AN EXPLICIT CONSTRUCTION OF GENERATORS FOR
{K(R-Proj)"}

AMNON NEEMAN

ABSTRACT. Let R be a ring. In two previous articles [7, 9] we studied the inclusion
41 - K(R-Proj) — K(R-Flat) and the orthogonal subcategory § = K(R-Flat)". In
this article we explicitly produce generators for §=.
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0. INTRODUCTION

Let R be an associative ring with a unit. In [7, Proposition 8.1] we proved that the
natural inclusion j, : K(R-Proj) — K(R-Flat) has a right adjoint j* : K(R-Flat) —
K(R-Proj). In [9, Theorem 3.1] we showed that the functor j* has a right adjoint
Js + K(R-Proj) — K(R-Flat). In the two articles cited above we gave a discussion
of the significance of these results and of their applications; let us not duplicate this
here. The interested reader can find much more about the theory from Krause [4],
Jorgensen [3], Iyengar and Krause [2], Murfet [5] as well as the survey article [8].

In [9, Theorem 3.1] the proof of the existence of j. : K(R-Proj) — K(R-Flat) is not
effective. It is very much a pure “existence” proof, not an explicit construction. In this
article we propose to give a more down-to-earth approach. Perhaps we ought to explain
what this means.

We have a fully faithful functor j, : K(R-Proj) — K(R-Flat), which possesses a
right adjoint j*. Define 8§ = K(R-Proj)" to be the full subcategory of K(R-Flat) whose
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objects are
Ob(8) = {ye€ K(R-Flat)| Hom(z,y) =0 Vz € K(R-Proj)} ,

and let i, : 8§ — K(R-Flat) be the inclusion. Formal nonsense about triangulated

categories, which the reader can find in [6, Corollary 9.1.14], tells us that the inclusion

i, must have a left adjoint ¢*; diagrammatically we have

gy i*
K(R-Flat)

j i

K(R-Proj) K(R-Proj)* = §

where each functor is left adjoint to the one below it. The same general theory tells us
that the functor j* will have a right adjoint j, if and only if i, has a right adjoint i'. This
will happen if and only if every object y € K(R-Flat) is part of a distinguished triangle

s —y—t— s (%)

with s € § and t € 8+. A constructive proof would produce the triangle (*) above, or at
the very least show that there are plenty of objects in 8. That is what we set out to do
in this article.

Before we state the main theorem of the article we remind the reader of [9, Theo-
rem 3.2]: it asserts that the natural inclusion K(R-Flat) — K(R-Mod) has a right
adjoint J : K(R-Mod) — K(R-Flat).

Facts 0.1. Let the notation be as above. In particular, let § = K(RfProj)L be the
category of all K(R-Proj)-local objects in K(R-Flat). Then the objects of 8+ =

{K(R*Proj)L}l are cogenerated by the chain complexes J (Homy,(I,Q/Z)) € K(R-Flat),
where

(1) The functor J is the right adjoint to the inclusion K(R-Flat) — K(R-Mod).
(2) I runs over the bounded below chain complexes of injective right R-modules,
which satisfy the following two conditions:
(a) All but finitely many of the groups H*(I) vanish.
(b) For all 4, H'(I) is a subquotient of a finitely generated, projective right
R-module.

The proof is in Theorem 4.8.

Remark 0.2. We should remind the reader what it means for a set of objects to “co-
generate” a subcategory 8+ C K(R-Flat). In Remark 4.2 we will see that the category
K(R-Flat) has products. The subcategory of K(R-Flat) cogenerated by a class of ob-
jects S is the smallest triangulated subcategory containing S C K(R-Flat) and closed
under products. We will denote it )S(. Thus Theorem 4.8 asserts that, if S is the set of
all objects J(Homy(I,Q/Z)), then )S( = §*.

Remark 0.3. In the process of proving Theorem 4.8 we discover that we also give a
second proof of the existence of a right adjoint to i, : § — K(R-Flat). More explicitly
the argument goes as follows: it is easy to show that the objects J(J{omZ(I, Q/Z)) all
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lie in 8+; see Remark 2.7. One immediately deduces the inclusion )S{ C 8*. Given an
object y € K(R-Flat) we will show how to construct a triangle

§—y—t— s

with s € § and ¢t € )S(; this will automatically prove both the existence of the right
adjoint ' and the fact that )S( = 8*.

Remark 0.4. As the reader can imagine it can be handy, in applications, to have a
concrete construction rather than a mere existence theorem. I will say nothing about
applications here; the interested reader can look at some of the recent preprints of Murfet
and Salarian.

Remark 0.5. The reader should note that, for a general ring R, the proof given here
of the existence of i' is not (yet) independent of the proof in [9, Theorem 3.1]. For a
general ring R, the proof uses the existence of the functor J of [9, Theorem 3.2]. The
existence of J was proved as a consequence of the existence of the right adjoint to i,
thus rendering the argument circular. But in Remark 2.5 we observe that perhaps there
is hope of giving a different proof of the existence of the right adjoint of J, independent
of [9, Theorem 3.1].

When the ring R is right coherent, we find that the proof of Theorem 4.8 can be
done without making use of the functor J. Since [9, Theorem 3.1] is an immediate
consequence of Theorem 4.8 we have that, for coherent rings, the argument given here
provides a second proof of [9, Theorem 3.1]. In [9]. we saw an indirect proof which
appeals to the Flat Cover Conjecture, while here we will obtain a concrete, constructive
proof.

If we are willing to assume, right at the start, that the ring R is right coherent, then the
proof of Theorem 4.8 simplifies somewhat. Part of the reason the argument simplifies is
that, in some version, the situation has already been treated in the literature. We sketch
this, briefly, in §5.

Remark 0.6. In the special case where R is commutative, noetherian and of finite Krull
dimension there is already a constructive argument in the literature. See Enochs and
Garcia [1, Theorem 4.6]. That approach is completely different from the one we take
here.

