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Abstract

A mixed Weil cohomology with values in an abelian rigid tensor category is a cohomological functor
on Voevodsky’s category of motives which is satisfying Kiinneth formula and such that its restriction
to Chow motives is a Weil cohomology. We show that the universal mixed Weil cohomology exists.
Nori motives can be recovered as a universal enrichment of Betti cohomology via a localisation. This
new picture is drawing some consequences with respect to the theory of mixed motives in arbitrary
characteristic.
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0. Introduction

The notion of generalised Weil cohomology is conceived in [11] showing that the universal
theory exists for smooth projective varieties over any field or suitable base scheme. It is
then natural to seek for a corresponding notion of mixed Weil cohomology for algebraic or
arithmetic schemes and show that also the universal one exists.

A construction of the universal mixed Weil cohomology is the main task of this paper along
with the expected picture arising from a theory of mixed motives: in the latter purpose this
paper is also the natural continuation of [9].

Note that mixed Weil cohomologies have been considered by Cisinski-Déglise [20] and
Ayoub [7,8] but we here follow what just hinted by André [2, §14.2.4] and develop it in our
general framework of generalised cohomologies, especially, that of [11, Def. 4.2.1]. Since Weil
cohomologies should be recovered from the mixed as pure, the key requirement for a mixed
Weil cohomology is that its restriction to smooth projective varieties is a Weil cohomology.
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0.1. Mixed versus pure

To set a general target for our cohomology theories we just work with an abelian rigid
tensor Q -linear category (A, ®, 1) together with a Lefschetz object L € A for which we
write A(g) := A ® L® ¢ for any A € A and any ¢ € Z. Recall that a Weil cohomology with
values in (A, L) is nothing else than a tensor Q-linear graded functor

H*: Mrat — .A(Z)

from the rigid category M, of Chow motives to that of finitely supported graded objects A (%)
satisfying effectivity and trace conditions, e.g. it is required the existence of an isomorphism
Tr: H2(IL) — LforL e M4t the Lefschetz Chow motive (see [11, Prop. 4.4.1] for details).

The key idea is that Voevodsky motives must play the same rdle for mixed Weil co-
homologies as Chow motives do for Weil cohomologies. In fact, the opposite category of
Chow motives M. can be regarded as a full tensor subcategory of Voevodsky’s category

DMgm, the triangulated rigid tensor QQ-linear category of geometric motives (see [29] and [2,
Thm. 18.3.1.1]). Therefore, it is natural to consider tensor Q-linear graded functors

H* . DM;E1 — A®

which are arising from an effectively bounded cohomological functor H (Definition 1.2.2) and
such that their restriction to M, are Weil cohomologies: this is our actual definition of mixed
Weil cohomology (Definition 2.1.2). Remark that as . € M., is sent to Z(1)[2] € DMy
we have that H*(Z(q)[2q]) is isomorphic to 1(—¢g) = L®? concentrated in degree 2¢ for any
q € 7.

By the way, our setting suffices to include Cisinski-Déglise mixed Weil cohomologies via a
realisation functor (as in [20, Thm. 3], see Example 2.1.7) and, in particular, the Grothendieck
class given by ¢-adic relative cohomologies of algebraic schemes defined over a field &, in any
characteristic with char k # ¢, Betti and de Rham cohomologies in zero characteristic, and rigid
cohomology in positive characteristics, nowadays called classical mixed Weil cohomologies.
A paradigmatic non-classical example of mixed Weil cohomology is that of the so called de
Rham-Betti cohomology over the field Q of algebraic numbers (see [2, §7.1.6], [23, §2], [24,
Chap. 5] and [4]) or the absolutely flat version of Ayoub’s new Weil cohomology (see [9,
Ex.3.2)).

0.2. Universality

The key properties of a mixed Weil cohomology are direct consequences of that of
Voevodsky motives: we get a relative cohomology (Lemma 1.2.5) satisfying a Kiinneth formula
for pairs and a relative duality (Lemma 2.1.3).

Notably, these cohomology theories can be pushed forward along exact strong tensor func-
tors and we can show that the induced 2-functor of mixed Weil cohomologies is representable
(Theorem 2.2.1). This result is providing a cohomological functor M W whose target category
is denoted MW, which is endowed with a tautological Lefschetz object, and a mixed Weil
cohomology

MW" : DM® — MW®

such that for any mixed Weil cohomology H with values in (A, L) there exists a unique exact
tensor functor

Uy : MW — A
400
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such that ¥y MW? = HP for all p € Z compatibly with the Lefschetz objects. We also obtain
the tight variant MW+ of MW (Theorem 2.2.5) with target category denoted MW™, which
is a quotient of M)V by a Serre tensor ideal, in order to impose weak and hard Lefschetz,
Albanese invariance and normalisation (Definition 2.2.2). The functor ¥y factors through
MW providing the classifying functor

vl MW - A

if and only if H is tight.

Moreover, for any mixed Weil cohomology H with values in (.4, L) we obtain its universal
enrichment MWy (Theorem 3.1.2), again obtained as a quotient of MW, by the kernel of
Uy this time, such that H is now a realisation (Definition 3.1.1) along the induced faithful
tensor functor

@H:MWHQA

and universal with respect to this property: the pushforward of the universal theory along the
quotient is the universal enrichment of H and it is tight if H is.

Remark that these quotient abelian categories of a tensor exact abelian category inherit a
unique tensor structure such that the projection is a tensor functor and this tensor structure is
exact. If we started with a rigid category its quotient remains rigid (see [13, Prop. 4.5]).

As an application, for Betti cohomology H = Hpetti, We can see that the abelian rigid
tensor category MWy is tensor equivalent to Nori motives (Theorem 3.2.1) rebuilding it by
a straightforward construction without recourse to quivers, good pairs nor basic lemma for the
tensor structure.

In general, we further show a simple way of constructing regulator mappings (Lemma 2.1.5)
which yields a universal regulator map

rP4 s HN(X) = MW(L, MWP(X)(q))

where Hy;?(X) is Voevodsky’s motivic cohomology of any X algebraic scheme. This yields a
universal cycle class map

et : CHY(X)g — MW(L, MW (X)(q))

for X smooth and projective.

To compare with the pure case, recall the existence of the universal tight Weil cohomology
W with values in the abelian rigid category W, (previously constructed in [11, Thm. 8.4.1]);
by construction, since the restriction of a mixed (tight) Weil cohomology to Chow motives is
a (tight) Weil cohomology (Lemmas 2.1.6, 2.2.4 and Theorem 2.2.5), we obtain a comparison
exact tensor functor

ot WH - MW

whose essential image is contained in the strictly full subcategory MW;;ure of MW™ given

by the minimal abelian tensor subcategory containing the universal cohomology of smooth
projective varieties (Lemma 4.2.1).

0.3. Motivic pictures

Following André [3, §0.3] a category of mixed motives over a subfield of the complex
numbers, is a Q-linear Tannakian category [21] for which Betti cohomology is a fibre functor,
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which is the target of a universal cohomology theory and whose morphisms are of geometric
origin, that is, they should be given by correspondences. Voevodsky’s Q-linear theory of mixed
motives over a field of arbitrary characteristic, as stated in [28, §4], is a stronger formulation
of these principles and it provides DM,,,, as the bounded derived category of this Tannakian
category (up to equivalences) if such a category exists.

