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Abstract

This thesis addresses interior and boundary regularity for solutions of quasilinear elliptic equations.
In particular, we aim to study second order regularity of solutions to nonlinear equations driven by
a local, anisotropic operator. We will also investigate first-order regularity of solutions to quasilinear
equations of mixed local-nonlocal type. The thesis consists of four chapters, each one based on the
original papers [§], [7], [6] and [9] respectively.

Chapter [I] deals with interior second order regularity of solutions to quasilinear equations in a
possibly anisotropic setting. We deal with equations in divergence form of the kind —div (.A(Vu)) = f,
which emerge as Euler-Lagrange equations of integral functionals of the Calculus of Variations built
upon possibly anisotropic norms of the gradient of trial functions. We establish interior W1 2-Sobolev
regularity for the nonlinear expression of the gradient subject to the divergence operator, the so-called
stress field A(Vu).

Chapter [2| is about global W12-Sobolev regularity of the stress field A(Vu). We study both
the homogeneus Dirichlet and Neumann boundary value problems, and we provide global regularity
estimates in domains enjoying minimal assumptions on the boundary. Their proofs rely on a suitable
generalization of Reilly’s identity, which is established for operators of Orlicz-Laplace type subject to
this anisotropic regime.

Chapter [3] is devoted to a relatively transversal topic, that is the approximation of a Lipschitz
domain €2 via a sequence of smooth domains. The approach here developed is different than the ones
present in the literature, and it is quite flexible since our approximating sets also keep track of the
(possibly) additional regularity of the boundary 2. This approximation technique can be particularly
useful when one considers PDEs settled in domains with minimal regularity assumptions, as in the
case studied in Chapter

At last, in Chapter 4] we study nonlinear equations of mixed local-nonlocal type, modeled upon
the sum of a p-Laplacian operator and a fractional (s, ¢)-Laplacian, —A,u + (—A;)*u. Under certain
hypotheses on p,q € (1,00), s € (0,1) and the data, we establish global Hélder continuity of the
gradient of solutions to these equations, as well as a Hopf-type Lemma and a strong maximum principle.



Notation

e For d € N, U C R? open, and a function v : U — R, we shall denote by Vv = Duv its d-dimensional
gradient, and V2v = D?v its hessian matrix.

For i,5 = 1,...d, we will write the partial derivatives as

ov
0iv = 0y, v = oz,
0%
2. a2 _
aijv = Gxixjv D207, .

We will often use the short-hand notation for its level and sublevel sets
{v<0}={z€U : v(z) <0}
{v=0}={2€U : v(z) =0}.

e For a given function u : £ — R defined on an open set 2 C R", and a function ¢ : R™ — R, the
notation V¢tp(Du) means that we are differentiating the function 1 with respect to & € R”, and
evaluating it at Du.

e We denote by W*P(Q) the usual Sobolev space of LP(Q2) weakly differentiable functions having weak
k-th order derivatives in LP(€2).

For any a € (0,1], the spaces C*(Q) and C*%(Q) will denote, respectively, the space of functions
with continuous and a-Holder continuous derivatives up to order k € N.

e Point of R" will be written as z = (2/,2,), with 2’ € R*! and z,, € R. We write B,(x) to denote
the n-dimensional ball of radius r > 0 and centered at x € R™. Also, B/.(z’) will denote the (n —1)-
dimensional ball of radius r > 0 and centered at ' € R"~!—when the centers are omitted, the balls
are assumed to be centered at the origin, i.e., B, := B,(0) and B,. := BJ.(0/).

e For d € N, and for a given matrix X € R%*¢, we shall denote by |X| its Frobenius Norm

X = Vo (XPX) =

where X* is the transpose of X. If X € R%*? is a symmetric matrix, we write X < c¢Id (X > cld) to
denote that its eigenvalues are bounded from above (below) by the constant ¢. From here onward,
Id will denote the identity matrix.

e Given a set A, we shall write |A| for its Lebesgue measure, and H*(A) its s-dimensional Hausdorff
measure. If A is Lebesgue measurable with |A| < oo, we denote the average integral on A of a

function v as )
v = (v)a = de:/vdx.
W= fvie=ro |

Also, given two open bounded sets A, B, we will denote by disty (A, B) their Hausdorff distance.

e For a given function ¢ : U — R with U € R"™! open, we write Gy and Sy to denote its graph and
subgraph in R"”, i.e.,

Go={z=(2,¢(z')) : 2’ €U} and Sy={z=(2',2n): 2" €U, z, <¢(a)}.
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Introduction

In the first part of this thesis we are going to study local second-order regularity for quasilinear
equations of the form

(0.0.1) —div(A(Vu)) = f inQ

in a possibly anisotropic setting, where A(Vu) is a suitable vector-field—see below, and € is an
open subset of the Euclidean space R", with n > 2.

The anisotropic term is encoded into a homogeneous, convex function H, that will be often referred
to as the “anisotropy”, or the “norm”.
Given a norm H = H(&) satisfying certain ellipticity assumptions, and p € (1,00), the term A(Vu)

appearing in the divergence of (0.0.1)) is given by
1
(0.0.2) A(Vu) = ’ VeHP(Vu) = HPH(Vu)) VeH(Vu),

and it is typically called stress field.
A classic example of equation (0.0.1)) is given by the p-Laplace problem

(0.0.3) —Apu = —div(|VuP2Vu) = f,

which corresponds to the case of Euclidean norm H(§) = |{|. In particular, for p = 2 it reproduces
the linear Poisson equation

(0.0.4) —Au=f.

Moreover, equations ((0.0.1) emerge as Euler-Lagrange equations of the integral functionals

(0.0.5) T () = /Q HP (Vo) dz — /Q Foda.

Anisotropic setting typically appears when dealing with energy functionals used to describe models of
surface energy— see, e.g., [105] [186] and references therein.

Surface energy arises since the microscopic environment of the interface of a medium is different
from the one in the bulk of the substance. In many concrete cases, such as for crystals or the common
cooking salt, the different behavior depends significantly on the space direction, and so these energy
models have now become very popular in metallurgy and crystallography, see, e.g., [L1}, 85l 192]. Of
course, the medium may also be subject to exterior forces, and thus functional results in the
sum of an energy plus a potential term.

Other applications of anisotropic models related to occur in noise-removal procedures in
digital image processing and fluidodynamics— see, e.g., [4, 28, [67, 00, 94 167, 60} 189] and references
therein.



INTRODUCTION 6

Equation (0.0.1))-(0.0.2)) belongs to the class of quasilinear equations in divergence form of p-growth
type. Namely, equations of the form

(0.0.6) —div(A(z,u, Vu)) = F(z,u, Vu),
with appropriate conditions on F' = F'(z, z, ), where the vector field A = A(x, z, ) satisﬁesﬂ
(0.0.7) Az, 2, )l S [gfP~" and Az, 2,6) - € 2 €]

Clearly, the prototypical example of such class of equations is given by the p-Laplace operator ,
which also features the so-called radial Uhlenbeck type structure, i.e., A(z,z, €) = A(|€]) € = |€]P2¢.

Regularity theory for quasilinear equations in divergence form has been object of study by many
authors in the last century. It can be said that the seminal papers of De Giorgi, Nash and Moser
[78, 163, 159, 160] opened the way on the study of this topic. Indeed, although they were treating
linear problems, their proofs were based on completely nonlinear methods, i.e., the linearity of the
equation was not used, and thus have been used—and improved—to treat quasilinear equations as well.

For example, concerning Holder continuity of solutions, De Giorgi’s proof was reworked and gen-
eralized to non-linear equations by Stampacchia [I81] [I82], Ladyzhenskaya & Uralt’seva [12§] into
what are now called De Giorgi’s classes— see also [I01], [108, chapter 7] and references therein. On
the other hand, Moser’s iteration technique was used by Serrin [I79] and Trudinger [I88]- see also the
works of Lieberman [136], 137] for equations of Orlicz-growth and with measure data.

Further regularity of solutions is obtained by requiring A to be diffentiable in the gradient variable,
and satisfying a condition of the kindﬂ

(0.0.8) VeA(r,2€) ~ ¢ 1d,

which is stronger than f see, e.g., [71l, Lemma 2.1]. Operators falling into this class of equations
are the p-Laplacian and, as we will see, its anisotropic counterpart.

With this additional assumption in force, interior Cb* regularity of solutions was first proven
by Giaquinta & Giusti [I02] in the quadratic case p = 2, by Evans [91] for 1 < p < 2, and by
Lewis [133], Tolksdorf [I87] and Di Benedetto [83] for a general 1 < p < oo. The proof of this
result is based on the so-called perturbation method, which can be considered as a generalization of
the homonymous method used in the proof of Schauder’s estimates for linear equations with Holder
continuous coefficients. Having fixed a point z¢ € 2, the underlying idea is to “freeze” the (z,z)
variables of the vector field A, i.e., to study the solution ug of the homogeneous problem

0.0.9
( ) ugp =u on dBg(xg),

{—div(A(xg,u(aso), Vug)) =0 in Bg(w),

for small radius R > 0. Boundedness of Vug is obtained by differentiating and by making use
of Moser iteration. Then, via a suitable modification of De Giorgi’s method, one obtains Campanato-
type estimates for Vug. Next, one chooses u — ug as a test function in equations , , and
takes the difference between said expressions. In this way, owing to the differentiability assumption
, the previous Campanato-type estimates, obtained for ug, are recovered by the original solution
u as well. Hence, the C™® regularity of u follows by Campanato’s characterization of Holder spaces
[41]-[43]. We refer to Manfredi’s Phd Thesis [141], and his work [I42] for further details on this topic.

"Namely, |A(x, z,€)| < ao |¢]P7! +a1(2) |2|P 7! + az(z) and A(z, 2,€) - € > bo [€|P — bi(x) |2|P — ba2(z) for some positive
constants ag, bg, and suitable functions a1, asz, b1, b:.
?Specifically, there exist two constants ¢, C' > 0 such that ¢[¢[P721d < VeA(z, 2, &) < C |¢[P? 1d.
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See also [136] for the study of interior C1® regularity of solutions to Orlicz-growth type equations,
which we will discuss in Chapter [2| Let us point out that, in general, solutions to do not have
any better classical regularity than C1%— see [12] [119].

Other results concerning interior Holder continuity and gradient regularity of p-Laplace type
equations can be found in [15] 17, 34, [38] [55], 56] [76, [87), 88|, [89, [125] 126], 127, [143] 144], 154 155].

So far, we have given a brief overview on first-order regularity theory for solutions to quasilinear
equations. As already mentioned, the main results of the first two chapters of this thesis are instead
focused on second order regularity for solutions to equation .

Early contributions on this topic date back to the works of Bernstein [21] and Schauder [I75] for
the Poisson equation . Their generalization to linear equations in divergence form was proved
by various authors including Friedrichs [96], Browder [37], Lax [129] and Nirenberg [165, [166]. The
result can be stated as follows: if u € VVZZE(Q) is a local weak solution of (0.0.4), then

uweWi2(Q) <= f €L, (Q),

loc

or equivalently

(0.0.10) Vue W 2(Q) < felLl (9.

loc

The proof is nowadays well known, and is based on the so-called difference quotients method—see for
instance [106] Sections 8.3-8.4] and [36], Section 9.6].

Extensions of these results, still based on the difference quotients technique, were first obtained
for quasilinear equations of the form

(0.0.11) —div([eQ + |vu|2]’%2vu) —f, fore>0,

by requiring further integrability on f— see, e.g., [128, pp. 277], [I87, Proposition 1], [I08, Chapter 8].

However, for the p-Laplace equation f that is in the case e = 0 in f the equivalence
relation is in general false. Indeed for v = (z1,...,2,) € R™ and 8 > 1, the function
uo(z) = |x1\ﬁ is a local weak solution of in the unit ball By, with rlght hand- 31de fo € L>®(By)
if p > 2 is large enough, but ug & I/Vl (Bl) for 8 < 3 In fact, ug & W, ’q(Bl) for all ¢ > 1 provided
[ is sufficiently close to 1.

Therefore, in order to study L?-second order regularity for quasilinear equations of p-Laplace type,
it is more appropriate to look at the regularity of other suitable quantities than the solution u itself,
such as the stress field A(Vu). In this regard, sharp L? second-order regularity of solutions, i.e., the
extension of to the p-Poisson problem , was obtained by Cianchi & Maz’ya [58] and
reads as follows: if u is a local solution of equation , then

(0.0.12) A(Vu) e W2(Q) <= [ € L},.(Q),
and the following local quantitative estimate holds true
RYAVU)|| 228y + VAV 28y

(0.0.13) -1
= C(Hf”L2 (Bop) TR ”VUHLF L BzR))

for every open ball Bop CC 2 with radius R < 1, where ¢ = ¢(n,p) > 0.

Related second-order regularity results, with additional regularity assumptions on f can also be
found in other works. For instance, Lou [139] Showed a similar, yet weaker result, that is |A(Vu)| =
|VulP~t € I/Vllocz(Q) if u is a local weak solution of (0.0.3)) and assuming f € L (Q) with ¢ > n/p, but
without providing any quantitative estimates.
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Local fractional differentiability of the stress field has been recently studied by Avelin, Kuusi &
Mingione [13], and Balci, Diening & Weimar [16]. BMO-type estimates on A(Vu) have been obtained
by Breit, Cianchi, Diening, Kaplicky & Schwarzacher [84 [34].

Similar regularity results have also been obtained for vector fields of the form V,, = |Vu|* 1Vu
under suitable assumptions on « € (0,00), p € (1,00) and the source term f. For example, a classical
result used in the proof of the C** regularity [128, [83] tells us that if u solves with bounded f,
then

Vul"z Vu € WEA(Q),

for any p € (1, 00).

Other contributions due to Simon [I80] and De Téhlin [79] show that Vu € VVllof provided f € Lf;c
and 1 < p < 2. Similar results for the Orlicz-Laplace equation can be found in [46].

When p > 2, Cellina [44] showed that Vu € VVZL? if fe I/Vllof, for p € [2,3)- see also [156] for a
generalization— whereas in [45] the author proves that Vu € Wlif for p € [3,4) and for all 0 < s < 4—p.
Similar, interior regularity results have been obtained in [39] and [109], the latter in a very general
setting. Let us also mention that Damascelli & Sciunzi [72] obtained interior weighted L2-Hessian
regularity results for all p € (1,00), a suitable source term f, but without providing any quantitative
estimates.

For what concerns boundary regularity of solutions to quasilinear equations, the first results were
obtained almost simultaneously together with the interior ones. For instance, global boundedness and
Holder continuity for equations of p-growth type can be found in the book of Ladyzhenskaya &
Uralt’seva [128] see also the work of Trudinger [I88] and references therein. Boundary C'1®-regularity
was proven in [I03] in the quadratic case p = 2 and in [I35] for p € (1,00). As in the local case, the
vector field A(x, z, &) is required to be differentiable in the § variable, with in force.

The proof still makes use of the perturbation method previously described. The only difference
when dealing with the Dirichlet problem is the study of the frozen equation of ug, which takes place
on the half ball B} (z), i.e.,
(0.0.14) {—div(A(a:o,u(xo), Vug) =0 in Bg(xo) ,

ug =u on B} (z)

for which boundedness and Campanato estimates of the gradient Vug follow from a delicate barrier
argument and weak Harnack inequalities. A related contribution is due to Fan [92] for variable
exponent quasilinear operators, i.e., of p(x)-Laplace type, and the Orlicz case is discussed in [136].
More recently, under minimal regularity assumptions on the boundary and the source term f,
global Lipschitz regularity was obtained by Cianchi & Maz’ya [53], [54] for equations featuring radial
Uhlenbeck structure. Their proof is based on integration of (multiplied by Au) over the
level sets of |Vul, followed by a careful analysis of each integral term via (pseudo-)rearrangements
and distribution functions. Very recently, a similar result has been obtained (on convex sets) by De
Filippis & Piccinini [77] for equations of (p, ¢)-growth type, by using a global De Giorgi type iteration.

Regarding second-order regularity, global W22-estimates of solutions u to linear Dirichlet bound-
ary value problem

(0.0.15)

—Au=f in
u=~0 on 0f)
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can still be established by using the difference quotients method, as long as the boundary 0 is
sufficiently regular, e.g., 9Q € C?. In particular, the result states that if u is a weak solution to

(0.0.15), then
(0.0.16) Vu e WH2(Q) «— fec L*Q).

The same global results for linear problems in non-smooth domains satisfying minimal regularity
assumptions were established in [148, [149]. The approach of the proof is different, since it is based on
a Reilly’s type identity

(0.0.17) /(Au)%zx :/ yv2u|2da:+/ (Dyu)?tr BAH"™', u=0on 09,
Q Q o0

where tr B stands for the mean curvature of 0f.
The extension of this result to the p-Laplace operator can still be found in the work of Cianchi &
Maz’ya [58]-see also [59, [14] for the case of p-Laplace systems. Namely, if u is a solution to

—Ayu = in
(0.0.18) pu=7,n
u=~0 on 0f)

then we have the global counterpart to (0.0.12)), i.e.,
(0.0.19) A(Vu) e WH2(Q) < f e L*(Q),

provided that  is convex, or its boundary satisfies minimal regularity assumptions. Their proof of
this result essentially relies on an integral inequality, which extends ({0.0.17]) to the p-Poisson problem:

(0.0.20) / div (VP 2Va)*de > ¢ / Vu2r2) (V202 dz + / V22 (9,u)2 tr BAH |
Q Q o002

if w =0 on 092. Moreover, they enstablish sharp two-sided estimates

(0.0.21) [flle2) < [VANVU)l2(0) < cllfllzg)

for some constant ¢ = ¢(n,p, ) > 0.

We also point out that boundary W'2-regularity for vector fields V, = |Vu|* 'Vu has very
recently been established in [I158], for o > % on assuming f € WH1(Q) N L4(Q) with ¢ > n; related
boundary regularity of p-harmonic functions is studied in [114].

In the final part of this thesis we will focus our attention to first order regularity of solutions to a
different class of quasilinear equations. Indeed, we will study operators of mixed local-nonlocal type
given by the sum of a local second-order elliptic operator and a nonlocal integrodifferential operator
of fractional order. The model example is given by the sum of a p-Laplacian, and an (s, ¢)-fractional
Laplacian:

(0.0.22) —Ajut (—A)u,
with constants p,q € (1,00), s € (0,1), and the nonlocal term

u(z) — u(y)|*7* (u(z) — u(y))

o — g

dy,

n

(—A,)*u(z) = 2P.V. /

where P.V. stands for the principal value of an integral.
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These types of operators are connected with diffusion processes, as, by the Lévy-Khintchine
formula, they are the infinitesimal generator of a general Lévy process, where the local operator
is associated with a Brownian motion, while the nonlocal operator models a Lévy flight— see [73].
Mixed operators also appear in the description of a biological population in an ecological niche— see
[74, 157, 168].

In the last twenty years a great deal of research has focused on the study of purely nonlocal
operators. Comparatively, much fewer articles investigated the effect of coupling local and nonlocal
terms. For instance, we point out the papers [47, 48] by Chen, Kim, Song & Vondracek, which
established Green function estimates and a boundary Harnack inequality for the Dirichlet problem,
and the series of contributions [22, 23] 25 26] by Biagi, Dipierro, Valdinoci & Vecchi, where a number
of properties enjoyed by the solutions of linear and semilinear equations are studied. We note in
passing that the scope of these papers was confined to the linear case p = ¢ = 2 in , i.e., the
model operator is determined by the superposition of the Laplacian and of one of its fractional powers.
More recently, attention has been given to quasilinear generalizations of these models such as
like for instance [24], 27, B0, [69] (75, 97, 08]. The article [75] by De Filippis & Mingione, in particular,
obtained several regularity, such as the interior Holder continuity of the gradient of the solutions and
their global almost Lipschitz character, under the assumption that p > sq in . These results
will be the starting point of our investigations in the last chapter.

Goal of Chapter In this chapter we study local second-order regularity of solutions to the
anisotropic p-Laplace operator (also called Finsler p-Laplace operator)

(0.0.23) ~Aflw = —div( 1V (Vu)) = 1,

where H is a norm on R" satisfying suitable ellipticity assumptions— see Section [1.2

We will establish local W2-Sobolev regularity for A(Vu), and we will also provide local quan-
titative estimates analogous to f see equations — below. Moreover, on assuming
f to enjoy higher integrability, we will also obtain L?-weighted regularity estimates for the Hessian of
u, the weight given by H2(P~2)(Vu)- see estimate .

We highlight that these results are not just a trivial generalization of the previous ones concerning
the p-Laplace operator, i.e., when H(§) = |{|. Indeed, when dealing with anisotropic equations
(10.0.23]), two main difficulties arise compared to the usual Euclidean setting.

e The general lack of regularity of the norm squared at the origin, that is H?> € C*(R"™ \ {0}) —
see Remark [I.2.1] below. To fix the ideas, we recall that a classical approximation procedure for

the p-Laplace operator (0.0.3) consists in studying solutions u. to (0.0.11)), i.e.,
p=2
—div((e? + |Vu?) "= Vuo) = £ in

For smooth f and € > 0, standard elliptic regularity theory [108| [I06] ensures that u. € C*(2),
and u. converge to u in the energy space V[/llof (). Similarly, the approximation technique used
in Section to deal with the anisotropic operator ((0.0.23|) is to consider u. solution to

(0.0.24) fdiv((s2 + H2(Vu5))¥%V§H2(VuE)) =f inQ.

In this case, no matter how regular the source f is, the solutions u,. are not a priori smooth due
to the lack of regularity of H? in the origin, but only belong to Wﬁ)’f(ﬂ) N C’llo’f(Q) at most— see
Lemma below. Hence, the computations required to establish local quantitative estimates
(independent on ¢) are to be performed with due care keeping in mind this a priori regularity

properties.
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e The loss of rotational invariance whenever H is not the Euclidean norm (or more generally an
Hilbert norm— see identity ) Indeed, the authors in [58] establish by exploiting
an intermediate inequality for the square of the differential operator which crucially relies on the
radial Uhlenbeck type structure of the standard p-Laplace operator . Therefore, even in
the quadratic case p = 2, the loss of this structure for general norms H and its consequent lack
of rotational invariance call for a different approach, suitable adapted to the anisotropic setting
in consideration.

Goal of Chapter [2. The main objective of this chapter is to establish global W!2-regularity of the

stress field. Thus, we prove that the regularity results of the previous chapter hold true up to the

boundary, and for a wider class of operators, the so-called anisotropic Orlicz-Laplace operators.
Specifically, we are going to deal with solutions to Dirichlet problems of the form

{—div(A(Vu)) =f inQ

(0.0.25)
u=20 on 01},

and co-normal Neumann problems of the form

{—div(.A(Vu)) =f inQ

(0.0.26)
A(Vu)-v=20 on 0N.

Here, v denotes the outward normal to 0€), and the vector field A : R™ — R™ is given by

B'(H(E))VeH(E)  if&#0

(0.0.27) A(§) = VeB(H(E)) = {0 if € =0

where B is a suitable convex function, also called Young function. When B(t) = %, we recover the

anisotropic p-Laplace operator (0.0.23)), whereas in the case of general Young functions B equations
(10.0.25))-(0.0.26)) fall into the class of quasilinear operators with Orlicz-type growth, i.e., for which

(10.0.8) is valid with B gD i place of [£[P~2- see Section for details.

€]
Under the same ellipticity assumptions on the norm H as in Chapter [I} and assuming minimal

regularity hypothesis on the source term f € L?(Q2) and the domain €2, we will show that A(Vu) €
W12(Q), hence the equivalence

(0.0.28) A(Vu) e WH2(Q) «— f e L*(Q),
in the anisotropic setting and under Orlicz-type growth conditions. Sharp quantitative estimates

(0.0.29) 1flle2@) < [VAVU)llr20) < cllfllz@)

are provided together with explicit information on the dependence of the constants.

As much as the local case, the loss of rotational invariance of the anisotropic operator, and the lack
of regularity of H? at the origin call for a different approach compared to isotropic problems. Indeed,
inequalities and cannot be extended to the anisotropic equation , since they
crucially rely on the rotational invariance of the Laplace and p-Laplace operators respectively.

To overcome this issue, we will introduce new differential and integral identities and inequalities
for vector fields. In particular, we establish an anisotropic Reilly’s type identity, which roughly reads
as

(0.0.30) / |div (A(Vw)) |*de = / tr<(VA(Vu))2) dz+ [ HX*PD(Vu)H)tr BY dn™ !,
Q Q 0N
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where tr B is the anisotropic mean curvature of 9 associated with the norm H— see Deﬁnition
below.

Once this is established, our proof will consist, loosely speaking, in squaring both sides of equation
ED, integrating the resultant equation over €2, and exploiting the anisotropic Reilly’s identity
@D and some integral inequalities which eventually yield the desired Sobolev regularity of A(Vu),
via estimates for the corresponding norm.

Nevertheless, the overall argument just described requires a degree of smoothness of the function u
and of the domain €2 which are not guaranteed for the solutions to problems and under
the assumptions to be imposed on B, H, f and ). Henceforth, this approach entails approximations
at various levels, involving two smoothing procedures of the differential operator—one of which due to
the degeneracy of H? at the origin-— the regularization of right-hand side f of the equation, as well as
an approximation procedure of the domain §2 which is the main content of Chapter

Goal of Chapter As already mentioned, Chapter [3| yields a novel approximation technique
concerning domains with sufficiently regular boundary. More precisely, we assume that € is a Lipschitz
domain of class W27~ i.e., its boundary can be locally described as the graph of a function of (n — 1)-
variables which is Lipschitz continuous, and belongs to the Sobolev space W24, ¢ € [1,00). In a
certain sense, the latter assumption involves weak second-order derivatives of the boundary, hence it
permits us to define the notion of weak curvature B of 92 such that |B| € L9(02)-see Definition
below.

Here, we shall construct a sequence of smooth domains {2, } men strictly containing €2 such that
O, 222 9Q in the Lebesgue sense, and in the Hausdorff sense.

The latter convergence will be also quantified in terms of the Lipschitz constant of {2— see estimate
(3.2.3). This means that the boundaries 9€,,, uniformly converge to 0f2 in a quantified way as m — co.

Furthermore, our approximation procedure keeps track of the regularity properties of 02, and
provides “curvature convergence” as well. Loosely speaking, we have that Bq, converge in L? to Bq
as m — oo— see, e.g., equation . This is analogous to the case of Lipschitz functions f € W9,
its regularizations f,,, obtained via convolution, converge uniformly to f, and their Hessian V?f,,
(and so the curvature By,, of their graphs) converge to V2 f (the curvature By) in LY.

This analogy is not surprising, since the very first step of our proof consists in regularizing (via
convolution) the functions which locally describe the boundary 992. We refer to Section [3.2| for further
details in the construction of the sets €2,,.

Finally, thanks to our construction and its convergence properties, some of the geometric quanti-
ties characterizing the set {2 such as its diameter, the Lipschitz characteristics, and certain capacity
estimates of 90 are comparable to the corresponding ones of the domains €,,,— see Sections
All of this information will be crucial in order to quantitatively keep track of the constants in the

proof of estimate (0.0.29) in Chapter

Goal of Chapter [4. In the last chapter of this thesis we move our attention to quasilinear operators
of mixed local-nonlocal type such as . We will focus on boundary properties of solutions to
such equations. First, we establish global C'1f-regularity of solutions under suitable assumptions on
p,q € (1,00), s € (0,1), the boundary 92 and the source term f.

This result is proven via the perturbation method, in a similar manner as described for purely
local operators above. Clearly, the major differences and difficulties in this approach lie in the presence
of the nonlocal integrodifferential term, which is handled by imposing the condition

(0.0.31) p>sq.

This roughly says that the W*%-capacity generated by the nonlocal term is controlled by the W1P-
capacity of the local term in (0.0.22)), so that the latter term has a greater regularizing effect than
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the nonlocal one, and Holder continuity of the gradient follows. We also expect assumption
to be somewhat necessary for, in the case p < sq, the nonlocal term in becomes the leading
one, and one should not be able to extract more than the Holder continuity of solutions in view of the
known regularity results for purely nonlocal equations—see, e.g., [98| [32].

In the last part of this chapter, we show the validity of a Hopf-type lemma. Here we impose
no restriction on the parameters p,q and s, since in the proof we treat both operators of
separately.

In its general spirit, the proof proceeds similarly to those usually employed to establish Hopf
lemmas, i.e., via a barrier type argument. Specifically, we construct a suitable positive subsolution to
both local and nonlocal operators— the barrier function— and the conclusion then follows from the weak
comparison principle for such operators. As a byproduct of this Hopf-type lemma, we immediately
infer a strong maximum principle, too.



Chapter 1

Interior regularity for anisotropic
quasilinear equations

1.1 Main results

Throughout this chapter, € is an open subset of R™ with n > 2 and, for 1 < p < 400, we will consider
a local weak solution u € VVi)f (©2) to the anisotropic p-Laplace equation

(1.1.1) —div (A(Vu)) = f in Q.

This means that
(1.1.2) / A(Vu) - Veodr = / fedr  VoeWH(Q),
Q Q

where W2P(9) denotes the the set of compactly supported members of WP(), and A = A(£) is the
vector field given by

(1.1.3) A() = VgB(H(f)) _ {Hp—l(g) VeH(€) lff # 0,
0 ife=0,
where B(t) is the polynomial function
P
(1.1.4) B =2,

and H € C%(R"\ {0}) is a uniformly convex norm, that is it satisfies
(1.1.5) Anf2 < YV2H2(€)n -y < Al for € £0, and n € R".

for some constants A, A > 0, which we will refer as ellipticity constants of H.
Observe also that, in view of the smoothness assumptions on the norm H, we have

B(H(¢)) = H;@ e C*R™)NC*(R™\ {0}),

Concerning the source term, we ask for integrability f € L (), with

loc
2 if p > 2%
(1.1.6) q= nt

: 2
() Hl<p<iis,

14
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where p* = n"—_’; is the critical Sobolev exponent.
Let us remark that the assumption ¢ = (p*)’, when 1 < p < 73—112, is the least one on the source

term f in order to have the right-hand side of equation (1.1.2]) well defined. It also follows that
equation ([1.1.1)) has a variational structure, since it is the Euler-Lagrange equation of the functional

J(v):;/QHp(Vv)dx—/vadx.

In particular, if H is the standard Euclidean norm, this is the integral functional associated to the
standard p-Laplace operator —A,u = —div(|Vu|p_2Vu).

* *\ /
Notice also that 2 = (%}:2) = ((nQ—]:Q < (p*) = npfz + < - Therefore, the integrability
assumption ([1.1.6) on f is weaker than the one in [I39] and [I79].

In the case p > 2n/(n + 2), by Sobolev and Holder inequalities we have

2n
ol = lollzzy < Cs (=2 ) 90l gnosargar
n 4+ 2
(1.1.7) o " 1
S Cs (m7n> ’OJ|2 n pHV’UHLp(w) V'U S WO7P(W)

where w is any open bounded subset of RY. Here, we denoted by Cs(r,n) the Sobolev constant of the
embedding Wh" — L™ in R”, for 1 < r < n.

We now state our main results. The first one concerns the local W1 2-Sobolev regularity of the
stress field A(Vu) = %Vng(Vu) for solutions of equation (1.1.1)), together with the corresponding
quantitative estimates; precisely we have

Theorem 1.1.1. Let u € VVli’f(Q) be a local weak solution of (L.1.1)), with f € L] (Q) and where
H € C*(R"\ {0}) and q satisfy (1.1.5) and (1.1.6)), respectively. Then

A(Vu) € WEAH(Q)

loc

and there exists a constant ¢ > 0, depending only on n,p, \, A, such that

(1.1.8) VAV |25, ) < c[(R‘%‘l)HA(VU)HLl(Bm\BR) + HfHL?(BgRJv
(1.1.9) AT 2 < e[ B2 AT 550 + B 20500]
(1.1.10) A 1 (BB < VU (5,030

for any open ball Bop CC SQ.

A few comments are in order; estimates ([1.1.8])-(1.1.9) are the conterpart of ([0.0.13]) in the

anisotropic setting. Their right hand sides only contain the L?-norm of the source term f and, being
a local estimate, the L'-norm of A(Vu), which is quantified in in terms of the LP~!-norm of
Vu. This is always finite since u € VV;?(Q)

Also, the constant ¢ appearing in these inequalities does not depend on the norm H itself, but only
on its ellipticity constants A\, A. Hence different norms having the same lower and upper bounds on
the curvatures of their anisotropic unit balls, provide the same quantitative estimates on the solution
to the corresponding anisotropic equations . Hence this fact, well known in the case of linear
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equations ([1.2.5)), i.e., for Hilbert norms—see [106, Chapter 8]— turns out to be true for any uniformly
elliptic norm H. Finally we point out that the exponents on the radius R appearing in ((1.1.8)-(1.1.9)
are sharp due to a scaling argument.

We also remark that recently Guarnotta & Mosconi [112] have obtained a similar regularity result
for a wide class of operators. Namely, they consider stress fields A(§) = V¢F (), where F is a quasi-
uniformly convexr function, i.e., F € C*(R") N T/Vlic1 (R™) and the ratio of the eigenvalues of VgF(f) is
bounded for almost every £ € R™. In our case, we have F'(§) = HP(§).

In our next result, on assuming that the source term f enjoys better integrability properties and
p < 2, we prove some regularity results regarding the Hessian of the solutions to (|1.1.1]).

Theorem 1.1.2. Assume 1 < p < 2 and let u € I/Vllo’cp(Q) be a local weak solution of (1.1.1)) where
H e C*(R™\ {0}) satisfies (LLE) and f € L} (Q), r > n. Then

we WikQ)nCl(Q)

loc

for some B € (0,1) depending only on n,p,r, \, A.
Moreover, for any open ball Bop CC Q) we have

2 e
| 0P e < [ B2AT I 5 + 115
R/2

where ¢ is a constant depending only on p,n, A\, A, 7, Br, Bar, ||ullw1.o(Byp), | f1lLr(Bar)-
In particular, when p = 2 we have

2 e
[ DPufds < e[R AT 0 + 1)
R/2

where ¢ is a constant depending only on n, A, A.

Remark 1.1.3. Theorem is a special case of a more general result involving a source term f
satisfying some weaker integrability conditions. See Theorem and Remark [1.5.1) in Section [1.5

As mentioned in the Introduction, for p > 2 Theorem [1.1.2]is in general false. Nevertheless, for
any p > 1 we have the following weighted integral estimate for the Hessian of the solution .

Theorem 1.1.4. Let u € VVi)’f(Q) be a local solution of (1.1.1), where H satisfies (1.1.5) and f €
L] () with r > n. Then

loc
we W2AQ\ 2)n Ll 9)

where Z denotes the set of critical points of u and 8 € (0,1) depends only on n,p,r, A\, A.
Moreover, for any open ball Bop CC Q) we have

(1.1.11) / [H2(Vu)]p_2 ‘D2u‘2dx <eg,
Br\Z

where ¢ is a constant depending only on p,n, A\, A,r, Br, Bar, ||ullw1.o(Byp), | f1lLr(Bar)-

Remark 1.1.5. Theorem |[1.1.4] is a special case of a more general result involving a source term f
satisfying some weaker integrability conditions. See Theorem and Remark in Section [1.5]

Next, as a consequence of Theorem [I.1.1] we prove two interesting results. The first application
is related to the measure of critical points, and it was firstly proved in [139] in the Euclidean case and
under more restrictive assumptions on f (see also [62]).
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Proposition 1.1.6. Let u € WP(Q) be a weak solution of (1.1.1)) and assume that the assumptions
of Theorem are fulfilled. Then

f®)=0 a.e z€{Vu=0}
An immediate consequence of Proposition [L.1.6]is the following corollary.

Corollary 1.1.7. Under the assumptions of Proposition if f(x) # 0 for almost all x € Q, then
the Lebesgue measure of the singular set {Vu = 0} is zero.
In particular, for any C € R, the level set {u = C} has zero measure.

Outline of the proofs. Here we describe the main steps of our proofs. In order to prove Theorem
we first perform a suitable approximation procedure as described in , and then we take
the square of both sides of the equation of approximate solutions u.; by making use of the ellipticity
assumption coupled with elementary inequalities such as , we manage to obtain weighted
L2-estimates on D?u. and Caccioppoli-type inequality on the approximate stress fields A (Vu.)— see
estimates , and below. As a next step we exploit an iterative argument coupled
with uniform a priori energy estimates on u., and obtain local W1 2-quantitative estimates on A (Vuy,)
independent on € > 0, and thus Theorem [1.1.1| will follow by letting ¢ — 0.

Next, in order to prove Theorems|l1.1.2 we just need to let € — 0 in the previously obtained
weighted estimates on D?u. in conjunction with uniform a priori C’llo’f - estimates on w,, which follow
from the additional integrability assumptions on f.

We conclude with the proof of Proposition [I.1.6/and Corollary[I.1.7} owing to the regularity result
A(Vu) € W), we may consider

loc
[A(Vu)| o
e+ |A(Vu)| ™’

as an admissible test function in equation ([1.1.1)), and then let € — 0 by Lebesgue dominated conver-
gence theorem to conclude.

peCX(),e>0

1.2 The norm H

Here we introduce the relevant definition and some properties concerning the norm H, together with
a few examples.
We recall that a function H : R™ — [0, 00) is a norm on R", if it satisfies

1. H(0) =0 and H(§) > 0 for all £ € R™\ {0};
2. H is positively 1-homogeneous, i.e., H(t&) =t H(§) for all t > 0 and £ € R™;
3. H is a convex, symmetric function, i.e., H(§) = H(—¢) for all £ € R™.

In order to obtain the regularity results, we will always assume that

(1.2.1) H e C*R™\ {0}).

Under this assumption, since H? is homogeneous of degree 2, it follows that the largest eigenvalue of
the matrix %VgH 2(¢) is uniformly bounded from above for ¢ # 0 by some positive constant A > 0.
As an ellipticity condition, we also assume that its smallest eigenvalue is uniformly bounded from
below by some positive constant A > 0. Therefore

(1.2.2) Anl* < §VEH*(€)n-n < Afnl* for £ #0, and n € R™.
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Owing to the results of [68, Proposition 3.1], the first inequality in (1.2.2)) is equivalent to the geometric
condition that

(1.2.3) the unit ball Bff = {¢ € R™ : H(&) < 1} is uniformly convex,

that is all the principal curvatures of its boundary are bounded away from zero. For this very reason,
we say that H a uniformly convex norm—or uniformly elliptic norm— if it satisfies (1.2.1)) and (|1.2.2)).

Examples of norms

(i) The simplest example is given by the so-called Hilbert norms, that is norms H of the form

(1.2.4) H(&) =+A¢- &, £eR",

where A is a constant, symmetric and positive definite matrix of R”. With such a choice of norm, the
anisotropic Laplace equation ((0.0.23)) (i.e for p = 2), becomes

(1.2.5) —div(AVu) = f.

Observe that, since in this case A = %VEH 2(¢) for all ¢ € R™, the ellipticity assumption (T.2.2)
translates into the classical ellipticity condition

Ald<A<AI.

Remark 1.2.1. Let us emphasize that if H?> € C?(R"), i.e., H? is smooth at the origin, then nec-
essarily H is a Hilbert norm. Indeed VgH 2(¢) is a zero-homogeneous function on R™ \ {0}, and
thus its continuity at the origin would imply that it is constant on R", i.e., there exists a matrix
A= %V§H2(§) for all ¢ € R™. It follows that H is a Hilbert norm, since H?(¢) = %VEHQ(S)Q“ - € owing

to the homogeneity properties of H?.

(ii) Given two norm Hy and H., of class C?(R™\ {0}), such that at least one of them satisfies condition
(1.2.2), then for all a,b > 0 and ¢ € (1, 00), the function

(1.2.6) H() = (a HY(€) + ng(g))l/q.

is a norm of class C?(R™\ {0}), and it satisfies the ellipticity condition (T.2.2)) as well. Clearly, H such

is a norm and o
©) _ )+ Laage).
q q q

To prove ([1.2.2]) we observe that, owing to [68, Proposition 3.1], this is equivalent to show the
existence of two constants ¢, C' > 0 such that

(1.2.7) clé??1d < LVEHI(E) < C[¢|77%1d,  for all £ # 0

Then, since H, and Hy are one-homogeneous and of class C? outside the origin, we have that
VgHﬂ and Vng are homogeneous of degree ¢ — 2, and so the right inequality in is fulfilled.
The first condition in follows from the fact that Hy satisfies being uniformly convex,
and since HY is convex so its Hessian is nonnegative definite outside the origin.

As a particular case, we have that

1) = (ale? + #2))



CHAPTER 1. INTERIOR REGULARITY OF ANISOTROPIC ELLIPTIC EQUATIONS 19

is a uniformly convex norm for all @ > 0 and norms H, € C?(R™\ {0}).

(iii) Let K be a bounded, symmetric, C? uniformly convex domain, such that 0 € K; then its
Minkowski Gauge
pr(z) ={r>0:z2€rK},

is a norm on R™, and it satisfies (1.2.2)) since its anisotropic unit ball is K— see for instance [174]
Theorem 1.36] or [I77, Lemma 1.7.13] .
1.2.1 Properties of uniformly convex norms

Here we collect some analytic properties of norms H € C%(R™\ {0}) satisfying the ellipticity condition
, which are essential in our proofs.
To begin with, observe that
H? € CY(R™),

inasmuch as H € C%(R"\ {0}) and H? is 2-homogeneous. The homogeneity of H? also implies
(1.2.8) SVEH?(€) &&= H?(&) for £#0.

Hence, owing to assumption , we infer

(1.2.9) ME2 < H2(E) < AJ? for € € R,

We denote by Hy the dual norm of H, defined as

(1.2.10) Hy(z) = sup Lo for z € R™.
e+0 H(E)

As a consequence of ((1.2.9)) and (1.2.10), one has that

1 1
(1.2.11) X|l‘|2 < Hi(z) < X|l’|2 for z € R™.

Inequalities ([1.2.9) and (1.2.11)) tell us that the Euclidean norm |-| and the norms H, Hy are equivalent
up to constants which only depend on A, A, and not on the norm H itself.
Next, by the results of [60, Lemma 3.1], we have

(1.2.12) Ho(VeH(E)) =1 for £ #0.
Thereby, from we infer that

(1.2.13) VA< |VeH(E)] < VA for € #0.
The homogeneity of the function H ensures that

(1.2.14) §-VeH (&) =H() for £ #0.
and

(1.2.15) VEH(E)E=0 for £ #0.