1. TENSOR-PHANTOM MAPS

In [9, Theorem 3.1] we proved that the inclusion i, : K(R-Proj)* — K(R-Flat) has
a right adjoint. The proof was indirect. In the remainder of the article we propose to
give a more constructive approach, which has the added benefit that it yields a set of co-
generators for the category {K(RfProj)L}l. First it helps to develop a little machinery;
this section is devoted to the technical background we will need.
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Definition 1.1. A test-complex I is a bounded below chain complex of injective right
R-modules, with H(I) = 0 for all but finitely many i € Z. For those i € Z for which
H(I) # 0, we insist that H'(I) must be isomorphic to a subquotient of a finitely gener-
ated, projective right R—module.

Remark 1.2. The definition is intended to ensure that, up to homotopy equivalence,
there is only a set of test-complexes. Up to isomorphism, the collection of finitely gener-
ated, projective right R—modules forms a set. Hence so do all their subquotients. There-
fore the triangulated subcategory R, that these subquotients generate in D®(R-Mod), is
essentially small. The test-complexes are injective resolutions of some of the objects in
R; there is only a set of them, up to homotopy equivalence.

Definition 1.3. Let Y and Z be objects in K(R-Flat). A morphism f :Y — Z is
called tensor-phantom if, for every test-complex I as in Definition 1.1, the map

o,y 2L 10,z

vanishes in cohomology. That is, the induced maps H(I @, Y) — H'(I ®p Z) all
vanish.

Remark 1.4. The tensor-phantom maps form an ideal, in the category K(R-Flat). We
remind the reader: this means
(i) If g, ¢’ : Y — Z are two tensor-phantom maps, then g+ ¢’ is also a tensor-phantom
map.
i) ff: X —Y,g:Y — Zand h: Z — Z' are maps of chain complexes, and if ¢
is tensor-phantom, then ¢gf : X — Z and hg : Y — Z’ are also tensor-phantom.

Lemma 1.5. Let f: X — Z be a tensor-phantom map. Assume X is an object in the
set T' of [7, Construction 4.3], while Z is any chain complex of flat modules. Then, for
any integer n € Z, the map f can be factored in K(R-Flat) as

X Y Z
with Y € T, and where Y =0 for all i < n.

Proof. We recall [7, Lemma 8.4]: the chain complex Z is the filtered direct limit of the
category T'/Z; that is, it is the filtered direct limit of the maps ¢ : Y — Z, with Y € T.
This means that, for any chain complex I of right R—modules, the chain complex I ® , Z
is the filtered direct limit of all the maps 1® ¢ : I ®, Y — I ®p Z, and furthermore
that H'(I ®, Z) is the filtered direct limit of H(1® ¢) : H(I ®,Y) — H'(I @ Z).

We are given a map f : X — Z, with X € T. We know that this map is tensor-
phantom. This means that, for all test-complexes I, the induced maps

H(1®f) : HI®pX) —— H(I®yZ)
vanish for all i € Z. By the paragraph above we conclude that, for any element h €
HY(I ®p X), there exists a factorization of f: X — Z as X - Y A, Z,withY €T,
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and so that h is killed already by the map H*(1 ® «) in the composite

Hi(1®a) H (1®0)

H'(I®gX) H(I®,Y) H(I®RzZ) .
The proof will be based on making an intelligent choice of the test complex I, and of the
element h € H'(I ®p X).

Now X belongs to T'; it is a bounded below chain complex of left R—modules. This
makes X* = Homy (X, R) into a bounded above chain complex of right R-modules. The
t-structure truncation {X*}~~" is a bounded complex of right R-modules. Let I be an
injective resolution for it. Then [ is a bounded below complex of right R—modules. Since
X* is bounded above, and since H*(X*) = H*(I) for all i > —n, we conclude that H'(I)
vanishes outside a finite range. Furthermore, H'(I) is isomorphic to H({X*}~™"),
and H l({X *}>7n) is a subquotient of the finitely generated, projective right R—module
{X~%}". That is, I is a test-complex.

We have a natural map

X — Xy — T,
which we may view as an element h in H of the complex Homz(X*,I) =2 I ®, X. We

wish to apply the observations of the first two paragraphs of the proof, to this particular
he H(I®pX).

Remark 1.6. The reader should note that the isomorphism I ®, X = Homp(X*, 1)
uses all the boundedness hypotheses. For each pair of integers i,j € Z, we have an
isomorphism

Fop X" = Homp(Homp(X', R), ) = Homp({X'}, ),

just because X is assumed finitely generated and projective. The chain complex I ® rX
is formed by taking direct sums over i+j = n of the groups I’ ® X ¢ while in the complex
Homp(X*, I) we take the product of the groups Homp({X'}", I7), over j — (—i) = n.
The reason the direct sum agrees with the direct product is because, for each n € Z,
there are only finitely many non-zero pairs X*, I7 with i + j = n; this is because both
complexes are bounded below.

Back to the proof of Lemma 1.5. Just before Remark 1.6, we defined a test-complex
I and an element h € H°(I ®5 X). The first couple of paragraphs, of the proof of
Lemma 1.5, tell us that the map f : X — Z must factor as X — Y N Z, with Y
belonging to 7', and so that A is killed already by the map H*(1 ® ). The naturality of
the isomorphism Homp(X*,I) =2 I ®, X tells us that the image of h under the map

H(Homp(X*,1)) —— H®(Homp(Y*, 1))

will vanish. In other words, the composite

*

y* £ x* 1. ¢ SO ———
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must be null homotopic. In the derived category the map {X* — [ is an isomor-

phism, and the composite

*

Y* o X* {X*}>—TL

vanishes. This means that, in the derived category, the map o* : Y* — X* must factor

as
V¢ —— (X} —— X+

Since Y* is a bounded above complex of projectives, factorizations in the derived category
lift to factorizations up to homotopy; the map «* factors, up to homotopy, through the
complex {X *}S_", which vanishes in dimensions > —n. This means that the map
a: X — Y is homotopic to a map o' : X — Y, which vanishes in degrees < n.

