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Abstract

This thesis investigates the notion of torsion theory beyond the classical pointed
setting, that is, in categories which need not have a zero object.

Introduced in the context of abelian categories, with torsion and torsion-free abelian
groups being a motivating example, torsion theories are by now well established in
various more general pointed contexts, supported by a wide range of results and
examples. More recently, several approaches have been proposed in the literature
to extend this notion to non-pointed categories, in order to capture situations that
resemble the classical picture but lie outside its scope. The aim of the present work is
to contribute to this programme by both extending and unifying existing approaches
and by introducing entirely new ones.

The first part of this thesis focuses on torsion theories defined relative to a chosen class
of trivial objects, sometimes called pretorsion theories. Several classical results on
torsion theories — such as certain characterisations of torsion(-free) subcategories, and
the well-known interplays of torsion theories with closure operators and factorisation
systems — rely in the pointed case on additional structural assumptions and are not
known to hold for pretorsion theories. To provide a framework where such results
can be in part recovered, a new notion is introduced: prenormal categories. This
notion, which in the pointed case generalises normal categories, is investigated in
depth through its properties and many pointed and non-pointed examples, and it
is shown to allow several of the aforementioned results to be suitably extended to
pretorsion theories.

In the second part, we introduce the new notion of homotopy torsion theories,
developed in the known setting of categories with nullhomotopies. The general frame-
work of homotopy torsion theories unifies pretorsion theories with other approaches
from the literature, and in particular shows that factorisation systems arise precisely
as homotopy torsion theories on arrow categories. Moreover, we demonstrate through
some paradigmatic examples that this notion can incorporate into torsion theories a
degree of two-dimensionality.

Finally, the third part introduces bitorsion theories in bicategories with a bizero object,
lifting the classical definition of torsion theory to a genuinely two-dimensional level.
The basic theory is developed and illustrated with a range of examples, including
two-dimensional analogues of classical torsion theories, as well a class of examples
where connected and discrete objects are shown to form a bitorsion theory.
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Introduction

An element a of an abelian group A is called a torsion element if na = 0 for
some positive integer n. Accordingly, an abelian group is a torsion-free group
if it contains no non-zero torsion elements, and, conversely, a torsion group if
all of its elements are torsion. Now, for any abelian group A, the subset T'A
of its torsion elements forms a subgroup of A and the corresponding quotient
FA = A/(TA) is clearly torsion-free. As a result, for every abelian group A,
we obtain a canonical short exact sequence

TA A FA

?

with T'A a torsion group and F'A torsion-free. Moreover, observe that for any
morphism A — B of abelian groups, the image of a torsion element of A is
torsion in B. Consequently, the only group homomorphism from a torsion
group to a torsion-free group is the zero map.

This simple classical picture serves as the leading example for the general
notion of torsion theory, introduced by Dickson in the 1960s in the context
of abelian categories ([18]). A torsion theory on an abelian category is given
by a pair (T, F) of full subcategories closed under isomorphisms such that:

1. every morphism f: T — F, with T" € T and F € F, is the zero morph-
ism;

2. for every object A € A, there exists a short exact sequence

Tt At R

with 7' € T and F € F. (Here, by short exact sequence we mean that
(T,t) is the kernel of f and (F, f) is the cokernel of ¢.)

vii



viii INTRODUCTION

Notice that the only feature of abelian categories explicitly used in the
definition is the presence of a zero object, which allows one to speak of
zero morphisms, kernels, and cokernels. Therefore, this definition can be
formulated in essentially the same form in any pointed category, that is, any
category with a zero object. Of course, further structural assumptions on the
ambient category — such as being abelian, homological, protomodular, regular,
or normal — grant torsion theories additional properties. In fact, many results
have been established in the literature showing that, under suitable hypotheses,
pointed categories equipped with a torsion theory, together with their torsion
and torsion-free subcategories, exhibit a rich array of desirable categorical
and algebraic properties, and numerous examples in various pointed contexts
have by now been extensively described ([8, 16, 38, 23, 4]).

Over time, it was observed that the basic idea behind torsion theories has
little to do with pointedness. At its core, the notion rests on the presence of
two distinguished classes of objects and on two fundamental requirements.
First, these two special types of objects should behave, in a sense, as ex-
treme opposites, satisfying a kind of orthogonality condition conveyed by
the triviality of maps running from the first class to the other. Second, if
these two classes occupy the two ends of a spectrum, then every other object
of the category should lie ‘in between’, in the sense that it should come
equipped with both a torsion and a torsion-free companion. Expressing the
first condition does not really call for a zero object, but only for a suitable
way to specify trivial morphisms, while the second condition just requires
some notion of short exact sequence that allows one to assign to each object
a torsion and a torsion-free counterpart. There are many mathematical situ-
ations outside the pointed setting that display this general pattern, yet do
not fit the classical definition of torsion theory. The challenge, then, is to
identify categorical contexts that can express this underlying idea in a precise
way, so as to encompass these non-pointed situations, while still supporting
the development of a meaningful theory.

Different approaches to torsion theories in non-pointed categories have
been proposed in the literature, each with its own properties and examples.
The aim of this thesis is to contribute to this line of research by further
developing the study of non-pointed torsion theories: on the one hand, by
investigating, extending and systematising existing approaches into a unified
context; on the other, by introducing entirely new frameworks designed to
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capture even more general situations. The work is organised into three
chapters, each centred on a main topic. To delve into the perspective taken
in the first chapter, and to shed light on the general picture, let us recall a
simple and well-known example (see for instance [34]).

Consider the category, familiar from algebraic topology, whose objects are
pairs (X, A), where X is a topological space and A C X a subspace, and whose
morphisms (X, A) — (Y, B) are given by continuous functions f: X — Y such
that f(A) C B. A pair (X, A) in this category can be interpreted as a formal
quotient ‘X/A’ Accordingly, pairs of the form (X, X) naturally play the part
of trivial quotients ‘X /X’ with a morphism f: (X, A) — (Y, B) considered
trivial when f(X) C B. Within this category, one can single out two special
kinds of pair (X, A): those with A dense in X and those with A closed in
X. These stand in sharp contrast — subspaces with the largest as opposed
to smallest possible closure — and a simple topology exercise shows that any
morphism from a dense pair to a closed pair is trivial in the above sense.
Moreover, every pair (X, A) admits an associated dense pair (A, A) and closed
pair (X, A), yielding the sequence

(AA) —— (X, A) —— (X, A),

which in fact enjoys some universality and exactness properties. This situation
has all the features of a torsion theory, though it is not one in the strict sense,
as the category is not pointed.

This example illustrates a first, very general way to overcome the limita-
tions of the pointed setting. Even in the absence of a genuine zero object, one
can still work relative to a chosen class of trivial objects — corresponding, in
the example above, to pairs of the form (X, X). From such a class one obtains
a natural notion of trivial morphism, and hence of kernel, cokernel and exact
sequence relative to it. This idea, which traces back to Ehresmann’s notion
of ‘ideals of morphisms’ ([21]), preserves much of the familiar structure of the
pointed world while opening the door to non-pointed categories. Crucially,
it also provides a natural framework where one can define torsion theories
relative to this chosen class of trivial objects — sometimes called pretorsion
theories. In fact, the example discussed above can be understood as one
instance of such a notion. The systematic study of torsion theories of this
kind — based on kernels and cokernels relative to a fixed class of objects — has
since been developed under various assumptions and terminology, and the
literature now offers many examples and initial results ([25, 26, 34, 27, 6]).
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Despite the recent surge of interest in this notion, its general theoretical
background remains comparatively underdeveloped. Many classical results
on torsion theories — such as some characterisations of torsion and torsion-
free subcategories, and the well-known correspondences between (hereditary)
torsion theories, closure operators, and factorisation systems ([8, 16, 38, 54,
23]) — do not yet have analogues in this broader setting. One of the reasons
is that these results typically rely on strong assumptions on the ambient
category, such as protomodularity and regularity, which are known to endow
pointed kernels and cokernels with powerful properties. By contrast, the
‘relative’ kernels and cokernels arising from a distinguished class of objects
generally fail to interact with those assumptions in any significant way.

To address this, Chapter 1 introduces the notion of a prenormal category
([46]). In the pointed case, the definition mirrors that of a regular category,
but with coequalisers and kernel pairs replaced by cokernels and kernels.
Pointed prenormal categories generalise the existing framework of normal
categories ([39]) by dropping the regularity requirement, but still retain several
of their properties. Examples of pointed prenormal categories include the
category of commutative monoids. Most relevant here is that this new notion
can be meaningfully extended to the setting of categories equipped with a
distinguished class of trivial objects, simply by substituting, in the definition,
pointed kernels and cokernels with their relative versions.

Chapter 1 explores this set-up in detail, showing that it encompasses a
wide range of examples and that it exhibits useful structural properties, such
as a stable factorisation system based on non-pointed ‘normal epimorphisms’.
In particular, we will show how such properties allow several of the classical
results on torsion theories mentioned above to be suitably extended to the
context of pretorsion theories in non-pointed prenormal categories and other
related settings, granting new insights into some known constructions and
producing new examples. The results illustrated in Chapter 1 were developed
in collaboration with S. Mantovani.

While pretorsion theories provide a broad generalisation of classical torsion
theories, they are not the only possible approach to a notion of non-pointed
torsion theory, and in fact fail to capture certain interesting situations. To
illustrate this, let us turn to another example.

For any category A, the arrow category Arr(A) has as objects the arrows
of A and as morphisms the commutative squares between them. By definition,
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a factorisation system on A is given by a pair (&, .#) of classes of arrows
closed under composition with isomorphisms, such that:

1. for any solid commutative square

with e € & and m € .#, there exists a unique diagonal d with d-e =g
and m-d=f;

2. every arrow f in A factors as f = m - e for some e € & and m € .

This device strongly resembles a torsion theory on Arr(A), with & and
A playing the roles of torsion and torsion-free objects, Condition 1 above
expressing a sort of triviality of commutative squares — that is morphisms —
from & to ., and Condition 2 encoding a torsion-torsion-free decomposition
of f. However, one can show that factorisation systems are not in general
pretorsion theories on arrow categories with respect to any class of trivial
objects, except in special cases (for instance when & consists of epimorphisms
and .# of monomorphisms). Even so, as first observed in [45, 34], they
can still be understood as non-pointed torsion theories, but according to
a different definition, based on the presence of a reflective and coreflective
subcategory of trivial objects — a requirement absent in pretorsion theories.
Thus, this shows that pretorsion theories and this other reflective-coreflective
approach form two distinct, and in general incomparable, ways of extending
torsion theories beyond the pointed setting. The second part of the present
work shows that both approaches can be recovered as special instances of a
more general framework, that of homotopy torsion theories ([47]).
Homotopy torsion theories are introduced and investigated in Chapter 2
within the framework of categories with nullhomotopies, a notion first estab-
lished in [33]. These are categories in which every morphism comes equipped
with an abstract set of nullhomotopies (together with a suitable notion of
composition of nullhomotopies with morphisms). In the case of arrow cat-
egories mentioned above, a nullhomotopy on a commutative square is nothing
more than a diagonal splitting the square into two commutative triangles —
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thus quite far from the classical homotopies of topology. Nonetheless, the set-
ting of categories with nullhomotopies supports natural notions of homotopy
kernels and homotopy cokernels, which in turn lead to the general definition
of homotopy torsion theory.

The essential results on homotopy torsion theories are developed through-
out Chapter 2, together with an extensive range of examples. Furthermore,
we show that this new framework is broad enough to subsume all the notions
of torsion theory encountered so far — both pointed and non-pointed — as well
as others. In this way, homotopy torsion theories provide a unifying setting
where seemingly different notions on torsion theories can be treated within a
single perspective.

Moreover, we establish that the above example of arrow categories indeed
fits within a bijective correspondence between factorisation systems on a given
category and homotopy torsion theories on the respective arrow category
equipped with the canonical ‘diagonal’ nullhomotopy structure. Finally, we
show that the framework of homotopy torsion theories can be used as a first
step toward a two-dimensional notion of torsion theory: any 2-category with
a (bi)zero object carries a natural nullhomotopy structure using (invertible)
2-cells with trivial target as nullhomotopies. With this observation in mind,
we construct examples of homotopy torsion theories exhibiting a distinctly
two-dimensional behaviour ([48]). The contents of Chapter 2 mainly draw
upon research conducted jointly with S. Mantovani and E. M. Vitale.

While homotopy torsion theories do allow certain two-dimensional fea-
tures to be taken into account, their framework remains fundamentally one-
dimensional. This manifests itself in several ways, chief among which the fact
that the underlying constructions of homotopy torsion theories are defined up
to isomorphism rather than up to equivalence, which is the expected notion
of sameness of dimension two. For this reason, homotopy torsion theories
cannot be viewed as a fully two-dimensional theory; in this regard, they only
offer a preliminary broadening of the one-dimensional case.

Chapter 3 is devoted to developing a genuinely two-dimensional notion of
torsion theory. Working within bicategories with a bizero object — that is, a
natural two-dimensional analogue of a zero object — we introduce the concept
of bitorsion theory. This is obtained by lifting the classical pointed definition
of torsion theory to the bicategorical setting, clearly with certain technical
choices arising specifically in dimension two. The basic theory developed here
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behaves as expected in a two-dimensional context, with the familiar features
of torsion theories reappearing in suitably bicategorical form.

A substantial part of this chapter is devoted to examples. A first family
of examples consists of two-dimensional generalisations of classical torsion
theories. These were already presented in Chapter 2 as homotopy torsion
theories, and here we show that they in fact double as genuine bitorsion
theories, thereby inheriting a fully two-dimensional structure. Another class
of examples is based on internal notions of connected and discrete objects,
which, in some instances, can be shown to form a bitorsion theory. This also
connects to the examples we consider on the arrow category of an abelian
category, which naturally and non-trivially exhibits three different structures:
it is a pointed (abelian) category, a category with nullhomotopies, and a
bicategory equipped with a bizero object. We examine torsion theories based
on these different structures on this category and show that, upon passing to
its bicategory of fractions, they all collapse into a single bitorsion theory given
by connected and discrete objects. These findings form part of an ongoing
collaborative effort with G. Metere and E. Vitale.

To conclude, we provide a diagram illustrating the relations among the
different notions of torsion theory considered in this thesis.

Homotopy
torsion theories

The
‘reflective-
coreflective’
approach

Pretorsion
theories

Pointed
torsion
theories

Bitorsion
theories







Chapter 1

Pretorsion theories in
prenormal categories

As mentioned in the introduction, a natural first step in generalizing the
pointed setting is to replace the role of a single, genuine zero object with
a distinguished class of trivial objects, and to define kernels and cokernels
relative to this class. Concretely, this is done by modifying the usual universal
properties of kernels and cokernels, replacing the role of zero morphisms with
that of morphisms factoring through some object of the distinguished class.
This approach preserves some of the essential features of the pointed case
while allowing for broader applicability. In particular, it can be viewed as
a special instance of the more general framework based on ideals of trivial
morphisms in the sense of Ehresmann ([21]) . This theory was later taken up
and further developed in works such as [31, 32, 29, 35].

A notion of torsion theory naturally arises within the setting of kernels
and cokernels defined relative to a fixed class of trivial objects. The theory
surrounding this notion, as well as several generalisations of it, has been
investigated in multiple works in the literature, including [34, 27|, with a
range of different perspectives, assumptions and terminology. In this chapter,
we aim to further develop this theory by extending to the relative setting a
number of classical results on torsion theories originally established in various
pointed contexts. In particular, we focus on the characterisations of torsion
and torsion-free subcategories, as well as the well-known correspondences
between torsion theories, closure operators, and factorisation systems ([8,
16, 38, 54, 23]). While some of these results hold in full generality, the
stronger ones typically rely on the presence of additional structure, most
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often involving some combination of regularity, protomodularity, or other
related properties. The goal of this chapter is to identify a natural categorical
framework that partially generalises the interplay of these conditions and
provides a non-pointed setting in which the aforementioned results on torsion
theories can be extended.

To this end, we introduce the notion of a prenormal category. The
definition of a prenormal category is modelled after that of a regular category,
but with the roles of coequalisers and kernel pairs taken over by cokernels and
kernels. In this definition, the terms ‘kernel” and ‘cokernel’ can be understood
either as the standard pointed notions or, more generally, as the versions
defined relative to a fixed class Z of trivial objects. In the latter case, we
speak of Z-prenormal categories. As we shall see, the definition adapts well
to both contexts. Even in the pointed case, the notion of prenormal category
is more general than the existing one of normal category, due to Z. Janelidze
([39]), since in the former, the stability of normal epimorphisms is imposed as
a stand-alone condition, rather than derived from regularity. This distinction
becomes particularly significant in the non-pointed context, where the notion
of a normal category does not generalise as effectively, as we shall observe.
The more general framework of prenormal categories accommodates several
new examples, most notably, in the pointed case, the category of commutative
monoids. At the same time, pointed and non-pointed prenormal categories
still retain many important properties familiar from algebra, such as the
existence of a stable factorisation system involving some notion of ‘normal
epimorphism’, and a categorical analogue of Noether’s third isomorphism
theorem.

While prenormal categories can be a useful new addition to the landscape
of categorical algebra in their own right, they prove to be particularly valuable
in the context of this chapter, as they provide a flexible yet robust setting
where the classical results on torsion theories mentioned above can be in part
recovered and extended, all while encompassing a wide array of examples,
both known and new.

This chapter is structured as follows. In Sections 1.1 and 1.3, we provide
general preliminaries on kernels and cokernels defined relative to a distin-
guished class of trivial objects, along with the associated notion of torsion
theory. In Section 1.2, we introduce the precise definition of Z-prenormal
categories and other related notions, and present their key properties together
with illustrative examples. In Sections 1.4 to 1.6, we consider classical aspects
of torsion theories and examine how each generalises in our context — namely,
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in the order they appear in this chapter: some characterisations of torsion
and torsion-free subcategories, the correspondence between torsion theories
and closure operators, and the correspondences between torsion theories and
factorisation systems. Section 1.7 is devoted to specialising some of the pre-
ceding results to (the relevant notion of) hereditary torsion theories. Finally,
in Section 1.8, we provide a long list of examples and applications fitting
within the framework developed throughout the chapter.

1.1 Categories with a distinguished class of
trivial objects

This section contains the necessary background on kernels and cokernels
defined relative to a class of trivial objects. We begin however with the more
general definition of kernels and cokernels relative to an ideal of morphisms,
which will be needed later on.

Definition 1.1.1. Let € be a category and let J be an ideal of morphisms in
€ in the sense of Ehresmann ([21]), i.e. a class of arrows in € such that, for
all triples of composable morphisms f, g, h € €, if g lies in J, the composite
h-g- f also lies in J.

Given any map f: A — B in €, an J-kernel of f is given by an object K
and a map k: K — A such that

- f-kel;

- for any map x: X — A such that f -z € J, there exists a unique
x': X — K such that k- 2/ = x.

By a slight abuse of notation, we may refer to the J-kernel (K, k) simply as
K or k, when the distinction is clear from context. Of course, J-cokernels are

defined dually.
An J-exact sequence is given by a pair of composable maps

At 9 ¢

such that (A, f) is the J-kernel of g and (C, g) is the J-cokernel of f.

Remark 1.1.2. For any ideal of morphisms J, the J-kernel of a map is unique
up to unique compatible isomorphism.
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The definition of kernels (and cokernels) relative to a class of objects is
obtained as a special case of the above definition, by considering a closed
ideal. Given a class Z of objects in a category €, one obtains the ideal Oy of
morphisms in € factoring through an object of Z. Such morphisms will be
called Z-trivial, and ideals of this form are precisely the closed ideals. We
refer to kernels, cokernels and exact sequences defined relative to Oy simply
as Z-kernels, Z-cokernels and Z-exact sequences.

Remark 1.1.3. When a category is pointed and we take Z to be the class
of zero objects, then we recover the usual, pointed notions of kernel and
cokernel.

For the remainder of this section, we fix a category C and a class Z of
objects in €, which we identify with the full subcategory of € spanned by
those objects. We also assume that such subcategory is replete, i.e., closed
under isomorphisms.

We will now list some general properties of Z-kernels and Z-cokernels.
Most proofs are omitted, as they concern well-known results; a more in-depth
discussion of this topic can be found for example in [31, 32, 35]. Note that
some results hold, more generally, for kernels and cokernels relative to an
ideal of morphisms, while others are specific to the object-based approach
(most notably the key property in Item 2 of Proposition 1.1.4 below).

We begin with some important cancellation properties satisfied by the
maps underlying Z-kernels.

Proposition 1.1.4. Let (A, f) be a Z-kernel of a map g: B — C. Then the
following hold.

1. f is a monomorphism;
2. if h is a map in € such that f - h is Z-trivial, then A itself is Z-trivial.

We will call Z-normal monomorphisms the monomorphisms in € underlying
Z-kernels. We denote by NMono(C, Z) the class of Z-normal monomorphisms
in €, and we graphically represent them using the special arrow ‘ > . Dually,
we call Z-normal epimorphisms the epimorphisms underlying Z-cokernels.
We denote by NEpi(C, Z) the class of Z-normal epimorphisms, and we use
the special arrow ¢ —> 7 to graphically represent them. With a mild abuse of
notation, we will sometimes write kernel, cokernel, normal monomorphism,
and normal epimorphism to mean their Z-relative versions with respect to
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some class Z of trivial objects, and explicitly using the qualifier ‘pointed’
when restricting ourselves to the pointed case.

Z-normal monomorphisms satisfy the following additional properties,
familiar from the pointed context.

Proposition 1.1.5. Let f: A>~ B be a Z-normal monomorphism. If f
admits a Z-cokernel (C, g), then (A, f) is the Z-kernel of g.

Proposition 1.1.6. Z-normal monomorphisms are pullback stable. In par-
ticular, consider the following diagram in C

oL p

If the square is a pullback and (A, f) is the Z-kernel of g, then (A’, f’) is the
Z-kernel of g - b.

Despite these similarities with pointed kernels, Z-kernels differ from them
in many key aspects. First, Z-normal monomorphisms are not, in general,
regular monomorphisms (and Z-normal epimorphisms are not regular epi-
morphisms; see Section 1.2.b). Second, in the general case, Z-kernels are
not defined as limits. They do, however, admit a description as limits when
Z forms a mono-coreflective subcategory of C. Before formally stating this
well-known result, we place ourselves in the situation where Z is closed under
retracts. This assumption is made without loss of generality: replacing Z
with its closure under retracts does not alter the corresponding ideal of trivial
arrows, nor the associated notions of kernel and cokernel. It does, however,
allow for cleaner statements of certain results, including Proposition 1.1.7
below. Accordingly, we make the following standing assumption for the
remainder of this section.

From now on, and throughout this section, we assume that Z is closed
under retracts in C.

Proposition 1.1.7. In the category C, consider an object B and a mono-
morphism ep: Sp > B. The pair (Sp,ep) is a coreflection of B in Z if and

only if it is a Z-kernel of idg. In this case, given maps K SLINY/ RN B,
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then (K, k) is the Z-kernel of f if and only if there exists a (unique) map
h: K — Sp such that the following square is a pullback.
% B

K S
A B

Finally, Z is a mono-coreflective subcategory of € if and only if every identity
morphism in € admits a Z-kernel.

h

—_—
f

(Here, reflective and coreflective subcategories are always assumed to be
closed under isomorphisms — and therefore under retracts.)

Another key difference between pointed kernels and general Z-kernels lies
in the following observations. In the pointed setting, the kernel of a pullback
of a given map is isomorphic to the kernel of the original map. In the relative
context, however, this property holds only in a significantly weakened form —
posing one of the main obstacles to the generalisations of the classical results
on torsion theories we are looking for. We have the following proposition.

Proposition 1.1.8. Consider the following pullback diagram

If y is a Z-normal monomorphism, then (K, z - k) is the Z-kernel of f’.

Proof. Suppose (Y, y) is the Z-kernel of a map b: Y’ — B, and let a: A — X’
be a map such that f’-a is Z-trivial. It follows that the composite b- f’ - a is
Z-trivial, and hence there exists a map a’: A — Y such that f'-a=y-d. In
turn, this yields a map u: A — X such that f-u =d' and x - u = a. Since
y- f-u= f"-ais Z-trivial, by Proposition 1.1.4 (Item 2) we obtain that f-u
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is Z-trivial, yielding a map v: A — K such that k- v = u.

It immediately follows that x - k£ - v = a as required. O

Remark 1.1.9. Note that if Proposition 1.1.8 held for arbitrary y, then
the full subcategory Z of trivial objects would necessarily form a groupoid,
which constitutes a highly restrictive assumption if one wants to work in the
non-pointed context.

Indeed, consider any map y: Y — Y’ in Z. The following commutative
square is a pullback

Y Y
Y ——=Y’

and since Y, Y’ € Z, the Z-kernel of idy is (Y,idy) and the Z-kernel of idy- is
(Y’ idy+). Therefore, if idy and idys had the same Z-kernel, the map y would
be an isomorphism.

Vice versa, when Z is a groupoid and a coreflective subcategory of C,
one can prove that Proposition 1.1.8 holds for arbitrary y, (using that the
coreflection of y would always be an isomorphism).

We conclude the section by considering a class of maps which will play
an important role in this chapter. We characterise this class in the following
proposition.

Proposition 1.1.10. Consider morphisms in €

At . p_9 C,
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with (A, f) the Z-kernel of g. Then the following are equivalent. (i) The map
fis Z-trivial; (ii) A is in Z; (iii) (A, f) is the Z-kernel of an isomorphism;
(iv) (A, f) is a coreflection of B in Z; (v) every map z: X — B is Z-trivial
whenever ¢ - x is Z-trivial.

We denote by TKer(C, Z) the class of maps whose Z-kernel exists and is
Z-trivial (according to any of the equivalent statements in Proposition 1.1.10).
Such morphisms will be graphically represented by the special arrow ¢ o—".
In the presence of Z-kernels, by Proposition 1.1.4, Item 2, we have that
NMono(€,Z) C TKer(€,Z). Moreover, maps with Z-trivial Z-kernel are
right-orthogonal (in the sense of factorisation systems, as in Definition 2.5.2)
to Z-normal epimorphisms. We record this in the following proposition.

Proposition 1.1.11. In C, Z-normal epimorphisms are orthogonal to maps
with Z-trivial Z-kernel.

Proof. Consider the following commutative square,

where f is the Z-cokernel of a map a and and ¢ is a map whose Z-kernel is
Z-trivial. Since g-v-a is Z-trivial, it follows from Proposition 1.1.10 that v-a
is Z-trivial as well. Hence, there exists a unique map d such that v =d - f,
and by the epimorphic character of f, we further deduce that g-d=u. [

1.2 Prenormal categories

In this section we introduce the categorical setting in which most of the results
of this chapter will take place. Our starting point is the notion of prenormal
category ([46]). As mentioned in the introduction, the definition is based on
that of a regular category, but shifts the focus from coequalisers and kernel
pairs to (possibly non-pointed) kernels and cokernels.

Definition 1.2.1. Let € be a category and Z a subcategory. We say that € is
prenormal with respect to Z, or that C is Z-prenormal, if Z is mono-coreflective
in C and the following properties hold.
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1. C has finite limits.
2. @ has Z-cokernels of Z-kernels.
3. Z-normal epimorphisms are pullback-stable in C.

When € is pointed and Z is the class of zero objects, we refer to Z-prenormality
simply as prenormality.

In what follows, when we say that C is a Z-prenormal category, it is
understood that Z is a subcategory of C, and that € and Z satisfy the
conditions stated above.

Clearly, every abelian, semiabelian, homological or normal category (in the
sense of [39]) is (pointed) prenormal (see also [5]). Prenormality, however, is a
considerably broader notion, even in the pointed case. To give a more concrete
sense of the above definition, we immediately present a more meaningful
example in the pointed context (more examples are available in Section 1.8).
We also refer the reader to 1.2.b for a more detailed comparison between
normal, regular and prenormal categories.

Example 1.2.2. The category CMon of commutative monoids is prenormal.

As is well known, CMon is pointed, complete and cocomplete. It is also
a regular category and regular epimorphisms are simply surjective monoid
homomorphisms. Given a kernel k: K < M, the cokernel of k is obtained by
taking the quotient of M by the congruence

r~yif x4+a=y+0bfor some a,be K,

so that normal epimorphisms can be characterised as those surjective monoid
homomorphisms f: M — N with the following additional property:

for every x,y € M, if f(x) = f(y) then x +a=y+b

(123) for some a, b € M such that f(a) - f(b) =0

(see also Example 1.8.a). It is easy to check that surjective maps satisfying
Property 1.2.3 are stable under pullback. Therefore CMon is indeed prenormal.

Notice that Property 1.2.3 is not automatically satisfied by regular epi-
morphisms. Consider for example the operation of sum of natural numbers,
seen as a map of commutative monoids

(1.2.4) +:NxN-N.
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Since this is a surjective map not satisfying Property 1.2.3, we conclude that
regular epimorphisms in CMon do not coincide with normal epimorphisms,
and therefore, CMon is a regular pointed category which is prenormal but not
normal in the sense of [39].

Remark 1.2.5. Other interesting approaches to pointed and non-pointed
‘normality’ exist in the literature, including [16, 29, 58]. In [29, 58], the
notions considered require the ambient category to be regular, while in [16]
the authors develop a notion of normality relative to a given proper stable
factorisation system. Accordingly, the premises of these three approaches
differ significantly from the one adopted here.