We can also describe the behavior of the matrix VEH (¢) when acting on &1, the subspace of R™
orthogonal to the vector £ # 0. This is the content of the following lemma.
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Lemma 1.2.2. Let £ € S"~'. Then,

(1.2.16) VEH(E) 1 &8 = ¢
Moreover, tha map (1.2.16)) is an isomorphism and
A A A
(1.2.17) ﬁld < VZH() < 7 (1 + A) Id  on¢t.

Proof. We recall that
(1.2.18) sVEH?(€) = H(E) VEH(E) + VeH(E) © VeH(E)  for £ #0.

Let £ € S*~ L. Since (1.2.14)) implies ¢ - VeH (&) # 0, we have that £ and VgH({)L span the whole R".
Thus, for every i € &+ such that || = 1, there exist o € R and ¢ € V¢H(€)* such that

n=al+(.

In particular
n-VeH (&) =af- VeH(E) = aH(E).

Thus, from estimates (1.2.9)), (1.2.13) and |n| = || = 1, we infer

(1.2.19) o] = "725(5(5)‘ < \E

Since n L &,
K> =[n—agf =1+a

An application of inequalities (1.2.2)) with n = (, equation ([1.2.18), and the fact that ( € Ve H &)+
imply

(1.2.20) A1+0?) <HE)VEHE(-¢C <AL+,
Inasmuch as VgH(f) E=0and ( =n— a,

VEH(£)¢ ¢ = VEH(E)n .
Coupling the latter equality with inequalities implies that
(1.2.21) A<SA(1+a®) <HEVEHEn n<A(1+a7).
Hence, follows via, .

From the symmetry of the matrix VEH (¢) one can deduce that it maps R” into &*. Furthermore,

thanks to property (1.2.17)), VgH(f)n #0if n € &+ \ {0}. Hence, the map (1.2.16) is actually an

isomorphism. O

We conclude this section with a simple, yet very useful algebraic inequality.
n
We recall that |[M |2 = Y ij stands for the Frobenius norm of the matrix matrix M = (M;;) € R™*".
ij=1

Lemma 1.2.3. Let X,Y € R™ ™. Assume that Y is symmetric and X is symmetric and positive
definite. Denote by Amin and Amax the smallest and the largest eigenvalue of X, respectively. Then,

(1.2.22) tr((XY)?) > <;mm>2 XY

max
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Proof. The elementary inequality
(1.2.23) Amin tr(M) < tr(XM) = tr(MX) < Apax tr(M),

holds for any positive semi-definite matrix M. To verify this fact, recall that there exist unitary matrix
U and a diagonal matrix whose entries are the eigenvalues of X such that X = UTAU. Hence,

tr(XM) = tr(UTAUM) = tr(AUMUT) > Aintr(UMUT) = Apintr(M).

Note that the inequality holds since the matrix UMUT is positive semi-definite, and hence all the
entries in its diagonal are nonnegative. This establishes the first inequality in (|1.2.23]). The second
one follows analogously. Thanks to the first inequality in (|1.2.23]) we have that

(1.2.24)  tr((XY)?) = tr(XYXY) > Apin tr(YXY) = Apin tr(XY?) > M2 t0(Y?) = A [V
where we have made use of the fact that, by the very definition, the matrix Y XY is symmetric and
positive definite since Y is symmetric and X is symmetric and positive definite. Analogously, from

the second inequality in ((1.2.23]) we obtain

(1.2.25)  tr((XY)?) = tr(XYXY) < Anax tr(VXY) = A tr(XY?) < A2 t1(Y?) = A2, [V 2.
Furthermore, still from the second inequality in (1.2.23]) we infer that
(1.2.26) XY ]2 =tr(XY(XY)) = tr(XYYX) = tr(X?Y?) < A2 tr(Y?) = A2 Y2,

thanks to the fact that X? is symmetric and its eigenvalues agree with the eigenvalues of X squared.
Inequality ((1.2.22) is then a consequence of inequalities ((1.2.24) and (1.2.26)). O

1.3 The approximation argument

As usual in regularity theory, the starting point of our argument is the choice of an approximating
procedure. In this section we set the approximation argument and obtain a preliminary uniform bound
which will be useful later.

For all € € [0, 1), consider the function B.(t) = B(Ve? + t?) — B(e) with B given by (1.1.4)), i.e.,

(1.3.1) B(t) = 11) (2 +12) 5; t>0,
and
(1.3.2) A(€) = Ve(Be o H) (€) = [+ HY)] 2 AVeHY€)  ifE£0
0 if&E=0
Notice also the alternative formula
(1.3.3) A(€) = 2 + H*(¢)] %H(E) VeH(E)  ifE#£0
0 if&=0.

In particular, ((1.2.13]) and (1.3.3) imply

p—1
2

(1.3.4) VA2 + H2(6)] T H(€) < |A(6)| < VA [ + B2(€)] T H(©),
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for all £ € R™.
Furthermore, owing to equation (1.3.2)), the ellipticity assumption (1.2.2) on H, and the results
of [68]- see also Lemma below— we have that the symmetric matrix

- (2400) f
Vf-As(g) < afj I or £ #0

satisfies
(1.35)  Amin{(p—1),1} (2 + H2(€)) " 1d < VeA-(€) < A max{(p — 1),1} (2 + H2(€)) " 1d
for all £ # 0.

Now we set fp := f and
(1.3.6) fe := min { max{f, —e '}, 871} Ve e (0,1);
then
(1.3.7) fee L™®(Q), |fl < ‘f| a.e. in €,

o fe—f in LT (Q).

Let us fix a subdomain Q' CC Q (i.e., compactly contained in ) and let u. be the unique weak
solution of

(13.8) { ~div(As(Va)) = fo in @

u: =u on O,
where the boundary condition is to be intended as
ue —u € Wy ().

It is classical that, for every € € [0,1), u. is the unique minimizer of the strictly convex, coercive and
weakly lower semicontinuous functional

_1 2 2(vy
(1.3.9) Te(v) = p//( + H*(Vv))

ya
2

dx — fevdax,
Ql
in the closed and convex set
WaP(Q) = u+ Wy P ().
The following lemma provides a first useful bound on the approximating functions wu..

Lemma 1.3.1. Let u. € VVllo’f(Q) be a local weak solution of (1.3.8). Then, for any Q' CC Q and for
any € € (0,1),

(1.3.10) / (e® + H2(Vu5))g dr < Kq + 2PeP|QY|
with
(L3.11) Koy = (2 +1) | H(Va)do+C e

Here || denotes the Lebesgue measure of Q' and C = C(n,p, \,|Q|) is a non-negative constant,
independent of €, that can be explicitly determined. E|
Furthermore, we have that

u. — u  strongly in WHP(QY).

L o= 2”/+1(p — 1))\77’/06’/, where Cp is given by (1.3.15)).
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Proof. Since u. minimizes the functional (1.3.9) over WaP(Q') = u + Wy P(Q'), we can take u as a
competitor. This choice leads to

1// (e + H*(Vu.))

NI

1 D
dr < / (52+H2(Vu))2 de + [ fe(ue —u)dx
/ Q/

(1.3.12) P 11’ Q )
< » /, (52 + H2(Vu)) 2 da A || fell Lagoryllue — uHLq/(Q,).
Then,
(”'LL&-—'LLH[Q if p>2n/(n+2)
Hus - uHLq’(Q/) =
ue —ull e if p<2n/(n+2)
(1.3.13)

( ,lpl1 .
C, (M, )||Vu5 Vall, V2R ifp > 2n/(n+2)

IN

Cs(p,n)||Vue — Vul|p if p<2n/(n+2)

where in the latter we have used (|1.1.7). Hence,

(13.14) Jte = wll gy < Co(IIVuell ooy + IVl o))
where

Cy () V)75 ifp>2n/(n+2)
(1.3.15) Co =

Cs(p,n) ifp<2n/(n+2).

Therefore, for any é > 0, by weighted Young’s inequality we obtain
1 fellLaqary llue = ull o oy < (HVUEHLP(Q’) + HVUHLP(Q'))COerHLq(Q/)

Coll fell Lagary)”
o'y

oP P (
< = (IVuelioer) + IVuloen) " +
By plugging the above inequality in ((1.3.12]), we infer

1/ (2 + HX(Vu.))® do < ;/ (€2 + HX(Vu))? da+

p
1.3.16
( ) 2r=1gp HP(Vu.)d HP(Vu)d % Hf‘EHLfI(Q’
+ DA o (Vue)dz + o (Vu)dz &D—,
where we also used inequality (|1.2.9). By choosing § = \/2 we find
/ (€2 + HX(Vu.))? do < 2/ (2 + HX(Vu))? da+t

(1.3.17) +/ HY(Vu)da + 2+ (p — DAY OB e Y,

Q/

<@ +1) [ H(Tu)do + 2 p = NI CE Lol + 21

Q/
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and the desired inequality (1.3.10]) follows by recalling (1.3.7)).

Now we show that
ue —u in WHP(Q).

We first notice that ||uc(|y1.0(qy is uniformly bounded in e thanks to Poincaré inequality on Q" and
(1.3.10)). We can therefore extract a subsequence, relabeled as u., such that

ue — w weakly in WP(QY),

for some function w € Wi ('), since this set is weakly closed (being closed and convex). We want
to show that w = u on V.
We recall that u is the unique minimizer of the functional
1

Jh]=—- [ HP(Vv)de — | fuvdz in WhP(Q).
D Ja 9%

Again, since J:[u:| < J:[u], we obtain

(1.3.18) N Hp(pwff) dr < ;/ (e* + HZ(VuE))g dx < ;/ (e* + HQ(W))g + N fe(ue — ) d.
Therefore
_1 [ _
Jue] = 5 Q/H (Vue) dz /Q/fuedx
(1.3.19) < ]19/, (62+H2(Vu))g - /Qfsudw—l—//(fg — f)uedx

=Tl + [ (£ Dude
We know that f. — f in L(Q) and w. is uniformly bounded in L7 (€') by Sobolev inequality; hence

/(fe—f)ugda:—>0 as € — 0.

By the weak lower semicontinuity of the functional 7 and ([1.3.19)), we then infer

e—0

(1.3.20) Jlw] < liminf Flu] < limint <j€[u] + / (e Due d:n) ol

which implies that w = u on Q' by the uniqueness of minimizers of 7. By repeating the above
argument for any subsequence {u., } C {u}, we infer that the whole sequence u. — w weakly in
Whp ().

We now show that u. — u strongly in W1?(Q). By [I87, Lemma 1], we have

(1 + |Vu| + |Vue|)P2|Vu — Vue > p<2

1.3.21) [Ac(Vu) — A-(Vu.)]- [Vu—Vu.] > G. =
(1321) [A:(Vu) — Ac(Vae)]- [Vu— Vo %{m_wp ',

where A. is the vector field given by ([1.3.2)), and g is a positive constant depending on n,p, A, A.
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Therefore, recalling that u. is a weak solution to (|1.3.8]), we get

0< [ G.dv< / AL(Vu) — A(Vu)] - [V — V] da
o ,

(1.3.22) = [ A(Vu)-[Vu—Vulder — [ A(Vue) - [Vu — Vu] de
Q o

= Ii(e) + I2(e).
Now we show that I;(¢) and I5(¢) vanish at the limit ¢ — 0. To this end, we observe that
and imply
|A(Vu)| < O\ A, p) (1+ |Vu)P™t ae inQ, Vee(0,1),
and so A.(Vu) — A(Vu) in L ('), by dominated convergence. Since Vu, — Vu weakly in LP(Q),

we immediately obtain that
Ii(e) =0 as e¢—0.

Regarding I2(e), we notice that by testing equation (|1.3.8)) with the test function u — u., we have
(1.3.23) Iy(e)=— [ fe(u—u.)dx.
Q/

We first recall that u. — u weakly in W1P(Q'). Moreover, as seen before, u. is uniformly bounded
in Lq/(Q’) w.r.t. €, then, up to a subsequence, u., — u weakly in Lq/(Q’). Again, by repeating the
argument for any subsequence, we find

u: — u  weakly in L9(Q) and f. — f strongly in LY(Q),

which imply I»(¢) = 0 as e — 0.
Thus we have obtained that

(1.3.24) G.dx —0 ase—0.
Q/

If p > 2 then this is exactly the strong convergence of u. to u in W1P(Q).
When p < 2, by Holder’s inequality we have

2
IV (ue — u)[Pdx < </ (1+ |Vu| + |Vu )P 2|V (ue — u)|2dx>
Q/ Q/

2—p

2
X </ (1+\Vu|+|Vu5|)pdm> ,
Q/

which goes to 0 as € — 0. The latter implies the desired conclusion also for p < 2, which concludes
the proof. 0

The following lemma collects some properties for u. which will be useful later.

Lemma 1.3.2. Let u. be a solution of (1.3.8)). Then,
u. € W22(Q) N C(Q)

loc

and

A(Vue) = (AL(Tue), o, AL(Vue) ) € WEZORY).

loc
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Furthermore, for any j, k=1,...,n,

J
(1.3.25) By Al (Vi) = Zg? 8xk<§;5> ae. in Q

where the products on the r-h-s are to be interpreted as zero whenever their second factor is zero,

irrespective of whether g?ﬁ% is defined.

Proof. Slnce fE € Lloc(ﬂ), thanks to [I79] we have that u. € C°(2). Then, thanks to the ellipticity
condition and (| , we may apply [I87, Theorem 1, Proposition 1] and obtain

(1.3.26) ceWXO)NCHQ) ifp>2
ceWEP(Q)NCHQ) ifp<2.

loc

Since Vu. € C°(Q) C L2 (), we infer
us € Wiz ()
also in the case p < 2 by applying [68, Proposition 4.3].
Now we notice that [68, Lemma 4.1] implies

A(€) € CHR™ \ {0}) N Lipioe(R")
and, from the chain rule of [I45] Theorem 2.1] (see also [132] section 11]), we obtain that

A(Vu.) € WEA(Q;R™)

loc

and ([1.3.25)), which completes the proof. ]

1.4 Preliminary uniform bounds

In this section we obtain some crucial integral inequalities for the solutions u. of the approximating
problems, which allow us to bound some relevant integral quantities uniformly in e.
Let
Ze ={x€Q :Vu. =0}

be the set of critical points of u.. Therefore, in view of Lemma [1.3.2] we have
D*u. =0 ae. in Z.,

and so

Ac € D? e .€e. Z<,
(141) V.AS(VUS) _ {V{ (VU ) U a.e. on Zg

a.e. on Z..

Proposition 1.4.1. Let u. be a solution of - Then there exists a constant C; = C1(n,p, A\, A)
such that, for any function n € oY 1(Q) and for any € € (0,1), we have

/ PlE + HX(Vu)lP | D2 e <Cy / €2 + H2(Vu )P 2H2(Va) |V da
Q

(1.4.2) @

+C / 0 frdz.
Q
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Proof. Since from Lemma we have that A.(Vu,) € WZ}JCQ(Q), we can differentiate the equation
(1.3.8) to obtain

(1.4.3) —div (95, A (Vi) = By fe in DUQ), k=1,.um,

and so

(1.4.4) Z/ Oy AL (V1) Oy, 0 = _/ Fome  k=1,.m,
=Ja Q

holds true for any ¢ € W2 (), the set of compactly supported members of W12(€2).
For any € C2'(Q) and any k = 1,...,n we first choose ¢ = n2A¥(Vu.) € W2(Q) as test
function in (1.4.4)) and then we sum the obtalned identities from k& = 1 to n as to obtain

0= / 2t [(VA(Vue))?] da 42 / N(VA(Vu) A (Va.), Vida
Q Q
(1'4.5) + Z/ n28xkAlg(vus)f5 dx + 2/ 77f5<-/46(vu6)7 V77> dr =
k=1 Q Q
=10 + 1+ I3+ 14
Therefore, from ((1.4.1] and , we infer

I = / n*tr [Vg.Ag(Vus) D?u, VeA(Vue) D2u€] dx
O\ Z.

> A min{(p—1),1} n’le? + H2(Vug)]¥tr (D*u. VeA.(Vue) D?u.) dx
O\Z.
(1.4.6) =Amin{(p—1),1} n’le? + H2(Vug)]¥tr (VeA(Vue) D?u, D2u5) dz
O\Z.
> A\? (min{(p — 1), 1})2 / n?[e? + H*(Vu.)|P~*tr (D*ue D*u.) dx
O\Z.

= \? (min{(p — 1),1})° / e + H2(Vuo)P~2| D?u. " da,
Q

where we used the symmetry of D?u, and of VeA:(Vue).

From ([L.3.4), (L.4.1) and (1.3.5), we find that

1) = |2 / 1VeA: (Vi) DPuc Ac(Vue), Vi)

< 2A%% max{(p — 1),1} / n(e? + H*(Vu.) P2 H(Vu.)|Vn| | D?u.| dz

(1.4.7) @

< 5/ n? [e? + 1'—1'2(V115)]”_2‘D2u5‘2 dx
Q

+ A3 (max{(p B 1)7 1})2 / [82 + H2(vua)]p72H2(vua)‘vn|2 dl‘,
0 0

where in the last inequality we applied weighted Young’s inequality with a weight § > 0 to be chosen
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later. From (1.4.1)), (1.3.5), Holder and Young inequalities, we obtain

|Is| = ’/ 2 tr (VeA(Vue) D) f. da| g/ 0 |VeA:(Vue)| | D?uc| |f.| do
0\Z. Z.

o\
(1.4.8) < v/nA max{(p—1),1} / n* [e* + HQ(VUE)]Z%2 }D2u8| |fe| dx
Q
2 _ 2
< 5/9172 €2 + HQ(VUE)]p_2|D2u5’2dx + ni (max{iép b, 1) /anffdx.

Finally, via Young’s inequality,
p—2
1] <2VE [ ol (2 + B(Vu0) T H(Vuo| ][Vl do
(1.4.9) @
<A /[52 + H?(Vu) P 2H?*(Vu.)|Vn)? dx +/ n? f2dx.
Q Q

By combining (LA6)-(IA9) we get

()\Q(min{(p —1),1})% - 25) / [e? + H2(Vue) P2 | D?u. [ da <
Q

<A (1 i A2 (maX{(f; - 1)7 1})2> A[gg i Hz(vus)]p—ZHZ(vuaﬂvn’Z dr
2
+ (1 o (maxgx(f; —0.1) > /anffdx

and, by choosing 6§ = A (min{(jf_l)’l})z in the latter, we find

/ n*le? + HQ(VuE)]p_Q‘DQUE‘de <
Q

2A AN*(max{(p — 1),1})? 2 | 12 2 12 (s 24
< A2 (min{(p — 1),1})? (1+ X2(min{(p — 1), 1})2 )/9[5 + H*(Vu)[P"*H*(Vu.) |Vn|* d

2 ”A2(maX{(P—1)71})2 2 42
TN (i {(p — D). 1)) <1 T N (min{(p — 1).1})? ) /Q” Jedu

which completes the proof. O

The following corollary is a consequence of Proposition It will be crucial in the proof of
Theorem LIl

Corollary 1.4.2. Let u. be a solution of (1.3.8)). Then for any function n € 02*1(9) and for any
e €(0,1), we have

(1.4.10) /772[52 + H2(Vuo)P~2| D?uc [ da < 02/ ]AE(VUE)2|V77]2d$+C'2/ 0 fida
Q) Q Q
and
(1.4.11) /n2\v,45(vu€)\2dx gcg/ ]AS(VUS)\ZIVUQCZ:U—FCQ/ 2 f2dz,
Q Q Q

where Cy is a constant depending only on n,p, X and A.



CHAPTER 1. INTERIOR REGULARITY OF ANISOTROPIC ELLIPTIC EQUATIONS 29

Proof. First, we notice that (1.4.10) readily follows from (1.3.4]) and (1.4.2).
Also, by (1.4.1) and (1.3.5)), we have that

(14.12)  |VA(Vuo)| = |VeA-(Vue) D?uc| < C(n,p, A, A) [€2 + H(Vu)] "2 [ Duc|  ace. on 9,

therefore ((1.4.11)) follows immediately from (|1.4.10)). O

Now we proceed estimate the term | By e (Vue)|?dx, where B is any open ball such that Bag C
Q. More precisely we have the following result.

Proposition 1.4.3. Let u. be a solution of (1.3.8). Then, for any € € (0,1) and for any open ball
Bop CC Q we have

2
(1.4.13) / A(Vue) Pz < O3[R ( / |A8(Vug)|da:> LR / f2da]
Bgr Bar\BRr Bar

2
(1.4.14) / IV A-(Vuo)|?de < 4[R2 ( / ]AE(Vug)ldx> + / f2da]
B Bar\Br Bar

R
2

where C3,Cy are constants depending only on n,p, A and A.

Proof. Thanks to Lemma we have that nA*(Vu.) € W2(Q) for any k = 1,...,n and for n €
c? 1(Q) whose support is contained in Baog C €.

We first consider the case n > 3.

Case n > 3. Since

/|17A€(Vu5)’2*dl':/ (|77A5(VU5)|2)27dx
Q Q

(1.4.15) " z .
= /Q (ZMA’;(wE)F) dz < C(n) / > AL (V) de,

k=1 Q1

then the Sobolev embedding W12(Q) < L?"(Q) yields

»
|

/Q I A(Vuo)[2 da < C'(n) ,;< /Q IV(nAf(Vus))l2dw)

*

N

n

(1.4.16) <Oy [ [ (PIVAE TP + |4 (T PVl dw}

o)

9%

< nC"(n) [ /Q (PIVA(Vue) P + |A(Vue)) | Vn]?) dw}
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Now we use ((1.4.11)) in the latter to infer

2%
/ I A(Vue)|? dx < nC”"(n) [<cz+1> / A (Vo) 2|V di + Cy / n2f§dm}
Q Q Q

2*
2

(1) < Clup AN | [ AT PO+ [ o2 r2as]
Q Q

( / A5<Vue>\2|w2)2dx+ ( / n2f3dx>2] .
Q (9]

Let R<t<s<2Randletn=1n, € 02’1(9) be a cut off function with 0 < n < 1 and such that

< C'(n,p,\, A)

1
(1.4.18) n=1 onB;, n=0 onQ\Bs, |Vn < pomri Q.
8 —_—
Then from (1.4.17)) we have
(1.4.19)

2%

AT e < Cnp A ) | [ AP ) o ([ par) "
By (5 - t) Bs\Br Bar

Following [I08, Remark 6.12], let r = 2*/2 > 1 and consider o € (0,1). Let

a_<i:g)remﬂ)

Z—T_U>1, (Z),:T_U and (1—04)(2),20.

a 1-—o0 r—1

so that

By Holder’s inequality we have

/ |A€(Vu5)]2dx = / |A€(Vu€)]2°‘ ‘Ag(Vue)‘z(l_o‘)dx
Bs\Br Bs\Br
(1.4.20) B B

g( / |A5(Vu5)|2"d:z) ( / |.AE(Vu5)|2gda:> .
Bs\Bgr Bs\Bgr

Thus, since —2* = —2n/(n — 2) = n(1 —r), from (1.4.19) and the latter we obtain
(1.4.21)

| A (Vue) |2* dx
By

1—0o

(=2)
< C"(n,p, A A) (s — 1)) ( / Mgwgy?m) ( / ]AE(Vua)P"da:>
BS\BR BS\BR
+C"(n,p,\, A) ( / ffdx>
Bar

1—0o

e (7=
< < . \As(VUE)IZTd;U> (+=2) [C’/(n,p, AA)(s — t)n(l—r) (/BS\BR IAE(VUE)F"dx) }

+C"(n,p,\,A) </ fgdx)
Baogr

r(=F)
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r—o

and therefore, via weighted Young’s inequality with conjugate exponents T=0) and 0—7(;«_701)7 we obtain

r
o

AV da < & / A(Vuo) [ da + Cs — )~ 0—o)% (/ Ae(vug)\%d;p>
Bs BS\BR

B: 2
+C"(n,p,\,\) </ ffdm)
Bagr

<C(s—t)~r=) ( /B . \A€<Vue>|2"dw)
2R R

1 ¥
+ / Ac(Vue) [ da
2 /B,

r
o

+C"(n,p,\,A) </ ffdx)
Bar

where C is a constant depending only on n, p, o, A, A.
By applying [108, Lemma 6.1] with

Zt)= [ |A(Vuo)|* dx,
By

and by choosing o = %, from the above inequality we obtain

2r r
(1.4.22) / (V)2 de < " R-0)% ( / |A6(Vua)|dw> Lo ( / ffdw)
Bgr Bar\Br Bar

where C"" is a constant depending only on n,p, \, A.
Then Holder’s inequality and ((1.4.22)) imply

n—2

2
(1.4.23) / | A (Vue)|2dz < CY|Bg|*™ [R*H”% (/ |A5(Vua)|dx> +/ fgdx]
Br Bar\BRr Bar

where C7” is a constant depending only on n, p, A, A.
A short computation yields (r — 0)"772 = n + 2, therefore the latter gives

2
(1.4.24) / ]AE(VuE)\zdxSCQ”R2[R_(”+2) / A (V) |dz | + / fgdx]
Bgr Bar\Br Bar

where CY’ is a constant depending only on n,p, A, A. This proves (1.4.13)).
. U
To prove ((1.4.14) we make use of (1.4.11) by letting n € C. (Q)

0 <n <1 and such that

be a cut-off function with

n=1 in Bgp, n=0 onQ\Bg, |Vn <2/R onQ,

which leads to

(1.4.25) / VAL(Vue)[Pde < 4CoR ™2 / A(Vu)Pde+ Co | f2da
Br

Br Br

Inserting (1.4.24)) into the latter yields (|1.4.14)).
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Case n = 2. In this case we observe that, for any 6 > 2, it holds

(1.4.26) /Q nAE (V)P dz < C(0)R? < /Q ‘V(nAf(VuE)‘de>2 .

Here we have used that n.4%(Vu.) € Wa?(Q) and its support is contained in Bop C € (see for instance
[132 Theorem 12.33]). Now we repeat the previous computations with any € > 2 fixed. This leads to
(1.4.19) with 2* replaced by § and C”(n,p, A\, A) replaced by C”(n,p, A\, A,0)R?, i.e.,

(8_1t)9 ( / s IAE(We)de)g " </BR fgdx) 3] |

Now we choose r = g > 1 and we repeat the computations after formula (1.4.19). This leads to

(1.4.27) | A (Vue)|?dz < C"(n,p, A\, A, ) R
By

(1.4.28)
| A (Ve )| da
By
, r(+=2) , r(7=5)
< C"(n,p,\,A\,0)R*(s — t)™%" (/ | A (V)| de) (/ | A (V)| ”d::;)
Bs\Br Bs\Bgr

2(r—o) 2r(r—o)

fgdz) < C’Rm(s_t)* o(r—1) / |A5(Vu5)]20daj
Bar\Br

" p A A, O)R? ( /
B

2R

w0 ([ ) g [ v P
B Bs

2R

where C is a constant depending only on n, p, o, \, A and 6.
By choosing ¢ = 3 and applying [108, Lemma 6.1] we obtain

(1.4.29)

/ A(Vu)'de < O R0 R 5617 (/ A (Vu )|2”d$> o </ f2da:>r
£ € = £ € €
Bgr Bar\Br Bar

0 (4
=C" R0 / |A-(Vue)|dz | +C"R? ( / ffdm) )
Bar\Br Bar

where C"" is a constant depending only on n,p, A\, A and 6.
Then Hélder’s inequality and (1.4.29)) imply

2
/ |A5(Vu5)|2dx§C{"[R_2 ( / ]AE(VUE)\dx> +R? / fgdx}
Bgr Bsr\Br Bar

where C1" is a constant depending only on n,p, A\, A and 6. Then (1.4.13)) follows by fixing a value of
f > 2. From the latter it is immediate to infer (1.4.14]). O
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1.5 Proof of the main results

The following section is devoted to the proof of the main results of this chapter.

Proof of Theorem [1.1.1]. It suffices to apply the estimates we have found in the previous sections for
the approximating sequence u., and then pass to the limit as ¢ — 0.

Let us fix Q' cC Q and consider u. solutions to (1.3.8)). From (1.3.4), (1.3.10) and Holder’s

inequality, we have
[A(Vue)l[ 1oy < C,

where C' does not depend on . Then from Proposition ([1.4.3)) and a standard covering argument we
infer that

(151) HVAa(VUa)HWI,Q(Q/) < C,

where C' does not depend on .
Since those estimates are uniform in e, we can extract a subsequence, relabelled as u., such that

(1.5.2) A-(Vu:) — h  weakly in VV;)’CQ(Q), strongly in L2 ,(Q) and a..in €,

for some h € W22 (Q; R™).

loc
From the LP convergence Vu. — Vu, we have (up to a subsequence, still denoted by w.)

Vus - Vu a.e. in €.

Hence
A:(Vue) = A(Vu) ae. in Q,

and so h = A(Vu) thanks to (1.5.2)).
Estimates (1.1.8) and (L.1.9) then follows by letting ¢ — 0 in Proposition [1.4.3] Finally, the
estimate (|1.1.10)) follows immediately from (|1.1.3)). ]

As already observed in Remark and Remark Theorem and Theorem [1.1.4] are
special cases of two more general results that we state and prove hereafter. To this end we first
introduce the assumptions on the source term f :

if p>2  3ye(m—2n) FEMQ),

(1.5.3)
if p<%  dyem-2n), Is> ¢ fe L (Q)NMI(Q),

loc

where we have denoted by M?7 the classical Morrey space. Then we have

Remark 1.5.1.

i) If f satisfies , then f € L () where q fulfills , and therefore Theorem applies.
i) If f € L, .(Q), m > n, then f satisfies . Indeed, by Holder inequality, we have that f €
MIQOZ_%”(Q) (and n — 22 € (n—2,n), since r >n). Moreover, HfHM?,n—%(Q/) < C(n, ) fllpreqry for
any open subset Q' CC Q. Therefore, Theorem and Theorem m are special cases of the two
following general results.
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Theorem 1.5.2. Assume 1 < p <2 and let u € VVlif(Q) be a local weak solution of (L.1.1)) where H

satisfies (1.2.2)) and f satisfies (1.5.3)). Then
ue W2Q)nctr @)

loc loc

for some B € (0,1) depending only on n,p, \, A and ~.
Moreover, for any open ball Bop CC Q) we have

2 e
/B | D?u| dx < C[R NANVOIT L By Br) + |’f”2L2(BQR)]7
R/2

where C'is a constant depending on p,n, A\, A, v, Br, Bag, |ullwe(Byp), |l pmaxtzer (5yy) and [ fllmzo (Bag)-
In particular, when p = 2 we have

2 n—
/B | D*ul"dx < O[R ANV By Br) + ||f||%z<BZR>],
R/2

where C' is a constant depending only on n, A, A.

Theorem 1.5.3. Let u € T/Vlif(Q) be a local solution of (1.1.1), where H satisfies (1.2.2) and f
satisfies (1.5.3)). Then
ue Q)

loc
for some B € (0,1) depending only on n,p, \, A and ~.
Moreover, for any open ball Bop CC Q) we have

(1.5.4) / [H2(Vu)]P* |D?ul?de < C,
Br2\Z

where Z denotes the set of critical points of u and C' is a constant depending on p,n, A\, A v, Br, Bag, ||ullw1.r(Byg): |l
and || fll m2(Byg)-

To prove Theorem and Theorem we need the following useful auxiliary result (inspired
by the reading of Section 5 of [137]).

Lemma 1.5.4. Assumen > 2 and let U be an open bounded set of R™ of class C?. Let f be a function
belonging to the Morrey space M*7(U) withn —2 < v < n and set o = %’HQ € (0,1). Then there
exists F '€ W12(U;R™) N C&?(U;R”) such that

(1.5.5) —divF=f in U

and, for any open Lipschitz set U' cC U,

(1.5.6) IEllcoa@wry < Clifllmzawy,

where C is a constant depending only on n,~v,U" and U.

Proof. The proof relies on some results of Campanato and Morrey. | and [104][chapter 5].

*Recall that the Morrey space M*7(A) is isomorphic (as Banach space) to the Campanato space £>7(A) whenever
A is an open bounded Lipschitz set of R" and 0 < v < n. We shall freely use this result in the course of the proof. More
details on this property as well as other useful results used in this paper on Morrey’s and Campanato’s spaces can be
found in [108][Section 2.3]
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Let u € Wy 2(U) N W22(U) be the unique weak solution to —Au = f in U and recall that
”“”%VZQ(U) < C’1Hf||%2(U), for some constant C7 depending only on n and U. Also, by a result of

Campanato [43, Teorema 10.I] (see also [104, Chapter 5]) we know that

(15.7) 102 0 6l3 20y < Co [lullBracey + 1 pny] Yk =1,
where the constant Co depends only on 7, n and U’. Hence,
(15.8) IV 2 ey < Call Iy ik = 1mm

where Cj is a constant that depends only on v,n,U’ and U. Set w = 9;, u, then Poincaré inequality
and (1.5.8) imply that, for any xg € U’ and any 0 < p < M

9

(1'5'9) /; (z0) |w - pr(a:o)de < Cp2/B (20) |vazku|2 < 610203||f||3\/12n'(U)p7 = CC3||f||3\/(2,’Y(U)p’Y+2
p\Z0o p(Zo

where w,, 1= ﬁ [, wdz and ¢ = ¢(n).

dist(U’,0U)
2

Moreover, when p > , we have

/ |w—wW@MN%mswwﬁmnsﬂwﬁmn[.]
dist(U’, oU)
UNnB (mo) )
(1.5.10) v
2 2

Y+2 ) ) v+2 ) ) )
— 29| 2 v+
2 [dz’st(U’, aU)} 190 ullz2(r o™ < 2 [dist(U’, 8U)] CllfIz2@)p

Combining (L.5.9) and (1.5.10) we immediately get that 0, u belongs to the Campanato space
L27+2(U") and

(1.5.11) 102 ull 222y < Call ey forall k=1,....n,

where C} is a constant depending only on n,~, U’ and U.
Now, since n < 7+ 2 < n + 2, the well-known integral characterisation of Holder spaces by
Campanato [41], 42, [T0§] tell us that

y—nt2 ——
RO, 0l o amgez g < Collflagoy  Vh=1m

(1.5.12) Oy u € CY

where C is a constant depending only on n,~, U’ and U.
The desired conclusion then follows by taking F' = Vu. O

We are now ready to prove Theorem [1.5.2
Proof of Theorem [1.5.3. Set

2 if n
(1.5.13) 5= tp>a
s if p<3.

Let us consider an open ball Bop CC  and let f. and u. be as in Section [1.3] Recall that, in the
course of the proof of Theorem we proved that

(1514) HUEHWLP(BQR) S Ci = C{(p? n7)\7A7 BQR? HU/HWLP(BQR)? HfHLg(BQR))
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(1.5.15) (Vo)1 (B2) < O
and that, up to a subsequence,
(1.5.16) Vu. — Vu strongly in VV;?(Q) and a.e. in £,

(1.5.17) A.(Vue) = A(Vu)  weakly in VVllo’Cz(Q), strongly in L7 (Q) and a.e. in Q.
By making use of (1.5.14) we have u. € C°(Q2) and the following bound

(1‘5'18) HU’SHL"O(BR) < Cé = Cé(p,n,)\,A,BgR, HUHWLP(BQR)? Hf||L§(B2R))'

Indeed, if p > n we have |luc|| L (Bg) < C(Br,p)|lue|lwir(py,) by Sobolev embedding, and so (1.5.18)
follows from (1.5.14). When p < n we have [uc||po(p,) < C'(p,n, A, A, Bar, |uell Lo (Byp) 1 f 11 L5 (Byr))»
by the celebrated results in [I79], and once again ([1.5.18)) follows from (1.5.14)).

Now we observe that also f. € M*7(Bag), and I fell vz (Bar) < Lz (Byg)- We can therefore
use Lemma to obtain vector fields F. € C%*(Bg) such that

(1.5.19) [EellcoBr) < Cllfellmea(Bar) < ClFlme(Bar)

where o = V_Tn” € (0,1) and C is a constant depending only on n,~, Bg and Bag.
Now we set A.(z,§) := A (§) — Fe(x), (z,§) € Br x (R™\ {0}) and observe that

(1.5.20) —div(As(z,Vus)) =0 in Bpg.
We can therefore apply [136, Theorem 1.7] to obtain 5 = (n,p, A\, A,v) € (0,1) such that

(1.5.21) HUech(Bg) < C3 = C3(p,n, A, A, y, Br, Bag, |[ullwie(ym)s | F 25 By 1l A2 (Bam))-

(Q), uw e CHP Q).

: 1
Hence, up to a subsequence, u. — u in C o

loc
By (1.4.10) and p < 2 we get

/ |D2u5‘2dfv < Cfl/ [e* + HQ(VUE)]p_2 ‘DQuE‘QdSE <

(1.5.22)
oA [42 / A(Vue)2dz + / fgdx]
R BR BR

where Cy is a constant depending only on n,p, A\, A and C is a positive constant depending only on
C% (note that one can take Cjy = 1 when p = 2). Then, inserting (1.4.13) into the latter yields

4
/ |D2“E’2d$§ CyCo L??/ \AE(VUE)Fder/ ffda:}
B Br Bgr

R
2

2
< CyC(n,p, A\ A) {R_”_Q </B - \AE(VUE)|dx> +/B f2dx]
2R R 2R

< Cé = Cé(pv n, A\, A, 7, Br, B2, HuHWLP(BgR)a HfHLg(BgR)v Hf”M2”Y(BQR))

(1.5.23)

where in the last inequality we have used ({1.5.15)). Therefore, up to a subsequence, u. — u weakly in
W22(2) and the thesis follows by letting € — 0 in (1.5.22) and then recalling (1.1.9). O

loc
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Proof of Theorem [1.5.3. We repeat the proof of Theorem until the estimate (1.5.21]). Hence, up

to a subsequence,
(1.5.24) u: »u in CL.(Q), wuec Q).

loc
By (1.4.10)), (1.4.13)) and (1.5.15)) we have that

_ 4
/ [2 + H(Vue)]" | Ducde < Cy [32 / A (Vue) [Pz + / ffdx]
(1.5.25) B B B
S Cé = Cé)(pv n, )\7 A7 v BR7 BQR? HuHWl’p(BQR)’ HfHLg(B2R)’ HfHM&’Y(BQR)) ’
therefore, for every i,j € {1,...,n},
.. p=2
(1.5.26) ¢r = (2 +|Vuel?) 7 02, ue

is uniformly bounded in L? () w.r.t. € > 0. Hence, up to a subsequence,

(1.5.27) b — ¢ weakly in LY (Q) ase — 0.

In view of (1.5.25), (1.5.27) and the weak lower semicontinuity of the L? norm, to get our thesis it is
enough to prove that

(1.5.28) ¢ = |VulP20% , u ae. in Q\ Z,

To this end, we fix an arbitrary open ball Bog CC 2\ Z, then |Vu| > 2¢ > 0 in Bag by definition of

Z. Hence, by ([1.5.24]), we have

(1.5.29) |Vue| > ¢ in Byg, for all small enough e.

By using ([1.5.25)), (1.5.29) and (1.5.21]) we find

/B ‘DQuE‘de < Cle,py A\ A, Cé)/ (€% + HQ(Vug)]p_2 ‘D2ua|2dx
R
2

Br
2

< Cé = Cé(C,p,n, A, Avfya Br, Bar, ||u”W1’p(BQR)’ ||f||L§(B2R)7 ||f||M2’7(BQR))7

which implies that wu. is uniformly bounded in Wlif(ﬂ \ Z) and then, up to a subsequence, u. — u
weakly in VVlif(Q \ Z). The latter and ([1.5.24)) yield

- p=2
PL = (e + |Vue[?) 2 aixjug — |Vul|P7202 , u

o
weakly in L2 (Q\ Z), which proves (1.5.28)) and concludes the proof. O
Proof of Proposition|1.1.6, From Theorem [1.1.1| we know that
1,2
|A(Vu)| € W, 2(9).
Thanks to a well-known result due to Stampacchia [I81] we infer that

|A(Vu)| 1,2
S AV € Wi, (2)
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for any e > 0. Therefore, for any ¢ € C2°(Q2), we can use

|A(Vu)|
=t AV

as a test function in (1.1.2]) and we have

[A(Vu)| _ |A(Vu)| A(Vu) - V(A(Vu)])
(1.5.30) /Q<€—|—|A(Vu)]<pfdx = /Q WA(VU) -Veodxr + 6/9 e+ AVu)))? pdz.

We first notice that

AV _ _ANVY)|
(1.5:31) fe Al = /Q\{WZO} = A 7T

Moreover we have

< V(AVu))lel

‘€A<Vu> V(AV)])

(e + [A(Vu)])?

where the latter function belongs to L'(f2), independently on e. This implies that we can use the
dominated convergence theorem in (1.5.30]) as ¢ — 07 and, from ((1.5.31]), we obtain

/ gofdx—/A(Vu)-Vgodx—/gpfda;,
N\{Vu=0} Q Q

where in the last equality we used again the equation of u. Since ¢ is any function in C2°(Q), we get
the desired conclusion. O

Proof of Corollary[1.1.7. This corollary is a straightforward consequence of Proposition Indeed,
the singular set Z = {Vu = 0} is contained into the set {f = 0} up to a set of measure zero. Since
[{f =0} =0 then |[{Vu = 0}. O



Chapter 2

Global Regularity for anisotropic
elliptic problems

2.1 Main results

As mentioned in the introduction, in the following chapter we will be studying solutions to boundary
value problems for equation

(2.1.1) —div(A(Vu)) = f inQ,
under homogeneous Dirichlet conditions

(2.1.2) {uiV0<A(VU)) =f ;I;%Q

or Neumann condition

(2.1.3) {—diV(A(VU)) =f inQ

A(Vu)-v=0 on 09,

the latter with compatibility condition fQ fdx =0. The vector field A : R® — R" is now given by

bH(E)VEH(E) €40

(2.1.4) A(&) = VeB(H(E)) = {0 ife=0

where H is a uniformly convex norm as described in Section 1.2} and

is a C?-convex function satisfying certain nonlinear growth assumptions. A particular case is the
polynomial growth studied in the previous chapter where B(t) = %, though here we allow for non-
linearities of non-polynomial type as well. Further details and properties of B are given in Section
2.2]

The function B is typically called Young function and, as we will show in Section equation
belongs to the class of quasilinear equation of Orlicz-growth type, i.e., equations of the form

(2.1.5) —div(A(:B,u, Vu)) = F(z,u,Vu),

39
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where the vector field A = A(x, z, &) satisfies

(2.1.6) A2, 2,6)| < B'(Ig]) and Az, 2,€) €2 B(€]) -

The function f in equations — is supposed to belong to L?(2). As already observed
in the previous chapter, weak solutions to problems (2.1.2)) and (2.1.3]) are not well defined and need
not exist under this assumption on f, since the space L?(£2) is not included in the dual of the natural
Orlicz-Sobolev space associated with these problems unless B grows fast enough near infinity. For
instance, as mentioned in Chapter |1} if B(t) behaves like t? near infinity, then p has to exceed f—fQ
Thus, an even weaker notion of generalized solution has to be employed. Various definitions of solutions
to nonlinear elliptic equations in divergence form, with a right-hand side affected by a low integrability
degree, have been introduced in the literature, see, e.g., [31), 19, [70] 138].

