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ABSTRACT

Environmental effects on the vibronic dynamics at a conical intersection can be captured by collective modes, which affect both the topology
of the nonadiabatically coupled potential surfaces and the transient dynamics. Here, we show how neural network (NN) potentials can be
adapted to a combination of intramolecular coordinates and collective environmental modes. Specifically, we use multiplicative NN (m-NN)
potentials, which are fitted to a diabatic representation of regularized diabatic states type. These potentials are readily combined with multi-
configurational wave functions for high-dimensional quantum dynamics. The thermofield dynamics (TFD) approach is employed to include
thermal averaging at the wave function level, and we formulate a thermal NN/TFD Hamiltonian that accommodates initial vibronic correla-
tions and collective/residual-mode coupling in the environmental subspace. For a model system describing the isomerization of protonated
Schiff bases in solution, the solvent is represented by an overdamped Brownian-oscillator spectral density. In a companion paper [B. Blasiak
et al., J. Chem. Phys. 163, 124109 (2025)], the resulting m-NN/TFD Hamiltonian is employed in real-time quantum dynamical simulations
using the multi-layer multiconfiguration time-dependent Hartree method.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
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I. INTRODUCTION

Machine learning (ML) approaches for electronically excited
states and photochemical processes have made significant progress
over recent years,' " even though they remain challenging as com-
pared with their ground-state counterparts. This applies, in partic-
ular, to conical intersection (CI) topologies, which play a key role
in the photodynamics of polyatomic molecules. While potential fit-
ting via neural networks” " (NNs) or kernel regression methods like
Gaussian process regression’ ' generally relies on adiabatic input
information, a diabatic representation'” is often introduced for ML-
based nonadiabatically coupled potential energy surfaces (PES) such
as to eliminate nonadiabatic derivative couplings.””'""” This is of
particular importance if the resulting NN potentials are combined
with quantum dynamical wavepacket propagation.

Against this background, we recently developed an approach'®
that adapts multiplicative neural network (m-NN) fitting”’ to
the construction of regularized diabatic states (RDS),""® which

provide a flexible representation of conical intersection topolo-
gies. RDS potentials combine a linearized representation at the
conical intersection with an accurate asymptotic representation of
the PES.

In the present work, we show that this approach is especially
suited to include environmental effects at a conical intersection.
Environmental effects, e.g., due to a solvent, can significantly mod-
ify the system’s topology. In particular, conical intersections can
be energetically shifted, their character can be changed, e.g., from
peaked to sloped,””” and they can disappear altogether. Includ-
ing these effects often does not require a full atomistic descrip-
tion, typically relying on quantum mechanics/molecular mechanics
(QM/MM) schemes,”’ > but can be achieved by treating collec-
tive effects, for example, due to the reorganization of the solvent
polarization as described by Marcus theory.”"*’

The purpose of the present work is, therefore, to show how
neural network potentials for conical intersections can be extended
to encompass collective variables that represent the vibronic
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effects exerted by the environment. Specifically, the RDS approach
permits including these collective variables on an equal footing
with intramolecular chromophore modes, beyond the standard
linear vibronic coupling (LVC) model.’> Building upon earlier
work on the construction of collective vibronic modes within the
LVC model,””’ we show that an embedding of this construc-
tion into the RDS diabatization, followed by NN fitting, provides
a very flexible definition of vibronic coupling potentials, includ-
ing environmental modes. Within a hierarchical representation,
the high-dimensional nature of the environment space is repre-
sented by a residual subspace that couples, in turn, to the collective
variables.”" *’

The dynamical effects associated with these collective envi-
ronmental modes can relate, e.g., to solvent reorientational or
translational motion. Indeed, the present description connects to
Brownian oscillator models,”””! or polarization coordinate models,
which have been previously used to describe nonequilibrium sol-
vation effects.”*”” One should note that the inclusion of specific
microsolvation effects, e.g., due to hydrogen bonding, necessitates
a different description, such that the molecular subsystem, i.e.,
the chromophore, would be augmented by the relevant degrees of
freedom.

In order to account for a thermal distribution of the envi-
ronment, e.g., the solvent, we employ the thermofield dynamics
(TFD) approach, which represents the wave function in a dupli-
cated Hilbert space.” ** The resulting effective thermal Hamiltonian
determines the time evolution of the chromophore in contact with
the thermal environment state. Here, we adapt the TFD approach
such as to accommodate (i) initial state-specific equilibration and
(ii) the hierarchical representation of the environment in terms of
collective vs residual subspaces. This approach is highly convenient
when combined with tensor network methods of multi-layer mul-
ticonfiguration Hartree (ML-MCTDH)***° or matrix product state
(MPS) type,”" as illustrated in recent applications.”"”"’ In a com-
panion paper, henceforth referred to as Paper IL,*! we illustrate ML-
MCTDH dynamics under the effect of the NN/TFD Hamiltonian
developed here.

In the present study, the NN/TFD approach is applied to a
model of the isomerization dynamics in protonated Schiff bases
(PSB), i.e., retinal type systems, whose photochemistry is highly
sensitive to solvent effects.”””>**** Similarly to Ref. 16, the NN
construction is carried out, for the purpose of demonstration, for
a randomly sampled dataset generated from adiabatic potentials
associated with an analytically defined reference potential.*” These
potentials carry realistic features of PSB isomerization,"”"* and they
show significant deviations from an LVC model. These potentials
were set up on a valence bond type basis, describing charge translo-
cation upon photoexcitation of a PSB.”"** In Refs. 49 and 55,
preliminary quantum dynamical simulations were reported, and in
Refs. 50 and 51, this model was applied in conjunction with surface
hopping simulations. In the more recent NN-based study of Ref. 16,
this PSB model was again employed, but the aspect of environmen-
tal effects was not considered, which is central to the present work.
Furthermore, in the present model, the NN potentials have been
significantly improved by adaptation to the periodic nature of the
potential.

The remainder of the paper is structured as follows. Section I1
shows how the collective/residual mode representation of the
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environment is integrated into more flexible regularized diabatic
state potentials. Section III describes the neural network approach,
and Sec. IV focuses on the thermofield description. Section V
concludes with a discussion.

Il. VIBRONIC COUPLING INCLUDING
ENVIRONMENTAL EFFECTS

Environment-induced vibronic coupling effects have been
extensively investigated in the context of the spin-boson Hamilto-
nian and many applications to charge transfer and energy transfer.
In the following, the discussion is adapted to the more complex
topology of conical intersections, following Refs. 26-29 and 52.

