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Introduction

Between every two pine trees
there is a door leading to a new
way of life.

John Muir

Direct detection of Gravitational Waves (GWs) from the binary black hole merger-
GW150914 [1] opened a completely new window to unveil the mysteries of those parts
of Universe which remained inaccessible via electromagnetic waves. GWs are the per-
turbations of the spatial subspace of the 4D spacetime which travel at the speed of
light and are generated from accelerating masses, in particular from the time variation
of the mass quadrupole moment. GWs prove themselves as the messengers of the early
Universe, especially belonging to the pre-recombination era which remains hidden by
means of electromagnetic astronomy.

The so-called Standard Model of Cosmology (SMC) or the ΛCDM model, is framed
within the mathematical language of General Relativity (GR) and is constantly evolv-
ing due to ongoing astonishing revelations. In this model, the luminous part of the
Universe is only about 4% of the total matter density and the rest is made of dark or
weakly/gravitationally interacting particles/fields commonly categorized as dark com-
ponents which includes Dark Matter and Dark Energy with the latter in the form of
a cosmological constant Λ. According to the current observations, the Universe on the
larger scales is spatially flat, homogeneous and isotropic which resulted from tiny, inho-
mogeneous primordial density perturbations interacting gravitationally. These density
perturbations merged and grew to form the Large Scale Structure (LSS) of the observ-
able Universe. Prior to this large scale structure formation, perturbations had been
stretched in the primordial era known as the inflationary expansion which provided the
initial conditions for the density fluctuations and the so-called tensor perturbations.

Such tensor perturbations, i.e. GWs of primordial origin are important tool to
understand the dark Universe. First, Primordial Gravitational Waves (PGWs) are
supposed to have been produced during the inflationary era and therefore upon their
detection, they could provide us glimpse of the early Universe. In addition, the large
scale cosmological structure which includes galaxies, galaxy clusters, voids, filaments
and so on, could actually act as ”lens” to deviate the original path of the GWs propa-
gating to the observer. This phenomenon, known as gravitational lensing, is very much
similar to lensing in optics. Detecting lensed GWs would provide us information about
the large scale distribution of dark matter regardless its particle nature. These discov-
eries upon reaching their enough detection sensitivity would indeed be remarkable for
the next centuries in the scientific history.

When considered as the superposition of many events, these GWs form a Stochas-
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6 Introduction

tic Gravitational Wave Background (SGWB) which based upon their sources can be
classified as Cosmological Gravitational Wave Background (CGWB) and Astrophysi-
cal Gravitational Wave Background (AGWB). The sources of CGWB are on the other
hand much primordial; they include inflationary expansion, cosmological phase tran-
sition, primordial magneto-hydrodynamics, GWs emitted by cosmic strings and even
from the Big Bang itself. Apart from the louder, individual events detected by the
LIGO, VIRGO and KAGRA scientific collaborations, there are many events which are
too far and faint to be detected individually. GWs produced by many weak, quiet,
independent and unresolved sources constitute the SGWB. The sources of AGWB in-
clude binary coalescence of black holes, neutron stars, black hole-neutron star merger,
magnetars, first stars or supernovae (SNe) explosions. Future experiments such as
LISA, ET, PTA, etc. would be able to test gravitational wave theory to the low fre-
quency limits where they are expected to be able to detect and possibly distinguish
different kinds of stochastic backgrounds. This makes it crucial to study sources and
properties of SGWB and distinguishing their origin to fathom many mysteries of the
Universe.

This thesis is dedicated to understand cross-correlation of the SGWB produced by
GWs of astrophysical sources with LSS and CMB and effects of gravitational lensing
on them. When GWs emitted by astrophysical sources are received at the detector,
prior to their detection, they undergo lensing effect due to intervening matter present
between the source and the detector which includes visible cosmological large scale
structure and yet unseen dark matter. Matter present in the space deforms the original
geodesic of GWs and hence, mutual interactions between GWs and matter leave imprint
on their energy density distribution. Since GR predicts non-zero spatial correlation
between SGWB and CMB due to sharing common origin of geodesic deviation, lensing
of GWs can be treated in similar way as lensing of CMB within the geometric optics
approximation. Assuming this, we provide the cross-correlation of simulated AGWB
signals with different simulated cosmological probes which include Weak Lensing (WL)
convergence maps, CMB lensing convergence maps, Galaxy number counts and CMB
Integrated Sachs-Wolfe (ISW)/Rees-Schiama (RS) effect using the cosmological N-body
simulation suite- the “Dark Energy and Massive Neutrino Universe” (DEMNUni). We
then produce mock lensed AGWB maps to check the imprints of gravitational lenses
on the AGWB intensity anisotropies. We present our work here within the framework
of standard ΛCDM scenario.

This thesis is organised as follows.
In Chapter 1, we first present in brief the SMC and its basic concepts.
In Chapter 2, we describe the thermal history of the Universe. This chapter deals

with problems posed by the SMC, how inflation can solve these problems and how with
the help of primordial power spectra we can read the earliest evolutionary phases of
the Universe.

Chapter 3 describes how due to primordial inflationary era, the large scale struc-
ture of the Universe was formed and what are the current constraints on cosmological
parameters. In this chapter, we provide detailed physics of gravitational lensing and
report the mathematical framework needed for the following chapters.

In Chapter 4, the journey of relic photons forming CMB is described including
CMB primary and secondary anisotropies. Since we implement lensing of GWs in
similar manner to CMB lensing, this chapter includes a thorough description of weak
lensing of CMB photons.
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Chapter 5 presents physics of GWs starting from mathematical description of GW
propagation, geometric optics approximation, sources and spectrum of GWs to physics
of PGWs generated in the inflationary era. As we previously described, detection of
such PGWs would give us hints of the physics very close to the Big Bang. Finally, this
chapter presents how using GWs as standard sirens (GWSS), ongoing Hubble tension
in cosmography can be eased.

In Chapter 6 we describe the physic of SGWB including GW sources, distribution,
characterisation, analysis and how inhomogeneous spatial distribution of astrophysi-
cal GW sources leads to anisotropic energy density of the AGWB. Here, we describe
the current mathematics for the angular power spectrum of anisotropic AGWB and
motivate our work by presenting arguments how GW anisotropies can be numerically
analysed in similar way to the CMB anisotropies. In this Chapter, we propose for the
first time in literature, the terms- primary anisotropies in the AGWB intensity and
secondary anisotropies in the AGWB intensity which are classified based on the source
of the anisotropy, i.e. at the GW source level or at GW propagation level. Here we
also present the mathematical framework needed to motivate how AGWB intensity
anisotropies can be cross-correlated with various cosmological probes.

Chapter 7 is dedicated to GW detectors- both Earth-based and Space-based. We
present overview of almost all current and upcoming missions, their detection sensitiv-
ities and how they can be helpful for the forthcoming new era of GWSS.

Finally, in Chapter 8 we provide our results on simulated AGWB maps, their
cross-correlations signals with mock- WL convergence, CMB convergence, ISW/RS
and galaxy distribution simulated from DEMNUni. We also describe the map-making
procedure for weak lensing of SGWB via the DEMNUni simulations, and present the
resulting lensed AGWB angular power spectrum.

We conclude by presenting briefly our main results and future prospects in the
Conclusions.



If all you can do is crawl,
start crawling.

Rumi



Chapter 1

The standard model of cosmology

There is nothing bigger or older
than the Universe.

Stephen Hawking

Cosmology is probably the most ancient branch of science which aims to understand
the physics of the Universe as a whole and describes its evolution and structure on the
very large scales. The Universe has always been an open platform offering infinite
curiosities, possibilities and mysteries. Though our understanding of the Universe has
always been challenged from time to time, starting from silent astounding sky gaze
to being armed with giant space telescopes today, mankind has seeming come so far
attempting to know the cosmos in a better and a deeper way. The Universe has always
attracted wise men from age to age- starting from pure philosophical point of view to
precise scientific perspective. From early idea of Plato-no human being is of serious
importance to Copernican principle which denies the specific location of the Earth in
the Universe, thanks to ardently questing cosmologists, we hope to attempt unfolding
few mysteries of the Universe in future.

In this chapter, we present the current mathematical language which so far has
been proven correct to describe the Universe on large scales. Thanks to Einstein’s
revolutionary General Theory of Relativity (GR) and contributions by many pioneers,
we can try to study the Universe by a simple model encapsulated within mathematical
language of GR and six cosmological parameters.

The evolution of the Universe is well described by the Standard Model of Cosmology
which is also known as the Hot Big Bang model. The SMC is parametrized through the
so-called ΛCDM model where Λ stands for elusive dark energy which is responsible
for the late time accelerated expansion of the Universe. CDM is the abbreviation of
Cold Dark Matter which is the prominent component responsible for the large scale
structure formation in the Universe and provides extra mass density accounting for
gravitational lensing. The SMC within the language of GR attempts to predict how
the Universe evolved from initial singularity having infinite temperature, density and
pressure and has been evolving for approximately 14 billion years resulting into what
we see today as the observable Universe. According to the SMC, the Universe consist of
68% dark energy, 25% dark matter, 5% baryonic matter and 0.1% amount of radiation.
The remarkable success of the Hot Big Bang model is that it is surprisingly a simple
model using only six fundamental parameters to describe evolution and possible future
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10 The standard model of cosmology

of the Universe. The SMC assumes homogeneity and isotropy on the larger scales
(∼ 100 Mpc). Thanks to this feature, the Universe generously allows us to make
observations from any point of view which represents the Universe as a whole and
can therefore be used to test different cosmological models. This assumption of large
scale homogeneity and isotropy is known as the Cosmological Principle (i.e. absence
of any privileged reference point) but this perception of smoothness changes when
we observe the Universe on smaller scales. Universe is abundantly inhomogeneous
on small scales in form of galaxies, clusters of galaxies and superclusters, etc. and
we need to consider perturbations in the geometry describing the smooth Universe.
The observable patch of the universe is ≈ 3000Mpc and the Universe continues to
be homogeneous and isotropic over distances beyond the scale of observable patch.
However it is tremendously inhomogeneous when observed on scales much larger than
3000Mpc.

The crucial evidence in favor of the Big Bang model comes from the detection of
Cosmic Microwave Background (CMB) radiation which is uniformly distributed field of
thermal radiation left over from the time of recombination. CMB being the primordial
light in the Universe was originated when the photon energy reduced enough to become
smaller than the electron binding energy in the hydrogen nucleus. Recombination indi-
cates the earliest era of the Universe when the electrons and protons started to bound
together in order to form hydrogen atoms; before this era the Compton scattering of
electrons and high energy photons prevented those stable bounds which resulted into
continuous scattering of photons. The newly formed lighter elements- mainly hydrogen
and helium with traces of lithium reached their ground state by releasing photons (by a
process called photon decoupling) which we see today as the uniformly distributed Cos-
mic Microwave Background. We present further details about CMB and its observable
anisotropies in Chapter 2.

In addition to CMB, the SMC finds observational support in form of Hubble di-
agram indicating expansion of the Universe and light element abundance which is in
accord with the Big Bang Nucleosynthesis (BBN). With the help of such experimental
aids, we can constrain cosmological models and infer cosmological parameters; this
include Baryonic Acoustic Oscillations (BAO) which can be used to constrain models
using geometrical methods, Hubble parameter using redshift-distance relation through
the observation of supernovae which helps us to determine expansion rate today, power
spectrum of matter fluctuations for the late time matter distribution and the cluster
counts and detection of weak lensing through cosmic shear may shed light on matter
distribution on large scale.

In this Chapter we present the journey of the Universe for almost 13.8 billion years
[2] assuming that the Universe is homogeneous and isotropic on large scales and we
use Einstein equations based on his famous GR published in the paper “Cosmological
Considerations of the General Theory of Relativity” [3] which describes the evolution
of the system under the influence of gravity. In this thesis we will work with units
(c = h = 1). Since Chapter 1 describes the fundamentals of SMC, we focus only on
equations governing the dynamics and expansion of the Universe without developing
full calculations, for further reading we request, e.g. Ref. [4], [5] and [6].
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1.1 Homogeneity and isotropy

In this section, we discus one of the fundamental concepts on which the model of cos-
mology is built- the so-called Cosmological principle. This section is based on Ref.[5].
Entire standard model of cosmology is based on Cosmological Principle which states
that when the Universe is observed on large scales (≥100 Mpc) it demonstrates homo-
geneity and isotropy, indicating the absence of any specific location and any preferred
direction in the Universe. Homogeneity mentions that the Universe looks the same at
each point i.e. it is translationally invariant and by isotropy, the Universe mentions
the property of rotational invariance i.e. it looks the same in all directions. A space
which is everywhere isotropic is necessarily homogeneous, but the converse is not al-
ways true. Since the Universe is highly symmetric when observed on large scales, if the
Universe appears isotropic about one location in the space, it would appear isotropic
to other locations as well. Hence, the term isotropic may refer to isotropy about all
locations. Hoyle, Bondi and Gold proposed the perfect cosmological principle in which
the Universe apart from local fluctuations, was homogeneous in space and time both
making the Universe appear the same to all observers at all times. This supports the
fact why the Hubble parameter is constant and the Universe has exponential expansion
[6]. Homogeneity is used to model the matter content of the Universe as a perfect fluid
with no shear stresses, viscosity or heat conduction, and therefore fully characterized
by two parameter only- its mass density ρ and pressure p.

Einstein made an assumption of isotropy and homogeneity in order to simplify
mathematical calculations to describe evolution of the Universe. However this assump-
tion shows experimental support too. To list a few, isotropy of the observed Universe
finds evidence from uniformity of the temperature of the CMB, i.e. the intensity of
CMB temperature is the same whichever direction we observe. Although motion of
Earth relative to the cosmic rest frame results into dipole anisotropies, the tempera-
ture difference is very minute. The striking uniformity of the CMB is a clear indication
that at the epoch of the last scattering, the CMB was extremely isotropic and homoge-
neous. In addition to CMB, isotropy of the Universe also gets evidence from isotropic
X-ray radiation background due to distribution of radio sources and galaxies. There-
fore, the observed higher degree of isotropy provides strong evidence for the present
level of large-scale homogeneity and isotropy of our Hubble-volume.

Evidences for homogeneity of the Universe include galaxy count surveys and de-
termination of peculiar velocity field of the Universe. Here, the term peculiar velocity
refers to the motion of a cosmological object (the four velocity uµ) with respect to the
cosmic rest frame which is defined by the rest frame of the CMB. However it is wor-
thy to mention that assumption of homogeneity and isotropy made by Einstein is just
for the sake of simplicity of mathematical treatment which changes to very complex
inhomogeneous metric structure when dealt with nearby scales. Observations of CMB
aniostropies suggest that the presence of primordial fluctuations which grew during
inflation, lead to the formation of large scale structure thanks to their mutual grav-
itational attraction. Inflation provides the much needed way to generate primordial
perturbations that broke the ideal homogeneity and isotropy allowing the structures
to form. To study this structures we must introduce perturbations using the cosmolog-
ical perturbation theory in the metric defining geometry of the spacetime by carrying
out Fourier expansion in comoving wavenumber k. The inverse wavenumber defines
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a length scale corresponding to a particular mode of inhomogeneities. Since this the-
sis deals with late time Universe- accessing effects of stochastic background generated
by GWs emitted from astrophysical sources and lensing phenomena they experience
while traveling on large distances before reaching us, we will not mention details of
perturbation theory and focus mainly assuming large scale flatness of the Universe.

In brief, it is observed experimentally that the distribution of the galaxies is ho-
mogeneous and isotropic on scales larger than 100 Mpc [7] and thanks to Planck col-
laboration, intensity of the CMB radiation is astonishingly homogeneous and isotropic
with anisotropies being of the order of ∆T/T ≃ 10−5 (2013 [8], 2015 [9] and 2018 [2]).
Hence, the cosmological principle is not exact, at least when observed on the nearby
scales; it is actually a global property of the Universe, breaking down when observed
locally.

1.2 Geometry and dynamics of the Universe

The dynamics of the expanding Universe are characterised by the expansion rate given
by the Hubble parameter and the spatial curvature which is determined by the differ-
ent matter content in the Universe [10]. The SMC is formulated in terms of spacetime
metric which is also called the Friedmann–Lemâıtre–Robertson–Walker (FLRW) met-
ric. In GR, the spacelike hypersurface of constant time t define the slicing to the four
dimensional spacetime and the timelike worldlines of constant X define threading. The
FLRW threading corresponds to motion of comoving observers who see zero momen-
tum density at their location. FLRW metric is the exact solution of Einstein Field
Equations (EFEs) assuming the validity of cosmological principle. If the FLRW metric
equations are assumed to be valid to all the way back to the beginning of the Universe,
they lead us to a point where distances between objects in the Universe were infinitesi-
mally small. Hence FLRW metric going backward leads us to the Big Bang singularity
and extending forward provides us a model of the Universe that matches current ob-
servations in close approximation. In this section we will present vital mathematical
treatment needed to obtain theoretical predictions from the SMC.

1.2.1 The Friedmann–Lemâıtre–Robertson–Walker metric

Entire ΛCDM model is built on the base of GR valid on the cosmological scales r ≫
10h−1Mpc, which gives birth to a branch called the Relativistic cosmology [11]. One
of the fundamental ideas of GR is the equivalence of free-fall of reference frames which
lead Einstein to conclude that gravitation is actually not a force, instead it is the
curvature of spacetime which is related closely with the mass-energy. If we consider
a particle in a free-fall state whose trajectory in spacetime is defined by geodesic and
if gravitational field due to mass locally curves the spacetime (and remains flat in
the absence of it), its geometry is formulated in terms of a metric tensor denoted by
gµν . This metric tensor characterizes the invariant line element ds2 for a local 4-space
coordinates of non-Euclidean geometry as follows:

ds2 = gµνdx
µdxν (1.1)

where, xµ = (x0, xi) is a set of coordinates with x0 = t is the time coordinate
and xi are three spacial coordinates. The metric describes the connection between
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spacetime events and all geometrical and causal structures of spacetime. In our sign
convention, we follow Lorentzian sign convention following (−,+,+,+), repeated in-
dices being summed over and Greek letter indices span four dimensional spacetime
indices µ, ν, .... = 0, 1, 2, 3 and Latin letter i, j, ... = 1, 2, 3 for the space coordinates.
ds2 is the distance between two points and gµν is the metric describing the geometric
properties of the spacetime. The spacetime metric defined in Eq.1.1 is invariant under
coordinate transformation, this phenomena is known as diffeomorphism invariance and
it shows that all observers in different inertial frames will measure the same interval.
The invariant interval ds2 defines boundary of the causal structure of the spacetime.
This spacetime interval can be positive, negative or zero: when ds2 < 0 it defines time-
like interval (

√
ds2 defining proper time), ds2 = 0 defines the lightlike or null interval

and ds2 > 0 defines the spacelike interval. The inverse metric is denoted with upper
indices following property: gµαgµβ = δαβ , where δ

α
β is the Kronecker delta function.

Since the metric gµν is a tensor, it has specific transformation properties under change
of coordinates:

gµν =
∂xµ

′

∂xµ
∂xν

′

∂xν
gµ′ν′ (1.2)

Thus the behaviour of this metric tensor depends on the mass-energy of the test
particle summarised in form of EFEs as follows:

Gµν(x) = 8πGTµν(x) (1.3)

Here, Gµν is the Einstein tensor quantifying the behaviour of the metric tensor
gµν , Tµν is the energy-momentum tensor representing the energy, momentum density,
shear and pressure [11], G is the Newton’s gravitational constant related to Planck
mass by MP = 1/

√
8πG and c is the speed of light in vacuum. The left hand side

describes the curvature of the spacetime in the Einstein tensor Gµν and, the right hand
side describes the distribution of matter and energy in form of the energy-momentum
tensor Tµν [12]. This equation is the covariant generalization of the Poisson equation for
the Newtonian gravitational potential. The energy-momentum tensor in component
form can be written as [13],

Tµν =


T00 T01 T02 T03
T10 T11 T12 T13
T20 T21 T22 T23
T30 T31 T32 T33

 (1.4)

where,
T00 = energy density,
Ti0 = momentum density,
T0i = energy flux,
Tij = pressure and,
Tij|i ̸=j = shear forces.

Hence, Tµν depends only on the content of the Universe. Left hand side of Eq.(1.3) is
geometrical while right hand side is describing the physical content of the Universe [13].
Local conservation of mass and momentum can be expressed using energy-momentum
tensor,
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T µν;ν = 0 (1.5)

where, ; ν denotes the covariant derivative of Tµν with respect to ν. If we assume
perfect fluid description of the Universe (absence of shear stress, energy or momentum
flux), the energy-momentum tensor would be,

Tµν = (ρ+ p)uµuν + pgµν (1.6)

where, ρ is the mass density, p is the pressure of the perfect fluid, uµ is the 4-
velocity of the fluid (uµ = (1, 0, 0, 0)) and gµν is the spacetime metric. Eq.(1.6) is the
most compatible form of the stress-energy tensor with the homogeneity and isotropy
and this stress-energy tensor becomes diagonal for a perfect fluid [14]:

T µν = (−ρ, p, p, p) (1.7)

The stress-energy tensor of the perfect fluid in Eq.(1.6) will have the trace: T = T µµ =
−ρ+ 3p.

In a comoving orthonormal basis, the energy-momentum tensor becomes [13],

Tµ̂ν̂ =


ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 (1.8)

where, hat in Eq.(1.8) stands for orthonormal comoving basis. For the barotropic
fluid (i.e. the pressure of each fluid can be expressed as a function of its density alone),
using the Equation of State (EoS), we can relate pressure (p) and density (ρ) of the
cosmic fluid by assuming a linear relation,

p = wρ (1.9)

where w is called the equation of state parameter which depends on the nature of
the fluid.

Now, the metric gµν must be symmetric 4 × 4 tensor having 4 diagonal and 6
off-diagonal independent components. Friedmann showed that using the cosmological
principle, one can build a coordinate system to solve Einstein equations for a dynamical
model that describe a homogeneous, isotropic and expanding Universe. Cosmological
principle restricts various possibilities for such a metric: due to homogeneity, we can
define a metric with radial dependence and use a parameter, lets say k to mention
possible variations in the spatial curvature (curvature of the spacetime) and isotropy
restricts us to define a spatial metric through the infinitesimal 4-line element ds such
that it is independent of the spatial curvature. Since metric describes the Universe, it
must obey homogeneity and isotropy by remaining rotational and transitional invari-
ant. In order to mention possible time dependence of space component of the metric,
we use an arbitrary function a(t) known as the Robertson-Walker scale factor having
dimension of length. This scale factor is associated with the expansion of the Universe
and, increasing value of a(t) indicates decreasing number densities of matter or radia-
tion for particular comoving coordinate system. For convenience we consider spherical
coordinates and using gauge freedom to arbitrarily fixing some terms of the metric
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(g00 = 1 and g0i = 0) the metric for a space with homogeneous and isotropic spatial
sections is the maximally-symmetric FLRW metric given as,

ds2 = −dt2 + a2(t)

[
1

1− kr2
dr2 + r2(dθ2 + sin2 θdϕ2)

]
(1.10)

Here, k = 0 stands for flat and infinite Universe, k = +1 denotes spherical and
finite (closed) Universe and k = −1 denotes hyperbolic and infinite (open) Universe
respectively. This metric corresponds to a specific gauge, i.e. a choice of coordinates
in which the Universe appears spatially isotropic and homogeneous, defined by xµ =
(t, r, θ, ϕ) which is known as comoving coordinates. An object at rest with respect to
comoving coordinates will remain at rest with time, it keeps moving the expansion
of the Universe. If an object has velocity w.r.t. the comoving coordinates due to
gravitational interactions, then the object is said to have the peculiar velocity which
is important when considering Hubble’s law. In the FLRW metric, the spatial term is
modulated by the scale factor denoting the expansion of the Universe whose present
value is denoted by a(t0) = 1. The angular distance depends on the radial function
fk(r) which is either a trigonometric, hyperbolic or a linear function of r depending on
whether the curvature is positive, negative or zero respectively:

fk(r) =


k−1/2 sin(

√
kx) k > 0

r k = 0

(−k)−1/2 sinh[(
√
−k)x] k < 0

(1.11)

If considered local observer, GR can be approximated with the theory of special
relativity described by the Minkowsky spacetime metric ηµν = diag(−1,+1,+1,+1).
The FLRW metric gµν can be approximated by Minkowsky metric only locally ηµν
(gµν ≈ ηµν). From the isotropy of the Universe, the off-diagonal terms gµν with µ ̸= ν
must vanish and from the property of homogeneity, gµν in Cartesian coordinates must
be independent on the spatial coordinates. For a flat Universe, the metric can be
written as,

gµν =


−1 0 0 0
0 a2(t) 0 0
0 0 a2(t) 0
0 0 0 a2(t)

 (1.12)

hence, Eq.(1.10) becomes,

ds2 = −dt2 + a2(t)δijdx
idxj (1.13)

where, δi,j = diag(+1,+1,+1) is the Kronecker delta in Euclidean space.
Having known gµν , we can study particle trajectory in the spacetime, for this it is

worth to obtain the Christoffel symbol which is symmetric in indices µ and ν:

Γρµν ≡
gρτ

2
(∂µgντ + ∂νgµτ − ∂τgµν) (1.14)

where, notation is ∂µgντ =
∂gντ
∂xµ

.
The geodesic defines particle trajectory in the spacetime in the absence of any forces

(a straight line), Christoffel symbols are used in determining such a particle trajectory
[15]:
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d2xµ

dλ2
= −Γµαβ

dxα

dλ

dxβ

dλ
(1.15)

where, λ can be any scalar parameter describing position on the geodesic which
we can consider analogous to conformal time. We need to compute components of
Christoffel symbol from metric gµν using definition of Eq.(1.14) and insert them in
Eq.(1.15). For a flat Universe having the FLRW metric written in Cartesian coordinate
system, most of the derivatives of gµν and most of the components of Γρµν vanish, so
we get:

Γ0
0µ = Γ0

µ0 = 0 (1.16)

Γ0
ij = δij ȧa (1.17)

Γi0j = Γij0 = δij
ȧ

a
(1.18)

Γiαβ = 0 (1.19)

With the help of Christoffel symbols we can define Ricci tensor which is symmetric
in the indices µ and ν:

Rµν ≡ ∂αΓ
α
µν − ∂νΓ

α
µα + ΓαβαΓ

β
µν − ΓαβνΓ

β
µα (1.20)

The trace of the Ricci tensor is called the Ricci scalar :

R ≡ Rµ
µ = gµνRµν (1.21)

where gµν = diag(−1, a−1, a−1, a−1) is the inverse of gµν .

The Ricci tensor is diagonal with components given by:

R00 = −3
ä

a
(1.22)

Rij = δij(2ȧ
2 + aä) (1.23)

While the Ricci scalar is simply the trace of the Ricci tensor given by:

R = 6

(
ä

a
+
ȧ2

a2

)
(1.24)

The Riemann tensor has many symmetry properties in permutations of its indices.
Bianchi identities is a differential identity which is an important consequence of sym-
metry:

∇λRρσµν +∇ρRσλµν +∇σRλρµν = 0 (1.25)

These quantities- Christoffel symbols and its components, Ricci tensor and Ricci scalar
are used in Einstein equations, which we shall discuss in the next section.
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1.2.2 Einstein Field Equations

Einstein equations can be used to derive evolution of the Universe with time,

Gµν = 8πGTµν (1.26)

where,

Gµν ≡ Rµν −
1

2
Rgµν (1.27)

is the Einstein tensor and G = 6.67 × 10−11m3s−2Kg−1 is the Newton’s constant.
The twice contracted Bianchi identity implies conservation of the Einstein tensor:

∇µGµν = 0 (1.28)

The Einstein equations are reduced from 10 independent sets of equations to only
2 (the time-time component and the space-space component) as follows:

G00 = 8πGρ (1.29)

Gii = 8πGp (1.30)

Calculating the tensors G00 and Gij using the FLRW metric, we can obtain the Fried-
mann equations which we should see in the next subsection. Since stress-energy tensor
Tµν contains all information about the energy content of the Universe, for a homoge-
neous and isotropic fluid it can be written as:

Tµν = diag(ρ, p, p, p) (1.31)

where, ρ and p are the energy density and pressure of the fluid respectively. We
can define ρ and p using momentum distribution function [15] by denoting momentum
by P and degeneracy of the spices by g:

ρ = g

∫
d3P

(2π)3
f(P )E(P ) (1.32)

p = g

∫
d3P

(2π)3
f(P )

P 2

3E(P )
(1.33)

Due to conservation laws, the covariant derivatives of stress-energy tensor must
vanish:

DµT
µ
ν ≡ ∂µT

µ
ν + ΓµαµT

α
ν − ΓαµνT

µ
α = 0 (1.34)

This is the general relativity equivalent of the continuity equation. For a perfect
fluid with the stress-energy tensor in Eq.(1.31), the ν = 0 component of Eq.(1.34) is

ρ̇+ 3
ȧ

a
(ρ+ p) = ρ̇+ 3

ȧ

a
(1 + w)ρ = 0 (1.35)

ρ̇+ 3
ȧ

a
(ρ+ P ) = a−3∂(ρa

3(1+w))

∂t
= 0 (1.36)
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where, we have used the equation of state p = wρ

Using the Hubble parameter H = ȧ/a and conservation of the stress-energy tensor
(∇µTµν = 0) we can obtain the energy conservation law for fluid components within
the cosmological context:

ρ̇ = −3H(ρ+ p) (1.37)

For a generic fluid, w, the solution of Eq.(1.37) would be the density evolution given
as:

ρ(t) = ρ0a
−3(w+1) (1.38)

The matter content of the Universe includes contribution from non-relativistic bary-
onic matter and cold dark matter following p << ρc2 in good approximation. As a
result the matter is called pressure-less that is assumed to follow w = 0. The compo-
nents including relativistic photons and neutrinos have pressure components following
p = ρc2/3. Since equations of state would be different for different fluids, the scaling
of the energy density would be different during expansion:

wr = 1/3, ρr ∝ a−4(t), (1.39)

wm = 0, ρm ∝ a−3(t), (1.40)

where, subscripts r and m denotes radiation/relativistic particles and non-
relativistic matter respectively. Thus it is clear from above equations that the radiation
energy density drops more quickly with time than matter energy density. When the
scale factor was small, the densities were necessarily higher [4]. Though in the present
Universe these contributions are less dominant compared to the early Universe.

Our Universe is not composed of single perfect fluid, rather it has a combination of
different components with different density, the energy density of different component
evolves differently indicating different phase in the thermal history of the Universe.

According to the ΛCDM model, the Universe was initially dominated by radiation
having all relativistic species of particles and later in the evolutionary stage, reached to
non-relativistic matter dominated phase where total energy-density diminishes slower
than radiation energy density. In the current stage when the Universe experiences
acceleration due to enigmatic dark energy, it is necessary to introduce a cosmologi-
cal constant Λ having negative pressure. The current phase of accelerated expansion
cannot be a radiation or matter dominated phase as these components do not give ac-
celerated expansion. Introducing Λ, the corresponding equation of state is w = −1 and
ρΛ is constant over time following Eq. (1.37). We can include Λ in the stress-energy
tensor and it can be considered as a new fluid.

If the Universe is accelerating in the current time, then it must be in Λ-dominated
phase, which can be seen from the solution of the time-time component of the Einstein
equation described in next sub-section. The current measurements of the CMB sup-
ports late time expansion of the Universe dominated by energy following equation of
state: w = −1 [2].
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1.2.3 The Friedmann’s equations

Once metric is established- Eq.(1.2), we can calculate the equations describing motion
and evolution for the Universe. If we insert Eq.(1.27) into Eq.(1.23) with Ricci tensor
and Ricci scalar as defined in Eq.(1.20), Eq.(1.21) and Eq.(1.24) we obtain two different
independent differential equations- the so-called Friedmann equations corresponding to
the 00 (time-time) and ii (space-space) components:

H2 =

(
ȧ

a

)2

=
8πG

3
ρ (1.41)

This is known as the first Friedmann equation and H is known as the Hubble
parameter which describes the rate of expansion of the Universe.

H(t) ≡ ȧ

a
(1.42)

where dot denotes derivative with respect to time, i.e. ȧ = da/dt. The Hubble
parameter has units of inverse time and is positive for an expanding Universe. The
Hubble parameter for today H0 is called Hubble constant which is measured about
70kms−1Mpc−1. The reciprocal of the Hubble constant is known as the Hubble time
tH ≡ H−1 which represents the time galaxies could have taken to attain their present
separation starting from a condition of infinite compaction [16]. The Hubble parameter
is the defining parameter for distance measurements on the cosmological scale as it
sets the characteristic time-scale of the homogeneous Universe in form of Hubble time
scaling the age of the Universe, and characteristic length-scale in form of Hubble length
which sets the size of the observable Universe.

It gives the connection between the density of the Universe and its geometry.

And,

Ḣ +H2 =
ä

a
= −4πG

3
(ρ+ 3p) (1.43)

where, ρ = Σρi and p = Σpi are the total energy density and pressure of the
Universe respectively which include contribution from all the existing spices: baryons,
photons, neutrino, dark matter and cosmological constant. Eq.(1.42) is known as the
second Friedmann equation or the Raychaudhari equation describing the acceleration
of the scale factor.

The combination of these two Friedmann equations along with conservation law,
supplemented with equation of state forms a system of equations that determines the
the unknown functions a(t) and ρ(t).

The contribution of these species is different at different evolutionary stages of
the Universe- relativistic components (photons, baryons and neutrinos before non-
relativistic transition) contribute at the early stages known as the radiation domi-
nated era (RD) and non-relativistic components (baryons and neutrinos after the non-
relativistic transition and dark matter) contributing to thematter dominated era (MD).

However, Einstein before discovery of Hubble’s law introduced a cosmological con-
stant Λ in his equations in order to maintain static Universe which he later famously
called as his biggest blunder. Introducing Λ, Eq.(1.26) becomes:
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Gµν + Λµν = 8πGTµν (1.44)

For this Einstein equation, the Friedmann solution would be:(
ȧ

a

)2

=
8πG

3
ρ− k

a2
+

Λ

3
(1.45)

ä

a
= −4πG

3

(
ρ+ 3p

)
+
Λ

3
(1.46)

The presence of ρ which shows mass-energy prevents the acceleration of the Uni-
verse, on the other hand, the Λ term with opposite sign changes the dynamics of the
Universe due to its opposite sign. Therefore if the value of Λ term dominates other
terms, it can make the Universe to expand with positive acceleration of the scale factor.
The energy density due to the cosmological constant remains constant in time which
using Eq.(1.38) implies,

− 3(wΛ + 1) = 0, =⇒ wΛ = −1 =⇒ pΛ = −ρΛ (1.47)

Therefore, the cosmological constant has negative pressure. If this term is dominant
then from Eq.(1.46) and (1.45), we obtain an expanding and accelerating Universe. So,
when the Universe has very small scale factor, it denotes the radiation domination era
and it was in matter dominated phase until the curvature density becames the leading
term in total energy density. Finally it is the cosmological constant term dominating
in the later evolutionary stages of the Universe when it enters accelerated expansion
phase.

The cosmological constant (w = −1) can be described by some unknown species
that contribute with negative pressure. In this case the component that substitutes
the cosmological constant is known as dark energy and can have generic w < −1/3
required to have an accelerated expansion, with a possible dependence w(t) [15].

Critical energy density of the Universe is defined as:

ρc(t) ≡
3H(t)2

8πG
and ρc,0 = 1.88h2 × 10−29gcm−3 (1.48)

Fig.1.1 shows evolution of energy density of different cosmic components1 normal-
ized to critical density today as a function of scale factor:

Critical energy density defines the total energy density of the flat Universe at a
given time in the absence of a cosmological constant. A Universe with ρ > ρc will be
spatially closed and the one with ρ < ρc will be spatially open. ρc,0 defines the value of
critical energy density today which depends on the current value of Hubble parameter
H0. Using the ρc we can define the density parameter which is the ratio of the absolute
energy density ρ to the critical energy density ρc corresponding to each different spices:

Ωi ≡
ρi
ρc

=
8πG

3H2
ρi (1.49)

here we can use different subscripts e.g. i = Λ, k,m, r corresponding to the cos-
mological constant, curvature, matter and radiation respectively. Since ρ and H are

1General Relativity, Black Holes, and Cosmology by Andrew J. S. Hamilton
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Figure 1.1: The evolution of scale factor related with energy densities for different
components (matter, radiation, curvature and cosmological constant).

both time dependent, Eq.(1.48) defines an epoch-dependent density parameter and its
present value is denoted by ρ0 expressed as [6]:

ρ0 = 1.88× 10−26Ωh2kgm−3 = 2.78× 1011Ωh2M⊙Mpc−3 (1.50)

Considering contribution from different above mentioned components, the first
Friedmann equation becomes:

H2(t) =
8πGρ(t)

3
= H0(t)

2(Ω0
Λ + Ω0

ka
−2 + Ω0

ma
−3 + Ω0

ra
−4) (1.51)

This equation suggests that the evolution of the Universe depends on the relative
amount of energy density corresponding to each fluid. At different cosmic times, one
of the contributors in Eq.(1.51) is dominant and the evolution rate H = ȧ/a has a
different behaviour. If we consider a = 1 in Eq.(1.50), we obtain following relation
between all density parameters:

Ω0
Λ + Ω0

k + Ω0
m + Ω0

r = 1 (1.52)

where the density parameter of the curvature, cosmological constant, matter and
radiation are defined by,

Ωk(t) ≡ − k

a2(t)H2(t)
(1.53)

ΩΛ(t) ≡
Λ

3H2
0

(1.54)

Ωm(t) ≡
ρm
ρc

(1.55)

Ωr(t) ≡
ρr
ρc

(1.56)
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Evolution of various contributions to H(a) is shown in Fig.1.2:

Figure 1.2: Evolution of the fractional energy density Ω of photons, three massive
neutrinos (mν = 0, 0.05, 0.009eV), CDM, baryons and Λ as a function of scale factor
a/a0 or of the neutrino temperature Tν . There is the change in the behaviour of two
massive neutrino contributions when they become non-relativistic particles as seen from
the plot [17].

For Ωr(t) it is useful to express the quantity as a function of the frequency of the
source of radiation. In logarithmic scale,

Ωr(t) =

∫
Ωr(f)d ln f (1.57)

where,

Ωr(f) ≡
1

ρc

dρr
d ln f

(1.58)

which is widely used in analysing GWs.

Considering the equation of state pi = wiρi of the different components, it is possible
to obtain the relation between density and scale factor which indicates what kind of
energy density would be dominant for a particular interval of time defining cosmological
era. Restating Eq.(1.38) as

ρ ∝ a−ni (1.59)

where, ni = 3(1 + wi). Following table 1.1 gives various values of energy densities:
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component wi ni ρ(a) a(t) a(τ) τi
matter 0 3 a−3 t2/3 τ 2 0
radiation 1/3 4 a−4 t1/2 τ 0
vacuum −1 0 a0 eHt −τ−1 −∞

Table 1.1: Values of wi, evolution power of energy densities, FLRW solutions for a flat
Universe dominated by matter, radiation and a cosmological constant.

1.3 Expansion of the Universe and the Hubble law

Expansion of the Universe is a fact that finds many observational supports like Hubble’s
law derived from receding galaxies and observational data from Supernovae Type Ia
(SNIa). Figure 1.3 shows the original plot by Hubble showing receding galaxies with
their recessional velocity in linear proportion to their distance and Figure 1.4 shows
the Hubble diagram from Type Ia supernovae respectively:

Figure 1.3: Velocity-distance relation among extra-galactic nebulae showing a clear
evidence of expansion of the Universe, original plot reproduced from [18].

The expansion of the Universe can be explained by introducing scale factor a = a(t)
whose present value is a0 = a0(t) = 1. Using the scale factor we can define the comoving
distance which is the physical distance in terms of the scale factor. If two particles
are at rest during the expansion of the Universe then their comoving distance remains
constant. Whereas physical distance evolves with time as it is proportional to the scale
factor. The comoving frame is a reference frame where the coordinates of an observer
at rest remains unchanged under evolution (expansion) of the Universe and comoving
distance is used to measure distance between two points in such frame. Therefore
an observer at rest has constant comoving coordinates but the physical coordinates
do evolve with time scaling with scale factor a. The mathematical relation between
comoving distances (dC) and physical distance (dP ) is given by dP (t) = a(t)dC . So in
general the expansion of the Universe means that the proper physical distance between
a pair of well-separated galaxies increases with time, that is the galaxies are receding
from each other.

Current understanding enriched by observations suggests that Universe experiences
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Figure 1.4: Hubble diagram using different measurements of distance as mentioned in
the plot (Tully-Fisher, fundamental plane, surface brightness, SN Ia and SN II) with
the bottom panel showing H0 vs distance with the horizontal line equal to the best fit
value of 72kms−1Mpc−1. The bottom panel shows the residuals in the H0 as a function
of velocity. Original diagram is taken from [19].

expansion due to repulsive Dark Energy capable enough to overcome attractive grav-
ity. This acceleration could also be due to presence of cosmological constant Λ term
present in the Einstein equations. Einstein introduced cosmological constant in order
to achieve the static Universe which later on by discovery of Hubble’s law was aban-
doned. However, a positive and sufficiently large Λ can overcome the gravitational
attractive force to provide repulsion leading to acceleration o the Universe [20].

Another factor important to understand expanding Universe is through geometry
of the Universe. As discussed previously there are three possibilities for the spacetime
geometry: flat, open and closed Universe. In flat Universe, geometry follow Euclidean
treatment where initially parallel trajectories remain parallel. Whereas in open/closed
Universe, the trajectories will diverge/converge during their motion if they travel on
parallel trajectories initially. A flat, open or closed Universe respectively has zero,
negative or positive curvature or in other words, positive, negative or zero spatial
curvature respectively corresponds to spatially closed, open or flat Universe. Fig.1.5
show geometry of the Universe in these three cases:

If in the comoving frames, the peculiar velocities of the objects (e.g. galaxies) is
absent i.e. ṙ = 0, the relative velocities between the objects depends on their distance:

v ≡ ḋp = ˙a(t)r = H(t)dp (1.60)

Hubble, in 1929 observed the linear relation between distance and redshift based
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Figure 1.5: Different cases for evolution of the Universe based on the geometry of
the spacetime: if the actual density of the Universe is greater than the critical energy
density, the Universe would be closed and in future it would be contracting leading
to a big crunch. If the energy density is equal to the critical one, it should lead to
an open Universe where cosmological constant would be responsible for accelerated
expansion of the matter. In an open Universe scenario, the Universe keeps expanding
at an ever-increasing rate whereas in a flat Universe, it keeps expanding but as it grows
bigger, the rate of expansion slows.

on individual distance measurements of about twenty-four relatively bright galaxies at
redshifts v = cz ≤ 1000kms−1 [21] and discovered that distant galaxies were receding
away from Earth and the receding velocity was found proportional to the relative
distance between them. This result of his study is known as the Hubble diagram and
the linear relation between distance to a galaxy and its observed redshift is known as
the Hubble law,

v = H0d (1.61)

where, v is the velocity of the receding object, H0 = 100hkmsec−1Mpc−1 is the
present value of Hubble constant and d is the distance between receding galaxies.
Since we assumed that the Universe is homogeneous, the linear relation of Hubble’s
law remains the same for all comoving observers (moving with the mean galaxy flow).
This supports the cosmological principle which states that there is no specific point
to measure the expansion of the Universe. Similarly dimensionless Hubble constant
h ∼= 0.7 is defined as h ≡ H0/(100kms

−1Mpc−1).

From Hubble’s law we can obtain a physical quantity known as Hubble’s radius
which is defined as the radius at which an object reaches the recessional velocity equal
to that of light:



26 The standard model of cosmology

RH =
c

H
(1.62)

Physical objects farther than this radius have v > c, making it impossible to observe
such objects.

