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from left to right on the input: according to the current state, some symbols are visible
and can be processed, whereas some other symbols are invisible and may be processed in
another sweep. We also distinguish between the returning and non-returning mode, which
differ in the way the automaton behaves after reading a symbol: in the returning mode, a

IT?;/I:‘;T;(ZZM input letters new sweep starts immediately, while in the non-returning mode, the device processes the
Deterministic pushdown automata next visible symbol.

Returning and non-returning computations Here, we investigate deterministic pushdown automata with translucent letters both in the
Computational capacity returning and non-returning mode. We prove that the non-returning mode strictly
Closure properties outperforms the returning mode, and that the families of the languages accepted by

these two types of devices can be ranked strictly between the deterministic context-
free languages and the deterministic context-sensitive languages. Moreover, both families
are shown to be incomparable to the families of context-free, growing context-sensitive,
and Church-Rosser languages. The ability of accepting non-semilinear languages is also
emphasized (addressing an open question in the literature). Finally, we study the closure
properties of both language families under the Boolean operations, obtaining that they are
both closed under complementation but not under union and intersection. Further non-

closure results are pointed-out for returning devices.
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1. Introduction

Automata models with unidirectional motion of the reading head generally process input strings in a continuous way:
they read their input string strictly from left to right and accept by entering an accepting state, usually after sweeping the
whole input. Typical examples of such one-way devices are: deterministic and nondeterministic, probabilistic and quantum,
multihead finite state automata, pushdown and queue automata, transducers.

Recently, several automata models processing their input in a discontinuous way are also investigated. As an example,
we recall jumping finite automata, introduced in [2]. Such devices are similar to classical finite state automata with the
difference that, after reading an input symbol, the input head can jump to any position on the left-to-be-processed part
of the input string. In their deterministic variant, such automata can accept even non-context-free languages, such as the
language L = {w € {a,b,c}* | |[w|q = |W|p = |W|c}. The restricted variant of “right one-way jumping” finite automata is
considered in [3,4].

Another example of a discontinuous computation device is given by the notion of an input-revolving finite automaton,
introduced in [5]. This automaton can move or interchange input symbols to the left end or right end of the input. Also
this particular way of discontinuously processing the input increases the computational power of finite automata since, e.g.,
the above-mentioned context-sensitive language L can be accepted. Restarting automata, introduced in [6], are a restricted
variant of linear bounded automata. These models process the input string in several left-to-right sweeps, by shifting a
read/write window of size k > 1 along the input: the content of the window is rewritten exactly once into a shorter string
at some time during every sweep. After rewriting, the automaton restarts the computation in its initial state and with the
read/write window on the leftmost symbol of the string remaining on the input tape. Starting from [6], a consolidated
literature explores many variants, generalizations, and aspects of the original model. A summary of the results obtained
along this line of research may be found in [7].

In this paper, we study deterministic pushdown automata with translucent letters (DPDAwtl). The key feature of this model is
the existence of a translucency function that determines, according to the current state, which input letters are translucent.
Thus, a DPDAwtl works similarly to a standard deterministic pushdown automaton (DPDA), but with a key difference: at
each step it uses the translucency function to skip over the translucent part of the input string from the position of the
input head rightward, and processes the first visible (i.e., non translucent) input symbol. After processing a symbol, the
automaton behaves according to its mode, which can be:

(i) returning, where the input head returns to the left end of the input string;
(ii) non-returning, where the input head continues to scan the input rightward.

In both modes, the input head returns to the leftmost input character when the right end of the input string is reached.
The concept of translucent letters is introduced by Nagy and Otto in [8], for deterministic and nondeterministic finite state
automata. Such automata have connections with restarting automata, since they are, in the returning mode, equivalent to
certain cooperating distributed systems of deterministic restarting automata of window size 1. Deterministic and nondeter-
ministic finite state automata with translucent letters are deeply investigated in the literature (see, e.g., [9-12]), and many
questions are still open.

The differences between “right one-way jumping” finite automata (ROWJFA) and non-returning deterministic finite au-
tomata with translucent letters (nrDFAwtl) are discussed by Otto in the survey paper [12]. In fact, a crucial role is played
by an endmarker which is available for automata with translucent letters but not for jumping automata. In [13] various
automata models with the jumping paradigm are studied. In particular, ROWJFA equipped with a pushdown are consid-
ered. For example, it is shown that the language {a"b"c" |n > 0} is not accepted by any right one-way jumping pushdown
automaton. However, this language is accepted even by an nrDFAwtl. Therefore, right one-way jumping deterministic push-
down automata are strictly weaker than non-returning deterministic pushdown automata with translucent letters. While we
are not aware that right one-way deterministic jumping pushdown automata with endmarker have ever been considered in
the literature, they certainly have the same computational power as non-returning deterministic pushdown automata with
translucent letters.

Recently, in [14], the translucency and jumping paradigms are put together in the model of a deterministic or nonde-
terministic jumping finite automaton with translucent letters: in particular, an interesting investigation is proposed on the
minimal amount of jumps required for these devices to accept non-regular languages.

Returning pushdown automata with translucent letters are mentioned by Nagy and Otto [11,15] as possible interpretation
of cooperating distributed systems of certain restarting automata. Formally, they have been introduced in the survey [12],
which also presents some related results. The deterministic and nondeterministic pushdown automata introduced by Nagy
and Otto, because of their interpretation, are designed to be real time (i.e., working without A-transitions) and to accept by
empty pushdown. It should be stressed that both these conditions critically limit the computational power of DPDA, since
it is well-known that DPDA with A-transitions and recognition by accepting states are strictly more powerful. In the light of
this, to be closer to the original definition and have a fairer comparison with classical DPDA, here we define DPDAwtl that
can perform A-transitions and that accept by accepting states.
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e With these two added model assumptions, we are able to show that every deterministic context-free language can
be accepted by a returning DPDAwtl, and that the family of languages accepted by returning DPDAwtl is closed under
complementation. We draw attention to the fact that both these results do not hold true for DPDAwtl in the defini-
tion of Otto [12]. In addition, the fact that returning DPDAwtl can accept some non-context-free languages shows that
translucency increases the recognition power of deterministic pushdown automata.

e We then investigate DPDAwtl working in the non-returning mode (nrDPDAwtl), which is a computational model that has
not been investigated before. We show that the family of the languages accepted by nrDPDAwtl strictly contains that of
the languages accepted by returning DPDAwtl. This, again, witnesses translucency as a computational enhancer in the
returning vs. non-returning question.

