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BESOV SPACES OF ANALYTIC TYPE: INTERPOLATION, CONVOLUTION,
FOURIER MULTIPLIERS, INCLUSIONS

MATTIA CALZI

AsTrACT. We consider a family of Besov spaces of analytic type on the Silov boundary A/ of a homogeneous
Siegel domain D, and study their properties in relation to convolution, Fourier multipliers, and complex
interpolation. In addition, we study how these Besov spaces of analytic type can be compared with the
‘classical’ Besov spaces N.

1. INTRODUCTION

Let E be a finite-dimensional complex vector space, F' a finite-dimensional real vector space, {2 a non-
empty open convex cone in F' not containing affine lines, and ®: £ X E' — F¢, where Fg denotes the
complexification of F', an Q-positive non-degenerate hermitian map. Then, the open convex set

D={((,z2) e ExFp:Imz—®(() € Q},

where ®(¢) := ®((, () for every ¢ € E, is called a Siegel domain (of type II). The Silov boundary of D, that
is, the smallest closed subset of 9D on which every bounded continuous function on D which is holomorphic
on D has the same supremum as on D, has a canonical group structure which acts affinely on D, and may
be identified with the group N := E x F, endowed with the product

(G 2)(¢,2") = (C+ z+a’ +2Im (¢, (),
for every (¢, ), (¢’,2') € N, by means of the mapping (¢, z) — (¢, + i®(()).
When E = {0} and F = R, D is simply the upper half-plane in C, and A/ = R. In this case, it is proved
in [2I] that the boundary values of several (mixed-norm) weighted Bergman spaces on D may be identified

with suitable homogeneous Besov spaces on N, namely { u € B;q(R): Supp(Fu) C Ry }, for p,q €]0, 0]

and s < 0. In [I], the preceding results are extended to the case in which E = {0}, but  is a general
irreducible symmetric conel] Therein, suitable homogeneous Besov spaces on N = F are constructed and
proved to be the boundary value spaces of several (mixed-norm) weighted Bergman spaces. These results
have been recently extended in [8] to the case in which E is arbitrary and D is (affinely) homogeneous, that
is, the group of (affine) biholomorphisms of D acts transitively on D.

The purpose of this paper is to develop some aspects of the theory of the Besov spaces st,,q(N ,Q)
introduced in [§].

In Section[Z] we collect some basic definitions and results concerning homogeneous Siegel domains and the
Besov spaces B;yq(/\/ ,2) that will be necessary in the sequel. We shall mainly refer to [§] for a much more
thorough exposition. For the sake of simplicity, we shall sometimes slightly modify some of the notation and
terminology adopted in [8] and (apparently) allow more flexibility to the constructions developed therein.
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1n other words, €2 is self-dual with respect to some scalar product on F, the group of linear automorphisms of F' preserving
Q acts transitively on €, and € cannot be written as a product of two non-trivial convex cones.
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We shall also describe the group AV in a slightly more axiomatic way, without reference to the corresponding
Siegel domain D.

In Section Bl we develop some basic tools to deal with with the spaces B;yq(N ,Q) for p < 1, following the
classical theory exposed in [23]. Except for the sampling Theorem B3] (and Lemma [B.2)), the results of this
section are trivial consequences of Young’s inequality when p > 1. Some particular cases of these results
have already been proved in [§], but are not sufficient to prove some results of Sections [l and [7l

In Section @, we deal with continuity results for convolution between the spaces By (N, €). These results
are (somewhat technical, but) quite simple and natural when N is abelian. When A is not abelian, the
fact that convolution ‘preserves regularity’ (apparently expressed in a non-symmetric form) may appear
peculiar. Nonetheless, as [8, Theorem 4.26] shows, the ‘regularity parameter’ s actually depends only on
the convolution with a distribution supported on the centre of A: this explains why convolution may act
on the Besov spaces B;ﬁq(N’ ,Q) as in the classical situation. Since, nonetheless, the definition of the spaces
Bs (N, Q) is non-symmetric, some auxiliary ‘symmetrized’ versions B (N, ) of the B (N,Q) appear
naturally in this context. The main result is therefore expressed in terms of inclusions of the form B+ B C B,
which imply analogous inclusions of the form B« B C B, Bx B C B, B*x B* C B, etc., since the spaces B
can be naturally identified with quotients, as well as closed subspaces, of the spaces B.

In Section Bl we prove Mihlin-Hérmander multiplier theorems for right Fourier multiplies on the Besov
spaces By q(N , ). Our main result is completely analogous to the classical one when N is abelian, and may
appear peculiar when N is not abelian, since the relevant dimension for the regularity threshold is not that
of N/, as one may expect, but rather that of its centre F'. In order to explain this fact, one may observe
that, roughly speaking, the Fourier transforms of the elements of By q(/\f ,§2) do not have a vectorial nature
‘on the right’ (since their kernels contain a fized hyperplane). It is therefore to be expected that left Fourier
multipliers behave in a quite different way.

In Section [l we deal with complex interpolation. We first show, using classical techniques, an almost
complete picture of how the Besov spaces By q(N , Q) interact with the classical complex interpolation functor
(Proposition[6.2]). We then introduce a modified complex interpolation functor, following [23], in order to deal
with the case min(p, ¢) < 1, in which the B} (N, Q) are not Banach spaces (but rather quasi-Banach spaces),
and with the case max(p, ¢) = oo, in which the usual complex interpolation functor behaves in a somewhat
irregular way (Theorem [6.6]). In contrast to the classical case, this modified interpolation functor does
not operate on Banach pairs, but rather on ‘admissible triples’ (4, A1, X), where Ag, A; are quasi-Banach
spaces which embed in the Hausdorff semi-complete locally convex space X. Holomorphy is then defined
with reference to X and the usual arguments apply. We mention explicitly that the complex interpolation
spaces of a Banach pair (Ag, A1) need not equal the complex interpolation spaces of the admissible triple
(Ao, A1,2(Ap, A1)) (with the notation of [3]), except when Ay or A; is reflexive: this is unavoidable if one
desires a nice treatment of the case max(p,q) = oco. In particular, in general Ag N A; is not dense in the
complex interpolation spaces of an admissible tripe (Ap, A1, X). Again, this is unavoidable if one wishes the
spaces By (N, Q) to interpolate nicely also when max(p, ¢) = oo, in full generality.

In Section [7l we introduce some more classical Besov spaces By (N, £) on N. When A is abelian, they
reduce to the classical homogeneous Besov spaces on N. The non-commutative analogues of these spaces are
defined by means of the spectral calculus of a suitable positive Rockland operator £ on A/. Some comments
are in order. First of all, when A is stratified, we could have replaced £ with a sub-Laplacian and referred
to the general construction of homogeneous Besov spaces on a metric measure space developed in [14].
Nonetheless, N need not be stratified, so that it is more convenient to choose £ as an operator of order
4. Secondly, it is likely that the so-defined Besov spaces do not depend on the chosen positive Rockland
operator L, since the same holds for the Sobolev spaces on graded groups developed in [I2]. Finally, we shall
not embed a priori our Besov spaces into the quotient of the space of tempered distributions on N by the
space of polynomials, as one may expect, but rather in the strong dual of a suitable (dense) subspace S (N)
of the space of Schwartz functions with all vanishing moments on A, endowed with a stronger topology.
A posteriori, the resulting spaces are the same, but the use of Sz(AN) has some technical advantages that
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greatly simplify some of the arguments employed in Section 8 In addition to that, this choice parallels the
analogous one made for the Besov spaces By q(N , Q). For the sake of symmetry, we shall therefore also prove
that also the spaces By q(N , ) naturally embed in a suitable quotient of the space of tempered distributions
(Proposition [T.12)).

In Section [8) we compare the Besov spaces By (N, Q) and B; (N, £). First we show that By (N, L) is
the closure (in a suitable weak topology, if max(p, ¢) = co) of the union of an increasing sequence of closed

subspaces Vi which embed canonically as closed subspaces of Bqu % (N, L). Therefore, it is reasonable to

consider only ‘inclusions’ of the form B} ,(N,Q) — BE 77 (N,L£). When Q = R%, the situation is clear
since B, q(/\/ , ) is canonically isomorphic to a closed subspace of B;yq(/\/' ,L£). When Q # R*, the situation

is more complicated and the existence of a canonical embedding B (N, ) — BE (N, L) turns out to be

equivalent to a certain £¢-decoupling property (D’); , (Theorem B.7)). In particular, (D'); , may hold only
if s < 0 (Proposition B.H]).

Property (D’ );,q is not new, as it is essentially related to a similar property which plays an important
role in the determination of the boundary value spaces of several mixed-norm weighted Bergman spaces on
D (cf. Proposition B8 [8 Theorem 5.10] and [I, Theorem 4.11 and Proposition 4.16]). In addition, when
Q is a Lorentz (or light) cone, then (D’)$  is essentially related to the so-called ‘cone multiplier problem’

p:q
(cf. [26, 16} [T, [17]).

1.1. Acknowledgements. The author would like to thank professor A. Martini for posing the problem of
investigating the relationships between the Besov spaces Bj ,(N,Q) and the ‘classical’ ones. The author
would also like to thank professor M. M. Peloso for helpful suggestions to improve the structure of the
manuscript.

2. PRELIMINARIES

In this section we shall summarize several definitions and results on homogeneous cones, homogeneous
Siegel domains, and the Besov spaces of analytic type By  (N,€). We refer the reader to [§] for a more
thorough exposition.

Throughout the paper, we shall fix (with the exception of Proposition [ZT):

e a real hilbertian space F' of dimension m > 0 and a complex hilbertian space E of dimension n;

e a homogeneous cone €2 in F, that is, a non-empty open convex cone not containing any affine line
on which the group G(Q) := {t € GL(F): t2 = Q } acts transitively;

e a triangularﬁ Lie group T} which acts linearly and simply transitively on €2, and a homomorphism
A: T, — (R%)" which induces an isomorphism of 7'y /[Ty, T] onto (R%)", for some 7 € ]N*Ep

e a non-degenerate Q-positive hermitian map ®: E x E — Fg, where Fg denotes the complexification
of F, such that for every t € T, there is g € GL(E) such that t - ® = ® o (g x g).

Notice that T} may be equivalently characterized as a maximal connected triangular subgroup of G(£2),
and that any two such subgroups of G(2) are conjugate by an inner automorphism of G(Q2) (cf. |25 24]).
In particular, we may always assume that 7y has the form considered in [8]. In particular, T} con-
tains a subgroup acting by homotheties on F, and Ty acts, by transposition, on the dual cone Q' :=
{XeF:VheQ\{0} (A h) >0} (cf. also [25, Theorem 1]). We denote the corresponding right action
by A-t, for A€ Q and ¢t € T}.

Then, D :={ ((,z) € E x Fg: Imz — ®(() € Q } is the homogeneous Siegel domain (of type II) associated
to E, F,Q, and ®, where ®(¢) := ®((,() for every ( € E. The Silov boundary bD of D can be canonically

21n other words, there is a basis of F' such that for every ¢ € T the matrix associated with the mapping = +— ¢ - = is upper
triangular. Equivalently, all the eigenvalues of the mapping = — ¢ - x are real for every t € T (cf. [24]).

3A T+ with the required properties always exists (cf. [25]). In addition, 7 does not depend on the choice of T and is called
the rank of Q.
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identified with A/ := E x F through the mapping (¢, z) — ({,z + i®(¢)). If we endow N with the product

(€ )¢ 2") = ((+ 2+ 2" +2Im (¢, ()
for every (¢, ), (¢’,z') € N, then N acts holomorphically on E x Fg, bD, and D, setting

(€, 2) - (¢, 7)) = ((+ ¢z +i®(C) + 2 +2i0(¢, ()
for every (¢,z) € N and for every (¢’,z') € E X Fg. Then, bD is the orbit of (0,0), and A acts simply
transitively on bD. Note that A is a 2-step nilpotent Lie group with centre F' and commutator subgroup equal
to the vector subspace of F' generated by ®(E). We endow A with the dilations given by p-(¢, z) == (p*/2¢, pz)
for every p > 0 and (¢, z) € . With this choice, A" need not be a stratified group, but has the usual dilations
when it is abelian, that is, when F = 0.

2.1. An Intrinsic Perspective. We shall now indicate a slightly more intrinsic description of the group
N described above. For technical reasons, it is more convenient to describe its Lie algebra, instead.

Proposition 2.1. Let n be a (finite-dimensional, real) 2-step nilpotent Lie algebra with centre 3. Then, n is
the Lie algebra of a group N satisfying the above conditions if and only if there are a complex structure JA
on n/3 and a non-empty open convex cone Q in 3 not containing affine lines such that the following hold:
o for every \ € ', the bilinear form (X,Y) — (N [JX,Y]), on n/3, is symmetric and positive on n;
o the group G of the automorphisms of n which preserve Q and induce automorphisms of n/3 commauting
with J acts transitively on §)

Proof. Tt is clear that the Lie algebra of a group A as above satisfies the conditions of the statement. Then,
take n as above. Set E := n/3, endowed with the structure of a complex vector space induced by J, F := 3,

1.. i
: Ex B3 (¢,¢) = 16T+ 6.¢T € Fe,
and N := E x F, endowed with the product

(€ 2)(¢" 7)== ((+ {2+ 2" +2Im (¢, ()
for every (¢, z), (¢, z') € N. Notice that ® is well defined, since [n,n] C 3 and [n,3] = { 0 }. In addition, it is
clear that (A¢, @) is hermitian for every A € @', where A\¢ denotes the complexification of A, that is, A ® I¢.
Therefore, ® is hermitian. Furthermore, Im ® is clearly non-degenerate, so that also ® is. In addition,
®(F) C Q since Q is the polar of Q' and (A\¢, ®) is positive for every A € €.
Next, define G’ as the set of automorphisms of N of the form

(¢, x) = (AC, B¢ + Cx)

with A € GL¢(E), B € Lr(E; F), C € GLg(F), CQ = Q, and C[(, ('] = [A(, Al'] for every (,{’ € E. In
other words, G’ corresponds to G under the canonical identification of n with A/. Then, by assumption, G’
acts transitively on Q. In addition, with the above notation, A x C'is an automorphism of A/ preserving (2,
and the set G” of the A x C is still a group acting transitively on 2. Notice that G” is closed in GL(E x F),
and that its identity component Gy acts transitively on Q (cf. [20] §3]).

Now, by [25], Proposition 14|, the identity component G (2) of the group of linear automorphisms of 2 is
the identity component of an algebraic subgroup N of GL(F) (namely, the normalizer of Go(2) in GL(F)).
Then,

N ={AxC: AeGL¢c(F),C € NV, (' € E C[¢, ('] =[A¢, AC'] }
is an algebraic subgroup of GLi(E x F'), and its identity component N} is contained in G”, hence in G{.
Since clearly G C N’, this proves that N} = G{j. Therefore, G, is the semidirect product of a maximal
connected triangular subgroup 7' and of a maximal connected compact subgroup K (cf. |25, Theorem 1]).