Remark 1.2.6. We make a brief comment on the requirement in Defini-
tion 1.2.1 that the class of trivial objects Z form a mono-coreflective subcat-
egory. In the pointed case, kernels are limits; hence, the existence of all kernels
follows immediately from finite completeness. In the non-pointed case, the
situation is subtler: not even the existence of Z-kernels of identity morphisms
is automatic and is, in fact, essentially equivalent to the mono-coreflectivity
of Z (Proposition 1.1.7). Once the existence of these Z-kernels is ensured,
the existence of all other Z-kernels follows from finite completeness (again by
Proposition 1.1.7).

Before turning to the general theory of prenormal categories, we introduce
a weaker notion — that of a semi-prenormal category — which retains many of
the categorical properties of prenormal categories and proves well-suited to the
study of non-pointed torsion theories. The central condition in the definition
of a semi-prenormal category (specifically, Condition 3) was first studied by
Grandis ([31, 32]), albeit with different hypotheses, purposes and terminology
(see also 1.2.d below, in addition to the original works just mentioned). Closely
related conditions in the pointed context are also investigated in [51].

Definition 1.2.7. Let C be a category and let Z be a subcategory of C. We
say that C is Z-semi-prenormal if Z is mono-coreflective in € and the following
properties hold.

1. € admits pullbacks along Z-normal monomorphisms;
2. € admits Z-cokernels of Z-kernels;

3. the pullback of a Z-normal epimorphism along a Z-normal monomorph-
ism is a Z-normal epimorphism.
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When € is pointed and Z is the class of zero objects, we refer to Z-semi-pre-
normality simply as semi-prenormality.

In general, when we say that C is a Z-semi-prenormal category, it is
understood that Z is a subcategory of C, and that € and Z satisfy the
conditions stated above.

Example 1.2.8. The category Set, of pointed sets is pointed, complete
and cocomplete. A map of pointed sets f: (X, x9) — (Y,v0) is a normal
epimorphism if and only if for each y € Y, if y # yo then the fibre f~1(y) is a
singleton.

In general, the pullback of a normal epimorphism is not necessarily a
normal epimorphism again. Consider for example the set 2 = {0, 1} (pointed
in 0) and the terminal object 1 = {0}; then, the unique map p: 2 — lis a
normal epimorphism, but the pullback of p along itself is a product projection
2 X 2 — 2, which is clearly not a normal epimorphism according to the above
characterisation.

However, it is easy to check that the pullback of a normal epimorphism
along a normal monomorphism (actually along any monomorphism) is again
a normal epimorphism. This makes Set, a semi-prenormal category which is
not prenormal.

We now present a list of general properties of prenormal and semi-prenor-
mal categories, organised into subsections for better readability. Applications
to the study of torsion theories will be considered in the following sections,
while a collection of examples is provided at the end of the chapter (Sec-
tion 1.8).

1.2.a Prenormal categories and factorisation systems

Just as for regular categories, we have a characterisation of (semi-)prenormal
categories in terms of a factorisation system.

Proposition 1.2.9. Let € be a category and let Z be a mono-coreflective sub-
category of C. Suppose C admits pullbacks along Z-normal monomorphisms.
Then the following are equivalent.

(i) Cis Z-semi-prenormal.
(ii) € admits (NEpi(C,2), TKer(C,2Z)) as a factorisation system, and the

class NEpi(C, Z) is stable under pullbacks along Z-normal monomorph-
isms.
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If € admits finite limits, the following are equivalent.
(i’) € is Z-prenormal.
(ii’) € admits (NEpi(C, Z), TKer(C, 2)) as a stable factorisation system.

(We recall that a factorisation system (&, .#') on a category A is called stable
if & is pullback-stable in A.)

Proof. Suppose € is Z-semi-prenormal. We claim that the pair (NEpi(C, Z),
TKer(C,2)) forms a factorisation system on € (following Definition 2.5.2).
Obviously NEpi(€C, Z) and TKer(C, Z) are closed under compositions with
isomorphisms. Moreover, we have already verified in Proposition 1.1.11
that every Z-normal epimorphism is orthogonal to every map with Z-trivial
Z-kernel. Now, given any morphism f in C, consider the following diagram,

.Dk . f .
e

where k is the Z-kernel of f, e is the Z-cokernel of k£ and m is the unique
map such that f = m - e, by the universal property of e. The morphism h
is the Z-kernel of m and ¢’ is the unique map such that e - k = h - €’ by the
universal property of h. The left square is a pullback, and therefore €’ is a
Z-normal epimorphism. Since h-e¢’ = ek is Z-trivial, it follows from the dual
of Proposition 1.1.4, Item 2, that h is itself Z-trivial, and thus f factors as a
Z-normal epimorphism followed by a map with a Z-trivial Z-kernel, as desired.
We conclude that any Z-semi-prenormal (and hence, every Z-prenormal)
category admits (NEpi(C, Z), TKer(C, Z)) as a factorisation system with the
appropriate stability conditions on NEpi(C, Z).

Vice versa, suppose (NEpi(C, 2Z), TKer(C,2)) is a factorisation system
on €. To prove that (ii) = (i) and that (ii’) = (1), it suffices to show
that € admits Z-cokernels of Z-kernels. Let (A, f) be the Z-kernel of a map
g: B — C. Consider the factorisation ¢ = m - e, with e € NEpi(€, Z) and
m € TKer(C,Z). As m has Z-trivial Z-kernel, it follows that (A, f) is also
the Z-kernel of e (use Item (v) in Proposition 1.1.10). By Proposition 1.1.5,
e is the Z-cokernel of f. m
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Remark 1.2.10. Just as regular categories can be characterised in terms
of strong epimorphisms, Z-prenormal categories admit a characterisation in
terms of a stable factorisation system whose left class consists of Z-normal
epimorphisms, without specifying the right class, or, equivalently, in terms
a stable factorisation system whose right class consists of morphisms with
Z-trivial Z-kernels, without specifying the left class. An analogous character-
isation holds for Z-semi-prenormal categories. The proof is rather involved
and lies beyond the scope of this work; we refer the reader to [46] for full
details.

1.2.b Normal and prenormal categories

As already observed in Example 1.2.2; even in the pointed setting the notion of
a prenormal category does not coincide with that of a normal category in the
sense of [39]. The key distinction lies in the fact that, in the former, no rela-
tionship is required between normal epimorphisms and regular epimorphisms.
This difference becomes particularly significant in the non-pointed case: while
in the pointed setting every normal epimorphism is automatically regular,
Z-normal epimorphisms for a general class of objects Z need not be regular at
all. This can be seen in Example 1.8.e, where Z-normal epimorphisms are in
fact particular monomorphisms (see in particular Remark 1.8.16). Although
the implication ‘normal epimorphism = regular epimorphism’ still holds in
many non-pointed prenormal categories (indeed, in all those considered here
except the one just mentioned), imposing the reverse implication becomes
extremely restrictive outside the pointed context, as the following propositions
illustrate.

Proposition 1.2.11. Let € be a finitely complete category and Z a class
of trivial objects (closed under retracts). If RegEpi(C) C NEpi(C, Z), then
every object Z in Z is subterminal.

Proof. In the presence of kernel pairs, maps orthogonal to regular epimorph-
isms are monomorphisms. Therefore, if RegEpi(€C) C NEpi(C, Z), then by
Proposition 1.1.11 we have that Mono(€C) O TKer(C, Z). In particular, for
any object Z in Z the terminal map Z — 1 is a monomorphism, since it has
a Z-trivial Z-kernel — namely (Z,idy). O

Proposition 1.2.12. Let C be a pointed category, and suppose that € is
Z-prenormal for some class Z of trivial objects. The following conditions are
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equivalent: (i) TKer(€,Z) C Mono(€), (ii) NEpi(€,Z) 2 StrEpi(C), (iii)
NEpi(C,Z) O RegEpi(€), (iv) Z is the class of zero objects of € and C is
normal (in the sense of [39]).

Proof. The only non-obvious implication is (iii) = (iv). Suppose that (iii)
holds. By Proposition 1.2.11, it follows that Z is the class of zero objects
(subterminal objects are obviously zero objects in a pointed category), and
hence NEpi(C, Z) = NEpi(€C) = RegEpi(€). Therefore, € is a pointed, finitely
complete category where regular epimorphisms are stable and coincide with
normal epimorphisms, i.e. € is normal. O

1.2.c Some pullback properties in prenormal categories

Lemma 1.2.13. Let C be a Z-semi-prenormal category, and let

A>f B I 5 (O

be a Z-exact sequence in €. The composite g - f factors through an object
Z € Z, i.e. there exist morphisms n: A — Z and ¢: Z — C such that the
following diagram commutes.

A—" 7
(1.2.14) ; l

For any such factorisation, the following conditions are equivalent: (a) Dia-
gram 1.2.14 is both a pullback and a pushout; (b) (Z,¢) is a Z-coreflection of
C; (¢) (Z,n) is a Z-reflection of A. In particular, a factorisation satisfying
Conditions (a) to (c) always exists.

Proof. By Proposition 1.1.7, we may consider a Z-coreflection €: Z — C' of
C', and obtain a map n: A — Z such that Diagram 1.2.14 is a pullback. Since
g is a Z-normal epimorphism and Diagram 1.2.14 is a pullback, it follows that
n is also a Z-normal epimorphism. By the dual of Proposition 1.1.10, n is a
Z~epi-reflection of A, and by the dual of Proposition 1.1.7, Diagram 1.2.14 is
a pushout.

Now, given any diagram of the form of 1.2.14 satisfying either (b) or (c),
it must be isomorphic to the one constructed in the previous paragraph. This
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shows that Conditions (b) and (c) are equivalent, and that each of them
implies (a).

Conversely, given a diagram like 1.2.14 satisfying Condition (a), then 7
is a Z-trivial Z-normal epimorphism (being the pullback of the Z-normal
epimorphism ¢) and its codomain lies in Z. Therefore (b) holds by the dual
of Proposition 1.1.10. O

Proposition 1.2.15. In a Z-prenormal category €, consider the following
pullback diagram.

(1.2.16) xl ly

Diagram 1.2.16 is also a pushout whenever one of the following conditions
holds.

1. fis a Z-normal epimorphism and the Z-coreflection of y is an isomorph-
ism.

2. f is a Z-normal epimorphism and y is a Z-normal monomorphism.

3. [ is a regular epimorphism, x is a Z-normal epimorphism and f’ is an
epimorphism.

Proof. To prove Item 1, let S: € — Z denote the right adjoint to the inclusion
of Z in €, and let € be the counit. Consider the following diagram, where the
upper square is the pullback of f’ along ey~

K- gy
v v Sy
k €y’ &
X —py— Y SY
x Yy
ey
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By Lemma 1.2.13, the upper square is a pushout. Since Sy is an isomorphism,
it follows that y - ey = ey is a Z-coreflection of Y. Therefore, again by
Lemma 1.2.13, the vertical rectangle in the above diagram is a pushout. By
the standard pushout simplification rules, we conclude that Diagram 1.2.16 is
a pushout.

Item 2 is a special case of Item 1. Indeed, suppose y: Y’ — Y is the Z-
kernel of some map a: Y — A. Since a-ey is Z-trivial, there exists u: SY — Y’
such that y - u = ey. By coreflectivity of Z, u lifts to a map v: SY — SY”’
such that ey - v = w.

Y0¥ sy % A

//\
YN 58y

Sy

One easily obtains that
Sy'U = idsy, ’U'Sy = idsy/

by left-composing with the monomorphsims ey and y - ey, respectively.

Finally, the proof of Item 3 proceeds analogously to the standard argument
showing that, in a regular category, a pullback of regular epimorphisms is a
pushout. Let a and b be maps such that a -z =0b- f'. We are going to show
that there exists a unique map ¢ such that ¢ - f = a and ¢ - y = b. Consider
the kernel pairs (rg,r;) and (r(,r}) of f and f’ respectively. There exists a
unique map w such that in the following diagram, the squares on the left
indexed by 0 and 1 are both pullbacks.
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Since x is a Z-normal epimorphism, it follows that w is also a Z-normal
epimorphism. The equalities

a-rorw=>b-frg=0-f-ri=a-r-w,

then imply a - ro = a - ;. Being a regular epimorphism, f is the coequaliser
of its kernel pair (rg,7;) and therefore, there exists a unique map ¢ such that
o-f=a Wealsohave p-y- f"=¢p-f-x=a-x="0-f, and because f’ is
an epimorphism, we conclude that ¢ -y = b. O]

Remark 1.2.17. We make two observations about Proposition 1.2.15. First,
in Item 1, the condition about y having an invertible Z-coreflection becomes
trivial when € is pointed and Z is the class of zero objects. Consequently, in
a pointed prenormal category, any diagram which is the pullback of a normal
epimorphism is also a pushout.

Second, an inspection of the proof shows that Item 2 remains valid in any
Z-semi-prenormal category (not just in Z-prenormal ones).

Proposition 1.2.18. Let € be a Z-prenormal category such that every Z-
normal epimorphism in € is regular. Consider the following commutative
diagram in C.

At . p_9 ¢

A —> B’ — '
f g

If f"is a Z-normal epimorphism and both the outer rectangle and the left-hand
square are pullbacks, then the right-hand square is also a pullback.

Proof. We adapt the proof given in [28] for the analogous result in the regular
context. Consider the following commutative diagram.

A ! MJB g C’\

C

Al
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Here (@, q,q') is the pullback of ¢’ and ¢, (P, p,p’) is the pullback of f’ and
¢', while @ and (3 are the induced maps. Note that p and f are Z-normal
epimorphisms — and hence regular epimorphisms — as they arise as pullbacks
of f’, while « is an isomorphism, since the outer rectangle is a pullback.
Therefore, the following square

(1.2.19) o

is a pullback square where p is and f are regular epimorphisms and « is an
isomorphism. We can then apply Proposition 1.2.15 and deduce that 1.2.19
is also a pushout, which proves that 3 is an isomorphism. O

Proposition 1.2.20 (Prenormal Barr-Kock lemma). Let € be a Z-prenormal
category such that every Z-normal epimorphism in € is regular. Consider the
following commutative diagram where f is a Z-normal epimorphism, (rg,r;)
is the kernel pair of f and (s, s1) is the kernel pair of g.

T0 f

—_
r1

‘/ S0 ‘/ ‘/

. 5 . T}. .

If either of the left-hand squares is a pullback, then the right-hand square is
a pullback.

Proof. This is proved exactly as in the regular context, using Proposition 1.2.18
(see [28, Theorem 1.16]). O

Proposition 1.2.21. Let C be a Z-semi-prenormal category. Consider the
following commutative diagram with Z-exact rows.

A > f B’ g > O

N

A>f B gDO
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The left-hand square is a pullback if and only if ¢ € TKer(C, Z).

Proof. Suppose the left-hand square in the above diagram is a pullback.
By Proposition 1.1.6, the map f’ is the Z-kernel of the map d = ¢g-b =
c-g. Since ¢’ is the Z-cokernel of f’, by the construction provided in the
proof of Proposition 1.2.9, we find that ¢ - ¢’ is the (NEpi(C, Z2), TKer(C, Z))-
factorisation of d, and so ¢ € TKer(C, 2).

The converse implication does not rely on (semi-)Z-prenormality. Assume
that in the above diagram ¢ € TKer(C, Z). We show that the left-hand square
is a pullback. Let u: X — A and v: X — B’ be morphisms in € such that
fru=b-wv.

Clearly the composite

C.g’.v:g.b.v:g.f.u

is Z-trivial (since g- f is), and hence ¢’ -v is also Z-trivial (Proposition 1.1.10).
Therefore, there exists a unique morphism ¢: X — A’ in € such that f'-p = v.
Since

frao=b-fo=b-v=Ff-u

and f is a monomorphism, we obtain that a - ¢ = u, as desired. O

1.2.d Noether’s third isomorphism theorem

A non-pointed generalisation of Noether’s so-called ‘third isomorphism the-
orem’ ([49]) holds in Z-semi-prenormal categories. For this subsection, let
C denote any category with a monocoreflective subcategory Z such that
Z-kernels and Z-cokernels of Z-kernels exist. Then, for any commutative
diagram of the form shown below on the left, where m, n (and therefore j)
are Z-normal monomorphisms, we can construct the corresponding diagram
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on the right, where p, ¢ and r are the Z-cokernels of m, n and j respectively,
and ¢ and v are the induced maps making the diagram commutative.

N —— N
Y Y
N 7 "
J
(1.2.22) P M >——0 A—L o A/M
Mpr—— A " e H
v v

M/N —— A/N — A/M

We say that Noether’s third isomorphism theorem holds in € with respect
to Z if, for any diagram like the one on the left in 1.2.22, the corresponding
diagram on the right has Z-exact rows (i.e. M/N is a Z-normal subobject of
A/N and 35 = A/M).

Grandis observed in [31] that, under the hypotheses of existence of Z-
kernels, Z-cokernels, and composable Z-normal epimorphisms, Noether’s
third isomorphism theorem is in fact equivalent to the stability of Z-normal
epimorphisms under pullback along Z-normal monomorphisms. Since we now
know that Z-normal epimorphisms are always composable in Z-semi-prenor-
mal categories, as they are part of a factorisation system, we can revisit the
result of [31] as follows (noticing that its proof does not require the existence
of all Z-cokernels).

Proposition 1.2.23. Let C be any category, and Z a mono-coreflective
subcategory of € such that pullbacks along Z-normal monomorphisms and Z-
cokernels of Z-normal monomorphisms exist in €. The following are equivalent.

(i) € is Z-semi-prenormal.

(ii) Z-normal epimorphisms are composable in € and Noether’s third iso-
morphism theorem holds in € with respect to Z.

1.2.e Slices of prenormal categories

A well-known and useful property of regular categories is their stability under
taking slices. It is then natural to ask how prenormal categories behave in
this regard. We have the following result.
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Proposition 1.2.24. Let C be a Z-(semi-)prenormal category. If C' is an
object in €, then the slice category €/C is a a (Z/C)-(semi-)prenormal
category.

Proof. We highlight the key steps of the proof.
First, it is well-known that, when C is finitely complete, then so is the

the slice category €/C. In particular, given maps S e /C, if the
pullback of f along g exists in €, then the pullback of f along ¢ exists in C/C
and is computed as in C.

Next, observe that Z/C is mono-coreflective in €/C'" the coreflection in
Z/C of an object x: X — C in €/C is simply (z-ex: SX — C,ex), with
(SX,ex) a coreflection of X in Z. Furthermore, it is easy to check that a
map in €/C is (Z/C)-trivial if and only if the same map, seen as a map in C,
is Z-trivial.

By the above description of pullbacks and coreflections, it follows that
(Z/C')-kernels can be computed as Z-kernels in € and if a map in ¢/C' is a
(Z/C')-normal monomorphism then the same map, seen as a map in C, is a
Z-normal monomorphism.

Finally, we deal with (Z/C)-cokernels and (Z/C)-normal epimorphisms
in C/C. Let k: (H,h) — (X, z) be a (Z/C)-normal monomorphism, so that
k is the (Z/C)-kernel of a map f: (X,c) — (Y,y) in €/C. By the previous
paragraph, we have that k is the Z-kernel of f in €. We can then consider
its Z-cokernel (P, q) in C. Since f - k is (Z/C)-trivial in €/C|, then it is also
Z-trivial in €. Therefore, there exists a map f’ in € such that f = f’-¢. Call
p the composite y - f’.

One can easily show that (p: P — C,q) is a (2/C')-cokernel of k. Since every
(Z/C)-cokernel is also the (Z/C')-cokernel of its (Z/C')-kernel, we can conclude
that a map is a (Z/C')-normal epimorphism in €/C' if and only if the same map
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is a Z-normal epimorphism in €. Stability of (Z/C)-normal epimorphisms in
C/C then follows from the stability of Z-normal epimorphisms in C. m

Notice that the slice €/C of a Z-prenormal (or Z-semi-prenormal) category
C is not Z-prenormal, but rather (Z/C)-prenormal (respectively, (Z/C)-semi-
prenormal). Thus, a form of slice-stability for prenormality can only be
recovered if one allows the class of trivial objects to vary accordingly. In
particular, the slice of a pointed prenormal category is no longer pointed, so
one is automatically transported into the non-pointed setting.

1.2.f Trivial objects in prenormal categories

In the definition of a Z-prenormal category C, we require the subcategory
Z of trivial objects to be mono-coreflective, but not necessarily reflective,
as the latter is not needed in general (see Example 1.8.d). However, in a
Z-(semi-)prenormal category €, the subcategory Z is always subreflective,
that is, reflective in the full subcategory of C consisting of those object X
such that there exists a morphism with domain X and codomain in Z. This
condition is closely related to reflectivity: if a category has a terminal object
1, a subreflective subcategory is reflective if and only if it contains 1.

Subreflectivity together with mono-coreflectivity grant to the subcategory
Z of trivial objects of a Z-(semi-)prenormal category € a number of interesting
closure properties, including the following. 1. Z is closed under colimits and
non-empty limits existing in €. 2. If € admits colimits of a given shape, then
maps from a colimit of that shape are Z-trivial if and only if their components
are. 3. If € admits limits of a given non-empty shape, then maps to limits of
that shape are Z-trivial if and only if their components are. 4. If an object
X admits a reflection (RX,ny), then nx is an epimorphism (and therefore
(RX,nx) is the Z-cokernel of idx). 5. Every strong monomorphism in € has
a Z-trivial Z-kernel.

1.3 Pretorsion theories

We now turn to torsion theories. In this section, we present the general
background on torsion theories defined using the machinery of kernels and
cokernels relative to a class of trivial objects, as reviewed in Section 1.1. For
further details see [34, 27, 47]. For later use, we give the following definition
in the more general setting of an arbitrary ideal of trivial morphisms.
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Definition 1.3.1. Let C be a category and let .# be an ideal of morphisms
on C. An .#-torsion theory on C is a pair of full replete subcategories (T, F)
such that the following conditions hold.

1. Every morphism f: A — B in G, with A € T and B € &, lies in .#.

2. For every object X in €, there exists an .#-exact sequence

(1.3.2) A X B

with A € T and B € . Such a sequence is called an .#-exact (T, F)-
presentation of X.

As in the classical setting, we shall continue to refer to objects of T as torsion
objects and to objects of J as torsion-free objects.

When .7 is the closed ideal of Z-trivial morphisms for a class Z of trivial
objects, we say that (T,F) is a Z-torsion theory and 1.3.2 is called a Z-exact
presentation of X.

Notice that in [27], a Z-torsion theory (T, F) is called a pretorsion theory,
and Z is taken to be the intersection TN JF. We adopt the name ‘Z-torsion
theory’ to emphasise the role of the subcategory of trivial objects, chosen in
advance.

For the remainder of the section, we fix a category € and a (full, replete)
subcategory Z of trivial objects. We consider some initial properties and
characterisations of the subcategories 7 and F underlying a Z-torsion theory.
Most of these are already known or elementary, and we omit the proofs
accordingly (see [27] for some of these proofs).

We will use the following terminology for a subcategory A — C:

o A is a Z-torsion-free (respectively, Z-torsion) subcategory of € if there
exists a subcategory B of € such that (B, A) (respectively (A, B)) is a
Z-torsion theory on C;

o A is a Z-normal-epi-reflective (respectively, Z-normal-mono-coreflective)
subcategory of € if the inclusion A < € admits a left (respectively,
right) adjoint and the components of the unit (respectively, of the counit)
of the adjunction are Z-normal epimorphisms (respectively, Z-normal
monomorphisms);
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o A is closed under Z-extensions if X € A whenever there exists a Z-exact
sequence A; — X — A, such that A;, A; € A.

Proposition 1.3.3. Let (T,F) be a Z-torsion theory on C.

1. Z-exact (T, F)-presentations are unique up to unique isomorphism: given
two Z-exact (T, F)-presentations A — X — B and A" — X — B’ of the
same object X, there exist unique isomorphisms A — A" and B — B’
such that the following diagram is commutative.

A X B
A X B’

2. The inclusion functor ¥ < € admits a left adjoint F': € — JF and the
inclusion functor 7 < € admits a right adjoint 7: € — T. Calling ¢
the unit of the first adjunction and 7 the counit of the latter, then for
every object X in €, the following is a Z-exact (T, F)-presentation of X

(1.3.4) TX X X X FX

3. Consider a Z-exact (T, F)-presentation of an object X, like 1.3.4 above.
Then the following are equivalent
i)
ii) px is an isomorphism;
iii) TX € Z;
iv) 7y is Z-trivial;
)

v) for all Y € T, all morphisms f: Y — X are Z-trivial.
Of course, a dual characterisation holds for torsion objects.

Proposition 1.3.5. Let F be a Z-torsion-free subcategory of €. Then the
following properties hold.

1. ¥ is a Z-normal-epi-reflective subcategory of C;

2. If f: X =Y is a Z-normal monomorphism or a map with Z-trivial
Z-kernel and Y € F, then X € F;
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3. ¥ is closed under Z-extensions in C.

Proof. We just prove that if f: X o» Y has a Z-trivial Z-kernel and Y € JF,
then X € J. Consider the following diagram, where 7: T' = ide denotes the
coreflection into the torsion-free subcategory.

Tx 2 7y

Xof—>Y

As Y € F, the coreflection 7y is Z-trivial, and hence f -7x = 7v - Tf is
Z-trivial. Since f has Z-trivial Z-kernel, by Proposition 1.1.10 it follows that
Tx is Z-trivial and thus X € &F. O

Remark 1.3.6. Let F be a Z-normal-epi-reflective subcategory of €, with
reflector F' and unit ¢. Assume that the components of ¢ admit a Z-kernel.
We can consider the two following subcategories of C.

o X ={X €C| X is a Z-kernel of some component of ¢}

e H={X €C|px is Z-trivial}
—{XeC|FX ez}
={X eC|everymap f: X - Y with Y € F is Z-trivial}

We have that F is Z-torsion-free if and only if X = H if and only if X C
H. Indeed, if F is Z-torsion-free, then K = H is the associated Z-torsion
subcategory by the dual of Proposition 1.3.3, Item 3. Vice versa, if X C K,
then (X,J) is a Z-torsion theory because every object admits a Z-exact
(K, F)-presentation by definition of K, and every morphism from an object in
K to an object in F is Z-trivial by definition of H.

Proposition 1.3.7. Let F be a Z-normal-epi-reflective subcategory of €
with reflector F' and unit ¢. Assume that, for all objects X € €, the map
px: X — FX admits a Z-kernel kx: KX — X. Then ¥ is Z-torsion-free if
and only if ki x is an isomorphism for all X € C.

Proposition 1.3.8. Let F be a Z-normal-epi-reflective subcategory of C,
with F': € — J the reflector and ¢ the unit of the reflection. Let K denote
the full subcategory of € consisting of those objects that are isomorphic to a
Z-kernel of some component of the unit ¢. Then the following are equivalent.
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i) J is Z-torsion-free;
ii) J is closed under Z-extensions and X is closed under Z-normal quotients.

Proof. The implication Item i) = Item ii) follows from Proposition 1.3.5.

Conversely, suppose Item ii) holds. By Remark 1.3.6, it is enough to prove
that any X € X has Z-trivial F-reflection. Let X be any object in K. Since
X is closed under Z-normal quotients, the F-reflection F'X of X is also in K
and hence, there exists a Z-exact sequence

FX o y -2 o FY

for some objects Y € €. Since JF is closed under Z-extensions, we deduce
that Y lies in F. Therefore, ¢y is an isomorphism and F'X € Z (see Proposi-
tion 1.1.10). O

This concludes our general review of Z-torsion theories. In the following
sections, we shall see that Z-semi-prenormal categories provide a natural
framework for the study of Z-torsion theories, and how, within this setting,
certain classical results on torsion theories can be partially recovered and
extended. From now on, unless otherwise specified, € will denote a Z-semi--
prenormal category, with further assumptions added when required.

1.4 Torsion and torsion-free subcategories in
prenormal categories

In this section, we provide some characterisation of Z-torsion and Z-torsion-
free subcategories of the Z-semi-prenormal category C.

In the context of pointed categories, some of the most well-known char-
acterisations of torsion-free subcategories are given in terms of particular
pullback-stability conditions on the units of a normal-epi-reflective subcat-
egory. Such conditions appear, in different contexts, in various forms and
degrees of strength, such as semi-left-exactness, unit stability, reflection stabil-
ity, normality of the reflector (see for example [8, 16, 38]). In the non-pointed
setting, some of these characterisations fail to hold in their general form,
and certain formulations that are equivalent in the pointed case cease to be
equivalent. This breakdown is largely due to the fact that, outside the pointed
context, the Z-kernel of the pullback of a given morphism is not, in general,
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isomorphic to the Z-kernel of the original morphism (see Proposition 1.1.8
and Remark 1.1.9). Notwithstanding these limitations, we now provide two
characterisations of Z-torsion-free subcategories that hold in the context of
Z-semi-prenormal categories, possibly under additional hypotheses. See Ex-
ample 1.8.19 for an example illustrating the failure of these characterisations
in more general formulations.

Proposition 1.4.1. Let J be a Z-normal-epi-reflective subcategory of C, with
F: € — J the reflector and ¢ the unit of the reflection. Then the following
are equivalent.

i) JF is Z-torsion-free.

ii) The units of the reflection F': € — F are stable under pullbacks along
Z-normal monomorphisms, meaning that for any pullback square

Y
J;OY

> FY

f/
R

P
(1.4.2) pl
X

with f a Z-normal monomorphism, (X, p) is an F-reflection of P.