The direct consequence of Hubble’s law is that the relative velocity for distant
objects is higher and is direct indication that the Universe is expanding. To measure
the Hubble parameter H0 we should obtain the distance and velocity which can be
related to the redshift z. The redshift parameter is defined as the fractional shift in
wavelength of a photon emitted by a distant galaxy ze and that observed on the Earth
today z0 as:

z =
λ0 − λe
λe

(1.63)

An object gets blue-shifted while moving towards the detector and it is red-shifted
while moving away. Change in wavelength of the emitted light is related to the redshift
by,

1 + z ≡ λo
λe

(1.64)

And in terms of frequency at small separations, the recessional velocities gives the
Doppler shift:

νe
νo

= 1 + z ∼= 1 +
v

c
(1.65)

Here subscripts o and e denotes observer and emitter respectively. If a(t) is increas-
ing, it is redshifted denoting decrease in frequency by an expansion factor a(te)/a(t0)
which is equivalent to an increase in wavelength by a factor conventionally denoted by,

1 + z =
a(t0)

a(te)
(1.66)

Astronomers observe today that the distant galaxies show redshifts and hence we
can conclude that the Universe is expanding. Since the redshift is related to the scale
factor ae = a(te) at the emission time and by using the relation a(t0) = 1,

1 + z = a−1 (1.67)

Alternatively, if a(t) is decreasing, then we have blueshift which denotes decrease
in wavelength given by factor shown in Eq.(1.64) with z negative. For increasing or
decreasing cosmological scale factor the proper distance to any comoving source of light
(for example a galaxy) increases or decreases with time. This affects such light source
to look receding from us or approaching to us resulting into cosmological redshift or
blueshift.



Chapter 2

The Early Universe

Nature does not hurry, yet
everything is accomplished.

Lao Tzu

In this chapter we describe in detail the early evolutionary phases of the Universe-
its thermal history, inflationary era and how the first ever snapshot of the Universe
captured the images of primeval inhomogeneities which later turned out the seeds of
everything- from stars and galaxies to life on our planet.

2.1 Evolution of the Universe

Within the framework of SMC, the Universe began from an initial singularity which
is conventionally taken as t = 0 [22] which is known as the Big Bang- a term coined
by Fred Hoyle [23]. The phase from t = 0 till 10−43 seconds after the Big Bang in-
cludes the Planck epoch when all fundamental forces were unified and our current laws
of physics break down to explain them. The four fundamental forces of the nature
were combined and were probably a unified singular force during the Planckian epoch.
The initial phases of the Universe are still obscure as we need a theory of quantum
gravity to understand interactions at such extreme energy scales. After the expansion
and eventual cooling of the Universe between around 10−43 seconds to 10−36 seconds,
the Universe experienced phase transition during which fundamental forces separated
from each other. This phase transition in the fundamental forces is believed to be
caused by symmetry breaking and this cosmic epoch is known as the Grand Unifica-
tion Epoch. The properties of the Universe are completely different before and after
every phase transitions due to variation in energies and temperature. Vast scientific
community believe that assuming validity of “Grand Unified Theory” (GUT), gravity
separated first from the universally combined gauge force causing to separate gravity
and electrostrong interactions. Later, with the second phase transition electrostrong in-
teractions separated from gravity which resulted into two separate interactions- strong
and electroweak interaction. The electroweak interaction, between about 10−36 seconds
to 10−32 seconds divided into electromagnetic and weak interactions. In this stages of
evolution, the temperature and energies were extremely high, however it is still unclear
when exactly electrostrong symmetry was broken.

27
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After the Big Bang singularity, in the time between 10−33 and 10−32 seconds, ex-
ponential expansion of very hot Universe resulted into tiny ripples or primordial fluc-
tuations which are believed to be the seeds of large scale cosmological structures that
we can see today. This expansion era is known as cosmological inflation which is a
promising theory to explain many cosmological conundrums such as isotropy and flat-
ness of the Universe, nonexistence of magnetic monopole and explains why CMB is
evenly distributed across the space. The primordial gravitational waves (which are yet
not detected) put an upper bound of 1016GeV on inflationary energy scale. During
inflation, the scale factor grows as a(t) = exp(Ht). Inflation is generally modelled with
introduction of a scalar field ϕ known as inflaton which behaves as the cosmological
constant when rolling down a slowly varying potential V (ϕ). This inflaton field settled
into its lowest state and generated the repulsive force that lead the exponential expan-
sion of the metric defining the Universe. Due to this expansion, elementary particles
remaining from the grand unification epoch could be distributed across the Universe.

Reheating is the phase when inflation ends and scalar field decays into another
particles with a consequent energy transfer to the primordial plasma. This resulted
into raised temperature of the plasma of coupled particles and raised their energy too.
Reheating is the phase during which known particles of Standard Model of Particle
physics (from now SMP) were produced with a smooth transition to a radiation dom-
inated Universe. We will present in detail physics of inflation in section 2.2.

After the end of inflationary era and due to the reheating effect, the Universe was
filled with a hot quark-gluon plasma. Due to expansion, temperature of the Universe
continued to decrease, as a result, the kinematics of the processes occurring in the par-
ticle abundance and process of plasma changes of early Universe could not be produced
at later times. For stable particles this means that those particles disappeared due to
production and decay processes being out of equilibrium. At the same time, some of
the symmetries that hold in the very early Universe began to break spontaneously.
Around 10−12 seconds after the Big Bang, the third symmetry- electroweak symmetry
was broken and the four fundamental forces took their form familiar to us. But still
temperature was too high to allow formation of any atoms we can see today. Between
10−12 seconds and 10−6 seconds after the Big Bang, the Universe was in its earliest
evolutionary stages when electroweak symmetry was broken and gravitation, electro-
magnetism, strong and weak interactions had already taken their separate forms but
the temperature was high enough forbidding quarks to bind together to form hadrons.
This phase is known as the quark epoch and Universe in that epoch was filled with
a dense, hot plasma of quarks, gluons, leptons and their antiparticles. The quarks
released in this phase were highly energetic to be confined in hadrons. However as
the temperature of the Universe stared to decrease, the kinetic energy of these quarks
reduced and they could finally confine making the Universe to enter into the so-called
hadron epoch which was approximated between 10−6 seconds to 1 second. The major-
ity of hadrons and anti-hadrons annihilated with each other at the end of the hadron
epoch. This left Universe dominating with the pairs of leptons and anti-lepton form-
ing the lepton epoch. In the similar way as the hadron epoch, in this phase initially
leptons and anti-leptons were produced but after the temperature reduced to a point
constraining formation of new pairs of leptons and anti-leptons, their quick annihi-
lation resulted into pair formation of high energy photons and minor residue of non
annihilated leptons.

It is approximated that in the early phase after the Big Bang, the Universe experi-
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enced Barogenesis- a phenomena which indicates presence of more number of baryons
than antibaryons. It is expected that there could be equal number of baryons and an-
tibaryon formed, however in the present Universe there seems to have no antibaryons.
This is still a mystery open for revelations. There were several epochs of phase transi-
tions in the early Universe at each of which the background equation of state changed
drastically within a short time compared with the expansion rate of the Universe [24].

Before hadron epoch, there have been speculations about possible Dark Matter
decoupling, in this phenomena DM particles depending on their mass and interaction
rates could decouple. When the DM particles could possibly annihilate but could
not be produced because of kinematic interactions, their energy density diluted with
the evolution and they stopped interacting. This is called the dark matter freeze-
out ; freeze-out is the inability of annihilations to keep the particle in equilibrium [4].
The annihilation rate depends on the squared number density and it decreases due to
expansion of the Universe.

All physical reactions which took place about 1TeV energy scale can be probed by
physics of the high energy, but energy scales much higher than 1TeV are far beyond
reach of mankind. Due to lack of experimental data in this high energy regime, the
physics responsible for the very early phase of the Big Bang is unfathomable.

At approximately 1 second after the Big Bang and about 1 Mev temperature, the
equilibrium of neutrino-electron interactions was broken and neutrinos decoupled from
rest of the plasma forming the Cosmic Neutrino Background(CNB) or CνB identical
to Cosmic Microwave Background (CMB) formed by relic photons. Helium abundance
from the Big Bang nucleosynthesis and anisotropies in the CMB are the strong support-
ing evidences that CνB exists. These relic neutrinos might have left some very precise
imprints on the CMB. Neutrinos being extremely weakly interacting makes very low
possibilities of detecting experimentally the CνB or even their imprints on the CMB.
If CνB could ever be detected, the anisotropies in CνB could give us the glimpse of
the Universe at the time of neutrino decoupling.

Shortly after neutrino decoupling, the mean photon temperature became too small
to allow the production of e−− e+ pairs and electrons started to decouple. The energy
density of electrons transferred to photons and those photons were reheated by this
annihilation process. Therefore, temperature of photons (Tγ) from hereafter became
slightly higher than neutrino temperature.

The Universe entered in the photon epoch between 10 seconds after the Big Bang
where due to lepton epoch, the Universe was dominated by photons and most of the
mass-energy density was in the form of neutrinos and relativistic particles. Therefore,
the energy of the Universe and majority of its behaviour was dominated by photons
due to their interaction with other particles till next 370,000 years.

The early Universe is the phase of the evolution of the Universe when various sub-
atomic particles were formed, these particles included almost equal amount of matter
and antimatter resulting into quick annihilation leaving a small excess of matter in
the Universe. This early period also includes formation of light elements and favours
conditions suitable for Big Bang Nucleosynthesis. In this phase (roughly about 20
minutes after the Big Bang) the temperature and pressure of the Universe continued
to drop making favourable conditions for nuclear fusion to occur. This resulted into
formation of nuclei of few lighter elements beyond hydrogen. This phase is responsible
for the formation of deuterium, helium-3, helium-4 and small amount of lithium. Until
then, the Universe was dominated by relativistic particles such as photons and neutri-
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nos. Throughout the early Universe era, the reaction rates of particles in thermal bath
Γ were much greater than the Hubble expansion rate H which maintained the local
thermal equilibrium (LTE) [5]. In this case, entropy per comoving volume element
remained constant.

By 47,000 years after the Big Bang, the Universe due to expansion got sufficiently
cold enough to become matter dominated than initial radiation dominated opaque
phase. In this phase, the energy density of matter exceeded the energy density of
radiation and the vacuum energy density. According to the ΛCDM model, the Universe
by this phase was almost 84% dominated by Cold Dark Matter and approximately
15% by ordinary matter. Dark matter is responsible for the structure formation of
the observable Universe. Dark matter gathers in huge filaments under gravitational
attraction and this results into fast collapse compared with ordinary matter since dark
matter collapse is not slowed by radiation pressure. This amplified the inhomogeneities
seeded during cosmological inflation and with progressing time, slightly denser regions
became more dense and slightly empty regions became more rarefied. There have been
many evidences supporting existence of dark matter but the true particle nature of dark
matter is still unknown. In early phases, photons and baryons were tightly coupled into
a single primordial plasma which was in thermal equilibrium by Thompson scattering.
The opposite effect of gravity and radiation pressure produced propagation of acoustic
waves. When the Universe became cold and diluted enough, the interaction eased to
effectively couple the photons and baryons, and the acoustic waves ceased to propagate.
These oscillations, which are known as the Baryonic Acoustic Oscillation (BAO) left
the imprints on the distribution of matter with a characteristic scale approximately
that of the sound horizon.

And finally at about 370,000 years later, the Universe entered an era of Recom-
bination and photon decoupling, when the temperature was cold enough for ionized
particles to combine forming neutral atoms and these newly formed atoms settled into
more stable states releasing photons making the Universe transparent for the first time.
Till then, the Universe was opaque as the baryonic matter in the Universe was in form
of hot plasma and most of the photons could not travel enough distance due to fre-
quent interactions with ionized particles. These photons were scattered around the
space uniformly and can be detected as CMB today. Observations of the temperature
anisotropies prove that early Universe was not completely homogeneous, but the inho-
mogeneities were small enough (at the 10−5 level) so that these inhomogeneities can be
treated as a linear perturbation around a homogeneous background. The temperature
anisotropies seen in the CMB are due to the primordial quantum fluctuations created
during the inflationary era at about 10−34 seconds. Inflation stretched the microscopic
quantum fluctuations in the energy density which can be observed as the cosmic large
scale structures. After a density perturbation exit the horizon, it remained frozen with
constant amplitude until it reached again the horizon at some later time under the ex-
pansion following the standard hot Big Bang model. The fluctuations associated with
cosmological structures re-entered the horizon when the Universe was about 100, 000
years old, a shorter time before the photon decoupling.

After CMB decoupling, matter perturbations evolved under gravitational attrac-
tion and formed the large scale structure. The matter perturbations on small scales
(≤ 10Mpc) have grown non-linearly, while large scale perturbations are still small
similar to the CMB anisotropies [4]. Gravity attracts matter to grow in form of galax-
ies and gradually pulls galaxies together to form galactic clusters and super clusters.



2.2 Cosmological inflation 31

These structures on scale smaller than 100Mpc follow cosmological principle and can be
treated linearly, however their actual treatment need cosmological simulations and nu-
merical methods with introducing perturbations in the spacetime metric. From about
9.8 billion years of cosmic time, observations show that the expansion of the Universe
has been gradually accelerating. The later stage of the evolution of the Universe in-
clude accelerated expansion which is supposed to be due to elusive Dark Energy, also
referred to as Cosmological constant denoted by Λ. Dark energy is the single largest
cosmological component constituting about 68% of the entire mass-energy of the phys-
ical Universe. The whole evolution cycle which the Universe underwent to make our
life possible can be schematically shown as Fig.2.1:

Figure 2.1: Schematic history of the Universe, image reproduced from [25].

2.2 Cosmological inflation

This section is inspired by classic texts by Weinberg, Longair, Kolb & Turner,
Mukhanov, Peacock and TASI lecture notes 2009 by Baumann. Other references when
needed are cited therein.

Cosmological inflation is the paradigm proposed by Alan Guth [26, 22] and Alexei
Starobinsky [27] to solve the cosmological conundrums posed by the standard ΛCDM
model such as flatness, horizon and the magnetic monopole problem. It is a plausi-
ble theory to explain statistical deviations from large scale homogeneity and isotropy.
Inflation is assumed to be the early Universe era (also known as the de Sitter phase)
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when vacuum energy was the dominant component of energy density of the Universe
leading to exponential expansion (energy scale ≃ 1015 GeV) of the scale factor which
lead to an accelerated expansion of the Universe, or in other words, the Hubble length
shrank relative to any fixed scale caught up in the rapid expansion. Simply, inflation
can be defined as the early era of exponential acceleration, ä > 0, which implies that
the fluid that drive inflation violates the strong energy condition (SEC): w < −1/3. If
w ≃ 1, then the space will expand quasi-exponentially. In exotic theories violation of
the null energy condition (NEC)- w < −1, is allowed. Here we restrict only the simple
inflation model with validity of SEC.

During inflation, the energy density of the Universe remained constant whereas the
curvature radius grew exponentially. The main merit of this paradigm is that it provides
a natural way to generate the primordial perturbations breaking the perfect homogene-
ity and isotropy of the Universe to form observable large scale structure [28]. It predicts
that primordial scalar perturbations are nearly scale-invariant, Gaussian and adiabatic.
In addition to being a promising theory, it also motivates modern cosmologists to find
the traces of Primordial Gravitational Waves (PGWs) in the CMB, which is a strik-
ingly characteristic feature of this model. There are different models of inflation leading
to different predictions for the observable Universe and observations/experimental ev-
idences can strongly discriminate between them. Here, the model we consider is the
most simplest one- the Single Field Slow Roll (SFSR) [29] inflationary model, however
different models for inflation are discussed in [30].

Inflation can also be defined in terms of evolution of the comoving Hubble radius
(aH)−1:

d

dt
(aH)−1 = − ä

ȧ2
< 0 ⇒ ρ+ 3p < 0 (2.1)

i.e. the comoving Hubble radius decreases during inflation making the observable
Universe smaller. The condition for accelerated expansion implies:

ϵ ≡ − Ḣ

H2
= 1− äa

ȧ2
< 1 (2.2)

And, the exponential expansion can be achieved by taking the limit,

ϵ→ 0 ⇒ H → const., a(t) → eHt (2.3)

As we defined Friedmann equation (Eq.(1.45)) in Chapter 1, it shows which kind
of perfect fluid would drive the dynamics of the Universe. The cosmological inflation
is the accelerated expansion of the Universe, i.e. ä > 0 and, p ≈ −ρ, which means that
the evolution of the scale factor would be:

a(t) = aIe
Hi(t−ti) (2.4)

where subscript i indicates the beginning of the inflationary era and the Hubble
parameter is nearly constant in time i.e. H = Hi ≡ const. This period characterized
by evolution of the scale factor is known as the de Sitter phase. The exact ϵ = 0 case
corresponds to have the de Sitter background, which is the vacuum solution of the
Einstein equations with a positive cosmological constant. In a de Sitter model, the
physical Hubble radius is constant in time while it is the physical length that continues
to grow making it possible to cross the Hubble radius at some ’horizon-crossing time’.
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The requirement for a sufficiently long inflationary time corresponds to the requirement
that all scales relevant for cosmological observations were able to exceed the Hubble
radius during inflation. The four widely used equivalent definitions of inflation can be
summarized as below:

• Decreasing comoving horizon: The shrinking Hubble sphere is defined as men-
tioned in Eq.(2.1)

d

dt
(aH)−1 < 0 (2.5)

• Accelerated expansion: From Eq.(2.1),

d

dt
(aH)−1 =

−ä
(aH)2

(2.6)

i.e. a shrinking comoving Hubble radius implies accelerated expansion.

• Violation of SEC :
From Friedmann equation,

Ḣ +H2 =
ä

a
= −4πG

3
(ρ+ 3p) (2.7)

where for ä > 0 needs p > −1
3
ρ, i.e. it needs negative pressure or violation of the

strong energy condition.

• Slowly varying H : From Eq.(2.2), the condition needed is,

ϵ = − Ḣ

H2
< 1 (2.8)

2.2.1 Scalar field dynamics

Considering the SFSR inflaton potential V (ϕ), dynamics of a minimally gravitationally
coupled scalar field ϕ is governed by the action term:

S =

∫
d4x

√
−g

[1
2
R +

1

2
gµν∂µϕ∂νϕ− V (ϕ)

]
= SEH + Sϕ (2.9)

The action in Eq.(2.9) is the sum of the gravitational Einstein-Hilbert action SEH
and the action of the scalar field with canonical kinetic term Sϕ. The potential V (ϕ)
describes the self-interaction of the scalar field. Dynamics of the inflaton field from
the time CMB fluctuations were created (at ϕCMB) to the end of inflation (at ϕend) is
determined by the shape of the inflationary potential V (ϕ) such as single-field inflation
and large-field inflation [31].

Fig.2.2 shows the SFSR inflation scenario:
A minimally coupled scalar field ϕ with potential energy V (ϕ) can be further de-

scribed by following Lagrangian:

L = −1

2
∂µϕ∂µϕ− V (ϕ) (2.10)
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Figure 2.2: According to inflation, the cosmic energy density was dominated by the
vacuum energy associated with the displacement of some scalar field ϕ from the mini-
mum of its potential. Figure illustrates the two toy models for the inflaton potential,
left : a quadratic potential, right : a hilltop potential. Image taken from [32].

By varying the action term w.r.t. ϕ, we can obtain the Klein-Gordon equation
(□ϕ = ∂V/∂ϕ) describing the equation of motion for the field which with the FLRW
becomes,

ϕ̈+ 3Hϕ̇− 1

a2
∇2ϕ+ V ′ϕ = 0 (2.11)

where V ′ϕ = dV (ϕ)/dϕ. Also varying action Eq.(2.10) w.r.t the metric tensor, the
expression for the stress-energy tensor for the minimally-coupled scalar field becomes:

Tµν = −2
∂L
∂gµν

+ gµνL = ∂µϕ∂νϕ+ gµν

[
− 1

2
gαβ∂αϕ∂βϕ − V (ϕ)

]
(2.12)

ρϕ =
ϕ̇2

2
+ V (ϕ), pϕ =

ϕ̇2

2
− V (ϕ) (2.13)

This gives the equation-of-state of the inflaton:

wϕ ≡
pϕ
ρϕ

=
1
2
ϕ̇2 − V

1
2
ϕ̇2 + V

(2.14)

Eq.(2.13) shows that a scalar field can lead to a negative pressure, wϕ < 0), and
accelerated expansion, (wϕ < −1/3), respectively, if its potential energy V dominates
over the kinetic energy 1

2
ϕ̇2.

Further, from Friedmann equation we obtain,

ρϕ + 3pϕ = 2[ϕ̇2 − V (ϕ)] (2.15)

So, V (ϕ) > ϕ̇2 is sufficient condition to obtain accelerated expansion, in particular
to obtain a quasi-de Sitter expansion we need,

V (ϕ) ≫ ϕ̇2 (2.16)
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Therefore a scalar field with its potential energy dominating its kinetic energy gives
rise to an inflationary expansion which can be achieved by introducing a scalar field
slowly rolling towards minimum of its potential.

Assuming spatially flat Universe, the equations of motion becomes,

H2 =
1

3M2
Pl

[
V (ϕ) +

1

2
ϕ̇2
]

(2.17)

and,

ϕ̈+ 3Hϕ̇ = −dV
dϕ

(2.18)

This equation is also called the scalar wave equation and provided that ϕ̇2 < V (ϕ),
the condition for inflation is satisfied.

2.3 Slow-roll conditions

The acceleration equation for a Universe dominated by a homogeneous scalar field can
be written as [31],

ä

a
= −1

6
(ρϕ + 3pϕ) = H2(1− ϵ) (2.19)

where, the slow-roll parameter ϵ is,

ϵ ≡ 3

2
(wϕ + 1) =

1

2

ϕ̇2

H2
(2.20)

ϵ can be related with the evolution of the Hubble parameter,

ϵ = − Ḣ

H2
= −d lnH

dN
(2.21)

where, dN = Hdt, and the condition for accelerated expansion is ϵ < 1. In the
de Sitter limit (pϕ → ρϕ) the slow-roll parameter corresponds to ϵ → 0. In this case,
potential energy dominates over the kinetic energy,

ϕ̇≪ V (ϕ) (2.22)

Accelerated expansion will only sustain for a sufficiently long period of time if the
second time derivative of ϕ is small enough,

|ϕ̈| ≪ |3Hϕ̇|, |V,ϕ| (2.23)

which requires the smallness of a second-order slow-roll parameter,

η = − ϕ̈

Hϕ̇
= ϵ− 1

2ϵ

dϵ

dN
(2.24)

where, |η| < 1 is ensuring the fact that the fractional change of ϵ per e-fold is
small and the slow-roll conditions can be expressed as conditions on the shape of the
inflationary potential:
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ϵV (ϕ) ≡
M2

Pl

2

(V ′

V

)
(2.25)

and,

ηV (ϕ) ≡M2
Pl

(V ′′

V

)
(2.26)

where subscripts ′ and ′′ denote first and second order derivative w.r.t the field ϕ.
In the slow-roll region,

ϵV , |ηV | ≪ 1 (2.27)

with the background evolution,

H2 ∼ 1

3
V (ϕ) ≃ const. ϕ̇ ≃ − V ′

3H
(2.28)

and the spacetime is approximately de Sitter,

a(t) ≃ eHt (2.29)

The parameters ϵV and ηV are called the potential slow roll parameters to distinguish
them from the Hubble slow roll parameters ϵ and η. In the slow roll approximation,
the Hubble and potential slow-roll parameters are related as follows:

ϵ ≈ ϵV , η ≈ ηV − ϵV (2.30)

Slow-roll inflation occurs only if both slow-roll parameters are small, O(10−12).
If these conditions are satisfied, then the background evolution is given by H2 ≡
V (ϕ)/3M2

Pl which is a constant term and ϕ̈ = −∂ϕV/3H.

Inflation ends when the slow-roll conditions are violated (known as the phase of
reheating),

ϵ(ϕend) ≡ 1, ϵV (ϕend) ≈ 1 (2.31)

The number of e-folds before inflation ends is,

N(ϕ) ≡ ln
aend
a

=

∫ tend

t

Hdt ≈
∫ ϕ

ϕend

V

V ′dϕ (2.32)

Which becomes:

N(ϕ) =

∫ ϕ

ϕend

dϕ√
2ϵ

≈
∫ ϕ

ϕend

dϕ√
2ϵV

(2.33)
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2.4 Reheating

Since inflation is a decent framework supporting the SMC, it must end allowing transi-
tion from radiation dominated to matter dominated era in order to form light elements
following particle abundance supported by primordial nucleosynthesis and allow the
formation of the CMB. As inflation terminates, the inflaton field starts quasi-periodic
motion with slowly decreasing amplitude [33].

In the single field slow-roll scenario, when inflaton field starts rolling fast along
its potential, it reaches the minimum and then bounces back oscillating around it.
This process by which the Universe transits from the end of inflation to the radiation
dominated phase is known as reheating [34, 35, 36, 37]. At the end of inflation, most
of the energy density of the Universe was stored in the scalar fields as accelerated
expansion of the Universe dilutes other components. The temperature of the Universe
at the time of this process is called the reheat temperature. This decay resulted into
formation of other ϕ particles or other bosons due to broad parametric resonance
[38]. Models proposed to describe reheating include the perturbative decay of inflaton,
other models include non-perturbative decay such as parametric resonance decay. If
the fluctuations are sufficiently small then inflaton could decay into relativistic particles
as soon as the inflaton decay rate Γ becomes comparable to Hubble constant. If the
decay is slow, only fermionic decays are available and usually each decay is supposed to
thermalize quickly so that their energy distribution can be described by a black-body
function with the reheating temperature for a sudden process given by Treh ≡

√
MPlΓ.

After the decay, a mechanism is supposed to take place leading to energy transfer of
the decay products into radiation called as preheating phase [38].

Fig.2.3 schematically shows inflaton field slowly rolling down towards the true vac-
uum representing the end of inflation. False vacuum within particle physics language
refers to a stage with lower energy. As shown in this figure, the Universe at early
times is dominated by potential energy density of a scalar field ϕ where the classical
motion of ϕ is shown by red arrows. When ϕ is near region (a), the energy density
will remain nearly constant ρ ≡ ρf (ρf being the energy density of false vacuum) even
as the Universe expands. Cosmic expansion acts like a fractional drag, slowing the
motion of ϕ, near regions (b) and (d), ϕ behaves like an oscillator/marble entrapped
slowly moving towards the side of its potential, rather than like a marble sliding down
inside a polished bowl. During this period of “slow roll”, the energy density ρ remains
nearly constant. Only after ϕ has slid most of the way down its potential, it will begin
to oscillate around its minimum. The region (c) shows how inflation ends.

After inflation ends, the scalar field begins to oscillate round the minimum of the
potential where the scalar field acts like pressureless matter:

dρ̄ϕ
dt

+ 3Hρ̄ϕ = 0 (2.34)

and due to coupling of inflaton field ϕ to other particles leads to a decay of the
inflaton energy:

dρ̄ϕ
dt

+ (3H + Γϕ)ρ̄ϕ = 0 (2.35)

where, the coupling parameter Γϕ depends on complicated and model-dependent
[31] physical process. Generally, inflationary energy density is converted into standard
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Figure 2.3: slow-roll inflation towards true vacuum, image taken from [39].

model degrees of freedom. The field of reheating too like early Universe is largely
unknown.

2.5 Power spectra of cosmological perturbations

The standard model assumes adiabatic, Gaussian perturbations. Adiabaticity indicates
the common perturbation for all types of material in the Universe, so that if the
spacetime is foliated by the constant-density hypersurfaces, then all fluids and fields are
homogeneous on those slices, with perturbations completely described by the variation
of the spatial curvature of the slices. Gaussianity means that the initial perturbations
obey Gaussian statistics, with amplitudes of waves of different wavenumbers being
randomly drawn from a Gaussian distribution of width given by the power spectrum
[40]. Since gravitational instability generates non-Gaussianity, Gaussianity refers to a
property of initial perturbations before they evolved. And isocurvature perturbations
arise due to perturbations of relatively different amount of material while leaving the
total density constant.

If the perturbations obey Gaussian statistics, then the dimensionless power spec-
trum denoted by ∆2 provides a complete description of properties of cosmological
perturbations.

2.5.1 Scalar and tensor primordial power spectra

Inflation provides the simplest mechanism to generate the observed perturbations
through the amplification of quantum fluctuations which were stretched to astrophys-
ical scales by rapid initial expansion. Density perturbations from scalar field experi-
enced gravitational instability and lead to structure formation, whereas the Primordial
Gravitational Waves (PGWs) lead to imprints on the polarization anisotropies of the
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CMB.
Using quantities defined in previous section showing statistical prediction for the

initial conditions from inflationary paradigm, we can check how these initial conditions
affect the shape of the matter power spectrum. The inflation field is a scalar field
responsible for accelerated expansion of the Universe. However inflaton is not a homo-
geneous field but due to quantum non-zero energy, inflaton keeps fluctuating. These
fluctuations are also stretched due to expansion of the Universe and once they become
larger than the Hubble horizon, the quantum fluctuations are frozen. At the end of
inflationary era when inflaton field scatters into particle production (reheating and
pre-heating respectively), the primordial particles and the frozen quantum fluctuations
of the inflaton field outside the horizon generate primordial fluctuations in the energy
density.

Considering again the SFSR model, Fourier transform of the fluctuations in the
inflaton field will be,

δϕ(k, t) =

∫
dkeikxδϕ(x, t) (2.36)

The evolution equation for such perturbations become,

δϕ̈+ 3Hδϕ̇+ δϕ
k2

a2H2
= 0 (2.37)

Then we can define the primordial power spectrum as [31]:

⟨ϕin(k)ϕin(k′)⟩ = (2π)3δ(k+ k′)Pϕ(k) (2.38)

where ϕ(k) is the primordial gravitational potential, angular brackets ⟨...⟩ denote
the ensemble average and the primordial power spectrum is defined as:

Pϕ(k) = As(k0)
( k
k∗

)ns−1

(2.39)

where, As is the amplitude of the primordial spectrum, k∗ is the pivot scale and ns
is the spectral index. This gives following relation:

ns − 1 =
d lnPϕ(k)

d ln k
(2.40)

Above Eq.(2.40) defines the scale dependence of the power spectrum or the scalar
spectral index which is also known as the tilt. Inflation predict a nearly scale-invariant
power spectrum where the derivative in above equation is zero and ns ∼ 1 correspond-
ing to a slowly rolling inflaton field and a slowly varying H(t).

Quantum fluctuations during inflation source not only the primordial power spec-
trum of scalar perturbations but also the one of tensor perturbations.

Analogous to above discussion, power spectrum for the amplitude hk of the two
states of polarization of primordial gravitational waves is defined as,

⟨hkhk′⟩ = (2π)3δ(k+ k′)Ph(k) (2.41)

∆2
h =

k3

2π2
Ph(k) (2.42)
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The power spectrum of the tensor perturbations can be defined as the sum of the
power spectra of two polarization state:

∆2
t ≡ 2∆2

h =
2

π2

H2
∗

M2
Pl

(2.43)

Given that H2 ∝ V during inflation, the GW amplitude can thus be determined by
the energy density of the Universe.

The scale-dependence can be defined as,

nt ≡
d ln∆2

t

d ln k
(2.44)

which gives,

∆2
t (k∗) = At(k∗)

( k
k∗

)nt(k∗)

(2.45)

In terms of ∆2 ≡ k3P (k)/2π, for scalar and tensor fluctuations it is possible to
show that:

∆2
s(k) =

1

8π2

H2

M2
Pl

1

ϵ
(2.46)

and,

∆2
t (k) ≡ 2∆2

h(k) =
2

π2

H2

M2
Pl

(2.47)

where both quantities are measured at scale k = aH and,

ϵ = −d lnH
dN

(2.48)

The horizon crossing condition k = aH (k < aH is known as super-horizon whereas
k > aH is known as sub-horizon scale) makes Eq.(2.46) and Eq.(2.47) functions of the
comoving wavenumber k making the tensor-to-scalar ratio:

r ≡ ∆2
t

∆2
s

= 16ϵ∗ (2.49)

Following Eq.(2.42), the scalar and tensor spectra at the horizon crossing can be
expressed in terms of V (ϕ) and ϵV [31]:

∆2
s(k) ≃

1

24π2

V

M4
Pl

1

ϵV
, ∆2

t (k) ≃
2

3π2

V

M4
Pl

(2.50)

The scalar spectral index is,

ns − 1 = 2η∗V − 6ϵ∗V (2.51)

the tensor spectral index is,

nt = −2ϵ∗V (2.52)

And, the tensor-to-scalar ratio becomes,
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r = 16ϵ∗V (2.53)

SFSR models satisfy a consistency condition between the tensor-to-scalar ratio and
the tensor tilt:

r = −8nt (2.54)

In the slow-roll approximation measurements of the scalar and tensor spectra relate
directly to the shape of the potential V (ϕ) i.e. H is a measure of the scale of the
potential, ϵ of V ′ and ηV of V

′′
. Therefore measurements of amplitude and the scale-

dependence of the cosmological perturbations encode information about the potential
driving the accelerated expansion. The simplest inflationary models based on one
dynamical field predict adiabatic perturbations and a level of non-Gaussianity which
is too minute to be detected by any experiment designed so far. Large scale non-
Gaussianity can arise if inflation interactions are significant during inflationary phase
and it can be significant in models with multiple fields, higher-derivative interactions
or non-standard initial states [31].

2.5.2 The matter power spectrum

The distribution of matter in the universe is usually described by the power spectrum,
Pm(k), of matter density perturbations, δk, defined via:

⟨δkδk′⟩ = (2π)3δ3(k − k′)Pm(k) (2.55)

Power spectrum describes the distribution of matter in the Universe and variance in
the matter distribution: a larger power spectrum denotes a significant larger amount of
overdense and underdense region, whereas the smaller power spectrum denotes smooth
distribution of matter. Fig.2.4 shows the matter power spectrum in four different mod-
els: the Harrison-Zel’dovich spectrum, CDM, hot dark matter(HDM) with standard
model neutrinos and dark matter in form of baryons.

The shape of the matter power spectrum also depends strongly on the properties
of matter. If dark matter consisted of baryonic particles, the power spectrum would
exhibit oscillations on large scale due to strong baryon-photon coupling prior to re-
combination as can be seen in figure 2.4 in form of green solid curve. Therefore, the
absence of such oscillations in observational data provides further evidence that DM is
non-baryonic.

Now, if linear evolution of cosmological perturbations is considered, the shape of
the matter power spectrum Pm(k) can be split in three different regions [42]:

The low-k limit: These scales include modes that are today outside the horizon. In
Newtonian gauge potential modes and density modes both are constant. Therefore the
matter power spectrum is expected to reproduce the scale-dependence of the primordial
spectrum:

Pm(k) ∼ k−3, for k < aH. (2.56)
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Figure 2.4: The linear matter power spectrum for four different models: the Harrison-
Zel’dovich spectrum (purple dashed-dotted), CDM (orange dashed), hot dark mat-
ter(HDM) with standard model neutrinos (red dotted) and dark matter in form of
baryons (green solid). Image taken from: [41].

Modes entering the horizon in MD era: For the modes entering the horizon
in the matter dominated era, the density fluctuation grows as the scale factor. The
smaller modes, i.e. the modes that enter the horizon at earlier time are expected to
have a larger amplitude. Therefore, the matter power spectrum is expected to grow
with k and reach maximum amplitude corresponding to k = keq. The slope of the
power spectrum in this range can be computed from the primordial spectrum and the
Poisson equation which relates the density and the gravitational potential. The result
is,

Pm(k) ∼ k for aH < kc < keq (2.57)

Modes entering the horizon in RD era: Such modes have a logarithmic growth
after the horizon crossing. Therefore after the matter-radiation equality, the power
spectrum is expected to decay as primordial spectrum modulated by a logarithmic
factor:

Pm(k) ∼ k−3[ln(const k)]2, for k > keq (2.58)

It is important to note that a cosmological constant is expected to maintain the
shape of the matter power unaltered. However the accelerated expansion is expected
to contrast dark matter clustering, this results into slight suppressing of the amplitude
of power spectrum.

Fig.??, some of which will be discussed in the next chapter.
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Figure 2.5: From The Planck Collaboration et al., 2020 [43]. The matter power spec-
trum (at z = 0) inferred from different cosmological probes. The solid black line is the
ΛCDM prediction that provide a good fit on these scales.
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Chapter 3

Cosmological large scale structure

If you look up,
there are no limits.

Japanese proverb

The ΛCDM model is the minimal model having only six cosmological parameters
to describe evolution of the Universe. This model is exquisitely able to reproduce all
cosmological probes including CMB [44, 2, 45, 46], galaxy clustering [47], cosmological
distance measurement from supernovae [48] and the statistics of weak gravitational
lensing [49]. In different perspective, the standard model of cosmology is presented in
[50]. In this chapter we provide a brief overview of cosmological structure formation
and observational constraints on cosmological parameters thanks to ongoing science
missions, and motivate the application of the DEMNUni simulations in this project to
infer effects of large scale structure on GW propagation.

3.1 Cosmological structures

According to the cosmological principle, the Universe is described on larger scales as a
fluid of nearly constant density with homogeneous and isotropic distribution of matter
and radiation. Large scale homogeneity and isotropy is valid in two cases: in the early
Universe when it was in the form of a primordial plasma and today only if the Universe
is observed on very large scales i.e., r > 100Mpc which is evident by the CMB isotropy,
isotropic X-ray background and number counts of radio sources. However on scales
smaller than 100Mpc, the Universe is enormously rich having stars, planets, galaxies,
voids, galaxy clusters and superclusters as can be clearly visible from the SDSS map
of the Universe as shown in Fig.3.1.

It can be seen that the matter distribution is actually clustered in coherent pat-
terns forming large voids and a network of filamentary structures which merge into
large overdense regions. The existence of cosmological structure provides us a key to
unlock mystery of the evolution and composition of the Universe. Inflationary epoch as
described in Chapter 2 predicts generation of small scale initial irregularities in the ini-
tially homogeneous Universe and then due to gravitational instability, primeval density
perturbations grew into larger inhomogeneities that we can observe today.

Gravitational instability arises due to irregular matter distribution in the Universe

45
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Figure 3.1: The SDSS map of the Universe showing richness of the non-linear structure,
shown each dot is a galaxy and the color is the g-r color of that galaxy. Image is taken
from: https://www.sdss.org/science/orangepie/.

where overdense regions provide extra gravitational attraction and pull matter towards
them making them more overdense. Thus evolving Universe has more pronounced
irregularities under the action of gravity. These irregularities can be treated linearly
as long as they were small.

The decreasing comoving horizon during inflationary era is the key feature for the
generation of cosmological perturbations. Quantum fluctuations are generated on the
sub-horizon scales but they exit the horizon when the Hubble radius becomes smaller
than their comoving wavelength. This in physical coordinates corresponds to the su-
perluminal expansion stretching perturbations to the acausal distances. Such pertur-
bations become classic superhorizon density perturbations which re-enter the horizon
in the subsequent Big Bang evolution and gravitationally combine to form the large
scale structure. The primeval density inhomogeneities generated during inflation are
hence necessary condition to initiate structure formation which results into predictable
temperature fluctuations in the CMB.

Density inhomogeneities are generally indicated in terms of Fourier transformation
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[5]:

δρ(x⃗)

ρ̄
= (2π)−3

∫
δk exp(−i⃗k · x⃗)d3k , (3.1)

where ρ is the density field, ρ̄ is the mean density of the Universe, k⃗ is the comoving
wavenumber associated with a given Fourier mode and δk is its amplitude. For a density
perturbation of small amplitude (δρ/δ) << 1, its physical wavenumber and wavelength
scales with the scale-factor as kphys = k/(2a(t)π) with λphys = a(t)(2π/k). Generally
the scale factor is normalized to unity at redshift zero, so that λphys = λ at z = 0.
When a perturbation becomes nonlinear, it separates from the background expansion.

The growth of these density inhomogeneities might have begin as soon as the Uni-
verse entered into matter-dominated era assuming the Universe was dominated by
non-baryonic dark matter, because baryonic inhomogeneities can not grow until after
decoupling as baryons are tightly coupled to the photons. The matter contribution at
the time of matter-radiation equality (1 + zeq = 2.4× 104Ωmh

2 [6]) takes into account
baryons, charged leptons and non-relativistic dark matter component at the time of
decoupling, including other non-relativistic species which includes massive neutrinos
after their non-relativistic transition. At redshifts higher than zeq, the dynamics of
the Universe was dominated by radiation, and as the density of radiation decreases
faster than density of matter, the Universe reached matter-radiation equality when the
energy density of matter and that of radiation became equal. Before this epoch, the
radiation density acts as a pressure that prevented the collapse of perturbations in the
matter density. The epoch of matter-radiation equality has special importance for the
generation of large scale structure and development of CMB anisotropies. After this
epoch the Universe started to be matter dominated, allowing for structures to form.

However matter perturbations underwent a complex evolution up until the time
they are observed in the present Universe. Approaches needed to explain non-linear
growth of such perturbations include higher order perturbation theory, renormalization
group mechanisms, analytical models of gravitational collapse, the halo-model or N-
body simulations [51]. When the perturbations are small, linear Boltzmann solver
codes, such as CAMB or CLASS [52], can be used, but for density perturbations
on small scales, non-linear evolution needs a variety of semi-analytical and numerical
approaches.

Fluctuations of density ρ around the mean density ρ̄ can be parameterized by
density contrast by rewriting Eq.(3.1) in a compact form:

δ =
ρ− ρ̄

ρ̄
(3.2)

For non-relativistic perturbations in the MD era on scales smaller than the horizon,
Newtonian physics suffices to describe the evolution of the fluctuations [53]. The density
contrast of an ideal fluid of zero pressure is related to the gravitational potential via
Poisson equation,

∇2Φ = 4πGa2ρ̄δ (3.3)

The differential equation describing the evolution of δ typically has to be solved
numerically, the solution that increases with time is called growing mode. The time-
dependent function is the linear growth factor D+ which relates the density contrast
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at time a to earlier initial epoch ai with δ(a) ∝ D+(a)δ(ai). In a matter dominated
Einstein-de Sitter UniverseD+ is proportional to the scale factor a. Due to the presence
of dark energy, growth of structures is suppressed.

In order to understand structure formation, we need initial data in form of: (1) total
amount of non-relativistic matter quantified by Ωm, (2) the composition of the Universe
as quantified by the fraction Ωi to the critical density, where suffix i stands for different
components of the Universe energy budget and, (3) the spectrum and type of primeval
density perturbations. Having these initial data, one can use numerical simulations to
test the observable Universe. On scales k ≤ 0.2hMpc−1, structure formation can be
described by mildly non-linear perturbation theory; on smaller scales, wavenumbers
correspond to collapsed objects which are non-linear i.e. δ(k) ≥ 1 requiring numerical
simulations to follow their evolution. The main goal of cosmological numerical sim-
ulations is that they provide robust modelling of LSS, which once compared against
present and future observations, can allow to constrain cosmological parameters [54].

3.1.1 Gravitational lensing

When photons travel from their source to the receiver, their propagation paths are
affected by the mass distribution of the Universe w.r.t those they would have followed
in a perfectly homogeneous Universe. The phenomena of these deflected photons is in
many ways similar to the description of propagation of light through any other media,
hence this branch is known as gravitational lensing or gravitational optics [55].

Gravitational lensing is one of the basic predictions of Einstein’s theory of general
relativity where mass present in the geodesic of photons (or gravitational waves) trav-
elling from a source to an observer experiences bending in proportion to the mass of
the lens.

In the whole phenomena of gravitational lensing, there are three key components:
the source (which can be a single stellar object or galaxies), lens (this could be cluster
of galaxies on large scale or even a black hole) and an observer/detector. Fig.3.2 depicts
the scenario of gravitational lensing, by reproducing image taken from ESA1:

Gravitational lensing has emerged as one of the most powerful probes to untangle
the dark Universe as lensing is sensitive to mass only and independent of the physical
state of the source and the lens. Gravitational lensing can provide crucial information
on the geometry of the Universe, on the cosmological scenario of formation of its large
scale structures as well as on the evolution of its components. The properties and the
interpretation of gravitational lensing depend on the projected mass density integrated
along the line of sight and on the cosmological angular distances to the observer, the
lens and the source. Hence, gravitational lensing can probe the mass of deflectors/lenses
regardless their dynamical stage and the nature of the deflecting matter [56].