The existence of the universal mixed (tight) Weil cohomology suggests a new unconditional
context from which we can look at a theory of mixed motives. However, the construction of
this universal theory does not grant that the target abelian rigid category MW is Tannakian:
a priori, it could well be given by a product of Tannakian categories! This depends on the
simplicity of the unit object, only! Moreover, this property is equivalent to the fact that all mixed
(tight) Weil cohomologies are equivalent in the sense of Definition 3.1.1 and Theorem 4.1.1.

For pure motives, the standard hypothesis that W7 is Tannakian is a consequence of
Grothendieck standard conjectures, see [9, Cor. 3.9 & Hyp. 3.10]. Therefore, following André
and Voevodsky, the hypothesis that MW is Tannakian (Hypothesis 4.1.3 and Remarks 4.1.4)
is the corresponding mixed analogue. If the named comparison functor ¢ is fully faithful these
two hypotheses are equivalent and, over a subfield of the complex numbers, these hypotheses
imply that the essential image of &* in MW;ure is identified with André motives inside
MW in turn identified with Nori motives (Proposition 4.2.3). In particular, MW;ure is
semisimple and MW is cellular in this case (by [1, Thm.0.4] and [24, §9.2], respectively).

Unconditionally, it seems plausible that @ is fully faithful with essential image MW;MC
split (Conjecture 4.2.2) even if the source and target categories of @ were not Tannakian and,
additionally, we may show that the universal relative cohomology MW is always cellular,
even in positive characteristics, and represented (as in Example 2.1.7) by a triangulated tensor
functor

RT :DMgh — D (MWT)

as hinted in Remark 3.2.2 akin to the situation with Nori cohomological motives (modulo
duality, compare with [19, Prop.7.12] and [24]). Cellularity would yield representability for
all mixed tight Weil cohomologies via the composition R}, := R ¥} R where

RYS . DP(MWT) — D" (A)

is the canonical derived functor of the named W;I“ which is exact. Whether the functor R* shall
be an equivalence or not is just related to the geometric origin of the universal theory.

Finally, if MW is cellular with MW Tannakian, then MW would also be the universal
theory of motivic type in the sense of Voevodsky, see [28, §4] for details: just recall that such
theories are given by a Tannakian category A and a functor M : Sch;” — Db(A), along
with a comparison with £-adic cohomology. Voevodsky claims that any theory of motivic type
can be extended to a triangulated tensor functor Ry : DMgy, — D? (A) and, actually, as in
Example 2.1.7, this yields a mixed Weil cohomology, say H, that would be an enrichment of
¢-adic cohomology and MW™T = MWy for any such H which is also tight. Thus it yields
¥}, whence a factorisation of Ry through D?(MW™) via RT as above.

Notations and assumptions

For abelian categories A, we say that a full abelian subcategory B C A is generated by
a set of objects {A; | A; € A};c; if it is the minimal abelian full subcategory B such that
A; € B, just given by the subquotients of A; for all i € [. Say that B is a Serre or thick
subcategory of an abelian category A if it is closed by subobjects, quotients and extensions.
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Refer to the abelian category .4/B as the Serre quotient category. Similarly, a thick subcategory
of a triangulated category is a full triangulated subcategory closed under direct summands. For
(A, ®, 1) ®-abelian we mean an abelian Q-linear category endowed with an exact symmetric
unital monoidal structure. In this case we refer to a Serre ideal for a Serre subcategory
which is also a tensor ideal providing the quotient A/S with the induced tensor structure
(see [13, Prop.4.5]). Following [26, Appendix 8A] a ®-triangulated category (T,[ |, ®,1)
is an additive category which is a triangulated category and a tensor category together with
natural isomorphisms r : — ® +[1] — (—® +)[1] and [ : —[1] ® + — (— ® +)[1] which
commute with the associativity, commutativity and unity isomorphisms. Note that under the
symmetry iso 0 : M @ N —> N ® M we have that olo = r. A triangulated tensor functor is
a strong symmetric monoidal functor which is unital, additive, commutes with translation and
preserves the distinguished triangles.

1. Cohomological functors

1.1. Voevodsky motives

Let Schy be the category of schemes which are separated and of finite type over a fixed
base field k. Let Smy be the full subcategory of Schy given by smooth schemes and Sm}™
that of smooth and projective varieties.

Let Corry be the category of Voevodsky correspondences: same objects as Smy but
morphisms are finite correspondences and compositions of morphisms are compositions of
correspondences. We have a covariant functor [—] : Sm; — Corr; sending a morphism
f X — Y to its graph, as a finite correspondence from X to Y. Recall (see [29] or [2,
§16] for details) Voevodsky’s category

DMSE = (K" (Corry)/T)"

defined as the pseudo-abelian envelope of the localisation of the homotopy category of bounded
complexes K”(Corry) at the thick subcategory 7 generated by [X x A}] — [X] and [UNV] —
[U]® [V] — [X] for any X € Smy and X = U U V open cover.

We then get a functor M : Sm; — DMCH following Voevodsky notation in [29, Def. 2.1. 1]
considering Chow correspondences we also have the category of Chow effective motives M
along with a contravariant functor & : Sm™ — Aef
see [11, Def.4.1.3] from which we borrow the notation.

There are canonical symmetric monoidal structures on both M and DMg;gl, h and M are
tensor functors and we get the following commutative diagram

rat

given by the graph of a morphism,

SmproJ —— Smy

l |

eff,o e
Mrat P DMgﬁ)
where (°f is a fully faithful tensor functor (see [29, Prop.2.1.4] and compare with [2,

Thm. 18.3.1.1]). We have Z = M(Spec(k)) = *(h(Spec(k))) (= strict unitality) and any
rational point x € X(k) is providing a splitting M(X) = Z & M(X) where M(X) is the
reduced motive (see [29, §2.1] and [2, §16.2.5]).

Now let Moy := ML) for L := h?(P}) the effective Lefschetz object in M

rat rat? and

DMy = DMZg1 [Z(1)~'] where, in Voevodsky’s notation, Z(1) := (IP’l)[ 2] is the effective
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Tate object: here the reduced motive M (P}) yields a decomposition M (P}) = Z & Z(1)[2],
*B(L) = Z(1)[2], and Z(q) := Z(1)®¢ in DMy, for any integer ¢ € Z (here Z(0) := Z). We
consider M, and DM, with Q-coefficients: these categories are rigid and there is a fully
faithful tensor functor

MY

rat

— DMgnm

extending f above. In the following we shall regard M,,¢ in DMy, via ¢.

There is an extension of M : Schy — DM;El (with Q-coefficients) and we also have
the motive with compact support M¢(X) for any X € Schy such that M°(X) — M(X) is
an isomorphism if X is proper and M°(X) = M(X)*(d)[2d] for X smooth equidimensional
d = dim(X), denoting by ( )* the dual in DMgy,.

