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Abstract

We prove some rigidity and classification results for graphs with prescribed mean
curvature and locally constant Dirichlet and Neumann data, for instance as they appear
in capillarity problems. We consider domains in Riemannian manifolds, with emphasis
on R? and R®. We classify both the underlying domain and the resulting solution,
providing general splitting theorems in this setting.
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1 Introduction

If a cylindrical tube in vertical position  x (a,00) € R"™! = R" x R, with a << —1, is
dipped into a large reservoir filled with liquid modelled by the half-space R™ x (—ooLO], the

combination of gravity and surface tension demands that the height function u : Q& — R
reached by the liquid in the tube satisfies the capillarity equation

v L —rku=20 in §,
V14 |Vul?

where k > 0 is a physical constant, V,div are the gradient and divergence in R™ and

. Vu
M) = div <m>

is the mean curvature of the graph of the liquid profile
4, : QR G (z) = (z,u(z))

with respect to the upward pointing unit normal. Furthermore, 4, must intersect the bound-
ary of the tube with constant angle. For a detailed account on the capillarity problem, we
refer the interested reader to [17].

A classical question, motivating the present paper, asks for which domains €2 the surface
of the liquid also attains a (locally) constant height on 9. In this case, the angle condition
rewrites as constant Neumann data for u. Henceforth we will consider mean curvature
prescriptions more general than ku, so given f € C!(R) we call a domain Q a capillary
domain if it supports a non-constant solution u to

{ M)+ flu)=0 in Q,

u, Oyu locally constant on OS2,

(1)

where 7 is the interior unit normal to 9. The associated graph %, () will then be called a
capillary graph. If f(u) is constant the equation describes CMC graphs, in particular minimal
ones if f(u) = 0, while the capillarity equation corresponds to the choice f(u) = —ku. The
goal of this paper is to investigate the shape of capillary graphs over Q2 C R™ or, more
generally, over domains in a complete Riemannian manifold.

Hereafter,

e {0,Q}, j < oo denotes the collection of connected components of 9€2;
¢ 0.0={2z€dQ : du(z)+#0}

In his pioneering paper on the moving plane method, Serrin [31, Theorem 2] treated the
case where 2 C R" is a bounded C? domain and u € C?(£2) solves

M)+ fu)=0 in Q,
u>0 in Q. (2)

u =0, dyu =const on 9N

for some f € C(R), proving that £ must be a ball and u is radially symmetric about its
center. The method was then refined by Reichel [30] and Sirakov [35] to be applied to exterior



domains. The most general result to our knowledge, [35, Theorem 2], states that a C? domain
Q) with bounded complement supporting a solution u € C%() to

Al + f(u)=0 in Q,

u >0 in Q,

u(z) =0 as r — 00 (3)
u=>b; >0 on 0;€,

Ogu=¢; <0 on 0;€,

for some constants b;,c¢; and for f € Lip,,.(R) non-increasing in a neighbourhood of zero,
must be the exterior of a ball, and «w must be radially symmetric. The paper [35] also contains
a similar characterization for Q a C? bounded domain with holes.

If 99 is unbounded, or if the word “constant” in (2) is replaced by “locally constant”, the
problem is widely open even for CMC graphs. In fact, even though the results in [31, 30, 35]
hold for a large class of quasilinear operators, some of which have been extensively studied
in the literature, relatively few results have appeared so far for the mean curvature operator.
In particular, an analogue of the famous Berestycki-Caffarelli-Nirenberg conjecture [4] for
capillary graphs is still completely open. More generally, one may ask:

Question 1. Can we classify all smooth enough domains Q C R™ supporting a solution to

(1)?

Among the non-constant solutions to (1) with 9 unbounded we single out those that
are one-dimensional, namely, those for which

Q=(0,T) x R1 for some T < 0o

and u is 1D. More precisely, there exists an affine hyperplane 7 with unit normal w such that
Q={y+tw:yem te(0,T)}, and in the coordinates (¢,y) the function u only depends
on t. For instance, when f(u) is constant, analyzing the resulting ODE for u leads to the
following classification of 1D solutions:

e If f(u) = 0, then either T' = oo and ¥, is a half-hyperplane, or T' < co and ¥, is a
piece of a half-hyperplane.

o If f(u) = H #0, then T < co and ¥, is a piece of a cylinder with circular cross-section,
i.e. the graph of u(t) is a piece of S of suitable radius. Hereafter, we refer to this case
as “a piece of cylinder”, leaving implicit that the cross-section is circular.

