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Abstract

We study a class of reflected backward stochastic differential equations with non-
positive jumps and upper barrier. Existence and uniqueness of a minimal solution is
proved by a double penalization approach under regularity assumptions on the ob-
stacle. In a suitable regime switching diffusion framework, we show the connection
between our class of BSDEs and fully nonlinear variational inequalities. Our BSDE
representation provides in particular a Feynman-Kac type formula for PDEs associated
to general zero-sum stochastic differential controller-and-stopper games, where control
affects both drift and diffusion term, and the diffusion coefficient can be degenerate.
Moreover, we state a dual game formula of this BSDE minimal solution involving equiv-
alent change of probability measures, and discount processes. This gives in particular
a new representation for zero-sum stochastic differential controller-and-stopper games.
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1 Introduction

Backward stochastic differential equations (BSDEs), introduced in the seminal paper by
Pardoux and Peng [22], have emerged over the last years as a major topic in probability,
especially through its deep connection with nonlinear PDEs and associated probabilistic
numerical methods, and stochastic control in mathematical finance. A solution to a stan-
dard BSDE on a filtered probability space (Q, F, (F;)o<i<T,P) generated by an Re-valued
Brownian motion W, is a pair of a progressively measurable process (Y, Z) satisfying:

T T
Y = §+/ F(S,Ys,Zs)ds/ ZsdWs, 0<t<T, (1.1)
¢ ¢

where the generator F is a progressively measurable function, and the terminal data & is Fp-
measurable. In the Markovian case where &(w) = g(Wr(w)), F(t,w,y,2) = fO\Wi(w),y, 2),
for some continuous functions g and f° on R? and R? x R x R?, it is well-known from [23]
that BSDE (1.1) provides a Feynman-Kac formula to the semi-linear partial differential
equation (PDE):
ov 1 9 0 d

5 + itr(va) + f(z,v,Dv) = 0, onl0,T)xR? (1.2)
with terminal condition v(7T,-) = g, through the relation: Y; = v(t,W;), 0 <t < T. We
also notice that when the function f0 is in the form: fO(z,2) = sup,calf(x,a) + a.2],
for some function f on R? x A, with A compact set of R%, then the semi-linear PDE
(1.2) is the Hamilton-Jacobi-Bellman equation for a stochastic control problem, where the
controller can affect only the drift of the Brownian motion: W;+ fg asds, by a progressively
measurable process a valued in A, and with a running gain function f. The extension of a
standard BSDE driven by a Brownian motion and an independent Poisson random measure
was considered in [30] and [2], and is shown to be related in a Markovian framework to
semi-linear integro-PDE.

The notion of reflected BSDE was introduced by El Karoui et al. [7], and consists in
the addition (resp. subtraction) of a nondecreasing process to the standard BSDE (1.1)
in order to keep the solution Y above (resp. below) a lower (resp. upper) obstacle, and
chosen in a minimal way via the so-called Skorohod condition. Existence and uniqueness
results for reflected BSDEs under general assumptions on the obstacle have been investi-
gated in several papers, among others [9], [18], [25]. We also mention works by [12] and [8]
for reflected BSDESs driven by Brownian motion and Poisson random measure. An impor-
tant application of reflected BSDE is its connection to optimal stopping problems and its
associated variational inequalities in the Markovian case.

The extension to fully nonlinear PDE, motivated in particular by uncertain volatility
model and more generally by stochastic control problem where control can affect both drift
and diffusion terms of the state process, generated important recent developments. Soner,
Touzi and Zhang [29] introduced the notion of second order BSDEs (2BSDEs), whose
basic idea is to require that the solution verifies the equation P a.s. for every probability
measure in a non dominated class of mutually singular measures. This theory is closely
related to the notion of nonlinear and G-expectation of Peng [26]. Alternatively, Kharroubi



and Pham [16], following [17], introduced the notion of BSDE with nonpositive jumps. The
basic idea was to constrain the jumps-component solution to the BSDE driven by Brownian
motion and Poisson random measure, to remain nonpositive, by adding a nondecreasing
process in a minimal way. A key feature of this class of BSDEs is its formulation under
a single probability measure in contrast with 2BSDEs, thus avoiding technical issues in
quasi-sure analysis, and its connection with fully nonlinear HJB equation when considering
a Markovian framework with a simulatable regime switching diffusion process, defined as
a randomization of the controlled state process. This approach opens new perspectives for
probabilistic scheme for fully nonlinear PDEs as currently investigated in [15].

In this paper, we define a class of reflected BSDEs with nonpositive jumps and upper
obstacle. As in the case of doubly reflected BSDEs with lower and upper obstacles, related
to Dynkin games, our BSDE formulation involves the introduction of two nondecreasing
processes, one corresponding to the nonpositive jump constraint and added in a minimal
way, and the other associated to the upper reflection, satisfying the Skorohod condition,
and acting in the opposite direction. The first aim of this paper is to prove the existence
and uniqueness of a minimal solution to reflected BSDEs with nonpositive jumps and
upper obstacle. We use a double penalization approach, and the main issue is to obtain
uniform estimates on both penalized nondecreasing processes associated on one hand to the
nonpositive jumps constraint and on the other hand to the upper obstacle. This is achieved
under some regularity assumptions on the upper obstacle. It is worth mentioning that the
running order of the limits in the double penalization is crucial, in contrast with the case
of upper and lower reflection. Indeed, we do not have comparison results on the jump-
component solution of a BSDE, and so a priori rather few information on the sequence
of nondecreasing processes associated to the jump constraint, whereas one can exploit
comparison results on the Y-component of a BSDE in order to derive useful monotonicity
property for the sequence of nondecreasing processes associated to the upper obstacle. Once,
we get uniform estimates, we conclude by a monotonic convergence theorem for BSDEs.
We also prove a dual game representation formula for the minimal solution to our BSDE,
in terms of equivalent probability measures and discount processes.

The main motivation for considering such class of upper-reflected BSDEs with nonpos-
itive jumps arises from a zero-sum stochastic differential game between a controller and a
stopper: the controller can manipulate a state process X in R? through the selection of
the control « valued in A, while the stopper has the right to choose the duration of the
game via a stopping time 7. The stopper would like to minimize his expected cost:

B [ 10tz o+ o(x2)], (1.3)

over all choices of 7, while the controller plays against him by maximizing (1.3) over all
choices of . Controller-and-stopper game problem was studied in [13] when the state
process X¢ is a one-dimensional diffusion, in [14] by a martingale approach and in [10]
by BSDE methods, but only when the drift is controlled. General existence results for
optimal actions and saddle point were recently obtained in [21] in a non Markovian and
non dominated framework by exploiting the theory of nonlinear expectations. We also
mention the recent papers [19], [20] where the authors considered 2BSDE with reflection,



in connection with optimal stopping and Dynkin game under nonlinear expectation. In the
Markovian case where both drift b(X“, a) and diffusion term o (X%, a) of the state process
X are controlled (hence in a non dominated framework), the recent paper [3] proved the
existence of the game value, by a comparison principle for the associated Hamilton-Jacobi-
Bellman Isaacs equation:

max | — v _ sup (b(z,a).Dyv + 1tr(JUT(ar:, a)D2v) + f(z,q)); (1.4)
ot acA 2

v—g] = 0, on[0,T)xR%

Our second main result is to connect the minimal solution to our reflected BSDE with
nonpositive jumps to a general Markovian controller-and-stopper game problem through
the HJB Isaacs equation (1.4). We follow the idea in [4] and [16] by a randomization of the
state process X, and thus consider a regime switching forward diffusion process X with
drift b(X4, I;) and diffusion coefficient o(Xy, I;), where I; is a pure jump process associated
to the Poisson random measure driving the BSDE. The minimal solution Y; to the reflected
BSDE with nonpositive jumps, with terminal data £ = g(X7), upper obstacle Uy = u(t, X),
and generator f(Xy, Iy, Y:, Zy), is written in this Markovian framework as: Y; = v(t, Xy, I})
for some deterministic function v. It appears as in [16] that actually v does not depend on
a in the interior of A as a consequence of the non positivity jumps constraint, and we show
that v is a viscosity solution to the general HJB Isaacs equation (1.4) where the generator
f(z,a,v,0"Dyv) may depend also on v and D,v.

The rest of the paper is organized as follows. Section 2 gives a detailed formulation
of reflected BSDE with nonpositive jumps and upper obstacle. Section 3 is devoted to
the existence of a minimal solution to our BSDE by a double penalization approach. We
derive in Section 4 a dual game representation formula for the BSDE minimal solution.
Section 5 makes the connection of the minimal BSDE-solution to fully nonlinear variational
inequalities of HJB Isaacs type. We conclude in Section 6 by indicating some possible
extensions to our paper. Finally, in the appendix, we recall some useful comparison results
for BSDE with jumps, and state a monotonic convergence theorem, which extends to the
jump case the result in [25].

2 Reflected BSDE with nonpositive jumps

Let (2, F,P) be a complete probability space on which are defined a d-dimensional Brown-
ian motion W = (W});>0 and a Poisson random measure p on Ry x A, where A is a compact
subset of R?, endowed with its Borel o-field B(A). We assume that W and p are indepen-
dent, and p has an intensity measure A(da)dt for some finite measure A on (A4, B(A)). We
set fi(dt,da) = p(dt,da) — A(da)dt the compensated martingale measure associated to p,
and denote by F = (F;);>0 the completion of the natural filtration generated by W and pu.

We fix a finite time duration T' < oo and we denote by P the o-field of F-predictable
subsets of © x [0,T]. Let us introduce some additional notations. We denote by:

e LP(F),p>1,0 <t <T, the set of F-measurable random variables X such that
E| X|P < 0.



e S2 the set of real-valued cadlag adapted processes Y = (Y;)o<i<r such that

HYHz2 ::E[ sup |Yt’2} < 0.
0<t<T

e LP(0,T), p > 1, the set of real-valued adapted processes (¢:)o<¢<7 such that

T
1602y, = 5| [ lodPat] < .

e LP(W), p > 1, the set of R%valued P-measurable processes Z = (Z;)o<i<7 such that

NN
1212, =E{( / |Zt2dt) ]<oo.

e LP(i), p > 1, the set of P ® B(A)-measurable maps L: © x [0,7] x A — R such that

1200, =2 [( [ [ 1Es@PA ) g] <oe.

e L2()\) the set of B(A)-measurable maps £: A — R such that

e ':/A|€(a)|2)\(da)<oo.

L2(\)

e K2 the set of nondecreasing predictable processes K = (K;)o<i<r € S? with Ky =
0, so that

K12, = Elkrf

We are then given three objects:
1. A terminal condition ¢ € L2(Fr).

2. A generator function F : Q x [0,T] x R x R? x L2(\) — R, which is a P ® B(R) ®
BRY) ® B(L2()\))-measurable map, satisfying:

(i) The square integrability condition:
T
E[/ |F(t,0,0,0)]%dt| < oo.
0

(ii) The uniform Lipschitz condition:

’F(t7yaza€) - F(t? ylvzlagl)’ < CF(‘y - y/| + |Z - Zl‘ + w - £/|L2(>\)) ;

for all t € [0,T)], y,9 € R, 2,2/ € RY and £,¢ € L2()\), where Cr is some
positive constant.