Proof. Suppose that Item i) holds, and let T be the subcategory of € such
that (7, F) is a Z-torsion theory. Consider a pullback square of the form 1.4.2
and let

Ty » Y -2 FY

be a Z-exact (T, F)-presentation of Y, with Ty € T. Since p is obtained as
the pullback along a Z-normal monomorphism of ¢y, we have that:

- pis a Z-normal epimorphism;

- by Proposition 1.1.8, there exists a map Ty >— P making Ty the Z-kernel
of p.

Thus, we obtain a Z-exact sequence

(1.4.3) Ty » P X
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Now, f is a Z-normal monomorphism from X to FY € &, and therefore
X € J by Proposition 1.3.5. We conclude that the above sequence 1.4.3 is a
Z-exact (T, F)-presentation of P, and hence (X, p) is an F-reflection of P by
Proposition 1.3.3.

Suppose now that Item ii) holds. By Remark 1.3.6, we just need to prove
that if (X, k) is the Z-kernel of ¢y for some Y, then F X € Z. According to
Proposition 1.1.7, there exists a map h: X — SFY such that the following

square is a pullback.

X>—F Ly

SFY o— FY
By ii), (SFY,h) is an F-reflection of X, and therefore FX = SFY € Z. [

Proposition 1.4.4. Suppose C is Z-prenormal (not just Z-semi-prenormal)

and that every Z-normal epimorphism in € is also a regular epimorphism.
Let F be a Z-normal-epi-reflective subcategory of €, with F': C — F the

reflector and ¢ the unit of the reflection. Then the following are equivalent.

i) F is Z-torsion-free.

ii) For every object X in C, if (K, k) is the Z-kernel of ¢y, then the
following naturality square is a pullback.

Ke—F X

(1.4.5) goKJ? J;px

FKTFX

Proof. 1f J is Z-torsion-free, then, in any naturality square like 1.4.5, K is a
torsion object. Therefore, the map g is the Z-cokernel of the isomorphism
between K and its torsion part. Since the Z-cokernel of an isomorphism is a
Z-reflection of its domain, we conclude that (F K, ¢k) is a Z-reflection of K.
It follows from Lemma 1.2.13 that 1.4.5 is a pullback.

Conversely, suppose that ii) holds. Fix an object X € € and consider the
pullback square 1.4.5. Clearly ¢x -k = Fk - ¢k is Z-trivial, and since ¢ is a
Z-normal epimorphism, it follows that F'k is Z-trivial. By coreflectivity of Z,
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there exists a map u: FK — SFX such that epx - u = F'k. We thus obtain
the following commutative diagram.

T

FK —f— SFX —— FX

The right-hand side is a pullback, since k is the Z-kernel of ¢ x. It follows that
the left-hand square is a pullback and that the central vertical map u - ¢ is
a Z-normal epimorphism. By the general properties of factorisation systems,
since both u - ¢ and @ are Z-normal epimorphisms, we deduce that w is
one as well. The left-hand square is therefore a pullback diagram whose sides
are all Z-normal epimorphisms and regular epimorphisms, and it is thus a
pushout (Proposition 1.2.15). We conclude that « is an isomorphism and so
FK = SFX € Z. This prove that F is Z-torsion-free by Remark 1.3.6. [

We conclude this section with a characterisation of Z-torsion subcategories.
A pointed counterpart is found for example in [16].

Proposition 1.4.6. Let T be a Z-normal-mono-coreflective subcategory of
C. Then the following are equivalent.

i) T is a Z-torsion subcategory;

ii) T is closed under Z-extensions.

Proof. We denote by T": € — T the right adjoint to the inclusion T — €, and
by 7 the counit. The implication i) = ii) follows from Proposition 1.3.5.

Vice versa, assume that ii) holds. By the dual of Remark 1.3.6, it suffices
to prove that the Z-cokernels of the components of the counit 7 have Z-trivial
coreflections in T. Let X be any object in € and let (@, ) be the Z-cokernel of
7x. We aim to show that 7¢ is Z-trivial. Consider the following commutative
diagram,
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where the right square is the pullback of ¢ along 7, while k is the unique
map such that the left triangle commutes and (7°X, k) is the Z-kernel of
p, as ensured by Proposition 1.1.8. Since p is the pullback of a Z-normal
epimorphism, it is itself a Z-normal epimorphism. Hence, the sequence
encircled in the above diagram is Z-exact. By closure of T under Z-extensions,
it follows that P € T, and we can therefore write

TQp:qh:qTXTthgl,

where the last equality follows from the naturality of 7 and the fact that
7p is an isomorphism. The composite g - 7x is Z-trivial, and thus 7¢ - p is
Z-trivial. Since p is a Z-normal epimorphism, it follows that 7 is Z-trivial
as desired. O]

1.5 Torsion theories and closure operators

There is a deep connection between torsion theories and closure operators. In
a pointed category, under appropriate hypotheses, torsion theories are in a
bijective correspondence with certain closure operators on the class of normal
monomorphisms in that category (see [4, 8, 16]). More recently, using the
language of non-pointed torsion theories, it was shown that for any (reasonably
well-behaved) class of monomorphisms on a category, a closure operator on
that class is equivalent to a (non-pointed) torsion theory on a category having
those monomorphisms as objects. In this section — and subsequently in more
detail in 1.8.e — we show that both of these correspondences can be seen
as instances of a more general correspondence between Z-torsion theories
on a Z-semi-prenormal category and a special class of closure operators on
the Z-normal monomorphisms of that category. In particular, this section is
devoted to establishing the general form of this correspondence.

Recall that € denotes a Z-semi-prenormal category. Throughout this
section, we will also assume that the class Z of trivial objects in C is a
reflective subcategory of C. This ensures that every identity morphism is
a Z-normal monomorphism. We will denote by R the reflector and by 7
the unit of the reflection. Notice that, since the components of the counit
of the coreflection are monomorphisms, the components of the unit of the
reflection are automatically epimorphisms and hence Z-cokernels (by the dual
of Proposition 1.1.7; see also [46]).
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With these assumptions in place, we now record some key properties of
Z-normal monomorphisms which will play a role in what follows.

Remark 1.5.1. The class NMono(C, Z) of Z-normal monomorphisms satisfies
the following conditions.

1. NMono(€, Z) contains all identity morphisms. Indeed, for every object
X € @, (X,idy) is the Z-kernel of 7x.

2. If f and g are composable morphisms in € such that g- f and g lie in
NMono(€, Z), then f also lies in NMono(€, Z). In fact, assume g - f is
the Z-kernel of . We claim that f is the Z-kernel of x - g. If u is such
that = - g - u is Z-trivial, then there exists v with g - f - v = ¢ - u. Since
g is a monomorphism, we can cancel g on the right, hence g - f = w.
Since ¢ - f is a monomorphism, f is also monic, and so the uniqueness
of u follows.

3. NMono(€, Z) is pullback-stable. This is Proposition 1.1.6.

We now fix a set of definitions for various types of closure operators.
While terminology and axiomatics vary across the literature, we adopt a set
of names and conventions that suit our purposes here, without claiming any
canonical status for these choices. We refer the reader for example to [19] for
an extensive guide to closure operators.

Although in this section we will mainly be concerned with closure operators
on Z-normal monomorphisms, we give a definition of closure operator for
an arbitrary class .# of monomorphisms on a category &, assuming only
that .# satisfies Conditions 1 to 3 in Remark 1.5.1 above. Such a class of
monomorphisms will be called semi-stable (see Definition 1.8.11). We adopt
the following notation: for any object X, we will denote by .#x the class
of monomorphisms in .# having X as domain. Given monomorphisms m
and n, we write m < n if m and n have the same domain and there exists
a (necessarily unique) map j such that j - m = n. (Note that if m,n € 4,
then j € .#.) If both m < n and n < m, then we write m = n and the map
J is an isomorphism.

Definition 1.5.2. A closure operator C on .# is given by a family of
functions (cx: A x — Mx)xee such that the following axioms are satisfied
forall f: X - Y in € and all a,b € #x.

1. Extension: a < cx(a).
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2. Monotonicity: a <b = cx(a) < ex(b).
3. Continuity: ¢y (f~(a)) < f(cx(a)).

Given a € M x, we say that a is C-closed (or simply closed) if cx(a) = a;
we say that a is C-dense (or simply dense) if cx(a) = idx.

If, additionally, the following condition holds for all a € .#x, then C is
called idempotent.

4. Idempotency: cx(cx(a)) = cx(a).

Finally, we say that an idempotent closure operator C' is weakly hereditary
if, for all @ € Ax, with a: A — X, c¢x(a): B— X and j: A — B the unique
morphism such that cx(a) - j = a, the following additional condition is
satisfied.

5. Weak heredity: cp(j) = idp.

Given two closure operators C' and C” on the same class of monomorphisms,
we call them isomorphic (and write C' = (") if for all objects X and all
a € Mx one has cx(a) = dy(a). We will often implicitly identify closure
operators up to isomorphism.

Next, we introduce some specialised classes of closure operators that are
of interest in the context of a Z-semi-prenormal category C; these will be the
ones involved in the characterisation of torsion theories.

Definition 1.5.3. A Z-closure operator on € is an idempotent closure operator
on the class of Z-normal monomorphisms of C such that for all Z-normal
monomorphisms a: A >~ X and all Z-normal epimorphisms f: Y — X one

has cy (f7!(a)) = f 7 (ex(a)).

Of course this definition is based on that of homological closure operator
introduced in [8].

We are finally ready to state and prove the main result of this section,
which provides a generalisation of [8, Theorems 2.4 and 4.15], with the proof
adapted from the arguments given there.

Proposition 1.5.4. There is a bijective correspondence between Z-normal-
epi-reflective subcategories of € and Z-closure operators on €. This corres-
pondence specialises to a bijection between Z-torsion-free subcategories of
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C and weakly hereditary Z-closure operators on C in such a way that the
Z-torsion theory corresponding to a closure C' operator is given by

(1.5.5) T={X€el|exy: SX — X is C-dense},
o F={X€llex: SX — X is C-closed}

(here, we recall that ex: SX >+ X denotes a Z-coreflection of X).

Proof. The proof proceeds essentially as in [8, Theorems 2.4 and 4.15], with
the initial maps Ox: 0 — X replaced by the Z-coreflections ex: SX >~ X.
For completeness, we briefly outline the main steps and highlight the key
points where additional care is required, or where meaningful differences are
involved.

Given a closure operator C' = (cx)xee, the associated subcategory takes
the form JF specified in 1.5.5, with the reflection of an object X given by the
Z-cokernel of cx(ex).

Vice versa, let F be a Z-normal-epi-reflective subcategory of €, with
reflector F': € — F and unit ¢. For any object X in €, let kx: Kx 0= X
be the Z-kernel of ¢x. Given a Z-normal monomorphism a: A >+ X in C,
we denote by ¢,: X —> @, its Z-cokernel. The closure cx(a) of a is then
defined as the pullback of kg, along ¢,. By Proposition 1.1.6, c¢x(a) can be
equivalently defined as the Z-kernel of ¢q, - g4a. We prove, for example, that
for any Z-normal monomorphism a: A >— X and any Z-normal epimorphism
f:Y = X, we have cy(f~(a)) = f'(cx(a)). As seen in the proof of [8,
Theorem 2.4], this reduces to proving that in the following diagram,

7 Y T 5 Q,

b

> X > Qa

a

where the left-hand square is a pullback by construction, the induced map
h is an isomorphism. Indeed, h has Z-trivial Z-kernel by Proposition 1.2.21,
and it is also a Z-normal epimorphism: f and g, are Z-normal epimorphisms,
so their composite g, - f = h - g, is a Z-normal epimorphism; since g, is also a
Z-normal epimorphism, it follows by the general properties of factorisation
systems that h is a Z-normal epimorphism as well.
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For the second part of the proposition, let F be a Z-normal-epi-reflective
subcategory of €, with reflector F': € — F and unit ¢, and let C' = (cx)xee
be the associated closure operator. For any object X € C, let kx: Kx >— X
denote the Z-kernel of ¢, so that by construction we have kr, = cx, (€xy)-
Clearly, the composite px - ex is Z-trivial, and therefore there exists a unique
morphism jx: SX 0= Kx such that kx - jx = ex. By coreflectivity of Z, we
have that jx < egx. For the converse inequality exx < jx, consider the

following diagram.

T - /T

KXDTX

ex

The outer square commutes by naturality of €, and the right triangle commutes
by definition of jx. Since kx is a monomorphisms, it follows that the left
triangle also commutes. Hence exx < jx, and we conclude that ex, = jx.
Therefore, we have

kKX = Ckxx (‘EKX> = Cky (]X>

If C is weakly hereditary, we also have ¢k (jx) = idx, proving that kg, is an
isomorphism for all objects X. It then follows from Proposition 1.3.7 that &
is Z-torsion-free. Conversely, if J is torsion-free, then kg, is an isomorphism
for all X, and thus the equation above shows that jx is dense for all X. The
argument then proceeds as in [8, Theorem 4.15]. O

Remark 1.5.6. In 1.8.e we will show that Proposition 1.5.4 above subsumes
the result of [34] stating that closure operators on a class of monomorphisms
can be viewed as non-pointed torsion theories on the arrow category spanned
by those monomorphisms.

1.6 Torsion theories and factorisation systems

The connection between torsion theories, reflective subcategories and fac-
torisation systems has been widely studied ([13, 54, 23, 34, 47]). It is a
well-known result that any reflective subcategory of a given category gives
rise to a prefactorisation system, whose left class consists of the morphisms
inverted by the reflector (see [13]). If the category is finitely complete and the
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reflection is semi-left-exact (in the sense of [13]), this prefactorisation system
becomes a genuine factorisation system.

In the pointed case, under suitable hypotheses on the ambient category,
the reflection associated with a torsion theory is always semi-left-exact, and
thus induces a factorisation system ([23, 16]). This is not the case in the
non-pointed setting. Indeed, as shown in Example 1.8.19, even under prenor-
mality assumptions, torsion-free subcategories are not semi-left-exact, and
hence the results of [13] do not automatically apply.

However, in [23], it was shown that in a homological category, there is
an alternative way to associate a factorisation system to a torsion theory.
This approach yields a correspondence between torsion theories satisfying a
certain property (denoted ‘(N)’ in [23]) and stable factorisation systems on
the category.

In this section, we aim to partially recover this result for the non-pointed
Z-semi-prenormal category C.

Note that another generalisation of the same result of [23] was carried out
in the recent work [9]. Although in [9] the subcategory of trivial objects is not
required to be reflective, rather strong conditions are imposed on it: namely,
it is taken to be mono-coreflective, posetal, and such that the coreflector
inverts monomorphisms. In addition, the ambient category is assumed to be
regular and protomodular. The perspective in [9] is therefore quite distinct
from the one pursued here.

As a first step, we introduce the notion of Z-characteristic Z-torsion theory.
This is a non-pointed version of property (N) in [23].

Definition 1.6.1. We say that a Z-torsion theory is Z-characteristic if
for every object X, the torsion part 7x: TX > X of X is a character-
istic Z-normal monomorphism in X, i.e. for any Z-normal monomorphism
k: K >— TX we have that the composite 7x - k: K — X is again a Z-normal
monomorphism.

The term ‘characteristic’ is borrowed from group theory, as characteristic
subgroups can be described using the property given in the above definition
(see also [15]). Notice that all torsion theories in the category of groups are
(0-)characteristic.

We are now ready to state the main result of this section. In the remainder
of the section, we assume — just as in Section 1.5 — that the subcategory Z
of trivial objects in the Z-semi-prenormal category € is reflective, and keep
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the same notation R and n for the reflector and the unit of the reflection,
respectively.

Proposition 1.6.2. There is a bijective correspondence between Z-character-
istic Z-torsion theories on € and factorisation systems (&, .#) on € such that
& is a class of Z-normal epimorphisms closed under pullbacks along Z-normal
monomorphisms.

Proof. The proof follows the same outline of the one of [23, Proposition 3.5],
with initial and terminal maps replaced by Z-coreflections and Z-reflections,
respectively. Some additional care is required when multiple Z-coreflections
and Z-reflections are involved simultaneously. We outline the main steps of
the proof.

Given a Z-characteristic Z-torsion theory (T, ), the associated factorisa-
tion system is given by

& ={f € NEpi(C, 2) | Z-ker-(f) € T},
A ={f € ar(C) | Z-ker-(f) € F},

where we denoted by ‘Z-ker’ the object part of Z-kernels. Following [23]
without substantial complications, showing that these two classes of morph-
isms define a factorisation system satisfying the desired properties reduces
to applying the non-pointed version of Noether’s third isomorphism theorem
(1.2.d) and the fact that the pullback of a morphism along a Z-normal mono-
morphism has the same Z-kernel as the original morphism (Proposition 1.1.8).

Conversely, given a factorisation system (&', .#) on € with & C NEpi(C, Z)
and closed under pullbacks along Z-normal monomorphisms, the associated
torsion theory is defined by

T={Xel|nxeé&} F={XelCl|nx e},

and the Z-exact (T, F)-presentation of an object X is given by the encircled
sequence in the following diagram,




1.6. TORSION THEORIES AND FACTORISATION SYSTEMS 37

where nx = ¢ x-px is the (&, 4 )-factorisation of 1y, and 7y is the Z-kernel of
¢x. Once again, the proof mostly follows the one in [23]. As a representative
case — one that involves some subtleties — we verify that this Z-torsion theory
is Z-characteristic. Let k: K >~ X a Z-normal monomorphism, and, unlike in
[23], we will need to consider its Z-cokernel f: X — Y. This choice ensures,
by Lemma 1.2.13, that the Z-reflection of K and the Z-coreflection of Y
are isomorphic, and that there exists a map ¢: RK — Y such that in the
following diagram the outer rectangle is a pullback (and a pushout). In the
same diagram we also take the (&, .#)-factorisations f = m-e and nx = m’ €/,
and we denote by d the induced morphism.

/ni\
K< sp_™ | RK
TN
X— ] ——Y

{

The uniqueness of the (&, .# )-factorisation of 7y, together with the pullback-
stability of both & and .#, ensures that the right-hand square is a pullback
and hence d is a Z-normal monomorphism. Since the Z-kernel of €’ is 7, it
follows by Proposition 1.1.8 that the Z-kernel of e is k - 7x. [

Remark 1.6.3. Let (&,.#) be the factorisation system associated to a Z-
characteristic Z-torsion theory (T,F) on €. Denote by F': € — F the reflector
and by ¢: ide = F' the unit of the reflection. We claim that the functor
F inverts all maps in &, and hence & is contained in the left class of the
‘classical” prefactorisation system associated with the reflective subcategory &F
(see the beginning of this section and [13])

Let f: X =Y be any map in &, and let a: A > X be its Z-kernel. By
construction, A € T. We show that the map F'f: FX — FY is the Z-cokernel
of Fain J.

First recall that Z C F. Now, let b: FX — B be a map in J such that
b- Fa is Z-trivial. Then the composite b-¢x -a =0b- Fa - @4 is also Z-trivial.
Therefore, there exists a unique map u: Y — B such that u- f =b-px. By
reflectivity, there exists a unique v: F'Y — B such that u = v - ¢y. This v
clearly satisfies v - F'f = b. Finally observe that F'f is an epimorphism since
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f is and F is a left-adjoint. This concludes the proof.

f

Apr—2 X > Y -

F Ff /
FrA—*t s Fpx — L, FY
b e -
k// /////
B o« - -7

Since A € T, it follows that FA € Z, and thus Fa is Z-trivial. As a result,
Ff is an isomorphism, since it is the Z-cokernel of the Z-trivial map Fa.

1.7 Hereditary torsion theories

In this section we focus on characterisation of hereditary torsion theories.
Naturally, in the context of Z-prenormal categories, the appropriate notion
of heredity is not grounded in monomorphisms, but rather in the right part
of the factorisation system relevant to this setting — namely, morphisms with
a Z-trivial Z-kernel. We therefore give the following definition.

Definition 1.7.1. A Z-torsion theory (T, F) on C is Z-hereditary if for every
morphism X o+ Y with Z-trivial Z-kernel such that Y € T, the object X
is also in T. In this case, we say that F is a Z-hereditary Z-torsion-free
subcategory of C.

We can also recover a characterisation of Z-hereditary Z-torsion-free
subcategories from [8] with a similar proof.

Proposition 1.7.2. Let F be a Z-torsion-free subcategory of €, and let
F: € — T be the left adjoint to the inclusion F — €. Then JF is Z-hereditary
if and only if F' preserves maps with Z-trivial Z-kernel.

Proof. Let T be the Z-torsion subcategory associated to F. Denote by ¢
the unit of the reflection of € into &F, and, for every object X € C, let
Tx: TX — X be the Z-kernel of px.
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Suppose F is Z-hereditary. For any morphism f: X o» Y with Z-trivial
Z-kernel, consider the following diagram,

Kot s x 21 +Q

S

TY > Y > FY,

TY Py

where the left-hand square is a pullback, (@Q,q) is the Z-cokernel of k and
f1 is the induced map. By Proposition 1.2.21, f; has Z-trivial Z-kernel, and
hence Q € F by the general properties of Z-torsion-free subcategories (see
Proposition 1.3.5). On the other hand, fy also has Z-trivial Z-kernel because
it is a pullback of f, and thus K € T by the Z-heredity hypothesis. By
Proposition 1.3.3, we conclude that the upper sequence in the above dia-
gram is uniquely isomorphic to the distinguished Z-exact (T, F)-presentation

TX 2% X 2% FX of X, and, in particular Ff = f; has Z-trivial Z-kernel.

Conversely, suppose F' preserves maps with Z-trivial Z-kernel. We know
from Proposition 1.3.3 that an object Y lies in T if and only if ¢y is Z-
trivial. Let f: X o» Y be a map in TKer(C, Z), with Y € T. Then the map
vy - [ = Ff-px is Z-trivial because ¢y is. Since F'f has Z-trivial Z-kernel,
we conclude that px is Z-trivial (use Proposition 1.1.10) and thus X € T. O

The result from Section 1.5 about Z-closure operators and Z-torsion
theories can be specialised to Z-hereditary Z-torsion theories via the following
notion (see [3, 8]).

Definition 1.7.3. Let .# be a semi-stable class of monomorphisms on some
category. An idempotent closure operator C' on .# is said to be hereditary
(or universal) if the following condition holds for all a: A » X in . and all
arrows f: Y — X.

6. Heredity: cy(f1(a)) = f1(cx(a)).
(Numeration continuing from Definition 1.5.2.)

Remark 1.7.4. Hereditary closure operators are always weakly hereditary,
as shown in [8].

We then have the following characterisation of Z-hereditary Z-torsion
theories.
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Proposition 1.7.5. The bijective correspondence of Proposition 1.5.4 spe-
cialises to a bijective correspondence between Z-hereditary Z-torsion theories
on € and hereditary Z-closure operators on C.

Proof. The proof of this proposition follows the one of [8, Proposition 5.4,
with monomorphisms replaced with maps with Z-trivial Z-kernel, and making
use of the characterisation in Proposition 1.7.2. The relevant properties of
monomorphisms in homological categories are substituted, in the context
of Z-semi-prenormal categories, by the following properties of maps with
Z-trivial Z-kernel:

- they are the right class of a factorisation system, with Z-normal epi-
morphisms as the left class;

- they may be detected in morphisms of Z-exact sequences as in Proposi-
tion 1.2.21;

- for any morphism f: X o+ Y with Z-trivial Z-kernel, the canonical
square induced by the Z-coreflection

sx 1 L gy

Xof—>Y

is a pullback (this follows from Propositions 1.1.7 and 1.1.10). ]

1.8 Examples and non-examples

In this section, we present an extensive collection of examples and non-
examples of both pointed and non-pointed prenormal categories. In most
cases, we also describe torsion theories situated in these categories, some
taken from the literature and others newly constructed here.

To help navigate the long list of examples, we highlight a few salient points
of particular interest.

- Example 1.8.c exhibits a pointed prenormal category that is not reg-
ular: here, normal epimorphisms are pullback stable whereas regular
epimorphisms are not. This shows that, even in the pointed case,
prenormality, normality and regularity are independent notions.
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- In 1.8.d we see a simple class of examples of non-pointed prenormal
categories where the subcategory of trivial objects is not reflective.

- Example 1.8.e is particularly meaningful, as it gathers three notable
features: 1. it recovers the result of [34] that closure operators on a class
of monomorphisms can be seen as special non-pointed torsion theories —
here obtained in a different way, as a special case of Proposition 1.5.4;
2. it provides an example of a (necessarily non-pointed) prenormal
category in which normal epimorphisms are not regular epimorphisms
(in fact, they are monomorphisms); 3. it exhibits a torsion theory whose
torsion-free subcategory is not semi-left-exact.

- In 1.8.h and 1.8.i we see two examples of categories which are prenormal
with respect to two different classes of trivial objects together with
subcategories which are torsion-free with respect to both classes.

1.8.a Commutative (-monoids

The example of commutative monoids 1.2.2 can be generalised as follows.
Consider a classical algebraic theory {2 = (X,T) consisting of a set X' of
operations of finite positive arities and a set T of equational axioms. In
analogy with {2-groups, we consider the notion of a (commutative) {2-monoid,

defined as a quadruple (M, +,0, (UM)UGE) such that:
e (M,+,0) is a (commutative) monoid;

. (M, (UM)Ueg) is an f2-algebra — i.e. for each n-ary operation o € X,
on: M™— M is a (set-theoretic) function, and the ojs satisfy the
axioms specified by T’

« for each n-ary operation o € X, the function o), : M"™ — M is a monoid
homomorphism in each variable separately (in other words, the ojs are
distributive over the base monoid operation and have the base monoid
unit as an absorbing element).

Examples of commutative {2-monoids for various {2s include commutative
monoids themselves (where (2 is empty), non-unital semirings (where (2
consists of one binary operation satisfying associativity) and R-semimodules
for a fixed semiring R (with {2 containing a unary operation for every element
of R and some additional axioms).
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For a fixed theory {2, consider {2-CMon, the variety of commutative (2-
monoids (here ‘variety’ is understood in the sense of universal algebra). The
following characterisations are straightforward to verify.

e A normal monomorphism of commutative {2-monoids can be described,
up to isomorphism, as the inclusion of a normal {2-submonoid A — M,
that is an (2-submonoid having the following closure properties:

-forall x,y e M, if z,24+y € A, then y € A;

- for every n-ary operation o € X and every z = (z1,...,x,) € M",
om(z) € A whenever one of the z; € A.

o The cokernel of a normal monomorphism in £2-CMon can be computed as
in CMon (see Example 1.2.2). A morphism of commutative {2-monoids
f: M — N is thus a normal epimorphisms if and only if it is surjective
and for all z,y € M, if f(z) = f(y) then there exists a,b € M such
that f(a) = f(b)=0and z +a =1y + 0.

From the above characterisation of normal epimorphisms, the following pro-
position is straightforward.

Proposition 1.8.1. The category (2-CMon of commutative (2-monoids is
prenormal.

Note that, for instance, the category SemiRng of non-unital semirings is
another example of a category that is prenormal but not normal in the sense of
[39], because any commutative monoid (M, +,0) can be seen as a non-unital
semiring (M, 4,0, %) with % given by z * y = 0 for every z,y € M. So the
same counterexample seen in Example 1.2.2 for CMon holds for SemiRng.

We are now going to consider torsion theories on commutative {2-monoids.
We show that, under suitable hypotheses, torsion theories on commutative
monoids can induce torsion theories on commutative {2-monoids.

Proposition 1.8.2. Let (T,F) be a torsion theory on the category CMon of
commutative monoids. Let T' denote the coreflector into the subcategory of
torsion objects, and let 7 denote the counit of the coreflection.

Consider the obvious forgetful functor Uy, : 2-CMon — CMon and assume
that, for all commutative {2-monoids M, the normal submonoid TU,M C
UqoM is also a normal (2-submonoid of M.
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Then the full subcategories of {2-CMon
To={M € 2-CMon |UoM € T} and F,p={M € 2-CMon|U,M € F}
form a torsion theory on {2-CMon.

Proof. We have several tools at our disposal to verify this proposition. One
can either check directly that the pair (Tq, F;) satisfies the definition of a
torsion theory, or use, for example, Proposition 1.4.6. In any case, the crucial
points are that 7" and 7 induce a normal-mono-coreflection of £2-CMon into
T, and that exact sequences in 2-CMon have the same form as in CMon. [

Example 1.8.3. Consider the torsion theory on the category of commutative
monoids described in [24] (see also Example 2.6.c), where the torsion objects
are precisely the abelian groups, viewed as commutative monoids where
every element is invertible. The torsion part of a commutative monoid M
is given by the submonoid T'M C M consisting of the invertible elements of
M. It is immediate that if M is a commutative {2-monoid, then T'M is a
normal (2-submonoid of M (where we omitted the forgetful functor Uy,). For
instance, if z € M has an inverse y with respect to +, then oy (y, za, ..., x,)
is an inverse (again with respect to +) of oy (x, o, ..., x,), for every n-ary
operation o in {2 and all x,,...,z, € M. We conclude that the category
2-Ab of commutative (2-groups (viewed as commutative {2-monoids such
that the underlying commutative monoid is an abelian group) is a torsion
subcategory of £2-CMon.