A. Collective modes at a conical intersection

Environmental effects at a conical intersection are typically
multi-mode effects that are not constrained by the symmetry ele-
ments of the molecular subsystem. In the case of symmetry-allowed
conical intersections, environmental fluctuations can therefore act
both in a symmetry-conserving or symmetry-breaking way. How-
ever, despite the multi-mode character of the dynamics, the dom-
inant vibronic effects of the environment can be shown to be
mediated by few collective variables, or effective modes.”* """

Our starting point is a general diabatic vibronic coupling
Hamiltonian for the system modes {gs;} and bath modes {gs,},

H(qs.q8) = Hs(qs) + Hp(qs) + Vvc(ds: )

I wsi 2 B wpi 2 2
= Z T(Ps,i +qs)1 + Z 2 (Pr.i +g5i)1
i=1 -1
+ Vve(ds,qs) (1)

where mass and frequency weighted coordinates are employed, the
momentum operators are given as p; = —id/dq;, and the kinetic
energy is electronically diagonal. The vibronic coupling (VC) poten-
tial V¢ contains both diagonal and off-diagonal vibronic coupling
terms. Due to the high dimensionality of the environmental space,
the linear vibronic coupling approximation is a good starting point.
If the LVC approximation is made for the bath subspace but not
for the system subspace, the following quasi-diabatic Hamiltonian
results for a two-state system:

o1 (qs) + Z K]g,li)qB,i T12(qs) + Z/\B,i’q\B,i

o= | @

Vve(§s,4s) = L !
(@5s) T12(qs) + ZAB,iQB,i 22 (qs) + Z Kp; qB,i

In general, each individual environmental (bath) mode can couple
both diagonally and off-diagonally to the electronic subsystem. If the
LVC representation is employed for the subsystem, too, we further
approximate Ty, = ¥ ng)'ijsfi and T, = Z,-)Léj)’z'jsfi, n#n', where
the superscripts ¢ and ¢ denote tuning modes and coupling modes,
respectively.'

Following Refs. 26-29 and 52, we now make use of the fact that
the environmental modes produce cumulative effects in the vibronic
coupling to the electronic subsystem. The vibronic contributions by
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the {g,i} modes according to Eq. (2) can, thﬁrefore, be absorbed
into a set of collective coordinates (Qp+, Qp,—, Qpa),

D11 (gs) + (Qp+ + Qp-) D12(qs) + Qpa )

T12(gs) + Qg

Ve Q) - ( T (@s) + (Ao - Qo) )

(3)
where collective, or effective modes are defined as
—~ 1 .
Qp+ = EZ (Klg,l,») + Kl(g,z,-))QB,i,
— 1 .
Q- = 50 () — x5 ) )

i

QB,A = Z AB,igB;i.

These three variables reflect collective shift (63,+), tuning (’QB,_),
and coupling (Qpa) effects exerted by the environment upon
the electronic subsystem. Specifically, the mode Qp- describes
environment-induced energy-gap fluctuations. The coordinates
(Qp,-,Qpa) reflect the projection of the branching plane vectors'’
on the bath subspace, whereas the ’Q\Bﬁ- coordinate lies on the conical
intersection seam. For more than two electronic states, %N (N+1)
collective modes are obtained.”

Since the collective coordinates of Eq. (4) are not orthog-
onal (and not normalized), an additional transformation is nec-
essary, leading to orthogonal effective modes (Qs,1,Qp.2,0p3).
Using a topology-adapted representation,”® the orthogonal vec-
tors (63,2, 63,3) span the environmental subspace of the branching
plane,

3
Vve(gs,Qs) = Y KziQs,i
i=1

3
D11(gs) + Y. DpiQsi  D12(qs) + AsQs3
. P

s )
T12(qs) + AsQps  U22(qs) — Y. D Qs
i
(5)

The three effective modes (GB,i), i=1,...,3, are part of an orthog-
onal transformation within the Np-dimensional bath subspace,
Q=Tq" " As a consequence of this transformation, the effec-
tive modes are distinguished from the residual modes (Qj;),
i=1,...,Nrs, where Nres = Np — 3, which do not directly couple to
the electronic subsystem but are bilinearly coupled to the effective
modes. The Hamiltonian of Egs. (1) and (2) is accordingly modified
as follows:

H(4s, Qs Q5) = Her(Gs, Qs) + Hpres(Qs, Q3)1, (6)

where the effective-mode portion comprises all vibronic interac-
tions,

Hex(qs, Qs) = (H(Gs) + Hper(Qs))1 + Vve (G5, Qs).  (7)

The effective and residual parts of the bath Hamiltonian read as
follows:

ARTICLE pubs.aip.org/aipl/jcp

Qpi —~ Y
BBy + Q)

3
Hp.etr(Qs1, Qb2 Qb3) = Y. 5
P

3
+ Z dij (ﬁB,iﬁB,j + GB,iaB,j) (8)
=1

and
= =~ =~ = =y =7
Hpres(Qp,1,QB2,QB3, Qg 15 - - -» Q... )
N,

< QF oty 3 Nee
= 23,; (P +Qsi) + > > dij(PpiPyj + QsiQgy),  (9)

i=1 i=1 j=1

where {d;j} defines bilinear couplings within the effective-mode
subspace, while {d;} refers to bilinear couplings between the
effective and residual modes.

Alternative choices of effective-mode triples are possible, which
result from rotations within the subspace of three effective modes.
The choice of topology-adapted modes mentioned above is advan-
tageous when transforming to the adiabatic branching-plane vectors
(g h) along with the intersection space vector s.”* In Refs. 26, 27,
and 52, preference was given to an alternative construction by which
the bilinear couplings between the effective modes are eliminated
from Eq. (8).

Likewise, rotations can be carried out in the residual-mode sub-
space. For example, the frequency matrix Q' (with diagonal entries
Q}; and off-diagonal entries d;;) can be diagonalized in the residual
subspace, such that bilinear couplings are exclusively found between
effective modes and residual modes. This choice was made in Eq. (9).
Alternatively, the bilinear couplings can be cast into a band-diagonal
form, leading to a hierarchical electron-phonon model.”””* Based
on the latter representation, a series of truncation schemes can be
introduced, starting with the zeroth-order model where the residual
modes are discarded, followed by successive nth order truncations
according to the hierarchical chain expansion.

B. Regularized diabatic states (RDS) including
collective modes

While the above-mentioned treatment of the environmental
modes within the LVC approximation according to Eq. (2) is very
useful, there are limitations to this representation. For example, if
the system part of the vibronic coupling Hamiltonian Eq. (5) is also
reduced to an LVC approximation, the resulting CI seam is nec-
essarily linear, possibly in contrast to the actual situation where
a curved CI seam is often encountered. This is why we turn to
an improved representation of the combined system-environment
vibronic Hamiltonian, specifically using the regularized diabatic
states (RDS) construction of Refs. 17 and 18.

The RDS construction removes the singular derivative cou-
plings at a conical intersection and combines an LVC type approx-
imation at the CI with a faithful representation of anharmonic
adiabatic potentials at a distance from the CI. In the following, we
will focus on symmetry-allowed conical intersections. Adapting the
construction of Refs. 17 and 18 to our system, Eq. (5) is replaced
with the following diabatic matrix representation with three effective
modes:

952180 920T YoieN €1
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Ao(Gs, Qs)

Veos(gs, Qs) = =(gs, Q)1 + A(gs, Qs)

where the electronically off-diagonal matrix elements are expanded
around a high-symmetry reference geometry and a linearization is
carried out for the subsystem coupling modes {7s;}. Furthermore,
S and A represent sums and differences of the adiabatic potentials
VSU and Vsl

$@Q) = 5 (Vo @ Q) + Vo @Qn). (1)
A(gs,Qs) = %(Vso (@5 Qs) - Vs, (G5, Q) ), (11b)

and A approximates the difference potential A in the vicinity of
the CI,

AW (45, Qp) = (Kﬁ(iis’,@g)

172
+[Z Ts,i(ﬁs)qsﬁ+xs(ﬁs)63,3] ) , o (12)

where Ao(qs',Qp) lies in the high-symmetry subspace,”'" in
the absence of displacements of the symmetry-breaking modes,
ie, {g5; =0} and Qp; =0 [see also Eq. (16) below]. Therefore,
an effective LVC model emerges at the CI geometry, which is
smoothly connected with a faithful representation of the adiabatic
potentials at distant geometries. While the effective environmen-
tal modes 63 are formally derived in the “LVC limit” of the RDS
potential [see Eq. (5)], their use in the more general potential
of Egs. (10)-(12) should be understood within a more general
diabatization-by-ansatz.