Now we appeal to [7, Lemma 4.1], which tells us that o/ : X — Y must factor as
X —W —Y, withWeT,and Wi =0 for all i < n. O

Lemma 1.7. As in Lemma 1.5 let f: X — Z be a tensor-phantom map, and assume
that X is an object in the set T, while Z is free to be any chain complex of flat modules.
Then the map f can be factored in K(R-Mod) as

X — ch n=07n, HYn - 7,
n=0 n=0

with C, bounded complexes, and with Y, € T.
Proof. We have that X is a bounded below chain complex

C— X2 —— X! X0 X! X2 — ...

This makes X* the bounded above chain complex

— X% — xV — XYY — X — X —

As in the proof of [7, Proposition 7.14], we consider the ¢-structure truncations {X *}>_i;
these are obtained by killing the homotopy groups in degrees < —i. For each ¢ > 0 there
exists a complex

e W —— W —— W —— X —— (X ——
of projective right R—modules, which is isomorphic in the derived category D(R—Mod)
to {X*}”7". Note that we are not assuming R coherent, and therefore the w7 will
not, in general, be finitely generated. Choose such a complex, and call it W;. All the
complexes W; are bounded above complexes of projectives, and hence maps in the derived

category correspond bijectively to homotopy equivalence classes of chain maps. We can
choose chain maps W;y; — W;, lifting the canonical map in the derived category
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{X*}>_i_1 — {X*}>_i. That is, there is a chain map

e W —— W — (XY — X — X —

| ! | | |

e W = W —— W —— (X —— (X ——
lifting the map of ¢-structure truncations. As in the proof of [7, Proposition 7.14], we

leave it to the reader to check that this chain map can be chosen so that, in degrees j < 4,
it is just the identity map 1: {X7}" — {X71". That is, the diagram above becomes

e Wi —— W —— (XY —— (X — (X ——

| | | J 1
e W W —— W —— X —— (X ——
Dualizing, we have a sequence of chain maps

Wy —— WY Wy Wy

The reader should note that these are just chain complexes of left R—modules. We are
not claiming that the modules are projective, or even flat. But what is obvious is that
the colimit of the complexes W/ is the complex X; in this sequence, the {I/VZ*}] stabilize
to be equal to X7 after finitely many i.

Next we will show that, for each n > 0, the composite W; — X — Z vanishes in
K(R-Mod). Lemma 1.5 tells us that the map X — Z factors as X — Y — Z, with
Y € T, and with Y? = 0 for all i < n. This means that the composite

Y X* Wh

is a map from Y*, which vanishes in degrees > —n, to W,,, which is quasi-isomorphic to
{X*}”7". The composite must vanish in the derived category. Since Y isin T, Y* is a
bounded above complex of projectives. It follows that the composite Y* — W), is null
homotopic. Hence so is the composite W; — X — Y, and this certainly means that
the longer composite

Wy X Y Z
must vanish in K(R-Mod). '
The colimit of the sequence W} is X, and in each degree i the sequence {W}}" even-
tually stabilizes to X* From [7, Remark 6.3] we conclude that the chain complex X is
the homotopy colimit of the complexes W;. That is, there is a distinguished triangle

[Twe =25 TIwr —— x —— []sw;.
n=0 n=0 n=0

We have just shown that the composite

o0
[Mw; 4 x 1z
n=0
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vanishes, and hence the map f: X — Z must factor as

o0
X ——J[=w; — z.
n=0
The next point is that we know the map v; we can compute it quite explicitly.
We remind the reader: the map v comes about as follows. We have a short exact
sequence of chain complexes

o0 (o ¢]
0 — HW; 1—shift HW; u X 07
n=0 n=0
and, degree by degree, the sequence is split. For each ¢ we are free to choose a splitting,
that is a map s* : X! — @;?:O{W;}i splitting u’ : EB;’LO:O{W;}i — X*. We are spoilt
for choice; for all n > 4, we have that {W*}* — X' is the identity. The splitting s we

choose is:
Xi 1 {W;:_2}Z inclusion @ {W:}Z Ifn> -2
n=0
XZ- 1 {Wék}z inclusion @ {W;}l If n < _9
n=0
Now s0 — Os gives a chain map, as in the diagram below
X
J{safas
o0 [e.e]
okﬂﬂzwnm Wy —— IX 0,
n=0 n=0
and the composite uo{sd—0Js} vanishes. Hence there is a unique factorization of s0—Js
as below
X
Jlv
$0—0s
oo o0
0 [ =W — - [ oy 0
n= n=

and this defines the map v. Changing the choice of splitting changes v by a homotopy.
In our case we have chosen a splitting, and it becomes an exercise to compute v. The
map v is a map from the chain complex X to a direct sum of chain complexes YW, 1
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leave to the reader to check the computation; the map X — XW)’ comes down to
8n72

RN Xn73 . an2 LN anl - X" _ XnJrl .

| el ] ]

. X n—2 xn-1 xn {annfl}* - {Wn*n*2}* N

This chain map clearly factors as
an—Q

. G L  CA— xn —
o| [ ] |
—— X2 Kl 0 —— 0 _
J | | |
on-1

RN an2 N anl g, xn {annfl}* ...
where K™~ ! is the kernel of "1 : X"~ — X". Let C,, be the complex

s Xxn3 __, xn2 ____, Kgn-l 0 0

Then C,, is a bounded complex of R—modules, and we have shown that the map v factors
as
o0 o
X — J[¢ — [ =W
n=0 n=0
Now we remind the reader that, at the beginning of the proof, we showed that f :
X — Z factors as -
X H Wy —— 7.
n=0
What we now know, about the map v, allows us to factor this further as

o0 o0
X — [ — [[zw; — Z.
n=0 n=0

This is almost what we need to prove; the Lemma asserts the existence of a factorization

o0 o0
X—>]_[C'7L—>]_IYR—>Z7
n=0 n=0
with Y, in 7. Our problem is that the complexes XW need not lie in 7. They are
bounded below, but the the modules {Wﬁ}* do not need to be finitely generated or
projective. To complete the proof it therefore suffices to show that, for each n, the
composite C;, — YW} — Z can also be expressed as C,, — Y,, — Z, with YV}, € T_.
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Now observe that, for every n > 0, the composite C,, — XW, — Z is a chain map

__)Xn—3—>Xn—2—>Kn—l—) 0 N 0 .

| | | ! I

. xn—3 xn—2 xn-1 xn {Wn—n—l}* - ...

| | ! | |

— 7zt o s ozt 2
and this map is unaffected by what happens in degrees > n + 2. In other words, if we
leave the diagram unchanged in degrees < n+ 2, then the composite above will be equal
to any possible composite below

s X2 gl 0 —_ 0 —_ 0 _ ..