A posteriori, they turn out to be equivalent. Precise formulations of the definitions adopted here
are given at the beginning of Sections and that deal with local solutions, solutions to
Dirichlet problems and solutions to Neumann problems respectively. Let us just disclose here that the
solutions in question are not weakly differentiable in general. Hence, the expression Vu appearing in
our statements is an abuse of notation for a surrogate gradient which has to be properly interpreted.
In this connection, we point out one trait of our results, which, in particular, reveals the regularizing
effect of the nonlinear function A, that turns A(Vu) into a true Sobolev map.

The first result we provide is a local estimate which complements Theorem in the Orlicz
setting. Being a local result, no additional assumption on €2 is required.

Theorem 2.1.1 (Local estimate). Assume that B € C?(0,0) is a Young function fulfilling conditions

[2.2.5) and ([2.2.6), and that H € C*(R"™ \ {0}) is a norm satisfying property (1.2.2). Let Q be any
open set in R™. Assume that f € L? (Q), and let u be a generalized local solution to equation ([2.1.1)).

loc
Then,

(2.1.7) A(Vu) € W),

loc

and there exists a constant ¢ = c(n, iy, Sp, A\, A) such that

LAV r2(pr) < ¢ RIFr2(pym) + ¢ R™2 AV L1 (Byp)
IV AV | 2(8r) < € FllL2(Bam) + ¢ R™2 ANV |11 By B)

for every ball Bop CC €.

(2.1.8)

When it comes to global estimates — the core of the investigations of this chapter — the geometry
of  plays a crucial role. The first result with this regard deals with plainly bounded convex domains
Q. In this case, no additional regularity of €2 is needed. As will be clear from the proof, this is possible
thanks to the fact that a priori bounds for || A(Vu)|[yy1.2(q) involve certain integrals over 92, which
depend on its curvatures. If € is convex, these integrals have a definite sign, which makes the integrals
in question negligible in the relevant bounds. Importantly, the constants in these bounds depend on
the convex domain €2 only through its diameter dg,.

Theorem 2.1.2 (Convex domains). Let B and H be as in Theorem|2.1.1 Let Q2 be a bounded convex
set in R™. Assume that f € L*(Q) and let u be a generalized solution to either the Dirichlet problem

or the Neumann problem (2.1.3). Then,
A(Vu) € WH2(Q).
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Moreover,
(2.1.9) ANV 20 < et [fllz)  and VAVl z2) < e2 12
where A (1.5}
B _ A max{1,s,
c1 = c(n,ip, sp, A\, A)dg  and co = SETTIRAY (L i}

In particular, the constant co is independent of €.

As soon as the realm of convex domains is abandoned, the conclusions of Theorem can fail,
in the absence of additional assumptions on the curvatures of 9€). Indeed, counterexamples in this
connection can be exhibited, even for the plain Laplace operator, for slight perturbations of convex
domains. Consider, for instance, a bounded open set {2 whose boundary is smooth outside a small

portion, where it agrees with the graph of a function © of the variables (z1,...,x,), given by
clxy|

2.1.10 O(x1,...,2p) =

(2110 e o) = o]

for some constant ¢ and for small 1. As shown in [148] [149], if the constant c is not small enough, then
one can exhibit Dirichlet problems for the Laplacian, with smooth right-hand sides, whose solutions
do not belong to W2(().

A suitable assumption on 2 that restores the result involves integrability properties of the weak
curvatures of 9€2. One can request that € is a bounded Lipschitz domain such that the functions
of (n — 1) variables, that locally describe 2 around boundary points, are endowed with second-order
weak derivatives which belong to a specific Marcinkiewicz space depending on the dimension n. Also,
the norm of the curvatures in this space, evaluated on balls centered on 92, has to be sufficiently
small for small radii of the balls. Specifically, denote by B the weak second fundamental form on 0f2,
and define the function ¥q : (0,00) — [0, o0] as

sup ||B||zn-1.00(00nB,(z)) i1 =3,
€00

(2.1.11) Uo(r) =

sup ||Bl|p1.ec10g L(00NB, (2)) i 7 =2

€002
for » > 0. Here, L" 1> and L%* log L denote Marcinkiewicz type spaces, with respect to the (n—1)-
dimensional Hausdorff measure #"~! on 9. Recall that

U
191l Lr—1.0(900B, () = sup sn=1g""(s)
s€(0,H"=1(8QNBy(x)))

for n > 3, and

191l 1. 10g L(BQNB, () = sup slog (14 1) (s),
s€(0,HP1(9QNB,(x)))

for a measurable function g : 90 — R. Here g* denotes the decreasing rearrangement of g with
respect to the measure H" !, and ¢**(s) = s~! [§ g*(r) dr for s > 0. In what follows, the notation
00 € W2L"1>® or 9Q € W2L"* log L means that the weak curvatures of 9 belong to the respective
Marcinkiewicz spaces. An analogous notation will be adopted to denote that the weak curvatures in
question belong to some other space.

Furthermore, by £ we indicate a Lipschitz characteristic of §2, which is constituted by the Lip-
schitz constant L of the functions which locally describe 02, and by the radius Rgq of their ball
domains. We refer to Chapter [3| below for the precise definition of Lg-Lipschitz domains, of do-
mains with boundary 9Q € W2M, for any given Marcinkiewicz space M, and the definition of weak
curvature B.
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Theorem 2.1.3 (Domains with minimally integrable curvatures). Let B and H be as in Theorem
(2.1 Let Q be a bounded Lipschitz domain in R™, with Lipschitz characteristic £q, such that 9Q €
W2Lr=1o jif n > 3 or 0Q € W2LY*®logL if n = 2. Assume that f € L*(Q) and let u be a
generalized solution to either the Dirichlet problem or the Neumann problem . There
exists a constant kg = Kko(n, i, Sp, A, A, £q, dq) such that, if

(2.1.12) lim Yq(r) < ko,
r—0+t
then,
A(Vu) € WH2(Q).
Moreover,
(2.1.13) [AVU) w2y < ellfllzz@

for a suitable constant ¢ = c(iy, Sp, A\, A, Q).

We stress that the use of Marcinkiewicz norms and, in particular, the smallness condition
are not just due to technical reasons. They are in fact minimal assumptions in terms of integrability
properties of the curvatures of 99, for A(Vu) to belong to W12(2). This can be shown, for instance,
via an example from [123], for n = 3 and p € (%, 2], in the standard isotropic case. In that paper, open
sets  C R? are displayed such that 9Q € W2L?>, for which the limit in is yet too large,
and the solution = to the Dirichlet problem for the p-Laplace equation, with a smooth right-hand
side, is such that |Vu|P~2Vu ¢ W12(Q). In [148] two-dimensional Dirichlet problems for the Laplace
operators are considered. In particular, open sets  with 9Q € W2L%* log L are exhibited where the
solution to the Poisson equation with a smooth right-hand side does not belong in W22(Q). This is
again due to a large value of the limit in . Related Neumann problems are considered in [151],
Section 14.6.1].

The result of Theorem [2.1.3| can still be sharpened, if assumptions of a somewhat different nature
are allowed. They entail the use of a weighted isocapacitary function for subsets of 02, the weight being
the norm of the second fundamental form on 9. This function is denoted by Kgq : (0,00) — [0, c0)
and defined by

BldH"!
(2.1.14) Kao(r) = sup Joan B! forr > 0.

EcB.( cap(E,B.(r))

z € 0N

Here, B,.(z) stands for the ball centered at x, with radius r, and cap(E, B,(x)) for the classical capacity
of a compact set E relative to B,(z), i.e.,

cap (E, By(x)) = inf { /

B (x)

IVul2dy : ve COY(By(z)),v>1lon E}

This is the content of the next result.

Theorem 2.1.4 (Domains satisfying a boundary isocapacitary inequality). Let B and H be as in
Theorem [2.1.1. Let Q2 be a bounded Lipschitz domain in R™, with Lipschitz characteristic £q, such
that 0Q € W2L. Assume that f € L*(Q) and let u be a generalized solution to either the Dirichlet
problem or the Neumann problem . There exists a constant k1 = k1(n, iy, Sp, A, A, £a, dq)
such that, if

(2.1.15) lim Kqo(r) < k1,

r—0t
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then,

A(Vu) € WH2(Q).
Moreover,
(2.1.16) [ANVu)lwr2@) < cllfllrz@)

for a suitable constant ¢ = c(iy, sp, A\, A, ).

Theorem [2.1.4] is stronger than Indeed, the former not only implies the latter, but also
applies to less regular domains. This is the case, for instance, of the sets described above, whose
boundary locally agrees with the graph of the function © given by . Actually, condition
is fulfilled by these domains, provided that the constant ¢ appearing in is small
enough, whereas 9Q ¢ W2L"~1:°°. The same domains also demonstrate the necessity of the smallness
condition , since, as mentioned above, the conclusions of Theorem fail if the constant c,
and hence the limit in , exceeds some threshold.

Let us quickly point out that Theorem has also been established by Miao, Fa Peng & Zhou
[153] for non-autonomous Hilbert norms, i.e., norms of the form H(z,&) = \/A(z)¢ - €.

We conclude this section with a statement concerning sufficiently regular domains — specifically,
domains Q such that 9Q € C*®. Under this assumption, the constants appearing in the W12(Q)
estimate of the stress field A(Vu) admit bounds with an explicit dependence on dg, Lq, Rq, and
1B £ (90)- Thanks to the monotonicity of this dependence, the bounds in question are uniform in
classes of domains 2 where dq, Lq and ||B| 1~ (9q) are uniformly bounded from above, and Rq from
below.

Theorem 2.1.5 (Domains with bounded curvatures). Let B and H be as in Theorem (2.1.1. Let Q
be a bounded open set in R™ such that 9 € C%* for some o € (0,1), and let £q = (Lq, Rq) be a
Lipschitz characteristic of Q. Assume that f € L?(Q) and let u be a generalized solution to either the

Dirichlet problem (2.1.2)) or the Neumann problem (2.1.3|). Then,
A(Vu) € WH2(Q).

Moreover,
(2.1.17) ANV 2@ < et fllz)  and |V (AVW)) | L20) < e2 | fllz2) »
where:
if n > 3, then
¢ = cdg(n) (1 + LQ)n+2 max{(l + Lﬂ)t(n) HBHgon(rgg))()nJFQ)aR5(2n+2)(n+2)}

co = Cdg(n)—l—n 1+ LQ)nJrQ max {(1 + Lﬂ)t(n)+9(n+2) HBH(LQOZ—(&-853()2()n—1-2)7 R£—2(2n+3)(n+2)}

and ¢ = c(n, \, A, iy, sp), p(n) = 2n+1)(n+2) +n, and t(n) = 9(n + 2)(2n + 2).
If n =2, then

4
(1+ L) (1+ |1Bl| 1~ (00)”

R—24}
log* (1+ c(14 La) (14 1Bl 1=(00))) @

g =cd¥ 1+ Lo)t rnax{

28
(14 La)* (1 + [|B| L (s0)) Rgg}

log? (1 + (1 + Lo) (1 + |Bllz=(a0)))

o =cddb(1+ Lg)? max{

where ¢ = ¢(\, A, iy, sp) and ¢ = (N, A, iy, Sp).
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Let us point out that, in the case of solutions to Neumann problems, our proof also applies as
soon as that 9Q € C?. In fact, a refinement of the arguments in the proof of Theorem would
lead to the same conclusions, for both Dirichlet and Neumann problems, under the weaker assumption
that 0Q € O, This generalization is skipped in order to avoid additional technicalities.

Outline of the proofs. Here we sketch the main ideas of the proofs, which were already hinted in the
Introduction. Concerning Dirichlet problems , we first establish pointwise and integral identities
for smooth vector fields— see Lemmas [2.3.1 Then, by exploiting the homogeneity properties of
H |, these identities will allow us to obtain the anisotropic Reilly’s identity . Since this formula
is valid for sufficiently smooth source terms f, smooth domains 2 and regular stress fields, we need to
resort to a cascade of smoothing procedures on these objects.

Specifically, we will consider u. solutions of

(2.1.18) {—diV(Ae(We)) =f mQ
ue =0 on

for smooth f and 2, where A, is a proper approximate stress field— see Section Owing to the
degeneracy of H? at the origin, we apply an additional approximation procedure on the stress field
A., as to obtain smooth functions u, ,, solving a similar equation to . By taking the square of
such equation, applying Reilly’s formula and letting m — oo, we manage to show that Reilly’s
identity holds true for u. as well- see formula .

For convex domains €2, the boundary term in this formula has a definite sign, hence via estimates
on the norm H and elementary algebraic we easily get W12-global estimates on A.(Vu,.) independent
on ¢, and the theorem will follow by letting € — 0.

For nonconvex domains, either the isocapacitary assumption or hypothesis will
help us control the boundary integral in Reilly’s formula, so that we can once again obtain uniform
W12_global estimates on the stress field.

Once this is proven, we remove the smoothness assumption on € by considering a suitable ap-
proximation of this set which will help us keep track of the quantitative constants in the regularity
estimates. This will be the main content of Chapter [3| for nonconvex domains. Finally, we get rid
of the regularity assumption on f by taking a smooth sequence fj such that fi — f in L?(2), thus
completing the proof for Dirichlet problems .

The proof for Neumann problems is pretty much identical, save that we make use of identity

(2.7.14)) in place of ([2.6.40)).

2.2 The Young function B and the stress field A

In this section we recollect some properties of Young functions B and the associated stress field A(Vu)
defined in (2.1.4). We also recall the definition of Orlicz-Sobolev spaces and we specify the required
assumptions on B which will ensure the validity of the desired regularity results. We refer to [I,
Chapter 8], [49], [I15], [I71] and [169, Chapter 4] for comprehensive treatments of Young functions
and Orlicz-Sobolev spaces.

Let B : [0,00) — [0,00) be a convex function such that B(0) = 0, and B(t) > 0 for ¢ > 0. Any
such function B is called Young function and takes the form

(2.2.1) B(t) = /Ot b(s)ds for t >0,

for some non-decreasing function b : [0, 00) — [0, c0).



CHAPTER 2. GLOBAL REGULARITY OF ANISOTROPIC ELLIPTIC EQUATIONS 45

We define B the conjugate function to B
(2.2.2) B(t) = sup{st — B(s) : s > 0}.

This is also a Young function, which can be written as

(2.2.3) B(t) = /0 b1(s) ds,

where b~!(s) is the generalized inverse of b.
The function B is supposed to be twice continuously differentiable B € C2(0,c0) and to have a
nonlinear growth. Precisely, if b(t) = B’(t) is the function appearing in equation (2.2.1)), on setting

Y10 £ (t)
2.2.4 — inf _
(2:24) w=lofmny and s =sup o a

the nonlinear growth condition on the function B is imposed by requiring that

(2.2.5) iy > 0.

Property (2.2.5)) is equivalent to the so-called Va-condition in the theory of Young functions. A
doubling condition, known as As-condition in this theory, is also demanded on B. The latter is
equivalent to

(2.2.6) sp < 00.
The standard choice

— 14p
(2.2.7) B(t) = pt ,

corresponds to operators with plain p-growth, with i, = s = p > 1. Multiplying the function in
(2.2.7) by powers of logarithms results in functions, that are still admissible, or the form:

B(t) = #"log"(c + 1),

where p > 1, ¢ € R, and c is a positive, sufficiently large constant for B to be convex.
More elaborated instances, borrowed from [I85], are:

B(t) = *(1 + (Int)?) "2 exp(ln t arctan(In)));

B(t) _ t4+sin\/1+(lnt)2.
Now, owing to assumption (2.2.5)), we have ¥'(¢t) > 0 for ¢t > 0, and

(2.2.8) lim b(t) =0,

t—0t

so that b € C'*(]0,00)), thus B € C'([0,00)) N C?(0, 00).

The monotonicity of the function b ensures that

(2.2.9) Lo(L) < B(t) <b(t)t fort>0.

. 0 b(t) .
Also, as a consequence of assumption (2.2.4]), the functions 75 and 7 are non-decreasing and non-
increasing, respectively. Hence,

(2.2.10) b(1) min{t, t**} < b(t) < b(1) max{t®,t*} for t >0,
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and there exist positive constants ¢ and C, depending only on ; and sp, such that

(2.2.11) eb(s) <b(t) <Cb(s) if0<s<t<2s.
Now, define the function a : (0,00) — [0, 00) as
(2.2.12) a(t) = b(tt) for t > 0.

Thereby, a € C'(0,00), and on setting

/ /
(2.2.13) iq = inf ta't) and s, = sup ta (t),
t>0 af(t) >0 a(t)

one has that

(2.2.14) ip=1,+1 and s, =54+ 1.
Hence, assumptions and are equivalent to

(2.2.15) —1 <ig <50 <00,

and a counterpart of holds; namely

(2.2.16) ca(s) <a(t) < Ca(s) if0<s<t<2s.
Also

(2.2.17) ip>ip+1 and sp<s,+ 1

Thus, assumptions (2.2.5)), (2.2.6) imply that ig > 1 and sp < oo as well.
Assumption ([2.2.6)) also ensures that for every k > 0 there exists a constant ¢, depending only on k

and s, such that
(2.2.18) b(kt) < cb(t) for t > 0.

Similarly, the fact that sp < co ensures that for every k > 0 there exists a constant ¢, depending only
on k and sp, such that

(2.2.19) B(kt) < ¢B(t) for t > 0.

Moreover, since g > 1, a parallel property holds for the Young conjugate B. Namely, for every k > 0
there exists a constant ¢, depending only on k and ¢p, such that

(2.2.20) B(kt) < ¢B(t)  fort>0.
The property sp < oo also implies that there exists a constant ¢ such that
(2.2.21) B(b(t)) < eB(t)  fort > 0.

We close this section recalling the definitions of Orlicz spaces.
The Orlicz-Lebesgue space LP(€) is defined as the set of measureable functions u on € whose Lux-

emburg norm
allppi =it drs0: [ B gp <1
LB (©)
Q A

is finite. The Orlicz-Sobolev spaces W1HP(€) is the set consisting of functions v € LZ(Q) whose
distributional gradient Vu € LZ(Q).

For instance, the standard choice B(t) = t? with p > 1 yields LB(Q) = LP(Q) and W1B(Q) =
Whr(Q).
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The stress field A

Given a uniformly elliptic norm H, and a Young function B as above, we now want to obtain some
information concerning the stress field

b(H(E)) VeH(E)  €#0
0 =0
First observe that, thanks to (2.2.19)), inequalities ([1.2.9) imply that

A(§) = VeB(H(€)) = {

(2.2.22) ¢ B(g)) < B(H(€) < CB(g]) for € € R,

for suitable constants ¢ = ¢(sp, A, A) and C = C(sp, A\, A), and

(2.2.23) eb([€]) < bH(E)) < Ch(]) for € € B,

for suitable constants ¢ = ¢(sp, A, A) and C' = C(sp, A, A). Moreover, inequality yields
(2.2.24) VAB(H(€)) < [A(E)] < VAB(H(E)) for € € R™

Owing to , the function A admits the alternate expression

(2.2.25) A(€) = a(H(8))5VeH?(€) for £ #0.

Hence, via equation (1.2.8) and the homogeneity of H?, we deduce that
A(€) - € = a(H(§)H?(§) = b(H(E))H(E) for & € R™

Coupling the latter equation with inequality yields

(2.2.26) A&)-¢€>B(H(E)) for £ e R™.

Observe that inequalities (2.2.24)) and ([2.2.26)) tell us that the vector field A(§) and its associated
quasilinear equation ([2.1.1)) satisfy the Orlicz-type growth condition (2.1.6). When B(t) = %tp, this
corresponds to the p-growth hypothesis (0.0.7)).

Next, we state and prove a lemma which provides us with some additional properties of the
function A, and can be seen as an extension of [68, Theorem 1.5] to the Orlicz setting.

Furthermore, the following lemma, and in particular inequalities below show that the
stress field A(€) is differentiable, and its gradient satisfies natural growth condition (2.1.6).

In the statement, Apin(§) and Apmax(€) denote the smallest and largest eigenvalue, respectively, of
the symmetric matrix V¢ A(E) given by

VeA() = (3.,4’(5)) for £ # 0.
agj i,j=1,..n

Lemma 2.2.1. We have that A(§) is coercive, i.e.,
(2.2.27) (AE) —Am) - (E—n) >0 for&neR", with & #1).
Moreover,
(2.2.28) A min{1,ip} a(H(€)) [n]* < VeAE) n-n < A max{1,s,} a(H(E)) |n|?,
for £ #0 and n € R™. In particular
(2.2.29) Amax(€)  Amaxlis) oo g

Amin (§) A min{1, 4}



CHAPTER 2. GLOBAL REGULARITY OF ANISOTROPIC ELLIPTIC EQUATIONS 48

Proof. Let £ #0 and 4,5 € {1,...,n}. Computations show that

HA(€) H(&)d (H(¢))
o&; a(H(¢))

From ([1.2.2)), (1.2.18]) and (2.2.15)) we deduce that

(2.2.31) ZM nin a(H@)min{l,l+ia}{8&H<5>ang<s>mm+H<s>a&ng<s>nmj}

t,j=1

(2.2.30) - a(H(f)){ [1 + } 0e, H(€) g, H(€) + H(€) a&fjH(g)}.

=a(H(¢))min{l,1+ i} 3VEH?*(€)n-n > A min{l,1+i.}a(H(E)) In*,

for n € R™ and £ # 0. Hence, the first inequality in (2.2.28)) follows, thanks to equation ([2.2.14)).
By (2.2.14)), the second inequality in (2.2.28) can be deduced from equations (1.2.18]), (2.2.30)) and

(2.2.15)), which imply that

DAY (&
Z ag Ua J a(H(f)) max{1>1+3a} %VgHz(f)nn fOI‘ n GRn.
i,j=1 J

Equation (2.2.8)) ensures that the function A is continuous also at 0. Therefore,

td
(A© = A) - (6 =) = | GAe+(=tn)- (€ =)t =

LoA :
:/ ~(t&+ (L —t)n) (=i (§—m);dt for §neR™
0 agj

Hence, by inequality ,
1
(A©€) — A(m) - (6 —m) = Amin{1, 1+ z}(/o a(H(tE+ (1= ) dt) |¢ = nf?* > 0

if £ # n. This establishes inequality (2.2.27]).
Finally, (2.2.29)) is a straightforward consequence of ([2.2.28)). O

2.3 Fundamental lemmas for vector fields

Several pointwise identities and inequalities involving functions and vector fields are offered in this
section. They are critical in the proofs of our regularity estimates.
We begin with an identity for vector fields V : Q — R"™. If V = (V1,... V"), then we set

VV = (0;V)y5.

Hence, VV V is the vector whose i-th component agrees with V7 OjVi. Here, and in what follows, we
adopt the convention about summation over repeated indices.

Lemma 2.3.1. Assume that V : Q — R™ and V € C?(Q). Then

(2.3.1) (divV)? = tr((VV)?) + div(V divV = YV V).
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Proof. Schwarz’s theorem on second mixed derivatives and an exchange of the indices ¢ and j ensure
that

(2.3.2) (0;0,V) VI = (9;0,VI) V.

Notice that

(2.3.3) div(VV V) = 9, (vi aivj) — O, VIOV + V9,0,V = te((VV)2) + V9,0,V ,
and

(2.3.4) div(V divV) = (divV)* + V- V(divV) = (divV)* + V' 9,0,V

Subtracting equations (2.3.4) and ([2.3.3) and the use (2.3.2)) yield

div (V divV — VV V) = (divV)® — r((VV)?),

namely equation ([2.3.1)). O

Let © be an open set in R™ such that dQ € C'. We denote by v = v(x) the outward unit normal
to © at a point x € 0f2. Given a vector field V : 92 — R", its tangential component Vr is defined by

Vp=V—-(V-v)w

The notations V1 and divy are adopted for the tangential gradient and divergence operators on 0f2.
Therefore, if u € C1(Q), then
Vru=Vu— (Oyu)v on 99,

where 0,u is the normal derivative of u. Moreover, if V € C(Q), then
divyV =divV — (0,V -v) on 09Q.
As a consequence, we obtain the following lemma.

Lemma 2.3.2. Let Q be a bounded open set in R"™ such that 0Q € Ct. Assume that V : R® — R",
V € C%L(R™), and there exists a closed set Z such that

(2.3.5) V(z)=0 ifzeZ,
and
(2.3.6) Ve CYR™\ Z).
Then,
. 2 . n—
(2.3.7) /Q (divV)” ¢ dx :/Qtr((v V)2)¢dx + /8(2 ((dlvTV) Vev—-VrVVp- 1/) pdH™ !

—/ ((divV) V.Ve-VVV. V¢)dx.

Q

for every ¢ € C°(R™). In particular

(2.3.8) /Q (divV)? dz = /Qtr((V V)?)da + /89 ((iveV) Vv = VoV Vp v )ane

In equations (2.3.7) and (2.3.8)), the functions (divyV)V and V7V Vr are defined as 0 in the set Z.
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Proof. By multiplying the vector field V' by a smooth compactly supported function, whose support
contains €, we may assume, without loss of generality, that V is compactly supported in R™. Since
V € Lip(R") and assumption is in force, the vector field V' can be approximated, via standard
convolutions, by a sequence {Vj} of smooth, compactly supported functions in R", such that

(2.3.9) Vi(x) = V(z) for every z € R",
(2.3.10) VVi(z) = VV(z) for every x € R"\ Z,
and

(2.3.11) [Vi(z)| <¢, |[VVi(x)] <c forevery x € R",

for some constant c¢. Assumption (2.3.5) and the second inequality in (2.3.11]) also imply that
(2.3.12) dive Vi (z) Vi(z) = 0 and VoVi(z) (Vi)r(z) = 0 for every x € 002N Z.

Fix k € N. Given ¢ € C*(R"), by (12.3.1) and the divergence theorem we have that

(2.3.13) /Q(dika)2¢>daz:/Qtr((VVk)2)qbdx+/ ((dika)Vk—VVka> vopdH !

0N
- /Q ((div Vi) Vi - Vb — VVi, Vi - w) dz.

Subtracting the equations

(diV Vk) Vi-v= (diVT Vk) Vi-v+ (8,,Vk . I/) Vi v,

and
VV. V. -v=V7V, (Vk)T s (Vk . l/) oVi v,
results in
(2.3.14) (diV Vk) Vk V= VVk Vk V= (diVTVk) Vk V= VTVk (Vk)T -v  on 0f).

From equations ([2.3.13]) and (2.3.14) one deduces that

(2.3.15) /Q(dika)2¢dx:/Qtr((VVk)Q)cbdx—i—/

. ((divTVk) Vi v — VoV (Vi)r - V) ¢ dH" L

— /Q ((div Vi) Vi - Vo — YV, V. - w)) dz.

Owing to properties (2.3.9)—(2.3.12)), passing to the limit as k¥ — oo in the latter equation yields
(2.3.7)), via the dominated convergence theorem. O

Our next task is a proof of a generalization to the anisotropic setting of the classical Reilly’s
identity [I72]. It involves the notion of anisotropic second fundamental form of the boundary of a set
2, and its anisotropic mean curvature — see, e.g., [64} (65 [66, [189] [190].

Recall that the shape operator (also called Weingarten operator) on 02 agrees with Vpv. Since

(Vv) : vt — vt owing to (1.2.16) one also has that

(2.3.16) VgH(y) (Vo) : vt — vt
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The anisotropic second fundamental form BT of 0 is defined by
VgH(V) (Vrv)n-¢ for n ,¢ € vt

Namely,

(2.3.17) BY =V (VeH(v)) = ViH (v) Vv

Furthermore, the anisotropic mean curvature is given by

(2.3.18) tr B = divy (VeH(v))

Clearly, when H is the Euclidean norm, VgH (v) = Id,., and hence B = B, the standard second
fundamental form on 02.

The functions W : (0,00) — [0,00) and K& : (0,00) — [0, 00) are defined as in (2.1.11]) and (2.1.14)),
with B replaced by B”. Namely,

sup |[B7[| pn-1.00 9008, () if 7> 3,

€02
(2.3.19) vH(r) =
sup ||B7[| L1 tog LB, (2)) 1 70 =2
€02
for r > 0, and
BH|dH" 1
(2.3.20) Kd(r)y= sup Joone 1B for 7> 0.

E C By(z) cap(FE, By(x))

T € 0N

As a consequence of equation (2.3.17), Lemma m, and that the curvature B = Vv, there exist
positive constants ¢ = ¢(n, A, A) and C = C(n, A\, A) such that

(2.3.21) c|B < B <C|B]  on dN.
Hence,

(2.3.22) cUq(r) < UH () < CUq(r) for r >0,
and

(2.3.23) cKao(r) < KH(r) < CKqo(r) forr>o0.
Also, equation and the first inequality in imply that
(2.3.24) if B>0[>0], then tr(B%)>0/[>0].

Lemma 2.3.3. Let Q be a bounded open set in R"™ such that 0Q € C?. Assume that h € C*(Q),
v € C*Q), and v =0 on 0. Then,

(2.3.25)  divy (h %VgHQ(Vv)) h AV H2(Vo) v — hVr|h §V§H2(W)} [%vgﬂz(w)h v
= h? H(v) H*(Vv) tr B

on QN {Vv # 0}.
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Proof. Throughout this proof, all formulas are understood to hold, without further mentioning, in the
set 90 N {Vv # 0}. Computations show that

(2.3.26)  divy <h %vgﬂ(w)) hiVeH (Vo) v —hVyp [h %ngz(W)} [%ngz(W)} v
= hQ{divT(%VgHz(Vv» sVeH?(Vv) - v — Vi[5V H? (V)] [§VeH? (V)] 5 - y} :
Hence, equation (2.3.25)) will follow if we show that

divy (§VeHA (Vo)) ) $VeHA(V0) v = Vi [§VeH(V0)] [5VeHA(T0)] - v

= H*(Vv) H(v) tr B
Inasmuch as v vanishes on 02, one has that
(2.3.27) Vv = (dyv)v on 0,
and, by the homogeneity of H?,
(2.3.28) IV H? (Vo) - (O0)v = H* (V).

Since V¢ H is homogeneous of degree zero, equation ([2.3.27)) ensures that

(2.3.29) divy <%V5H2(Vv)) = divy (H(Vv) ng(vu))
= H(Vv)sign(d,v) divy (VeH (v)) + Vo (H(Vv)) - VeH (Vo)
= H(Vv)sign(d,v) trB” + Vo (H(Vv)) - [VeH(Vv)] .
Notice that in the second equality we have made use of the fact that sign 0,v is constant in the sets

{0,v > 0} and {J,v < 0}, which are open on 9f in the topology induced by R". Combining equations
(2.3.28) and (2.3.29) tells us that

(2.3.30) divT(%VgHz(Vv))) LV HX(Vv) - v
v (Vo
= L]r(;Z)!) H?(Vv) trB? + Ha(VZ)VT(H(Vv)) - [VeH (V)]
= H(v) H*(Vv) trBH + HZ(VZU)VT(H(VU)) - [VeH (V)]

Next, we have that

(2.3.31)  Vr[3VeH? (V)| [3VeH? (V)] - v = H(Vv) Vo (H(Vo) VeH(Vv)) [VeH (V)] ;.- ;,Z

_ H*(Vv)
O
H?(Vv)

= g Vel (Vo) VrH(Vo),

{(V2H(V0) Vo) - (V1 (Vo) [VeH (V0)] ) + [VeH (V)] - Vo H(T0)}

where the first equality holds owing to equation (2.3.27)), the second one to the chain rule and equality
(1.2.14)), and the last one to equation (1.2.15)). Equation (2.3.27)) follows from (2.3.30)) and (2.3.31)). O
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Remark 2.3.4. Notice that identity can be extended by continuity also to those points T € 0f2
such that Vo(Z) = 0. Indeed, since the tangential derivatives appearing in are bounded in
Q\ {Vv = 0}, the two sides of identity approach zero when z tends to Z, inasmuch as
V¢H?(Vv) is Lipschitz continuous and vanishes at such points.

Theorem 2.3.5 (Anisotropic Reilly’s identity). Let Q be a bounded open set in R™ such that 0Q € C?.
Assume that h € C*(Q), v € C?(Q), and v =0 on Q. Set

(2.3.32) W =hiVeH? (V) in Q.

Then,

(2.3.33) /(divW)2¢dat:/tr((VW)2)¢dm+/ h? H(v) H3(Vv) tr BE ¢ dH™ !
Q Q o0

—/ {(divW)W -Vé - VW W -V} da
Q

for every ¢ € C°(R").

Let us mention that formula (2.3.33) was established in [82] formula 3.11] in the special case when
both h and div W are constant.

Proof of Theorem [2.3.5, Our assumptions on the domain 2, and on the functions i and v ensure
that they are, in fact, restrictions to Q of functions defined in the entire R™ and enjoying the same
regularity properties and compactly supported in R™. Therefore, the function W is also defined on all
R" via formula (2.3.32). The fact that H is a norm and H € C%(R™\ {0}) ensures that the hypotheses
of Lemma [2.3.2) are fulfilled with V =W, and Z = {# € R" : Vu(z) = 0}, hence the thesis follows by
Lemmas . O

2.4 The approximation argument

The key tool in the proof of the global regularity results is Theorem [2.3.5| coupled with the choice of a
suitable approximation procedure. In order to deal with the (possibly) non-polynomial growth of the
Young function B, here we follow a different approach than the one used in Section 1.3

Specifically we shall approximate the function A via a family of functions with quadratic growth.
To this purpose, for € € (0,1), we define the function a.(t) : [0, 00) — [0, 00) as

a(m) +e

(2.4.1) ac(t) = Ctea(Vii® for ¢ > 0,
the function ba(t) : [0, 00) — [0,00) as

(2.4.2) b-(t) = a-(t)t fort >0,

and the function A () : R" — [0, 00) as

(243 () = {g v ey

Notice the alternative formula

(2.4.4) A(€) = a: (H(9) AVeHA(€) it & # 0.

Some basic properties of these functions as € — 0 are provided by the following lemma.
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Lemma 2.4.1. Let ¢ € (0,1). Then a. € C(]0,0)),

(2.4.5) e<ac(t)y<et fort>0,
and
(2.4.6) min{iq, 0} < i, < Sq. < max{sq,0}.

Moreover, A:(€) € CL(R™\ {0}) and, given any M > 0,

(2.4.7) lim b.(t) = b(t)

e—0t
uniformly in [0, M], and
(2.4.8) lim A.(£) = A(¢)

uniformly in {{ € R" @ || < M}.
The proof of this lemma is analogous to that of [54, Proof of Lemma 4.5] and will be omitted.

The next result provides us with information about the symmetric matrix V¢ A, (§) given by

0AL(E)
9E;

vea(o) = (“) for € 0,
i,j=1,...,n

for € € (0,1), and about its smallest and largest eigenvalues XS . (&) and XS .. ().

Lemma 2.4.2. Let e € (0,1). Then,

(2.4.9) A min{1, 4} aE(H(f)) |17|2 <VeA () n-n < Amax{l,sp}ac (H(f)) |77|2
for £ £0 and n € R™. In particular,

)‘fnax(g) A maX{L Sb}

(2.4.10) X (©) < N min{1, 3} for £ #£0,
and
(2.4.11) e A min{l,ip} Id < VeA(€) < e ' A max{l,s,}Id  for £ #0.

Hence, the function A. : R™ — [0,00) is Lipschitz continuous.

Lemma follows via Lemma[2.2.T] applied with the function a replaced with a., and Lemma[2.4.1
Finally, by exploiting (2.4.10)), the symmetry of the matrix V¢A(£), and the algebraic Lemma
we infer the following result.

Lemma 2.4.3. Let e € (0,1) and let M € R™™ be a symmetric matriz. Then,

A min{1, 4}

2
Al el fore er (o)

(2.4.12) tr((VeAs(§)M)?) > (
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2.5 Local regularity

This section is devoted to the proof of Theorem The definition of generalized local solutions to
the equations considered in this theorem involves the use of spaces of functions whose truncations are
weakly differentiable. For ¢t > 0, denote by T; : R — R the function defined as

Ty(s) s if |s] <t
S) =
' tsign(s) if |s| > ¢.

Given an open set £ in R", define the space

(2.5.1) 7]1’1(9) = {uis measurable in Q : Ti(u) € I/VliCl(Q) for every ¢t > 0}.

ocC

When Q is bounded, the spaces 711(Q2) and 761’1(9) are defined accordingly, on replacing VV&)C1 (Q)
with WL1(Q) and W, () in (2:5.1).

As shown in [19, Lemma 2.1], to each function u € 7];’61 (Q) one can associate a (unique) measurable
function Z, : 2 — R™ such that

(2.5.2) V(Tt(u)) = X{|u\<t}Zu a.e. in

for every t > 0. Here x g denotes the characteristic function of the set E. With abuse of notation, the
function Z,, will be simply denoted by Vu in what follows.
Assume that f € L2 (Q). A function u € ﬂécl(Q) is called a generalized local solution to equation

(211) if A(Vu) € L} .(Q), the equation
(2.5.3) / A(Vu)-Vedr = / fedx
Q Q
holds for every ¢ € C§°(€2), and there exists a sequence {fi} C C5°(€2) and a corresponding sequence

of local weak solutions {u;} to equation (2.1.1]), with f replaced by fi, such that f, — f in L*(Q)
for every open set ' CC Q,

(2.5.4) ur —u and Vug — Vu ae. in Q,

and

(2.5.5) lim [ AV de = / LA(V)] da.
k—oo Jqy o/

Here, Vu stands for the function Z,, satisfying property (2.5.2)).

Proof of Theorem [2.1.1] For simplicity of notation, we shall prove the result with balls Bsr replaced
by B3 R-

Assume, for the time being, that f € L°°(€Q). Under this assumption, thanks to [121, Theorem
5.1], the function u belongs to L{S () and, in particular, for any ' CC Q there exists a constant
¢ = c(n, iy, 55, A, A, Q' Q|| fl| Lo (2)) such that

Thus we may apply [136, Theorem 1.7] and infer that

(2.5.7) ue (@),
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for some 6 € (0,1) depending on n, A, A, sp, i, ', 2, || f|| oo ()
Next, fix € € (0,1), and consider the weak solution u. to the Dirichlet problem

(2.5.8) {—diV(As(Vus)) =f inBsg

e = U on JBs3R,

where A is the function defined by (2.4.3]). The function u. agrees with the unique minimizer of the
strictly convex functional J defined as

(2.5.9) Jf(w):/ B:(H(Vw)) dz — fwdz,
Bsr

Bsgr

among all functions w € WH2(Bsg) such that u = w on 0Bsg. Here, B. is the Young function given
by

t
B.(t) = /0 b:(s)ds fort > 0.

Owing to (2.4.5)), (2.4.9) and Lemma see also [20, Theorem 8.1]- one has that u. € VV%’E(B;;R).
Since A (¢ ) Co1 (R”) NCHR™\ {0}), the chain rule for vector-valued functions [145] ensures that
A (Vu,) € lo’ Bsg) and

V(Ac(Vue)) = VeA:(Vu:) V. ace. in Bsg.

Now, fix R <o <7 < 2R and let ¢ be a cut-off function such that ¢ € C§°(B;),0< ¢ <1, p=1in
B, and

(2.5.10) ¢=1 on B, and|Vy| <c(n)/(t—o).

Extend the vector field A.(Vu.) to the whole R" and, via convolution, consider its regularization
V.5 = Ac(Vue) x p5. Here {p5}5>0 denotes a family of standard, radially symmetric mollifiers.

Standard properties of convolution imply that Vs ﬂ A:(Vu,) in Wl o (B3 r). Thus, an application

of equation (2 with V = V.5, Z =) and ¢ = ¢? yields, after letting § — 0,
(2.5.11) /Qf2 o da :/Qtr((V(.Ag(Vug)))Q)th dx
) /Q {div A(Vi) A (Vi) - Vi — V(A (V) Ao (Vi) - ch} o dz.
From Young’s inequality, we deduce that
(2.5.12) ] /Q 2 {(diV.AE(VuE)) A(Vie) - Vo — V(A(Vae)) A (Vi) - w)} cpdx’ <
<7 [ WA do+ £ [ A0 P Vel do

for some constant ¢ = ¢(n) and for every v > 0. Combining (2.5.11)) and (2.5.12)), making use of
inequality (2.4.12)), and recalling property (|2.5.10) enable us to deduce that

2.5.13 / V(A (Vu, 2dx§c 2dx+c/ A (V) |? de,
(25.13) [V (A(Tue))| L P [ )

o
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where ¢ = ¢(n,iq, Sq, A, A). Thanks to a Sobolev type inequality on annuli (see, e.g., [568, formula
(5.4)]), one has that

1 9 2
(2.5.14) (70)2/37\3(, A(Vas)| d:z:Sc/BT\BU‘V(AE(VUE)H dx

cR 2
+ (r — U)n+3 (/BT\BU | A (Vue)| de)

for some constant ¢ = ¢(n). Coupling inequality (2.5.13|) with (2.5.14]) tells us that

/ IV (A (Vo)) de < c/ VA(Vu)Pdrte [ fde
Bs B:\Bs

Bar
cR 2
+ (r — O-)n+3 (/BT\B(, | A (Vue)| dx)

for some constant ¢ = ¢(n, iq, Sa, A, A). After adding the quantity ¢ [ ‘VAQ(Vua)‘Q dx to both sides
of this inequality one infers that

(2.5.15) / V(A(Vu))|? do < —

2 / 2
<11 /BT |V(A(Vue))|" dx + ¢ fedx

o Bagr

R / 2
+ — A:(Vug)| dx ) .
(T—O')n+3( B2R\BR’ ( )’ )

for some constant ¢ = ¢/(n,iq, Sa, A\, A). A standard iteration argument (see, e.g., [I00, Lemma 3.1,
Chapter 5]) enables us to deduce from inequality (2.5.15)) that

2
(2.5.16) /BR ‘V(AE(V’LLE))|2 dr < c frdr + R;H (/BQR\BR |AE(VUE)]dx) ,

Baogr

for some constant ¢ = ¢(n, iq, Sq, A\, A). Moreover, a Poincaré type inequality implies that

/BR |A-(Vu,)|? dz < cR? /BR |v(AE(VUE))\2d$+ ch(/BR |A5(vua)|d$)2

for some constant ¢ = ¢(n). Hence, via inequality (2.5.16]), we obtain that

C 2
(2.5.17) / ]Ag(Vug)\de < cR? f2dx + n(/ |AE(VUE)|dl‘)
Br Bagr R Bar

for some constant ¢ = ¢(n, ig, Sq, A, A) .
From [184, Theorem 2] one can deduce that

(2.5.18) [tellpoo(Byg) < [ullnoo(Bsg) + CRB;1<C||f||L"(BgR)) 7

where b, is the function defined by b.(t) = Be(t)/t. Hence, thanks to equations (2.2.9) and (2.2.14)),
applied with b replaced by b, and formulas (2.4.6) and (2.5.6)), one can deduce that

(2.5.19) ||u€||L°°(BgR) <c

for some constant ¢ independent of €.
This enables us to apply [136, Theorem 1.7] and obtain that

(2520) HuEHCLG(B’) S C,
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for some constant ¢ independent of £ € (0,1) and for every ball B CC Bsg. Hence, there exist a
function v € C'(Bsg) and a sequence {e;} such that g, — 0% and

(2.5.21) ue, = v in CoY(Bsp)

loc

for every 6’ < 6, In particular, this convergence and inequality (2.5.19) imply that v € L (B3g).