(iii) The monotonicity condition:
F(t,y,z,0) = F(ty,z () < /(f(a)—f’(a))v(ty.%Zaf,f'aa))\(da), (2.1)
A

forallt € [0,T], y € R, z € R% and £, ¢ € L2()\), where v : Q x [0, T] x R x R% x
L2(\) x L2(\) x A - Ris a P @ B(R) ® B(RY) @ B(L2()\)) ® B(L2(\)) ® B(A)-
measurable map satisfying: 0 < ~v(t,y,z,¢,¢',a) < C,, for all t € [0,T], y € R,
z€ R4 0,0 € L%()\), and a € A, for some positive constant .

3. An upper barrier U € S? satisfying Ur > £, almost surely.

Let us now consider our problem of reflected BSDE with nonpositive jumps. We say
that a quintuple (Y, Z, L, K+, K~) € S2 x L2(W) x L2(1) x K2 x K2 is a solution to the
upper-reflected BSDE with nonpositive jumps with data (£, F,U) if the following relation
holds:

T
y, = s+/ F(s,Ye, Z, Lo)ds + Kif — K — (K7 — K;) (2.2)

—/ ZdWy — // u(ds,da), 0<t<T, a.s.
t

together with the jump constraint

Li(a) < 0, dP®dt® A(da) a.e. (2.3)

and the upper constraint
Y, < U, 0<t<T, a.s. (2.4)
/OT(Ut -Y,-)dK;, = 0, a.s. (2.5)

We look for the minimal solution (Y,Z,L, K%, K~), in the sense that for any other
solution (Y, Z, L, K+, K~) to the reflected BSDE with nonpositive jumps (2.2)-(2.3)-(2.4)-
(2.5), it must hold that ¥ < Y.

Remark 2.1 We have chosen to formulate the BSDE (2.2) directly in terms of the random
measure p instead of the compensated random measure /i since we dealt with finite intensity
measure A\(A) < co. Of course, one can formulate equivalently the BSDE (2.2) in terms of
it by changing the generator F' to:

F(t,y,zjﬂ) = F(t,y,z,f)—/AE(a))\(da).

In this case, the monotonicity condition (2.1) for F holds with a measurable map 7 satisfy-
ing: —1 <J(t,y,2,¢,,a) < Cs, forall t € [0,T], y € R, 2 € RY, £,¢' € L2()\), and a € A,
for some positive constant C5. This condition is consistent with the assumption required
in comparison Theorem 4.2 in [27]. O



Remark 2.2 Uniqueness of the minimal solution. Uniqueness of a minimal solution holds
in the following sense: if (Y, Z, L, K*, K~) and (Y, Z, L, KT, K~) are minimal solutions to
(2.2)-(2.3)-(2.4)-(2.5), then Y =Y', Z = Z', L =L, and KT - K~ = Kt —K~. Asa
matter of fact, the uniqueness of the Y component is clear by definition. Then, denoting
by K:= K" — K, and K := KT — K, which are predictable finite variation processes,
we have

t
/ [F(S,YS, Zs, L) — F(s,Ys, ZS,LS)]ds + Ky — K¢
0

+ /Ot(Zs—Zs)dws+/0t/A(£s(a)—Ls(a))u(ds,da) _ o

for all t € [0, T], almost surely. The uniqueness of Z = Z follows by identifying the Brownian
part and the finite variation part, while the uniqueness of (L, K) = (L, K) is obtained by
identifying the predictable part, and by recalling that the jumps of u are totally inaccessible.

O

The main feature in this class of BSDEs is to consider a reflection constraint on Y in
addition to the nonpositive jump constraint as already studied in [17] and [16]. Moreover, we
deal with an upper barrier U associated to a nondecreasing process K —, which is subtracted
in (2.2) from the nondecreasing process KT associated to the nonpositive constrained jumps.
In order to ensure that the problem of getting a minimal solution to (2.2)-(2.3)-(2.4)-(2.5) is
well-posed, and similarly as in [16], we make the assumption that there exists a supersolution
to the BSDE with nonpositive jumps, namely:

(HO) There exists (Y, Z, L, K*) € S2 x L2(W) x L2(ji) x K2 satisfying the BSDE
with nonpositive jumps:

}/t = 6—’_ F(87Y57287I/s)d5+-[_<;: _Kj (26)

T T
- ZdWy — / Ls(a)u(ds,da), 0<t<T, a.s.
¢

b

and

Li(a) < 0, dP®dt® A(da) a.e. (2.7)
We shall see later in the Markovian case (see Remark 5.2) how this condition (HO) is
directly satisfied.
3 Existence and approximation by double penalization

This section is devoted to the existence of the minimal solution to (2.2)-(2.3)-(2.4)-(2.5).
We use a penalization approach and introduce the doubly indexed sequence of BSDEs with
jumps:

T
VI = [P 2 s K = I (T = 1)

7



_/t Zmm AW, — / /an wu(ds, da), (3.1)

for n,m € N, where K™% and K™™~ are the nondecreasing continuous processes in K2
defined by

t t
Kt — /0 /A (L™ (@) s Ada)ds,  K™™ — n /0 (Us — Y™ _ds.

Here we use the notation fy = max(f,0) and f—- = max(—f,0) to denote the positive and
negative parts of f. Notice that this penalized BSDE can be written as

T T T
m_gy / B (8, Y15, 705 [0 s / Zmmaw, — / / L (a)u(ds, da),
t t t A

with a generator Fj, ,, given by
Fom(t,y,z,0) = F(t,y,z/0) —I—m/ ))+A(da) = n(Uy —y)—, a.s.

for (t,y,2,£) € [0,T] x R x R x L2()\). Observe that the generator F),, satisfies the
assumptions of square integrability and uniform Lipschitzianity, which ensure by Lemma 2.4
in [30] the existence and uniqueness of a solution (Y™™, Z™™ L") ¢ S§2 x L2(W) x L2(f1)
to the BSDE with jumps (3.1). Notice also that F}, ,,, satisfies the monotonicity condition
(2.1), is increasing in m for any fixed n, and decreasing in n for any fixed m. Thus, by the
comparison Theorem A.1, we deduce that (Y™"™),, , inherits the same property:

Y’n—f—l,m S Yn,m S Yn>m+1’ Vn, m € N. (3'2)

We shall first fix m, and let n to infinity, and then let m to infinity (the order of the limits is
important here, see Remark 3.2). The key point, as in the case of doubly reflected BSDEs
related to Dynkin games, is to deal with the difference of the nondecreasing processes K"+
and K™~ and the main difficulty is to prove their convergence towards respectively the
nondecreasing processes K and K ~, which appear in the minimal solution to the reflected
BSDE with nonpositive jumps we are looking for. We have to impose some regularity
conditions on the upper barrier process that will be precised later.

For fixed m, let us now consider the reflected BSDE with jumps:

" = £+/TF (s, YU, Z, L')ds — (K7~ — K;™7) (3.3)
—/t Z AW, — / /Lm wu(ds,da), 0<t<T, a.s.
and
yy" < U, 0<t<T, as (3.4)
/0 " —ymakre — 0, as (3.5)



where
Fo(t,y,z,0) = F(t,y,z¥{) +m/A(£(a))+)\(da), a.s. (3.6)

for (t,y,2,£) € [0,T] x Rx R x L2()\). We know from Theorem 4.2 in [12] that there exists
a unique solution (Y™, Z™ L™ K™~) € S x L2(W) x L2(j1) x K2 to the reflected BSDE
with jumps (3.3)-(3.4)-(3.5).

Remark 3.1 Note that in [12] the existence of (Y™, Z™ L™ K"~ ) is proved using a fixed
point argument and not through the penalized sequence (Y™™, Z™™ [™™) except for the
particular case where the generator Fj, ,,(t,w) does not depend on y,z,¢, see Theorem
4.1 and Remark 4.1(i) in [12]. The reason is that in [12] the authors do not impose any
monotonicity condition on the generator F' and therefore they do not have at disposal a com-
parison theorem for BSDEs with jumps. Nevertheless, under our monotonicity condition
(2.1) and by means of the comparison Theorem A.1, the existence of (Y, Z™, L™, K™™)
can be proved via the penalized sequence (Y™™ Z™™ [™™) This program is carried out
in [8], Theorem 5.1, even though under the additional hypothesis that the barrier U is a P-
measurable process. More precisely, it can be shown that Y™ is obtained as the decreasing
limit of Y™™ when n goes to infinity:

Y = lim [Y"", 0<t<T,a.s.

n—oo

and this convergence also holds in L2(0,T). Furthermore, (Z™™, L™™) converges weakly
to (Z™, L™) in L2(W) x L2(j1), and we have the strong convergence

(Z0m L) S (2L in LP(W) x IP(R), as n - oo,
for any p € [1,2), while
K™ — K™ weakly in L3(F;), as n— oo

forall0<t<T. O

We first derive the following important property on the sequence of nondecreasing pro-
cesses (K™ 7).

Lemma 3.1 The sequence of processes (K™ ™), satisfies:
K" — K™ < KM KM 0<s<t<T, as, YmeN.  (3.7)
Proof. By definition of K™~ and from (3.2), we clearly have for all n,m € N:
KPmT — K < gt gnmtle 0 < s <t < T as.
Thus, by passing to the (weak) limit as n goes to infinity, we get the required result. O

By (3.2), we see that (Y™),, is a nondecreasing sequence: Y™ < Y™¥! and we denote:

Y, = VY) 0<t<T,



which thus provides a lower bound for the sequences (Y™) and (Y"™™):
Y, <Yy"™ < Y 0<t<T,Vn,meN. (3.8)

Moreover, under condition (HO), we observe that the quintuple (Y, Z, L, K+, K ) satisfies
[4(L(a))+A(da) = 0 dt ® dP a.e. so that

Fn’m(t,ﬁ,Zt,Et) S F(E,Zt,f/t), dt@dP a.e.

By the comparison Theorem A.1, we then get an upper bound for the sequences (Y") and
(Ymm):

v <yt <Y, 0<t<T,¥Vn,meN. (3.9)
By standard arguments, we now state some estimates on the doubly indexed sequence
(yrm zmm pnm ity expressed in terms of (K™ 7).