Example 1.8.4. For a commutative monoid M, say that z € M is a torsion
element if there exists a positive integer n such that nz = 0. The monoid M
is a torsion monoid if all of its elements are torsion; M is instead a torsion-free
monoid if 0 is its only torsion element. For any commutative monoid M,
let TM C M denote the subset of torsion elements of M. Clearly T'M is
a torsion monoid and forms a normal submonoid of M. Indeed, if z and
x + y are torsion elements of M for some x,y € M, then there exist positive
integers m and n such that mz = 0 and n(z +y) = 0. As we can replace m
and n with mn, we may assume m = n. It follows that

ny=0+ny=nzr+ny=n(zx+y) =0,

and so y is torsion. Moreover, if M also carries an 2-monoid structure, then
the normal submonoid T'M is also a normal {2-submonoid. For example, if
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x € M is such that mz = 0 for some positive integer m, then for every n-ary
operation ¢ in 2 and all zo,...,x, € M, we have

mon (T, g, ..., x,) = oy (ma, xe, ..., x,) = op(0,29,. .., 2,) =0.

Obviously, 0 is the only possible monoid morphism from a torsion monoid
to a torsion-free monoid. Furthermore, for every commutative monoid M, the
cokernel wp;: M — FM of the inclusion TM < M is torsion-free. This can
be verified directly using the description of cokernels in Example 1.2.2. We
conclude that torsion and torsion-free commutative monoids form a torsion
theory on CMon. By Proposition 1.8.2, torsion and torsion-free commutative
(2-monoids (with the obvious definitions) also form a torsion theory on
2-CMon.

1.8.b Monoids

The category Mon of not necessarily commutative monoids is a variety of
algebras which is not prenormal — and not even semi-prenormal.

Consider the following short exact sequence of monoids

K M —2 5 N,
where M = (z,y,z|2* = y?) is the quotient of the free monoid on the
generators x, y and z by the relation 22 = y? and K = (z) is the free
monoid generated by z, seen as a submonoid of M. Clearly we have that
N =M/K = (z,y|2* = y?). Consider now the submonoid N’ of N consist-
ing of those elements in N where only an even number of zs appear (this is
well-defined, because the relation 22 = y? does not change the parity of the
number of xs). It is easy to check that N’ is a normal submonoid of N (it
is the kernel of the map N — (z|z? = 0) given by z — z and y +— 0). Call
M’ the pullback of p along the inclusion N’ < N. Obviously M’ consists of
those elements of M where only an even number of xs appear.

We claim that the pullback projection p’: M’ — N’ is not a normal epi-
morphism. The kernel of p’ is obviously still K, but we show that the kernel
pair of p’ is not the smallest equivalence relation R’ on M’ that satisfies
(w,0) € R for all w € K. This smallest equivalence relation, R’, can be
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explicitly described as the transitive closure of the following relation ~:

for a,a’ € M', we say a ~ d if there exist some n € N,
wi,up € M" and k;, kl, h;, bl € K, for i € {1,...n}, such that

(1.8.5) °© a=urky- - Unkn,

!, ! 1./
* a _ulkl'”unkna

o urhy - upyh, =uihl---ulh)

n 'n’

Observe that xzx and yzy both lie in M’ and are such that p'(zzz) = 22 =

y* = p/(yzy). We claim however that (zzz,yzy) ¢ R’

For each w € M’ define x,(w), the maximal number of xs that can appear
in w (for any w € M', w can be rewritten using the relation 2 = y? in a finite
number of ways, and so there is a way to write w such that the number of xs
is maximal). Similarly, define y,(w) for each w € M’. One easily observes
that for any wy,...,w, € M’

Xe(Wy -+ wy) > wa(wi)a
=1

and the same inequality holds for = replaced with y. We show that for any
a,a’ € M’ such that a ~ a' we have

Xo(a) =2, xy(a) =0 = xu(d') =2, x,(d') =0.

This is sufficient to prove that (zzz,yzy) ¢ R', since x,(xzx) = 2 and

Xy(zzz) = 0, while x,(yzy) = 0 and x,(yzy) = 2.
Fix then a,a’ € M’ satisfying 1.8.5 and such that y,(a) = 2 and x,(a) = 0.
We have the following.

o First, note that
0= xy(a) = xy(urkr - upkn) >3 xy(wi) + D xy (ki) =D xy(wi)
i1 i=1 =1

(the last equality is follows from the fact that all k; € K = (z)). We
conclude that y,(u;) = 0 for 1 <i < n. It follows that none of the u;s
contain any ys, whichever way one rewrites them.
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o Similarly, observe that

n n n

=1 i=1 =1

None of the x,(u;) can be equal to 1, since the elements of M’ have
an even number of xs. Additionally, not all of the u;s can be such
that x,(u;) = 0, otherwise there would be no zs nor ys in a, which
would result in y.(a) being equal to 0. We conclude that x,(u;) =0
for 1 <1i <n, except for one special u; such that x,(u;) = 2.

By the previous two items, we deduce that the u;s have the following form:
all of them are in i = (z) and contain no xs nor ys, except for one special u;
which still contains no ys (independently of how one rewrites it) and exactly
two non-adjacent xs. For this reason, one concludes that

Xx(ulhl Tt unhn) = 27 Xy(ulhfl e unhn> = 07

and of course the same holds for u}h) ---u,h!. Reasoning as above, we
conclude that the uls have the same form as the w;s, i.e., they all lie in
K = (2) except for one special v, which only contains zs and exactly two
non-adjacent xs. It follows that, once again

Xl’(ullkll e u;l/{:;) =2, Xy(ullkll e u:zk;z) =0,

and so x,(a’) =2 and x,(a’) = 0.

1.8.c Preordered commutative monoids

Consider the category P = PreOrd(CMon) of preordered commutative monoids.
Its objects are quadruples (M, +,0, <) (which we will usually denote by just
M) where (M,+,0) is a commutative monoid, (M, <) is a preordered set,
and the following holds for every x,y,a € M:

r<y = rv+a<y-+a.

Morphisms in P are functions that are monoid morphisms and order morph-
isms at the same time. (In other words, P is the category of internal preorders
to CMon.) We prove the following fact.
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Proposition 1.8.6. The category of preordered commutative monoids is
prenormal but not regular.

Proof. First, P is pointed and limits in P exist and are computed as in CMon.
A normal monomorphism in P is, up to isomorphism, given by the inclusion
of a full, normal preordered submonoid, that is, a full preordered submonoid
K C M such that for all z,y € M, if x € K and z +y € K, then y € K.
Given a normal monomorphism k: K — M in P, the cokernel of k is obtained
by taking the cokernel ¢g: M — () in CMon and equipping () with the preorder
<g given by

u <q v if there exist x,y € M such

that ¢(x) = u, q(y) = v and = <ps v.

The fact that <g is transitive follows from the characterisation 1.2.3 of
normal epimorphisms of commutative monoids. In fact, suppose u <g v and
v <@ w. Then there exist x,y, vy, 2 € M such that ¢(z) = u, q(y) = ¢(v') = v,
q(z) =w, x <pryand y <p z. Since ¢(y) = q(y'), we find that y+a = ¢y’ +a’
for some a,a’ € K. Thus we obtain

r+a<yyt+a=vy +d <yz+d.

Since ¢(x + a) = q(z) = v and ¢(z + @') = q(z) = w, we deduce that u <o w
by definition. The rest of the proof that ¢: M — (@ is indeed the cokernel of
k is now easy to carry out. We can then characterise normal epimorphisms in
P as those maps f: M — N satisfying Property 1.2.3 as well as the following.

If u <y v for some u,v € N, then there exist

(187) x,y € M such that f(x) = u, f(y) =vand z SM Y-

Properties 1.2.3 and 1.8.7 together are pullback-stable, and so we conclude
that P is prenormal.
To show that P is not regular consider the following pullback square in P,

DLC’

where the objects and maps are defined as follows.
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A is the set {0,1,1’,2}. We equip A with the partial order < defined by

0<1, 1V<2

Y

and with the binary operation Y, defined as the join with respect to
the the total order < given by 0 <1 <1’ < 2. One can check that with
these definitions, (4, Y, 0, <) is a preordered commutative monoid.

B is the set {0, 1,2} equipped with the total order 0 < 1 < 2 and the
binary operation V, defined as the join with respect to the same order
< on B. Clearly (B, V,0,<) is a preordered commutative monoid.

The map p: A — B is defined as

It is easy to check that p is a regular epimorphism in P (it is the
coequaliser of its kernel pair).

C' is the subset {0,2} of B. We equip C' with the restrictions of the
operation V and the preorder < of B, so that we have a full inclusion

1: C— B.

Finally, (D, p', ') is the pullback of p along i. One can easily check that
we can take D to be the set {0,2} with the discrete preorder and the
operation

0+0=0, 04+2=2+0=2, 2+2=2;

i’ is the inclusion of {0,2} into {0,1,1’,2} and p’ is the identity on the
underlying set {0, 2}.

Since p’ is a monomorphism but not an isomorphism (D and C are not
isomorphic as preordered sets), it cannot be a regular epimorphism. But since
p is a regular epimorphism, we conclude that P is not regular. O

As a corollary, we obtain the next proposition.

Proposition 1.8.8. The category ParOrd(CMon) of partially ordered com-
mutative monoids, like PreOrd(CMon), is prenormal but not regular.
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Proof. Limits in ParOrd(CMon) are computed in the same way as in the
category of preordered commutative monoids. As shown in [26], ParOrd(CMon)
is a reflective subcategory of PreOrd(CMon) and the reflection has stable
units. Given a kernel k: K — M in ParOrd(CMon), it is easy to check that
the cokernel of £ is obtained by first taking the cokernel ¢: M — @ of k in
PreOrd(CMon), and then composing ¢ with a reflection pg: @ — rQ of P in
ParOrd(CMon):

K—* mm 250 -0

One can then verify that a map f: M — N of partially ordered commutative
monoids is a normal epimorphism if and only if it factors in PreOrd(CMon)
as f=p- f, with f': M — N’ a normal epimorphism in PreOrd(CMon), and
p: N'— N a reflection of N’ in ParOrd(CMon). Since normal epimorphisms
are stable in PreOrd(CMon) and the reflector PreOrd(CMon) — ParOrd(CMon)
has stable units, we conclude that normal epimorphisms are pullback-stable
in ParOrd(CMon).

The fact that ParOrd(CMon) is not regular follows from the same counter-
example given for preordered commutative monoids, as all the involved
preorders are actually partial orders. O

We now introduce a torsion theory on P. Given a preordered commutative
monoid M, two elements x, 2’ € M are said to be connected, written x ~ a/, if
there exists a finite zigzag of inequalities connecting them, as in the following
diagram,

r=x0< 1122321, =21,

with xg,z1,...,2x, € M. The relation ~ is a congruence on the commutative
monoid M, i.e. an equivalence relation satisfying

r~z = x+y~x/+y

for all z, ',y € M. A preordered commutative monoid is said to be connected
if any two of its elements are connected.

Proposition 1.8.9. The category of connected preordered commutative
monoids is a torsion subcategory of the category of preordered commutative
monoids.
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Proof. We use Proposition 1.4.6. Given any preordered commutative monoid
M, define TM C M to be the full preordered submonoid consisting of all
elements connected to 0. This is clearly connected and T'M — M is the
coreflection of M into the subcategory of connected preordered commutative
monoids.

We now show that T'M is a normal submonoid of M. Indeed, suppose
x,x+1y € TM. Then z,z + y ~ 0, and since ~ is a congruence, it follows
that

y=0+y~x+y~0,

and so y € T'M.
Next, consider a short exact sequence of preordered commutative monoids.

L M1

N,

with L and N connected. Consider x € M. Since N is connected, we have
f(z) ~0in N. By the characterisation of normal epimorphisms seen in the
proof of Proposition 1.8.6 above, the zigzag exhibiting f(z) ~ 0 is reflected in
M, that is, there exist 2/, a in M such that 2’ ~ a, f(2') = f(x) and f(a) = 0.
Again because f is a normal epimorphism, we obtain b,0’ € L such that

r+b=a2+10.

Since L is connected, the elements a, b, b’ are all connected to 0 in L. Using
repeatedly this fact and the fact that ~ is a monoid congruence we deduce:

r=x+4+0~z+b=2'"+0~2'+0=2"~a~0.

This proves that all elements in M are connected to 0, and hence M is
connected. O

Defining a connected partially ordered commutative monoid as a partially
ordered commutative monoid which is connected as a preordered commutative
monoids, we obtain the following corollary.

Corollary 1.8.10. The category of connected partially ordered commut-
ative monoids is a torsion subcategory of the category of partially ordered
commutative monoids.
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Proof. The proof proceeds exactly as in Proposition 1.8.9; we only need to
note that in a short exact sequence in ParOrd(CMon)

L——wmm—-_LonN
i is also a normal monomorphism in PreOrd(CMon) and we may factor f as f =
p- [ in PreOrd(CMon), with f': M — N’ the cokernel of i in PreOrd(CMon),
and p: N' — N areflection of N’ in ParOrd(CMon). Clearly, if IV is connected,

then so is N’, and if L is also connected, then the sequence

L——m-—LwnN
is exact in PreOrd(CMon) with L and N’ connected. We conclude that M is
connected. 0

1.8.d Trivial non-pointed examples

For every category C, the largest coreflective subcategory of € is € itself. If C
has finite limits then it is C-prenormal. C-normal epimorphisms are exactly
isomorphisms, and every map has a C-trivial C-kernel.

If a category € has an initial object, then the full subcategory Z of
initial objects is the smallest coreflective subcategory of €. If the initial
object is strict (meaning that every morphism in € having initial target is
an isomorphism) and € is finitely complete, then € is Z-prenormal, and once
again Z-normal epimorphisms coincide with isomorphisms, and every map
has a Z-trivial Z-kernel. In this case Z is not reflective in € (unless Z = C).

1.8.e Categories of monomorphisms

In this subsection we describe a large class of examples all situated in full
subcategories of arrow categories.

Recall that for any category A, we denote by Arr(A) the arrow category of
A, whose objects are the arrows of A, and where morphisms from z: X — X
to y: Y — Yy are pairs (f, fo), giving rise to commutative squares as follows.

X%Y

Xo —— Yo
fo
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We now consider special classes of arrows that give rise to non-pointed
(semi-)prenormal categories. Note that the notion of semi-stable class of
monomorphisms was already mentioned in Section 1.5.

Definition 1.8.11. Let A be a category, and let .Z be a class of monomorph-
isms in A containing all identities.

a) Suppose A has pullbacks along morphisms in .#. We say that .Z is a
semi-stable class of monomorphisms if the following properties hold.

1. For all f and g, composable maps in A, if g and g - f are in .,
then f is in .4
2. the pullback of a map in .Z along any map in A is again in .Z.

b) Suppose A is finitely complete and call M the full subcategory of Arr(A)
generated by .#. We say that .# is a stable class of monomorphisms
if M is closed under finite limits in Arr(A).

Lemma 1.8.12. Let A be a finitely complete category. Then every stable
class of monomorphisms .#Z on A is semi-stable.

Proof. First, we show that, if f: A— B and g: B — C are maps in A, with
h=g¢g-f € .# and g a monomorphism, then f is in .#. Notice that the
following square is a pullback in Arr(A).

f (idAvg) h

(fvidB)‘ ‘(h,idc)

(9,9)
Since M is closed under limits in Arr(A), and h, idp and ide are all in A,
we conclude that f € . by closure under limits.
Suppose we are now given a pullback square in A like the one below on
the left, with f € .#. Then the square on the right is a pullback square in
Arr(A).

(a,b)

Y. g
f" lf (f’,idB/)‘ ‘(f,idB)
B — B idg —— idg

b (b,)
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Since f, idg and idg: are all in .#, we conclude that f’ is also in .# by
closure under limits. O]

Example 1.8.13. In a category A with pullbacks, the following classes
of monomorphisms are all semi-stable: 1. all monomorphisms; 2. strong
monomorphisms; 3. regular monomorphisms; 4. normal monomorphisms,
when A is pointed; 5. more in general, X-normal monomorphisms for any
reflective subcategory X of A (see Remark 1.5.1).

If A is finitely complete, the classes of monomorphisms and of strong
monomorphisms, and any class # of monomorphisms in A which is part of a
factorisation system (£, %) on A are all stable classes of monomorphisms.

Proposition 1.8.14. Let A be any category and let .# be a class of mono-
morphisms in A containing all identity maps. Call Z the full subcategory
of Arr(A) whose objects are all isomorphisms in A, and call M the full
subcategory of Arr(A) generated by ..

1. If A has pullbacks along morphisms in .#Z and .# is a semi-stable class
of monomorphisms, then M is Z-semi-prenormal.

2. If A is finitely complete and .# is a stable class of monomorphisms,
then M is Z-prenormal.

Proof. As .# contains all identities, it is straightforward to verify that Z is
both mono-coreflective and epi-reflective in M. The computation of Z-kernels
and Z-cokernels in similar contexts has been studied in various sources (such
as [31, 35]), and it is easy to check that, when A has the relevant pullbacks
and . is a semi-stable class of monomorphisms, Z-kernels and Z-cokernels
of Z-kernels exist in M. In particular, every Z-normal monomorphism is, up
to isomorphism, of the canonical form (ida,b): j > a, and every Z-normal
epimorphism is, up to isomorphism, of the canonical form (j,idx): a — b,
with a,b, j € .# as in Diagram 1.8.15 below.

A7 A A A—L . B
A <~
. OO OO
(1815) ‘b — ‘7‘ /{?o\}):{))@/ ‘a ) a‘ %flb‘{?/ b
X B— X X —— X

A direct check shows that all the relevant limits in M required for Z-se-
mi-prenormality or Z-prenormality can be computed level-wise in A. As a
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result, the required stability conditions for Z-normal epimorphisms follow
immediately. [l

Remark 1.8.16. Notice that Z-normal epimorphisms in the Z-(semi-)pre-
normal category M of Proposition 1.8.14 are not regular epimorphisms unless
they are isomorphisms. They are in fact (level-wise) monomorphisms.

Fix now a semi-stable class of monomorphisms .# on a category A and
call Z the full subcategory of Arr(A) whose objects are all isomorphisms in
A, and call M the full subcategory of Arr(A) generated by .#. We now
record some simple remarks and provide some particular examples concerning
Z-torsion theories in M.

Remark 1.8.17. There is a bijective correspondence between the following
classes.

1. Weakly hereditary closure operators on .
2. weakly hereditary Z-closure operators on M;
3. Z-torsion theories on M.

The correspondence between 1 and 3 is a well-known result (see [34]), and,
in particular, the torsion theory associated to a closure operator C' on .# is
given by

T={a€ A |ais C-dense},
F={a€ A |ais C-closed}.

The correspondence between 2 and 3 is instead due to Proposition 1.5.4. We
want to explicitly describe the simple correspondence between 1 and 2. We
use the special arrow ¢ e’ to denote morphisms in .Z.

Given a closure operator C' = (cx)xea, we define the closure operator
C* = (¢!)4ent, which acts on Z-normal monomorphisms. For a Z-normal
monomorphism (id4, b): u — a in M, with a,b,j € .# as in Diagram 1.8.15,
we set ¢ ((ida, b)) = (ida,cx(b)): j - u — a, where j denotes the unique map
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such that cx(b) - j = b.

If C is idempotent, then C* is a Z-closure operator on M, and if C' is weakly
hereditary, then so is C*. (Given the form of Z-normal epimorphisms, the
condition that the closure of the preimage under a Z-normal epimorphism
be isomorphic to the preimage of the closure is, in this case, automatically
satisfied.)

Conversely, given a closure operator D = (d,)asen on Z-normal mono-
morphisms, we define D° = (d%)xea as follows: for any b: B e X in .,
suppose dy((idp, b): idg >+ b) = (idg, d), with d € .#; then we set d’ (b) = d.
(Here, we assume that D preserves the ‘standard form’ (id,s € .#) of Z-
normal monomorphisms, which holds up to isomorphism of closure operators.)
We have that D’ is a closure operator on .#; moreover, if D is idempotent or
weakly hereditary, then so is D".

Clearly, for any closure operator C' on .#, we have C* = C. Vice versa,
for a Z-closure operator D on M, we have D’ = D. This equivalence relies
on the observation that, for any Z-normal monomorphism (id4,b): j — a in
M, with a, b, j € 4 as in Diagram 1.8.15, we have

da<(j, i)~ (i, b): i o b)) = (), idX)—l(db((idB, b): idp oo b))

since (7,1dx): a — b is a Z-normal epimorphism.

Remark 1.8.18. The bijective correspondence of Remark 1.8.17 can be
specialised to a bijective correspondence between the following classes.

1. Hereditary closure operators on .
2. hereditary Z-closure operators on M;

3. Z-hereditary Z-torsion theories on M.
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We just prove the correspondence between 1 and 3, the rest follows from
Remark 1.8.17.

Given a hereditary closure operator C' on M, the corresponding Z-torsion
subcategory of M is given by the C-dense monomorphisms of .#. Now, if
(u,v): a o bis a morphism in M with Z-trivial Z-kernel, with a: A &= X and
b: Be>Y in .# and b is C-dense, then we have that a = «~!(b) (morphisms
with Z-trivial Z-kernel are precisely pullback squares). Therefore we obtain

cx(a) = ex(u(a)) = uHey(b) = ut(idy) = idy,

i.e. a is C-dense.

Vice versa, let (T,F) be a Z-hereditary Z-torsion theory and let C' be
the corresponding closure operator on ., so that 7 is the class of C-dense
monomorphisms in .#Z. Let a: Aes X be in .4 and let f: Y — X be any
morphism in A. We aim to show that f~!(cx(a)) < ¢y (f~'(a)). Consider
the following diagram where both squares are pullbacks.

()

J f (ex(a)

.

¢ - € X

% cx(a)

a

Since the left-hand square is a pullback, it determines a morphism j o— ¢ with
Z-trivial Z-kernel, and since ¢ is C-dense by weak heredity, it follows that j
is also C-dense by Z-heredity. We also have that

fH(ex(A)) - ep(j) < ev(f7(a)).

(This follows from the general observation that for any commutative diagram

M—™ X
Ix
X,

m2
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with mq, mq, s € ., one has that the closure of M in the ‘smaller space’ X,
is smaller than the closure of M in the ‘larger space’ X7, that is, x-cx,(mg) <
cx, (my); notice however that x - cx,(msg) might not be in .#.) Since cp(j) is
an isomorphism, the claim follows.

Example 1.8.19. Taking A to be the category Top of topological spaces and
A the category of embedding of topological subspaces (regular monomorph-
isms in Top), we can consider the standard closure operator on topological
subspaces. This of course gives rise to a Z-torsion theory on M, but the
reflector of the corresponding Z-torsion-free subcategory of closed subspaces
is not semi-left-exact, in the sense that reflections are not necessarily stable
along maps in the subcategory. For instance, consider the following pullback

in M.

i —— a g — A
b — idy B—X

Here, X is the closed unit interval [0, 1] with its usual topology; i: @ — X is
the initial map; b: B — X is the embedding of the singleton B = {0} C X;
a: A — X is the embedding of the open unit interval A = (0,1) C X; all
maps in the pullback are induced by the identity on X. Clearly a — idx is
the reflection of a into the subcategory of closed embedding (since the closure
of A is all of X), and both b and idx lie in this subcategory, as X and B
are closed subspaces of X. However ¢ — b is not the reflection of ¢ (which is
instead given by id;).

Example 1.8.20. We take again A to be the category of topological spaces,
but we now let .# be the class of all injective continuous functions (mono-
morphisms in Top). There is a hereditary closure operator on .# that assigns
to an injective continuous function a: A = X the inclusion of the subspace
generated by the image of a in X (this closure operator was also considered
in [3]). The corresponding Z-torsion theory is then Z-hereditary.

1.8.f Groupoids

In the category Grpd of small groupoids and functors, consider the full
subcategory Z of discrete groupoids (i.e. Z = Set). A full description of
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Z-kernels and Z-cokernels in Grpd can be found in [31]. In particular, if G
is a groupoid, a normal subgroupoid N of G is a subgroupoid which is both
wide (N contains all the objects of G) and closed under conjugation (if h € N
and g € G, then g7 - h - g € N whenever it is defined). Every Z-normal
monomorphism is, up to isomorphism, an inclusion of a normal subgroupoid.
The kernel of a functor F': G — H — which we denote by Kz — is the wide
subgroupoid consisting of those morphisms in G whose image under F' is
an identity morphism. Given a normal subgroupoid N of a groupoid G, the
Z-cokernel (Q, Q) of the inclusion N — G is constructed as follows.

o We define the equivalence relation ~ on the objects on G by setting
X ~ Y if there exists n: X — Y in N. The objects of Q are equivalence
classes of objects of G under this relation. We denote by [X] the
equivalence class of ~ containing the object X of G.

o We define the equivalence relation ~ on the arrows on G by setting
f ~ g if there exists u,v in N such that u - f = g - v. The arrows of Q
are equivalence classes of arrows of G under this relation. We denote
by [g¢] the equivalence class of &~ containing the arrow g of G.

« Given an arrow g in G, we set domg [¢g] = [domg ¢] and codg [¢] =
[codg g]. Given an object X in G, we set idjx) = [idx].

o Given arrows f: X — Yy and g: Y] — Z in G, with Yy ~ Y7, we set
[o] - 11 =1Tg-y- 11,

for any y: Yy — Y7 in N (whose existence is guaranteed by the definition
of ~). Let us check that this is well defined. Given some other arrows
f'+ X' =Y/ and ¢': Y/ — Z' such that [f] = [f'] and [¢] = [¢'], and
given y': Yy — Y/, we show that [¢-y- f] =[¢ - v - f']. By definition
of ~, we have

X f Y, y Y, g 7
X/ f/ }/E), y/ }/1/ g/ Zl?

with x, 19, y1 and z in N and the two outer squares commutative. Set

w:g’-y’-f’-yc-ffl-y*l-g*l
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(the counter-clockwise composite along the outer edges of the diagram,
from Z to Z'). Clearly

w-(g-y-f)=G -y f) =

We need to prove that w € N. Since f'-z- f ' =yoand ¢ = z-g-y;

we may rewrite w as
w=z-g-yr Y Yoy g

Since this is the composite of z € N with a conjugate of y; ' -9/ -yo-y~" €

N, we conclude that w lies in N.

e The functor @) acts in the obvious way, taking an object X and an arrow
g of G to the equivalence classes [X] and [g], respectively.

One easily checks that this construction does define a groupoid Q and a
functor Q): G — Q yielding the Z-cokernel of N — G.

By the above construction, we can deduce the following characterisation
of Z-normal epimorphisms: a functor F': G — H is a Z-normal epimorphism
if and only if it is strictly surjective on arrows and whenever F(g) = F(¢’)
for some ¢,¢ € G, it follows that u-¢g = ¢’ - v/ for some u,u € Kp. The
following result then follows by routine direct checks.

Proposition 1.8.21. Grpd is Z-prenormal.

A groupoid A is abelian if for all objects X € A, the automorphism
group A(X, X) is abelian. In particular, abelian groupoids, in this sense,
are precisely the abelian objects of the category of groupoids ([7]). Note
that every discrete groupoid is abelian, and hence one can consider Z-kernels,
Z-cokernel, Z-normal epimorphisms and Z-normal monomorphisms in the
category of abelian groupoids and functors. One can easily verify that these
are characterised in the same way as in the category of groupoids. We then
have the following corollary.

Corollary 1.8.22. The category of small abelian groupoids and functors is
Z-prenormal.

It turns out that pointed torsion theories on the category of (abelian)
groups give rise to Z-torsion theories in the category of (abelian) groupoids,
as specified in the following proposition. Let X denote either the category of
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groups or the category of abelian groups. Accordingly, we write Gy for the
category of groupoids if X is the category of groups, and for the category of
abelian groupoids when X is the category of abelian groups.

Proposition 1.8.23. Let T be a torsion subcategory of X, and let G2 be the
full subcategory of Gy consisting of those groupoids G such that:

o for all distinct objects X, Y € G, the hom-set G(X,Y) is empty;

o for every object X € G, the endomorphism group G(X, X) lies in 7.

Then GY is a Z-torsion subcategory of Gy. In particular, every torsion theory
on the category of (abelian) groups yields a Z-torsion theory on the category
of (abelian) groupoids.

Proof. We use Proposition 1.4.6. First, we prove that G is Z-normal-mono-
coreflective in Gy. Let T: X — T be a right adjoint to the inclusion T — X,
so that T'G is a normal subgroup of G for all G € X. For all G € Gy, we
define the wide subgroupoid Tg of G, whose hom-sets are given by

i it X £Y,

%umq:{dmxx» if X =Y,

for X, Y € G. We have that Tg — G is a Z-normal-mono-coreflection of G
in GY. This directly follows from the fact that T(G(X, X)) —G(X,X)isa
normal-mono-coreflection of G(X, X) in T for all X € G.

Next, we verify that GY is closed under Z-extensions. Consider a Z-exact
sequence

N G —LX > H,

where N,H € GJ. Let g: X — Y be a morphism in G. Since all morphisms
in H are endomorphisms, we have FX = FY. By the characterisation
of Z-normal epimorphisms recalled above, there exist u,v € Kg such that
u - idy = idy - v. As all morphisms in Ky = N are endomorphisms, it
follows that X = domwu = codv =Y, proving that all morphisms in G are
endomorphisms. We also deduce that for all objects X € G the sequence

N(X,X) —— G(X,X) —£— H(FX,FX)

is exact in X. Since N(X, X) and H(FX, FX) lie in T, which is a torsion
subcategory of X, we conclude that G(X, X) € T, and hence G € GJ. ]
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1.8.g Categories of relations

Let R denote any of the following categories of relations on sets, where
morphisms are relation-preserving functions: (1) the category of reflexive
relations, (2) the category of preorders, (3) the category of equivalence
relations.