It is worth remarking that translucency is proved in [9] to increment recognition power on finite state devices too. Thus,
our results extend the relevance of translucency as a mechanism for improving computational power for further kinds
of restricted memory automata. To deepen properties of our translucent language families, we investigate relations with
well-known language families as well as closure properties.

o We show that, differently from standard pushdown automata, nrDPDAwtl can accept even non-semilinear languages.
This fact may be seen as a first step toward approaching an open problem stated in [9], where the existence of non-
semilinear languages recognized by translucent finite state automata is questioned. On the other hand, as for standard
pushdown automata, nrDPDAwtl are shown to accept only semilinear languages (i.e., regular) when restricted to work
on unary inputs.

o Next, we assess the recognition power of our translucent devices with respect to well-known types of automata. First,
we strictly confine the families of the languages accepted by DPDAwtl and nrDPDAwtl between deterministic context-free
and deterministic context-sensitive languages. Then, we show that these two language families are both incomparable
with traditional families, such as, context-free, growing context-sensitive and Church-Rosser languages. We obtain in-
comparability and proper containment results by suitably designing witness languages. Fig. 1 on page 12 summarizes
our results, showing that DPDAwtl and nrDPDAwtl may provide new degrees of language complexity between the deter-
ministic context-free and the deterministic context-sensitive languages.

o Finally, we study closure properties under Boolean language operations, for the families of the languages accepted by
DPDAwtl and nrDPDAwtl. Both families turn out to be closed under complementation. They are neither closed under
union nor under intersection. In addition, we show that the family of the languages recognized by DPDAwtl maintains
non-closure even by restricting union and intersection to act with regular languages.

The paper is organized as follows. In Section 2, we overview basic notions and provide the formal definitions of returning
DPDAwtl and non-returning DPDAwtl (nrDPDAwtl). In Section 3, to simplify proofs, we show that DPDAwtl and nrDPDAwtl
can always, and without loss of generality, execute loop-free computations and completely consume the input. In Section 4
and Section 5, we study the computational capacity of these two translucent devices, by focusing on their relation with
well-known recognition devices. The resulting scenario is briefly summarized in Fig. 1 on page 12. In Section 6, we study
closure properties under Boolean language operations. Finally, in Section 7, we sum up our results and outline possible
research prospects.

2. Definitions and preliminaries

Given a set S, we denote by 2° its power set, by |S| its cardinality, and by S, the set S U {x}, for a given x & S. We use
C for inclusion and C for strict inclusion. We write ¥* for the set of all finite words on the finite alphabet ¥, including the
empty word A, and we let =t = =*\ {A}. The reversal of w € £* is denoted by wX, the length of w by |w/|, and the number
of occurrences of a symbol a € ¥ in w by |w|,. A language on X is any subset L € ¥*, its complement is the language
L =%*\ L. We say that two language families .%; and .%, are incomparable whenever .#] is not a subset of .% and vice
versa.

2.1. Translucent pushdown automata

Pushdown automata with translucent letters extend classical pushdown automata by enabling discontinuous input pro-
cessing steps. Precisely, depending on the current state, some of the input letters may become translucent (invisible), and
hence skipped. In a computational step, a pushdown automaton with translucent letters can either perform a A-transition
without reading an input symbol or read and process the first visible input letter from the left. Here, we are particularly
interested in deterministic computations.

A deterministic pushdown automaton with translucent letters (DPDAwtl) is formally defined as an 8-tuple M=(Q, X, I, qo,
<, L, 1,8), where:

e Q is the finite set of internal states,
e X is the finite alphabet of input symbols, with ¥ N Q =0,
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I is the finite alphabet of pushdown symbols,

qo € Q is the initial state,

< ¢ X is the endmarker symbol,

1 ¢ T is the bottom-of-pushdown symbol,

7: Q — 2% is the translucency mapping: for each state q € Q, the letters from the set 7(q) are translucent for q, meaning
that, whenever in g, the automaton M does not see (or better, looks through and skips) these letters,

8: Q x (BU{A, <P xT'L — (Q xI') U{accept} is the partial transition function, for which there must never be a
choice between using an input symbol and using A input. Formally, this condition writes as: for any g€ Q,z e I'y, if
8(q, A, z) is defined, then 3(q, a, z) is undefined for every a € . In addition, to simplify matters, we require that along
computations the bottom-of-pushdown symbol appears exactly once at the bottom of the pushdown store (i.e., it can
never be deleted), formally: if §(q, a, z) = (p, B) then either z## | and BeT'™*, or z=1 and B =B’ L for B’ e '*.

A configuration of M is represented either by accept or by a pair (qw<, y), where q € Q is the current state, w € ©*
is the remaining part of the input, and y € I'* L denotes the current pushdown content, the leftmost symbol being the top
of the pushdown store. On input x € X*, the initial configuration is defined to be (gox<, L).

During the course of its computation, M runs through a sequence of configurations. Being in some configuration
(@qw<, zy), a step of M occurs as follows. First, M checks whether 8(q, A, z) is defined. If it is the case and §(q, &, z) = (p, B)
(respectively, §(q, 1,z) = accept), then, the successor configuration is (pw<, By) (respectively, accept). Otherwise,
8(q, A, z) is undefined, and M determines the input letter to be processed by taking the first letter from the left that is
visible in state q; i.e., if w =uav with u € 7(¢)* and a ¢ 7(q), then M processes a. The automaton halts and rejects when-
ever 8(q,a, z) is undefined, otherwise it computes §(q, a, z) = (p, B) (respectively, (g, a, z) = accept) and the successor
configuration becomes (puv<i, 8y) (respectively, accept). Whenever M is in configuration accept it halts accepting. In
the case w € t(q)*, the automaton M sees the endmarker <, it halts and accepts if and only if (g, <, z) = accept. More
precisely, one step from a configuration to its successor configuration is denoted by F, and is formally defined as follows.
Given p,qe Q,ae X, u,v,weX* zel'y and By,zy eI L, we let:

(qw<, zy) = (pw<, By), if (p, B) =4(q, %, 2),

(@w<, zy) F accept, if accept =468(q, A, 2),

(quav<i, zy) - (puv<, By), if u € T(@)*, a ¢ T(q) and (p, B) = 5(q. . 2),
(quav<, zy) - accept, if u e t(q)*, a ¢ t(q) and accept =4(q, a, 2),
(qw<, zy) = (pw<, By), if w e T(¢)* and (p, B) =4(q, <, 2),

(qw<, zy) F accept, if w € T(q)* and accept =§(q, <, 2).