4That is, J is an endomorphism of n/; and J? = —1I.
5Note that every automorphism of (the Lie algebra) n necessarily preserves 3, so that it induces an automorphism of (the
vector space) n/3.
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Since K is then the stabilizer of a point in the convex region E x Q, T} := {C: A x C € T } is a connected
triangular subgroup of GL(F) which necessarily acts transitively on 2. Since every maximal connected
triangular subgroup of { C' € GL(F): CQ = Q } acts simply transitively on Q (cf. [24] 25]), this implies that
T acts simply transitively on O

Notice that, if ®(F) generates F' as a vector space (which is equivalent to saying that A is a stratified
group), then the homogeneity condition implies that 2 is the interior of the (closed) convex cone generated
by ®(E). If, otherwise, ®(F) is contained in a proper subspace of F', then  is not uniquely determined by
the above conditions. For example, if A is the product of a Heisenberg group H and R™~!, m > 1, then
the only requirement on (Q,77}) is that (1,0,...,0) is an eigenvector of every element of T'y. For example,
every Lorentz cond] in F' having R4 (1,0,...,0) as a generator would do, with an appropriate choice of T.

2.2. The Homogeneous Cone (2. Here we collect some definitions and results concerning Q, 7'y, and A.
Cf. [8] Chapter 2| for a more thorough exposition.

Given s € C", we define AS(t) := H;:1 A;(t)% for every t € Ty, so that A® is a character of Ty and each
character of T is of the form AS for some s € C". We fix two base points eq and eq/ in 2 and in its dual
V. Then, we may transfer A® to functions A§, and A$, on Q and ', respectively, such that

AS(t-eq):=AS(t) and A% (eq -t) = AS(%)

for every t € T}.
Further, there is d € R” such that the measures

v = A3 . H™ and vo = AS -H™,

where H™ denotes the m-dimensional Hausdorfl measure, are G(2)-invariant on © and €', respectively. In
addition, for a suitable choice of A, there are m,m’ € IN" such that d = —(1, — %m — %m’) and such
that the measures AY, - vg and AP, - v extend to Radon measures on Q and ', respectively, if and only
if Res € %m + (R%)" and Res € %m' + (R%)", respectively. If this is the case, then, denoting with £ the

Laplace transform,
E(AB . Z/Q) = FQ(S) (_z/s and E(AB/ . I/Q/) =T'¢q (S) (_zs

respectively, where

T T

To(s)=c[[T(s; —m;/2)  and  Tar(s)=c[]T(s; —mj/2)

Jj=1 J=1

for a suitable constant ¢ > 0.
In addition, there are unique holomorphic families of tempered distributions (I§)secr and (1§, )secr such

that
I3 L A¢ d I3 L Ag
=——AY v an = =———AY vy
Q FQ(S) Q"o Q T (S) Q Q
when Res € im + (R%)" and Res € +m’ + (R7)", respectively. We call these distributions ‘Riemann-—
Liouville potentials’, since they reduce to the classical Riemann-Liouville potentials when A" = R.
We shall also fix b € R” in such a way that A™P(t) = detr g = |detc g|? for every t € T and for every
g € GL(FE) such that t - ® = ® o (g x g). Then, Ag,b is polynomial on 2’ and we shall extend it on F(

accordingly. In addition, ®,(H?") = cI5® for some constant ¢ > 0.

6Note that this, im particular, implies that the mapping A x C' — C is an isomorphism of T" onto T'y, so that T+ naturally
acts on E x F. One may define a group homomorphism Ty 3t +— g € GL(E) so that t- ® = ® o (g¢ X g¢) for every t € T.
"That is, a cone isomorphic to the quadric cone { (z1,22) € R % R™ Lz > |z2| }
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Finally, we endow Q and Q’ with complete T -invariant Riemannian metrics (for example, the canonical
G(Q)-invariant metrics described in [I1, 1.4]). We denote by dq and dgos the corresponding T’ -invariant
distancesf

Given a metric space (X,d), 6 > 0 and R > 1, we say that a family (z)gex of elements of X is a (4, R)-
lattice if the balls B(z;,d) are pairwise disjoint and the balls B(z;, Rd) cover X. Notice that (J,2)-lattices
always exist, since one may take any maximal family (x)rex of elements of X such that d(xg,zp) > 26
for every h,k € K, h # k. In addition, every (J, R)-lattice is also a (§', R')-lattice for every ¢’ €]0,d]
and for every R’ € [R'§/d,+oo[. If, in addition, there is a positive Radon measure p on X such that
w(B(xz,R)) = u(B(z',R)) € R for every x,2' € X and for every R > 0 (which will always be the case in
what follows), then for every (4, R)-lattice (zx)rex on X there is N € IN, depending only on ¢ and R, such
that every ball B(zy, R0) meets at most N of the balls B(zy, RJ).

The preceding considerations apply to lattices on  and ', but also to the lattices on A associated to any
left-invariant distance. The measures vo, v/, and H2"t™, where H2"T™ denotes the (2n + m)-dimensional
Hausdorff measure on N (which is a left an right Haar measure), clearly satisfy the conditions imposed on
the measure p above, by invariance.

2.3. Fourier Analysis on N. We refer the reader to |8, Chapter 1] for a more thorough exposition.

Define W = { X € F': (A¢, ®) is degenerate }, and observe that W is an algebraic variety which does not
meet . Then, for every A € F'\ W, the quotient A// ker A is isomorphic to a Heisenberg group (or to R), so
that the Stone-Von Neumann theorem shows that there is, up to unitary equivalence, a unique irreducible
unitary representation 7y of A/ in some hilbertian space Hy such that my(0,iz) = e~**%) for every x € F.
It turns out that these representations are sufficient to write down the Plancherel formula. More precisely,
there is a constant ¢ > 0 such that

ey =< [ I 1857 0010

for every f € L2(N), where .#2(H)) denotes the space of Hilbert-Schmidt operators on H ,\E
If A € ', we may describe 7 as follows. Define Hy := Hol(E) N L?*(e=2M®()) . 427) where Hol(E)
denotes the space of holomorphic functions on E, and define

[T (¢, 7)) (w) 1= P22 (i — ()

for every (¢,z) € N, for every ¢ € Hy, and for every w € E. Then, one may prove that 7 is a continuous
irreducible unitary representation of N in Hy. We denote by P o the self-adjoint projector of Hy onto the
space of constant functions. Then,

1|1 )
Tr(ma (¢, 2)Py) = M — o~ (Ae,2(O)+ia)
11117,
for every ((,x) € N and for every A € .

2.4. Besov Spaces of Analytic Type. We report below some definitions and basic results concerning the
spaces B3 (N,Q). We refer the reader to [8, Chapter 4] for a more thorough exposition.

Definition 2.2. For every compact subset K of 0, we define
SoWN,K)={peSWN): VA€ F'\W m(p) =xx(N\)Promr(p)Pro }

and

SQ’L(N,K) = S(N) *SQ(N,K),

8Even though these distances may differ from the ones employed in [8], they will still be locally bi-Lipschitz equivalent in a
uniform way, by invariance, so that the difference will be immaterial for our purposes.
9Recall that Aa,b is polynomial on €', so that it may be extended to the whole of F’ by analyticity.
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endowed with the topology induced by S(N). We define Sq(N) and Sq 1 (N) as the inductive limits of the
Sa(N, K) and the Sq (N, K), as K runs through the set of compact subsets of ', ordered by inclusion [l

We define Fr: So(NV) 3 ¢ — (A= Trmy(g)) € C¥.

It can be proved that Fs induces an isomorphism of S (N ) onto C2°(€Y). In particular, convolution is
commutative and associative on Sq(N), and Far (¢ x ) = Far(p)Far (1) for every p,1v € Sq(N). Further,
if p € Sq(N), then ¢* := (- ~1) belongs to Sq(N) and Far(p*) = Far(p).

Notice that both Sq(N) and Sq ,(N) are complete Hausdorff bornological Montel spaces.

Further, it can be proved that convolution by I§ induces automorphisms of Sq(N') and Sq, 1, (N) for every
s € C". In addition,

ma(px Ig) = e F 20 TAGS(\ma(p)
for every ¢ € Sq(N), for every A € ', and for every s € C.
Definition 2.3. We denote by S;(N) and S, 1 (N) the strong duals of the conjugates of Sq(N) and
Sa,1.(N), respectively, and define
(ulp) = (u,p)

for every (u, ) € SGH(N) x So(N) and for every (u, ) € Sf, (V) x Sq,r(N), respectively.

In addition, for every u € S, (N), for every u’ € SQL(N') for every o, ¢ € Sa(N), for every ¢ € Sqo.1(N),
and for every 7 € S(NV), we define

{p*uxQ|7T) = (ulp* 7% ™) and (' *p*|7) = (u'|T * ).

Observe that, if u,u’, @, ¢, and 1) are as above, then ¢ * u * ', v’ x ¢ € S'(N) N C>®(N). In addition, if
u and ' are induced by elements of S'(N), then ¢ * u * ¢, u’ * ¢ agree with their usual definition.

Furthermore, both 8¢, (V) and Sg, 1 (V) are complete Hausdorff Montel spaces and can be identified with

the projective limits of the quotients of S’'(N') by the polars of the conjugates of Sq (N, K) and Sq, (N, K),
respectively, as K runs through the set of compact subsets of ', ordered by inclusion.

Remark 2.4. Take 91,1, 93,14 € Sq(N) such that 1y * 1p9 = 13 % 1hg. Then, 11 * u* by = 13 x u * 1y for
every u € SG(N). In particular, 11 % u * g = g * u * 1.
It suffices to prove that o] * 7 % ¢35 = 1% x 7« 10} for every 7 € S(N). Then, observe that
(YT * T x 5) = Far(th1 % Pa) Proma(T)Pro = Far(¥3 * Pa) Proma(T)Pro = A (W3 * T % 9))
for every A € F’\ W, so that the assertion follows.

Definition 2.5. Take s € R" and p, g €]0, 00]. Take a (J, R)-lattice (Ag)rex on ', with 6 > 0 and R > 1,
and a bounded family (o) of positive elements of C2°(§’) such that

>t =1
keK

on §, where t;, € T, is defined so that A\ = eq/ - tx. Define 1y = }“Xfl(gpk( . t,;l)) for every k € K. Then,
we define By (N, ) (resp. B%;q(N, Q)) as the space of u € S (V) such that

(A% (k) (u b)) € LIGLP(N)) - (vesp. (A% (M) (u*1r)) € £5(E; LG(N))),
endowed with the corresponding topology
Notice that the definitions of B (N, Q) and é§7q(N, ) do not depend on the choice of (A;) and (¢x).
In addition, By (N, ) is the closure of (the canonical image of) Sq,1(N) in By (N, Q).

Notice that By (N, €2) and és (N, Q) are quasi-Banach spaces and embed continuously into Sg, 1 (V).

In addition, there are contmuous 1nclu51ons B3, (NV,Q) C B2 (N,Q) whenever p1 < p2, 1 < go, and
So = 81 + (p% — pz)(b—f—d)

10The definition of Sq(N) and Sq,1,(N) is slightly different, but still equivalent, to that employed in [8].
HHere, LB(N) equals LP(N) if p < oo, and Cp(N) otherwise. The space £3(K; LE(N)) is defined analogously.
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Definition 2.6. Take s € R" and p, ¢ €]0, 0], and take (Ag), (¢x), and (¢) as in Definition 25 Assume

that
> () =1
keK
on Q. Then, we define a continuous sesquilinear form on Bj (N, Q) x (/e (bta) (N, Q), where

P
p’ = max(1,p) and ¢’ := max(1,q)’, by

(u,u’) — Z (w s g’ * ).

keK

We define o3 , as the weak topology o (B (N, Q), B B> (1/p 1)+(b+d)(/\/' 2)).

Note that the definition of the above sesquilinear form does not depend on the choice of (A\g), (¢k),
s— (1/17 1)+ (b+d) WV, Q)

and (¢) as above. In addition, it induces an antilinear isomorphism of B, onto

B;q(N ,Q)'. Hence, 0,4 1s the usual weak dual topology when p,q > 1, and has analogous properties also
When min(p, q¢) < 1. For example, the bounded subsets of B; q(./\/ , Q) are relatively compact in the topology
05 » while Sq (N, Q) is dense in By (N, ) in the topology o3 ,

If (%) as in Definition 28] is chosen in such a way that >, Far(¢r) =1 on €, then
u = Z U * P

for every u € So r(N) (finite sum), for every u € S ;(N) (with convergence in S, ; (N)), for every

u € é;,q(/\/', Q) (with convergence in By (N, Q)), and for every u € B, (N, Q) (with convergence in o7} ,).

As we shall see later (cf. Proposition [[12), we may have defined B} (N, Q) requiring u to belong to the
dual of the conjugate of the closure of So 1 (N) in S(N) (which is a quotient of S'(NV')). Nonetheless, our
choice has some technical advantages, since, for example, the sum ), uy * 1y, with (1) as above, converges
in 8, ; (N) for every (uy) € Sh 1 (N)E, which would not be the case in the other case. We shall make use
of these remarks in the proof of Proposition

3. SAMPLING

The results of this section are based on [23] Chapter 1] and can be extended with minor modifications
replacing N with a general homogeneous group (with the exception of Corollary B.7)). The extension to
more general Lie groups (or even metric measure spaces) requires more careful considerations (cf., for in-
stance, [19]).

Recall that we endow N with the dilations ¢ - (¢, z) — (t¥/2¢, tx), for t > 0 and (¢, z) € N. We denote by
@ the corresponding homogeneous dimension, that is, n + m. We define a (1/2)-homogeneous left-invariant
control distance d as follows. Denote by Vg and VF the left-invariant differential operators on N which
induce the gradients on F and F, respectively, at (0,0). Given ({,z),(¢',z") € N we define d((¢, z), (', "))
as the greatest lower bound of the set of € > 0 such that there is an absolutely continuous curve v: [0,1] — A
joining (¢,z) and (¢’,2’) such that, if a and b are the component functions of 4" with respect to Vg and
V F, respectively, then

lal, [b]'/? < e

almost everywhere.

Then, d((¢, z)(¢',2"), (¢, )(¢", ")) = d((¢, '), (¢",2")) and d(t - (¢, x),t- (¢, 2")) = t/2d((¢, x), (¢, 2"))
for every (¢, x), (¢',2'),(¢",2") € N and for every t > 0. In addition, if f € C*(N), then

(¢, 2) = f(¢,2")] < max(3,6%) _ max (IVEf|+|VFf|)

B((¢=
where 0 = d((¢, z), ({,2)).
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We denote by || - || the homogeneous normg d((0,0), - )%
For every p €]0, oc[, for every measurable function f on A, and for every ({,z) € N, we define

(Myf)(C,r) = s%p( f If(c’,:c’)l”d(c’,:c’)) "

where B runs through the set of balls containing (¢, ). We define M, f as the function constantly equal

to || fllLev)-
Then, the usual theory of maximal functions show that for every p,q €]0, 0c] such that p < g there is a
constant Cp 4 > 0 such that

[Mpfllawy < Cpgll fllLan
for every f € LI(N).