Lemma 3.2 Let assumption (HO) hold. Then there exists a positive constant C, such that
for all n,m € N,

Y™™ 2, + 127712, o+ IL 2, K2,

L2(W) L2 ()

T
< C’(IE|£|2+IE/ [F(5,0,0,0)2ds + |Y|* +[|Y]]*. + | K™™ |22>. (3.10)
0 s2 s2 S

Proof. In what follows we shall denote by C' > 0 a generic positive constant depending only
on T, A(A), and the Lipschitz constant of F', which may vary from line to line. Proceeding
as in the proof of Lemma 3.3 in [16], we apply It6’s formula to |Ys""|? between t and T,
and get after some rearrangement:

EY"" 2+ 12" 2, o, + 1L 112

L2(W) L2(7)
T T
= E[¢*+2E /t Y (s, YO, 28T, L™ ds — 2K /t /A YL (a)A(da)ds
T T
+2E /t YA ™Y — 2K /t YmAK ™ (3.11)

By the linear growth condition on F, the inequality ab < a?/2 + b?/2, and recalling that
AA) < oo, we get

T T
ZE/ )/;n’mF(‘S? szn’m7 Z;L,m7 L?m)ds - 2E/ / Y;n,’mL?’m<CL))\(da)d8 (312)

t t A
L2(W) L2()

T T
1 1 1
<CE / Y P ds + SE / [F(5,0,0,0)%ds + S| 2" 117, o, + 5 1L g
t 0

From the bounds (3.8)-(3.9) on Y™™: ¥ < Y™™ < Y and thanks to the inequality 2ab <
a?/a + ab? for any constant a > 0, we have

T T
2R / YKt — R / Y K
t t

10



2

IA

L2, + [72,) + GBIKE™ — K™ + aBIK™ — K2

IN

é(”XH; +[[7]2,) + 3aEIKE™ = K™ + 2aE KR — K[

where we set K, := K} — K;"™7 so that E|K}2™" — K" %12 < 2B|KV™ — K™
+ 2E| K™ — K;"™ 7|2, Together with (3.12) and (3.11), this yields:

1 1
E|Ytn,m|2 + §||Zn’m1[th]”iz(w> + §||Ln’m1[t7T]”iz<ﬂ)

T T
1 1 .
- CE/ mn,mzdﬁmuxa/ |F(s,o,o,0)|2ds+—(}|zu2 +|7) )
s 2 0 o s2 s2
+ 3aB[Kp™ T — K" P 4 20E K™ — KT (3.13)

Now, from the relation (3.1), we have
T
Kp =K = Y g [ Ry Zem s
t

T T
—i—/ Z;L’des—i—/ /L?’m(a)u(ds,da),
t t Ja

so that by the linear growth condition on F"
T
E|KP™ — K™ < C(EW + ]E/ |F(5,0,0,0)|%ds + E|Y;"™? (3.14)
0

T
B [ s 12 g + ||L"’m1[t,ﬂuiz@>.

By choosing o > 0 such that 2aC < 1/4, and plugging this estimate of E| K7™ — K;"™|?
into (3.13), we get for all 0 <t < T"

3 1 1
ZE\Y}n’mP + ZHZn’ml[t,T]”2 + ZHLn’ml[t,T]”2

L2(W) L2(f)

T n,m|2 3 2 3 T 2
< CIE/ Y™™ 2ds + JE¢] +IE/ |F(5,0,0,0)[2ds
t 4 4 0
1 2 112 n,m,— n,m,—
b (IR, + 171) + samigm — scpmep

‘%2)(3-15)

T

< c<yyy||; 72, + Bl +E/O |F(s,0,0,0)|2ds) - 12a|| K-
where we used again the bounds Y < Y™™ <Y and the inequality E|K,"™ " — K" |?
< 4E|K;"™ 7|2, This proves, taking ¢ = 0 in (3.15), the required estimate (3.10) for
(Zmm™, L), and also for K™™* by (3.14), and recalling that E[K7"" "2 < 2E|K2™|? +
2E|K "™ 2. Finally, the estimate for [|Y™™ |, in (3.10) follows as usual from the relation
(3.1), Burkholder-Davis-Gundy inequality, and the estimates for (Z™™, L™ K™™*t) 0O

The key point is now to obtain a uniform estimate on K™~ and consequently uni-
form estimates on (Y™™ Zmm [ K%M1) in view of Lemma 3.2. Let us introduce the
following set of probability measures. For m € N, let V,,, be the set of P ® B(A)-measurable
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processes valued in (0, m], V = UV, and given v € V, consider the probability measure
P¥ equivalent to P on (€2, Fr) with Radon-Nikodym density:

i R e [ [ onto) - nitas,a0)),

where &(+) is the Doléans-Dade exponential. Indeed, since v € V is essentially bounded,

and A\(A) < oo, it is known that (¥ is a uniformly integrable martingale (see e.g. Lemma
4.1 in [16]), and so defines a probability measure P¥. Moreover, (7. € LP(Fr) for any
p > 1. Notice that the Brownian motion W remains a Brownian motion W under P”,
while the effect of the probability measure P¥, by Girsanov’s theorem, is to change the
compensator A(da)dt of p under P to v (a)A(da)dt under P¥. We then denote by ¥ (dt, da)
= p(dt,da) — v¢(a)A(da)dt the compensated martingale measure of p under P”.

Inspired by [11] (see also [5]), we make the following regularity assumption on the upper
barrier:

(H1) There exists a nonincreasing sequence of processes (U¥); such that:
(i) limp_soo UF = Uy, forall 0 <t < T, a.s..

(ii) For any k € N, U* is in the form:
t t
ur = u¥ +/ vkds +/ AW, 0<t<T, as.
0 0

where (v¥), € L2(0,T) and (9%), C LZ(W).

(iii) There exists some p > 2 such that:

T
sup/ E[esssupE”[ sup (JUFP + 0kP + ]ﬁ’;]ﬂ‘}}ﬂdt
keNJo vey t<s<T

T
—i—/ E[esssupE”[ sup ‘F(S,0,0,0)‘p‘ftﬂdt < oo.
0 vey t<s<T

We shall see later in the Markovian framework how Assumption (H1) is automatically
satisfied, see Remark 5.3. The following key lemma states a uniform estimate for K™~
under condition (H1).

Lemma 3.3 Under condition (H1), we have

sup HK"’m’fH < oo.
n,meN s2

Proof. Let (U¥); be in the form as in assumption (H1)(ii) and consider for positive
integers n,m, k, the difference Y™™k .= Y™™ _ Uk which is then expressed in backward
form as:

T
Yk e Up [ (PG YR Zpm L) + o) ds
t
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+m/T/u@mm»Mw@w—n/?m—Uﬁ—ﬂwmxw
—/t (Zm — 9% aw, — //L"m p(ds, da). (3.16)

Now, by the Lipschitz condition of F' in (y, z), and the monotonicity condition (2.1) of F'
in £, we have for all n,m € N:

F(t Y"m an,L?m) = (tOOO)—i—a?mYnm—l—ﬂt nm
-+A%Wwwwwnw@ s,

for some sequence of bounded predictable processes (™) valued in R, (™) valued
in R%, uniformly bounded in n,m, a nonnegative sequence of predictable process (om™m),
and a nonnegative sequence of bounded P ® B(A)-measurable maps (™), uniformly
bounded in n, m. Plug this decomposition of F into (3.16), and let us consider the process
{T3™ t < s < T} of dynamics:

ariy™ = TE"[(al™ —n)ds + Br™mdWy], t<s<T, Iy =1

S b

and given explicitly by:

Es(Jo B dW)
En( Jo Bu™dW)’
where & (-) is the Doléans-Dade exponential. Since ™™ is a bounded process, we see that

{M2™, t < s < T} is a uniformly integrable martingale, with M;2"™ € LP(Fp) for any p >
1. By applying Itd’s formula to the product {T'};" V"™ kr<s< T}, we then obtain:

s _n,m
e = e sl e dupmam - mm t<s

IA

T,

T
gk _prm(e _ gk 4 / 7™ (F(s,0,0,0) + a™UF + 19k 4 oF)ds
t

b [T, 0 T s
b [ TR @@ ¢ @) - v L @] s
— /t TR (25 — 9% + Yk prm) dw, — / / L™ L™ (a) i (ds, da),
for any v € V, where we introduced the compensated measure ji” of ;1 under P¥. By choosing

v =v""e €V defined by: 1" (a) = (%" (a) +m)Lprmqy=0p+ (1" (@) +€) Lprm(ay<ops
for some arbitrary € > 0, we see that:

v (@)L (@) + (LY (@)« — 1" (@)L (@) = —eL ™ (@)1 (a)<0y-
Observe also that

¥ (U = UF =Yg <0, 0SS T, as,
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since U < U*, and §™™ > 0. Recalling that ¢ < Up < Ujki, the explicit expression of '™
and the fact that (a™™), (™™) are uniformly bounded in (¢t,w,n,m), we then get the
existence of some positive constant C' such that:

yemk < 0/ N (| F(5,0,0,0)] 4+ |UF| + [05] + |[uF|)ds (3.17)

e [ T @ e M)

T
_/ nm(znm ﬁk Ynmkﬁnm AW, — / / nanm nms(dS da)
t

for any n,m, k € N\ {0}, & > 0. Denote by S;*"™F = fo Lo (Z8m — ok +Y;"’m’kﬁg’m)dWs,
0 <t < T, which is a P-local martingale, for any v € V, by recalling that W remains
a Brownian motion under P”. From Burkholder-Davis-Gundy, Bayes formula, Cauchy-
Schwarz, and Doob inequalities, we have

Eu[ sup |Snmk|]
0<t<T

CE'[\/< Smmk >p] = CE \// T 2| 2™ — 9k 4 YR g 241

<
< CT sup FOt \// |an_19k+Ynmk "m|2dt}
0<t<T
n,m i n,m n,m,k nm
< ( UCT]] [sup Lo ]]) \/E[/O |z — 9k Y ’2dt]

1 T _
< C(EUC%MEUM&”F})“\/E[ / |Z0 — 9 4 YR 2]
< o0, (3.18)

where we used the fact that o™, ™™ are bounded processes, Z™™, 9¥* lie in LZ(W), and
ymmok in L2(0,T). Therefore, Smmk s g uniformly PY-integrable martingale for any v €
V), and similarly we show that fg JATEm L™ (a)” (ds, da) is a PY-martingale. Hence, by
taking conditional expectation with respect to P*""™ into (3.17), we have for all n,m, k €
N\ {0}, > 0:

_ C n,m,e
v s SR sup M (IF(5,0,0,0) 4 UK + 198] + o) | 7]
S

_gEy"'mE / / nanm 1{an( )<O}A da dS‘Fti|

C
—esssupE”[ sup M,v™ (|F(s,0,0,0)| + |UF| + [9%] + \Uf\)‘}}} (3.19)
N ey t<s<T

pnm,e

+€E l/nms/ / ‘an |)\dad8‘.7:t] 0<t<T,

IN

from Bayes formula. Now, for ¢ < m, we see that v™"¢ < p"™»™ := ™™ 4+ m_and so:

0< Cfnmg < mep(/ / 7 ( ds>. (3.20)
t
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This shows that

hn%eE fnm// L™ (@) |\ ( dadsyft} =0, 0<t<T, (3.21)
E—r

and so by sending ¢ to zero into (3.19):
(UF = Y™ = (V™)

C
< Zess supIE”[ sup Mg’m(lF(s,0,0,0)\ + ]Uf\ + ]19’5\ + ]U§|)|]—}}
n yey t<s<T

C _p_
< ZesssupBY| sup M7 4 sup (|F(5,0,0,0)[5 + [UFE + (955 + v [5)| 7]
n yey t<s<T t<s<T

forall 0 <t < T, and p > 2, by Young inequality. Recall that W is a Brownian motion
under P¥, and so {M;.™ t < s < T} is a martingale under P”, for any v € V. By Doob’s
inequality, we then have with ¢ = p/(p —2) > 1:

EY| sup |M;; "iE] < (%)QE”UMQWME]

t<s< -

< (q%l)qexp (a(a — DIBI%(T - 1),

where || 3|/ is a uniform bound of (5™™), hence independent of n, m and v € V. We then
deduce that