! | | | |

RN Xn—2 N Xn—l -, Xn Yn+2 N Yn+3 .

! | | | |

. anl AL ZnJrl Zn+2 Zn+3 ..
To complete the proof, it suffices therefore to show that
e We can complete the commutative diagram

N Xn73 N Xn72 - anl _, Xn

! ! ! !

. Zn72 anl AL ZnJrl

to a chain map

RN Xn72 - anl -, Xn Yn+2 N Yn+3 ...

l ! ! | |

RN anl -, gn ZnJrl _ Zn+2 N Zn+3 ...
with the Y7 finitely generated and projective.
The remainder of the proof will establish e.

As in the proof of [7, Lemma 4.1], we proceed inductively. Suppose we have the chain
map defined as far as

! ! l !
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From the diagram

Zj—l Zj Zj+1
0
we note that 8;gj : Y7 — Zi+1is a map from the finitely generated, projective module
Y7 to the flat module Z7*!, and that the composite

j-1 »
vi-t Ny 929 Sin

vanishes. From [7, Corollary 3.3] we deduce that the map %gj 1Y) — ZI+L factors as

Y . j+1 ‘
yi Y, yitl £ zitl

with Y7+ finitely generated and projective, and so that the composite

i—1 J
yvi-t &y % yin
vanishes. This precisely means that we have extended the chain map to
, . . ot Y ,
e —_— s YI3 Ly yi2 _, yi-l X Y Y Y+l
| | | I TS
s Zi/3 Ly gi—2 ., gi—l VA Zi+1
0
This completes the inductive step. O

Lemma 1.8. Suppose we are given two composable tensor-phantom morphisms

x 1.y _ 9.7,

Suppose furthermore that X belongs to the set T, of [7, Construction 4.3]. Then the
composite gf : X — Z wvanishes in K(R-Flat).

Proof. By Lemma 1.7 we know that f must factor as

X — J]c =5[] — Y,

n=0 n=0
where the C,, are bounded complexes and the Y;, belong to T'. Because C), is bounded,
we may choose integers N (n), so that C% = 0 if i > N(n). Now the composite Y;, —
Y % Z must be a tensor-phantom map, because ¢ is. Being a tensor-phantom map
from an object Y,, € T to the object Z € K(R-Flat), it must, by Lemma 1.5, factor as

Yo Zn, zZ,
with Z! = 0 if i < N(n). The composite

Ch Y, Zn
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is a map from the complex C), to the complex Z,,, and C, = 0 if i > N(n), while Z} =0
if i < N(n). The composite must therefore vanish. This means that the longer composite

oo oo oo
X—>HCn—>HYn—>HZn—>Z
n=0 n=0 n=0
must also vanish, but thisis gf : X — Z. O

2. THE RELATION WITH 8—LOCAL OBJECTS

In §1 we studied the formal properties of tensor-phantom maps. In this section we plan
to disclose why we care about them; we will give the relation between tensor-phantom
maps and the right adjoint to the functor i, : § — K(R-Flat). We begin by reminding
the reader of bland generalities.

Reminder 2.1. Suppose we have an inclusion of triangulated categories i, : § — T;
in our case T happens to be K(R-Flat), while § C T is K(R-Proj)* ¢ K(R-Flat). We
want to produce a right adjoint to this inclusion. Now [6, Theorem 9.1.13] asserts that
such an adjoint will exist if and only if, for all objects t € T, there exists a distinguished
triangle

S t Y s

with s € 8 and y € 8. This means that we have to understand how to produce many
objects y, orthogonal to 8. We recall the terminology of [6, Definition 9.1.3]; such objects
are usually called 8-local objects. The next lemma will produce some S—local objects.

Lemma 2.2. Let I be any complex of right R-modules. Then Hom,(I,Q/Z) is a chain
complex of left R—modules, and is S—local.

Proof. Let X be any complex in §. By [7, Proposition 9.1] the chain complex I ®, X is
acyclic. Since Q/Z is an injective abelian group, the complex

J—ComZ(I ®p X, Q/Z)
is also acyclic. But

Homp(X , Homy(1,Q/Z)) = Homy(I®rX , Q/Z) .

Therefore Hom(X ) J{omZ(I,Q/Z)) = H° (fHomR(X , fJ-ComZ(I,Q/Z))) must vanish,
and we conclude that Hom,(I,Q/Z) is $-local. O

Remark 2.3. This means that, in the category K(R-Mod), we have no difficulty at
all in producing 8-local objects. Our problem is that we are after S—local objects in
K(R-Flat). If I is an arbitrary chain complex of right R—modules, then the modules in
the chain complex Hom, (I, Q/Z) are under no obligation to be flat.
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Remark 2.4. What we are about to say is an aside, which the reader can safely skip.

In Lemma 2.2 we produced a great many objects of K(R-Mod), all of which are 8—
local. It is conceivable that, using them, there could be a direct proof that the inclusion
8§ — K(R-Mod) has a right adjoint. Of course, [9, Theorem 3.1] tells us that the adjoint
exists; but the proof given in [9, Theorem 3.1] was indirect.

Let me note that, from the existence of an adjoint to the inclusion § — K(R-Mod)
we formally deduced, in [9, Theorem 3.2], that the inclusion K(R-Flat) — K(R-Mod)
also has a right adjoint. And in [9, Remark 3.3] we saw how, in a few lines, one can
then conclude that every R—module has a flat precover. It would be interesting to give a
simple, direct proof of the existence of a right adjoint to the inclusion § — K(R-Mod).
I do not know how to do this.

Remark 2.5. Remark 2.3 is something of a digression. In this article we are interested
in constructing a right adjoint to the inclusion i, : § — K(R-Flat), not the inclusion
§ — K(R-Mod). We need 8-local objects in K(R-Flat), not K(R—Mod).