Let Z be the full subcategory of R consisting of sets equipped with the
discrete equivalence relation. For any morphism f: (X, p) — (Y, 0) in R, its
Z-kernel is given by ((X Ky A p),id X), where Ky denotes the kernel pair of
f (in Set) and A denotes the intersection of relations. On the other hand, its
Z-cokernel is given by ((Yo, 00), p), where p: Y — Y} is the quotient in Set of
Y by the equivalence relation on Y generated by f(p), and oy is the relation
of type R generated by p(c) on Yj.

By the above construction, it follows that a morphism f: (X, p) — (Y, 0)
in R is a Z-normal epimorphism if and only if (a) f is surjective, (b) o is the
relation of type R generated by f(p) on Y and (c) the kernel pair Ky of f is
the smallest equivalence relation on X containing K¢ A p.

It can be shown that when R is either the category of reflexive relations
or of equivalence relations (cases (1) and (3)), then it is Z-prenormal. The
key point in proving the pullback-stability of Z-normal epimorphisms is that,
under the hypotheses of Item (1) or (3) above, Condition (b) above can be
replaced by the simpler condition (b’) f(p) = o.

The category of preordered sets, instead, is not even Z-semi-prenormal.
To prove this, consider the morphisms of preordered sets

{1%2%2’%3}#{1,&2}
‘(_/

defined by f(1) = f(3) = 1 and f(2) = f(2') = 2. Using the above
constructions of Z-kernels and Z-cokernels, the morphism f can be explicitly
factorised as f = m - ¢, with ¢ the Z-cokernel of the Z-kernel of f, and m the
induced map. Computing the Z-kernel of m, one easily finds that it is not
Z-trivial, and therefore R cannot be Z-semi-prenormal (nor Z-prenormal).

1.8.h Inverse commutative monoids

A commutative monoid M is called an inverse commutative monoid if for every
x € M there exists an element =1 € M, called the inverse of x, satisfying
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the equations
(1.8.24) vr 'z =2 and x'zzl=a2"l.

(in this subsection we shall use multiplicative notation). Thanks to commut-
ativity, such an inverse is unique (see [41]). We denote by ICMon the category
of inverse commutative monoids and monoid morphisms (inverses are then
automatically preserved).

Remark 1.8.25. With the exception of those results that involve pointedness
(namely Remark 1.8.26 and Proposition 1.8.29), everything in this subsection
also applies to inverse commutative semigroups. For brevity, however, we
restrict to the monoid case, since the arguments carry over word for word to
semigroups. See also [41] for more details.

Remark 1.8.26. Inverse commutative monoids can be seen as commutative
f2-monoids with (2 consisting of a unique unary operation (—)~! satisfying
the axioms in 1.8.24 above. It immediately follows that ICMon is prenormal
(see Example 1.8.a).

Despite ICMon being pointed, we are now interested in a different class of
trivial objects. In a monoid, an element e is said to be idempotent if e? = e.
A monoid is said to be idempotent if all of its elements are idempotent. We
denote by ECMon the category of idempotent commutative monoids with
monoid morphisms. Clearly, every idempotent commutative monoid is an
inverse monoid, where the inverse of an element e is e itself. We have functors

E

ECMon 5 ICMon,

1

where I denotes the inclusion functor, while £ denotes the restriction to
idempotents (for any inverse monoid M, the subset F(M) of idempotent
elements is an idempotent submonoid, and monoid morphisms obviously
preserve idempotents).

The functor F is both left and right adjoint to I. The unit n of the
adjunction £ - I and the counit € of the adjunction I 4 E are given by

M " B(M) EM) 2 M

ZE*—>I’I‘71 e €
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for all inverse commutative monoids M. Clearly, 1y, is an epimorphism and
em a monomorphism (in fact, na - ey = idgayr)). Taking Z = ECMon, we
have the following characterisations.

o A Z-kernel is, up to isomorphism, the inclusion of a normal inverse submon-
oid A — M, that is a submonoid A closed under inverses and conjugation
and containing all idempotents of M (see [41]).

e A morphism f: M — N is a Z-normal epimorphism if and only if it is sur-
jective and the restriction F(f) to idempotents is an isomorphism. Indeed,
every Z-normal epimorphism is an epimorphism, and its Z-reflection is
always an isomorphism (see the dual of the proof of Proposition 1.2.15).
Vice versa, suppose f: M — N is surjective and that E(f) is an isomorph-
ism. Consider its Z-kernel k: K — M, consisting of elements z € M such
that f(z) is idempotent. Let g: M — P be a morphism in ICMon such
that g -k is Z-trivial (i.e. g(z) is idempotent for all z € K). We must show
that if f(x) = f(y), then g(z) = g(y), so that g factors uniquely through

f.

K% oM

which is idempotent. Hence

floz™) = flay™) = flay ) flay )" = flay~'27ly),

1 1

since for every idempotent e one has ee™ = e. Since both zz~! = 1y (2)
and zy 'z 1y = ny(xy~t) are idempotent and f restricted to idempotents
is an isomorphism, we obtain xz~! = zy 'z ly. A symmetric argument
for y eventually yields

(1.8.27) vt =ay ey = gyt

Finally, since f(zy~!) is idempotent, we have xy~! € K, so g(xy™!) is
itself idempotent. We can thus write
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9(z) = g(zz™'z) = g(xy a7 yz) = glay)g(z7y)g(x)
= gla™'y)g(x) = glzz™"y) = glyy'y) = 9(v).

Here we have used, in order: the definition of inverse; Eq. (1.8.27); the
fact that g(xy=1)g(z'y) = g(x~1y) since g(xy~') is idempotent; a further
application of Eq. (1.8.27) and of the definition of inverse.

With these characterisations in place, the following proposition is now
straightforward.

Proposition 1.8.28. The category of inverse commutative monoids is pren-
ormal with respect to the subcategory of idempotent commutative monoids.

Proof. The category ICMon is a variety of universal algebra, and is therefore
complete and cocomplete. We have seen that Z = ECMon is both mono-
coreflective and epi-reflective. In particular, all Z-cokernels exist, and can be
obtained as pushout along Z-reflections (dual of Proposition 1.1.7). Now, let
f' be the pullback of a Z-normal epimorphism f along an arbitrary morphism,
as in the diagram on the left below. Clearly, f’ is surjective (since pullbacks
are computed as in Set and thus preserve surjective maps). Moreover, because
FE is a right adjoint, it preserves pullbacks. Hence, the diagram below on the
right is also a pullback, so E(f’) appears ad the pullback of the isomorphism
E(f), and is therefore itself an isomorphism.

r, )
[ ] -
— | _|
r "B
We conclude that f’ is a Z-normal epimorphism. O

Just as we have seen that ICMon is prenormal with respect to two subcat-
egories of trivial objects — namely, the subcategory of zero monoids and the
subcategory of idempotents commutative monoids — we can now exhibit a
subcategory of ICMon which is torsion-free with respect to both.

Proposition 1.8.29. Consider the full subcategory F of ICMon consisting
torsion-free inverse monoids, that is, commutative inverse monoids M such
that for all z € M, if 2™ = 1 for some positive integer n, then z = 1 (please
note again the use of multiplicative notation). The subcategory F is both
(0-)torsion-free and Z-torsion-free in ICMon, where Z again denotes ECMon.



1.8. EXAMPLES AND NON-EXAMPLES 65

Proof. Since ICMon is a category of {2-monoids (see Remark 1.8.26), we
already know from Example 1.8.4 (where additive notation was used) that F
is (0-)torsion-free in ICMon. We have also explicitly described the F-reflection
oy M — FM for any M. As ¢ is the unit of the reflection of a pointed
torsion-free subcategory, we know that it is stable under pullbacks along
arbitrary morphisms (since 0-normal epimorphisms are pullback-stable — cf.
[38]). Hence, by Proposition 1.4.1, to prove that F is also Z-torsion-free it
suffices to show that the components of ¢ are Z-normal epimorphisms. This
reduces to showing that F(py/) is an isomorphism for all inverse commutative
monoids M. Since E is a left-adjoint, it preserve regular epimorphisms.
Thus, it only remains to show that F(y)/) is a monomorphism. Suppose
om(z) = pu(y) for some z,y € E(M). By the description of (0-)normal
epimorphisms and of ¢ given in 1.8.a, we have that xa = yb for some a,b € M
such that a™ = 0" = 1 for a positive integer n. Since x and y are idempotents,
we have

completing the proof. O

Remark 1.8.30. This example was inspired by the recent talk [53], where the
speaker observed that for any regular epimorphism f: X — Y in the category
of inverse monoids, the pullback of f along E(Y) < Y is also a pushout. This
observation led us to wonder whether the category might be prenormal.

1.8.i Preordered groups

Let OrdGrp be the category whose objects are preordered groups, namely
groups G equipped with a preorder relation < satisfying za2’ < yy' for all z <
' and y < ¢ in GG, and whose arrows are monotone group homomorphisms.
This category is equivalent to the one having as objects the pairs (G, M),
where G is a group and M is a submonoid of G closed under conjugation, and
morphisms (G, M) — (H, N) given by a group homomorphisms f: G — H
such that f(M) C N. Many remarkable properties of this category have been
studied in [17]. In particular, it was proved that OrdGrp is normal (in the
sense of [39]), and therefore prenormal as well.

Alongside the usual class of zero objects, in a further study, [30], the
authors consider another class of trivial objects in OrdGrp, namely the class Z
of pairs of the form (G, 0), with G any group (these pairs correspond exactly
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to groups equipped with the discrete preorder). In what follows, we prove
that OrdGrp is Z-prenormal.

The subcategory Z is mono-coreflective, with the coreflection of a pair
(G, M) given by the inclusion idg: (G,0) — (G, M). Since pullbacks are
computed level-wise, we can characterise Z-normal monomorphisms up to
isomorphism as maps of the form idg: (G, M) — (G, N), where M and N
are submonoids of the group G closed under conjugation and with M C N.
We have that a Z-cokernel of such a Z-normal monomorphism is given by
q: (G,N) — (Q, P), where

e ¢: G — (@ is the quotient in Grp of G by the subgroup generated by M in
G;

o P issimply ¢(N), that is, the regular image of ¢|: N — @ in Mon.

Note that the subgroup generated by M in G is explicitly given by the
set of finite products x1x9---x, in G, with z; € M or :ci’l € M for all
i € {1,...,n}; this subgroup is automatically normal in G, since M is closed
under conjugation. The universal property of ((Q,P),q) can be proved
directly using, in particular, the left lifting property of regular epimorphisms
with respect to monomorphisms in Mon. We can then characterise Z-normal
epimorphisms as maps f: (G, M) — (H, N) such that

« f(G)=H and f(M) = N;

o the kernel of f: G — H is generated in G by the kernel of the monoid
morphism f|: M — N.

(Using the above description of Z-cokernels, one can prove that f is indeed the
Z-cokernel of idg: (G, L) — (G, M), with L being the kernel of the monoid
morphism f|: M — N.) Finally, one can show that this class of maps is
pullback-stable, using, in particular, the explicit description of the (normal)
subgroup generated by a subset provided above. We therefore have the
following result.

Proposition 1.8.31. The category of preordered groups is both normal and
Z-prenormal.

In the same paper [30] mentioned above, the authors consider two torsion
theories on OrdGrp having the same class of torsion-free objects but different
trivial objects (and hence different torsion objects):
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e The pointed torsion theory given by groups equipped with the discrete
preorder and groups equipped with a partial order;

e the Z-torsion theory given by groups equipped with an equivalence
relation and groups equipped with a partial order.






Chapter 2

Homotopy torsion theories

While the framework of kernels and cokernels relative to a distinguished
class of trivial objects (or trivial morphisms) provides a broad generalisation
of the pointed setting, it remains fundamentally discrete in nature. That
is, as in the classical pointed case, once a class of trivial objects is fixed,
every morphism is either trivial or not, with no room to distinguish different
ways in which a morphism might be trivial. This rigidity is reflected in
the fact that relative kernels and cokernels are always monomorphisms and
epimorphisms, respectively. As a consequence, this setting fails to encompass
certain meaningful generalisations of torsion theories, most notably those
in [45, 34|, where kernels and cokernels arise from the coreflectivity and
reflectivity of a subcategory of trivial objects, without necessarily being
monomorphisms or epimorphisms. The notion of torsion theory considered
in such works captures several interesting examples which do not fit in the
context of pretorsion theories, such as factorisation systems viewed as ‘torsion
theories’ in arrow categories. Note however that the approach in [45, 34] is
not more general than that of pretorsion theories either, as the latter does not
require the reflectivity or coreflectivity of the subcategory of trivial objects. In
fact, the two frameworks are generally incomparable, each capturing examples
beyond the scope of the other.

To overcome the limitations of the discrete setting and try to systematise
these different approaches, we introduce the notion of a homotopy torsion
theory ([47]). Homotopy torsion theories are situated within the very general
framework of categories with nullhomotopies, a notion due to Grandis ([33]),
which denotes categories in which each morphism is equipped with a set
of nullhomotopies and where such nullhomotopies interact coherently with

69
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morphisms via a suitable notion of whiskering. As abstract as this setting
is, it is expressive enough to support natural definitions of nullhomotopic
morphisms, homotopy kernels, and homotopy cokernels, the core components
needed to define a notion of torsion theory.

Within this framework, homotopy torsion theories serve a twofold purpose.
On one hand, they play a unifying and generalising role: they subsume many
existing (one-dimensional) notions of torsion theory found in the literature —
including those referenced above — by framing them within a single, cohesive
setting, while also making room for new examples not necessarily captured
by the existing theories. On the other hand, homotopy torsion theories also
point toward a genuinely two-dimensional notion of torsion theory. Indeed,
in a sense, categories with nullhomotopies sit somewhat between 1-categories
and 2-categories, with nullhomotopies behaving in many ways like 2-cells. In
particular, given a 2-category equipped with a (bi)zero object, 2-isomorphisms
with a null target can act as nullhomotopies, endowing such 2-categories with
a natural structure of category with nullhomotopies. We make use of this
observation to construct examples of homotopy torsion theories with an
explicitly two-dimensional flavour, which serve as a first step toward the more
fully developed two-dimensional theory of Chapter 3.

The chapter is organised as follows. In Section 2.1, we review the necessary
preliminaries on categories with nullhomotopies. Section 2.2 formally intro-
duces the notion of homotopy torsion theory and develops its basic properties.
In Sections 2.3 and 2.4, we compare this framework with other existing notions
of kernels, cokernels and torsion theories from the literature. Sections 2.5
and 2.6 are devoted to examples. In particular, Section 2.5 explores the
connection between homotopy torsion theories and factorisation systems (or-
thogonal, weakly orthogonal and proper), while Section 2.6 presents examples
situated within 2-categories, which we equip with the nullhomotopy struc-
ture discussed earlier; we focus in particular on the 2-dimensional features
exhibited by such examples.

2.1 Categories with nullhomotopies
In this section we review the theory of categories with nullhomotopies, origin-

ally introduced by Grandis in [33]. We adopt a definition which is slightly
stronger than the original one.
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Definition 2.1.1. Let € be any category. A nullhomotopy structure © on C
is given by the following data.

1) For every arrow f in C, a set O(f) called the set of nullhomotopies on
E

2) for any triple of composable arrows - LI AN N -, a function

qe—ep:O(f) = 0O(q-fp)
such that the following conditions are satisfied.
a) Forany f: X =Y and 6 € O(f),
idy e eidy = 0.
b) For any quintuple of composable maps

14 P f q q

and any 6 € O(f),
(¢ -q)ebe(p-p)=q e(qebep) ey

A category with nullhomotopies is given by a pair (€, ©), where € is a category
and O is a nullhomotopy structure on C.

Given a category with nullhomotopies (€, ©), we say that a morphism f
in € is ©-trivial (or nullhomotopic) if ©(f) is non-empty. We say instead that
an object in C is ©-trivial if its corresponding identity morphism is @-trivial.
Finally, given two objects X and Y in C, we say that X is @-orthogonal to
Y if for all arrows f: X — Y we have that O(f) is a singleton.

Notation 2.1.2. In this section, within a category with nullhomotopies (€, @),
we will use the following notation to graphically represent a nullhomotopy €
on a map f,

as if 6 was a 2-cell in a 2-category from f to a phantom 0-arrow (of course,
in general, we may not be in a 2-category and we may not have a 0-arrow).
Moreover, in light of Conditions a) and b) of Definition 2.1.1, given maps
f: X =Y and g: Y — Z, and nullhomotopies ¢ € O(f) and ¢ € O(g), we
write ge p for ge peidyx and v e f for idy e e f.
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Remark 2.1.3. Nullhomotopy structures on a given category € naturally
form a category Null(C). Given two nullhomotopy structures @ and © on C,
a morphism F': © — @’ of nullhomotopy structures on € is given by a class
of functions indexed by the arrows of €

F = {Fu @(U,) — QI(U)}uEar(€)>

such that, for any triple of arrows - — - — - = -, the following diagram
commutes.

O(v) i o' (v)

/
Ow-v-u) — O'(w-v-u)
This is a special case of the notion of morphism between categories with
nullhomotopies from [56].

The framework of categories with nullhomotopies supports natural notions
of kernel, cokernel, and exactness, which we now briefly review.

Definition 2.1.4. Let (C,©0) be a category with nullhomotopies, and let
f: X =Y be an arrow in C. A homotopy kernel of f with respect to ©
(or a @-kernel of f) is a triple (K, k,0), where k: K — X is a morphism in
C and 0 € O(f - k), with the property that for any other triple (H, h, ¢),
where h: H — X is a morphism in € and ¢ € O(f - h), there exists a unique
morphism h’': H — K such that k-h'=h and 0 e b/ = ¢.

Y
J }X
" e

We will sometimes just write K or k to denote the ©-kernel (K, &, 6).
The @-kernel (K, k,0) of a morphism f: X — Y is strong if it satisfies
the following additional property. For every morphism a: A — K and every
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nullhomotopy w € ©(k - h) such that f e w = 0 e a, there exists a unique
nullhomotopy o € ©(a) such that ke o = w.

Of course (strong) homotopy cokernels are defined dually.
A homotopy exact sequence in (C,0) (or a O-exact sequence) will be

given by a pair of composable morphisms X Ty 4 Zand nullhomotopies
0,& € O(g- f) such that (X, f,0) is the O-kernel of g and (Z,¢,€) is the
©-cokernel of f.

Remark 2.1.5. The homotopy kernel of an arrow is determined by its
universal property uniquely up to a unique isomorphism. Moreover, if an
arrow has two (necessarily isomorphic) homotopy kernels and one of them is
strong, the other one is also strong.

Remark 2.1.6. While the maps underlying homotopy kernels are not neces-
sarily monomorphisms, they still satisfy a cancellation property. Let (X, f,0)
be the homotopy kernel of morphism ¢ in a category with nullhomotopies
(€,0). Let u,v be two morphisms with codomain X.

Iff-u=f-vand 0 eu=0ev, then u=wv. This follows directly from the
universal property of the homotopy kernel. In fact, the map h :==u=-ff - v
is such that there exists a nullhomotopy { .= 0eu=0ev € O(g-h). Hence
there exists a unique map w such that f-w = h and 6 e w = £. Since both u
and v satisfy these conditions, it follows that w = u = v.

For first examples of nullhomotopy structures, see Sections 2.3 and 2.4,
where we present standard methods for constructing such structures from
ideals of morphisms and from pre(co)radicals.

We conclude this section with a result concerning the existence of homotopy
kernels.
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Proposition 2.1.7. Let (C,0) be a category with nullhomotopy. Suppose
that € admits pullbacks and all @-kernels of identity morphisms. Then C has
all ©-kernels.

In particular, for any morphism f: X — Y in C, if (Ny,ny,vy) is the
O-kernel of idy, then the ©-kernel of f is given by (K, k, vy e h), where K, k
and h are given by the following pullback square.

K —" s Ny

X f) Y

Proof. Consider a map a with target X and a nullhomotopy a € O(f - a) =
O(idy - f - a). Since (Ny,ny,vy) is the @-kernel of idy, there exists a map b
with target Ny such that ny -b= f-a and vy eb = q.

, Ny

By the universal property of the pullback, we obtain a unique map wu of target
K such that k-u = a and h-u = b. In particular, (vy e h)eu =vy e (h-u) =
vy b= q.

X —Y

For any other map «’ such that k-« = a and (vy e h) @ v/ = «a, one has
h-u' = b by the cancellation property of the ©-kernel of idy. By the universal
property of the pullback above, it follows that u' = wu. n
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2.2 Homotopy torsion theories: definition and
first properties

Having established the background on categories with nullhomotopies, we are
now ready to introduce the central concept of this chapter: homotopy torsion
theories. We now give the precise definition and explore its basic properties.
Much of the content of this section is drawn from our paper [47], to which we
refer the reader for further details and results.

Definition 2.2.1. Let (€, ©) be a category with nullhomotopies. A homotopy
torsion theory on (€, ©) (or a @-torsion theory on €) is given by a pair (T, )
of full and replete subcategories of € such that

1. every object in T is @-orthogonal to every object in JF;

2. for every object X in € there exists a ©-exact (T, F)-presentation of X,
that is a ©@-exact sequence

Ty X Fy,

tx fx
with Tx in T and Fx in F.
The objects in T will be called torsion objects, those in F torsion-free objects

Remark 2.2.2. In Condition 1 of Definition 2.2.1 we require that for any
morphism f from a torsion object to a torsion-free object the set of nullho-
motopies on f is a singleton. This requirement, while seemingly technical,
plays a crucial role in establishing the basic properties of homotopy torsion
theories developed in this section, most notably, the uniqueness of homotopy
exact presentations (Proposition 2.2.4). Although its formulation may appear
opaque, it gains a more intuitive interpretation within the two-dimensional
framework discussed Chapter 3, (see Remark 3.2.2). It is also worth noting
that this condition can, in principle, be lifted; we give the following, more
general definition, which, however, does not support a particularly robust
accompanying theory.

Definition 2.2.3. Let (€, ) be a category with nullhomotopies. A weak
homotopy torsion theory on (C€,0) (or a weak O-torsion theory on C) is
defined in the same way as ©-torsion theory, but replacing Condition 1 in
Definition 2.2.1 with the following weaker requirement.
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1. Every morphism from a torsion object to a torsion-free object is ©-
trivial.

In the correspondence between homotopy torsion theories on arrow cat-
egories and factorisation systems described in Section 2.5, weak homotopy
torsion theories will correspond to weakly orthogonal factorisation systems.

We conclude the section by revisiting a list of classical properties of torsion
theories, reformulated for homotopy torsion theories.

Proposition 2.2.4. Let (T,F) be a homotopy torsion theory on a category
with nullhomotopies (€, @). The O-exact (T, F)-presentation of an object is
essentially unique. That is, if

T
x

x-1 F Tt

T !
are two O-exact (T,F)-presentation of the same object X, then there ex-
ist unique isomorphisms u: T'— T’ and v: F' — F’ such that the following
diagram commutes

t’ f/

Proof. This can be proved as in the pointed case, because all the condi-
tion concerning nullhomotopies become trivial due to Condition 2 in Defini-
tion 2.2.1. 0

Proposition 2.2.5. Let (7,F) be a homotopy torsion theory on a category
with nullhomotopies (€, @). Then T is coreflective in € and F is reflective in
C.

Moreover suppose that 7" is the right adjoint to the inclusion T < C, with
counit ¢, and that F' is the left adjoint to the inclusion F — €, with unit f.
Then, for every object X in C, the following is a @-exact (T, F)-presentation
of X.

TX M x X L px
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Proof. For any object X € €, just choose a ©-exact (T, F)-presentation as
above. This defines the functors T and F' on objects and the components
of the natural transformations ¢t and f. To extend T and F' to arrows, use
the universal properties of the ©@-kernel and of the ©-cokernel involved in
the @-exact (T, F)-presentations. Functoriality and naturality come from
uniqueness. As far as the universal properties of the unit and of the counit are
concerned, let us check the one of the unit. Consider an arrow h: X — Y with
Y € F. Since T'(X) is ©-orthogonal to Y there exists a unique A € O(h - tx).
The universal property of the @-cokernel gives a unique arrow A': FI(X) =Y
such that h' - fx = h and I/ e Ox = A\, where 0x denotes the only element of
O(fx - tx). If another arrow h”: F(X) — Y is such that h” - fx = h, then
h" efx = A, since ©(h-tx) is a singleton. By the universal property of the
©-cokernel, we conclude that A" = h'. ]

Proposition 2.2.6. Let (7,3) be a homotopy torsion theory on a category
with nullhomotopies (€, ©). For any object X, consider a a ©-exact (T, F)-
presentation of X.

TX. X FX;

tx fx

1. The following are equivalent.

(i) X € T;

(ii) tx is an isomorphism;

(ili) fx is O-trivial;

(iv) X is ©-orthogonal to all Y € .

2. The following are equivalent.

i) Xed;
(ii") fx is an isomorphism;
)

9

(iii") tx is O-trivial;

(iv’) Y is @-orthogonal to X, for all Y € 7.

Proof. We do the work for the characterisation of torsion objects. The proof
is dual for torsion-free objects.
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The implication (i) = (iv) is by definition of homotopy torsion theory, and
(iv) = (iii) is by definition of ©-orthogonality. To prove that (iii) = (ii),
observe that fx -idx is ©-trivial and hence, by the universal property of the
©-kernel, there exists a map s: X — T'x such that tx - s = idx.

X FX7

tx Ix
8 X
Next, we note that that:
- tx - (s-tx) =tx =tx -idr, (by definition of s);

- QXO(S'tx) :QX :gX.idTX (because fX'tX'S'tX = fX'tX and
O(fx - tx) is a singleton).

By Remark 2.1.6, we deduce that s-tx = idp, i.e. tx is an isomorphism.
Finally, the implication (ii) = (i) follows from the repleteness of T. O

Corollary 2.2.7. Let (T,5) be a homotopy torsion theory on a category
with nullhomotopies (€, ).

1. The subcategories T and J are closed under retracts.

2. The subcategories T and J are closed under ©@-extensions, meaning that
for any ©-exact sequence

(2.2.8) A—* 5 x LB

with A and B in T (respectively, in F), X also lies in T (respectively,
in J).

Proof. We prove the closure under retracts and @-extensions of F. The proof
is dual for T. We fix an object X and a coreflection tx: Tx — X of X in
J. By Proposition 2.2.6, to prove that X € JF it suffices to prove that tx is
O-trivial.
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For Item 1, consider s: X - Y and r: Y - X with Y € Fand r-s =
idy. There exists A € O(s-tx), which yields the nullhomotopy r e A €
O(r-s-tx) = O(tx), proving that tx is O-trivial.

To prove Item 2, consider the ©@-exact sequence 2.2.8 with A, B € F. The
composite b - tx is O-trivial. Hence, there exists a map u: T'x — A such that
a-u=tx. AsTxy € T and A € F, the map u is O-trivial, and so is the
composite a - u = tx. O]

2.3 Discrete nullhomotopies

In this section we compare nullhomotopy structure with ideals of trivial
morphisms (see Chapter 1). We show that nullhomotopy structures are
a wide generalisation of ideals of morphisms, with these corresponding to
discrete nullhomotopies.

Definition 2.3.1. A nullhomotopy structure @ on a category C is discrete if
for all morphisms f in €, the set ©(f) is either empty or a singleton.

Given an ideal .# on a category C, one can define the discrete nullhomotopy
structure @, on € given, for any morphism f in €, by

o ={7, 4iE

{x} if fes
(here @ denotes the empty set and {x} denotes a fixed singleton). Vice
versa, given a nullhomotopy structure @ on a category, one easily verifies that
the class Og of @-trivial morphisms is an ideal. Note that the assignment
O — Op, gives a reflection of Null(€) into its full subcategory spanned by
discrete nullhomotopy structures. We immediately obtain the following
proposition.

Proposition 2.3.2. The correspondence described above yields an isomorph-
ism between the reflective subcategory of Null(€) spanned by discrete null-
homotopy structures and the poset of ideals of morphisms on €, ordered by
inclusion.

Moreover, let @ be a discrete nullhomotopy structure and .# the ideal of
morphisms corresponding to it via the above isomorphism. For composable

morphisms K BLINEIR -, suppose f - k lies in .#, or equivalently, that there
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exists 0 € O(f - k). Then (K, k) is the .#-kernel of f if and only if (K, k,0)
is the ©-kernel of f. (A dual property of course holds for .#-cokernels and
©-cokernels.)

Remark 2.3.3. The above fact about (co)kernels is no longer true if we start
with a structure of nullhomotopies @ on € which is not discrete: if we assume
that the @-kernel and the Og-kernel of an arrow exist, then the Og-kernel is
a retract of the ©-kernel, but in general they do not coincide.

As an immediate corollary of Proposition 2.3.2 we have that torsion theories
defined using kernels and cokernels relative to an ideal of null morphisms or
a class of trivial objects (and hence, in particular, pretorsion theories) appear
as particular cases of homotopy torsion theories.