(UF = ¥;"™)-

< 9(1 —i—esssupE”[ sup (]F(S,0,0,0)\% + \Usk\% + ]19’;\% + ]U§|g)|}}D
n vey t<s<T

forall 0 <t <T,n,m,k € N\ {0}. By Cauchy-Schwarz inequality, we then obtain:

E[n /T(Utk - Y;”’m)_dtr
0

T
< c<1+/ E[esssupw[ sup (|F(s,o,o,0)\p+Uﬁ\uw’;\pﬂvgp)\ft}dt).
0

vey t<s<T

By taking p > 2 as in Assumption (H1)(iii), and then sending & to infinity in the Lh.s. of
the above inequality, we get the required uniform estimate on K™™ ™, O

Corollary 3.1 Let assumptions (HO) and (H1) hold. Then, we have

sup (Y™l + 1127

meN

1L gy 1K™l + 1K™ ) ) < oo

L2(W) L2 ()

where K™ = mfot J4 (L3(a))  Mda)ds.
Proof. From the bounds (3.8) and (3.9), we already have the uniform estimate for [[Y™||,
Moreover, by Lemmata 3.2 and 3.3, we have the uniform estimates:

sup (1127 |y + I

n,me

K|+ K™ ) < oo,

L2(f1)
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We deduce that the weak limits (2™, L™, K™ ™) of (Z™", L™" K™™~) when n goes to
infinity, are also uniformly bounded in LZ(W) x L2(j1) x S2. From the strong convergence
of L™™ to L™ in LP(fi), 1 < p < 2, we see by definition of K™™% and K" that K™
converges strongly to K;n’+ in LP(Fr), when n goes to infinity. Moreover, since (K;’m’Jr)n
is uniformly bounded in L3(Fr), it also converges weakly to K" in L2(Fr). It follows

that (K™7T),, inherits from (K™™™), ,, the uniform estimate in S2. O

We can now state the main result of this section as a consequence of the monotonic con-
vergence theorem stated in Appendix B, which extends to the Brownian-Poisson filtration
framework the result of Peng and Xu [25].

Theorem 3.1 Let assumptions (HO) and (H1) hold. Then there exists a minimal solution
(Y, Z,L, KT, K~) € S2xL?(W) x L2(j1) x K2 x K2 to the reflected BSDE with nonpositive
Jumps (2.2)-(2.3)-(2.4)-(2.5), where:

(i) Y is the increasing limit of (Y™ )m

(ii) (Z, L) is the strong (resp. weak) limit of (Z™, L™),, in LP(W)xLP (1), withp € [1,2),
(resp. in L2(W) x L2(f1)).

(iit) K" is the weak limit of (K" ) in L2(F;), and K; is the strong limit of (K] )m
in L2(F;), for any 0 <t < T.

Proof. We already know that (Y™),, is a nondecreasing sequence in 82, which converges
to some Y, which satisfies Y <Y <Y from (3.8) and (3.9), and so lies in S2. By Lemma
3.1 and Corollary 3.1, we then see that the sequence (Y™, Z™ L™ K™% K™),, solution
to the BSDE (3.3) satisfies all the conditions of the monotonic limit Theorem B.1. This
provides the existence of (Z, L, KT, K~) € L?(W) x L2(ji) x K? x K2 as in the assertions
(ii) and (iii) of Theorem 3.1 such that the quintuple (Y, Z, L, K, K~) solves (2.2).

From the strong convergence in L(fi) of (L™),, to L, and since A(A) < oo, we have

/ / (L™(a da)dt s ]E / / Li(a da)dt}

as m goes to infinity. Moreover, since K" = meT(Lt(a))+)\(da)dt is bounded in m in

L2(Fr), this implies that
//Lt da)dt] — 0,

which means that the constraint (2.3) is satisfied. The upper reflection (2.4) is obviously
satisfied from (3.4) and by sending m to infinity. Let us now check the Skorohod reflecting
condition (2.5). We recall from (3.5) that fOT(Ut— —Y™)dK;"" = 0. Together with the
fact that U;- — Y, > U;- — Y~ > 0, this yields fOT(Ut, —Y,-)dK;"™ =0. Since (K;" ),
converges strongly to K, in L2(F;) for all ¢, and by Lemma 3.1, this implies that the
measure dK"™~ converges weakly to dK ~, and so fOT(Ut, - Y- )dK; =0 as.

It remains to prove the minimality condition. Let (Y, Z, L, K™, K~) be another solution
to the reflected BSDE with nonpositive jumps (2.2)-(2.3)-(2.4)-(2.5). We then see that
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I3 [u(Ls(a)+A(da)ds = 0, and thus F(t, Yy, Z, Ly) = Fu(t, Vi, Zt, Ly), for 0 < t < T.
From the comparison Theorem A.2, we deduce that ¥, < )N/t, 0 <t <T. Taking the limit
with respect to m, this proves the minimality condition: ¥; <Y;, 0 <t < T. O

Remark 3.2 The order of the limits: first let n to infinity, and then let m to infinity,
is crucial in our approach. Indeed, by sending first n to infinity, we get a nondecreasing
sequence of processes (K™ ),, (see Lemma 3.1), which is a required property for applying
the monotonic convergence theorem in Theorem 3.1. On the other hand, if we would first
let m to infinity in the double sequence (Y™™, Z™™ [mm KMt K175 =)  then we would
obtain a minimal solution (Y", zn, K”*) to the BSDE with nonpositive jumps:

T T
Y]—fn _ £+/ F(S Yn Zn L")ds—n/ (Us—)/;n),ds—l-K;’Jr—Ktn’Jr
t

—/ ZrdW, — / /L” u(ds,da), 0<t<T, (3.22)
t

L(a) < 0, dP®dt® \da) a.e.

and (Y”)n is a nonincreasing sequence, converging to some Y > Y by (3.2). But neither
K™, which is the weak limit of K™"™ ™ as m goes to infinity, nor K;,"~ :=n fg(Us—Ys")_ds,
satisfy monotonicity properties in n, which prevents to apply the monotonic convergence
theorem to the sequence (Y", Zn Kt K"?‘)n, and thus to identify Y = Y as the minimal
solution to the reflected BSDE with nonpositive jumps. This differs from the case of doubly
reflected BSDEs where one can send indifferently first m or n to infinity. O

4 Dual game representation

In this section, we consider the case where the generator F'(¢,w) does not depend on y, z, ¢,
and we provide a dual game representation of the minimal solution to the reflected BSDE
with nonpositive jumps in terms of a family of equivalent probability measures and discount
factors. In addition to the set of probability measures P¥, v € V = U,,,V,,, defined in the
previous section, let us introduce for any n € N, the set ©,, of F-progressively measurable
processes valued in [0,n], and set © = U, ©,,, which shall represent the set of discount
processes. Inspired by Proposition 6.2 in [5] and the dual representation in Section 4 of
[16], we prove an explicit representation formula for the minimal solution to the reflected
BSDE with nonpositive jumps.

Proposition 4.1 (i) For anyn € N and m € N\ {0}, the solution to the penalized BSDE
(3.1) admits the following dual representation formula:

Y,""™ = esssupessinf Gy(v,0) = essinfesssup G¢(v,0),
VeV 0O 0€0n  vev,

for all 0 <t <T, where

T T s
Gi(v,0) = E”[e’ft Osdsg 4 / e J; f’rd’"(F(s)JresUs)ds\ft]

t
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(ii) Under assumptions (HO) and (H1), the minimal solution to the reflected BSDE with
nonpositive jumps (2.2)-(2.3)-(2.4)-(2.5) is explicitly represented as:

Y, = esssupessinf G¢(v,0), 0<t<T. (4.1)
vey 96@

Proof. (i) Fix n € Nand m € N\ {0}. For § € O, by applying It6’s rule to the product
of the processes e~ Josds and Y™™ in (3.1), and by introducing the compensated measure
¥ (dt,da) under P¥ for v € V, we obtain:

T

t
T
e_ftSQT'dTm Mg — v (a)L™™(a a)ds
+//A (m(L2™ ()4 — vs(a) L™(a)) A(da)d
T

_/ e f; 6,-dr (TL(US _ Y'Sn,m)_ 4 HS(US o )/Sn’m))ds
t

T T
—/ e i erTZ;L’des —/ /e J: erd"L?’m(a)ﬂ”(ds,da).
t t Ja

By same arguments as in (3.18) (see also Lemma 4.2 in [16]), we can check that the P” local
martingales { [, e~ JitOedr zim gy, ¢ < s < T} and {7 [ae Ji Oedr L () 3 (du, da), t <
s < T} are actually uniformly integrable PY-martingales, so that by taking conditional
expectation under P”:

T s
Y = Gy, 9)+1[«:”[ /t /A e IO (L™ (a)) s — vs(a) L™ (a)) M(da)ds

T
_ / e O (U, — YT+ 0,(Us — YI)ds| B, (42)
t

and this relation holds for any v € V, and 8 € ©. Now, observe that for any v € V,,, hence
valued in (0, m|, we have

m(Ly"(a))+ —wn(a) L™ (a) > 0, 0<t<T,a€A, as.

and for v = v° € Vy, defined by: v (a) = mlpnmgysop + lypnm(q) <oy, for arbitrary e €
(0,m], we have

m(Ly""(a))+ —vi(a) L™ (a) = —eL™(a)liprmgy<oy, 0St<T, a€ A4, as.
Similarly, for any 6 € ©,, hence valued in [0, n], we have
n(U = Y,""™")_+60,(U, -Y,"™) > 0, 0<t<T, as.
and for 0* € ©, defined by: 0] = nlgynm.y,y, we have
n(Uy = Y,""™)_ +0; (U, —Y™™) = 0, 0<t<T, as.
Therefore, by (4.2), we get

Gi(v,07) < Y™ = Gy(15,0%) + eRV™(0%), Vv € Vi, (4.3)
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Gi(v5,0) + eR"™5(0),
Gi(v5,0) + eR"™5(0), V0 € Oy, (4.4)

IN N

for all £ € (0, m], where we set:

T
Remeo) = B[ [ e @ 7).