Definition 3.1. Take ¢ € S(N). We denote by O(y) the space of u € §'(N) such that u = u * p. We shall
identify the elements of O(p) with elements of C>°(N).

For every p €]0, cc], we define OP(p) := O(p) N LP(N) and Of () :
topology induced by LP(N).

Notice that, if N'= F, then O(p) = { u € 8'(N): Supp(Fru) C (Fre)~'(1) }.
Lemma 3.2. Take ¢ € S(N), p €]0, 0], and a left-invariant differential operator X on N. Then, there is
a constant C' > 0 such that

(Xu)(¢,2)] < C(L+d((¢ ), (¢ )P (Myu) (o)
for every u € O(p), and for every ((,z),(¢',z') € N.
The proof is based on that of [23, Theorem 1.3.1].

O(p) N LE(N), endowed with the

Proof. STEP 1. Let us first show that we may reduce to proving the assertion for X = T (the identity).
Indeed, for every N > 0 there is C, 5 > 0 such that

Ci,n
Xo)(C,x)] < ;
XIS T
for every (¢, x) € N. Therefore, choosing N > % + 2Q),

(¢’ ')
6ol <O | g s @

< Cl,Nci,N(l + d((C, :E)a ( /Ia :C”)))QQ/Z) S}\‘l/p

& (¢ 2)
|ul
(L +d((¢",2"), -))>@/P

for every u € O(p) and for every (¢, z), ((",z") € N, since

L (¢ ), () < (14 d((G ), (€ D)L+ (€, ), (¢ 2)
for every (¢',2') € N, and where

! — 1 / /
Oy = /N @1 @ an7zN-2arm ¢ ) <o

STEP II. We now prove the assertion for X = I. Observe that the assertion is trivial for p = oo, so that
we may assume that p < co. Observe that, for every ¢ €]0, 1],

uw((,z)| < inf |u|+ su u—u(l,z
G| < ol s )

¢,x),e

1/p
< ][ |ulP dHZtm +¢e sup (|Vgu|+|Vru|)
B((¢,z),€) B((¢;),¢)

12By a homogeneous norm we mean a positive proper function on N which is symmetric and homogeneous of degree 1.



10 M. CALZI

for every u € O(p) and for every (¢,z) € N. Now, observe that

1/p 2Q/ 1/p
1 d a— p
<][ |U|P dH2n+m> < < + ((ga :L'), (C ) L ))) (][ |u|p dHQner)
B((¢.x).) € B((¢ "), 14d((¢,2),(¢2"))

< <1+d((C,w),(C’,x’))

3

)QQ/pwpu)(c,x)

for every u € O(p) and for every (¢, z),({’,2’) € N. In addition, STEP I shows that there is a constant
C5 > 0 such that
sup  (|Vgu|+|Vrul)
B((¢,).€) \Veul + [Vrul

Jul
S T (G e S Az d(- (e S O T A (CL e

for every u € O(p) and for every (¢',z') € N, provided that ¢ €]0,1/2]. Hence,

] oy ]
W v d( oy S¢ 0 M6 @)t eCasip g T

for every u € O(p) and for every (¢,z) € N, provided that e €]0,1/2]. If we choose ¢ < min(1/2,1/(2C3)),
we then find

|u| 20/
S}\lfp (1+d(-, (¢, x)))2R/p S 2 (Mpu)(¢,z)

for every u € O(yp) and for every (¢,z) € N. O

Theorem 3.3. Take ¢ € S(N), p €]0,00], 6+ > 0, and Ry > 1. Then, there are C,5_ > 0 such that for
every (0, R)-lattice (¢, x;)jes, with 6 >0 and R €]1, Ry, and for every u € O(yp),

1
5||u||Lp(N) < 529/ max |u

_ < Cllull e
B(((]‘,I]‘),Rts)

e (J)
if 0 <64, and

1 .
EHUHLP(N) < §29/p min  |u

_ < Ollull Loy
B((¢j,25),Rd)

P (J)

if 6 <6 and u € OP(yp).

This result is based on |23, Proposition 1.3.3].

In some situations, it is possible to remove the assumption that u € OP(p) in the third inequality. For
example, if V' = f, then we may find a sequence of Schwartz functions (¢;) of the form ¢; = vo((j + 1)),
J € IN, such that ¢0(0) = 1 and utp; € O(7) for some 7 € S(N) (for example, so that F7 =1 on the convex
envelope of (Frp)~1(1) USupp(F1o) U{0}). Then, arguing by approximation, the assertion follows in this
case.

This type of arguments can be extended also to the non-abelian case when ¢ € §Q (N) (cf. the arguments
of [8 Section 3.1]). We do not know if the assumption that u € OP(¢p) in the third inequality can be removed
in full generality.

Proof. STEP 1. Observe that, clearly,

H2n+m(B((Cja$j)aR5))1/p max  |ul

[ull Loy < _
B((¢j,x5),R0)

)

e (J)

so that the first inequality follows from the homogeneity of H2"*™ and d.
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In order to prove the second inequality, we may limit ourselves to considering u € OP(y). Then, choose,

for every j € J, (¢}, ) € B((¢j,z;), RJ), so that [u(¢},x})| = MaxXg (¢, 2,),rs) Ul Notice that
RO, (R6 \Y \Y
[u(CG, 25)] < [u(, @)] + max(R, ( ))B((énJ)R (IVeul +[VFul)

for every (¢,z) € B((¢;,x;), R0) and for every j € J. Now, Lemma implies that there is a constant
C1 > 0 such that
v Vrul) < C1M
B((C?}iﬁ,z%a)ﬂ pul +[VEul) WM, o
on B((¢j,x;), R), for every j € J and for every u € OP(p). Hence, assuming that Rpd4 > 1 to simplify the
notation,

min(1,p)
min(1,p)

H2n+m (B((O’ O)a 1))1/p52Q/p Lr(N)

_ max |ul
B((¢5,25),R9)

min(1 min(1 min
< full o+ (Rod 4 )20 A,
er(J)

for every u € OP(p). Since there is a constant Cy > 0 such that [[M,, oullzr(ay < Callul|Lenr) for every
u € LP(N), the second inequality follows.
STEP II. Observe that, clearly,

HHE(B((G25),0)P minul

_ < Jlull ey
B((cjvlj)vRé)

e (J)

so that the fourth inequality follows from the homogeneity of #2"*+™ and d.
Then, choose, for every j € J, ({},2}) € B((¢;,x;), R6), so that [u(},z})| = ming ¢, .y gsylul- Notice
that

J’J

|u(¢,2)| < u(¢j, 2)] + max(R3, (R5)? ) 5 &2 s, (lVEU|+ IV pul)
for every (¢,z) € B((¢;,z;), RS) and for every j € J. Hence, choosing §_ < 1/Ry, and defining C; as in
STEP I,

min(1,p)
min(1, n+m : mm min(1,
lull 7t < HP M (B((0,0), Ro))'/P8*2/7||_ min ul + (Cr R0 ™0 | My |1

B Ry

for every u € OP(N). Hence, there is a constant C3 > 0 such that
lull oy < C36°%2|  minul + Cs6|ull L
o B(Ga)R8) || e

for every u € OP(y). If we choose §_ < min(R; ', (2C3)~1), then the third inequality follows. O

Corollary 3.4. Take p € S(N') and p,q €]0,00] such that p < q. Then, OF(p) embeds continuously into
01(p), and OF(p) embeds continuously into OF(p).

Proof. Fix a (4, 2)-lattice (¢;,z;)jes on N, and observe that Theorem [3.3] implies that there is a constant
C > 0 such that

1
clulzen < max  ful < Ollull ey
B((¢5,7;),20) ()
and
Slullzoony < || max  |uf < Cllullpow
c Y 1B ) 29 () o
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for every u € O(y). Therefore,

_ max  |u|
B((¢5,5),29)

<C
£a(J)

< C?lull Loy
£r(J)

max  |ul

lullpaary < C _
B((¢j,x5),29)

for every u € O(p), whence the first assertion. For what concerns the second assertion, it will suffice to prove
that O™2x(1:P) (o) C OF°(¢) if p < co. However, this follows from Young’s inequality, since u = uxp € Co(N)

for every u € OP(p), as ¢ € Lé’/(/\f)- -

Corollary 3.5. Take ¢1,p2 € S(N) and p1,p2, ps €]0,00] such that p1,p2 < p3 and i, pi, < 1%. Then,
2 3
there is a constant C > 0 such that
lur = u3ll ey < Clluallzes () lluzll ez (an
for every u; € OP'(p1) and for every us € OP2(ps2).
This result is an immediate consequence of the following more general one, which will be very useful when
dealing with complex interpolation.

Corollary 3.6. Take v1,p2 € S(N), a1,z > 0, and p1, p2, p3 €]0,00] such that p1,ps < ps and pi, + 4
1

py
é. Then, there is a constant C' > 0 such that

Mua[** |3 | | Los (ary < Clllua|* [ zes (v w2l 2 [ o2 (1)
for every u; € O(p1) and for every us € O(p2).

Proof. The assertion follows from Young’s inequality and Corollary B4l if p3 > 1, so that we may reduce
to the case p3 < 1. By Corollary B.4] we may then reduce to the case p; = ps = p3 = p. Then, fix a
(6,2)-lattice (¢j,x;)jes for some & > 0 such that H*"T™(B((0,0),246)) < 1, and observe that

[t psencop g < [ ([ @) e ace) dea)
/ Z max  |uq|*P max |ua|*?P d(¢, x)

N ey BU(G),29) B((¢,2)71(¢5,25),20)

=3 xlwW/_mmwﬁ%Mm
N

e B(G )20 B(¢.2),20)

<Y max w7 |uz|*2P.

ey B((Gw),20) i EJB((C]/ ; ,) 4)

Since [|[u|*||Lo(nry = [[ullFapnry for every a > 0 and for every measurable function u, Theorem [3.3]leads to
the conclusion. O

Corollary 3.7. Take p1,p2 € So(N) and p1, pa, p3 €]0,00] such that p1,pa < p3 and i + i < i. Then,
there is a constant C > 0 such that
[[ur * wall rs vy < Cllullpes () lluzll ez (4
for every u; € OP'(p1) and for every uz € OP2(ps2).
Proof. STEP 1. We first prove the assertion in the case p; = ps = p3 = p < 1 and u; € So(N) N O(p1).

Observe that Corollary [3.4] implies that us € L'(N) N L?(N), so that the results of Section 2] imply that
there are constants ¢, ¢’ > 0 such that

u2(0,z) = ¢ " Tr(ma (ug)mx (0,2) ) AgP(N) dX = ¢ Fat (A = Tr(ma(u) AP (V) ()
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and

(u1 *uz)(¢ @) = c o Tr(ma (u2))e™ PO (Farur ) (A AgP (A) dA

= Fpt (A Tr(ma(u2)) AgP (Ne™ MO (Farur) (V) (2)
for every ((,x) € N. Therefore, Corollary B.6] implies that there is a constant C; > 0 such that

[ (ur % u2)(Co Moy < C1llFrt(e™ P Fnoun) || 1oy 1wz (0, )l 1o

and such that
1, . 1, . _ C
[Fet (e PO Fnun) || 1o () < C1l| Frt (e PO (Fnun ) AP 1oy = c—,lllm(C, D1FZ10%)

for every ¢ € FE, so that
2
l[ur * uzllLe(ry < c—,1||u1||Lp(N)||U2(07 e

for every u; € So(N) N O(p1) and us € OP(p2).

Now, observe that we may construct a family ((x, zx)rex of elements of A which is maximal for the prop-
erty that d(((r, xk), (Cer, 2k )) = 2 for every k, k' € K, k # k’ and such that, defining K’ .= {k € K: {;, =0},
the family (xg)ke k- is a family of elements of F' which is maximal for the property that d((0, zx), (0, zx)) > 2
for every k, k' € K', k # k'. Then, ((k,zr)rek is a (1,2)-lattice on N and (zy)rek is a (1,2)-lattice on F,
for the (translation-invariant) distance induced by the identification of F' with the subspace { 0 } x F of N.
Then, Theorem B3] implies that there is a constant Co > 0 such that

max  |usg|

_ < Colluz|l Loy
B((Ck»xk),2)

(K)

for every us € O(p2), so that

[u2(0, )| oy < H™(Br(0,2))"/7 < CoH™(Br(0,2))?||uz| Lo

e (K)

_max_fuz(0, - )|
BF(CEk,Q)

for every us € O(p2). Therefore,

C2CyH™(Br(0,2))Y/?
rCH"BrO2)77) s sl

lu1 * w2 e(ry < c

for every w1 € So(N) N O(p1) and for every us € OP(p2).

STEP II. We now consider the general case. The assertion follows from Young’s inequality and Corol-
lary B4 if p3 > 1, so that we may reduce to the case ps < 1. By Corollary 3.4l we may then reduce to the
case p1 = p2 = p3 = p. Then, combining STEP I with Corollary B.5, we see that there is a constant C5 > 0
such that

s * ua Loy = I (ua 1) * walle vy = llun * (ug * ©1) Ly < Csllualleanlluz * o1l e v
and such that
luz = e1llLe vy = llor * vzl Loy < Csllenll e lluzll e )

for every u; € OP(¢1) and for every ug € OP(p2). The assertion follows. O
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4. CONVOLUTION

In this section we deal with convolution between the spaces By (N Q). Instead of proving that convolu-
tion induces continuous bilinear mappings on the product BSt (N Q) x B2 (N, Q) for suitable values of

P1,q1,P2,q2 and s1,82, we shall introduce some symmetrlzgaqlspaces (pj\/'qZQ) and consider convolution
on the productB5! . (N, Q) x B2 . (N,€). On the one hand, the spaces > (N, Q) appear naturally in this
kind of considerations. On the other hand, dealing with Bt | (N, Q) x B;g g N, Q) will allow us to get the
best results we could have obtained arguing directly for B5* (N, Q) x B2 (N, Q).