Question 1 was first raised in a paper by three of the authors [8], where some classification
results were obtained for domains in manifolds which are globally Lipschitz epigraphs or
globally Lipschitz slabs, see below. Among them, we highlight [8, Theorem 1.3], the first
result on Question 1 when 9Q is unbounded: if Q C R? is a globally Lipschitz epigraph
supporting a solution to

Mu)+H =0 in Q,

infou > —o0, in €,

u=0,0,u=c#0 on dN



for some H,c € R, then  is a half-plane, H = 0 and ¥, is a half-plane. Below, we shall
significantly improve on this result. Very recently, Lian and Sicbaldi treated the case of any
C' domain 2 C R? with 9Q unbounded and connected. By [23, Theorem 1], if u solves

Mul+ flu)=0 in Q,

O<u<b in Q,

(4)
u=0,0,u=c#0 ondN
[Vu| € L>(Q)

for some b, c € R, and if f € C}(R) admits a primitive F satisfying

1
F<0 on R, 17(0)2\/1_~_7(:2 1, (5)
then € is a half-plane and w is 1D. Moreover, if f* < 0 on [0, b] the gradient request in (4)
can be dropped. They also observed that condition (5) is necessary for the existence of a
1D-solution in a half-plane.

We call a 1D solution monotone if u(t) is monotone in ¢. In particular, for a monotone
solution J,u has different signs in the two components of 052, allowing for d,u = 0 in one of
them.

It is known that monotone solutions are a particular class of stable solutions to the
equation .#[u] + f(u) = 0 (see [13]), i.e. those for which the linearized operator is non-
negative in the spectral sense on C2°(£2). Variationally, for each Q' €  they correspond to
stationary points of the energy

/Q/W*/Q, F(¥), F(t)'/otf(s)ds

whose second variation is non-negative.

Remark 1. Since the linearized mean curvature operator is elliptic, if f'(u) < 0 then every
solution to .Z[u] + f(u) = 0 is automatically stable. This applies both to the capillary case
f(u) = —ku, K > 0 and to the CMC case.

In this paper, we will obtain some characterization results for stable solutions to (1) in
the direction of Question 1, new even in the case of constant f. We first introduce the class
of domains we will be interested in.

Definition 2 (Mildly v-transverse boundary). Let 2 C R" be a C' domain, and let
TQ C 99Q be the union of some connected components of O (possibly, a single component
or the entire 0). Then, 0TQ is said to be mildly v-transverse for some v € S*~! if (n,v)
does not change sign on any component of €.

Note that, if 9T is mildly v-transverse, the product (n,v) is allowed to take different
signs on different components of 9TQ. Also, a mildly v-transverse portion of 9Q may have
any number of connected components, even countably many. Letting e; = 0., and writing
points z € R™ as z = (x!,2') with 2/ € R"~!, the following two examples have mildly
e1-transverse boundaries:

e An epigraph: a set of the type {2 > ¢(2')} for some function ¢ € C(R").

e A slab: a set of the type {¢1(2') < 2! < ¢a(a’)} for some functions ¢; € C1(R"™1)
with ¢ (2') < ¢a(a’) for each 2’ € R*~ 1.



In what follows, an epigraph (respectively, slab) is said to be bounded, or globally Lipschitz,
if so is its defining function ¢ (resp. ¢1, ¢2).

Our first main result regards capillary CMC graphs in R2. Recently, Cui in [9] made a
significant advance in the minimal case by proving the following theorem: if 2 is a C? domain
with connected boundary, then the graph of a solution to

Ml =0 in Q C R

u>0 in O (6)

u =0, Oyu = const on 9
must either be a half-plane or part of a vertical catenoid (thus, € is either a half-space or the
complement of a ball). The argument relies on a reflection technique developed by Choe [6]
and deep classification results for complete, boundaryless minimal surfaces. As such, these

techniques are specific to the minimal setting and to three-dimensional ambient spaces.
We obtain:

Theorem 3. Let Q C R? be a C? domain supporting a non-constant solution u € C%(Q) to
Mu)+H=0 on €,
u="bj, Ohu=c; on9;Q
infou > —o0,

for some H,bj,c; € R.

(i) If O is connected and mildly v-transverse for some v, then Q) is a half-plane and 4,
is a half-plane;

(ii) Assume that OS) is disconnected, and that 0,8) is connected and mildly v-transverse for
some v. Then, Q= (0,T) xR and 94, is a monotone piece of a cylinder.

(iii) Assume that 0,2 = 012U 020 is disconnected and mildly v-transverse for some v, with
(n,v) >0 on 182 and (n,v) <0 on 90, If c1ca <0, then Q= (0,T) xR and u is a
monotone piece of either a cylinder or a plane.

(tv) Assume that 0,Q = 01Q U Q) is disconnected and that 0;Q is mildly v;-transverse
for j € {1,2} and some v; (possibly with vi # vg). If infqu is attained in a set T
disconnecting ), which is the case for instance if

igfu<bj Vj>3

and T has an accumulation point in ), then Q = (0, T) xR and 9, is a piece of cylinder.

The figures below show potentially capillary domains to which Theorem 3 applies, thereby
excluding them.

Remark 4. Some remarks are in order:

- Differently from most of the literature quoted above, we make no assumption on the
sign of u compared to that of its boundary values. In particular, if H = 0 the conclusion
in case (4) does not follow from Cui’s result [9]. Moreover, u may possibly be unbounded
above.