For fixed m, and by viewing the BSDE (3.1) as a penalized BSDE in n for the upper-reflected
BSDE with generator F, in (3.6), we have by standard arguments based on Itd’s lemma,
uniform estimates in n for (Y™™, Z™™ ["™) in S2 x L2(W) x L2(ji) (see Theorem 4.2 in
[8]). Actually, these arguments show that for all 0 < ¢ < T, there exists some real-valued
Fi-measurable random variable C{" such that

T
supE| / / L (@)PAda)ds 7] < O (4.5)
neN t A

Moreover, since v < m, we see as in (3.20) that (% /¢¢° < emT=OMA¢m /¢ where (™
is the Radon-Nikodym density of dP¥/dP for v = m. Thus, by Cauchy-Schwarz inequality,
there exists some real-valued Fi-measurable random variable C~’tm such that

sup Rj™4(0) < €, (4.6)
neN

for all € € (0,m]. Now, by (4.3), we have: egs(ianf esssup G(v,0) < Y,/"™, and by (4.4), we
€0, VGVm
get:

Y,""™ < esssupessinf Gi(v, 0) +eR;""(0).
vEVm 0€on

By (4.6), we see in particular that eR;""™°(0) — 0 a.s. as £ goes to zero. Since we always

have ess sup ess inf G¢(v, 0) < ess (ianf esssup G¢(v, 6), this shows that

VeV, €O €On  veV,
Y0 = lim Gy(v5,0%) = inf G¢(v, 0
f lim Gy (17, 6%) ess sup egs in t(v,0)
= essinfesssup Gy(v,0), (4.7)

96@” I/GVm

ie. (V5,0%) € V,,, X O, is an e-saddle point for G(v, 0).
(ii) By sending m to infinity into (4.7), and recalling that Y™ = lim,, Y™™, we get:

Y,/" = essinfesssupGi(rv,0) > esssupessinf G¢(v,0). (4.8)
0€0 ey, vey,, 0€e

On the other hand, for arbitrary ng € N, we see that for any 6 € ©,,, and any n > ng:
TL(Ut - Y;n,m)i + Gt(Ut - Y;n,m) > 0, 0<t<T, a.s.,
which implies, from (4.2),

Y < Gy(n,0) (4.9)
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£ [/t ' /A e 00 (L™ (0)) . — vs(a) L™ () A(da)ds| 7,

for any v € V, 0 € O,,, and n > ng. Now note that, since L™ — L™ strongly in LP(f),

€ [1,2), then, up to a subsequence, L™™ — L™ dP ® dt ® A(da) almost everywhere.
Moreover, as already recalled in step (i) of the proof, we have uniform estimates in n for
(L™™) € L%(f1), namely, from (4.5) with ¢ = 0,

supE[ /0 ' /A ngvm(a)FA(da)ds} < o (4.10)

neN

for some positive constant CJ*. Then, sending n to infinity in (4.9) we obtain, from
Lebesgue’s dominated convergence theorem,

Ym < Gt(lj

0) (4.11)
+E” / /e S0 dr (L)) 4 — vs(a) L™ (a ))A(da)ds\ft},

foranyv eV, § € ©,,. Since © = U,,0O,, from the arbitrariness of ng we conclude that (4.11)
remains true for all § € ©. Take v° € V,;, defined by: 77 (a) = mlrm >0y +€l{Lm ()<
for arbitrary € € (0,m], so that

m(Li*(a))+ —vi(a)Li"(a) = —eLi*(a)l{tm@y<oy, 0<t<T, a€ A, as.,
and thus by (4.11):
Y < Gi(55,0) +eRT°(0) < Gy(55,6) +eR]™°(0), VOO, (4.12)

for all £ € (0, m], where we set:

T
RE(0) = E”E[/t /Aef”Td’”!LZ”%a)M(da)ds\ﬁ]-

Using again the uniform estimate (4.10) and the fact that, up to a subsequence, L™™ — L™
dP ® dt @ A(da) a.e., we obtain, from (4.5) and Lebesgue’s dominated convergence theorem,

E[/tTAng"(a>\2A(da)ds|ft} < o

Moreover, as in step (i) of the proof, since 7¢ < m we see that (%" /¢7° < em(T—t)A(4 Cm/Cm
Thus, by Cauchy-Schwarz inequality, it follows that, for all £ € (0, m],

R™(0) < Cr,

with the same real-valued F;-measurable random variable C{" as in (4.6). Then, from (4.12)
we get

Y/m < esssupessinf Gy(v,0) +eC™,
veV,, 0€0
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for all € € (0,m]. By sending ¢ to zero, and combining with (4.8), we obtain:

Y,/ = essinfesssup Gy(v,0)
966 Vevm

= esssupessinf G¢(v, 6). (4.13)
vEVM 0cO

Finally, by sending m to infinity into (4.13), we obtain the dual relation (4.1) for ¥ =

lim,, Y™. O

Remark 4.1 We don’t know in general if one can switch in (4.1) the essential infimum and
supremum. Actually, by considering Y™ = lim,, Y™™ the minimal solution to the BSDE
with nonnegative jumps (3.22), one could show by similar arguments as in the second part
(ii) of Proposition 4.1 that:

Y, = essinfesssupGi(v,0) = esssupessinf G¢(v,0),
0€0, ey vey €6,

so that ¥ := lim,, Y satisfies:

Y; = essinfesssup Gi(v,6).
0cO vey

However, as pointed out in Remark 3.2, we cannot conclude whether Y, is equal or strictly
greater than Y;. O

5 Connection with HJB Isaacs equation for controller-and-
stopper games

In this section, we show how the minimal solution to our class of reflected BSDEs with

nonpositive jumps provides a probabilistic representation (hence a Feynman-Kac formula)

to fully nonlinear variational inequalities of Hamilton-Jacobi-Bellman (HJB) Isaacs type
arising in a controller/stopper game, when considering a suitable Markovian framework.

5.1 The Markovian framework

We are given two measurable functions b : R x R? — R? and o : R? x R? — R%*? and we
introduce the forward Markov regime-switching process (X, I) in R? x R? governed by:

dXt = b(Xt,It)dt—FO'(Xt,It)th (51)

al, = /A(a—lt_)u(dt,da). (5.2)

Therefore, the coefficients b and o, appearing in the dynamics of the diffusion process X,
change according to the pure jump process I, which is associated to the Poisson random
measure g on Ry x A. We make the following standard assumption on the forward coeffi-
cients b and o:
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(HFC) There exists a constant C' such that
b(z,a) — b(z',d')| + |o(z,a) —o(2',d)] < C(lz—2'|+|a—dl),
for all 2,2’ € R% and a, ' € RY.

It is well-known that under hypothesis (HFC) there exists a unique solution (X%, [t)
= (X2 I6")<s<r to (5.1)-(5.2) starting from (z,a) € R? x RY at time s = ¢ € [0, 7).
Furthermore, we have the standard estimates: for all p > 2, there exists some constant C),
such that

E[ sup (XI5 4 |1290) ] < Cy(1+1al? +[al?), (5.3)
t<s<T

for all (¢,z,a) € [0,T] x R? x RY.

Remark 5.1 Notice that the constant C), in (5.3) depends only on p, T', and the growth
linear condition of b, in (HFC). Since the dynamics (5.1) of X is not changed by the
change of probability measure PV, v € V (recall that W remains a Brownian motion under
P¥), we then see that for all p > 2:

]E”[ sup (| X%
s<r<T

PHIIEP)E] S Gl XETP |, << T,
for all ¥ € V, and thus:

T
/ E[esssupE”[ sup (|Xf:’“"’“|p+|Iﬁ’“|p)]]-"8]]ds < Cy(1+ |z +]alP), (5.4)
t

vey s<r<T

for all (t,x,a) € [0,T] x R? x RY. O

Regarding the reflected BSDE with nonpositive jumps, the terminal condition, the
generator function, and the barrier are given respectively by some continuous functions
g:RI SR f:RIXRIxRxR? - R, and u : [0,7] x RY = R. We make the following
assumptions on the BSDE coefficients:

(HBC)
(i) The functions g, f(-,+,0,0) and u satisfy a polynomial growth condition:

LU,CL,0,0 xT + u t,l‘
sup MﬂL lg(z)| + | (h )|
zER?,a€RY 1+ |z + [al t€[0,T],z€R? 1+ |z

o0,

for some h > 0.

(ii) There exists some constant C' such that:

f(z,a,y,2) — f(z,a,9, )] < C(ly—y|+|z—7),

for all z € R%, a € RY, y, 9/ € R, 2,2 € R%
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(iii) w(T,x) > g(x), for all z € RY, and there exists a nonincreasing sequence of functions
(uF) lying in CH2([0, T] x R?), and converging pointwisely to v such that the following
polynomial growth condition holds

B (t,)| + | Dyuk (8, )| + | D3 (1, )]

sup  sup

- < oo,
keN te[0,T],zeRd 1+ ||

for some h > 0.

In this Markovian framework, the reflected BSDE with nonpositive jumps (2.2)-(2.3)-
(2.4)-(2.5) takes the form:

Y, = g(Xp)+ / f(Xs, L5, Yy, Zs)ds + K — K" — (K7 — K;) (5.5)
—/t Z AW, — // p(ds,da), 0<t<T, a.s.
with
Li(a) < 0, dP®dt® A(da) a.e. (5.6)
and
Vi < w(t,Xy), 0<t<T, as. (5.7)
/OT(u(t,Xt) -Y,-)dK; = 0, a.s. (5.8)

Notice that under (HFC) and (HBC) the terminal condition £(w) = g(Xr(w)), the
generator F(t,w,y, z,£) = f(X¢(w), [;- (w),y, 2), and the barrier U;(w) = u(t, X¢(w)) clearly
satisfy the standing assumptions 1-4 in Section 2. Let us now discuss about conditions (HO)
and (H1) in the two following remarks.

Remark 5.2 Condition (HO) is satisfied in our Markovian framework. Actually, it is
shown in Lemma 5.1 in [16] that under (HFC) and (HBC)(i), (ii), there exists for any
initial condition (¢,z,a) € [0,7T] x R% x R, a solution {(Y&™® Zb™* Lh™* Kb»*T) ¢ <
s < T} to the BSDE with nonpositive jumps (2.6)-(2.7) when (X,I) = {(X5™% I2%),t <
s < T}, with Y2 = 5(s, X4™®) for some deterministic function o on [0, 7] x R? satisfying
the polynomial growth condition:

“ [0(t, )|
p T
(ta)eoT)xrd 1 + |2

for some r > 2. Such solution is constructed by It6’s lemma from a smooth supersolution
to
ov

—— —sup[L* + f(,a,0,07(-,a)D,v)] > 0, onl0,T) X RY
ot acA
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where
1
L% = b(x,a).DxLP—i-itr(aaT(x,a)Dggo),

which can be chosen equal to o(t,z) = Ce”T=O(1 + |z|"), with 7 = max(2, k), for C and p
positive large enough. O

Remark 5.3 We also observe that assumption (H1) is satisfied in the present framework.
More precisely, given an initial condition (¢,z,a) € [0,T] x R? x RY, let us consider the
process U*, k € N, defined by:

UF = uf(s, X1®9), t<s <T.

