ¢) is viewed as an R-linear functor
4°° — R-Mod.

We remind the reader of Definition 7.1: suppose +4 is a full subcategory of
T closed under direct summands, finite coproducts and suspensions, and H is an
4$—cohomological functor, meaning H : §°° — R-Mod is an R-linear cohomo-
logical functor. Then an +A-—approximating system for H is a sequence E; —
E, — E3 —> --- in 4, with a subsequence in 4 N &, and an isomorphism
colim Y(E;) — H(=).

Definition 8.2 Let 7 be an R-linear triangulated category with coproducts and let §
be a triangulated subcategory. If H is a 4—cohomological functor, we define ¥ H by
the rule SH(s) = H(Z " ls).
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A weak triangle in the category Hompg [5°P, R—Mod] is a sequence of cohomo-

logical functors A - B -5 ¢ -5 A such that any rotation of the following is

. . u v w’ . .
true: given any triangle « — b —> ¢ —> Xa in the category 4 and a commutative
diagram

Y@') Y’ Yw')
Y@) —— YO Yo Y(Za)
J/ f l g
A ‘ B ’ C v A

there is an extension to a commutative diagram

Y Y Y(w')
Y@ —— YO) Y(©) Y(Za)
J/ f l 8 l h l =f
A o p " " wa

A diagram A5 B-5C-S SAinthe category J is called a weak triangle if
the functor ¥ takes it to a weak triangle in Hompg [$°P, R-Mod].

Remark 8.3 We remind the reader of Remark 7.6 and Lemma 7.8: if A, B and C
have T —approximating systems 2, B, and €., we may form in 7 the homotopy
colimits A = Hocolim A, B = Hocolim B, aIEI C= HocolimAQ*. Remark 7.6
tells us that there are canonical maps & : A —> Y(A), f: B—> Y(B)andy : C —>
Y(C). Since our plan is to apply the lemmas in this section to prove representability
theorems, we will mostly be interested in cases where «, § and y are isomorphisms.
In this case Lemma 7.8 says that the maps u, v and w may be lifted (non-uniquely)
to 7'; we may form in 7 a diagram A5 B C -5 £ A whose image under Y%
is (canonically) isomorphic to A 4 B35 Cc-5 2A.

Lemma 8.4 Suppose A — B —> C —> X A is a weak triangle in Hompg [/S"p,
R—Mod]. For any s € & the functor Hom (y(s), —) takes it to an exact sequence.

Proof Given any map f : Y(s) —> A, we can consider the commutative diagram

Y@is) == Y@) ——= 0 ——= Y(Zy)
fl J/uf
A gt " 54

and the fact that this commutative diagram can be extended gives the vanishing of

vuf.
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A morphism g : Y(s) —> B so that vg = 0 gives a commutative diagram

Y(s) —— Y(s) — > 0 —> Y(Ts)
[« |
A o p Yo" 54

and the existence of an extension gives a morphism f : Y(s) — Awithg=uf. O

Lemma 8.5 With the conventions of Notation 8.1 and Definition 8.2 suppose we are
given:

(1) A morphism o : A —> B in the category Hompg [5°P , R—Mod].

(i) A morphism ay : A, —> B, of sequences in T, and an isomorphism in
Hompg [/SOP, R—Mod] of a : A —> B with the colimit of Y (o) : Y () —
Y(B,).

(iii) The sequence oy is assumed to have a subsequence in §.

With just these hypotheses we may complete oy : U, —> B to a sequence 2, LN

B, ﬁ) ¢, AN YU, of triangles in T, and the colimit of Y () &) Y(Bx) 1”Lﬂ*))

Y(Cy) M) XY QL) is a weak triangle A B i> c L xaA.

Suppose we add the following assumptions:

(iv) We are given two subcategories A C B C 8, closed under finite coproducts,
direct summands and suspensions.

(v) There is a subsequence of oy : A, —> B such that the A; belongs to A and
the $B; belong to B. Put C = smd(B * A).

(vi) Assume furthermore that we are given a C—cohomological functor H and a nat-
ural transformation of B-cohomological functors ¢ : B|g —> H|g. Assume
that, on the category A C B, the composite

ala @la
Bly —— Hlx

Al g

vanishes.
(vii) Assume further that the approximating system 2, for A is such that each mor-
phism A; —> ;1 is a split monomorphism.

Then there exists a map  : Cle —> H so that ¢ : B|g —> H|g is equal to the

composite

Bls Vis
Blg Clg Hl|g .
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Proof We are given a morphism of sequences «y : 2L, —> 9B,, meaning for each
m > 0 we have a commutative square

A

Q[m %m
\L Am+1 \L
le+l %m—t-l
We extend this to a morphism of triangles
Um Bm Vm
2 B Cn XU,
\L Ot l Bim+1 l Yint1 \L
Apn+1 Biyt1 Cint1 2%+

This produces for us in T the sequence of triangles 2, BiND i) Cy RiN 22Uy,

with a subsequence in 4, and it is easy to see that the colimit of Y (%) &)

Y3, % ye,) 1% sy@,) is a weak triangle A - B L5 ¢ 5 x4,

It remains to prove the part with the further assumptions added. Note that, by pass-
ing to a subsequence, we may assume 2(; € 4 and B; € B, and hence €; € B x A C

C. As H is a cohomological functor on C and A C 8 C C, we have that, for each

H m H m H m
integer m, the sequence H(X2,,) &)) H(C,) ﬁ)) H(5,,) ﬁ)) H(*l,,) must

be exact. As m increases this gives an inverse system of exact sequences, which
we now propose to analyze. The short exact sequences 0 —> Ker(H (ym)) —
HZEA,,) — Im(H(ym)) — 0 give an exact sequence

lim ' H(ZWy) ——— lim "Im(H (y)) —— lim *Ker(H (yn))

In (vii) we assumed that the maps A, —> 2,4+ are split monomorphisms, hence
the maps H(X2,,+1) — H(X2,) are split epimorphisms, making the sequence
Mittag-Leffler. Therefore (112 VH(Z,,) = 0. We have <ll_m 2 Ker(H (ym)) =0 just
because we’re dealing with a countable limit. We conclude that (112 1 Im(H (ym)) =

0.
Now consider the inverse system of short exact sequences 0 —> Im(H (ym)) —
H(,) — Im(H (,Bm)) — 0. Passing to the limit we obtain an exact sequence

lim H(&p) ——— lim Im(H(Bn)) ——— lim 'Im(H (ym))
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We have proved the vanishing of (hﬂ 1 Im(H (ym)), allowing us to conclude that
the map (hﬁ H(,) — liﬂlm(H (ﬂm)) is an epimorphism. Finally we observe

the exact sequences 0 —> Im(H (,Bm)) —> H(®B,,) — H(2l,,) and, since inverse
limit is left exact, we deduce the exactness of

0 ——= lim Im(H(B,)) — lim H(By) lim H ()
Combining the results we have the exactness of
lim H(€,) ——— lim H(B,) lim H () .

Now Lemma 7.3 tells us that ¢ : B|g —> H|g corresponds to an element f €
(liﬁ H(®8,,), and the vanishing of the composite A|4 —> B|4 —> H|.4 translates

to saying that the image of f under the map (112 H(B,) — <11_m H (2,,) vanishes.
The exactness tells us that f is in the image of the map (hﬂ H(,) — (hﬂ H(B,,).

This exactly says that there is a natural transformation ¢ : C|le —> H with ¢ =
¥ o B. We have proved the “extra assumptions” part. 0

Lemma 8.6 With the conventions of Notation 8.1 and Definition 8.2 suppose we are
given:

(1) Two full subcategories A C B of the category 8, closed under finite coproducts,
direct summands and suspensions.
(i) Put C =smd(B *x A). Assume we are also given a C—cohomological functor H.

(iii) We are given a weak triangle A 2 B L c-L Y A, and a natural transfor-
mation of C—cohomological functors  : Cle — H.

@iv) The composite (YB)|s : Blg —> H|g is surjective.

(v) The sequence

ala WB)la
Al g Bl H| 4

is exact.

Then the map  : C|le —> H an epimorphism.

Proof We need to show the surjectivity of the map ¢ : C(c) —> H(c) for every
c € C = smd(B * +A); without loss of generality we may assume ¢ € B * . Choose a

triangle a i> b L ¢ X5 Sa with b € B and a € 4. Given any element y € H(c),
the map H(B') : H(c) —> H (b) takes y to an element H (8’)(y) which must be in
the image of the surjective map ¥ : B(b) —> H (b). After all b is an object in B,
and the map ¥ : B(b) — H(b) is an epimorphism on objects b € 8. Choose an
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element g € B(b) mapping under 8 to H(B')(y). The naturality of /8 means that
the square below commutes

B(a')
B(b) ——— = B(a)
\L VB \L VB
H(p H(a")

He) — > Hb) — = H(a)

If we apply the equal composites in the square to g € B(b) we discover that it goes
to H(a")H(B)(y) = 0, where the vanishing is because 8'a’ = 0. Therefore the map
B(') takes g € B(b) to an element in the kernel of ¥8 : B(a) —> H(a). As a
belongs to + the map « : A(a) —> B(a) surjects onto this kernel; there is an element
f € Aa) witha(f) = B(a')(g).

We have produced elements f € A(a) and g € B(b), and Yoneda allows us to view
them as natural transformations f : Y(a) — A and g : Y¥(b) —> B. The equality
a(f) = B(a’)(g) transforms into the assertion that the square below commutes

Y Y8 Yo"
Y(a) Y(b) Y(©) Y(Xa)
| I
o B Y
A B C YA

The top row is the image under Yoneda of a triangle in 4, while the bottom row is a
weak triangle; hence we may complete to a commutative diagram

Y Y(B" Y
Y(a) Y(b) Y(o) Y(Xa)
! E
o B Y
A B C YA

We have produced a morphism % : Y(c) —> C, which we may view as an element
h € C(c). And the commutativity of the middle square translates, under Yoneda, to
the statement that C(8’) : C(c) —> C(b) takes h € C(c) to B(g) € C(b). Applying
Y : C —> H we obtain the second equality below
H(BH() =vB(8)
=y C(B)h)
=HPB W) .

The first equality is by construction of g € B(b), and the third is the naturality of
Y. Therefore the map H(B') : H(c) —> H(b) annihilates y — v (k). Because H
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is cohomological there is an element x € H(Za) with H(y')(x) =y — ¥ (h). But
a € A C B and we may choose a 0 € B(Xa) with y8(0) = x. We have

y =) =H(y)VB®)
=y C(y"BO)
where the first equality is the construction of 6, and the second is the naturality of

Y : C —> H.These equalities combine to the formula y = ¢ [h +C(yHB (9)], which
exihibits y € H(c) as lying in the image of ¥ : C(c) — H(c). O

The next lemma will not be needed until the proof of Theorem 12.6.

Lemma 8.7 With the conventions of Notation 8.1 and Definition 8.2 suppose we are
given:

(1) Two full subcategories A C B of the category 8, closed under finite coproducts,
direct summands and suspensions.
(i) Put C =smd(B * A).
(iii) In the category Homp [5013 , R—Mod] we are given a diagram of cohomological
functors

XA

where the middle row is a weak triangle.

@iv) The composite (YB)|s : Blg —> H|g is surjective.

(v) The kernel of the morphism (WB6)|g : §|£ —> H|g is annihilated by § :
B —> B.

(vi) The sequence

o4 VBl

Ala Bl4 Hjp —— 0

is exact.

Then the map (B96) : B —> C annihilates the kernel of (YBd)le : §|@ —> Hle.
Proof We need to ihow that, if c € € = smd(B * A) and y € B (c¢) is annihilated
by the map ¥86 : B(c) —> H(c), then y is already annihilated by the shorter map

B4 : B(c) —> C(c). Note that without loss of generality we may assume that
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’ / /
¢ € B xA. Choose therefore a triangle a Ny i) c AN Yawithb € Banda € A,
and consider the commutative diagram with exact rows

~ B(p) ~
B(¢c) ——— B(b)
| |
B(Zd) B(y") B(8)
B(Zh) — = B(Za) B(c) B(b)
J/ VB J/ vB J/ VB l VB
H(Sa') H(y') H(p")

H(Xb) —— H(ZEa) —— H(c) —— H()

We are given an element y € B (c) such that the vertical composite in the third column
annihilates it. Therefore B (B)(y) is an element of B (b) annihilated by the vertical
composite in the fourth column. By assumption (v) the element B (B)(y) is already
killed by 6 : B (b) —> B(b), and we conclude that the equal composites in the top-
right square annihilate y. Hence the map § : B (c) — B(c) must take y € B (c) to an
element in the image of B(y’), and we may therefore

(vii) Choose an x € B(Xa) with B(y)(x) =§(y).