We denote the reflexive and transitive (respectively, transitive) closure of ~ by F* (respectively, ). Therefore, the
language accepted by M is defined to be the set

L(M)={w e * | (qow<, L) " accept }.

The following example clarifies the behavior of DPDAwtl.

Example 1. Let M = (Q, %, T, qo, <, L, T, 8) be a DPDAwtl with Q ={qo, 91,92}, X ={a, b, c}, I' = {c}, and the functions 7
and § defined as follows. Given z eI, we let:

©(qo)=1{b},  8(qo.a,2) = (q1,2),
8(qo,c,c) = (q2,A),
6(qo, <1, L) = accept,

t(q1)=1{a}, 8(q1.b,2) = (qo.c2),

T(q2) =¥, 3@z, c,0) = (g2, M),
6(q2, <1, L) = accept.

For all other cases, § is undefined. To get an intuition of the dynamics of M, we show its execution with input word abbacc.
Then, the computation occurs as:

(qoabbacc<, 1) F(qibbacc<, 1) + (gobacc<,cl)
F (q1bcc<, cl) F (gocc<, ccl)
F(q2c<,cl) F(g2<, L) F accept.

More generally, it is not hard to see that the language accepted by M is the set

LIM)={xy|xefa,b}* An=[xXla=xlp A y=c"}).

We point out that this language cannot be recognized by any DFAwtl, since it does not contain any letter-equivalent subset
that is regular [10].
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In the realm of translucent finite state automata, the non-returning mode is also considered in [9]. According to this
paradigm, after processing a visible letter, the head of the automaton does not return to the left end of the input but it
continues from the position of the letter just processed. Whenever the endmarker is reached and the transition on the
endmarker yields a state g, the computation is continued in q with the head set on the leftmost symbol of the remaining
input. We here adopt this alternative way of processing input for our DPDAwtl and obtain deterministic pushdown automata
with translucent letters working in the non-returning mode (nrDPDAwtl).

An nrDPDAwtl is formally defined as an 8-tuple M = (Q, X, T, qo, <, L, T, 8), where all the components are defined as
in the DPDAwtl model. However, the computational step now reflects the non-returning nature. A configuration of M is
represented either by accept or by a pair (xqw<, y), where q € Q is the current state, xw € £* is the remaining part of
the input, with x to the left and w to the right of the input head, and y € I'* L denotes the current pushdown content, the
leftmost symbol being the top of the pushdown store. The successor configuration induced by  is now formally specified
as follows. Given p,qe Q,ae X, x,u,v,we X* zeI'| and By,zy € "L, we have:

(xqw<, zy) = (xpw<, By), if (p, B) =8(q, 1., 2),

(xqw<, zy) F accept, if accept =4(q, A, 2),

(xquav<, zy) F (xupv<, By), ifue t(q)*, a¢ t(q) and (p, B) =48(q,a, 2),
(xquav<, zy) - accept, if u e 1(q)*, a ¢ t(q) and accept =4(q,a, 2),
(xqw<, zy) = (pxw<, By), if w e T(@)* and (p, B) =48(q, <, 2),

(xqw<, zy) F accept, if w € T(g)* and accept =§(q, <, 2).

The notions of F*, =+ and of the language L(M) accepted by M are defined as above. Sometimes, we say that an
nrDPDAwtl performs sweeps, where a sweep is a sequence of transitions that starts with the input head at the left end of
the remaining input and ends after the next return move on the endmarker (if it takes place).

Let us give an example of language recognition by nrDPDAwtl.

Example 2. We are going to design an nrDPDAwtl M accepting the non-context-free language

L={x#y#v|x,y,vela,c* A IXla=yla=1IVIc}

Let M=(Q, X, T, qo, <, L, t,8) be such that Q ={qo, 91,92, 93,94}, = ={a, c, #}, I' = {a}. We clarify the translucent func-
tion T and the transition function § while describing the dynamics of M. At the beginning of the computation, M starts
processing the first block of the input string, namely x, and stores |x|, many symbols a in the pushdown. In this phase, M
reads (and erases) all characters in x, until the first # is reached. To implement this behavior, we proceed as follows, where
zel:

T(qo) =%, 8(qo.a,z2) = (qo,az),
3(qo.c,z2) = (qo,2),
8(qo. #,20 = (q1,2).

Then, M continues the computation by processing the second and the third block of the string, y and v respectively, deleting
¢’s from y and a’s from v. Eventually, M reads the right endmarker and moves the head back to the beginning of the tape:

t(q) ={a}, 8@.¢c.,2) = (q1,2),
8(q1,.#,20 = (q2,2),
T(q2) ={c}, 8(q2,a,20 = (q2,2),
3q2,<,2) = (q3,2).

Assuming that M is running an accepting computation, it is not hard to see that at this point the configuration of M is of
the form (g3 a"c"<1,a"). To check whether the number of a’s and ¢’s coincides with the number of symbols stored in the
pushdown, M deletes one c in the second block, and pops one symbol of the pushdown for each symbol a read in the first
block. Finally, M accepts if and only if it processes the endmarker with empty pushdown and no symbol left on the tape:

T(q3) =4, 8@s,a,2) = (qa,2),
§(q3, <, L) = accept,

T(qq) = {a}, 3sa,c,2) = (gs,2),

T(qs) ={c}, 8(g5. <, @) = (q3,A).

Summing up, at a high level, the whole computation of M can be considered as being divided into two parts:

e The first part, taking place in the first sweep, stores |x|, many symbols a in the pushdown, while non-relevant characters
in the rest of the string are deleted. E.g., on a word x#y#v, this first phase simply looks as follows:

5
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(qo x#ty#v<, L) F* (g3 a' cJ<,a" 1),

where i = |y|q, j =|V|c and h = |X|q.
e In the second part, the head of M moves back and forth on the tape, while deleting symbols from both the tape string
and the pushdown. Precisely, along this phase, M basically repeats the following cycle:

(qzaici<,a 1) F(qaai~ci<,al) F@1gsci—1<,a" L)+
(@za~ el a1 F(gad 2T 9,d" L) R @ gsd 2 d T T D)

It is not hard to see that the input string is accepted if and only if |x|; = |y|s = |V|c: in this case, in fact, M reaches the
configuration (g3<1, L), leading to acceptance by the rule §(q3, <, L) = accept. In any other case, M rejects.

Throughout the rest of the paper, we will be saying that two automata A and B are (language) equivalent whenever
L(A) = L(B). Moreover, we denote the family of all languages accepted by some accepting device of type X by .Z(X).