S
By It6’s formula, U* is in the form of condition (H1)(ii), with

ouF
v o= %(s, XEma) 4 p(XE™, I6%). Dyl (s, X100

1
+ itr (UUT(X?‘T’“, I?“)D%uk(s, Xﬁ’x’“)),
¥ = DyuP(s, XbTa)g(XbTa [hay,

for all t < s < T, a.s., and we clearly see from (HFC), (HBC)(iii), and (5.3) that

E[/tT\vﬁdes]+E[/tT|19’;Pds} < oo

Moreover, by using (5.4), and again from the polynomial growth conditions on b, o, F' and
uF in (HFC), (HBC), there exists some p > 2 such that

T
sup/ E{esssupE”[ sup (|UF[P + vf|P + Wf]p)‘}"sﬂds
keN Jit vEY s<r<T

T
+ / E{esssupE”[ sup | f(XP510%,0,0) | Fo]]ds < Cp(1+ |zfP + |afP).
t

vey s<r<T

for all (t,z,a) € [0,T] x R? x RY. ]

From Theorem 3.1, we get, for any initial condition (t,z,a) € [0,7] x R% x RY, the
existence of a minimal solution {(Yst’w’a, Zﬁ’m’a,Lé’m’a,Kﬁ’x’a’Jr,K;’x’a’_),t < s < T} to the
Markovian reflected BSDE with nonpositive jumps (5.5)-(5.6)-(5.7)-(5.8) when (X,I) =
{(XE™ Ib™),t < s < T}. Moreover, as we shall see in the next paragraph, this minimal
solution is written in this Markovian context as: Yi™® = v(s, XL I®), where v is a
real-valued deterministic function defined on [0, 7] x R% x R? by

o(t,z,a) = Y (t,z,a) € [0,T] x R? x R, (5.9)
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We aim at proving that this function v does not depend actually on the argument a in the
interior of A, and is connected to the fully nonlinear variational inequality of HJB Isaacs

type:
max [ o sup (L% + f(-,a,v,07(-,a) Dgv));v — U] = 0, on [0,7) x R? (5.10)
8t GEA
o(T,z) = g(z), zeRL  (5.11)

5.2 Viscosity property of the penalized BSDE
Let us consider the Markovian penalized BSDE associated to (5.5)-(5.6)-(5.7)-(5.8)

Y = g(Xg) + / F(Xo, I, Yo, 20 ds (5.12)
T
+m/ / (Ly™(a (da)ds—n/ (u(s, Xs) = Y™ _ds
t

—/ ZPMdW,s — //an p(ds,da), 0<t<T,
t

and denote by {(YJW™® gz mbie [Lmbney 4 < g < T} the unique solution to (5.12)
when (X, 1) = {(X ﬁma,fs ),t < s < T} for any initial condition (¢,z,a) € [0,T] x R% x R.
From the Markov property of the jump-diffusion process (X,I), we recall from [2] that
ymmbe,a V"M (s, xLea Iﬁ’a), t < s < T, for some deterministic function v™" defined on
[0,T] x RY x RY by

m(t,xz,a) = YUY (tx,a) € 0,T] x RY x R, (5.13)

Next, for fixed m, let us consider the limiting BSDE of (5.12) as n goes to infinity, that is
the reflected BSDE:

T T
VAL g(XT)—i-/ f(Xs, I, Y., Z)ds + m/ /(Lg”(a))Jr)\(da)ds (5.14)
t
- (K;n’i — Kln’i) — / ZNdWg — / / L7 (a)u(ds, da), 0<t<T, a.s.
t

and

}/;m

IN

u(t, X), 0<t<T, as. (5.15)

T
/(u(t,Xt)—th)dKZn’_ = 0, a.s. (5.16)
0

and denote by {(Ysm’t’x’a,Zgl’t’m’a,L?’t’m’a,K?’t’$’a’+),t < s < T} the unique solution to
(5.14)-(5.15)-(5.16) when (X,I) = {(X2™* I¢%),t < s < T} for any initial condition
(t,x,a) € [0,T] x R x R%. Since Y™™\ converges to Y™5%? as n goes to infinity,
we see from (5.13) that Y™%%% may be written as ymb®e — ™ (s, xLwa Iﬁ’a), t<s<T,
where v™ is the deterministic function defined on [0, 7] x R% x R? by:

m(t,z,a) = lim 0™ (tz,a) = Y (tx,a) € [0,T] x REx RY. (5.17)

n—0o0
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From the convergence of Y% to the minimal solution Y%%¢ when m goes to infinity, as
stated in Theorem 3.1, we deduce that Y% has indeed the form Y&™% = v(s, X0™% 0%,
with a deterministic function v defined as the pointwise (nondecreasing) limit of (v™),,:

o(t,z,a) = lim v™(t,z,a) = Y™ (t,z,a) €[0,T] x R? x RY. (5.18)

m—ro0

From the bounds (3.8)-(3.9), we have for all m € N: v(t,z,a) < v"™(t,z,a) < 0(t,x),
(t,z,a) € [0,T] x R x RY, where v := v° is associated to the reflected BSDE Y™ for m = 0,
and v is the supersolution as defined in Remark 5.2. By the polynomial growth condition on
v, and also on v (see e.g. Lemma 3.2 in [6]), we deduce that v", and thus also v by passing
to the limit, satisfy a polynomial growth condition: there exist some positive constant C
and some p > 2, such that, for all m € N:

W™ (¢, 2, a)| + ot 2,a)| < C(L+ |2 + [al?), (5.19)

for all (t,2,a) € [0,T] x R? x R?. As expected, for fixed m, the function v™ = v™(t,z,a)
associated to the reflected BSDE with jumps (5.14)-(5.15)-(5.16) is connected to the integro-
differential variational inequality:

max [— 3(;):‘ —b(z,a).Dyo™ — %tr(aUT(x, a)D2v™) — f(x,a,v™, 0" (z,a)Do™)  (5.20)
—/ (V™ (t, z,a") — v (t, z,a))A(da’) — m/ (V™ (t, z,a’) — vm(t,:c,a))+)\(da’);
A A

" (t, x,a) —u(t,z)] = 0,
for (t,x,a) € [0,T) x R? x R?, together with the terminal condition:
v™(T,x,a) = g(z), (z,a) € R xRY. (5.21)

More precisely, we have the following result, which may be proved by extending to the
multidimensional case Lemma 3.1 and Theorem 3.4 of [6], and by using Theorem A.1 as
comparison theorem for BSDEs with jumps.

Proposition 5.1 Let assumptions (HFC) and (HBC) hold. The function v™ in (5.17)
is a continuous viscosity solution to (5.20)-(5.21), i.e., it is continuous on [0,T] x R x RY,
a viscosity supersolution (resp. subsolution) to (5.21), i.e.

v™(T,x,a) = (resp. <) g(x)

for any (z,a) € R x RY, and a viscosity supersolution (resp. subsolution) to (5.20), i.e.

max {— ((?;;(t, z,a) —b(x,a).Dyp(t,x,a) — %tr(aUT(x,a)Dgw(tjx, a)) (5.22)

—f(z,a,v™(t,x,a),0™(x,a)Dyp(t, z,a)) — /A (o(t,z,ad") — p(t,z,a))\(da)

_m/ (gp(t,x,a') - go(t,x,a))+)\(da’) ) Um(t>$7a) - U(t,l’)] Z (Tesp' g) 0
A
for any (t,x,a) € [0,T) x RY x R? and any ¢ € CH2([0,T] x (R? x RY)) such that

(W™ =)t z,a) = [o,n%ixm(v —¢) (resp. [O,T]Iz}[g?i{x]]{q(v =) (5.23)
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Remark 5.4 Notice that
v (t,za) < wu(t,x), for all (¢t,z,a) € [0,T] x R? x RY. (5.24)

Indeed, for any (t,z,a) € [0,T] x R x R?, since Yo" = o™ (s, X" 1), t < s < T,
we deduce, from (5.15) that

1 S
E L — /t (0™ (r, XEP I — u(r, XEP"))dr| < 0

for all t < s < T'. Since (X% [4%) is cadlag, in particular it is right-continuous at time ¢.
Therefore, (5.24) follows from the continuity of v and w. 0
5.3 HJB Isaacs equation

This paragraph is devoted to the derivation of the equation satisfied in the viscosity sense
by the function v in (5.18), by passing to the limit, as m goes to infinity, in the equation
satisfied by v™. The first step is to prove that v does not depend on a, which is basically
a consequence of the nonpositive jump constraint:

L) = w(s, X% a') — U(S,Xﬁ’gﬁ’a,lzf) <0, dP®ds® \(dd) a.e.

providing that the function v is continuous. However, as we do not know a priori that the
function v is continuous, we shall rely on (discontinuous) viscosity solutions arguments as
in [16], and make the following conditions on the set A and the intensity measure \:

(HA) The interior set A of A is connex, and A = Adh(A), the closure of its interior.
(HA)

(i) The measure A supports the whole set A: for any a € A and any open neighborhood
O of a in RY we have A(O N A) > 0.

(ii) The boundary of A: A = A\A, is negligible with respect to A, i.e., A(DA) = 0.

Proposition 5.2 Let assumptions (HFC), (HBC), (HA), and (H)) hold. Then the
function v does not depend on the variable a on [0,T) x R? x A:

v(t,z,a) = o(t,x,d), a,d € A, (5.25)
for all (t,z) € [0,T) x RZ.

Proof. The proof borrows most arguments from section 5.3 in [16], and we only report
here the main steps and the points to be modified. First, we see from (5.24), and sending
m to infinity that:

v < u on [0,T] x R x R (5.26)
We next show that the function v is a viscosity supersolution to:

—|Dyv(t,z,a)] = 0, (t,z,a)e€[0,T) xR x A, (5.27)
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i.c., for any (t,z,a) € [0,T) x R% x A and any function ¢ € C12([0,T] x (R% x R?)) such
that (v — ¢)(t, 2, a) = ming ) gaxra (v — ), we have

—|Dag(t,z,a)| > 0, ie. Dap(t,z,a) = 0.

Indeed, let (t,z,a) € [0,T) x R? x A and ¢ € CY2([0,T] x (R% x RY)) such that 0 =
(v —¢)(t,z,a) = ming 7xrdxra (v — ). We distinguish two cases.
(i) v(t,z,a) = u(t,z). From (5.26), we have

o(t,z,d) < wv(t,z,d) < u(t,x), Va c€RY

and o(t,z,a) = v(t,x,a) = u(t,z). It follows that ¢(t,z,a) = maxyecra p(t, x,a’), which
yields: Dyp(t,x,a) = 0, since a € A.
(i) v(t,z,a) < u(t,x). We may assume, without loss of generality, that ¢ satisfies the

elteal o oo with p as in (5.19).

polynomial growth condition SUD (¢ 1,0)€[0,T] xRé xR 71L|x‘p+|a|p

Then, for any € > 0, consider the test function
e (t,2',d) = o, d)—e(|t' —t* + |2’ — z[* +|d —a|?),

for all (#,2',a’') € [0,T] x R? x RY. Since ©°(t,z,a) = ¢(t,z,a) and ¢° < @, with equality
if and only if (¢, 2/,a') = (¢, 2, a), we see that

v—°)(t,r,a) = strict min v — °).
(v )02, L ()

From the continuity and the growth conditions of v™ and ¢, we see that there exists a
bounded sequence (t,,, Ty, am)m (We omit the dependence on ¢) in [0,7] x R? x R such
that

(V™ = @) (tm, Ty am) = min (0" —¢F).
[0,T)x R4 xR

By standard arguments, we obtain, up to a subsequence,

m—r0o0

(tm, T, Qs 0™ (b Toms Gm))) (t,z,a,v(t, z,a)).

From the viscosity supersolution property of v to (5.22) at (tm, Tm, am), we find

_O¢*
ot

_f(xma am, Um(tma Ty am)a UT(-Tma am)DxSOE(tma T, am))

—/ (% (tm, Tm, @) — @ (tm, Tm, am) ) M(da')

( ms Lm am) - Eamwe(tma T, am)

—m/ “(tms Tm, @) — ©° (tm, T, am))+/\(da’) > 0.
By sending m to infinity, and then € to zero, we conclude as in the proof of Lemma 5.3 in

[16] that: [, (¢(t,z,a') — go(t,:n,a))+)\(da’) = 0, which means under (H\) that ¢(¢,z, a)
= maxyere p(t, x,a), i.e., Dyp(t, z,a) = 0.
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Finally, by arguing exactly as in Lemma 5.4 and Proposition 5.2 of [16], we obtain
under the additional condition (HA) the non dependence of v on a € A from the viscosity
supersolution property to (5.27). O

From Proposition 5.2, we can define by misuse of notation the function v on [0, 7") x R?
by:

o(t,z) = wv(t,z,a), (t,x)e(0,T) xR

for any a € fol, and we see that v satisfies a polynomial growth condition when z goes
to infinity by (5.19). We finally state the viscosity property of v to the HJB Isaacs type
equation (5.10)-(5.11). Recall the definition of lower semicontinuous envelope v, and upper
semicontinuous envelope v*:

ve(t,z) = liminf o(t,2) and v*(t,7) = limsup o(t,2),
(2" )—(tx) (t' &)= (t,z)
t'<T t'<T

for all (t,z) € [0,T] x R<.