Definition 4.1. For every s € R" and for every p,q €]0, 0], we define B (N, ) and l%;ﬁq(/\/,ﬂ) as the
spaces of u € S, (N) such that

(A% M)k x ux ) € LUK LP(N)) - and (A (M)t * ux ) € L5(K LE(N)),
respectively, where (\;) and (¢y) are as in Definition

Arguing as in the proof of [8, Lemma 4.14], one may prove that the definitions of B3 (N, §2) and Bs JN,Q)
do not depend on the choice of (A\;) and (¢). Because of Remark 2.4] (and the precedmg obselrvatlons)7 one
may replace ¥y, * u * ¢y, with ¥} * u * ¥y (or ¢y * u = 1)}) in the above definition, where ¢, € Sq(N) and
Yy, * Pr, = Yy, without altering the spaces B (N, ) and é;q(/\/', ).

The following result shows some of the relationships between B3 (N, Q) and Bj (N, Q).

Proposition 4.2. Take s € R” and p,q €]0,00]. Let Vi (resp. V') be the closure of So(N) in B} ,(N,Q)
(resp. in the topology o3 ). Then, the canonical mapping Sq, 1 (N') — SH(N) induces an isomorphism of Vo
(resp. V') onto p7q(./\/',Q) (resp. By (N, Q)).

In addition, the canonical mapping S¢, 1 (N) — Sq(N) induces a strict morphism of B&;q(/\ﬂ Q) (resp.
By (N,Q)) onto B, ,(N,Q) (resp. B ,(N,Q)).

Proof. STEP 1. Take u € Vj (resp. u € V') and (Ag), (%) as in Definition 28 Let us prove that (uxy)*iy =
Yy * (ux 1py) for every k € K. Let § be a filter on So(N') which converges to u in By (N,Q) (resp. in
the topology o3 ). Then, § * ¢ converges to u * 95, in S'(N) (resp. in the weak topology of S'(N)).
Consequently, 15 * (F * ¥r) and (F * 1g) * ¥ converge to ¥ * (u x ) and (u * ¥g) * g in S'(N) (resp. in
the weak topology of 8’(N)). Therefore, (u * 1) * 1y, = ¥y * (u x 1) for every k € K, since the equality is
clear if u € So(N). In particular, ¥y * (u * ¢;) € LE(N) (resp. wk * (u* ) € LP(N)) for every k € K. It
is then clear that the canonical image of u in Sg(N) belongs to By (N, Q) (resp. Bj ,(N,€)), and that the
so-induced mapping is an isomorphism onto its image.

Conversely, take u € l%;,q(/\/, Q) (resp. u € B (N,9Q)). Take (M), (%) as above, and assume further
that Y, FA(¢¥r)? =1 on . Then, define

=) Y xuk P,
keK
and observe that the sum clearly converges in Sg, ; (N). More precisely, the sum converges in B} (N, ()
(resp. in the topology o} ), so that u" € Vg (vesp. u’ € V). Then, u is the canonical image of v’ in S, (N),
so that the first assertion follows.
STEP II. By STEP I, it will suffice to observe that Corollary B and a homogeneity argument imply that
there is a constant C' > 0 such that

19U * (wx )| Loy < Cllu* el Lo

for every k € K and for every u € B} (N, Q), where (1) is as above. O
Theorem 4.3. Take s1,s2 € R" and p1, ps, ps, q1, 42, g2 €]0, 0] such that
1 1 1 1 1 1 1 1 1
D1,P2 < D3, —+ = < —, —+—2=—, 5351+Sz+<—+—1_>(b+d)-
Py P2 D3 @i 92 g3 b1 P2 b3



BASOV SPACES OF ANALYTIC TYPE 15

Then, the mapping
Sa,L(N) X Sa(N) 3 (¢1,92) — @1 * @2 € Sa,L(N)

induces a uniquely determined continuous bilinear mapping

B3 (N,Q)x B2, (N,Q)— B3 (N,Q)

P1,a1 P2,q2 3,43
such that
(ug *ug) * 1 = (ug * ) * (' * ug * 1)
for every v, ¢ € Sq(N) such that v = x4, for every uy € B3 . (N,Q), and for every us € B2 (N, Q).

P1,91 P2,q2

Before we pass to the proof, let us draw some consequences of this result. First of all, by means of
Proposition [£2] we see that convolution induces a continuous bilinear mapping

B3 (N, Q) x B2 (N,Q) = B33 (N,Q).

P1,q1 Pp2,q2 Pp3,93
Analogously, again by means of Proposition[d.2] we see that convolution induces a continuous commutative
bilinear mapping
Byt W, Q) x By g, (N Q) = B 4, (W ).
Furthermore, since the spaces B are invariant under the mapping v — u*, we also find a continuous

sesquilinear mapping

Byt (N, Q) x B2 (N,Q) 3 (u1,u2) = up *u3 € Bp? (N, Q).

Proof. Take a (4, R)-lattice (Ax)rex on € for some § > 0 and some R > 1, and define t;, € T so that
Ak = eqr -ty for every k € K. Fix two bounded families (o) and (¢},) of positive elements of C2°()’) such

that
Yoot =) ekt =1
k k
on €, and define ¢ = F' (o (-t ) and ¢, == F' (¢}, (- ;")) for every k € K. Take uy € B3, (N, Q)
and ug € B2 (N, Q), and define, for every two finite subsets H, H' of K,

pP2,q2
VH,H' = Z Z (u1 * Yg) * (1/’;« * Uz * wb)-

keH k'eH’

Notice that uy * ¢y € L™*PO)(N) and 9}, * ug * ¢}, € LML) (N (cf. Corollary 3.4), so that vy g is
well defined by Young’s inequality. Observe that, if n € Sq (N, then

(i) =Y > (ua x gl e (W s us« ) = > (ualn o (B ub s ) x )
keH k' €H' k€H k'€ H’
converges to the (finite) sum
> (urlyx (W xud x ) * )
k' €K
as H, H' run through the set of finite subsets of K, endowed with the section filter associated with C.
Furthermore, if 7 stays in a bounded subset of Sq,z(N), the set of (k,k’) € K? such that 7 (¢}, * u} *
Y}, ) * g # 0 stays in a fixed finite subset of K2. Thus, (vy, g+) converges in the strong topology of So.1(N).
Denote by uy * ug its limit.
Let us now prove that (uy *ug)* 1) = (u1 %) * (' * ug x 1)) for every 1,19’ € Sq(N) such that ¢ = ¢ *)'.
Observe first that, by Remark [2.4]
(ur ") % (P xug x ) = (ug * ") * (V" % ug * 1)
for every ¥, 4" € Sq(N) such that 1) = 1 x ¢"" = ¢p x ¢)"”’. Then, observe that, by definition,
(ug s ug) # =Y (ug * g * (L * ug % Pj) + 1),

kK’
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since the sum on the right-hand side is actually finite. If we choose ¢ € Sq(N) so that ¢ x4}, = ¢}, for
every k' € K such that ¢ * ¢}, # 0, then Remark [Z4] again implies that

D (ur ok r) * (g wug w ) k) =3 (un ok r) x (7w ug kb g k) =D (un x hi) + (7 5 ug * ).
k, k' k, k' k

To conclude, it suffices to choose 9" € Sq(N) as the sum of the v, such that ¥y * 9" # 0. Note that this
implies that w; * us does not depend on the choice of the ¢ and the 1.

Finally, choose ¢” € C°(Y') such that ¢ = 1 on the supports of the ¢y, and define ¢} = .Fj\_/l(go”( 1)
for every k € K. Then, observe that CorollaryB.7land a homogeneity argument imply that there is a constant
C > 0 such that

[ % uz) * | os ary < CAG PP P2IORD O L sl | Lo oy 405 5 a2 % g e )

for every uy € Bt | (N, ), and for every up € B32 (N, ). The conclusion follows. O

5. FOURIER MULTIPLIERS

In this section we consider how right Fourier multipliers interact with the spaces By q(N , ). This leads to
some simplifications which will allow us to find fairly complete multipliers theorems. We shall not consider
left Fourier multipliers.

Take a bounded measurable field of operators (M) er\w. Then, Fourier analysis shows that there is a
uniquely determined continuous endomorphism ¥ of L?(N) such that

TA(Y(f)) = ma(f) M

for almost every A € F'\ W. Therefore, ¥ induces a continuous linear mapping ¥': Sq .(N) — Sq 1 (V).
Observe, though, that for every family (¢ )rex as in Definition 5] subject to the further requirement that
> opFNUr =1on Y,

V() =D U0 g) x o,

k!
for every ¢ € Sq,1,(N), so that ¥ is uniquely determined by W/( - % 1)y) % ¢ . In addition,

TA(W' (@ % ) * hrr ) = TA(0) Far (ke * e )(A) Pao MaPao

for almost every A € F' \ W. Consequently, if we wish to study the properties of ¥/, then there is no need
to consider bounded measurable families of operators, but simply bounded measurable functions on §Y'.

Definition 5.1. Take M € L>°(Q’). Then, we define ¥(M) as the endomorphism of L?(N) such that
mA(Y(M)[f) = M(N)ma(f)

for almost every A € Q' and for every f € L?(N). We denote ¥/ (M) the continuous linear mapping

Sa,.(N) = 84 (V) induced by ¥(M).

1

Theorem 5.2. Take py €]0,2], and take go € [2,00] so that qio = maipe] 1. Fiz a non-zero positive

p € CX(8Y), and define M, as the space of bounded measurable functions M : Q — C such that

SR IPMC Ol 25 < o

endowed with the corresponding topology. Then, V' induces uniquely determined continuous linear mappings
My, = L(B5 ,(N,Q)) and My, — L(B; ,(N,Q)) for every p € [po,py], for every q €]0,00], and for every
s € R", such that

<\I//(M)u1|u2) = <U1|\I]/(M)'U/2>

for every M € M,,, for every uy € By ((N,Q), and for every us € B;?;(l/p71)+(b+d) (N, Q).
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The fact that the relevant dimension in this case is that of I, even when N is not abelian, may seem
peculiar. Nonetheless, this is related to the fact that the considered multiplier completely dismiss the
operator-valued structure of the Fourier transform on N, in a certain sense.

Proof. Notice that there is a unique (M) € §'(N) such that (M) f = f x K(M) for every f € S(N).
Step 1. Assume that po €]0,1], define M, = @’BZéi/po_l/Q)(F’) for some ¢’ € C°(') such that

¢ = ¢, endowed with the topology induced by B;’fzﬁi/p“*”” (F'), and let us prove that K induces a

continuous linear mapping M;, — LP°(N). Observe first that, arguing as in the proof of [8, Proposition

4.2], there is a constant ¢ > 0 such that
K(M) (¢ z) =c [ MA)AGP(A)e™ MPOIFAD g\
Q/
for every M € M, and for every (¢,z) € N. In particular, [23] 1.5.4] implies that there is a continuous
linear mapping
K M;U 5 M= K(M)(O, -) e LP(F).
Now, observe that there is a constant C; > 0 such that

1
(e, ®(Q)) < 2—010\"1’(0)

for every A is a neighbourhood of Supp(y’) and for every ¢ € EM Therefore, the mappings
Mlpo S M — Mecl(eﬂh‘b((»e_(‘v‘b@» c MIPU
are equicontinuous (cf. [23, Theorem 2.82|). Since K(M)(¢,x) = K'(e=(»® M) (x) for every (¢, x) € N by
the preceding arguments, this proves that K induces a continuous linear mapping M, — LP*(N).
STeP II. Assume that py €]1,2], and define My = @B;Z’(ll/pofl/m (F"), endowed with the topology
induced by B;ZFll/pO_l/Q) (F'). Let us prove that K induces a continuous linear mapping My, — C(LP(N))
for every p € [po,pf], where C(LP(N)) denotes the space of u € §'(N') such that the mapping S(N) > f —

[ *u e S'"(N) induces an endomorphism of LP(N).
We proceed by interpolation. Let us first prove that (C(L‘(N)),C(L** (N)))jg) embeds continuously into

C(L* (N)) for every @ €]0,1[, where + = =% ¢ %. Take two integrable step functions f,g: N' — C such

that (|l Loy = 9l ey w) = 1, and ifeﬁne i[izvo holomorphic functions which are bounded on every vertical
strip

F:C3 2z |fIfte/at(=2)e/bo=1 1 ¢ [YN) N L®(N)
and

G: C 3z |gle/at(=20/06=1g ¢ LYN) N L®(N).
Observe that F(0) = f and G(0) = g, and that
£ +it)HL’»’j(N) = G(j +it)HL’»’§(N) =

for every t € R and for j = 0,1. Now, fix u € (C(L*(N)),C(L*(N)))g), and take a bounded continuous
function U: S — C(L*(N)) + C(L**(N)) which is holomorphic on S, where S = {2€ C: 0 < Rez <1},
such that U(f) = u and such that the mappings

R >t U(j+it) € C(LY(N))

1

are continuous and bounded for j = 0,1. Then, the mapping

S22z (F(2)*U(2),G(2)) € C

131t suffices to that C; such that a neighbourhood of Supp(¢’) is contained in 2Cjeq: + Q.
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is bounded and continuous, and holomorphic in S. In addition,
(F(j+it) « U(j +it), G(j +it))| < [[U]|

for every t € R and for j = 0,1, where [|U]| := max;—o,1 sup||U(j +it)|[¢ (1 () Hence,
teR

(f*u,g) < U
By the arbitrariness of f, g, and U, this implies that u € C(L% (N)), and that

lullezto wyy < llullieczeoany).cn )

whence our assertion.

Now, take 6 € [0,1] so that - =1~ g. Observe that (Bg?l/Q(F’), By 1 (F)ie) = Bngll/pofl/m (F") (ct. 3,
Theorem 6.4.5]). In addition, BY, | (F”) embeds continuously into L>(F”) (cf. [23, Remark 2.7.1/2]). Then,
STEP I and standard Fourier analysis imply that K induces continuous linear mappings M} — LY(N) C
C(L'(N)),C(L>®(N)) and Mjy — C(L*(N)). In addition, M} embeds continuously into (M}, M5)g
(cf. [23, Theorem 2.8.2]), so that our assertion follows by interpolation.

STEP III. Take s € R", p € [po, pp], and q €]0, 00]. Take (Ax)kek, (tk), (¢k), and (%) as in Definition 28]
and subject to the further condition that ), Farthr = 1 on €. Notice that, if we replace ¢ with another
non-zero positive element of C5°(€2'), the space M, is not altered, both set-theoretically and topologically.
Hence, we may further assume that ¢, = gy for every k € K.