3. Model technical assumptions

According to the definitions given in Section 2, our DPDAwtl and nrDPDAwtl may in principle trigger both the following
dynamics:

(i) They may halt while still leaving some characters on the input tape.

(ii) They may reject by looping with A-transitions. In fact, they may enter a sequence of A-transitions beginning from and
ending into the same state and with the same pushdown top, along which no input symbol is deleted (this is obvious
since only A-transitions are performed) and the pushdown height is not decreased in total. This clearly implies that
the A-loop will continue forever, not being stopped by input or pushdown consumption.

By considering DPDAwtl and nrDPDAwtl where these two dynamics do not occur, proofs become more readable. Thus,
in what follows, we show that our translucent devices can always, and without loss of generality, be assumed free from
dynamics (i) and (ii)." Let us begin by removing (i):

Lemma 1. From any given DPDAwtl (respectively, nrDPDAwtl), an equivalent DPDAwtl (respectively, nrDPDAwtl) can effectively be
constructed that halts only after having processed the input entirely.

Proof. Given a DPDAwtl or nrDPDAwtl M = (Q, %, T, qo, <, L, T, 8), we construct an equivalent DPDAwtl or nrDPDAwtl M’,
which accepts only after completely consuming the whole input. We let Q' = Q U {ry,r_,sy,s_} with ro,r_,s;,s_ € Q,
7’ coincide with T on Q, and set 7/(ry) =t/(r—) = X and t/(s;+) = t/(s—) = . Next, we first let §' coincide with §. Then,
any instruction in M of the form §(q, a, z) = accept, a € T U {A, <}, is replaced by the transitions

{8/(q7 a, Z) = (r-'r’ Z)} U {8l(r+’ <, Z) = (S+v Z)} ) (UOGE{(S/(S-F’ g, Z) = (S+9 Z)}) U {8/(5-‘1-7 <, Z) = accept} . (1)
(@ (b) (©) (d)

Similarly, for each a € X, if the instructions 8(q, A, z) and §(q, a, z) are undefined, we add transitions

{8'(q.a,2) =(r_, 2} U{8'(r-, <,2) = (5_, 2)} U (Ugex{d' (5. 0,2) = (5_,2)}), (2)
@ ®) ©

and let §’(s_, <, z) be undefined.

The transitions (1), occurring upon acceptance of M, basically: (a) drive M’ into the new state r., (b) return the input
head to the left and drive M’ into state s, (c) consume the input symbol by symbol, and (d) accept in a final step on the
endmarker.

Similarly, the added transitions (2) deal with situations in which M halts rejecting. O

Now, let us get rid of (ii):

Lemma 2. From any given DPDAwtl (respectively, nrDPDAwtl), an equivalent DPDAwtl (respectively, nrDPDAwtl) that halts on any
input can effectively be constructed.

1 A similar result for classical deterministic pushdown automata can be found in [16].
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Proof. Given a DPDAwtl or nrDPDAwtl M = (Q, X, T, qo, <, L, T, 8), we are going to show how to detect and delete from M
any possible infinite loop consisting of A-transitions, thus obtaining the claimed equivalent halting DPDAwtl or nrDPDAwtl
M.

Suppose there exists an input string (clearly, not in L(M)) upon which M runs into a non-halting computation. Eventually,
M runs through a sequence of A-transitions starting and ending into the same state, and with the same pushdown top
again and again. During this sequence, some finite number of topmost symbols may be accessed by popping, but the total
pushdown height must not be decreased. Therefore, other symbols have to be pushed again. Since there are only finitely
many possibilities to push this finite number of symbols, we can choose the sequence such that these topmost symbols are
the same. In this phase of the computation, the configurations of M can safely be specified in the “restricted” form (q, zy),
where ze T}, zy e 'L, and the input tape does not show up.

It is not hard to see that the following reachability property turns out to be a necessary and sufficient condition for a
non-halting computation to exist:

(g, zBy) F* (q, zBay) by A-transitions only,

where the factor 8 is popped and the factor B« is pushed along an iteration of the sequence, while y is the pushdown
content not affected. (Note that |Bay| > |By|, since otherwise at least one symbol in the pushdown would be consumed,
and this would eventually lead M to hit the L symbol.)

So, to construct M’, we inspect the transition function § of M for chains of A-transitions witnessing the reachability
property mentioned above, for given g € Q and z € I';. If this is the case, we let §'(q, A, z) undefined, thus leading M’ to
reject. Apart from this modification, §’ coincides with §. O

In conclusion, from Lemma 1 and Lemma 2, the following proposition comes straightforwardly:

Proposition 1. From any given DPDAwt! (respectively, nrDPDAwtl), an equivalent DPDAwtl (respectively, nrDPDAwtl) that halts on any
input by accepting or rejecting after the whole input has been processed, can effectively be constructed.

4. Comparing returning and non-returning translucency

In order to start getting some understanding of the computational capabilities of our translucent devices, we begin by
anayizing the impact on their recognition power of the two input processing modes, namely returning and non-returning.
In other words, we are going to investigate the relation between the language families . (DPDAwtl) and . (nrDPDAwtl), and
start by showing that the non-returning mode can simulate the returning mode.

Lemma 3. From any given DPDAwt, an equivalent nrDPDAwt! can effectively be constructed.

Proof. By Lemma 1, from any given DPDAwtl an equivalent DPDAwtl M = (Q, X, T, qo, <, L, T,8) that accepts only after
processing the input entirely can be constructed. In turn, from M, we construct an equivalent nrDPDAwtl M’ which, roughly
speaking, works as follows: at each step, M’ simulates the step of M, followed by a new step which brings the input head
to the leftmost input symbol. To this end, let Q' be a primed copy of Q. The transition function § modifies to §’, so that
the state ¢’ € Q' is entered if and only if M enters the state ¢ € Q. The translucency mapping t extends to t’/ by adding
t/(q') = X, for all ¢’ € Q’. This clearly implies that, whenever in any state from Q’, M’ sees the endmarker. Finally, §’ is
extended by §'(q’, <,2) = (q,2), for all ¢ € Q' and all z e '}, thus bringing the input head to the leftmost position. One
may easily verify that §’ leads to acceptance if and only if § does as well. O

Lemma 3 clearly implies . (DPDAwtl) C .Z(nrDPDAwtl). Now, we are going to show that this inclusion is proper. The
following result has been proved in [8] for finite automata with translucent letters and can be adapted to translucent
deterministic pushdown automata:

Proposition 2. From any given DPDAwtl M, a DPDA M’ can effectively be constructed such that L(M") C L(M) and L(M’) is letter-
equivalent to L(M).