Massive cosmological structures exert such a powerful gravitational pull that they
can wrap the surrounding spacetime and act as a gravitational lens. These gravitational
lenses can bend, distort and magnify light behind them. Gravitational lensing of faint
background galaxies provide a powerful probe of the mass distribution in and around
clusters and of large-scale structure [57].

On the one hand, deep gravitational potential wells including galaxies and galaxy
clusters generate strong lensing leading to arcs, arclets, and multiple images. In case

1https://www.esa.int/esearch?q=microlensing
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Figure 3.2: Massive objects (stars, clusters of stars or galaxies) present in between the
source and the observer which acts as a lensing resulting into bending of light according
to their gravity. Due to bending, the image of the lens is distorted either in form of
change in their brightness or even in number of images. Image shows the ’magnifying
effect’ of the stars located in a spiral galaxy to ’zoom in’ to another galaxy known
as PSK 1830-211. Image shows the vicinity of the supermassive black hole devouring
material from its surroundings while firing powerful jets of particles that emit light up
to the high energies of gamma particles. Observing these jets with ESA’s INTEGRAL
and NASA’s Fermi and Swift satellites, the astronomers could measure the size of the
region around the black hole where they originate. Original image is reproduced from
ESA.

of strong fields involved, if the source, massive lens and observer lie in the straight
line, the source will appear as a ring behind the massive object, usually known as
the Einstein ring. The actual image of the first ever lensed image of a quasar which
looks like a group of five stars is shown in figure 3.3. The multiple image effect seen
in the Hubble picture is produced by gravitational lensing due to gravitational field of
a cluster of galaxies which bends and amplifies light of the background quasar. This
’quintuple quasar’ is so far the only case in which multiple quasar images are produced
by an entire galaxy cluster acting as a lens. The image is taken from HST/NASA2:

On the other hand, more moderate perturbations give rise to weak lensing which is
widely used to measure the matter power spectrum in the selected regions of the sky. In
fact, matter distributed inhomogeneously in the Universe on scales larger than galaxy
clusters also gravitationally lenses background sources. These distortions in the galaxy
shapes by weak gravitational lensing of intervening structures along the line of sight
are known as galaxy lensing or cosmic shear. Such images are coherently distorted by
the tidal force of matter inhomogeneities along the line of sight. By measuring galaxy
shape correlations, properties and evolution of LSS as well as geometry of the Universe
can be untangled.

While considering gravitational lensing in a cosmological context, we assume that
gravitational lensing inhomogeneities have weak gravitational fields (i.e. their Newto-
nian potential is small, Φ << c2) and the sources of gravitational potential are assumed
to move slowly with respect to the mean cosmic flow such that their peculiar velocities

2https://hubblesite.org
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Figure 3.3: The background quasar in the core of the galaxy at a distance of 10 billion
light years which can be seen in the image as multiple faint red arcs. The galaxy cluster
creating the lens is known as SDSS J1004+4112 and was discovered in the Sloan Digital
Sky Survey. This is one of the most distant (7 billion light years away) clusters, and is
seen as it appeared when the Universe was about half of its present age. This is a rare
event as a supernova exploding is discovered in one of the cluster galaxies. Original
image is taken from HST/NASA.

are small compared to the speed of light [58].

Weak gravitational lensing

Weak lensing carries information about the spacetime geometry and LSS of the Uni-
verse. In this case, the net effect is statistical because image distortions are very small.
Weak lensing can be detected by analysing large number of objects to find distortions
only of a few percents. In particular, magnification and distortion effects due to weak
lensing can be used to probe the statistical properties of matter distribution between
an observer and ensemble of sources. A statistical association of foreground objects
with background sources can indicate magnification caused by the foreground objects
on the background sources [58]. Since galaxies are intrinsically elliptical and the weak
gravitational lensing signal is weak enough, a very large number of galaxies must be
used to extract information from weak lensing surveys.

Born approximation: In astrophysical lensing cases, generally the light behaviour
is well described by the geometrical optics limit which requires that the wavelength of
light is much smaller than its typical travel distance as well as the radius of curvature
of the Universe which is approximately H−1

0 . In this limit, light can be treated as if it
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were a particle excluding wave-like effect and the angular distances. Moreover, the flat
sky approximation can be applied when the radial extension of the involved entities
is much smaller than their relative distances. As a result source, lens and observer
can be thought of lying on the plane. The spatial coordinates can be separated into a
radial coordinate along the line of sight and two angular ones (θ, ϕ) lying on a plane
perpendicular to it and characterizing the angular displacement from the polar axis.
The geometry of this approximation is depicted in figure 3.4: a mass concentration at
redshift zd or angular diameter distance Dd acts as a deflector for the light rays from
a source at redshift zs or angular diameter distance Ds. The angular position of the
source is denoted by β⃗ which is seen by the observer at the origin as arriving from an
apparent angular position θ⃗, i.e. the image is deflected from its real position by an
angle α̂ which is known as the deflection angle.

In the limit of Born approximation, it becomes sufficient to calculate all the relevant
integrated quantities, i.e. the lensing potential and its angular gradient, the deflection
angle, along the undeflected rays. In the absence of other deflectors along the line-
of-sight, and if the extent of the deflecting mass along the line-of-sight is very much
smaller than Dd and Dds as shown in figure, the actual light rays which are smoothly
curved in the neighbourhood of the deflector can be replaced by two straight lines with
a kink near the deflector. The deflection angle depends on the mass distribution of the
deflector and the impact vector of the light ray.

Figure 3.4: A typical gravitational lens system indicating structure of Born approxi-
mation. Original image is taken from [58].

The first Born approximation exploits the small-angle scattering limit, where the
change in the comoving separation of source light-rays due to the deflection caused by
lensing from a matter distribution is small compared to the comoving separation of the
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undeflected rays. In this case, the treatment of light deflection can be linear in the
metric perturbations. We consider lensing only by density perturbations and deal in
the so-called conformal Newtonian gauge. Then, the line element reduces to,

ds2 = a2(η)[−(1 + 2ϕ)dη2 + (1− 2ψ)γαβdx
αdxβ] (3.4)

where, the unperturbed spatial metric, γαβ, assuming flat space, is

γαβdx
αdxβ = dχ2 + r2(χ)(dθ2 + sin2θdϕ2) . (3.5)

In GR and in the absence of anisotropic stress which is the case of large scale
structure, the two potentials ϕ and ψ are equal [51]. If these perturbations vanish,
Eq.(3.4) reduces to the FLRW metric. Solution of r(χ) is defined as,

r(χ) =


k−1/2 sin(

√
kχ) k > 0

χ k = 0

(−k)−1/2 sinh[(
√
−k)χ] k < 0

(3.6)

We can divide the line element by [−a2(η)(1− 2ψ)] and use the related conformal
metric at first order in the perturbations θ and ψ as we are only calculating path of
the null geodesic for lensing,

dŝ2 = (1 + 4Φ)dη2 − γαβdx
αdxβ (3.7)

where, Φ ≡ (ϕ + ψ)/2 is known as the ’Weyl potential’ [59]. In the linear limit,
for matter perturbations in the absence of stress perturbations, ϕ = ψ = 0 holds
and therefore Φ is related to the matter-distribution density via the corresponding
expression for the Poisson equation. This is also applicable for the weak-field limit on
the small scale [60].

To obtain the incident photon trajectories, we should solve the geodesic equation
expressed in new conformal metric λ̂ whose 0-component becomes:

d2η

dλ̂2
+ 2

(dη
dλ̂

)2dΦ

dη
+ 2

dη

dλ̂

dxα

dλ̂

∂Φ

∂xα
= 0 (3.8)

where, the derivative:

dΦ

dη
= ∂ηΦ +

dxα

dη
∂αΦ (3.9)

is along the perturbed ray and λ̂ differs from λ in original reference frame. With
Eq.3.8 we could eliminate the affine parameter λ̂ in favor of η, and obtain the spatial
component of the geodesic equation [59],

d2xα

dη2
− 2

dxα

dη

(dΦ
dη

+
dxβ

dη

∂Φ

∂xβ

)
+ 2γαβ

∂Φ

∂xβ
+(3) Γ̄αjk

dxβ

dη

dxk

dη
= 0 (3.10)

where, Γ̄αjk are the connection coefficients of the unperturbed 3D geometry γαβ [24].
For convenience, consider an observer located at the origin of the spatial coordinates

where we are interested in the rays focusing at xα = 0. For such rays, dχ/dη =
−1 + O(Φ) and dθ/dη = O(Φ) with an equivalent result for ϕ. Substituting these
results in Eq.(3.10) and evaluating the background connection coefficients [59],
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d2χ

dη2
+ 2

dΦ

dη
= 0 (3.11)

d2θ

dη2
− 2

d ln r(χ)

dχ

dθ

dη
+

2

r2(χ)

∂Φ

∂θ
= 0 (3.12)

d2ϕ

dη2
− 2

d ln r(χ)

dχ

dϕ

dη
+

2

r2(χ)

1

sin2θ

∂Φ

∂ϕ
= 0 (3.13)

determining the perturbed rays up to first order in Φ [59]. Eq.(3.11) has dχ/dη+2Φ
as a first integral which must be −1 by the null geodesic condition for the perturbed
ray. Integrating again we obtain,

χ = η0 − η − 2

∫ η

η0

Ψdη
′

(3.14)

where the integral is along the ray. Since we only consider first order in Ψ, we can
evaluate the integral along the unperturbed path θ = cont., ϕ = const. and χ = η0−η.
Integrating Eq.(3.14) to a fixed η implies a radial displacement. Alternatively if we
integrate Eq.(3.14) to a fixed χ, it implies to a variation in the conformal time at
emission. This defines the time delay if the potential is negative on-average along the
ray, i.e. it passes mostly through overdense regions.

Eq.(3.12) and Eq.(3.13) can be integrated twice back to a conformal time η0− η∗ =
χ∗ using the zero order result χ = η0 − η, since it only appears in the argument of
a function multiplying first order terms. Then, changing the integration order, the
integral over r−2(η0 − η

′
)dη

′
can be done using the explicit form in Eq.(3.6), which

gives [59]:

θ(η0 − χ∗) = θ0 −
∫ χ∗

0

dχ
r(χ∗ − χ)

r(χ∗)r(χ)
2
∂

∂θ
Ψ(χn̂; η0 − χ) (3.15)

ϕ(η0 − χ∗) = ϕ0 −
∫ χ∗

0

dχ
r(χ∗ − χ)

r(χ∗)r(χ)

2

sin2θ

∂

∂ϕ
Ψ(χn̂; η0 − χ) (3.16)

where θ0 and ϕ0 denote the line of sight n̂ and η0 − χ is the conformal time at
which the photon was at position χn̂. This is the first order solution and it can be
continued to obtain solutions for the photon trajectories of arbitrary accuracy. From
Eq.(3.12), and Eq.(3.13) we obtain the displacement vector or the deflection angle α
on the sphere,

α(χ, n̂) = −2

∫ χ∗

0

dχ
r(χ∗ − χ)

r(χ∗)r(χ)
∇n̂Φ(χn̂; η0 − χ) (3.17)

In Eq.(3.15) and Eq.(3.16), the small angular displacements θ − θ0 and ϕ − ϕ0

form the components of the displacement vector α on the sphere. The vector n̂′ is a
covariant derivative on the sphere, which can be obtained from n̂ by moving its end on
the surface of a unit sphere by a distance |∇n̂Ψ(n̂)| along a geodesic in the direction
of ∇n̂Ψ(n̂) where, [1/r(χ)]∇n̂ is the 2D transverse derivative w.r.t. the line of sight
[59, 61, 62, 63]. Adopting conformal time and comoving coordinates in flat geometry
[64], the integral for the projected lensing potential due to scalar perturbations without
anisotropic stress would become:
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Ψ(χ∗, n̂) ≡ −2

∫ χ∗

0

dχ
r(χ∗ − χ)

r(χ∗)r(χ)
Ψ(χn̂, η0 − χ) (3.18)

Which defines the lensing potential. where, r(χ) is the comoving distance, r(χ∗) ≈
104Mpc is the comoving distance at the last scattering surface, η0 is the present con-
formal time and Φ is the physical peculiar gravitational potential generated by density
perturbations [61, 58, 65, 59]. As can be seen in Eq.(3.18), the lensing potential is for-
mally divergent near r(χ) = 0 which affects the lensing potential monopole only. The
deflection angle is the derivative of lensing potential on the sphere at n̂ : α = ∇n̂Ψ.

Due to the statistical features of weak lensing, we deal with lensing potential aver-
aged over the source distance distribution n(χ):

Ψ(n̂) =

∫
dχ∗n(χ∗)Ψ(χ∗, n̂) = −2

∫
dχg(χ)Φ(χn̂, η0 − χ) (3.19)

where,

g(χ) ≡ 1

r(χ)

∫ ∞

χ

dχ′n(χ
′
)
r(χ′ − χ)

r(χ′)
(3.20)

is a bell shaped function which peaks roughly half of the background source distance
and is normalized so that

∫
dχn(χ) = 1 [60, 65, 61].

Galaxy Clustering

In order to understand the structure of the Universe, it is important to analyse the
galaxy distribution in a representative large volume of cosmological scales by obtaining
sky positions, velocities and distances for a few millions galaxies. The simplest descrip-
tion of galaxy clustering is the two-point correlation function (2PCF) ξ, which measures
the excess over random probability of finding two galaxies separated by a given distance
r. At small scales, it is found empirical to follow a power law: ξ = (r/6h−1Mpc)−1.8

[66]. After Fourier transforming the galaxy correlation function, we can obtain the
power spectrum of the galaxy distribution. This power spectrum can be directly com-
pared with theoretical predictions from inflation and CDM models.

More specifically, the galaxy 2PCF measures the excess over random probability
that two galaxies at volume elements dV1 and dV2 are separated by distance r ≡ |r1−r2|,
i.e.

dP12 = n2
[
1 + ξ(r)

]
dV1dV2 (3.21)

where n is the galaxy average number density. If the distribution is random3 i.e.
there is no clustering, then ξ(r) = 0 ∀r.
Since the probability of having a galaxy in the volume element dV1 is n × dV1, the
conditional probability that there is a second object at dV2 given that there is one at
dV1 is:

dP (2|1) = n
[
1 + ξ(r)

]
dV2. (3.22)

3The statistics of a random catalogue is that of a Poisson distribution.
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Hence, if objects are clustered (i.e. ξ(r) > 0), then the conditional probability is en-
hanced, whereas if objects are anticorrelated (i.e. ξ(r) < 0) the conditional probability
is suppressed over the random case, as expected.

Now if we consider the continuous random density contrast field δ(r), the 2PCF can
be written as the cumulant moment of the field computed at a position x and another
position x+ r:

ξ(r) ≡ ⟨δ(x+ r)δ(x)⟩x (3.23)

where the ensemble average is done over all x.
Using Eq. (3.2), we can write:

ξ(r) =
⟨ρ(x+ r)ρ(x)⟩x

ρ̄2
− 1 (3.24)

Also, we can write an analogous formula to that of Eq. (3.21):

⟨ρ(x+ r)ρ(x)⟩x = ρ̄2
[
1 + ξ(r)

]
(3.25)

Fig.3.5 and Fig.3.6 respectively shows the distribution of galaxies in 2dF Galaxy
Redshift Survey and a large slice of the Universe from the VIMOS Public Extragalactic
redshift Survey [67]:

Figure 3.5: The galaxy distribution from the 2dF Galaxy Redshift Survey, the angular
extent of the map is given in terms of right ascension (h) with 24h being 360◦. Each
piece of the map spans about 75◦ across the sky in a narrow strip of declination. This
survey contains approximately 250,000 galaxies selected in the blue light. On large
scales, statistical analysis finds good match with ΛCDM model. This image is taken
from: [68].

3.2 N-body simulations

A widely used numerical approach to describe the nonlinear evolution of cosmic struc-
tures is to implement N-body simulations. At the initial time of the simulation, the
particles must reproduce a given initial condition. To do so, the simplest method is to



56 Cosmological large scale structure

Figure 3.6: The position of some of the galaxies verified by the VIPERS survey: this
is one of the two slices produced by the survey which shows where the galaxies lie as
we look to ever greater distance in space corresponding to look further back in time.
This helps to study evolution of galaxies and of the space in the Universe itself. Image
is reproduced from [67].

place these particles on a grid and compute initial displacements such that the resulting
distribution has the same power spectrum as the desired one. Such displacements can
be computed e.g. by using perturbation theory. Then, the actual simulation can start.
It follows the gravitational evolution of this set of particles by computing, at each new
time step, the force exerted on each particle and consequently updating its position
and velocity.

There exist many methods to compute the force acting on the i-th particle, e.g. the
particle-particle method where the force on the particle is computed as the sum of the
forces exerted by each of the other particles, computed separately. This is the most
precise and accurate method, but it is certainly very expensive from the computational
point of view. Other very used approaches are the Particle-mesh (PM) method and
Tree methods for dark matter simulation. In the PM methods, the masses of the
particles are projected onto a regular lattice in order to estimate on each point the
density field. On the regular grid the Fast Fourier Transform (FFT) algorithm is used
to solve the Poisson’s equation in efficient way. In the Tree method, for each particle,
the force is computed as the sum of the contribution of several hierarchical groups
such that only the neighbouring particles are treated individually. The contribution
of distant groups of particles are approximated as if all particles in the group were
located at their center of mass [42]. Other methods include hybrid approaches and
combinations of PM and Tree methods.

If other phenomena such as hydrodynamic interactions are required to be taken
into account, then other kinds of laws that govern the behaviour of particles must be
implemented. Hydrodynamic simulations are the best choice when one is interested in
galaxy formation or baryonic matter flows, but they are very expensive from the com-
putational point of view. However, there are two less expensive ways to simulate the
distribution of galaxies, which consist in taking a DM simulation and placing galaxies
inside the DM halos or sub-halos following a so-called Halo Occupation Distribution
(HOD) model or a so-called Halo Abundance Matching (HAM) technique. These meth-
ods are often implemented comparing real data to halo catalogs in N-body simulations
and exploiting empirical models.

In fact, the formation and growth of galaxies is connected to the growth of the
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halo in which they form. Galaxies form by the cooling and condensation of gas in the
centres of the potential wells of extended virialised dark matter haloes. According to
modern models of structure formation, a dark matter halo is the basic unit in which the
matter collapses. It is a collapsed region that is decoupled from the Hubble expansion.
It contains gravitationally bound matter. In numerical simulations it is often defined
with mass and radius specified by a given overdensity:

Mvir =
4π

3
R3
vir∆ρm (3.26)

The value of ∆ corresponds to the overdensity predicted for a virialised region that
has undergone spherical collapse and can take different values accordingly to the halo
definition. A single dark matter halo may contain multiple virialised clumps of dark
matter bound together by gravity, known as subhaloes. They are smaller than the host
halo and they orbit within the gravitational potential of the host halo.

In this work we have exploited mock galaxy catalogs obtained via a sub-halo abun-
dance matching (SHAM) modelling that is an empirical method tackling the issues
of connecting observed galaxies to simulated dark matter halos and subhalos using a
correspondence between a particular property of the galaxies and a property of the
halos in which they live.

Figure 3.7 gives an example of dark matter distribution and the corresponding
galaxy distribution, obtained with an abundance matching model.

Figure 3.7: Dark matter distribution in a 90× 90× 30 Mpc h−1 slice of a cosmological
simulation (left) compared with the galaxy distribution using an abundance matching
model (right) [69].

3.2.1 The DEMNUni simulations

The ”Dark Energy and Massive Neutrino Universe”4 (DEMNUni) project [70] consists
of a set of 16 large N-body numerical simulations to study the evolution of large scale
structures in the presence of massive neutrinos and dynamical (i.e. time-dependent)
dark-energy, parameterised according to Chevallier, Polarski & Linder (CPL).

4https://www.researchgate.net/project/DEMN-Universe-DEMNUni

https://www.researchgate.net/project/DEMN-Universe-DEMNUni


58 Cosmological large scale structure

The simulations are characterised by a box side L = 2 Gpc/h, a particle number
of N = 2× 20483 (the factor of 2 stands for CDM and neutrino particles), and a mass
resolution for CDM particles of about 8× 1010 M⊙/h. They have been produced via a
modified version of the GADGET-3 code which includes massive neutrinos as a particle
component and accounts for dark energy models in the background evolution.

Given their large volume and mass resolution, the DEMNUni simulations are used
to generate mock data catalogues, and to study different probes including clustering
features of LSS [71], cosmic voids [72, 73, 74], and linear point of the correlation
function [75], CMB- and weak-lensing [70], and their cross-correlations in the presence
of massive neutrinos and dynamical dark energy.

The baseline cosmology is assumed to agree with parameter constraints from Planck
2015 [76], namely a flat ΛCDM model generalised to a νΛCDM , i.e. a massive
neutrino model, by varying only the sum of the neutrino masses over the values

∑
mν =

0, 0.16, 0.32 eV (and consequently the corresponding values of Ων and Ωc, while keeping
fixed Ωm and the amplitude of primordial curvature perturbations). In addition, the
simulations account for different dark energy equations of state, consisting of four
different combinations of the CPL parameters w0 and wa in the dark energy EoS:

w(a) = w0 + wa(1− a) (3.27)

The EoS parameters are set within the Planck-2015 constraints: w0 = −0.9,−1.1
and wa = −0.3, 0.3. Each simulation starts at the initial redshift zi = 99, producing 63
different time outputs down to z = 0, which are logarithmically equispaced in the scale
factor a = 1/(1+ z). In this work we consider outputs in the range 0 < z < 2, because
this is the redshift range of interest for upcoming galaxy surveys, such as Euclid.

In order to build halo catalogues, each of the 63 particle snapshots has been post-
processed with the friends-of-friends (FoF) algorithm [77], setting to 32 the minimum
number of particles, thus fixing the halo minimum mass to MFoF ≃ 2.5× 1012 h−1M⊙.
Finally, the FoF catalogues have been processed via the SUBFIND algorithm [78] so
that the initial FoF parent halos are split into multiple sub-halos, with the result of an
increase in the total number of identified objects and of a lower minimum mass limit.
Here, a minimum number of 20 particles have been adopted in order to constitute a
valid sub-halo. Fig.3.8 shows the effect of massive neutrinos on one of the largest DM
halo within the DEMNUni simulations.

Figure 3.8: Effect of massive neutrinos on one of the largest DM halo within the
DEMNUni simulations.



Chapter 4

The Cosmic Microwave Background

To find is the thing.

Pablo Picasso

In this section we would reveal how the uninterrupted travel of photons emitted
as the oldest light since decoupling when the Universe was about 380, 000 year old is
captured in the form of a first ever snapshot of the Universe.

The surprising discovery of the Cosmic Microwave Background (CMB) by A. Pen-
zias and R. Wilson [79] in 1965, is a uniform black body radiation characterised by
a mean temperature T = 2.725K with root mean square variations of only 18µK
after subtraction of the dipole anisotropy from the Doppler shift of the background
radiation. Their discovery of isotropic temperature at around 4GHz frequency which
remains constant regardless seasonal variation was coming from unknown sources with
the confirmation of measurement provided by Dicke et al. [80].

CMB is the thermal relic radiation left over from the time of recombination in the
ΛCDM model. In the first 3.8× 105 years after the Big Bang, the Universe was made
by a plasma of photons, electrons and baryons. At this stage, photons were constantly
scattered by electrons making the Universe optically opaque. The primordial plasma
was a very hot mixture of photons, free electrons and ionized nuclei which mainly
were protons. Due to Compton scattering, photons and electrons were tightly coupled
providing very small mean free path for photons. In turn, electrons strongly interacted
with protons via Coulomb scattering. Finally, due to formation of neutral hydrogen,
electromagnetic reactions kept baryons and photons in thermal equilibrium.

Due to expansion of the Universe, the plasma and the relic radiation filling the
spacetime grew cooler to temperature about 0.4eV until a point estimated approxi-
mately to be at 1013 seconds (around 400,000 years) after the Big Bang. This era
is known as the recombination epoch when the expansion of the Universe provided
temperature to cool enough for photons and electrons to combine and form neutral
hydrogen atoms. Before recombination, the baryons and photons were tightly coupled
where for the fluid baryons provided the weight and photons provided pressure, and the
perturbations oscillated in the potential wells generated by the dark matter perturba-
tions. After decoupling, baryons were free to collapse into these potential wells and the
CMB carries a record of these processes at the surface of last scattering. Since these
atoms could no longer absorb thermal radiation, the Universe became transparent for
the first time when photons travelled freely through the space rather than being con-
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stantly scattered by electrons and protons in plasma. This radiation which is coming
form about 380000 years after the Big Bang in form of CMB defines the period called
time of last scattering. In the early Universe, the matter and radiation were in thermal
contact because of frequent interactions between photons and electrons. Eventually
due to expansion and evolution of the Universe, the density of free electrons became
too low to maintain thermal contact which resulted into decoupling of matter and radi-
ation when Γγ ≈ H or when the mean free path of the photons became λγ ≈ Γ−1

γ larger
than the Hubble distance H−1 [5]. By this time, photon-electron scattering was gov-
erned by Thompson scattering, which is the low-energy limit of Compton scattering.
The interaction rate of the photons is given by,

Γγ = neσT (4.1)

where, ne is the number density of free electrons and σT = 6.65 × 10−25cm2 is the
Thompson cross-section. The number density of free electrons ne got reduced by the
increasing amount of neutral hydrogen and the Thompson scattering rate Γγ dropped.
When Γγ ≤ H, the mean free path of photons became longer than the horizon size
and the photons decoupled from matter. This results into CMB formation when the
Universe reached a temperature of about T ≃ 0.26eV and z ≃ 1090.

The cosmological recombination era marks an important phase in the history of the
Universe by precisely determining how CMB photons decoupled from baryons around
redshift z ≈ 103. If decoupling occurred at redshift of 1+zdec ≈ 1100 then, temperature
at decoupling was,

Tdec = T0(1 + zrec) = 3030K = 0.26eV (4.2)

And considering matter domination, the age of the Universe at decoupling was [5],

tdec =
2

3
H−1

0 Ω
−1/2
0 (1 + zdec)

−3/2 = 5.64× 1012(Ω0h
2)−1/2sec (4.3)

When we look at the CMB photons, they are reaching to us from all directions in
the sky giving us a snapshot of the spherical surface in the Universe that surrounds us
at a distance of ≈ 104Mpc when the Universe was about 300,000 years old.

After the era of decoupling, photons propagate unperturbed to us providing us a
snapshot of the Universe at the time of recombination and its polarization and temper-
ature fluctuations carry information about the initial conditions at the end of inflation
including imprints of Primordial Gravitational Waves (PGWs) [10, 81, 82, 4]. The pres-
ence of such PGW background at the time of recombination give rise to both tempera-
ture and polarization anisotropies, the most important signature is a “curl” like or the
“B-mode” polarization pattern in the CMB polarization. CMB radiation gets linearly
polarized via Thompson scattering between photons and electrons at last scattering in
presence of a quadrupole anisotropy in the intensity field of photons [83, 84, 85]. In the
tight coupling regime between photons and electrons, Thompson scattering isotropizes
the radiation field in the rest frame of the electron and erases any incident quadrupole.
Therefore in general, polarization angular power spectra have smaller amplitude than
temperature power spectrum as only a few percent of CMB photons get polarized.
Polarization is thus generated mostly around temperature dissipation scales and close
to recombination, in a photon-electron mild-coupling regime. The polarization pattern
is obtained by solving the Einstein-Boltzmann equations for the photon distribution
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characterized by a generic polarization tensor [86, 32]. The Boltzmann equation for
photons encodes all information about correlations about intensity and polarization
of the CMB. On the observational side, CMB intensity and polarization are analysed
by re-expressing the real space data in a spherical harmonic expansion. The inten-
sity measurements can be expanded in the standard spherical harmonics whereas the
polarization data must be expanded in spin weighted spherical harmonics [87].

4.1 CMB temperature anisotropies

The CMB is the direct evidence that the Universe began from a hot Big Bang and the
surface of the last scattering was at redshift z ≈ 1100 and age of 180, 000(ω0h

2)−1/2yr
[5] and is one of the most powerful probes of the early Universe containing imprints of
primordial gravitational potential fluctuations [88] which are considered as origins of
the large scale structures. The energy density of photons is known to high accuracy
which is dominated in the microwave background with blackbody temperature T =
2.728K [89] giving us,

Ωγ,0h
2 = 2.48× 10−5 (4.4)

A photon with an energy KBT0 has a wavelength h̄c/KBT0. In the early Universe
when the scale factor was smaller than its present value, this wavelength could have
been correspondingly smaller. Since the energy of a photon is inversely proportional
to its wavelength, the photon energy would have been larger than today by a factor
of 1/a. Assuming three massless neutrino spices (Tν ∝ 1/a), the total energy density
in relativistic particles would be [10] (subjected to minute changes considering mass of
any spice of neutrinos):

Ωrad,0 = 4.17× 10−5h2 (4.5)

The temperature of CMB is astonishingly uniform- δT/T ≤ 10−5 on angular scales
ranging from 10 arc seconds to 180◦. The first direct detection of anisotropies in
the CMB was made by the Cosmic Background Explorer (COBE) satellite. CMB
temperature anisotropies are generally defined by a dimensionless quantity,

Θ(n̂) =
T (n̂)− ⟨T ⟩

⟨T ⟩
(4.6)

showing deviations form the average temperature ⟨T ⟩ in a given direction on the
sky n̂ = θ, ϕ. The temperature anisotropies can be further expanded as,

Θ(n̂) =
∞∑
l=0

l∑
m=−l

almYlm(n̂) (4.7)

where,

alm =

∫
dΩY ∗

lm(n̂)Θ(n̂) =

∫ π

θ=−π

∫ 2π

ϕ=0

d2n̂Θ(n̂)Y ∗
lmn̂ (4.8)

Here, l = 0 and l = 1 represents the monopole (average temperature over the whole
sky) and dipole term (depends linearly on the velocity of the observer) respectively. l =
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2 shows the quadrupole and the magnetic quantum numbers satisfying m = −l, ...,+l.
The multipole moments alm maybe combined into the rotationally invariant angular
power spectrum described further. Generally, in CMB data analysis, dipole term is
removed from the sum. The upper bound of the sum is dictated by the resolution of
the experiment and the expansion coefficients alm are called the multipole or harmonic
coefficients.

The COBE maps show structure with characteristic anisotropy of δT/T ∼= 6×10−6

[90]. The largest anisotropy is a fluctuation of about 1/1000 forming a dipole pattern
across the sky. The dominant contribution to δT comes from the motion of our solar
system with respect to the CMB rest frame which can be seen as a Doppler shift in
the CMB temperature. Since this changes with the orbital motion of the Earth around
the Sun, the dipole is modulated throughout the year. The induced Doppler effect
gives rise to overall dipole anisotropy which is generally subtracted to get primordial
anisotropy δT (n̂) where, n̂ indicates the line-of-sight direction in the sky. The resulting
CMB temperature map showing fluctuations of the order of δT/T ≃ 10−5 as shown in
Fig. 4.1:

Figure 4.1: CMB intensity map at 5 arcmin resolution based on Planck observations
using SMICA component separation algorithm. A small strip of galactic plane was
masked and subsequently filled in by a constrained realization with the same statistical
properties as the rest of the sky with characteristic spot size about 1◦, original plot is
taken from [91].

An overdense region at decoupling with gravitational potential Φ < 0 leads to a hot
spot in the large-scale CMB map as photons climbing out these potential gain more
energy than they had at the bottom of the well due to the accelerated expansion of
the Universe. Analogously, cold spots in the CMB sky map are representing locations
of underdense regions.

As can be seen in Fig. 4.1, the temperature fluctuations when projected on a 2D
spherical sky surface can be expanded in spherical harmonics as,

Ylm =

√
2l + 1

4π

(l −m)!

(l +m)!
Pm
l (cosθ)eimϕ (4.9)
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where multipole l runs from 0 to ∞, −l ≤ m ≤ l and Pm
l are the associated

Legendre functions. l represents the angular scale on the sky of π/l degrees.
Considering statistical homogeneity and isotropy, and demanding rotation invari-

ance, the power spectrum of the temperature fluctuations CTT
l is given by,

⟨alma∗l′m′⟩ = CTT
l δll′δmm

′ (4.10)

The average is taken over the ensemble of realizations of fluctuations. According to
predictions of inflationary models, the fluctuations at early times should be Gaussian
which means that the multipole coefficients have Gaussian distributions with zero mean
and variance = CTT

l .
The CMB power spectrum can be estimated by,

CTT
l =

1

2l + 1

∑
m

|alm|2 (4.11)

The angular power spectrum is an important tool in the statistical analysis of the
CMB describing the cosmological information contained in the millions of pixels of a
CMB map in terms of a much more compact data representation. The CMB power
spectrum is an unbiased estimator, ⟨CTT

l ⟩ = CTT
l , including an error in the estimation

of any given CTT
l of ∆CTT

l /CTT
l =

√
2/(2l + 1). This limit on precision is called the

cosmic variance which arises as we have only one Universe and one location to make
measurements from.

For a Gaussian random process, the angular power spectrum completely character-
izes the CMB temperature anisotropies. In a typical cosmological model, the anisotropy
power spectrum is usually plotted as the rescaled spectrum Dl ≡ l(l+1)Cl/2π so that
there is equal power per log interval in l. Figures 4.2 and 4.3 respectively shows the 7
year TT power spectrum from the WMAP and the TT spectra from Planck 2015 data
compared with the base ΛCDM fit.

The 2015,2018 Planck data release shows seven observed peaks in the temperature
power spectrum, six peaks in the temperature-polarization cross-power spectrum and
five peaks in the polarization power spectrum all agreeing the predictions of the ΛCDM
model [9] which finds support also from the Wilkinson Microwave Anisotropy Probe
(WMAP) temperature and polarization data [94]. The shape of DTT

l for latest 2018
Planck results in Fig.4.3 is very characteristic as the Sachs-Wolfe (SW) effect dominates
on large scale (small multipole l), the acoustic oscillations are observed on intermedi-
ate scales and the smallest scales are exponentially damped. Since the initial power
spectrum is almost scale-invariant, all features in the CMB power spectrum arises form
the evolution of cosmic sound waves being captured at the moment of last-scattering,
i.e. the observed oscillations are a snapshot of these waves caught at different phases
of their evolution. The angular power spectrum features a flat plateau at large an-
gular scales (i.e. small l) followed by a series of oscillatory features at high angular
scales with the first and the most prominent being around one degree l ≡ 200. These
features are known as the acoustic peaks and represent the oscillation of the photon-
baryon fluid around the time of decoupling. The positions of the peaks in the CMB
spectrum are sensitive to the distance to the last-scattering. In fact, the angular size
of the sound horizon at decoupling θs is a direct measure of the first peak location at
an angular scale of about 1◦ which is the size of the characteristic spots in the CMB
map shown in Fig.4.1. Since ΛCDM takes zero curvature, the peak positions provide a
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Figure 4.2: The 7 year TT power spectrum Dl ≡ l(l + 1)CTT
l /2π as a function of

multipole l from the WMAP, original plot taken from [92] along with annotations
added from [93]. It shows the peak corresponding to cosmological information bought
to us. The best fit ΛCDM power spectrum is plotted as a red line and the cosmic
variance is indicated by the shaded region.

precise measurement of the expansion history of the Universe, and hence of the Hubble
parameter and of matter density. Since the amplitude of cosmic sound waves depends
on the time of matter-radiation equality through the radiation driving effect, the height
of the peaks relative to the large scale plateau are more sensitive to matter density.
This leads to the consequence that the small-scale modes entering the horizon in the
RD era are enhanced in comparison to the modes which started evolving latter during
matter domination.

The 2018 data release from Planck gives the most robust results on the spectrum
of CMB temperature anisotropies, with a precision determination of the temperature
power spectrum to beyond l = 2000. The Atacama Cosmology Telescope (ACT) and
South Pole Telescope (SPT) experiments extend these results to the higher angular
resolution. The data from these probes provide an accurate measurement of location
of set of acoustic peaks, determining the angular diameter distance of the last scattering
surface. CMB data gives a precise measurement of the age of the Universe, affirms the
need of DM and DE and being consistent with a cosmological constant (w = −1),
CMB shows no evidence of dynamical dark energy. Planck has also made the first
all-sky maps of the CMB lensing field which probes the entire matter distribution in
the Universe. The CMB photons undergo interactions at the surface of last scattering
which are known as the primary anisotropies and, on the way reaching the detectors,
undergo various processes such as time-varying gravitational potential (the Integrated
Sachs-Wolfe/ISW effect), gravitational lensing and scattering from ionized gas at low
redshifts, resulting into the so-called secondary anisotropies.
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Figure 4.3: Planck 2018 temperature power spectrum DTT
l ≡ l(l + 1)CTT

l /2π as a
function of multipole l, related to the angular scale θ ∼ π/l is compared with the
base ΛCDM fit with plot taken from [2]. Theoretical spectrum best fit to the Planck
TT,TE,EE+lowE+lensing likelihoods plotted in light blue and the lower panel shows
the residuals with respect to this model. The error bars show ±1σ diagonal uncertain-
ties, including cosmic variance approximated as Gaussian.

4.1.1 Physics of CMB anisotropies

CMB temperature fluctuations would help us to understand inflationary predictions
about the geometry of the Universe and primordial density fluctuations. CMB polar-
ization can be used to study GWs predicted by inflationary paradigm [81].

The main concern in analysing temperature anisotropies is that on a given angular
scale, anisotropy is related to density perturbations on the surface of last scattering
of a given wavelength. The multipole moment l receives its dominant contribution
from Fourier mode k related by l = kr where r is the comoving distance to the last
scattering surface. As shown in Fig.4.3, at large angular scales/ lower multipoles, there
is a plateau resulting into a series of bumps and wiggles which damp quasi-exponentially
on small angular scales. These regimes are separated by two angular scales: first at
about one degree and the second at a few arc minutes.

The large angular scale Sachs-Wolfe plateau (l < 30) arises from perturbations with
periods of evolution longer than the age of the Universe at last scattering surface, so
they have wavelengths lager than horizon of the surface of last scattering. This waves
are essentially frozen in their initial configuration and provide us a tool to quest physics
that created them. Since CMB γs lose energy climbing potential wells associated with
this long wavelength density perturbations, the temperature differences on the sky
reflect the gravitational potential differences on the last scattering surface [88, 95]. If
the density fluctuations are approximately scale invariant, the plateau in the angular
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power spectrum would be flat.
At scales smaller than the horizon at the last scattering surface, the baryon-photon

fluctuations that produce anisotropies on sub-degree angular scales (10 < l < 100)
have sufficient time to undergo oscillations. At maximum compression/rarefaction, the
CMB temperature is higher/lower than average. Neutral compression corresponds to
velocity maxima of the fluid which lead to a Doppler shifted CMB temperature. But
this Doppler effect is sub-dominant as we can only see the line-of-sight component of
the velocity and the speed of sound is less than the speed of light. A given multipole
l is dominated by the effects of a narrow band of Fourier modes which leads to peaks
and valleys observed in the power spectrum. Since the power spectrum is square of
amplitude and the troughs correspond to velocity maxima, these peaks show the modes
which were maximally under- and over-densed at the last scattering surface.

On scales l ≥ 10, the finite duration of recombination has an observable effect
[96, 97]. During this time, the photons can random walk a distance given by the mean
free path which increases during recombination, multiplied with the square root of the
number of scattering with electrons. Thus photons can diffuse out of any overdensity
on scales smaller than this, which leads to an exponential damping of the spectrum on
small scales known as Silk damping. Approximating the surface of last scattering as an
instantaneous event, the damping is exponential with an e-folding scale given by the
geometric mean of the last scattering surface horizon and the photon mean path.

It is important to note that in addition to gravitational potential, photons also
interact with other metric perturbations such as vector and tensor metric modes.
Tensor perturbations do not alter baryon-photon oscillations but they contribute to
the Sachs-Wolfe plateau [88]. These tensor modes distort the distribution of passing
photons. While traveling on their way, photons gravitationally interact with matter
inhomogeneities. If gravitational potentials are still evolving, additional temperature
perturbations are generated by the ISW effect [88]. In this case, a photon falling into
gravitational potential gains more energy and if the potential itself evolves while pho-
ton’s travel, the energy lost climbing back the potential well would be different than
the gained one while falling in. This difference in energy leads to net anisotropies. To
linear order in perturbations, gravitational potential is constant when matter domi-
nates the energy budget of the Universe and the change in time of the potential is
vanishing. If either curvature or a cosmological constant dominates in the later times,
this could lead to the so-called late ISW effect.

As mentioned earlier, Rees-Sciama effect is due to non-linear structure formation:
once fluctuations leave their linear regime, due to their evolution, gravitational po-
tential vary with time owing to both the growth and the movement of bound haloes
which leads to anisotropies through the RS effect. Since the smallest scales are first
associated non-linearly, the effect peaks towards small scales and the scale at which
fluctuations become non-linear is also imprinted on the CMB. Although this effect is
very small and not the dominant source of anisotropies on any scale.

CMB secondary anisotropies

On their journey from last scattering surface to reaching towards us, CMB γs inter-
act with intervening cosmological matter inhomogeneities causing the change in their
frequency, energy and geodesic. Such post-decoupling anisotropies are referred to as
secondary anisotropies. Generally, secondary anisotropies can arise mainly due to: (1)
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gravitational effects on photons due to interaction with gravitational potential wells
and, (2) scattering between photons and free electrons. The anisotropies due to grav-
itational interactions include ISW effect [88], the Rees-Sciama effect (RS) [84] and
gravitational lensing of CMB [59]. What we can observe today is the snapshot of the
Universe which became neutral at redshift z ∼ 103 after which CMB photons can travel
almost freely to us. At epochs 6 ≤ z ≤ 20 free electrons due to reionization scatter
some of the CMB photons, damping the small scale anisotropies. In addition to this,
the CMB quadrupole from the surface of last scattering will scatter from the free elec-
trons giving rise to a polarization signal which can dominate the expected signal from
the last scattering surface on large scales. Effect such as SZ, is generated at lower
redshift and remains almost unaffected by lensing [98, 82, 99, 100].

These effect produce subdominant secondary anisotropies imprinted on the CMB at
late times, which can be measured as a function of redshift by cross-correlating CMB
temperature and CMB-lensing maps with galaxy surveys [101].

The late integrated Sachs - Wolfe effect Travelling along the geodesic from the
last scattering surface to the observer, CMB γs are red/blue shifted as they cross
growing/decaying gravitational potential well. This effect is called the late Integrated
Sachs - Wolfe (ISW) effect [88] resulting into one kind of secondary anisotropies. Dur-
ing the matter dominated era, the background expansion and gravitational attraction
compensate each other so that the total linear gravitational potential Φ produced by
large scale structure distribution in the Universe is constant in time and the ISW effect
which depends on Φ̇ vanishes. Whereas during the DE dominated era, the background
expansion rate of the Universe increases resulting into the decaying gravitational po-
tential perturbations. In this case, a CMB γ passing through an overdense region gain
more energy falling into the potential well w.r.t the energy lost while climbing out of
it. Therefore due to non-vanishing Φ̇, overdense regions correspond to hotter spots in
the CMB sky-maps and the colder spots correspond to the underdense regions.

The temperature anisotropies created by the total (linear and non-linear) ISW and
RS effect in a direction n̂ on the sky can be computed as the integral of the time
derivative of the peculiar gravitational potential Φ̇ along the line-of-sight from the last
scattering (LS) surface to the present epoch t0 [88, 70]:

∆T (n̂) =
2

c2
T̄0

∫ t0

tLS

Φ̇(t, n̂)dt (4.12)

where, t is the cosmic time, tLS is the age of the Universe at the LS surface,
T̄0 = 2.7K is the present CMB temperature, and c is the speed of light. Re-writing
Eq.(4.12) as the integral over the radial comoving distance r,

∆T (n̂) =
2

c2
T̄0

∫ rLS

0

Φ̇(rn̂)adr (4.13)

where, rLS is the radial comoving distance to the LS surface, and a is the scale
factor of the Universe.