Corollary 2.3.4. Let (C,0) be a category with nullhomotopies. If © is
discrete, then (T, F) is a ©-torsion theory (in the sense of Definition 2.2.1) if
and only if it is a Og-torsion theory (in the sense of Definition 1.3.1)

2.4 Prepointed categories

The aim of this section is to draw a comparison between prepointed categories,
as defined in [34], and categories with nullhomotopies, showing that the former
can be seen as special instances of the latter.

We begin by recalling that if Z is a mono-coreflective subcategory of a cat-
egory C, then Z-kernels — defined via the universal property in Definition 1.1.1
— can also be obtained as pullbacks along the counit of the coreflection (see
Proposition 1.1.7). Dually, if Z is an epi-reflective subcategory, Z-cokernels
arise as pushouts along the unit of the reflection. It is natural to generalise
this construction by dropping the mono and epi conditions and considering
a subcategory that is both reflective and coreflective, defining kernels and
cokernels not by a universal property but directly as pullbacks along the counit
of the coreflection and pushouts along the unit of the reflection, respectively.
This approach, in particular in relation to torsion theories, is adopted in the
unpublished talk [45], and, more recently and independently, in [34], where
the term ‘prepointed’ is introduced. We now show that this approach can be
naturally framed within the setting of categories with nullhomotopies.
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Proposition 2.4.1. Let C be a category and let Z be a reflective and
coreflective subcategory (i.e., € is a prepointed category). Denote by R the
reflector, with unit 7, and by S the coreflector, with counit .

There exists a nullhomotopy structure ©7 on € defined as follows. For
any morphism f: X — Y in C, set

O1(f) = {h: RX = SY | ey -h-nx = f}.

For any composable morphisms AN AN I -, and any nullhomotopy

h € ©!(f), define the composition
qgehep=Sq-h-Rp.
This nullhomotopy structure satisfies the following properties.
1. A morphism in € is Z-trivial if and only if it is ©7-trivial.

2. Z is precisely the class of ©7-trivial objects, and all objects in Z are
©Z-orthogonal on both sides to any object of €.

3. Given composable morphisms A B4 CinCanda nullhomotopy
h € ©1(g- f), the triple (A, f, h) is a ©-kernel of ¢ if and only if the

square on the left below is a pullback in C.

Dually, (C, g, h) is a ©!-cokernel of g if and only if the square on the
right is a pushout in C.

A o A" L RA
ec

; (L | e

Such homotopy kernels and homotopy cokernels are always strong.

Proof. Ttems 1 and 2 are clear from the reflectiveness and coreflectiveness of
the subcategory Z.

We now prove the properties of homotopy kernels stated in Item 3; the
analogous properties for homotopy cokernels follow by duality. To make the
notation less cumbersome, we work with the nullhomotopy structure 6. of
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Remark 2.4.2 below, as it is isomorphic to ©7. By Proposition 2.1.7, to obtain
the description of the homotopy kernels in Item 3, it suffices to show that
(SA,e4,idsa) is a O_-kernel of id4 for all objects A in €. But this follows
immediately from the definition of ©..

To prove that such homotopy kernels are strong, consider the following
diagram.

3 SB Sg

Here, € € O.(f - ), (A, f,0) is a O_-kernel of g and g @ { = 6 e x. We seek a
unique £ € O_(z) such that f e & = ¢. The condition g @ £ = 0 e x explicitly
means that Sg-& = 60 -x. Since (A, f,0) is a ©_-kernel of g, the following
diagram on the left below is a pullback. Since S is a right adjoint, it preserves
pullback, so we obtain a map £: X — SA making the diagram on the right
below commutative.

Sg-£=0-x

A—2 sc — ., 5C
B —F— C SB ——— SC
Sg

The universal properties of the two pullbacks above ensure that £ is the
desired nullhomotopy and that it is unique. O

Remark 2.4.2. The nullhomotopy structure in Proposition 2.4.1 can be
generalised as follows. For any preradical on a category €, meaning any
natural transformation a: F' = ide, we can define a nullhomotopy structure
O, by setting, for any morphism f: X — Y,

O,(f)={h: X = SY |ay- -h=f}
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and, for any triple of composable morphisms - — - EEARIN .

gehep=Sq-h-p.

A dual structure ©° can be defined for any precoradical 3: ide = G.

In the presence of a reflective and coreflective subcategory as in Proposi-
tion 2.4.1, it easy to verify that the three nullhomotopy structures 67, 6"
and 6. are isomorphic. For example, the isomorphism between ©7 and O, is
given, for any morphism f: X — Y in €, by the following function.

ONf) —— O(f)

£

h—— h-¢ex

Note that some of the results in Proposition 2.4.1 can be partially extended
to the nullhomotopy structures based on pre(co)radicals. We refer the reader
to [47] for more details.

We end the section with a characterisation of those nullhomotopy struc-
tures that arise from a prepointed structure of the underlying category.

Lemma 2.4.3. Let (€, ©) be a category with nullhomotopies. Assume that
for every object X € C, the identity morphism idx admits a strong ©-kernel
(Nx,nx,vx). The assignment X — (ny: Nx — X) induces a preradical
n: N = ide: € — € such that the induced nullhomotopy structure 6, is
isomorphic to 6.

Proof. The functoriality of X — Nx and the naturality of X — ny follows
from the universal property of the ©@-kernel.
To construct the isomorphism @ = 6, recall that for any morphism

f: X—=Y in C, O,(f) is the set {h: X = Ny | nx - h = f}. Then the
isomorphism is given by the following functions,

O(f) ———— 6,(/)

vy ¢ h «—— h

0 0

where §: X — Ny is the only map such that ny -0 = f and vy 6 = 6, whose
existence is guaranteed by the universal property of the homotopy kernel. [
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Proposition 2.4.4. Let (C,0) be a category with nullhomotopies, and let
Z be the full subcategory of ©-trivial objects. Assume that the following
conditions hold.

1. For every object X € €, the identity morphism idx admits a strong
O-kernel (Nx,ny,vx) and a strong @-cokernel (Qx, qx, Xx)-

2. Every object Z is @-orthogonal on both sides to any object in C.

Then the subcategory Z is reflective and coreflective in € and @ and the
induced nullhomotopy structure is isomorphic to 6.

Proof. By Lemma 2.4.3, we have a preradical n: N = ide: € — C, given
by the object and arrow parts of the @-kernels of the identity morphisms,
and © = 6,,. The fact that Nx € Z for all X follows from the fact that
these ©-kernels are strong: for all X, as vx € O(nx -idy, ), there exists
Ax € O(idy, ) such that nx e \x = vx.

We now verify that for all X € €, nx: Nx — X is a Z-coreflection of
X. For any object Z € Z, any map u: Z — X is obviously O-trivial, and
hence it factors through Nx. If v/, u”: Z — Nx X are two maps such that
ny - u =nx -u’ = u, by O-orthogonality of Z and X, there exists a unique
nullhomotopy on u, and hence, we also have vy e v/ = vy e u”. By the
cancellation property of ©-kernels (Remark 2.1.6) we deduce that v = u/, and
hence Z is coreflective in C.

A dual argument can be conducted with the ©-cokernels of the identity
morphisms, showing that they induce a precoradical ¢: ide = @: € — € such
that @ = ©4, and a reflection of € into Z.

As observed in Remark 2.4.2, since Z is reflective and coreflective, it
follows that 6, = 67 = 01 and hence O = 64. O

Corollary 2.4.5. Let (C, ©) be a category with nullhomotopies. The structure
© is induced by a full reflective and coreflective subcategory of C if and only
if ©-trivial objects are @-orthogonal, on both sides, to any object of € and,
moreover, any identity arrow in € has a strong ©-kernel and a strong ©-
cokernel. When this is the case, the full subcategory is necessarily the one
spanned by ©@-trivial objects.
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2.5 Homotopy torsion theories and factorisa-
tion systems

As mentioned in the introduction to this work, there is a striking analogy
between orthogonal factorisation systems and torsion theories. Given an
orthogonal factorisation system in a category, for each arrow one gets a pair
of composable arrows, and the two arrows lie in two assigned classes whose
intersection is reduced to the class of isomorphisms. Given a torsion theory
in a pointed category, for each object one has a pair of objects connected by
a short exact sequence, and the two objects lie in two assigned subcategories
whose intersection is reduced to the zero object.

Since the category Arr(A) of arrows of a category A is the standard way
to turn arrows into objects, one expects that a precise relation between
orthogonal factorisation systems in A and torsion theories in Arr(A) exists.
A first approach to describing such a relation is developed in [45, 34]. In
particular, in [34], a correspondence is established between factorisation
systems on a category A and certain torsion theories on the arrow category
Arr(A). However, as noted in Section 2.4, the kernels and cokernels used to
this aim in [34] are not defined via universal properties, but rather through
an ad hoc construction relying on the reflectivity and coreflectivity of the
subcategory of trivial objects. In light of the results of Section 2.4 — where
such (co)kernels are reframed as particular cases of homotopy (co)kernels
— we revisit the result from [34], showing that factorisation systems on a
category A correspond to homotopy torsion theories on Arr(A) with respect
to the nullhomotopy structure induced by the canonical string of adjunctions
between A and Arr(A).

We recall that the arrow category Arr(A) on a category A has the arrows
of A as objects, and, given arrows x: X — Xy and y: Y — Y}, the morphisms
in Arr(A) from z to y are given by pairs (f, fo) of arrows in A giving rise to
a commutative square

(2.5.1) x‘ ‘y
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The canonical string of adjunctions mentioned above is given by the functors
CHIAD: Arr(A) — A,
defined by
I(X) =idy, C(f) = cod f, D(f) = dom f,

for all X € A and all f € Arr(A) (via I we identify A, up to equivalence,
with full subcategory of Arr(A) spanned by isomorphisms). The unit v of the
adjunction C' 4 I and the counit § of the adjunction I 4 D are given, for any
arrow x: X — Xg, by

Ve = (x,1dx,): x — idx,, 0 = (idx,x): idx — x.

The induced nullhomotopy structure @) is explicitly given, for any morphism
(f, fo) asin 2.5.1, by

O3(f, fo) ={(d,d): idx, —idy | d-z = fand y-d = fo}.

It is clear that giving a nullhomotopy on (f, fo) amounts to giving a diagonal
map d: Xy — Y cutting the square 2.5.1 into two commutative triangles. We
shall then be using the isomorphic nullhomotopy structure Hy = @], defined
by

Ha(f, fo) ={d: X = Xo|d-x=fandy-d= fo},

with obvious compositions.
Before stating the main result of this section, we recall the definition of a
factorisation system.

Definition 2.5.2. A factorisation system on A is given by a pair (&, .#) of
classes of arrows of A satisfying the following conditions.

1. & and A are closed under composition with isomorphisms.

2. Every arrow in & is orthogonal to every arrow in .#, that is, for every
solid commutative diagram in A, with e € & and m € .4,

there exists a unique arrow d such that d-e=wuand m-d = v.
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3. Every arrow f in A can be factored as an arrow in & followed by an
arrow in &.

Such structures are also called orthogonal factorisation systems.
We have the following result.

Proposition 2.5.3. A pair (&, .#) of classes of arrows on a category A is a
factorisation system on A if and only if it is a Hy-torsion theory on Arr(A).

Proof. We now compare, one by one, the conditions defining factorisation
systems with those defining H 4-torsion theories.

Of course & is replete in Arr(A) if and only if & is closed under composition
with isomorphisms in A, and the same holds from .#. By the above description
of Hy, it is clear that H4-orthogonality is equivalent to orthogonality in the
sense of Definition 2.5.2, Item 2.

Next, if (&, .#) is a factorisation system, then, for any arrow z: X — Xj,
we have an (&, . )-factorisation in A.

X x

ecs&

This yields a sequence in Arr(A):

X
|
|
Xy =

Y ————

(idx,m) (e,idxo)
T m

It is immediate to check that the left-hand square (idx, m): e — x is a pullback
in Arr(A) of the right-hand square (e,idx,):  — m along ,,, since pullbacks
in Arr(A) can be computed level-wise in A, whenever the corresponding
pullbacks exist in A. Therefore, the left-hand square is a H4-kernel of the
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right-hand square. By a dual argument, one concludes that the above sequence
is Hy-exact, and hence an Hg-exact (&, .4 )-presentation of x.
Vice versa, given a H 4-sequence

E f X g M
l ‘ l
!

By ————— Xo ———— My
(f-fo) (9,90)

(& X m

in Arr(A), with e € & and m € ., one can verify that gq is an isomorphism.
This follows from the general property that, if ¢ is the underlying map of a
©-cokernel, where @ is the nullhomotopy structure arising from a reflective
and coreflective subcategory Z, then the reflection of ¢ in Z is an isomorphism
(see [47] for more details). Therefore, up to isomorphism, the above sequence
can be rewritten as

E ! X g M
‘ ‘ ‘ /
|
(f.f0) (gridx) )
T m

(with m’ = go' - m € .#). As this sequence is Hy-exact, the left-hand
morphism (f, fo) must be obtained as a pullback in Arr(A) of §,, along
(g,idx,). One such pullback can be computed component-wise as follows.

g ————
(idx,m ‘ h =(idps,m’)
x m’

We deduce that ¢ is also a H4-kernel of (g,idx,), and hence e = ¢ in Arr(A).
We conclude that = m’ - g is a (&, .# )-factorisation of z. ]

(9, ldM)

o
(9:ddxy)
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Using weak H,-torsion theories rather than just Hj-torsion theories,
we recover weakly orthogonal factorisation systems. A weakly orthogonal
factorisation system is defined in the same way as an orthogonal factorisation
system, but dropping the uniqueness condition in Definition 2.5.2, Item 2.
The following result is proved in the same way as Proposition 2.5.3.

Proposition 2.5.4. A pair (&,.#) of classes of arrows on a category A is a

weakly orthogonal factorisation system if and only if it is a weak H4-torsion
theory on Arr(A).

Other types of factorisation systems can also be recovered as homotopy
torsion theories. We will not go into details here and refer the reader to [47]
for a full treatment; instead, we simply record the following remark.

Remark 2.5.5. For any category A, let Z be the full subcategory of Arr(A)
spanned by isomorphisms. Of course Z is equivalent to A, and coincides with
the full subcategory of Hjy-trivial objects of Arr(A). Z-torsion theories (in
the sense of Definition 1.3.1) on Arr(A) correspond precisely to quasi-proper
factorisation systems on A. A factorisation system (&,.#) on A is called
quasi-proper if, for all e: E — Ey in &, the morphism v, = (e,idg,): e — idg,
is an epimorphism in Arr(A), and for every m: M — My, the morphism §,, =
(idas, m): idpys — m is a monomorphism in Arr(A). Every proper factorisation
system is quasi-proper, and a quasi-proper factorisation systems is proper
whenever the ambient category has initial and terminal objects.

We conclude the section with a closely related example, which was the
central one in [45].

Example 2.5.6. Let XMod be the category of crossed modules (see [59]).
We denote an object in XMod by (G, H, 9, *), where 0: G — H is the group
morphism, and *x: H X G — G is the action of H on G. We have a canonical

string of adjunctions
C +H1-4D:XMod— Grp

which is essentially the same as the one for arrow categories:
- C(G,H,0,%) = H,
- D(G,H,0,%) =G,

- I(G) = (G, G,idg, conj), where conj denotes the conjugation action of
G on itself.
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Given a crossed module (G, H, 0, %), we can consider the regular factorisation
of 0 in Grp

G 9 H

Im(0)

It is well-known that mg: Im(9) — H is a normal subgroup, so that we
obtain a crossed module (Im(9), H, my,conj) with H acting on Im(9) by
conjugation. Moreover, eg: G — Im(0) is a central extension, that is, a
surjective morphism with central kernel. We obtain another crossed module
(G,Im(9), ey, *), with Im(9) acting on G with action h * g = zgz~!, where x
is any element of G such that ey(z) = h.

We obtain a homotopy torsion theory on XMod:

- torsion objects are given by central extensions, i.e., surjective crossed
modules;

- torsion-free objects are given by normal subgroups, i.e., injective crossed
modules.

2.6 Two-dimensional homotopy torsion theor-
ies

In this section, we show that homotopy torsion theories make it possible, to
a degree, to incorporate the two-dimensional information of a 2-category into
a torsion theory. We do so by presenting some initial examples of homotopy
torsion theories defined on 2-categories, which exhibit distinct two-dimensional
features. Examples of torsion theories situated in 2-categories already exist
in the literature, such as the interesting case of the pretorsion theory on
the 2-category Cat of small categories found in [6]. However, because that
construction relies on the framework of pretorsion theories, Cat is essentially
treated as an ordinary 1-category. Here, by contrast, our aim is to incorporate
more of the genuine two-dimensional structure of 2-categories.

In particular, we shall present three cases of classical (pointed, one-
dimensional) torsion theories which admit natural two-dimensional extensions
within the framework of homotopy torsion theories. These examples are all
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situated either in the 2-category of symmetric 2-groups or in that of symmetric
monoidal categories (see for instance [43, 4, 55]). We begin by fixing some
notation concerning such structures.

- As is customary, for a monoidal category
M = (M, ®wm, Iv, am, b, ™m),

the symbol M shall denote both the underlying category and the full
monoidal structure. In particular, here, ®y is the tensor functor, I is the
tensor unit, ayg, ¢y, v are the associator, the left and the right unitors,
respectively. We will also often drop the subscript ‘M’ in these maps and
possibly omit them altogether when no confusion can arise. When M is
symmetric, we will denote the symmetric braiding by by (or simply b).

- We recall that a (symmetric) 2-group is a (symmetric) monoidal category
M such that every morphism in M is invertible and, for every object
X € M there exists a weak inverse of X, i.e. an object Y € M such that
XY =YX =]

- For a (symmetric) monoidal functor F': M — N, we denote by er and
mp the maps encoding coherence with the unit and the tensor product,
respectively. We always assume these maps to be isomorphisms.

- We denote by SMC and S2G the 2-categories of (small) symmetric monoidal
categories and (small) symmetric categorical groups, respectively; in both
cases we take symmetric monoidal functors as 1-cells and monoidal natural
transformations as 2-cells. As with any strict 2-category, we will sometimes
implicitly regard SMC and S2G as ordinary 1-categories, with no risk of
confusion.

We will now endow SMC and S2G with a nullhomotopy structure. Between
any two symmetric monoidal categories M and N, there always exists the
constant functor OM: M — N at Iyy. This functor is not a true zero morphism
in either SMC or S2G (as neither is pointed as a 1-category). It does, however,
factor through a bizero object (see Section 3.1), and it will serve as a ‘reference
trivial morphism’ to measure the triviality of any other functor. Therefore,
for any symmetric monoidal functor F': Ml — N (possibly between symmetric
2-groups), we set

O(F) = { w: O = F ‘ ¢ is a monoidal natural isomorphism }
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Given symmetric monoidal functors

M — M- N9, N

and given ¢ € O(F'), we define the composition ) e p® P € O(QF P), having
components

(QepeP)x =Qprx) - eq

for all X in M (in other words, ) ® ¢ @ P is the natural transformation
obtained by vertically composing the horizontal composition idg o ¢ oidp with
the constant natural transformation eg). Clearly this defines a nullhomotopy
structure @ for both SMC and S2G. For the remainder of this section, © will
denote this specific nullhomotopy structure. Note that the same nullhomotopy
structure @ could be defined in any bicategory with a bizero object (see
Remark 3.1.11).

A symmetric monoidal category M is homotopy trivial with respect to this
nullhomotopy structure if and only if, for every pair of object X,Y € M, there
exists exactly one morphism in M from X to Y. The same characterisation
holds for ©-trivial symmetric 2-groups.

Before proceeding to the explicit constructions of the examples, we briefly
recall two relevant works that will be referenced throughout the remainder of
the section.

- Two out of the three examples presented below (2.6.a and 2.6.c) are
extensively described in [48]. We will therefore refer the reader to that
work for the more technical details.

- In [55], Vitale provides a construction of a notion of (co)kernel in the
category of (symmetric) 2-groups, which functions both as a ©-(co)kernel
and as a bi(co)kernel (see Section 3.1). As we will make frequent use of
this construction, we record in the following remark its essential features.

Remark 2.6.1. Let F': G — H be a (symmetric) monoidal functor between
(symmetric) 2-groups. A ©@-kernel and bikernel of F' is given by the triple
(K, K, 0) described as follows.

- An object in K is a pair (X,z: Iy — FX) with X € G and z € H.
An arrow f: (X,z) — (Y,y) in K is an arrow f: X — Y in G such that

F(f)-z=y.



2.6. TWO-DIMENSIONAL HOMOTOPY TORSION THEORIES 93

- The tensor product in K is defined by
(X, )@ (YV,y)=(X@Y,r - (z@y)) = (XY - (z0y)).
- The functor K: K — G is defined by K(X,z) = X and K(f) = f for all
f:(X,z) — (Y,y) in K.
- The component at (X, x) of the natural transformation 6 is z: Iy — FX.

We report the construction of the cokernel from [55] only in the special case of
a full inclusion of symmetric 2-groups A — B. The ©-cokernel and bicokernel
of A — B is given by the triple (Q, @, x) described as follows.

- The objects of Q are the same as those of B.

- The tensor product on objects and the unit object in QQ are the same as
those of B.

- A morphism in Q from an object X to an object Y is an equivalence class
[A, f], where A is an object in A, and f: X — Y ® A is a morphism in
B. We consider two such equivalence classes [A, f],[A, f']: X = Y equal
when there exists a map u: A — A’ in A such that g = (Y ® u) - f (in B).

Y®A
/

X >Y®u
x

- The functor Q: B — Q is defined, for all f: X - Y in B, by Q(X) = X
and Q(f)=[[,X =Y =Y ®pl].

Y A

- The component at A € A of the natural transformation x is given by
[A,A%I@BA]_IZ [@—)A

Remark 2.6.2. The examples below happen to exhibit certain 2-dimensional
aspects, already noted in [48] before a fully 2-dimensional approach was
available. In particular, the ©-kernels and @-cokernels in the @-exact present-
ations considered in these examples can be shown to be special instances of
bikernels and bicokernels, respectively, and the adjunctions arising from these
O-torsion theories can in fact be extended to 2-adjunctions. These aspects
will be further explored in Chapter 3.
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2.6.a Torsion and torsion-free 2-groups

Here we present a generalisation of the paradigmatic torsion theory on abelian
groups given by torsion and torsion-free abelian groups.

We recall from [48] that an object X in a symmetric 2-group is a torsion
object if there exists a positive integer n such that X®" is isomorphic to the
monoidal unit (here, the tensor power X®" is defined inductively by X®! = X
and X®"*+) = X ® X®"). We say that a symmetric 2-group A is a torsion
2-group if every object in A is torsion. In contrast, we say that a symmetric
2-group A is torsion-free if for every torsion object X in A there exists a
unique map in A from X to the monoidal unit of A.

We claim that torsion and torsion-free 2-groups form a ©-torsion theory
on S2G. Clearly, the notions of torsion and torsion-free categorical groups
are both stable under isomorphism.

Since any object which is isomorphic to the monoidal unit in a symmetric
2-group is necessarily a torsion object, it follows that in a torsion-free 2-
group, there is at most one morphism from the monoidal unit to any object.
Consequently, ©(U) is either empty or a singleton for any symmetric monoidal
functor U with arbitrary domain and a torsion-free symmetric 2-group as
codomain. Moreover, if U: T — [F has torsion source and torsion-free target,
then, for all X € T, there exists a unique morphism ¢x: Ir — UX in F. Such
isomorphisms give rise to a unique nullhomotopy ¢: Of = U in 6(U).

Given any symmetric 2-group A, let T'(A) be the full 2-subgroup of A
consisting of its torsion objects. Clearly T'(A) is a torsion 2-group. Apply
then the ©-cokernel construction from [55] reviewed above to the inclusion
T(A) — A, and denote the resulting ©-cokernel by fa: A — F(A).

(2.6.3) T(A) A FA).

To check that F'(A) is torsion-free, consider a torsion object X in F'(A). There
exists a positive integer n and a morphism [A, f]: X®" — [ in F(A), for some
map f in A and some object A in T'(A). By the description of the arrows
in the ©-cokernel F(A), it follows that X®" = I ® A = A in A. Since A
is torsion in A, there exists a positive integer m such that A®™ = [ in A.
Consequently, X®(mn) o (X®m)®&m &~ A®m = [ and so X is torsion in A. We
can then consider the isomorphism [X,/x']: X — I in F(A). Given two
isomorphisms [A, f],[B,g]: X — I in F(A), we have g = (I ® ¢) - f, with
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Y =1{0p-g-f1-€y", and therefore [A, f] = [B, g].

f
X/ o
Q\I®B

B

lp

Let us now verify that the sequence 2.6.3 is ©@-exact. By construction,
fa: A — F(A) is the ©-cokernel of T(A) < A. To check that T'(A) — A is
the ©-kernel of f,, we verify the universal property. Consider a symmetric
2-group B and a symmetric monoidal functor U: B — A such that f, - U
is @-trivial. We only need to check that for all X in B we have that F'X
is torsion in A, that is, that F' actually takes values in the full 2-subgroup
T(A) (in fact, we have already remarked that there can be at most one
nullhomotopy on any functor with torsion-free target, making the condition
on nullhomotopies irrelevant). If fu - U is ©-trivial, then for all X in B, we
have that FX = I in F(A). We have seen that torsion objects in F'A) are
torsion in A. It follows that F'.X is torsion in G, completing the proof.

2.6.b Divisible and reduced 2-groups

We recall that an abelian group A is said to be divisible if, for any positive
integer n and for any x € A, there exists a y € A such that © = ny (in additive
notation). In contrast, an abelian group is reduced if it has no non-trivial
divisible subgroups.

By analogy define divisible 2-groups to be symmetric 2-groups such that
for all positive integers n and for all objects X, there exists an object Y
satisfying X =2 Y®" (once more, Y®" denotes the nth tensor power of Y, as
in 2.6.a). A reduced 2-group is instead a symmetric 2-group such that all
its full divisible 2-subgroups are ©-trivial. From now on, throughout this
example, we will refer to a full symmetric 2-subgroup simply as a 2-subgroup.

Divisible and reduced groups are known to form a torsion theory on the
category of abelian groups. We claim that divisible and reduced 2-groups
form a homotopy torsion theory on the category S2G of symmetric 2-groups.
First, divisible and reduced 2-groups obviously form replete subcategories of
S2G. Second, given a symmetric monoidal functor F': A — B, with A divisible
and B reduced, we may consider the 2-subgroup C of B, consisting of all
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those objects in B that are isomorphic to the images under F' of objects in A.
As A is divisible, it immediately follows that C is a divisible 2-subgroup of
B, and is therefore ©-trivial. This readily implies the existence of a unique
monoidal natural transformation from the constant functor Of to F. We can
thus conclude that O(F) is a singleton.

Next, we construct, for a given symmetric 2-group A, the largest divisible
2-subgroup of A. We present this construction in the following steps.

- Given 2-subgroups B; and By of A, define B; V B, to be the 2-subgroup
of A consisting of those objects in A that are isomorphic to a tensor
product of an object in B; and an object in By. Notice that B; V Bs
contains both B; and Bs, and if B; and By are both divisible, then so is
B, V Bs.

- Define D(A) to be the 2-subgroup of A whose set of objects is the union
of the sets of objects of all the divisible 2-subgroups of A. We can verify
that D(A) is indeed a 2-subgroup of A. The unit object of A belongs to
D(A) as it lies in the divisible 2-subgroup of A consisting of all objects
of A that are isomorphic to the unit. Given two objects in D(A), the
construction in the previous step can be applied to obtain a divisible
2-subgroup of A containing their product. Closure under quasi-inverses
is obvious. By construction, D(A) is a divisible 2-subgroup of A, and
also the largest such 2-subgroup.

Recall the cokernel construction from [55] reviewed in Remark 2.6.1. We
now apply it to the inclusion D(A) < A, and denote the resulting ©-cokernel
by ry: A — R(A) (here, ry is a functor, not to be confused with the right
unitor of A).

We claim that

D(A) A —"— R(A)

is a @-exact sequence, with D(A) divisible and R(A) reduced. We have already
established that D(A) is divisible and, by construction, r4: A — R(A) is the
©-cokernel of the inclusion D(A) < A. It remains to prove that R(A) is
reduced and that D(A) < A is the ©-kernel of r5: A — R(A). To address
these points, we proceed through the following steps.

We first show a general property: for any X in D(A), there exists a
unique map from X to the unit object I in R(A). Indeed, we have the
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map [X,¢%']: X — I in R(A) (where ¢ denotes the left unitor of A). Given
any [A, f],[B,g]: X — I in R(A), the equation g = (I ® ¢) o f holds, with
@ ={lpogo f~tol,'. Therefore [A, f] = [B,g], by definition of R(A). Notice
that this property immediately implies that every 2-subgroup of R(A) whose
objects lie in D(A) must be ©-trivial.

We now show that R(A) is reduced. Consider any divisible categorical
subgroup S of R(A). To prove that S is ©-trivial, we show that its objects
lie in D(A) and use the property in the previous paragraph. Without loss of
generality, we may assume that S is closed under isomorphisms in R(A), as
the closure under isomorphisms of a divisible 2-subgroup is still divisible, and
any (full) 2-subgroup of a ©-trivial 2-group is trivial. Let S’ be the categorical
subgroup of A having the same objects as S. We show that S’ is divisible,
which in turn implies that the objects of S’ — and hence those of S — lie in
D(A), as D(A) is the largest divisible 2-subgroup of A. Let X be any object
in §’ and let n be any positive integer. Since S is divisible and X lies in S,
there exists an object Y in S and a map [A, f]: X — Y®" in R(A), where A
is an object in D(A) and f: X — Y®" ® A is a map in A. By divisibility of
D(A), there exists B in D(A) such that A = B®" in A. We have then the
following chain of isomorphisms in A:

XY@ A=Y @ B¥" = (Y @ B)*".