Recall that the vertical composite in the third column kills y, hence the equal compos-
ites in the middle square at the bottom must annihilate x. Therefore ¥8(x) € H(Xa)
lies in the kernel of H(y’), which is the image of H(X«a') : H(Xb) —> H(Za).
Now by (iv) the map ¥ 8 : B(¥Xb) —> H(XDb) is surjective, and we may lift fur-
ther to B(Xb); we can choose an element w € B(Xb) whose image under the equal
composites in the bottom-left square are equal to y¥8(x). Therefore we have that,
with x € B(Za) as in (vii) and w € B(Xb) as above, the element x — B(Za’)(w) is
annihilated by ¥ : B(Xa) — H(Xa). Now (vi) tells us that

(viii) We may choose an element v € A(Xa) whose image under « : A(Xa) —
B(Za) is equal to x — B(Za')(w).

To complete the proof consider the commutative diagram with vanishing horizontal
and vertical composites

A
A(Za) ——— A(c)

B(Za) B(y")

B(Xh) — > B(Xa) — B(c)

lﬂ |
cyh

C(X¥a) — C(o)
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The horizontal map in the top row takes the element v € A(Xa) constructed in (viii)
to A(y")(v), which must be annihilated by the vertical composite in the third col-
umn. By the commutativity of the top square coupled with (viii), this means that
x — B(Za')(w) is an element of B(Xa) annihilated by the equal composites in the
bottom square. In particular the horizontal map B(y’) takes x — B(Xa’)(w) to an el-
ement of the kernel of 8 : B(c) —> C(c). But the map B(y’) annihilates B(Za')(w),
and by (vii) it takes x to §(y). We conclude that 8§(y) = 0. [l

9 The proof of Theorem 1.4 (i)

It’s time to prove Theorem 1.4(i); we should focus the general lemmas of Sect. 8 on
the situation at hand. Thus in this section we make the following global assumptions:

Notation 9.1 We specialize the conventions of Notation 8.1 by setting § = 7, that
is 4 is the subcategory of compact objects in 7. Thus in this section the functor Y
of Notation 8.1 specializes to ¥ : 7 —> Homg ([77°]°P, R-Mod), which takes an
objectt € 7 to Y(#) = Hom(—, t)|5e.

In the generality of Notation 8.1 we considered §—cohomological functors H and
B-approximating systems E; — E, —> E3 —> ---. Because we are now in the
special case where 8 = 7 ¢ Remark 7.7 applies: if F = Hocolim E; then the natural
map H — Y (F) must be an isomorphism.

We will furthermore assume that we have chosen in 7 a single compact genera-
tor G. We will suppose given a t—structure (7=, 7=9) in the preferred equivalence
class, with 729 closed under coproducts. For example we could let (7=, 720) be
equal to (TGfo, TGZO), see Remark 1.19. Let +A be the heart of the r—structure, and
H : T —> A the homological functor of Reminder 2.1. We will assume given an in-
teger A > 0 with Hom (E‘AG, 750) = 0. The existence of such an A is equivalent
to the hypothesis that Hom(G, £/G) = 0 for i > 0. And what is important for us is
that this guarantees that the category 7, is a thick subcategory of 7.

Finally and most importantly: as in Notation 8.1 the triangulated category T~ is
assumed to be R-linear for some commutative ring R. But from now on we add the
assumption that the ring R is noetherian and, with G as in the last paragraph, the
R-module Hom(G, ©!G) is finite for every i € Z. Combining this paragraph with
the last: the functor % (G) is G-locally finite.

Under some additional approximability assumptions, Theorem 1.4 describes the
essential image of the functor Y taking F' € 7.~ to Y(F) = Hom(—, F)|7¢, and tells
us that the functor ¥ is full. To show that % (F) lies in the expected image one doesn’t
need any hypotheses beyond the ones above, we prove

Lemma 9.2 With the assumptions of Notation 9.1, for any F € 7.~ the functor Y(F) :
[T€]°P — R-Mod is a locally finite T “—cohomological functor.

Proof We are given that the functor ¥(G) is G-locally finite. In particular: for
i < 0 we have Hom(Z!G, G) = 0. With (7=, 729) as in Notation 9.1, that is
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our fixed r—structure in the preferred equivalence class, Remark 1.24 coupled with
Lemma 3.8 tell us that, for any object K € T¢, there is an integer B > 0 so that
Hom(E_BK, 750) = 0. Remark 1.22 gives the inclusion in F' € 7.~ C 7, hence
we may choose an integer A > 0 with 4 F € 7=0. We deduce that Hom(Z' K, F) =
Oforalli <—A — B.

The fact that the functor % (G) is G-locally finite also means that, for every integer
i € Z, the R—module Hom(EiG, G) is finite. The full subcategory £ C 7 ¢ defined
by

£ = {LeT°|Hom(T'G, L) is a finite R—module for all i € Z}

is thick and contains G, hence 7¢ = (G) C L. Now take any L € 7 and define the
full subcategory K (L) C 7€ by

K(L) = {Ke7°|Hom(Z'K, L) is a finite R—module for all i € Z}

Then K (L) is thick and contains G, hence 7¢ = (G) C K (L). We conclude that
Hom(XZ!K, L) is a finite R—module for all K, L € 7¢ and all i € Z.

Now fix the integer i, the object K € 7¢ and the object F' € 7., and we want
to prove that Hom(X! K, F) is a finite R—-module. The first paragraph of the proof
produced an integer B > 0 with Hom(E_B K, 750) =0, and since F belongs to
7.~ there exists a triangle L —> F —> D with L € 7€ and D € 7="""8~1 In the
exact sequence

Hom(X‘K,X~!'D) - Hom(XK,L) — Hom(XK,F) — Hom(Z'K, D)

we han; that Hom(Z'K, D) = 0 = Hom(Z'K, £~ ! D), and Hom(Z'K, F) =
Hom(X'K, L) must be a finite R—module by the second paragraph of the proof. [

In Corollary 3.14 we learned that, under some approximability hypotheses, objects in
T~ can be well approximated by sequences with special properties. We don’t need

all these properties yet; for the next few lemmas we formulate what we will use.

Definition 9.3 Adopting the conventions of Notation 9.1, a strong (G),—
approximating system is a sequence of objects and morphisms E; — E, —
E3 — ...

(i) Each E,, be_longs to (G)n.'
(ii) The map F#'(E,,) —> H'(E,;+1) is an isomorphism whenever i > —m.

In this definition we also allow n = oo, we simply declare (G),, = (G) =T €.
Suppose we are also given an object F € T, together with

(iii) A map of the approximating system E, to F..
(iv) The map in (iii) is such that #'(E,,) — F'(F) is an isomorphism whenever
i>—m.

Then we declare E, to be a strong (G),—approximating system for F.
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Remark 9.4 Although Definition 9.3 was phrased in terms of the particular choice
of ¢—structure (7<%, 7=0), made in Notation 9.1, it is robust—up to passing to sub-
sequences a strong (G),—approximating system for F will work for any equivalent
t—structure.

Lemma 9.5 With the conventions of Definition 9.3 we have

(1) Given an object F € T
then the (non-canonical) map Hocolim E; — F is an isomorphism.
(i1) Any object F € T~ has a strong T “—approximating system.
(iii) Any strong (G),—approximating system E| — Ey —> E3 —> --- is a strong

and a strong (G),—approximating system E, for F,

(G),,—approximating system of the homotopy colimit F = Hocolim E;. More-
over I belongs to T .

Proof We begin by proving (iii). Suppose E| —> E; —> E3 —> --- is a strong
(G),—approximating system, and let F = Hocolim E;. The objects E; all be-
long to (G),, C 7¢ C 7. Choose an integer £ > 0 with E; € 7=¢. The fact that
HI(E) — H'(E,,) is an isomorphism for all i > —1 means that #(E,,) = 0 for
all i > ¢ and all m, and Lemma 2.2 gives that the E,, all lie in 7=t Hence the
homotopy colimit F also belongs to 7~ =.

Now Remark 2.5 tells us that the map colim H(E,y) —> H'(F) is an isomor-

phism for every i € Z. By the previous paragraph the triangle E,, — F —> D,
lies in 7, and as H'(E,,) —> H'(F) is an isomorphism for i > —m we deduce
that #/(D,,) = 0 for all i > —m. Lemma 2.2 guarantees that D,, € g==m=1 and
as E, € (G),, C T¢ and m > 0 is arbitrary we have that F satisfies the criterion for
belonging to 7.

Next we prove (i). By (iii) the map Hocolim E; — F is a morphism from
Hocolim E; € 7~ to F € 7, hence it is a morphism in 7 ~. The hypothesis of
(i), coupled with Remark 2.5, tell us that #'( Hocolim E;) —> J'(F) is an iso-

morphism for every i € Z. By Lemma 2.3(ii) the map Hocolim E; — F is an
isomorphism.

It remains to prove (ii). Note that, if we assume more approximability hypotheses
on 7, then (ii) is immediate from Corollary 3.14. But let us see that we don’t yet
need any strong assumptions.

Take any F € 7.~ . There exists a triangle £y — F — D; with E1 € 7¢ and
Di € T=73. When i > —1 exact sequence '~ (D) — H'(E|) — H'(F) —
H(Dy) has H'~1(D) = 0= H#! (D), starting the construction of E,.

Suppose now that we have constructed the sequence up to an integer n > 0, that
is we have a map f, : E,, — F, with E,, € 7¢, and so that H (fm) is an iso-
morphism for all i > —m. Lemma 3.8 allows us to choose an integer N > 0 so
that Hom (E,,, 7="") = 0. Because F belongs to 7.~ we may choose a triangle
Epy1 — F —> Dyq with E;yy1 € 7€ and Dy,p € T="V7"73_ As in the para-
graph above we show that the map #!(E,,;1) — H#'(F) is an isomorphism for all

i > —m — 1. And since the composite E,, i) F — D, 41 vanishes, the map f,
must factor as E,;, —> E,;;11 —> F. Il
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Remark 9.6 Lemma 9.5(i) and Remark 7.7 combine to tell us that a strong (G),—
approximating system for F, in the sense of Definition 9.3, is in fact an approximating
system for F as defined in Remark 7.6. Our terminology isn’t misleading.

Remark 9.7 Let us now specialize Lemma 8.5 to the framework of this section. As-
sume we are given

(i) A morphism @ : A —> Bin the category 7,
(i) Two integers n’ and n, as well as a strong (G),y—approximating system 2l for
A and a strong (G),,—approximating system ‘B, for B.

Lemma 7.5 allows us to choose a subsequence of % C B, and a map of se-
quences ay : A, —> B’ compatible with @ : A—>B.A subsequence of a strong
(G),—approximating sequence is clearly a strong (G),—approximating sequence,
hence B’, is a strong (G),—approximating sequence for B. Now as in Lemma 8.5
we extend a, : 2, —> B, to a sequence of triangles, in particular for each m > 0
this gives a morphism of triangles

A Bm Ym P
A %/m Cn pIp/ 2%/m
\L 41 l Bm+1 \L Ym+1 l S l
A1 B t1 Cny1 —— XAy B g1

Applying the functor #' with i > —m yields a commutative diagram in the heart of
T where the rows are exact, and where the vertical maps away from the middle are
isomorphisms. By the 5-lemma the middle vertical map, i.e. the map #'(¢,,) —
in(Qim+1), must also be an isomorphism when i > —m. We conclude that &€, is a
strong (G),1p approximating system. Put C = Hocolim €. By Lemma 9.5(iii)
the object C belongs to 7.~ and &, is a strong (G),,,—approximating system for
C, while Remark 8.3 guarantees that the weak triangle A 5 B-5Cc-5 TAof
Lemma 8.5 is isomorphic to the image under Y of a weak triangle A5 B-S
C % S Ain the category 7,

Furthermore: the homological functor # takes each of the triangles 2, RN

B, ﬁ) [ RN ¥, to a long exact sequence, and by Remark 2.5 the (eventu-

ally stable) colimit is # of the weak tnangle A% B-5 C -5 YA Hence #

takes the weak triangle ASLB5C- S SA0a long exact sequence.

Lemma 9.8 Let the conventions be as in Notation 9.1. Assume H is a locally finite
(G),—cohomological functor. Then there exists an object F € T and an epimor-
phism of (G),—cohomological functors ¢ : Y(F)|(G), —> H. Furthermore the ob-
ject F may be chosen to have a strong (G),—approximating system.

We will in fact prove a refinement of the above. Since H is assumed to be a locally
finite (G),—cohomological functor its restriction to (G),,, for any integer m <n, is a
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locally finite (G),,—cohomological functor. Hence for any m < n the first paragraph
delivers an object Fy, € T, , with a strong (G),,—approximating system, and a surjec-
tive natural transformation @y, : Y(Fin)lcy,, — Hl(G), - We will actually construct
these F,,’s compatibly. We will produce in T a sequence F| — F) — - —>
Fu—1 — Fy, with compatible maps ¢y, : Y(Fn)lcy, —> H, so that

n

(1) For each m > QO the object F,, has a strong (G),,—approximating system, and
the map oml(c)y,, : Y(Fm)lic),, — Hl(G),, is an epimorphism.