Proof. By Lemma 1, from M an equivalent DPDAwtl N that accepts only after processing the input entirely can be con-
structed. Next, we consider the DPDA N’ obtained from N by simply removing the translucency relation (equivalently, by
setting to the empty set the translucency from every state in N). As a result, we have that N’ is a classical DPDA that re-
ceives its input with an endmarker. Since the family of deterministic context-free languages is effectively closed under right
quotient with a singleton, a DPDA M’ can be constructed from N’, and the new device accepts L(N’) without endmarker
(formally, L(M’) = L(N’) - <~1). So, it is easy to see that the symbols of any input string (except the final endmarker)
accepted by M can be rearranged to form an input string accepted by M’. Moreover, any input string accepted by M’ is

7



M. Kutrib, A. Malcher, C. Mereghetti et al. Information and Computation 308 (2026) 105403

clearly accepted by N as well (upon equipping it with the final endmarker). This shows that L(M’) is letter-equivalent to
L(N)=L(M). O

Example 3. As an immediate corollary to Proposition 2, we get that all languages in . (DPDAwtl) are semilinear, given the
well-known result that all the languages in CFL D .Z(DPDA) are semilinear [17]. The context-sensitive language Lgp. =
{a™b"c" | n > 0} is easily seen to not contain any letter-equivalent deterministic context-free sub-language. Therefore, we
can conclude that Lgpe & .2 (DPDAwt).

We point out that Proposition 2 does not hold for the non-returning mode. Moreover, from [9], we have that L. is
accepted by a deterministic finite automaton with translucent letters working in the non-returning mode, and so by some
nrDPDAwtl as well. This, together with Lemma 3 and Example 3, yields

Theorem 1. The family .2’ (DPDAwt!) is properly included in . (nrDPDAwt!).

Since the proper inclusion . (DPDAwtl) C .Z (nrDPDAwtl) is witnessed by the semilinear language Lgpc, a natural question
arises of whether all languages in .Z(nrDPDAwtl) are semilinear. The following theorem negatively answers this question,
and to prove it we consider the language

qu:{a#a3#2a5#3.” #ka2k+] |kZO}
Theorem 2. The family . (nrDPDAwtl) includes a non-semilinear language.

Proof. The language L, is not semilinear, since the number of a’s in its words is a square number. Let us now show that
Lsq € Z(nrDPDAwtl). We define the nrDPDAwtl M = (Q, {a, #}, T, po, <, L, 7, ), where:

e Q={pil0=<i<3}U{q|0<i=<5}
o I'={A},
e T(po) =T(p1) =0, T(p2) ={#}, t(p3) ={a},
T(qo) =7(q1) =T(q2) =7(q4) =9, T(q3) ={#}, T(q5) ={a}.

We design the transition function § so that, along the first sweep, M first checks whether the input string starts with an a
by deleting it, and then it counts the number of blocks of the form #!a/, with i, j > 0. To this latter aim, a symbol A
is pushed per each of such blocks encountered, and each block is shrunk to #~'a/~!. To implement this first sweep, we
formally define 6 as:

(1)  é(po,a, L) = (p1,L), (4)  8(p2.a,A) = (p3,A),
(2) 8(p1.<, L) = accept, (5) 8(p3.<,A) = (qo,A),
(3) &(p1.#, L) = (p2,ALl), (6) &(p3.#,A) = (p2,AA).

After the first sweep, an input string a#a®#2a>#3a’ .- #+1@2*+D+1 ¢ [ reduces to a® #a*#2a8 .. #Xa?®+D_ In the
next sweep, M begins by deleting the first two occurrences of a from the input, while popping A from the pushdown.
Then, each block of the form #!a/ encountered, with i, j > 0, shrinks to #:~1a/=2, At the end of this second sweep, the
input string reduces to a#a*#2aC-.. #*~1 a2, Notice that this remaining string has the same form of the initial string
processed along this sweep, but without the last block # a2*+1_ As the input form is preserved, this sweep can be iterated,
completely consuming the input string and emptying the pushdown if and only if the original input string belongs to Lgq.
To implement these latter deleting sweeps, we formally define § as:

(7)  8(go,a,A) = (q1,A), (11)  é(g3,a,A) = (qa,A),
(8) d8(q1,a,A) = (q2, M), (12)  8(qs,a,A) = (g5, A),
(9) 8(q2,. <, L) = accept, (13) 6&(@qs.#,A) = (g3,A),
(10)  &(q2.#.A) = (g3, A), (14)  8(q5, <, A) = (qo, A).

As a final observation, we point out that the block-counting performed in the first sweep and recorded in the pushdown
ensures that each block #!a/ in the input, with i, j > 0, does not vanish in the middle of the input string. In fact, if this
happened, a block #' @/, with i’ > i, j' > j, occurring before #! a/ would exist, thus implying that the input string does not
belong to the language Lyg. O

Remark 1. We notice that the result in Theorem 2 may provide some inspiration on approaching an open question posed by
Mréaz and Otto in [9], concerning the possibility of accepting non-semilinear languages by non-returning deterministic finite
state automata with translucent letters.
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5. Comparing translucency and other classical paradigms

In order to assess the recognition power of DPDAwtl and nrDPDAwtl, we are now going to investigate the relation among
the families . (DPDAwtl) and .Z(nrDPDAwtl) and other well-known language families. For a quick glance of the resulting
scenario, the reader is referred to Fig. 1 on page 12.

Since our devices are equipped with a pushdown storage, it is natural to study the relationships with context-free
languages. As an immediate observation, we have that the family .#(DPDAwtl) is a proper superset of the family of de-
terministic context-free languages (DCFL). In fact, a DPDAwtl without translucency relation is a classical deterministic
pushdown automaton working with endmarker-terminated inputs; since the family DCFL is closed under right quotient
by a singleton, the inclusion follows straightforwardly. In addition, Example 1 shows that such an inclusion is proper. This
“recognition power lower bound” does not seem far from being tight, in the sense that there exist very simple languages,
namely linear context-free ones, that do not belong to £ (nrDPDAwtl).

Lemma 4. Let L C {b™#b" | m,n > 0} be a language where, for allm,n > 0, there exist x > m and y > n satisfying b*#bY € L. If L is
accepted by some nrDPDAwtl, then at least one of the two languages L and LR is a deterministic context-free language.