C. Periodic RDS potential and collective
energy gap coordinate

For illustration, we now consider a symmetry-allowed conical
intersection associated with cis—trans isomerization in PSBs in solu-
tion, relying on a reduced-dimensional model”” that was adapted
to a minimal PSB model system, notably the penta-3,5-dieniminium
cation CsHgNH;.”" Here, a symmetry-breaking torsional coor-
dinate, ¢, which acts as a coupling mode, and a symmetry-
conserving (tuning) mode7 of CC stretch or bond-length alternation
type are included, along with a collective energy gap coordinate
QB2=Qs-=0Q.

As further detailed below (Sec. II D), the collective coordi-
nate Q is constructed from a spectral density that conforms to
a polar/polarizable solvent, which reacts to the shift of a posi-
tive charge in the chromophore following photoexcitation. While
the present analysis is restricted to the case of a single col-
lective coordinate rather than the full set of collective modes
Qs = (63,1,63,2,63,3) described in Eq. (10), it is suitable to illus-
trate the essential concept of integrating collective modes into the
RDS construction.

AW (g5, Qs) ZXSJ(OB)/Q\S,CI' +A5(qs)Qss

Z X5(Q5)7s + As(ds) Qb

~Ao(ds, Qp) ’ (10)

(

Adiabatic reference potentials, ie., Vs, (r,¢,Q) and
Vs, (r,¢,Q), are shown in Fig. 1, constructed as detailed in
Sec. S1 in the supplementary material, from a diabatic Hamiltonian
set up in a valence bond basis.”"* Figure 1(a) shows a curved
conical intersection seam, underscoring that an LVC type potential
cannot be employed. The snapshots shown in Fig. 1 also illustrate
that the solvent configuration determines whether or not a conical
intersection is present, such that the solvent dynamics can play a
significant role in reaching the intersection. In the NN procedure to
be discussed in Sec. 111, fitting is carried out for a training dataset
sampled from the adiabatic potentials shown in Fig. 1.

The RDS potential is related to the potential that was recently
constructed in Ref. 16 in the context of NN fitting. However, in
the latter study, we considered a set of intramolecular coordinates
rather than a combination of intramolecular and environmental
modes, and the RDS construction of Ref. 16 did not account for the
periodicity of the PES.

In the present context, the Hamiltonian takes the following
form, see Egs. (6) and (7):

FIRDS(’(E;?; 6) = (Hg("ﬁ?) + quff(a) + I’:Ires(ai: e :’Q\;\Im))l
+ Vros (6,7, Q), (13)

where Vgps contains a single effective mode Q as compared with
three modes in Eq. (10). Periodicity is introduced in the RDS
potential by replacing the linearized form of the ¢-dependent cou-
pling term by a cos¢ dependence (similarly to the diabatic ref-
erence potential of Ref. 47 as well as related models for retinal
isomerization”®),

A$7Q)

A0@7Q)

X(AZO(?,G) ?(?,a)cosa) "
-2(7Q) )

Veos($7Q) = 2(6,7Q)1 +

{(7Q) cosh

The diabatic coupling ((7,Q) is expanded around the high-
symmetry reference geometry cos¢, =0, i, ¢o=(n—3)m for
n=1,2,3,..., see Eq. (16). The definition of the sum and differ-
ence potentials is as before, ¥ = 1 (Vs, + Vs, ) and A = 1(Vs, - Vs, );

see Egs. (112) and (11b). Likewise, A" is defined analogously to
Eq. (12), with cos ¢ replacing the linearized couplings,
(1) SUSPUNPUSES \1/2
RO@RQ) - (BirQ) +TEResd) )

where Ay lies in the high-symmetry subspace

R(7Q) = B3 = $o.7.Q) x Sign{ %;@ “M’ } -
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and {(7, Q) contains the second derivative of the difference potential
with respect to cos ¢, evaluated in the high-symmetry subspace

1/2
:| . (17)

Note that a regularization is carried out in order to ensure that the
second derivative takes positive values; to this end, Q is replaced with

=~ 1 & g
{(7Q) = EWA (¢.7.Q)

$=¢0,Q=Qreg

Qreg = sAq tanh™! ( & ), where s is a unitless parameter that is set to
0.5 (see Sec. S2 in the supplementary material).

D. Collective energy gap coordinate
and spectral density

While the collective coordinate Q represents the net effect of the
environment on the energy gap at the conical intersection, its fluc-
tuation dynamics is determined by the entire set of environmental
modes, including all residual modes. In general, the full set of envi-
ronmental modes is represented by a spectral density J(w), which

125 0.0
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FIG. 1. PES topology for the PSB model
system exhibiting a symmetry-allowed
conical intersection. The intramolecular
coordinates (¢, r) and the collective
environmental coordinate Q couple to
the conical intersection (where Q corre-
sponds to the solvent spectral density J*
to be discussed below). (a) Curved coni-
cal intersection seam in the (r, Q) plane.
The minimum energy conical intersection
(MECI) is marked, and the energy along
the seam is color coded. (I)-(Ill) show
the correspondence with a 3D represen-
tation of the potential as a function of
(r, ¢); a conical intersection is found in
(I1) and (I1l). (b) Diabatic potentials as a
function of the Q coordinate.

encodes a (quasi-)continuum of environmental states and charac-
terizes the environment’s frequency distribution and its couplings
to the subsystem.”” Approximate spectral densities relating to energy
gap fluctuations can be determined experimentally*’ or from corre-
lation functions obtained in molecular dynamics simulations.”* In a
quantum setting, the two-point correlation function of the collective
Q mode is related to the spectral density by the following Fourier
transform relation:™*"*!

@QOQAN) = [ doj@m(@)e™, 08)
where D is the effective vibronic coupling [see Eq. (5)], nz(w)
= (e*/®1 _ 1)7! is the Bose-Einstein distribution, and the corre-
lation function relates to the equilibrium state of the environment,
C(t) = (Q(0)Q(1)) = Tr [Q(0)Q(t)p5]. The coupling between the
collective 6 mode and the residual modes 6;, n=1,...,Npes is
contained in the Heisenberg evolution of the former.

For dielectric relaxation in solution, a Debye-type SD has
typically been employed,’** which yields a low-frequency diffuse
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SD peak, typically due to reorientational solvent motion, that can
be modeled by an overdamped Brownian oscillator model.”””" This
SD includes both bulk effects and local effects that dominate in the
inertial response. Along these lines, variants of the Debye model
have been introduced, notably the so-called quantum-overdamped
Brownian-oscillator model of Ref. 63,

wA?