(ii) The sequence is such that the kernel of the map (pm)l(G), : Y¥(Fm)lGy, —
H| Gy, is annihilated by the map Y (Fu)|(Gy, —> Y (Fm+1D(G), -

Proof The proof is by induction on 7. In the case n = 1 we prove the refinement that
allows the induction to proceed

(iii) Suppose H is a locally finite (G);—cohomological functor. Then we may con-
struct an object F € 7.~ and an epimorphism Y(F)|(s), — H. Further-
more the object F' can be chosen to have a strong (G);—approximating system
Ey, — Ey — E3 —> --- in which every morphism E; — E; 1 is a split
monomorphism.

The proof of (iii) is easy: we have that H (E"G)'is a finite R—module for every i €
7, and vanishes if i < 0. For each i with H (Z‘G) # 0 choose a finite numbe; of
generators { f;;, j € J;} for the R—module H(X'G). By Yonedaevery f;; € H(X'G)

corresponds to a morphism ¢;; : y(zic)|<6>l — H. Let F be defined by

F=]]P=c
i€Z jel;

and let the morphism ¢ : Y(F)|Gy, —> H be given by

1

) (9ij)
Y(P)le), ——— DD Y¥EGley, H

i€Z jel;

where (¢;;) stands for the row matrix with entries ¢;;; on the i, j summand the map
is ¢; ;. Finally: because the —structure is in the preferred equivalence class there is an
integer B > 0 with 228G € 7=, For m > 0 we define

Fu= @ @0

i<m+B jel;

The sum is finite by hypothesis, making E,, an object of (G);. The obvious map
E,, — E;+1 is a split monomorphism, and in the decomposition F = E,,, & F we
have that F, being the coproduct of X/ G for i > m + B + 1, belongs to 7="""1,
Therefore the map #'(E,,) — H'(F) is an isomorphism when i > —m, making
E, is a strong (G)—approximating system for F.

Now for the induction step. Suppose n > 1 is an integer and we know the Lemma
for all integers < n. We wish to show it holds for n 4 1. Let H be a locally finite
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(G),+1—cohomological functor. Then the restriction of H to (G), is a locally finite
(G),—cohomological functor, and we may apply the induction hypothesis to produce
in 7~ a sequence Fy — F» — --- —> F,_1 — F},, with compatible surjections
Om : Y(Fw)l(c),, — Hl(G), - In particular the map ¢, : Y(F)l6), — Hlc), is
an epimorphism. Complete the natural transformation ¢, to a short exact sequence

@n

0 H' Y(F)l), — Hlg, — 0

n

of functors on (G),. Since H|), and Y(F,)|(G), are locally finite (G),—
cohomological functors so is H’, and induction applies. For any m < n we may
choose a surjection ¢;, : Y(F")|(G), —> H'l(G),,- as in (i) and (ii). We wish to con-
sider the special case m = 1, where we can assume our F’ is as in (iii). That is we
choose an object F’' € 7,~, which admits a strong (G)—approximating system and
a surjection ¢’ : Y(F)|Gy, — H'l(G),- And we may further assume that our ap-
proximating system E; — E} —> E} — --- for F’ is such that every morphism
E; — E] 41 1s a split monomorphism.

We have natural transformations Y(F")|Gy, — H'l(G), — Y(Fu)l(G),» and as
F’ admits a (G),—approximating system Lemma 7.8 tells us that the composite is
equal to Y(ay)|(G), for some morphism e, : F ! —> F,, in the category 7. And now
Lemma 8.5 applies; see Remark 9.7 for an elaboration of how it specializes to the
current context. We learn that

(iv) There exists a weak triangle F’ BN F, ﬂ) F,41 in the category 7., with
F,+1 admitting a strong (G),, j—approximating system.

(v) There is natural transformation @, 11 : Y (Fy+1)l(c)
Y(F) 6y, — Hlc), is equal to the composite

w1 — H, such that ¢, :

Y(BG), On+11G),
Y )G, —— YFur)le, —— Hlw)

0t

Comparing the two exact sequences

Ylanlc), enliG)
YNy, —— YFle), Hlc),
Y6y YBlo)

Y(F)NGy, —— YFdle), —— Y(FurDli6),

we conclude that ¢, |(G),

F, — F, 4 satisfies (ii).
To finish the proof of (i) it remains to show that 11 : Y (Fut1 (), — H is

an epimorphism, but this is now immediate from Lemma 8.6. O

and Y(B,)l(G), have the same kernel, that is the map S, :

Remark 9.9 Let the conventions be as in Notation 9.1 and assume H is a locally finite
T ¢—cohomological functor. For every integer n > 0 the restriction of H to (G),, is
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a locally finite (G),—homological functor, and Lemma 9.8 permits us to construct

a sequence Fj ﬂ> F & F; ﬁ .-+ in the category 7., together with compat-

ible epimorphisms ¢, : Y¥(F,)l6), — Hl(c),- Since F, is constructed to have a
(G),—approximating system, Corollary 7.4 says that each ¢, lifts uniquely to a nat-
ural transformation defined on all of ¢, which we denote ¢, : Y(F,) — H. Note
the abuse of notation, where ¢, is allowed to stand both for the natural transformation
of functors on 7 ¢ and for its restriction to (G}),,. The triangle

Y(Bn) y(Fn-‘rl)

— [
w\n> H

commutes when restricted to the subcategory (G), C (G), and the fact that
F, has a (G),—approximating system coupled with the uniqueness assertion of
Corollary 7.4 tells us that the triangle commutes on the nose, in the category
Hom ([T “]°P, R-Mod).

Y (Fp)

Proposition 9.10 Let the conventions be as in Notation 9.1 and assume H is a locally
finite T “—cohomological functor. Then there exists an object F € T and an isomor-
phism ¢ : Y(F) — H.

Now let § = ®ce7<C; for those worried about set theoretic issues this means that
G is the coproduct, over the isomorphism classes of objects in T €, of a representative

in each isomorphism class. Then F may be chosen to lie in ($)4.

Proof In Remark 9.9 we noted that Lemma 9.8 constructs for us a sequence

Fi ﬂ) F ﬁ> Fs & --- in the category 7, together with compatible maps

o : Y(F,) — H; there is an induced map ciir)n Y(F,) — H. If we define F
to be F = Hocolim F), then we have an object F € 7, and [18, Lemma 2.8] tells us
that the natural map cﬂ)m Y(F,) — Y (F) is an isomorphism. We have constructed

amap ¢ : Y(F) — H and will prove that ¢ is an isomorphism.
Let us consider the restriction of the natural transformation ¢ to the subcategory

(G)| C T°¢. The natural transformation ¢|c), : Y¥(F)l(c), —> Hl(c), is the map to
H| Gy, from the colimit of the sequence
¥BOlGy, Y(B)l6y,

y(Fl)|(G>l —_— y(F2)|(G)1 _— = ..

and Lemma 9.8(ii) says the sequence is such that each map Y(8,)l(G), factors as
Y(F) ey, — HlG), —> Y (Fat1)l(6), - Hence the colimit agrees with the colimit
of the ind-isomorphic constant sequence H |Gy, — H|), — Hl(G), —, and
this proves that the restriction of ¢ : Y (F) — H to the category (G); is an isomor-
phism. Concretely: for every i € Z the map ¢ : Hom(X!G, F) — H(Z'G) is an
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isomorphism. The full subcategory K C 7 ¢ defined by

Vi € Z the map
KX = KeT¢|¢:Hom(Z K, F) — H(XZ'K)
is an isomorphism

is thick and contains G, hence KX C 7¢ = (G) C K. o
It remains to prove that the F* we constructed belongs to ($),. We begin with the

observation that each F;, in the sequence F ﬂ) F ﬁ) F3 & .-+ of Remark 9.9

has a strong (G),—approximating system. This means that F, = Hocolim E, with
each E € (G),. The triangle

oo oo oo
PEr —— PE Fy P ey
i=1 i=1 i=1

tells us that F,, must belong to (§); * ($); C (§),. Butnow F' = Hocolim F,, and
the triangle

oo oo oo
S S r e
n=1 n=1 n=1
gives that F belongs to (§), * (§), C ($)4- O

Notation 9.11 This is as far as we get with the assumptions of Notation 9.1. From
now on we will assume further that 7 is weakly approximable.

Lemma9.12 Let the conventions be as in Notation 9.11. Assume H is a locally finite
T ~cohomological functor. There exists an integer A >0 and, for any n > 0, an
object F,, € T N T =4 as well as a natural transformation ¢, : Y(F,) —> H which
is surjective when restricted to (G),,.

Proof Remark 9.9 produced for us an object F, € 7.~ and a natural transformation
@n : Y(Fp) — H, so that the restriction to (G), of ¢, is surjective. The new asser-
tion is that we may choose F, to lie in 7=4 for some A>0 independent of 7.

Because H is locally finite there exists an integer B’ > 0 with H(X~G) = 0 for
all i > B’. Since H is cohomological it follows that H(E) =0 for all E € (G)[B/’Oo).
And Corollary 3.14 gives us an integer B > 0 so that, for every integer m > 0, every
object F € 7.~ N T =% admits a triangle E,, — F —> D,, with D,, € 7=~ and
E,y € (G)l1=m=B.B] - (G)[1-m=B.%0) [ assert that A = B + B’ works.

Let us begin with the F), provided by Remark 9.9. Because it belongs to 7.~ C 7~
there exists an integer £ > B + B’ with F, € 7=¢. Applying Corollary 3.14 to the
object ZKF,[ er, N 7 =0 with m = £ — B — B’, we learn that there exists a triangle
E -5 F, — D with D € 757" = 7=B+B" — 77=4 and with
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E € (G)ltt+1-m=B.00) — (G)1+B'.%) [ particular E € T, and H(E) = 0 by the
choice of B’. Hence the composite

Y() ®
H(E) Y(F) H

vanishes.

Now we apply Lemma 8.5 with A = 8 = 7¢. The object F,, € 7., of Lemma 9.8
and Remark 9.9, comes with a strong (G),—approximating system, which is cer-
tainly a strong 7 “—approximating system. The object £ € 7 comes with the trivial

—c . id id .
strong T ‘—approximating system £ — E —> E — ---. In this system the con-
necting maps are all identities, which are split monomorphisms. The hypotheses of
Lemma 8.5 and Remark 9.7 hold and the Lemma produces for us, in 7.7, a weak

triangle E 2 F, i> D —> Y E and a factorization of ¢ : Y(F,) — H as acom-
posite

Y8 - v
Y(Fu) Y(D) H .

The surjectivity of the restriction to (G),, of ¢ implies the surjectivity of the restric-
tion to (G), of . B

It remains to show that D € 7, ~ belongs to 7.~ N 7=4. We know that, in the
triangle £ — F, — D — EE the object D belongs to 7 7 =4 The long ex-
act sequence FH'~ l(D) — HI(E) — H! (Fp) — Hi(D) tells us that ! (@) :
H! (E) — HI(F) is surjective if i =1 + A and is an isomorphism when i >
1+ A. The long exact sequence HI(E) — Jf‘(F ) —> J (D) — HTHE) —
J("H(F 1) says that H(D)=0ifi>1+ A. By Lemma 2.2 we conclude that
De7=A O

Notation 9.13 This is as far as we get with the assumptions of Notation 9.11, from
now on we assume further that 7 is approximable—weak approximability will no
longer be enough.

Lemma 9.14 Let the conventions be as in Notation 9.13, and assume H is a locally
finite T “~cohomological functor Choose an integer B > 0 as in Lemma 3.12.

Suppose F,F' are oblects in 7. NT =0, E isan objectin T NT =0, and we have
a morphisma : E — F in T Assume we are given an integer m > 0, as well as
natural transformations @ : y(F) — H and ¢' : Y(F') — H, so that @ restricts
to an epimorphism on (G),, g and ¢’ restricts to an epimorphism on (G) ;, 11)p-

Then there exists in T,” N T =0 a commutative diagram

E—>E/

\/\/
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and there exists a natural transformation ¢' : Y(F') — H so that

(i) The object E' belongsto T C T.~.
(ii) The maps ' (a’) and F' (v) are isomorphisms for all i > —m + 2.
(iii) The triangle

D
Y l v

T

@ H

commutes; the surjectivity of the restriction 10 (G) 41y of ¢’ therefore implies
the surjectivity of the restriction to (G) ,4+1)p of @'
@iv) The square below commutes

#) ~
Y(ED Y(F)
l Y@) J/ ¢
Y(F) - H
¢

Proof Corollary 3.14, applied to the object F' € 7.~ N 7 =0 and the integer m, permits

e b . <
us to construct in 7.~ a triangle E!, - F’ —> D,, with D,, € 7= and E/, €
[1-m—B,B]

(G C (G),,5- Because E;, belongs to 7¢ the composite

Y(a) ¢’

YE,) ——— YF) ——— H

is a natural transformation from a representable functor on 7¢ to H, and corre-
sponds to an element x € H(E},). As E,, belongs to (G), the morphism ¢ :
Hom(E],, F) — H(E,)) is surjective; there isamap f : E, —> F with ¢(f) =x.
Yoneda translates this to mean that the square below commutes

$(N ~
Y(E,) Y(F)
J/ #(a) l ¢
Y(F) : H
¢

We now have a morphism (a, f) : E ® E,, — F. The object E @ E;, be-
longs to 7¢ while the object F € 7~ has a strong 7 “—approximating system—see
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Lemma 9. 5(11) There ex1sts a sequence E ' —> E2 — Eg —> --- in 7¢, and a map
ofE to F and so that J¢! (E ) —> ! (F) is an 1som0rph1sm wheneveri > —j. The
morphism E @ E;, —> F must factor through some E j—see Lemma 9.5(i) and [13,
Lemma 2.8]. Choose such an E with j > m, declare E E,, andlete: E — E/,
g:E,— E andy: E — F be the obvious maps. Then ye =« and yg = f.