This proves that S’ is divisible, provided that ¥ ® B lies in S'. Since B is
in D(A), we can construct the isomorphism [B,idygp|: Y ® B —Y in R(A).
As S is closed under isomorphisms and Y is in S, it follows that Y ® B is
in S, and hence in S’. We conclude that §' is divisible, and therefore §' is
contained in D(A). Consequently, the objects of S lie in D(A), and so S is
O-trivial. This proves that R(A) is reduced.

Finally, in order to prove that D(A) < A is a ©-kernel of 4, we compare
it with the description of ©-kernels from [55] reviewed in Remark 2.6.1. By
this description, an object in the ©-kernel of r, is given by a pair (X ,[A, f]),
where X is an object in A, and [A, f]: X — [ is a morphism in R(A), with
A an object in D(A) and f: X — I ® A a map in A. It follows that, in such
apair, X 2T ® A= Ain A, and therefore X lies in D(A). By the general
property shown above, there exists a unique morphism from X to I in R(A).
This establishes a bijection between the objects of D(A) and those of the
O-kernel of ry. It is then straightforward to verify that this bijection extends
to a (compatible) isomorphism, completing the proof.
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2.6.c Symmetric 2-groups and symmetric purely mon-
oidal categories

Facchini, in [24], presented a torsion theory on the category of commutative
monoids where the torsion objects are given by abelian groups, and the
torsion-free objects are given by pure (or reduced) commutative monoids,
i.e., commutative monoids whose only invertible element is the unit. This
torsion theory can be generalised to the category SMC of symmetric monoidal
categories by taking symmetric 2-groups as torsion objects and symmetric
purely monoidal categories as torsion-free objects. We say that a symmetric
monoidal category M is pure (or that M is a symmetric purely monoidal
category) if for all weakly invertible objects X in M there exists exactly one
isomorphism from X to the unit object I of M.

We now sketch the proof that symmetric 2-groups and symmetric purely
monoidal categories form a ©-torsion theory on SMC.

First, note that the properties of being a 2-group and of being a purely
monoidal categories are obviously stable under isomorphisms in SMC.

Next, observe that in a monoidal category, if an object is isomorphic
to the unit, then it is weakly invertible. Therefore, in a purely monoidal
category, there can exist at most one isomorphism from the unit object to
any other object. As a result, the set of nullhomotopies ©(F) is either empty
or a singleton for any symmetric monoidal functor F whose codomain is
pure. Furthermore, if F': A — P is a symmetric monoidal functor, with A a
symmetric 2-group and P a symmetric purely monoidal category, then F'X is
weakly invertible for all X € A, and hence there exists a unique isomorphism
Ip — FX. These isomorphisms yield a unique nullhomotopy in O(F).

Given any symmetric monoidal category M, one can consider its Picard
2-group G(M) < M, i.e. the 2-group of weakly invertible objects in M and
isomorphisms between them. The ©-cokernel py: M — P(M) of G(M) — M
can be obtained as an adaptation the cokernel construction in [55]. We now
provide a brief description of it and we refer the reader to [48, Proposition 2.6]
for further details.

- The objects and the tensor product on objects in P(M) are the same as
those of M.

- A morphism in P(M) from X to Y is an equivalence class [A, f], with
A weakly invertible in Ml and f: X - Y ® A a morphism in M. Two
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such equivalence classes [A, f] and [B, g] are equal if and only if there
exists an isomorphism u: A — B such that (Y @ u) - f = g in M.

- The functor py is defined by py(X) = X and pu(f) = [I,7y" - f] for
all f: X =Y in M (here r denotes the right unitor).

In order to verify that P(M) is pure we rely on the following property: a
morphism [A, f] in P(M) is an isomorphism if and only if f is one in M (see
[48, Lemma 2.8]). Consider a weakly invertible object A of M. Then [A, £;]
is a morphism from A to I in P(M), and it is also an isomorphism by the
above property. Now, suppose

(A, fl, [B,g]: I =1

are isomorphisms in P(M). Then, again by the above property, f and g are
isomorphisms in M. Call ¢ = {5 -g- f~'- 04 . By naturality of £, we have
(I ®p)- f=g,yielding [A, f] = [B, g] (by definition).

We will not prove here that the sequence

G (M) M —2 P(M)

is ©-exact, as this reduces to a routine, though lengthy, direct verification of
the required universal properties. A more complete proof is contained in [48,
Proposition 5.2].






Chapter 3

Bitorsion theories

As we have seen in the previous chapter, homotopy torsion theories allow
one to incorporate, to some extent, aspects of two-dimensionality into the
setting of torsion theories. This approach provides a richer setting than the
purely one-dimensional cases seen in Chapter 1, but it still falls short of
being a fully two-dimensional framework. This is suggested by the following
observations. In a 2-category, one may take a collection of 2-cells as nullho-
motopies. However, when nullhomotopies are considered in full generality,
they are not designed to function as genuine 2-cells. In particular, there is no
general notion of vertical or horizontal composition between nullhomotopies,
but only compositions between nullhomotopies and morphisms. Moreover,
nullhomotopies are intended merely to measure the nullity of a morphism,
rather than to provide a means of comparing arbitrary morphisms. This
lack of a proper 2-cell calculus is reflected in the fact that homotopy kernels
and homotopy cokernels are defined up to isomorphism, rather than up to
equivalence, since no natural internal notion of equivalence is present in a
general category with nullhomotopies. As the correct notion of ‘sameness’ in
dimension two is equivalence, and not isomorphism, homotopy torsion theories
remain at a one-dimensional level of strictness which appears inadequate to
fully describe two-dimensional phenomena.

To address these shortcomings, we turn to a notion of torsion theory ad-
apted to the two-dimensional setting. The underlying idea is straightforward:
we take the classical pointed definition of a torsion theory and lift it from the
one-dimensional world of categories and limits to the two-dimensional one of
bicategories and bilimits. Yet, despite the simplicity of this guiding principle,
when passing to dimension two certain choices arise that have no analogue

101
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in the one-dimensional case: for instance, whether to work with pseudo-,
lax-, or colax (co)limits, or which precise notion of triviality for morphisms
to adopt. Our aim is to propose a formulation that is sufficiently strong to
provide a meaningful theoretical backbone, while remaining flexible enough
to accommodate the motivating examples we wish to capture.

With these considerations in mind, we settle on a notion of bitorsion
theory, which we introduce in Section 3.2, following a preliminary review of
bicategories, bi(co)limits, and biadjunctions in Section 3.1. This notion is
defined for any bicategory equipped with a bizero object and is formulated in
terms of bikernels and bicokernels. While additional technicalities inevitably
arise, the core results of the one-dimensional theory can be recovered in this
framework, with the expected level of strictness of the two-dimensional setting.
In particular, we obtain that in a bitorsion theory, the torsion and torsion-free
part of an object are indeed defined up to equivalence. The development of
this theory is carried out in Sections 3.2 and 3.3. Note that this notion of
bitorsion theory is intrinsically pointed — albeit in a two-dimensional sense —
since its very definition requires and relies on the presence of a bizero object
in the underlying bicategory. In this regard, bitorsion theories stand, in a
way, at a lower level of abstraction compared to homotopy torsion theories or
even pretorsion theories, which are based on a notion of triviality that is not
predetermined by the ambient category, but rather depends on additional
structure that may be chosen quite arbitrarily.

With the theoretical background in place, the final sections of the chapter
(Sections 3.4 to 3.7) are devoted to examples. In particular, in Section 3.4
we show that the ‘two-dimensional’ homotopy torsion theories introduced at
the end of the previous chapter, in fact double as bitorsion theories, thereby
inheriting all the associated properties. After considering in Section 3.5
internal notions of connectedness and discreteness for any bicategory with
invertible two cells and a bizero object, Section 3.6 shows that connected
and discrete 2-groups together form a bitorsion theory on the 2-category
of 2-groups. In Section 3.7 we focus on the arrow category Arr(A) for an
additive category A. In this case, Arr(A) becomes a 2-category and admits
three natural ‘triviality structures’: a zero object, a nullhomotopy structure,
and a bizero object. Accordingly, one can define torsion theories of three
corresponding types: pointed in dimension one, homotopical, and pointed in
dimension two. In this setting, we consider four examples of torsion theories
across these different types. Moreover, when A is abelian, we show that,
upon passing to the bicategory of fractions of Arr(A) with respect to weak
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equivalences, these four torsion theories collapse into a single bitorsion theory,
given by connected and discrete objects.

3.1 (Generalities on bicategories

This section is devoted to setting up notation and background on bicategories.
We establish some preliminary results that will be useful later on. Although
all of our examples will be situated within 2-categories, we formulate the
theory in the more general setting of bicategories. This entails no essential
additional effort thanks to the usual coherence theorems (see for example
[44]). Indeed, we will often implicitly treat bicategories as 2-categories and
omit coherence morphisms.

In any bicategory, we denote by ‘*’ the vertical composition and by ‘o’ the
horizontal composition. For a pseudofunctor F': A — B between bicategories,
and for an object X € A and horizontally composable 1-cells u,v € A, we
write

Fup: Flvou)= FvoFu and Fy:idp, = F(idy)

for the corresponding comparison 2-cells. For a pseudonatural transformation
p: F=G: A— Banda l-cell u: X - Y in A, we denote by

ou: G(u) o px = @y o F(u)

the associated comparison 2-cell. Both in the case of pseudofunctors and
pseudonatural transformations, we assume that the comparison maps are
isomorphisms. For the general theory of bicategories, see [2, 3, 42, 40].

Next, we review the relevant notions of pointedness, kernel, and cokernel
in the context of bicategories. These will always be defined as instances of
bilimits and bicolimits (in the sense that all ‘cones’ and ‘cocones’ commute
up to 2-isomorphism and the universal property is given via an equivalence
of hom-categories), but we shall give as explicit descriptions of the universal
properties as possible, relying only minimally on the general abstract notion
of bi(co)limit. We will not consider lax or colax variants, since bilimits and
bicolimits suffice to capture all of our guiding examples. See [57] for an
overview of bizero objects, bikernels and bicokernels, and [40] for bilimits in
general. Note that we shall occasionally define or argue by ‘duality’, referring
to the ‘op’-construction, which reverses 1-cells but not 2-cells (however such
distinction will often play no essential role, since we will mostly deal with
invertible 2-cells).
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Definition 3.1.1. A biinitial object in a bicategory B is an object () such
that for any other object X in B there exist a 1-cell from () to X, and given
any pair of 1-cells f,g: ) — X there exists exactly one 2-cell f = g. The
notion of biterminal object is dual. A bizero object is an object which is both
biinitial and biterminal. In a bicategory with a bizero object, we call trivial a
1-cell which is 2-isomorphic to a 1-cell that factors through a bizero object.

Remark 3.1.2. The property of an object () of being biinitial in a bicategory
B can be expressed by asking that for every object X in B, the category
B(D, X) is equivalent to the terminal category 1 (in symbols, B(0, X) ~ 1).
In general, for any pair of objects X and Y in a bicategory B, the fact
that B(X,Y) ~ 1 means exactly that there exists at least one arrow from
X to Y and that given any two arrows f,g: X — Y there exists exactly
one (automatically invertible) 2-cell f = ¢. This ‘orthogonality’ condition
between objects will be considered repeatedly throughout this paper.

Remark 3.1.3. To state the universal properties of the bikernel and bicokernel
in a more straightforward way, it is useful (see [57]) to fix in every bicategory
B with a bizero object a choice of a bizero object 0 and, for every object X in
B, arrows 0¥ : X — 0 and Ox: 0 — X, with the condition that 0° = 0, = id,.
For any pair of objects X and Y in B we write 05 for Oy 0 0%: X — Y, and
for any arrow f: X — Y we denote by 0/ the unique 2-cell 0¥ = 0¥ o f and
by 0 the unique 2-cell Oy = f o 0x. From now on we will always assume to
have made such a choice in any bicategory with a bizero object.

Let us fix a bicategory B equipped with a bizero object for the rest of the
section.

Definition 3.1.4. Consider the following diagram in B, with y invertible.

0%
m
A" B——Q

We say that the triple (@, ¢, x) is a bicokernel of f if the following properties
hold.

1. For any other triple (C, g, ¢) like the one depicted below on the left,
with ¢ invertible, there exists a 1-cell h: () — C and and an invertible
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2-cell ¢: g = hoqsuch that (o f) * = (hox)* (0, 004) (ie., the
diagram below on the right is commutative).

P N hogo f =4 gof

/ B q 9) hH H

2T / °X v
7

A A
:
ho OQ 0,004 OC

2. Given 1-cells h, k: Q@ — C and a 2-cell u: hog = kogq (as in the diagram
below on the left) such that (po f)* (hox)* (0,00%) = (kox)* (0, 004)
(i.e., such that the diagram below on the right is commutative), then
there exists a unique 2-cell \: h = k such that p = Aogq.

A
0c
> 0
> K
ko 08 h o Og
kox hox

kogo f <:f hogo f
MO

Of course the notion of bikernel is dual.
In what follows, for a morphism f in B, we will sometimes denote its
bicokernel by (Q(f),qy, xs) and its bikernel by (K(f),ky, »).

Definition 3.1.5. A biexact sequence is given by a pair of composable 1-cells

A L5 B %, € such that there exist 2-cells A, p: 04 = go f such that (A, f, \)
is a bikernel of g and (C, g, p) is a bicokernel of f.

We now proceed to present some elementary properties and simple observa-
tions concerning bizero objects, bikernels, bicokernels, and biexact sequences,
as these will be useful in what follows.
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Remark 3.1.6. Like all bilimits and bicolimits, bizero objects, bikernels and
bicokernels are defined up to equivalence.

Remark 3.1.7. Bikernels and bicokernels satisfy some useful cancellation
properties (see [57]). Let f: A — B be a 1-cell in B, and let (Q, g, 0) be its
bicokernel. Consider 1-cells h, k: @ — C.

1. Given 2-cells o, B: h =k, if €« oq = [ oq then a = .

2. If C is such that B(A, C) ~ 1, then for any 2-cell u: hoq = ko q there
exists a unique 2-cell A\: h = k such that y = X o q. In particular, if u
is invertible, then A is invertible as well.

The first property is [57, Item 2.3.7]. The second one can be considered as a
variation of [57, Remark 2.3.8]. This follows immediately by noticing that
when B(A,C) ~ 1, then the compatibility required for p in the universal
property of the bicokernel is automatically satisfied.

Lemma 3.1.8. Let f: A— Bbeal-cellandlet a: A" — A be an equivalence.
If (@,q,x) is a bicokernel of f, then (Q,q,x’) is a bicokernel of f o a, for

X' = (xoa)x(0go0%).

0%
m
I
A AT B3 Q

Proof. The proof follows by noticing that one can carry over the universal prop-
erty of the bicokernel from (Q, g, x) to (@, g, x’) by applying the following well-
known property of equivalences in a bicategory: if a: A" — A is an equivalence,
then, for any 1-cells u,v: A — B, the functor (=) oca: B(A, B) — B(A', B)
is full and faithful. O

Proposition 3.1.9. For every equivalence a: A’ — A, a bicokernel of a is
given by (0,0%,09).

Proof. First, one verifies that the bicokernel of id4 is given by (0,04, idga).
This is done by checking the universal property directly. The result then
immediately follows from Lemma 3.1.8. O

Proposition 3.1.10. Let A L5 B9 C be a biexact sequence. Then the
following are equivalent:
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1. g is an equivalence;
2. fis a trivial map and B(A,C) ~ 1,
3. A is a bizero object.

Proof. The implication 3 = 2 is obvious by the definitions of triviality and
of bizero object.

If 2 holds, then — since f =idg o f is trivial — there exists an invertible
2-cell ¢: 04 = f. By the universal property of the bicokernel, this yields a
l-cell h: C — B and a 2-isomorphism 7: idg = hog. Applying Remark 3.1.7,
Item 2 to the invertible 2-cell gon: idg 0o g = g o h o g, we obtain another
invertible 2-cell €: idg = g o h, proving that ¢ is an equivalence.

Finally, the implication 1 = 3 follows from the dual of Proposition 3.1.9.

O

Remark 3.1.11. Before proceeding further, we pause to quickly compare the
notion of bi(co)kernel with the one of homotopy (co)kernel. For clarity, we
focus on bikernels and homotopy kernels, noting that the same considerations
apply dually to bicokernels and homotopy cokernels. Of course, we restrict to
the context of 2-categories, as we require an underlying 1-category to consider
homotopy kernels.

In any (strict) 2-category with a bizero object, one can define a nullhomo-
topy structure © on the underlying 1-category, analogously to what was done
in Section 2.6: for any 1-cell f: X — Y, we set

e(f) = {9: 0y = f ‘ 0 is invertible},
and for a triple of composable 1-cells

X —= ,x 1 ,y_¥v vy

and a nullhomotopy 6 € O(f), we define the composition as

yo@ox:(yo@o:p)*(oyoox).
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This yields a natural notion of @-kernel and @-cokernel in any 2-category with
a bizero object. As ©-kernels are defined up to isomorphism (Remark 2.1.5),
whereas bikernels are defined up to equivalence (Remark 3.1.6), it follows that
a bikernel need not be a ©-kernel. Indeed, the universal property of ©-kernels
is satisfied by bikernels only in a weak sense, that is, without uniqueness.
Conversely a ©@-kernel need not be a bikernel either, even when it is strong:
the bikernel universal property quantifies over all 2-cells, while @-kernels
only ‘see’ invertible 2-cells with trivial source. As a result, bi(co)kernels and
O-(co)kernels — together with their associated notions of torsion theory —
prove to be incomparable in general, with neither notion subsuming the other.
Still, in most of the examples we will consider, there are constructions of
bi(co)kernels which also realise ©-(co)kernels, giving an overlap of the two
viewpoints. Compare with [57] for further details.

We conclude the section by recalling the definition of biadjunction. For
further details, see [36, 37].

Definition 3.1.12. Let A and B be bicategories, and let F': A — B and
U: B — A be pseudofunctors. We say that F' is left biadjoint to U (or that
U is right-biadjoint to F'; in symbols: F' 4 U) if there exist

o pseudonatural transformations 7: idg = UF and ¢: FU = idg and

o invertible modifications M : idp = (¢F) % (Fn) and N: (Ue) x (nU) =
idy

satisfying the following identities (where coherence maps have been omitted
for clarity).

idy =———-—= UF
7]“ % “UFn 1dﬂ
1) UF =——— UFUF S = \
UF - //
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o . FUF U:>FU - 7
=

aFUM % e idg

m

(U}

We also say that (F,U,n,e,m,n) constitutes a biadjunction, and we call 7
and ¢ the unit and the counit of the biadjunction, respectively.

3.2 Bitorsion theories: definition and first
properties

We are now ready to introduce the central notion of this chapter — namely,
bitorsion theories — and develop its basic theory. Note that in what follows
we will say that a bicategory A is a full sub-bicategory of a bicategory B if
(up to equivalence) the objects of A are a subclass of the objects of B, and
and every 1-cell and 2-cell of B between objects of A lies in A.

Definition 3.2.1. Let B be a bicategory with a bizero object. A bitorsion
theory on B is the datum of a pair (T, F) of full sub-bicategories closed under
equivalences and satisfying the following conditions.

1. If T is in T and F is in F, then the category B(T, F) is equivalent to
the one-arrow 1;

2. for every object X in B, there exist a biexact sequence of the form

T X F

Y

with 7"in T and F in JF, called a biexact (T, F)-presentation of X.

As usual, the objects in T will be called torsion objects, those in F torsion-free
objects.



110 CHAPTER 3. BITORSION THEORIES

Remark 3.2.2. We take a moment to make a few comments about Condition 1
in the above definition, as it may not appear the most natural choice at first
sight. Indeed, this is perhaps the least straightforward aspect in the two-
dimensional generalisation of the definition of torsion theory.

In the classical definition of (one-dimensional, pointed) torsion theory
on a category G, one requires that any morphism from a torsion object T
to a torsion-free object F' is zero. Equivalently, this means that the set
C(T, F) is required to be a singleton, that is, to be isomorphic to 1, the
terminal set. Condition 1 in Definition 3.2.1 is the ‘bi-ification’ of this latter
formulation: we ask the category B(T, F') to be equivalent to the terminal
category 1. However, in dimension two, this condition is clearly stronger
than just requiring that any morphism from a torsion object to a torsion-free
object be trivial. While alternative options could have been adopted in
place of Condition 1, the version chosen here is satisfied by all the examples
considered in this chapter and underpins many of the properties developed in
this section and the next. See also: Definition 2.2.1, Remarks 2.2.2 and 3.1.2,
and Proposition 3.1.10.

With the definition now in place, we establish some initial properties of
bitorsion theories, which reflect familiar results from the one-dimensional
theory, but now in the expected two-dimensional form.

Proposition 3.2.3. Let (T,F) be a bitorsion theory on a bicategory with a
bizero object, and consider two biexact (T, F)-presentations of a given object
X:

t1 to

X" .p,

T ) QLI ) T,

Then there exist equivalences a: T} — Ty and b: F} — F5 and invertible 2-cells
a:ty = tyoaand §: fy = bo fi, as shown below.

T1 t1 X f1 F1
T X ——

Proof. We do the work for b and f3; a and a can be obtained in a similar way.
By the definition of bitorsion theory, there exists a (unique) invertible
2-cell O% = fo ot;. By the universal property of the bicokernel (of ¢;) we
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obtain a 1-cell b: F; — F;, and an invertible 2-cell 5: fo = bo f;.

T xR
‘ /3//’;7 ,/
fa !

07! ! b
j2

By swapping the cells indexed by 1 with the cells indexed by 2, one obtains a 1-
cell ¢: Fy — F and an invertible 2-cell v: f; = co fy. Applying Remark 3.1.7,
Item 2 to the 2-isomorphisms (co §) x7: fi = cobo fi and (bov) x 3: fo =
boco fy, one ends up with two invertible 2-cells A\y: idp, = co b and
Aot idp, = boc, proving that b is an equivalence.

O

Remark 3.2.4. The quadruple (a, a, b, 3) in Proposition 3.2.3 is essentially
unique, meaning that given another quadruple (o', o/, ¥, 3') with a’': Ty — T
and O': F} — Fy (not necessarily equivalences), and o’: t; = t3 o a’ and
B': fo = U o f1 (not necessarily invertible), then there exist unique 2-cells
w:a=a and ¥: b=V such that o/ = (ty0¢)*xa and ' = (o f1) x 3. For
invertible o and [, then ¢ and 1) are also invertible. Indeed, given any 1-cell
b': Fy — Fy and any 2-cell 3': fo — b o f1, we can apply Remark 3.1.7, Item 2
to the 2-cell B * S~! to obtain a 2-cell ¥: b = V' such that ¥ o f; = ' * 371,
and if 4’ is invertible, than so is 1.

Proposition 3.2.5. Let (T, F) be a bitorsion theory on a bicategory B with

a bizero object. Let X be an object in B and let T —— X ! L Fhbea
biexact (T, F)-presentation of X. Then Items i) to v) are equivalent, as are
Items i’) to v’).

i) Xisin T; i) X isin &F;
ii) t is an equivalence; ii") f is an equivalence;
iii) F' is a bizero object; iii") T is a bizero object;
iv) f is a trivial map; iv’) t is a trivial map;
v) forall Y in F, B(X,Y) ~ 1. v) forall Y in T, B(Y, X) ~ 1.
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Proof. We prove the equivalence of Items i) to v), then the one in Items i’)
to v’) can be obtained dually.

The equivalence of Items ii) to iv) follows from the dual of Proposi-
tion 3.1.10, recalling that B(T, F') ~ 1 by definition. Clearly i) implies iv)
by the fact that under i), B(X, F') ~ 1, and ii) implies i) because T is closed
under equivalences. We then conclude that Items i) to iv) are equivalent.
Finally, we have that i) implies v) by definition and the implication v) = iv)
is obvious. This concludes the proof. O

Corollary 3.2.6. Let (T7,3) be a bitorsion theory on bicategory B with a
bizero object.

1. The sub-bicategory T of torsion objects uniquely determines the sub-
bicategory JF of torsion-free objects, and vice versa.

2. TNTJF is exactly the full sub-bicategory of bizero objects in B.

Proof. Ttem 1 follows from Items v) and v’) in Proposition 3.2.5. In fact, for
example, F is the full sub-bicategory of B generated by those objects X in
B such that for all objects W in T we have B(W, X) ~ 1, and it is therefore
completely determined by 7.

To prove Item 2, consider any object X in ‘B, and let T — X s Fe
its (T, F)-presentation. If X is a bizero object, then both ¢ and f are trivial
and so X lies in TN JF by Items iv) and iv’) of Proposition 3.2.5. Vice versa,
if X isin TN JF, then F is a bizero object (by Item iii) of Proposition 3.2.5)
and f is an equivalence (by Item ii’) of the same proposition), and so X is
itself a bizero object. m

3.3 The torsion and torsion-free sub-bicatego-
ries

This section is devoted to the study of the torsion and torsion-free sub-
bicategories in a bitorsion theory. For the rest of the section, let B be a
bicategory with a bizero object and let (T, F) be a bitorsion theory on B.

Proposition 3.3.1. Consider the inclusion pseudofunctors

I‘TI‘I%‘B, [5.'*37%3
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There exist pseudofunctors
T:B—17T, F:B—-7F

such that T is right biadjoint to Iy and F is left biadjoint to Iy. Furthermore,
if t is the counit of the first adjunction and f is the unit of the second one,
then for any object X in B, the sequence

TX L x IX L px

is a biexact (T, F)-presentation of X.

Proof. We provide the construction of the biadjunction F' 4 Iy, without
proving the various naturality and coherence conditions. As usual, we work
under the assumption that B is a 2-category; however the result extends to
bicategories via the usual coherence theorems.

First of all let us construct the functor F' and the unit f: idg = I5F.

1. For every object X, choose a (T, F)-presentation

A—+ s X LB
and set FX =B, fx =b,TX = A and ty = a.

2. Given a 1-cell u: X — Y, the composition fy ow oty is trivial (since
its domain is a torsion object and its codomain is torsion-free). Then,
by the first part of the universal property of the bicokernel, there exists
a l-cell g: FX — FY and an invertible 2-cell v: fy ou = go fx. We
set F'u=gand f, =~

fx

TX X FX

X

xéxw
u ,/ g=Fu
Y

— FY
fy
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3. Given 1-cellsu: X - Y and v: Y — Z, we have the following diagrams

TX M x X L px TX M x X px
fy & el
y -, py vou| ;
v % Fv
7 17 py 7 172 py

The composite
vou * (oo u) x (Fvo f,)

is a 2-isomorphism from Fvo Fuo fx to F(vou)o fx. By Remark 3.1.7,
Item 2, there exists a unique (automatically invertible) 2-cell a: Fv o
Fu = F(vou) such that ao fx = f.l * (f, ou) * (Fvo f,). We set
F., =«

4. For every object X we can assume to have chosen F(idy) = idpx.
Hence we can also choose fiq, = idy,.

5. Given 1-cells u,v: X — Y and a 2-cell p: u = v, we can consider the
composite

fu fyo £

Again by Remark 3.1.7, Item 2, there exists a unique 2-cell ¢¥: Fu = Fv
such that f, x (¢ o fx) = (fy o ) * f,. Naturally, we set F =1

This concludes the construction of the pseudofunctor F': B — F and of the
pseudonatural transformation f: idg = IsF. We now move on with the
construction of the counit e: FIy = ids and the invertible modification
N: (Iye) = (fly) = idy,, as part of the data of the biadjunction F' H I5.

6. For any object B in &, the map tg = idg o tp is trivial, and therefore
there exist a map b: FFB — B and a 2-isomorphism 3: idg = bo f3.
We take ez = b and Ng = 3~!. Notice that ep is an equivalence and
the inverse of fg (see Proposition 3.2.5).
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7. For any 1-cell u: B — B’ in F, we can consider the following composition
of 2-cells:

1 _1
uoNp NB’ ou eB’Ofu

ep o fgrou ——— egro Fuo fg.

uoego fg

Again by Remark 3.1.7, Item 2, we deduce the existence of a unique
2-cell 0: uoeg = ep o Fu such that § o fg is equal to the above
composition. We set e, = 0.

We have thus defined all the components of the counit e and of the modification
N. Next, we construct the modification M: idp = (eF') * (F'f).

8. For any object X in B, consider the 2-isomorphism ff, : Ffx o fx =
frx o fx. Once again using Remark 3.1.7, Item 2, we obtain a unique
invertible 2-cell sx: F'fx = frx such that sx o fx = fr,. We then set
My = (epx 0 5y') * Npy.

Ffx
T .
FX ﬂs)( F2X X, Py
\_/f
frx HNFX

This completes the construction of all the necessary data for the biadjunction
F 4 I5. Verifying the required identities for the biadjunction, naturality and
coherence — though lengthy and somewhat involved — is ultimately a routine
unpacking of the definitions of F', f, e, M and N. O

3.4 Some classical torsion theories revisited

In this short section we quickly show that the ‘two-dimensional’ homotopy
torsion theories introduced in Section 2.6 are also bitorsion theories. We refer
the reader to that section for the notation.