Of course Remark 2.3 observed that, in the category K(R-Mod), it is easy to construct
S8-local objects. From [9, Theorem 3.2] we know that the inclusion K(R-Flat) —
K(R-Mod) has a right adjoint J : K(R-Mod) — K(R-Flat). Next we note the trivial
fact:

Lemma 2.6. Let X be an S8-local object in K(R-Mod). Let J : K(R-Mod) —
K(R-Flat) be a right adjoint to the inclusion K(R-Flat) — K(R-Mod). Then JX
is an 8-local object in K(R-Flat).

Remark 2.7. Lemma 2.2 tells us that Hom(/, Q/Z) is an 8-local object of K(R-Mod),
while Lemma 2.6 establishes that J(Hom(I,Q/Z)) is an 8-local object of K(R-Flat).
The idea will be to use the objects J(J—Com([, Q/Z)) to construct the right adjoint to
ix : 8 — K(R-Flat).

Now it is high time to disclose what all of this has to do with tensor-phantom maps.

Lemma 2.8. Let J : K(R-Mod) — K(R-Flat) be a right adjoint to the inclusion
K(R-Flat) — K(R-Mod). Let Z be an object of K(R-Flat). A map f:Y — Z in
K(R-Flat) is tensor-phantom if and only if, for every test-complex I and for every map
g:Z — J(J-ComZ(I, @/Z)), the composite

f

Y Z —2— J(Homy(I,Q/Z))

1s null homotopic.

Proof. By definition the map f : Y — Z is tensor-phantom if and only if, for every
test-complex I, the map

Ie,y 2L 19,2
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vanishes in cohomology. If I is a test-complex, then so is any suspension X"I. Hence
f:Y — Z is tensor-phantom if and only if, for every tensor-complex I, the map

0
H(I®,Y) 2920 gor g, 2)

vanishes. Since Q/Z is an injective cogenerator in the category of abelian groups, it is
equivalent for the map
Homy, (H(I ®p Z) , Q/Z) —— Homy(H'(I®,Y), Q/Z)
to vanish, for every test-complex I. This map identifies as
Homy (I ®p Z , Q/Z) —— Homy (I ®zY , Q/Z) .
But this, in turn, identifies with the map
Homy g vjoa) (2 5 Homy(I,Q/Z)) —— Homy g yjoq) (Y, Homy(1,Q/Z)) ;

to say that all these maps vanish is to say that any chain map Z — Hom,(I,Q/Z)
composes with f : Y — Z to give a null homotopic map.

Finally note that Y and Z are objects in K(R-Flat). The inclusion of K(R-Flat) into
K(R-Mod) has a right adjoint J. The composites

y 1z Homy, (I,Q/Z)

will all vanish if and only if the composites
f

Y Z J (Homy(I,Q/Z))

are null. O

3. A REMINDER OF RIGHT COHERENT RINGS

In Remark 2.7 we observed that the complexes J(Homy(I,Q/Z)) are §-local objects
in K(R-Flat). In this section we will note that, as long as I is a complex of injective
right R-modules over a right coherent ring R, then Hom, (/,Q/Z) is a complex of flat
R-modules. There is no need to apply the functor J.

This section reminds the reader of the statements and proofs of a couple of basic facts
about right coherent rings. I do this partly to keep the paper self-contained, but mostly
to highlight where the right coherence of R is being used.

If I is a right R—module, then Homy, (1, Q/Z) is a left R—module. If F' is another right
R-module, composition gives a map

F @ Homp(F,I) ® Homy,(1,Q/Z) —— Q/Z,
which yields a natural map
F ®p Homy(I1,Q/Z) —— Homy (Hompg(F, 1), Q/Z) .

This map is obviously an isomorphism when F' = R is free of rank 1. Because it commutes
with finite direct sums in F', the map is an isomorphism whenever F is a free module of
finite rank. Now we note
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Lemma 3.1. Let R be a right coherent ring, and let I be an injective right R—module.
Then the left R—module Hom(I,Q/Z) is flat.

Proof. 1t suffices to show that, for each finitely presented right R—module M, the group
Torf(M , Hom(I,Q/Z)) vanishes. The ring R is assumed right coherent, and M is a
finitely presented right R—module. We may choose a resolution for M

Py Py Py M 0
with the P», P; and Py finitely generated, free right R—modules. We need to show the

exactness of the sequence

Py @ Hom(1,Q/Z) —— P, ®5 Hom(I,Q/Z) —— Py ®p Hom(I,Q/Z) .

To this end observe the diagram
P, @ Hom(I,Q/Z) —— Homy(Hompg (P, 1) , Q/Z)

l l

P ®pHom(1,Q/Z) —— HomZ(HomR(Pl,I) , Q/Z)

PO ®R Hom([, Q/Z) - HOIHZ (HOHIR(P(), I) ’ Q/Z)
The horizontal maps are clearly isomorphisms, and we want to show the left column

exact. It suffices, therefore, to show the right column exact. But now the fact that I is
an injective right R—modules says that

Homp(Py,I) —— Homp(P1,I) —— Homp (P, 1)

is an exact sequence of abelian groups, while the fact that Q/Z is an injective abelian
group gives the desired exactness of the right column. O

An immediate consequence is

Lemma 3.2. Let R be a right coherent ring. If I is a complex of injective right R—
modules, then X = Hom(I,Q/Z) is a complex of flat left R—modules. Furthermore, X
s orthogonal of §.