By construction the map #¢(y) : J(’e(E ) — %Z(F) is an 1somorphlsm for all
¢ > —m. Recalling the triangle E/, —— F' — D/, with D], € T="", the exact
sequence

—1 / 4 / ﬂe(a) 4 4 4 /
HTN(D,,) — H(E),) —— H(F) —— H"(D,)
teaches us that
(v) The maps Ht(y) and #H*(a) are isomorphisms for all £ > —m + 2.

SinceL m > 1 by assumption, we learn in particular that if £ > 1 then %@(E/ )=
HE(F) =0 and H(E}) = #*(F') = 0. As both E’ and E/, are objects of T¢ C
7 ~,Lemma 2.2 informs us that

(vi) E', E}, both lie in 7=°.

Now consider the commutative square

#(e) ,
Y(E,) Y(E)
J/ Y@ l p=FoY(y)
Y H
(p/
In other words: we have in 7.~ U =0 a morphism o = ). E, — E®F,
a

as well as a natural transformation (p, ¢') : Y(E’ @ F’') —> H, and the composite

Y(o) (0,¢")
Y(E,) Y(E' ®F) H

vanishes. The object E' @ F’ - has a strong 7 “—approximating system by
Lemma 9. 5(11) and the object E/ T¢ has the trivial strong 7 “—approximating

id 1

E;, . We may apply Lemma 8.5 as specialized in

Remark 9. 7 with A = B8 = 7, to deduce that E/, —> E’' ® F' may be completed
in T~ to a weak triangle

system E;, LN E, —

o (C)) ~ T
E, — > E®F F TE,
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in such a way that the morphism (p, ¢’) : Hom(—, E’ @ F')|gc —> H () factors
as ¢’ o Hom (—, (o, ,3)) for some natural transformation ¢’ : Hom(—, F’)|yc —
H(—). We have constructed in 7, a commutative square

/ § /
E, ———— E

T

F/%-f/

and a natural transformation ¢’ : Hom(—, F ")« —> H(—) so that the diagram be-
low commutes

Y(g) Y) -
Y(E,,) Y(E" Y(F)
Y(a) Y
¥(B) - B
Y(F") Y(F") 7
‘7
H

4

¢

This finishes our construction of the diagram

- E’ F’
« B
F F

and the natural transformation ¢’ : y(ﬁ 'Y — H. The assertions (i), (iii) and (iv) of
the Lemma have already been proved, as well as half of (ii). It remains to show that
F' € 7.~ also belongs to 7 =0, and that the morphisms #*(a’) are isomorphisms for

L>—m+2.
To prove this we recall that the commutative square

E

#H(g)
HYUE]) ——— HYUE)
H(a) l l H (')
HE(B) ~
FE(F) FE(F)
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comes from applying #¢ to the weak triangle

o @B .
E, ———> E&F F SE,

The morphism F¢(t) : #¢(F') — #'+1(E)) fits in a long exact sequence. In (v)
we proved that #¢(a) : #H*(E],) —> #H*(F’) is an isomorphism for £ > —m + 2,
which makes the map H (o) : Ht (E},) — HYE' ®F)a split monomorphism for
all £ > —m + 2. The exactness tells us first that #¢¢(z) =0 for all £ > —m + 1, and
then that the square

#(g)
HU(E),) ——— HYE"
H*(a) l l #H ()
HE(B) -
HEF) —— HUF)

is bicartesian for all £ > —m + 2. As long as £ > —m + 2, the fact that gt (a) is an
isomorphism forces #*(a’) to also be.

In particular: since m > 1 we have that —m + 2 < 1, and deduce that er(f’) =
HY(E") =0 forall £> 1. Lemma 2.2 now gives that 7 belongs to 7 =0.

O

Lemma 9.15 Let the conventions be as in Notation 9.13, and assume H is a locally
finite T “—cohomological functor. There exists an object F € T~ and an epimorphism
Hom(—, F)|gec — H(-).

ProoNf By Lemma 9.12 we may assume given: an integer A>0, objects F,, € 7.7 N
7 =4 and natural transformations ¢, : Y (Fy) —> H which restrict to epimorphisms
on (G),. Replacing the functor H by H(X4—) we may assume A=0.Let B>0
be the integer whose existence is given by Lemma 3.12. Next we need to make our
construction.

We will proceed inductively, using Lemma 9.14, to construct in 7.~ N 7=0 a se-

quence

& &
E, E;
Fi

as well as natural transformations ¢; : y(i‘i) — H, satisfying the following

3
E;
2 F3

F

(i) The restriction of ¢; to the subcategory (G);13)p is surjective.
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(i) For each i > 0 the square

Y(@iv1) -
Y(Eir1) —————— Y(Fiy1)

l Pit1
i

Y(F) H

Yit+1) J/

commutes.
(iii) The morphisms HE(y;) and HE(a;) are isomorphisms whenever ¢ > —i.

To start the induction we declare F; | = F4p and @1 = @4p. Choose a triangle E| i
F | —> D; with D; € T=73; we immediately have that Ht (r1) is an isomorphism
for £ > —1. In particular for £ > 1 we have ]fE(El) = J{’Z(F4B) =0; hence E; €
7N =0

Suppose our induction has proceeded as far as n. In particular: we have produced
in7,~ N 704 morphism «,, : E,, —> fn, with E,, € 7€, as well as a natural trans-
formation @, : y(ﬁn) —> H which is surjective when restricted to (G),3)p- And
we have done it in such a way that HE () is an isomorphism for £ > —n. We wish
togoonton+ 1.

Now the first paragraph of the proof gives us an object F,44p € 7.” N T =0/
as well as a natural transformation ¢(,+4)p : Y (F+4)) —> H whose restriction
t0 (G)(n44)p 18 surjective. Lemma 9.14, with m = n + 3, allows us to construct in
7.7 N 7= the diagram

c

En+1
En - En+l F(n+4)B
\ \Ol,:rl /3/
on VYn+1
Fy Fn+1

as well as the natural transformation @41 : y(an) — H satisfying lots of prop-
erties: Lemma 9.14(i) tells us that E,;; belongs to 7¢. Lemma 9.14(ii) gives
that #*(ct,41) and H(y,,1) are isomorphisms if £ > —n — 3 +2 = —n — 1.
Lemma 9.14(iii) says that ¢, is an epimorphism when restricted to (G),14)p.
and Lemma 9.14(iv) says that the square in (ii) above commutes. This finishes the
induction.

It remains to see how to deduce the Lemma. We have produced a sequence E 2

& & .
E3—3>E3—4>--- and, foreachi > 0

(iv) We define y; : Y(E;) —> H to be the composite

Ylai) 7

YE) ——— YF) ———— H
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With these definitions we will prove

(v) The following triangles commute

y y(Ei+l)
Y(E;) L Vit
Vi H

This permits us to make the next definitions

(vi) We put F' = Hocolim E;, and let ¥ : Y(F) — H be

Y(F) ———— colimY(E;) —— H

that is the colimit of the maps ;.
And with the definitions made, we will prove

(vii) The object F belongs to 7.~
(viii) The map ¥ : Y(F)|yc —> H is an epimorphism.

Together, (vii) and (viii) contain the assertion of the Lemma. All that remains is to
prove (v), (vii) and (viii).
To prove (v) the reader should consider the diagram

Y(aiyr) -
Mers) Y(Eip) ———— Y(Fit)
i+
Y(Ei) Y(ign) it
W) ~ b
Y(F) H

We wish to prove the commutativity of the perimeter. The square commutes by (ii),
and the triangle by applying the functor Y to the commutative triangle

Ei+1

E; Eiy

F;

Also: we may apply #¢ to the commutative triangle. From (iii) we know that
H*(e;) is an isomorphism for £ > —i and also that #(y;,) is an isomorphism
for £ > —i — 1. Since #(o;) = J{[(}/i+1)e7{e(8[+1) we learn that ﬂ£(8i+1) is an
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isomorphism when ¢ > —i. Therefore E, is a strong 7 “—approximating system as
in Definition 9.3, and Lemma 9.5 informs us that F = Hocolim E; belongs to
T.”—that is we have proved (vii). It remains only to prove (viii).

Suppose therefore that C is an object 7. There exists an n > 0 with C €
(G)(n+3)B>and Lemma 3.8 says that we may also choose n so that Hom(C, 7=
0. Because @, : y(ﬁ,,) —> H is surjective on (G),43)p we have that the map
@n : Hom(C, F,) — H(C) is surjective. In the triangle E, %) F, — D, we
have that {(’e(an) is an isomorphism for £ > —n, therefore HY(D,) =0 for £ > —n,
therefore D, € T="""!. In the exact sequence

Hom(C,a,) o _
Hom(C, E,) Hom(C, F,) — Hom(C, D,,)

we have Hom(C, 5,,) = 0 since 5n € 7=""1 The map v, : Hom(C, E,)) —
H(C) of (iv) is the composite of the two epimorphisms

Hom(C,uy,) ~ Pn
Hom(C, E,) Hom(C, F,,)) ——— H(C)

But it factors through ¥ : Hom(C, F) — H(C), which must therefore be epi. [

Reminder 9.16 Let 7 be a triangulated category with coproducts. A morphism
f 1D — E is called phantom if, for every compact object C € 7, the induced
map Hom(C, f) : Hom(C, D) — Hom(C, E) vanishes. The phantom maps form

an ideal: if f, f': D —> E are phantom then so is f + f’, and if D' —> D —L»

E -5 E are composable morphisms with f phantom, then gfe: D' — E’ is also
phantom.

Corollary 9.17 Let the conventions be as in Notation 9.13. Let F' € T be an object
such that the functor H = Y(F") is a locally finite T “—cohomological functor. There

exists an object F' € T~ and a triangle F —f> F' %5 D with g phantom.

Proof Lemma 9.15 gives us an object F € 7.~ and an epimorphism ¢ : Y(F) —
H = Y(F’). Since F belongs to 7.~ Lemma 9.5(ii) produces for F a (strong)
T ¢—approximating system. Lemma 7.8 allows us to realize the natural transforma-
tion ¢ as Y(f) : Y(F) —> Y(F’) for some (non-unique) f : F —> F’. Complete f

to a triangle F i) F' -4 D.For every object C € 7 we have an exact sequence

Hom(C, f) Hom(C,g)
Hom(C, F) Hom(C, F') Hom(C, D)

and if C is compact the map Hom(C, f) = Y(f)(C) is surjective. It follows that
Hom(C, g) is the zero map. O

Now that it’s time to state the main theorem we include all the hypotheses explic-
itly.
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Theorem 9.18 Let R be a noetherian, commutative ring. Let T be an R-linear tri-
angulated category with coproducts, and suppose it has a compact generator G such
that Hom(—, G) is a G-locally finite cohomological functor. Assume further that T
is approximable.

Let T~ C T be the category of Definition 1.20, where the t—structure with re-
spect to which we define it is in the preferred equivalence class. Then the functor
Y:7- —> Hom ((TC)OP, R—Mod), taking F € T to Y(F) =Hom(—, F)|7¢, sat-
isfies

(1) The objects in the essential image of Y are the locally finite T°—cohomological
functors.
(i) The functor Y is full.

Proof The fact that, for any object F € 7, the functor % (F) is a locally finite
T ¢—cohomological functor was proved in Lemma 9.2. In Lemma 9.5(ii) we saw that
any F' € 7.~ admits a 7 “—approximating system, and Lemma 7.8 guarantees that
any natural transformation ¢ : Y(F) —> Y(F’) can be expressed as ¢ = Y (f) for
some f : F —> F’; that is the functor is full. It remains to show that any locally
finite 7 °~cohomological functor H : (7¢)°P — R-Mod is in the essential image;
we must show it isomorphic to % (F) for some F' € 7,~.