Proof. Let M = (Q, {b, #},T",qo, <, L, T,8) be an nrDPDAwtl that accepts L. By Lemma 1, we assume that M accepts only
after processing the input entirely. We consider accepting computations on inputs b™#b" with m, n large enough. Basically,
M has to start the computation by reading some constant number of b’s from the prefix b™. If, in this phase, M reaches
a state where b and # are translucent, then possible A-transitions can be directly simulated and the transition on the
endmarker can be simulated in the finite control of M. If this transition is not accepting, the input head returns to the left
of the input, where it currently is, so its position does not change. Therefore, we can modify M so that it does not enter
any state where b and # are translucent, as long as the input head stands at the beginning of the input string. Now, we
distinguish between three cases:

e CASE1: M does not reach a state where b is translucent while processing the prefix b™, but it reaches a state where #
is translucent exactly when it shows up in the input. In this case, the computation goes on processing the suffix b".
In particular, while processing b", no state can be reached for which the symbol b is translucent. When M reaches
the endmarker, only #'s are left in the input. So, one can effectively construct a classical DPDA M’ from M that just
simulates M. As soon as # appears in the input, M’ reads and memorizes it, and when the endmarker becomes visible,
M’ simulates the remaining branch of the computation of M in its states.

e CASE 2: M does not reach a state where b is translucent while processing the prefix b™, and sees # when it appears.
Also in this case, one can effectively construct a classical DPDA M’ from M that simulates M until # is processed. Now,
the remaining input is b". So, M’ can continue with the simulation. If, along this phase, b becomes translucent, M’
knows that M sees the endmarker. Therefore, it can simulate the next step if M halts, or if M returns the input head
and changes its state.

By inspecting the original nrDPDAwtl M, we can check whether or not the conditions for cASE 1 or CASE 2 are satisfied.
In the affirmative, we can effectively construct from M a classical DPDA M’ that accepts if and only if M accepts. Thus, we
conclude that in these two cases L is a deterministic context-free language.

e CASE 3: M reaches a state where b becomes translucent after processing a constant number ki of b’s from the prefix
b™. Also, from the previous considerations, we know that # is not translucent for this very same state. Thus, M reads
and processes the #.

- SUB-CASE 3.1: let us assume that M continues the computation by processing a constant number k; of b’s and reaches
again a state where b is translucent. Then, after reading the endmarker and returning to the leftmost input symbol,
M sees only b’s in the input. Again, from the modifications addressed at the beginning of this proof, we get that from
now on the input head keeps staying onto the leftmost input position. So, the initial part of this computation phase
looks like

(@ob™#b"<, L) (@b M, ) BT (" Rgab" <, o)

F* M Rgsb R g, ys) R (qab™RR g, )

F* (gsb™ k<, ps).
We design a classical DPDA M’ for LR to behave as follows. M’ starts with the state and pushdown content reached
by M after processing ki many b’s, plus processing # (this configuration can initially be created by M’ through A-
transitions). Then, it directly simulates M until k, further b’s are processed. At this point, M sees the endmarker and
M’ memorizes this fact as well as the return of M’s input head. After processing the next n — k, many b’s, i.e., the
number of symbols M’ sees before reaching #, it simulates the behavior of M on the endmarker. Next, M’ processes
#, reads k1 many b’s, and enters the state in which M would be in the same situation:

(@2b™#b™<,y2)  FF (gzb"TRe bM<, ys)  HF (gb TR #b™ <, yy)
H* (@5 #b™ <, ys) EF o (@sb™ T <, ).
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Therefore, M’ accepts an input string if and only if it belongs to LR.
- SUB-CASE 3.2: let us assume that M processes # and then does not reach a state where b is translucent. This sub-case
is treated similarly as the suB-cAsE 3.1. The initial part of an accepting computation looks like
(qob™#b"<1, L) F* (qb™Rigbi <, yp)  HF (b Kigab" <, y)
F* (M kg3<, y3) H* (qab™ k1<, ya).
We design a classical DPDA M’ for LR to behave as follows. On the #, we make M’ behave as M on the endmarker,
removing ki symbols from the input. The remaining computation reproduces that of M, where we know that the
input head stands on the leftmost input position:
(@b #b™ <, y2)  FF(qa3#b™<,y3) R (qub™ <, va)
F* g™ v T (qab™ M <, ).

In conclusion, in cASE 3, a classical DPDA M’ for LR can effectively be constructed, thus showing that LR is a deterministic
context-free language. O

Remark 2. A precondition for Lemma 4 states that m and n must be unbounded at the same time. If both are bounded, we
have a finite language, which is of course regular. If only one of them is bounded, then we have a unary language concate-
nated with a finite language. Lemma 5 below shows that each unary language in the family .Z (nrDPDAwtl) is semilinear.
This result can straightforwardly be generalized to also hold for the concatenation of a unary language and a finite language.
Therefore, the precondition can actually be relaxed.

Now, we apply Lemma 4 to witness the existence of a context-free language that does not belong to .Z (nrDPDAwtl):
Theorem 3. The families . (DPDAwtl) and .£ (nrDPDAwtl) are both incomparable with the family of context-free languages.

Proof. Example 1 provides a non-context-free language accepted by a DPDAwtl. So, it remains to show the existence of a
context-free language which is not accepted by any nrDPDAwtl. To this end, we consider the linear context-free language
L={b"#b" |n>1}U{b"#b%" |n>1}. In [18], it is proved that L is not a deterministic context-free language, either.
Moreover, since its reversal can be written as L® = {b"#b" |n > 1} U {b”#b% |n > 2 even}, the same argument in [18]
yields that LR is not a deterministic context-free language either. Therefore, by Lemma 4, we conclude that L cannot be
accepted by any nrDPDAwtl. O

As a “recognition power upper bound” for our devices, we are able to spot the family of deterministic context-sensitive
languages. In fact:

Proposition 3. The family . (nrDPDAwtl) is properly included in the family of deterministic context-sensitive languages.

Proof. By Lemma 2 or Proposition 1, we can assume that the computations of an nrDPDAwtl take a number of steps which
is linearly bounded by the input length. This, in turn, implies that the pushdown store cannot grow beyond linear space.
Therefore, an nrDPDAwtl can be simulated in linear space by a deterministic one-tape one-head Turing machine, i.e., by a
deterministic linear bounded automaton. So, the family .Z (nrDPDAwtl) is included in the family of deterministic context-
sensitive languages. Since .Z (nrDPDAwtl) is incomparable with the family of context-free languages, this inclusion turns out
to be proper. O

Let us now turn to another well-known language family. The so-called growing context-sensitive grammars, that is, context-
sensitive grammars for which each production rule is strictly length-increasing, have been introduced in [19]. The induced
language family GCSL lies strictly between CFL and DCSL. This family turns out to be interesting in our context, since each
growing context-sensitive language can be accepted in polynomial time by some one-way auxiliary pushdown automaton
with a logarithmic space bound [20].