Proof. The fact that X is a chain complex of flat R—modules, that is X € K(R-Flat),
may be found in Lemma 3.1. The orthogonality to 8, that is the fact that X € 8', may
be found in Lemma 2.2. O

Before we leave this section, we want to note a fact about products of flat modules.
Lemma 3.3. Let R be a right coherent ring. Suppose that {F\,\ € A} is a set of flat
left R—modules. Then the product

I £

AEA
s a flat left R—module.
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Proof. As in the proof of Lemma 3.1 it suffices to prove that, given an exact sequence

P P P,

of free right R—modules of finite rank, the sequence

P2®R{HFA} - P1®R{HFA} - P0®R{HF)\}

AEA AEA AEA
is also exact. Now for a free module of finite rank, the natural map

P®R{HFA} — [[{Por k)

AEA AEA
is an isomorphism, so the sequence above becomes
[[{RerR} — [[{PerB} — [[{PerB),
AEA AEA AEA
which is obviously exact. O

4. CONSTRUCTING S—LOCAL OBJECTS

In this section and the next we will show how to explicitly construct S—local objects.
In the case where the ring R is right coherent the construction is elementary. In the
general case it uses the functor J : K(R-Mod) — K(R-Flat), which is right adjoint to
the inclusion K(R-Flat) — K(R-Mod); see [9, Theorem 3.2].

Reminder 4.1. If [ is any chain complex of right R—modules, then Lemma 2.2 says
that the complex Hom,(1,Q/Z) is an 8-local object in K(R-Mod). From Lemma 2.6
it follows that J (fHomZ(I ,Q/ Z)) is an 8-local object in K(R-Flat). In the special case,
where R happens to be right coherent and I is a complex of injective right R—modules,
Lemma 3.2 tells us that Homy,(/,Q/Z) is a chain complex of flat modules as it stands.
For right coherent rings R, There is no need to apply the functor J.

Remark 4.2. From [9, Theorem 3.2] we know that the inclusion K(R-Flat) — K(R-Mod)
has a right adjoint J : K(R-Mod) — K(R-Flat). This means that the category
K(R-Flat) has products; given a collection {Z, A € A} of objects in K(R-Flat), their
product in K(R-Flat) is obtained by forming the product in K(R-Mod), and then ap-
plying the functor J. In symbols, the product in the category K(R-Flat) is

J (L[A ZA> :

Note that, if R happens to be right coherent, then products of flat modules are flat by
Lemma 3.3. For right coherent rings there is no need to apply J to the product.

Remark 4.3. Remark 4.2 tells us that the category K(R-Flat) has products. What we
know about the subcategory 8+ C K(R-Flat) is
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(i) The product of any family of objects in 8+ belongs to 8.

(ii) The subcategory 8+ C K(R-Flat) is triangulated.
Facts (i) and (ii) are standard; you can find them, for instance, in [6, Lemma 9.1.12].

Lemmas 2.2 and 2.6 tell us how to construct some 8-local objects in K(R-Flat).
Reminder 4.1 tells us that, as long as the ring R is right coherent, we can construct
these objects without having to appeal to the functor J : K(R-Mod) — K(R-Flat).
The point of (i) and (ii) above is that we can produce many more 8—local objects, using
products and triangles. Now we will do this.

Construction 4.4. Let us choose a set A of representatives for the homotopy equivalence
classes of test complexes. That is, every test-complex I is homotopy equivalent to one
of {I,,A € A}. Remark 1.2 guarantees that this can be done; there is only a set of
homotopy equivalence classes of test-complexes. For each A € A, let

F, = J(Homy(I,,Q/Z)) .

Let F be the colocalizing subcategory generated by the objects {F\,A € A}. This
means that F is the smallest triangulated subcategory of K(R-Flat), containing all the
F, and closed under products. Since 8+ is colocalizing and contains all the objects
F, = J(Homy(I,,Q/Z)), it follows that F C 8. The main fact we will prove, in what
follows, is that F = 8+,

Lemma 4.5. Let Z be an object of K(R-Flat). There exists a distinguished triangle in
K(R-Flat)
f

Y A F MY,
so that f:Y — Z is a tensor-phantom map, and F € F.

Proof. Let F' be the product of F), over all morphisms Z — F), for any A € A. Let
Z — F be the natural map. Complete it to a triangle

y 1.7 F Y .

Clearly I € 3, since it is a product of F,’s. By Construction 4.4 every test complex I is

homotopy equivalent to an I,, and hence every .J (fHomZ(I ,Q/ Z)) is homotopy equivalent
to an F) = J(Homy(I,,Q/Z)). Therefore every map Z — J(Homy(I,Q/Z)) = F)
must factor through Z — F. The triangle Y — Z — F — XY tells us that every

composite

y 1.z J (Homy,(I,Q/Z))

must vanish. Lemma 2.8 permits us to conclude that f is tensor-phantom. H

Lemma 4.6. Let T' be the set of objects in K(R-Proj), given in [7, Construction 4.3].
Every object Z € K(R-Flat) admits a map Z — F, where F € F, and so that, for all
objects t € T, the map

Homy g o) (8, Z) —— Homg g prap (£, F)

18 injective.
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Proof. By Lemma 4.5 there exists a triangle in K(R-Flat)

y .z 2 Sy |

with F} € F, and with f a tensor-phantom map. Applying Lemma 4.5 again, this time
to the object Y, there exists a triangle

X 2y F vX

with Fo € &, and with g a tensor-phantom map. Now we build an octahedron from the

two composable maps X 2y A, Z. We obtain two distinguished triangles

x 12, 7 F $X

Fy F F YFy, .
The second of these tells us that F' must be an object of F. In the first of these two
triangles, the map fg : X — Z is a composite of two tensor-phantom maps. Lemma 1.8
tells us that, if ¢ is any object in 7', then any composite

f

t X 2oy
must vanish. In the exact sequence
Hom(t,fg)
_

VA

Hom(¢, X) Hom(t,Z) —— Homl(t, F)
we know that the map Hom(t, fg) vanishes. Hence the map Hom(t, Z) — Hom(t, F')
must be injective. O

Lemma 4.7. Let X — F be a morphism in K(R-Flat), and suppose F € F. Then
there is a factorization

X F’ F
with F' € F and so that, for allt € T, the two maps
Hom(t, X) —— Hom(t, F) and Hom(¢, F') —— Hom(t, F)

have the same image I C Hom(t, F').

Proof. Complete X — F' to a triangle

X F Y XX .