Proposition 9.10 produced a candidate F; we have an F € (), and an isomor-
phism H = Y (F). We wish to show that F belongs to 7.~. We proceed by induction
to prove

(iii) Let { be the ideal of phantom maps. For each integer n > 0 there exists a triangle
Fp—> F 2 D, with F, € 7 and B, € 1"

We prove (iii) by induction on n. The case n = 1 is given by Corollary 9.17. Now for

the inductive step: assume that, for some n > 1, we are given a triangle F,, — F ﬁ)

D, with F,, € 7.~ and B, € 4". We know that both Y (F,) and Y(F') are locally finite
T ¢—cohomological functors, and the exact sequence

0 ——= Y(E'Dp) —— Y(Fn) Y(F) 0

says that so is Y(X~!'D,). Corollary 9.17 permits us to construct a triangle F’ —>

D, AN Dy with F' € 7,7 and y € 4. Let 8,41 : F —> Dy be the composite
F b D, > Dy1. Since B, € 4" and y € 4 we deduce that B, € 4" If we
complete 8,41 to a triangle F,, 1 — F M Dy, 41, the octahedral axiom allows us
to find a triangle F,, — F, 1 —> F’. Since F, and F’ both lie in 7, so does Fj, 1.
This completes the proof of (iii).

Now consider the triangle Fy —> F —> Dj. The morphism F — Dy is in IAR
but F belongs to (G),. One easily shows that (@1, l) is a projective class as in
Christensen [9, Definition 2.2], and [9, Theorem 1.1] tells us that so is (@4, 14).
The map F —> Dy is a morphism in 4* out of an object in (4), and must vanish,
making F a direct summand of Fy € 7.~ . Proposition 3.10 tells us that 7.~ is thick,
and therefore F € 7. O
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Lemma 9.19 Let the assumptions be as in Theorem 9.18. Suppose f : F —> F' isa
morphism in T,~ and assume F' belongs to 7 "b . Then Y (f) =0 implies f =0.

Proof Because F’ belongs to 7.7 there must be an integer £ w1th F’ € T=¢; without
loss of generality we may assume £ =0. Now F belongs to 7., hence there must

exist a triangle £ o F S Dwith E € 7¢and D € 7="'. Choose such a triangle.
The vanishing of Y(f) means that Hom(E, f) : Hom(E, F) — Hom(E, F')
must take g € Hom(E, F) to zero; that means fg = 0. But the triangle tells us that

f:F— F must factor as F —> D —> F'. As D € 7=~ and F' € 7= we have
Hom(D, F') =0, hence f =0. U

Theorem 9.20 Let the assumptions be as in Theorem 9.18. The restriction of the func-
tor Y to the subcategory ch is fully faithful, and the essential image is the class of
finite T “~cohomological functors.

Proof The functor is full on all of 7., and Lemma 9.19 guarantees that on the sub-
category ch it is faithful. It remains to identify the essential image. Let F' be an
object in 7,~, we need to show that Y (F) is finite if and only if F € 7;0.

Suppose F € 7. ¢ 7% and C € 7¢ C T~. We can choose an integer £ > 0 so
that Hom(X!C, F) = 0 for all i > ¢, which implies that Hom(—, F)|g< is C—finite.
Since this is true for every C € 7 we have that Y (F) is finite.

Conversely: suppose Y (F) is finite and choose a compact generator G. Because
Y(F) = Hom(—, F)|yc is G—finite there is an integer £ so that Hom(X'G, F) =0

for all i > £. But then Hom(T, F) =0 for all 7 € {G)\ 7 = 757" and F must
belong to 7.~ N TG> e 7r. O
10 Implications of the hypothesis T = (G') y, with G’ e T.> c 7°

We have proved Theorem 1.4(i), and the time has now come to turn our attention to
Theorem 1.4(ii). And, as the reader can easily check, in Theorem 1.4(ii) we added
the hypothesis that there exist an object G’ € "b with T = (G’) 5. This section will
focus on finding out what this extra hypothesis buys us.

But before all else we prove the > easy part of Theorem 1.4(ii), showing that the
images of the functors y and y o7 are contained where the theorem asserts they
should be. For this the extra hypothesis, regarding the existence of an object G’ €
with 77 = @N, is unnecessary.

Lemma 10.1 Let R be a commutative, noetherian ring. Suppose T is an R-linear
triangulated category. Suppose T has a single compact generator G, such that
Hom(G, X!G) is a finite R—-module for every i € Z., and vanishes when i > 0.

Then Hom(A, X/ B) is a finite R-module whenever A € 7.~ and B € T.0. For
fixed A and B it vanishes when i < 0.

If A belongs to T¢ C 7., then Hom(A, %! B) also vanishes for i > 0.

@ Springer



Two Brown representability theorems 597

Proof Fix A and B. Since A € 7~ and B € 7 there will be some integer m > 0
such that Hom(A, £ B) =0 for i < —m.

We need to prove the finiteness for fixed i, and without loss we may assume i = 0.
Shifting if necessary we may assume B € 7=°. But A € 7.~ means that there must
exist a triangle E — A —> Dwith E€ Tand D € T=~ 2 . In the exact sequence

Hom(D, B) Hom(=~!'D, B)

Hom(A, B)

Hom(E, B)

we have Hom(D, B) = 0 = Hom(X ™' D, B), hence Hom(A, B) = Hom(E, B). The
finiteness of Hom(E, B) is contained in Lemma 9.2.

Now assume A € 7. The vanishing of Hom(A, Y B) for i > 0 follows from
Lemma 3.8. O

And now we turn our attention to understanding categories of the form (G')y,
with G’ first assumed to belong to 7%, and as we progress we will make the more
restrictive hypothesis that G’ belongs to 7 ""b cTb.

On a matter of notation: we will focus mostly on the object G’ € C T, but on
occasion we w111 recall that the entire theory assumes the existence of a compact gen-
erator G € 7. Because the symbols G and G’ are easy to confuse, in the remainder
of this section the compact generator will be H € 7¢ and the object in 7 "‘b C 7 will
be called G.

.~h

Lemma 10.2 Let T be a triangulated category with coproducts, and let (r'< 730)
be a t—structure on T . Let G € T be an object, and let N > 0 be an integer.

Then there exists an integer M > 0 so that any map A —> C, with A € T=0
with C € (G)[ ™, 00) , must factor through some object B € (G)I m.M]

>0

and

If we further assume that T =" is closed under coproducts, then the integer M > 0

may be chosen so that any map A —> C, with A € T=9 and C € @[me )

T —m.M]

, will

factor through some object B € (G) y
In both statements we allow m > 0 to be (possibly) infinite.

Proof Because G € 7” we may choose an integer K > 0 so that G € 7=~ K N7 =K,

Fix such a K; for any integer n > 0 we clearly have (G)[ %) - 729, and if 720 is
K

closed under coproducts then we also have (G),[l % g0,

Next we proceed to prove the assertion of the lemma beginning with “if we further

assume”. We leave to the reader the case with C € (G)E\fm’oo). We are given that
Ce @E\,_m’oo), and by [20, Corollary 1.12] we have

[—m,00)

@N = smd[CoprodN (G[—m, oo))]

Therefore we may choose an object C’ with C @ C” € Coprod y (G [—m, oo)), and any

map f : A —> C obviously factors as the composite A i) c-Scac 5o,
meaning f factors through C @ C’. It therefore suffices to show that, with K > 0 as
in the paragraph above, we have
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(i) Any map f: A —> C, with A € 7=% and C € Coprody (G[—m, c0)), must
factor through some object B € Coprody (G[—m, (2K + 1)N1]).

Now we proceed by induction on N. If N =1 we are given a map A — C, with
A€ 7=%and C € Coprod, (G[—m, 00)). But

Coprod, (G[—m, oo)) = Coprod, (G[—m, K]) @Coprodl(G[K +1, oo))

As Coprod, (G[K +1, oo)) is contained in 72! and A € 7=9, the map A — C
must factor through B € Coprod, (G[—m, K ]). We have proved an improvement on
(i) in the case N = 1.

Next assume we know (i) for all integers < N, and keep in mind that, for N =1,
we proved an improvement on (i) in the last paragraph. Now let 4 = 7= and put

X = Coprody (G[-m,00)) A= Coprody (G[—m, (2K + 1)(N + 1)])
Z = Coprod, (G[—m, oo)) C = Coprod, (G[—m, K])

By the induction any pair of maps s — x and s — z, withs € §,x e X and z € Z,

factor (respectively) as s — a — x and s —> ¢ —> z, witha € A and ¢ € C.
Now let d be an object of (Z7'€) x 8. As =7'e c 7=K*! and 8 = 7=0 we

deduce that d € 7=2K+1 = £ =2K-1% and induction tells us that any map d —>

x, with x € X, must factor as d —> a —> x with a € »A. The hypotheses of [20,

Lemma 1.6] are satisfied, hence any morphism

s —> X x Z = Coprody | (G[—m, oo)) factors through

A% € C Coprody 1 (G[—m, 2K + (N + D]). O

Lemma 10.3 Let T be a triangulated category with coproducts, as well as a t—
structure (750, TZO). Let G € T be an object, and let N > 0 be an integer. Then
there exists an integer M > 0 so that

(i) Anymap C —> A,with A€ T=%and C e (G)Ev_oo’m], must factor through some
object B € (G)\ MM,

(i) Suppose T=0
720 and C € Gy

is closed under coproducts. Then any map C — A, with A €

. M,
oo'm], must factor through some object B € (G)EV m].

In both statements the integer m > 0 is possibly infinite.
Proof Because G € 7” we may choose an integer K > 0 so that G € 7=~K n =K,
Fix such a K. The fact that 7=0 = -7 tells us that 7= is (automatically)

closed under coproducts, and hence for any integer n > 0 we have (G)ﬁ,_oo’_K] C

Gy cg=o,
The rest of the proof is just the dual of the proof of Lemma 10.2; we sketch the
proof of assertion (ii) and leave (i) to the reader. Any map C —> A, with A € 720

and C in

Coprod,; (G(—oco,m]) = Coprod (G(—oco, —K —1]) @Coprodl (GI—K,m))
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must factor through some B € Coprod, (G[—K , m]). Now proceeding dually to the
proof of Lemma 10.2 one shows, inductively on N, that

(iii) Any map f:C — A, with A € 720 and C € Coprod (G(—oo,m]), must
factor through some object B € Coprody (G[—(2K + 1)N, m]).

More precisely: let § = 7=° and

X = Coprody (G(—oco,m]) A =Coprody (G[—QK + 1)(N + 1), m])
Z = Coprod; (G[—o0, m]) € = Coprod, (G[—K, m])
The hypothesis that 7= is closed under coproducts gives that T€ c 7=72K-1 =
»2K+15 and hence 8 % £C C 8% £2K+18 ¢ £2K+1 8 Now induction coupled W1th
[20, Lemma 1.6] guarantee that any map y —> s, with y € Z+ X and s € § = 720,
must factor through B € € x A C Coprody 1 (G[—(2K + 1)(N + 1), m]). O

Lemma 10.4 Let T be a triangulated category with coproducts, as well as a t—
structure (TSO, 730) with T =0 is closed under coproducts. Let G € T be an object,

let N > 0 be an integer, and assume T = (G) .
Then there exists an integer M > 0 such that, for any integers a < b,

[—M,00)

— — —oo,M —M,b+M

TGy T, 72NT=b c(G)y
Proof For the given integer N and object G, pick an integer M so that Lemmas 10.2
and 10.3 both hold.

Let a be an integer, and suppose A is an object in §~ 24 The identity map A — A

is a morphism from A € (G)y to A € 729, and Lemma 10.3 (with m = 0o) guaran-

——[a—M,00)

tees that the map factors through an object B € (G)y . As A is a direct sum-

mand of B it must also lie in (G)N —M.00)

the Lemma.
Now assume A € 7

. The case a = 0 gives the first assertion of

(~>a N9 G <b

with a possibly equal to —oo. By the first half of

the Lemma, already proved, A must lie in @%_M’w). The identity map A — A
is a morphism from A € 7= to A € @537%00), and Lemma 10.2 guarantees that

it factors through some B € (G>[“ M,b+M]
B, must also belong to (G)E\a, M, b+M].

. Therefore A, being a direct summand of
O

Lemma 10.5 Let T be a triangulated category with coproducts and a single compact
generator H. Assume Hom(H, £"H) =0 for n > 0.

Let (“' =0 “'>0) be a t—structure on T , in the preferred equivalence class. Given
an integer K > 0 and a collection of objects {X; € T=K N T7="K |i € 7}, then the
map

o0 o0
]_[ Y X; ]_[ Y X;

i=—00 i=—00

is an isomorphism.
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Proof Because the r—structure is in the preferred equivalence class and H is compact,
Observation 1.16 tells us that there is some integer A > 0 with H € 7=4~!, and
therefore Hom(H, —) vanishes on 724 = [’J"SA 17+, And Lemma 3.8 allows us to
assume, possibly after increasing A, that Hom (H T <’A) 0. Therefore the functor
Hom(H, —) vanishes on the union 7="4 U 724, As X; is assumed to belong to
7=K'n7="X we have that Hom (H, £"X;) = 0 whenever |n| > A + K.