Weak lensing of the CMB In addition to ISW-RS effect, intervening matter in-
homogeneities induce gravitational lensing of CMB. The net effect of these deviations
is reshuffling of power in the modes of the primordial power spectrum of the total



68 The Cosmic Microwave Background

intensity and gradient-like (E-modes) components of the CMB polarization. Lensing
results into distortion of the primordial polarization pattern converting E-modes into
B-modes [102] and generates a power on the sub-degree scale where primordial signal
is expected to be negligible [59].

Measuring these anisotropies is enormously difficult task, but thanks to successful
temperature experiments such as the Atacama Cosmology Telescope (ACT)1, the South
Pole Telescope (SPT)2 and Planck3 we can now have robust measurements at the arc-
minute scale and with polarization experiments such as QUIET4, BICEP2 and Planck5

we can obtain low-noise maps of the CMB polarization.

Weak lensing of CMB arises due to the deflection of CMB photons coming from
the last scattering surface by potential gradients along our line of sight [103, 104, 105,
106, 107]. The weak lensing affects the CMB temperature power spectrum as well
as introduces quantitatively new non-Gaussian and polarization signals [59]. Since
lensed CMB signal has the same frequency as the unlensed CMB, it cannot be easily
distinguished. For CMB lensing on scales ≥ 1 arcmin, only weak lensing is expected
to be important in which case the perturbations of the rays are small. In this case,
the integral for the projected CMB lensing potential due to scalar perturbations in the
absence of anisotropic stress becomes [70]:

ϕ(n̂) ≡ −2

∫ rLS

0

rLS − r

rLSr

Φ(rn̂; cη0 − r)

c2
dr (4.14)

where, η0 is the present conformal time, Φ is the physical peculiar gravitational
potential generated by density perturbations. The corresponding deflection angle be-
comes:

α(n̂) ≡ −2

∫ rLS

0

rLS − r

rLSr
∇n̂

Φ(rn̂; cη0 − r)

c2
dr (4.15)

where, [1/r]∇n̂ is the 2D transverse derivative w.r.t the line-of-sight pointing in the
direction n̂ ≡ (ν, θ).

The CMB lensed field can be described as Tobs(n̂) = Tint(n̂ + α) where Tint is

unlensed temperature field, n̂ is the direction and d⃗ is the deflection field. The deflection
field is the measure of the effect of the spacetime between us and the decoupling surface
and hence probes different physical processes than done by primary anisotropies [108].
Weak lensing of CMB deflects γs from an original direction n̂′ on the last scattering
surface to a direction n̂ on the observed sky. Hence the lensed CMB field is given by,
X̃n̂ = Xn̂′ in terms of the unlensed field X = T,Q, U [59]. The vector n̂′ is obtained
from n̂ by moving its end on the surface of a unit sphere by a distance |∇n̂Ψ(n̂)|
along a geodesic in the direction of |∇n̂Ψ(n̂)| [61, 109, 63] i.e. (n̂′ = n̂ + ∇n̂Ψ(n̂)).
It is often assumed that |∇n̂Ψ| is constant between n̂ and n̂′ which is consistent with
lensing potential in the Born approximation. Since CMB deflections are of the scale of
arcminutes making it appropriate to use this approximation.

1http://www.physics.princeton.edu/act/
2http://pole.uchicago.edu/
3http://www.rssd.esa.int/index.php?project=planck
4http://quiet.uchicago.edu/
5http://www.rssd.esa.int/index.php?project=planck
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Due to gravitational lensing of CMB, the relative temperature fluctuation observed
in the direction n̂ becomes T̃ (n̂) where unlensed temperature in the deflection direction
is given by,

T̃ (n̂) = T (n̂′) = T (n̂+ α) (4.16)

where, α is the deflection angle which at lowest order becomes a pure gradient
α = ∇ψ [59].

Figure 4.4 (image is taken from ESA6) shows how CMB photons deflected from the
last scattering surface were gravitationally lensed due to large scale structure present
in their geodesic which acted as gravitational ’lens’.

Figure 4.4: The artist’s impression shows how photons in the CMB are deflected by
the gravitational lensing effect of massive cosmic structure as they travel across the
Universe. Gravitational lensing effect creates tiny, additional distortions to mottled
pattern of the CMB temperature fluctuations. A small fraction of the CMB is polarized,
one such component, the so-called B-modes have been given an additional signature by
gravitational lensing. This imprint has been found for the first time by combining data
from the ground based South Pole Telescope and ESA’s Herschel space observatory.
Original image is taken from ESA.

If the gravitational potential Φ is Gaussian, the lensing potential is also Gaussian.
However the lensed CMB is non-Gaussian as it is a second order cosmological per-
turbation effect onto CMB anisotropies, yielding a finite correlation between different
scales and hence non-Gaussianity. The lensed CMB is non-Gaussian even if the under-
lying lenses are following Gaussian distribution. The non-linear evolution of the large
scale structure produces a degree of non-Gaussianity in the distribution of lenses which
contributes to the non-Gaussian statistics of the lensed CMB on small scales [110].

CMB weak-lensing smoothes out features in the temperature power spectrum
where lensing effects become visible at l ≥ 500 corresponding to an angular scale
of θ ≤ (π/500)rad ≃ 20′ corresponding to the scale where coherent gravitational light
deflection sets in. As shown in figure 4.5, at the high multipole tail of the temperature
power spectrum, the lensed power spectrum falls systematically above the unlensed
one by power transfer from large to small scales [58, 111, 112, 112, 113, 114, 106, 115]

6https://www.esa.int/esearch?q=weak+lensing&start=11
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Figure 4.5: The unlensed and lensed CMB power spectra CDM in an Einstein-de Sitter
Universe. The CMB power spectrum coefficients l(l + 1)Cl are shown as a function
of l. The solid line displays the intrinsic power spectrum and the dotted line shows
the lensed power spectrum for an Einstein-de Sitter Universe filled with CDM. Lensing
smoothes the power spectrum at large l while it has no visible effects on larger scales.
The curves are produced by CMBfast code and plot is taken from [58].

4.2 Observational constraints on the cosmological

parameters

Thanks to weak lensing of CMB, we can infer cosmological parameters with more
precision, e.g. Planck 2018 [45] gives constraints on values of Ωm, σ8 and H0 as shown
in Fig.4.6:

In order to describe the global nature of the Universe, our current model of cos-
mology uses six fundamental parameters known as the cosmological parameters which
extensively constrains different cosmological models by mentioning geometry/global
dynamics (i.e. the expansion rate and curvature) and building blocks of the Universe
with their precise proportion. Thanks to the recent advances in precision cosmology,
many of the key cosmology parameters can be obtained to one or two significant fig-
ure accuracy. Prominent sources of such derivations are the measurements of CMB
anisotropies combining information from the temperature and polarisation maps and
the lensing reconstruction with the highest precision observations made from the Planck
satellite [2]. These parameters allow us to untangle the mystery of the evolution of the
Universe, at least back until an epoch when interactions allowed interchanges between
different spices, describing global dynamics of the Universe such as its expansion rate
and curvature, etc. Since we know neutrinos are not massless, even the smallest mass
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Figure 4.6: ΛCDMmodel constraints on Ωm, σ8 andH0 from DES galaxy lensing+BAO
(green), Planck CMB lensing+BAO (grey) and the joint constraint of DES lensing,
CMB lensing and BAO (red). The Planck power spectrum constraints are shown in
blue, contours contain 68% and 95% of the probability. Original plot taken from [45].

has a potentially observable effect on the formation of structures as neutrino free-
streaming damps the growth of perturbation. Analyses commonly either assume a
neutrino mass sum fixed at the lower level, or allow the neutrino mass sum to be a
variable parameter. The inclusion of the neutrino mass sum as a free parameter can
affect the derived values of other cosmological parameters [40].

The joint constraints with BAO measurements on spatial curvature are consistent
with a flat Universe, and combining with Type Ia SNe, the dark energy equation of state
parameter is measured to be w0 = −1.03 ± 0.03 consistent with a cosmological con-
stant. No evidences of deviation from a purely power-law primordial power spectrum,
primordial non-Gaussianity- neither isocurvature perturbations nor cosmic defects have
been found. Combining with data from BAO, BICEP2 and Keck Array data a limit
on tensor-to-scalar ratio is r0.002 < 0.06. The acoustic oscillations in l seen in the CMB
power spectra correspond to a sharply-defined acoustic angular scale on the sky, given
by θ∗ ≈ r∗/DM where r∗ is the comoving sound horizon at recombination quantifying
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the distance the photon-baryon perturbations can influence and DM is the comoving
angular diameter distance that maps r∗ into an angle on the sky. The CMB angular
acoustic scale measured robustly at 0.03% precision to be θ∗ = (0◦.5965 ± 0◦.0002) is
one of the most accurately measured parameter in cosmology. The primordial fluctua-
tions are consistent with Gaussian purely adiabatic scalar perturbations characterised
by a power spectrum with a spectral index ns shown in table 4.1 consistent with the
predictions of single-field, slow-roll inflation. Figure 4.7 shows the Planck constraints
in the ns− r plane where r is added as a single additional parameter to the base model
and plotted at pivot scale 0.002 Mpc−1.

Figure 4.7: Constraints on the tensor-to-scalar ratio r0.002 in the ΛCDM model us-
ing Planck TT,TE,EE+lowE (red) and Planck TT,TE, EE+lowE+lensing (green) and
joint constraints from BAO and BICEP2/Keck (blue) assuming the inflationary consis-
tency relation and negligible running. Dashed grey contours show the level of modelling
uncertainty in the polarization results. Dotted lines show the loci of approximately con-
stant e-folding number N assuming simple V ∝ (ϕ/mPl)

p single field inflation. Solid
lines show the ns − r relation for locally quadratic and linear potentials to first order
in slow-roll. Red lines show the approximate allowed range 50 < N < 60 and black
solid line separate the concave and convex potentials. Original plot is taken from [2].

Ωγ is accurately measured thanks to COBE satellite FIRAS experiment determin-
ing TCMB = 2.7255± 0.0006K corresponding to Ωγ = 2.47× 10−5h−2. This constraints
the cosmological parameters varied and leave concordance model defined by six cos-
mological parameters.

Derived parameters include the age of the Universe, the present horizon distance,
the present neutrino background temperature, the epoch of matter-radiation equality,
the epochs of recombination and decoupling, the epoch of transition to accelerating
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Universe, the baryon-to-photon ratio and the baryon-to-dark matter density ratio. The
age of the Universe from CMB data gives 13.797±0.023Gyr as the position of the first
peak is strongly correlated with the age [40].

Finally, we present the cosmological parameters reported from the Planck mea-
surement of seven acoustic peaks in the CMB temperature power spectrum [2] which
combines information from the temperature and polarization maps and lensing recon-
struction. These results show good consistency with the standard spatially flat (k = 0),
6 parameter ΛCDM model having Gaussian, adiabatic and nearly scale-invariant initial
perturbations with a power-law spectrum of adiabatic scalar perturbations as framed
in simple inflationary models. This is consistent with observations such as WMAP
and Planck collaboration et al. [9],[2]. The constraints on the cosmological parameters
include the Hubble constant H0, the physical baryon density (ωb = Ωbh

2) Ωb,0, the
dark matter density (ωc = Ωch

2) Ωm,0, the curvature parameter Ωk,0, the radiation
density parameter Ωr,0, fluctuation amplitude at the present day σ8, scalar spectral
index ns which defines the slope of the primordial scalar power spectrum, the optical
depth τ = 0.054 ± 0.007 defining the scale-independent suppression of power in the
CMB anisotropies by free electrons generated during reionization, and the matter fluc-
tuation amplitude As. Since the CMB fluctuations are linear up to lensing corrections
and the lensing corrections are largely oscillatory, the average observed CMB power
spectrum amplitude scales nearly proportionally with the primordial comoving curva-
ture power spectrum amplitude As which is defined at the scale k0 = 0.05Mpc−1. The
sub-horizon CMB anisotropies are scattered by free-electrons present after reionization
hence, the observed amplitude actually scales with Ase

−2τ where τ is the reionization
optical depth. All these parameters reported by planck 2018 results are as follows:

H0 = (67.4± 0.5)kms−1Mpc−1

Ωm,0 = 0.315± 0.007
Ωb,0h

2 = 0.0224± 0.0001
ΩΛ,0 = 0.6889± 0.0056
Ωk,0 = 0.001± 0.002
ns = 0.965± 0.004

Ase
−2τ = (1.884± 0.012)× 10−9

σ8 = 0.811± 0.006

Table 4.1: Parameters of ΛCDM model that best fits the data from the Planck mea-
surements of the CMB [2].

where, the matter densities can be measured from the CMB spectra using the
scale-dependence of the amplitude, since for fixed θ∗ a larger matter density reduces
the small-scale CMB power. The matter density also affects the amount of lensing
in the CMB spectra and the amplitude of the CMB lensing reconstruction spectrum.
Fig.4.8 shows the constraints in the Ωm − σ8 plane from DES lensing compared to
the constraints from the CMB power spectra and CMB lensing and Fig.4.9 shows
parameter constraints using galaxy auto- and cross-correlations respectively:

If the dark energy is a generic dynamic fluid, its equation of state parameter w ≈ p/ρ
would be a function of time, where p and ρ are the spatially averaged background dark
energy pressure and density. A time varying equation of state is of the form:
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Figure 4.8: Base-ΛCDM model 68% and 95% constraint contours on the matter den-
sity parameter Ωm and the fluctuation amplitude σ8 from the Dark Energy Survey
(DES) lensing, Planck CMB lensing (grey) and the joint lensing constraint (red). The
dashed lines show the constraint from the DES cosmic shear plus galaxy clustering
joint analysis, the dotted line show the constraint from original KiDS-450 analysis,
and the blue filled contour show the independent constraint from Planck CMB power
spectra. Original plot is taken from [2].

w(a) = w0 + (1− a)wa (4.17)

where w0 and wa are constants which in ΛCDM framework are w0 = −1 and wa = 0.
Marginalized contours of the posterior distribution of w0 and wa are shown in figure
4.10. Here CMB lensing has only small effect on the constraints from Planck alone.

The Planck base ΛCDM assumes a normal mass hierarchy with the minimal mass∑
mν = 0.06eV allowed by neutrino flavour experiments. In the normal hierarchy, the

lowest two mass eigenstates have the smallest mass splitting and can give
∑
mν ≥

0.06eV whereas in inverted hierarchy, the most massive eigenstates have the smallest
mass separation requiring

∑
mν ≥ 0.1eV, hence a constraint

∑
mν < 0.1eV would be

rule out by inverted hierarchy.
These results constrain the extra effective degrees of freedom to be Neff = 2.99 ±

0.17 in agreement with the Standard Model prediction Neff = 3.046 and find that the
neutrino mass is tightly constrained to Σmν < 0.12eV. Increasing the neutrino mass
leads to lower values of H0 and hence aggravates the tension in H0 with distance-ladder
determination of [116] as shown in Fig.4.11 :

Additional dark relativistic degrees of freedom arising due to new light particles in
the Standard Model of Particle Physics are usually characterized by Neff . The total
relativistic energy density after electron-positron annihilation is given by,

ρrad = Neff
7

8

[ 4

11

]4/3
ργ (4.18)
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Figure 4.9: Base-ΛCDM model 68% and 95% constraint contours on the matter density
parameter Ωm and the fluctuation amplitude σ8 from the Dark Energy Survey (DES)
using the shear galaxy correlation and the galaxy auto-correlation data (green) and the
joint result DES lensing (grey) compared with Planck results showing TT+lowE and
TT, TE, EE+lowE+lensing+DES by assuming the difference between the data set is
purely statistical. The dotted line shows the Planck TT, TE, EE+lowE result using
CamSpec likelihood, contours show 68% and 95% probability. Original plot is taken
from [2].

Any additional massless particles produced well after recombination can be treated
as additional contribution to Neff . Any species that were initially in thermal equi-
librium with the Standard Model particles produce a ∆Neff ≡ Neff − 3.046 which
depends only on number of degrees of freedom and decoupling temperature. Using
conservation of entropy, fully thermalized relics with degrees of freedom (g) contribute,

∆Neff = g
[ 43
4gs

]4/3
× [4/7(boson)or1/2(fermion)] (4.19)

where gs is the effective degrees of freedom for the entropy of the other thermalized
relativistic species that were present when they decouple. Thus varying Neff allows
the tension with [116] to be somewhat eased as shown in Fig.4.12.
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Figure 4.10: Marginalized posterior distribution of the (w0, wa) parameters for vari-
ous data combinations. The tightest constraints come from the combination Planck
TT,TE,EE+lowE+lensing+SNe+BAO and are compatible with the ΛCDM. The
dashed lines indicate the point corresponding to the ΛCDM model. Original plot
is taken from [2].
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Figure 4.11: Samples from Planck TT,TE,EE+lowE+lensing chains in the
∑
mν −H0

plane, colour coded by σ8. Solid black contours show the constraint from Planck
TT,TE,EE+lowE+lensing while dashed blue line shows the joint constraint from
Planck TT,TE,EE+lowE+lensing+BAO, and the dashed green line are addition-
ally marginalized over Neff . The grey band on the left shows the region with
Σmν < 0.056eV ruled out by neutrino oscillation experiments. Region on the left
of dotted vertical line indicate a normal hierarchy (NH) while on the right could either
be normal or inverted hierarchy (IH). Original plot is taken from [2].
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Figure 4.12: Samples from Planck TT,TE,EE, +lowE chains in the Neff −H0 plane,
colour-coded by σ8. The grey bands show the local Hubble parameter measurement
H0(73.45 ± 1.66)kms−1Mpc−1 from [116]. Solid black contours show the constraints
from Planck TT,TE,EE+lowE+lensing+BAO, while dashed line include joint con-
straints. On the left of the solid vertical line shows models with Neff < 3.046. Original
plot is taken from [2].



Chapter 5

Gravitational Waves

In all things of nature, there is
something of the marvelous.

Aristotle

General relativity is based upon the assumption of a dynamical curved spacetime
where the presence of mass-energy curves the spacetime locally but its effect can be
experienced even by a distant object. However, this effect at larger distance cannot
be instantaneous as special relativity imposes causality in form of speed limit c for the
propagation of waves. This suggests the possibility of curvature oscillations that travel
through space, the natural outcome of General Relativity is hence Gravitational Waves
(GWs). GWs are the solution of Einstein’s Field Equations propagating at the speed
of light in the fabric of the spacetime emitted by accelerated massive objects. GWs
are also defined as the tensor fluctuations of the metric tensor and their evolution
is regulated by the traceless spatial part of the Einstein field equations. When two
massive objects rotate around each other, their orbital distance decreases and their
speed increases. This results into the increase of frequency of the rotating system
until the moment of their coalescence. What differentiates GWs from electromagnetic
radiation is the weak interaction of GWs with matter; hence when detected, provide
us the almost unaltered snapshot of the surrounding of extreme masses just before
their collision. In this work, we focus on the geometric optics approximation where
the propagation of GWs can be treated as that of a massless particles moving on a null
geodesic in the spacetime. It is important to note that in the vicinity of strong field
regime, geometric approximation breaks down and we need to consider wave effects of
gravitons. However, [117] shows general framework for polarization through diffusion
by massive structures applicable to AGWB/CGWB in any frequency band and GW
propagation beyond geometric optics limit is shown in [118]. Direct detection of GWs
from the LIGO-Virgo interferometers have offered us profound physical understanding
of the Universe and also have shed light on the population of compact objects in the
Universe and their formation mechanism [119], tests of General Relativity [120, 121]
and enabled first measurement of the Hubble constant using GW sources [122].

5.1 Linearized equations in flat spacetime

The line element in arbitrary spacetime can be written as,

79
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ds2 = gµνdx
µdxν (5.1)

Here, gµν is a covariant (0,2) tensor taking dxµ and dxν as input line intervals to
maintain the invariant scalar property ds2. The symmetric metric tensor gµν can have
non-vanishing off-diagonal elements as well as non-unity elements which describe the
curvature of spacetime under consideration. In a flat, Minkowski spacetime, the metric
can be written as,

gµν = ηµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (5.2)

where, ηµν is the Minkowski metric.
Linearized gravity is an appropriate approximation to general relativity where the

spacetime metric gµν can be treated as deviating only slightly from the flat metric:

gµν = ηµν + hµν , |hµν | ≪ 1 (5.3)

where hµν is the small metric perturbation in the metric tensor gµν . The condi-
tion |hµν | ≪ 1 require both- the gravitational field to be weak and constraints the
coordinate system to be approximately Cartesian [123]. The metric perturbation hµν
transforms as a tensor under Lorentz transformation but not under general coordinate
transformations.

The Gravitation action is given by, S = SE+SM , where the Einstein action is given
by [124, 125],

SE =
c3

16πG

∫
d4x

√
−gR (5.4)

where, SM is the matter action, R is the Ricci scalar, gµν is the 4D metric and
g = det(gµν). In order to generate gravitational waves EFEs must be perturbed, we
begin from Einstein’s Field Equations assuming units G = ℏ = c = 1:

Rµν −
1

2
Rgµν = 8πTµν (5.5)

Eq.(5.5) contains 16 differential equations which upon symmetric nature of Gµν and
Tµν reduces to 10 and further reduces to six using Bianchi identity. Here, Rµν is the
Ricci Curvature tensor, R is the Ricci scalar, gµν is the metric tensor and Tµν is the
stress-energy tensor of the mass-energy components of the source. Upon substituting
the perturbed metric gµν from Eq.(5.3) into Einstein’s equation Eq.(5.5) the wave
equation in vacuum becomes,

□h̄µν = 0 (5.6)

which using trace-reversed perturbations (h̄µν = hµν − 1/2ηµνh, where h ∼ ηµνh
µν

and □ = ηµν∂µ∂ν) gives the linearized Einstein equation,

□h̄µν = −16πTGµν (5.7)
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This is the wave equation for gravitational wave similar to that for photons in
electromagnetism, the solution of Eq.4.7 is given by,

h̄µν = 4

∫
Tµν(t− |x⃗− x⃗′|, x⃗′)

|x⃗− x⃗′|
dx′3 (5.8)

This solution using TT gauge reduces to,

hTTij = 4
[ ∫ Tµν(t− |x⃗− x⃗′|, x⃗′)

|x⃗− x⃗′|
dx′3

]TT
(5.9)

i.e. we can calculate the measurable gravitational wave created by a source from
the ij components of the stress-energy tensor alone. This solution is used to find
the gravitational waveform from a compact binary coalescing system. Whereas, the
solution for vacuum case, Eq.(5.6) becomes,

h̄µν = RAµνeikµx
µ

(5.10)

Here, each µν component of this h̄ is a sinusoidal wave traveling along the vector
kµ with amplitude Aµν .

We can summarize properties of transverse-traceless (TT) gauge as:

hTT0µ = hTT = hTT,jij = 0 (5.11)

This condition gives us two residual degrees of freedom in metric hµν which are
commonly decomposed in two linearly independent polarizations for GWs, known as
the + plus and the × cross polarization modes. Each polarization mode has amplitude
h+ and h× respectively. So, GW spacetime perturbations hµν can be decomposed in
plus and cross polarization modes. Fig.5.1 shows the pictorial representation of GWs
propagating in the +z direction:

Figure 5.1: Stretching and squeezing of space transverse to the detection of a GW. The
wave is travelling in the +z direction and stretching and squeezing occurs in the x and
y dimensions, image is taken from [126].

For GWs propagating in the +z direction, a perturbation metric in the TT gauge
can be written as,

hTTµν = hTTµν (t− z) (5.12)
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is a valid solution for the wave equation □h̄µν = 0. The Lorentz gauge condition
(∂z)h

TT
µν = 0 implies that hTTzν (t− z) is a constant which must be zero since hTTµν → 0 as

the distance of the source of GWs become infinite. Then the only non-zero components
of hTTµν are hTTxx , h

TT
xy , h

TT
yz and hTTyy . Following traceless condition and symmetry we

obtain,

hTTxx = −hTTyy ≡ h+(t− z),

hTTxy = hTTyz ≡ h×(t− z)
(5.13)

where, h+(t − z) and h×(t − z) are two independent waveforms which can be rep-
resented in TT gauge as:

hTTµν =


0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

 (5.14)

Using Lorentz (Hilbert) gauge h̄µν ,µ= 0, Eq.(5.10) gives plane wave solution anal-
ogous to the electromagnetic case [123],

h̄µν(x, t) = Re

∫
d3kAµν(k)e

i(k·x)−ωt (5.15)

where, ω = |k|, k is the four-vector satisfying k2 = 0, Aµν is the constant polarization
tensor depending on wavevector k but is independent of x and t. This polarization
tensor, under application of Lorentz condition mentioned as below:

0 = ∂µh̄µν = ηµρR⌉[ikρAµνei(k·x)] (5.16)

reduces to 4 equations that constraint the tensor Aµν and further reduce the num-
ber of its independent components to 6. In linearized theory, using gauge freedom,
infinitesimal coordinate changes,

xµ ⇒ x̃µ = xµ + ζµ, |ζµ| ≪ 1 (5.17)

If we specialize to global vacuum spacetime where Tµν = 0 everywhere and is
asymptotically flat, the gauge needed to make metric perturbation purely spatial is,

htt = hti = 0 (5.18)

and traceless,

h = hii = 0 (5.19)

Then, applying Lorentz gauge condition, the spatial metric perturbation is trans-
verse:

∂ihij = 0 (5.20)

This is known as transverse-traceless gauge or TT gauge. The TT gauge leaves only
two independent polarizations out of the original ten ensuring that, h̄µν = hµν
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For a plane gravitational wave Eq.(5.12) propagating in the ẑ direction (kµ =
(ω, 0, 0, ω)), along with the TT gauge and Lorentz gauge condition (Eq.(5.14),
Eq.(5.15)), the wave equation would be,

hTTij =

h+ h× 0
h× −h+ 0
0 0 0

 cos[ω(z − t)], hTTµ0 = 0 (5.21)

Here, h+ and h× called the two polarization states of the gravitational waves. These
polarization states contain information in form of metric can be written as,

g = ds2 = −dt2 + [1 + h+cosω(z − t)dx2 + [1− h+cosω(z − t)]dy2]+

dz2 + 2dxdyh×cosω(z − t])
(5.22)

Again, considering Eq.(5.10), for each k the polarization tensor Aµν(k) has two de-
grees of freedom (+/×) and is orthogonal to the direction of propagation n = k/k0. So
by choosing 2 orthonormal vectors u,v in this plane, basis vectors for these polarization
state can be given as,

e+ij(n) = [u⊗ u− v ⊗ v]ij = uiuj − vivj

e×ij(n) = [u⊗ v + v ⊗ u]ij = uivj + viuj
(5.23)

which satisfying eaije
bij = 2δab gives,

Aij(k) = A+(k)e
+
ij(n) + A×(k)e

×
ij(n) (5.24)

where, A+,× represent the amplitudes of the wave in the plus and cross polarization
states respectively.

5.2 Linearized equations in curved spacetime

In the previous section, we derived propagation of gravitational waves in almost ideal
flat spacetime scenario which is not the real case as we work on large cosmological scale.
On these scales, due to expansion of the Universe and massive objects, the background
spacetime metric is curved/perturbed as below:

gµν = gBµν + ϵhµν + ϵ2jµν +O(ϵ)3 (5.25)

where, gBµν is the dynamical background, hµν is the first order metric perturbation,
jµν is the second order metric perturbation and ϵ is the smallness parameter. Since
while propagating in the curved spacetime, gravitational waves receive contribution
from different sources, a frequency/wavelength and the time-scales/length-scales of
GWs in the background metric must be distinguished. Therefore, if the background
metric has variations on spatial scales LB or temporal scales fB, then for a gravita-
tional wave moving on this background may satisfy following conditions for its typical
wavelength λ or frequency f :

λ≪ LB, and f ≫ fB (5.26)
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Since, fB and LB are two unrelated scales, in order to discriminate perturbations,
one of these conditions should be satisfied. From Eq.(5.25), the Ricci tensor keeping
terms up to the second order in perturbation would be,

Rµν = RB
µν +R(1)

µν +R(2)
µν +O(|h|)3 (5.27)

with,

RB
µν = −⟨R(2)

µν ⟩+ 8πG⟨Tµν −
1

2
gµνT ⟩ (5.28)

Eq.(5.28) describes the evolution of the background spacetime accounting for energy

of matter and energy of gravitational waves contained in the term ⟨R(2)
µν ⟩ which can be

interpreted as energy momentum tensor of GWs.

R(1)
µν = −[R(2)

µν ]
high + 8πG[Tµν −

1

2
gµνT ]

high (5.29)

where, [A]high = A − ⟨A⟩. Eq.(5.29) describes the propagation and generation of
GWs in the background. Eq.(5.28) can be rewritten as,

RB
µν −

1

2
gBµνR

B = 8πG(⟨Tµν⟩+ tµν) (5.30)

where, the energy-momentum tensor of GWs tµν shows the effect of GWs on the
background (assuming c = 1):

tµν = − 1

8πG
⟨R(2)

µν − 1

2
gBµνR

(2)⟩ (5.31)

This quantity depends on perturbation hµν and not on the matter. As an energy-
momentum tensor, tµν should be conserved and gauge-invariant which can be shown by
considering isolated sources and assuming the background spacetime is asymptotically
flat. Then in the region far from source (imposing TT and Lorentz gauge conditions)
reduces to [125]:

∂µtµν = 0 and, (5.32)

tµν =
1

32πG
⟨∂µhTTαβ ∂νhTTαβ ⟩ (5.33)

and in the TT gauge the energy density of GWs given by the 00th component,

t00 =
1

16πG
⟨ḣ2+ + ḣ2×⟩ (5.34)

And, the GW energy flux per unit is given by,

dE

dtdA
=

1

16πG
⟨ḣ2+ + ḣ2×⟩ (5.35)

This expression can be expressed in terms of its Fourier component of the wave
to find the spectrum. Integrating Eq.(5.34) over time and using Fourier transformed
variable,
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dE

dAdf
=

π

2G
f 2(|h̃+(f)|2 + |h̃×(f)|2) (5.36)

where f = ω/2π is the wave frequency and h̃+,× are the Fourier components of the
gravitational waves.

From Eq.(5.29) to first order in metric perturbation and keeping only leading and
next-to leading terms in the expansion parameter, the equation governing the propa-
gation of GWs is given by,

R(1)
µν = 0 (5.37)

If we introduce the variable h̄µν = hµν − 1/2gBµνh and impose the Lorentz gauge
condition in the following form:

∇̄µh̄µν = 0 (5.38)

where ∇̄ is the covariant derivative w.r.t the background metric then Eq.(5.38)
becomes,

∇̄ρ∇̄ρh̄µν = 0 (5.39)

For an astrophysical source, an apparent luminosity of GW radiation F at distance
far away from the source in terms of gravitational wave amplitude is given by [127, 128],

F ∼ |ḣ|2

16π
(5.40)

Above relation can be used to make an order-of-magnitude estimate of GW ampli-
tude from knowledge of the rate at which energy is emitted by a source in the form
of GWs. If a source at distance r radiates away energy E in time T with frequency f
then using ḣ = 2πfh and F ∼ E/(4πr2T ), the amplitude of GWs is given by [128],

h ∼ 1

πfr

√
E

T
(5.41)

Having known the time development of the signal, one can filter the detector output
through a copy of the expected signal following matched filtering method which leads
to an enhancement in the SNR roughly by a square root of the number of cycles the
signal spends in the detector band. Therefore, we can define an effective amplitude of
a signal which is a better measurement of its detectability than its raw amplitude:

heff ≡
√
nh (5.42)

A signal lasting for a time T around a frequency f would produce n ≃ ft cycles
which can be used to eliminate T from Eq.(5.42) and get the effective amplitude of the
signal in terms of the energy, emitted frequency and the distance to the source:

heff ∼
1

πr

√
E

f
(5.43)

Eq.(5.43) depends only on energy through the total fluence or time integrated flux
E/4πr2 of the wave.
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5.2.1 The geometrical optics approximation

The regime where the wavelength of the gravitational waves λ is much smaller than
the characteristic length scale of the variation of background LB characterizing the
background curvature (λ ≪ LB) is known as the geometric optics limit. In addition
to LB, the wavelength of the waves is also small compared to the scale of variation
of GW amplitude La. In this approximation, propagation of GWs can be treated as
that of the massless particles on a null geodesic of background spacetime by neglecting
other wave-like effects such as diffraction or interference. However, this approximation
breaks down in the strong gravity regime such as in the vicinity of compact objects.

In terms of smallness parameter ϵ = λ/min[LB, La], we can expand amplitude of
GWs as,

hµν(x) = [Aµν(x) + ϵBµν(x) + ϵ2Cµν(x) + ...]eθ(x)/ϵ (5.44)

where, θ(x) is the phase. If we set ϵ = 1 and use it in the Lorentz gauge condition
Eq.(5.38) and in the wave equation Eq.(5.39) to the leading order in ϵ, we obtain:

eµνk
µ = 0 (5.45)

and
kµkµ = 0 (5.46)

where following definitions are used: kµ ≃ ∂µθ, Aµν = aeµν and eµνe
µν = 1. Now

taking the covariant derivative of Eq.5.46, we obtain,

0 = ∇ρk
µkµ = 2kµ∇ρkµ =

2kµ∇ρ∇µθ = 2kµ∇µ∇ρθ = 2kµ∇µkρ
(5.47)

This means that kµ is parallely transported along itself i.e., the wave propagates on
null geodesic of the background spacetime. Using Eq.(5.39) again and keeping terms
of next-to-leading order,

0 = 2kρ∇ρAµν + Aµν∇ρk
ρ = 2kρeµν∂ρa+ 2kρa∇ρeµν + Aµν∇ρk

ρ (5.48)

which upon contracting with eµν and using eµν∇ρeµν = 0 gives,

0 = 2kρ∂ρa+ a∇ρk
ρ ⇒ kρ∂ρa = −1

2
a∇ρk

ρ (5.49)

which gives the evolution of the amplitude a. This can be also written as,

∇ρ(a
2kρ) = 0 (5.50)

which further reduces to,

kρ∇ρeµν = 0 (5.51)

i.e. the polarization tensor is parallely transported along the trajectory of the wave.
These equations are analogous to the equations found for propagation of electromag-
netic waves in curved background. This means that from the point of view of geometric
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optics, gravitons and photons propagate in the same manner while travelling on the
null geodesic of the spacetime.

Further in the geometric optic approximation, Issaccson showed that [129, 130]
the gauge transformation of the Ricci and Riemann curvature tensor have following
properties:

R̄(1)
µν −R(1)

µν ≃
(λ
L

)2

(5.52)

and,

R̄
(1)
αµβν −R

(1)
αµβν ≃

(λ
L

)2

(5.53)

where, R
(1)
µν and R

(1)
αµβν are the first order Ricci and Riemann tensors and the overbar

denotes their values after the gauge transformation. Further, by evaluating the effective
stress-energy tensor on a smooth background metric in a Loretnz gauge and performing
the average, we obtain the Isaacson tensor [131],

T (GW )
µν =

1

32π
⟨hµν;αhµν;β ⟩ (5.54)

which localizes energy in short-wavelength gravitational waves to regions of the
order of a wavelength.

5.3 The quadrupole formula

Electromagnetic radiation and GWs both originate from variation of a charge and
a mass respectively and present some similarities e.g. the waveform and the same
propagation velocity in General Relativity. However the electromagnetic radiation is
associated to a dipole or a higher moments such as quadrupole, octapole etc. whereas
GWs are generated by a quadrupole or higher moments such as octapole. This makes
reasonable to quest why monopoles and dipoles do not contribute GW emission. The
quadrupole formula plays the same role in theory of gravity as played in electromag-
netism and allows us to estimate the magnitude of the GW strain for a given source.

Here we define the moments of the object generating gravitational waves, assuming
no internal motion. The zeroth moment M0 of the mass distribution which is also
known as the monopole moment is the mass of the object itself:

M0 =

∫
ρd3x =M (5.55)

where ρ is the mass density of the object. The first moment M1 of the mass
distribution which is also known as the dipole moment term is given by,

M1 =

∫
ρxid

3x =MLi (5.56)

where, Li is the vector having dimension of a length describing the displacement
of the center of the mass from the origin. The second moment M2 or the quadrupole
moment of the mass distribution is,
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M2 =

∫
ρxixjd

3x =MLij (5.57)

Here Lij is a tensor with dimension of length squared. It can be shown thatM0 and
M1 cannot generate GWs because as h is proportional to 1/r (where r is the distance
from the source) and since the coefficients that make the strain dimensionless we can
write,

h ∼ GM0

c2r
(5.58)

But as the mass-energy conservation principle states that M0 cannot change in
time for an isolated system, Eq.(5.58) cannot be associated with emission of any GW
signals. Similarly for the dipole term, to obtain a dimensionless strain we use first time
derivative and use c3 factor,

h ∼ G

c3r

dM1

dt
=
GP

c3r
(5.59)

where P is the total angular momentum of the source, which again is a conserved
quantity and hence in a similar fashion to the monopole term, dipole moment too
cannot produce GW signals.

Finally, for the second order term, the quadrupole moment would be:

M2 ≡
∫
ρxixjd

3x =MLij (5.60)

where Lij is a tensor with dimension of length squared. The associated strain for
quadrupole term in this case becomes,

h ∼ G

c4r

d2

dt2
M2 (5.61)

Here, M2 is not related to any conservation laws and hence can be associated with
emission of GWs. Since gravitational interactions are the weakest of all four funda-
mental interactions, even extremely large energies radiated from GWs would produce
small strain. In Eq.(5.61), in the actual quadrupole formula, the second moment is a
traceless tensor,

M2 = Iij −
1

3
δijI (5.62)

where Iij is the tensor of inertia and I = I ii is its trace. It can be shown that the
correct quadrupole formula is:

hij =
2G

c4
1

r

d2M2

dt2
(5.63)

which differs from Eq.(5.61) by a multiplicative factor of 2. From dimensional
analysis we can approximate the second time derivative of M2 with twice the kinetic
energy:

hij =
4G

c4
1

r

Ek
c2

(5.64)
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where Ek

c2
has the dimension of a mass. Since GWs emitted so far include astro-

physical source, more precisely CBCs, we consider a binary system of masses m1 and
m2 with their relative position denoted by R and orbital frequency Ω. For the binary
system of two masses m1 and m2 the total mass becomes M = m1 +m2 and the re-
duced mass is given by µ = m1m2/M along with mass ratio defined as q = m1/m2.
Generally it is assumed that m1 ≥ m2 so that q ≥ 1. Therefore from Eq.(5.63), a
non-zero component of hij is given by,

h =
4µΩ2R2

r
(5.65)

Which upon using Kepler’s third law gives,

h =
4µM2Ω2

r
(5.66)

Further, the GW strain h at a luminosity distance dL from a system whose traceless
mass quadrupole moment is Qij is given by,

hij =
2G

c4dL

d2Qij

dt2
(5.67)

and the rate at which the energy is carried away by these GWs is given by the
quadrupole formula:

dEgw
dt

=
c3

16πG

∫ ∫
|ḣ|2dS =

1

5

G

c5

3∑
i,j=1

d3Qij

dt3
d3Qij

dt3
(5.68)

where the strain amplitude is,

|ḣ|2 =
3∑

i,j=1

dhij
dt

dhij
dt

(5.69)

and the integral is over sphere of radius dL and the quantity over right-hand side
must be averaged over one orbit. Eq.(5.68) gives the rate of loss of orbital energy to
GWs within the limit that velocity of orbiting objects is less than c and the strain is
not too large [123]. Further, to describe GW emission from a binary system, chirp
mass M is defined which is related to the component mass by,

M =
(m1m2)

3/5

(m1 +m2)1/5
(5.70)

Due to energy emitted in the orbital phase, the orbit gets shrunk and this shrinking
makes an observed gravitational signal enhanced in terms of its frequency with time.
This is called a chirp. A chirp (or a sweep) signal is a signal in which the frequency
increases (up-chirp) or decreases (down-chirp) with time. The chirp mass determines
the phase evolution during inspiral of a binary and can be related with frequency and
frequency derivative of emitted GWs by [132, 133],

M =
c3

G

(( 5

96

)3

π−8(fgw)
−11(ḟgw)

3
)1/5

(5.71)
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where ḟgw = dfgw/dt is the rate-of-change of frequency. Here, quantities involved in
addition to the reduced mass and total mass include the symmetric mass ratio denoted
by v = µ/M . This equation is expected to hold as long as Newtonian approximation
is valid. Alternatively, Eq.(5.71) can be integrated to obtain,

f−8/3
gw (t) =

(8π)8/3

5

(GM
c

)5/3

(tc − t) (5.72)

which does not involve ḟgw explicitly and can be used to calculate M directly from
the time periods between zero crossings in the strain data. tc which is the constant of
integration which shows the time of coalescence.

Within geometric optics limit, the phase of the GWs remain unaltered and the
primary effect of gravitational wave lensing is evident in the strain of the signal and
in the temporal and spatial aspects of the signal [134]. Due to matter perturbations
between the source and the observer several observable effects such as (i) time-delay
(ii) magnification/demagnification (iii) shift in the sky position and, (iv) formation of
multiple lensed images can be seen [135]. For example, magnification leads to change
in the amplitude of the GW strain h+,×(fz) by the magnification factor µ [136, 137,
138, 125],

h(+,×)f(n̂) =
√
µ

√
5

96

G5/6M2
z(fzMz)

−7/6

c3/2π2/3dL
I±(L̂ · n̂) (5.73)

where, fz = f(1 + z) is the redshifted frequency, dL is the luminosity distance to
the GW source, I±(L̂ · n̂) captures the projection of the angular momentum L̂ on the
line-of-sight n̂ and, Mz is the redshifted chirp mass which can be well measured from
the phased part of the GWs [137].

Sources and spectrum of GWs Gravitational wave signal can broadly classified
as continuous GWs and GW bursts. These signals can be distinguished from each
other based on characteristic evolution time τ and the observation time T . For the
continuous GW signals, τ is very long compared to the observational time T , whereas
for fast evolving GW bursts, characteristic evolution time τ is much smaller than the
observation time T . Sources of GWs can be broadly classified based on their phase
and phase coherence into three categories:

• Bursts sources/ gravitational wave transients : Short duration sources with mod-
elled (e.g. compact binary coalescence) or unmodelled (e.g. supernovae) phase
evolution having evolution time intervals which are comparatively shorter than
the observational time (bounded in time). e.g. signals emitted from core collapse
of a supernova, ring-down phase of black hole coalescence etc.,

• Continuous sources : Long duration sources with phase coherence i.e. bound in
frequency (e.g. spinning neutron stars),

• Periodic sources : Periodic signals are continuous gravitational signals which are
expected to have a duration much greater than the observation time and are
emitted at a nearly constant frequency,
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• Stochastic background : created by superposition of unresolved and independent
sources without phase coherence (e.g. coalescing binaries, millisecond pulsars in
a galaxy clusters).

In order to make a clear distinction, the waveform signal from an inspiral1, contin-
uous signal2 and gravitational wave signal from a burst3 is shown in Fig.5.2, Fig.5.3
and Fig.5.4 respectively.

Fig.5.5 shows the GW spectrum with different frequencies corresponding to different
gravitational wave sources either of astrophysical or cosmological origin along with
detection methods. Quantum fluctuations from inflation span over all frequencies.

Similarly, the complete spectrum of gravitational wave astronomy in terms of dif-
ferent ground- and space-based missions targeting different frequency bands to quest
cosmological evolutionary phases can be shown below in Fig.5.6.