Moreover, by equation (2.4.8) and (2.5.20), the norms || Ac, (Vue,)| Lo(B,) are uniformly bounded
for £ € N. This piece of information, coupled with inequalities (2.5.16|) and (2.5.17), entails that

the sequence {A., (Vuc,)} is uniformly bounded in W12?(Byg). As a consequence, there exists a
subsequence, still denoted by {u., }, such that

(2.5.22) A, (Vug,) = A(Vv)  weakly in Wh?(Bag) .

Hence, from inequalities (2.5.16]) and (2.5.17) we infer that

c 2
2.5.23 / V(A(Vv)) Ydx < c f2dz + =5 / |A(Vv)|dx)
( ) Bp ‘ ’ Bar Rt ( Bar\Br )
and
c 2
(2.5.24) / |A(Vv)|?dx < ¢ R? fAdx + n(/ |A(Vv)| da;) :
Br Bar R Bar

Also, passing to the limit in the weak formulation of problem ({2.5.8) tells us that
(2.5.25) A(Vv) - Veodr = fedx
Bsr Bsgr
for every function ¢ € C§°(Bsg).
We claim that
(2.5.26) v —ue Wy (Bsg).

To verify this claim notice that, thanks to (2.5.7)), we can exploit the minimizing property of the
function wu., which tells us that is J (u.) < JH (u). Coupling this piece of information with (1.2.9),
and properties (2.2.19) and (2.2.20)) for B and B. ensures that

(2.5.27) / B.(|Vue|) dz < ¢ / B.(|Vul) dz + ¢ f(ue —u)dz,
Bsr

Bsgr Bsgr

for some positive constant ¢ = ¢(n, iy, Sp, A, A). In particular, such a constant is independent of ¢,
thanks to inequalities , inasmuch as it depends on ¢ only through a lower bound on ¢p_ and an
upper bound on sp,.

Owing to bounds (2.5.6) and (2.5.19)), the inequality yields:

(2.5.28) / B.(|Vue|)dzx < ¢ / B.(|Vul|)dx + ¢
Bsr

Bsgr

for some constant ¢ independent of e. From (2.2.9)), (2.2.10) for the function b., and (2.4.6)), there

exist positive constants ¢, ¢’ such that

(2.5.29) et L2t < B (1) < o gmadnth2t for ¢ > 1.
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Since B, — B locally uniformly in [0,00), property (2.5.21) implies that B, (|Vue,|) — B(|Vv|)
everywhere in Bsg. Thus, from (2.5.7), (2.5.28) and (2.5.29)) we deduce, via Fatou’s Lemma, that

/ B(|Vv)dx§climinf/ B, (|Vu|)dz + ¢
(2.5.30) Bsr k200 JBar

max{s,+1,2}
> +c.

< ol Banl (|| Vul oo () + 1
Hence, v € W1B(Bsg). On the other hand, from (2.5.28), (2.5.7) and (2.5.29) we infer that
/ |V |t 1.2} g < c/ B.(|Vul)dx + ¢
Bsr

Bsr

max{sp+1,2}
) +c.

< el Ba (I Vull = (g + 1
The latter bound implies that the family of functions {us—u} is uniformly bounded in the Sobolev space
Wol’min{in’Q} (Bsg) for e € (0,1). The reflexivity of this space implies that v—u € VVOl’min{in’Z}(Bg,R)7
Combining this membership with inequality yields . Our claim is thus proved.
Thanks to (2.5.26), (1.2.9), (2:2.21) and (2.2.24)), we have that the vector field A(Vv) € LE(BgR).
The density of the space C3°(B3sr) in the space VVO1 ’B(Bg r) and Holder’s inequality in Orlicz spaces

[169, Theorem 4.7.5] ensure that equation (2.5.25)) holds, in fact, for every function ¢ € WOLB(BgR).
Hence, v is a weak solution to the problem

{—div(A(Vv)) =f  inBp

V="Uu on 8BgR.

(2.5.31)

The uniqueness of this solution implies that v = u. Therefore, inequalities (2.5.23)) and (2.5.24]) read

c 2
(2.5.32) / IVAVu)Pde <c | fPda+ Rm( / \A(Vu)]dx) ,
Br Bar B>r\Br
and
s 2
(2.5.33) / |A(Vu)|? dr < ¢ R? frdr + Rn(/ |A(Vu)| dm) .
Bgr Bar Bar

We conclude the proof by removing the assumption that f € L>(Q). Let f € L2 (), and let {f;}

loc

and {uy} be sequences as in the definition of local approximable solution u to equation (2.1.1]). Hence,

[@5.4) and (25.5) hold.
Inequalities (2.5.32)) and (2.5.33)), applied with u replaced by uy, and equation (2.5.5)) tell us that

c 2
2.5.34 / IV(A(Vug))?dz < ¢ f2dx + ) / [[A(Vug)|dz )
( ) Bgr Bar g Rn2 ( Bar\Br )
and
c 2
(2.5.35) / |A(Vug)|? do < ¢ R? i da + n(/ |A(Vug)| da;)
BR B2R R BQR

for k € N. Therefore, the sequence {A(Vuy)} is bounded in W12(Bsg). As a consequence, there exist
a function U : Byp — R”, such that U € W12(Byg), and a subsequence of {A(Vuy)}, still indexed
by k, such that

(2.5.36) A(Vug) = U in L?*(Bog) and A(Vuy) — U weakly in WH2(Bag).

By ([2.5.4)), we thus deduce that U = A(Vu) a.e. in Bag. Hence, property ([2.1.7) holds, and inequalities
(2.1.8]) follow on passing to the limit in (2.5.34)) and ([2.5.35]). O




CHAPTER 2. GLOBAL REGULARITY OF ANISOTROPIC ELLIPTIC EQUATIONS 60

2.6 Global estimates: Dirichlet problems

Here, we are concerned with proofs of our global results for solutions to Dirichlet problems. Assume
that f € L*(Q). A function u € 761’1(9) will be called a generalized solution to the Dirichlet problem

if A(Vu) € LY(Q),
(2.6.1) /Q.A(Vu)-Vgpdx = /Qfgpdx

for every ¢ € C§°(€2), and there exists a sequence {f} C C§°(Q) such that fr, — f in L?(Q) and the
sequence of weak solutions {uy} to problem (2.1.2)), with f replaced by f, satisfies

up — u  a.e. in .

In (2.6.1), Vu stands for the function Z, fulfilling (2.5.2)).
By [67, Theorem 3.2], there exists a unique generalized solution u to problem (2.1.2)), and

(2.6.2) /Q|A(Vu)\d:n§c|§2|1/"/9|f|dm

for some constant ¢ = ¢(n, iy, Sp, A, A). Moreover, if {f;} is any sequence as above, and {uy} is the
associated sequence of weak solutions, then

(2.6.3) up —u and Vug — Vu ae. in Q,

up to subsequences.

The generalized solutions introduced above agree with the classical weak solutions, provided that
the function f has a sufficiently high degree of integrability. Recall that a function w is called a weak
solution to the Dirichlet problem itue WO1 ’B(Q) and equation holds for every function
p € I/VO1 ’B(Q). Here, I/VO1 ’B(Q) denotes the Orlicz-Sobolev space, built upon B, of those functions
vanishing in the usual appropriate sense on J€2. Minimal conditions on f for a weak solution to be
well-defined and to exist can be exhibited — see [2]. They rely upon a sharp embedding theorem for
Orlicz-Sobolev spaces [51] 52]. In view of our purposes, we shall only need to deal with weak solutions
under the assumption that f € L®(£2), in which case they certainly exist whatever B is.

Having dispensed with the necessary definitions, we begin preparing for our proofs with a few
lemmas concerning Sobolev functions. The first one deals with the continuity in Sobolev spaces of the
composition operator for vector-valued functions, see [162, Proposition 2.6].

Lemma A. Let Q be a bounded open set in R™ and let F € CYY(R™) N CH(R™\ {0}). Assume that
V i Q — R" is such that V. € WH2(Q), and let {V,,} be a sequence of functions Vi, : Q — R™ such
that Vi, € WH2(Q) for m € N. If

(2.6.4) Vin =V in WH3(Q),
then,
(2.6.5) F(Vy,) = E(V) in WH2(Q).

The following lemma is a straightforward consequence of Propositions [3.5.1] and [3.5.2] applied

with o = |B¥|, and formulas (2.3.22)(2.3.23).
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Lemma 2.6.1. Let Q be a bounded Lipschitz domain in R™, with Lipschitz characteristic £ =
(La, Rg). Assume that 02 € W21,
(i) If Ka(r) < oo for r € (0, Rq), then,

(2.6.6) /ﬁ UZM#ﬂdH”—lg(@ouAﬁm(1+1gﬁ4KQ@)/n |Vo|? dy,
O0NB,.(z) QN By ()

for every x € 9Q, r € (0, Rq] and v € W&’Z(Br(a:)).
(it) If ¥o(r) < oo forr € (0,Rq), then,

(2.6.7) / W B dH" T < co(n, A\, A) (14 L)' ‘IJQ(T)/ Vo2 dy,
9QNB,(z) QNB,(z)

for every x € 9Q, r € (0, Rq] and v € W&’z(Br(x)).

The inequality provided by the next lemma is well known. The point here is the dependence of
the constants on Lipschitz characteristics of domains.

Lemma 2.6.2. Let ) be a bounded Lipschitz domain in R™, with Lipschitz characteristic £q =
(LQ,RQ). Then,

(1+0)2 et

(2.6.8) HU”%%Q) <o HVUH%%Q) t+c F2nA1)(n+2)

(1+ La)" " ol 1q

for some constant ¢ = c(n) and for every o > 0, r € (0, Rg] and v € W12(Q).

Proof. An application of an extension theorem by Stein, in the form of [132 Theorem 13.17], ensures
that there exists a bounded linear operator £ : W1H2(Q) — W12(R") such that,

do\ ™
1E@z2n) < etn) () el

d2n

(2.6.9)
IVE@lzzqan) < en) oz (1+ La) (lollzz) + [ Vull2) )

for r € (0, Rg) and for v € WH2(Q). Set

% ifn>3
S =
4 ifn =2,

and

oo ni—&& ifn>3
if n =2,

whence % =a+ 1_70‘ From Hoélder’s inequality, the Sobolev inequality, and the inequalities in (2.6.9)
one deduces that
vl 2y < 19l1F1 ) 1017y = 10131 @) 1@,

< oll%s ) IE@ Eany < e 10l1G1 () I ()75 gy

< e(m) T ollg1q (Il + 190l 2@)
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where we have set
d2n
Q

C= r2ntl

(1+ Lg).

An application of Young’s inequality with exponents é and ﬁ yields

-«
0220y < o) 2= olF ) (I10122(0) + IV 013

o 1—a
g5<||v\|§2(m+ ||vu||§2(m) +¢(n)e" T O o2 gy,

for ¢ € (0,1). Hence, by setting o = =, one obtains that
1 %a 1-a
(2.6.10) [ol32(a) < o IV0l3aga) + <) (14 =) = (1+0) €25 Jlollfq

Notice that )
1\ 2% 1
(1+—)1 (140)< ETOS
o

2(1—a)

g

Moreover, since r < Rq < dq, <n+2and C > 1, we have that

2n
dQ
r2n+1

Inequality (2.6.8) thus follows from ([2.6.10]). O

Proof of Theorem Dirichlet problems. We split the proof into several steps.
Step 1. Here we assume that

_a n-—+2
0217 < Cn+2 — ( ) (1 +LQ)n+2'

(2.6.11) fecy(Q)
and
(2.6.12) o0 € 0%,

For every ¢ € (0,1), let A be the function defined as in (2.4.3), and denote by u. the weak solution
to the Dirichlet problem

(2.6.13) {—diV(Ae(Vue)) =f inQ

u. =0 on 0N .

The same argument exploited in connection with problem (2.5.8)) ensures that there exists a unique

solution u. € Wol’z(Q) to problem ([2.6.13).
We claim that there exists 0 = 0(n, iy, sp, A\, A, || f|loo) € (0,1) such that

(2.6.14) u. € W*2(Q)ncH?(Q),
and
(2.6.15) u. —u in CE7(Q),

for every 0 < ' < 6.
Furthermore, fixing any € > 0, there exists a sequence {u. ,,} such that

(2.6.16) Uern € CP*(Q) and e, =0 on 99,
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and
(2.6.17) U == . in W2(Q) and ().

To prove our claims, we make use of an argument from [61, Section 3], and define, for ¢ € (0,1) and
d > 0 the regularized vector field A, 5 : R™ — R" by

(2.6.18) A575 = AE * P§ in R™.

Here, {ps} denotes a family of standard, radially symmetric mollifiers. By properties of convolutions,
Az 5 € C*(R") and limg_,g+ Ac 5 = Ac locally uniformly in R". Also, thanks to inequalities (2.4.11)),
one can readily verify that

(2.6.19) eA min{1,ip} Id < VeA. 5(€) < e ' A max{l,s,}Id for & € R™.

Next consider the family {w, s} of the unique solutions to the problems

(2.6.20) {_diV(A8,5(vwa,6)) =f inQ

We s = 0 on 0f).
Thanks to (2.6.19), classical results tell us that w. 5 € W22(Q), and
(2.6.21) Hwe,(SHWQQ(Q) < cp

for some constant co = co(n, A\, A, &,Q, || fl| L)), see, e.g., [128, pp. 270-277], or [20, Theorem 8.2],
or [I08, Chapter 8.4]. Notice that, by standard elliptic regularity theory ([I06, Theorem 9.19] or [128|
Theorem 6.3,pag. 283]), we have

(2.6.22) we 5 € C**(Q).

Next, by [I81, Corollary 6.1], there exists a constant ¢;, depending on the same quantities as ¢y, such
that

(2.6.23) [we,sll Lo () < 1
Coupling this piece of information with [I35, Theorem 1] entails that
(2.6.24) [wesllcromy < c2,

for some constant co, with the same dependence as ¢y and c¢;. In particular, these constants are
independent of §.

Thanks to inequalities and (2:6.24), there exist a function w. € W2%(Q) N C(Q) and a
sequence {d;} such that 6, — 0T,

(2.6.25) We 5, A2 we in Q) and weg, E220 w.  weakly in W22(Q)

for every 0’ € (0,0).

Passing to the limit as £k — oo in the weak formulation of problem (2.6.20) shows that w, is solution

to problem (2.6.13)), whence w. = wu. by the uniqueness of the solution. Property ([2.6.14]) is thus
established.
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We next prove properties (2.6.16) and (2.6.17). Thanks to the Banach-Saks theorem, the weak con-
vergence (2.6.25)) in the Hilbert space W%2(Q) ensures that there exists a subsequence {4, };en such

that, on setting
1 m
Ue,m = E ; wa,ékl7

one has that

(2.6.26) Uen =25 . in W22(Q).
Moreover, by the convergence of w; 5, to u. in C 18/ (Q),

(2.6.27) U =225 4, in CH(Q).

Thanks to (2.6.22)),(2.6.26)) and (2.6.27)), the sequence {u, ,,} satisfies properties (2.6.16]) and (2.6.17)).
To complete the proof of this step, we establish the convergence in (2.6.15). By the minimizing

property of the function wu. for the functional JH, defined as in (2.5.9) with Bsg replaced by €, we
have that J (u.) < JH(0), hence

(2.6.28) /QBE(H(Vug))dx</qu5dx.

Thanks to [184, Theorem 2|, inequalities (2.4.6)), and property (2.4.7)), there exists a constant ¢ =
C(naiba Sby A, A, |Q|a ||f||L°°(Q)) such that

(2629) HuaHLoo(Q) <ec.
Owing to inequalities ([1.2.9)), (2.4.6)), and (2.6.29)), one can deduce from (2.6.28)) that
(2.6.30) / B.(|Vue|)dz < ¢

Q

for some constant ¢ = c(n, iy, sp, A, A, [Q, || fl| Lo (@)). Moreover, inequality (2.6.29) allows one to apply
[136, Theorem 1.7] and obtain

[uellorooy < ¢ for every open set Q' CC Q,

and for some constant ¢ = c(n, A, A, iy, 55, \, A, ', Q|| £l oo ())-
Thus, there exists a sequence of {e;} such that e, — 07 and

(2.6.31) us, — v in Cp.(9),

for some function v € C*(Q).
Now, we want to show that

(2.6.32) v = u.

To this purpose, one can use an analogous argument as at the end of Step 1 of the proof Theorem [2.1.1]
Specifically, since Bg, (t) — B(t) locally uniformly in [0, c0), from ({2.6.31]) we have that B., (|Vue,|) —
B(|Vwv]) everywhere in Q. From inequalities (2.6.30)) and ([2.5.29)), and Fatou’s Lemma we obtain that

(2.6.33) / B(|Vv])dx <c¢ and / Ve |mndiot 12k gy < |
Q Q



CHAPTER 2. GLOBAL REGULARITY OF ANISOTROPIC ELLIPTIC EQUATIONS 65

for some constant ¢ independent on . Thanks to the reflexivity of the space VVO1 ’min{i”H’Q}(Q),
inequalities (2.6.33|) imply that v € Wol’B(Q).
Owing to (2.6.31)), passing to the limit as e — 0T in ([2.6.13)) yields:

(2.6.34) /Q.A(VU) -Vedr = /Qfgodx

for every ¢ € C§°(Q2). A density argument as at the end of the proof of Step 1 of Theorem implies
that equation (2.6.34)) holds, in fact, for every function ¢ € Wol’B(Q). Thus, v is the weak solution to

problem ([2.1.2)), whence, by its uniqueness, equality (2.6.32]) follows. Thereby, property (2.6.15)) is a
consequence of (2.6.31)) and of the fact that the preceding argument applies to any sequence extracted
from the family {u.}.

Step 2. We show that, given any L,d,M > 0 and 7 € (0, 1), there exists a positive constant ¢ =
e(n, A\, A, iy, sp, L) such that, if Q is a bounded domain of class C*% and Lipschitz characteristic
Lo = (La, Rq) satisfying Lo < L, do < d, Rq > T and

(2.6.35) Kao(r) <e for r € (0,7],
and u € Wol’B(Q) is a weak solution to problem (2.6.1)) with || f||z2(q) < M, then
(2.6.36) ANV 720y < 1 fl1F2@) and VANV 72y < e2 I Fll720) -
Here, ¢, ¢; and ¢y are constants of the form:
1
Cc= C(?’L, /\7 A’ Z.b> Sb) o 4
(1+1L)"
‘ dp(n) (1+ LQ)n+2
(2.6.37) c1 = c(n, A\, A, iy, 5p) 9?(2%2)(%2)
‘ gPmtn (1+ Lg)™+2
Co = C(’I’L, )\7 A7 1h, Sb) & ?(271-&-3)(71—&-2) )

where p(n) = (2n + 1)(n + 2) + n.

In order to prove this assertion, let us first consider the families of functions {u.} and {uc,}
defined in Step 1, and let ¢ € C§°(R™). An application of formula , with v = Ugm, h =
a:(H(Vuem(2))), and ¢ = ? | yields

(2.6.38) / div(Ag(Vug,m))Q ©? dx
Q
_ / (VAT m)))?) de + / e (H(Vtem))” H(v) H (Ve ) tr B o dHm—!
Q o0

—2 / {div(Aa(vua,m)) A:(Vuem) - Vo — V(A (Ve m))Ac (Ve m) - W)} pdz.
Q

From ([2.6.17)) we deduce, via Lemma that
(2.6.39) Ac(Vem) 2225 A (Vue) in WH(Q) and ¢ (Q).

In particular, diV(Ag(VuE’m)) D% fin L?(Q2). Therefore, passing to the limit as m — oo in

equation (2.6.38]) yields:

/ P2 d = / tr((VA(Vue)?) de + / 0o (H (V)2 H(v) HA(Vu.) tr B o2 dHr—1 4
(2.6.40) “° @ o

) / {div(AE(VuE)) A (Vi) - Vo — V(A(Vae)) A (Ve - w} o dz.
Q
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We begin by estimating the boundary integral in equation (2.6.40). Let z € 99, r € (0,7], and
¢ € C§°(By(x)). Choosing v = AL(Vuc) ¢ in inequality (2.6.6) and summing over ¢ = 1,...,n imply
that

(2.6.41)

/QQHBT (z)

V(A:(Vue) ¢) ’2 dz

2
A (Vuy) go‘ ‘tr BH‘ dH™ ™ <o (14 LQ)4 Ka(r) /
QNBy(z)

<2¢(1+ LQ)‘*/CQ(T){/Q

V(Aa(vue)) ’2 802 dr + /

A (V) |* [ Vel? da:} .
QNBy(z)

NBy(z)

Observe that, by equation ([1.2.12)) and the definition of A., we have Hy(A:(§)) = a-(H(&)) H(E) for
¢ # 0. Also, owing to the second inequality in (1.2.9), H(v) < v/A. Thus, from inequality (2.6.41)),

we deduce, via , that

(2.6.42)
/ a-(H(Vu))? H(v) H*(Vue) tr BT p? aH™ !
o0

:/ H (AE(VuE))QH(u) tr BE p2dH" ! < \QK/ |A€(Vu5)‘2 }trBH| ©? dH™ !
o0 o0

4
- 2¢o(1+ Lq) ﬂ/cg(r){/
A QNB, (z)

Next, we use Young’s inequality to bound the last integral on the right-hand side of inequality (2.6.40))
and obtain

v(Ag(vug))fgp? dm+/

| A (V)| [Vl dm}.
QNBy(z)

(2.6.43) '2 /ﬂ {div(Ae(Vue)) A.(Vue) - Vi — VA(Vu) A (V) - w} dx

<y /Q V(AL (V) P+ /Q (V) [Vpf? da,

for some constant ¢; = ¢1(n) and every v > 0. A combination of (2.6.40), (2.6.42)), and (2.6.43))
enables us to deduce, via inequality (2.4.12), that

(2.6.44)
min{l,? c 4
((./i\max{{llz;b}})Q_ 2oll +)\LQ) \/K/CQ(T)_’Y) /Q‘V(Aa(vua))szda;S
2¢ (1 + Lo)* VA c
S/Qf?so"’dw( 0 AQ ICQ(?")+7)/Q|A5(V%)!2Vgo|2d:1:.

Now we choose
1 ( A min{1, 4} )2
772\ max{1l,s,}/ ’
and assume that (2.6.35)) is in force with

1 )\min{l,ib}>2 A 1
2.6.45 c=-(— )y 2 -
(2649 (it er) Vi i+
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where ¢y = ¢o(n, A, A) is the constant appearing in (2.6.6). With this choice of the constants, from
(2.6.44)) we obtain that

(2.6.46) /\V(.Ag(Vug))\QchdxgcQ/fzgozdx—i—@/|A€(Vu€)|2]ch\2dx
Q Q Q

for some constant ¢y = ca(n, A\, A, iy, sp) and for every r € (0,7], z € 9Q and ¢ € C§°(B,(x)).
On the other hand, inequality (2.6.46) continues to hold if B,(z) CC €, since the boundary integral

in (2.6.40) simply vanishes in this case.

Let us now chose a finite covering of 2 by balls
B;/4(l’j), with Tj € 0, j7=1,...,Np

and
B;/40(zi), with z; € Q and B;/lo(zi) ccQi=1,...,Nj,

where Np € N and N; € N. Notice that such a covering can be chosen in such a way its cardinality
N = Np + N; admits the bound

(2.6.47) N < ¢(n) <d9>n.

T

Denote by By, with k =1,..., N, a generic ball from this covering, and let {¢y}r=1. n be a family
of functions ¢y € C§°(4By), such that 0 < ¢, <1 on 4By,

80
k=1 on By and |Vyi| < — ondBy,
T
where 4B}, denotes the ball having the same center as By and whose radius is four times the radius of
B;..

Applying inequality (2.6.46|) with ¢ = ¢, for £k = 1,..., N, and adding the resultant inequalities
yields:

N
V(A(Vue) [ dz < Y IV (A(Vue) |’} da
k=1

QN4B;,

) N
(2.6.48) V(A:(Vue))|"dex <
/| far<y

QNBy,

N N N
_ Z/ V(A(Vu) Pt dr < 3 e / Petdr+y e / (V)2 Vs 2 da
k=17 k=1 Q k=1 Q
6400 N
<Nec / frdr + Tcz / | A (V) |? da.
Q T Q
Lemma [2.6.2] ensures that

(2.6.49) / AL (Vuo)|? da
Q

) (1+0)2 d?zn(n+2) _ 2
<o /Q IV (AVae)) [ () ST L0 (1 L) /Q A(Vuo)| de

for every ¢ > 0 and r € (0, Rp). Owing to [57, Proposition 5.1], the last integral on the right-hand
side of inequality (2.6.49) can be bounded by a constant ¢ = ¢(n, A, A, iy, s3) times |Q[1/" Jo |f] dz—see
inequality (2.6.2]) above. Hence, from Hélder’s inequality we deduce that

(2.6.50) /|A5(Vu5)|2dx§a/ ’V(AE(VUE))Fdx+0319(0,n,r,LQ,dQ)/f2dx,
Q Q Q
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for some constant cs = c3(n, A, A, ip, sp), where

(1%0’)2 dgn+l)(n+2)

(2.6.51) 9(o,n,7, Lo, dg) = (1+ La)™*2.

r(2n+1)(n+2)

Coupling inequalities (2.6.48]) and (2.6.50)), and making use of the bound from (2.6.47|) entail that
do\™ dg
/ |A(Vue) P dz < ¢4 [0 (TQ) + 19} / fPdr+ocy m$2 / | A (V)| de
Q r Q r Q

for some constant ¢y = c4(n, \, A, ip, sp), which can be assumed to be larger than 1. Now choose o > 0
in the above expression in such a way that

and observe that o < 1 and ¥(o,n,r, Lg,dq) > 1 since r < 7 < Rg < dg and ¢4 > 1. Then, from
definition (2.6.51]) to deduce that

) ) ) dgn+1)(n+2)+n 1+ LQ n+2 )
(2.6.52) /Q].AE(VUE)] de < (1 —{—20419)/Qf dx < 32¢j T2 ) (nrD) / [fdx

for every r € (0,7). On the other hand, from inequalities (2.6.47)), (2.6.48) and (2.6.52)) one can deduce
that

(2n+1)(n+2)+2n )2
2 dQ 1 + LQ 2
(2.6.53) /Q VAV o < o 2 UL 20V / J2dr,

for some constant cs = c5(n, A, A, i, sp) and for every r € (0,7).
The choice 7 = % in ([2.6.52) and (2.6.53)) implies that

[A(Vue) lwrzi) < e(n, A A, i, 86, L, d, T, M).

Combining the latter inequality with (2.4.8]) and (2.6.15|) entails that there exists a sequence ¢ such
that

A, (Vue,) — A(Vu)  weakly in Wh2(Q).

Estimate (2.6.36) thus follows by choosing & = € and r = § in inequalities (2.6.52), (2.6.53) and
passing to the limit as k£ — oo.

Step 3. Our task in this step is to remove assumption (2.6.12)), while maintaining (2.6.11f). To this
purpose, let us extend f to the whole of R™ by setting f = 0 outside 2.

Next, by using the results of Theorem we may find positive constants ¢ = ¢(n, £q,dq),
r=7(n,Lq,dq) < 1, and a sequence {Q,,} of open sets of R such that:
O, € C°, Q E Oy, limyy 00 | \ 2| = 0, the Hausdorff distance between 2, and €2 tends to 0 as
m — 00,

(2.6.54) Lq,, <¢ Rq, >1/¢ dq, <c(n)de,
and

(Ka(@r+ %) +7) if n > 3
(2.6.55) Ka,,(r) <

o(Ko(@(r+£) +rlog(l+1))  ifn=2



CHAPTER 2. GLOBAL REGULARITY OF ANISOTROPIC ELLIPTIC EQUATIONS 69

for m € N and r € (0,7).
Now let u,, be the weak solution to the Dirichlet problem

—div(A(Vu,)) = f in Q,,

Uy =0 on 0Q,,.

(2.6.56) {

Set L =¢, d = c(n)dg and M = |[|f[|12(q) in Step 2, and assume that condition (2.1.15) is fulfilled
with
R1 = K1 (’I’l, )\7 A7 ib? Sb, £Q7 dﬂ) - E/(2/C\),

where € is the constant defined by (2.6.37)) in Step 2.
This piece of information, combined with (2.6.55]), implies that there exist a positive real number

7 =T7(Q) < min {I/E,?} < 1 and a positive integer m = m(2) such that
Ko, (r)<c

for r € (0,7) and m > m.
Hence, we may apply the result of Step 2 to problem (2.6.56)), and obtain

(2.6.57) [AVum) [wrz@) < [|ANVum) [wi2@,,) < cllflz2@.) = cllfllz2@)

for some constant ¢ = ¢(iy, Sp, A, A, Q). Consequently, there exist a subsequence of {u,,}, still indexed
by m, and a vector-valued function U : Q — R” such that U € W'2(Q) and

(2.6.58) A(Vuy,) = U weakly in WH2(Q).

Via an analogous argument as in the proof of inequality (2.5.19)), one infers from [I84) Theorem 2]
that there exists a constant ¢, independent on m, such that

(2.6.59) [tml| Lo (0,,) < €

Thereby, thanks to [136, Theorem 1.7], given any ' CC €, there exist # € (0,1) and a constant ¢
independent of m, such that [[un||c1.6(qy < c. Hence, there exist a further subsequence, still denoted

by {um}, and a function v € C’I{)’S(Q) such that

(2.6.60) Um — v in 1Y (Q)

loc
for every 0 < ¢ < #. Owing to (2.6.58)), this implies that A(Vv) = U, whence
(2.6.61) A(Vuy,) — A(Vv)  weakly in WH2(Q).

On passing to the limit as m — oo in the weak formulation of problem (|2.6.56)), from (2.6.61)) we infer
that

(2.6.62) / A(Vv) - Vodr = / fodx
Q Q
for every ¢ € C§°(2).

Now, consider a ball Br such that Q@ CC Bpg and extend u,, to Bgr by setting u,, = 0 in Bg \ Q.
Since uy, € VVO1 ’B(Qm), such an extension belongs to VVO1 ’B(B r). By the minimality property of the
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function w,, for the functional associated with problem ([2.6.56|), the fact that f = 0 in Bg \ €2, and
inequalities ([2.2.22)) and (2.6.59)), we have that

cl/ B(\Vum|)dx§/ B(H(Vum))dacg/ fumdr <co
Br Br Qm

for suitable positive constants ¢; and co independent of m. Hence, via a Poincaré type inequality
for functions in the space I/VO1 ‘B(Bg), the sequence {u,,} is bounded in VVO1 ‘B(BRg). The reflexivity of
this space and the compactness of the embedding of this space into L!(£2) entail that there exists a
subsequence, again still denoted by {u,,}, and a function w € VVO1 ‘B(BRr) such that

Um — w  weakly in WOI’B(BR) and U, — w a.e. in Bp.

Since the Hausdorff distance between 2, and € tends to zero, and u,, = 0 in Bg \ ,,, we have that
w = 0 almost everywhere in Br \ Q. Inasmuch as w = v in 2, we can conclude that v € VVO1 ’B(Q).

As in the previous steps, a density argument now ensures that holds for any function ¢ €
VVO1 ’B(Q), and hence v is a weak solution to problem ([2.1.2)). The uniqueness of such a solution implies

that u = v. Passing to the limit as m — oo in (2.6.57)), and recalling (2.6.61]) yield (2.1.16]).

Step 4. We conclude the proof by removing the remaining additional assumption (2.6.11)). Suppose
that f € L%(Q) and let {fi} C C5°(Q2) be any sequence such that fr — f in L?(€2). Let {ux} be the
sequence of weak solutions to the Dirichlet problems

{—div(A(m)) =fr nQ

(2.6.63)
up =0 on 0f).

Thanks to property , one has that

(2.6.64) up —u and Vug — Vu a.e. in Q.

By Step 3, there exists a constant ¢ = ¢(ip, $p, A, A, Q), such that for any k& > 1,
(2.6.65) [AVug) lwrz) < el full2@

Since fr — f in L?(£2), there exists a subsequence, still indexed by k, satisfying
(2.6.66) A(Vup) - U in L*(Q) and A(Vur) = U weakly in WH2(Q),

for some function U : Q — R” such that U € W2(Q). From properties (2.6.64)), we infer that
A(Vu) = U. Hence, A(Vu) € WH2(Q) and inequality (2.1.16)) follows by passing to the limit as
k — oo in estimate (2.6.65)|). O

Proof of Theorem [2.1.3, Dirichlet problems. The proof proceeds through the same steps as that of
Theorem We limit ourselves to sketching the necessary changes.

Step 1 is unchanged.

Step 2. One has to replace condition with

(2.6.67) Uq(r) <e¢ forre (0,7,
where the constant ¢; is given by

_ 1<Amin{1,z’b})2 A 1
CIZZ _ =

Amaxl10)) VA (1107
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One then makes use of Part (ii) of Lemma [2.6.1} instead of Part (i), in order to estimate the boundary

term in (2.6.41)). Inequality (2.6.36)) hence follows.

Step 3. Coupling inequality (2.6.55) with (3.5.26) below tells us that there exist constants ¢ =
c(n, £a,dq) and ¥ = 7(n, £a, dq) such that

E(\I:Q(E(wr%)) +r) ifn>3
(2.6.68) Kq,, (r) <

E(\I/Q(E(wr L)) +rlog(1 + %)) if n =2

for r € (0,7). Assume that condition (2.1.12)) is in force with constant
Ry = Ko(’l’l, )‘a Av /L'bv Sb, ’SQ) dQ) — E/(28)7

where ¢ is defined in (2.6.45)). From ([2.6.68) we infer that there exist constants 7 = 7(2) and m = m(Q2)
such that
Ko, (r)<c

forr € (O,F(Q)) and m > m(Q). Therefore, starting from estimate (2.6.57)), one can now conclude as
in the proof Step 3 of Theorem [2.1.4]

Step 4 is unchanged. O

Proof of Theorem Dirichlet problems. The proof parallels that of Theorems and It
is indeed simpler, since the boundary terms in the a priori estimates can just be disregarded, thanks
to their sign. In what follows, we just point out the necessary variants and simplifications.

Step 1. This step agrees with that of Theorem

Step 2. The convexity of the set ) plays a major role in this step. Owing to property (2.3.24)),
it ensures that tr B > 0 on 9. Therefore, an application of equation (2.3.33)), with v = Ue,ms
h = ac(H(Vuem(z))), and ¢ = 1 tells us that

(2.6.69) /Q div (A (Ve )’ do > /Q tr(V (A(Vue m))?) da.

Thanks to (2.6.39)), passing to the limit in inequality (2.6.69) as m — oo and using inequality ([2.4.12))
yield:

. . 2
eor) [ Pz [ a(@AGP)dz (R v e Pa

In order to estimate the L?-norm of A.(Vu.), we exploit the fact that, since 2 is a bounded convex
domain in R", the constant in the Poincaré inequality on €2 depends only on dg and n. Thus, on
denoting by A.(Vue)q the vector-valued mean value of A.(Vu.) over €2, we have that

(2.6.71) / AL(Vu) 2 do < 2/ A(Vi.) — A(Vu)ol? dz + 219 | A (Vus )l
Q Q

2
< 2cd522/ |V.A€(Vu5)|2dx+2]§2|_1</ |A5(Vug)|da:)
Q Q
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for some constant ¢ = ¢(n). The following chain holds:
2 2 2 1 1 2
(2:0.72) [ 1A(Vu)Pdo < 20(n)di, [ [T A(Tu)Pdo + 2100 el A A (19077 [ 17]do)
Q Q Q
< 2¢(n) df—z/ IVA(Vue)|?dz + c(n, \, A, iy, 53) d5 / fdx
Q Q
< ANy [ fdo,
Q

where the first inequality is a consequence of inequality (2.6.71)) and of inequality (2.6.2), with A
and u replaced by A, and u., the second inequality follows via Holder’s inequality and the fact that
1] < ¢(n)dg, and the last one is due to ([2.6.70]).

Starting from inequalities (2.6.70) and (2.6.72)), instead of (2.6.46)), estimate (2.1.9)) follows via an

analogous argument as in the proof of Theorem .

Step 3. The proof is the same as that of Theorem save that the approximating domains €2,
have to be taken convex, and the bounds in , with Q replaced by €,,, have to be used. In order
to construct the convex approximating domains €),,, one can employ the regularized signed distance
p of [134, Theorem 1.4]. Since the latter is a concave function, which is smooth outside 952, the open
sets

(2.6.73) Qp={xeR": —p(z) <1/m}
satisfy the desired properties.
Step 4. This step is the same as that of Theorem O

Proof of Theorem [2.1.5, Dirichlet problems. We start by recalling estimate (3.5.28)), which will be
proven in Chapter

c(n) (1 + La)® r ||B| o (a0) ifn>3
(2.6.74) Ka(r) <
c(l+ LQ)Sw(r)(l + ||B||LOO(BQ)) if n=2,

for r € (0, Rq), where w : (0,00) — [0, 00) denotes the function given by
w(r) =r log (1 + %) for r € (0, 00).
Now we apply the result of Step 2 of Theorem with
L=Lg, d=do, M=|flr2q)

and a suitable 7 = 7(n, iy, sp, A, A, L, Ro, || B|| L (9)) such that inequality (2.6.35)) is satisfied. Hence,
inequalities (2.6.36]) will hold with constants c1, co now depending only on n, iy, sp, A, A, L, Rq, d, || B|| £ (90)-
Specifically, when n > 3, then inequality (2.6.35|) is fulfilled provided that

C
(L+ L)?|Bll L~ (a0)

?gmin{ ,RQ}

for a suitable constant ¢ = ¢(n, A, A, i, sp). Thus, the inequalities in (2.6.36) follow, with

el = Cdp(n) (1 + L)(n+2) max {(1 + L)t(n) ‘|B||f£(+82§)2gn+2)7 R5(2n+2)(n+2)}



CHAPTER 2. GLOBAL REGULARITY OF ANISOTROPIC ELLIPTIC EQUATIONS 73

9

co = Cdp(n)+n (1 + L)(n+2) max{(l + L)t(n)+9(n+2) ||B||(LZO1Z—(&-;§)2()TL+2)’ R5(2n+3)(n+2)}

where p(n) = (2n+ 1)(n+2) +n, t(n) =9 (n+2)(2n + 2) and ¢ = ¢(n, ip, Sp, A, A).
When n = 2, observe that the function w is increasing and, for every sg € (0, 1), there exist constants
c1 and c¢g such that

s
“l log(1 + %)

Thereby, inequality (2.6.35)) holds if

c log (1 +c(1+L)(1+ ||B||Loo(6g))) RQ}
(1+L)2 1+ [|Bll e a0)) ’

S

2.6.75 YN
( ) @ log(1 + %)

<w l(s) <

for s € (0, so).

rSmin{

for a suitable constant ¢ = c¢(n, A, A, iy, Sp).
As a consequence, the inequalities in (2.6.36|) are fulfilled with

(1+ L)*% (1 + ||Bl L o0))* R24}
log” (14 ¢(1+ L)(1 + ||Bll L (00)))

(1+ L)% (1 + [|1B] Lo 00))*® 28}
log™ (14 ¢(1+ L)(1 + 1Bl (a0))) =~ ©

c1=cd*(1+1L)* max{

cp=c d**(1+L)* max{
for some constant ¢ = ¢(n, iy, sp, A, A) and ¢ = /(n, iy, sp, A, A). O

2.7 Global estimates: Neumann problems

We conclude with proofs of our global regularity results to Neumann problems of the form ([2.1.3)).
The definition of generalized solutions to these problems can be given in a spirit analogous to that
presented for Dirichlet problems in Section Assume that f € L?(Q) and

(2.7.1) /Qfdx = 0.

A function u € TH1(Q) will be called a generalized solution to problem ([2.1.3)) if A(Vu) € L'(€),
(2.7.2) / A(Vu) -Veodr = / feodx

Q Q
for every ¢ € C*°(Q) NW1(Q), and there exists a sequence {f} C C5°(Q), with [, fi(z) dz = 0 for

k € N, such that fi, — f in L?(Q2) and the sequence of (suitably normalized by additive constants)
weak solutions {ux} to the problem (2.1.3), with f replaced by f, satisfies

U — u  a.e. in .