](w) = 4/1m,

19)

where A =7""[[* dw @' J(w) is the reorganization energy and

A™! = 1, is the solvent relaxation time scale.”” " In our study, the

above-mentioned SD is going to be employed due to its more pro-
nounced decay as a function of frequency as compared with the
Debye SD.® In numerical calculations, a discretized form of the
SD is employed,

J(©) = T3 cd(w-w), 20)

n

where ¢, = (2Aw](w,)/m)"/* with J(w) on the rh.s. referring to
Eq. (19) and Aw is the frequency spacing for an equidistant fre-
quency distribution of bath oscillators. Beyond the basic equidistant
sampling scheme, various improved schemes can be employed”*®’
(see also the discussion in Paper II).*!

Since the Hamiltonian of Eq. (1) is recast in terms of the Q
mode and the residual environmental modes (Q;,. . .,Qf\,m), see
Egs. (8) and (9), it is convenient to adapt the SD representation
accordingly. To this end, the effective-mode frequency is obtained
from the SD,**"%

Q= %fo dw J(w)w ~ %Z,; cf,a)n, (21)
which directly relates to the parameter A in Eq. (19), i.e., Q = mA/2
(see Sec. S3 in the supplementary material). Further, the residual
spectral density, J; (w), is computed,’® *® which represents the SD of
the remaining modes (Qf,...,Qy_ ) that are coupled to the collec-
tive Q coordinate. The residual SD is represented as a collection of
harmonic-oscillator modes resulting from a coordinate transforma-
tion where all modes are bilinearly coupled to the collective Q mode
with couplings {d1, } [see Eq. (9)]*° such that one obtains

Nies
Ji(w) = (d1,)*8(w - ), (22)
n=1

again in mass and frequency weighted coordinates. Figure 2(a) illus-
trates the SD of Eq. (19) for a “slow” (J*) vs “fast” (J/ ) solvent model,
whose SD maxima are located in the low-frequency vs intermediate-
frequency range, respectively. Likewise, in Fig. 2(b), the residual
SD for these two cases is shown, along with the effective-mode
frequencies indicated by the vertical bars. We note that the corre-
sponding solvent relaxation times 7, = A™' = 77/(2Q) lie in the range
50-100 fs (see Sec. S3 in the supplementary material) and are, hence,
shorter than typical values ranging from 100 fs to 1 ps.”” However,
experimental evidence®’ suggests ultrafast components of the sol-
vent response in the case of PSB isomerization. In a more complete
SD representation, specific underdamped components of the solvent
response can be added explicitly.*

ARTICLE pubs.aip.org/aipl/jcp

—
)

-
o
1

r\ —js I

J(w) / eV

°
o

—
(®)
N

-
o
1

J1(w) I meV

0 500 1000 1500 2000
w/cm™!

FIG. 2. (a) Representative spectral densities of quantum overdamped Brownian
oscillator type, one of which (J*) (where “s” stands for slow) is centered in the
low-frequency range, while the second (J7) (where ' stands for fast) is located
in the intermediate frequency range. (b) Residual spectral densities according to
Eq. (22). The effective-mode frequencies are marked by vertical bars.

lll. NEURAL NETWORK APPROACH

Based on the above-mentioned representation of the vibronic
potential, NN fitting strategies significantly benefit from the
reduced-dimensional nature of the environmental effects on the
conical intersection topology. Since the environment-induced
vibronic coupling is intrinsically a collective effect, sampling pro-
cedures can focus on, e.g., net energy gap fluctuations rather than
effects induced by individual environmental modes.

A basic approach, which is adopted in the present work, relates
to an NN fit based on a dataset that is strictly limited to the set of
vibronically active modes, here (¢,r,Q), while the residual modes
are taken to be at rest (Q}, =0), say, formally at T = 0 K. That is,
the potential is restricted to the effective-mode part of Egs. (13) and
(14), and it is assumed that data are available as a function of the
collective energy gap coordinate Q.

In the present study, the dataset was constructed as follows
for the purpose of demonstration of the approach: The original
valence-bond reference potential’’ (see Sec. S1 in the supplementary
material) was combined with an environmental spectral density of
overdamped Brownian oscillator type [see Eq. (19)]. This poten-
tial was subsequently recast in RDS form, and the environmental
vibronic coupling was subsumed in an effective mode Q according
to Eq. (4). Sampling for the NN fit was carried out for the adiabatic
potentials obtained by diagonalizing the RDS potential.

In a more flexible setting, sampling would include displace-
ments of all environmental modes, including the residual space,
introducing statistical averaging in the collective-mode subspace.
The latter perspective, which will be explored in follow-up work,
connects to sampling procedures based on atomistic simulations
from which energy gap coordinates and their fluctuation dynam-
ics are extracted.””""”” QM/MM calculations in conjunction with
trajectory-based dynamics could provide these data.

In the present setting, the NN fit is restricted to the modes
(¢,7,Q), and coupling to the local baths—acting on both Q and
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FIG. 3. Schematic illustration of the multiplicative neural network employed in this
study. The interactions with the local baths acting on the collective mode Q and the
torsional mode ¢ are not part of the NN fit in the present study. The final potential

is composed of the NN potential with elements VAN (¢, r, Q) augmented by these
interactions with the local baths.

¢—is added at a later stage, as illustrated in Fig. 3. The companion
paper illustrates how dynamical calculations are carried out in the
combined effective and residual bath spaces at finite temperature,
using the TFD approach.

In the following, we outline the main features of the NN pro-
cedure, with an emphasis on the aspects that differ from our earlier
analysis in Ref. 16.

A. Multiplicative neural networks

While the RDS Hamiltonian Eq. (13) with the potential of
Eq. (14) is suitable to carry out quantum dynamical calculations
and contains smooth and differentiable potential elements, { VAo"},
it is not compatible with the sum-of-products (SOP) form of the
potential required by tensor network methods like MCTDH. As
shown in Ref. 16, a fit to a multiplicative NN potential is a suit-
able strategy to obtain such SOP potentials, in addition to estab-
lished potential fit procedures, as employed, e.g., in the context of
MCTDH.™"*

For a shallow architecture with a simple intermediate (so-called
hidden) layer, an approximant for the {VEDSY matrix elements in
multiplicative NN (m-NN) form is given as follows for a system with
f degrees of freedom, x = {x1,. .. ,xf}:

VEDS(x) ~ Van (%) = ) + wai)nHFm,-d(xd), (23)
=1

where y ) and w ., are the outer-layer weights and biases and Fyn
is the transfer functlon, which translates the input variables {x,}
via the inner (hidden) layer to the outer layer, ie., the resulting
potential. The transfer function acts as follows:

Fomia(2) = Fn i, + @i 5] 20
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where wi(dl}m and ”1 d ", are inner (hidden)-layer weights and biases.

Furthermore, Nxy denotes the number of NN nodes, which is a
crucial parameter for convergence.