Any morphism Z"H — [[72_ T ' X; will factor through a finite subcoproduct
by the compactness of H, and any map SH — [ %! X; will factor through
a finite subproduct by the vanishing of Hom (H i ,) for all but finitely many i.
Therefore the functor Hom(X" H, —) takes the map ¢ to an isomorphism, for every
n € Z, and as H is a generator the map ¢ must be an isomorphism. g

Proposition 10.6 Let T be a triangulated category with coproducts, and assume it
has a compact generator H with Hom(H, SiH) =0 for i > 0. Suppose G is an
object in T°, where we mean the T that comes from the preferred equivalence class
of t-structures. Assume that there exists an integer N > 0 with (G)y =T .

Suppose F € T is an object such that Hom(F, 2iG)=0fori> 0. Then F is
compact.

Proof In the preferred equivalence class choose a r—structure (’J’fo, ’]’30) so that
720 is closed under coproducts. We are given that G € 7, hence we may choose an
integer K > 0 with G € 7=7K N 7=K_ Because F ¢ 7.~ , for any integer i > 0 we
may form a triangle E; —> F —> D; —> with E € 7¢ and D; € 7="~K=2, For
any X € 7 we have the exact sequence

Hom(e;, X)
Hom(D;, X) = Hom(F,X) ——— Hom(E;, X) = Hom(Z~!D;, X)

and if X € 727/=K then Hom(D;, X) = 0 = Hom(= ! D;, X). Thus Hom(«;, X) is
an isomorphism for all X € 7=71=K,

Now choose an integer A > 0 so that Hom(F, ¥!G) =0 forall i > A. Pick an in-
teger i > A; the vanishing of Hom(F, i G) implies the vanishing of Hom(E;, i G),
and the compactness of E; implies the vanishing of Hom (E,-, i Coprodl(G)). But
7 =71~ is closed under coproducts and contains X’G, hence X’Coprod, (G) is con-
tained in 7=~/~K and the vanishing of Hom (Ei, %! Coprod, (G)) implies the van-
ishing of Hom (F, E’Coprodl (G)).

Thus Hom(F, —) vanishes on X!Coprod,(G) for any i > A. Now every object
X € Coprod, (G(—oo, —A]) can be written as | [, X/ X; with X; € Coprod,(G) C
72"k ng =K By Lemma 10.5 there is an isomorphism [ [(2 , =/ X; =[], 2/ X;,
and hence Hom(F, —) vanishes on the category Coprod, (G(—oo, —A]).

It immediately follows that Hom(F, —) also vanishes on the category @(_OO’_A]

But now Lemma 10.4 establishes the existence of some integer m > 0 with 7="" C
—A
Gy , and hence Hom(F, —) vanishes on 7=~ On the other hand F belongs

(G)y
to 7. hence we may choose a triangle E — F — D — with E € 7¢ and

C )
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D € 7="™ and as the map F —> D must vanish we have that F is a direct summand
of E€T°. 0

Until now, the object G with 7 = (G) y was only assumed to lie in 7. From now
on we strengthen the hypotheses on G, and assume it belongs to ’J'Cb cTP.

Lemma 10.7 Let T be a triangulated category with coproducts and a single com-
pact generator H. Assume Hom(H, X" H) =0 for n > 0. Suppose G is an object
in TCb , Where we mean the ’J“cb that comes from the preferred equivalence class of
t—structures.

For any integer N > 0,any map F — Y, with F € T~ and Y € @Eﬁ’b],factors
through an object in (G)Es’b]. We allow either or both of b, N to be infinite.

For the sake of clarity: allowing N to be infinite means that any map F — Y,

with F € T and Y € @[a’b],factors through an object in (G)le-b1,

Proof Choose a t—structure in the preferred equivalence class, and pick it so that
720 is closed under coproducts. By hypothesis G is contained in 7, hence we may
choose and fix an integer K > 0 with G € 7="X . Then, for any (finite or infinite)
integer N > 0, we have

——a.b —sae
e e <R (¢} A

Next we observe

(i) For any object F' € 7.~ we may choose triangle > 'D—E—F—D
with E € 7€ and D € 7="K-2 and hence

Hom(X7'D, 72 X) = 0 = Hom(D,727K).

Thus, for any object Y € @E{;’”, the natural map Hom(F, Y) — Hom(E, )
is an isomorphism.

Now we prove the case N < oo of the lemma by induction on N. Suppose

first that N = 1; then any object ¥ € @Ea’b] is a direct summand of an object in
TAvla.b]

Coprod, (Gla, b]), hence we may assume Y belongs to Coprod, (G[a, b]) C (G);
Because F € 7.~ we may choose a triangle ¥~!'D — E — F — D asin (i). But
E is compact and Y is a coproduct, hence any map E — Y factors through a finite
subcoproduct. Therefore so does any map F — Y, completing the proof in the case
N=1.

Now assume we know the Lemma for all integers i with 0 <i < N. Put

/S:T_’ A: (G)[]a,b]7 @: <G>[Na,b]7 x:@{l,bj

c

. z=TG1y"

By the hypotheses of the lemma 4 = 7~ is triagulated and contains €. The inductive
hypothesis, coupled with [20, Lemma 1.6 and Remark 1.7], give that any map s —
y, with s € 8§ and y € X * Z, must factor through an object b € 4 * C. The case of
the lemma where N < oo follows immediately.
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To prove the statement with N = oo, let R C @[a'b] be the full subcategory of

all objects ¥ € (G)”" such that any map F —> Y, with F € 7.~ factors through

an object in (G)[*?!. We need to prove that R = @[”’b]_
Tyla.b]

By the case where N < oo we already know that (G); " C &R, and it is obvious
that any direct summand of an object in R belongs to R. It remains to prove that R
is closed under coproducts and extensions.

Therefore let Y = [ [, ., Ya be a coproduct of objects in R, and let F —> Y be a
morphism with F € 7. By (i) we may choose a morphism £ — F, with E € 7°¢,

and such that Hom(F, Z) —> Hom(E, Z) is an isomorphism for any Z € (G)"""".

In particular it is an isomorphism for Z =Y = [, _, Ys. But E is compact and hence
the morphism E — | [, ., Y factors through a finite subcoproduct. And for each A
in the resulting finite set, the fact that Y, € R allows us to factor E — Y further
through an object X, € (G)[“?). We deduce

“~vla.b]

(i) The subcategory R C (G) is closed under coproducts.

Next put

$=7", A=) e=G) xX=R z=%R.

C

By the hypotheses of the lemma 8 = 7 is triagulated and contains C. By the defi-
nition of R, any map s —> x with s € 4 and x € X factors through an object a € A,
and any map s —> z with s € § and z € Z factors through an objectc € C. We arein a
position to apply [20, Lemma 1.6 and Remark 1.7], which gives that any map s — y,

with s € § and y € X * Z, must factor through an object b € A % € = (G)**]. Thus
(>iii) The inclusion R * K C R holds.

This completes the proof of the Lemma. d

Proposition 10.8 Suppose T is a triangulated category, and assume it has a compact
generator H with Hom(H, £ H) =0 fori > 0. Let (J"Cb be the one corresponding to
a preferred t—structure.

bSuppose there is an object G € 'TCb and an integer N > 0 with T = (G) 5. Then
T2 =(G)p.

Proof Let (T =0 Z0) be a r—structure in the preferred equivalence class, and choose
it so that 729 is closed under coproducts.

Take any object A € 7,2. Because A lies in 77 is must belong to 724 N 7 =°
for some integers a < b, and Lemma 10.4 guarantees that it must belong to

_%_M’HM] for some M > 0. But then the identity A —> A is a morphism from

(G)
the object A € 7,> C 7.~ to the object A € @%_M’MM], and Lemma 10.7 gives
that it must factor through an object B € (G}E\‘}_M’b+M] C(G)y- As (G)y is closed

under direct summands it must contain A. 0
Lemma 10.9 Suppose T is a triangulated category with coporoducts, and assume

that T has a compact generator H with Hom(H, % H) = 0 for i > 0. Suppose
further that there is an object G € 'J"Cb and an integer N > 0 with T = (G) y -
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Assume (750, 730) is a t—structure in the preferred equivalence class. Then there
exists an integer M > 0 such that, for any object Y € 7.~ and any integeri € 7, the t—
structure truncation morphism Y —s Y="! may be factored as Y — Y="172M

C — Y= with C € (G)}[ ™",

Proof Replacing the 7—structure by an equivalent one if necessary, we may assume

720 is closed under coproducts. Choose an integer M > 0 as in Lemma 10.4; in
. o =l—i—M,0

particular 7= C (G)y

7.b belongs to 7=M.

We are given the map ¥ —> Y=/ with ¥ € 7.~ and Y="" in 7=/, and by the
choice of M we have that 7=~ is contained in @;I_M’w). Now Lemma 10.7
permits us to factor ¥ —> Y=~ through an object C € (G)E;“M’oo). This far we
have composites ¥ —> C —> Y=,

But G is an object of 7>~M  hence (G)E;HM’OO) must be contained in 7=~ 72M
The map ¥ — C must therefore factor canonically through the t—structure trunca-
tion, and we have our factorization Y —> Y=—i—2M __, ¢, y=—i, O

). Assume further that M is large enough so that G €

Corollary 10.10 Suppose T is a triangulated category with coporoducts, and assume
there is an object G € ‘ch and an integer N with T = (G) y. Assume further that
T has a compact generator H with Hom(H, X' H) = 0 for i > 0. For any object
Y € 7.~ we may choose an inverse sequence --- —> E3 —> E) —> E1 —> Eg s0
that the subsequence - -+ —> E7 —> Es —> E3 —> E| lies in 'J"Cb while the subse-
quence - -+ —> E3 —> E¢ —> E» —> Ey is a subsequence of - -+ —> yz=—3

y="2 —y="l —y=0

Proof The construction of the sequence E; is just by iterating Lemma 10.9. O
In view of Corollary 10.10, the next lemma becomes interesting.

Lemma 10.11 Suppose Y € T~ is an object, mapping to an inverse system --- —>

Es— FE) — E1— Epin ‘ch. Assume this inverse system is pro-isomorphic to
-oo —> F3 — Fp) —> F| —> Fy, and what we know about F is that for any n > 0

there exists an m > 0 so that the map Y=™" — FF—" is an isomorphism for all
i>m.

When we view Hom(Y, —) as a functor on TCb , it is equal to the colimit of
Hom(E;, —).

Proof Any object Z € ch belongs to =" for some n > 0, and the sequence
Hom(F;, Z) becomes stable and isomorphic to Hom(Y, Z) for i > 0. Hence
Hom(Y, —) is the colimit of the sequence Hom(F;, —). Therefore it must also be
the colimit of the ind-isomorphic sequence Hom(E;, —). g

11 Combining the hypothesis 7 = (G) y with approximability

The careful reader might have noticed that, in Sect. 10, we didn’t assume much about
the triangulated category 7. Let us perhaps rephrase this more accurately: we made
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the strong assumption that there exists an object G € Tc” with (G)y = 7. But, be-
yond that, the only assumption was that there exist a compact generator H C 7 sat-
isfying Hom(H, X' H) =0 for i > 0

This is about to change, in this section we combine this with the approximability
hypotheses.

Notation 11.1 It is time to begin recalling the setup in Theorem 1.4. In the next lem-
mas R will be a commutative ring and 7 will be an R-linear, weakly approximable
triangulated category. Let 7.? and 7.~ be understood with respect to the preferred
equivalence class of t—structures We w111 be considering two functors

7 Homp ([7<]%, R-Mod)
Y
TP " . Homg (ﬂ‘j’, R—Mod)

The object A € T goes under the functors, respectively, to
Y(A) =Hom(—, A), Y(A) =Hom(A, —).

For Y(A) the variable (—) takes its values in ¢, while in the case of g(A) the
variable (—) lies in 7;.
We will mostly be concerned with the restrictions of Y and y to the subcategory

.
T

Proposition 11 .2 Let the conventions be as i Notation 11.1, and assume there is an
object G € T.P and an integer N with T = (G) y.
Then restrlctlon to T~ of the map y is full. More generally: any morphism ¢ :

r%(b) — y(a) with b e T and a €T ,is equal to r%(f)for some f:a—>b.

Proof By Corollary 10.10 we may construct for » an inverse sequence --- —>
C3 — C» — C; —> Cp pro-isomorphic to the sequence --- —> pz"3 —
b==2 — b=~ — b=0 and do it in such a way that C; all belong to T.”.
Lemma 10.11 tells us, moreover, that rg(b) is the colimit of g(C,-).