In general, set H{;?(X) := DMgn(M(X), Z(q)[p]), H}V (X) := DMgn(Z[p], M(X)) and
HE}IV[(X ) == DMgm(Z(q)[p], M°(X)) which we here refer to as Voevodsky’s motivic coho-
mology, Suslin—Voevodsky homology and Borel-Moore homology Q-vector spaces (see [26,

Def. 16.20], [29, §2.1 & 4.1] and [2, §16.2.5]).

1.2. Kiinneth formula and relative cohomology

Let Ex® be the 2-category of ®-abelian Q-linear categories and exact strong tensor functors.
Let (A, ®, 1) € Ex® be ®-abelian. Recall that a Q-linear functor H : DMgp, — A is said to

be homological if it takes a distinguished triangle M — N — F L to an exact sequence
H(M)— H(N) — H(F) in A.

Definition 1.2.1. Say that a homological functor

H :DMgh — A

is a cohomological functor. Same definition applies to DM;?;. Say that H is endowed with an

external product if there is a supplementary structure of a lax tensor functor (H, «, v) where,
k is a collection of maps

Ky HM)® H(N) —> H(M ® N)

for M, N € DM, which are compatible with the associative constraints and the symmetry
isomorphism, and v : 1 — H(Z) is a morphism satisfying the unitality condition (compare
with [11, §3.2]). For F : A — A’ € Ex® we say that the composition F H is the push-forward
of H along F.

For a cohomological functor H endowed with an external product x we then have
iyt H(M[i) ® H(N[j]) — H(M[i] @ N[j]) = H(M @ N)[i + j])

given by composition of x with the canonical isomorphisms M[i] ® N[j] = (M ® N)[i + j].
Note that under the symmetry isomorphisms t we obtain
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ij

H(M[i]) @ H(N[j]) —2 H((M & N)[i + j])

(—D"Hl B lH(f[iH])
KIIVJM

H(N[j]) ® H(M[i]) —= H((N ® M)[i + j])
coherently with the Koszul constraint (see [26, Def. 8A3] and [11, Remark 3.2.4]).

Definition 1.2.2. Let H be a cohomological functor. Denote H”(M) := H(M|[p]), for all
p € Z and M € DM,,,. Set

HP(X):=HP(M(X)) and H,(X):=H *(M°(X)")
for the cohomology and the (Borel-Moore) homology of X € Schy. Say that H is bounded if
H* := {H"} ¢z is such that

H* : DMgp, — A

where A% is the tensor category of finitely supported graded objects. Say that it is effectively
bounded if further H?(X) = 0 for p ¢ [0, 2d] for d = dim(X) and X € Sm; equidimensional.
If (H,k,v) bounded is endowed with an external product, let (H*, k*, v*) be the induced
graded cohomological functor endowed with the induced graded external product.

Lemma 1.2.3. Let (H, k, v) be a bounded cohomological functor endowed with an external
product. We then have that (H*, k*, v*) is strong as a tensor functor if and only if the following
are isomorphisms

Kt Y H(M)® HI(N) > H'M ® N)
i+j=k
forall k € Z, M,N € DMy, v : 1 —> H(Z) is an isomorphism and H'(Z) = 0 for

i # 0 holds true. Moreover, in this case, H is taking values in the ®-abelian full subcategory
Ayig € A of dualisable objects; in particular, H' (M) € A,ig for all i € Z and M € DMgy,.

Proof. For strongness see [11, Remarks 3.2.2 & 3.2.4] and for rigidity [11, Lemma 3.3.6 b)]
since DMy, is rigid hence H*(M) is dualisable for all M € DM,,. Since the tensor structure
of A is exact then its full subcategory A, is abelian by [13, Prop.4.1]. O

Definition 1.2.4 (Kiinneth and Point Axioms). Let (H,k,v) be a bounded cohomological
functor endowed with an external product and let (H*, x*, v*) be the induced graded one.
Say that (H, k, v) satisfies the Kiinneth axiom if x* is an isomorphism and the point axioms
if v* is an isomorphism.

Equivalently, from Lemma 1.2.3, H as in Definition 1.2.4 is such that H* in Definition 1.2.2
is a strong tensor functor. Moreover, this yields a Kiinneth formula

whyt Y H(X)®H/(Y) — H'(X x Y)
i+j=k
forall X, Y € Schy since M(X)@M(Y) = M(XxY)in DM;’g1 by [29, Prop.2.1.3 & 4.1.7]. By
the way, for any cohomological functor H the cohomology objects are also homotopy invariant

H*(X) — H*(Ay)
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by [29, Cor.4.1.8] for any X € Schy, there is a Mayer—Vietoris sequence for open covers,
projective bundle decomposition and the following exact sequence for abstract blow ups,
i.e. given by a proper birational morphism f : X — X, Y = f~}(Y')and f: X - Y —
X -Y,

-~ HPY(Y) U HP(X') — HP(X)® HP (Y') — HP(Y) — ---

as a consequence of the properties in [29, §2.2].

Finally, recall [12, Def. 1.1] where M (X, Y) (resp. MY (X)) is the relative motive (resp. the
motive with support) associated to a pair (X, Y) for X € Schy and ¥ € X closed. Let Scth
be the category of such pairs.

Lemma 1.2.5 (Relative Cohomology). Let H be a bounded cohomological functor. Let
HP?(X,Y):= HP(M(X,Y)) and H (X) := H?(M" (X)) for p € Z. Then H* : Sch;’ — A%
is a relative cohomology such that for a triple (X,Y), (X, Z) and (Y, Z) we have the long
exact sequence

-1
s BT Y, ) S HP (X, Y) > HP(X,Z) = HP(Y, Z) — ---

and this long exact sequence is natural i.e. another triple (X',Y’), (X',Z') and (Y',Z")
together with morphisms y : (Y,Z) - (Y, Z'), ¢ : (X, Z) —» (X', Z') and § : (X,Y) —
(X', Y’) is inducing the following commutative diagram in A

e S HP(X,Y) — > HP(X,Z) —= HP (V. Z) — 2 = HPPU(X,Y) —> ..

jpT (pp] ypT 517+1T
7,

s HP(XY) —— HP(X', Z') —— HP(Y', Z') — " HP (X, Y) — .-

Moreover, the following

ap—1

s HTYX - Y)Y HY(X) > HP(X) > HP (X —Y) — -
is exact in A and also natural. If § : (X,Y) — (X', Y’') is an abstract blow up we have the
excision 8* : H*(X',Y') — H*(X,Y) isomorphism. For (H,«,v) satisfying the Kiinneth
axiom and pairs (X,Y), (X', Y') € Schi} we have

Kixrnoowy s D H(XY)@H/(X,Y) — HY(X x X', Y x X' UX x Y')

i+j=k

forall k € Z.

Proof. By the construction in [12] the usual distinguished triangles associated with pairs and
triples yield the corresponding long exact sequences in .A. For an abstract blow up we have that
M(X,Y) = M(X',Y') depends on the open complement only. Since M(X,Y)@ M (X', Y') =
M(X x X', Y x X’ UX x Y’) we obtain the claimed relative Kiinneth formula. O

Remark 1.2.6. Recall that Bondarko [18] provided DMy, with a weight structure such that

+1
w<iM - M — wsj 1 M —

is a distinguished triangle for all M € DM,,,,. The interested reader can also be inspecting the
previous facts with respect to Bondarko’s weights
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W;H?(X,Y) C H’(X,Y)
recalling that for M € DMg,,, we have Bondarko’s Chow weight filtration
WiH"(M) := Im(H (w=;M[p]) — H(M|p]))

and W;_1H? < W;H? are well-defined subfunctors of H? such that gr) H?(M) =
Ker H7/(N) — H™'(N') for N — N’ € M., (see [24, Prop.6.1.2] and [18, §2]).