Owing to [57, Theorem 3.8], if © is a bounded Lipschitz domain, then there exists a unique (up
to additive constants) generalized solution u to problem ([2.1.3)), and

(2.7.3) /QA(Vu)ldec\Q]l/”/Q]f]dx
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for some constant ¢ = ¢(n, A, A, iy, sp). Moreover, if {fi} is any sequence as above, and {uy} is the
associated sequence of (normalized) weak solutions, then

(2.7.4) up, +u and Vup — Vu a.e. in Q,

up to subsequences.

Recall that a function u € W1B(Q) is called a weak solution to the Neumann problem
if equation holds for every function ¢ € WHE(Q). If Q is a bounded Lipschitz domain and
f € L*°(2) and fuflills condition (2.7.1]), then one can conclude as in [53, Theorems 2.13 and 2.14]
that there exists a unique (up to additive constants) weak solution u to the Neumann problem ([2.1.3)).
Moreover,

| BTu do < el o™ (1 ~(0)
for some constant ¢ = ¢(|€2|, iy, sp, A, A).

Proof of Theorem Neumann problems. We split the proof into steps.
Step 1. We begin by imposing the additional assumptions that

(2.7.5) fecs9Q)
and
(2.7.6) o0 € C2.

For every € € (0,1), let A: be the function defined by in (2.4.3). Let u. the (unique up to additive
constants) weak solution to the Neumann problem

(2.7.7) {—div(Asqu)) —/ nQ
Aa(vua) -v=0 on 90.

We claim that
(2.7.8) ue € W22(Q)ncH(Q),

and the solutions u. can be defined with suitable additive constants in such a way that there exists a
sequence {ej} such that e, — 0" and

(2.7.9) u., »u in CLY(Q).

loc

To this purpose, for 6 > 0 consider the (unique up to additive constants) solution w, s € Wh2(Q)
to the problem

(2.7.10) {—diV(As,a(Vwe,a)) =f inQ

Ac5(Vwes) - v =0 on 09,

where the function A s is defined as in (2.6.18]).
An application of [50, Theorem 3.1 (a)] ensures that the solutions u. and w, s can be chosen with
proper additive constants so that

(2.7.11) [uell o) < ¢ and  [lwesllpeo(@) <
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for some contant ¢ independent of § and e.
Thanks to the latter inequality, an application of [I35, Theorem 2] tells us that there exists a constant
¢, independent of §, such that

(2.7.12) |we,s o <c.

cLo@) =

On the other hand, via an analogous argument as in the proof of [20, Theorem 8.2], adapted to
(homogeneous) Neumann boundary condition, one can show that

(2.7.13) [we sllw22() <c

for some constant ¢ independent of §. Bounds ([2.7.12) and (2.7.13]) imply that there exist a sequence
{6;} and a function w. € CMY'(Q) N W22(Q) such that 8, — 0T,

We s, — We in ch? (Q), and  w. s, — w. weakly in W2?(Q).

Passing to the limit in the weak formulation of problem as k — oo shows that w. is a solution
to problem . Hence, w. = u., up to additive constants. Property is thus established.
Next, the first inequality in enables one to apply [136, Theorem 7] and infer that, for every
open set ' CC €, there exists a constant ¢ independent of ¢ such that

[uellgroy < e
Hence, there exist a function v € Cﬁ)’f/(Q) and a sequence {ej} such that ¢ — 0 and
Ug, — U in (),

for every 6’ € (0,0) and every open set ' CC Q.

Via a similar argument as in the proof of equation one can show that v € W1H5(Q). Hence,
passing to the limit as kK — oo in the weak formulation of problem with € = ¢, implies that
v is a solution to the Neumann problem . Thus, v = u + ¢ for some constant ¢, and
follows.

Step 2. Assume that hypotheses (2.7.5) and (2.7.6|) are still satisfied. The following identity holds for
e €(0,1), and is a consequence of [I11, Theorem 3.1.1.1]:

(2.7.14) /Qf2gbdx:/Qtr((V(AE(Vug)))2)¢d:c+/

B(Ag(qu)T, Ag(qu)T) o dH™
o0

_ /Q {div (A(Vi)) A (Vo) - Vb — V(A(Vu)) A (Vi) - v¢} da.

Let us incidentally note the latter identity could also be deduced from Lemma [2.3.2] via an approx-
imation argument. This identity plays a role in the Neumann problem parallel to that of in
the Dirichlet problem. Since A.(¢) € COL(R™) N CH(R™ \ {0}), and u. € W?2(Q), by the chain rule
for vector-valued functions [145], we have that

A:(Vue) € WH(Q).

Now, let x € 9 and r € (0, Rg), and choose ¢ = ¢?, with ¢ € C§°(B,(x)) in identity (2.7.14). From
inequality (2.6.6]), appplied with v = AL(Vu.) ¢, and Young’s inequality one deduces that

(2.7.15) ‘/mB(AE(VuE)T, A(Vue)r) @ dH | S/aQ\BI A (V)2 o2 dHr—!
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Sco(1+LQ)4/CQ(T)/Q|V(A5(Vu5)g0)|2dx

<2c¢(1+ LQ)4 ]CQ(T){ /Q V.Ag(Vug)

z o, 2 2
© d:c+/ | A= (Vue)|” [Vl da:}.
NBy(z) QNBy(z)

Thus, from (2.4.12)), (2.6.43)), (2.7.14]) and (2.7.15)) we obtain inequality again. Starting from
that inequality, one can proceed exactly as in the proof for Dirichlet problems and derive inequality
@D under the current assumptions and . Just notice that properties and
@D have to used in this derivation instead of and .

Step 3. Here we still assume , but remove the restriction .

To this purpose, extend the function f to R™ by 0 in R™ \ 2, and consider a sequence of sets {Q,,} as
in Step 3 of the proof for Dirichlet problems. For each m € N, let u,, be the unique (up to additive
constants) solution to the problem

—div(A(Vup)) = f in Qp

(2.7.16)
A(Vuy,)-v=0 on 0Q,.

By [50, Theorem 3.1 (a)] and [I36, Theorem 1.7], there exists a sequence of functions {u,,}, suitably
normalized by additive constants and still indexed by m, such that

Uy, — U 1D Clloc(Q) ,

for some function v € C1(€).

An analogous argument as in the proof of Step 3 for Dirichlet problems, which relies upon [53, Theorem
2.14] and [50, Theorem 3.1 (b)], enables one to infer that v € WH5(Q).

In order to show that v agrees with w, up to an additive constant, it suffices to prove that v solves

the Neumann problem (2.1.3). Thanks to properties (2.6.54) and ([2.6.55)), by Step 2 the sequence
{A(Vuy,)} is uniformly bounded in W12(Q), inasmuch as

(2.7.17) AT ) sy < AT um)llwrag,y < ellflzz@u = ellfllz2

for some constant ¢ independent of m.
Hence, there exists a subsequence of {uy,}, still indexed by m, such that

(2.7.18) A(Vup) — A(Vv)  weakly in W2(0Q).

Let us extend any test function ¢ € W1°°(Q) to a function in W1>°(R"), and still denote this extension
by ¢. The definition of weak solution to problem ([2.7.16)) implies that

(2.7.19) / fedx = A(Vup,) - Vedr = / A(Vup,) - Vedzx +/ A(Vup,) - Vedzx
Q Qum Q Qm\Q

for m € N. Property (2.7.18]) ensures that

(2.7.20) lim [ A(Vuy,)- - Vedr = / A(Vv) - Vedz.
Q

m—r00 Q

On the other hand, the fact that |Q,, \ Q| — 0 and the dominated convergence theorem yield

(2.7.21) lim A(Vup,) - Vedz = 0.
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Combining equations ([2.7.19)—(2.7.21)) tell us that the function v satifies the equality
(2.7.22) / A(Vv) - Vepdr = / fodx
Q Q

for every ¢ € W1B(Q). Thus, v is a weak solution to the Neumann problem (2.1.3)), whence v = u,
up to additive constants. Inequality (2.1.16) follows via (2.7.17)).

Step 4. The remaining additional assumption (2.7.5)) can be removed by approximating f by a sequence
of smooth functions { f}, via the same argument as in Step 4 of the proof for Dirichlet problems. One
has just to choose the sequence in such a way the compatibility condition fQ fr(x) dx = 0 is fulfilled
for k € N. O

Proof of Theorem[2.1.3, Neumann problems. The proof is the same as that of Theorem [2.1.4] save
that Part (i) has to be replaced with Part (ii) in the application of Lemma in Step 2, and
equation ([2.6.68]) has to be used in Step 3 as in the proof of the corresponding Dirichlet problem. [

Proof of Theorem Neumann problems. The only variants with respect to the proof of Theorem
concern Steps 2 and 3.

Step 2. The convexity assumption on {2 ensures that the quadratic form B is nonnegative on 0.

Thus, choosing ¢ = 1 in equation ([2.7.14]) and exploiting inequality (2.4.12)) yield

. . 2
(2.7.23) /Q frdz > /Q tr((V A (Vup))?) do > (W) /Q IVA(Vuo)| da.

This inequality replaces (and simplifies) the use of inequality in the derivation of in
the case when f € C§°(2) and 90 € C2.

Step 3. The sole variant here is in that the approximating smooth domains €, have to be chosen
convex, as defined as in equation , for instance. ]

Proof of Theorem Neumann problems. Thanks to estimate , the conclusions can be de-
duced via a slight variant of the proof of Theorem for Neumann problems. The necessary
modifications parallel those mentioned in the proof of the present theorem for Dirichlet problems.
The details are omitted for brevity. O



Chapter 3

Smooth approximation of Lipschitz
domains, weak curvatures and
isocapacitary estimates

3.1 Introduction and definitions

As already mentioned, in the following chapter we carry out an approximation procedure on bounded
Lipschitz domains 2 of R™. We construct two sequences of C*°-smooth bounded domains {wy, }, {Qn}
such that w,, € Q € Q,, for all m € N, which also satisfy natural covergence properties like, for
instance, in the sense of the Lebesgue measure and in the sense of Hausdorff to (2.

Our construction will allow us to keep track of some geometric quantities of 2 like a Lipschitz
characteristic Lo = (Lg, Rq) and its diameter dg, so that these will comparable to the corresponding
ones of its approximating sets wpn,, {2, as we have stated in estimates . We recall that the
constant Rq stands for the radius of the ball domains on which the boundary 9€2 can be described as
a function of (n — 1)-variables— the so-called local boundary chart— and Lq is their Lipschitz constant—
we refer to Section for the precise definition of a Lipschitz characteristic of {) and its properties.

The smooth charts locally describing the boundaries dw,, €2, will be defined on the same ref-
erence systems as the local charts describing 0f2, and owing to the Lipschitz continuity of the latter
boundary, we will also have strong convergence of the local charts in the Sobolev space WP for all
p € [1,00).

Furthermore, if the boundary 2 enjoys additional regularity properties as, for instance, its local
boundary charts belong to the Sobolev space W24 (or they are of class C1%) for some ¢ € [1,00), then
the corresponding boundary charts of the approximating sets will also convergence in the W?29-sense
(in O fo all 0 < o/ < ). In a certain way, this means that the second fundamental forms B,,,, and
Bgq,, of the regularized sets converge in L? to the “weak” curvature Bg of the initial domain Q. We

refer to Theorems below.

Concerning its applications, in the previous chapters we have observed that approximating rough
domains via a sequence of smooth bounded domains is somewhat necessary when dealing with bound-
ary value problems in Partial Differential Equations. By tackling the same boundary value problem (or
its suitable regularization) on smoother domains, accordingly one obtains smoother solutions, hence it
is possible to perform all the desired computations and infer a priori estimates which do not depend on
the full regularity of the approximating sets {2,,, but only on some geometric constants of theirs like
a Lipschitz characteristics, or other suitable quantities possibly depending on the second fundamental
form Bq,,.

78
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The notable example was already provided by the weighted isocapacitary function ([2.1.14])

faQ \BQ’d/Hn_l
3.1.1 Kao(r) = su ne for r >0,
(31 o)=L 20 Ceap(BL B, @)

x € 90

used in the characterization of global Sobolev regularity for the Stress field A(Vu) in Chapter
We remark that in order for Cq(r) to be well defined, it suffices that 92 is Lipschitz continuous
and belongs to W21, as it can be inferred from inequalities (3.1.11]) below.

Before introducing the necessary definitions and stating the main theorems, we briefly review
the history of results related to ours, and highlight the differences and the novelties of our methods.
Smooth approximation of open sets, not necessarily having Lipschitzian boundary, has been object of
study by many authors. To the best of our knowledge, the first author who provided an approximation
of this kind is Necas [164], followed by Massari & Pepe [146] and Doktor [86]. The underlying idea
behind their proof is nowadays standard, and it is typically used to approximate sets of finite perimeter.
This consists in regularizing the characteristic function of €2 via mollification and convolution, and then
define the approximating set €1, as a suitable superlevel set of the mollified characteristic functions—
see for instance [5, Theorem 3.42] or [140} Section 13.2]. We point out that Schmidt [I76] and Gui,
Hu & Li [I13] constructed smooth approximating domains strictly contained in € under additional
assumptions on the finite perimeter domain {2, whereas an outer approximation via smooth sets is
given by Doktor [86] when the domain € is endowed with a Lipschitz continuous boundary.

A different kind of approach, which makes use of Stein’s regularized distance, has been recently
developed by Ball & Zarnescu [18]. Here, the authors deal with C° domains, i.e., domains whose bound-
ary can be locally described by merely continuous charts, and hence need not have finite perimeter.
We mention that their regularized domains (). are defined as the e-superlevel set of the regularized
distance function, which in turn is obtained via mollification of the usual signed distance function.
Here, the parameter € can be taken either positive or negative, according to the preferred method of
approximation, whether from the inside or outside of ().

The aforementioned techniques have thus been used to treat domains with “rough” boundaries;
however, they do not seem suitable to approximate domains which possess weakly defined curvatures,
even in the case of domains having bounded curvatures, e.g., 9Q € C*!. Namely, we do not recover
any quantitative information or convergence property regarding the second fundamental forms Bq
from the original one Bq. This is because first-order estimates regarding €, are proven by a careful
pointwise analysis of the gradient of the local charts describing their boundaries. In order to obtain
estimates about their second fundamental form B, , such pointwise analysis needs to be extended to
second-order derivatives, and this calls for the application of the implicit function theorem, for which
) is required to be at least of class C?.

This drawback is probably due to the fact that the above regularization procedures are global in
nature, i.e., they are obtained via mollification of functions “globally” describing €2, like its charac-
teristic function or signed distance, whereas the second fundamental form of hypersurfaces of R" is
defined via local parametrizations.

Comparatively, our proof relies on techniques which, in a sense, can be deemed as local in nature,
since the starting point of our method is the regularization of the functions of (n — 1)-variables which
locally describe 0f2. Thus, the approach here propose seems more suitable when dealing with weak
curvatures, though at the cost of requiring 2 to have a Lipschitz continuous boundary.

3.1.1 Basic definitions

Here we provide the relevant definitions of use throughout the rest of the chapter.
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From here onward, we will denote by p = p(z’) the standard, radially symmetric convolution
Kernel in R*7! ie.,

{ : } if |2/| <1
expy — —— if |x
pla’) = L= |7

0 if [2/| > 1,

and we shall write
n—1

p(m
for m € N. Also, given a function h € L} (R™"1), the convolution operator M,,(h) will be defined as

loc

pm(z’) =m

Mo B)@) = b () = [ 1) pue’ = o)

We now give the precise definitions of Lipschitz domain and of Lipschitz characteristic.

Definition 3.1.1 (Lipschitz characteristic of a domain). An open set Q in R™ is called a Lipschitz
domain if there exist constants Lo > 0 and Rq € (0,1) such that, for every xp € 9Q and R € (0, Rq]
there exist an orthogonal coordinate system centered at 0 € R™ and an Lg-Lipschitz continuous
function ¢ : Bl — (—¢,¢), where B}, denotes the ball in R"~1, centered at 0’ € R"~! and with radius
R, and

(3.1.2) ¢=R(1+ Lg),
satisfying

. 091 (B x (~£,0) = (&', 6()) : ' € B},
o QN (Bg x (=,0)) ={(a,zn) : 2’ € By, —~{ <z, < ¢(z')}.

Moreover, we set
(3.1.4) Lo = (La, Ra),
and call £o a Lipschitz characteristic of 2.

Definition and identities tell us that in the coordinate cylinder B}zﬂ x (=, ) centered
at a point g € J€), we can represent 92 and (2 as the graph and subgraph of an Lg-Lipschitz function
¢ of (n — 1)-variables, respectively.

It is easily seen that this definition coincides with the standard one for uniformly Lipschitz
domains-see, e.g., [116, Section 2.4]. Our definition has the advantage of pointing out £o = (Lq, Rq),
which appears in the characterization of our approximation sets, and was seen in the quantitative
estimates of the global regularity results.

Remark. Generally speaking, a Lipschitz characteristic £o = (Lq, Rq) is not uniquely determined.
For instance, if 0Q € C', then Lo may be taken arbitrarily small, provided that Rq is chosen suffi-
ciently small.

The function ¢ in definition is typically called local (boundary) chart. By Rademacher’s
theorem, this function is differentiable for H" !-almost every xz/, with gradient V¢ bounded by Lgq.
In particular, this implies that any Lipschitz domain  admits a tangent plane on H" '-almost every
point of its boundary.
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The local chart ¢ naturally endows 02 of a local parametrization

(3.1.5) (') = (2, ¢(2))

under which, whenever ¢ is differentiable at 2/, a basis of the tangent space at the point (2/, ¢(2)) is
given by

a /
(3.1.6) £y = {ei LG )}
O i=1,...,n—1
where e¢; = (0,...,1,...,0) is the i-th canonical unit vector of R".
Moreover, via such parametrization tg(z’), the first fundamental form g = {gw}?;:ll can be

computed as

(3.1.7) gij(:c') = (51‘]‘ +

where d;; denotes the Kronecker’s delta, and 2’ is a point of differentiability of ¢. Then, the inverse
matrix g~! = {g}"-1, can be explictly computed:

ij=1
L 90 00!)

Gl — 5.
(3.1.8) 9" (") = 0y L+ |Vo(a)* 0z} Oz

For such points zg = (ac’, (b(x’)) € 011, we shall denote by T,,0Q2 = T,,0) the tangent space at
20, From the discussion above, 92 admits a tangent plane H" '-almost every point o € 9, hence
we may want to define a notion of weak second fundamental form which extends the classical one for
C*°-smooth domains of R".

For this purpose, we need some additional regularity assumptions on ¢, and in particular on its
second-order derivatives.

Definition 3.1.2 (W24 domains and weak curvature). Let ¢ € [1,00). We say that a bounded
Lipschitz domain € is of class W24 if the local boundary chart ¢ satisfying belongs to the
Sobolev space W24(BY,). If ¢ € W°(BY,), we say that 90 € Cb! (or 9Q € W),

More generally, if M is a function space containing L'(B}), we say that 9Q € W2M if the local
boundary chart ¢ € W2M.

When 9Q € W21 the weak curvature B of 9 is a bilinear operator Bo(zg) : Tyy0Q x Ty, 0Q — R
defined for H" !-almost every point o € 0§ such that, under the choice of local parametrization Ly
in (3.1.5)), its components {Bm}?;l with respect to the basis £, in (3.1.6) of T,,0Q are locally defined
as

1 B

1+ V(@) Oz

for H" '-almost every points ' € B, of differentiability of ¢. Its norm is then given by

(3.1.9) Byj(a) =

(3.1.10)

where g~! is the inverse matrix of g given by (3.1.8].
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The reader may verify that identities — concur with the usual ones when 0f) is a
smooth hypersurface of R"—see, e.g., [131 pp. 246-249]. However, these definitions also make sense
when ¢ is merely Lipschitz continuous and belongs to the Sobolev space W?!. Indeed, the following
inequalities hold true:

v2 o . /
o s < Bale)] < V00

In order to prove (3.1.11)), recalling (|1.2.24))-(1.2.25)) above, we have the elementary linear algebra

inequalities

(3.1.11)

A3nin’yv|2 S tr((XY)Q) S A1?nax ‘Y‘Q?

for all symmetric matrices X,Y, with X definite positive, where Apin, Amax denote the smallest and
largest eigenvalues of X. Then, owing to (3.1.8)), we observe that the largest and smallest eigenvalues
of the matrix g~! are respectively 1 and (1 + |V|?)~!, and since |V¢| < Lg we immediately infer
. Inequalities also show that (locally) second fundamental form Bg, is equivalent to the
second-order derivatives of the local charts. In particular, we have that |Bg| € L'(09) if 9Q € W21,

We close this section by pointing out that the above definitions can be easily extended to more
general domains. For instance, for k > 2 and given a Marcinkiewicz space M we say that 0Q € W+ M
if the boundary chart ¢ € W*M(BY), that is all of its derivatives up to order k belong to the function
space M in Bf,. Similarly, 002 € C* (1 9Q € C*?) if ¢ € CF(BY) (¢ € C**(BY)).

3.2 Main results

Having dispensed of the necessary definitions and notations, we can now give a precise statement of
our main results. This is the content of this section, coupled with a few comments and an outline of
the proofs. Our first main result reads as follows.

Theorem 3.2.1. Let Q C R” be a bounded, Lipschitz domain, with Lipschitz characteristic Lqo =
(Lo, Ra).
(i) There exist sequences of bounded domains {wp,},{Qm}, such that Ow,, € C*, 90, € C*>, and

wm €N €y, for all m € N.
Their diameters satisfy
(3.2.1) da,, <c(n)da, dy, <c(n)do,
the following convergence property hold true
(3.2.2) n%gnoomm\m =0, n}gloo|§2\wm| =0,
the Hausdorff distances safisfy

12 Loy /1 + L2
(3.2.3) distagy (wnm, Q) + disty (Y, Q) < —— 2

m

for all m € N,

and we may choose their Lipschitz characteristics Lq,, = (Lq,,, Ra,,) and Ly, = (Ly,,, R,,) such
that

Lo, <c(n)(1+ L), Rq, > Ra/(c(n)(1+ L3))

(3.2.4) Ly, <c¢(n)(1+L3), R, > Ro/(c(n)(1+L3)), for allmeN.
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Moreover, the smooth boundaries Owp,, 02y, are described with the help of the same co-ordinate systems
as 09, i.e., there exist finite number of local boundary charts {¢}N1, {¢i YN, and {@i,}¥| which
describe 0, Oy, and Owy, respectively, such that for each i = 1,..., N the functions i ot € C>®
are defined on the same reference system as ¢', and

(3.2.5) i, T ¢ and gl T 60 in WHP(Bh,_.,) s

m

forallp € [1,00), for alli=1,...,N, and any fized constant g € (0, Ra/2).
(ii) If in addition OQ € W24 for some q € [1,00), then

(3.2.6) Yi, T ¢ and @b, T2 60 in WRU(BR, ),

m

and there exists a constant ¢ = ¢(n, Lq,dq) such that

e{ka@tr+ 1) +r} fnzs
(3.2.7) Ka,, (1) + Ka,, (1) <

/C\{ICQ(/C\(T‘F%)) +r log(l—i-%)} ifn=2
for allm € N and r < ro(n,Lq).

Let us briefly comment on our result. Part (i) of Theorem is mostly analogous to [86],
Theorem 5.1]; as expected from domains Q with Lipschitz continuous boundary, the local charts of
Oy, Owpy, converge to the corresponding local charts of 9Q in WP for all p € [1,00). In particular, by
the classical Morrey-Sobolev’s embedding Theorems, this entails an “almost Lipschitz convergence”,
i.e., the local charts 1! and ¢!, converge to ¢* in every Hélder space C%® with o € (0, 1).

The main novelty of our result is given in Part (ii), where information about the second funda-
mental forms B,,, and Bg,, (or equivalently V¢!, and V21!,) is retrieved when 02 is endowed with
a weak curvature. For instance, by definition and from the results of Theorem via a
standard covering argument it is easy to show that

(3.2.8) / |BQm|qd7-["1—>/ 1Bo|%dH™ ! and / ]me\qd’i-tnl—>/ |Bo|?dH" 1,
Om oN Owm o0

for all g € [1,00) such that 9Q € W24,

Other than this convergence property, we obtain the isocapacitary estimate , where Kq and
Kq,,, Kw,, are the functions defined in relative to €2, 2,,, and w,,, respectively. In the proof of
, we will also explicitly write the constant ¢ appearing therein.

Finally, the fixed parameter ¢y € (0, Ro/2) appearing in (3.2.5) and (3.2.6]) is purely technical,
and does not affect the validity of the convergence results since the boundaries 92, 9¢),,, and dw,, all
share the same coordinate cylinders of the kind B}%Q /2 X (—¢,0), where £ = (1+ Lq) Rq.

Outline of the proof. We fix a covering of 02, with corresponding partition of unity {;}; and local
boundary charts {¢'};, which are Lq-Lipschitz continuous.

Then we regularize each function ¢ via convolution, and add (or subtract) a suitable constant,
so that we obtain C°°-smooth functions {¢ }; such that ¢!, > ¢' (or ¢!, < ¢*).

However, in the original reference system, the graphs of these smooth functions Gy are not
“glued” together, and thus their union is not the boundary of a domain, unlike the graphs G4 whose
union describes 0Q2— see Figure 3.1 below.

To overcome this problem, we define a suitable C*°-smooth function Fj,, built upon {¢{,}; and
{&}i— see equation below— and define the regularized set 2, as the sublevel set {F},, < 0}, so
that

oy, = {F,, =0},
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and by construction we will have w,,, € Q € Qy,.
The function F, is called boundary defining functions of Q,,— see [130, Section 5.4].

In order to show that 0f),, is a smooth manifold, we prove that the gradient of F},, along the
directions of graphicality of ¢’ is greater than a positive constant depending on Lo see estimate
(3.6.21)). This property of F,, will be proven by exploiting the so-called transversality condition of
#', which is inherited via convolution by ¢! as well. Therefore, F, is strictly monotone along these
directions, which entails that its zero-level set 0¢),, is a smooth manifold with local boundary charts
! defined on the same reference system as ¢'.

Thanks to the properties of convolution, we show that F;, converge to the boundary defining
function F' of © built upon {¢*}; and {¢&;};— see equations and (3.6.11)— and thus ¢/, converge
uniformly to ¢".

Then, as in the proof of the implicit function theorem, we differentiate the identity Fy, (y/, %, (y)) =
0, so that we may express the gradient V¢! (and its Hessian V2% ) in terms of {¢h,, Vgﬁ?n}j (and
{V? in}j), and then (3.2.4)), (and (3.2.6))) will be obtained by exploiting the convergence prop-
erties of convolution.

Finally, in order to get the isocapacitary estimate , we make use of the estimates on |V |
obtained in the previous steps, as to evaluate weighted Poincaré type quotients of the kind

fﬁﬂm v2 |Ba,,, | dH" 1

C®(B,(22)), 2% € oQ,,
fRn|VU|2d:U , VE C( (z )) Xy, €

m

in terms of the corresponding quotient with weight |Bg|, and then (3.2.7)) will follow from the celebrated
isocapacitary equivalency Theorem of Maz’ya [147], [150, Theorem 2.4.1] or [I70), Propositions 16.1-
16.2]

Our next and final result shows the flexibility of our approximation method, which takes into
account even higher regularity of the domain 2.

Theorem 3.2.2. Under the same notations as Theorem [3.2.1, we have that

1. if 90 € C* for some k € N, then

i, T ¢t and ¢, T ¢ in CM(By L)

m

2. if 00 € CH* for some k € N and o € (0,1), then
wan HH—OO> (bl and (p:n nH_OO) ¢Z in Ck:’a/(B;%Q*EO)7
forall0 < o < «;

3. if 0 € Wk for some k € N and q € [1,00), then

P, T G and @l T 90 in WR(BR )

m

4. if 00 € CP! for some k € N, then

Wl T G and @l T2 ¢F weakly-x in W (B ).
The proof of Theorem [3.2.2| can be easily carried out by extending the proof and estimates of
Theorem to higher order derivatives, and by using standard compactness theorems such as

Ascoli-Arzeld’s and weak-x compactness. For this very reason, we decided to omit the proof.



CHAPTER 3. SMOOTH APPROXIMATION OF LIPSCHITZ DOMAINS 85

o

=

\_/\

Figure 3.1: In red: the graphs of the regularized local charts (up to isometry)

3.3 Auxiliary results
In this section, we state and prove a useful convergence property regarding the convolution of functions

composed with a suitable family of bi-Lipschitz maps.

Proposition 3.3.1. Let U C R""! be a bounded domain, K > 0 be a constant, and {VU,, },nen be a
family of bi-Lipschitz maps on U such that

(3.3.1) sup |V, e < K,
meN

and there exists a bi-Lipschitz map ¥ : U — ¥(U) such that
K

(3.3.2) [Wm — ¥y < — for all m € N.
m

Let O C R™"! open be such that ¥(U) € O, and ¢ € LP(O) for some p € [1,00). Then

m—0o0

(3.3.3) My (@) oW, 225 oW H" lae. in U and in LP(U).

Proof. Set
Uy = {2’ € U : ¥(a') is a Lebesgue point of ¢}

By Lebesgue differentiation theorem and since W is a bi-Lipschitz map, we have that Uy is a subset of
U with full measure. Also, thanks to (3.3.2)) and the fact that ¥ (U) € O, we have that ¢ and M,(¢)
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are well defined on a neighbourhood of ¥,,(U) for m > mg large enough. Then, for all 2’ € U, we
have

| Mo (9) (U (2) — ¢(2(a"))| =

/, [6() = 6(¥(@) o (W) — /)
Bﬁ(‘l’m(x’))
Rn—1

< ( sup p) m”_1/ ‘¢(z') — qﬁ(\I/(x’)) ‘ dy 7% 0.
reyny (=)

Above we used the fact that W(2') is a Lebesgue point of ¢, and B’y (W, (2')) C By (¥(2')) as a

consequence of (3.3.2] -

Now fix € > 0, and take a function qﬁ € CX(R™ 1) satisfying
(3.3.4) 16 = Il o) <
Standard properties of convolutions ensure that
(3.3.5) | My (6) — $||Loo(0) —0.

Then we have
[ 1M @) (9sa) = 6@ o’ < o) [ |Mon(6 = ) (o)
U U
+ ¢(p) /U‘Mm(g) (‘I/m(x')) — QZ(‘I/(x'))‘p dx’ + c(p) /U|$(\I/($/) — qﬁ(\I/(w’))‘pdx'

By applying Jensen inequality, the change of variables w’ = ¥,,,(2’) — 2’ and Fubini-Tonelli’s Theorem
we obtain

/ | My (6 — ¢ NI da’ < / // z') = 2) —5(\1/7”(:1;’) — )P pm(2) d2' da’
K [l /O o) — ()| duf < e(n) K"V
where we also used estunates and ( -

Then, by using and -, it is immediate to verify that

lim / | My () (¥ (a)) — ¢(W(a")) | da’ =0,

mM— 00 U

(3.3.6)

and finally, via a change of variables y' = ¥(z’), and ( - we get
[ 15(0) = 6w @) do’ < ctn) [T 5.
Henceforth, by plugging the last three estimates into , we find

limsup/U | M (6) (Ui (2")) — ¢(¥(2")) [P da’ < c(n,p, L, ¥) e

mM—00

and thus (3.3.3)) follows by the arbitrariness of €. O]
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We close this section recalling a variant of Lebesgue dominated convergence Theorem which will
be useful later on.

Theorem 3.3.2 (Dominated convergence Theorem). Let {fx}ren be a sequence of measurable func-
tions on E C R™"! such that

(i) fx — f almost everywhere on E;
(ii) |fx| < g almost everywhere on E, with g, € L9(E) for some ¢ € [1,00);
(iii) there exists g € LY(E) such that g — g a.e. on E, and [, g} dv — [, g% dx.
Then f € LI(FE), and
/ i~ fl9dz = 0.
E

3.4 Transversality and graphicality

Throughout this section, we shall consider an isometry 7" of R™, such that
(3.4.1) Tr=Rx+2", zeR",

where R = {Rij}?jzl is an orthogonal matrix of R”, and z° € R™. Let
n=Rle, e S" !,

where e,, denotes the n-th canonical vector of R™, i.e., e, = (0,...,0,1), R? is the transpose matrix
of R, and S™! is the unit sphere on R"™.

Here we introduce the geometric notion of transversality, which was already used in [117] in a
wider sense. The definition given here suffices to our purposes.

Definition 3.4.1 (Transversality). Let ¢ : U — R be a Lipschitz continuous function on U C R*~1
open. We say that a unit vector n € S*! is transversal to ¢ if there exists x > 0 such that

n-v(x') >k for H" tae 2/ €U,
where v denotes the outward normal to G4 with respect to the subgraph Sy.

The next proposition shows a very interesting feature: the transversality of n € S*~! to a Lipschitz
function ¢ is equivalent to the graphicality (and subgraphicality) of ¢ with respect to any reference
system having e, = n, that is after performing a rotation of the axes through R, the graph and
subgraph of ¢ are mapped onto the graph and subgraph of another function ¢— see identities
below.

Proposition 3.4.2. Let U C R" ! be open, ¢ : U — R be a Lipschitz function, let 7' be an isometry

of the form ([3.4.1)), and let n = Rle,.
(i) If there exists an L-Lipschitz function ¢ : V' — R such that

(3.4.2) TGy =G, and TSs=5,NT(U xR),

then we have the transversality condition

1
(343) n- V(ZU/) Z \/ﬁ for Hn_l—a.e. LIT, eU.

(ii) Viceversa, if ¢ € C*(U) for some k € N and (3.4.3)) holds, then there exist V C R"~! open, and a
function ¢ € C*(V) such that ||Vl ey < L and (3.4.2) holds true.
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Let us comment on this result. Part (i) states that if G4 and Sy are, respectively, the graph and
subgraph of an L-Lipschitz function v with respect to the reference system z = (2/, z,,) having n = e,
then the quantitative transversality estimate holds true.

Part (ii) states the opposite in the C* case: the transversality condition implies the graph-
icality and subgraphicality of ¢ with respect to the coordinate system z = (2/, z,,), and it also provides
a Lipschitz estimate to .

Before starting the proof, we need to introduce the so-called transition map C from ¢ to ¥. Under the
same notation as Proposition the transition map C : U — V is defined as

Cz' =UT (2, ¢(z')).

Here IT : R — R"~! is the projection map II(2’,x,) = z’. Observe that, when identities (3.4.2]) hold

true, by the very definition of C we have the equation
T(a', ¢(z')) = (Ca’, v (Ca’))
In particular, this implies that C is a bijection, with inverse function C~! : V' — U given by
Cl =0T, 9()).
Also, since ¢, are Lipschitz continuous, then C is a bi-Lipschitz tranformation from U to V.

T

Rv(z')

3 [

en !

n |

|

|

> - >
@’ 7 =Cax

Figure 3.2:

Proof of Proposition[3.4.3. (i) By Rademacher’s theorem, the normal vector v to Gy outward with
respect to Sy is well defined H" -almost everywhere, and thanks to (3.4.2) and the definition of C,
we may write

1+ Vo) 1+ [V (Ca')]?

Therefore, since Rn = e, and |V¢| < L, from (3.4.4) we infer

(3.4.4) v(z') = (Vo). 1) —Rt< (CV¥(Ca), 1) ) H" lae 2’ € U.

1 1

B45)  mv) =en RUG) = Smeren 2 e

for H* -ae. 2’ € U.
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(i) Assume ¢ € C*(U) and that (3.4.3)) is in force.
Consider the C*-function f: U x R — R, defined as f(z) ==z, — ¢('), so that

(3.4.6) {f=0}=Gy and {f<0}=25,.

Now let f : T(U x R) — R be the function defined as f(z) = f(z) for z = Tx. Recalling Rn = e,
via the chain rule we compute

(3.4.7) = R — = (-Vé(z'),1) n.

Thus, from expression (3.4.4]) of v(2’) and estimate (3.4.3)), we obtain

(3.4.8) 85:5? =1+ |Vo()|?v(z) -n> \/1_11_7[12 for z = Tx.

Therefore, owing to (3.4.8) and the implicit function theorem, we immediately infer the existence of a
function v € C*(V), with V' C R*~! open, such that

{f=0}=Gy and {f=0}=5,NT(U xR).

Thereby, (3.4.2) follows from the very definition of f and (3.4.6).
Finally, by using we infer that [Vip(Ca')| < L for all 2’ € U, whence ||Vi|| () < L since

the transition map C is a bljectlon
O

Remark 3.4.3. We point out that inequality (3.4.8)), when evaluated at points z = T(x' , o2 )), holds
true if ¢ and v are merely Lipschitz continuous and satisfy (3.4.2)).
Indeed, since C is a bi-Lipschitz map, by Rademacher’s Theorem and the chain rule we may

perform the same computations as (3.4.7))-(3.4.8) and get

"Zl 0o(a') 1 .
n— /
(349) Rnn — sz‘ Rnk > W for H -ae. € U.

By making use of this information, we now show that the transversality condition (3.4.3)) is
inherited by the regularized function M,,(¢). This is the content of the following proposition

Proposition 3.4.4. Let U, V C R""! be open bounded , let T' be an isometry of the form ([3.4.1]),
and n = Rle,. Let ¢ : U — R and ¢/ : V — R be L-Lipschitz functions satisfying (3.4.2). If we set

m._{xEU dist(2’, 0U) }
and for some sequence {¢, }meny C R we define
Om (") = My (0)(2') + ¢ for 2’ € Uy,
then ¢y, is L-Lipschitz continuous on U, and

L
m

(3.4.10) [pm — Dl Lo,y < — + leml -
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In addition, we have the transversality condition

a¢m / /
3.4.11 —Vom(z),1) n> ——— forall 2’ € Uy,
and
(3.4.12) n-vpy(x') > ! for all 2’ € U, ,

1+ L2
where vy, is the outward unit normal to G, with respect to the subgraph Sy, ,.

Proof. Let x{, € Uy,. By multiplying (3.4.9) with p,,(z(, — 2’) and integrating in z’ we immediately
obtain

n—1
M, (6) (! 1
RnanMR P> ———  forall ) € Up,

k=1 O}, VI I
and (3.4.11)) holds true.

Next, from the L-Lipschitz continuity of ¢, we have
Mu(0)&) = M) < [ [0’ =) = 05" = )| ) @

< Lz — 9| - pm(2)d2' = Lz’ — |

for all 2’y € U,,, hence ¢,, is L-Lipschitz continuous as well. From this and (3.4.11]), we get
(- VMu@)@)Y) 1
VI IVMy(@)()]? ~ 1+ 17

that is (3.4.12)). Next, since p,, is radially symmetric and ¢ is L-Lipschitz continuous, for all 2’ € U,
we get

for all 2’ € U,,,

n-vy(r) =

M@)a) = 6l) < [ Jola’ +4/) = 60 (s
1/m

L
< / LIyl pml) dy < 2
’ m

Bl/m
and thus (3.4.10)) follows. 0

Since we have proven that the regularized function M,,(¢) satisfies the transversality condition,
Part (ii) of Proposition entails its “graphicality” with respect to the coordinate system having
n=e,.

Proposition 3.4.5. Under the same assumptions of Proposition there exist V;,, € R* ! open
bounded such that

2v/1+4 L2
(3.4.13) disty(Vin, V) < T+ +leml,

and a function 1, € C*°(V},) satisfying

(3.4.14) IVl oo () < 2(1+ L%,
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(3.4.15) TGy, =Gy, and TS, =Sy NT(UpnxR).

If in addition V,, NV # (), then

L1+ L
(3.4.16) [t = Ul < 2 4 (4 1) e,
and if C,, is the transition map of ¢,,, we have that
—1 -1 oy (1
(3.4.17) 1Cm = Cllzee ) + 10" = € oy < efn) (1+ L2) (== + leml)

Proof. From the results of Part (ii) of Proposition [3.4.2] and (3.4.12), there exist V,, C R"! open
bounded, and a function ¢, € C*(V;,) such that (3.4.15) holds. Also, owing to (3.4.3), we immedi-

ately obtain (3.4.14)).
Now we recall that the transition map of ¢,, is the function C,, : U,, — V;, defined as C,,2’ =
T (', ¢ (2")), and for all 2’ € Uy, we have
T(2',¢(2)) = (Ca',¢(Ca’)) and T(2',¢m(2")) = (Coa’, Y (Cima’)) ,

so that from (3.4.10)) we infer

L
|Cm‘ + E > ‘¢m(x,) - ¢(.CC/)’ = ‘(l',? ¢m(5€,)) - (xly (Z)(l‘,))‘ = ‘(Cm-x/,wm(cmw/)) - (Cl’l, ¢(C$/))| )
for all ' € Uy,. In particular

L
|Cnz’ — C2'| < = + |cm]
(3.4.18) m for all 2’ € Uy,

L
|¢m(cmx/) - ¢(C$/)’ < E + ‘Cm’

The first inequality in (3.4:18) entails disty (Vin, C(Un)) < £ + [cp].
On the other hand, by definition of U,,, for any ' € U we may find z/,, € U,, such that |z’ —2] | <
%. Since II and T" are 1-Lipschitz continuous, and ¢ is L-Lipschitz continuous, it follows that

Ca' — Caly) < | (& 6(a)) — (b)) < 2T

m

which implies disty, (C(Un), V) < 7”7”*” since C(U) = V. Hence, by using the triangle inequality we

get -
\/ 2
disty (Vin, V') < disty (Vin, C(Upy)) + disty (C(Um), V) < #

that is ((3.4.13)).

Next, on assuming that V,, NV # 0, and C,, being a bijection between U,, and V,,, we may take
a point 3’ € V,,, NV such that ¢y = C, 2’ for some 2’ € U, From ([3.4.18) we find

+ leml

L
’me/ - Cwl| = |y/ - CC;ly’| < m + [eml

and

L
[$(Ca’) = Y (Cmna’)| = [¥(CCLTY) = m(¥)] < — + leml -
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By using these two estimates and the L-Lipschitz continuity of v, we obtain

[W(y) = bm(y)] < () = w(CCLY ) + [(CCLYY ) — Ym ()]

L1+ L
La+1)
m

L
<Ly = CCMy |+ + lem| < (L+ L) fem]| forall y' € VNV,

that is 13.4.16: . Finally, by making use of (3.4.16) and a similar argument as in the proof of ([3.4.18]),

we obtain (3.4.17]). O

The next proposition shows that if ¢ € W29, then ¢ € W27 as well. Namely, graphicality
preserves Sobolev second-order regularity for Lipschitz functions.

Proposition 3.4.6. Under the same assumptions of Propositions if in addition ¢ €
WEI(U) for some q € [1,0c], then v € WEI(V).