But 'g(Ci) is representable, hence the composite g(Ci) — rg(b) N rg(a) is a
morphism from a representable functor. Yoneda tells us that it must be g of a unique
map f; :a —> C;. These maps are compatible, and hence all factor through a mor-
phism f:a — z withz= Holim C;. Because the sequence C; is pro-isomorphic
to the sequence b=~ we have that z = Holim b=/, and Proposition 4.2 gives an
isomorphism b = z. We have produced a morphism f : a — b, and it’s now obvious

that Y () = ¢. O

Lemma 11.3 Let the conventions be as in Notation 11.1, and assume there is an object
Ge7 ”’b and an integer N with T = (G)N.
leen two morphisms f, g : X —> Y in the category 7., we have Y(f) = % (g)

if and only if Y(f) = Y(2).
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Proof Choose and fix a t—structure (Tfo, TEO) in the preferred equivalence class.
Suppose Y(f) =Y(g),let S € 'fcb be an object, and let 4 : ¥ —> S be an element
of Y(Y)(S) =Hom(Y, S). Because S € 70 we may choose an integer m > 0 with
S € 7=+l Now the object X belongs to 7., hence there is a triangle E =
X — Dwith E€T¢and D € T="". Because Y(f) = Y(g) the two composites

!
o
E——m X —=Y
8

must be equal. Hence so are the longer composites

o f h
F— > X—"7T—"=Y ——> §
8

Therefore the map A(f — g) : X —> S must factoras X — D — S, butas D €
7="" and S € T=""*! the map D — S must vanish. Therefore i f = hg. Since
this is true for every i we have g(f) = g(g).

Next suppose Y(f) = Y(g), let E € T¢ be an object, and let @ : E —> X be
an element in Y¥(X)(E) = Hom(E, X). By Lemma 3.8 we may choose an integer
m > 0 with Hom (E, 7="") = 0. By Lemma 10.9 the map ¥ —> Y=""""! factors

h . .
as ¥ —> § — Y=+ with S € 7,”. Now the two composites

! 0
X ——=>y —— 5§
8

are equal because g( H= g(g), hence the longer composites

o f h
E— s X —=Y S yz—m+l
8

must also be equal. In other words: the map ¥ — Y=~"*1 annihilates the map
(f —ga: E—Y,and hence (f — g)a must factor as E — Y="" — Y. But
Hom (E, 7="™) =0, and we deduce that fo = ga. As this is true for every o we

have Y (f) =Y (g). O

Because the symbols G and G’ are similar and easily confused with each other, in
Sect. 10 we tried to avoid using both in any one statement. But in the next lemma we
cannot escape the conundrum; the letter H it taken, it means a homological functor.

Lemma 11.4 Let R be a noetherian ring. Let the conventions be as in Notation 11.1,

except that weak approximability is no longer enough—for this Lemma we assume
T approximable. Suppose also that there is an object G € ’J'L.b and an integer N
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with T = (G)y. Assume further that there is a compact generator G' € T with
Hom(G', ! G') a finite R—module for every i € 7.

Suppose we are given an R-linear cohomological functor H : 7 b — R-Mod, as
well as an ob]ect Y € 7" such that H is a direct smmand of %(Y ). Then there exists
an object Y' € T, and an isomorphism H = y(Y ).

Proof We are given that H is a direct summand of %(Y ), and the composite
r(l,((Y) — H — y(Y) is an idempotent endomorphism ¢ : y(Y) — y(Y) By
Proposition 11.2 there is a morphism f : ¥ —> Y in the category 7.~ with y( =
Because y(f) is idempotent we have that y(f) y(f2) and Lemma 11.3 1nforms
us that Y(f) = Y(f?). Therefore Y(f) is idempotent, and corresponds to the pro-
jection to a direct summand of Y(Y). The finiteness hypotheses on Hom(G’, £/ G’)
guarantee that Y(Y) is a locally finite cohomological functor, hence so is any di-
rect summand, and by Theorem 9.20 there exists an object Y’ € 7.~ and morphisms
Y 5 v Loy with y(f) = Y(Ber) and Y(@p) = idy = Y(idy).

Lemma 11.3 informs us that y(f) y(ﬂa) and Y(apf) = y(idyf). Thus g(f)
factors as

e)) - qB)

Yyy) ———— YJ) ———— Y

while
- () - o) ~
¥ %) ¥
composes to the identity. The current lemma follows. g

12 The proof of Theorem 1.4 (ii)

The proof of the main theorems will be by applying to the current situation the lem-
mas of Sect. 8. More precisely

Notation 12.1 With the conventions of Notation 11.1, assume given an object G €
T, 7. and an integer N > 0 such that 7~ = (G) . Assume also that we have fixed a
t—structure (729,729 in the preferred equivalence class, w1th 720 closed under
coproducts. Let 4 be the heart of the r—structure, and # : T —> A the standard
homological functor.

The lemmas of Sect. 8 will be applied to the category 7 °P. The subcategory 4 of
Notation 8.1 will be § = [“b]()p

The next definition and lemma are similar to what works in Sect. 9. The reader
might wish to compare the definition below, and the lemma that follows, with Defi-
nition 9.3 and Lemma 9.5.
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Definition 12.2 A powerful (G),—approximating sequence is an inverse system
.—> FE3— Ey —> E{ —> Epin T, so that

(i) Each E,, be}ongs to (G),.
(i) The map F#*'(E;,+1) —> H'(E,,) is an isomorphism whenever i > —m.

Suppose we are also given an object F' € T, together with

(iii) A map from F to the approximating system E,.
(iv) The map in (iii) is such that #'(F) — F#'(E,,) is an isomorphism whenever
I>—m.

Then we declare E, to be a powerful (G),—approximating system for F.

Lemma 12.3 With the conventions of Definition 12.2 we have

(i) Given an object F € T and a powerful (G),—approximating system E, for F,
then the (non-canonical) map F —> Holim E; is an isomorphism.

(i1) Any (G),—powerful approximating system --- — E3 — Ey — E| — Ej
has a subsequence which is a powerful (G),—approximating system of the ho-
motopy limit F = Holim E;. Moreover F belongs to T,

Proof Assertion (i) is contained in Proposition 4.2, and the “moreover” part of (ii) is
contained in Lemma 4.3.

Let L > 0 be the integer of Lemma 4.1. Then Lemma 4.1 says that, for any
(G),—powerful approximating system - -- — E3 — E» — E1 —> Ej and with
F = Holim E,, the maps #/(F) — H#'(E, 1) are isomorphisms whenever
i > —m. In other words the subsequence --- — E3y; — Exyp — Ej4p —
E7 is a powerful approximating sequence for F. This proves the first half of (ii). U

Remark 12.4 Let us now explain how to specialize Lemma 8.5 to the frame-
work of this section. Suppose we are given an object Be7  and a powerful
(G),—approximating system ‘B, for B. Lemma 10.11 1nforms us that the natural
map cohm y(% ) — y(B) is an isomorphism. Thus

(i) A powerful (G),—approximating system B, for B is an approximating sys-
tem for y(ﬁ) in the sense of Definition 7.1. Moreover: Lemma 12.3(i) tells
us that the map B — Holim B, is an isomorphism, hence a powerful
(G),—approximating system for B, as in Definition 12.2, is also an approxi-
mating system for B as in Remark 7.6.

Note also that in Lemma 12.3(ii) we learned that any powerful (G),—approximating
system B, has a subsequence which is a powerful (G),—approximating system of
Holim f5;.
Next assume we are given

(i) A morphism B : B —> C in the category 7.
(iii) Two integers n and n’, as well as a powerful (G),—approximating system B
for B and a powerful (G),—approximating system €, for C.
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The dual of Lemma 7.5 allows us to choose a subsequence of B’ C B, and a map
of sequences B, : B’y —> €, compatible with E: B — C. A subsequence of a
powerful (G),—approximating sequence is clearly a powerful (G),—approximating
sequence, hence B, is a powerful (G),—approximating sequence for B. Now as in
Lemma 8.5 we extend By : B’, —> €, to a sequence of triangles, in particular for
each m > 0 this gives a morphism of triangles

Lo 2_lﬁerl | z:_lym+l Um+1 , Bm+1

| | b,

Lea/ Zilﬂm 271%71 [
X8, S

>-1¢, D/ B

Applying the functor #' withi > —m + 1 yields a commutative diagram in the heart
of 7~ where the rows are exact, and where vertical maps away from the middle are
isomorphisms. By the 5-lemma the middle vertical map, i.e. the map H' (2 4.1) —>
F' (), must also be an isomorphism when i > —m + 1. We conclude that a sub-
sequence of 2, is a powerful (G),,, ,~approximating system. Put A= Holim 2L,.
By Lemma 12.3(ii) the object A belongs to 7_.~, and Lemma 10.11 coupled with
Proposition 11.2 guarantee that the weak triangle A - B C -5 SA of
Lemma 8.5 is isomorphic to the image under g of a weak triangle A5 B-S

C % T Ain the category 7, .

Lemma 12.5 Suppose H is a locally finite (G);—homological functor. Then there is
a surjection g(F)|<G>1 —> H, where I € 7, has a powerful (G),—approximating
system - -- — E3 —> E» —> E1 —> Eo. Moreover: the system may be chosen so
that the maps E,,+1 —> E,, are split epimorphisms.

Proof We have that H (Ei G) 'is a finite R—module for every i € Z, and vanishes when
i < 0. For each i with H(X'G) # 0 choose a finite number of generators { f;j, j €
Ji} for the R—module H(X'G). By Yoneda every f;; € H(X'G) corresponds to a

~

morphism ¢;; : Y(£'G) —> H. Let F be defined by
P U@ = [[@¥e
i€Z jel; i€Z jel;
where the isomorphism of the coproduct and the product is by Lemma 10.5. Let the

morphism ¢ : g(F) — H be given by

~ o~ . (@ij)
4P, ——— PP Yo H

i€eZ jeJ;

where (¢;;) stands for the row matrix with entries ¢;;; on the 7, j summand the map
is ¢;;. Finally: because G € ‘Tch there is an integer B > 0 with ©8G € 7="!. For
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m > 0 we define

P P=ic

i<m+B jeJ;

The sum is finite by hypothesis, making E, an object of (G);. The obvious map
Ejnt) —> Ey is asplit epimorphism, and in the decomposition F = E,, @ F we have
that F', being the coproduct of SiG fori >m+B, belongs to 7 =—m=1 Therefore the
map H'(F) — H'(E,,) is an isomorphism if i > —m, making the E, a powerful
(G)—approximating system for F. U

And now the time has come to prove the main results.

Theorem 12.6 Let R be a noetherian, commutative ring. Let T be an R-linear, ap-
proximable triangulated category, and assume there is a compact generator G' € T
such that Hom(G', £'G) is a finite R-module for all i € 7. Let T, and T, be the
ones corresponding to the preferred equivalence class of t—s t—structures and assume
there is an object G € T, and an integer N > 0 with T = (G) .

Then the functor y 7.~ — Hom ["'Cb R Mod] if full, and the essential image
consists of the locally finite homological functors.

Proof The fact that the functor g is full was proved in Proposition 11.2, and the fact
that its image is contained in the locally finite homological functors was shown in
Lemma 10.1. What needs proof is that every locally finite homological functor can
be realized as Y (F') for some F' € T~

Suppose therefore that H is a locally finite rJ‘Cb—homological functor. Therefore
H| Gy, is a locally finite {(G),-homological functor, and Lemma 12.5 produces an
object F € 7., with a powerful (G),—approximating system, and an epimorphism
g(F Dley, — Hl),- From Corollary 7.4 if follows that we may lift the natural
transformation to all of ; there is a natural transformation ¢ : Y(F1) — H so
that 91 },((Fl)| ) —> H| Gy, is surjective.

Next we proceed inductively. Suppose we have constructed F,, € 7., with a pow-
erful (G),, —approximating system, and a natural transformation ¢, : g(Fn) — H,
and assume that ¢, |G y(F )Gy, —> Hl(c), is surjective. Since both H gy, and
y(F )Gy, are locally ﬁmte and the ring R is noetherian, the kernel of ¢, |Gy, is also
locally finite. Lemma 12.5 permits us to find a surjection to the kernel: there is an ob-
ject F' € 7~, with a powerful (G);—approximating system - -- —> E3 —> E7 —>
Ey —> Ejp in which all the connecting maps Ej, 1 —> Ej, are spht epimorphisms,
and an exact sequence y(F NGy, — y(F )Gy, — HlG),. Now Corollary 7.4
allows us to lift the map to 7.~ . We deduce:

A
(i) There is a morphism « : F, —> F’ so that the sequence below is exact

Y@lo), - enl(G)y
Y (Fa)li6)

Y(F)) H|G),

Forget for a second the exactness; the vanishing of the composite in (i), coupled with
Lemma 8.5, allows us to construct
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(i) With the notation of Definition 8.2, and working in the category 7 °P and
with § = [ ] P there is an object Fj,41 € 7.~ with a powerful (G),, |-

approximating system, a weak triangle in 7.~ of the form Fj ﬁ) F, =
F' —> Y F,+1, and a morphism ¢, 11 : Y(F,+1) —> H so that the following
triangle commutes

g(ﬁn) Y(Fut1)
Y(Fp) J Onti
Pn H
This inductively constructs an inverse sequence in 7, of the form ... — Fy ﬁ)

F; i) F L F1, as well as compatible maps ¢, : y(F,,) — H.