2. Mixed Weil cohomologies

2.1. Dualities and regulators

Let (A, L) be ®-abelian (A, ®, 1) together with a Lefschetz object L, i.e. an invertible
object of A. For A € A and g € Z we shall denote A(q) == A ® T® where T := L~ ! is
the corresponding Tate object (compare with [11, §4.2]). For a cohomological functor H with
values in A and (X, Y) € Schy set

HP(X,Y):=H"(X,Y)(q) and H,,(X) = H,(X)(—q)
for all p, ¢ € Z. Remark that we can also define cohomology with compact support H??(X) :=

HP(M¢(X))(¢g) and the usual homology H;qq(X) = H P(M(X)*)(—q) coinciding with
HP?4(X) and H, 4(X), respectively, if X is proper.

Definition 2.1.1 (Trace Axiom). A cohomological functor H with values in A together with a
Lefschetz object L and an additional morphism Tr : H*(Z(1)) — L in A is denoted (H, Tr),
is said to have a trace and take values in (A, L).

Say that (H, Tr) with values in (A, L) satisfies the trace axiom if Tr : H?(Z(1)) — L is
an isomorphism, H'(Z(1)) = 0 for i # 2 and 7° : H°(Z) — H°(X) is an isomorphism if
X is geometrically connected, where the canonical morphism 79 is induced by the structural
morphism 7 : X — Spec(k).

The following notion of mixed Weil cohomology is modelled on the one hinted in André’s
book [2, §14.2.4.].

Definition 2.1.2 (Mixed Weil Cohomology). Let (A, L) be a ®-abelian category together with
a Lefschetz object. A cohomological functor

H :DMgh — A

is a mixed Weil cohomology with values in (A, L) if it is endowed with an external product
and a trace (H, «, v, Tr) such that H* is effectively bounded and satisfies Kiinneth, point and
trace axioms (see Definitions 1.2.1, 1.2.2, 1.2.4 & 2.1.1). We shall write (A, H) for a mixed
Weil cohomology taking values in (A, L) without making explicit all the data if not needed.

Lemma 2.1.3 (Duality). Let (A, H) be a mixed Weil cohomology. For X smooth and p, q € Z
we have the duality isomorphism

H"(X) = Hag—p.a—q(X)
where d = dim(X) for X equidimensional; if (X,Y) € Sch{ is such that X is proper and
X — Y is smooth we then have the isomorphism
HP(X,Y) = H*>Pd74(X —Y)
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and for X smooth and proper, (X, Z) € Scth such that Y NZ = @, we have the relative duality
isomorphism

HP(X —Z,Y)V = H*Pd~a(X — v, Z)
for any p,q € Z.

Proof. For X smooth we have M°(X)* = M (X)®Z(—d)[—2d] and applying H* we obtain the
graded isomorphism H*(M“(X)*) = H*(M(X))® H*(Z(—d)[—2d]) where H*(Z(—d)[—2d])
is 1(d) concentrated in degree —2d; this is providing the claimed duality isomorphism after
twisting by (¢ — d), since * — 2d = —p for * = 2d — p. For X proper and X — Y
smooth we have M(X,Y) = M°(X —Y) = M(X — Y)*(d)[2d] so that H*(X,Y) =
H*(X — Y)Y ® H*(Z(d)[2d]) where now H*(Z(d)[2d]) is 1(—d) concentrated in degree
2d thus (H?(X,Y)(q))Y = H*~P(X — Y)(d — q) in this case. Finally, for X smooth and
proper, Y, Z C X two disjoint closed subsets we have M(X — Z,Y) = M(X — Y, Z)*(d)[2d]
whence H*(X—Z,Y) = H*(X-Y, Z)"® H*(Z(d)[2d]) providing the claimed relative duality
isomorphism (see [12]). O

Remark 2.1.4. If X is smooth and proper, d = dim(X), Y and Z are two normal crossing
divisors such that the union is also a normal crossing divisor then a more general relative
duality holds true M(X — Z,Y —YNZ)=M(X —Y,Z —Y N Z)*(d)[2d] as a consequence
of the motivic formalism of six functors (as suggested by J. Ayoub). Therefore also

HP(X —Z, Y —YNZ)Y =ZH*¥Pid~(Xx _y Z-YNZ)
is available for any H mixed Weil cohomology.
Lemma 2.1.5 (Regulators). For a mixed Weil cohomology (A, H) and any X € Schy we get
regulator maps

ri? s HG(X) — A(L HP(X)) and  rll,: HPY(X) — A(L, Hp 4(X)).

For X € Schy equidimensional of dimension d and 0 < q < d, there is a higher cycle class
map from Bloch’s higher Chow groups

ctll :CHY™ (X, p—2q)qg - A(L Hpy4(X))
induced by rf_ o and for X smooth there is a cycle class map
cly’ : CHY(X, 29 — p)g — A(L, H"(X))

induced by riy? such that cﬂi,dfp A0 ctf  under duality.

Proof. Write p = 2g + r. The map rj;? is the mapping on Hom sets

Hjy* (X) = DMga(M(X)[~r], Z(q)[29)) — AP (H*(Z(q)[24]). H* (X))
given by applying H* since H*(Z(q)[2q]) is 1(—q) concentrated in degree 2g as a graded
object, the target is actually equal to A(1(—q), H? (X)) since * —r = 2q for x = p. Similarly,
for r!!, we have

Hy ' (X) = DMy (M“(X)*[r), Z(=q)[-2q]) — AP (H*(Z(—q)[~2q]), H*"" (M*(X)"))
where now H*(Z(—q)[—2q]) is 1(q) in degree —2q whence x +r = —2¢g for * = —p.
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Under the hypotheses of equidensionality, we also have H EgA(X Y= CHY (X, p—2q) so

that we also get the claimed cycle map c€/ . For X smooth, c¢};? is induced by r;? under
the identification H{;?(X) = CHY(X, 2q — p)g and then apply Lemma 2.1.3 for the claimed

compatibility. O

For a mixed Weil cohomology (A, H) the restriction H: along the functor ¢ in Section 1.1
of the cohomological functor H yields a covariant functor

(HO)* : My — AZ)

which is also a strong tensor functor: in Definition 2.1.2 the point axiom (Definition 1.2.4)
corresponds to the unitality and the Kiinneth axiom (Definition 1.2.4) is strong monoidality
as explained in Lemma 1.2.3. Moreover, we have that (H:)* sends M to A via of
by effectivity (Definition 1.2.2); finally, we also have Tr : H2?(.L) = H?*(P}) — L,
H(th(X)) — HO(th(Spec(k))) if X € SmP™ is geometrically connected and (Ht)*(IL)
is concentrated in degree 2 by the trace axiom (Definition 2.1.1).