Define ¢}, == Fx'(¢(-t; ")) for every k € K. Then, for every k € K, sTEPS I and II, together with
Corollary B.7 and a homogeneity argument, imply that (u* ) * (K(M) *1)},) is well defined and belongs to

LP(N) (to LE(N) ifu € B%;q(/\/, 2)), and that there is a constant C5 , > 0 such that

[[(u b ) % (M) % i) [ Lo ay < Copll M g [+ Ykl Loy
for every k € K and for every u € B} (N, Q). Now, observe that, if u € S .(N), then

W(M)u= (uxtpp) « K(M) =Y (wxhy) * (K(M)  ¢})

k k
and
(W' (M)u] b = (u i) % K(M) = (u i) x (K(M) * ¥}
since Y, = ¢y * ¢}, and ¢ « (M) = (M) % ¢ for every k € K and for every ¢ € Sq(N) (usec: the Fourier
transform). Then, the preceding estimates imply that W'(A) induces an endomorphism of Bj  (N), and

that the linear mapping ¥': M,  — E(é;’q(/\/)) is continuous.
Now, observe that

(s i)+ (K(M) # g ) [u') = (uos bl (M) # wp)) = (ul(u' # oe) = (K(M) *1)},))

for every u € B (N) and for every u' € é;?;(l/p71)+(N), since KC(M)* = KC(M). Tt then follows that the

sum Y, (u* x) x (IO(M) x9);,) converges in the topology oy ., and that

<Z(u i) (K(M) 1)y, )

k

u’> = (u|¥'(M)u').

We then define W'(M)u == >, (u* ¥) * (IK(M) * 4y,), so that the preceding estimates imply that W' (M)
induces an endomorphism of Bj  (N) and that the linear mapping ¥': M,,, + L(B} ,(N)) is continuous.
The last assertion follows from the fact that (U/(M)u) x ¢ = (u* ) x (K(M) *¢') for every 1,9 € Sq(N)
such that ¥ = ¢ x4, and from the definition of (-|-). O
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6. COMPLEX INTERPOLATION

In this section, we study how the spaces B;ﬁq(N ,Q) interact with complex interpolation. In complete
analogy to the classical case, complex interpolation behaves fairly well for the spaces st,,q(N' ,Q), except
possibly when p = oo. In order to overcome this problem, and to extend the complex interpolation techniques
to the case min(p, q) < 1, we develop a method described in [23] and prove that the spaces B;q(/\/', Q) interact
nicely with this modified interpolation functor.

As a particular case of [22] Theorem 1.81.1 and Remarks 1.18.1/1,2,3], we get the following result [

Proposition 6.1. Take a Banach pair (Ag, A1), a countable discrete space K, pg,p1 € [1,00], and two
functions wo,w1: K — RY. Then,
(wolp’ (IS5 Ao), wilg' (K5 A1) ) = wolt’ (K (Ao, A1) )
with equality of norms for every 6 €]0,1[, where
1 1-46 0
+ — and wy = wéfewf.
Po po p1
If, in addition, min(pg,p1) < oo, then
(wofp" (K; Ao), wlfpl (K; Al))[g] = ’wgfpg (K; (Ao, Al)[g])

Finally, if Ag = A1 = A and —*— € (1(K) for some q €]0, 00|, then

max(wo,w1)

(’wofoo(K;A),’wlfoo(K;A))[g] = ’wgfgo(K;A).

Proposition 6.2. Take po,p1,4q0,q1 € [1,00], so,s1 € R" and 0 €]0,1[. Then,
(éso (Nv Q)a BSI (Na Q))[@] = ézg,qg (Na Q)

Po,q0 P1,91
where 1 1-0 0 1 1-0 0
— =4 =4 and  sg = (1 —0)sg + Os1.
Do Po D1 qe q0 q1

In addition,
(Bls)gﬂlo (N’ Q)’ B;lsi,lh (N’ Q))[e] = BZZ#Z@ (N’ Q)
if min(qo, q1) < oc.
Finally, if r =1 and sg # s1, then
(B]SJ?OO(N’ Q)v B;S),loo(Na Q))[@] = égs)?oo(Nv Q)
for every p € [1,00].

Proof. Take a (4, R)-lattice (A;)rex on Q' for some § > 0 and some R > 1. Choose ¢, € Ty so that
A = eqr -ty for every k € K. In addition, fix a bounded family (¢f) of elements of C2° () and ¢’ € C°(Y)
such that

XBey (eqr18) < Pk < XByy (e 15) < € < XBgy (eqy 2R6) >

St =1
k

on (. Define ¢y, := I/ (o( -t ")) and o, = Fp/' (¢ (-t ")) for every k € K. Then, 1y, * 1}, = 1y for every
k € K, and there is N € IN such that for every k € K the set K :== { k' € K: ¢, %9}, # 0 } has at most N
elements, while every element of K is contained in at most N of the sets Ky (cf. Section [2)).

Observe that, by definition, the mapping

Z: 85 N) 3 u— (ux*y) € S' (MK

and such that

14Actually, the last assertion is not contained in [22] Remark 1.18.1/3|, but can be proved with the same methods.
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induces isomorphisms of é;,q(N, Q) and B3 (N, Q) onto closed subspaces of (Ag?(Ax))€G(K; Lp(N)) and
(AGP (AR))0I(K; LP(N)), respectively, for every p, q €]0, 00| and for every s € R".
Now, let us prove that the continuous linear mapping']
P SN 3 (ue) = Y 0f € S L (),
k

induces continuous linear mappings of (A (Ax)) €4 (K; LE(N)) (resp. (Agr (Ak))¢4(K; LP(N))) into é§7q(N, Q)
(resp. B3 (N, Q)) for every p,q € [1,00] and for every s € R". Take (ux) € (Ag?(Ax))lG(K; Lg(N)) (resp.
(ur) € (Ag” (Ap))U(K; LP(N))) and define u := P[(ug)]. Observe that

u* P = Z U *w;cl * Yy,

k'eKy

for every k € K, so that u* )y, € LE(N) (resp. u* 1y, € LP(N)) and

lws Prlleony < Cr Y llwwllLoan
K ey

for every k € K, where Cy = sup||vr| 1) sup||ey]| 1wy is finite by [8, Proposition 4.2]. Hence, by [8]
keK keK
Corollary 2.49], there is a constant Co > 0 such that

S Ok)llux Pl oy < Co D> A% k) luw |l e
k'€Ky,

Therefore, u € é§7q(N, Q) (resp. u € By (NV,9Q)) and
[Aar (M)l ll Lo | pa iy < CoN (| Aqr V)l Loan | o

whence our assertion. Furthermore, observe that PZ(u) = u for every u € S, 1 (N).
Therefore, the assertion follows from [3, Theorems 5.1.1 and 6.4.2] and Proposition O

We now proceed to defining a notion of complex interpolation for quasi-normed spaces embedded in a
semi-complete Hausdorff locally convex space, inspired by [23], 2.4.4].

Definition 6.3. Let Ay and A; be two quasi-normed spaces continuously embedded in a semi-complete
Hausdorff locally convex space X. We then say that (Ag, A1, X) is an admissible triple.

Define S :={z € C: 0 <Rez < 1}, and define Fx (Ao, A1) as the space of bounded continuous functions
f: S — X which are holomorphic in S and map iR and 1+ iR boundedly into Ay and A;, respectively. We
endow Fx (Ao, A1) with the quasi-norm

f = maxsupl| f(j + it)| a;-
J=0,1¢teRr

For every 0 €]0,1[, we define (Ao, A1)x 0 as the image of the functional Fx (Ao, 41) > f — f(0) € X,
endowed with the corresponding topology.

Note that we need not impose that Ay and A; be complete, since holomorphy is defined with ref-
erence to the semi-complete Hausdorfl locally convex space X. In addition, observe that if (Ao, A1)
is a Banach pair, then (A, A1,3(Ap,A1)) is an admissible triple and there are continuous inclusions
(Ao, A1)je) € (Ao, A1)x(a0,41),0 C (Ag, A1)l for every 6 €]0,1[, with the notation of [3]. In particular,

if Ag or A; is reflexive, then the preceding inclusions are equalities by [3, Theorem 4.3.1]. We do not know
if any of the preceding inclusions is an equality in full generality.

I5Notice that, if H is a bounded subset of Sq 1, (N), then there is a finite subset K’ of K such that
<uk * 1/1“7'> =0
for every uy € S’'(N), for every 7 € H, and for every k € K \ K’. By the arbitrariness of H, the sum ), uy * 1} converges in
S84 (W) and P is continuous.



BASOV SPACES OF ANALYTIC TYPE 21

Proposition 6.4. Let (Ao, A1, X) be an admissible triple. Then, (Ao, A1)x.0 is a quasi-normed space and
embed continuously into X for every 0 €]0,1[. If, in addition, Ay and Ay are complete, then (Ao, A1)x,0 is
complete for every 6 €]0, 1].

Proof. By assumption, for every equicontinuous subset H of F’ there is a constant C'y > 0 such that
|(v/,2;)| < Crllwj|la, for every o' € H, for every x; € Aj, and for j = 0,1. Therefore, by the three-lines
lemma,

[0, ()] < CrllfllFxa0,40)

for every equicontinuous subset H of F', for every v’ € H, for every z € S, and for every f € Fx (Ao, A1).
This implies that the mapping Fx (Ao, 41) 3 f — f(0) € X is continuous (cf. [4, Corollary 1 to Proposition
7 of Chapter III, §3, No. 5]), so that its kernel is closed, and that f = 0 if ||f||r,(4,,4,) = 0. It then
follows easily that Fx(Ag, A1) and (Ao, A1) x,¢ are quasi-normed spaces continuously embedded in X for
every 6 €]0,1].

Then, assume that Ag and A; are complete, and let us prove that Fx (Ao, A1) is complete. This will imply
that (Ao, A1) x,¢ is complete by [4, Chapter I, §3, No. 2|. Then, let (f;) be a Cauchy sequence in Fx (Ao, A1),
and observe that the preceding estimates show that ((v', f;)) is a Cauchy sequence in the topology of uniform
convergence, uniformly as v’ runs through an equicontinuous subset of F’. By [4, Corollary 1 to Proposition 7
of Chapter III, §3, No. 5] again, this implies that (f;) converges uniformly on S to some bounded continuous
function f: S — X, which is then holomorphic on S. Since (f;(j + it)) is a Cauchy sequence in A; for
every t € R and for j = 0,1, this implies that f maps j + iR boundedly into A; for j = 0,1, so that
f € Fx(Ag, Ay). It is then clear that (f;) converges to f in Fx (Ao, A1). The proof is complete. O

The following result shows that (-, ). g is an exact interpolation functor for the category of admissible
triples, endowed with suitable morphisms.

Proposition 6.5. Let (Ao, A1, X) and (B, B1,Y) be two admissible triples, and let T: X — 'Y be a continu-
ous linear mapping which maps A; continuously into B; for j = 0,1. Then, T maps (Ao, A1)x,¢ continuously
into (Bo, B1)y,e for every 0 €]0,1[. In addition,

HTHL (Ao,A1)x,0,(Bo,B1)v,0) < ||TH£(AU7BO)HTH%(ALBI)
for every 6 €]0,1].
Proof. Define C; = ||T||za,,5,) for j = 0,1. Tt suffices to observe that, if f € Fx (Ao, A1), then g ==
(Co/C1) T f € Fy(Bo, Br), (0) = T[f(9)], and |lgll 7, (8o,5:) < Co "CLIFll £ (A0,41)- 0

Theorem 6.6. Take po,p1,q0,q1 €]0,00], sp,s1 € R and 6 €]0, 1[ Then,

(st)g qo(N’ Q), st)i a W, Q))SS/),L(N)79 By 4o NV, )
and
(Bpo o (N, ), Byl WV, Q))Sé,L(N)ﬂ B e (N, 9),
where
i:179+ﬁ, i:179+£, and s = (1—0)so+ 0Os1.
Pe Po n de do q1

Proof. Fix (Ax), (&), (¥r), and (¢/},) as in the proof of Proposition[6.2l Define Ky, == { k' € K: ¢}, *¢;, #0 },
and observe that there is N € IN such that Card(Kjy) < N for every k € K (cf. Section [2). Take
u € By (N, Q) such that
A )l * el oo ) [ ap 1) = 15
and define
U:C> 2z Z Azs°+sl()\k)||u * WHZ@Z_?N)(W s by 0wk ) % 1y, € S (N)
keK
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for some a,b,c¢,d € R and sg,s] € R” to be chosen. Let us first prove that U is well defined, holomorphic,
and bounded on S. Arguing as in the proof of Proposition [6.2] we see that U is well defined. Then, take
7 € Sq.1(N), and observe that there is a finite subset K’ of K such that

Z AZSO+S]~ )\k ||u * ¢k||zzzjg?/\/)<(|“ * wk|az+bu % wk) % ’L/J;C‘T>

keK'

for every z € C. In order to prove that U is holomorphic and bounded on S, it then suffices to prove that
the mapping z — <|u * g 22 Tou * ’L/Jk‘T * w;:> is holomorphic on C and bounded on S, for every k € K'.
Since u x 1, € L>(N) by Corollary [3.4] this is easily proved.

Observe that U() = u if ad + b = cf + d = 0 and Osy + s; = 0. In addition, by Corollary and a
homogeneity argument, there is a constant C; > 0 such that

| (Jow s r | 0w s i) s e | o W) S |l 4| “TF0HE s [ag, o 2 | AP

LP3 (N) < Cl”“ * wkHLpe(N)

for every 7 = 0,1 and for every k,k’ € K, provided that aj;;% = % if pg <ooand aj +b=0if pg =

J
We then choose a = g—i - g—‘l’ and b = % — 1 if pg < 0o, and simply a = b = 0 if pg = oo, so that the
preceding conditions are satisfied. Therefore, by means of [8, Corollary 2.49], we see that there is a constant

C5 > 0 such that

AU G + it) % il s ey < ASAICIN VP05 S AZOTE (0 s [ 41
K EeK,

b+d+1
<Oy Z Ase >\k’ HU*Z/Jk'HLapJgf/)\]/JF +d+
k'€ Ky,

for every ¢t € R, for every k € K, and for j = 0, 1, provided that sj + jsg+ s} = sg. Then, set ¢ == 9— 9— —a

andd———1—b1fq9<ooandc:—aandd——blfqg oo,sothatc@—l—d:O,and(aJrc)]qﬂ:q%

if g9 < oo and (a+¢)j +b+d=0if gg = co. In addition, set sy := sg — s1 and s} := sy — sg, so that the
preceding conditions are satisfied. Then,
A MU G+ 6t) 5 Pl 2 (4 gy ) < CoNTE/90)

for j = 0,1. This proves that By’ . (N, Q) C (B2 . (N, Q), Byt (N, Q))s;, L0 continuously.