The era of GW astronomy began by the first indirect detection in 1974 by Hulse
and Taylor [139] from binary neutron star system where one of them was a pulsar. First
breakthrough came in the year 2015 when LIGO Hanford and Livingston detected the
first ever whisper of the cosmic dance by two merging binary black holes with initial
masses 36+5

−4M⊙ and 29+4
−4M⊙ respectively located at 410Mpc away, resulting into final

black hole with mass 62−4
+4M⊙ and total energy 3.0+0.5

−0.5M⊙c2 radiated in form of GWs
[1]. The schematic of phases before GW signal emission and signal detected in both
detectors is shown in below Fig.5.7.

This detection has demonstrated the existence of BHs more massive than the previ-
ously observed in X-ray binaries in our galaxy. Based on this detection authors of [141]
have proposed framework to calculate mass distribution of merging binary black holes
and its evolution with redshift and the implications of this evolution for the stochas-
tic gravitational wave background from mergers and from core collapse events. As a
special application to astrophysics, GWs emitted from BNS system can bring us infor-
mation about the nuclear structure because the tidal deformation effects present in the
coalescence of the neutron stars are embedded into the GW waveforms and features
present within the waveforms originated from the inspiral of the binary black holes
provide us information about the spacetime surrounding such extreme gravity objects.

5.4 Cosmological distance measurement methods

Expansion of the Universe influences distance measurements in cosmology. On cosmic
scales, we can not directly measure the proper distance or proper size of astronomical
objects but we infer these quantities from measurements of their redshift, luminosity or
angular size. In this section we describe methods which are mainly used for cosmological
distance measurements and from it we motivate how GWs as standard sirens can be
used as a potential probe for cosmological distance measurement.

On cosmological scales, distance measurement can be classified as large scale dis-
tance determination, intermediate scale and local scale measurements. For large scale
distance measurements, we must use methods based on global properties of galaxies.
Some of the methods used for such distance determination include using Faber-Jackson

1https://www.ligo.org/science/GW-Inspiral.php
2https://www.ligo.org/science/GW-Continuous.php
3https://www.ligo.org/science/GW-Burst.php



92 Gravitational Waves

Figure 5.2: Waveform example of GW signal from an inspiralling GW
source, image taken from ”LIGO Science”.

Figure 5.3: Waveform example of GW continuous signal from a ro-
tating neutron star, image taken from ”LIGO Science”.

Figure 5.4: Waveform example of GW signal from a burst from a
supernova core collapse, image taken from ”LIGO Science”.
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Figure 5.5: Gravitational wave spectrum showing different approaches and instruments
targeted to probe different frequency ranges and the sensitivities of several detection
methods.

Figure 5.6: Gravitational wave spectrum taken from https://www.skatelescope.org

relation, Tully-Fisher relation and galaxy clustering e.g. the Coma-Virgo cluster dis-
tance. On intermediate scale, the methods used include surface-brightness fluctuations,
planetary nebulae and measurements by the M31-Virgo distance, similarly on local
scale, Cepheid variables can be used [6].
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Figure 5.7: Top: Detected gravitational wave strain amplitude is shown as a function
of time. The waveforms are shifted and inverted to compensate for the slightly differ-
ent arrival times and different orientations of the different detector sites (red: LIGO
Hanford and blue: LIGO Livingston). The upper insert is a simulation of the merger
produced using numerical relativity to illustrate the evolution of the BH event horizon
as the system coalesces and mergers [140]. Bottom: GW150914 observed by the LIGO
Hanford, H1 in left column panels and Livingston, L1 in the right panels. Top raw
left: H1 strain, top raw right: L1 strain. Second raw shows GW strain projected onto
each detector in the 35−350Hz band. Solid lines show a numerical relativity waveform
for a system, third raw shows residuals after subtracting the filter numerical waveform
from the filter detector time series. Finally the bottom raw shows the time-frequency
representation of the strain data [1].

Considering expansion, distance measurements in the Universe is one of the most
challenging task as we have to consider two distances- comoving distance which is
the distance measured in the comoving reference frames which is independent of scale
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factor and the other is the physical distance which depends on comoving distances and
also on evolution of the scale factor. One important comoving distance is the distance
light can travel without any interactions since t = 0. Since light can travel a distance
dx = dt/a in time dt, the total comoving distance is (in units c = 1) given by,

η =

∫ t

0

dt

a(t)
(5.74)

Here, η is called comovig horizon or conformal time which holds prime importance in
cosmology as it is the maximum distance at which information could propagate in time
t in a particular comoving reference frame. Regions separated by distances greater than
η are causally disconnected.

The corresponding physical distance is the distance in direct proportion to the scale
factor. It is the farthest distance we can observe today and is known as the horizon
distance:

dH(t0) = a(t0)

∫ t

0

dt

a(t)
(5.75)

where a(t0) = 1 and points separated by distances greater than the horizon distance
are causally not connected. Using the FLRW metric in polar coordinates in Eq.1.10,
the physical distance between two objects at time t can be written as,

dp(t) = a(t)

∫ r

0

dr√
1− kr2

(5.76)

which for k = 0 becomes:

dp(t) = a(t)r (5.77)

Therefore due to expansion, the present value of the angular distance of an object
is larger than it was in the past. In order to determine H0, we must determine the
distance dp. The redshift can be used to connect the physical distance dp with the
luminosity distance dL of an object where the luminosity distance can be defined as
the distance at which an observer P0 at t = t0 measures a flux f from a source P
emitting a power L:

dL =

(
L

4πf

) 1
2

(5.78)

Unlike the angular diameter distance, the luminosity distance measured is lower
than it was in the past. This is due to expansion of the Universe which dilutes the
number of photons emitted per unit area. As the magnitude of power L for a given
source is generally not known, determination of the luminous distance is difficult. The
spherical surface centered at observer P and passing through the source P0 at a time
t0 has an area 4πa20r

2. Expansion of the Universe redshifts photons by a factor a0/ae,
this helps us to derive the relation between the luminous and the physical distance:

dL =
r

ae
= (1 + z)dp (5.79)
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At higher redshifts Eq.(1.61) is not accurate, however, the distance-to-redshift re-
lation can be used to test the expansion of the Universe using the sample of standard
candles.

Standard candles are the astronomical objects emitting electromagnetic radiation
with the same intrinsic luminosity L and whose redshift can be measured. Example of
standard candles include Type Ia supernovae, which results due to merging of white
dwarf with another star in a binary system. [142] and [143] compared measurements of
the luminosity distance of about 50 astronomical objects and theoretical expectations
for homogeneous and isotropic Universe. This survey inferred that the current Uni-
verse is experiencing accelerated expansion. Commonly used standard candles include
Cepheid variable starts whose intrinsic brightness is related to the period of variation
and type Ia Super Novae (SNIa) which always have the same emission power. Type
Ia supernova can be used as a standard candle to measure extragalactic distance indi-
cating how fast the Universe has expanded in past. Since expansion of the Universe
is currently ascribed by Dark Energy and observations indicate [2] almost spatially
flatness of the Universe, the total energy density of the Universe should be Ωt

∼= 1
with measured dark energy density ΩΛ

∼= 0.690 and observed matter energy density
Ωb

∼= 0.0482 with negligible radiation energy density. This gives ΩDM
∼= 0.258 hinting

towards existence of non-luminous dark matter.

Measuring angular diameter distance dA is another way of distance measurements.
If we consider an object of length l aligned perpendicular to the line of sight with
angular size δθ, then angular diameter distance becomes,

dA =
l

δθ
(5.80)

The angular diameter distance can be related with the physical distance through:

dA =
dL

(1 + z)2
(5.81)

dA(z) =
1

1 + z
rcomov(z) (5.82)

Similar to the luminous distance, angular diameter distance measurement which is
used to study separation distance of galaxies is also difficult as determining size l of
sources is complicated.

In this section, we tried to mention conventional methods used for distance mea-
surement. However in the era of GW physics, it becomes increasingly important to
note that GWs can be used to measure cosmological distances more precisely by using
them as standard sirens compared to other probes. Gravitational Wave Standard Sirens
are sources of gravitational waves of known loudness: by observing the waveform, the
power (rate of energy emission) of the gravitational waves can be computed. Just as
with standard candles given the emitted and received amplitudes, the inverse-square
law determines the distance to the source. There are some differences with standard
candles, e.g. GWs are not emitted isotropically, but measuring the polarisation of the
wave provides enough information to determine the angle of emission.
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5.5 Standard Siren Cosmology

Gravitational Waves not only offers a way to understand physics of the electromagnet-
ically dark Universe but they also potentially trace the late time geometry of the Uni-
verse. Advanced LIGO and Advanced Virgo detectors made the celebrated detection
of first standard siren from a BNS system (GW170817) with redshift z = 0.0008+0.002

−0.003

by identifying the host galaxy NGC4993 with an associated electromagnetic counter-
part which was a γ-ray burst GRB 170817A [144, 145] detected by Fermi-GMB about
17.7s after the coalescence [146, 147, 148, 149, 150, 151]. As the orbit of the BNS sys-
tem shrinks, the gravitational-wave luminosity increases which accelerates the inspiral.
This process has long been predicted to produce considerable GW signal observable by
ground-based detectors in the final minutes before the star collide [151]. The source
was localized within a sky region of 28deg2 and had a luminosity distance of 40+8

−14Mpc
making it the most precise GW signal detected yet. A time-frequency representation
of the data from all three detector around the time of detection is shown in Fig.5.8.
The signal is visible clearly in LIGO Hanford and Livingston data but not in the Virgo
data due to the lower BNS horizon and the direction of source with respect to the de-
tector’s antenna pattern. Here, the maximum distance at which the LIGO-Livingston
and LIGO-Hanford detectors could detect a BNS system (SNR=8) is known as the
BNS detector horizon which were 218 Mpc, 107Mpc and 58Mpc for LIGO-Livingston,
Hanford and Virgo respectively [152, 153, 154].

This event- GW170817 is remarkable because for the first time, gravitational and
electromagnetic waves from a single source have been detected and also these obser-
vations confirm the hypothesis that GW170817 was produced by the merger of two
neutron stars in NGC4993 followed by a short GRB and a kilonova/macronova pow-
ered by the radioactive decay of r-process nuclei synthesized in the ejecta [145, 144].
The merger rate of BNS estimated from this event suggests that distant, unresolvable
binary neutron stars create a significant astrophysical stochastic background where the
binary neutron star component will add to the contribution from binary black holes,
increasing the amplitude of the total astrophysical background relative to previous ex-
pectations [155]. One of the most promising application of the data from this event
includes the determination of Hubble constant which is given by 70.0+12.0

−8.0 kms
−1Mpc−1

[122].
This detection was complemented by the Dark Energy Camera (DECam) discov-

ery [156] and statistical standard siren analysis [157] considering each galaxies in the
GW170817 localisation region as a host compared to single EM counterpart. This
marks the beginning of an era of Gravitational Wave Standard Siren (GWSS) cosmol-
ogy because whether considered a bright standard siren with an associated EM coun-
terpart or dark standard siren following a statistical approach as followed in [158, 157],
GWSS method has potential to constraint cosmological parameters, investigate tension
in Hubble parameter H0 and understand nature of DE and gravity from the plethora
of possible alternative theories.

GWs for cosmography

As proposed by [159] GWs can determine a system’s location on the sky and its distance
to the source. A chirping signal from the well-localized inspiraling binaries measures
the amplitude and the mass of the object and hence it infers the luminosity distance
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Figure 5.8: Time-frequency representation of GW170817, observed by the LIGO-
Hanford (top), LIGO-Livingston (middle) and Virgo (bottom) detectors [151].

dL and direct measurement of the Hubble constant. If we could measure redshift of the
source which can either be obtained directly from counterparts to the GW sources [160],
by cross-correlating gravitational wave localization posterior with catalogues of galaxy
redshifts [161, 162, 163, 157, 164, 158, 165], using neutron star equation of state [166],
or by using the redshifted masses inferred from the GW observations and assumptions
about the mass distribution of the sources [167, 168, 169, 170]. Then dL − z relation
provides direct limits on DE because with dL we can measure the time from emission
of GWs and thanks to z we can measure the size of the Universe yielding us a package
to solve evolution history of the Universe from single luminosity-distance relation.



5.6 H0 Discrepancy 99

As the calibration of GWSS depends only on validity of General Relativity, GWSS
becomes a self-calibrating method. It is worth to mention that in GR, the GW lumi-
nosity distance is equal to EM luminosity distance (dgwL = demL ) which restricts dL − z
relation assuming validity of GR. Since this is not universal in theories beyond GR,
GWSS offers a potential probe to measure cosmological distances [171] and put a strin-
gent bound to check different models of gravity. Additionally modifications in GR leave
their imprint on cosmic expansion history and in the evolution of cosmological pertur-
bations. This results into modification in the standard GW luminosity distance which
differs from the standard electromagnetic luminosity distance and can be studied with
GWSS with the help of upcoming LISA or third generation ground based detectors
[172].

5.6 H0 Discrepancy

Astronomers have long argued for the systematic uncertainties in various methods de-
termining derived values of the Hubble constant over a wide range of 40kms−1Mpc−1 ≤
H0 ≤ 100kms−1Mpc−1. An accurate value of H0 can provide a powerful constraint on
the cosmological model describing evolution of the Universe by providing us a bunch
of parameters such as the expansion rate of the Universe at current time defining the
observable size of the Universe and its inverse setting the expansion age of the Universe
[173]. Observations by two independent supernovae groups- [142] and [143] have found
that SNe at higher redshifts are fainter than predicted value for a slow expansion which
indicate that the expansion is indeed accelerating [66] as shown in Fig.5.9:

Different projects proposed and methods applied to untangle H0 discrepancy are
discussed in [174, 175, 176, 177, 178]. One of the most reliable results of H0 came from
the Hubble Space Telescope (HST) key project[179, 19]: (H0 = 72 ± 8kms−1Mpc−1)
which used the period-luminosity relation for Cepheid variable stars, and calibrated
a number of secondary distance indicators such as SNe Ia, the Tully-Fisher relation,
surface-brightness fluctuation and Type II Supernovae. Further improvements [173]
include H0 determination by sample of SNe∼Ia galaxies [48], a geometric measurement
of the distance to the nearby galaxy NGC 4258 [180], geometric parallaxes for a sample
of milky way Cepheids [181], spitzer mid-infrared measurements of Cepheids in the
Milky Way and the Large Magellanic Cloud [182].

Other probes such as the SH0ES project found H0 = 74.0 ± 1.4kms−1Mpc−1

[183], the Carnegie Hubble program (CHP) [184], the Carnegie Supernovae project
[185, 186, 187] focusing on Type Ia Super Novae (SNe Ia) and the Carnegie–Chicago
Hubble Programme (CCHP) obtained H0 = 69.8 ± 0.8(stat.) ± 1.7(sys)kms−1Mpc−1

[188, 189, 190] using Tip of the Red Giant Branch [190, 191, 192, 193] and from the
H0LiCOW project H0 = 73.3+1.7

−1.8kms−1Mpc−1 [194]. The motivation and overview of
CCHP has been described in [190] which is designed to provide independent determi-
nation of H0 via measurement of the Tip of the Red Giant Branch (TRGB) in the
nearby galaxies. TRGB is the discontinuity in the Red Giant Branch (RGB) luminos-
ity function resulting from low-mass stellar evolution which arises as a rapid onset of
He-core burning causing the stars to evolve away from RGB to the lower luminosity
Horizontal branch [191]. The current Planck results give H0 = (67.4±0.5)kms−1Mpc−1

[2] which gives rice to degeneracy with other parameters such as Ωm and the neutrino
mass. However using ”inverse distance ladder” we obtainH0 = (67.8±1.3)kms−1Mpc−1
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Figure 5.9: Hubble diagram showing high redshift SNe-Ia probing the expansion history
revealing that the Universe experiences accelerated expansion

. In this differential Hubble diagram the distance modulus which is 5 times the
logarithm of the distance relative to an empty Universe (Ω0 = 0) is plotted.

Measurements from more than 200 type Ia SNe are binned into 9 data points. The
solid curve represents three theoretical models: ΩΛ = 0.7,Ωm = 0.3, ΩΛ = 0,Ωm = 0.3
and ΩΛ = 0,Ωm = 1. The broken curve represents a non-accelerating flat Universe,
and points above this curve show acceleration of the Universe. Original image is

taken from [66].

[195] close to the Planck results which relies on absolute distance measurements from
BAO to calibrate intrinsic magnitude of the SNe Ia. It is important to note that the
CMB does not measure the Hubble constant independently but through the expansion
rate during the time of recombination [196]. This tension between values of H0 mea-
sured from Planck, from DES Y1, via BAO paired with weak lensing and clustering
data it is H0 = 67.2+1.2

−1.0kms−1Mpc−1 [197] and other cosmic distance ladder methods
(following Cepheid Leavitt law, it is H0 = 73.0 ± 1.5(stat.) ± 2.1(sys.)kms−1Mpc−1

[182] and H0 = 74.3± 1.42kms−1Mpc−1 [183]) is currently investigated using different
methods. Ongoing studies are addressing the question whether this discrepancy in H0

measurement from local astrophysics and cosmic scale at about 3-4σ level [189] is due
to systematics in or a sign of physics beyond standard model of cosmology or even
standard model of particle physics. It is worthy to note that as shown by [198], even in
absence of electromagnetic counterpart H0 can be measured by cross-correlating SNe
with redshift surveys such as DESI or Euclid [199]. Figures 5.10 and 5.11 respectively
shows H0 landscape following different methods and the ongoing tension in H0 as a



5.6 H0 Discrepancy 101

function of time and the different methods associated with it respectively:

Figure 5.10: 68% CL constraints of the H0 with error bars less than 3kms−1Mpc−1

for the direct measurements and less than 1.5kms−1Mpc−1 for the indirect estimates.
The cyan vertical band corresponds to the latest H0 measurement from the SH0ES
team [200] H0 = 73.2± 1.3kms−1Mpc−1 at 68% level. The light pink vertical line band
corresponds to the H0 measurement from Planck 2018 within a ΛCDM scenario. A
dotted vertical line for H0 = 69.3kms−1Mpc−1 has been added for a quick visualization
of the division for the H0 values obtained from different measurement methods [201].

GWs to ease the Hubble tension

The Hubble constant measured locally and the sound horizon observed from the CMB
differ drastically which hints towards a tension needed to untangle expansion history of
the Universe. The tension reaches at the level of 3.6σ as a distance ladder measurements
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Figure 5.11: Hubble constant values in the past two decades, based on Cepheid vari-
ables (blue squares), the TRGB (red filled circles and stars), and estimates based on
measurements based on CMB (WMAP:black filled diamonds, Planck:yellow diamonds,
ACT+WMAP: cyan diamond) fluctuations. The CMB H0 value assumes a flat ΛCDM
model. The CMB and Cepheid results straddle a range of 67 to 74 kms−1Mpc−1, with
the TRGB results falling in the middle and overlapping the CMB results. The tension
between the CMB and TRGB results amounts to only 1.3σ. Original image taken from
[202].

from Cepheids and Type Ia Supernovae gives a value H0 = (73.52± 1.62kms−1Mpc−1)
[203] which is higher than cosmological model dependent value obtained from CMB
which is H0 = (67. ± 0.5kms−1Mpc−1) [2]. Current observations of Baryon Acoustic
Oscillation (BAO) is in agreement with the Planck results. Combined cosmological
probes such as Planck+BAO [2] and CMB+BAO data can constrain the Hubble con-
stant at the level of 1.5 − 2% accuracy [204]. Strong discrepancy in measurement of
H0 on astrophysical and cosmological scale gives a stringent test of the standard cos-
mological model as extensions in ΛCDM could ease CMB constraint. For example,
DE models beyond GR with massive neutrinos ease the tension and a time varying DE
equation of state can alleviate the H0 tension between astrophysical and cosmological
probes.

Most current results [200, 201] shows the H0 discrepancy at the level of 5 − 6σ
level, between the local values of H0 and those derived from the models of CMB. This
claimed tension suggests that the Universe presently is expanding about 8% faster than
the predicted assuming ΛCDM model. Below figure 5.12 shows a comparison of several
recent determination of H0 and their published uncertainty [202]:

As can be seen from the figure 5.12, the discrepancy between the early Universe
(CMB+BAO) and local Cepheid measurements is apparent, as is the difference between
the TRGB and Cepheid local determinations. The CMB, BAO, strong lensing and
TRGB yield lower value of H0 whereas Cepheids yields the highest values.

GWSS can help to explore tension on Hubble parameter H0 [159, 160, 211, 212,
163, 213, 214, 215, 216]. If the tension is not due to systematic errors in astrophysical
and cosmological probes, then it would be a strong hint to explore physics beyond
ΛCDM which includes time-dependent dark energy, models beyond general relativity
or nonzero curvature of spacetime. Fig.5.13 shows H0 determination following gravita-
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Figure 5.12: The relative probability density functions color-coded as labeled in the
legend and include the TRGB, Cepheids (R21), early Universe measurements (CMB
Planck 2018 results), the DES Y3+BAO+BBN, GWSS [205], Miras [206], surface
brightness fluctuations [207, 208], masers [209] and recent results from strong lensing
[210]. The Planck+DES Y3+BAO+BBN, TRGB and Cepheid PDFs are explicitly
labelled. This plot is taken from [202].

tional wave standard siren method using electromagnetic counterpart of binary neutron
mergers in the galaxy NGC 4993.

After the observational detection of the GWSS from BNS GW170817 [217] and
its optical counterpart, it placed an excellent constrain on H0 = 70+12

−8 kms−1Mpc−1

whereas from GW190814, following a statistical framework for potential host galaxies,
gives H0 = 72.0+12

−8.2kms
−1Mpc−1[218]. To use events without electromagnetic coun-

terparts for cosmological analysis a statistical approach [159] is used. If a complete
catalogue of potential host galaxies exist within the event localization region, their
redshift distribution can provide the redshift information needed to infer cosmological
parameters from the distance-redshift relation. This method is called the statisti-
cal or dark standard siren method. Using Third LIGO-Virgo-KAGRA Gravitational-
Wave Transient Catalogue (GWTC-3) the Hubble parameter gets following values:
H0 = 68+12

−8 kms−1Mpc−1 when combined with the H0 from GW170817 and its asso-
ciated electromagnetic counterpart and H0 = 68+8

−6kms
−1Mpc−1 following statistical

method which is an improvement of 42% with respect to GWTC-1 and 20% with re-
spect to GWTC-2 results. Fig.5.14 and 5.15 respectively show the two different cases:

Additional standard siren measurements from future GW sources are expected to
constrainH0 with high accuracy. Hence in addition to shed light onH0 tension between
low and high-redshift Universe, a precise measurement of the Hubble constant is of
prime importance to untangle nature of DE and hence large scale dynamics of the
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Figure 5.13: H0 inference and inclination from different measurements. The green and
orange band shows the 1−σ (dark shaded region)and 2−σ (light shaded region), con-
straints from CMB and SNe measurements respectively. The blue contours represent
the constraints from the GW emission from the BNS merger and its electromagnetic
counterpart. The Y axis shows cosine of the inclination angle (angle between the line of
sight and the angular momentum of the binary system). Error bars are also displayed
from Planck [9] and SH0ES [48].The plot is taken from [122].

Universe.

GWs as probes for Dark Energy and modified gravity

One of the major cosmological conundrums is to understand the nature of Dark Energy
which is the omnipresent component within the framework of ΛCDM acting as the
driving force for the late time accelerated expansion of the Universe. DE is explained as
a cosmic fluid of constant energy density with negative pressure [220]. The existence of
late time accelerated expansion of the Universe is confirmed by a series of cosmological
observations including SNIa [221, 222], anisotropies in temperature and polarization
power spectrum of the CMB [223, 224], Baryon Acoustic Oscillations (BAO) in the
Sloan Digital Sky Survey (SDSS) luminous red galaxies [225, 226, 227] and weak lensing
[228, 229]. DE is parameterized by its contribution to the total energy density of the
Universe and its equation-of-state (EoS) which is a potential probe to check whether
DE arises from a time evolving field or is truly a cosmological constant. If the energy
density is evolving with time then we enter the realm of dynamical DE sourced by a
cosmological scalar field. Due to its extremely low energy density, direct detection of
DE is not possible. The two approaches to infer existence of DE is to use luminosity
distance-redshift relation and another one is by measuring weak lensing shear power
spectrum to infer values for cosmological growth and cosmological distance ratios. One
of the best observational probes of the dark energy is to use standard sirens because in
GWSS method, the estimated value of luminosity distance depends on general relativity
whereas considering GW propagation in alternative models of gravity effects GWSS
and inference of H0 would be different than GR due to presence of additional fields.
This can significantly affect parameters derived from GW propagation e.g. [230].
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Figure 5.14: Posterior distribution for H0 obtained by combining the H0 posteriors
from 42 detections and the H0 posterior inferred from GW170817. The pink and green
shaded areas identify the 68% constraints from the CMB anisotropies and in the local
Universe from SH0ES respectively. This plot is taken from [219].

GWSS provide a new tool to probe the nature of Dark energy and large scale
geometry of the Universe, testing models for gravity and late time acceleration and
possibly the discrepancy in the Hubble parameter. One of the key to test models of
gravity is to consider cosmological propagation of GWs which experiences lensing effect
due to cosmological matter inhomogeneities. In fact, gravitational lensing modifies GW
luminosity distance dL and hence affects cosmological parameters including H0. More
generally, cosmological perturbations alter the amplitude of the GW signal producing
corrections to the luminosity distance [231] which at the linear level in perturbation
theory becomes:

∆DL

D̄L

=
(
1− 1

Hχ̄

)
ν|| −

1

2

∫ χ̄

0

dχ̃
χ̄− χ̃

χ̃χ̄
∆Ω(Φ + Ψ) +

1

Hχ̄
Φ−

(
1− 1

Hχ̄

)
∫ χ̄

0

dχ̃(Ψ′ + Φ′)− (Φ + Ψ) +
1

χ̄

∫ χ̄

0

dχ̃(Φ + Ψ)

(5.83)

where, χ is the comoving distance on real-space from the source to the observer,
χ̄ is the comoving distance to the observed redshift in the redshift-GW frame (RGW)
and χ̃ is the comoving distance in the perturbed Poisson gauge with ∆Ω ≡ χ̄2∇̄⊥ =
χ̄2(∇̄2 − ∂̄2|| − 2χ̄−1∂||) = (cot∂θ + ∂2θ + ∂ψ/sin

2θ). In above equation the first r.h.s.
term shows the velocity term which is followed by a lensing contribution and final four
terms show SW, ISW, volume and Shapiro time delay effects. Although these effects
would need very high detection sensitivities to be observer upcoming LISA and ET
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Figure 5.15: Hubble constant posterior for several cases: grey dotted line showing pos-
terior obtained using all dark standard sirens without any galaxy catalogue information
and fixing the BBH population model, orange dashed line shows posterior using all dark
standard sirens with GLADE+ K-band galaxy catalogue information and fixed popu-
lation assumptions. Blue solid line shows posterior combining dark standard sirens and
GLADE+ K-band catalogue information with GW170817 and its EM counterpart, the
pink and green shaded areas identify 68% constraint on H0 the CMB anisotropies and
in the local Universe from SH0ES respectively [219].

space mission would significantly improve constraints on these parameters.

5.7 Primordial GWs

Gravitational waves being weakly interacting and having travelled to use almost being
unperturbed by other interactions, it preserves its own relic nature. The CMB is a
picture of the Universe at a time about 4×105 years after the Big Bang, whereas GWs
were produced at the time earlier than 10−24 seconds which is the epoch very close to
the Big Bang. Such GWs of primordial origin are actually the whispers of the infant
Universe emitted due to cosmological interactions such as inflation, cosmic stings and
other evolutionary phases of the early Universe. The generation of Stochastic Gravi-
tational Wave Background (SGWB) of Primordial Gravitational Waves (PGWs) is a
general prediction on any cosmological inflation model [232, 233, 234, 235, 236]. Since
PGWs are not expected to be emitted in any non-inflationary model, detecting it would
be an undeniable evidence of Inflation. In the standard single-field, slow-roll inflation-
ary scenario, PGWs are characterised by a nearly scale-invariant power spectrum on
super horizon scales and the amplitude of the GW signal is usually described by the
tensor-to-scalar ratio r which is defined as the ratio between the tensor and scalar
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power spectrum amplitudes at some pivot scale k∗. Even in the simplest single-field
models for inflation, the value of r differs for different models making it crucial to study
observational signatures of PGWs in order to probe the valid inflationary framework
out of possible plethora of models. Since the energy scale of inflation is directly re-
lated to tensor-to-scalar ratio r, detection of PGWs would not only important from the
point of view of physics beyond the standard model of particles but would also produce
evidence for the quantum gravity phenomena as inflationary tensor fluctuations of the
background FLRW metric arise from quantum fluctuations in the gravitational field via
a mechanism which is very similar to leading generation of their scalar counterparts.
The main observational evidence of inflationary GWB is the ”B-mode” i.e. the curl-
like pattern in the polarization of the Cosmic Microwave Background (CMB). Here we
consider the GWs arising due to first order perturbation on the FLRW background,
at this order scalar, vector and tensor modes are independent and evolve governed by
uncoupled equations of motion. However this fact does not hold at higher order as at
second order suitable combination of scalar modes can give rise to second order vector
or tensor perturbations.

Figure 5.16: Experimental constraints on the energy density Ωgw(f) of the SGWB
emitted from PGW. The black star is the current Parkes Pulsar Timing Array (PPTA)
upper limit and all black curves and data points are current 95% confidence upper
limits. The grey curve and triangle respectively shows the predicted aLIGO sensitivity
and PPTA sensitivity with more than 5 years of data. The indirect GW limits are from
CMB temperature and polarization power spectra, lensing, BAOs and BBN. Models
predicting a power-law spectrum that intersect with an observational constraint are
ruled out at > 95% confidence. Five predictions for GWB each with r = 0.11 and,
nt = 0.68 (orange curve), nt = 0.54 (blue curve), nt = 0.36 (red curve), nt = 0.34
(magenta curve) and nt = −r/8 (green curve) corresponding to minimal inflation are
shown [237].

5.7.1 GWs from Inflation

The action term for a scalar field minimally coupled to gravity is given by,

S =

∫
d4x

√
−g

[1
2
M2

PlR− 1

2
gµν∂µϕ∂νϕ− V (ϕ)

]
(5.84)
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where R is the Ricci scalar. Perturbing Eq.(5.84) at first order leads to the action
for tensor perturbations [238]:

S2
T =

M2
Pl

8

∫
d4xa2(t)

[
ḣijḣij −

1

a2
(∇hij)2

]
(5.85)

where hij is gauge-invariant object. Varying the action term w.r.t. hij gives the
equation of motion:

∇2hij − a2ḧij − 3aȧḣij = 0 (5.86)

or, varying the action term w.r.t. hij, we obtain the equation of motion:

h
′′

ij + 2Hh′

ij −∇2hij = 0 (5.87)

Since hij is symmetric, traceless and transverse the solution of Eq.(5.86) gives the
following form:

hij(x, τ) = h(τ)e
(+,×)
ij (x) (5.88)

where e+,×ij is the polarization tensor satisfying the conditions eij = eji, k
ieij =

0, eii = 0 with +,× the two polarization states [16]. In Fourier space, the polarization
tensors e+ij and e

×
ij can be expressed by two polarization vectors: ei(k) and ēi(k) which

are orthogonal to the propagation vector k [239]:

e+ij(k) ≡
1√
2
[ei(k)ej(k)− ēi(k)ēj(k)]

e×ij(k) ≡
1√
2
[ei(k)ēj(k)− ēi(k)ej(k)]

(5.89)

Eq.(5.88) represents the fact that tensor modes are left with two physical degrees
of freedom: starting from six of the symmetric tensor hij, four constraints are given
by the requirement of being traceless and transverse. The most general solution of
Eq.(5.87) is:

hij(x, τ) =
∑

λ=(+,×)

h(λ)(τ)eλij(x) (5.90)

To get solution of the equation of motion, it is useful to perform the transformation
which gives the shape of h(τ) from Eq.(5.87):

vij ≡
aMPl√

2
hij (5.91)

In terms of vij, the solution of Eq.(5.85) becomes:

S2
T =

M2
Pl

8

∫
d4x

[
v′ijv

′
ij − (∇vij)2 +

a′′

a
vijvij

]
(5.92)

which can be interpreted as the action for two scalar fields in Minkowski spacetime
with effective mass squared equal to a′′/a. Moving to Fourier space,
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vij(x, t) =

∫
d3k

(2π)3

∑
λ=(+,×)

vλk(t)e
λ
ij(k)e

i(k·x) =

∫
d3k

(2π)3
eik·X

[
v+k (τ)e

+
ij(k) + v×k (τ)e

×
ij(k)

] (5.93)

where, vk is the Fourier transform of the scalar amplitude and from Eq.(5.93), the
equation of motion for each mode vk becomes:

vλk
′′
+
(
k2 − a′′

a

)
vλk = 0 (5.94)

which is the wave equation in Fourier space. To analyse the solutions of this equa-
tion, we consider two cases: (i) when a′′

a
≪ k2, then by ignoring the second term in

the parenthesis, the equation for vk becomes that of a free harmonic oscillator. So the
tensor perturbations hij oscillate with a damping factor 1/a with the solution:

vk(τ) = Aeikτ (5.95)

which means that the amplitude of the modes of the original field hij decrease in
time with the inverse of the scale factor due to expansion of the Universe. (ii) Consider
the second term being negligible compared to the third term: k2 ≪ a′′/a, in this case
the two possible solutions for Eq.(5.87) are:

vk(τ) ∝ a, and vk(τ) ∝ 1/a2 (5.96)

which respectively corresponds to h ∝ const. and decrease in time solution respec-
tively corresponding to a super-horizon regime.

Inflation stretches tensor perturbation wavelengths to the super-horizon scales al-
most freezing their amplitudes. During the subsequent radiation and matter dominated
eras, tensor perturbation wavelengths re-enter the horizon sequentially. Since at this
time the decaying solution is almost vanishing, it is actually almost scale invariant
power spectrum at the time of first horizon crossing which occurred during inflation
re-entering the causally connected space. The resulting spectrum has a fnT dependency
where nT is a tensor spectral index with a small absolute value, of the order of about
10−3 [240, 241]. Then, modes inside the horizon stars oscillating with the amplitude
damped by a factor 1/a which during radiation and matter dominance follows evolu-
tion of scale factor as a ∝ τ and a ∝ τ 2 respectively. In this case Eq.(5.96) becomes a
Bessel equation with the following solutions in terms of hij modes respectively:

hk(τ) = hk,ij0(k, τ), and hk(τ) = hk,i

(3j1((k, τ))
k, τ

)
(5.97)

where hk,i is the amplitude at horizon crossing and j0 and j1 are Bessel functions.
The dependence of hij modes on k shows that the tensor perturbations start oscillating
with a damping factor greater than for higher frequency waves.
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5.7.2 Energy density of GWs

Within weak field limit, GWs can be described as spacetime ripples propagating at
the speed of light on a fixed background. The vacuum field equations become Gµν = 0
which is equivalent to Rµν = 0. Expressing Ricci tensor as a sum of a background term
and perturbative terms up to second order:

Rµν = R̄µν +R1
µν(h) +R2

µν(h) +O(h3) (5.98)

where R̄µν is the background term and the effects of presence of GW on R̄µν is
described by a stress-energy tensor tµν . Rµν = 0 can also be represented as a sum
of smooth contribution and the one including the fluctuating part. The background
term R̄µν varies only on large scale and hence we are interested in the equation for the
smooth contribution. The equation for the smooth part of the vacuum equation reads
[16, 125]:

R̄µν + ⟨R2
µν⟩ = 0 (5.99)

where, ⟨...⟩ indicates the average over several wavelengths. Similarly the Einstein
equations in vacuum becomes:

Ḡµν = R̄µν −
1

2
R̄ḡµν = ⟨R2

µν⟩ −
1

2
ḡµν⟨R(2)⟩ (5.100)

The terms on the RHS shows the effect of GW on the background metric. In terms
of the tensor perturbation of the metric this becomes [16]:

tµν =
1

32πG
⟨∂µhij∂νhij⟩ (5.101)

and the energy density on a FLRW background:

ρgw =
1

32πGa2
⟨h′ij(x, τ)h′ij(x, τ)⟩ (5.102)

5.7.3 GWs production during reheating

The production of gravitational radiation during reheating was proposed by [242]. At
the end of inflation, the field which has driven the accelerated expansion starts os-
cillating around the minimum of its potential. This results into elementary particle
production which interacts with each other, eventually leading to a state of thermal
equilibrium. In the first stage of the evolution, inflaton field oscillations can be de-
scribed by perturbation theory, considering the oscillating field as a decaying collection
of particles [35, 243]. However if oscillations are large and coherent, they lead to a
non-perturbative process. In this case the inflaton energy is moved to a coupled energy
sector. This rapid mechanism is called parametric resonance [38, 244, 245] in which
case perturbative description is not enough. This stage is also known as preheating
after which phase the produced particles are not in thermal equilibrium. Preheating
ends when energy density of the created particles becomes comparable with the energy
density of the oscillating field.

When PGWs enter the horizon after the accelerated expansion phase, they start
evolving with their amplitude damped by a factor inversely proportional to the scale
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factor so that the present GW spectrum reflects the expansion history of the Universe
[246]. Detecting PGWs would not only be able to constrain possible models of inflation
but it would also untangle early phases including thermal evolution and reheating.

5.7.4 Influence of PGWs on different observables

Inflationary GWs leave undeniable effects on all physical observables along the history
of the Universe. We name here a few:

• Influence on CMB: Tensor perturbations present at the time of recombination and
at the photon decoupling leads to temperature and polarization anisotropies in
the photon distribution [81, 10, 82, 4]. Therefore, CMB features carry information
about the GWB filling the space at the time of recombination. As small scale
tensor perturbations are damped by the cosmic expansion, GWs contribute to
the temperature angular power spectrum only for l ≤ 60. However temperature
anisotropies due to scalar perturbations largely dominate due to GWs. PGWs
also alters the time of matter-radiation equality in the CMB power spectra [247,
248]. Also the CMB energy spectrum includes the imprint of possible presence of
GWs, more precisely the integrated GW energy density in the frequency range
≃ 10−12 − 10−9Hz leads to spectral distortions in the CMB energy spectrum
[249, 250].

• Influence on LSS: Primordial Gravitational Wave Background (PGWB) modifies
the power spectrum of curvature perturbations, leading to a non-vanishing off-
diagonal terms in the 2PCF of primordial curvature perturbations. Presence of
GWs when matter clusters formed large scale structures lead to a tidal effect due
to long wavelength modes. Tensor modes also induce lensing effects which lead
to distortions of galaxy shapes with correlation between the ellipticity of galaxies
and projection effect [251, 252, 253, 254, 255, 256, 257]. This kind of observations
are particularly sensitive to frequencies ≃ 10−9 − 10−7Hz [258].

• Influence on pulsar signals: GWB affects light propagation, the distortion effect
of light emitted from nearby astrophysical object would be small. However ultra-
stable millisecond pulsars are characterized by extremely precise signal modu-
lation. If there exist GWB, a non-vanishing and significant correlation between
perturbations of pulsar signals is expected. Thanks to pulsar timing array (PTA)
system, signals coming from a set of astrophysical objects can be collected and
correlated. In such a way, a GWB of frequency ≃ 10−8Hz can be captured
[258, 259].

GWs and neutrino free-streaming The GW spectral energy density is affected by
a damping effect due to the decoupling of particles such as neutrinos and by change in
the number of relativistic degrees of freedom [246]. Particle free streaming gives rise to
anisotropic stress affecting the GW propagation equation and neutrino free streaming
too affect the first and second order of the anisotropic stress tensor. The effect of a first
order term is a damping of primordial gravitational wave amplitude, while the second
order contribution in addition to providing a damping counterpart acts as a source for
second-order GW [260, 261, 262, 246, 263, 264, 265, 266, 267, 268, 269, 270, 239].
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Chapter 6

Stochastic Gravitational Wave
Background

The Universe is full of magical
things patiently waiting for our
wits to grow sharper.

Eden Phillpotts

6.1 Introduction

Astrophysical observations infer information about the sources by detection of the ra-
diation they emit- either as a single event or as stochastic background generated by
superposition of all signals emitted from resolved and unresolved sources. Examples of
the latter include: (i) the Cosmic Microwave Background (CMB) i.e. the electromag-
netic radiation emitted at the last scattering surface, (ii) the extragalactic background
formed by light emitted by all stellar objects, galaxies and active galactic nuclei, (iii)
the relic cosmic neutrino background (CνB) and, (iv) the omnipresent background of
Gravitational Waves (GWs) emitted by sources of astrophysical and cosmological ori-
gin. Analysis of such backgrounds provide information on the dynamics of the Universe
and on the distribution and evolution of the large scale structure. The CMB detection
has shown inhomogeneities in the primordial Universe (primary anisotropies) and in
the recent Universe (secondary anisotropies); analogously the detection of the Gravi-
tational Wave Background (GWB) upon obtaining enough detector sensitivity would
be a remarkable success to attempt fathoming many mysteries of the primordial and
recent Universe which remains vague by means of electromagnetic radiation alone. For
instance, GW emission is expected from the very first moments after the Big Bang,
detection of such PGWs and their background will provide a unique way to probe early
evolutionary phases of the Universe. In addition to such PGWs, an Astrophysical Grav-
itational Wave Background (AGWB) must result from the superposition of all faint
and distant sources that have emitted GWs since the beginning of their stellar activity,
such objects include Compact Binary Coalescence (CBCs) such as BBH, BNS, BHNS
and SNe, Pulsars and burst sources like GRBs. The AGWB, which is the central point
of investigation of this thesis, is not only a noise while detecting a single GW event, but
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actually is a treasure trove hiding astrophysical aspects (e.g. elucidating star formation
history and evolution of astrophysical parameters, mass asymmetry of neutron stars,
the equation of state, distribution population etc.) which upon subtracted from the
signal could bring us information of cosmological origin too.

Generation of Stochastic Gravitational Wave Background (SGWB) is a fundamental
prediction of any inflationary model. This makes it crucial to detect and analyse SGWB
in order to verify models for the Early Universe. The detection of SGWB of either
cosmological or astrophysical origin would be a treasure trove of many information
and also a major scientific goal for the present and upcoming Earth-based and space-
based missions. Due to weak coupling of the gravitational interaction, cosmological
GWs are expected to decouple from matter in the early Universe much earlier than
any other form of radiation, the detection of such a primordial GWB by current ground
based detectors [271, 272, 273], proposed space-based detectors [274], or a pulsar timing
array [275, 276] would give us the picture of the Universe soon after the Big Bang
[277, 234, 278, 279] allowing us to probe physics of the lowest frequency and scale
highest energy which would not be achievable by terrestrial experiments [276].

Recent years have witnessed path-breaking series of detection of GWs of astro-
physical origin thanks to the Laser Interferometer Gravitational-Wave Observatory
(LIGO) and Virgo interferometers. The first reported emission was from a stellar mass
Binary Black Hole (BBH) at redshift z ≈ 0.1 - GW150914 [1] followed by two ob-
servations of similar BBH systems GW151226 [280] and GW170104 [281] and from
a BNS merger GW170817 [151]. Armed with next generation Earth-based detec-
tors, we will be able to detect GWs signals with very high accuracy in ranges of
low frequency and higher redshift Universe. Each of these aforementioned detections
are associated with individual loud source coalescence events but there lies a large
amount of quite compact binaries which are too far and faint to be detected indi-
vidually. Signals from these weak, independent and unresolved sources superimpose
to create a Stochastic Gravitational Wave Background (SGWB) which is hopefully
expected to be detected by advanced LIGO/VIRGO after reaching years of design
sensitivity and by the forthcoming Laser Interferometer Space Antenna (LISA) and
the Einstein Telescope (ET). Different Astrophysical sources include coalescence of
compact binaries [282, 283, 284, 285, 286, 287, 288, 289, 290, 291, 292], neutron star
formation [293], rotating neutron stars [294, 295, 296, 297, 298, 299, 300], magnetars
[301, 302, 303, 304, 305, 306], supernovae [287, 307, 308, 309, 310], first stars [311], white
dwarf [312] or depleting boson clouds around black holes [313, 314, 315, 316, 317, 318].
Whereas at much higher redshifts, the cosmological sources of SGWB include GWs
from inflationary mechanism [278, 319, 233, 234, 320, 321, 322, 323, 324, 325, 326],
first order phase transition [327, 328, 329, 330, 331], strings [332, 333, 334], primor-
dial black hole mergers [335, 336, 337, 338], primordial magnetic turbulence or pre Big
Bang scenarios [339, 340, 341] as broadly discussed in [342]. Such astrophysical and cos-
mological sources create the Astrophysical Gravitational Wave Background (AGWB)
and the Cosmological Gravitational Wave Background (CGWB) respectively. The na-
ture of the AGWB differ from the CGWB which is expected to be roughly stationary,
unpolarized, statistically Gaussian and isotropic, whereas the AGWB has many inho-
mogeneous sources leading to anisotropies and hence affects GW propagation which
the central point of study of this thesis.
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6.2 Characterising the SGWB

In the most broader way, a GW signal detected by the detector can be decomposed into
resolved signal and the stochastic signal. The stochastic signal itself can be decomposed
into astrophysical and cosmological part which results into seemingly random signal
with a waveform as shown below in Fig.6.1:

Figure 6.1: An example of waveform of a stochastic gravitational wave signal, image
taken from “LIGO Science”- https://www.ligo.org/science/GW-Stochastic.php.