Here, we construct a three-dimensional (f = 3) PES for the
(r,¢,Q) subspace, taking into account the periodicity of the PES
according to Eq. (14),

Vi (:7,Q) = VNN(¢> Q)

= ."lSnzn) + Z wz(m)nFm” 1¢(C05 ¢) an,ir(r)an,iQ(Q);
(25)

where the individual transfer functions are defined according to
Eq. (24). In line with our previous work,”'® we choose the following
form of the transfer functions:

2
an(T) = Aamn + bmnTz + Cmne_T 5 (26)

where the parameters are chosen such as to guarantee that the trans-
fer function is positive definite. A small value of ¢, ensures a mod-
erate increase of the function outside of the region covered by sample
points, which proved robust in terms of the description of asymp-
totic properties.” For diabatic couplings, Vi, m # n, Eq. (26) is
restricted to a bell-shaped Gaussian function,'® i.e., dmy = 0, byn = 0,
cmn = 1, as further detailed in Sec. S4 in the supplementary material.

Figure 3 shows a schematic representation of the NN setup,
noting that in the present protocol the local baths acting on the
coordinates Q and ¢ are not directly included in the NN fit
procedure.

B. Multiplicative neural networks: Training protocol

In Ref. 16, we introduced a multi-objective training pro-
cedure’” to account for the fact that the parameter sets (,,,
{wf,f,z,yfi)n,wt(;zm,yf;zm} are interdependent for different (mn)

combinations. In this vein, a five-component objective function is
used in the present study,

Z({(mn}) = Z Wm"((mn)zm”((mn) + Z WSzS({(mn})’ (27)

§=80,51

where the sum of three individual diabatic sub-objectives
{Z11, 22,212}

1/2
zmn(cmn)=[;12(Vii?(cp,r,Q)—VEES(WQ))Z] . (28)

P

is complemented by two sub-objectives {Zs,,Zs, } relating to the
adiabatic gradients for S = S, S1,

1/2
Zs({cmn})=[ Zlg (6.7, Q) —g5( wo)z] ., (29)

where the adiabatic gradients can be related analytically to the dia-
batic gradients for the present two-state system (see Sec. S4 in the
supplementary material). As in Ref. 16, the diabatic sub-objectives
of Eq. (28) were pre-optimized separately, providing initial
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conditions for the second step, where the multi-objective optimiza-
tion according to Eq. (27) is carried out.

The multi-objective function of Eq. (27) differs in sev-
eral important respects from the objective function employed in
Ref. 16. Critically, adiabatic gradient information was restricted
to constrained ground-state minima in our previous procedure.'®
As a result, it turned out that constrained Sy minima suffered
from rather large errors that could not be systematically reduced
when increasing the number of nodes. This issue is corrected in
the present work by including complete gradient information for
both states according to Eq. (29). Previous work in the litera-
ture has likewise emphasized the importance of including gradient
information." """

Furthermore, the CI seam was assigned a separate sub-objective
in Ref. 16. While this procedure reproduced the CI seam very well, it
turned out in the present analysis that an additional sub-objective
was not necessary as long as the gradient information was accu-
rately taken into account. Finally, the weights W [see Eq. (27)] were
taken as functions of the full parameter set and were part of the opti-
mization procedure in Ref. 16. In contrast, the weights are reduced
to constant parameters in the present procedure, i.e., W ()
= Waum. In fact, we found that the pseudo-weight approach works
less efficiently with a larger number of sub-objectives, such that we
chose a simpler and more robust version in the present work.

The sampling procedure for the adiabatic potentials
(Vs,(¢,1,Q), Vs, (¢,7,Q)) was similar to Ref. 16, ie, M= 10*
samples are randomly drawn based on Metropolis sampling
from a uniform three-dimensional distribution. Conversion
to the diabatic potentials is then carried out according to
the RDS construction Eq. (14), with acceptance probabilities
1y = exp (= (Viun(xp) = Vo' )/0), where ¢ = 0.15 a.u. Samples for

ARTICLE pubs.aip.org/aipl/jcp

the diabatic coupling Vi (x,), m # n, are taken as a union of the
sampling sets for the diagonal elements, resulting in 2M = 2 x 10*
samples.

Symbolic algebra techniques implemented in the SYMPY pack-
age’” were employed to analytically derive the RDS potentials and
the adiabatic gradients, which were then automatically converted
to Fortran90 subroutines for efficient reference data generation.
Minimization of the multi-objectives for the NN training utilized
the sequential least squares programming (SLSQP) algorithm, as
implemented in the SCIPY library.*

C. Convergence of m-NN fit

With the above-mentioned ingredients, the NN fit quality turns
out significantly improved as compared with Ref. 16. Figure 4 shows
the RDS diabatic potentials for Nxn = 30 nodes, and in Fig. 5, a
comparison is shown between the resulting adiabatic neural network
PESs as compared with the RDS reference potentials. The adiabatic
PESs are accurately reproduced for all regions that are relevant for
the dynamics, with average errors around 20 meV. Even the very
shallow S; minimum at ¢ = nm, n = 0,+1,. .., and the barrier with
a height of ~20 meV are well reproduced. This is not the case,
though, for Nnxn < 25 nodes, where the NN fit produces a saddle
point instead of a shallow minimum. Even though this does not sig-
nificantly affect the dynamics of the present model,"' the S; barrier
is an important feature of the PSB potentials, especially in retinal
type systems where the barrier height depends on the specific type of
retinal PSBs.*

Table I illustrates the convergence of the NN-RDS approxi-
mants for the stationary points of the adiabatic PESs, as compared
with the RDS reference potentials. The global S minimum and the
shallow S; minimum at ¢, =0 (and symmetrically at ¢, = 7) are

FIG. 4. Comparison between the dia-
batic RDS potentials and the NN fit (N
= 30 nodes), along with their difference,
shown in the (¢,r) subspace at Q = 0,
for the fast solvent (J7). (a)-(c) Diago-
nal potential V44, (d)—(f) coupling func-
tion V4, and (g)—(i) diagonal potential
V.
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FIG. 5. (a) Adiabatic reference poten-
tials, as compared with (b) NN potentials
(Nnn = 30 nodes), shown in the (¢, r)
subspace for Q = 0, for the fast solvent
(J7). The central Cl and two neighboring
Cls are shown. (c) Difference between
the RDS vs NN potentials for the S;
state, and (d) corresponding difference
for the Sy state. (e) 1D cuts of the adi-
abatic potentials and their NN approx-
imants [for cuts intersecting the global
So minima (left), the local S; minima
(center), and the CI (right)].