Theorem 4. The families . (DPDAwtl) and £ (nrDPDAwtl) are both incomparable with the family of growing context-sensitive lan-
guages.

Proof. Due to Theorem 3, it suffices to show the existence of a language in . (DPDAwtl), not belonging to GCSL. This can be
achieved from [9, Example 2.3], where a DFAwtl is presented, that accepts a language which is not growing context-sensitive.
Clearly, each DFAwtl can be simulated by a DPDAwtl, whence the result follows.

Here, to provide an alternative proof aiming to further explore the acceptance capabilities of DPDAwtl, we are going to
explicitly devise another language in . (DPDAwtl), not belonging to GCSL.

Let hq: {a,b}* — {d’,b’}* and hy: {a, b}* — {a”,b”}* be homomorphisms defined as hi(a) =da’, ho(a) =a” and hy(b) =V,
hy(b) = b”. We construct a DPDAwtl M whose accepted language L(M) contains all the strings of the following language

10



M. Kutrib, A. Malcher, C. Mereghetti et al. Information and Computation 308 (2026) 105403

Lg and, additionally, those strings where the initial block before the first occurrence of # possibly contains some primed
symbols (the operator i denotes the shuffle operator (see, e.g., [16])):

Loy ={w# (hy(w) why(w)R w{#)) | w € {a, b}*}.

The closure of GCSL under intersection with regular languages and non-erasing homomorphisms is shown in [21]. There-
fore, if L(M) belonged to GCSL, then so would

L(M) N ({a, by #{a”, b"}"#{a’. b'}") = Lei N ({a, b} #{a", b"}"#{d’, b'}").

/

In turn, by applying a non-erasing homomorphism that removes primed and double primed symbols, the language Ly =
{w#wR#w | w € {a, b}*} would belong to GCSL as well. However, by [22], the language Lg, cannot be generated by any
context-sensitive grammar with o(n?) derivation steps, yielding that Lg,; does not belong to GCSL. So, let us construct the
claimed DPDAwtl M. We define

M=(Q,{a,b,d,b,d" b" #}.T,q0,<, L, 7,6),

where

e Q ={q0,91,9a,9p 94}
o ['={a, b},
e T(qo) =7(q1) =¥, 7(qa) =7(qp) ={a,b,a”,b", #}, T(qy) ={a’.b’,a", b"}.

The transition functions § is defined as follows, with ze I' :

(1) 48o.a,2) = (qa,02), (6) Qs #,20 = (q1,2),
(2) 8(qo,b,2) = (qp.b2), (7) &(q1,d",a) = (q1.}),
(3) 8qo.#.2 = (4.2, (B8) 8@qi,b".b) = (q1.%),
(4) 8(qa.a,2) = (q0.2, (9) 8(q1.<,1) = accept.
(5) 8@gp.b',2) = (q0,2),

Let us give intuition for the behavior of M:

e In a first phase, M reads symbol by symbol the input prefix w, while pushing each symbol (transitions 1, 2). In addition,
upon processing a symbol, M switches to the corresponding state qq or g, in which all but the corresponding single-
primed symbols are invisible. The computation continues if and only if the first scanned single-primed symbol matches
the symbol just read from the prefix (transitions 4, 5). This first phase ends when the first # shows up in the input.
Basically, in this first phase, M verifies whether or not w € {a, b}* and there exists a matching hi(w) shuffled in the
suffix.

e The next short phase reads # from the input (transition 3) while entering the state g4 in which all but # symbols are
invisible. The computation continues if and only if another # is found anywhere, that is, shuffled in the remaining input
(transition 6). We emphasize that, in accepting computations, only double primed symbols survive in the input at this
stage.

e Finally, the remaining input is read and matched against the pushdown content, in order to check whether hy (w) in
the input matches wR in the pushdown (transitions 7, 8, 9).

As an example, on input the word abb#b”a’b’#b"a’b’<1 € Lg;<, the accepting computation of M goes as follows:

(o, abb#b”a’b’#b"a’b’<1, L) F (qq, bb#b"a’b’#b"a"’b’<,al) + (qo,bb#b"b'#b"a"b’'<,al)
~ (qp, b#b"b’#b"a"b’ <, bal) F (qo, b#b"#b"a"b’ <1, bal)

F (qp, #b"#b"a"b’ <, bba L) F (qo, #b"#b"a” <1, bba l)
F (qs, b"#b"a"<, bbal) F(q1,b"b"a" <, bbal)
F(q1,b"a" <, bal) F(qi,a"<,al)

F@q1, <, 1) Faccept. O

Another interesting language family to be compared with . (DPDAwtl) and . (nrDPDAwtl) is the family of Church-Rosser
languages (CRL), which has been introduced in [23]. The family CRL lies strictly between the deterministic context-free
and the growing context-sensitive languages. Church-Rosser languages are defined via finite, confluent, and length-reducing
Thue systems. The family is incomparable with context-free languages [20] and has some neat properties, e.g., Church-Rosser
languages parse rapidly, in linear time, contain non-semilinear and inherently ambiguous languages [23], are characterized
by deterministic automata models [20,24], and properly contain deterministic context-free languages as well as their rever-
sals [23].
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/ \

DCFL \ — \ CFL \ — \ GesL  |—— \ DCSL
\ 2(DPDAwtl) \ — “/’ff(nrDPDAwtl)\‘

Fig. 1. Relationships between language families. An arrow between families indicates a strict inclusion. Any pair of families not connected by a path is
incomparable.

In order to locate CRL with respect to . (DPDAwtl) and £ (nrDPDAwtl), it suits our goal to have a small digression on
unary languages, i.e., languages built on single-letter alphabets. Though, by Theorem 2, the family .’ (nrDPDAwtl) contains
non-semilinear languages, the situation radically changes when the special case of unary languages is considered.

Lemma 5. Each unary language in the family . (nrDPDAwt/) is semilinear and, thus, regular.

Proof. Let M be an nrDPDAwtl accepting the unary language L(M) C {a}*. As an immediate observation, any non A-transition
from a state ¢ with nonempty translucency, i.e., satisfying t(q) = {a}, necessarily sees the endmarker. A deterministic push-
down automaton M’ can simulate M directly. Whenever such a transition on q is to be simulated, §'(q, A, z) is defined to be
8(q, <, 2). So, M’ accepts L(M) with endmarker that can be removed since the language family DCFL is closed under right
quotient by a singleton. We conclude the unary language L(M) is context-free and, thus, semilinear and regular. O

This enables us to show the following incomparability result for CRL:
Theorem 5. The families . (DPDAwtl) and £ (nrDPDAwtl) are both incomparable with the family of Church-Rosser languages.