Po,q6 Po,4q0 P1,q1
If, in addition, u € B;Z 7N, Q), then it is readily verified that U (j + zt) € Bp] 0NV, Q) for j =0,1 and
for every ¢t € R, so that Bf)g 5N, Q) C (B;g o0 N, Q), Bf; o N, Q))sy, | ()6 continuously.
Conversely, take u € (B30 , (N, Q), Bt | (N, 2))sy, , ()0, and take

N,Q),B% (N, Q)

Po, qo( P1,q1

UeFs, (B

such that U(0) = u. Set £ := min(pg, p1,qo,q1). Then, [22] 2.4.6/2] shows that there are two probability
measures Lo, 41 on R such that

rars(f If(it)leduo(t))l_e (fira +z‘t>|fdm<t>)9

for every z € 6 + iR and for every bounded uniformly continuous function f: S — C which is holo-
morphic on S. For every ¢ > 0, define U.: S 3 z s ez =2)=c(@*=0[7(3) ¢ 84,1, (N), so that U. €
Fsi ,(W(B32 00N, Q), Bt (N, Q)) and Ue(6) = u. Observe that, for every (¢,x) € N, the function

P1,q1

2 (Ue(2) % ) (G ) = 972000 ()| L yoir)
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is bounded and uniformly continuous (actually, vanishes at the point at infinity of S). Then, by Holder’s
and Minkowski’s integral inequalities,

1-0 a1/t
s el ooy < (/|U (it) * dl" duolt ) (/|Ua<1+it>*wk|fdm<t>)
R Lro/t(N)
(1-6)/¢ 0/¢
<H/|U€<z't>wk|fduo<t> /|U (1+it) 5 el dua (2)
R Lro/t(N) LP1/E(N)

0/¢

(1-0)/¢
< ( JACKCRATI duo(t)) ( JALACRETRATIS dul(t))

for every k € K. Therefore, by Holder’s and Minkowski’s integral inequalities again,

(1-0)/
88 Ol v o sy < (] IABOOIOLGE) 5 00l 0000 [y o0

0/¢
(/HAQ/ (M) U (1 +it) 7/}k||LP1(/\/)||Lq1(K) dpa (¢ )>

|| EH]:S’ (N)(Bpo qU(N Q) Pl q1 (N Q))

By the arbitrariness of ¢ > 0 and U, this implies that (B; , (N, Q), Byt . (N, Q))s;, | (w).0 embeds contin-
uously into B¢ (N, Q).

Po,q0
Finally, assume that u € (B;g q (N’ Q), stﬁ @ (N Q))Sg/) (N),0> and that
U € Fsyy ) (B3R (o W, 9Q), B3 | (N, Q).

Then, the preceding remarks imply that

(s )Gl < ([ 10000+ 0  dnoe >>(l W(/| U1+ it) x ) (G 2)| dm())m,

for every ((,z) € N and for every k € K, so that u x ¢y € Co(N) by Corollary B4 and the dominated
convergence theorem. Hence, u * ¢, € L5’ (N) for every k € K. Analogously, from the inequality (proved
above)

(1 9)/@
A% ) x Lo ) < ( RS AR duo(t))

0/¢
x < /}R A% OT-(1 4+ 1) % o dm(t)) ,

for every k € K, one deduces that (A (Ax)l|u * ¥rllLrea)) € £5°(K), so that (Ag (Ar)|lu * YrllLre (n)) €
02 (K). Hence, u € B3 . (N, Q). O

Po 90
7. ‘CLASSICAL’ BESOV SPACES ON N

In this section we introduce some Besov spaces on A associated to a suitable positive Rockland operator
In the classical case, that is, when A/ = F, these Besov spaces are exactly the classical homogeneous Besov
spaces on F. In the general case, the resulting spaces are non-commutative analogues of the classical
homogeneous Besov spaces. Since the Sobolev spaces associated to positive Rockland operators on graded
groups investigated in [12] do not depend on the choice of the Rockland operator, it is likely that the same
holds for the Besov spaces defined in this setting, even though we shall not prove that. We mention here

16 A Rockland operator is a homogeneous, hypoelliptic, left-invariant differential operator. We say that a Rockland operator
R is positive if [ (Rf)fdH?"T™ = [, fRFAH>T™ > 0 for every f € C°(N).
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that Besov spaces on graded Lie groups were studied in [I0], which nonetheless contains no proofs. For this
reason, but also to discuss the space Sz (N) and its relationships with the Besov spaces B;, (N, £), we shall
provide complete proofs. Notice, in addition, that, in virtue of the (real) interpolation results claimed in [I0}
Theorem 3.2], the Besov spaces B, (N, £) do not actually depend on the positive Rockland operator L, at
least when p €]1,00[ and q € [1, 00].

Definition 7.1. Define

2
1 -
L=y Y (2Zi+Zjz;) | =Y UL
j k
where the Z; are the left-invariant vector fields (with complex coefficients) on A such that (Z;),0) = 9.v,
for some orthonormal basis (v;) of E over C, while (Uy) is an orthonormal basis of invariant vector fields on
the centre F on N.
Given a bounded measurable function ¢: R — C, we denote by K(y) the (right) convolution kernel of
the operator ¢(L), defined by spectral calculus.

Observe that £ does not depend on the choice of (Z;), (Z;), and (Uy). In addition, £ is a positive Rockland
operator of degree 2 on N, so that it induces an essentially self-adjoint operator on L?(N) with initial domain
C®(N). We shall therefore make use of the corresponding spectral calculus. Cf. e.g. [19, [6] [7] for more
information on the spectral calculus associated to positive Rockland (or more general) operators on graded (or
general) Lie groups. We mention, in particular, that K(S(R)) C S(N) and that K(mimsa) = K(m1) * K(ma)
for every two bounded measurable functions m,mg on R. Observe that £ has real coefficients, so that IC(¢)
is real whenever ¢ is real.

For every A € F’, define J, € L¢(E) so that
(A, (¢, <) = (¢l = ia)
for every (,{’ € E.

Proposition 7.2. Take A € . Then, dma(L) has purely discrete spectrum and Py is an eigenprojector
of dmx(L). In addition,

2
amA(£)Pao = ((TaD? + %) Pro = | (30 @(03)) + NP | P
J
for every orthonormal basis (v;) of E over C.

Proof. Observe that
2
dma(L) = | D2 (-, v;) 00, + (X D)) | + NPT
J

for every orthonormal basis (v;) of E over C, thanks to [8, Proposition 1.15]. Now, choose the orthonormal
basis (v;) of E over C so that it is orthogonal for the scalar product (X, ®(-,v;)). In order to see that dmy (L)
has purely discrete spectrum, it will suffice to observe that the monomials w, = Hj NO( )Y, ae N™,
form a total orthogonal family in H (argue as in [I3, Theorem 1.63]), and that

dm (e = [ (S a; + 1) 20,)) + AP |

J

thanks to the above formula for dmy (L), for every a € IN™. In particular, Py ¢ is an eigenprojector of dmy (L),

with corresponding eigenvalue
2
(Yoe@)) + e

J
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To conclude, observe that (A, ®(v,w)) = (|Jx|v|w) for every v,w € E by the definition of .Jy, so that

(@) + NP = (Tl ) + A 0

J

Definition 7.3. Define N: F' 3 X — ((Tr|Jy|)? + [A]?) € Ry
For every compact subset K of R, define

ScxkWN)={peSWN): ¢ =p*K(xx) },

endowed with the topology induced by S(N). We define S (N) as the inductive limit of the Sg x (N), as
K runs through the set of compact subsets of RY.. We denote by S;.(N) the strong dual of Sz (N).
We denote by P the space of polynomials on N.

Notice that, since K(xx ) is real-valued for every compact subset K of R, the space Sg(N) is invariant
under conjugation. Hence, we may define (T'|¢) := (T, %) for T € S, (N) and ¢ € Sg(N).

Proposition 7.4. The following hold:

(1) Sg,x(N) is a Fréchet Montel space for every compact subset K of RY ;
(2) Sz(N) is a complete bornological Montel space;
(3) the closure of Sc(N) in S(N) is

{ peSWN):VPeP /Ngo(g“,ac)P(C,x)d(C,x) =0 }

Proof. (1) This follows from the fact that Sg x(N) is a closed subspace of the Fréchet Montel space S(N).

(2) This follows from [4, Proposition 9 of Chapter II, §4, No. 6, Example 3 of Chapter III, §2, and Example
3 of Chapter IV, §2, No. 5].

(3) Let us first prove that [, (¢, z)P(¢,z) d(¢,z) = 0 for every ¢ € Sc(N) and for every P € P. Notice
that, since £ is formally self-adjoint and for every P € P there is k € IN such that £¥ P = 0 by homogeneity, it
will suffice to prove that, for every ¢ € Sz (N) and for every k € IN, there is ¢ € S(N) such that ¢ = LFpy.
Then, fix ¢ € Sc(N) and k& € IN. Observe that there is s positive 7 € C2°(RY ) such that ¢ = ¢ * (7).
Then, define I, := K[(-)~%7], so that I}, € S(N) and

ckr = K(r).
If we set
or =@ *I; € SWN),
then
Lror = pxK(1) = o,
whence our claim.

Then, fix n € C°(R) so that xjo1] < 7 < x[=1,2- If we define ¢; = K(n(27%.)) = (277 -),K(n) for
every j € Z, then clearly f * (Y, —¢_x) = (272" L) — n(22*L)) f converges to f in L?(N) for h,k — +oo,
for every f € L%(N\), by spectral theory. In addition, if ¢ € S(N) and Sy e(¢z)P(¢,2)d(¢,z) = 0 for
every P € P, then [0, Proposition 5.8] implies that the set of ¢ * (¢, —1_x), as h, k € N, is bounded (hence

relatively compact) in S(N). Therefore, the preceding arguments imply that ¢ * (5, —1)_) converges to ¢
in S(N) for h,k — +o00. Since clearly o * (¢, —9_x) € Sc(N) for every h, k € IN, the assertion follows. U

Definition 7.5. Given u € S;(N) and ¢ € Sz (N), we define u x ¢ € §'(N) so that

(uxp|r) = (ulT * ")
for every 7 € S(N). We shall identify u * ¢ with an element of C*°(N).
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Lemma 7.6. Take s € R and p,q €]0,00]. Take two bounded families (¢;)jez and (¢})jez of positive
elements of C°(R*) such that
PIICIER D BIICI Rt
J J
Define 1 = K(p;(27% -)) and ¢ == K(¢}(27% -)). Then, there is a constant C > 0 such that

1 sJ sj sj

EHQ T wéHLP(N)Héq(Z) <[22 Q/JjHLP(N)Heq(Z) < O[]27||T 1/’;|‘LP(N)H¢(,(Z)
for every T € 8'(N). In addition,

(29T x4p;) € LH(Z; LE(N)) if and only if (2T ) € £{(Z; LE(N)).
Proof. Choose ¢ € R and M € IN so that Supp(y,), Supp(go;) C [2¢,2¢42M] for every j € Z. Define
=Y a2 ),
JEZ

and observe that the sum defining ¢ is locally finite on R, so that ¢ is of class C* on R . In addition, if
50;,(2’”, )p;(2727.) £ 0 then |j — j'| < M. Then, for every j' € Z,

50;-/(272]-/ )= JiM 90;.,(2—23 -;(pj(2_2] ) _ JiM @9/(2,2]4 . )90]'(272]- s
j=j'—M j=j'—M
where
Pl == i;// T M i NN —y il ,
p(2%7-) j‘:—;'—M pj(2207=9) ) Zj:—]w @i (27% )

for every j' € Z. Notice that the family ()7 ez is bounded in C2°(RY). Then, define 1;; = K(@;(27%-))
for every j € Z, and observe that Corollary and a dilation argument imply that there is a constant
C1 > 0 such that, for every T' € S;.(N) and for every j,j’ € Z,

(T * ) * Vol Loary < CLlIT * sl oy -

Now, for every j' € Z,
J+M

Tsdfy = Y (Txpy) ),

j=j =M
by the associativity of convolution on S, (N) x Sg(N) x Sz (N), so that

i'+M
IT * @ ooy < CLM + 1)+ 37 T x4 o)

j=3'—M
for every j' € Z. Hence, there is a constant Cy > 0 such that

3 +M
2T % 9y |l e ary < Ca Z 273 T * sl Loy

j=j'—M

for every j' € Z.
Therefore,

"25j||T* "/’;‘HLP(/\/)H@(Z) < Ca(2M + 1)max(1’1/q)H25j||T* %HL"(N)H@(Z)'
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By symmetry, the first assertion is proved. For what concerns the second assertion, assume that (277 x1);) €
3(Z; LE(N)). Then, it is clear that

J'+M

Twgh = Y (Txiy) P € LHN)

j=j'—M
for every j' € Z. Analogously, it is readily seen that

i'+M

T lon), < (G 3 I sl < @)
j=j'—M J’
whence (2%T * ¢}) € £§(Z; Lt (N)). The second assertion follows therefore by symmetry. O

Definition 7.7. Take s € R and p, ¢ €]0, c0]. Take (1;) as in Lemma[Z.6l Then, we define B;’Q(N, L) (resp.
B?;q(/\[, L)) as the space of T' € S;.(N) such that

(29T = ;) € LU(Z; LP(N)) - (vesp. (29T x1)y) € €5(Z; L(N))),
endowed with the corresponding topology.

Notice that we chose to define B; (N, £) as a subspace of S} (\) since this choice simplifies some results.
Nonetheless, one may prove the B (N L) embeds canonically into §’'(N)/P.

Proposition 7.8. Take s € R and p,q €]0,00]. Then, By (N, L) and B%;q(N, L) are complete metrizable

topological vector spaces and embed canonically into S'(N)/P. Furthermore, BZ?JN, L) is the closure of
Sc(N) in By (N, L).

Before we prove this result, we need some preparations.

Proposition 7.9. Take s1,s2 € R and p1,p2, q1, 92 €]0,00] such that

1 1
p1 < P2, q1 < q2, and sy =51+ <——)Q
D2 b1
Then, there are continuous inclusions
Pl q1 (N ‘E) C st)g q2 (N’ ‘E) and Pl q1 (N ‘E) C st)g q2 (N’ [’>

Proof. This follows from Corollary B4 a dilation argument, and the canonical inclusions ¢9(Z) C ¢92(Z)
and (3" (Z) C 1 (7). O

Proposition 7.10. Take s € R, p, q €]0,00] and two bounded families (p;)jez, (¥})jez of positive elements
of CZ(RY) such that
Z 4,0] K J 2 2] =1

JEZ
on R%.. Then, the sesquilinear form

B, (N, L) x B;f;f(l/p_l)+Q(N,£) 3 (u,u') — Z(u «1hjlu’ xYf) € C
J

where ;= K(p;(27% ) and ¢} = K(¢}(27% -)) for every j € Z, is well defined and continuous, and
does not depend on the choice of (¢;), (¢})-

Arguing as in the proof of [8, Theorem 4.23], one may actually prove that the above sesquilinear form
induces an antilinear isomorphism of B;,s;,_(l/p_l)+Q(N, L) onto é;,q(/\/, L.
An analogous assertion holds for bilinear forms.
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Proof. The fact that (-|-) is well defined and continuous follows from the inclusion

s s=(1/p=1)+Q
By N, L) C B, A N L)

max(1,p),max(1,q)
(cf. Proposition [9). Then, take two bounded families (77]-) (n;) of positive elements of C2°(R%) such that

277 27V ) =1

JEZ
on R%, and define 75 == K(n;(27% -)) and 7} := K(n} (272 -)) for every j € Z. Then, for every u € Bj ,(N, L)
and for every u’ € B;,s;,_(l/p_l)+Q(N, L),
u’ *1/1 >

Zu*wj‘u *w Z<Zu*7]/*r,*z/1]
* )

J J

since only a finite number of terms of the inner sum are non-zero. For a similar reason, the sum in j and 5’
converges absolutely, so that one may reverse the above computations and infer that Zj <u * wj‘u’ * 1/);> =

Ej,< ]’-,>, whence the result. O

Lemma 7 11. Take s € R, p,q €]0,00], and ¢ € C°(RY). Then, OP(K(p)) embeds as a closed subspace
of both By (N, L) and LP(N).