Proof. In the following proof, we will make use of Propositions [3.4.4 with ¢, = 0.
Fix Uy € U open, and set Vy = C(Uy). Since disty(Vi,, V) — 0 due to (3.4.13), from [I10]
Proposition 2.2.17] we may find mg > 0 large enough such that

VoeVnV, forall m>mg.

Now let
fm(2) = p — My (¢)(2')  for z € Uy, x R,

and set fm(y) = fm(z) for y = Tx. Then owing to (3.4.15)), we have that fm (y/, wm(y’)) = 0 for all
y' € V,,. By differentiating this expression, we obtain

Mom Ofm (s oY (w0
41 = — |\ & m y ¥'m 9
(3.4.19) S0 = (G0 ) (Gl
and from the chain rule, equation n = R’e,, the definition of C.! and (3.4.11]), we have
0fm = OMu(9) -
I (4 () = R — 3 2l o1y
oy, — oz,
(3‘4'20) 8fm( / 0 ( /)) — R - aMm(¢) (C—l /)R > 1
8yn y) m y nn — amg m y nl =— m7

Moreover, thanks to (3.4.14]) and the L-Lipschitz continuity of M,,(¢), the maps C,, are uniformly
bi-Lipschitz, i.e.,
IVConllzoe + IVC e < C(n, L).

Thanks to this piece of information and (3.4.17)), we may apply Proposition and get
(3.4.21) VM (6)(Chly) — Vo(C) for H' laae. i € V)

By combining (3.4.19)-(3.4.21)), and by using dominated convergence theorem, we find that Vi,
converges in LP(Vp) to some vector-valued function G for all p € [1,00). It then follows from (3.4.16))
and the uniqueness of the distributional limit that G = V), hence

(3.4.22) Vb — Vip  H" ae. in Vg and in LP(Vp).
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Next, we differentiate twice identity fo, (v, ¥m(y')) =0, and for k,r =1,...,n — 1 we obtain
P o (O N T O
) = ~( S ) ) { Gy 0 + G (4 ) G )

9%f OV
0y On Yy
O,

f O }
oy ') oyl @) ¢

(3.4.23) + (v, om(y)) )

0% f

* 0YnOyn

(v, vm(¥))

while from the chain rule and the properties of C,,, we obtain

= 92 M (0)
0x;0x}

0% f
0y,,9y;

(3.4.24)  om(y)) = — Con' V) Rig Rt -

Lt=1
Then, another application of Proposition [3.3.1] entails that

Vsz(ng)(C;Lly’) — V2¢(C71y') for H" l-a.e. v € Vp and in LY(Vp),

in the Case ¢ € [1,00). From this, (3.4.20), (3.4.22)-(3.4.24)) and by using dominated convegence
Theorem we find that V2, converges in L4(Vj) to some matrix valued function H. Whence
H = V23 due to the uniqueness of the distributional limit, and the proof in the Case ¢ € [1,00) is
complete due to the arbitrariness of Uy.

In the Case ¢ = oo, from (3.4.20), (3.4.23) and we infer that {¢,}n, is a sequence
uniformly bounded in W2 (Vp) with respect to m. Therefore, up to a subsequence, we have that 1,
weakly-* converge in W2 (Vp) to 1, thus completing the proof. O

Remark 3.4.7. Let us point out that, by using the argument of (3.4.19))-(3.4.22)), it is possible to
extend Part (ii) of Proposition to merely Lipschitz continuous functions ¢.

At last, we close this section with the following intrinsic property of W24 domains. Namely, every
Lipschitz local boundary chart ¢ of 9Q € W24 is of class W24,

Corollary 3.4.8. Let Q2 be a bounded Lipschitz domains such that 9Q € W24 for some q € [1,00].
Then any Lipschitz local chart ¢ of O is of class W>9.

Proof. From Definition there exists a Lipschitz local chart ¢ € W29 and an isometry T such
that (3.4.2)) holds. The thesis then follows from Proposition O

We conclude by mentioning that both Proposition and Corollary can be easily extended
to the W*4 Case.

3.5 Trace inequalities in Lipschitz domains

The goal of this section is to study weighted Poincaré trace inequalities on £q-Lipschitz domains,
which were utilized in the proof of the global quantitative regularity estimates of Chapter

The validity of such inequalities is characterized in terms of weighted isocapacitary inequalities
and, as a consequence, of integrability properties of the weight function. The focus of our discussion
is on the explicit dependence of the constants in the relevant inequalities on both the weight and the
Lipschitz characteristic £q of the domains.
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Let € be a Lipschitz domain with Lipschitz characteristic £o = (Lq, Rq), and let o € LY(09) be
a nonnegative function. We set, for r € (0, Rq],

Joang 0dH" !

3.5.1 Ko (r) = su Joonp 0470
(3.5.1) 2,0(r) LS (B (). B)
z € 00
and
sup |[of| pn-1.00000B,(2)) fn =3
x€0N
(3.5.2) Tqo(r) =

sup |lol| 100 10g L(a2NB,(2)) 1 70 = 2.
€N
A bound for the constant in a trace inequality in terms of the quantity Kgq o(r) is provided by the
following result.

Proposition 3.5.1. Let 2 be a bounded Lipschitz domain in R™, with Lipschitz characteristic £qo =
(Lq, Rq). Assume that o is a nonnegative function on 0$) such that o € L*(9S2). Then,

(3.5.3) / v? 0dH™ ! < 32(1 4 Lo)* Ka,o(R) / |Vo|? dz
anBR(CEO) QOBR(I())

for every xg € 082, for every R € (0, Rq], and for every v € W01’2(BR(3:0)).
Proof. Under the notations of Definition [3.1.1} observe that the function
¥ : By x (=£,0) = ¢(By x (=£,1))
given by
(3.5.4) (' xn) = (@ 2, — ¢(2) for (2, x,) € By x (=4, 1),
defines a bi-Lipschitz diffeomorphism, whose inverse
Y=t (BR x (=4,0)) = B x (=£,0)

obeys:
VY yn) = Wy + 0y)) for (', ya) € (B x (=£,0)).
Notice also that ¢ (B x (=¢,{)) C Bj x (—2¢,2(), and

(3.5.5) V| oo + [V < (14 Lg)

for some constant ¢ = ¢(n).

In what follows, with a slight abuse of notation, we shall identify R"~! x {0} with R"~! and subsets
of the former set with subsets of the latter.

We may assume, without loss of generality, that zg = 0. Fix a compact set F' C Qb(BR). Hence, the
set B = ~(F) is a compact subset of Br. Moreover,

(3.5.6) / odH" ! = / (00 M)W, 0)V/ 1+ [Ve(y)? dy'
OONE Y(OONE)
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= [ (eow )W 0V TH VRl Pay

We claim that
(3.5.7) cap(E, Br) < 2(1+ Lq)? cap(F,%(Bg)) -
To prove this claim, fix a function 6 € Cg’l (w(BR)) such that # > 1in F. Therefore, fo1) € Cg’l(BR),
Ao >1in F, and
cap(E, Br) < /B V(0 o)|2dzs < 2(1+ Lg)? / VO (v(x))|* da
R

=2(1+ Lg)? / (VO dy.
Y(Br)

Inequality - ) hence follows by taking the infimum over . Combining (3.5.6)) and ( entails
Jrap (00 DY, 0)\/1 4+ [V (y)Pdy’ dH"
FNBY, <2(1+ Lo)? JEnon @
cap(F,¢(Bg)) cap(E, Bg)

It suffices to prove inequality (3.5.3) for functions v € C’g’l(BR)7 the general case following via a
standard density argument. Since the function voy =1 € Cg’l (V(BRx(=£,0)) C C’g’l (Bjyx (—2¢,2¢0)),
it can be extended to a function w : R® — R as

v oy (Y, yn if g <0
(3.5.9) w(y yn) = _1(1// yn) ) Y
vo (ya_yn) 1fyn>0-

(3.5.8)

Observe that
(3.5.10) [wllZ2@n =20 ¥ 7o@n) and  [[VelZagn) =20V 0 0™ ) L2

where we have set R” = {(2/,7,) € R" : x, < 0}. Denote by Tr the trace operator on R"~! which,
according to the convention above, it is identified with OR”}. Thus,

Tr(w) = Tr(v o w_l) on R* 1,

and supp (Tr(w)) C Bpj. An application of a Poincaré type trace inequality [I50, Theorem 2.4.1] tells
us that

[ I S PR PN N E
R R
(00 )Y, 01+ [Ve(y)Pdy’
§4< S )/ Vw|?dy.
Rn

sup
F C (BR) cap(F, vy (BRr))

F' compact

Combining the latter inequality with (3.5.8]) and (3.5.10) yields:

/ vzgdw—lsm(lmg)?( sup W) / V(0o v ) (y)2dy
90N Bg ecs,  cap(FE, Bg) {yn<0}(Br)

E compact

dH" !
<392(1 L 4 faQﬁE Q0 / 2 d .
<32(1+ Lo) ( S B o |Vo|? da

E compact

Hence, inequality (3.5.3]) follows. O
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Proposition enables one to deduce a parallel result, where the role of the quantity Kgq o(r)
is instead played by Wgq o(7).

Proposition 3.5.2. Let Q be a bounded Lipschitz domain in R™, n > 2, with Lipschitz characteristic
£q = (La, Rg). Assume that o is a nonnegative function on 0Q such that o € L*(09). Then,

n—2
c(14 Lo)¥ n=1 g ,(R) / |Vo|? dz formn >3
QNBRr(zo)
(3.5.11) / v? odH" T <
89N B (z0)
c(1+ Lo)" ¥ ,(R) / |Vo|? da forn =2
QNBr(zo)

for some constant ¢ = c¢(n), for every xo € 0N, for every R € (0, Rq|, and for every v € W01’2(BR(:U0)).

The derivation of Proposition [3.5.2] from Proposition relies upon some intermediate steps
contained in the following lemmas. )

In particular, the following inequalities for the fractional Sobolev space Wi’Q(R”_I) come into
play. In what follows, || - [|cxp 2(r) denotes the Luxemburg norm associated with the Young function

Alt) = et — 1.

Lemma B (Fractional Sobolev-type embedding). Let n > 2.

(i) Assume that n > 3 and set ¢ = 2%2:3 Then, there exists a constant cs = cs(n) such that

(3.5.12) [v][La@mn-1) < €5 HU”W%z(an)

for every v € W%’2(]R”_1).
(ii) Assume that n = 2. Then, there exists an absolute constant cs such that

(3.5.13) lollexp 22 < slvlly 2

for every v € W%’Z(R) such that supp(v) C (—1,1).
Lemma C (Trace embedding). Let n > 2. Then, there exists an absolute constant ¢ such that

(35.14) ITH0)] 3 gy < €Nl

for every v € WHE(RM).

Part (i) of the Lemma |B| and Lemma |C| are standard. Part (ii) of Lemma [Bf follows as a special
case of [3].

Lemma 3.5.3. Let Q be a bounded Lipschitz domain in R™, with Lipschitz characteristic £ =
(L, Rq). Let g € 09 and R € (0, Rq).
(i) Assume that n > 3. Then,

2
(3.5.15) </ |v|d7—[”‘1> gc(1+LQ)?—T‘(1+£2)H"—1(anE)<n1>/ \Vo|2dz,
OONE

QNBRr(zo)

for some constant ¢ = c¢(n), for every v € W01’2(BR(330)), and for every compact set E C Bg(xg).
(ii) Assume that n = 2. Then,
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(3.5.16) (/EME ] d’H1>2

¢(1+ Lq)® (1+2) (02N E))? log (1 + Vo|2dz

1 ) /
7-[1(652 N E) QNBRr(zo)
for some absolute constant c, for every v € W01’2(BR(330)), and for every compact set E C Br(xp).

Proof. Without loss of generality, we may assume that xg = 0, and hence (3.1.3)) is in force. Moreover,
one can deal with functions v € Cg ’1(B Rr), since general case follows via a standard density argument.
Part (i). Set ¢ = 2%2:;; Since Br C B x (—£,£), from inequalities (3.5.12) and (3.5.14) one can
deduce that

(3.5.17)

[ et = [ ol = [ 1s(ow )|V I+ Vel Py
90NBR 00N (B x(—£,0)) B,

<1+ LG / | Te(w)|?dy’ < c(n) \/1+ L | Te()]? , , < (n) \/1+ L [[wllfy1.2 gy
Bh W2 Rn 1

where w is the function defined by (3.5.9)). Hence, since supp(w) C B x (—2¢,2¢) C (—2¢,2¢)", by
equations (3.5.10) and (3.5.5)) we have that

(3.5.18) / [v|9dH™ ! < ¢(n )(1+L2)1/2(1+€2)q/2HVwHL2(Rn
0ONBRr
B q/2
V(o) dy)
q/2
\VU!de) .

Notice that, besides inequality (3.5.17)), the first inequality in (3.5.18) also relies upon a standard
Poincaré inequality on the cube (—2¢,2¢)" (whose constant is 41). Inequality (3.5.15)) follows from

(13.5.18)), via Holder’s inequality.

Part (ii). Holder’s inequality in Orlicz spaces [169, Theorem 4.7.5] ensures that
(3.5.19) / lv| dH' = / HIVI+ Vey)2dy
oONE $(E)NBY,
<1+ 13 /R [Te(w 0 66| oy W)y

<24\/1+LE |lvo ¢_1||LA(R) IXy(E)nB 1(07) ||LA (R)’

— J(n) (1 + La)(1 + zQ)Q/Q(/

RZ

< c"(n)(l +LQ)1+q(1 _'_62)11/2 (/Q

NBgr

where yr denotes the characteristic function of a set F', and A the Young conjugate of A. One has

that
1

||XF||LA(R) = m < |FIATN1/|F))

for every measurable set F' C R. Since A~!(t) = /log(1 + 1), and

[W(E) N BR| < HNOQNE) < (/14 L3 |¢(E) N By|,
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we obtain that

1 (1+Lg)'/2
(3.5.20) IXpE)nByllLag < H (02N E) \/log (1 TaeanE) )

Inequalities (3.5.13)), (3.5.14), (3.5.19)) and (3.5.20) enable one to infer that

(3.5.21)

/ lo|dH' < /14 L& |[vo Y| pag HH(OQNE) {[log ( 1+ w
9NE - @ ®) HL(OQNE)

(14 L)1/?
HL(0Q mE))

/14 L2 |lw] H(OQNE) log (14 L)
whwraen H( ®\ T HeenE)

< (1) 2 (14 La)? | V0| 2 g H' (020 ) \/mg (1+

1+ L% 1T ()l 4.2 HY(OQ N E) \/log <1 -

(1+ LE)Y?
HL(O0QN E))

where ¢’ is an absolute constant. Note that the last inequality rests upon the inequality
[wllwiemey < e(1+ )2 (1+ Lg) Vol 2 (nBg) »

with ¢ an absolute constant, which is in turn a consequence of (3.5.10)), (3.5.5) and Poincaré inequality,
as in the case n > 3. Finally, since

1+ 1) _ (] 1 (+1)12
HY(

1 [ YT A
a0 E) = 90N E)

we have that 311/2
(14 L) 211/2 1
1 1+—F7 —==— | <(1+L I 1+ ————|.
°g< Taipang) ) ST Tl (1t orgaa g

Coupling the latter inequality with (3.5.21) yields (3.5.16)). O

Lemma 3.5.4. Let Q be a bounded Lipschitz domain in R™, with Lipschitz characteristic £q =
(La, Rg). Assume that o is a nonnegative function on 0 such that o € L*(0Q). Then,

304 .

i o dH! c(14 La) =1 (14 %) |lollpr-10000nB (o)) 1 >3

(3.5.22) sup HNG <
E C Br(=o) Cap(E BR(l'o)) 5 9 .
B compact c(14 La)° (L +£9) [lol| 1. 10g L(@0NBR (20)) i 7 =2

for some constant ¢ = c(n), for every xo € 02 and every R € (0, Rq].

Proof of Lemma|3.5.4 We may assume that the norms on the right-hand side of inequality m
are finite, otherw1se there is nothing to prove. Let {Ey} be a sequence of compact sets such that
E, C Bpg, and
sup —IBQHEQdHn_l = lim faﬂmE’“ odH"
rcr, cap(F,BRr) k—oo cap(Ey, Br)

E compact
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Applying either inequality (3.5.15) or (3.5.16)) with functions v € C’g’l(BR) such that v > 1 on Ey,
and taking the infimum of the ratio of the integrals on their two sides among these functions u tell us
that

HLO0 N ER) it < e(n) (1+ La) w1 (1+ %) cap(Ey, Bg)  ifn>3
(3.5.23)

-1
< 5 2 P
log <1 + HI(90 N Ek)) <c(1+ Lq)°(1+ ¢%) cap(Ey, Br) if n=2,

where ¢ is an absolute constant if n = 2.
If n > 3, then inequality (3.5.23)) and an application of the Hardy-Littlewood inequality for rearrange-
ments enable one to deduce that

Joans, © am" !
cap(Ek, BR)

Joan, © dn !
(Hr=1 (00N Ey))
H 1 (OQNEL) «
o*(t)dt
(1 + 62) ! n—1
3n—4

3n—4
(3.5.24) e (14 0%)

<c¢(n) (14 Lq)

3n—4
n—1

<¢(n)(1+ L) (1 (00 B

(14 0?) sulg st 0™ (s)
s>

< ¢(n) (1+ Lo)

3n—4
<¢(n) (14 La) =1 (14 £2) |lol| -1 (90nBx)-

If n = 2, then inequality (3.5.23) and the Hardy-Littlewood inequality again yield:

Joong, 0dH" 1

3.5.25 k <c(14 Lo)°(1+£2) log (1 / dH*

( ) cap(Ek, Br) Scll+Lof@+6) Og( +H1(590Ek)) 8QﬂEkQ
< (14 Lg)%(1+ %) log (1 ! i) *(t)dt
< 04 Lol 04 ) 10w (14 g ) | ®
<c(14 Lg)®(1 + %) sup <s log (1+1) Q**(s))

s>0

< c(1+ La)’(1+ £%) [loll p1.o 1og (00 Bs) -

Then, (3.5.22) follows by letting k — oo in (3.5.24)) and (3.5.25]). O

We are now in a position to prove Proposition [3.5.2

Proof of Proposition[3.5.3. Recalling (3.1.2)), from inequality (3.5.22) of Lemma we infer that,
for any R € (0, Rqg),

c(1+ L)1 ™ g (R)  if n>3
(3.5.26) Ka,e(R) <
c(1+ Lg)" g ,(R) if n=2,
for some constant ¢ = ¢(n). Inequality (3.5.11]) follows from (3.5.3)) and (3.5.26)). O

We conclude with an estimate for the function Kq, in the special case when p € L*>(052),

which is particularly useful when dealing with domains with bounded curvature, i.e., whose boundary
o0 e CHL.
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Corollary 3.5.5. Let Q) be a bounded Lipschitz domain in R™, with Lipschitz characteristic £q =
(La, Rq). Assume that o is a nonnegative function on 92 such that o € L*°(02). Then,
(3.5.27)

80NBR(z0)

for xg € 99, for R € (0, Rq|, and for v € Wol’Q(BR(:cg)).

c(n) (1+ La)? Rloll=@9) Jonps () V1> d2 ifn>3

c(n) (14 L) R log (14 %) lloll (a0 fQﬂBR(a:o) |Vv|? dx ifn=2

Proof. Owing to the Area formula and the Lq-Lipschitz continuity of the boundary chart ¢ in Defi-
nition there exist positive constants ¢; = ¢1(n) and ¢z = c2(n) such that

cr(n) R < H™H(0Q N Br(xo)) < ea(n) /1 + L R™

for every xg € Q2 and R € (0, Rq], hence

1 .
ol Ln—1.00 (90 Br(wo)) < €(1) (1 + La) =D R |0l L (90nBr(x0)) if n >3

ol 21 tog LN BR(zo)) < ¢ (1+ La) Rlog (1+ %) llollLe@onBa(z)) — ifn =2

for every xg € 9 and R € (0, Rq|. From inequality (3.5.22)) of Lemma we infer that,

c¢(n) (1+ La)® R||oll L 90 ifn>3
(3.5.28) Ka,o(R) <
c(n) (1+ La)® R log (1+%) ol e a0 ifn=2,

for R € (0, Rq]. The desired conclusions then follow from these estimates, via Proposition m O

3.6 Proof of Theorem [3.2.1]

This section is devoted to the proof of Theorem [3.2.1] which is divided into a few steps.
From here onward, mg and kg will denote positive integers, possibly changing from line to line.
3.6.1 Covering of 0f)

By Definition for any ¢ € 0f2, we may find an Lq-Lipschitz function ¢™ : B — R, and an
isometry 770 of R™ such that T xg = 0, and

T*00N (Br, x (=4,0) ={(/,¢™ (")) : ¥ € Br, },
TN (B, % (—0,0) = {(¢/,yn) : @' € By, , —£ < yn < ™ (y)},

where £ = Rq(1+ Lg). Let us consider the open covering { Br,, /s(%0) }zoca0 of 95 H By compactness,
we may find a finite sequence of points {z'}¥, C 99 such that

N
3.6.1 el |B i
( ) S l:le IiTQ(:E ) 5

! Any other open covering is allowed, as long as its sets are strictly contained in the coordinate cylinders BEQQ x (=, 0).
The open covering here chosen helps simplifying a few computations, especially in the isocapacitary estimate (3.2.7)).
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as well as Lq-Lipschitz functions ¢’ and isometries T satisfying

3.6.2 : ’
(86.2) T'QN (Biy x (=4,0) ={(¥,yn) 1 ¥ € Bgy, —€ <yn < ' ()}

We denote by R’ the orthogonal matrix of 7%, i.e., T* can be written as
Tz =R'(r—2') xcR",

Notice also that the cardinality IV of this covering of 92 may be chosen satisfying

d n
(3.6.3) N < ¢(n) <Q> .
Rq
We then set
(3.6.4) Q= {x € Q : dist(z,00) > t},
so that by (3.6.1]) we have
N .
(3.6.5) QeW = Brg(2') UQnrq .
i=1 8 32

Starting from this point, we construct a suitable partition of unity: let

T = PRg * XBj3pg (z?) and 10 = prg * XQ3Rg
32 e 64 64

where p; is the standard, radially symmetric convolution kernel on R™, and x4 denotes the indicator
function of a set A.
Standard properties of convolution ensure that 1; € C2°(Brg (2')), no € C°(Qrg ), 0 <n; <1,

4

16

m >1 on Bry(z'), mo>1 on Qrg,
8 32

and

k
IVFn| < C(;’k), for all k € N.
(9]

Therefore, by defining & : W — [0,1] as
Ui
Zj‘vzo mj

then we have that & € C°(Brg (%)) fori=1,...,N, & € C°(Qry),
4

16

gi:: iZO,...,N,

N

(3.6.6) Z&(x) =1 forallzx e W,
=0
and
k
(3.6.7) whe < AR W forall ke N

Rg,
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3.6.2 Boundary defining function

Starting from the partition of unity {& 1} i—o, and the local charts {p"}N i1, we can construct the bound-
ary defining function of 92 as in [I30), Proposition 5.43].
For any € € [0, Rg) and j = 1,..., N, we define the rotated cylinders

(3.6.8) Kl = (T") " (BRgy—e x (=4,0)) ,
where ¢ = Ro(1 + Lg). Let f7: Kg — R be the functions defined as

Fa) =2 — (), z=Tz
and observe that from we have

{f/ =0} =00NnK]

(3.6.9) A .
{f/ <0} =QnK}

A boundary defining function of € is the function F': W — R defined as

(3.6.10) Zf] — &o(x),

where the product f7(z) &(x) is set equal to zero if z & supp§;. Since each f7 is Lipschitz continuous,
so is the function F'.
Thanks to the properties of {£;}2

=0+ (3-6.2) and (3.6.9), it is easily seen that

(3.6.11) Q={xeW : F(z)<0} and 0Q={zxeW : F(x)=0}.

3.6.3 Regularization and definition of the smooth approximating sets w,,, {1,

For i =1,..., N, we can define the smooth functions ¢?,, ‘g:n : B;%Q—i - Ras
i i i =
O = Min(9) + [ My (8") = &l ooy, 0+
(3.6.12) and
i LQ
By = My (') — || My (67) — &' || oo aeim) T

From the results of Proposition we deduce that ¢, &n € C*° are Lg-Lipschitz functions, and

(3.6.13) @QW )=o) = 37~,L@Q
% <)~ Fly) < 22,

for all ¢/ € Ble—l/m and 4 = 1,...,N. Taking inspiration from (3.6.9) and (3.6.11]), we are led to
define the functions

: ¢,
3.6.14 . ~. )
(36.14) == H(), 2=Tize By | x(-,0),

m
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and functions Fj,, E,, : W — R defined as

N

F(z) = Z F (@) &(x) — &o(a)
(3.6.15) -
Fne) = 3 @) () — ().
j=1

where the products fﬂn(aj) &j(x) and fﬂn(x) &;(x) have to be interpreted equal to zero when x ¢ supp ;.
Clearly, F,, and F},, are C*°-smooth functions on W, and since

(3.6.16) Lo cpw-fw<e 10w - pa <22

for all x € Kf/m thanks to (3.6.13)), we then have

L L L ~ L
(3.6.17) L9 b = Fa) <222 22 B ) - F@) < 222 forallzew.
m m m m
The approximating open sets {,,,, w,, are thus defined as follows
(3.6.18) Qn={zeW : Fy(z) <0} and w,, = {zeW : F,(z) <0},
with boundaries
(3.6.19) O ={x €W : Fp(z) =0} and 0wy, ={zeW : Fp(z)=0}.

In particular, since F,(z) < F(z) < Fy(z) for all z € W, owing to (3.6.11)) we have
W € Q €y, forall m e N.
We now proceed to prove the remaining properties of Theorem for the outer sets €2,,,. The
proofs for the inner sets w,, are analogous.
3.6.4 09),,, dw,, are smooth manifolds.

Let us show that €2, is a smooth manifold, with local charts {? }X , defined on the same coordinate
systems as {¢'} ;.
We fix a constant g € (0, Ro/4), and for alli =1,..., N we set

F’(y) = F(z) and F,?n(y) = Fpu(x) fory= Tz, xeW.

Owing to (3.6.2) we have
INNKSNK) = (T") "Gy N K} = (T7) Gy N K}
(3.6.20) and

QN KN K) = (T") 18, N K 0 Kj = (T9)71S,, 0 Ki N K,

whenever 90 N K{ N Kg # 0.
This piece of information will allow us to use the transversality property. Specifically, thanks to

(13.6.20)) we may apply Propositions with functions ¢ = ¢/, ¥ = ¢, isometry T = T*(T7)~!,
and defining set

U=U" =11(Gy NTIK}) C B, .



CHAPTER 3. SMOOTH APPROXIMATION OF LIPSCHITZ DOMAINS 104

Claim 1. There exists mg > 0 such that, for all i = 1,..., N, for all m > mg and all z € {%LO” <
F< 3L“} N KZ,, we have

OF 1
Yn 24/1+ L}

Suppose by contradiction this is false then for every k£ € N, we may find m; > k and a sequence

(3.6.21) for all y = Tz € By, _., x (—¢,0).

b e - 3L9 <F< 3LQ} such that y* = T?zF ¢ Bho o X (=£,£) and
OF 1

(3.6.22) My« ———— | forallkeN
Yn

2¢/1+ L3

By compactness, we may extract a subsequence, still labeled as
1Y € K} and F(2°) = 0, hence 2° € 90 N K¢ due to (3.6.11).
Then, by the chain rule we have

k such that z*¥ — 20, and in particular

ofi, ofi, 3  O¢d, .
(3.6.23) a—yn(ac):l and ayn() (RI(RHY) Z; 825 ) (RI(RY)Y)

if z € supp &, where 2’ = II77z. We now distinguish two cases:

(i) j € {1,...,N} is such that 2° ¢ supp¢;. Then dist(xo,suppfj) > 0, hence z* ¢ supp¢; for all

k > ko large enough.

(ii) j € {1,..., N} is such that 2° € supp¢;. In this case, it follows that 2° € 9Q N K{ N Brg (27), so
4

that from (3.6.20) we have 772" € Gy N Brg NTVK! . By setting (%) = I T 2%, we thus have
4

B, (")) e (G nT/KG)

m

for all k > kg large enough. Recalling the remarks after (3.6.20]), by applying Proposition and
in particular the transversality property (3.4.11) in (3.6.23)), we infer

Ofins () _ (RI(RiY: 2‘9 V) (RI(RIY. >

Oyn sn /1+L522 ’

provided k > kg is large enough.
In both cases, we have found that

Oy (CE )éj(:p ) > 7,714—[/&22

Also, owing to (3.6.16|) and (3.6.9) we have

0&;(x ‘
OYn

(3.6.24) forall j=1,...,N and k > k.

| fin ()] ’ < @) = F @)V ()] + 17 (2] [VE; ()

L) 19 ()] 22 (0] Ve (20)] = 0.

mg

IN
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and |V&(2F)] — [VE(z%)] = 0 since 20 € Q. By coupling this piece of information with (3.6.6)),
(3.6.22) and (3.6.24)), we finally obtain

1 OF, o O b % 9o
> Tk (yF) = EaR) &) + ) (@) 2L (@) — == (2)
2./1 + L?‘l ayn =1 ayn Z . 83/71 ayn

\Y]

N
Zf +ka*%f>3%m

j=14/1 OYn OYn

N
k—o0 fj(xo) _ 1
11 1413

which is a contradiction, and thus (3.6.21)) holds true.

Claim 2. There exists mg > 0 such that Vy' € By __, Vm > mo, Jy, € (=(,€) with y = (¥, yn) =
Tz € T'W satisfying F,(y) > 0.

Again, assume by contradiction this is false. Then for all £ € N, we may find sequences my > k
and (y*) € By, such that

€0

(3.6.25) Fﬁlk((yk)’,yn) <0 for all y, € (—£,¢) such that ((y*),y,) € T'W.

By compactness, we may find a subsequence, still labeled as (y*), satisfying (y*) — (y°)" € Ej?n—so'
Fix w,, € (—¢,¢) such that ((y°),w,) € T'W, and let {w};en C R be a sequence satisfying w? LN
wy,. Then ((y*), wk) = ((4°),wn), so that ((y*)',wk) € T'W for k > kg large enough being W open,
and from ((3.6.25)) we have Fﬁlk ((yk)’, wz) < 0. By using (3.6.17)) and the Lipschitz continuity of F', it

is readily shown that A
lim Fy, (") wp) = F((6°) wa)

k—o0

whence F*((y°),w,) < 0 for all w, as above, but this contradicts the fact that F*((y")',wy) > 0
whenever w,, > gﬁi((yo)’) due to (3.6.11)), hence Claim 2 is proven.

Now let y' € By, ; by and since F'(y', ¢'(y')) = 0, we have F}, (y/,¢'(y')) < 0. Thus,
owing to Claim 2 we may find yn such that F% (v, y,) = 0.

The monotonicity property (3.6.21)) of Claim 1, and the fact that 0Q,, = {F,, =0} C {LHQ <F<
3LQ} due to ensure that such pomt Yn is unique for all ¢y € B/ Rq—co- This entails the existence
of a function @bm : Bp,_ -, — R such that Fi (v, ¢ (y)) = 0 for all y € Bho e, Furthemore,

owing to (3.6.11)) and (3.6.17), we have that ;,(y') > ¢'(¢/) for all y’ € By __ , and from the implicit
function theorem we also infer that 1!, € C’OO( Ro— E0) Moreover, via a compactness argument as in

Claim 1-2 and -, one can prove that

N
3Lq 3Lq
S o <22

L Lq
{—3Q<F<3}ﬂsupp§0 , for all m > my,
m

(3.6.26)

m

so that, in particular, the cylinders {Kﬁeo}j\; are an open cover of 9€,,, and 9Q,, N supp&y = 0

provided m > my is large enough.

1
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We have thus proven that 02, is a C*°-smooth manifold for m > my, with local boundary charts
{¥¢ N | defined on the same coordinate cylinders as {¢'} |, that is

T'0Q, N (BRy—co X (—=0,0) = {(/, ¥, (¥) : ¥ € Bry_cy }»

(3.6.27) Z. Z,
T'Q, N (B}%Q,EO X (—6,6)) = {(y’,yn) T B}LQ%O , <y, < wm(y’)}.

3.6.5 Approximation properties.

First, we show that there exists mg > 0 such that

6Lo+\/1+ L

) < for all m > my.
—2¢g m

(3.6.28) 1 = &'l (1,

Assume by contradiction this is false; then we may find sequences my T oo and (yk ) € B}iﬂ_%o such
that

) ] 6L 14 L2
(3.6.29) i (M) = # (1)) > — V72

mg

Up to a subsequence, we have (y*)" — (y°) € E’RQ,QEO, and ¥}, ((4*)') = €o € R. Furthermore, since
((yk)’,wfn((yk)’)) e{F}, =0}C T’{i—‘; <F< %—g}, we readily infer that F*((y°)’,4y) = 0, whence

lo = ¢*((y)°) due to (3:6.11)) and (3.6.2). By continuity we also have ¢*((y*)") — ¢'((y°)'), which
implies that

(D)) =6 (7)) B2 0.
Then, for all t € [0, 1], we have
F (1) 0k, (0 + =06 ((8))) = F (W, 6 ()|
< Lpt b, ((4")) = ' (5)) | 2= 0,

where Lp denotes the Lipschitz constant of F'. This implies that for all k£ > kg large enough, the line

segment
[} % [6(W"))s ¥ (0F))] € T = 29 crs< @}

mo mo

Therefore, by using (3.6.2)), (3.6.11]) (3.6.17)), (3.6.21)) and (3.6.29)), we obtain

nfk > F((41), 6 ((0))) = B (056 (1)) = =B, (0,6 (1))

= (1) 00, (99))) = i (05,6 (W) )

- ( / 1 a;; (4, 0, (1)) + 0= 0.6(6)) dt) [0, (W) = ¢ ("))
1 6LoV1+L? 3Lg

2,/1+ L3 MMk mi

which is a contradiction, hence (|3.6.28)) holds true.

> for all k > kg large enough,
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Now, recalling that {K% W j=1 s an open cover of 9§ and 9y, from (3.6.2)), (3.6.27) and (3.6.28),

one can easily obtain that
6 Lay/1+ L?)
disty (GQm, N) < ———— .

m

This convergence property in the sense of Hausdorff immediately implies that dg,, < ¢(n)dq, and
limy, 00 [ \ 2] = 0 —see for instance [116 Proposition 2.2.23]- and thus (3.2.1)), (3.2.2) and (3.2.3])
are proven.

Let us now prove that €2, are connected First observe that, being €2 connected and £Q Lipschitz
continuous, the set QRQ given by (3.6.4) is connected as well. Then, owing to -, and

(3.6.27)) and the fact that {K3,, M | is an open cover of 9, we may write

N
(3.6.30) O = L_Jl (Qm N K;EO) UQx,

for all m > mg. On the other hand, since §2 is a Lipschitz domain, and in particular it is connected
and property (3.6.2)) holds, every connected component of its boundary is a closed (n — 1)-dimensional
(Lipschitz) manifold. It follows that for each ¢ = 1,..., N, there exists j # ¢ such that

QNKS NEK), #0.
Also, by construction we have Q a0 (QNKj, )#0foralli=1,...,N.
Then, owing to the same properties hold true for Qm, i.e.,
Qm N Kéa() N K%eo ?é (Da

and Qr N (Qy N Kéeo) # () for all i = 1,..., N. Finally, since Q,, N KéEO are connected open sets by
2

(3.6.27)), we infer that €2, is connected thanks to identity (3.6.30|) and classical topological theorems
regarding connected sets— see, e.g., [161, Theorem 23.3].

We now introduce the transition maps related to the local charts of 92 and 9€2,,
First of all, note that thanks to (3.6.27)), we have
O N KL NKL = (T) Gy NKL = (T)7'G ; NK;
(3.6.31) and
Qo N KL NKL = (T 718y NKL NKL = (T)71S,; NKLNEKL,

whenever 99,, N Kgo N Kgo # .
For all i € {1,..., N}, we define the set of indexes

Z={j € {l,....N} : 90N K3, N K., #0}.

If j € Z;, then owing to there exists y' € Bp o, such that (TH 1y, ¢'(y)) € 00N Kgso
Since ¢’ is Lq-Lipschitz continuous and ¢7(0') = 0, we have |¢/(2)| < Lq|?|, so it follows from
(3.6.20), (3.6.27) and that (T%) (v, ¥}, (y)) € 0Qm N KL NKZ, for all m > my large enough.

Henceforth, for all j € Z;, and allow us to define the transition maps Civj,Cf;ij
from ¢* to ¢/ and from ¢, to ¥, respectively, i.e.,

CHy =TT (v, ¢'(y))
Cily' =TT (v 4, (y)

(3.6.32)
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which are defined on the open sets
UY =T (Gy NT'KY) and Ugl =11 (Gyy NT'KZ).
In particular, by their definitions and the arguments of Section we may write

= (T Uy, ¢'(y)) = (T9)7L(CMy',¢7 (CHY)) for x € IQN KjN K}

(3.6.33) - , i o A :
™ = (T ) = (@) THCHY v (CY))  for 2™ € 0Qm N KL N KL .
and their inverse functions are (C*/)~1 = ¢/ and (Ci’j )~1 = ¢l Observe also that C*' = Cl = 1d

Furthermore, since supp¢; € Bp, /4(:E7) S K2 , it follows from the definition of Z; and (3.6.28]
that

(3.6.34) &((TH7HY,¢' W) = &((T) MY wm(y) =0 it j ¢ T,

for all ¥/ € BR2 g and all m > my.
We now claim that for all j € Z;, there exists an open set V4 C Bkﬂ_%o for which we have

(3.6.35) GIT)Y, ') = &) ) =0 iy ¢V,

and such that Vi c U N UL for all m > mo. This in particular implies that both C*/ and Chl are
defined on V7.
To this end, let

Vi = TGy NT'EL,, ) 0 By ey
Then, owing to ([3.6.28)) it is immediate to verify that
(3.6.36) Bl _aey N <H(G¢i T Bpyja(a?)) UTI(Gyy 0T By, /4(l‘j))> eV,
whenever m > my is large enough, and thus (3.6.35)) is satisfied by our choice of set Vi,

Clearly V% C U™, so we are left to verify that Vi c Uy I To this end, let 3y € V%J; then by
(3.6.31) and (3.6.33) we may write

THTY Y, 6'(Y)) = (€YY, ¢/ (C™y)) € Bhy sz, % (= La(Ra — 220), La(Ra — 2€0))

where in the latter inclusion we made use of the inequality |¢7/(z)] < Lq|2/|. Therefore, thanks to
, for m > mg we have (T%)~1(y/, ¢! (y)) € 0Qm N Kg’o N Késo, hence y' € Uyi by and
the definition of U/ , so the claim is proven.

We also remark that

(3.6.37) U V" = Bhy 2y -
JEL;
since {T" K2so }jez; is an open cover of G i N K;EO, and the projection map II is a homeomorphism

from G (with the induced topology) to B'
Moreover, owing to (3.6.28|) and by proceedlng as in the derivation of (| m, we obtain

6 Lay/1+ L,
m

(3.6.38) IC = C || oo (i)

IN

for all m > my.
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Our next goal is to obtain estimates on V)% . To this end, we differentiate equation F}, (v/, ¥¢ (y)) =
0 with respect to y;, for k =1,...,n — 1, and recalling (3.6.34) we find

Moy o 1 3F%(y’,¢%(y'))>1 Of(@™) ;o L i oy 06 (™)
(3.6.39) oy ) = < O ;L_{ay% &™) + fl(x )7392 7

where 2™ = (T") "1 (y/, ¥}, (), ¥ € Bro -2z,

For all [ =1,...,n, by using the chain rule and recalling the definition of Chi , we find
m — _Z¥m d m -1
S = ~SRG)) amd e
(3.6.40) ol _ 6¢]
R (R Cly) (R/(RY
2o ) (RIRY) - 3 "),

for all j € Z; such that 2™ € supp&;. Since Qﬂﬁ are Lo-Lipschitz continuous, from ([3.6.40)) it follows
that

(3.6.41) Zn: ’M‘ < e(n)(1+ Lg), forall j € T;.

Moreover, from (3.6.16)), (3.6.28) and (3.6.9)), we find that fJ,(z™) Ve (2™)] 222 f(20) |VE;(20)] =
0, where 2% = (T")~(y/, ¢'(v/)) € ON.

By making use of this piece of information, (3.6.41f) and (3.6.21)), from (3.6.39)) we finally obtain
the gradient estimate
(3.6.42) VYL (y)| < e(n)(1+L3), forally € By, .,

foralli=1,..., N and m > mg large enough. In particular, owing to (3.6.28)), (3.6.27) and (3.6.42]),
it is readily seen that €, are Lq, -Lipschitz domains, with

Rq

2 . ome
b Sem(1 1) wd o, 2 o

and (3.2.4) is proven.

Next, the definition of C*/ and chl , (3-6.42) and the Lqo-Lipschitz continuity of ¢* imply

(3.6.43) sup sup {HVCi’jHLoo + HVC,’;’leLoo} <ec(n)(1+LE) for all m > my,
i=1,...,N jeT;

and in particular C%/ and CLl are uniformly bi-Lipschitz transformations.
Hence, thanks to (3.6.38|) and (3.6.43)), we are in the position to apply Proposition and get

Pl msoo. OB
azé( m /) EE— 0 /

From this, (3.6.21), (3.6.35), (3.6.37), (3.6.40) and identity (3.6.39) we find

VUL () =22 G(y')  for H' tae. o € Bhro 2 »

(3.6.44) ——(C™y) for H" t-ae. v € V.

where G is a bounded vector valued function which can be explictly written. From (3.6.42) and on
m—ro0

applying dominated convergence theorem, we get that Vi)', —— G in LP(B),_ 20 ) for all p € [1, 00).
On the other hand, and the uniqueness of the distributional limit imply that G = V¢, hence

(3.2.5)) is proven.
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3.6.6 Curvature convergence

Assume now that 9Q € W7 for some ¢ € [1,00). Then the local charts ¢* € W>4(Bp_ ).
We differentiate twice the identity F?, (y',4%,(y')) = 0 with respect to y} yj for k,{ =1,...n — 1,
and find

i i (0 i (o] -1 T (o ot (o) 0 (o oyt (o] :

J0y,.0y, Y OYn Jy,.0y, 0Y,0yn oY,
OPPFL (Y i (y)) v, ,
6.4 m\s > Tm m
(3.6.45) + 0 o] () +
OPFL(y b (y) v, Ok,
* OynOyn, oy, &) oy, Wi

Elementary computations and (3.6.34)) show that, for [,r = 1,...n, we have

PFy iy i oy g oy O 08
(3.6.46) I ; ,
+37yz(x )ayi(x )+ f( )m@? )}>

where 2™ = (T%)~1(y/,4¢ (3/')). We also have

02 f3, = 0%,

.6.4 -
(3.6:47) 0y Oy, o 0210z,

(C1y) (R (RY),, (RI(R)),,
s,t=1

for all j € Z; such that 2™ € supp¢;.