In the case of the two homotopy torsion theories set in the 2-category S2G
of symmetric 2-groups, namely Examples 2.6.a and 2.6.b, the argument is
completely straightforward. Given any morphism F': A — B of (symmetric)
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2-groups, the set of 2-cells from Of = F coincides precisely with ©(F), since
every 2-cell is invertible. Hence, the condition S2G(A,B) ~ 1 is equivalent to
requiring that ©(F) = 1 for all F': A — B. Moreover, the @-exact presenta-
tions of these ©-torsion theories are also biexact, thanks to the kernel and
cokernel constructions from [55] (see also Remark 2.6.1), which work both as
bi(co)kernel and as ©-(co)kernels.

The case of Example 2.6.c is slightly more involved. Observe that if
¢: F = G: M — Nis a 2-cell in the category SMC of symmetric monoidal
category and M is a symmetric 2-group, then ¢ is necessarily invertible.
Thus, when M is a symmetric 2-group, the condition SMC(M, N) ~ 1 is again
equivalent to the condition @(F) = 1 for all F': Ml — N. The biexactness of
the ©-exact presentations in this torsion theory cannot be deduced from [55],
which only treats (symmetric) 2-groups. However, as noted in [48], where this
homotopy torsion theory is studied in detail, the relevant universal properties
can be verified directly with a routine, though somewhat lengthy check.

3.5 Connected and discrete objects

In this section we consider some notions of discrete and connected objects
internal to any bicategory with invertible two-cells and a bizero object (com-
pare with [57, 20]), as these notions will be the basis for some of the bitorsion
theories we will consider in the rest of the chapter.

Definition 3.5.1. Let B be a bicategory with invertible 2-cells and a bizero
object, and assume moreover that B has a bikernels and bicokernels. For any
object X € B, we can define mo(X) and m1(X) by the following diagrams:

m (X ) m O(X )
kOX qu
XkOX p1(X) %q()X
’{OX XOX
0 0

Explicitly, 71(X) is the object part of the bicokernel of the bikernel of the
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initial arrow Oy : 0 — X, whereas the arrow ex and the 2-cell p;(X) are
provided by the universal property of such a bicokernel. Dually, my(X) is the
object part of the bikernel of the bicokernel of the terminal arrow 0% : X — 0,
whereas 7y and po(X) are provided by the universal property of this bikernel.
An object D € B is discrete if it is equivalent to mo(X) for some X € B.
An object C' € B is connected if it is equivalent to m(X) for some X € B.

Remark 3.5.2. Consider m(X) and m1(X) as in Definition 3.5.1.

A different choice of the initial arrow or of the terminal arrow would
produce equivalent objects m; (X) and mo(X).

- Any bizero object is discrete and connected;

- The constructions of my and m; extend to 2-functors my, m1: B — B.
They also extend to functors my: B — Dis(B) and m;: B — Conn(B),
where Dis(B) and Conn(B) denote, respectively, the full sub-bicategories
of discrete and connected objects in B.

- Dis(B) and Conn(B) are closed under equivalences.

- When B is the 2-category of 2-groups, the notions of of my, 7, con-
nectedness and discreteness coincide, up to equivalence, with the usual
ones (see Section 3.6).

Alongside the notions of discrete and connected objects, one can also consider
those of pseudo-connected and pseudo-discrete objects.

Definition 3.5.3. Let B be a bicategory with invertible 2-cells.

1. An object D € B is pseudo-discrete if, for every object X € B and
for every pair of arrows f,g: X == D, there exists at most one 2-cell

=g

2. An object C' € B is pseudo-connected if, for every object X € B and
for every pair of arrows f,g: C' = X, there exists at most one 2-cell

f=y
Remark 3.5.4. In a bicategory B with invertible 2-cells:

- an object equivalent to a pseudo-discrete one is pseudo-discrete, an
object equivalent to a pseudo-connected one is pseudo-connected;
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- the full sub-bicategory PDis(B) of the pseudo-discrete objects is biequi-
valent to a l-category, (that is, to a bicategory with only identity
2-cells); the same holds for the full sub-bicategory PConn(B) of the
pseudo-connected objects;

- whenever they exist, biterminal objects are pseudo-discrete, and biinitial
objects are pseudo-connected.

Lemma 3.5.5. Let B be as in Definition 3.5.1 and let X € B be any object.
1. K(0x) is pseudo-discrete and Q(0%) is pseudo-connected.

2. mo(X) is pseudo-discrete and 7 (X) is pseudo-connected.

3. There exists a (necessarily unique) 2-cell mx: 0 = ny oex.
Proof. We prove each item in turn.

1. Let us show that K(0Ox) is pseudo-discrete. The proof that Q(0%) is
pseudo-connected is dual. Consider the following situation.

/\ Koy,

|7 K(ox) 02X, X

Since 0 is a biterminal object (and therefore it is pseudo-discrete), we
have that ko, o o = ko, o 3. We can apply the first order cancellation
property of the bikernel (dual of Remark 3.1.7, Item 1) and we conclude
that o = 3.

2. This is a special case of point 1, because my(X) is the bikernel of the
initial arrow qyx and 71(X) is the bicokernel of the terminal arrow ko, .

3. Let us denote the initial map ST 0 — m1(X) simply by ¢, and the
terminal map kq  : mo(X) — 0 simply by k. Consider the 2-cell

p1(X)ope(X):idg = konxoexoq

Of course idg = ko 0o g via 0; 0 07 (here 0 stands for O:;gg) Since 0 is

biinitial, we can apply the dual of Remark 3.1.7, Item 2 and obtain a
(unique) 2-cell px: 00 g = nx oex oq. Since my(X) is pseudo-discrete,
we can apply Remark 3.1.7, Item 2 to px and obtain a (unique) 2-cell
mx: 0= nx ocy, as requested. O
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Remark 3.5.6. Let B as in Definition 3.5.1:

- any discrete object is pseudo-discrete, any connected object is pseudo-
connected;

- the full sub-bicategories Dis(B) and Conn(B) are biequivalent to 1-
categories.

We conclude the section by highlighting two consequences of the preceding
results. In a bicategory B with a bizero object, bikernels and bicokernels, we
have established that:

1. since every connected object is pseudo-connected and every discrete
object is pseudo-discrete, given 1-cells f,g: C'— D in B, with C con-
nected and D discrete, there can exist at most one 2-cell f = g; in other
words, the functor B(C, D) — 1 is faithful and (essentially) surjective;

2. for every object X € B, there exists a sequence

(3.5.7) m(X) —— X —E 5 1(X)

with nx o ey trivial, m (X) connected and my(X) discrete. We call such
a sequence, the m-my-presentation of X

These observations naturally raise the question of whether connected and dis-
crete objects in a bicategory always form a bitorsion theory with presentation
of an object X given by 3.5.7. As we shall see in Section 3.7, the answer is
negative at this level of generality; however, we will examine two examples
where the answer turns out to be affirmative.

3.6 Connected and discrete 2-groups

The main result of this section is that connected and discrete 2-groups form
a bitorsion theory in the 2-category 2G of 2-groups, monoidal functors, and
monoidal natural transformations. We invite the reader to consult Section 2.6
for the notation regarding monoidal categories and monoidal functors, as well
as Remark 2.6.1 for the review of the bikernel and bicokernel constructions
from [55], which will be needed in this section.

The 2-category of 2-groups admits the bizero object given by the one-arrow
2-group O, which is terminal and biinitial. For every pair of 2-groups G and
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H, the monoidal functor Of = O: G — H constant at Iy provides a coherent
choice of trivial map, in the sense of Remark 3.1.3.

We can now give more explicit descriptions of the 2-functors my and m
introduced in Definition 3.5.1.

Remark 3.6.1. Consider the category Grp of groups and the category Ab of
abelian groups seen as 2-categories with only identity 2-cells. There are four
2-functors

- Pic: 2G — Grp, where Pic(G) is the group of isomorphism classes of
objects of the 2-group G,

- Aut;: 2G — Ab, where Aut;(G) = G(I, I) is the abelian group of auto-
morphisms of the unit object I of G,

- (=)o: Grp — 2G, where Gy is the 2-group having the elements of the
group G as objects and only identity arrows,

- (=)1: Ab — 2G, where A; is the 2-group with a unique object and the
elements of the abelian group A as arrows.

With this notation, we have that, for any 2-group G,

- mo(G) = Pic(G)p and ng: G — m(G) is defined on objects by ng(X) =
[X], the isomorphism class of X;

- m(G) =G(I,I); and eg: m(G) — G is the full inclusion.

Finally, the composite 7g o eg: 71(G) — G — m(G) is equal to the constant
functor O: m(G) — m(G).

Remark 3.6.2. As a consequence of Remark 3.6.1, we have the following
characterisations of discrete and connected objects in the 2-category of 2-
groups.

1. A 2-group G is discrete if and only if there exists a group G such that G
is equivalent to Gy, if and only if G is equivalent to mo(G), if and only
if ng: G — my(G) is an equivalence, if and only if m1(G) is equivalent
to the one-arrow 2-group O, if and only for any pair of objects X and
Y in G there exists at most one morphism X — Y in G.
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2. A 2-group G is connected if and only if there exists an abelian group A
such that G is equivalent to Ay, if and only if G is equivalent to m (G),
if and only if eg: m(G) — G is an equivalence, if and only if 7my(G)
is equivalent to the one-arrow 2-group O, if and only for any pair of
objects X and Y in G there exists at least one morphism X — Y in G.

In particular, note that this characterisation of connected 2-groups agrees
with the usual definition of a connected groupoid, while the characterisation
of discrete 2-groups agrees with the usual definition of discrete groupoid only
up to equivalence.

We can now proceed to show that connected and discrete 2-groups form a
bitorsion theory on 2G. Following the considerations at the end of Section 3.5,
the only ingredients still missing are the biexactness of the m-mp-presentation
in 2G and the fullness of the functor 2G(C,D) — 1 for connected C and
discrete D. We begin by addressing the first of these issues.

Lemma 3.6.3. Let G be a 2-group. The following commutative diagram,
filled with the identity 2-cell, is a bikernel.

0

T

m1(G) G mo(G)

G nG

Proof. Following the bikernel construction in Remark 2.6.1, and using that
7o(G) has only identity arrows, we have that the bikernel of 7g is the full sub-
category of G spanned by objects isomorphic to I. Therefore, the full inclusion
eg: m(G) — G factors through the bikernel ng and via an equivalence. [

Remark 3.6.4. In order to prove that the diagram in Lemma 3.6.3 is also a
bicokernel, we recall from [12] some facts about categorical crossed modules.
Consider a categorical G-crossed module, that is, a morphism T' of 2-groups
and an action «, written as a(X, A) = *A,

GxH —2*— H - G,
together with the structural isomorphisms

¢ ={pxa: T(*A) @ X = X @ T(A)}(x,0)coxH,
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X = {XA,B: (TAB) & A— A (029 B}(A,B)EHXH-

Imitating the construction of the bicokernel of a morphism of symmetric
2-groups from [55], it is possible to construct a quotient 2-group

0
I
G

T Pr

H

G/(H,T)

whose universal property is weaker than the expected universal property of a
bicokernel. More precisely, the quotient G/(H, T') is universal with respect to
diagrams of 2-groups of the form

such that the monoidal natural transformation ¢ is compatible with the pre-
crossed structure ¢ (see Condition (1) in Section 3 of [12]). (The condition
on ¢ replaces the fact that, in the case of symmetric 2-groups, the monoidal
functor L must be compatible with the symmetry of G and K.) Moreover,
in Example 2.6 and Proposition 3.8 in [12], it is proved that the bikernel
(K(L), kg, s¢1,) of any morphism L: G — K of 2-groups has a canonical struc-
ture of categorical G-crossed module and that the comparison functor L' (see
the next diagram) is full and faithful.

0

m

K(L) G G/(K(L), kL)

kp Py,
ﬂ L lL ~
K

This means that K is equivalent to the quotient G/(K(L), k) if and only if
L is essentially surjective on objects.

0 I
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Lemma 3.6.5. Let G be a 2-group. The following commutative diagram,
filled with the identity 2-cell, is a bicokernel.

0

T

m(G) G m0(G)

£G nG

Proof. We already know from Lemma 3.6.3 that the diagram in the statement
is a bikernel and that ng is (essentially) surjective on objects. As reviewed
in Remark 3.6.4, we can then apply Proposition 3.8 of [12] and obtain that
the diagram is a quotient (in the sense of Remark 3.6.4). It remains to
show that, in this case, the universal property of the quotient coincides with
the universal property of the bicokernel. To this end, observe that, given a
monoidal natural transformation

0

/@\

1 (G) G K

€G L

we necessarily have d; = ey : I — LI. Therefore, Condition (1) in Section 3
of [12] reduces to the commutativity of the following diagram,

LX rLx LX @] — X% rx o]
lrx (mp)x,1
I®LX LIX®I)

er®idr x L(rx)

which is granted by the fact that L is a monoidal functor (recall from Sec-
tion 2.6 that ey, m; denote the coherence morphisms of L). O

We are now ready for the main result of this section.

Proposition 3.6.6. In the 2-category 2G of 2-groups, the full sub-2-categories
T = Conn(2G) and JF = Dis(2G)



124 CHAPTER 3. BITORSION THEORIES

are, respectively, the torsion part and the torsion free part of a bitorsion theory
such that the biexact (T, F)-presentation of an object is its 7 -mp-presentation.
Moreover, there are biequivalences

Conn(2G) ~ Ab and Dis(2G) ~ Grp
where Ab and Grp are seen as 2-categories with only identity 2-cells.

Proof. Clearly, both T and F are stable under equivalences. From Lem-
mas 3.6.3 and 3.6.5, we know that

m(G) —£— G —=— 7(G)

is a biexact sequence for every 2-group G. Moreover, m1(G) € T and 7y(G) € F
just by definition of connected objects and of discrete objects. The fact
that 2G(C, D) is equivalent to the one-arrow category is obvious whenever
C = A, for some abelian group A and D = Gy for some group G. By the
characterisations in Remark 3.6.2, this remains true for any connected 2-group
C and for any discrete 2-group D.

As far as the biequivalences Conn(2G) ~ Ab and Dis(2G) ~ Grp are
concerned, they are provided by the restrictions and corestrictions

Pic: Dis(2G) — Grp, (—)o: Grp — Dis(2G)
Aut;: Conn(2G) — Ab, (—);: Ab — Conn(2G)

of the 2-functors introduced in Remark 3.6.1. ]

Remark 3.6.7. All the results of this section carry over (almost) word for
word to the 2-category S2G of symmetric 2-groups, symmetric monoidal
functors, and monoidal natural transformations, in place of 2G. The only
real differences are that in Remark 3.6.2 and Proposition 3.6.6 one must
replace ‘groups’ with ‘abelian groups’, and that the biexactness of the m-m-
presentation follows directly and more easily from the bikernel and bicokernel
construction of [55] in the symmetric case.

3.7 A bitorsion theory for fractions of an ar-
row category

Let A be any (1-)category. We have three notions of triviality that may
be considered on Arr(A), each requiring increasingly strong assumptions on
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A. (We refer the reader to Section 2.5 for the notation concerning arrow
categories.)

o We know from Chapter 2, that Arr(A) always comes equipped with a ca-
nonical nullhomotopy structure, given, for any morphism (f, fo): * — v,
with z: X — Xpand y: Y — Y, by

Hy(f, fo)={d: X - Xo|d-z=fandy-d= fo}.

o If the underlying category A is pointed, with zero object 0, then Arr(A)
is also pointed, with a zero object given by id,.

o If moreover A is additive, then Arr(A) carries a natural 2-category
structure inherited from the 2-category of internal groupoids in A.
Explicitly, a 2-cell

(9.90)

s

(f7f0)

with z: X — Xy and y: Y — Yy, is an arrow ¢: Xy — Y, as in the
following diagram, such that f+ (¢ -z) =g and fo+ (v - ¢) = go.

T

ij

Xo __—2Y),
0
In other words, the 2-cell ¢ is precisely an H4-nullhomotopy on the
arrow (g — f, 90 — fo): @ — y. In Arr(A) seen as a bicategory, idy also

serves as a bizero object (actually any isomorphism in A is a bizero
object in Arr(A) when A is additive).

Having reviewed these three ‘triviality structures’, we will now consider four
torsion theories on Arr(A) relative to these different notions of triviality —
namely, two pointed torsion theories, and a Hy4-torsion theory which will
double as a bitorsion theory. Since our final result will be stated for A abelian,
we assume from the start that A is abelian, although several intermediate
arguments do not require such a strong assumption.
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Consider the following classes of arrows in A, seen as full sub(-bi)categories

of Arr(A).

as

- &€= {x € ar(A) ‘ x is an epimorphism}
- AY = {a: € ar(A) ‘ dom(z) = O}
- Ay = {x € ar(A) ‘ cod(z) = O}

- M= {93 € ar(A) ‘ T isa monomorphism}

For an arrow x: X — X in A, consider its epi-mono factorisation z = m-e,
in the diagram hereunder. Since A is abelian, calling k: K — X and

q: Xo — @ the kernel and cokernel of x, respectively, we have that e is the
cokernel of k and m is the kernel of q.

k X T XO q
(3.7.1) \ /
I

K

Q

We have the following.

(1) (Ap,M) is a (pointed) torsion theory on Arr(A). This can be seen as

an abelian version of a torsion theory constructed in [23] in the general
context of internal groupoids in a semi-abelian category.

With Diagram 3.7.1 in mind, the (Aq, M)-presentation of z is given by
the following diagram.

=
S

I
(3.7.2) OK‘ ! [m
|
— X

0 — X 0
Ox,

Since kernels and cokernels can be computed component-wise in Arr(A),
by the above observations this sequence is clearly exact. The other
conditions to have a torsion theory are obvious.
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(2) (&,AY) is a pointed torsion theory on Arr(A). This can be seen as an
abelian version of the torsion theory in [22]. The proof is essentially as
in the previous item, with the relevant presentation being the following.

X—x % .y
|
(3.7.3) l . 00
!
I _ X, . Q

(3) (€,M) is an Hg-torsion theory on Arr(A). This follows immediately
from Proposition 2.5.3 and the fact epimorphisms and monomorphisms
form a factorisation system on abelian categories. With the notation of
Diagram 3.7.1, the H4-exact presentation of x is given by the following
sequence in Arr(A).

Xe— X 5]
(3.7.4) l | [m
!
[ Xy =———— X,

(4) (&,M) is a bitorsion theory on Arr(A), with the biexact (€, M)-presenta-
tion of an arrow x: X — X, being the same as its Hg-exact (€, M)-pre-
sentation (3.7.4). This relies on results from [57] and simple observations:

- by Item 2.3.3 and Proposition 5.2.1 in [57], Hu-(co)kernels in
Arr(A) are also bi(co)kernels;

- by the relation between nullhomotopies and 2-cells in Arr(A) seen
above, the equivalence Arr(A)(e,m) ~ 1 for every e € € and
m € M follows from the fact that Ha((f, fo)) = 1 for every

(fafO):eﬂm;

- the closure under equivalences in Arr(A) of & and M follows from
Corollary 5.1.4 in [57]: if x and y are equivalent in Arr(A), then the
kernels of z and y in A are isomorphic (and so are their cokernels);
hence z is a monomorphism (or an epimorphism) if and only if y
is one.
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In addition to the pairs (&,.A%), (Ag, M) and (&, M), which yield torsion
theories of various types, one may also consider the pair (Aq, A"). With
reference to Diagram 3.7.1, for every arrow z in A, we consider the sequence

OX

K k X 0
(3.7.5) OK‘/ g‘; ‘OQ
!
0 0, Xo q Q

in Arr(A), with 0X € Ay and 0p € A°. This sequence is neither exact,
nor Hz-exact, nor biexact. However, as seen in [57], it provides an explicit
description of a m-mo-presentation of = (see 3.5.7). Thus, in this case, the
m-To-presentation is not the biexact presentation of a bitorsion theory given
by connected and discrete objects.

In the remainder of the section, we show that the four torsion theories
described above collapse into a single bitorsion theory upon passing to the
bicategory of fractions of Arr(A) with respect to weak equivalences (see
Remark 3.7.6). In particular, this single bitorsion theory is indeed given by
connected and discrete objects, with 3.7.5 providing the biexact presentations
of x. We begin by reviewing some fundamental facts about the bicategory of
fractions construction.

Remark 3.7.6. Recall that A denotes an abelian category and recall from
[57] that an arrow (f, fo): © — y in Arr(A) is a weak equivalence when the
corresponding square

in A is a pullback and a pushout (or, equivalently, when the arrow induced
between the kernels of z and y and that between their cokernels are iso-
morphisms). The name ‘weak equivalence’ comes from the fact that, under
the equivalence between Arr(A) and the category of internal groupoids in A,
weak equivalences correspond to internal functors which are full, faithful and
essentially surjective. Let us denote by X' the class of weak equivalences in
Arr(A). We are going to need two descriptions of the bicategory of fractions
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Arr(A)[X7!]. The first one is the usual one, introduced in [52], and we will
refer to [57] for some results on the exactness of the universal morphism
Arr(A) — Arr(A)[271].

The second description of Arr(A)[~ ] is the one in terms of butterflies. Tt
has been introduced in [50] and generalised to an internal setting in [1]. Recall
that a butterfly from z: X — X, to y: Y — Y is a commutative diagram

X Y
X‘ /

T E Y
% k

Xo Yo

such that the north west to south east sequence is a complex and the north
east to south west sequence is an exact sequence. A 2-cell between two

butterflies
(a’,b',E’ ap,b()
x /ﬂe\ y
~_ 1
(a,b,E,a0,bo)
is an arrow e: £ — E' such that e-a = d’, af-e = ag, e-b =V and b, - e = by.
By the short five lemma, 2-cells are invertible. We will need the fact that
a butterfly is an equivalence precisely when the north west to south east
sequence is exact (see Proposition 3.8 in [1] and Proposition 4.3 in [14]).
To end this review, let us describe the universal morphism from Arr(A)

to Arr(A)[2~!] using butterflies. The image of an arrow (f, fo): * — y is the

butterfly

XoxY
L

(where i1, i3, p1 and py are the canonical injections and projections of the
biproduct) and the image of a 2-cell ¢: (f, fo) = (g9, 90): * = y is the arrow

X Y
x Yy

~ idXo —@ .
gO(O idy).XoXY%XoXY,
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that is, the unique arrow in A such that
prroi =lidx,,  proi=—p,  preia=0,  preiz=idy.

With an abuse of notation, we will sometimes identify morphisms in Arr(A)
with their corresponding butterflies in Arr(A)[X 1.

Remark 3.7.7. Note that the m-mp-presentation 3.7.5 z in Arr(A), is also
a T -To-presentation of z in the bicategory of fractions Arr(A)[X~!]. This is
because the universal morphism Arr(A) — Arr(A)[X 1] preserves the bizero
object, bikernels and bicokernels (Corollary 3.2.3 in [57]), and hence all the
ingredients of the construction of my and 7; (compare with Definition 3.5.1).
This observation allows us to characterise discrete and connected objects in

Arr(A)[ 271 as follows.

1. For any arrow z: X — X seen as an object of Arr(A)[X 1], the fol-
lowing are equivalent: (a) x is discrete; (b) x is equivalent to Oy, for
some Yy € A; (¢) z is a monomorphism in A; (d) n,:  — m(x) is an
equivalence; (e) 71 (x) is a bizero object.

2. For any arrow z: X — X seen as an object of Arr(A)[X 1], the following
are equivalent: (a) x is connected; (b) z is equivalent to 0¥ for some
Y € A; (c) x is an epimorphism in A; (d) £, : m1(x) — x is an equivalence;
(e) mo(z) is a bizero object.

We prove the first part, as the second is its dual. The implication (a) = (b)
immediately follows from the description of 7 in 3.7.5. To prove that
(b) = (c), consider a butterfly

0 X
\ /
E x
% k
Yo Xo

From the definition of butterfly, we have that b is a monomorphism. If we
assume that such a butterfly is an equivalence, we also have that by is a
monomorphism. Since the right wing is commutative, we can conclude that
x is a monomorphism. To prove that (¢) = (d), recall that 7, (in Arr(A)) is
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given by the right-hand square in 3.7.5, which is always a pushout. When
x is a monomorphism, it is also a pullback. This means that it is a weak
equivalence in Arr(A) and therefore it becomes an equivalence in Arr(A)[X~1].
The implication (d) = (a) is obvious by definition of discrete object. The
fact that (¢) = (e) immediately follows from the description of m; in 3.7.5,
as the kernel of a monomorphism is 0. Finally, to prove that (e¢) = (c),
consider an equivalence 7 (x) ~ idg, that is a butterfly

K

h E

0 0
with K — X the kernel of x. Since this is a butterfly, £ = 0, and since it is
also an equivalence, we obtain K = 0, proving that x is a monomorphism.

0

Remark 3.7.8. We also have that an arrow x: X — X, in the abelian
category A is discrete (respectively connected) as an object in Arr(A)[X 1, if
and only if it is pseudo-discrete (respectively pseudo-connected) as an object
in Arr(A)[X71], if and only if it is pseudo-discrete (respectively pseudo-con-
nected), as an object in Arr(A). Indeed, assume x is pseudo-connected in
Arr(A)[X Y. Given two 2-cells

@7#” (f7f0> = (gng): r—y
in Arr(A), then ¢ = " (see Remark 3.7.7). Composing with ¢; and ps, we
obtain ¢ = 1, showing that z is pseudo-connected in Arr(A). Next, assume x
is pseudo-connected in Arr(A), and consider the situation
©
X —— Xy Y
with pox =1 ox. Set f =@ ox =1 ox and construct the diagram

X ——Y
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We can look at it as two 2-cells ¢,1: (05,0%0) = (f,0%): 2z = 0¥ in
Arr(A). Therefore, we have ¢ = 1 by pseudo-connectedness. This means

that x: X — Xj is an epimorphism in A and hence a connected object in
Arr(A)[X 1] by Remark 3.7.7.

We are finally ready for the main result of this section, showing that the
four torsion theories considered at the beginning of the section coincide in
Arr(A)[X~!] with a single bitorsion theory whose biexact presentations are
given by m-mp-presentations.

Proposition 3.7.9. Let A be an abelian category and consider the bicategory
of fractions B = Arr(A)[X~!]. The full sub-bicategories

T = Conn(B) and JF = Dis(B)

are, respectively, the torsion part and the torsion-free part of a bitorsion theory
such that the biexact (T, F)-presentation of an object is its 7 -mp-presentation.

Proof. Fix an arrow x: X — X in A, and consider its associated diagram
3.7.1. We have the following diagram in Arr(A).

S A
S
VNN
SN
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The north west to south west sequence is 3.7.2, the north east to south east
sequence is 3.7.3, and the north east to south west sequence is 3.7.4. We
already know (from torsion theory (4) at the beginning of the section) that
the north east to south west sequence is biexact in Arr(A), and hence biexact
in Arr(A)[2~!]. Moreover, the north west to south east sequence is exactly
the mi-mg-presentation 3.7.5 of x. Since the two horizontal rectangles in the
above diagram are weak equivalences in Arr(A) (they are both pullbacks
and pushouts), they become equivalences in Arr(A)[X 1. As a result, the
exact or biexact sequences 3.7.2, 3.7.3 and 3.7.4 coincide in Arr(A)[X7!],
up to equivalence, with the m-mg-presentation of x, providing its biexact
(T, F)-presentation.

To prove that (T, F) satisfies Condition 1 of the definition 3.2.1 of bitorsion
theory, we use the characterisation of connected and discrete objects from

3.7.7. Given a butterfly
X / 0
E
0 Yo
we have that £/ = 0, since the north east to south west sequence is exact.

Therefore, the hom-category Arr(A)[X (0%, 0y,) is indeed equivalent to the
one arrow category. O]






Further developments

The results obtained in the present work suggest several directions for further
investigation.

A first line of development concerns the theory of prenormal categories
itself, which could be extended in various ways. In view of the strong formal
similarities with regular categories, a natural next step would be to investigate
the existence of a prenormal completion of pointed finitely complete categories,
in the spirit of the constructions developed in [10, 11]. Furthermore, since
several examples of pointed prenormal categories arise in the context of
varieties of universal algebra (see Example 1.8.a), it would be of particular
interest to seek a syntactical characterisation of prenormal algebraic varieties.
Moreover, since the notion of pointed prenormality can be extended to the
non-pointed setting by considering kernels and cokernels relative to a class
of trivial objects, it is natural to consider further generalisations of this
approach. For instance, one could replace ordinary kernels and cokernels with
homotopy kernels and homotopy cokernels, or with bikernels and bicokernels,
leading to possible notions of ‘homotopy prenormality’ or ‘bi-prenormality’.
Possible examples of homotopy prenormal categories may be provided by
arrow categories, while the 2-category of symmetric monoidal categories
would be a natural first place to look for a concrete example of a 2-prenormal
2-category.

Another possible direction for further research is more closely related to
torsion theories. At present, the study of homotopy torsion theories and
bitorsion theories has only been developed at a foundational level. It would
therefore be natural to investigate extensions of classical results on torsion
theories to these two frameworks — much as was done in Chapter 1 for
pretorsion theories — as well as to seek additional examples. In this direction,
an extension of the results of Section 3.7 to the context of groupoids in a
semi-abelian category is currently under development.
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