Proof. It sufﬁces to observe that there is a bounded family (y;);ez of positive elements of C°(RY% ) such

that
D i@ =1,
JEZ
o = ¢, and ¢;(27% - )p = 0 for every j € Z, j # 0. O

Proof of Proposition[7.8. The fact that B;ﬁq(/\/ ,L) is complete follows from the fact that the equivalent
quasi-norms which define its topology extend to lower semi-continuous convex functions on S} (N') which
are finite only on Bj (N, L), and from the completeness of S.(N). For what concerns the second as-
sertion, it will suffice to prove that Soo(N) = { o € S(N): VP € P {p|P) =0} embeds continuously into

B, S+(1/p D+ (N, L), and to apply Proposition [[T0 Then, take a positive n € C°(R%) such that

P.q

done V=1

JEZ
on R%, and define ¢; :== K(n(27% -)) for every j € Z. In addition, define ¢y ; = K(((-)Fn)(27%)) for
every j,k € Z, and denote by Ij a log-homogeneous fundamental solution of £F of degree 2k — Q if
k > 0 (cf. [18]), and L7%5( o) otherwise. Then, a simple modification of [6, Proposition 5.8] implies that
Soo(N) * I, € S(N) for every k € Z. In addition, [6, Proposition 5.8] implies that

27 Mo x ;= (o I) * P
is uniformly bounded in S(N) as j runs through Z, for every ¢ € Sy (N) and for every k € Z. Thus,
(259 % 1p;) € L3(Z; LH(N)) for every ¢ € Soo(N), for every s’ € R, and for every p, q €]0, cc]. The assertion
follows by means of the closed graph theorem.
For what concerns the last assertion, observe first that (the canonical image of) S (N) is contained
in B?;q(/\/, L). Conversely, take u € é;ﬁq(/\/, L) and observe that u = >, 7 u * 1;, with convergence in
Bj (N, L) (argue as in the proof of |8, Lemma 4.22]). Furthermore, fix ¢ € S(N) so that ¢(0,0) =

"In other words, there are a homogeneous polynomial P of degree 2k — ) and a homogeneous norm p of class C'>° on
N\ {(0,0) } such that I, — Plog p is homogeneous of degree 2k — Q, and L*T;, = 3(0,0)-
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l¢llLeeny = 1, and define @, = p(27%) for every k € N. Take n/ € C°(R?) such that n = 7'y, and
define ¢} = K(1/(27%7 .)) for every j € Z. Let us prove that [pg(u * ¢;)] * ¢} converges to u * t; in
LP(N) for every j € Z. Observe first that |u x ¢y * [¢j| € LG(N) for every j € Z, by Corollary
Since [[pk(u * ;)] * i < |ux | * [¢7] for every k € IN and for every j € Z, it will suffice to prove that
[¢r(u * ;)] * 9} converges locally uniformly to u * ¢; for every j € Z, and this is clear. Since clearly
[on(u* ;)] * ¢ € Sc(N) for every j € Z, the assertion follows by means of Lemma [Z.TT1 O

In a completely analogous fashion, one may prove that st,,q(/\/' ,§2) embeds continuously into the dual

S5 (N) of the conjugate of the closure So(N) of S,z (N) in SN[ This solves a problem left open in [8]
4.3.7).

Proposition 7.12. Take s € R" and p,q €]0,00]. Then, the canonical linear mapping gg(/\f) - Sh. L WN)
18 continuous and injective, and induces a continuous injective linear mapping

3 5—s—(1/p—1)+(b+d)

Sa(N) %Bp/,q’ (N, Q).
This latter mapping, in turn, induces a continuous injective linear mapping

B3 (N, Q) — SHLN).

Proof. Observe first that [8, Proposition 4.11] implies that the mapping ¢ — gp*[&l induces an automorphism
of Sq(N) for every s’ € R". Let us first prove that the canonical (continuous) linear mapping Sq(N) —
80,1 (N) is injective. Indeed, if ¢ € So(N) and (p[th) = 0 for every ¢ € S, 1(N), then

(@ *9)(¢,2) = (¢[d(c,) *¥") =0
for every ¢ € Sq(N) and for every ({,z) € N, thanks to [8, Propositions 4.2 and 4.5|. Therefore,
0=m(p*v) = Fa()(N)maly)

for every ¢ € Sq(N) and for every A € ', whence ¢ = 0 since Fpr(Sq(N)) = C (') and my(p) = 0 for
every A € F/\ (W UQ).

Now, take ¢ € Sq(N), and let us prove that its canonical image in Sf, ; (N) is contained in the space
B;?;(l/p71)+(b+d)(N,Q). Take (M), (¢r), and (%) as in Definition Take s’ € R", ¢ € IN, and
0 E §Q7L(N). Then, |8, Proposition 4.11] and the preceding remarks show that o * IKS{ € So (N), 2 * IK;S/ €
Sa(N), and that

Talp * dn) = mal(0 + I8) * (Yn * Ig*))
for every A € ' and for every k € K. Hence,
px = (p* I3) * (Yux Ig™)
for every k € K. Next, define
Ut = FR (N Fx e+ 1g™))
and observe that
Tl ) = mA (L8P 1) * Yror 1)
for every A € Q' and for every k € K, whence
@ e = L@ *I5) * Yrs e
for every k € K.
Therefore, |8, Corollaries 2.49 and 2.51, and Proposition 4.11] imply that

% Vil Lo ary < A% (M) max(1, N (M) Cor maX(Hﬁe(@ 13| Lo () [l IS HLP/(./\/))

18We shall prove in [d] that this definition of Sq(N') agrees with the one given in [§].
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for every k € K, where

Cslye = max( sup A;l,s ()\k)H’l/)k *I&S HLl(/\/), sup A;l,s (Ak)N(Ak)qq/}k,s/,ALl(,/\/)>
N(k)<1 N(Ag)21

is ﬁnite Since clearly px*1y, € Lg, (N) for every k € K, this implies that (max(1, N()\k))eAé,sl(/\k)gp*q/)k) €

0°°(K; LE (N)) for every s’ € R” and for every ¢ € IN. By the arbitrariness of s’ and ¢, this implies

that (A, (\x)g * ) € £} (K Ly (N)), that is, ¢ € é;?;(l/p_1)+(b+d)(N, Q). Thus, there is a canonical

linear mapping So(N) — B (1/ p=1)+(btd) (N, €Q), which is necessarily continuous by the closed graph

theorem. Alternatively, cont1nu1ty may be proved directly using the above estimates. Since st,,q(N ,Q)

;J;il({ppslrlgi?;r :;)) (N), which is canonically identified with the

dual of é;?;(l/p71)+(b+d)(N, ) thanks to [8, Proposition 4.19 and Theorem 4.23], the last assertion follows
by transposition. 0

embeds continuously and canonically into B

8. COMPARISON BETWEEN CLASSICAL AND ANALYTIC BESOV SPACES

We now proceed to compare the Besov spaces of analytic type B} (N Q) with the ‘classical’ Besov
spaces B;,q(N', L). We shall first show that By (N Q) is the closure i in the topology oy , of the union of
an increasing sequence (V;) of closed vector subspaces on which the topologies induced by B;q(/\/ ,) and

BE J° (N, L) coincide (cf. Proposition BI)). Thus, it is natural to restrict attention to embeddings of the

form BS (N, Q) = By ™ (N, L),
When r = 1, Proposition BJlshows that Bj (N, Q) is actually canonically isomorphic to a closed subspace

of B (N L). When r > 1, though, the situation is far more delicate and it turns out that the existence of
a canomcal embedding Bj (N, Q) — BE 7% (N, L) is equivalent to a suitable decoupling inequality (D’ )5
which cannot hold unless s € R” (cf. Theorem BT and Proposition BH]). If, in addition, s # 0, then the
decoupling condition (D')3 . is equivalent to the condition (D)3 , defined in [8], Definition 5.5] which, in turn,
is closely related to the determination of the boundary value spaces of suitable weighted Bergman spaces on
D (cf. [8, Theorem 5.10]). When € is a Lorentz cone, then the £2-decoupling inequality proved by Bourgain
and Demeter [5] allows to determine much more precise sufficient conditions for property (D)3 , to hold, as
noticed in [2]. To the best of our knowledge, a complete characterization of the validity of property (D)
(or (D)5 ,) is not available, in general.

p,q

Proposition 8.1. Take s € R" and p,q €]0,00]. In addition, fix a compact subset H of ', and define
V={TeB; , N,Q):VreCXQ\RLH)) TxFy'(r)=0}
and
Vo=V NE, (N,Q),
endowed wzth the topology induced by B5 (N, Q). Then, V and Vi embed as closed subspaces of BE (N L)
and Bp,q Y(N, L), respectively.

Notice that, if (Hj) is an increasing sequence of compact subsets of € whose union is Q’ then the
corresponding subspaces Vy  of B} (N Q) form an increasing sequence of closed subspaces of B (N Q)
whose union is dense (and also dense in B (N, Q) for the weak topology a3 ).

1976 see this, observe that Fa (¢ 7 ¢) = iS/N_eAE/,gok(-t,:l), and that the family (N(Ak)eN_Z(-tk)AE],cpk)N(Ak»l is
bounded in CZ° ().
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Proof. We may assume that H contains eq/. Take ¢ € C°(RY ), and define ¢ := K(y). Take n € So(N),
and observe that Proposition and [19, Proposition 3.7] imply that

dma(n *¥) = (Fam)(N)Prop(dma (L)) = (Fam) (NN (A)Pxo
for every A € . Analogously, one proves that dmy(n *x ) = 0 for every A € F'\ (W U '), so that
n*1 € Sq(N).

Observe that § = O;iéandQ/ (eqr,27eqr)/2 > 0. Then, we may find a family (#x)rex which is maximal for
jE

the property that dg/ (eq - tg, eqr - ti) = 28 for every k, k' € K, k # k', such that Z C K, and such that
A-tj = 2/ for every j € Z and for every A\ € . In particular, if we define A\, = eqs - t, then (M) is a
(0, 2)-lattice on €. Let H' be a compact neighbourhood of H in ', and let us prove that there is R > 1
such that H' C {J;c7 B(&,Ré). Indeed, the sets Br = (U;cz B(Aj, RS), R > 0, form an increasing open
covering of such that 2/ Br = Bp, for every j € Z. Hence, there is R > 0 such that [1,2]H’ C Bg, so that
RLH' C U5 2[1,2]H' C Br.
Now, take n € C°(R%) such that

donE V=1

JEZ
on R%, and fix 7 € C2°(') so that xp(e,,,rs) < T < XB(ey ,2R5)- Define

pj =T(noN)
for every j € Z, so that
XR:H' S Z‘Pj('tj_l) < Xor-
JEZ

Then, we may find a bounded family (¢)rer\z of positive elements of C2°(€2') such that

Y oen(-t) =1

keK

on . In particular, @ - t,;l) =0on R} H' for every k € K \ Z, and

_ _ Kne(272.)) ifkeZ
F-1 RN L
ux Fy (pr(- 1)) {0 ka7
for every u € V and for every k € K. Since A§, (A\;) = 2k 225 % for every k € Z, the assertion follows. O
Choosing H = {1 } when r = 1, we get the following corollary.

Corollary 8.2. Assume that r = 1 and take s € R and p, q €]0,00]. Then, B} (N, ) embeds canonically
as a closed subspace of B;ﬁq(/\/, L).

The situation when r > 1 is more complicated.

Definition 8.3. Take s € R" and p, g €]0, co]. We say that property (D’)f;g holds if there are a (4, R)-lattice
(Ak)ker on ', for some 6 > 0 and some R > 1, a bounded family (g )rex of positive elements of C'°(Q)

such that
Sty =1
keK

on ', where t; € Ty and A\p = eqy - tx for every k € K, and two constants C' > 0 and ¢ > 1 such that

> ukx

keK.

< Cf| A% )llur * Vel oo [ a .
Lr(N)

for every (ux) € Sa,r(N)), where ¢ = Fy' (pr( -t ")) for every k € K, while
K. = { ke K: (pk(ﬁf;l)()([l/c’c] ON) 7é 0 }
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Notice that the same argument used to prove [8, Lemma 5.6] shows that property (D’)gq holds for every
p €0, 00] and for every g €]0, min(p, p’)].

In addition, if property (D')3 , holds, then property (D’)52, holds for every sz < s and for every g2 €]0, g
(cf. [8 Lemma 2.34]).

Lemma 8.4. Take s € R" and p,q €]0, 0], and assume that property (D'); , holds. Take a (6, R)-lattice
(Me)kex on ', for some § > 0 and some R > 1, a bounded family (¢r)kex of positive elements of C°(Q)

such that
>ty =1
keK

on Q, where t, € T+ and A\ = eqy -ty for every k € K, and a constant ¢ > 1. Then, there is a constant

C > 0 such that
Z U * Pp
keK.