Thanks to (3-6.16)), (3.6.28) and (8.6.9), we readily find that f,(z™) |V&; (™) — 0 and f7,(z™™) [V2€;(z™)] — (
From this, and by using (3.6.7)), (3.6.21)), (3.6.41)), (3.6.42) and (3.6.45)-(3.6.47), we obtain

(36.48) VAL (y) < e(n)(1+ 1) 3 {|v2¢g;qy<c;’gy'> () W i) + (1;;;@} |

JEL;

for all y' € By o, provided m > my is large enough.
Then again, thanks to (3.6.38]) and(3.6.43)), we may apply Proposition and infer

(3.6.49) V2§71 (Chay') — V27 (Cy')  for H" t-ae. y/ € VI and in LY(V).

Finally, recalling (3.6.35)) and (3.6.37)), the properties (3.6.21), (3.6.28]), (3.6.40), (3.6.44]), (3.6.45)-
(3.6.49) and dominated convergence Theorem entail

VA, — M, H" '-ae. on By _,. and in LY(Bg, _s.,)

for some matrix valued function M, which can be explictly written in terms of ¢/, V¢?, V247 and &j.
On the other hand, (3.6.28) and the uniqueness of the distributional limit imply that M = V?2¢,
hence (3.2.6) is proven.
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3.6.7 Proof of the isocapacitary estimate (3.2.7))

In the following subsection, we will denote by Mm(h) the convolution of a function h € Li, (R") with
respect to the first (n — 1)-variables, i.e.,
Mm(h)(z’, Zn) = /R » h(z', 2p) pm (2’ — 2') da’ .
We then have the following elementary lemma, which will be useful later.
Lemma 3.6.1. Let v € C°(R"™). Then, if we set
O = \/ M (v2)

we have that vy, is Lipschitz continuous on R", and
(3.6.50) VTm| < e(n) \/ My ([V0[2)  a.e. on R™.
Proof. By Holder’s inequality, for k = 1,...,n we have

B (32| - ) e

oxy, oxy, Oxy, &Uk

Therefore, on setting v, = \/e2 + M, (v2), for all £ € (0,1) we have that
(3.6.51) Ve | = [V Mo (02)] (n) \/Mm(vz) V(0P < c(n) /M (IV0]2) .

20/e2 + My, (v2) €2 + M,,(v?) N

+
Thus, the sequence {Uc i }.e(0,1) is uniformly bounded in c? ’1(R”), and since Ve, 07, Um on R™ we
deduce that oy, € CL ’1(R”) by weak-* compactness, and the thesis follows by letting ¢ — 0 in (3.6.51])
and by Rademacher’s Theorem. O

Now let 29 € 98,,; then owing to (3.6.26) and (3.6.17)), there exists i € {1,..., N} such that
29, € Bp,,s(z'). Therefore, we may write 23, = (T")~ (( 0), 4, ((¥°) )) for some (y ) € By, /5> and

we also set 20 = (T%)~! ((yo)’, qf)i((yo)')) € 0. Let

Rg
C(n) (1+L3)’

ro ‘=

for some fixed constant C'(n) > 1 large enough, and consider r < 7, and v € C° (BT(ZE%)). Then,

since By.(2),) € Br,/4(x") € K3, , we have
[ Badaret = [ R () ) B 01+ V0P b
m R /4

Consider the new set of indices

Jfg’l ={jeT;: B, (2%) Nsupp&; # 0.
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Owing to (3.1.11]), (3.6.33)), (3.6.35)), (3.6.42) and the Hessian estimate (3.6.48)), we obtain

/8 v |Ba,| i < 14 L3 / , ) IV ) dy
)(1+ L) Z /Vw{ “H(Chy Yl (Chiy )))x

(3.6.52) jex
x & ()M ey wh(CiY)) ) Mm(w%ﬂ)(c:;fy')} dy
7 . .
+eln) “;gf“) s [ R ) )

R/4

By using ]Jfo’"| <N, and the results of Corollary we get

(1+ L : 1+ L%)dy
+ Q |J:c ’/ z (y/7w£n(y/))>dy/ < C(?’L)( + ni)l) Q / ’U2 dHn—l
Brg /4 Rq Oum
1 L25 dr
(3.6.53) d(n) (}1239 </ |Vv|2dx> r if n>3

L) dg 1
c(—i_RnH</ ]Vv\zdx>rlog<1+ ) if n = 2.

On the other hand, via the change of variables 2/ = C5/y/, by making use of (3.6.43), (3.6.30), and
observing that B,(z9,) € Kj_ N K%ao for all j € J]r , 10 € 00y, and r < 1o, we find

(3.6.54)
/V {v2((Tj)1(Ci;ﬂ'y’,w¥5(0i;ﬂ'y’))> & (@) €y eh(ciy))) Mm(\v%ﬂ)(c:#y')} dy
1+ LG [ k(0 M TN )
for some open set Wi/ € C%(U%), where we also set
Wi, ) = 0 (1) (20 + 03(2) )
Since v € C®(B,(z0,)) and 20, = (79)~" (cf;gj((yo)'),%((yo)')) for all j € J™, by using it

is readily seen that

Wi € O (Bc<n><1+Lg>r(Cf# ((yo)')vf))) :
and from the chain rule we find
(3.6.55) IVw; (2, 20)] < c(n)(1 + L3) ‘w(m‘rl (2, 2n + Wﬁ(z'))) ]
Next, by using Fubini-Tonelli’s Theorem we obtain
| G0 M (VI = [ o) [ o TN =) 0
< / \V2¢j(§')|(// w?}m(z’,O) pm(Z —2) dz') dz'.

WihitB 1/m(z")
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We have thus found that

(3.6.56) / wim(z', 0) Mm(]Vng]D(z') dz' < | Mm(wim)(z’, 0) |V2¢? ()| d2’,
Wi Wi

for some open set Wii e cii (U%7), provided m > my is large enough.

Thanks to Lemma and inequality (3.6.38)), we easily infer

\/ Mm(wim) € 0271 <Bc(n)(1+L?2)(7"+il) (CZ,J ((yﬂ)/)’())) )

and

(3.6.57) ‘V\/Mm(wim)’ <c(n) Mm(]ij,mP) a.e. on R".

Finally, set

R (@' 2n) =\ M (w2,,) (T (& 20 = 67 (2)) )
so that ilj,m is Lipschitz continuous on R™. Moreover, thanks to ((3.6.28)), for all j € Jf%, we have that

Bc(n)(l+L%)(r+i)(ﬂg0) € Kéfo NK3

2e0

for all m > my sufficiently large and all 7 < g, and thus we may write 2° = (77) ! <Ci’j ((¥°)), (;Sj((yo)’))
due to (3.6.33)). Recalling that ¢’ is Lo-Lipschitz continous, it follows that

7 0,1 0

hjm € C¢ <Bc(n)(1+L%)(r+%)(q’. )) )

and from the chain rule

(3.6.58) }Vﬁj’m(x',:vnﬂ <e¢(n)(1+ Lg) }V Mm(wim)(az', Ty — gb](x’))‘ for a.e. x.

Owing to (3.1.11)) and the definition of Eﬁm, we have

My (w3,,)(2,0) V26 ()] d2' = /~ 1 ()71, 7 (1)) V29 ()| d2'

Wid
Bim (1) 67 (2) [Ba() |y 1+ Ve (1) 2 42’

= c(n)(1+ L) /OQ h2 | Ba|dH"!

h? |Bo| dHm )
< 1+ L} Joo / Vhjm|*d
< )+ 1) (sp 222 Zr T ) [ (9

Wisd

<c(n)(1+ Lg’l) N__
(3.6.59) /W”

where the supremum above is taken over all functions h € ot (Bc(n)(l L)+ L )(xo)).
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Henceforth, by coupling (3.6.3]) and estimates m for all v € C°°( (20 )) we obtain

2 n—1 n+4 Joo I? |Bﬂ‘d7{n ' /
/Bva |Bq,,,|dH" " < ¢(n) (1+ L )< sup [ VhPdz Z § m(|Vwjm|?) do

]EJT

+5/ \Vo|*dz
faQ h? ‘BQ’ dH"!

< c(n) (1 4+ L& (sup > / |V w, m|? da:—l—c/ Vo2
Q@ Jan V|2 dz Z I

JEJT
h? |Bq|dH" !
<ec(n)(1+ L8 N(su faQ )/ Vv2dx+6/ Vol|?dx
dar f h? ‘Bg}d”ﬂ"’l
< ¢ 1 Ln+8 Q o0 / v 2d ~/ \V/ 2d
<d(n)(1+ )R” <sup T VhE do n| v|*dx + ¢ Rn| v|?dz

where in the second inequality we made use of Fubini-Tonelli’s Theorem, the supremum above is taken
0,1 0
over all h € C¢ (BC(TL)(1+L?Z)(T+%)($ )), and we set

(1+ L) dg

c(n) Rl ifn>3

3.6.60 ¢=¢&(n,Lq,Rq,dq,r) =
Therefore, for all 20, € 9Q,,, r < ro, we have found
faQ v? ‘Bgm dH™ 1
sup m
veCe(Br(af))  Jen [VOIPde
_ ) (L 1) dp . Joo v® [Bal ar
N R6 20 € 80 f]Rn |V7)|2d(£
v € O (Betny 11y (rr1/m) )

From this, (3.6.60) and the isocapacitary equivalence [150, Theorem 2.4.1], we finally obtain the desired
estimates

c(n) (1+ Lig*) dp

Ko (r) < = Ko (e(m) (1 + L)+ )
(3.6.61) “ C(TL) (1 + L25) dr
Rg“g Qr, ifn>3
and
c(n 8y qn
Ka,(r) < WELEDE 0 (o + L)+ 1)
(3.6.62) @

c(n) (1+ L) dg
REH

1
rlog(l—l—f), if n=2,
r

for all r < rg and m > mg, and the proof is complete.



Chapter 4

Global gradient regularity and a Hopf
Lemma for quasilinear operators of
mixed local-nonlocal type

4.1 Main results

This final chapter is concerned about quasilinear operators of mixed local-nonlocal type, whose model
example is given by —Apu + (—A,)%u. Our results apply to a large family of operators of mixed type,
which we now proceed to define.

Let n > 2 be an integer, p,q € (1,+00), and s € (0,1). Let  C R™ be a bounded open set. We
consider the operator

(4.1.1) Qu:=Qru+ Qnu,
defined as the sum of the local term
Qru(z) = QP u(x) = —divA(z, Du(z))

and of the nonlocal one
B(z,y)

Qn u(z) = Q(ﬁ;%’s’q u(z) = 2P.V. qﬁ(u(m) — u(y))m

dy.
R |

Here, A : Q x R® — R" is a continuous vector field such that A(z,-) € C1(R™\ {0};R") for all x € €,
A(+,€) € C(Q;R™) for all £ € R™, and which satisfies the p-growth and coercivity conditions

Az, &)l + rsuvg .01 < () Tl torze R\ {0},
(4.1.2) |A(z, €) — A (€7 + p ) 2 | —yl® for z,y € Q, £ € R",
<V5A(x£n n) >A (I£I2+u) nf? for v € Q, £ €R™\ {0}, n € R",

for some constants a € (0,1), p € [0,1], and A > 1, while B : R” x R" — [0,400) is a measurable
function satisfying

(4.1.3) B(x,y) = B(y,z) and A~ <B(z,y) <A for a.a. z,y € R",
and ¢ € C°(R) is an odd, non-decreasing function fulfilling the g-growth and coercivity assumption

(4.1.4) AT < p(t)t < AJt|? for all t € R.

115
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As already mentioned, the classical example of such an operator is
(4.1.5) —Apu+ (—Ay)’u,

which is obtained by taking A(z,¢) = |[€[P72¢, ¢(t) = [t|772¢, and B equal to a constant.

Our first result concerns the global differentiability of weak solutions to the Dirichlet problem for
the operator . The notion of weak solution and the relevant functional spaces will be made precise

in Section {111

Theorem 4.1.1 (Global C'-regularity). Let p,q € (1,+00) and s € (0,1) be such that
(4.1.6) p > sq.

Let Q cC ' C R" be bounded open sets, with 0Q of class CY* for some a € (0,1). Suppose
that A, B, and ¢ satisfy assumptions , , and . Let f € LYQ) for some d > n
and g € W9(Q) N WL(Q) N CH(Q). Let u € Wyt () N WEY(Q) be the weak solution of the
Dirichlet problem

(4.1.7) {Q“ =/ i

u=g in R™\ Q.

Then, u € CY9(Q) and
Huuclﬂ(ﬁ) <C,

for some constants 6 € (0,1) and C > 0 depending only on n, p, q, s, A, d, o, Q, and ', as well as
on [ fllLays lgllwsays gllwroe@ny, and [lgllcra(aq)-

Under virtually the same assumptions on @, interior C? estimates and boundary almost Lipschitz
regularity were established in [75]. Theorem m provides a strengthening of these results, in the
case of a sufficiently regular outside datum g. We also point out that, for @) as in with p = ¢ =
2, f € L>®(9), and g = 0, global C'!¥-estimates have been obtained in [25, [183].

Like the majority of the results in [75], Theorem relies crucially on assumption . This
requirement ensures that the local operator )y, is the leading term in , making it increasingly
prevailing over Qn at smaller scales and ultimately becoming the source of regularity. Clearly, (4.1.6))
is satisfied if p = ¢, as, for instance, when Qu = —A,u + (—=Ap)*u. If p < sq, then the leading term
becomes @y, from which one should not be able to extract more than the global Holder continuity of
solutions—see [I73] and [I18]. Different is the case of interior regularity, where, in some cases, C'1?
estimates are expected. However, to obtain them, one would need to fully understand the regularizing
features of Qn, something which at the moment is still lacking—see [32, [99] for some of the most
relevant results in this direction.

Theorem gives the C1P-regularity of the solution u of problem up to the boundary
of Q, from the interior. However, no matter how nice the outer datum g is, v will in general be no
more than Lipschitz across the boundary. This can be deduced as a particular consequence of the
second result of this chapter, a Hopf type boundary point lemma for the operator Q.

In order to state and prove this result, we need to impose some additional regularity hypotheses
on the operators @, and Q. Namely, we require that A(-, &) € C1(2;R") for all ¢ € R and that

p—2

(4.1.8) VeA(z, O < A(|EP+p?) 7 [¢ forallz e, & €R™
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Note that this is a strengthening of the second line in (4.1.2]). Concerning the operator @y, we assume
that B € C%(R™ x R"), with

(4.1.9) |€B($ +w,y+z)— SB(x,y)| < A(jw|+ |z]) for all z,y,w,z € R",
and that ¢ € C'(R\ {0}), with
(4.1.10) ATLE972 < ¢/ (t) < AJt|77% for all t € R\ {0}.

Observe that condition (4.1.10]) is stronger than (up to taking a different A), as ¢(0) = 0—recall
that ¢ is an odd continuous function.

Having made these additional assumptions, we can now state our Hopf lemma for @-superharmo-
nic functions—as before, see Section for definitions. We recall that v denotes the unit normal
vector field of 0f2, pointing outwards from (2.

Theorem 4.1.2 (Hopf lemma). Let p,q € (1,40) and s € (0,1). Let Q@ C R™ be a bounded open
set with boundary of class CY%, for some o € (0,1). Suppose that A, B, and ¢ satisfy assump-
tions (4.1.2), (41.3), (*1.8), (4.1.9), and [{.1.10). Let u € W'P(Q) N W=9(Q) N C°(2) be a non-
negative weak supersolution of Qu = 0 in Q, positive in Q and vanishing at a point xog € 9). Then,

(4.1.11) ling inf %0 = PV (@0))
AN\0 h

> 0.

We remark that Theorem holds for every p,q € (1,400) and s € (0,1)—in particular,
assumption is not required here. Indeed, the result is not of perturbative nature and its proof
treats both operators (7, and QQn as equals. In consequence of Theorem the linear growth from
the boundary implied by is optimal when p > sq. We believe it is an interesting question to
determine whether a stronger condition might hold when p < sq, such as
ulzo — hv(xo))

lim inf v

A\0 hs >0,

in agreement with the Hopf lemmas available for fractional Laplacians—see [110, 8I]. We point out
that in the linear case (i.e., p = ¢ = 2) and for domains having the interior ball condition, the Hopf
lemma was obtained in [29]-see also [120].

Clearly, supersolutions of Qu = 0 might not be differentiable and thus the lim inf in might
not in general be a limit. Of course, this is true unless the supersolution « is a priori assumed to be of
class C1(Q) or if u is an actual solution of the equation and is in force, thanks to Theorem

In the following result, we showcase this last possibility and provide a unified statement which
can be easily proved by combining Theorems and with the weak and the strong maximum
principles for Q—see, e.g., the forthcoming Propositions and

Corollary 4.1.3. Let p,q € (1,400) and s € (0,1) be such that holds true. Let Q C R™
be a bounded open set with boundary of class CY, for some a € (0,1). Suppose that A, B, and ¢
satisfy assumptions [{1.2), @13), (E13), (E19), and (EI1.10). Let f € LY(SY), for some d > n, be
a non-negative function and u € W1P(Q) N W*4(Q) be the weak solution of

Qu=f in €,
u=0 in R™\ Q.
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Then, uw € CY(Q) for some 6 € (0,1) depending only on n, p, q, s, A, d, «, Q, and Hf”Ld(Q).
Furthermore, either u =0 in R™, or u > 0 in Q and
ou . u(zo — hv(zo))

———(xg) = lim >0,

ov— R\0 h

for every xg € 0N).

Outline of the proofs. The proof of Theorem {4.1.1]is mostly based on the perturbation argument
described in the Introduction, which was already exploited in [75, Theorem 5| for the interior Holder
continuity of . Namely, after carrying out a suitable flattening of the boundary, we establish
Caccioppoli type estimates for the solution w of problem near said flat parts of the boundary.
Then, in the same spirit of [103], 135] for purely local operators, we make use of the perturbation
argument and compare u to the solution of the local, autonomous, homogeneous problem in the half-
ball, whose gradient regularity is well understood. This allows us to obtain finer estimates on the
gradient of u and, in conjunction with the Caccioppoli estimates of the previous step, we ultimately
get boundary Campanato type estimates for Du. The Hélder regularity of Du is then recovered as a
consequence of the Campanato isomorphism.

For what concerns Theorem its proof proceeds similarly to those usually employed to es-
tablish Hopf lemmas, via the construction of a suitable positive subsolution. Once this barrier is
built, the conclusion then follows from the weak comparison principle—see, e.g., the forthcoming
Proposition [£.3.1]

A first difficulty to face when building such a barrier comes from the mild regularity assumptions
made on the boundary of Q, which is only required to be C'®—in particular, it might not satisfy
the interior ball condition. After flattening the boundary through a specific diffeomorphism, this
low regularity translates into a transformed operator having coefficients which may blow up near xg.
To overcome this difficulty, we construct an explicit subsolution v having second derivatives which
blow up at a faster rate, with the correct sign. This method is, to the best of our knowledge, rather
unexplored even in the case of a single local operator—see [107, [05] for similar approaches. We believe
it might be further generalized past the Holder continuity class and could lead to results for C1.Pn-
regular boundaries, the optimal regularity under which the Hopf lemma holds in the local case—see,
e.g., [1911, 134} 10].

A second difficulty naturally lies in the fact that @ is the sum of two operators having different
scaling and homogeneity properties. In order to circumvent this issue, we actually construct v in a
way that makes it subharmonic for both Q; and Qn at the same time. As a technical remark, we
point out that, to prove that v is a subsolution of @xv = 0 in a neighborhood of x(, we need both
a careful asymptotic analysis of the behavior of the part of @nv localized around xg (in the mildly
nonlocal regime (1—s)g < 1) and purely nonlocal techniques, adding a large bump function supported
away from the boundary as in [81] (in the strongly nonlocal regime (1 — s)g > 1).

4.1.1 Notation and definitions

Before passing to the proofs, we collect a few additional definitions and fix some of the terminology
that we will use in the rest of the chapter. We assume that p,q € (1,4+), s € (0, 1), and that Q C R"”
is a bounded open set with Lipschitz continous boundary.

e We recall that W1P(Q) denotes the Sobolev space of LP(f2) weakly differentiable functions having
weak gradients in LP(£2), endowed with the usual norm

lullwir@) = llullr@) + IVull e -
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Given g € WhP(Q), we indicate with Wy () the subset of W'?(€) made up by those function
whose traces on 02 coincide with that of g. Writing

¢o = (R" xR") \ (R"\ Q) x (R"\ Q))
=(2x Q) U (2x (R"\ Q) U (R"\ Q) x Q),

we define W52(Q) to be the set of measurable functions u : R™ — R such that u|g € LI(Q2) and the
map (z,y) — |z — y| " *|u(z) — u(y)|? is integrable over €. We norm this space by

1
)| a
wllws.ac) = llull o) + </[gQ 7 y|n+sq‘ d:r:dy)

Also, given g € W54(Q), we denote by Wg?(2) the space composed by all functions in W*4(Q)
which agree with g outside of €.

e Let Q be as in the introduction to this chapter. Given g € WP(Q) N W%4(Q) and f € L™(f2), we
say that a function u € Wy P () NW5(Q) is a weak solution of the Dirichlet problem (£.1.7) if

/QA(a:, Du(z)) - Do(z) dz
[ oute) ) (eto) — o) 2 dndy = [ fode,

for every o € WyP(Q) N W5(Q). Moreover, given two functions u,v € WhP() N W*4(12), we say
that Qu < Qv in  in the weak sense if

(4.1.12)

/Q <A(:c,Du(ac)) — A(a;,Dv(x))> - Dy(z) da
B(z,y)

(4.1.13)
" /[g (¢(u(@) = u(w)) = o(v(@) = v)) ) (p(2) — () o e 40y <0,

for every non-negative function ¢ € Wo1 P(Q)NW9(Q). By taking respectively v = 0 or uw = 0 in
the above formulation, we obtain the definition of weak sub- and superharmonic functions for the
operator () in €2, i.e., of weak sub- and supersolutions of Qu = 0 in 2. We stress that the left-hand
sides of (4.1.12]) and (4.1.13]) are well-defined and finite thanks to assumptions (4.1.2)), (4.1.3)), (4.1.4)
on A, B, ¢, while the finiteness of the right-hand side of follows from the embedding
of WHP(Q) into L7-1(9).

e In the next sections, we denote by C' a constant greater than 1 and possibly changing from line
to line. Unless otherwise specified, when it appears inside a proof it is assumed to depend on the
quantities listed in the corresponding statement.

4.2 Proof of Theorem [4.1.1}, global C'?-regularity

This section is devoted to the proof of Theorem In order to make the exposition clearer, we
divide it in a few steps.
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Step 1: Reduction to nicer outside data

In this first preliminary step we show that, without loss of generality, the outside datum can be assumed
to be compactly supported, of class C1* on 92, and globally Lipschitz. In order to do this, we first
establish the following global L> estimate for the solution u. We stress that here assumption
is not required to hold.

Lemma 4.2.1. Let Q@ cC Q' C R" be bounded open sets with OQ Lipschitz. Given f € L™(Q)
and g € WH2(Q)NWSU(Q) N L®(Y), let u € Wy (Q)NWEY(Q) be a weak solution of problem [@.17).
Then, u € L*>(Q) and it holds

[ullwre) + llullLoe@) < C

for some constant C > 0 depending only onn, p, q, s, A, Q, and ', as well as on || f||L~(q), l9llwrr),

gllws.a(qy, and ||g|lpee(cr)-

The proof of this result is somewhat standard—it is similar, for instance, to that of [75, Proposi-
tion 2.1]. We thus postpone it to Section

Let Q" cC Q' be an open set with Q cC Q" and n € CX(R™) be a smooth cutoff function
satisfying 0 <n < 1in R", n =1 in Q" and supp (n) CC . Set § := ng and @ := nu. Then, 4 is a

weak solution of X
Qu=f in Q,
=g in R™\ Q,

>

where f = f + f, with

foy=2 [ (60 - - o(u(e) o)) 2By forren

We have that f € L>(Q). To see it, we first observe that, since the Hausdorff distance dist (€2, R™\
0" is strictly positive and Q is bounded, there exists a constant C' > 1 depending only on 2 and Q"
such that

(4.2.1) Cl'a+y) <z -yl <CA+y]) forallzeQandyecR™\ Q"

Using assumptions (4.1.3))-(4.1.4), (4.2.1)), and Holder’s inequality, we easily compute

1l < C sup / lu(z)|! + [g(y)|7* dy
@) zeQ \ JRM\ |z — y|rtsd
lg(y)|7*
< 04 fluf7 +][/ W) g,
{H HL () Q( R\ (1+’y|)n+sq
q—1
" =1
< Ol + oty + (] 280  aeay) ™ 5.
e

for some C' > 1 depending only on n, ¢, s, A, 2, and ©”. Thus, f is bounded in 2.
Also notice that § € C1*(99) N VV1 °(R™) and thus, since supp (§) C €, that g € WX(R") for
alla € (0,1) and x > 1, with corresponding norms in these spaces bounded only in terms of ||g||yy1. ()

and [|g|cr.e(a0)-
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Step 2: Straightening of the boundary

We now proceed with the actual proof of Theorem [4.1.1l To do this, it is convenient to locally
straighten the boundary around any given point zp € 9f2. Following the argument of |75, Section 5]
(and mostly adopting its notation), we see that there exists a global C%*-diffeomorphism 7 of R"
such that [

T(mo) = Xg, Bﬂ(_) (.’L‘O) C T(Qgro (xo)) C BZ;O (.%'0),
Fro (ZL‘O) - T(&Q N B3r0 (1‘0)) C F4r0 (ZL‘()),
for some small radius 9 € (0,1]. Here Q.(z0) = QN B.(xo) and I'v(z9) = B(wo) N {z, = 0}.

Write S :== 7! and ¢ == ‘jg , with Js denoting the Jacobian determinant of the inverse S. Let €2 :==
T(Q),§:=goS, f:=c(foS), and

(4.2.2) i:=uoSs.

It is easy to see that f € L4(Q), § € WL (R")NCY* (T, (20)), and @ € W;’p(ﬁ)ﬂwg’q(ﬁ). Moreover, i
is a weak solution of

(423 {jdivfi(., Di)+Qna=f ?n Q, )
=g in R\ Q,
where B
A(2,€) = c(2) A(S(@). (DT 0 S)(x)) (DT o §) ()"
and
Qn u(z) ==2P.V. . ¢ (u(x) — u(y)) K (=, y) dy,
with

K(z,y) = c(z)c(y) |3€2;()S£x‘)9’(j)(ﬁb)zsq-

From assumptions (4.1.2)-(4.1.3)) and the regularity of 7', we infer that

0<Al< o(z) < A for all z € R",

le(x) — e(y)| < Alz —y|* for all z, € By, (o),

IN((x,y) = IN((y,x) for a.a. x,y € R",
i i )

WSK(Q},:{])SW fora.a.x,yER.

and that the p-growth and coercivity conditions are preserved, namely

~ ~ ~ p=2
Az, )] + €] VeA(w, )] < A (I + ) = || for all @ € B (x0),
(4.2.4) ‘ﬁ(m,ﬁ) - ﬁ(y,f)‘ < A(J€]? + ,u2)p7_1|1: —y|*  forall z,y € B} (x0),
~ ~ p=2
(Ved(z, O m) > K (€2 +42) = [nf? for all = € By} (z9), n € R",

for every £ € R™\ {0} and for some constant A > 1 depending only on n, p, a, A, and Q.

'In order to be consistent with [40, [75], throughout the rest of this chapter we will use that Lipschitz domains 2, and
in particular C*®-domains, can be locally described as the supergraph of a boundary chart. Clearly, this only involves
a simple change of orientation with respect to the coordinate system given by Definition @
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Step 3: Preliminary estimates on

To prove Theorem [4.1.1) we need a few lower order estimates on 4, which mostly follow from the
results of [75]. In order to obtain them, we first need to introduce the following “Caccioppoli” control
quantity.

Given any point Zg € I, j2(70), radius ¢ € (0 } and constants a, x, v satisfying

(4.2.5) a€(0,1), ~v>max{p,n}, x>7v, ax>n,

we define

.y L [u(y) — (@), (a0
+ — P p e\Zo
cepy 4 (0) =0 |t — gl dx_|_/ e dy
X B (#0) R™\B,(0) |9 = To["T

e

. _p_ P/
(4.2.6) + (NP e 1)+ ][ |Dg|" dx
n(BQ (IO)) B+(J~70)
X v/x
ok B )
By (Zo)J Bo(Zo) |$ - | X

We then have the following preliminary estimates. From now on, we assume the validity of condi-
tion (4.1.6) and all constants to depend on the quantities declared in the statement of Theorem m

Lemma 4.2.2. The function @ defined by [#.2.2) belongs to CP(R™) for every 3 € (0,1) and it holds
(4.2.7) a]lcs@ny < Cp.

Moreover, it satisfies

lita) - a)l" z
4.2.8 / ][ dzxdy < Cpg tB=7 for all B € (s,1) and t € (0, )
@) ‘x e (1) (0.7)

[uy) — (@) B, (z0) " ro
4.2.9 / - dy < C forallte ,
( ) R\ B¢ (%0) ’y - xo’n—i—sy ( 4 )
(4.2.10) ][+ (|Du|2—|—,u )p/ de < Cxo ™ forallA>0 and o € ( if) )
Bo/a(ag)

The constant Cg may also depend on 3, while Cy also on \.

Proof. The statement concerning the Holder regularity of @ is the content of [75, Theorem 4 and Propo-
sition 5.1]—see also Theorem 6 there and the discussion preceding its statement. To establish (4.2.8]),

it suffices to apply (4.2.7). Indeed,

|u(z) —aly)|” / ][ dzdy
drdy < [ mn e
/Bt(ggo ][Bt(wo) ‘:L’ — y‘n—i-s“/ CB(R™) Bi(i0)d Bi(30) ‘x _ y’nJr(sfﬂ)fy
dz

< Cp — < (Cp 75(5*3)7’7
Ba¢(Z0) ’Z‘n—l—(s—ﬁ)w

where we made the change of variables z = x — y and used the fact Bi(Zo) —y C Bat(Zo) for
every y € By(Zo).

Regarding (4.2.9)), we also use (4.2.7) and estimate

7 — (77 -\ |
/ | (y) EU)figO)’ dwdy
R\By(30) Y — To|"T7
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SN e Ny
S R ST, LORT
R™\ B (Z0) |y — Zo|" > Bry(Z0)\ Bt (o) [y — o[>

dy

Bry (0)\Bi(30) |Y — To|" T

_ dz dz
59))~119 ~1q ez g
=¢ {TO I ) + 1o (8,4 20 (/Bro |2t (s=A)y ! /Rn\Bt |Z!"+57> }

<C’5( TP +t(ﬁ*5)7>,

+ 297 Ya(Zo) — (@) B, (30) |

for every f € (s,1). By choosing, e.g., 8 = (1 + s)/2, we find the desired inequality (4.2.9)).
Finally, to prove (4.2.10) we recall the boundary Caccioppoli inequality of [75, Lemma 5.1]: for
every 7, a, x satisfying (4.2.5)), we have

N /2 () —a(y)|” +
42.11 ][ |Da|? + )" dw +/ ][ = dady < Ccepl, (o).
( ) BY,(%o) ( ) 0/2(Z0) By/2(Z0) | =yl e

Therefore, to obtain (4.2.10) we only need to estimate each term of (4.2.6). To this end, by us-
ing (4.2.7)), the regularity of g, and the fact that @(z¢) = §(Zo), we compute

orf qa-grdr<2lerf (ja- ol + 15 - 5@ do
B (i) Bj (Z0)

e

1 ~1p (B-1) (8-1)
=2 <[ st oy T [g]cff(B;(fo))) o IP < Cpe .

(4.2.12)

Clearly, for any fixed constants v, a, x satisfying (4.2.5)), we have

/Y
2. al” < Cg?
(4.2.13) (]éﬂio) D3l dx) ¢ [g]wlvm(BJ(a":o))

4

and

v/x
—9(y)X
(a—s dx dy
( /BQ(CCO ]ég (Zo) ’.T - ’n—i—ax

/X
< (a s)[ oo d[lﬁdy < Cg(l—s)'y'
W (Bo(Z0)) By (#0) By(i0) |.’IJ _ |n+ 17— olnt(a—1)x

Therefore, by recalling that ¢ € (0,1] and f € L”(Q), plugging (4.2.9), (4.2.12)), (4.2.13)), and (4.2.14)
into (4.2.11)), and choosing f > 1 — X, we are led to (4.2.10)). O

(4.2.14)

Step 4: Boundary p-harmonic functions

We will obtain the Holder continuity of the gradient of @ by comparing it to the solution h €
VV~ P (B+/ 4(Z0)) of the homogeneous Dirichlet problem

. + ~
(4.2.15) {leA~( 0, Dh) = in B /4(x0)
h=1a on 839/4( 0)-

Within this step, ¢ is a fixed radius in (0,79/4).
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In the next lemma we collect some useful properties of INz, which are essentially all contained in [135],
Lemma 5]. We also point out that the existence and uniqueness of h is classical—it is mentioned for
instance in [I35] and it can be established via the theory of monotone operators (see, e.g., [193|
Theorem 26.A]).

Lemma 4.2.3. Let h be the solution of problem (4.2.15). Then, there exist constants o € (0,1)
and C' > 0 such that,

(4.2.16) ][ (1D + p2)"? dz < C][ (|Dal? + u2)"* da,
B;—/4(3~30) BZ_/AL(EO)

4.2.17 Pl o5+ o < Nl oo 5+ (000 h < iy

(4:2.17) Wty aop < Wl @ 008 s posc

and

- £\’ = /2 N ’
(4.2.18) osc Dh<C <> ][ |DR* + 1) do + |G P (0 ;
B (%0) Y B;r/4(5@0) ( ) CheTro (o))

for all t € (0,2].

Proof. Estimate is established in [135] Lemma 5|, while inequalities ~are an immedi-
ate consequence of the weak maximum principle for the elliptic operator h — divA(Zg, Dh). Esti-
mate can also be obtained by arguing as in the proof of [135, Lemma 5]. We provide here a
complete proof for the reader’s convenience.

By testing the weak formulation of with h — @ € WO1 P(B;" (#p)) and taking advantage of

estimates (4.2.4]), we find that

/ A(io, DR) - Dhda = / Az, DR) - Dii dz
B}t (#0) B/ (#0)
~ ~ p—2 ~
<A (|DRh|* + p?) 2 | Dh|| D dx.

B} (z0)

~ ~ —2
Using again hypothesis (4.2.4), we see that A(Zo,§) - £ > min {1, ﬁ} AP + ug)pTHQ for ev-
ery £ € R", so that

- - - 7\—1 - p—2
/ A(%g, Dh) - Dhdx > — (|Dh)* + uz)pz |Dh|? da.
B} (%) P JBf(#0)
Thus,
~ —2 ~ ~ ~ -2 ~
(4.2.19) / (DR + p2) % | DR do < pA2/ (DR + p2)"2 |Dh||Dii] da.
B (&) B (@)

Now, if p > 2 this yields
p—1

/ |Dh|P da: < p]P/ (IDR* + 1) 2 (|Da)* + ;ﬁ)% dz,
B (&) Bf (&)

which immediately leads to (4.2.16) after an application of Holder’s inequality. If p € (1,2), we also
exploit Holder’s inequality along with the fact that
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to deduce from (4.2.19) that
~ -2 ~
/+ (DR + p2)% | DhJ? do

t(O)
p—1

~ _P 1

~ Dh|r-1 P P

SPA2 </+ N‘ ’ (2—p)p dl’) </ |Da’pd'r>p
B/ (@) (|Dh|2 + p2)2e-D B (%0)

p—1

1
~ - -2 - P D
< 272 / (|DR)?* + ,1,2)*’)2 |Dh|? da (/ |DalP dx)p.
B} (#0) B (20)
This gives

~ —2 ~ ~
/ (|Dh|* + ,ﬁ)pTthy?d:c < 2?/\219/
B} (#0) B (%0)

Dapds <4k [ (a4 )
Bt (550)

which, together with the trivial estimate

~ p=2
/ (’Dh‘Q +M2)TM2 dx S / up S / (‘D,&|2 +,U,2)p/2 dl’,
B} (%0) B (#0) B (#0)

readily yields (4.2.16)). The proof of (4.2.16|) is thus complete. O

Next, we consider the function @ == @ —h € W()l’p(BEJ)r/4(a~co)) and extend it to R™ by setting w = 0

in R\ B;L/4(a~;0). Note that this new function w belongs to W*4(R") and thus to Wg’q(B;“M(io)).

This is a consequence of its boundedness and of the fact that p > sq—see, e.g., [75, Lemma 2.4], [80,
Lemma 5.1], and also the discussion at the beginning of the proof of [75, Lemma 5.2]. Furthermore,

by (4.2.7) and (4.2.17)), we infer that

(4.2.20) D oot 2y < 08¢ @+ osc h<2 osc U<2pppt a0 <Cpo°,
L2 Beal@) = gt (Go) B (@0) BY,(d0) CF(B,)4(&0))

for every 8 € (0,1) and for some constant Cz > 0 depending also on (.
In order to continue with the proof of Theorem we need to introduce a few more important
quantities and recall a couple of useful inequalities. We set

p=2
Vi(€) = (|67 +p?) T ¢ for £ eR™
It is not hard to see that there exists a constant C' > 0, depending only on n, p, and /N\, for which
V(1) = V&) < C (Ald0,€1) — A0, 60)) - (61— &) for all &1, € R".

This is a_consequence of the structural hypotheses (4.2.4)—see, e.g., [75, (2.10)]. As a consequence,
defining V? := |V, (Da) — V,,(Dh)|?, we see that

(4.2.21) V< (2(5:0, Da) — Ao, Dﬁ)) D& ae. in R™.
On the other hand, by using [75), (2.9)] and Hélder’s inequality it follows that

1 -
C][ |Du — Dh|P dx
33/4(50)

V2 da if p > 2,

<
<][ V2 dx)
Bz,>/4 (i‘U)

P 2—p
2

- /2
<][ X (yDaP + |Dh)? + p?)p dw) if p € (1,2).
B

o/4 (@o)
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Using these inequalities we may quantify the closeness of the gradients of 4 and h, as described
by the following result.

Lemma 4.2.4. Let @ and h be the functions defined in (4.2.2) and (4.2.15)), respectively. Then there
exist constants C > 0 and 7 € (0,1) such that,

(4.2.23) ][ |Dii — DP dz < Co™.
B4(%0)
Proof. First we notice that, by definition of w, (4.2.10)), and (4.2.16)), it holds
(4.2.24) ][ |Dw|P da < 0][ (1D + p2)"? de < Cy 0P
B+/4(5co) +a(%0)

for every A > 0 and for some constant C'y > 0 depending also on A. By plugging w in the weak
formulations of both (4.2.3) and (4.2.15)), taking advantage of (4.2.21)), and arguing as in the proof
of [75, Lemma 5.2], we estimate

(4225) ][ 172 dx < C(Il —|—Ig—|—[3—|—[4>,
+ (@)

where

I = Qa][+ (Dl + w2) "V D da,

0/4\T0
I ::][ |fw]dx
(~
(4.2.26) L~
o / I — A (e) = ) 4,
9/2 Zo) 9/2 Zo) |$ - y| v

e | [ e, ,
R™\Bya(20) \J By)a2(d0) |z — y[rtsy

By Holder’s inequality and (4.2.24)), we get

(4.2.27) I < Cg® (][
B+

o/4

p—1

= 1/p
(Daf+ ) as) ([ papds)  <cyev
(570) B:/4(i'0)

for every A > 0. Next, by using Holder and Sobolev inequalities—recall that w vanishes on the
boundary of 324(£0)—t0gether with (4.2.24)), we infer

C .- _ CoF m
b Gl ey aon 100w gy, oo < g W llim g @on 1P @l s, o

(4.2.28) »
S CQliEHfHLd(B+/4(£O)) <][+ _ |D@‘p dl’) S C)\ Qlfﬁf)\’
e B /4(10)

for every A > 0. We now take advantage of Holder’s inequality once again, estimate (4.2.8)), and the
interpolation inequality of |75, Lemma 2.4] in the ball BQ /2(Zo) to find

1
Y v
L<C / ][ [a@) = 5" 4, g, / ][ [ot@) =G 4
By/2(%0) Boy2(&o) “T N ‘ ! By/2(%0)/ Bgy2(Z0) “T N ‘ !
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9/p
|Dw|? d:z:)

(B— )(7 D4+9—s (|
< ( 80 H HLoo B+/ (%0)) <.}B+/4(5CO)
o

< Cpa 9(5—8)(7—1)-&-19—8-&-6(1—19)—19)\7

for every 8 € (s,1) and A > 0, where Cg y is a constant possibly depending on A and 3, and ¥ is
defined by
if
g=1° iy >p,
1 if v <p.