— 5
— S
‘ Simn,\ocal

¢ Cl

25 \/\/ ‘ Smm,glubal
2.9 b b 0

-05 00 05 10 15-05 00 05 10 15-05 00 05 1.0 15
o/mn o/n o/n

TABLE I. Harmonic vibrational analysis at the stationary points of the adiabatic potentials at beq = 0 (and symmetrically at beq = 7), for varying numbers of NN nodes and the
two SD realizations under study. The global Sy minimum and the shallow Sy minimum are considered (see text for details).”
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NN NN
NN So reference 15 20 25 30 35 S1 reference 15 20 25 30 35
]S
Stationary point
¢eq (rad) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Teq (A) 1.37 1.34 1.36 1.35 1.36 1.36 1.48 1.50 1.49 1.49 1.49 1.49
Qeq =) -7.62 -7.10 -874 -796 -7.73 -7.57 4.30 4.03 4.47 4.27 4.23 427
Vibrational frequency
Wy (cm™) 586 548 587 543 573 562 228 1777 175* 1097 92 148
Wy (Cmfl) 1083 969 1072 979 1073 1060 1237 1037 1183 1144 1146 1184
Q (cm™) 72 72 75 70 71 72 88 90 89 88 90 90
]f
Stationary point
(/)eq (rad) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Teq (A) 1.37 1.36 1.36 1.36 1.37 1.37 1.48 1.51 1.51 1.50 1.49 1.49
Qeq =) -4.09 -455 -433 -428 415 -3.82 2.41 2.39 2.28 2.47 2.49 2.35
Vibrational frequency
(ors (Cm_l) 587 605 596 585 560 562 224 171* 249* 88 129 145
Wy (Cm_l) 1082 1007 1073 1063 1148 1123 1237 1080 1197 1110 1159 1184
Q (cm_l) 215 217 216 201 221 216 261 261 280 265 264 276
*Imaginary frequencies are denoted by an asterisk (*).
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FIG. 6. () lllustration of the minimal PSB model under study,*’ exemplified by photoinduced charge translocation in the penta-3,5-dieniminium cation, CsHgNH;,”°" where
cis—trans isomerization of the central CC bond takes place. The positive charge is localized at the nitrogen end in the Sy equilibrium geometry and at the carbon end in the
S state. (b) Diabatic state character of the RDS potentials as a function of (r, Q), superimposed on the adiabatic Sy and Sy PESs. (c) Convergence of the Q-constrained
Sp minima (at ¢ = 0) as a function of the number of nodes Nyn. (d) Convergence of the conical intersection seam as a function of the number of nodes.

considered. The vibrational frequencies at the So minimum are qual-
itatively reproduced with Nnxn = 15 nodes, and for Nxn = 20, the
So vibrational frequencies are reproduced quantitatively with errors
ranging from 1 to 11 cm™". The equilibrium geometry is almost
exactly reproduced for the  and ¢ modes, whereas the Q mode
shows up to 15% relative error. For the shallow S; minima, con-
vergence is more difficult to achieve, and the frequencies are only
qualitatively reproduced at the point where the local topology is
captured correctly with Nnn = 25 (see above).

Figure 6 further shows the convergence of the Q-constrained Sy
minima [panel (c)] and of the CI seam [panel (d)]. The seam is found
to converge very well, even for Ny = 15, in line with our earlier
observations in Ref. 16.

As further detailed in paper IL*' the scaling of the dynamical
calculations using the above-mentioned NN approximants exhibits
a near-linear profile as a function of Nnn, such that dynamical
calculations with highly converged NN-PESs are feasible.

IV. STATISTICAL AVERAGES VIA THERMOFIELDS

We now turn to the inclusion of thermal effects. A typical pho-
tochemical scenario involves a thermal reference state pertaining to
the solvent equilibrated to the electronic ground state, followed by
dynamical evolution that reflects a build-up of chromophore-solvent
correlations in the excited state(s). In addition, thermalization
should possibly include a subset of intramolecular low-frequency
modes. In the context of quantum dynamical simulations at the wave
function level, the required thermal ensemble averages can be con-
veniently represented in terms of an extended, doubled Hilbert space

within the Thermofield Dynamics (TFD) approach,”””” also denoted
purification. This approach leads to an effective thermal Hamilto-
nian that can be employed in quantum dynamical simulations, as
illustrated in Paper IL."

In the following, we first summarize the TFD approach
(Sec. IV A) and then show how the approach can be tailored to
the effective/residual bath representation (Secs. IV B-IV D). In
Sec. IV E, we show how the NN potentials of Eq. (25) are com-
bined with the thermalized effective/residual subspaces such as to
yield a thermal NN/TFD Hamiltonian, which is going to be used in
the quantum dynamical calculations reported in Paper I1.*!

A. Thermofield dynamics

Within the TFD approach, a thermal equilibrium state is rep-
resented by a pure state Pr = |yr){vr| in a duplicated Hilbert
space. 723351 For example, for a single harmonic oscillator, a second,

“fictitious” oscillator is introduced, denoted by a tilde symbol,
v =2 MOF ep (-5 e 60

where Z is the partition function and |¢;, @;) = |¢;) ® [¢;) repre-
sents a direct product of eigenstates |¢;) of the Hamiltonian, Hlo;)
=Ej |(p]) and auxiliary (“tilde”) states [¢;) obeying H|;) = E;[9;).
Here, H (the “tildian”) is chosen to correspond to the same
physical system as the reference Hamiltonian and is obtained as
H=H"""" In fact, there is considerable freedom in the choice
of H, but the symmetric choice is advantageous in view of the
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transformations discussed below. In this representation, the time
evolution is defined in terms of the thermal Hamiltonian Hy = H
—H,ie. ihd:|y) = Hr|y), where d; = 8/0t.

The two-mode pure state of Eq. (30) is also denoted the ther-
mal vacuum state and can be generated from the two-mode vacuum
state |¢o, §o) by a un1tary transformation, i.e., a so-called Bogoliubov
transformation”

lyr) = T(6)|o, $o)» (31)

with the thermalizing operator, """’

”1\1(9) _ e—i@(@) _ eie(ﬁF—Fﬁ), (32)
where P = —id%, andp = id%, and 0 = arctanh(exp (-w/(2ksT))) is
a mixing parameter that depends on the ratio between the oscilla-
tor frequency and the thermal energy. The explicit form of Eq. (32)
demonstrates that the Bogoliubov transformation involves the mix-
ing between the coordinate and momentum variables of the physical
and tilde spaces, leading to a so-called two-mode squeezed vacuum
state.”"

Based on Eq. (31), a particularly convenient representation of
the time propagation can be found by moving the Bogoliubov trans-
formation from the initial condition to the equations of motion,
permitting the use of zero-temperature initial conditions,”**

0 — ~
ih - 1y) = Aily) W(t=0) =lpogo) (33

where the inverse Bogoliubov transformation (iBT) acts as follows
on the thermal Hamiltonian™"**

7Y =T (0)HT(6) = T'(6)(H - H)T(0). (34)
For example, for an N-mode linear vibronic coupling Hamiltonian,
the original Hamiltonian H = Hy +G.Y,, knGn + X, @n/2(F2 + Do)
translates to the following Bogoliubov transformed TFD Hamilto-
nian:**

H? =H, +EZZ (kn cosh (0,)Gn + kn sinh (6,)qn)
W IO
+ 2 S @A P =T - P (35)

In Eq. (35), use was made of the fact that (i) electronic thermal-
ization can be disregarded and (ii) the vibrational tildian is given
as Hyp = 1%, (4, + Pn)> which conveniently allows us to exploit
the invariance of ((@ +72) - (@5 +73)) under the Bogoliubov
transformation.™

In the context of the present study, two further issues have to
be addressed: first, we will refer to displaced harmonic oscillator ref-
erence states and, second, the Hamiltonian takes the transformed,
hierarchical form of Egs. (8) and (9) if the residual bath is included.
These aspects will be detailed in the following.