Theorem 5.1 Let assumptions (HFC), (HBC), (HA), and (H\) hold. Then v is a
viscosity solution to (5.10)-(5.11) in the sense that it verifies:
(i) Viscosity supersolution property:

v (T,x) > g(x), (5.28)

for any x € R, and

masx [~ GE(t.0) - sup (Lp(6,) + f (30,02 (1,2), 0" (. ) Dap(t,2)) ) (5:29)

v(t, @) —u(t,z)] > 0

for any (t,z) € [0,T) x R? and any ¢ € CV2([0,T] x R?) such that (v. — @)(t,z) =
min[mT]de(U* - )

(11) Viscosity subsolution property:
v (T,z) < g(x), (5.30)

for any x € R, and

0
max | = 50 ) = sup (L%(62) + (20,07 (12), 0" (. ) Dap(t,0) ) (5:31)

v (t,x) —ult,z)] < 0

for any (t,z) € [0,T) x R? and any ¢ € CY2([0,T] x RY) such that (v* — @)(t,z) =

maxig )xgd (V° — ).

Proof. The proof is quite similar to the proof detailed in Section 5.4 of [16], and we report
only the main arguments and the points to be modified with respect to the proof in [16].
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e Viscosity supersolution property (5.29): Since v is the pointwise limit of the nondecreasing
sequence of continuous functions (v"™), and recalling (5.25), we know (see e.g. [1]) that v
is lower semicontinuous and so:

v(t,z) = v(t,z) = lim v™(t,z,a), V(t z,a)€[0,T] xR x A.

m—00

Fix now (t,z) € [0,7) x R4, and let » € C12([0,T] x R?) such that (v. — ¢)(t,z) =
ming 7xrd (v« — ). We already know from (5.26) that v, < u, and so distinguish two
cases:

(1) ve(t,z) = u(t,x), then the viscosity supersolution property of v at (¢, x) is obviously
satisfied.

(2) We have v(t,x) = vi(t,z) < u(t,x). We may assume, without loss of generality, that ¢
satisfies Sup(y 2)e(o,7)xRr4 |1+(|z|2,| < 00, with p as in (5.19). Then, take a € A and consider,

for any € > 0, the test function

SDS(tI,x/’a/) _ So(tlvlj) _ 8(|t, _ 75|2 + ’l_/ _ x|2p + |a/ _ a|2p),
for all (¢,2',a’) € [0,T] x R? x R%. Proceeding as in the proof of Proposition 5.2, step
(ii), we can find a bounded sequence (tp,,Zm,am)m (Wwe omit the dependence on ¢) in
[0, 7] x R? x R? such that

"™ — %) (tm, Ton, @ = min v — p°
( ©°) (b, Ty am) [O,T]dequ( ©°)

and, up to a subsequence,
(tm7 Tm, Am, Um(tmv Tm, a'm)) mj}o (t’ z,a, U(t> JJ))

Therefore, recalling that v(t,z) < wu(t,z) and using the continuity of u, we see that

V™ (i, Ty @) < (b, ) for m large enough. As a consequence, from the viscosity

supersolution property (5.22) of v™ at (t,, Tm, am) with the test function ¢, we then get:

_0¢*

ot

_f(xma Am, Um(tma Ty am)v O'T(xma am)DxSDE(tma Ty am))

_/ ((‘0 <tm7 Tm, a/) - (Pa<tm7 L,y am))/\(da/)

( my Tm, am) - Eamﬁps(tma L, am)

- m/ tmv xm, ,) - Sps(tma l‘m, am))+)\(da/) Z O

By sending firstly m to infinity, and afterwards € to zero, then using that a is arbitrary in
A, together with the continuity of the coefficients b, o, and f in the variable a, we obtain
the required viscosity supersolution inequality:
0
a(f(t ZE) sup (La@(tax) +f(:r:,a,v*(t,x),JT(x,a)Dxcp(t,m))) Z 0
acA

e Viscosity subsolution property (5.31): By (5.26), we have: v* < u on [0,7) x R? and so
it remains to show the viscosity subsolution property of v to:

ov
- _ a T < .
5 21612 (E v(t,z) + f(z,a,0(t,z),0 (:B,a)Dmv(t,x))> < 0
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This follows by same arguments as in [16] from the viscosity subsolution property of v™ to:

o™ m 1 T m m .t m
~ o b(x,a).Dyo™ — itr(mf (z,a)D%*v™) — f(x,a,v™, 0" (z,a) Dv™)
_/A( "t z,d) — o™ (L, z,a)) A\ (da') —m " (t,x,a’) — m(t,x,a))+)\(da’) < 0,

and by sending m to infinity under (H)\)(n).

e Finally, the viscosity supersolution and subsolution inequalities (5.28), (5.30) are proved
by same arguments as in [16]. O

Remark 5.5 Zero-sum controller/stopper game

Let us consider the particular and important case where the generator f(x,a) does not
depend on (y,z), and u(t,x) = g(x). In this case, the nonlinear variational inequality
(5.10)-(5.11) is the HJB Isaacs equation associated to the following zero-sum controller-
and-stopper game: let us introduce the controlled diffusion process in R?

dXg = b(XJ, a5)ds+ o(X, as)dWs, (5.32)

where the control a € A is an FW-progressively measurable process, valued in A, affecting
both drift and diffusion coefficient, possibly degenerate. Here F" denotes the natural
filtration generated by the Brownian motion W. Notice that the laws P* of X under P,
for a varying in A, belong to a non dominated set of probability measures. Given (t,x) €
[0,7] x R%, and o € A, we denote by {Xi™* t < s < T} the solution to (5.32) starting
from x at s = t. Let us also define T; 7 as the set of all FW -stopping times valued in [t, 7]
for 0 <t < T, and consider II; 7 the set of stopping strategies m : A — T; 1 satisfying a
non-anticipative condition as defined in [3]. The upper and lower value functions of the
controller /stopper game are given by:

- [a]

V(t,z) := inf supE [/ FIXE™Y ag)ds + g(Xi’[:Z]a)} )
melly T ae A t

V(t,x) = sup inf E / fXEm ag)ds + g(Xﬁ’x’o‘)], (t,z) € [0,T] x RY.
acATET T t

It is shown in [3] that this game has a value, i.e., V =V = V, and that V is the unique
viscosity solution to (5.10)-(5.11) satisfying a polynomial growth condition. By combining
this result with Theorem 5.1, this shows that v = V. In other words, we have provided
a representation of HJB Isaacs equation, arising in zero-sum controller/stopper game, in-
cluding control on possibly degenerate diffusion coefficient, in terms of minimal solution to
reflected BSDE with nonpositive jumps. Furthermore, by combining with the dual game
representation in Proposition 4.1, we obtain an original representation for the value function
of the controller-and-stopper game:

7la]
inf supE[/ f(Xf,at)dt—i—g(Xfr‘[a])} = sup 1nf E / FXP, ap)dt + g(X2)
0

m€llo, T e A acATETo,T

T t
= sup inf E” {/ e~ Jo O=ds (f( Xt L) + Org(Xy) )dt + e~ Jo etdtg(XT)}.
vey 0o 0
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6 Conclusion

We introduced in this paper a class of reflected BSDEs with nonpositive jumps and upper
obstacle, and showed in the Markov case its connection with fully nonlinear variational
inequalities arising typically in controller-and-stopper games with control both on drift and
diffusion term. Such representation suggests an original approach for probabilistic numeri-
cal schemes of HJB Isaacs equations by discretization and simulation of this reflected BSDE
with nonpositive jumps. From a theoretical point of view, an open problem is to relate this
class of BSDEs to general controller-and-stopper games in the non Markovian case. A
variation of our class of BSDEs would be to consider reflected BSDEs with nonpositive
jumps and lower obstacle, which is related to supsup problem over control and stopping
time, and in other words to optimal stopping under nonlinear expectation. Actually, the
proof of existence of a minimal solution by a double penalization approach is simpler since it
would involve the sum (instead of the difference) of two nondecreasing processes. Another
possible extension is the class of doubly reflected BSDEs with nonpositive jumps motivated
by Dynkin games under nonlinear expectation (see [20]).

Appendices

A. Comparison theorems for sub and supersolutions to BSDEs with
jumps

We provide in this section two comparison theorems for BSDEs with jumps. We first recall
a comparison theorem for sub and supersolutions to BSDEs driven by the Brownian motion
W and the Poisson random measure p, for which we refer to Theorem 4.2 in [27] (see also
Section 4.3 in [27] and Theorem 2.5 in [28]).

Theorem A.1 Let &4,¢2 € L2(Fr) be two terminal conditions and let F1, F? : Q x [0,T] x
R x R? x L2(\) — R be two generators satisfying the assumptions 2.(i)-(iii) of Section 2.
Let (Y1, Z1, L' Kb7) € 82 x L2(W) x L2(1) x K2 satisfying
T
YEo= e [P Zh Lhds - (e - k) (A1)
t
T T
—/ ZsldWS—/ /L;(a)u(ds,da), 0<t<T, as.
¢ t Ja
and (Y?,7% L2, K%>%) € S2 x L2(W) x L2(j1) x K2 satisfying
T
Vo= @4 [ Py Zh s+ K K (A2
t
T T
—/ ZﬁdWs—/ /Lz(a),u(ds,da), 0<t<T, as.
t t Ja

IfFFY (Y, ZE L < F2(, Y, ZE L) (resp. FYU(t, Y2 Z2,12) < F2(t, Y2, Z2,L?)), dP@dt
a.e., and €' < €2 a.s., then

V! <Y?  0<t<T, as.
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We now state a comparison theorem between a Skorohod solution and a Skorohod

supersolution, both driven by the Brownian motion W and the Poisson random measure

. This slightly extends Theorem 5.2 in [8].

Theorem A.2 Let !, ¢2 € L2(Fr) be two terminal conditions and let F1, F? : Qx [0, T] x
R x R? x L2()\) — R be two generators satisfying assumptions 2.(i)-(iii) of Section 2. Let

(YL, ZYV LY KV ~) € S2 x L2(W) x L2(f1) x K2 satisfying

T
Vo= [P 2 s - (g - L)

—/ZdW //L1 u(ds,da), 0<t<T, a.s.
t

and
Y} < U, 0<t<T, as.