Proof. According to [23], the family CRL is known to include non-semilinear unary languages, such as the language
{a®" | n > 0}, which does not belong to .Z(nrDPDAwtl) by Lemma 5. Conversely, by Theorem 4, there exists a language
in .2 (DPDAwtl) which is not even growing context-sensitive. O

For legibility, Fig. 1 on page 12 shows at a glance the situation concerning the recognition power of our translucent
devices with respect to other well-known standard devices.

6. Closure properties

In the following, we refer to Example 3, according to which the language Lg, = {a"b"c" |n >0} is not accepted by any
DPDAwtl. Moreover, we use the fact that language L = {w € {a,b, c}* | |w|, = |w|p, = |W|c} can be accepted by a DPDAwtl,
since in [10] it is shown that L is accepted by a deterministic finite automaton with translucent letters.

Proposition 4. The language families . (DPDAwtl) and £ (nrDPDAwtl) are closed under complementation, but they are neither
closed under union nor under intersection. The language family . (DPDAwtl) is, moreover, neither closed under union with regular
languages nor under intersection with regular languages.

Proof. For complementation, let M be a DPDAwtl (respectively, nrDPDAwtl) which, by Proposition 1, halts on any input by
accepting or rejecting after the whole input has been processed. We build the DPDAwtl (respectively, nrDPDAwtl) M’ for L(M)
by obtaining the transition function § of M’ from § of M as follows: for any instruction of the form §(q, <, z) = accept,
we let §'(q, <, z) undefined; in addition, for any undefined instruction of the form §(q, <, z), we let §'(q, <, z) = accept.
Apart from this modification, 8’ and t’ coincide with § and t, respectively.

As observed, the language L ={w € {a, b, c}* | |w|, = |w|, = |w|.} is accepted by a DPDAwtl. Moreover, the regular lan-
guage a*b*c* can be accepted by a DPDAwtl as well. We assume that £ (DPDAwtl) is closed under intersection with regular
languages. Then, L Na*b*c* = Ly belongs to . (DPDAwtl), and this contradicts Example 3. Since . (DPDAwtl) and REG are
closed under complementation, it follows from the non-closure under intersection with regular languages that .# (DPDAwtl)
is not closed under union with regular languages, either. Since REG C .Z(DPDAwtl), we obtain that . (DPDAwtl) is neither
closed under union nor under intersection.
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Finally, we use the language {b"#b" [n > 1}U {b"#b?" | n > 1}, which does not belong to .Z(nrDPDAwtl) by Theorem 3.
Since both the languages {b"#b" |n > 1} and {b"#b?" |n > 1} are deterministic context-free, and hence they are both
accepted by an nrDPDAwtl, we get the non-closure under union for .Z(nrDPDAwtl). Since . (nrDPDAwtl) is closed under
complementation, then . (nrDPDAwtl) is not closed under intersection, either. O

7. Summary and future work

In this paper, we have considered deterministic pushdown automata with translucent input letters, in both returning and
non-returning mode (DPDAwtl and nrDPDAwtl). Differently from the original definition of DPDAwtl provided by Otto [12], we
have chosen to allow our devices to perform A-transitions and accept by final states. This choice adheres to the standard
definition of a deterministic pushdown automaton and enables a fairer comparison.

First of all, we have shown that nrDPDAwtl strictly outperform DPDAwtl, and that both families .#(DPDAwtl) C
£ (nrDPDAwtl) are strictly framed within deterministic context-free and context-sensitive languages. For the non-returning
model, we have proved that, differently from classical pushdown automata, .Z(nrDPDAwtl) contains non-semilinear lan-
guages too. On the other hand, as for classical pushdown automata, the unary version of .Z(nrDPDAwtl) contains only
semilinear languages (and hence, it coincides with the family of unary regular languages).

Then, we have compared .Z(DPDAwtl) and £ (nrDPDAwtl) with well-known language families, namely, context-free,
growing context-sensitive and Church-Rosser languages. In all cases, we obtained incomparability results by suitably de-
signing witness languages.

We have finally investigated closure properties of .’ (DPDAwtl) and .Z (nrDPDAwtl) under Boolean operations. Both fam-
ilies turn out to be closed under complementation, while neither are closed under union and intersection. Moreover, by
restricting union and intersection to take place with regular languages, we still have non-closure for DPDAwtl, while the
case of nrDPDAwtl still remains to be investigated.

Among possible future lines of research, we would like to emphasize the following.

A natural generalization of deterministic pushdown automata with translucent input letters is nondeterministic ones. As for
the deterministic case, nondeterministic returning pushdown automata with translucent letters are defined formally in [12].
In this definition, again, the devices are designed to work in real time and to accept by empty pushdown. However, it is
known that any context-free language is accepted by some nondeterministic pushdown automaton of this type, therefore,
the computational power is not limited a priori as in the deterministic case. Another detail in the definition of [12] is that
the computation halts immediately when the endmarker is seen. Here, we are more general by relaxing this condition. For
example, the language {vw#u | vw € {a, b}*, |ulq = |W|qg, |u]p = |W|p } belongs to .Z(DPDAwtl) and it is a candidate for a
language not being accepted by any nondeterministic pushdown automata with translucent input letters in the definition of
[12].

In [13] various automata models are studied when they process their input as jumping automata. In particular, one-
way jumping automata with a pushdown are considered. For example, it is shown that the language {a"b"c" |n > 0} is not
accepted by any one-way jumping pushdown automaton. However, this language is accepted even by an nrDFAwtl. Therefore,
one-way jumping deterministic pushdown automata are strictly weaker than nrDPDAwtl. An anonymous referee raised the
interesting natural question: how do returning DPDAwtl compare to one-way jumping deterministic pushdown automata?

Another interesting suggestion has been provided by an anonymous DLT referee of [1], addressing natural algorithmic
investigations. Precisely: the membership problem for languages in . (DPDAwtl) is certainly decidable in quadratic time as,
on an input of length n, a DPDAwtl executes O(n) transitions only (see Proposition 1). Is it possible to use the technique by
Nagy and Kovacs [25] to reduce this complexity to O (n-logn)? The same question could be re-stated for nrDPDAwtl as well:
can the complexity of membership for languages in .2 (nrDPDAwtl) be reduced to O (n-log?n), as for £ (nrDFAwtl) (see [9])?
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