Now the map ¢ : g(F 1) —> H restricts to an epimorphism on (G); by construc-
tion, and the exactness of the sequence in (i) coupled with Lemma 8.6 informs us, by
induction, that ¢, : g(F ) —> H restricts to an epimorphism on (G),,. By Proposi-
tion 10.8 we have 7 “'b = (G) y, hence gy is an epimorphism.

Now apply Lemma 8.7 to the diagram

Y(Fy)

|

(@) YBren)
Y(F) ——— Y(Fysn) ——— J(Fnsns)) ——— YE7F)

\L Pn+N+1

H

Induction on n > 0 teaches us that the map y(FN)|<G — g(FN+n)|<G>n an-
nihilates the kernel of y(F M), — HlG),- If we put n = N and remember
that (G)y J , we have that the map ‘},((F N) — y(FZN) and the epimorphism
g(FN) — H have the same kernel. Thus y(FN) — y(FZN) —> H factors as
g(FN) — H — g(FzN) —> H, making H is a direct summand of g(FzN).
Lemma 11.4 produces an object Y € 7.~ with H = g(Y). O

Theorem 12.7 Let the notation be as in Theorem 12.6. The essential image under g
of the subcategory T° C T~ is precisely the finite homological functors. Moreover
the restriction of ‘g to T € is fully faithful: it induces an equivalence of [TC]OP with
the category of finite homological functors ’Th —> R—mod .
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The “moreover” part can even be strengthened as follows: for any pair of objects
ae€TC¢andbeT_ the natural map is an isomorphism

Hom(a,b) ———— Hom [¥(b), Y(a)]

Proof The fact that g(A) is finite when A € 7¢ follows from Lemma 10.1—the es-
sential image under }7 of the subcategory 7 C 7, is contained in the finite functors.

Now suppose H : ’J‘Cb —> R-mod is a finite homological functor. Since finite
homological functors are locally finite Theorem 12.6 tells us that there exists an ob-
ject A € 7. and an isomorphism ‘g(A) = H. It suffices to prove that A € 7. But
the finiteness tells us that, for the object G € ch with 7 = (G)y of the hypothe-
ses of Theorem 12.6, we must have that H'(G) = Hom(A, £G) = 0 for i > 0. By
Proposition 10.6 A must be compact.

It remains to prove the full faithfulness, or rather the strengthened version. We

already know the surjectivity of the map
Hom(a, b)) —— Hom[J(b), Y(a)],

that was part of Theorem 12.6. Suppose therefore that we have two morphisms f, g :
a —> b with Y(f) = Y(g). Then Lemma 11.3 informs us that ¥ (f) = Y(g), and as
Y(a) = Hom(a, —) is representable we deduce from Yoneda that f = g. O

13 Applications: the construction of adjoints

We prove Corollary 1.6, a restricted version of which was the key tool in Jack Hall’s
original, simple proof of GAGA—see Remark 1.10. Hall’s later proofs of more gen-
eral results, see [11, 12], sidestep the representability theorems presented here.

Theorem 13.1 Let R be a noetherian, commutative ring. Let T be an R-linear trian-
gulated category with coproducts, and assume that it is approximable. Let ch cTi-
be the subcategories of Definition 1.20, constructed using a t—structure in the pre-
ferred equivalence class. Assume the category T € is contained in TCb . Assume further
that T has a compact generator G so that Homg (—, G) is a G-locally finite coho-
mological functor.

Let L : ’J‘Cb —> 8 be an R-linear triangulated functor, and let (T=°, 7=°) be any
t—structure in the preferred equivalence class. Then the functor L has a right adjoint
if and only if the following three conditions hold:

(1) For any pair of objects (t,s), with t € T¢ and s € 8, the R-module
Hom (L(1), s) is finite.
(i) For any object s € & there exists an integer A > 0 with
Hom (L(TP NT="4),s)=0.
(iii) For any object t € T and any object s € 8 there exists an integer A so that
Hom (£(Z’"t), s) =0forallm < —A.
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Proof We begin by proving the necessity of the three conditions. Assume that £ has
aright adjoint R : § — ch , and we will prove that (i), (ii) and (iii) hold.

For any object s € 4 we have that R(s) € TCb . If t € T¢ is any object, then
Homy (t, R(s)) is a finite R—~module by Lemma 9.2. The isomorphism

Hom (1, R(s)) = Hcgm (L), 5)
J

informs us that Hom (£(t), s) is also a finite R—module, giving (i).

With s still an object of 4, we have that R(s) € ’J'Cb C 7. There must therefore
exist an integer A > 0 with R(s) € T2~4 N T=4. The fact that R(s) belongs to
724 tells us that Homg (—, R(s)) annihilates 7="4-1 and hence its subcategory
7> N 7==4-1 But by adjunction Hom(—, s) must annihilate GC(TC” N ‘TS’A’I),
proving (ii).

Now let r € 7€ be an object. Remark 1.24 combined with Lemma 3.8 allow us to
choose an integer B > 0 with Hom (t, EBTSO) = 0. But now X" R(s) belongs to
7 =0 for all m > A, and hence Hom (t, E’”“‘Bﬂ(s)) =0 for all m > A. And now the
isomorphism

Hom (t, =" TP R(s)) = Hom (LEPr), s)
J

gives the vanishing of Homg (GC(E”"’B 1), s) for all m > A, completing the proof
of (iii).

Now for the sufficiency: assume the three conditions hold, and we need to pro-
duce the right adjoint &R. For any pair of objects t € 7¢, s € § and any integer
m € Z, from (i) we learn that Hom (L(Z"1), s) is a finite R-module. Now (ii) and
(iii) guarantee that it vanishes whenever m > 0 or m < 0. Thus Hom (Ji(—), s)
is a finite 7 “—cohomological functor. The assignment taking s € 4§ to the functor
Hom (£(—), s) is a functor from 4 to the category of finite 7 °—cohomological func-
tors; by Theorem 9.18 we can lift it through the equivalence of categories 4. There is
a functor R : § — ‘J”Cl7 so that, for all objects ¢ € 7¢ and all objects s € 4, we have
a natural isomorphism

Hom (£(t),s) —<p> Hom (t, R(s)) .

Fixt' € ’ch and consider the following composite, which is natural int € 7¢, ¢’ € ‘ch

Hom(z, t') %I> Hom (£L(1), £(1)) v Hom (1, RL(1))) .

We have objects ¢/, RL(t') € ‘TC” and a natural transformation Y (1) — y(yw(z’)),
and Theorem 9.20 allows us to express it as Y (c,/) for a unique morphism o7 : 1/ —>
RL(t") in the category ’fcb . We leave it to the reader to check that o, is natural in ¢/;
it gives a natural transformation « : id — R L.

For a general ¢’ € "fcb we have no idea how to compute «,; it is a mysterious

morphism in ‘ch that comes from a representability theorem applied to
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Y(t') — Y(RL(t')). However: when t' belongs to ¢ C 7,2 then Y(t) =
Hom(—, ¢') is a representable functor on 7¢, and Yoneda’s lemma tells us how to
compute a,; it is the image of 1 € Hom(¢', t') under Y (t') — y(ﬁhﬁ(r’)). But this
is explicit: it is the image of 1 € Hom(¢’, ) under the composite

Hom(z', t") ; Hom (L(1'), £L(t")) —(p> Hom (', RL(1)) ,

which agrees with the image of 1 : L(¢') —> £(¢’) under the map
¢ : Hom (£(t’), £(t’)) — Hom (t’, RQC(t’)).

Now we define a natural transformation v : Hom (£(—), —) — Hom (—,
R(—)). For objects t € T, s € 8 the map is

R Hom (. R(5))
Hom (L(), s) —— Hom (RL(t), R(s)) Hom (1, R(s)) .

Once again: for a general ¢ € ’fcb we don’t understand this map, but when we restrict
ttoliein 7€ C ‘J‘Cb then we can compute. If 8 : L£(#) —> s is a morphism in 4§, then
the fact that ¢ is a natural transformation gives the commutativity of the square

Hom (.£(1).8)
Hom (£L(1), £(1)) ————— Hom (L(1), 5)

) J’ Hom (1, R(8)) J’ '

Hom (f, RL(t)) ———— Hom (t, R(s))

and, computing the image of 1: L£(#) —> L(¢) under the two equal composites, we
obtain the first equality in

p(B)=RB)oar=v(B),

where the second equality is by the definition of the natural transformation .
Hence when restricted tor € 7¢ C ‘J’Cb the map  agrees with ¢ and is an isomor-

phism. It suffices to prove that i is an isomorphism for all ¢ € ‘J’Cb and all s € 4.
Fixt e TC” and s € 4. By (ii) we can choose an integer A > 0 with

Hom (£(7’Cb NF=—4y, s) = 0. Because R (s) belongs to ‘]’Cb C 7+ we may choose

an integer A’ > 0 so that Hom (TS_A,, fR(s)) = 0. Now take m > 1 + max(A, A'),

and choose a triangle ¥ ~'d — ¢ —> t —> d withe € T¢ and d € T=""". Because

te TP and e € T¢ C T,” we have that d € 7> N 7=""_ Consider the commutative
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diagram with exact rows

Hom (£(d),s) - Hom (£L(1),s) < Hom (L(e), s) - Hom (L(Z7!d),s)
v Vb Ve ¥

!

Hom (d, R(s)) - Hom (¢, R(s)) h Hom (e, R(s)) - Hom(Z~'d, R(s))

By our choice of m we know that
Hom (£(d),s) =0= (L(Z7'd),s), Hom(d, R(s)) =0=Hom (T7'd, R(s)).

Hence a, a’ are isomorphisms. But ¢ is an isomorphism by the compactness of e, and
therefore b is an isomorphism. O

Appendix: A criterion for checking that a triangulated functor is an
equivalence

LemmaA.1 Let L : U —> & be a triangulated functor with right adjoint R : § —>
U. Suppose P is a class of objects in U satisfying P = X P, and such that

(i) Pt = {0}, which means that if u € U is an object and Hom(P, u) = O then
u=0.
(ii) L(P)* = {0}, meaning that if s € & is an object and Hom (£(P), s) =0 then
s=0.
(iii)) The map Hom(p,u) — Hom (£(p), £(u)) is an isomorphism for objects p €
PandueU.

Then L and R are quasi-inverses.

Proof Let n:id — RL and ¢ : LR —> id be (respectively) the unit and counit of
adjunction—it suffices to prove that n and & are isomorphisms.
Let us begin with 7. For objects p € P and u € U the natural maps

Homy (p, u)

B
Homg (L(p), £(1)) —— Homy (p, RL (1))

are both isomorphisms, o by (iii) and B by the adjunction. Hence the composite,
which is the map Hom(p, n) : Homy(p, u) —> Homy, (p, R<L (1)), must be an iso-
morphism. Thus Hom(p, —) annihilates the mapping cone of 1 : u —> RL(u), and
by (iii) » must be an isomorphism.

We have proved that 7 is an isomorphism, and the fact that the composite R 25

RLR L5 R is the identity tells us that Re : RLR —> R must also be an isomor-
phism. Hence for any p € P and any object s € 4 we have that Homq(p, —) takes
that map Re(s) : RLR(s) —> R(s) to an isomorphism, and adjunction tells us that
Homyg (£(p), —) must take the map e(s) : LR(s) —> s to an isomorphism. Apply-
ing (ii) to the mapping cone of £(s), for every s € 4, we deduce that ¢ must be an
isomorphism. U
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Example A.2 Let X be a scheme proper over the field C of complex numbers, and
let X" be the analytification of X. The category 7 = Dgc(X) is approximable and
C-linear. Now let £ : ch —> 4 be the analytification functor £ : Dé’oh(X ) —
Dfoh(X 4y Then the hypotheses of Theorem 13.1 are satisfied, hence the functor
oL has a right adjoint R.

Next we apply Lemma A.1: for every closed point x € X choose a nonzero perfect

complex p(x) supported at x, and we set
P = {E”p(x) ‘ n € Z, while x € X is a closed point} .

It’s an easy exercise to show that this choice of P satisfies the hypotheses of
Lemma A.1, hence the functor £ must be an equivalence.

The idea at the core of the argument above is due to Jack Hall, the technical prob-
lem he faced was that the representability theorems available to him were less pow-
erful than Theorem 13.1. The reader is also referred to Serre [24] for the first proof
of the version of GAGA in the couple of paragraphs above, and to Hall [11, 12] for
generalizations of his core idea that go in a direction different from the one of this
article.

Remark A.3 The reader should note that the proof in Example A.2 depends on sub-
stantial structural theorems about Dgc (X), but all we need to know about the category
8 =DP_ (X*) and the functor £ : D? , (X) —> D?_ (X®") is the minimal data that

coh coh coh
goes into showing that the hypotheses of Theorem 13.1 and Lemma A.1 are satisfied.

This is the reason that all the GAGA theorems in algebraic geometry are special cases
of general theorems as in Hall [11, Theorems A and B]; in fact the P C ch’oh(X ) of
the proof of Example A.2 works for all of them.
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