By Lemma 4.6 there exists a morphism Y — F” with F”” € F and so that Hom(¢,Y) —
Hom(t, F") is injective. The triangle gives us an exact sequence

Hom(t,X) —— Hom(¢,F) —— Hom(t,Y) ,

and the injectivity of Hom(¢,Y) — Hom(¢, F”') means that the sequence
Hom(t, X) —— Hom(¢, F) —— Hom(t, F")
is also exact. Now form the distiniguished triangle

F’ F F' —— YF .
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Since F, F" lie in F, so does F’. Because the composite X — F — Y — F” clearly
vanishes, it follows that the map X — F must factor as X — F’ — F. We have a
commutative diagram, where the rows are exact

Hom(t, X) —— Hom(t, F) —— Hom(t, F")

l H

Hom(t, F') —— Hom(t,F') —— Hom(¢, F")
from which we conclude that the images of the maps
Hom(t,X) —— Hom(t, F) and Hom(t, F') —— Hom(¢, F)
must agree; both are equal to the kernel of Hom(t, F) — Hom(¢, F"). O
Now we are ready to give a second proof, valid for an arbitrary ring R, of the existence
of a right adjoint to the inclusion i, : § = K(R-Proj)* — K(R-Flat). Unlike the proof

given in [9, Theorem 3.1], the one here will give us explicitly that 8+ is equal to F, the
colocalizing subcategory generated by the objects F.

Theorem 4.8. Let R be any ring. There is a right adjoint to the inclusion § =
K(R Proj)* — K(R Flat). Furthermore, ¥ = 8+ = {K(R Proj)*}".
Proof. Let Y be any object of K(R-Flat). Lemma 4.6 tells us that there exists a mor-

phism Y — F, with Fy € &, and so that, for all ¢ € T, the map Hom(¢,Y) —
Hom(t, F})) is injective. Now we inductively construct a sequence of morphisms in F

F3 FZ Fl FO?

and a map from Y to the sequence. The construction is as in Lemma 4.7; we factor the
map Y — F, as Y — F, ,; — F,, so that the images of
Hom(¢,Y) —— Hom(t, F,,) and Hom(t, F,,, ;) —— Hom(t, F}))
agree. For every object ¢t € T', the sequence

- —— Hom(t, F;) —— Hom(¢, F,,) —— Hom(¢, F})
identifies as the direct sum of two sequences

R N Hom(¢,Y) TN Hom(¢,Y) ., Hom(¢,Y)

R E R B

Now let F' be the homotopy limit of the sequence F; that is, it fits in a triangle

9] ) 9]

n=1 n=1

o0
Since each of the F), lies in J, so does the homotopy limit F. The map ¥ — H F,
n=1

factors through F', and if we apply the functor Hom(¢, —) to the triangle, with ¢t € T', we
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easily see that Hom(¢,Y) — Hom(¢, F) is an isomorphism. Now complete Y — F' to
a triangle

S Y F ¥S .

We have that F' € F C 8+. The fact that Hom(¢,Y) — Hom(t, F) is an isomorphism
tells us that Hom(t,S) vanishes, for every ¢ € T. This makes S orthogonal to the
category generated by T'; [7, Proposition 7.4] tells us that T generates K(R-Proj). Thus
S € K(R-Proj)™ = 8.

Given an object Y € K(R-Flat), we have exhibited a distinguished triangle

S Y F ¥S

with S € § and F = 8. From [6, Theorem 9.1.13] we deduce that the inclusion
ix : § — K(R-Flat) has a right adjoint. If Y € 81, the distinguished triangle
S Y F %S

is such that both Y and F lie in 8+, and hence so does S. Therefore S belongs both to
§ and to 8+, and must vanish. It follows that Y — F' is an isomorphism. Since F € ¥,
we conclude that F = §+. O

5. THE SPECIAL CASE OF COMPACTLY GENERATED K(R-Flat)

In Theorem 4.8 we proved, for any ring R, that the subcategory 8+ C K(R-Flat)
is equal to the subcategory ¥ C K(R-Flat), the colocalizing subcategory cogenerated
by the objects J(U—ComZ(I, Q/Z)) In the process we also gave a second proof that the
inclusion i, : § — K(R-Flat) has a right adjoint. The second proof is independent of
the first only when we do not have to use the functor J; this happens, for example, if R
is right coherent.

The statement that the objects J (Homy, (I, Q/Z)) cogenerate 8 is true for any ring R.
In the general case I do not have an easier argument than the one given in the previous
sections. If we are willing to restrict ourselves to the case where the ring R is right
coherent, then we have already observed that the complex Hom,(I,Q/Z) is an object
of K(R-Flat) as it stands; there is no need to apply the functor J to it. What we will
note in this section is that the entire proof simplifies, because the category K(R-Proj)
is compactly generated; see [7, Proposition 7.14].

For the rest of this article R is assumed to be a right coherent ring.

Reminder 5.1. We begin by reminding the reader of formal generalities. Let T be a
triangulated category; in the application we have in mind T = K(R-Flat). Let § C T be
a thick subcategory; the § we plan to apply this to is the category 8 = K(RfProj)L of
[9, Notation 2.2].

Let 8t be the full subcategory of all §-local objects in T. Let m : T — T/8 be the
natural projection to the Verdier quotient. From [6, Lemma 9.1.5] we know that, if z is
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any object in T and y € 8+, then
Homg(z,y) = Homgg(rz,7y) .

If we let z and y both be in the subcategory $*, we learn that the composite functor

inclusion

St T —"- T/8
must be fully faithful. If the inclusion i, : § — T has a right adjoint, then [6, Theo-
rem 9.1.16] asserts that the map 8+ — T/8 is an equivalence of categories. Let us note
the easy observation, that the converse also holds.

Lemma 5.2. Let i, : 8§ — T be a fully faithful, triangulated functor of triangulated
categories. Suppose that the image of i is equivalent to a thick subcategory of T. Let 8+ C
T be the full subcategory of all S—local objects in T. Then the following are equivalent:

(i) The composite functor

inclusion

gt T " /8

is an equivalence of categories.

(ii) The inclusion ix : 8 — T has a right adjoint i' : T — 8.