Referring to [11] for the notion of (generalised) Weil cohomology we let (W, Wap,) be

the (abelian valued) universal Weil cohomology constructed in [11, Thm.5.2.1 & Cor.5.2.2].

Lemma 2.1.6. Ler (A, H) be a mixed Weil cohomology. The restriction of H via t yields a
Weil cohomology (A, Ht) with cycle map
el == ct2: CHY(X)g — A(L, H¥(X)(q))
given by Lemma 2.1.5, forqg € Nand X € Sm}?mj. Therefore, there is an exact strong Q-functor
Pyt Wap — A
such that the named restriction (A, Ht) is the push-forward of (Wap, Way,) along ®y.

Proof. Just follows from [11]: apply Proposition 4.4.1 in loc. cit. to (A, Ht) to get a Weil
cohomology (in the sense of Definition 4.2.1) and then Theorem 5.2.1 to get the classifying
functor ¢y as claimed. [

Example 2.1.7. Let (7®, 1) be rigid ®-triangulated together with (7=, 7=9) a ¢-structure.
Let A := T7 denote the heart of 7 and the pth homology functor H/ (C) := t<o7=0(C|[p])
of the heart. Assume that the ¢-structure is bounded and conservative, in the sense that
H* : T — A® and that the zero object is the only object T € 7T such that H(T) = 0.
Assume that A ® A C A, or rather the tensor structure is compatible with the #-structure, in
such a way that the heart (A, ®, 1) is ®-abelian and rigid. For example, 7 := D’(A) for
A € Ex", Let R be a triangulated functor

R :DMgy, —> T
that is also symmetric (strong) monoidal functor. Set
RI(M) = R(M)" = R(M")

and denote the i-homologies H 12 := H!RI". Then H}; provide a bounded cohomological functor
endowed with an external product
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Hj, : DM® — A®
for which we also have that the Kiinneth formula holds (Definition 1.2.4)

Y Hi(M)® Hy(N) — Hg(M & N)
i+j=k

since

i Y H(RM)®H! (RIN*) —> HY(R(M)®R(N) —> H(R(MON)"))

i+j=k
where the first iso is given by the Kiinneth formula in [15, Def. 3.2, Thm.4.1 & Cor. 4.4] and
the second is given by the strong monoidality of R. Now we also have that 1 = HY(Z)
by the unitality of R and Hj(Z) = 0 for i # 0 so that (A, Hg) satisfies the Kiinneth and
point axioms (Definition 1.2.2). Now pick L € A a Lefschetz object. Here 1(q) = T®? where
T :=L"'!=1L"and C ~ C(1) ;= C ® T shall be an auto-equivalence of 7 which is
compatible with the ¢-structure. Finally, for the trace axiom (Definition 2.1.1), we should have
HY(Z) —> HY(X) for X geometrically connected, Tr : H2(Z(1)) —> L = 1(—1) induced
by Trg : R(Z(1)) — L[—2] such that R(Z(q)[2q]) = 1(q) for all ¢ € Z and H}(Z(q)[2q]) =
1(—q). If we also have that H,(X) = 0 for i ¢ [0, 2d], X € Smy d = dim(X) we thus obtain
that (A, Hyg) is effectively bounded (Definition 1.2.2).

This is the case of Cisinsky—Déglise realisation functors for mixed Weil cohomologies
in [20, Thm. 3 & Thm.2.7.14] where 7 = D”(A) and A is the category of finitely generated
K-modules for K a field of zero characteristic or, more generally, for K an absolutely flat Q-
algebra as for Ayoub’s new Weil cohomology, see [9, Ex. 3.2] and [7]. In particular, for classical
Weil cohomologies such as ¢-adic, Betti and de Rham cohomology we have such a realisation
functors, Ry, Rpetti and Rgr. In characteristic zero, we also have Huber’s enrichment of these
classical realisations given by the mixed realisation Ry [24, Thm. 6.3.15] as well as Rqr—Betti
the de Rham-Betti realisation, see [24, Rmk. 6.3.4]. The corresponding regulators are those
considered in [4].

2.2. Representability

For (H, x, v, Tr) and (H', k', V', Tr') mixed Weil cohomologies taking values in (A, L), a
morphism v : (H, «, v, Tr) — (H’, k', v, Tt') is a monoidal natural transformation v : H —
H’ which is also compatible with Tr and Tr'. We denote by MW (A, L) the category of mixed
Weil cohomologies with values in (A, L).

Let Ex"® be the 2-category of ®-abelian rigid Q-linear pointed categories (A, L), by a
choice of a Lefschetz object, and exact strong tensor functors preserving the Lefschetz objects
(as in [11, Def.5.1.1]). Pushing forward along F : (A, L) — (A’, L") in Ex"® we get

F.: MW(A, L) > MW(A', L")
where F,(H) := FH (as in Definition 1.2.1). We can make up a strong 2-functor
MW (—) : Ex"® — Cat
sending (A, L) to MW (A, L). We have:
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Theorem 2.2.1 (Universal Mixed Weil Cohomology). The 2-functor MW (=) is 2-representable,
i.e. there is a cohomological functor

MW : DMgh, — MW

which is a mixed Weil cohomology (MW, MW) such that for any mixed Weil cohomology
(A, H) there exists an exact strong ®-functor

EDHZMW%A

~

such that (Ug).(MW) = H. Moreover, the functor Wy is the unique extension of Py
(Lemma 2.1.6) via @ : Way, = MW induced by the Weil cohomology (MW, MWt) given by
the restriction of MW via 1 as depicted in the following diagram

Py

Wap — A
| A
Yy
MW
which is commutative up to (unique) natural isomorphism. Finally, the regulator ri?

(Lemma 2.1.5) factors through the universal regulator ry;5, via y.

Proof. Let 7 = DM;&OP for short. The mixed Weil cohomology MW is constructed in
several steps.

Step 1. We construct U* : T — U (Z) and (U*, §*, v*) an effectively bounded cohomological
functor endowed with an external product on 7 (Definition 1.2.2) as follows. Applying Levine’s
universal external product (= universal unital symmetric lax tensor functor, see [11, Thm.3.1.1])
to 7 we get

(K,8¢,vc): T —>TF

providing a symmetric monoidal category (7%, ®,®) together with a universal external
product

8¢ K(M)®, K(N) = K(M® N)

and v, : @ — K(Z) for M, N € T. Let T%2d be the relative Q-linear additive completion
(see [11, Prop.3.4.3]), in such a way that the functor 7% — 7%2d4 is a strong tensor functor
and its composition K244 with K is Q-linear. Then consider A : 7%8dd — T (T*add) where
T is the 2-functor in [13, Prop. 5.4] providing the universal ®-abelian category and the functor
S further composing with K244, We thus have (T (7%19), ®, 1) where T (7%249) is Q-linear
abelian, ® is exact, 1 = T(w), and S : T — T(7*4) is just a Q-linear functor endowed
with an external product in the sense of Definition 1.2.1. To make S an effectively bounded
cohomological functor, let I/ be the quotient of T(7%244) by the minimal Serre tensor ideal
such that for any distinguished triangle M — N — F L and the corresponding complex
S(M) — S(N) — S(F) in T (724 its homology S° = 0 in U, also S(M(X)[p]) =0 in U
for p > 2d or p < 0 where X is smooth and equidimensional of dim(X) = d. Since 7 is
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generated by such M(X) we thus get an effectively bounded cohomological functor U given
by composition

U

Tx,add TK,add

T( )—Uu

w

N

T

which is also endowed with an external product (U, 8, v) induced by (K, 8, v,) via the strong
®-functors A and g (see [13, Prop.4.5] for properties of this latter quotient functor).