Since GWs decouple much earlier than other radiation, it is expected that cos-
mological background would carry the earliest information accessible about the infant
Universe [240]. Regardless production mechanism of a SGWB, the signal is usually de-
scribed in terms of the dimensionless quantity known as gravitational wave spectrum,

ΩGW (f) =
f

ρc

dρgw
df

(6.1)

where, dρgw is the energy density of gravitational radiation contained in the fre-
quency range f to f + df and ρc is the critical energy density of the Universe [343].
Eq.(6.1) describes the angular average (i.e. monopole) of the SGWB signal or the so-
called energy density in GW per logarithmic frequency interval in units of the critical
density of the Universe. The total energy density in GWs normalized by critical energy
density is,

ΩGW =

∫ fmax

f0

d(ln f)ΩGW (f) (6.2)

where fmax is the maximum cut-off frequency. The dimensionless characteristic
strain amplitude hc(f) is related to the fractional GW energy density spectrum by,

hc(f) ≡
√
fΩGW (f) (6.3)

The GW characteristic strain is expected to have a power law form,

hc(f) = Aα

( f

fref

)α
(6.4)
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where α denotes the spectral index and fref is generally set to 1/yr. In terms of
ΩGW , this equation becomes:

ΩGW (f) = Ωβ

( f

fref

)β
(6.5)

where,

Ωβ =
2π2

3H2
0

f 2
refA

2
α (6.6)

and, β = 2α + 2.
The intensity of the stochastic background can be expressed in terms of the number

of gravitons per cell of the phase space nf with f = |k|/(2π). For an isotropic SGWB,

ρGW = 2

∫
d3k

(2π)3
(knk) (6.7)

thus, the energy density becomes,

ΩGW (f) =
1

ρc
16π2nff

4 (6.8)

where, nf = |βf |2 is the Bogoliubov coefficient [124]. As a SGWB signal is expected
to be much weaker than detector noise and assuming detector noise and the signal both
to be Gaussian random variables, it is not feasible to distinguish them with the help of
a single detector, hence making cross-correlation of the strain data from a pair or from
several pairs of detectors is the optimal method. The sensitivity of cross-correlation
analyses among other things depends on the separation between two detectors, the
smaller the separation, the better becomes the sensitivity. This makes a co-located
pair of detectors more sensitive to GWB than a non-co-located pair [274]. However it
is worthy to note that co-located detectors are also expected to suffer from correlated
noise signal from instrumental and environmental effects that could contaminate the
measurement of the background, hence the methods to identify and mitigate the effects
of correlated noise are important to achieve the potential increase in sensitivity of co-
located detectors. Here, we briefly mention the simple analysis statistics which includes
different quantities involved to distinguish noise and signal in the cross-correlation
method.

6.3 Sources of SGWB

Based on different bands in gravitational spectrum, sources of SGWB can be classified
as:

• ultra-low frequency with 10−18Hz ≤ f ≤ 10−13Hz,

• very low frequency with 10−9Hz ≤ f ≤ 10−7Hz,

• low frequency with 10−5Hz ≤ f ≤ 1Hz and,

• high frequency with 1Hz ≤ f ≤ 104Hz
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In the ultra-low frequency band, gravitational waves generated by inflation are expected
to be detected. An order of magnitude for the frequency associated to a GW source of
mass M and typical dimension R can be provided by [123],

f ∼ 1

2π

√
GM

R3
(6.9)

Here, R could be the characteristic length of the GW emitting body or the distance
between the centers of two masses in a binary system. Eq.(6.9) allows us to have a
rough estimate of typical source mass in each frequency bands.

Sources of SGWB can be categorized as astrophysical and cosmological [124] based
on their progenitors: the astrophysical stochastic background generated by the inco-
herent superposition of GWs by large population of astrophysical sources that can be
resolved individually and the cosmological/primordial stochastic background generated
by GW emission in the early evolutionary stages. Supermassive black holes (SMBHs)
with masses ≥ 106M⊙ reside at the center of every moderate to massive galaxy [344].
Such SMBHs should be powerhouse to produce considerable GWs in frequency band
of ∼ 10−9 − 10−7Hz [136, 125]. In addition to the astrophysical sources described
above, cataclysmic, transient events such as Gamma-ray bursts (GRBs) are one of the
most energetic astrophysical events which are transient flashes of γray radiation. These
GRBs are broadly classified as long or short GRBs based on their duration and spectral
hardness. Long GRBs have a duration ∼ 2s and a softer spectrum with their origin re-
lated to rapidly rotating massive stars and the short GRBs have a duration of less than
∼ 2s and a harder spectrum originated from coalescing BNS or NS-BH systems [150].
In addition to these continuous and transient signals of GWs, periodic GWs could be
produced by a nearby spinning and slightly non-axisymmetric isolated neutron star in
our galaxy [345]. Additionally, pulsars having mass or mass-current asymmetry around
its rotation axis are also potential sources emitting GWs. The characteristic difference
between AGWB and CGWB is that AGWB will most likely be anisotropic following
spatial distribution of sources whereas CGWB like CMB is expected to be predomi-
nantly isotropic having relatively monotonic power spectra compared to AGWB with
power peaked at particular frequencies [346].

So far, GW signals reported by LIGO-VIRGO are emitted from CBCs, however
isolated compact objects may also emit detectable GWs even though being much weaker
than CBCs [128]. Such sources for example include highly energised neutron stars and
supernovae. Magnetars are highly magnetized isolated neutron stars [347, 348] and
give off short bursts of γrays whose origin is yet unknown. The SGWB is expected to
be dominated by compact binaries at redshifts inaccessible to direct searches for GW
events [349].

On the cosmological side, the CGWB includes GWB by phase transitions in the
Early Universe [350, 333] and Primordial GW Background (PGWB) due to inflation
[351, 352]. During the epoch of inflation, tensor modes are inflated to super-horizon
scales where their comoving amplitude becomes constant. Once they reenter the hori-
zon, during the deceleration phase of the expansion, these modes appear as squeezed
GWs. The squeezing results in phase correlations which are possible only in modes
that have re-entered the horizon. These phase correlation are a distinguishing feature
of a primordial inflationary background, although on observational scales such corre-
lations will be destroyed by sub-horizon metric perturbations. Numerical estimation
of SGWB generated by CDM halos during fully non-linear stage of their evolution is
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presented by [353]. Such GW signals are expected to be comparable or larger than
the signal expected from the early Universe in the inflationary scenario. Astrophysical
and cosmological information is contaminated in both- the average (monopole) ampli-
tude ΩGW and anisotropy of any background. The amplitude of the background is an
integrated measure of the underlying population which probes very different limits of
the distribution than the collection of single, high SNR detections. This information
can either be used as an aide to the source separation in conjunction with spectral
resolution or as a tracer of astrophysical or cosmological structure [354]. In principle,
the different backgrounds can be distinguished by their different frequency scalings and
statistical properties [355].

In order to perform a detection and characterization of any cosmological back-
grounds, the subtraction of galactic extra-galactic foregrounds/backgrounds must be
performed with higher accuracy which can be done by cross-correlating data sets in
frequency/time domains. For example, while cosmological backgrounds are expected to
be stationary, the foregrounds due to unresolved white dwarf binaries in the galaxies is
expected to present some yearly modulation which can be used for component separa-
tion [356]. Analogously, since the spectral shapes of background arising from different
sources are not expected to match, different signals can be disentangled by accurately
modelling the different components. In very small frequency range, different signals
may appear to degenerate, this degeneracy is broken eventually for sufficiently large
intervals. Therefore the ideal configuration maximizes the astrometric resolution in
the given frequency range and the angular resolution so that the unresolved signal can
also be masked or cross-correlated with other probes efficiently. This can be achieved
with an optimized configuration of detectors whose signal can be cross-correlated over
large distances. An idealized figure-of-merit for the angular resolution can be obtained
by integrating the contribution of each frequency to spherical multipoles on the sky.
The plan waves at each frequency can be expanded in spherical Bessel functions jl to
obtain an angular response,

Al =

∫ fmax

fmin

dfw(f)jl

(
2π
fb

c

)
(6.10)

where b is the length of the baseline formed by the cross-correlation of detector signals
and w(f) is the weighting function determined by the high frequency noise of the detec-
tors. This figure of merit is idealized and the actual response would be a convolution of
full spherical mode expansion with the detector response function and sky modes given
a particular phase coverage on the sky [354]. In Fig.6.2, the normalized response func-
tion for four different configurations: single LISA, 2 LISA-type detectors with 0.7AU
separation, 2 decihertz detectors with 0.7AU separation and 2 decihertz detectors with
2AU separation are shown. The dominant contribution to the angular resolution is
given by the longest cross-correlation baseline length. For a single LISA this is the
same order of magnitude as the individual arm lengths. However, having two LISA-
type detectors increases the angular resolution. The optical configuration consists of
two detectors separated by a distance of the order of an AU with sensitivity peaking in
the decihertz range, which would have an angular resolution for stochastic backgrounds
around a degree. This resolution would greatly facilitate the separation of galactic and
extra-galactic stochastic signals and can search for statistical and cosmological effects
by cross-correlating with different large scale structure [357, 358, 359, 360].
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Figure 6.2: Idealised angular resolution for different detector configurations: LISA, 2
LISA-type detectors with 0.7AU separation, 2 decihertz detectors with 0.7AU separa-
tion and 2 decihertz detectors with 2AU separation [354].

A GW telescope with a ∼AU effective baseline is the optimal instrument for resolv-
ing the angular features of the stochastic background [354].

6.3.1 Astrophysical SGWB

The Astrophysical Stochastic Gravitational Wave Background (AGWB) is generated
by superposition/overlapping of astrophysical sources discussed in section 5.2. The
concept of overlapping sources can be defined in terms of duty cycle DC. For a given
astrophysical source, the DC measures the average fraction of the observation period
T for which the signal from the given type of source is expected to be present. For
a given source, DC=1 implies that a continuous signal emanating from one source is
present over the whole measurement period. While a value DC=0.5 implies that the
signal is on average present only about 50% of the time. The duty cycle is defined as:

DC =
1

T

∫ zc

0

(1 + z)τR(z)dz (6.11)

where, R(z) is the event rate observed in the Earth reference frame as a function
of redshift. The integration limit zc corresponds to the epoch when the events of the
given type first started, and the characteristic evolution time τ is the time dilated
to (1 + z)τ thanks to expansion of the Universe. Using the definition above, the
astrophysical signal recorded by the detector itself can be decomposed further into a
contribution from continuous and transient source. For the source emitting continuous
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signal, a duty cycle is much greater than 1 (DC >> 1) and for the transient signals, a
duty cycle is lower than 1 (DC < 1). The contribution from a transient signal can be
decomposed into a shot transient signal when the DC is much lower than 1 (DC << 1)
and a popcorn transient signal when the DC is close to 1, i.e. DC ∼ 1. Fig.6.3 shows
stochastic shot and popcorn signal:

Figure 6.3: Time series representation corresponding to shot noise, popcorn and Gaus-
sian regimes [355].

AGWB would likely be the loudest stochastic background in the observing band
of LIGO and Virgo from 10 Hz up to 1000 Hz. Such sources include BBH, BNS,
supernovae and rapidly rotating NS and magnetars which due to non-axisymmetric
spinning motions release a considerable amount of GWs [361]. GWs would be emitted
if neutron stars are not perfectly spherical- asymmetric distortion which might have
been resulted due to toroidal magnetic fields within the neutron star [362]. Another
source of GW emission from NS would be the presence of a slight mountain on the
surface of the neutron star. This effect could happen due to cracking of the crusts
through the thermal effects [361]. With such asymmetries of defects, gravitational
waves would be emitted at twice the rotation frequency of the neutron star.

6.3.2 Cosmic strings as GW source

In the earliest phases, the Universe may have undergone various symmetry breaking
phases due to phase transitions. This may occur at the quantum choromodynam-
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ics (QCD) scale (150 Mev) and electroweak scale (100 Gev) or even around grand
unification scale [240]. The standard model predicts a smooth transition but its su-
persymmetric extensions predict a transition from a metastable phase (false vacuum)
to the state of broken symmetry (true vacuum). This transition may have generated a
considerable amount of GWs when bubbles of the new phase are nucleated, grow and
collide at a very high velocities as they were in abundance. In addition to such GWs
emitted due to phase transitions, strings are one of the potent sources of generation of
gravitational waves in the primordial Universe.

Cosmic strings are topological defects which can be formed in the GUT scale
phase transition in the early Universe [363], more precisely, when a U(1) symmetry
is broken [364] in multiple casually disconnected regions of spacetime, topological one-
dimensional defects are expected to be produced [365]. They were first introduced by
Kibble [363]. It is generally assumed that when strings collide, they intercommute by
exchanging partners and reconnecting after collision. As a results, closed loops are
formed when string self-intersects or two curved strings collide. Loops smaller than
the horizon decouple from cosmological evolution and oscillate under their own tension
resulting into production of GWs. These oscillating strings have mainly two features-
cusps- the points where the strings move at the speed of light [366] and kinks - dis-
continuities in the tangent vectors due to intersection of strings. All loops will contain
kinks either due to intercommutaion or due to remnant of past intersections. Such cusps
and kinks generate GW bursts [333, 367]. As a consequence of such bursts, the GW
background emitted by string network is highly non-Gaussian. Other than these sub-
horizon cosmic strings (so-called “loops”), super-horizon strings (the so-called “infinite
strings”) emit GWs due to string intercommutations [368]. The dominant contribu-
tion is generally produced by superposition of radiation from many subhorizon loops
along each line of sight. Their cosmological effects include lensing of distant galax-
ies [369, 370, 371], producing high energy cosmic rays [372], anisotropies in the CMB
[373, 374] and production of GWs [375, 376]. Cosmic strings can give rise to powerful
bursts of GWs produced by cusps offering a promising observational signature. These
cosmic strings can also produce little (a few percent of the overall) contribution to the
observed CMB anisotropies [377, 378, 379].

Cosmic strings are characterized by a single dimensional scale- the mass per unit
length which is denoted by µ. The string length is defined as the energy of the loop
divided by µ. After formation, the network of strings quickly evolves towards an attrac-
tor solution called the scaling regime where the energy density in long strings/infinite
strings remains a constant fraction of the total background energy density [380]. This
is achieved by intercommutations and self-interactions of the strings leading to the pro-
duction of small loops which then decay by emitting gravitational radiation. Cosmic
strings are stable against all types of decay except GW emission and hence prove an
excellent laboratory to quest for physics beyond standard model for particle physics
and the early Universe. Observational constraints on cosmic string models are gener-
ally given as bounds on the string tension Gµ where G is the Newton’s constant and
µ denotes the mass per unit length. The main mechanism for a network of Nambu-
Goto (NG) cosmic strings to lose energy is through the production of loops and the
subsequent emission of GWs. A promising way to detect cosmic strings and super-
strings is searching for GW emission from loops [381, 382, 383] where cosmic strings
are produced in string theory motivated cosmological models and grow to cosmic scales
[384, 385, 386, 364]. Since cosmic strings are one of the most promising ways to probe
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physics beyond the standard model of particles, looking for the background generated
by cosmic strings is one of the prime goals of Laser Interferometer Space Antenna
(LISA) and other experiments. When two string segments meet, they intercommute or
exchange segments with a probability p. The strings oscillates, radiates gravitationally
and decays. cosmic strings can form cusps, points along the string with large Lorentz
boosts which produces powerful bursts of GWs [333]. The GW emission by cusps de-
pends on the loop size written as a fraction of the horizon at the time of formation
l = αt where t is the cosmic time. Two main parameters- ϵ (describing the typical size
of the closed loop produced in the string network) and Gµ determine the lowest fre-
quency at a given redshift at which the string loop can emit GWs and hence determine
the shape and amplitude of the GW spectrum.

In addition to cosmic strings, super strings may have been produced in string theory
inspired by inflationary scenarios [387, 388] in M-theory models. The main features
which differentiate super strings from cosmic strings are: (i) super strings can reconnect
when they meet with probabilities p that can be less than one and, (2)more than one
kind of string can be formed [241] (e.g. superstrings can form Y -junctions where 3
different strings meet).

Till now no evidence of GW emission from cosmic string is found but thanks to
LIGO-Virgo [381], Advanced LIGO [389] and aLIGO-Virgo [390] data searches, a suc-
cessful upper limits on the string tension Gµ could be placed. The ability of the
LISA to detect a stochastic gravitational wave background produced by cosmic strings
and the string tension Gµ in the presence of instrument noise, an astrophysical back-
ground from CBCs and the galactic foregrounds from white dwarf binaries has been
investigated recently [391]. Considering the astrophysical background and a galactic
foreground, a cosmic string tension in the Gµ ≈ 10−16 to Gµ ≈ 10−15 range or bigger
could be measured by LISA with the galactic foreground affecting this limit more than
the astrophysical background. A cosmic string stochastic GWB search by LISA in the
presence of detector noise is presented by [392]. The ability to conduct parameter esti-
mation and resolve the value of cosmic string tension begin at around Gµ ≈ 10−16 [391].
Considering different cosmic string models for the loop distribution [393, 394, 395, 396],
the LISA will be able to probe cosmic strings with tension Gµ ≥ O(10−17) assuming:
(i) the string dynamics are accurately described by the NG action, (ii) colliding strings
always intercommute and, (iii) the average loop size at the formation is α ≈ 1 which is
improving by about ∼ 10 orders of magnitude relative to CMB constraints which are
∼ 6 orders of magnitude from current Pulsar Timing Arrays (PTA) constraints and po-
tentially ∼ 3 orders of magnitude w.r.t expected constraints from next generation PTA
observatories. Advanced LIGO and Advance Virgo form the data of three observing
runs (O3) have put constrains for one loop cosmic string distribution model allowing
Gµ ≤ 4 × 10−15 [390]. The bounds on Gµ from different probes include: Gµ ≤ 10−11

from PTA [397, 398], Gµ ≤ 2 × 10−14 from LIGO/Virgo based on the string network
model [399, 389].

As shown in Fig.6.4, the galactic foreground is the most important for limiting the
cosmic string measurement as it is dominant at low frequencies.
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Figure 6.4: Dimensionless GW energy densities ΩGW,Gµ(f) for cosmic string models Mi

with i = 1, 2, 3, 9 [392] with LISA noise [400], a galactic confusion noise [401] and an
astrophysical compact binary background [402]. This figure shows the cosmic string
GWB energy density for three string models and for string tension values around the
value of LISA detectability [403]. Plot taken from [391].

6.4 SGWB Anisotropies

In this section, we present the formalism developed by authors [404, 358, 403] for
anisotropies in the energy density of AGWB. A line of sight approach is followed by [357]
assuming that the future detectors will have sensitivity to determine the energy flux in
the GWB as a function of direction in the sky and, a unified approach for anisotropies
in the AGWB is presented in [405]. A derivation of the angular power spectrum of
cosmological anisotropies using a Boltzmann approach has been obtained in [406, 407,
357] including a derivation for angular power spectrum and effects of different stellar
models on angular power spectrum are considered by [408, 360, 405]. Additionally,
projection effects on the observed angular spectrum which include Kaiser, Doppler and
gravitational potential effects have been discussed in [409]. These projection effects are
the most important on the largest scales and contribute to up to tens of percent of the
angular power spectrum amplitude with the Kaiser term being the largest at all scales.
We describe here important quantities and the relations for describing anisotropies in
the AGWB based on what in the next section we motivation our work.

Unresolved GW sources of astrophysical and cosmological origin are the progenitors
of SGWB. Different backgrounds contribute at different frequencies making it statisti-
cally possible to distinguish them [355]. Theoretically, the energy density of GWs have
been modelled and parametrized assuming that our Universe and the distribution of
sources are homogeneous and isotropic [355, 410]. However by considering distribution
of astrophysical sources in cosmic structures, this approximation needs to be relaxed.
Therefore the flux of energy from all astrophysical sources is not constant across the sky
and has the directional dependence [358]. In order to compute and analyse observed
anisotropies in the energy density of SWGB, presence of inhomogeneities in the matter
distribution along the line-of-sight and large scale geometry of the Universe must be
considered. Anisotropies in the SGWB have two main contributions: one directly re-
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lated to the production mechanism of each particular GW source and another belongs
to large scale perturbation effect which is common to all the GW sources. Authors
of [358] have followed a coarse-graining approach for three different scales: from local
astrophysical to galactic scale and finally have considered the cosmological scale. These
three different scales are represented in figure 6.5:

Figure 6.5: Schematic representation for deriving analytic expression of the angular
power spectrum from [358]. Figure on left shows space-time representation where
the observer detects a signal in the direction eµ0 with a solid angle d2Ω0 around this
direction. The physical volume dV is 3-dimensional volume element, defined as the
intersection of a 4-dimensional volume element with the observer past lightcone. Figure
on right shown three scale: cosmological, galactic and astrophysical.

The first and the largest scale is the cosmological scale of the observer for whom
galaxies behave as point like GW sources. The total flux of energy density received on
this scale is the sum of individual energy densities received from each galaxies in the
solid angle under consideration. The flux from a given galaxy is related to the galaxy
effective luminosity. The galaxy effective luminosity is defined in the galaxy rest frame
which takes into account contribution from various sources inside the galaxies. This
defines the galactic scale. Each of these sources have the peculiar velocity with respect
to galaxy rest frame which includes extra dispersion in the signal. The luminosity of
an astrophysical source in the galaxy rest frame can be expressed in terms of local
quantities characterizing the source in the rest frame defining the local astrophysical
scale. In this way, the final parameterization for the observed GW flux inherits two
main contributions:

• cosmological origin related to the specific cosmology i.e. the geometry of the
Universe, distribution of large scale structure of the Universe and,

• The local physics encoding information on the specific processes of GW emission
depending on intrinsic properties of GW sources inside a galaxy.
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Therefore, anisotropies of the AGWB encode information about:

1. The different mechanisms for GW production,

2. The astrophysical distribution of GW sources in galaxies,

3. Galaxy formation and distribution of the large scale structure of the Universe
and,

4. the space-time geometry along the line-of-sight.

Similar to Eq.6.1, dimensionless density parameter which characterizes the spec-
trum of the AGWB following conventions by [358] is given by,

ΩGW (νO) ≡
νO
ρc

dρGW (νO)

dνO
(6.12)

where, ρc ≈ 3H2
0/(8πG) is the critical density, ν0 is the frequency measured by

the observer and ρGW is the AGWB energy density [125]. The spectrum dρGW/dν0 is
related to the direction dependent spectrum by,

dρGW (νO)

dνO
=

∫
d3ρGW (νO, eO)

dνOd2Ω0

d2ΩO (6.13)

As mentioned above, to provide general parameterization of the GW flux from
unresolved astrophysical sources, we need to consider following scales:

1. Cosmological scale: The observer measures a GW flux in a direction e0 and solid
angle Ω0, assuming galaxies as point sources emitting GWs comoving with the
cosmic flow.

2. Galactic scale: On this scale, each galaxy is described by a set of parameters (e.g.
mass, mean metallicity etc.). Each galaxy is associated an effective luminosity
encoding the global effects of all the GW sources contained in it having a velocity
Γ in the galaxy rest frame. Therefore to get the effective luminosity of each type
of astrophysical sources, the luminosities of all such single sources need to be
summed up averaging over their velocity distribution function in the galaxy rest
frame.

3. Astrophysical scale: This defines the local scale of single GW sources, for any
such source, the astrophysical process of GW production along with its energy
spectrum and function of local parameters can be studied characterizing the
source.

On cosmological scale, each galaxy is defined by its effective luminosity depending
on its parameter θG (describing its mass MG, metallicity ZG, etc.) and it needs to
be expressed in terms of the properties of the sources contained in the galaxy. For a
galaxy observed at redshift zG in direction e0, the total flux of energy received by an
observer O in this direction is related to the absolute effective luminosity of the galaxy
by following relation,

Φ(zG, eO, θG) ≡
LG(θG)

4πD2
L(zG, eO)

(6.14)
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where DL(zG, eO) is the luminosity distance of the galaxy and LG is the effective
luminosity of the galaxy which is the sum of contribution of all GW sources lying within.
It depends on the mass of the galaxy as well astrophysical parameters including star
formation rates, the stellar evolution and the formation of binary systems (BBHs or
BNS). The angular diameter distance is defined as,

D2
A ≡ AG

ΩO

(6.15)

where, AG is the physical area of the galaxy and Ω0 ≪ 1 is its apparent angular
size. Luminosity and angular diameter distances are related by,

DL = (1 + zG)
2DA (6.16)

The effective frequency spectrum of GW of the galaxy is LG(νG, θG) normalized in
such a way that, ∫ ∞

0

LG(νG, θG)dνG = LG(θG) (6.17)

which using effective frequency of the galaxy of following form,

νG = (1 + zG)νO (6.18)

becomes,

LG(θG) = (1 + zG)

∫
LG[ν0(1 + zG), θG]dνO (6.19)

where, zG is the redshift of the galaxy. We can then define the flux measured by
the observer in the frequency range (ν0, ν0 + dν0) using Eq.(6.14), it follows that,

Φ(zG, eO, νO, θG)dνO ≡ (1 + zG)

4πD2
L(zG, eO)

LG(νG, θG)dνO (6.20)

This quantity is called the specific flux of GW radiation and defines the expression
of the flux of energy received by the observer O in the direction eO, per unit of observed
frequency in terms of quantities defined on galactic and astrophysical scales. The total
effective luminosity per unit of effective frequency can be decomposed as a sum of
contribution from inspiralling binaries, mergers and SNe.

LG ≡ LIG + LMG + LSNG (6.21)

The total intensity of GW observed in direction e0 can be obtained by summing
up the contributions from all the galaxies along the line-of-sight. The contribution
between λ and λ + dλ where λ is the affine parameter, the number of galaxies in the
physical 3-volume element becomes:

d3V ∼
√
−gϵµναβuµdxνdxαdxβ (6.22)

In order to obtain contribution between λ and λ + dλ, the number of galaxies in
volume d3V should be multiplied by the specific flux received form a single galaxy with
parameters θG and further integrating over a range of values θG:
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d3ρGW
dνOd2ΩO

(νO, eO) =

∫
dλ

∫
dθGΦ[x

µ(λ), ν0, θG]
d3NG

dλd2ΩO

[xµ(λ), θG] (6.23)

where Φ[xµ(λ), ν0, θG] is the specific flux received at frequency ν0 in direction e0 from
a galaxy located at xµ(λ) defined in Eq.(6.20) and the direction dependent spectrum
on the left hand side is related to the GW energy density in Eq.(6.13). d3NG(x

µ(λ), θG)
represents the number of galaxies with parameters θG contained in the physical volume
d3V defined in Eq.(6.13) seen by the observer O under the solid angle d2Ω0. Let
nG[x

µ(λ), θG] be the physical density of galaxies with parameters θG,

d3NG(x
µ(λ), θG) ≡ nG[x

µ(λ), θG]d
3V [xµ(λ)] (6.24)

which using Eq.(6.22) becomes,

d3V [xµ(λ)] = d2ΩOD
2
A(λ)

√
pµ(λ)pµ(λ)dλ (6.25)

where,

pµ ≡ (gµν + uµuν)kν = −Eeµ (6.26)

with eµ is spatial unit vector, uµ is the four velocity, kµ is the wave 4-vector and
E = 2πν ≡ −uµkµ is the cyclic frequency of the GW signal in the observer’s rest frame.
Now, the specific flux becomes,

d3ρGW
dνOd2ΩO

(νO, eO) =
1

4π

∫
dλ

∫
dθG

√
pµ(λ)pµ(λ)

[1 + zG(λ)]3
nG[x

µ(λ), θG]LG(νG, θG) (6.27)

where the reciprocity relation Eq.(6.16) is used. Eq.(6.27) is the general expression
for the anisotropies in AGWB. More general unified view on AGWB anisotropies is
presented in [411].

While considering cosmological framework, perturbations in in the FLRW metric
Newtonian gauge becomes,

ds2 = a2[−(1 + 2ψ)dη2 + (1− 2ϕ)δijdx
idxj] (6.28)

where the metric of constant time hypersurfaces is in terms of the comoving radial
distance χ,

δijdx
idxj = dχ2 + χ2(dθ2 + sin2θdϕ2) (6.29)

The two Bardeen potentials are,

ψ = Ψ+Π, ϕ = Ψ− Π (6.30)

Since all galaxies are assumed comoving with the cosmic flow, to first order in
perturbations, four velocity of the cosmic fluid becomes,

uµ ≡ 1

a
(1− ψ, vi) ≡ ūµ + δuµ (6.31)
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where vi is the peculiar velocity field. Considering equality of Bardeen’s potentials,
ψ = ϕ = Φ and Π = 0. Eq.(6.27) reduces to,

d3ρGW
dνOd2ΩO

(νO) =
1

4πH0

∫
dz̄

1

E(z̄)

1

(1 + z̄)4

∫
dθGn̄G(z̄, θG)LG(νG, θG) (6.32)

where n̄G(z̄, θG) is the background density of galaxies and in FLRW Universe
DL(z̄) = (1 + z̄)χ(z̄) and E(z̄ ≡ H(z̄)/H0).

Next, to consider effect of scalar perturbation in the metric Eq.(6.27), the final
expression for GW energy density in terms of conformal time becomes,

d3ρGW
dνOd2ΩO

(νO, e) =
1

4π

∫
dηa4

∫
dθGn̄GLG(νG, θG)×[

1 + bδCDM + 4Ψ + 4Π− 3ΨO − 3ΠO − 2e · ∇v + 3e · ∇νO − 6

∫ η

ηO

dη′Ψ̇
] (6.33)

where b is bias depending on coordinate time, δCDM denotes the CDM density
contrast and ν = ∇ν as only contribution from scalar perturbations is taken into
account. The integration runs along the unperturbed geodesic parameterized as, x =
xO + e(ηO − η).

Eq.(6.33) can be split into a homogeneous and isotropic background contribution
and a first order contribution as,

d3ρGW
dνOd2ΩO

(ηO,xO, e, νO) =
d3ρ̄GW
dνOd2ΩO

(ηO, νO) + ε(ηO,xO, e, νO) (6.34)

Eq.(6.34) is the expression for AGWB anisotropies specialized to a FLRW Universe
with scalar perturbations and, the perturbation ε(ηO,xO, e, νO) is given by,

ε(ηO,xO, e, νO) =
1

4π

∫
dηa4

∫
dθGn̄GLG(νG, θG)×[

1 + bδCDM + 4Π + 4Ψ− 2e · ∇v − 6

∫ η′

ηO

dη′Ψ̇ +
1

LG
∂LG
∂νG

|ν̄G

νO
a

[
e · ∇v −Ψ− Π+ 2

∫ η

ηO

dη′Ψ̇

]] (6.35)

This expresses the emissivity in terms of the astrophysical details of galaxies and
hence has frequency dependence. It is worthy to note that the cosmological part
in Eq.(6.35) which is a stochastic variable has structure very much similar to the
Sachs-Wolfe formula for CMB temperature anisotropies. Eq.(6.35) can be compared to
Eq.(9) of [357] where the first two terms and the last two terms in the brackets are the
Integrated Sachs-Wolfe (ISW) and Sachs-Wolfe (SW) effects respectively [88, 84, 412]:

S(k, η) = Φ̇− Ψ̇ + σ̇(p̂iνi +Π−Ψ) (6.36)

The remaining terms in Eq.(6.36) are a Doppler contribution due to the peculiar
velocity of an emitter and an intrinsic contribution due to the inhomogeneous distri-
bution of emitters. The emissivity rate σ̇ defines an emission depth in an analogy to
the optical depth parameter τ for the CMB γs.
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Eq.(6.34) and Eq.(6.35) can distinguish two different type of contributors: (1) a
contribution from local physics proportional to the galaxy effective luminosity LG and,
(2) a cosmological contribution depending on metric perturbations, matter density con-
trast and velocities. In the cosmological part, contribution proportional to the CDM
overdensity coming from the perturbative expansion of the galaxy density nG in the
covariant expression- (6.27), a Doppler contribution due to the peculiar motions of
galaxies with respect to the observer rest frame, local contributions and the contribu-
tion along the line-of-sight. Authors of [358] expect the local contribution proportional
to the CDM overdensity to be the dominant term along with the Doppler one. Here
CMB and AGWB are both treated along the line-of-sight approach in the eikonal
limit, however for the electromagnetic case, photons are travelling from constant time
hypersurface at z ≈ 1100 while for AGWB, the GW sources have a non trivial redshift
distribution. Hence, from a theoretical point of view, like any background of radia-
tion, AGWB is fully characterized in terms of the Stokes parameters, intensity and
polarization as a function of direction of frequency [117, 413].

6.4.1 Angular power spectrum of AGWB anisotropies

The final result of the energy density of the AGWB (Eq.(6.27)) has an astrophysical
and a cosmological dependence through the galaxy distribution and cosmological grav-
itational potential and velocity field distributions since they enter in the Geodesic and
Sachs equation. Broadly, the anisotropies in the AGWB have the following dependence:

• The underlying cosmological model which in this case is FLRW Universe,

• the large scale structure or galaxy clustering and its effect on GW propagation
which is described using linear perturbation and including non-linearity in the
matter evolution,

• the local astrophysics on sub-galactic scales given by the astrophysical modeling
of the time-dependent GW luminosity LG of a given galaxy as a function of halo
mass MG and GW frequency at emission νG.

These cosmological variables are correlated on cosmological scales and induces an
angular correlation of the AGWB energy density (characterized by its angular power
spectrum) and other cosmological probes such as lensing and galaxy counts. The
reason why the GW signal of the AGWB is not correlated but the energy density does
correlate is discussed in [404]. Analogous to the CMB intensity which is proportional
to the square of the field and characterized by a non-vanishing two point correlation
function (2PCF), the energy density of AGWB does correlate too.

Similar to Eq.(6.27), the observed energy density of the AGWB along direction eO
within the solid angle d2ΩO can be written as [404],

d3ρGW
dνOd2e

(tO,xO, eO) =
c2

4π

∫
dλ

∫
dθG

√
pµ(λ)pµ(λ)

[1 + zG(λ)]3
nG[x

µ(λ), θG]4π(D
prox
L )2ν2G∑

A

PG
A (x

µ(λ), θG; νG)
(6.37)

where,
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Dprox
L ≡

√
AG
ΩG

(6.38)

with AG ≡ A(λG) and ΩG are the physical size of the source and solid angle sub-
tending the surface of the beam at observer position seen from the source respectively.
Dprox
L corresponds to the limit of DL = (1 + zG)

√
AO/ΩG for zG → 0 i.e. to the lumi-

nosity distance measured by an observer in the vicinity of the source. zG is the galaxy
redshift related by,

1 + zG ≡ νg
νO

=
uµGkµ(λ)G
uµOkµ(λ)O

(6.39)

And, PG
A (x

µ(λ), θG; νG) shows all incoherent signals from individual events inside a
galaxy. The galaxy luminosity (per unit emitted frequency) is related to the emitted
strain by,

LG = 4π(Dprox
L )2ν2G

∑
A

PG
A (x

µ(λ), θG; νG) (6.40)

where, ν2G
∑

APG
A is the energy flux per units of emitted frequency close to the

source and it contains the incoherent superposition of the energy fluxes of the various
sources inside the galaxy considered. The energy density expressed in Eq.(6.37) is
a stochastic quantity depending on galaxy density, redshift and spatial displacement
which are stochastic quantities. Therefore, it can be characterized by 2PCF between
two directions e1 and e2 introduced as:

C(e1 · e2) =
〈d2ρGW
d2e1

(e1)
d2ρGW
d2e2

(e2)
〉

(6.41)

Whereas considering cosmological structure present along the line-of-sight the
stochastic variable Eq.(6.35) ε(ηO,xO, e, νO) depends on the observer’s position and
direction of observation. The cosmological variables are correlated stochastic variables
whose spectra are related to a scenario of structure formation [414]. ε can be charac-
terized by angular correlation function:

C(θ) ≡ ⟨ε(ηO,xO, νO, e1)ε(ηO,xO, νO, e2)⟩ (6.42)

Due to statistical isotropy, e1 ·e2 ≡ cosθ. This correlation function can be expanded
in Legendre polynomials,

C(θ) ≡
∑
l

2l + 1

2π
ClPl(e1 · e2) (6.43)

where multipole l corresponds to the typical scale π/θ and Cl is the estimate of
variance of the GW energy density fluctuations on that scale. To get this expression,
ε is decomposed in spherical harmonics as,

ε(ηO,xO, νO, e) =
∑
lm

alm(ηO,xO, νO)Ylm(e) (6.44)

where the coefficients are,
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alm(ηO,xO, νO) ≡
∫
d2eε(ηO,xO, νO, e)Y

∗
lm(e) (6.45)

And using properties of Legendre’s polynomials,

(2l + 1)Cl ≡
∑
m

⟨alma∗lm⟩ (6.46)

where the brackets denote an ensemble average over the stochastic variables. When
expanding ε in Fourier modes we get,

ε(ηO,xO, νO, e) =

∫
d3k

(2π)3
ε̂k(ηO, νO, e) (6.47)

and the angular power spectrum becomes,

Cl(νO) =
2

π

∫
dkk2|εl(k, νO)|2 (6.48)

which is similar to the CMB temperature and polarization angular power spectrum.
This equation expresses the angular power spectrum of AGWB energy density which
is correlated with lensing and galaxy number counts respectively [358]. Since the
angular power spectrum of the AGWB energy density has frequency dependence, the
cosmological and astrophysical effects could depend on the frequency band chosen
making it possible to distinguish different astrophysical processes. From Eq.(6.48), the
variance for each frequency band is defined as,

σ2
GW (νO) ≡ ⟨δρGW (νO, e2)δρGW (νO, e2)⟩ (6.49)

and using Eq.(6.43),

σ2
GW (νO) ≡

∑
l

2l + 1

2π
Cl(νO) (6.50)

This correlation function is non vanishing due to the non vanishing corrector of the
cosmological variables of the cosmological quantities when specialized to a perturbed
FLRW metric. The anisotropies in AGWB are characterized in terms of energy density
of the background and its 2PCF while the total amplitude of GW signal received
from different directions is uncorrelated. [415] showed how different GW sources are
characterized by different angular spectra. The astrophysical dependence of the angular
power spectrum on the detail of the underlying astrophysical model has been studied
in [403, 408, 360, 405, 416, 417, 418, 419]. The relative important of cosmological
and astrophysical effects depend on the frequency band chosen, hence offering the
possibility to distinguish different astrophysical processes. The shape and amplitude
of angular power spectrum of AGWB depend on both- the astrophysical properties
on galactic scale and on cosmological properties. [359] showed that the angular power
spectrum behaves as Cl ∝ 1/l on large scales. Expressions for the projection effects
on observed AGWB angular power spectrum is shown in [409] and the angular power
spectrum in the presence of shot noise and the size of shot noise effects for realistic
models of the AGWB in the LIGO/Virgo band have been discussed by [416]. Such shot
noise dominates over the true astrophysical power spectrum which upon long observing
times and removal of foreground sources can provide true power spectrum. Method for
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estimating true power spectrum based on statistical independence of different shot
noise realisations at different times is given in [417]. How shot noise power affects the
GW intensity distribution on the sky can be visualized from Fig.6.6:

Figure 6.6: A toy-model depiction of shot noise showing HEALPix map [420] with scale
invariant angular power spectra l(l + 1)Cl = const. plus varying degrees of shot noise
power. From top to bottom, the shot noise power is: W = 0, W = 10−5Ω̄2,W = 10−4Ω̄2

and W = 10−3Ω̄2. They represent different observations of the AGWB, with different
observation time intervals leading to different levels of shot noise power. All four maps
have the same underlying LSS realisation but the increased level of shot noise leads
to much stronger anisotropies on small scales, making it difficult to distinguish the
relatively subtle large scale features, plot is taken from [417].

6.5 SGWB as a probe of astrophysics and cosmol-

ogy

The AGWB which may seem as a nuisance foreground is actually hiding many astro-
physical and cosmological information underneath. The anisotropies in the GWB will
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contain information about the mechanism that generated the GWs [421, 422, 423, 424,
425, 426, 427] and about the nature of spacetime along the line of propagation of the
waves [357, 406, 428, 429].

Anisotropies in the SGWB can be generated by spatially extended sources such as
a population of neutron stars in the galactic plane or nearby galaxy [430, 431], due to
cosmological perturbation from intervening LSS [432, 433, 434, 404, 358, 357] or due
to cosmic strings [403].

On the one hand, the isotropic part of AGWB (i.e. the monopole component) at dif-
ferent frequencies have been investigated for many years and recently a strong evidence
of a stochastic process modelled as a power-law has been claimed to have been detected
in the 12.5 year Pulsar timing data set collected by the North American Nanohertz
Observatory for Gravitational Waves (NANOGrav) [435]. On the other hand, inhomo-
geneous spatial distribution of GW sources such as magnetars [302], rotating neutron
stars [294], galactic and extragalactic compact binaries [436, 437, 285], or the inspi-
ral and collisions of supermassive black holes associated with distant galaxy mergers
[438] lead to an AGWB characterized by preferred directions and hence anisotropies in
the energy density similar to the measured temperature anisotropies in the CMB. For
SGWB, several components contribute at different frequencies and with different sta-
tistical properties [355, 285]. The main contribution to such anisotropies in the AGWB
is from CBCs following the local distribution of matter. Here, we have accepted the
general formalism for the computation of energy density and anisotropies in the SGWB
of either cosmological or astrophysical origin as developed in [403]. Theoretical and
numerical computation in AGWB anisotropies in intensity and polarisation, together
with associated angular power spectra are promising bridge to solve many puzzles of
astrophysics and cosmology as the AGWB inherit anisotropies due to various astro-
physical and cosmological process. For example, [403] showed that the angular power
spectrum of anisotropies is relatively insensitive to the choice of model for the string
network but is very sensitive to the string tension Gµ. Hence it becomes interesting to
analyse anisotropies in AGWB as upon proper analysis, it can offer to put limits on
models for the early Universe.

The energy density of AGWB relies on astrophysical, galactic and cosmological
scales [358], hence the observed GW flux per units of solid angle depends on the
effective luminosity from all galaxies in the solid angle considered [404]. The final
result for the energy density of the background has an astrophysical and cosmological
dependence through the galaxy distribution, gravitational potential and velocity field
distribution. This makes possible to correlate cosmological probes with AGWB.