B. Thermofields for displaced oscillator
states: Collective modes

In the context of vibronic dynamics,” the TFD formulation
is usually applied to uncorrelated initial reference states where

ARTICLE pubs.aip.org/aipl/jcp

Pr ~ Pl ® P> With Py the thermal bath state in the absence of

the electronic subsystem. The extension to correlated system-bath
states is feasible but challenging in practice’* due to the construction
of the Bogoliubov transformation. Here, we address an important
class of initial vibronic correlations where the equilibrium state
of the vibrational subsystem depends on the electronic subsystem.
Within a shifted harmonic oscillator model, this requires a modified
Bogoliubov transformation relying on a displaced reference state.

To illustrate this issue, we consider the tuning type contribu-
tion of the effective mode Q to an LVC Hamiltonian according
to Egs. (5)-(7), i.e., Heys = 0/2(62 +P?) + CQG,, and re-write this
minimal Hamiltonian for clarity in terms of state-specific shifted
harmonic potentials,

A%+ P11,
(36)
where A = C/Q. We now consider a thermal reference distribution
pertaining to state |0) or else to state |1), with equilibrium geome-
try Q = £A, rather than the standard reference geometry Q = 0. In
Fig. 1(b), the left and right local diabatic minima exemplify such a
reference geometry.
The relevant distribution is generated by a shifted Bogoliubov
transformation”">%

Aar= S (@+8) = 82+ PHJ0)o] + (@~ 8 -

Ta() = >

= ei@((a—A)ﬁ—?(a—A))’ (37)
here for a reference distribution centered at Q = A [i.e., pertaining to
state |1) in Eq. (36)]. Note that the present discussion is restricted
to real-valued coordinate shifts, while the application of the dis-
placement operator is more general and could include momentum
displacements.””*** As detailed in the Appendix, it turns out that
the shifted Bogoliubov transformation of Eq. (37) can be related to
the standard Bogoliubov transformation of Eq. (31) via displace-
ment operators D(Ag) 8256 which act such as to induce a shift,
D(Ag)QDT(Ag) Q- Ag. Here, Ag is a temperature-dependent
shift,

Ag=A(1-¢%), (38)
such that the following relations hold:
Ta(8) =T(0)D'(26)D (Ag), (39)
and
T}(6) = D(86)D(49)T" (). (40)

When turning to the iBT framework, the thermal Hamiltonian is
now defined with respect to the shifted reference state

Hf = Th(0)(H - H)Ta(0), (41)

and can be written similarly to Eq. (35), but replacing Q — Qa,, with
Qa = Q- Ayp,

HY it = Ha +73(C cosh (8)Qa, + C sinh (6)Qa,)

£ 2@, P, P, (42)
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This effective Hamiltonian will be used in the simulations of paper
II; however, the reference distribution will be seen to relate to
Q = —A according to Fig. 1(b). Next, we consider the indirect effect
of the shifted effective-mode equilibrium on the residual bath.

C. Thermofields for displaced oscillator
states: Residual bath

Since the equilibrium positions of the residual bath modes
depend, in turn, on the effective-mode equilibrium position, the
former are also affected by the initial vibronic correlations. In
accordance with the bilinear effective-residual mode coupling of
Eq. (9), the potential minima of the residual modes are located at
Ay = (D1a/Qn)A, where A = C/Q is the effective-mode shift (and
signs would change if the reference distribution is centered at
Q = —A). Accordingly, a shifted Bogoliubov transformation can be
defined as earlier, with thermal shifts for the residual modes, Q, -
Q;,A9> with Q;,Aﬂ = Q- A,p. The final expression for the thermal
Hamiltonian in the effective/residual bath representation reads as
follows:

=0 =0 =0
H7p = Hyeff + Hr e 1, (43)

where H %eff is defined in Eq. (42) and the residual bath contribution
is given as

ka3 Nres Q:’l N/ /7 ! YU
Hire = 3, 5 (@s))" + B1) = (Qua)) = (B2))
n=1
Nres PN N
+ > dy((Qn,Qna, + PP}, cosh (6) cosh (6,)
n=1

+ (Qa,Qps, + PP,) sinh (6) sinh (6,)
+ (QayQa, + PP},) cosh (0) sinh (6,)
+ (éAsa;,Ag +PP),)sinh () cosh (Gn)). (44)

In this expression, the coupling terms reflect that both the col-
lective mode and the residual bath are thermalized. Related
applications of TFD to chain mappings can be found in
Ref. 87.

ARTICLE pubs.aip.org/aipl/jcp

D. TFD spectral densities

Connecting to Sec. IT D, the spectral densities of Egs. (20) and

22) can be generalized to the thermal Hamiltonian. Referring to an

N-mode linear vibronic coupling Hamiltonian, see Eq. (35), ther-

mal spectral densities are defined that correspond to the modified
vibronic couplings used in the TFD Hamiltonian,”*" i.e.,

1) = 73 (@) (0~ wn), (45)

and

79((4)) = gZ (?3)26(40 - wy), (46)

n

with the thermal vibronic couplings cl'=¢, cosh ® and ¢F
= ¢, sinh 6. Likewise, the residual spectral densities of Eq. (22) can
be generalized.

The combination of the real and tilde SDs of Egs. (45) and (46)
also constitutes the temperature-dependent quantum noise spec-
tral density,” ”" where the tilde part is associated with negative
frequencies.

In Figs. 7(a) and 7(b), the thermal spectral densities ]e(w) and
7%(w) are shown for the two representative cases that were pre-
sented in Fig. 2. These two cases will be compared in the dynamical
simulations discussed in Paper I1.*!

As can be seen from Figs. 7(c)-7(f), the thermalized SDs of
Eqgs. (45) and (46) take large values in the low-frequency domain
where w ~ kT. Differently from the reference spectral densities
(highlighted in blue), the thermal SDs do not decay for w — 0,
but the real and tilde SDs reach the same, constant values (see
Sec. S3 in the supplementary material for details). At T = 0 K, the
tilde SD Vanishes,Te( w) — 0, whereas the real SD tends toward the
temperature-independent reference SD, J?(w) — J(w).

E. NN potentials and TFD Hamiltonian

The thermofield approach in the above-mentioned form is
tailored to the collective-mode representation of the vibronic

1000 x ¢ / (eV)?

FIG. 7. Thermal spectral densities for
the real vs tilde spaces according to
Egs. (45) and (46), for the two relevant
SDs shown in Fig. 2(a). Upper panels:
Real SD J?(w) for (a) the fast solvent
and (b) the slow solvent; lower panels:

— 0K 200K SN

F10 >

- — 50K 250K °
® 61 — 100K 300K —
- o~
= — 150K 0
3 X
o

o

o

0 50 100

tilde SD J%(w) for (c) the fast solvent
and (d) the slow solvent. The discretized
SDs are shown for various temperatures
between T =0 K and T = 300 K. The
reference SDs (T = 0K) are highlighted
in blue in (a) and (b).
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coupling Hamiltonian discussed in Sec. IT D. As demonstrated ear-
lier, the residual environment is consistently included within the
assumptions of the underlying spectral density. The resulting ther-
mal Hamiltonian HY of Eqs. (42)-(44) is exact if the coupling of
the collective mode to the electronic subsystem is described by
the LVC form of the interaction. At the same time, Iq(; is also
expected to represent a good approximation for the thermofields of
the collective-mode part within the NN description, recalling that
the RDS/NN potentials yield the LVC form of the potential close
to the conical intersection. Conversely, obtaining an exact thermal
Hamiltonian for the collective mode part of the NN/RDS potentials
is possible but rather challenging in practice.*!