Step 2. We now obtain MW . 7T — MW satisfying Kiinneth, point axioms
(Definition 1.2.4) and, partly, the trace axiom (Definition 2.1.1) by taking a further quotient
U - MW and Mwet is its composition with U. In fact, we have v : 1 — U(Z),
7 :U(Z) — U(X) for X geometrically connected and

s @ U (M)®U/(N) - U"(M ® N)
i+j=k

inU, fori, j,k € Z, M,N € T. Let MW be the (Q-linear tensor) quotient of &/ making
the following list of morphisms invertible: v, 7, § and U”(Z(1)) — 0 for p # 2 (note that
U?(Z) = 0 for p # 0 by the previous step).

Step 3. Finally, we make L := MW¢®#(Z(1)[2]) invertible obtaining a ®-abelian MW :=
Mt [L~1] (endowed with the tautological Tr) together with an exact strong ®-functor
MW > MW. Voevodsky’s condition that the permutation involution for the Tate object is
the identity is verified in 7" by [29, Cor.2.1.5] whence in MW* via Kiinneth formula. The
claimed mixed Weil cohomology (MW, k, v) with values in (MW, L) is given by further
composition observing that since now L is invertible in MW the functor M W lifts to

MW* : DM® — MW@

which is a strong tensor cohomological functor by construction. Its image is finitely supported
by [11, Lemma 3.3.6 a)] as DM, is rigid. Finally, it is clearly universal for mixed Weil
theories taking values in Q-linear ®-abelian categories by construction. Since DMy, is rigid
therefore MW takes values in (MW, L) by Lemma 1.2.3 but MW,;, is ®-abelian: this
implies that MW,;, = MW by universality. [

Recall from [11, Def. 8.3.4] that we also have a notion of tight Weil cohomology: there is
a corresponding version in the mixed case.

Definition 2.2.2 (Mixed Tight Weil Cohomology). Let (A, L) be a ®-abelian category together
with a Lefschetz object. A mixed Weil cohomology (H, «, v, Tr) with values in (A, L) is tight
if the following additional conditions are satisfied:

(1) (Weak Lefschetz): we have H”(U) = 0 for affine U = Spec(R) € Smy and p > dim U
(2) (Hard Lefschetz): for p < d = dim(X) the isomorphism

L? : H"P(X) — H(X)(p)

induced by the Lefschetz operator L := Ly for X € SmP™ and Y a smooth hyperplane
section of X € Sm}"”
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(3) (Albanese invariance): H'(Albyx) — H'(X) induced by the canonical map M(X) —
Alby given by Serre Albanese variety for X € Smy

(4) (Normalisation): H°(mo(X)) — HO°(X) induced by the canonical map M(X) —
7o(X) for the scheme of constants 77o(X) and X € Smy.

Remark 2.2.3. In Definition 2.2.2, for a smooth hyperplane section ¥ of X € Sm"® such

that dim(X) = d, from (1) we get that H”(X,Y) = 0 if p < d and H?(X) — H?(Y) if
p < d —1 as usual by Lemma 1.2.5. The injectivity of H?~1(X) < H~1(Y) follows from
(2). For Hy(X) given by an object RI'(M (X)) of T as in Example 2.1.7 and provided with a
Lefschetz morphism RI'(M(X))[—1] — RI'(M(X))[1](1) inducing the isomorphisms in (2)
we have a decomposition
RI'(M(X)) = @Hy (X)[-p]

in 7 by Deligne’s decomposition theorem, see [27] for a simple proof of the latter.

Let MW'(—) be the 2-functor of mixed tight Weil cohomologies. The analogue of

Lemma 2.1.6 holds for tight. Let (W:[b, W;O) be the (abelian valued) universal tight Weil
cohomology constructed in [11, Thm. 8.4.1].

Lemma 2.24. If H € MW™(A, L) then the restriction of H via t yields a tight Weil
cohomology (A, Ht). Therefore, there is an exact strong ®-functor

o wWh — A
such that the restriction (A, Hu) is the push-forward of (W, W) along ;.

Proof. By Definition 8.3.4 in [11] and the previous Remark 2.2.3 we have that (A, Ht) is
tight and Theorem 8.3.4 in loc. cit. yields the claimed classifying functor @}, as claimed. O

Theorem 2.2.5 (Universal Mixed Tight Weil Cohomology). The 2-functor MW (=) is 2-
representable by (MW", MW™). For any tight H € MW (A, L) the classifying functor ¥y
factors through MW which is a quotient of MW (Theorem 2.2.1) fitting in the following
commutative diagram

Py

Was, VIV R

L

where W}, is the classifying strong tensor functor such that (W})),(MW*) = H.

Proof. As for [11, Thm.8.3.4] describing ;b as a quotient of Wy, we let MW be the
quotient of M)V making invertible H”(U) — 0 for affine U € Smy and p > dimU,
LP : H7P(X) — H*P(X)(p) for p < dimX and X € Sm{"™, H!(Alby) — H(X)
and HO(mo(X)) — H°(X) and X € Smy. The claimed commutative diagram follows from
Lemmas 2.1.6 and 2.2.4. [
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3. Comparison with nori and andré motives

3.1. Universal enrichment

To compare Nori’s construction with ours we first introduce the corresponding analogue
in this general context of universal cohomology. For any mixed Weil cohomology H €
MW (A, L), from Definition 2.1.2, we obtain ¥y : MW — A and we then get the Q-linear
®-abelian category

MWy = MW/ Ker ¥y

together with a Lefschetz object Ly induced by the projection. There is a faithful exact strong
tensor functor

@H:MWH%A

such that MWy € MW(MWy, Ly) is induced by MW via the pushforward along the
projection: this yields ¥y MWy = H by construction. If H € MW™(A, L) is tight then
Wy factors through MW™ by Theorem 2.2.5, we have

MWy = MW/ Ker W;

as well and @;}M W}, = H. Note that for the universal theory H = MW we have that
MWy = MW is a tautology.

Definition 3.1.1. Call (A’, H’') an enrichment of (A, H) if there is a faithful exact strong tensor
functor F : A" — A such that (A, H) is the pushforward of (A’, H') along F i.e. H = FH'
compatibly with the Lefschetz objects, and we also say that (A, H) is a realisation of (A’, H')
in this case. Say that two mixed Weil cohomologies (A, H) and (A, H') are equivalent if
Ker WH = Ker WH/.

The following is the mixed analogue of [11, Thm. 6.1.7].