< Ol A% )llur * vell Lo [ a .
LP(N)
for every (uy) € S&,L(N)( <), where ¥y, = Fn' (o1, ")) for every k € K, while

K. ::{kEK: (Pk(tl; )(X[l/c,c]ON)#O}

Proof. STEP 1. We first prove the assertion when uy € S (N) for every k. By assumption, there are a
(0’, R')-lattice (A} )wexs on Q' for some ¢’ > 0 and some R’ > 1, a bounded family (¢}, )r ek’ of elements
of C2°(€Y) such that

> et =1

k' eK'

on ', where t), € T and
)\;C/ =eq - t?c/
for every k' € K’, and two constants C’ > 0 and ¢’ > 1 such that

Z Ugr * w;c’ < O/HAS’( ;c’)H“k’ * Q/J;c’HLP(N)ng(K/,)
K EK!, Lo )
for every (uy) € S, (N)He) | where 9}, = F (¢}, (-t} 1)) for every k' € K', while

Ké’ ::{k/ €K' (P;g/( t )(X[l/c '] ON #O}

By a simple dilation argument, this implies that

D uw < O AL (N llure s oo o
K EeK’, Lo )
for every (up) € Sa.L(N)Ee) and for every j € Z, where Y = 19, (7). Now, observe that [8)

Corollary 2.51| implies that there is ¢’ > ¢ such that Supp(¢x) € N=1([1/¢”,c"]) for every k € K.. Then,
there is a finite subset J of Z such that

/", " c U ¥/, ).
jed
For every k/ € K’ and for every j € J, define
Kipj={keK: * Py i F 0} and Kj ={k' €K'y« #0},
and observe that there is M € IN such that
Card(J), Card(K} ), Card(K}, ) < M
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for every &’ € K’ and for every j € J, and such that each k € K belongs to at most M of the sets (K ;)i ek,
for every j € J (cf. Section 2]). Define
X S Al

JjeJ k/eKé,
so that ¢’ is well-defined, of class C°°, and > 1 on N~1([1/¢”,"]). Define, in addition,

(@)

D - Ph and Py 5 =
kg @/(,t;«)

T ()

for every k € K, for every k' € K', and for every j € J, so that

et =0 Y Bt ek (¢TI,

j€J KeK!,
keKk’,j
B = ok
= y e
ZjEJ Zk'eK;,: keK, P (=it )
and
_ I (=
@;c/,j _ 9019’( )

Yl Zk“eKé,ﬂK;c’, Gl (- /=3t 15,11
for every k € K, for every k' € K', and for every j € J. By means of [8, Lemma 2.52] and the preceding
arguments, we see that the families (¢x) and (¢}, ;) are bounded in CZ°(€Y') for every j € J. Then, define

Jk,@gj € Sq(N) so that
]:./\/TZk = @k(tgl) and ]—“NJ,;,J = 6;6/,3‘('15;@71)

for every k € K and for every k' € K’.
Fix (ug) € So.z(N) <) and define

Ups j = Z Ug % Pg

keKchklyj

for every k' € K/, and for every j € J, so that (up ;) € Sa.(N)Fe) and

DEITED i SRR

k€K, JET K EK,
Now, Corollary 3.5l and a homogeneity argument imply that there is a constant C; > 0 such that
" 5 g x sl ooy = [l 5w xSl ey < Crllw’ * |l o ay
for every u' € S, 1 (N), for every k' € K', for every k € K, and for every j € J, so that
||Uk’,j *w;c’,jHLP(N) < ClM(l/P—1)+ Z Huk*’L/JkHLp(N).
kEKCﬂKk/,j

In addition, |8, Corollary 2.49] shows that there is a constant Cy > 0 such that A$), (X\},) < C2Af, (A\g) for
every k' € K', for every k € Ky j, and for every j € J. Therefore,

D ug

keK.

< Csl| A% ()l * el Lo [ o .y
Lr(N)

where Cy == C'Cy M (Y/p=1)++max(1,1/p)+max(1,1/q) 1,
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STEP II. Now, consider the general case. By STEP I, there is C' > 0 such that

Z uk*q/}l/c

keK.

< C|| A% (M) Ju * 1/};2|\LP(N)HM(KC)
LP(N)

for every (uy) € So,r(N)Fe), where ¢, = Fi'(¢}.(-tx)™!) and (¢}) is a bounded family of positive
elements of C2°(€') such that ¢}, = 1 on Supp(pk) + ' N Bp/(0,1) for every k € K. Then, fix a positive
T € C2(Q' N Br(0,1)) so that n = Fy' () satisfies 7(0,0) = Inlleeary = 1, and define 7, = n(p-) =
Fx'(p~mr(p~t-)) for every p > 0. Take (uz) € S, 1 (V) K<), and observe that

(ur P )mp = [(wk i )np] 1y, € S, (V)
for every k € K, thanks to [8, Proposition 4.5 and Corollary 4.6]. Then,

Z (uk * W)??p

keK.

< CJ| A% M)k Yol Lo o sy < CHAD )l * Pl Loan [ ga ¢, -
Lr(N)

The assertion follows passing to the limit for p — 0. (I

Proposition 8.5. Assume that v > 1 and take s € R" and p,q €]0,00]. If property (D'); , holds, then
s < 0.

Notice that, if 7 = 1, then property (D’); , trivially holds for every s € R and for every p, g €]0, 00].

Proof. Fix a non-zero ¢ € So(N) and j € {1,...,r }. With the notation of [8, §2.1|, define ¢, = (e —¢;) +
e;j/(k+1) € T4, so that (eq - t) converges to some non-zero element of 99, A% (t;) — 0, and A®(t;) — 1
for every £ =1,...,r, £ # j. For every k € IN, choose gr, € GL(E) such that t;, - ® = ® o (g X g). Define
o = A3~/ ((gh, x ty) -) for every k € N, so that

lerlleay = A2 )@l Lr v

for every k € IN. In addition, |8, Proposition 4.17] shows that the sequence () is uniformly bounded in
B?;q(/\/, ). Observe that Supp(Far¢r) = Supp(Fare) - t for every k € IN (cf. [8, Proposition 4.2]), so that
we may find ¢ > 1 such that Supp Farpr € N~Y([1/c,c]) for every k € IN. Then, the preceding remarks
imply that the sequence (A~3(tx)) is bounded, so that s; < 0. By the arbitrariness of j, this proves that
seR". O

Definition 8.6. Takes € R" and p, ¢ €]0, oc]. We say that By (N, (2) embeds canonically into B (N, L)
if the following hold: the canonical mapping S'(NV) — Sp, L(N ) induces a linear mapping

S: Sc(N) — By S e
and the image of the mapping
v B (N, Q) 5 u (Sc(N) 2 9= (ulS(9))) € Sp(NV)

is contained in ngj (N L).

Notice that, with the notation of Definition B.6] the linear mapping S is necessarily continuous by the
closed graph theorem@ so that ¢: BS (N,Q) — S;(N) is well defined and continuous. In addition, ¢ is

one-to-one since Sg(N) 2 So 1.(N) (cf. the proof of PropositionB1). Finally, ¢: B} (N, Q) — BE (N L)
is then continuous by the closed graph theorem.

Theorem 8.7. Take s € R" and p,q €]0,00|. Then, the following conditions are equivalent:

20Notice that B;S;(l/p_1)+(b+d) (N, Q) is a Fréchet space, since p’, ¢’ > 1.
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(1) the canom'cal mapping Sa.r(N) — szqf 5
mto B (/\/’ L);

(2) B (N Q) embeds canonically into Bp (N L):
(3) property( ")3.q holds.

(N, L) induces a continuous linear mapping from BZSW(N, Q)

Proof. (1) = (3). le a (0, R)-lattice (Ax)kex in €', a bounded family (g )rex of positive elements of
C2° () supported in B(eqs, Rd) such that
> et >1
k

on ', where ¢, € Ty is such that A\y = eq: -ty for every k € K. In addition, take a constant ¢ > 1,
and define K, = {ke K: gpk(~t;1)()([1/c7c] oN)#0}. Thanks to [8, Corollary 2.51], it is clear that
Urex, Bar(Ak, R6) is contained in a compact subset of 2\ { 0 }, so that Proposition [[.2limplies that there
is 7 € C®(R%) such that ¢y, x K(7) = vy, for every k € K., where vy, == Fx' (pr(-t;")). Therefore, by
means of Lemma [T.T1] we see that there is a constant C; > 0 such that

> ukx

keK.

D e e Yy

k'eK.

Cl AQ/ )\k—

Lr(N) Lr (M) Ml ga (k)

for every (ux,) € Sa.,(N)). To conclude, it will suffice to prove that there is a constant Cy > 0 such that

Aby (M) < Cal | Ay () e 5 el v
LP(N) llpa (k)

for every (uy) € So,r(N)Ee). Now, by Corollary and a homogeneity argument, there is a constant
C% > 0 such that

Z U * Yo * Py

k'eK.

L9(Ke)

llw s rr % Prell o ary < Collu s oy |
for every u € Sg, (N) and for every k,k' € K. In addition, there is M € IN such that the set K} =
{Kk € K: ¢ x 1)) # 0} has at most M elements for every k € K (cf. Section [2]), so that

<M=y ST fug |l Lo
LP(N) WEeKNKG

Using [8, Corollary 2.49] we also find a constant C4 > 0 such that
o (M) < CoAY (M)
for every k € K and for every k' € K. Hence,

D ek g

k'eK.

AS R D uke i *

< CQHA?Z/O‘IC)HUIC * 1/’k”Lzﬂ(Af)ng K
k'eK. "

L2(N)lga (k)

with Cy = CHCY MO/p1)sFmax(11/3),

(3) = (1). Define T" as the quotient of T’y by its closed central subgroup which acts by homotheties
on ', and endow T with the corresponding quotient Lie group structure. Fix a relatively compact open
neighbourhood V” of the identity in 7%, , and let (¢})rcx be a maximal family in T} such that (V't;)N(V't},) =
() for every k, k' € K, k # k'. Therefore, H' := V'~V is a compact subset of T, and T, = J,cx H't},.
Then, there is a bounded family (¢} )rer of positive elements of C°(T7 ) such that xv: < ¢} < xgr for
every k € K, and such that

dowltt ) =1

keK



36 M. CALZI

for every ¢’ € T'.. In addition, fix a positive n € C2°(R% ) such that Xy (e, )3/4,2] < 1 < XN(egy)[1/2,4] and

such that

> on@ ) =1

JEZ
on RY, and observe that there is a unique bounded family (¢r j)rex,jez of positive elements of C2°(€Y)
such that

Pr,i(A) = n(N(N))@p (m(N))
for every A € ', where 7 is the composition of the inverse of the mapping Ty > t — eqs -t € Q' with the
canonical projection Ty — T". Then,
5 aslhe i) -

JEZ kEK

for every A\ € (¥, where ¢ ; is the unique element of T such that N(eq - tx ;) = 2%/ and whose class in 17,
is t;. Let us prove that (eq -tk j)kek,jez is a (J, R)-lattice on € for some ¢ > 0 and some R > 1. Indeed,
let V and H be the subsets of ' such that

XV (A) = XN(eg3/42](N(A)xv/ (m(A))  and  xua(A) = XN (eq)1/2,4 (N (A))xa (m(A))
for every A € . Then, the V - ¢ ; are open and pairwise disjoint, while the H - ¢ ; are compact and cover
Y. Since e € V, there are ¢ > 0 and R > 1 such that B(eq,d) C V and H C B(eq, RJ), so that (eq - tg, ;)
is a (4, R)-lattice.
Now, define 95 ; == Fx' (¢, (- t;;)), and observe that

f*K(n =3 i,
keK

for every f € Sq.r(N), since my, applied to both sides of the asserted equality, gives rise to the same
operators, for almost every A € F' \ W. Hence, Lemma B4 and a dilation argument imply that there is a
constant C3 > 0 such that

||f * K(n(2~ |Lp(/\/) Z EXN, < CBHAS(tk.,O)”f * waHLP(J\/)qu(K)
keK LP(N)
for every f € Sq.(N) and for every j € Z. Hence,
05 se -2 V|, < H S(t) - _
|22l « @ Nlave)|, g < 05| AT * Bsllionn | gy

for every f € Sq.(N), so that és 4N, Q) embeds continuously into B (N, L).
(3) = (2). The assertion follows by the preceding case unless max(p,q) = oo. By transposition
(cf. Section ), we infer that the canonical mapping S'(N) — S, 1 (V) induces a continuous linear mapping

S:Sc(WN) — B_sq (/= 1)+(b+d)(/\/' Q). Hence, there is a canonical one-to-one continuous linear mapping
v By (N,Q) = S (N) (cf. Definition B6). The assertion will therefore follow if we prove that the image

of ¢ is contained in BE{ (N, L). Take (tr,j)s (pr,;), and (¢ ;) as in the proof of the implication (3) =
(1). Assume first that ¢ = oo, so that S(Sc(N)) C B%;i;,(l/pfl)*(bm) (N, Q). Then,

(u) = Z w* Py
k,j

with convergence in S (N), for every u € st,,q(/\/', Q). If, otherwise, ¢ < oo, then by inspection of the proof
of [8) Lemma 4.22] we see that
U = Z U * Py
k,j
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in B (N, 9), so that, again,
u) = Z (TEXTISR
k.j

with convergence in Sj.(N), for every u € By (N, Q).
In particular,

t(u) * K(n = ws = K(n =D D ukthp g kg = uxig,
k

k/,]/ k/ il k

where the sums converge locally uniformly, for every u € B} q(./\/ , Q). Therefore,

Z 'U/*’l/Jk,j

keK’

leCus) + K27 - Dllzrny < sup

LP(N)

for every u € B;q(/\/ ,Q), where K’ runs through the set of finite subsets of K. We may then proceed as in
the proof of the implication (3) = (1).
(2) = (1). Obvious. O

We now recall (an equivalent formulation of) the definition of property (D)3 ,, introduced in [8], Definition
5.5|2] We say that property (D)3,q holds if there are a (4, R)-lattice (Ax)rex on €', for some § > 0 and
some R > 1, a bounded family (pr)rex of elements of C2°(£Y') such that

Yoot =1
keK

on ) where tx € Ty and A\ = eq -t for every k € K, and two constants C' > 0 and ¢ > 1 such that

> g

keK

S CHA?w(Ak)ecw’eml\w * Ukl e
Lr(N)

(a(K)

for every (uy) € S, (N) ), where ¢y, = Fy' (o (-t ') for every k € K. As in Lemma [8], one then sees
that the same holds for (uz) € 8§ (V) 5).

Proposition 8.8. Take s € R" and p,q €]0,00]. Assume that either Zj s; < 0, or Zj s; = 0 and
q < min(1,p). Then, the following conditions are equivalent:

(1) property (D)3, holds;

(2) property (D’ )pq

This extends [I Proposition 4.16], which deals with the case in which n = 0, p,q € [1,00[, s € Rd, and
Q) is irreducible and symmetric.

Proof. (1) = (2). Obvious.

(2) = (1). Take (twj)kek, jez, (Ykj)vek jez, and (Vi j)kek, jez as in the proof of Theorem [B.7]
and observe that, by Lemma B4 and a dilation argument, there is a constant C; > 0 such that, for every
(uk,j) € Sa,L(N)FD),

min(1,p)

DD ILIFELS <

keK jeZ L) JEZ

min(1,p)

<O Y || A% (tko) g * ¥ g
LP(N) JEZ

min(1,p)
Lr(N) Heq(K)

D gy %y

keK

21 his property has been considered in a redundant way in [§].
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Therefore, by Holder’s inequality,

min(1,p)
s (o t ) min(1,p)
eqr tr. e

S5 iy + s < CLCo || A%t el 5520 5 5 o o | rixz)’

k€K jEZ Lo ()
Wher

Cy = sup 672j<691'tk,0769>2*j D0 se < 0.
ke K min(L.p)/(L=min(1,p)/ D)1 (7)

The proof is complete. O
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