We accept the general formalism developed for energy density of the SGWB appli-
cable to AGWB and CGWB including full description of its anisotropies from [403].
Considering only linear order perturbations, the energy density of GWs with observed
frequency νo arriving from a solid angle σo centered on the direction êO is given by,

d3ρGW
dνod2σo

(νo, êo) =
1

4π

∫ η

0

dηa4
∫
dζn̄Ls

[
1 + δn − 3(Ψo +Πo) + 4(Ψ + Π)+

ê0 · (3ν0 − 2v) + 6

∫ ηo

η

dη′
∂Ψ

∂η′

] (6.51)

Again, subscripts ”o” and “s” shows quantities evaluated at the observer and GW
source respectively. η is the integral along the line of sight and x(η, êo) = xo+(ηo−η)êo.
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Here, ν(η, êo) stands for the peculiar 3-velocity of the cosmic fluid, Ls(νs, ζ) is the
gravitational luminosity at emitted frequency νs of a source with parameters ζ with
the emitted frequency given in terms of observed frequency νo by,

νs =
νo
a

[
1 + Ψo +Πo −Ψ− Π+ êo · (v − vo)− 2

∫ η0

η

dη′
∂Ψ

∂η′

]
(6.52)

n(η, êo, ζ) is defined as the source number density per physical volume. The number
density inhomogeneities are expressed in terms of the density contrast:

δn(η, êo, ζ) ≡
n− n̄

n̄
(6.53)

Changing from linear to logarithmic frequency and normalizing with respect to the
critical density, we get the density parameter :

ΩGW (νo, êo) ≡
1

ρc

d3ρGW
d(ln νo)d2σo

=
8πGνo
3H2

o

d3ρGW
dνod2σo

(6.54)

Using the density parameter, the dimensionless quantity expressing intensity of
stochastic background in the context of a FLRW Universe with scalar perturbations
becomes,

ΩGW (νo, êo) =
2Gνo
3H2

o

∫ ηo

0

dηa4
∫
dζn̄Ls

[
1 + δn − 3(Ψo +Πo) + 4(Ψ + Π)+

êo · (3vo − 2v) + 6

∫ ηo

η

dη′
∂Ψ

∂η′

] (6.55)

Which can be decomposed in terms of isotropic monopole term Ω̄GW (νo) and GW
energy density contrast δGW (νo, êo):

ΩGW ≡ Ω̄GW (1 + δGW ) (6.56)

Here, Ω̄GW corresponds to the average GW flux at frequency νo per unit solid angle,
so that the total flux at this frequency is 4πΩ̄GW . Also, the gravitational luminosity
Ls of any astrophysical or cosmological source emitting GWs can be decomposed as,

Ls(νs, ζ) =
dEs
dνs

R(ζ) (6.57)

where, Es(ζ) is the total energy lost from the source due to each signal and R(ζ)
is the rate at which the signals are emitted. Here, Es is computed as a function of the
GW strain hµν by integrating the solid angle d2σs over a spherical surface of radius rs
centered on the source where rs is large enough to use linearized general relativity on
a Minkowski background but is small enough to neglect cosmological effects. Defining
the total strain magnitude by,

h̃ ≡

√
|h̃+|2 + |h̃×|2

2
(6.58)

Rewriting Es in terms of h̃ and using Eq.(6.57), the luminosity spectrum of a single
source is given by,
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Ls(νs, ζ) =
πν2sR(ζ)

2G

∫
s2
d2σsr

2
s h̃

2 (6.59)

Using Eq.(6.55) and Eq.(6.59), the density parameter to linear order is given by,

ΩGW (νo, êo) =
πν3o
3H2

o

∫ ηo

0

dηa2
∫
dζn̄R

[
1 + δn −Ψo − Πo + 2(Ψ + Π) + ê0 · vo+

2

∫ ηo

η

dη′
∂Ψ

∂η′

]
×
∫
s2
d2σsr

2
s h̃

2

(6.60)

In order to characterize the anisotropies, setting Π = Ψ = 0 everywhere and ν = 0
everywhere expect the observer, we get

ΩGW (νo, êo) =
πν3o
3H2

o

∫ η∗

0

dηa2
∫
dζn̄R× (1 + δn + êo · vo)

∫
s2
d2σsr

2
s h̃

2 (6.61)

where η∗ is the large distance η > η∗ and the emitted frequency is given by,

νs =
νo
a
(1− êo · νo)) (6.62)

We now consider the anisotropic model for AGWB including CBCs [432] as they
are expected to be major contributors in the LIGO-Virgo frequency band. Considering
a Friedmann-Lemâıtre-Robertson-Walker model in the absence of any cosmological
perturbations, and keeping only the anisotropies due to source density contrast and
the dipole induced by the peculiar motion of the observer, the density parameter in
Eq.(6.61) becomes,

Ωgw(νo, êo) =
π

3
(tHν0)

3

∫ ∞

0

dz
1 + z

E(z)
+

∫
dζn̄R(1 + δn + êo · vo)

∫
s2
d2σsr

2
s h̃

2 (6.63)

where, tH ≡ 1/H0 is the Hubble time, z is the redshift, ζ represents a set of source
parameters, n̄ is the homogeneous source number density per comoving unit volume, R
is the rate of gravitational wave bursts per source, δn ≡ (n− n̄)/n̄ is the source number
overdensity, êo is the observation direction, vo is the observer’s peculiar velocity, h̃ is
the GW strain spectrum of a bursts, and the final integral is over a sphere centred on
the source.

The angular power spectrum associated to Eq.(6.63) is [432]:

Cgw(θo, νo) =
π2(tHνo)

6

9Ω̄2
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′, ζ ′g, ζ
′
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〈
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′
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〉

(6.64)
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where, subscripts ”b” and ”g” denotes binary parameters ζb and galaxy parameters
ζg respectively and the galaxy-galaxy 2PCF is: ζgg ≡< δnδn >. In [432] the anisotropies
in the SGWB induced by the large scale distribution of astrophysical sources is also
performed using mock galaxy catalogues. In such catalogues, the growth of dark mat-
ter structure is first simulated and the history of hierarchical mass assembly is then
recorded by means of merger trees of haloes and subhaloes within snapshots stored at
different time steps. To simulate the visible galaxies without using hydrodynamical
simulations, a semianalytical model aiming to reproduce the observed properties of
these galaxies at different redshifts can be used.

This was done by using a mock light cone catalogue [439] constructed by applying
the “L-galaxies” model [440] to the Millennium simulation [441, 442]. The comoving
box of size 500h−1Mpc on a side of the Millennium simulation exhibits finite volume
effects for example, erasing the two-point angular correlation signal at scales larger
than a tenth of the simulation box size. The all-sky light cone catalogue [439, 440] con-
taining 5, 715, 694 galaxies were used, all limited at apparent AB magnitude of 18 in
the r filter from SDSS. It has been built using a random tiling technique applied to 64
postprocessed snapshots saved during the Millennium simulation run with a time step
of about 100Myr. Authors queried the data base and retrieved for each galaxy its sky
location, metallicity, cosmological redshift and peculiar velocity. In order to calculate
the delayed star formation rate of each galaxy on the light cone, Millennium simulations
were used to access information about its star formation rate (SFR) at earlier snap-
shots. This included a total of 973, 224, 532 redshift and SFR measurements from the
progenitor galaxies. While analysing the mock catalogue, the cosmological parameters
used in the Millennium simulation are: H0 = 73kms−1Mpc−1,Ωm = 0.25,Ωλ = 0.75.

In this work, GW propagation is assumed to follow the eikonal approximation or
the so-called geometrical optics approximation where the wavelength of GW is smaller
than the cosmic scales as explained in Section 5.2.1.

Major contribution to the anisotropies in the AGWB come from the inhomogeneous
distribution of GW sources that follow the local distribution of matter i.e. due to
galaxy distribution. In this work we define such anisotropies arising at the source
distribution level as primary AGWB anisotropies in full analogy with the CMB
primary temperature anisotropies generated at the last scattering surface [88, 443, 444,
445, 404].

However, still in analogy with the CMB, SGWB while propagating across large
scale structures, undergo weak lensing and ISW/Rees-Sciama effects. In this work we
define the resulting fluctuations in the energy density of AGWB due to interaction
with cosmological structures as secondary AGWB anisotropies.

The computation of AGWB intensity anisotropies relies on the following:

1. The local astrophysics on the sub-galactic scales which is given by astrophysical
modelling of time dependent GW luminosity as a function of source mass and
emitted GW frequency,

2. The underlying background cosmological model which in our case is the standard
FLRW model,

3. The source overdensity and velocity distribution with respect to the cosmological
background and,
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4. The LSS perturbation to the standard FLRW background affecting the GW prop-
agation

In this thesis we have focused on studying primary and secondary anisotropies in
the AGWB generated by quantities 3 and 4, assuming 1 as input from previous work in
the literature, i.e. the angular power spectrum in Eq.(6.64) associated to the AGWB
produced by BBH, BNS and BHNS [432]. The propagation of intensity anisotropies
in the AGWB are treated analogously to the CMB photons because we work in the
geometrical optics approximation. The two effects- ISW (first order perturbation ef-
fect) and weak lensing (beyond first order perturbation level) produces different kinds
of anisotropies in the AGWB, which can bring us crucial information about the in-
tervening LSS and cosmological background, as GWs travel from the source to the
observer.

6.6 Detection of anisotropies in SGWB

The possibility of measuring and mapping the GWB is described in [446, 447, 448,
346, 449, 413]. Discussion of different methods used by LIGO and LISA to reconstruct
an angular resolved map of the sky are presented in [450]. A similar discussion about
PTA is presented in [451, 452, 453]. Searches for anisotropies in SGWB using data
from the first three observing runs of the aLIGO and AdV found no evidence for GW
signals [454, 455]. Different models of cosmology could be distinguish, in principle
by characteristic features in the angular distribution [357, 416, 408, 417, 409, 358,
404, 359, 360, 411, 456, 423]. The anisotropies of the SGWB are a unique observable
that contains both astrophysical and cosmological information. Astrophysical sources
that contribute to the SGWB in the millihertz-decihertz frequency range reside in
galaxies and therefore it is expected that the intensity of the background will depend
on sky direction analogously to the cosmic infrared background [444]. As shown in
[360, 405], both the amplitude and the shape of astrophysical component of stochastic
background anisotropies depend on the formation and evolution processes of binary
compact objects. One of the limiting factors in observing anisotropies in the SGWB in
the 10−100Hz frequency range accessible to the ground-based detectors is the time-like
shot noise which arises because of the signals from merging binary compact objects have
a very short duration with respect to the integration time and almost no time overlap
in case of BBHs. As a result, shot noise is expected to dominate the signal for any
realistic time of integration [416, 360, 417]. However in the decihertz frequency range
the astrophysical background can be considered stationary, since each individual signal
duration is longer than the time of observation. The ground based interferometers such
as LIGO, aLIGO, Virgo, PTA and NANOGrav do not directly measure the AGWB
energy density but they observe the quantities related to the strain.

The nearby Universe is expected to create anisotropic SGWB, for example, clusters
of galaxies appear as point sources to a network of ground based laser interferometers.
[431] showed that the flux of SGWB created by the millisecond pulsars in the Virgo
cluster produces a significantly stronger signal than the nearly isotropic background
of unresolved sources of the same kind. Such a highly localised source, like the Virgo
cluster can be resolved from the isotropic background with very high significance using
the directed search algorithms. For backgrounds dominated by nearby sources up to
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redshift ∼ 3, the directed search for a localised source can have signal to noise ratio
more than that for the all sky integrated isotropic search. The directed search is highly
sensitive to the anisotropies of a background which is useful to make a sky map of the
background [431].

The gravitational wave background is expected to have isolated bright sources su-
perimposed on a diffuse gravitational wave background with two components: a con-
fusion limited background from unresolved astrophysical sources and, a cosmological
component formed during the birth of the Universe. A map of the GWB can be made
by sweeping GW detectors across the sky. The detector output is a complicated convo-
lution of the sky luminosity distribution, the detector response function and the scan
pattern. The general de-convolution problem and the utility of LIGO and LISA to
detect anisotropies in the GWB is described in [447]. In the low frequency limit (which
correspond to wavelengths large compared to the effective size of the detector), a gravi-
tational wave detector’s antenna pattern has only monopole, quadrupole and setxupole
components. GW detectors get their directional information from the amplitude and
frequency modulation that occur as the antenna pattern is swept across the sky. The
frequency modulation is due to the Doppler shift caused by the relative motion of the
source and the detector. For example, orbital motion around the Sun creates a periodic
frequency shift with amplitude δf/f ∼ 10−4 sin θ where θ is the co-latitude in ecliptic
coordinates. The amplitude modulation occurs as the antenna lobes are swept across
the sky. For the LIGO detectors, this occurs with a fundamental period of one sidereal
day whereas for the LISA detector, the fundamental period is one sidereal year. Since
the noise in each detector is uncorrelated while the signal is correlated, the SNR im-
proves as the square root of the observation time. This type of correlation has to be
done over a finite frequency interval ∆f that is large compared to the Doppler mod-
ulation δf so the frequency modulation is washed out. Therefore maps of the GWB
are made using amplitude modulation alone [447]. How anisotropies in the SGWB will
modulate the output from the cross-correlated LIGO detectors is presented in [446].
The impact of astrophysical sources on AGWB in the LIGO/Virgo and LISA band has
been investigated by [408] and [405] with contrast conclusions: [408] found that the
AGWB monopole (isotropic Ω̄GW ) is sensitive to the nature of BBH population with
only few percent modification in the anisotropic Cl part, whereas [405, 360] showed
that the monopole and anisotropies of the AGWB (amplitude and shape of the an-
gular power spectrum) are complementary and very sensitive to some astrophysical
parameters such as the distribution of initial semi-major axis of the binaries, the BH
formation scenario and the metallicity of the progenitor stars. AGWB anisotropies in
the mHz band show strong dependencies on the modeling of galactic and sub-galactic
physics as shown by [405].

6.7 Cross-correlation of AGWB with different cos-

mological probes

Using a first order perturbation approach, authors of [285] have provided a predic-
tion of the angular power spectrum of the AGWB and its correlation with other
cosmological probes such as galaxy number counts and convergence from SKA [457]
and Euclid [458]. Any observable on the sphere δΩGW (e, νO) can be decomposed in



6.7 Cross-correlation of AGWB with different cosmological probes 139

spherical harmonics, and due to statistical isotropy, its angular correlation function
⟨δΩGW (e1, νO)δΩGW (e2, νO⟩) can be further decomposed in Legendre polynomials to
define the angular power spectrum Cl(νO) as [359],

Cl(νo) =
2

π

∫
dkk2|δΩl(k, νo)|2 (6.65)

where, the term δΩl(k, νo) is given by,
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(6.66)

This expression involves following three types of quantities:

• background quantities such as conformal Hubble parameter H and the look-back
time ∆η = ηO − η,

• the cosmological perturbation due to gravitational potential Ψ(k) ≃ Π(k) that
we introduce as secondary anisotropy,

• the velocity field νk/Doppler like terms introduced as primary anisotropy,

• the source overdensity connected to the galaxy overdensity (primary anisotropy)
δg = bδm where b is the galaxy bias and,

• the term in the last integral which shows the ISW effect and we consider as a
secondary anisotropy

The angular power spectrum for different frequencies is shown in the Fig.6.7.
The jl are Bessel functions and A and B are related to the luminosity function per

unit of emitted frequency by νG ≡ (1 + z)νO,

A(η, νO) ≡ a4n̄G(η)

∫
dθGLG(η, νG, θG) (6.67)

B(η, νO) ≡ a3νOn̄G(η)

∫
dθG

∂LG
∂νG

(η, νG, θG) (6.68)

Since Eq.(6.66) depends on cosmological perturbations, it correlates with cosmological
probes such as galaxy number counts and cosmic convergence map as shown in Fig.
6.8, where, the cross-correlation power spectrum is,

BX
l (νO) ≡

2

π

∫
dkk2

4π

Ω̄GW (νo)
δΩ∗

l (k, νO)Xl(k) (6.69)
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Figure 6.7: Angular power spectrum of AGWB density fluctuation normalized to the
monopole for linear and non-linear Halofit [459] spectra of density fluctuations. The
straight lines are associated with large scale approximation [359].

Fig. 6.7 provides the general shape of the power spectrum of δΩGW using analytical
method. These spectra depend on cosmology through the transfer functions and the
initial power spectrum, and on astrophysics through the merger history of galaxies, the
star formation rate, Salpter Initial Mass Function, the stellar evolution that determine
the mass distribution of BH and NS.

In Chapter8 we present the cross-correlation of AGWB intensity with CMB conver-
gence, weak lensing maps, galaxy distribution and the CMB ISW/Rees-Sciama effect
from the DEMNUni simulations.

Probing the Primordial Universe with GW cross-correlation GWs which are
expected to be generated in the primordial Universe due to first order phase transition
are targeted to be detected by LISA [460] and when combined with ET, LIGO or
BBO these detectors would allow wide possibilities to understand physics of the early
Universe and different SGWBs associated with primordial phases of the Universe, e.g.
[461] show that the signal coming from phase transitions taking place at T ≈ 1− 100
TeV could entirely screen the relic gravitational wave signal expected from standard
inflationary models. Various models proposed to study SGWB include sources such
as BBH, BNS and BH-NS [462, 463], stellar core collapse [292], primordial black hole
mergers [464], ring down of black holes [465], cosmic strings [466], super strings [467],
pre-Big Bang models [468] including mapping GW sky with LISA [469] with map
making method developed in [448].

The binary coalescence GW background will be a foreground for the third-
generation detectors masking the GW background due to early-Universe sources. Ac-
cessing the cosmological GWB with third generation detectors will therefore require
identification and subtraction of all inspiral signals from all binaries in the relevant
frequency band. Distinguishing AGWB from the CGWB is crucial to get information
about SGWB of primordial origin.
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Figure 6.8: Top: cross-correlating angular power spectrum of AGWB with galaxy
number count and Bottom: cross-correlating angular power spectrum of AGWB with
convergence using the SKA and Euclid redshift distortions [359].
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Chapter 7

Gravitational Wave detectors

All knowledge comes from the
stars (the Universal mind). Men
do not invent or create ideas;
the ideas exist and men are able
to grasp them.

Paracelsus

Gravitational wave detectors can generally be divided into two types: beam detec-
tors and resonant mass detectors. In beam detectors, GWs interact with the beam of
electromagnetic radiation which is monitored to register the passage of the incoming
wave. In case of resonant mass detectors, the incoming GW signal transfers the energy
to a massive body from which resultant oscillations are observed. The era of GW as-
tronomy began with the path-breaking first direct detection of GWs from BBH merger
GW150914 [217] which has been detected with the Laser Interferometer Gravitational
Wave Observatory (LIGO) at the Hanford WA and Livingston LA observatories. The
black holes were each of approximately 35M⊙ orbiting around each other as close as
∼ 350km apart and subsequently merged to form a black hole [470]. In the first ob-
serving run, advanced LIGO [471] identified two BBH coalescence signals with high
statistical significance: GW150914 [217] and GW151226 [280] as well as a less sig-
nificant candidate LVT151012 [472, 473]. These network of terrestrial GW detectors
is sensitive to GWs from the inspiral, merger and ringdown of CBCs. At present,
with the Advanced LIGO (aLIGO) [471], Advanced Virgo (AdV) [474] and KAGRA
[475, 476, 477] which are the km-scale GW observatories, we can detect GWs within
frequencies of ∼ 20− 2000Hz.

Till now, LIGO has completed six Science runs, the first five of these runs were
known as initial LIGO. In LIGO’s fifth science run (S5) (November 2005-September
2007), the LIGO detectors reached their design sensitivity as they were sensitive to
GWs with strain amplitudes of ∼ 10−21 in the frequency band 400 − 7000Hz [271].
S6 which is known as enhanced LIGO lasted from July 2009 to October 2010. Virgo
too has three observing runs, Virgo’s first science run (VSR1) overlapped with S5
lasting from May 2007 until October 2007 [478]. Virgo’s second and third scientific
runs (VSR2 and VSR3) ran from July 2009 to January 2010 and from August 2011
to October 2011 respectively. During these runs, the Virgo detector operated with
improved sensitivity over VSR1. O1 began on 18 September 2015 and ended on January

143
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12, 2016 [479], O2 (aLIGO joined by AdV) began on 30 November 2016 and ended
on 25 August 2017 and the third observing run O3 combined by aLIGO, AdV and
KAGRA collaborations started on April 1, 2019 and was expected to end on April
30, 2020 with a commissioning break from October 1, 2019 to November 1, 2019. In
2011, the LIGO lab and the IndIGO1 consortium in India proposed installing one of the
aLIGO Hanford detectors in India. With operation anticipated in 2025, this detector
will be configured including updates identical to the other LIGO detectors. Third-
generation future observatories include the Einstein Telescope (ET) [480], the Cosmic
Explorer (CE) [481] and the Laser Interferometer Space Antenna (LISA)2. Such future
planned GW missions are referred to as third generation detectors. In addition to
these operational runs which record total number of detection of GW signals emitted
by CBC events to 90 in Gravitational-wave Transient Catalogue-GWTC3 [482], the
anticipated runs are [479]:

• O3: 2019 − 2020 with the aLIGO detectors operating at design sensitivity of
110− 130Mpc and AdV at 50Mpc with KAGRA in the range of 8− 25Mpc,

• O4: late 2021/February 2022 to late 2022/early2023 which would include cluster
of aLIGO at 160−190Mpc, AdV+ at 90−120Mpc and KAGRA at 25−130Mpc.
The rate of confident GW detections is expected o increase for O4 by factor of 4
and it could be as high as one detection per day [479],

• O5: late 2024/early 2025- 2026 which will begin with a four-detector network
incorporating the A+ upgrade for the aLIGO instruments, AdV+Phase2 upgrade
for Virgo. The target range for aLIGO is 330Mpc and for AdV is 150− 260Mpc
with KAGRA operating at or above its O4 sensitivity of 130Mpc,

• 2025+: Thanks to additional aLIGO interferometer in India, we will be able to
have a cluster of five GW observatories with three aLIGO detectors working at
design sensitivity of 330Mpc, AdV at 150− 260Mpc and KAGRA at 130+Mpc.

The timeline of how future belongs to GW and is summarized in figure 7.1:

The three-detectors network of aLIGO and AdV [483] has demonstrated the ability
to localize signals to sky areas of a few tens of square degrees which will be improved
upon addition of KAGRA [484] which is the underground observatory in Japan using
cryogenic mirrors and LIGO-India network. LIGO India is expected to play a crucial
role in locating and deciphering GW sources [485]. This will make detection of BBH
a routine and a hundred detection of BBH will allow us to probe the major formation
channel and, distinguish between isolated binaries and systems formed in clusters with
a BNS detection rate from few per year to a few per month [479]. Hence by mid 2020,
there will be five highly sensitive observatories operating as a coherent network [486]
which allows for improved parameter estimation and sky localization [479]. On the
other hand, co-located and co-aligned detectors respond to GWs from all directions
and all frequency below a few kHz.

1www.gw-indigo.org
2www.lisamission.org
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Figure 7.1: Future planned sensitivity evolution and observing runs of aLIGO, AdV
and KAGRA detectors where the colored bars show the observing runs, with achieved
sensitivities in O1, O2 and O3. The uncertainty in the start or finish date is represented
by shading [479].

7.0.1 Interaction of GWs with detectors

To understand interaction of GWs with detectors, general principle is that of interfer-
ometry. A gravitational wave interferometer detects a minute signal with the help of
Michelson interferometer shown in the Fig.7.2:

As shown in bottom subfigure of Fig.7.2, a cavity is formed by placing a semi-
transparent mirror in the near-end of each arm (which is referred to as the input test
masses-ITMX and ITMY) to distinguish them from the end test masses (ETMX and
ETMY). By keeping the length of these arms close to the resonance of the light, the
light bounces around 200 times more [487] before exiting the arms. For the Fabry-
Parot cavity to work properly, the interferometer arms on resonance are needed to be
’locked’. This is done by a feedback loop involving a series of servos. By monitoring
motions of the mirrors through the output port, servos are actuated in order to keep
the mirrors in lock.

The beams then recombine at the beamsplitter, where interferometer patterns can
be observed by a photodetector on the output arm. When the arm lengths are exactly
fixed, the light destructively interferes causing dark fringes or no detection. Whereas
when a GW passes, one or both of the cavities will undergo a length change resulting
into a slight detuning of the beams relative to each other. Then the resulting interfer-
ence pattern can be used to infer the properties of the observed GW signal. The change
in length due to passage of GW signal gives us a quantity called the gravitational wave
strain h,

h ≡ ∆L

2L
(7.1)

Since GWs are extremely weak, a binary system comprised of two objects with
masses ≃M⊙ at a distance of ≃ 10Mpc from Earth will produce a strain of h ≃ 10−21

[489]. The strain induced in the intereferometer from any arbitrarily oriented system
can be related as [487]:

h(t) = F+H+(t) + F×H×(t) (7.2)

where,
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Figure 7.2: Top: A schematic of an interferometer with a Fabry-Perot cavity originally
published in [487]. Bottom: Michelson Gravitational wave interferometer set-up used
in LIGO and aLIGO from [488]. In this instrument, a laser beam gets split into two
orthogonal arms. With the use of partially reflecting mirrors, a Fabry-Perot cavity
shown in bottom is formed, allowing the light to be recycled in each arm to effectively
increase the path length travelled.

F+ = −1

2
(1 + cos2θ)cos2ϕcos2ψ − cosθsin2ϕsin2ψ,

F× =
1

2
(1 + cos2θ)cos2ϕsin2ψ − cosθsin2ϕcos2ψ

(7.3)

Here, angles θ,ϕ and ψ are the Euler angles that relate the frame of the binary to
the frame of the detector.

GW interferometers can be characterized by their distribution of power over dif-
ferent frequencies known as the power spectral density or referred to as the detector
sensitivity which is denoted by Sn(f) with dimensions of Hz−1/2.
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7.1 Ground based detectors

Here, we present the current and upcoming ground based detectors and their ability
to detect particular frequency range of the GW spectrum.

7.1.1 Laser Interferometer Gravitational-wave Observatory

The US based laser interferometer GW detectors are composed of two perpendicular
km-scale arm cavities with two-test mass mirrors hung by wires at the end of each
cavity. The tiny displacement of mirrors (∆L) due to a tidal deformation induced by
passing GWs are monitored with very high accuracy by measuring the relative optical
phase between the light paths in each interferometer arm. The mirrors are actually
pendulums with higher quality factor Q and lower resonant frequency Ω(∼ 1Hz) with
a specified typical reference GW frequency (100Hz). Since GWs act as tidal forces, an
advantage of interferometers as detectors is that the gravitational wave induced phase
shift of the light can be made larger by making the arm-length larger. A detector with
arm-length l = 4km responds to a GW with an amplitude of 10−21 with

δlGW ∼ 1

2
hl ∼ 2× 10−18m (7.4)

where δlGW is the change in the length of one arm. If orientation of interferometer is
optimum, then the other arm will change by the same amount in the opposite direction
so that the interferometer fringe will shift by twice this length [131].

Direct detection of GWs is based on interferometry, first Earth-based
interferometers- LIGO and Virgo are following two dual-recycled Fabry-Perot Michel-
son interferometer structure [471, 490]. A laser interferometer is typically a pair of
L-shaped arms where a laser beam is split at the intersection of two arms in order
to measure the length of these arms. Half of the laser light is transmitted into one
arm whereas the second half is reflected in the second arm. Mirrors are suspended
as pendulas at the end of each arm and near the beam splitter. In order to increase
the arm-length artificially, one can bounce the light back and forth in these arms to
increase the interaction time with gravitational waves. With sufficiently large mirrors,
a Herriott delay line [491] can be constructed with hundreds of bounces [492]. It was
subsequently proposed by [493] to use Fabry-Perot optical resonators in place of the
delay lines. Such interferometers measure the phase difference caused by passage of
incoming GWs which stretch one arm as they compress the other one.

The goal of LIGO- Laser Interferometer Gravitational Wave Observatory [271, 494]
is to detect and study GWs emitted by sources of astrophysical sources which in-
clude BNS, BBH, BH-NS systems, a stellar core collapse triggering type II supernovae,
rapidly rotating, non-axisymmetric NS system and possibly stochastic GW background.
The two co-located LIGO detectors are located at the same sight in Hanford, WA, one
with 4km arms which are referred to as H1 and H2 respectively and another LIGO
interferometer of 4km arm length in Livingston, LA, referred to as L1. Each site hosts
each 4-km long interferometer (At Hanford there is a cluster of 4 km and a 2 km detec-
tors in the same vacuum system and at the Livingston there is a single 4 km detector
oriented to be as nearly parallel as possible to the Hanford detector.) inside a vacuum
envelope with a primary interferometer optics suspended by a cascade, quadrupole sus-
pension system in order to isolate them from external disturbances. The two detectors
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are placed so that their antenna patterns overlap as much as possible and yet they
are far enough apart that there will be a measurable time-delay in most coincident
bursts of gravitational radiation which would give some directional information. The
interferometer is illuminated by 1064 − nm wavelength Nd:YAG laser, stabilized in
amplitude, frequency and beam geometry [495, 496]. The interferometer mirrors act
as test masses, and the passage of GWs induce a differential arm-length change which
is proportional to the GW strain amplitude [345]. The GW signal is extracted at the
output port using a homodyne readout [497]. These two detectors have wide physical
separation, ∼ 3000km [498] eliminating the coupling of environmental and local instru-
mental noise between the two detectors. While physically-separated detectors have the
advantage of reduced correlated noise, they have the disadvantage of reduced sensitiv-
ity to a SGWB because physically separated detectors respond at different times to
GWs from different directions and with differing response amplitudes which depends
on the relative orientation and (mis)alignment of the detectors [274, 499, 500, 501].
LIGO data is publicly distributed via the Gravitational-Wave Open Science Center
(GWOSC) [502]. It is worth to mention that LIGO’s high sensitivity to BBHs with
component masses 40 ≤ m1 ≤ 100M⊙ represents ≥ 90% of the total sensitive volume,
however absence of BHs in the mass range 50 ≤ M ≤ 135M⊙ is one of the intriguing
puzzles in GW astrophysics [503].

If we again consider the example of GW signal propagating in the +z direction and
choosing the Cartesian coordinates so that the interferometer’s two arms lie along the
x and y axis having the beam splitter at the origin, the non-zero components of the
perturbation metric would be:

hTTxx = −hTTyy ≡ h+,

hTTxy = −hTTyz ≡ h×
(7.5)

And, the distance (L) between the mirror at the end of each arm and the beam
splitter varies with time according to:

δLx
L

= +
1

2
h+

δLy
L

= −1

2
h+

(7.6)

Eq.(7.6) shows the precise change in the distance measurement by interferometers.
The gravitational wave sequentially squeezes one arm while the other one is stretched.
δLx and δLy are the variations of each arms respectively and in fact the change mea-
sured by laser interferometers is actually the change in phase of the photons travelling
along the arms. Change in phase of laser photon is related to change in arm length by:

δϕ =
4πδLi
λ

(7.7)

where, i = x, y and λ is the photon wavelength.

7.1.2 Advanced LIGO (aLIGO)

In spite of their early success, fundamental limitations at low frequency of the sensitivity
of the second generation detectors exists because of the presence of thermal noise of the
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Figure 7.3: Top: LIGO Livingston site from https://www.ligo.caltech.edu., bottom:
LIGO Hanford site from https://www.ligo.caltech.edu.

suspension last stage and of the test mass, as well as the seismic noise and the related
gravity gradient noise or the so-called Newtonian noise. This Newtonian noise cannot
be mitigated by adding additional layers of seismic isolation as it is originated due to
actual gravitational attraction between the test masses and the density perturbations
around the detector. The Advanced LIGO gravitational wave detectors are the second
generation detectors which are designed and built for the two LIGO observatories out
of which one is located in Hanford site, Washington and another is in Livingston Parish,
Louisiana. These two instruments are specialized version of Michelson interferometer
and are both identical in design having 4km arm length. The initial LIGO detectors
which were constructed in the late 1990s, operated in design sensitivity in a continuous
data taking mode from November 2005 to September 2007 [504]. The LIGO Livingston
and Hanford sites are shown in Fig.7.3.

Similar to initial LIGO, Fabry-Perot cavities are used in the arms to increase the
interaction time with incoming GW and to increase the effective laser power, power
recycling method is used. Signal recycling has been added in the aLIGO in order
to improve the frequency response. In the most sensitive frequency region around
100Hz, the design strain sensitivity is a factor of 10 better than initial LIGO and
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the instrument root-mean-square (rms) strain noise reached an unprecedented level of
2× 10−22 in this frequency band. aLIGO is designed to provide a factor of 10 increase
in strain sensitivity over a broad frequency band and to extend to low end of the band
to 10Hz (from 40Hz) [471]. As the probed volume of the Universe scales as the cube
of the strain sensitivity, this represent an enormous increase (of order 10×) in the
number of potential astrophysical sources detectable by these instruments. This offers
a possibility that at design sensitivity, aLIGO is likely to detect dozens of CBC sources
per year [505].

Each observatory hosts one aLIGO interferometer with 4km arms with a third
instrument for a new location in India, the so-called IndIGo project [479, 506]. The
optical configuration of the aLIGO detectors is shown in upper sub-figure of Fig.7.4.
As shown in the figure, the instrument is basically a Michelson interferometer with
Fabry-Perot resonant cavity in each arm to build up the phase shift produced by an
arm-length change. Power Recycling Mirror (PRM) forms a resonant cavity between
the laser source and Michelson construction is made to increase the effective laser
power. With aLIGO, signal recycling is added to the interferometer [507]. The Signal
Recycling Mirror (SRM) at the anti-symmetric output of the Michelson is used to
effectively lower the arm cavity fitness for GW signals and thereby maintain a broad
detector frequency response. Fig.7.4 shows the simplified layout of aLIGO for O3:

At the input part, there is a pre-stabilized laser light at 1064nm with the phase
modulating electro-optic modulator with three radio frequencies used for length and
angular control. Fabry-Perot cavities increase the light interaction time with GWs, and
these arm cavities are formed from Input Test Masses (ITMs) and End Test Masses
(ETMs). The signal recycling cavity formed with signal recycling mirror and the ITMs
broadens the detector bandwidth [510, 471].

7.1.3 Virgo

The Virgo interferometer is a French-Italian detector with 3km arms is located at
the Cascina near Pisa, Italy [511]. In most respects Virgo is similar to LIGO with a
major difference that Virgo implements a very sophisticated seismic isolation system
and control of vibrational noise, promising extremely good low frequency sensitivity.
Its goal is to observe at the lowest possible frequencies from the ground, at least partly
to be able to examine as many pulsars and neutron stars as possible. The aerial view
of the Virgo site is shown in Fig.7.5.

Thanks to aLIGO-AdV, not only physics of gravitational waves can be stud-
ied but also the cluster of detectors have enabled novel tests of general relativ-
ity including direct study of polarization of GWs [512, 513] in addition to being
an excellent laboratory for SGWB tests. In the next days, with the cluster of
aLIGO-AdV detectors, galactic and extragalactic continuous GWs from neutron stars
[514, 515, 516, 517, 518, 519, 520, 521, 522, 523, 524] and boson clouds around spinning
black holes are expected to be detected [455]. Other anticipated events including su-
pernovae [525], cosmic strings [390], previously unidentified source [526, 527] or SGWB
[528, 454] is expected to be detected [128].

The advanced versions of LIGO and Virgo are designed to operate in the fre-
quency range ≈ 10−103Hz whereas space-based detectors will cover the range between
10−4−10−1Hz which are expected to be able to measure gravitational wave strains less
than h ≃ 10−21. At the lower frequency level, the Pulsar Timing Arrays will detect
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Figure 7.4: Top: Advanced LIGO optical configuration from [471]. The mirrors at
the input and end of both arms (labelled respectively ETM and ITM) are suspended
form quadrupole-stage pendulums in addition to active seismic isolation systems [508].
bottom: O3 configuration of aLIGO from [509].

GWs in the range around 10−8Hz. Measurement of CMB polarization will also help
us to probe gravitational events at about 10−16Hz. In addition to these experiments,
GEO600 with 600m arms which is located near Hannover, Germany [529, 530, 531] is
a intereferometer constructed by German-English collaboration. GEO600 with 600m
is a leading-edge-technology detector where high performance suspensions and optical
tricks like recycling has been applied. Despite its shorter arms, GEO600 with 600m
achieves sensitivity comparable to the multi-kilometer instruments using advanced in-
terferometer techniques. Other such mission includes TAMA 300 which is a three hun-
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Figure 7.5: Aerial view of the Virgo site from https://www.ligo.caltech.edu.

dred meter interferometer operating near Tokyo [532, 533] operates with cryogenically
cooled mirrors.

7.1.4 Einstein Telescope

The Einstein Telescope (ET) is an upcoming underground telescope aimed to test
Einstein’s theory of General Relativity in strong gravity regime. In order to minimize
seismic noise and improving the sensitivity at few hertz range, the detector will be
placed in the underground region with a depth of 100−200m. Also cryogenic technology
in order to prevent thermal noise will be partially implemented in order to cool down
the mirrors to directly reduce thermal vibration of the test masses. The design of ET
consists of three detectors arranged in a triangular pattern having each side of triangle
10 km long and composed by two arms of different detectors. The ET similar to the
Cosmic Explorer which we discuss below will also consist of three nested detectors,
each composed of two interferometers with arms 10 km long. One interferometer will
detect low frequency GW signals (2-40 Hz), while the other one will detect the high
frequency components. The configuration is designed to allow the observatory to evolve
accommodating successive upgrades until reaching a sensitivity expected 100 times
more than current instruments.

Each individual detector will comprise two independent interferometers: one work-
ing at the low frequency range: 1.5 − 30Hz and the other at high frequencies
30Hz − 10kHz. The one dedicated to the high frequency GWs will operate at room
temperature and the interferometer laser will be emitted at a power about 3MW. For
the low frequency detector, a cryogenic technology will be used in order to operate at
the temperature of 10K and to use a laser power of 18kW. Bottom sub-figure of Fig.7.6
shows the target sensitivity curves of ET compared with those of advanced Virgo:

Deci-Hertz Interferometer Gravitational Wave Observatory The Deci-Hertz
Interferometer Gravitational Wave Observatory (DECIGO) is a Japanese space-based
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Figure 7.6: Top: ET configuration, bottom: The separate contributions from the LF
(lower frequency) and HF (Higher frequency) instruments to the sensitivity of ET,
original plot taken from [534].

observatory in a triangular constellation of satellites orbiting around the Sun. It is
a detector with two 104km triangular interferometers forming a star-like shape, along
with two additional triangular interferometers on independent orbits for improved sky
localization, resulting into a total 8 independent interferometers. The interferometry
will be sensitive in the band between 0.1Hz and 10Hz with separation about 1000km
[535].

7.1.5 Cosmic Explorer

Cosmic Explorer (CE) is a ground based next-generation detector designed with the “L”
configuration similar to LISA and Virgo Collaboration (LVC) but with 40km long arms
to improve measurement sensitivity significantly [536]. This concept maximizes the
scientific output as the 40 km detector can be optimized for deep broadband sensitivity,
while the 20 km detector is capable of tuning its sensitivity to the physics of neutron
stars after they have merged. These arm-lengths are enclosed in ultra-high vacuum
tubes with cryogenic technology to allow up to an order-of-magnitude improvement to
aLIGO’s design sensitivity O5. This cryogenically cooled vacuum tubes will enable to
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perform CE’s sensitivity below 10 HZ. With ten times the sensitivity of aLIGO, CE will
push the reach of GW astronomy towards the edge of the observable Universe z ∼ 100
[537]. CE will map the population of compact objects across time, detect mergers of
first black holes that contributed to seeding the Universe’s structure, and reveal the
processes that create black holes and neutron stars along with finite-temperature region
of the quantum chromodynamics phase space. Three fundamental science themes CE
will address are as follows:

• black holes and neutron stars throughout the cosmic time,

• dynamics of dense matter,

• extreme gravity and fundamental physics.

The optical layout of the CE configuration is shown in Fig.7.7:

Figure 7.7: Optical layout of the Cosmic Explorer detector concept, original image
taken from [537].

CE interferometry All direct detection of gravitational waves till date have been
made with laser interferometers using Michelson interferometers enhanced with optical
cavities in the so-called “dual-recycled Fabry-Perot Michelson” (DRFPMI ) configura-
tion. The longer arm-length will increase the amplitude of the observed signal with
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effectively no increase in the noise. The DRFPMI is shown in top subfigure of Fig.7.7 is
the improved version of the Michelson interferometer. In this configuration, the input
test masses are added to each arm to make Febry Perot cavities which increases the
power stored in the arms and decreases the quantum shot noise. Also, a power recy-
cling mirror is added to the symmetric port which further increases the power stored
in the interferometer and provides positive filtering of laser noise. Finally, a single
extraction mirror is added to the antisymmetric port which forms a single extraction
cavity. The bandwidth of the interferometer can be tuned to enhance the sensitivity
relevant for a particular science case by simply changing the reflectivity of the mirror.
This entire structure of input and end test masses from two arm cavities together with
the beam splitter, power recycling mirror and signal extraction mirror comprise the
core of the DRFPMI. CE will use large 320kg test masses made into highly reflective
mirrors through the use of thin-film coatings consisting of alternative layers of high and
low refractive index materials. The more massive test masses serve to reduce quantum
radiation pressure noise.

The light carrying the GW signal is spatially filtered and read out from the anti-
symmetric port by a balanced homodyne detector comprised of two photodiodes and
output mode cleaners. A high power laser is injected into the symmetric port of the in-
terferometer after passing through two input mode cleaners which assist in producing a
frequency and intensity stabilized beam with a spatially clean mode. The squeezer gen-
erates squeezed vacuum states which are reflected off of a filter cavity and injected into
the antisymmetric port to provide broadband quantum noise reduction. The beam-
splitter is shown with the high reflective surface facing the antisymmetric port rather
than the laser, unlike current detectors to minimize loss in the signal extraction cavity.
The CE sensitivity curves showing the lead in the sensitivities of current and upcoming
detecting missions are shown in Fig.7.8:

7.2 Space based detectors

In this section, we describe how GWs can enter the territory of the unknown and
bring us the information about the early cosmos by shifting the detection missions to
the space. By such missions, thanks to negligible seismic noises and nose reduction
methods, we can expect to hear the cosmic sounds from the very far objects.

7.2.1 Laser Interferometer Space Antenna

Laser Interferometer Space Antenna (LISA) has been proposed as a joint NASA-ESA
project which is now a project lead by ESA with the support of NASA. LISA is expected
to detect GW induced strains in space by measuring changes of the separation between
fiducial masses in three spacecraft triangle separated by about 5 million kilometers. As
a first step, LISA Pathfinder was launched in December 2015 to test in the flight
the concept of low-frequency gravitational wave detection. It put two test masses
in a near perfect gravitational free-fall, controlled and measured their motion with
unprecedented accuracy. For this, it used inertial sensors, a laser metrology system,
a drag-free control system and an ultra-precise micro-propulation system [241]. The
result of the experiment was the finding that the test masses in the spacecraft are falling
freely through space under the influence of gravity alone and remained unperturbed
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Figure 7.8: Top: Amplitude spectral densities of detector noise for CE, the current
(O3) and upgraded (A+) for aLIGO, LIGO, NEMO and the three paired detectors
of triangular Einstein telescope. At each frequency the noise is referred to the strain
produced by a source with optimal orientation and polarization. Bottom: maximum
redshift (vertical axis) at which an equal mass binary with with an SNR of 8 is shown.
Different curves represent different detectors. For BNS, CE will probe z > 1 where
most of the mergers are expected to happen. For BBHs, it will able to explore redshifts
of 10 and above, where mergers of black holes are formed either by the first stellar
population in the Universe or by early quantum fluctuation/ primordial black holes
might be found. These two images show the leap in the sensitivity between the 2G and
3G detectors with image taken from [537].

by other external forces to a precision substantially better than the required one.