Theorem 3.1.2. The Weil cohomology (MWy, MWy) is the universal or initial enrichment
of the mixed Weil cohomology (A, H). If (A, H) is tight then (MWpy, MWy) is tight and
universal among mixed tights. Moreover, the tight Weil cohomology (A, Ht) and its universal
enrichment ®y W};b — A are fitting in the following commutative diagram

+ ab
W, — Wy

SN

MWJr —>MWH _—>.A

197

T
Vy

where Sy : W}f}b — MWy is an induced faithful exact @-functor. If H is classical then
MWy is Tannakian.

Proof. The universality of (MWpy, MWy ) comes from the universal property of the quotient
and its tightness is given by the faithfulness of Wy whenever (A, H) is tight. As from the
proof of [11, Thm.6.1.7] the category Wzb = W/ Ker &y for @y as in Lemma 2.2.4, T
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is induced by a localisation of @ as in Theorem 2.2.5, and @ is sending Ker &5 to Ker ¥y
therefore we get = and the commutative diagram as claimed. Faithfulness of Zp follows from
faithfulness of ¢y. O

3.2. Nori and André motives

Let us apply Theorem 3.1.2 to H = Hpett; the mixed tight Weil cohomology given by Betti
cohomology for k a subfield of the complex numbers.

Recall the construction of the Q-linear ®-abelian rigid category of Nori motives N M
(see [10, §4], [6] and [24, Thm. 9.3.10]). The category of effective cohomological Nori motives
N M is the universal abelian category associated with the Nori quiver DN with vertices
(X,Y,i) with i € N given by (good) pairs (X,Y) € Sch{ and its Betti cohomology
representation in finite dimensional Q-vector spaces. Let Hi_.(X,Y) € N M be Nori’s
representation. Because of Nori’s basic Lemma the category "M inherits a tensor structure.
The rigid category A’ M is then obtained from A’ M°T by tensor inverting the Lefschetz object
Lo = HZ(P') = HY .(G,,) (see [24, Def.9.3.7]). Finally, Nori’s basic Lemma also
enhanced Betti cohomology with cellularity and a contravariant triangulated strong ®-functor

Ryori : DM — DY (N M)

gm

lifting the contravariant Rp.; along the canonical forgetful functor from D?(N M) to D*(Q),
the bounded derived category of finite dimensional QQ-vector spaces (see [24, Thms.9.1.5,
10.1.1 & 10.1.4]). As in Example 2.1.7 the functor Ryoyi yields

Hyori = H"Ryori : DMgR, — N M

which is a mixed (tight) Weil cohomology (it is tight as an enrichment of Betti which is
tight). There is a covariant homological version of Ry, taking values in the category of Nori
homological motives (see [19, Prop.7.12]): the two are interchanged via duality.

Recall that the restriction of Betti cohomology to smooth projective varieties yields a tensor
equivalence

. A~ . ab
9]-1 : MH — WBetti = WH

with the semi-simple abelian category M}‘; of André motives associated with H = Hpetti, as
proven in [11, Thm. 9.3.3], and

En  Whetti = MWaetti = MWy

by Theorem 3.1.2. On the other hand, the description of André motives as pure Nori motives
is provided by [6, Thm. 5.5] or [24, Thm. 10.2.7]. Summarising, we obtain the following:

Theorem 3.2.1. We have a comparison (exact, strong) tensor equivalence
@Nori : MWBetti = MWNori ;) NM

where MWniori = MWy for H = Hyoxi. The precomposition of Wnori with EnOn identifies
André motives M’QI with the full abelian tensor subcategory generated by HY .(X) with
X €Sm}™ andi e N.

Proof. The forgetful tensor functor from N M to Q-vector spaces is lifting Hgetti 10 HNori
(by Nori’s construction) making Hy,,; an enrichment of Hpety; SO that Hpett; 1S equivalent to
Hyori (in the sense of Definition 3.1.1) and MWgeiti = MWnori-
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The classifying functor ¥ner : MW — N M corresponding to Hyeri by Theorem 2.2.1
factors through @Nori : MWxori = N M by construction. Moreover, there is a representation
(in fact, a graded tensor representation on good pairs, see [10]) of DN in MWxyo,; providing
a faithful exact tensor functor NM < MWy, by the universal property of N'M. Thus the
latter functor is a quasi-inverse of UNori by Theorem 3.1.2. O

Remark 3.2.2. Let us point out that for any mixed Weil cohomology (A, H) the ®-abelian
rigid category MWy exists (without appealing to the basic lemma). Moreover, MWy is
equipped with a universal representation of Nori’s quiver DN which is an enrichment of that
of H in A by setting

H: DNl 5 4 (X,Y,i)— H(X,Y)

where H'(X,Y) is relative cohomology in Lemma 1.2.5. In characteristic zero, for H tight
one can see that this relative cohomology is cellular (see [14, Def. 1.3.1]) with respect to
Sch,'{:I the category of pairs. In fact, Nori’s direct proof of basic Lemma reported in [24,
Thm.2.5.1, §2.5.2 & Lemma 2.5.8] applies to any such H by excision (Lemma 1.2.5), relative
duality (Remark 2.1.4) and weak Lefschetz (Definition 2.2.2 and Remark 2.2.3). Thus relative
cohomology objects of smooth affines schemes can be tautologically computed by the cellular
complex. Moreover, this applies to the universal cohomology and we may expect cellularity in
positive characteristics as well. For example, that of £-adic cohomology shall also be granted
by Beilinson’s basic Lemma, cf. [24, Thm.2.5.7].

4. Mixed versus pure motives

4.1. Further properties

We can get a universal mixed Weil cohomology relatively to any class of mixed Weil
cohomologies. Let S be a class of mixed Weil cohomologies. For (A, H) € S we get
Uy : MW — A given by Theorem 2.2.1. Let

Is = ﬂ Ker ¥y and MWg = MW/Zs
HeS
so that we obtain an induced MWg, pushforward of MW (= the universal theory in
Theorem 2.2.1) along the projection from MW to MWgs. Moreover, for (A, H) € S, each
MWy of Theorem 3.1.2 is the push-forward of M Wgs along the further quotient MWs —
MWy Therefore, we get a functor

pH:MW3—>A

refining ¥y, so that H is the push-forward of M Ws along pp. This mixed Weil cohomology
(MWs, MWg) is universal relatively to the class S. Actually, the pattern indicated in [9,
Thm. 3.4] is fulfilled and we easily obtain the following key fact (analogue of [11, Thm. 6.6.3]).

Theorem 4.1.1. For S containing classical mixed Weil cohomologies, the following conditions
are equivalent:

(1) MWs is connected, i.e. Zs := End(1) is a domain
(2) all H € S are realisations of MWgs along py (see Definition 3.1.1)
(3) all H € S are equivalent (see Definition 3.1.1)
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(4) if H € S then MWs —> MWy is a tensor equivalence
(5) MWeg is Tannakian.

Since MWg is rigid if Zs is a domain then is a field. Actually, Zs is a domain if and
only if 1 is simple. In fact, subobjects U of 1 correspond to splittings 1 = U @ U~ whence
to idempotents e € Zgs (see [13, Prop. 3.2]). Parallel to a theory of pure motives as in [9, §3]
we set:

Definition 4.1.2. Say that a theory of mixed motives exists for S if MWg is connected.