Hence, instead of attempting to obtain an exact thermal Hamil-
tonian, we opt here for an approximate procedure where the
thermofields are approximated in terms of the LVC part of the
chromophore-solvent interaction. That is, we augment the NN/RDS
potential as follows:

Hiw (76,00 {Q1{T}) » Bw(®$.Q) + AH7.x(Q Q)
+ HT,res(a> 6) {a;}: {6;})1)
(47)

where a thermal correction term is introduced for the collective
mode Q and the thermalized residual bath is added. The thermal
correction is given as

AHY4(Q,Q) = H}.(Q. Q) - Her(Q), (48)

where H.i(Q) represents an LVC approximation to the Q depen-
dence of the NN potential in line with Eq. (36), yielding a “Marcus
parabola” type approximation.”””” The relevant parameters—i.e.,
the collective-mode frequency and reorganization energy—can be
extracted from the NN fit as detailed in Sec. III. In addition, the
shape of the residual SD is taken to be specified, typically accord-
ing to an overdamped Brownian oscillator model as discussed in
Sec. 11 D.

In fact, the Marcus type approximation is known to be
quite robust and typically emerges from anharmonic potentials in
atomistic simulations of charge transfer processes.”’””” Hence, the
approximation of Eq. (47) should be valid for typical charge transfer
systems. Even so, with a view toward future applications, a natural
extension of the NN approach is a generalization to atomistic sim-
ulations where the effective/residual-space parameters are obtained
for general chromophore-environment interactions.

V. DISCUSSION AND CONCLUSIONS

The present approach is meant for situations where the
quantum dynamical evolution of the molecular subsystem—e.g.,
the chromophore in a photochemical setting—requires a detailed
microscopic description and possibly the inclusion of many vibra-
tional modes, while the dynamical effects of the environment can
be subsumed in terms of collective coordinates. In the present
context, the latter are related to the well-known Brownian oscil-
lator model description and its generalization to effective-mode
constructions for conical intersection topologies.” *””* For these
situations, the present approach demonstrates how neural net-
work methods in conjunction with flexible quasi-diabatization
schemes'”'® can be applied such as to obtain a consistent

ARTICLE pubs.aip.org/aipl/jcp

chromophore-plus-environment description. Within this descrip-
tion, intramolecular modes and collective environmental modes are
treated on equal footing, beyond the linear vibronic coupling model.
To this end, we showed how the effective-mode construction of
Refs. 27-29 and 52 can be embedded into the quasi-diabatic poten-
tials and, hence, their NN approximants. The collective modes are
coupled, in turn, to a residual mode subspace, which contains infor-
mation on the high-dimensional environment, represented here by
an underlying spectral density.

Furthermore, we have shown how the NN potentials can be
augmented by thermalization effects in the solvent subspace, such
as to obtain a thermal NN Hamiltonian, which is subsequently
employed in the quantum dynamical ML-MCTDH calculations of
Paper I1.*! Ata wave function level, the thermalized state of the envi-
ronment can be conveniently defined in terms of the thermofield
dynamics approach. The latter was adapted to the effective/residual
mode partitioning, and it was shown how initial state-specific sol-
vent equilibration (i.e., vibronic correlations) can be described in
terms of displaced oscillator states. As discussed in Ref. 84, efficient
quantum propagation becomes feasible if low-frequency subsys-
tems are singled out for thermalization. In the present discus-
sion, we focused on the collective-mode subspace in this context,
but intramolecular low-frequency modes can obviously be treated
similarly.

Against this background, various extensions are feasible. First,
the NN construction and quantum dynamical calculations can be
straightforwardly generalized to higher-dimensional quantum sub-
systems. For example, in the context of PSBs, hydrogen out-of-plane
modes have been included in reduced-dimensional PESs to obtain a
more precise description of the ultrafast isomerization dynamics.””
To this end, electronic structure data can be sampled either for the
isolated or solvated chromophore.

Second, as mentioned earlier, the description of the environ-
ment can be made more flexible by introducing atomistic sam-
pling procedures that are not tied to a spectral density model as
employed in the present realization. For charge transfer processes in
polar/polarizable solvents, it is expected that microscopic energy gap
coordinates lead to a similar picture as the one derived here within
an SD representation.”””’’” In general, though, the dependence
on collective environmental coordinates can be more complex, and
future developments of the NN/TFD approach will generalize the
present framework to account for an atomistic description of the
environment. In the case of PSBs, this approach will naturally con-
nect to extensive QM/MM work’’ > that has been carried out both
for solvents and protein environments.

SUPPLEMENTARY MATERIAL

See the supplementary material for information on the refer-
ence potentials (Sec. S1), the RDS coupling function (Sec. S2), a
detailed analysis of the spectral density (Sec. S3), analytical formulas
for the NN gradients (Sec. S4), and further details on the assessment
of the accuracy of the NN fit (Sec. S5).
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APPENDIX: DERIVATION OF SHIFTED BOGOLIUBOV
TRANSFORMATION

In this Appendix, we provide details about the relation Eq. (40)
between the shifted Bogoliubov transformation and the standard
transformation. We consider the shifted Bogoliubov transforma-
tion adapted to a reference coherent state with displacement A, see
Eq. (37),

TA(G) - eie((a—A)?—?(a—A))’ (A1)

where the negative sign of the displacement in the exponential
follows from the requirement that the reference coherent state, cen-
tered at A, is an eigenstate of the shifted annihilation operator, i.e.,

((Q-A) +iV2P)|ya) = 0 (see also Ref. 41). Next, we rewrite the
exponential as follows:

Ta(0) =P, (A2)
where
A=if(QP-PQ),

~ — = (A3)
B=-iA(P-P),

ARTICLE pubs.aip.org/aipl/jcp
noting that the commutator yields
[4,B] = -i6’A(P-P) = 6B. (A4)

With Eq. (A4), the transformation of Eq. (A1) can be rewritten using
a special case of the Baker-Campbell-Hausdorff formula,” i.e.,

_ b
P = exp (A) exp ( ! Ge B). (A5)

Noting that exp (4) = O T(6), we obtain
Ta(6) = T(0)' '~ I2PP)
= T(0)e PP, (A6)
where we defined the thermal coordinate shift Ay, see Eq. (38),
Ag=A(1-¢9). (A7)

With the definition of the displacement operators in the real and
fictitious spaces,

D(A) = exp (-iAP) ; D(A) = exp (iAP). (A8)
Equation (A6) yields
Ta(6) = T(8)D(~26)D(~1), (A9)

corresponding to Eq. (40) of the main text.
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