LISA is the first space mission to probe the lowest frequency regime of the Universe
which would shed light on the formation of first seed black holes, explore redshifts
z ∼ 20 prior to the epoch of cosmic reionization and also examine systems of Super
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Massive Black Holes (SMBHs) with mass ≈ 108M⊙. LISA which is expected to be
launched in 2034 would be the first mission to study the entire Universe with GWs
and would be all-sky monitor providing closet ever view of the TeV scale Universe.
The LISA mission will scan the entire sky as it follows behind the Earth in its orbit,
obtaining both polarisations of the GWs simultaneously, and will measure the source
parameters with astrophysically relevant sensitivity in a band from below 10−4Hz to
above 10−1Hz. At about ≈ mHz approximately 10−20 strain resolution can be achieved.
The observatory consists of three arms (L ≃ 5×106km) [123] with six active laser links
between three identical spacecrafts in a triangular formation separated by 2.5 million
km. The system of three arms and three identical spacecrafts in a triangular formation
in a heliocentric orbit would trail the Earth by 20◦ and the Sun with 60◦ inclination
w.r.t. the plane of inclination. These three arms can be combined in different ways
to form two independent interferometers. During the mission, the configuration of
the spacecraft rotates in its plane and the plane rotates as well, leading to sweeping
the sky by LISA’s antenna pattern. Continuously operating laser hetrodyne interfer-
ometers measure with pm/

√
Hz sensitivity in both directions along each arm, using

well-stabilized lasers at 1064nm delivering 2W of power to the optical system. The
Interferometry Measurement System is using optical benches in each spacecraft. They
will be constructed form ultra-low expansion glass-ceramic to minimize optical path
length changes due to temperature fluctuations. 30 cm telescopes transmit and receive
the laser light to and fro from the other spacecraft. Three independent inteferometric
combinations of the light travel time between the test masses are possible which allows
the data processing on the ground the synthesis of two virtual Michelson interferome-
ters plus a third null-system which is known as the “Sagnac configuration”. The two
independent Michelson interferometers allow simultaneous measurement of the two pos-
sible polarisations of GWs and the Sagnac combination can be used to characterise the
instrumental noise background. A mission lifetime for LISA is expected to be 4 years
extendable to 10 years. The proposed orbit for LISA is an Earth-trailing heliocentric
orbit between 50 and 65 million km from Earth [538]. In order to guarantee that the
intereformetry is not disturbed by external forces such as fluctuations in solar radiation
pressure, the mirror that is the reference point for the interferometry is on a free mass
inside the spacecraft. The spacecraft acts as an active shield, sensing the position of
the free mass, firing the jets to counteract external forces on itself and ensure that it
does not disturb the free mass. This aspect is known as the drag-free control [131].
The entire orbital configuration of LISA is shown in top and the expected sensitivity
and some potential signals for LISA mission are shown in the bottom of the Fig.7.9
and the expected GW spectral energy density for different values of tensor spectral
index corresponding to the consistency relation r = −8nT is presented in below part
of Fig.7.10 respectively:

LISA being the first promising space mission would probe the expansion of the
Universe using GW sirens at high redshifts and a broken power-law stochastic back-
ground from early Universe. LISA would be the mission to probe low frequency GWs
≈ 0.3mHz to about 0.1Hz which will allow us to investigate the history of the Universe
when it was less than 200 million years old, test gravity in the dynamical sector and
in the strong field regime. The LISA mission will be able to simultaneously observe a
GWB produced by the superposition of large number of independent sources of astro-
physical or cosmological origin [540], in the LISA frequency band [10−5, 1]Hz different
independent sources can be distinguished including the galactic foreground from Dou-
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Figure 7.9: Top: Depiction of the LISA orbit from [538], bottom: Examples of GW
sources in the frequency range of LISA compared with its sensitivity for a 3 arm
configuration. The data plotted are in terms of dimensionless characteristic strain
amplitude [538].

ble White Dwarf binaries in our galaxy [541] observed as a modulated waveform [542]
and the astrophysical background produced by BBH and BNS systems which can be
predicted from the LIGO/Virgo detections. LISA will be able to detect known binary
star systems in the Galaxy and binary coalescence of SMBHs everywhere in the Uni-
verse. Also LIGO/Virgo and LISA are able to place model-independent constraints on
the stochastic signal from exotic compact objects such as GW emission from compact,
horizonless spinning BHs or the black hole mimickers [543]. The ability of LISA to
measure the GWB created by cosmic strings has been analysed in [544]. LISA will be
able to probe cosmic strings with tension Gµ ≥ O10−17, improving by about 6 orders
of magnitude current Pulsar Timing Array (PTA) constraints and about 3 orders of
magnitude with respect to expected constraints from next generation PTA observato-
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Figure 7.10: GW spectral energy density for different values of nT are shown with
solid lines: nT = −r/8 (brown), nT = 0.18 (red) and nT = 0.36 (orange). The r
value is fixed at r0.05 = 0.07 which is also assumed TR = 1016GeV. Short dashed lines
are current bounds related to: aLIGO data corresponding to O1: 2015-16 (yellow),
combined analysis of Planck data, BAO and BBN measurements providing integral
bound of ≈ ΩGW < 3.8× 10−6 (black), gray dots corresponding to the bound provided
by EPTA (assuming nt = 0). Long dashed lines showing expected power law integrated
sensitivity curves for the following missions: BBO (violate), eLISA mission L6A5M5N2
(blue), eLISA mission L4A2M2N1 (green) and aLIGO-AdV O5: 2020-22 (magenta)
[239]. The eLISA configuration is described in [539].

ries. The sensitivity of LISA to detect anisotropies of SGWB is investigated in [415].
Also LISA, in addition to advance ground based detectors can probe non-Gaussian and
polarized cosmological background as analysed in [406].

In addition to LISA, in 2013 the European Space Agency has approved a GW ob-
servatory in space as the L3 mission of its “Cosmic Vision Program” scheduled for
lunch around 2030-2034 for which the evolved LISA (”e-LISA”)- space-based interfer-
ometer is the main candidate which is designed to probe the mHz region [545]. eLISA
low frequency noise level has been recently tested by the LISA pathfinder mission 3

and according to the first result [546], the expected noise is about one hundred times
better than the original requirement of the instrument. The capability of eLISA in
probing the acceleration of the Universe and forecast of capability to constraint models
of early and interacting dark energy has been developed using GWSS in [547] and [548]
respectively. The sources expected to be probes by LISA are as follows [123]:

• Galactic compact objects (BNS, BBHs) in the Milky way would be numerous
such that their signal can be interpreted as background noise by LISA, other
objects such as supermassive black holes at about z ≃ 15 can be detected few
times per year,

• Periodic emitters (in the high frequency band) such as isolated neutron stars,

• Coalescing binaries containing black holes formed following the merger of galaxies
or pregalactic structures hosting black holes at their cores. Depending on the

3https://sci.esa.int/web/lisa-pathfinder
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mass of the binaries, the waves from these coalescence could detect fairly large
redshifts (z ∼ 5− 10) possibly probing an early epoch of cosmological structure
formation [343].

• Very low frequency region 10−9 ≤ f ≤ 10−7Hz, and

• Ultra low frequency 10−18 ≤ f ≤ 10−13Hz belonging to very early (inflationary)
phase of the Universe.

7.2.2 Big Bang Observer

The Big Bang Observer (BBO) is a space-based interferometer developed by ESA aimed
to detect GWs of cosmological origin. BBO will consist of three different constellations
of satellites, two of them composed of three spacecrafts in triangular configuration and
the third one with six spacecrafts in a hexagram configuration. The design of BBO is
similar to LISA but with twice as many proof masses separated by a shorter distance
(≃ 100) times shorter, forming a “Star of David” design. The expected sensitivity of
BBO lies in ≃ 0.1−1Hz frequency range. The sensitivity will improve from LISA with
laser power of 300MW for each laser. The distance between the spacecrafts in BBO
would be 50000km. Fig.7.11 shows the basic structure of the mission:

Figure 7.11: Proposed design for the BBO from [549].

Since we are entering the realm of observational GW astronomy thanks to LIGO
[471], Virgo [474], KARGA [550] and global observatory network [479], number of
detection of GW signal in the range 10− 1000Hz has increased [551]. Simultaneously,
GW searches in the nHz band with PTAs [552, 553, 554, 555] are expected to make
their detections in the coming few years. By the mid 2030s, these experiments are
expected to be strengthen by third generation interferometers such as ET [480] and
LISA [538] which will shed light on mHz frequency band. [556] have shown that third
generation ground based GW detectors such as Einstein Telescope and Cosmic Explorer
will have sensitivities sufficient enough to directly observe almost every coalescing BBH
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event in the Universe by subtracting confusion background potentially at the level of
ΩGW ≃ 10−13 after five years of observation and also opening possibility to detect
PGWB. The problem of successfully subtracting confusion noise/binary foreground
has been discussed in [557, 558] in the context of Big Bang Observer. The strain
sensitivity for different detectors is shown as below in Fig.7.12:

Figure 7.12: Designed power spectral density of second generation detectors: aLIGO,
AdV, KAGRA and proposed sensitivity of third generation detectors ET and CE along
with expected intermediate sensitivities such as Advanced LIGO Plus (A+) and Voy-
ager [556].

As shown in Fig.7.12, we can investigate the evolution of number of detections as
the detector sensitivity increases from second to third generations and the number of
detections in the network increases from three to five: two advanced version of the
LIGO detectors were joined by Virgo and KAGRA. In summary, the observational
landscape is intriguing and covers large band of frequencies: at extremely low frequen-
cies ∼ 10−16Hz bounds mainly come from the analysis of CMB B-modes while at low
frequencies at the order ∼ 10−10 − 10−6Hz there lies Pulsar Timing Arrays (PTA)
such as the radio telescope Parks Pulsar Timing Array4 (PPTA), the Large European
Array for Pulsar Timing 5 (LEPTA) and the upcoming International Pulsar Timing
Array 6 (IPTA). At the frequency range ∼ 106 − 100Hz detection depends on space-
based detectors such as Laser Interferometer Space Antenna 7 (LISA) and the evolved
Laser Interferometer Space Antenna 8 and finally at high frequencies (10− 105Hz) we

4http://www.atnf.csiro.au/research/pulsar/ppta/
5http://www.leap.eu.org
6http://www.ipta4gw.org
7https://www.lisamission.org
8https://www.elisascience.org
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Figure 7.13: Top: Characteristic strain against frequency for a variety of detectors and
sources [258], Bottom: Dimensionless energy density in GWs against frequency for a
variety of detectors and sources [258].

have LIGO and its advanced version aLIGO, Virgo 9, the Einstein Telescope 10 and
Cosmic Explorer [481]. Thanks to the higher sensitivity, SGWB generated by infla-
tionary and post-inflation related mechanism can be probed by LIGO/Virgo, LISA
or ET [240, 239, 559, 342]. In the absence of direct detection of SWGB of either as-
trophysical or cosmological origin, the upper bounds placed on GW energy density
ΩGW from different cosmological probes include: ΩGW (f = 25Hz) < 4.8 × 10−8 from
LIGO/Virgo, ΩGW (10−10 < f < 10−6Hz) < 1.3× 10−9 from PTA [560], also in case of
anisotropic upper bound ΩGW (f = 25Hz) < 6 × 10−8 from LIGO/Virgo O1+O2 and
ΩGW (f = 1yr−1) < 3.4× 10−10 [409]. Plots 7.13 respectively shows different detectors
and sources showing characteristic strain and dimensionless energy density in GWs
against frequency.

It is important to note that there exist a well-known gap roughly at 10−7 − 10−4Hz
frequency in the GW landscape between the sensitivity band of PTA and upcoming
space missions such as LISA. This µHz gap can be filled by using ”astronomical scale
detectors” which is quite futuristic proposal however, [561] proposed searching for the
deviations in the orbits of binary systems caused by their resonant interactions with

9https://www.ego-gw.it/public/about/whatIs.aspx
10http://www.et-gw.eu
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GWs. This work shows that Lunar Laser Ranging (LLR) and timing of binary pulsars
can place stringent new bounds in the µHz band, while Satellite Laser Ranging (SLR)
can be used to explore the LISA band even before LISA flies. Fig.7.14 shows the
power-law integrated (PI) sensitivity curves along side the sensitivity curves of various
other current and future GW experiments. For each of the binary resonance probes two
sensitivity curves: one reflecting data available in 2021 and another one which should
be available in 2038 by which time LISA is expected to have completed its nominal
4-year mission. In the late 2030s, in addition to LISA, highly sensitive SGWB searches
by the ET, the Square Kilometer Array (SKA) [562] and some km-scale versions of the
atom interferometers like AION [563] or MAGIS [564] which occupy the frequency band
between LISA and ground based interferometers are expected to join the searches.

Figure 7.14: SGWB sensitivity curves of current and upcoming GW experiments, solid
curves indicate results from LIGO/Virgo/KAGRA (LVK) collaboration, gravimeter
monitoring of the Earth’s normal modes, Doppler tracking of the Cassini spacecraft,
pulsar timing by the Parkes PTA, indirect constraints from Neff , and expected present
day sensitivities of binary resonance searches with binary millisecond Pulsars (MSP),
LLR and SLR. The shaded region shows the numerical results and the dashed curves
indicate binary resonance forecast sensitivities for 2038 along with expected bounds
from LISA, ET, SKA, AION and improvedNeff constraints. The purple curves indicate
the possible signal identified by NANOGrav, the yellow curve shows two First Order
Phase Transition (FOPT) spectra, the orange curve shows the predicted spectrum
from a population of horizonless Super Massive Black Holes (SMBH) mimickers, and
the pale green curve show the predicted spectra for ultralight bosonic condensates
around SMBHs [561].

7.3 Pulsar Timing Array

An array of millisecond pulsars distributed across the sky can be used to span the region
of ultra-low (nanoHertz) [565] range of frequency spectrum (the domain of SGWB and
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GWB by SMBBHs) by searching a correlated signal of arrival time from Pulsars arising
from the influence of gravitational waves at the Earth. Third generation ground-based
laser interferometers such as ET and CE would be more sensitive in the frequency
range ≃ 1 − 104Hz. However, to observer compact object systems in their earlier
phases alongside other low frequency ([10−5, 1]Hz) sources such as Extreme Mass Ratio
Inspiral (EMRIs) and merging SMBBHs, we need space-based detectors that bypass
problems due to seismic noise of the Earth. The Pulsar Timing Array is such a potent
methodology which in synergies with other space-based mission such as LISA can help
to uncover the sources lying so far and hence can help us to hear the whispers of the
very infant Universe. Pulsar Timing Arrays (PTAs) use sets of extremely well-timed
pulsars as a Galaxy scale detector [566] with arms extending between Earth and each
pulsar in the array.

Neutron stars (NSs) are the collapsed cores of massive stars that have undergone
a supernova explosion after the end of nuclear burning and are supported by neutron
degeneracy pressure to prevent further collapse [567, 568, 569]. Since NSs are more
compact than their progenitor stars, they tend to exhibit very short rotational periods
and extremely strong magnetic fields. The magnetic axis is generally not aligned with
the spin axis, so the resultant magnetic dipole radiation in the atmosphere of the NS
is swept around in space. Depending on the orientation of the beam and its width,
Earth may covered by the radiation beam once per rotation which causes the NS to be
detected as a source of pulsed radiation or the “pulsar”. Below Fig.7.1511 represents
the PTA centering the Earth:

Figure 7.15: Illustrative representation of the Earth embedded in space-time which
is deformed by the GWB and its effects on the radio signals coming from observed
pulsars.

A pulsar is a highly magnetized, rapidly rotating neutron star that emits beamed
radio and high energy X-ray or γ-ray radiation. A pulse of radiation is seen each time
the beam crosses the line of sight of an observer which gives rise to a pulse profile which

11http://nanograv.org/press/2021/01/11/12-Year-GW-Background.html
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encodes the information about the structure of the magnetosphere and the emission
process [570]. This pulse profile and the rotation of the pulsar itself are observed to
be very stable over long timescales. These two factors allow to be used as precision
astronomical clocks.

Pulsars typically have periods P ≃ 10ms but due to loss of rotational energy, they
quickly spin down to P ≃ 0.1 − 1s. Radio emission will continue for ≃ 10 − 100Myr
after which a pulsar will become a quiet neutron star. However, if the pulsar exists in
a binary system, it may become a Millisecond Pulsar (MSP), where mass and angular
momentum are accreted from a companion star, spinning the pulsar back up to periods
P < 10ms while simultaneously decreasing magnetic field to B ≃ 108 − 109G. Due to
their lower magnetic fields, MSPs spin down much slower than non-recycled pulsars,
having lifetime greater than 10 billion years [570].

The extremely precise rotational stability of MSPs makes them suitable for mea-
suring minute deviations in the expected Time of Arrival (ToA) which is accomplished
through phase coherent pulsar timing accounting for every rotation of the pulsar over
time spans much greater than the star’s rotational period. The pulsar ToA are not di-
rectly measured but inferred by the observed pulse profile which shows how the pulsar
luminosity changes with the pulsar phases [571]. It is important to note that single
pulses are too weak to detect independently and it also includes large variability be-
tween each observed pulse profile. By subtracting the observed pulsar arrival times
with the expected arrival time which are known as timing residuals, pulsars can pro-
vide information about the the effect of passage of GWs. A common procedure used to
increase the SNR [572] and to improve detection stability is to produce the integrated
pulse profile taking the average of a series of pulses. This reduces the uncorrelated
Gaussian noise, giving more clean and stable pulse profile. Then the corresponding
ToA is obtained by cross-correlating it with high signal-to-noise template which typi-
cally is the sum of pulse profiles over many epochs [573]. The effect of GWs on pulsar
timing was first described by [574] and recently by [575]. A GW passing over the
Earth-pulsar system will introduce a time variable redshift into the pulsed signal [566]:

z(t, Ω̂) ≡ (v(t, Ω̂)− v0)/v0 (7.8)

where Ω is the direction of propagation of GW, v0 is the reference frequency and
v(t, Ω̂) is the observed pulse frequency which is defined by the geometry of the system
and the GW properties such as polarization and amplitude. The integral of these
redshifts quantifies the impact on the timing residuals:

r(t) =

∫ t

0

z(t′, Ω̂)dt′ (7.9)

To characterize the SGWB statistically, ensemble average of its components i.e.
random variable is considered, and assuming that the SGWB is isotropic and the
combination of GWB do not have any polarization components, the solution of cross-
correlation of timing residuals is solely a function of pulsar angular separation. Plotting
this function over angular separation gives the Hellings and Downs curve [576] as shown
in Fig.7.16:

Sources of PTA Continuous gravitational wave emitted by a single supermassive
binary black holes (SMBBHs) will lead to sinusoidal deviation in timing residuals, while
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Figure 7.16: The Hellings and Downs function (C(ζ)) plotted as a function of the
angular separation (ζ) between the MSPs, expressed in radians. The function C(ζ)
indicates the cross correlation between the monitored MSPs expected in the case of
the GWB. Image taken from [571].

the superposition of all GW emitting SMBBHs in the Universe will have a stochastic
signature. More precisely contributors to the GWB spanned by PTAs are as follows:

• Continuous waves : GWs expected from SMBBHs that are close enough to the
Earth [577, 578, 579, 580],

• GW bursts : single GW emission events such as encounter between SMBHs and
cosmic strings [333] could result into a single burst of GWs which might be
detectable provided that the burst lasts sufficiently long for it to affect multiple
subsequent pulsar observations and is sufficiently bright to stand out of noise,

• Bursts with memory (BWMs): bursts that are too faint to detect individually
could still be detected as a memory event where the permanent deformation of
the space-time metric [581] leaves a lasting impact on the pulse frequency causing
the impact on the timing to accumulate over time.

• Early Universe sources such as cosmic strings [582, 467, 397], GWB due to phase
transition [583, 584], QCD matter confinement, inflation [585, 237], dark matter
and primordial black holes [586], SGWB due to other models, e.g. quantum
mechanical generation of cosmological perturbations [233] etc.

• Astrophysical sources [580] and,

• Physics beyond the standard model of particle physics [587].

The Pulsar Timing Array consortium is known as the International Pulsar Tim-
ing Array (IPTA) [555] with the goal of facilitating GW science through data and
code sharing. The North American Nanoherts Observatory for Gravitational Waves
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(NANOGrav) [259, 553, 588], the European Pulsar Timing Array (EPTA) [589, 590]
and the Parkes Pulsar Timing Array (PPTA) [591, 591] are the major dedicated mis-
sions for the PTAs falling under IPTA. The 12.5 year PTA data set collected by the
NANOGrav (NG12) finds strong evidence of a stochastic process modelled as a power-
law [592, 593] in the timing behaviours of all pulsars in data set. The resultant power
spectrum estimates for a spatially uncorrelated common-spectrum process is shown in
Fig.7.17:

Figure 7.17: Power spectrum estimates for NG12 data set. Posterior for a common
spectrum process in NG12 with four models: free-spectrum (grey violin plots), broken
power law (solid blue lines and contours), 5-frequency power law (dashed orange lines
and contours) and, 30-frequency power law (dot-dashed green lines and contours).
Image taken from [592].
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Chapter 8

Mock maps of primary and
lens-induced AGWB anisotropies
from the DEMNUni simulations

The secret of getting ahead is
getting started.

Mark Twain

In this chapter, we present the methodology implemented to create from Nbody
simulations mock of maps of primary and secondary (lens-induced) anisotropies in the
AGWB energy density from Nbody simulations. We show, for the first time in the
literature, simulated nonlinear cross-correlation signals between the AGWB density
and maps of galaxy distribution, cosmic shear, CMB convergence and ISW/RS effects.
To this goal we exploit mock data from the DEMNUni simulations in the ΛCDMmodel.
In a forthcoming work we will also consider the impact of massive neutrinos and dark
energy, and introduce the effect of the time derivative of gravitational potentials as a
secondary anisotropy of the AGWB energy density from the same set of simulations.

8.1 Cross-correlating primary AGWB anisotropies

with cosmological probes

The cross-correlations between the SGWB, more precisely between the AGWB and
traditional cosmological probes such as CMB, weak lensing and galaxy distributions
represent completely new signals that can be exploited at cosmological and astrophysi-
cal levels. The information extracted in the upcoming years via future GW observato-
ries from such cross-correlations would be as crucial as those from the cross-correlation
between CMB and LSS in past decades. Since the population of gravitational wave
sources is a biased tracer of the underlying dark matter distribution, the AGWB cross-
correlations with CMB and LSS will provide a new handle on cosmology and structure
formation. Such new signals will not only help to put constraints on astrophysical
models but also, from the cosmological side, on neutrino masses, modified gravity and
dark-energy models, affecting both the AGWB and CMB/LSS probes.

169
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Figure 8.1: Map of the GW overdensity δsGW showing distribution of GW sources
constructed from Millennium all-sky mock lightcone catalogue (zmax = 0.78) [439,
440, 441, 442] generated with the HEALPIX NSIDE = 256 corresponding to an angular
resolution of 13.7 arcminutes and an average of 7.3 galaxies per pixel from [432].

8.2 AGWB synthetic map realisation

As we described in Chapter 6, to construct our mock AGWB overdensity maps we use
analytical input Cls from Eq.(6.64) [432] which include contributions from BNS, BBH
and BHNS mergers (and correctly for the aim of this work does not account for any
effect from LSS on GW propagation):

Cgw(θo, νo) =
π2(tHνo)

6
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(8.1)

After subtracting the dipole contribution from the observer peculiar velocity, the
Cls in Eq.(8.1) correspond to the angular power spectrum of what we call the primary
anisotropies, δsGW , in the total AGWB energy density distribution shown below:

Ωgw(ν0, ê0) =
π

3
(tHν0)

3

∫ ∞

0

dz
1 + z

E(z)
+

∫
dζn̄R(1 + δn + ê0 · v0)

∫
s2
d2σsr

2
s h̃

2 (8.2)

Fig.8.1 shows, after monopole and dipole subtraction, the HEALPix map of the
AGWB overdensity distribution, δsGW , obtained from the Millennium all-sky mock
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Figure 8.2: Top: Angular power spectra showing approximate contribution to the
anisotropic variance of δsGW as a function of ln l, normalised to the monopole Ω̄gw =
5.4 × 10−11 at νo = 100Hz. The red curve shows the analytic prediction from [432],
while the blue curve shows the spectrum computed from the HEALPix map shown in
Fig. 8.1. Both curves include error regions from cosmic variance, while the blue curve
includes Poisson errors associated with the finite number of galaxies per pixel in the
HEALPix map [432]. Bottom: Angular power spectrum Cl, associated to the δsGW map
obtained after summation of δsGW partial-maps produced, at the same redshift bins of
the Millennium lightcone up to z = 0.78, as synthetic all-sky Gaussian realisations of
the Cl in Eq.(8.1).

lightcone catalogue (zmax = 0.78). The corresponding angular power spectrum is shown
in blue in the top panel of Fig.8.2.

Moreover, in the bottom panel of Fig.8.2 we show the total angular power spectrum,
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Cl, associated to the δsGW map obtained after summation of δsGW partial-maps produced
(at the same redshift bins of the Millennium lightcone up to z = 0.78) as synthetic
all-sky Gaussian realisations of the analytical partial-Cl computed in each redshift
bin. Such Gaussian maps have been obtained by means of the synfast routine of
the HEALPix package. We use this routine to create HEALPix maps computed as
realisations of random Gaussian fields on a sphere characterised by the input theoretical
angular power spectra Cl in Eq. (8.1). The total operation count scales as O(N

3/2
pix )

with a prefactor dependent on the limiting spherical harmonics order lmax of the actual
problem. For such realisations we have chosen lmax = 1000 and Nside = 2048, therefore
the map resolution is ∼ 1.72 arcmin with Npix = 50331648 pixel in total.

As can be observed, on scales l > 10 the blue and black curves look very similar,
meaning that the analytical approximation in Eq. (8.1) is quite accurate. On scales
l < 10 finite volume effects and box replication from the Millennium simulation start
to dominate producing artificial excess of power.

In order to produce synthetic δsGW maps that correctly cross-correlate with the
galaxy catalogues from the DEMNuni simulations, we have followed an approach simi-
lar to the one used to reproduce the black curve in Fig.8.2, but, this time, not creating
via synfast Gaussian realisations, rather constrained realisations of the δsGW partial-
maps by using the partial-Cl computed in each redshift bin together with the phases
extracted from the DEMNUni galaxy partial-maps (which are described in the follow-
ing Section). In order to extract the phases of the galaxy partial-maps we have used the
HEALPix routine anafast. This routine performs harmonic analysis of the HEALPix
maps up to a user specified maximum spherical harmonic order ℓmax. The integrals are
computed on the whole sphere, unless the user chooses a provided option to excise from
the input maps a simple, constant latitude, symmetric cut, and/or apply an arbitrary
cut read from an external file. Scalar, or scalar and tensor, spherical harmonic coeffi-
cients are evaluated from the maps. The total operation count scales as O(N

1/2
pix ℓ

2
max).

Anafast reads one or two files containing the maps and produces a file containing the
their auto- or cross- angular power spectrum Cℓ. The aℓm coefficients computed during
the execution also can be written to a one or two files if requested. Anafast executes
an approximate, discrete point-set quadrature on a sphere sampled at the HEALPix
pixel centers. Spherical harmonic transforms are computed using recurrence relations
for Legendre polynomials on co-latitude, θ, and Fast Fourier Transforms on longitude,
ϕ. By mean of anafast we have extracted the alm of the partial-maps, and we have
divided such alm by the square root of the galaxy angular power spectra extracted
from the galaxy partial-maps again via anafast, divided by 2. Considering a Cholesky
decomposition, this amounts to use a correlation coefficient r = 1 in order to gen-
erate the alm of the constrained realisations. This approach works properly since in
Eq.(8.1) what really matters is the autocorrelation function of the galaxies hosting the
GW sources. The distribution of such galaxies, or better its phases in the spherical
harmonic domain, can be different from the galaxy distribution in the DEMNUni cat-
alogues only at very small angular separations where nonlinear non-Gaussianity and
scale-dependent bias effects become important. However, given the limited angular
resolution (l < 200) of forthcoming GW interferometers, we are not interested in sim-
ulating such small scales and the corresponding very nonlinear effects. Therefore we
can assume that, on such large scales, galaxies are linear tracers of the dark matter
field with the same phases. Then, the unique difference, with respect to the galaxy
distribution in the DEMNUni simulations, is given by the amplitude of the host galaxy
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correlation function, i.e. their bias with respect to dark matter. By normalising the
alm of the DEMNUni galaxy partial-maps by their amplitude, we get rid of such a
difference, and we account for the correct bias of the host galaxies by inputting in
synfast the Cl of the δ

s
GW partial-maps. Moreover, using the DEMNUni simulations

has an important advantage, since their comoving box spans a volume 64 times larger
than the Millennium one, and therefore can mimic the AGWB anisotropies on much
larger scales than the latter.

Therefore, using the procedure of constrained realisations as explained above, we
have produced integrated δsGW total-maps from z = 0 up to z = 2 (i.e. the redshift
range covered by the DEMNUni galaxy lightcone), for the AGWB generated by GW
sources in the same redshift range and that can be correctly cross-correlated with other
observables obtained from the DEMNUni simulations.

8.3 Cross-correlation of AGWB intensity maps

with the DEMNUni galaxy distribution

Having implemented the procedure above, we are now able to cross-correlate the syn-
thetic AGWB intensity map with the galaxy distribution in the DEMNUni lightcone.
As mentioned in Chapter 3, these galaxy catalogues have been obtained via a SHAM
technique applied to the DEMNUni subhalo catalogues (Carella et al. in prep). Then,
for each redshift bin, we have created projected all-sky maps of galaxy catalogues. To
this aim we have exploited a similar technique developed in [110]. In particular, in
order to produce mock maps covering the past lightcone over the full sky, comoving
galaxy snapshots have been staked up to z = 2 around the observer located at z = 0.
This implies that the simulation volume needs to be repeated about 2.7 times along
both the positive and negative directions of the three principle Cartesian axes x, y, z
with the origin at the observer. However the spacing of the time outputs of the DEM-
NUni suit is such that it corresponds to an average (comoving) distance of 140h−1Mpc
on the past lightcone. This time resolution has been fully exploited using 30 outputs
of the simulation along each integration path. In practice this means that the data
corresponding to a particular output time is utilised in a spherical shell of thickness
140h−1Mpc around the observer. Due to the finite size of the simulation box, it needs to
be repeated. Therefore, a scheme to avoid the repetitions of the same structures along
the line of sight is required. In the past, constructed simulated lightcones for small
patches of the sky were obtained by simply randomizing each of the repeated boxed
along the past lightcone by applying independent random translations and reflections
[594]. However, it has been shown that this procedure produces artefacts like ripples in
the simulated deflection-angle field as the gravitational field would become discontinu-
ous at box boundaries leading to jumps in the deflection angle. Therefore the volume
is divided out to z = 2 into spherical shells each of thickness 2000h−1Mpc with the in-
nermost shell being a sphere of comoving radius 1000h−2Mpc centered at the observer.
All the simulation boxes falling into the same shell are made to undergo the same,
coherent randomization process i.e. they are all translated and rotated with the same
random vectors generating a homogeneous coordinate transformation throughout the
shell. Fig.8.3 shows the schematic of this staking process. For simplicity, the diagram
does not illustrate the additional shell structure stemming from the different output
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times of the simulation. The staking procedure eliminates any preferred direction in
the simulated all-sky maps.

Figure 8.3: Method of staking and randomization process implemented in map-making
procedure. The passage of CMB photons through the dark matter distribution of
the Universe is followed by staking gravitational potential boxed of the Millennium
simulation in this image. The same method is implemented in this study using the
DEMNUni simulation comoving boxes. In the image, the thickness of 2Gpc/h are
filled with periodic replicas of the box. All the boxes denoted by squares that fall
into the same shell are randomized with the same coordinate transformation including
rotation and translation which differs from shell to shell. This image is taken from
[110].

Both the AGWB and galaxy maps are characterised by Nside = 2048 corresponding
to a pixel angular resolution of ∼ 1.72′. In Fig.8.4 we show the cross-correlation sig-
nal computed by cross-correlating, via the HEALPix routine, ANAFAST, the AGWB
synthetic map (normalised to the monopole at vo = 100 Hz) with the simulated galaxy
maps. As can be observed, we find a similar trend to that of Ref. [359] which uses
linear perturbation theory up to z = 3 (corrected via Halofit only with regard to the
matter power spectrum), as shown in the top panel of Fig.6.8. However, the sign in-
version at z < 1 visible in Fig.6.8 is actually not expected, especially at large scales as
l ∼ 20 (i.e. angular separation of about ∼ 9 deg), even after accounting for secondary
anisotropies, e.g. velocity contributions and/or time varying gravitational potential
effects on the GW propagation. The reason why this is not expected is that, since
the dominant contribution to such cross-correlation signals comes from the GW source
distribution which follows the galaxy distribution, and since on such large scales the
cross correlation between the galaxy density and velocity is expected to be linear and
sub-dominant, no kind of anti-correlation between the AGWB and galaxy distributions
is expected, especially for the linear calculations (as the one presented in Fig.6.8).

8.4 Cross-correlation of AGWB intensity with the

DEMNUni weak-lensing maps

In the upper panel of Fig.8.5 we show the cross-correlation between the AGWB and
cosmic shear maps. Again, we find a similar trend to the curves obtained analytically
by Ref.[359] in the lower panel of Fig.6.8. The approximate difference by a factor of 50
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Figure 8.4: Cross-correlation of the AGWB energy density with the galaxy distribution
from the DEMNUni simulation in the neutrino massless ΛCDM scenario.

could be due to the different frequency at which the monopole is computed and with
respect the signal is normalised to. In fact, Ref.[359] considers a monopole at vo = 32
Hz which is about an order of magnitude larger than the monopole at vo = 100 Hz
used here. Other differences may be due to the nonlinearities correctly accounted for
via ray-tracing across the DEMNUni simulations. Worth of notice is that in the case
of the cross-correlation between the AGWB and the cosmic shear maps Ref.[359] does
not find any sign inversion. Since weak-lensing (WL) and galaxy-counts are positively
correlated (especially at very large scales), one would expect a sign inversion also in the
AGWB-WL cross-correlation, if this were really present in the AGWB-galaxy cross-
correlation. The fact that this does not happen for the former suggests that also for
the latter the sign inversion should not be present, confirming our results. In the lower
panel of Fig.8.5 we show the cross-correlation between the AGWB and CMB-lensing
convergence maps, extracted again from the DEMNUni simulations. In this case the
trend of the signal is, as expected, very similar to the upper panel, just a bit larger
due to the different weight functions involved.

8.5 Cross-correlation of AGWB intensity with the

DEMNUni CMB ISW/RS maps

Finally, in Fig.8.6 we show the cross-correlation between AGWB primary anisotropies
and maps of the excess of temperature anisotropies present in the observed CMB and
due to the late Integrated Sachs-Wolfe effect and its nonlinear counterpart, the Rees-
Sciama effect. The ISW-RS maps have been obtained thanks to photon ray-tracing
across the DEMNUni time-derivatives of gravitational potential grids [70], which allow
to capture nonlinear effects that otherwise are very difficult to be accurately predicted
via analytical calculations. In this case, at nonlinear scales (l ∼ 600), we do observe,
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Figure 8.5: Top: Cross-correlation of the AGWB energy density with the cosmic shear
maps for sources placed at zs = 2, obtained via ray-tracing across the dark matter
distribution of the DEMNUni simulation in the neutrino massless ΛCDM scenario.
Bottom: Same as the upper panel but using a CMB convergence map [70].

as expected, a sign inversion in the cross-correlation signal between AGWB and CMB.
This is due to the fact that, while on large cosmological scales (i.e. in the linear regime)
the gravitational potential decays owing to the accelerated expansion of the Universe
due to dark energy, on small scales (i.e. the nonlinear regime) it grows because of
nonlinear structure formation, and therefore is present even in the absence of DE.
Consequently, the time derivative of the gravitational potential associated to the ISW-
RS effect is negative in the linear regime and positive in the nonlinear one, producing
the typical anticorrelation with dark matter tracers as also the GW sources are.
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Figure 8.6: Cross-correlation of the AGWB energy density with the ISW/Rees-Sciama
maps [70], obtained via ray-tracing across the dark matter distribution of the DEM-
NUni simulation in the neutrino massless ΛCDM scenario.

8.6 Secondary anisotropies in AGWB: weak lens-

ing of the AGWB

In the framework of GR, GWs and photons propagate along the geodesic defined by
the FLRW metric. But when the path of the photons/GWs get distorted by underlying
large scale structure along the line of sight, the metric gets perturbed [595]:

ds2 = (1− 2Φ)dt2 − a2(t)(1− 2Ψ)(dx2 + dy2 + dz2) (8.3)

where a(t) is the scale factor, Φ and Ψ denote the scalar perturbations due to the
matter distribution of the Universe.

The presence of cosmological perturbations Φ and Ψ can lead to the gravitational
Sachs-Wolfe (SW) and Integrated Sachs-Wolfe (ISW) effects in the GW propagation
(effect that are already present in the linear perturbation regime) and, even more im-
portant, to gravitational lensing which is a nonlinear effect in photon/GW propagation.
Fig.8.7 gives a sketch of how trajectories of GWs and photons get affected by weak
lensing due to intervening matter distribution.

Gravitational lensing can affect the amplitude and polarization of the SGWB in
a similar way as CMB photons, if we consider the GW frequency much larger than
the frequency associated to the LSS evolution. In fact, in this case, gravitons behave
like photons in their propagation from the source to the observer, wave effects can
be neglected, and the limit of geometrical optics is allowed. Modelling unperturbed
SGWB and comparing with future high angular resolution observations in GW total
intensity and polarization will provide the possibility to extract information about the
underlying dark matter large scale distribution.

In this section we focus on the weak lensing of the AGWB intensity in the geo-
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simulations

Figure 8.7: Figure shows how CMB photon and gravitational wave follow the same
geodesic in geometric optics limit and hence gravitational lensing of AGWB in this
limit can be treated in analogous manner to CMB lensing. This schematic diagram
also depicts the physical mechanism behind the correlation between the lensed CMB
photons and lensed GWs from astrophysical sources [595].

metrical optics limit, produce full-sky maps via ray-tracing across the DEMNUni dark
matter distribution, and show how LSS causing AGWB lensing, gets imprinted onto
these maps.

8.6.1 AGWB map making procedure

To build AGWB lensed maps, we follow the map making method implemented in [110]
for simulated CMB maps via ray-tracing across the DEMNUni dark matter distribu-
tion. It is important to note that the lensed AGWB is non-Gaussian, even when we
assume that GW sources and gravitational lenses posses a Gaussian distribution. This
assumption is true at the linear level, but gets broken in the nonlinear regime. In fact,
the nonlinear evolution of the large scale structure is also responsible to produce a de-
gree of non-Gaussianity in the distribution of gravitational lenses leading to an excess
of non-Gaussian statistics of the lensed AGWB on smaller scales with respect to the
linear case. This non-Gaussian contribution can be computed only using large N-body
cosmological simulations which could effectively describe the non-linear evolution of
lenses on large scales.

As for CMB photons, we assume the Born approximation and first produce full-
sky HEALPix maps of the lensing potential acting as a lens on the AGWB gravitons.
Then, we input in the LensPix code1 the alm of the DEMNUni lensing potential map,
and the AGWB angular power spectrum computed via Eq.(8.1) in small redshift bins
centered at different source redshifts. In this case, our aim is to isolate the impact
of lensing from intervening LSS along the AGWB propagation. Therefore, we assume
that the initial source distribution is Gaussian at the source redshift, as would be for

1https://cosmologist.info/lenspix/
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Figure 8.8: Top: Lensed Cl of AGWB with sources all placed at redshifts z = 1, 2, 5, 8,
respectively. Bottom: Lensed-to-unlensed AGWB Cl ratios.

the primary CMB. In a future work, we will include also the non-Gaussian statistics
of the GW sources distribution by inputting in LensPix directly the alm partial-maps
produced in § 8.2, add the (tiny) secondary ISWRS anisotropies already available from
the DEMNUni data, lens each map along the line-of-sight, and finally sum up these
maps to obtain the full weak-lensed and ISWRS-ed AGWB maps generated by the
GW sources in the DEMNUni simulations.

8.7 Results

In Fig.8.9, we show the simulated maps of the deflection-angle modulus, and the differ-
ence maps between the lensed and unlensded AGWB, with all the GW sources placed
at redshifts z = 1, 2, 5, 8, respectively. As can be observed, the difference maps allow
highlighting the dark matter distribution imprinted into the lensed AGWB.

Even if not directly observable, the AGWB difference maps can help to visually
understand how large scale correlations are imprinted on the AGWB due to the large
scale modes of the LSS intervening along their propagation from the sources to the
observer.

However, because of the power law trend of the AGWB spectrum, shown in Fig.8.1
and Fig.8.8, the effect of lensing on the AGWB Cl is very different from the CMB case,
and practically negligible. In fact, while the CMB angular power spectrum is charac-
terised by acoustic oscillations which are damped and smeared by weak-lensing, the
AGWB spectrum is mostly featureless and therefore lensing, which physically distorts
and magnifies the anisotropy patches, can not have the same effect for AGWB as for
CMB. This is quantitatively in the lensed-to-unlensed Cl ratios shown in the lower plot
of Fig.8.8, where the percent difference is smaller than 1%.



difference_map_zs_8_hist

-0.00369368 0.00332646

difference_map_zs_5_hist

-0.0221169 0.0231975

difference_map_zs_2_hist

-0.285396 0.251584

difference_map_zs_1_hist

-0.600447 0.643176

Figure 8.9: Top: The simulated all-sky map of the deflection angle modulus (in radi-
ans) computed via the map making procedure using the DEMNUni simulation suite.
Bottom: Difference AGWB maps (lensed-unlensed) showing distribution of gravita-
tional lenses.



Conclusions

The first gulp from the glass of
natural sciences will turn you
into atheist, but at the bottom
of the glass, God is waiting for
you.

Werner Heisenberg

In this work we have simulated, for the first time via N-body simulations, the cross-
correlation of the AGWB primary anisotropies (due to GW source distributions) with
other LSS probes such as cosmic shear, SHAM galaxy distribution, and ISWRS CMB
maps. To this aim we have exploited the large dataset available as post-processing of
the DEMUNni simulations, and made use of constrained realisations via the Cholesky
decomposition with correlation coefficient r = 1, i.e. we have assumed that GW sources
and SHAM galaxies, tracing both the DM distribution of the DEMNUni simulations,
are perfectly correlated. For our scopes, the latter is a well motivated assumption since
differences due to very nonlinear evolution and baryonic physics would have an impact
at smaller angular separations which will not be probed by future GW interferometers
as ET and LISA (l < 200).

Except for one case, we recover signals similar in trend and amplitude to the one
computed via analytical approaches in the linear regime. On the contrary, the AGWB-
ISWRS cross-correlation shows a sign inversion at about l = 600 which is typical of
nonlinear effects and has been shown for the first time in this work, as no analytical
estimations are available yet.

Moreover, again for the first time, we have produced AGWB-lensed maps, in the
geometrical optics limit, implementing techniques similar to the one used for CMB-
lensing. Also this assumption is well motivated since, except for primordial SGWB
produced by one-field inflationary mechanisms, the typical frequency characterising
AGWBs is much larger than the frequency associated to the evolution of LSS. In
the lensed-to-unlensed AGWB difference maps we are able to visualise the tiny per-
turbation imprinted by the effective deflection angle generated by LSS. However, the
resulting AGWB-lensed angular power spectrum results to be negligibly affected by
weak-lensing, being the input Cl basically a power law.

We have obtained these results in the context of a LCDM scenario. In a future work
we will also consider other cosmologies of the DEMNUni simulations, as dynamical dark
energy and massive neutrinos. Moreover, we will produce full ISWRS+lensed AGWB
constrained maps, accounting therefore for the primary anisotropies sourced by the GW
source distributions and both the secondary anisotropies due to lensing and ISWRS
from intervening LSS in the graviton propagation. Also in this case we will consider
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the different cosmologies implemented in the DEMNUni simulations.
Finally, it is worth mentioning that the data produced in this work will be very

useful for the construction of mock extremely realistic AGWB maps that could be
exploited for the implementation of the data analysis pipelines from forthcoming grav-
itational wave observatories.



The woods are lovely, dark and
deep,
But I have promises to keep,
And miles to go before I sleep,
And miles to go before I sleep.

Robert Frost
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