This can be translated by saying that for such a class the universal cohomology of the
point is simple. In characteristic zero, a theory of mixed motives exists for classical Weil
cohomologies: it coincides with Nori motives by Theorem 3.2.1 since all classical Weil
cohomologies are comparable and therefore equivalent. For S identified with the class of
mixed tight Weil cohomologies we have that MWs = MW", Akin to the standard
hypothesis that W, is connected [9, Hyp. 3.10] or Ayoub’s conjecture [7, Conj.3.20] we have:

Hypothesis 4.1.3. A theory of mixed motives exists for the class of mixed tight Weil
cohomologies: equivalently, MW™ is connected.

Remarks 4.1.4. (a) The Hypothesis 4.1.3 is also equivalent to say that MW*T = MWy
for any tight H and/or to say that MW is Tannakian (by Theorem 4.1.1 applied to the class
of mixed tight Weil cohomologies). In particular, independently of £ # char(k), this implies
that all ¢-adic cohomologies are equivalent and the Tannakian category MW = MWy, for
H = H, an {-adic cohomology can just be considered the ¢-adic analogue of Nori motives,
see also Remark 3.2.2.

(b) Conversely, if MW = MWy for one ¢-adic cohomology H = H, then MW" is
Tannakian, Hypothesis 4.1.3 holds true and the same is true for all primes £ # char(k). In
characteristic zero, for H = Hpegi, MWT = MWy is then also equivalent to the actual
Nori motives A’ M by Theorem 3.2.1 and Nori motives are then universal for all mixed tight
Weil cohomologies.

(c) Without Hypothesis 4.1.3, the picture for any classical H over a subfield of the complex
numbers is the following

+ ab = A
W Wy M

On

MW —— MWy ——= N M

YNori

where the functor =y is fully faithful. However, in arbitrary characteristic, only the left square
of the diagram above is canonically defined for any H and the fully faithfullness of = as well
as that of @* should be appropriately investigated.

4.2. Conjectural picture

Let W, (A, L) be the category of tight Weil cohomologies with values in (A, L) and
recall that the induced 2-functor W}, : Ex}'® — Cat is 2-represented by the universal tight
Weil cohomology (W3, W) (see Theorem [11, Thm.8.4.1]). For H € MW" (A, L) denote
Hyuwe = Hi € W:b(.A, L) the restriction via ¢ of H as in Lemma 2.2.4. We have:
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Lemma 4.2.1. The restriction or purification functor
I : MW+(A, L)— W:b(‘A’ L)

sending H to Hpyyre is natural in (A, L). The cohomology Hyuye takes values in a subcategory
Apure € A with the same Lefschetz object L € Apyre, defined as the strictly full abelian tensor
subcategory generated by the cohomology of smooth projective varieties, i.e. generated by the
objects H (X)(q) for X € SmprOJ and p,q € 7.

Proof. Straightforward. O

For the universal mixed tight Weil cohomology of Theorem 2.2.5 we thus get the purification
MW7 with values in MW7  as the restriction MW7 _ := MW7 to M., and we also

pure pure pure
obtain that any purification Hpyure € Wab(A, L) is associated with an exact tensor functor

TP MWE L Abure

pure

restriction of W} providing Hpure as the push-forward of MW, along %™ but it is not

clear that this functor is unique with this property. However, we have an exact tensor functor

+ +
pure . Wab e MWpure

which is a refinement of ¢ in Theorem 2.2.5 and whose composition with W5 is the unique
classifying functor given by the universal property of (me, W:i))

Clearly, it will be agreeable to show that @pure is an equivalence. Actually, for a mixed
H its purification Hpy should also be related with Bondarko’s weight triangulated functor
t : DMgm — K?(M.a) (see [17, Prop.6.3.1]) which is also symmetric monoidal (see [5])
in such a way that weight filtrations, as already noted in Remark 1.2.6, should be playing a
canonical rdle in purification.

Moreover, we then may expect that all extensions in MWpurC are splitting: this is to say
that such a category is split in the sense of [13, Def. 5.2] and it is equivalent to say that 1 (= the
universal cohomology of the point) is projective (see [13, Prop.5.5]). This property is hinted
by weight arguments and/or by the fact that DMCff is generated, as a triangulated category,
by direct summands of M(X) for X € SmP™ and any distinguished triangle with all three
vertices being such M (X) splits (see [29, Cor.4.2.6]).

Finally, in arbitrary characteristic, it seems reasonable to expect that any mixed tight Weil
cohomology is cellular as we have explained in Remark 3.2.2. Following the pattern indicated
by Nori we may then construct a symmetric monoidal triangulated functor

R} : DMP — DY (MWy)

representing the universal enrichment of the (mixed) Weil cohomology via the cellular complex
(dual construction of [19, Prop.7.12]). Note that if this latter property holds true for the
universal cohomology then it is also verified by any cohomology. Therefore, any mixed tight
Weil cohomology shall be represented by such a triangulated symmetric monoidal functor
Ry as in Example 2.1.7 and such that Ry I'(M (X)) = @H?(X)[—p] for X € SmP™ as
in Remark 2.2.3. Summarising up:
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Conjecture 4.2.2. The following properties hold true:

(1) (Purity): The functor &}, is a tensor equivalence.

(2) (Splitness): The category MW is split.

pure

(3) (Cellularity): (MW, MW) is cellular.

These properties are apparently weaker than the existence of a theory of pure or mixed
motives (for tight cohomologies).

Proposition 4.2.3. If " is fully faithful, e.g. under the purity Conjecture 4.2.2(1), we have
that Hypothesis 4.1.3 is equivalent to the Standard Hypothesis [9, Hyp. 3.10]. Moreover, for k
a subfield of the complex numbers, these hypotheses imply Conjecture 4.2.2 and identify the
fully faithful functors Zy and ®* as follows

+ = ab
Wi, ————= Wy

¢+L l

for every H tight.

Proof. If &* is fully faithful then the ring Z, := End(1) is the same for both source W,
and target MW" of &*. Over a subfield of the complex numbers, if Z, is a domain then
Z, = Q W = W) and MW = MW/, for any H tight and ¢T = =y too. Picking
up H = Hpet; and refining the diagram in ready 4.1.4 (c) we obtain that Conjecture 4.2.2
is verified by Theorem 3.2.1 and the well known property that André motives are pure Nori
motives. [J

Grothendieck standard conjectures further imply that W, is given by Grothendieck motives
as explained in [9, Thm. 3.8]. Over k = Q, by the way, the period or fullness conjecture in [4,
§1.3] or [23, Conj. 6.3] imply the Grothendieck standard conjectures.

Remarks 4.2.4. The interested reader can certainly inspect more general constructions or
suitable variants. For example:

(a) for integral coefficients by considering the larger category of motivic étale sheaves DMg¢
and cohomological additive functors with respect to arbitrary direct sums taking values in
Grothendieck abelian right exact tensor categories;

(b) for non homotopical invariant cohomologies or other variants of Voevodsky motives
based on schemes with modulus or logarithmic motives [16] with respect to Fontaine—Illusie
logarithmic geometry and log cohomologies such as log Betti, log étale and log de Rham [25];

(c) for cohomology theories with coefficients in an integrable connection, as de Rham
cohomology or rapid decay cohomology, generalising exponential motives [22].
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