Note that in the last inequality we applied (4.2.20]) and (4.2.24]). From this estimate and the definition
of ¥, we deduce in particular that

(4.2.29) I3 < Cgp oP~90- DA,

for every 5 € (s,1) and A > 0.
Finally, we estimate I. Since w is supported in B o/ 4(To) and it holds

”yx—_fvyo’\ <2 forevery z € B /4($0) and y € R™\ B,/5(Z0),
we have
. / (1) ~ @5, .60 + 180) - @, @) 1B@] Y
4= T |ay
R™\B,a(20) \J B, (@0) |y — o[
(1230 < f (o) = @, e ()] da
B,4(Z0)

» / li(y) — (@B, (@0 dy ][ |w(z)| dz
RM\B,a@0) 1Y — To[" B;)a(@0) |

where in the second inequality we used that

dy
(4.2.31) / T <Co?
R™\B, (7o) 1Y — To|" T
By Hoélder’s inequality, (4.2.7)), and (4.2.20)), we obtain

L)~ @, a7 ) e
0/4\T0

q—1

g=1 1
q Y
< Co ][ i (@)p, o0 da ][ [ da
( +/4(97”0) Baral® B+/ (%o)

< CQ_S’HB( 1)[ ]CB(B o/2(0)) H NHLO"(B+ (%0)) < Cs ‘Q( 8)7’

whereas, by Holder’s inequality, (4.2.31)), (4.2.9), and (4.2.20)), we get

w(y) — (@)p, @)
| 50) = Da [ e
R™\B, /5 (&0) |y — o[> B, (&)
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- - 1-1
a(y) = (@) B, 4 (50)" .
<Cp* ~ o/2(%0) dy 10| oo g+ (2
B\B, (@) |Y — To|" T (Be/a(®0))
< Cpa”*.
By inserting these two inequalities into (4.2.30)) and recalling that o € (0,1] and v > 1, we find that
(4.2.32) I, < Cso"",

for every g € (s,1).

All in all, by plugging (4.2.27)), (4.2.28]), (4.2.29)), and (4.2.32)) into (4.2.25)-(4.2.26]), we obtain the

integral inequality

(4233) f ]72 dx S Cﬁ,)\ (ga_)‘p + ‘Ql_%_k _.I_ Q(B_S)(’Y_l)_)\ + Q/B_S>’
B /4(5:0)

for every B € (s,1) and A > 0. We now choose the constants A and g as follows:

_1ts o fa ooy =5y -1
B = 5 and )\._mln{Zp,2<1—d), 1 )

so that (4.2.33)) becomes just

(4.2.34) ][ V2dy < Cpo0P,
B+

with o = fmin {5, 31— ), (=0, 15

We are now in position to conclude, using (4.2.34) in combination with (4.2.22). When p > 2,
estimate (4.2.23) follows immediately with ¢ = 0p. On the other hand, when p € (1,2) we estimate

the second factor in (4.2.22)) through (4.2.16]) and (4.2.10]), obtaining

ogp—(2=p)A

][ |Dii — Dh|Pdz < Cyo 2 P for every A > 0.
BQ/4(SE())

Therefore, by choosing \ := %, we obtain the desired estimate (4.2.23|) with & = 232. The proof

is thus complete. O

Step 5: Conclusion

Having Lemma we are now ready to prove a Campanato type boundary estimate and thus, with
it, Theorem |4.1.1

Proposition 4.2.5. Let 4 be the function defined in (4.2.2). Then, there exist a radius oo € (0,1)
and costants C > 0, o1 € (0,1) such that,

(4.2.35) sup ][ ’Da - (D&)B+(5: )’p dx < Co°'?  for every o € (0, o).
:ZQGFTO/Q Bg—(io) e \ro

Proof. Let t € (0, £], with ¢ € (0,2]. For every &g € [, /2, We have

]{B+(iro) D3 = (D) iz, | o
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321’1][ D@—Dﬁpdx+4p1][ Dh — (Dh) s - [P dx
e | i PPareo

+ 4p71‘(Da)Bj(:zo) - (DB)Bj(io)}p
<C ][ \Dapﬁ\”daz+][ | Dl = (DR) s 59" dx
By (o) By (&)

o\" ; g
50{() ][ \Da—Dh]pder( osc Dh) }
t 33/4(930) B; (20)

Recalling (4.2.18)), (4.2.23]), (4.2.16)), and (4.2.10)), this yields

]{Bﬂ* )}Du— (Da) B+ | dx
t \T0

el (3) 7 (5) (L o, (004020 do
< 7 ; o CL (T (x0))

o/4

A" oo (N (o ap A" ooy (1N —w
S@{(J 0 +<Q> (@ +H9H01,ab(rm(x0))> <Oqly) 7+ ) ¢ ;

510

for every A > 0. By choosing t := and \ := U(’p , we then obtain

][+( | ‘Dﬂ — (Df‘)Bj(ino)‘p dx < Ct*P  for every t € (0, 0p),
B

p _
with gg = %(%O)H 2n and o1 = min{2n+0_p, Q(Q‘Tnif’;p) } This concludes the proof of (4.2.35)), up to

relabeling ¢ as o. O

Proof of Theorem[{.1.1. By combining the interior Campanato estimate of [75, Theorem 5] and the
boundary estimate (4.2.35)), the result follows via a standard covering argument and Campanato’s
characterization of Holder spaces [41], 43]-see also [I00, Section 5]. O

4.3 A weak comparison principle

The aim of this very brief section is to establish a weak comparison principle for the operator (), which
will be used shortly to prove Theorem The precise statement is as follows.

Proposition 4.3.1. Let Q C R™ be a bounded open set with Lipschitz boundary. Assume that A, B,
and ¢ satisfy hypotheses (£.1.2), (1.1.3)), and (A.1.4). Let u,v € WHP(Q)NWS4(Q) be satisfying Qu <

Qu in Q in the weak sense. If u < v in R™\ Q, then u < v in Q as well.

Proof. By plugging ¢ = (u — v)4+ in the weak formulation (4.1.13)) and observing that, by the mono-
tonicity of ¢,

(#(u() = u(w) = o(v(@) = vw) ) ((u(@) - v(@), = (u(y) = vw), ) 20,

for a.e. z,y € R", we obtain that

/Q (A(x,Du(:E)) — A(z, Dv(x))) . (Du(:n) — Dv(x)) dz <0,
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where Q4 = {z € Q:u(xz) > v(x)}. From the third line of assumption on A, it is immedi-
ate to deduce that the integrand above is non-negative and vanishes only at those points z € Q4
where Du(z) = Dv(z)—see, e.g., [71, Lemma 2.1 and Theorem 1.2].

Therefore, we conclude that Du = Dv in 24, and thus that v < v in Q. ]

4.4 Proof of Theorem [4.1.2, Hopf Lemma

In this section we establish Theorem whose proof will be divided into a few steps. Note that,
given 7, p > 0, we write C,\, := B} x (0,p) and C;F = C/,..

Step 1: Straightening of the boundary

Differently from Section here we need to consider a more specific diffeomorphism of R™ in order
to pointwise evaluate the operator Q).

Up to a rigid movement, we may assume that g = 0 and v(0) = —e,. Therefore, since Jf2 is of
class C1®, there exist a radius R € (0,1) and a function h € C1*(R"!) vanishing outside of B,
satisfying

(4.4.1) h(0') =0, D'n(0) =0,
and such that

00 Bon = {(#',20) € Bor 2 > h(a') },
(4.4.2)
00N Bag = {(:E',:En) € Bop:xy = h(x’)}.

Here, we denoted by D’h the gradient of h with respect to the first (n — 1)-variable 2.
Then, by suitably modifying h in B/ \ B}, we may also assume that

(4.4.3) (—A)2h(0) = 75T (g) P.V./ h(©) = h) dz' = 0.

Rn—1 2"

Indeed, it suffices to replace h by the function h + ¢¢, for an arbitrary ¢ € C°(Bjy \ Biy) and

1

-1
with ¢ = _<(_A)a¢(o)) (—A)z1(0).
We straighten the boundary of €2 inside Bsg via a suitable diffeomorphism 7 : R™ — R” globally

of class C1®, but actually smooth inside QN Bog. In order to do this, we first consider a nice extension
of h to the whole space R".

Lemma 4.4.1. Given a € (0,1), let h € CH*(R"™1) be a compactly supported function satisfy-
ing [@-4.1) and [@-4.3)). Then, there exists a function 7 € CH*(R™) NC>®(R") such that 7 (z',0) =
h(z") for all ' € R"~!, D#(0) =0,

and
(4.4.5) |D*#(y ,yn)| < C [D'h] o (gn-1y ye~ b for all (v, yn) € RY,

for some constant C' > 0 depending only on n and a.
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We take as J# a suitable C'1®(R™)-continuation of the harmonic extension of h to the upper half-
space. The proof of Lemma is then rather natural and follows from the Poisson representation
for 7. For this reason, we postpone it to Section [4.7] and resume here the proof of Theorem [4.1.2

Let

-1
(4.4.6) ni=(142[|DA| po@n))
and define § : R® — R" by setting

SW.yn) =V, yn + Y ,nyn)) forall (v, yn) € R™

Clearly, its Jacobian matrix is given by

Id, 0’
(4.4.7) DS(y,yn) =

DAY nyn)' | 1400y, (Y, nyn)

Denoting with ¢ := Js its Jacobian determinant, we have
¢(y) = 0y, S™(Y s yn) = 14+ 00y, (Y, nyn) ,

so that (44), (E-45), and (EL0) entail

13

(4.4.8) c(y) € {2, 2] for all y € R",

and

c|loamny < C
(4.49) {H [ ca@mny <

|De(y)| < Cy2~t for all y € R

n

In this step, C indicates a constant depending only on n, «, and |h[[¢1.agn-1). Therefore, it is
immediate to see that S is a C1*-diffeomorphism of R™ onto itself, such that

(4.4.10) S(R?) = {(a:’,xn) ER": 2, > h(m’)}, S(OR™) = {(m',xn) cR": 2, = h(x’)}.

In particular, setting 7 = S—!, explicit computations show that

Id,,—1 o’

44, DT o 8)(y) = DS(y)™" =
(4.4.11) ( )(¥) (%) —D' A, nyn)"

L+ 00y, (Y 1Yn)

1
L+ 00y, (Y, 1Yn)

Then, from (4.4.4), (4.4.6]), (4.4.7), and (4.4.11]), we infer that

In particular, these estimates yield the global Lipschitz bounds

(4.4.13) Cly—2<|S(y) —S()| <Cly—2 forally,zecR™
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Since DH(0) = 0, we have that DS(0) = (DT o S)(0) = Id,, and thus, by (4.4.12),
|DS(y) — Id,| + |(DT 0 S)(y) —Id,| < Cly|* for all y € R™.

This also implies that

16 < (DS()&,€) < 21¢l”
(4.4.14) % €1> < (DT 0 8)(y) &,&) < 2|€P2, for all y € By, £ € R",
161 < DS ()] <21l

for some ry € (0 1) suitably small, in dependence of n, «, and ||h||Cla(Rn 1) only. Moreover by

differentiating (4.4.7) and (4 m taking advantage of estimate , and recalling definition (4 ,
we find

(4.4.15) |D*S(y)| + |Dy(DT o S)(y)| < Cyy~" forall y € RY.

We now transform the operator () via S. Recalling (4.4.2), (4.4.10), and since S(0) = 0, thanks
o (4.4.12) we can find 7 € (0, 1), depending only on n, a, and ||A||c1,e(rn-1), such that

(4.4.16) S(Cf) cQnBg

for all » € (0,7R). Let r € (0,%2) be as such and define @ := uoS. As u is a weak supersolu-
tion of Qu = 0 in Q, simple computations show that @ € Wl’p(CJr) NWs4(Cl)n o (C;) is a weak
supersolution of Qu =0in CQT,, where Q is defined by Q QL + QN and

Qra(y) = —divA(y, Du(y)), with A(y,€) = c(y)A(S(y), (DT o S)(y)) (DT o S)(y)",

)
Avit) =262V [ ()~ 5(2) o S o

for all y € C;;.

Step 2: Definition of a subsolution v for @L
To establish (4.1.11)), we need to construct a suitable subsolution. Let 8 € (0,1), d € (0, ﬂ, and define

n2 Y yHﬁ

n n
o(y) = !yl + ot oars foryeCs,.
Note that ¢ € C"O(C;r) and

25,1 1+8
Dp(y) = <—T2 Y, or T o148 yﬁ) for all y € C,. .,

so that, in particular, Dy # 0 in C;ga’r. Also, the matrix D%y is diagonal and

BL+B) 54

2B I

20

2 2 —
(4.4.17) Opyp(y) = 2 and 9, o(y) =

for every it =1,...,n — 1. For € € (0,1] to be chosen later, we set v = v := .
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We claim that, if 5 € (0,a) and ¢ is small enough, in dependence of n, p, A, «, 5, and S only, it
holds

(4.4.18) Qrve(y) <0 forallye Cls, and e € (0,1].
To verify this, we first observe that, by exploiting the structural assumptions (4.1.2)) and (4.1.8),
together with (4.4.8)), (4.4.12)), (4.4.14)), and (4.4.15)), the function A satisfies

IV, Ay, €)] < C (€2 +12) 7 [¢] 42!

(4.4.19) 0. A(y,€)| < C (|€]* + p?) 2
(VeA(y, &)nm) > C7L (€2 + 1) nf?

Within this step, C' depends only on n, p, A, o, 8, and S. Since Dv # 0, D?v is diagonal, and Ae
C(C5, x (R™\ {0})), the chain rule entails

for all y € C5., € € R™\ {0}, n € R™.

Qrv=— Z 8yigi(y, Dv) — Z ., Ay, Dv) 8;_%@ in C;rm,.
i=1 i=1

Therefore, by using (4.4.17)), (4.4.19)), and the fact that

€ Ce
o
% < |DU‘ < r mn C2r,r7

we obtain

|
™)

<
Tw
L
A~
1| 0
[} [N}
+
tw
~_
m‘“

{/3(1 +8) s (yl)l—ﬂ B Crl—kﬁya—ﬁ}
r n

QLU(y) < —€m C

|
N

|
™
EASS
o
= [
7N
ﬁ‘m
Do no
+
[\
~__
"ﬁ
N

1 _ _
{0—052 b —Crttase ﬁ} for all y € C;'y,,

From this, claim (4.4.18) immediately follows by taking ¢ sufficiently small.

Step 3: Extending v to a subsolution for @N

Next, we extend v to a bounded function v defined on the whole R" satisfying

(4.4.20) Qni(y) <0 forallyeCr

r,0r?

provided ¢ is sufficiently small. We stress that the nonlocal operator C~2 N is well-defined in Cj 5r in the

pointwise sense, as v is globally bounded and smooth inside C:,r 5 With non-vanishing gradient—this

can be easily justified through the computations made, for instzince, in [122] Section 3.
In order to achieve this, we let ¢ be any bounded, Lipschitz continuous, and compactly supported
extension of ¢ to R™ satisfying

)
~ 1)
o(y) = —r—zly’IQ for all y € BS,. x (—r,0],
_ 3r
oly) =M for all y € B (2 en> )

(4.4.21)
B(y) <0 for all y € R"\ (CJ5, U (Bh, x [or,2r)) ),
—2<ply) <M for all y € R,
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for some M > 2 to be chosen suitably large. As before, we also set v = 0, = €.
We write

(4.4.22) Quily) = 2¢) (1) + Ea(y) + Baly) ),
where

B(S(y),S(2))

I(y) =PV. - ¢(0(y) — 9(2)) S(0) — 5(a) e 2 4
= 0 -0 B(S(y ,S(z)) 2)dz
El(y) - /BZ(SQTQH,) ¢( (y) ( )) ]S(y) (2)|n+sq ( )d )
= v(y) — v(z B(S(y),S(z)) z)dz
Pl /R"\<Bg(y)u32(32’”en)) P00 o) 5y — s <4

By using that 3 = ¢ < 1in C' s @ = M in Br ( 3 en) and ¢ > —2 in R", in combination with
the monotonicity of ¢, bounds (4. I 8) and (4.4.13), as well as assumptions (4.1.3 - , we obtain

e M 1)t «(2) 2
Ei(y) < A2 /32(327"6") |S(y) — S(z)|7tsa d

(4.4.23)
qulMQ*l
< —W for allyecr&
and
—lea- ¢(2)
By < A%t | az
n T S -8 n+sq
(4.4.24) \(B )UB5(3en)) [S(y) = S(2)]
Cert N
< s for all y € CT5,.

Here, C is a constant depending only on n, ¢, s, A, «, 8, and S.
We now inspect the term I. We write

B(S(y),S(2)) e(2)  B(S(y),S(y)) c(y)

(4.4.25) ‘8( ) S(Z)‘n—l—sq o \DS(y) (y - Z)‘”—l—sq

+ Rl(ya Z) + RQ(y> Z) + R3(y7 Z)a

with

—_

1
Rs-2) = 2S00 ) f5757 5777 ~ o537 — )
C

Rs(y,2) = c(z)

We claim that, for i = 1,2,3 and for all y € C:’ ., it holds

V]

_ | nsata for all z € Br (y),
(4.4.26) |R~(y,z)|<0{|y i orall 2 € By (y)

YOy — g st for all z € Bun (y).

2
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By taking advantage of (4.1.3), (4.1.9), (4.4.8), (4.4.9), and (4.4.13), we immediately deduce the
validity of (4.4.26) for i = 2 as well as the following stronger inequality for ¢ = 3:

IR3(y,2)| < Cly— 2" % forallyeCh, , z¢ Br(y).

r,0r?

On the other hand, using (4.1.3]), (4.4.8), (4.4.13)), and (4.4.14]), together with the numerical inequal-
ity |A” — BP| < P(A+ B)""!|A — B, valid for every P > 1 and A, B > 0, we find

Ry, 2)] < € D)z = I+~ [8() = S(y)
1(y,2)| < S(y) — S(2)|" 51 DS (y)(z — y)[r+s4

S(2) = S(y) — DS(y)(z — v)|
‘y _ Z‘n—l—sq—&-l ’

<C
from which (4.4.26)) for « = 1 follows at once by noticing that

1
15(2) — S(y) — DS(y)(z — w)| < |y 7] /0 IDS(tz + (1 — tyy) — DS(y)| dt

<C ly — 2|1 for all 2 € Br(y),
Yoy — 2|? for all z € Bun (y),

thanks to (4.4.12)), (4.4.15)), and the fact that the segment joining y and tz + (1 — t)y lies in the
half-space {w € R™ : wy, > %} for every ¢ € [0, 1].
Observe now that

dz "
h |y — z[rtsa—a (1-s)g+a—17 (Yn
v / - +/ — < Cr L ( ) 7
n By2n (v) |y— Z|n+sq q B (y)\Ban @) |y— Z‘nJrsq a—q+1 e

[

where, for t € (0,1) and v € R, we set

t=s)g+7-1 if (1-s)g+~v<1,
Ly(t) =4 —logt if (1—3s)g+~=1,
1 if (1—s)g+~v>1.

Also, by means of (4.1.4]), of the fundamental theorem of calculus, and of the estimate
C
|Di(y)| < 75 for all y € Bl x (—r,r),

we see that 1
~ ~ e _
19(0(y) —9(2))] < CF ly— 2|7 forallyeCs, ze B (y).

r,0r?

In light of these facts, (4.4.25)), (4.4.26]), and recalling the definition of I, we have that

o(0(y) — 0(2))
;) DSy — 2)[r+e

I(y) = c(y) B(S(y), S(4)) P.V. /B dz + £(y),

with

(4.4.27) E(y)| < Caqflr*SquaLa(y?n) for every y € C

T,0r°



CHAPTER 4. MIXED OPERATORS OF LOCAL-NONLOCAL TYPE 136

Since, by symmetry,

¢(Di(y) - (y — 2)) _
P'V'/B o) 1D8@)(y — 2)pea =0

the previous identity can be rewritten as

r
2

(4.4.28) I(y) = c(y) B(S(y), S(y)) 1 (y) + E(y) for every y € C;

r,0r?
with & satisfying (4.4.27)) and

(i) - () — $(Di) - (v 2))
h) = [ w DS(y)(y — )

dz.

%
We now claim that

19710y (4
(4.4.29) Li(y) < —CTS(;(T) for all y € C;:;T,

for some constant C' > 1, provided ¢ is small enough, all in dependence of n, ¢, s, A, and 3 only.
The remaining of Step 3 is essentially occupied by the proof of this claim. First, we apply the
change of variables £ :== Zy_—ny and observe that (4.4.29) is equivalent to showing that

/B 1 {5 (—25(295’ o ml02) 4 (L L)y — 1+ f (105 - 1))

(4.4.30) Zn
de 1 Lo(zn)

Y AT | L N C0
10) <( 402",1 + (1 + B)xn> €> } ‘DS(T%’) g‘n—f—sq = ngl—S)q—lj

for all 2 := ¥ € C/;, and where ¢ = (exn)' "9 ¢ (%% ). We make a further substitution and consider
the new variables w defined by ¢ = (v, d - w), with

g 402 1

4.31 e T ad dy
(4.4.31) L+ (1B 1+ (1+p)

In particular, it defines a bi-Lipschitz map on R” such that
1
(4.4.32) 5 lw| < [(w',d-w)| <2|w| for all w € R,

provided ¢ is sufficiently small. Inequality (4.4.30) then becomes

1 Lo(xn)
> N A—
(4.4.33) - F(w) dw C g a9’
where

F(w) = {5(—25(235’ : w'+:z:n|w'|2> +(14+d-w)y—1+28 ((1 +d~w)f5 — 1))

) o (e EF (@ w)?)
) DSl (wr d )
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We now look for a lower bound on F. First, let w € B1. In this case, we observe that
2

d- ) = 462" - w' + wy, < 45\w’\+]wn\ < (14 46)[u] < §7
1+ (148 |~ 1+ 1+ )b 4
if we take 0 € (0, %] Hence, writing
q—2 >
Nalw) = {:Z|r . e,
exploiting the monotonicity of ¢, inequalities (4.4.14]), (4.4.32), and
(1—|—d-w)1+5—1} <4|d-w| <6|w| forevery w e B%,
as well as the bound
(4438 1@ = 3O < CoA(lal + ) Za -] for all (a,5) € B2\ {(0,0)},

which holds for some constant C; > 0 depending only on ¢ thanks to the fact that ¢ fulfils assump-
tion (4.1.10)—see, e.g., [71, Lemma 2.1]—, and ultimately recalling (4.4.31)) and the fact that = € C1 L

we estimate

Ny (
|fmngc’wayaaﬂwﬁ+x(u+dz@Hﬂ 1_a+5m40\
Ng(w) N, (w)
< q 21,12 B . < 6(17 o .
—C|w‘n+sq <5 |w'|” + @, (d w)) o [ 2+ea for a.e w € By

On the other hand, the monotonicity of ¢ and again (4.4.14)), (4.4.32)), and (4.4.34]) lead us to

o <—55\w’\ +d-w— xﬁ) — d(wy)

F(w) > — X 22,/ W2 + (d - w)?
N
Ny
>0 !’Eﬂ)‘l (5|w\+x + 1w = w,|) X, (v)
Ny
> C&B#XBL(w) fora.e.wER”\B%.

| ‘n 1+sq

These two estimates yield that

(4.4.35) Flw)dw > —C5° Mwmwmud>(w£¢if
- {wn>—10} B B |w|n—1+sq p0=)a—1

n

The last inequality is straightforward if ¢ > 2. When ¢ € (1,2), it is a consequence of the following
calculation, valid for every R > 2:

|w|n—1+sq p +w2)n 1+sq

400 i n—2
\/1+t dwy, t dwy, t
< C/ (\/1 +t2/ =T +/ ) 2_(1_8)q>( n=1tsq dt

=2 1 R min \/ p*+w, 1
/B |wy, |77 min{|w], }d <C/ (/ }p” 2 4y dw,
R
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R

+o00 tn72 400 T dwn tnf2
é C / —anH dt + / / 27(175)q n—14sq dt
0 (1+1¢%) > 0 L wn (1482 =

V1412
1
< CRU=%)a1, (R> .

In light of (4.4.35]), we are left with bounding the integral over {w,, < —10}. Using that ¢ is odd and
monotone, along with the bounds (4.4.14)) and (4.4.32)), for w € {w, < —10} N By /5 we have

o(—wn) — & (55]w| +2)
.F(w) > \D:S‘(r:c) (w/’ Cj w)’n—i—sq
_ 1 g(—wy) — 3(10)

2o e B

Xo1) (220 /[ P+ (d - w)?)

while, using also that ¢ satisfies the growth assumption (4.1.4)), for w € {w, < —10} \ By s it holds

O(~wn) ~ 9(10) + 6(10) ~ & (53| + 1 + ;)

Flw) 2 |DS(rx) (w',d - w)|™tsq X[0,1) (ZTn |w!|? + (d - w)2>
1 §(~wn) — $(10) Oa-1
> C |w|n+sa Bﬁ (w) — m)ﬂaﬁ (w).

Putting these two estimates together and using the fact that, thanks to assumption (4.1.10)),

~ ~ 91—q

d(—wy) — ¢(10) > A ((—wn)qf1 - 10q71> for every w, < —10,

(¢—1)

we compute, after a change of coordinates,

/ F(w) dw
{wn<—10}

1 (—wp)?t — 10971 1/ dw
> = dw — C§¢ S —
(4.4.36) CJs | <10} |w|ntsa B, \B, |w|r - (1=s)g

Azn Tn )
—8)ag— 1

. 10(1—)a 1/ 23 —1 g Lo(an)

- C B 1 n{z>1} |Z|n+sq x,(llis)qil

T0wn

Through a further changing variables, we see that

q—1 L /
—1 80zn, d

/ T 22 / </ = ) (=" = 1) dza
B ;nﬂ{z>1} |Z| 1 B, (|z/‘2+2721) 2

1 n—2 s 41
_ t 80xn Zn - 1
— Yn 2(831) / —=dp / ~Trsg dzp
0 (1 4 t2) 3 1 Zn

1 L()(:L’n)
- 5 :Ugll—s)q—l :

From this, (4.4.35), and (4.4.36|) it follows that inequality (4.4.33) holds for some constant C' > 1,
provided § is sufficiently small, all in dependence of n, ¢, s, A, and 3 only. Consequently, claim ((4.4.29))

is proved.
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From (4.1.3), (4.4.8)), (4.4.22)), (4.4.23)), (4.4.24), (4.4.27)), (4.4.28)), and (4.4.29) we immediately
infer that

~ cd—1 ( pra—1 1 n N "
avi < - {4 S n(2) —c- o na(2)} franyecs,

whence (4.4.20)) holds true, provided we take ¢ sufficiently small (when (1 —s)g < 1) or M sufficiently
large (when (1 — s)q > 1).

Step 4: Conclusion

Taking advantage of (£.4.18), ([.4.20)), and of the locality of Qp,, we see that

62776 = CjL’Ue + @N{)E <0 in C::(gT,
for every € € (0,1).

We now show that, by taking e tiny enough, we can make 9. = €@ smaller than % in the whole
of R™. Indeed, by (4.4.21) we have that 0. < 0 in R™\ (C+ U (B, x [or, 2r))) and that 0. < eM

r,0r
in B, x [6r,2r). As S(Bj, x [6r,2r)) CC Q, thanks to (£.4.2), (4.4.10), (4.4.16)), and since u is
positive and continuous in €2, then m = infBéTX[5T72T) @ > 0. By choosing ¢ < 77 and recalling that @
is non-negative in the whole of R”, we infer that 0. < @ in R™ \ C: e
Thanks to the weak comparison principle of Proposition[4.3.1], we then conclude that o, < @ in R™.

This yields in particular that

w0 yn) > (0, yn) > % yn for all y, € (0,7).

Recalling that DT (0) = Id,, by rephrasing this inequality in terms of the original variable x and of
the function u, we are easily led to (4.1.11)). The proof is thus complete.

4.5 A strong maximum principle

In this short section, we show how the Hopf lemma of Theorem yields the following strong
maximum (or, better, minimum) principle for the operator Q.

Proposition 4.5.1. Let Q@ C R™ be a bounded open set. Assume that A, B, and ¢ satisfy hy-
potheses (4.1.2), , and [A14). Let u € WIP(Q) N W4(Q) N CY(Q) be a non-negative weak

supersolution of Qu = 0 in Q. Then, either u >0 in Q or u =0 in R”.

Proof. We already know from Proposition that v > 0 in R™. Thus, to prove the proposition we
suppose that there exists a point 2y € Q at which u(xzg) = 0 and show that « must vanish identically
in R™. Let U be the connected component of {2 containing xg. Note that U is a bounded connected
open set. We begin by establishing that

(4.5.1) u=0 inU.

The proof of this claim is standard. Nevertheless, we provide the details for the sake of completeness.
Let U’ := {x € U : u(z) = 0}. Clearly, U’ is relatively closed in U and non-empty, as u is continuous
and xg € U’. Hence, its complement U \ U’ is open. If it were non-empty, then there would exist a
point 2 in it such that dist(zq,U’) < dist(x1,R™ \ U) and a radius r > 0 for which B, (z1) Cc U\ U’
and 0B,.(z1)NU’ # &. Applying Theorem we would deduce that %(1‘2) < 0 at every point xo €
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OB, (z1) NU’'. But this is a contradiction, since xg is an interior minimum point for u and Vu(z2)
must therefore vanish, u being of class C! inside U. We conclude that holds true.

We now show that u must vanish outside of U as well. Here, the presence of the nonlocal
operator (Qn plays a crucial role. In view of and of the fact that u is a weak supersolution, we

infer that .
/[g P(u(z) —uly)) (o(z) —e(y)) m_(mynzsq dxdy > 0,

for every non-negative ¢ € C°(U). Being ¢ odd and B symmetric, by taking advantage of (4.5.1)
once again we find

/ (/ o (u(y)) Blay) dy> o(z)dzr <0 for every non-negative p € C°(U).
U \JR\U |z —

R

Since u is non-negative, B is strictly positive in R™ x R™, and ¢ is strictly positive in (0, +00), thanks
to assumptions (4.1.3)) and (4.1.4), we deduce that v = 0 in R™ \ U, thus concluding the proof. O

4.6 Proof of Lemma [4.2.7]

We include here a proof of Lemma claiming global WP and L bounds for the solutions of
problem ({.1.7). We begin by establishing the WP estimate.
By testing the weak formulation of (4.1.7) with ¢ = u — g, we get

/ A(z, Du) - (Du — Dg) dx
Q

T //KQ o(ulz) —uy)) (u(z) —uly) — 9(z) + 9(¥) — = z %( ‘Wq dady = / Flu—

Taking advantage of assumption (4.1.2)) and arguing similarly as in the proof of Lemma we
obtain the following estimate for the first summand on the left-hand side:

1
/QA(fL"aDu) - (Du — Dg) dx > Iel ||Du”ip(g) -C (1 + ”Dg”ip(g)) :

The second summand can be handled using hypothesis (4.1.3) and (4.1.4) along with the weighted
Young’s inequality. We get

//% 6(ulz) — uly) (u(x) ~uly) - glx) + g<y>)|‘3<ijsq drdy

Ju(z) —u)| // Iq Hg(z) — g(y)]
dxdy — C dxd
= C//%(Q |.’,U— |n+sq %o ’n—i—sq Yy

Ju(x) — u(y)|? // ’q
2 dzdy — C dxdy.
C /[\KQ ’fB - y’n+8q 6a ‘Jf - y‘n+sq

Finally, thanks to the Sobolev (or Morrey) and Poincaré inequalities, the right-hand is estimated by

/Qf(u —g)dz < || fllproyllu — 9||Lﬁ(9) < C| e (1Dull o) + 1DgllLoe)) -

Hence, using again the weighted Young’s inequality, we find that

‘q
[1Dull}0 0 // ‘x_y‘nﬂq dxdy
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lo(x) ~ o(w)l*
<0 (110010 + ]| T doay+ 1117 ).

The bound for ||u|y1.0(q) immediately follows from this and Poincaré’s inequality.

We now deal with the global boundedness of u in €2, which we establish it via the De Giorgi-
Stampacchia method. Clearly, in the supercritical case p > n the bound is a consequence of Morrey’s
inequality and the previous estimate for [[ullyy1p(q). Assume then that n > p.

Let k > M > M, with

1
_ gy~ T =
My =1+ gl gy + </R G ) e
Observe that the quantity on the right-hand side is finite, thanks to the inequality

(46.1) /. (1'i(|):);;q (ugum w+ [ sl dxdy>q_1,

which is easily established by using (£.2.1). As k > 9]l oo (), the function ¢ = (u — k)1 xq lies

in W,P(2) N W59(Q), and can thus be plugged in the weak formulation of problem (4.1.7)). Set-
ting Q== {z € Q : u(x) > k}, we obtain

flu—k)dx = A(z, Du) - Dudx
Qp

N / d(u(z) — u(y)) ((u(z) — k) yxalr) — (u(y) — k)1 xa(y)) Bz, y)
49

o — gl

(4.6.2)

dxdy.
On the one hand, we clearly have that

2
A(z, Du) - Dudzx > 1/ (|Dul?* + ,uz)pT | Dul|? dx
(4.6.3) 2 CJa,
1 p
> 6([(“ - k)-l—] WLp(Q) - Mp|Qk’>

Regarding the nonlocal term, thanks to the oddness of ¢ we observe that

¢(u(x) —u(y)) ((w(@) — k)1 xo(@) — (u ( ) = k)+XQ(y))
(u x) — u(y))( ) if x,y € Q,
_ (u x) — u(y)) (u T k) if € Qk, y € R™\ Q,
o (uly) — u(z)) (u(y) — k) ifx e R"\ Qp, y € U,
0 if x,y € R™\ Q.

Recalling (4.1.3)-(4.1.4) and using that u(y) = g(y) < k for a.e. y € Q' \ Q, we conclude from the
previous identity that

/ ¢(u(x) —u(y)) ((u(@) = k)1 xo(@) = (u(y) = k)+xa(y)) B(z,y)
(49)

o - |"+sq

dxdy
/ () =8, ~ () 1), dzdy
(4.6.4) =0 o S |z — y|tsa

(u(z) — k) (g(y) — u(x))j_fl
- C/S:Zk (/]Rn\g/ |$ — y|n+sq dy | dx

> —Ck(u—k)4llq)
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where we used that

(u() = B)(g(y) — u(@) " lg(w)|"”!
/Qk (/]R”\Q’ ‘.Z' _ y‘n-i—sq dy | dz < /Qk (U<$) - k) /]Rn\Q/’l'_Wl dy | dz

g
< Clu=Bsllo [ 0w

Finally, we estimate

Flu= k) do < | Flmolln = Bl oy ) < ORI =Rl ny g

Combining this with (4.6.2), (4.6.3), (4.6.4), and the Poincaré-Sobolev inequality in VVO1 P(Q), we get
that

1 = 8+ gy < C(RPI9] + K71 = B4 gy + B2 = B )

where m is equal to nL_p when n > p or to any number strictly larger than -5 when n = p. From

this and the inequalities

17(n—1)mp (n—1)mp
n

l(w— k)il o o0 < (k—h) 1w = P)+ ]l i) »
LT (@) )
(n—1)m (n—1)mp

1 _(n=1)mp
19l < 1907 (= B = ) e

(n=1)mp
||(u - h)‘i’Hng(Q) 9

1 _(n=1)mp
1w = k)l <1907 (k= h)'™ =

valid for any h € (0, k), we find

) P (n=1)mp
1w = k)4l o) < € = 1w = B) [l i) -
Letting now § = (”_1# >0,k = (2-2")M,and ¥; = ||(u—k; )+Hme for every i € NU{0},
we infer that

C .
U, < % o(1+d)pi \Ile‘S for every i € NU{0}.

By taking advantage of [I08, Lemma 7.1], we conclude that ||(u — 2M)+Hme @ = ‘lir+n U, =0,
1—+00

ie., u < 2M in 2, provided ||(u—M)+||imp(Q) = Wy < C~1MP for some constant C' > 1 large enough.

Clearly, this can be achieved by taking M := M; + M> with

M, = CHUHWLP(Q)

and C > 1 sufficiently large, thanks to the Sobolev inequality.
We thus established an upper bound for u. Since a corresponding lower bound can be ob-
tained analogously, we conclude that the proof of Lemma [4.2.1] is complete—also recall the tail esti-

mate ([L6.1).

4.7 Proof of Lemma 4.4.1]

This section is devoted to the proof of the extension Lemma [£.4.1] used Within Section 4.4, We begin
by constructing a CH*(R7) N C°° (R’ )-extension 5 of h satisfying D.#(0) = 0, ([£.4.5)), and

(4.7.1)

[\l cra gy < CllAllore@n-y-
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We take as 7 the harmonic extension of A to R”}, namely the unique bounded solution of

(4.7.2) {A%ﬂ =0 i

J=h on OR".

Standard regularity theory yields that .77 is of class Cllo’ca (R%)NC*>(R"}). Furthermore, since 8y, #(-,0) =

—(=A)2h(.), from (@.4.1) and ([#.4.3) we infer that D.#(0) = 0.
We now address the proof of estimates (4.7.1)) and (4.4.5)), which will both follow from the Poisson
representation formula

2 h(2'
L%(ylvyn) = Y / (Z ) n dZI
nwn Jre=t (ly — 21+ yR)2
2 h(y' + 0
(4.7.3) = / RUCR IRy
nwn Jre=1 ([0f2 + y2)2

2 h / /
— / (y + y’l’LTn) dT/,
nwp, Jre-1 (1 + \7-’\2)5

valid for (v, yn) € R’. Here we set w, = |Bq|. From (§4.7.3)) and the fact that

2yp, !

(4.7.4) Y / dién =1 for every y, > 0,
nwn Jre-t ([0 4 7)2

we immediately infer that

(4.7.5) [ ]| Lo ) < NIPl oo (mn—1)-

By differentiating the second identity in (4.7.3]), we get

/ / !
DAY yn) = U / Dy +¢)
o Jaos (0 + 42)%

From this and , it readily follows that

(4.7.6) | D' Ay yn)| < | D'l poogn-1y forall y € R"™!, g, >0

and

(4.7.7) \D'A(Y  yn) — D' A2 yn)| < [D'h)ca@mn-1y |y = 2| forall y, 2" € Ry, > 0.
Through a suitable change of variables, we then compute

) g/ 2 -1 2
Oy, 7 (Y yn) = / 17 = (n £” h(y' + ') a¢
men JRnt (|6 4 92)"

2 2 —(n—1
- TP =) g
WnYn JrRr=1 (1 + |7/|2) 2

2 / ’T/|2 — (n — 1) ! / / /
= EE—— h Y +ynT ) — h Y dr
nwnyn{ Rn—1\B/, (1_,_‘7/‘2)%2 < ( ) ( >>

72 —-(n—-1
[ O D iy ) ) - D) )
By (1+[7?) >

(4.7.8)
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for M > 0 to be chosen. Note that for the last identity we took advantage of the identities

/12 _ _ 1 712 _ _ 1
(479) / M dT/ = 0 and / M w/ . 7-/ dT/ f— O’
Re=t (14 |7'7) 2 By (L+|7')?) 2

valid for every w’ € R"! and M > 0. By taking M = y,;! in (4.7.8), we deduce that

9K 30)] < - 2] oo n—1) /OO dfi + [D'hga(n-1yyn ™ /Mpn_Hadp

<C {HhHLOO(R"*)(Myn)_l + [D/h]Ca(Rnfl)(Myn)a}
< C|hllcramn-1y for all y e R gy, > 0.

(4.7.10)

Arguing as for (4.7.8), we also have that

|0y, A (Y yn) — Oy, I (2 ym) |

of M +yr) ~ hof) — (' + 7)) 4B
Yn | Jrr-1\BY, (L+[])"

M+ 97) ~ hlaf) — A+ 7)) + () — (D'h) = D) yur’|
*é& A+ 17D T

for any radius N > 0. Using the fundamental theorem of calculus, it is not difficult to see that the
numerator of the fraction inside the first integral is bounded by || D'hl|ca(gn-1)|y’ — 2’| min {2, y&|7'|* },
while that pertaining to the second integral by 2[D'h]cagn-1yyst|7'['T. In light of these estimates,
choosing N = |/ — 2|y, ! we get that

|0y, Y s yn) — By, H (2 )|

C D,h C«a n—1 +oo d y’;l d N n—l4+a
< G Mloe @ ly' — Z’I/ L usly - z'l/ —— yﬂf‘”/ L dp
Yn yn' P N P o (I+p)

y/_zl o o
< C1D Hlcwqmony {1 = 21+ (e + (N)* b < CID Bllgugunsly = 21

for every ¢/, 2" € R"~! such that |y — 2’| < 1 and for every g, > 0. Combining this with (4.7.10]), we
conclude that

(4.7.11) ‘8%%”(3/,%) — 8%%”(2’,3/”)‘ < CHhHCl,a(Rnfl)ky/ — 2| fory 2 e Ry, > 0.

Now, differentiating the first identity in (4.7.3)), we obtain the following alternative expression for
the horizontal gradient of J#:

2 h(z' r 92 hiv' A
DAY ya) = = / O y) gy 2 / My F o) T
“n Jroor (ly =P e S (L )
Therefore, for all 4,7 =1,...,n — 1 we have, by symmetry,

92 Oy h(y + ynt') 75
82//%(y,ayn): Yi ( " ) ]dT,
YiY; Rr—1

WnYn (1+ |T’|2)HT+2
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/
dr’,

B / (01" + yu7) = (v 7,
Wnyn Jrn-1 (1+ 2"

so that

) ol |7_/|1+a
Gy )| < € DMy [ i

S C [D/h]ca(Rn—l) yg_l

/

(4.7.12)

Next, from the second identity in (4.7.8]), we get

2 712 = (n— 1
i NWnYn Jro—1 (1+ |72 )
2 12— (n—-1
S / —‘ ’ ( &2) (8y§h(y’ + ynr) — (%:h(y’)) dT/,
nWpYn JRn—1 (1 + |7-l|2) 2

where we also made use of the first identity in (4.7.9). Therefore, we estimate
/|()£

7. < CD Moy e [ A < O D B 2
(4713) [0, (s yn)| < C 1D Blcagun1) /Rn_l(1+|71|)ndr_C[Dh]C Y.

Since from the equation in we know that 82 %” =—> > 11 85, , € in R, from 1) it also

follows that ‘65nyn%(y’,yn)‘ < C[D'h]ga@mn—1yyy . By combining this with and (4.7.13)),
we conclude that (4.4.5)) holds true.
Finally, from (4.4.5) and the fundamental theorem of calculus, we find that

Yn

}D%”(y/,yn) - Djf(y/, Zn)| = 8ynD%(y/7t) dt| < C [D/h]Ca(Rnfl) |Yn — 2n|™.

Zn

By putting together this with (4.7.5), (4.7.6), (4.7.7), (4.7.10), and (4.7.11)), we obtain (4.7.1).

Finally, in order to conclude the proof it suffices to consider any C**(R™)-extension of J# to
the whole R™ having C1®(R™) norm bounded by that of 2, up to a factor. This can be done, for
instance, via the elegant approach of [I78]-see also [150, Theorem 1.1.17].
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