T
/(Ut—Ytl)thl’_ = 0, as
0

(A.3)

Furthermore, let (Y2, 22, L2 K*>* K%7) € 8% x L3(W) x L2(j1) x K% x K2 satisfying

T
YVE o= &+ / F2(s, Y2, 722, L3)ds + K3" — KPY — (K3~ — K77)

—/ Z2dW, — //L2 w(ds,da), 0<t<T, a.s.
t

Yf < U, 0<t<T, a.s.

and

T
/ (Up- — Yt2_)th2’7 = 0, a.s.
0
If ¢ < €2 as. and FY(t, Y}, Z} L) < F2(t, Y, Z} L)), dP ® dt a.e., then
VI<Y? 0<t<T, as.

Proof. Consider the following penalized BSDEs:

T

T
Y;n,l — 51 / ( Ynl an Lnl)d TL/ (US_}/Sn,l)de

t

—/ Zmlaw, — //L"1 u(ds, da)
t

and

(A4)

T T
Y;n,Q _ 52 / F2<8 Yn2 Zn2 Ln2)d8+K%+ _KtQ,—i- _n/ (Us _Y;n,2>—d8
t

—/ ZM2 AW, — //L"2 u(ds,da),
t
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for all 0 < ¢ < T, almost surely. By comparison Theorem A.1 we get ;' < ¥, for all
n € N. Recalling Remark 3.1, we have that Ytn’1 converges to Y;'. It remains to prove the
convergence of ¥;? towards Y;2.

Set Y2 := Y24 K2+ U .= U+ K>+, 2 .:=¢2 —|—K72~’+, and F2(t,y, z,0) := F2(t,y —
KE’J“, z,0), forall 0 <t < T,y €R, z € R% ¢ € L2()\), almost surely. Then

T T
)/tTL,Q — §2+/ F2( Yn2 ZnQ LnZ)ds_n/ (US_}/STL,?)—dS
t

—/ ZM2 AW, — //L”2 p(ds,da),
t

for all 0 < ¢ < T, almost surely. Note that 52 verifies the square integrability condition and
F? satisfies assumptions 2.(i)-(iii) of Section 2. Moreover, Up € S and Uy > £2, almost
surely. Now, again from Remark 3.1, we have that Y™?2 converges to Y2 = Y2 + K%*_ and
hence Y™?2 converges to Y2. O

B. Monotonic limit theorem for BSDEs with jumps

We state a monotonic limit theorem for BSDEs driven by the Brownian motion W and the
Poisson random measure p. This extends the monotonic limit Theorem 3.1 in [25] to the
jump case.

Theorem B.1 Let (Y™, Z™ L™ K™% K™7),, be a sequence in S% x L2(W) x L2(ji) x
K2 x K2, with K™ continuous, solution to:

T
ym = .5+/ F(s, Y™, Z" L™)ds + K7t — K75 — (K — K7™7)  (B.1)

—/ ZIdW, — / /Lm pu(ds,da), 0<t<T, a.s.
t

+ {127

and (Y™),, converges increasingly to Y € S%. Suppose also that the sequence (K™ ),

such that

m m m,+ m,—
sup (Y71, + 112" R L) < o, (B2

L2(W) L2 (i)

satisfies:
m,— m,— m+1,— m+1,—
K, — K] < K, - K , 0<s<t<T, a.s. (B.3)

for all m € N. Then there exists (Z, L, KT, K~) € L2(W) x L?(fi) x K2 x K2 such that
T
y, = §+/ F(s,Ye, Z, Ly)ds + Kif — K — (K — K;) (B.4)

—/ ZdWy — // wu(ds,da), 0<t<T, a.s.
t

Here (Z, L) is the strong (resp. weak) limit of (Z™,L™), in LP(W)xLP (1), withp € [1,2),
(resp. in L2(W) x L2(f1)). Furthermore, K; is the weak limit of (K[ )y, in L2(F;), and
(K{"")m converges strongly up to K; in L2(F;), for any 0 <t < T.
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Proof. Step 1. Limit BSDE. From the boundedness condition (B.2) and the Hilbert struc-
ture of L2(W) x L2(fi) x L2(0,T), there exists a subsequence, (Z™, L™k, F(-, Y™ Z™k
L™*)); which converges weakly to some (Z, L, G) € L2(W) x L2(ji1) x L2(0,T). Thus, for
each stopping time 7 < T, the following weak convergences hold in L?(F;) as k — oo:

/F(S,Ysmk,Z;nk,Lgn’“)ds — /G(s)ds
0 0

/kadWS ~ /ZdWS,
//Lm’C w(ds,da) — // p(ds, da).

From (B.3), there exists K~ € K2, such that K, is the strong limit of (K;"* ™), in L2(F;)
for all 0 < ¢t < T. In particular, K"*~ — K~ . Moreover, since

KMt = Yy K / F(s, Y™ Zm [)ds

+/ Z7 AW +/ /Lm’C w(ds, da).
0

we also have the weak convergence in L2(F,)

KMot s KF o= Y- Y+ K — /G )ds

+/OZdW+// 1u(ds, da),

as k — oo. Note that E[(K;)?] < oo and for any two stopping times 0 < o < 7 < T, we
have K} < K since Ky T < K" From this it follows that K is an increasing process.
Observe now that we have obtained the following decomposition for Y:

t:YO—/G )ds — K + K +/ZdW+// u(ds,da).  (B.5)

Since the processes K™ and K™%~ are predictable, we deduce that K™ and K~ are also
predictable. Besides, by Lemmas 3.1 and 3.2 of [25], KT, K~ and Y are cadlag processes.
Thus, in the above decomposition of Y in (B.5), the components Z and L are unique. As
a matter of fact, the uniqueness of Z follows by identifying the Brownian parts and finite
variation parts. The uniqueness of L is then obtained by identifying the predictable parts
and by recalling that the jumps of y are totally inaccessible. From the uniqueness of (Z, L),
it follows that the whole sequence (Z™, L'™),,, converges weakly to (Z, L) in L2(W) x L2(j1).

Step 2. Properties of the process K+. We establish that the contribution of the jumps of
K™ is mainly concentrated within a finite number of intervals with sufficiently small total
length. More precisely, we apply Lemma 2.3 in [24] to K. Consequently, as in Lemma
2.3 in [24], for any 0, > 0, there exists a finite number of pairs of stopping times (o, %),
kE=0,...,N, with 0 < o <7, <T, such that all the intervals (o, 7] are disjoint and

N
€ €d
E;O(Tk_gk)ZT—T IEZ > Ak P (B.6)

=0 o0 <t<Tg
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We should note that in [24] the filtration is Brownian, therefore it is continuous, and hence
each stopping time o can be approximated by a sequence of announceable stopping times.
In our case the stopping times o’s are constructed as the successive times of jumps of the
predictable process KT with size bigger than some given positive level, therefore each oy, is
a predictable stopping time and the approximation of o} by announceable stopping times
is again possible. We can thus argue exactly the same way as in Lemma 2.3 in [24] to derive
both estimates in (B.6).

Step 3. Strong convergence. By applying Ito’s formula to |Y,™ — Y;|? on a subinterval (o, 7],

with 0 < o < 7 < T, two stopping times, and recalling that K" is continuous, we obtain:
By Y. |° = By -Y, '+ E/ |Z™ — Z,|*ds +E/ / |L™(a) — Lgs(a)|*X(da)ds
o o JA
2B [ (V- V)(6(s) - Fls, Y, 23 L)) ds

+E Y JAK - AK+AK TP

te(o,7]

- 2E/ (Y™ =Y, )dK} — 2E/ (Y™ —Y,-)dK,
(7]

(0,7]

- 2E/ (Y" — Ys)dKIt + 2E/ (Y =Y, )dK"™
(o (o,7]

7]
+ ZE/ / s) (LT (a) — Ls(a))A(da)ds. (B.7)
(o,7]
Now, let us write

/ (Y - Y, )dK] = / (Y2 + AK"™ = Y- + AK — AK)dK]
(o,7] (o,7]

= > (AKSP+ Y AKSAKL - KM,

tE(O}T} tE(O’,T]

and observe that

/( O Yo )OS KT S0, and /( O VAR <0
Therefore, by using the inequality 2ab > —2b* — a?/2, we obtain from (B.7)
/ Zm _ 7, ds + IE/ /\Lm ~ La(a)[2A(da)ds
< E|Y -V, |P 4 2M(A)E / Y — v, Pds
+ 2E /T Y = Y,||G(s) = F(s,Y,", Z]", L") |ds

—2E/ (Y + AK"™ =Y, + AKS — AK)dKF +2E > |AKSP?
(] te(o,7]
=2 Y AKJA(K; —K["7)—E ) |AKS — AK; + AK™P,

te(o,7] te(o,7]
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< E[Y"-v,| +2>\(A)E/T Y™ — Y| ds
+2E/ |Y" = Y||G(s) — F(s, Y™, 2", L") |ds
—2E/ (Y + AK™ —Y,- + AK — AK;)dK} +E Z |AKT|?.
(o,7] te(o,7]

by using the inequality 2a? — 2ab — (a — b)? < a®. We know that the first two terms on
the right-hand side of (B.8) converge to zero as m — oo. The third term also tends to
zero since (G(-) — F(-, Y™, Z™ L™)),, is bounded in L2(0, T), and so by Cauchy-Schwarz
inequality

T
IE/ Y = Y||G(s) = F(s, Y, 2, L) |ds — 0, as m — oo.
0

For the fourth term, since K"~ is predictable, the predictable projection of Y™ is PY;" =
Y/" + AK,"". Similarly, from (B.5) and since KT and K~ are predictable processes, we
see that PY; = Y;- — AK,;” + AK, . By the dominated convergence theorem, we obtain

m—r0o0

lim IE/ (Y™ + AK" - Y- + AK] — AK;)dK] = 0.
(7]

For the last term in (B.8), we exploit the results in (B.6), regarding the contribution of the
jumps of K+. More precisely, we apply estimate (B.8) for each ¢ = o}, and 7 = 73, with
ok, T defined in Step 2, and then take the sum over kK =0,...,N. It follows that

ZE/ Zm — Z.2ds + ZE/ /yLm ~ La(a)2A(da)ds

< ZE\YTT—YTk\2+2A(A)E/O Y — v, [*ds

T N
+2E/ Y = Yi||G(s) = F(s, Y, 20, L) |ds + > E Y |AKSP
0 k=0 tE(O’k,Tk}

N
-2 ZE/ (Y™ + AK™™ — Y, + AK} — AK;)dK .

(ok,7k]
From the above convergence results, we deduce that

hmsup(ZE/ 1Zm — Z,%ds + = ZE/ /|Lm — Ly(a)|*X\(da)d >

m—00
< E AK;? < £
<YE Y arped
k=0 tE(Uk,Tk]

Therefore, following the same steps as in the proof of Theorem 2.1 in [24], we deduce that
the sequences (Z™),, and (L™),, converge in measure, respectively, to Z and L. Since they
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are bounded, respectively, in L2(W) and L2(fi), they are uniformly integrable in LP(W)
and LP(ji), for any p € [1,2). Thus, (2™),, and (L™),, converge strongly to Z and L in
LP(W) and LP(fi), respectively.

By the Lipschitz condition on F', we also have the strong convergence in LP(0,T) of
(F(, Y™ Z™ L")y to F(-,Y, Z, L). Since G(+) is the weak limit of (F'(-, Y, Z™, L™))y, in
L2(0,T), we deduce that G(-) = F(-,Y, Z,L). Therefore we obtain that (Y, Z, L, K+, K~)
satisfies the BSDE (B.4). O
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