Proof. As mentioned in Reminder 5.1, the implication (ii)==-(i) may be found in [6,
Theorem 9.1.16]. We need to prove (i)==-(ii). Let ¢ be an object of J. By (i), its image
7t in /8 must be isomorphic to an object in the image of the composite

inclusion 7

St T T/8,

that is there exists an object y € 8+ and an isomorphism 7t — 7y. By [6, Lemma 9.1.5]
we know that

Homg(t,y) = Homgg(rt,7y),
and hence the isomorphism in J/8 comes from a map f : ¢t — y, in the category 7.
Complete f to a triangle in T

S t / Y s .

Because 7 f is an isomorphism, we conclude that ms = 0, which means that s is isomorphic
to an object in 8. If we replace s by an isomorph, we may assume s € §. Now [6,
Theorem 9.1.13] tells us that there is a right adjoint to the functor i, : § — 7. O

Remark 5.3. We know that the chain complexes Hom,(I,Q/Z), where I are test-
complexes, are $-local objects in K(R-Flat). That is, Hom, (I, Q/Z) is an object of §*.
It clearly suffices, by Lemma 5.2, to show that, in the category K(R-Flat)/8, the objects
Hom,, (I,Q/Z) are cogenerators. This is what we will prove.

What makes this approach to the proof quite feasible is that we know the category
K(R-Flat)/8. Recall that $ = K(R-Proj)*; in [7, Remark 2.12(i)] we noted that general
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nonsense, applied to the diagram

jg 0
K(R Flat) =——
j i

K(R Proj) K(R-Proj)*

K (R-Flat)
K (R-Proj)™*

tells us that 7j, : K(R-Proj) — K(R-Flat)/8 is an equivalence of categories. That
is, the category K(R-Flat)/§ is equivalent to K(R-Proj). To establish that i, : § —
K(R-Flat) has a right adjoint it suffices to show that, with the various identifications
we have made, the objects Hom, (I, Q/Z) cogenerate K(R-Proj).

We need to figure out what are the F' = Hom, (1, Q/Z), viewed as objects in the cate-
gory K(R-Proj) = K(R-Flat)/8, where the equivalence of K(R-Proj) with K(R-Flat)/§
is via the functor 7j,. Since F is 8-local we have that, for any object X € K(R-Proj),

Homy (g praeys(mih X, 7F) = Homg (g prap (1 X, F)

We therefore need to understand the abelian groups HomK( R-Flat) (41X, F). We begin
with a lemma that works for any ring R.

Lemma 5.4. Let R be a ring, let I be a bounded below complex of right R—modules, and
put F' = Hom,(1,Q/Z). Let P be a chain complex in the set T of [7, Construction 4.3].
Then

Homy (g vioay (WP F) = Homy g (J—ComR(P*,I) , @/Z) .

Proof. We should prehaps remind the reader; the objects in the set T' are bounded below
chain complexes of finitely generated, projective left R—modules, and the complex P* is
the complex Hom(P, R); it is a bounded above complex of finitely generated, projective
right R—modules.

Now for the proof. We recall that F' = Hom,(I,Q/Z). This makes

HomK(RfMod)(j!Pv F) = Homy (r Moq) (j,P, Homg (1, Q/Z))
= Homyy, (%omR(P*,I) , @/Z) .
O

Construction 5.5. Now let () be a compact object in K(R-Proj). We remind the reader
that, in [7, Proposition 7.12], we classified the compact objects in K(R-Proj). Replacing
@ by an isomorph if necessary, we may assume that Q) € T’; that is, () is a bounded below
chain complex of finitely generated, projective left R—modules. This means that Q* is a
bounded above chain complex of finitely generated, projective right R—modules. Since
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Q is compact, we furthermore know that H*(Q*) = 0 if i < 0. This means that we can
choose a bounded below complex of injective right R—modules, quasi-isomorphic to Q*;
choose one, and denote it I = I(Q). Let us choose and fix an I(Q), for every compact
object @ in K(R-Proj). Clearly I(Q) is a test-complex.

Proposition 5.6. Let R be a coherent ring. Let {I(Q), Q € K(R-Proj)°} be all the test-
complezes of Construction 5.5. Then the objects F(Q) = Homy (1(Q),Q/Z) cogenerate
the category K(R-Proj) = K(R-Flat)/8.

Proof. First of all, because R is coherent, the objects F(Q) belong to K(R-Flat).
Let P be any object in T', and assume () is a compact object. Both P and @ are chain
complexes of finitely generated, projective right R—modules; hence

Homp(Q,P) = Homp(P*,Q") .

Now P* is a bounded above chain complex of projectives, and hence the quasi-isomorphism
Q* — 1(Q), of Construction 5.5, induces a quasi-isomorphism

Homp(P*,Q*) —— fJ-ComR(P*,I(Q)) )

Since the abelian group Q/Z is injective, we have an isomorphism of abelian groups

Hom, (HomK(R,proj)(QaP) ) @/Z>

Homy 7, (J—ComR(Q,P) : @/z) —— Homyy, (J—ComR(P*,I(Q)) : Q/Z) .
Lemma 5.4 tells us that
Homy 7, (i}{omR(P*,I(Q)) : Q/Z) = Homg g pap) (1P F(Q)) -

Combining these isomorphisms, we have an isomorphism, natural in P,

Homy, (HomK(RfProj)(Q7P) , @/Z) - HomK(RfFlat) (j!P,F(Q)) :

These are isomorphisms for all P € T, in particular for all compact objects P. On the
subcategory K(R-Proj)¢, of the compact objects in K(R-Proj), the functor represented
by F(Q) is the functor taking (—) to

HomZ(HomK(Ripmj)(Q, —) y Q/Z) .

This is an injective object in the abelian category Cat <{K(R7Proj)c}°p , .Ab) of additive
functors {K(R-Proj)‘}® — Ab. If we take the product, over all compact objects
Q@ € K(R-Proj), we discover that the functor represented by

F = II Fr@

QEK(R-Proj)°
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is an injective cogenerator in G‘at({K(RfProj)c}op ) Ab). The category K(R-Proj) is a
compactly generated triangulated category because the ring R is right coherent, and by

[7, Proposition 7.14]. The argument above shows that F' is a Brown—Comenetz object in
K(R-Proj). By [6, Theorem 8.6.1], F' cogenerates. O
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