Figure 1: Cases (i) and (1)

Figure 2: Cases (ii7) and (iv)

dhau # 0

- In (i4), (#4i) and (#v) no restriction is made a-priori on the number of connected com-
ponents of 92, which may possibly be infinite.

- Cases (i) and (i4¢) improve on [8, Thm. 1.3], where the conclusion was obtained under
the stronger assumptions that € is a globally Lipschitz epigraph (for (i)) or slab (for

- Case (iv) is related to the recent [2]. There, Agostiniani, Borghini and Mazzieri proved
that a solution to

Au—1=0 in an annular domain Q C R2,
u <0 in €,

(7)
u=0, Ohu=c1 € R on 0:9Q,

u=0, Opu=co € R on G0

must be radially symmetric provided that the set of minima of u has an accumulation
point. They also exhibit a non-radial annular domain  supporting a solution to (7)
with a finite number of minimum points. This may suggest that our assumption on
I' in (iv) is necessary. We mention that an analogue of the main theorem in [2] for
solutions to .#[u] —1 = 0 is yet to be established. The higher dimensional case of (7)
was recently tackled in [1].

For domains 2 C R3, we have a similar statement.
Theorem 5. Let Q C R3 be a C? domain satisfying

|Q N Br| = o(R*log R) as R — oo, (8)



and supporting a non-constant solution u € C? (ﬁ) to

M+ H=0 in €,
u="bj, Ohpu=c; on9;Q

infou > —o0,
for some H,bj,c; € R. Then,

(i) If 0192 is mildly v-transverse for some v and {(v,n) £ 0 on 01, then 0 must be
disconnected;

(i) Assume that O is disconnected, that 0,8 is connected and mildly v-transverse for some
v, and that (v,n) Z 0 on 0,Q. Then, Q = (0,T) x R? and ¥, is a monotone piece of a
cylinder.

(iii) Assume that 0,2 = 01Q U 029 is disconnected and mildly v-transverse for some v,
with (n,v) > 0 on 18, (n,v) < 0 on 029 and (n,v) Z 0 on 0,Q. If crca < 0, then
Q= (0,T) x R? and u is a monotone piece of either a cylinder or a hyperplane.

(tv) Assume that 0,82 = 012U 029 is disconnected and that 0;Q is mildly v;-transverse for
J € {1,2} and some v; (possibly with vi # va), with (n,v;) # 0 on 0;Q. If infou is
attained in a set I' disconnecting ), which is the case for instance if

igfu<bj Vj>3

and T' has Hausdorff measure %) > 0, then Q = (0,T) x R? and ¥, is a piece of
cylinder.

Remark 6. While not including the example of half-spaces in R*, condition (8) is still quite
general and satisfied, for instance, if € is a slab whose defining functions ¢1, ¢o grow as
follows:

lpj(x")| = o(log|x’|> as |2'| = o0

(note that no L>°-bound is imposed on the gradient of ¢;). Also, mildly e;-transverse regions
like, for instance,

/12 1
{<x1,x'> R . 2| <lor o] < ‘”*+\/log|x'|}

[2']? =1
satisfy (8).

Remark 7. Case (#¢) improves on [8, Thm 1.3], where the authors obtained the same con-
clusion by assuming that €2 is a globally Lipschitz, globally bounded slab.

Theorems 3 and 5 follow from a general splitting result, which holds in a manifold setting
without dimensional restriction and for general sources f. Hereafter, (M",(,)) will be a
complete Riemannian manifold of dimension n > 2 with Ricci curvature Ric and sectional
curvature Sec. Having fixed an origin o € M, we denote by B, the geodesic ball of radius r
centered at o. Hereafter, a vector field X of class C! in Q will be said to be Killing in Q if
the Killing condition .Zx g = 0 is satisfied pointwise there.



Theorem 8. Let Q C M™ be a C? domain satisfying
Ric >0 in Q, |2 N Br| = o(R*log R) as R — oo
and supporting a non-constant, stable solution u € C3(Q) N C%(Q) of
Al + flu) =0 in £,
u=1bj;, Ohyu=c; on 0;Q (9)
infou > —oc0

for some bj,c; € R and f € C*(R). Assume that one of the following sets of assumptions is
met for some constant Cy:

(A) —Co < f(u) <0 in Q and u is constant on O,S).
(B) —Co < f(u) <0 in Q, u is bounded on 0,82 and
2" 100N BR) = o(R?log R) as R — oo
for some b € R, where °Q = {x € 9,Q : u(x) # b}.
(C) wu is constant on 0,82 and bounded in ().
(D) |f(u)| < Cy and f'(u) <0 in §, sup, |¢;| < oo and Sec > —k in M for some k € RT.
If there exists a Killing field X on Q with | X| € L>(Q) and

ci(n,X) >0 for each 7,

(10)
c;(n, X)#0 for some j,

Then:

i) @ =(0,T) x N with the product metric, for some T < oo and some complete, totally
geodesic hypersurface N C M.

it) u=u(t) is 1D and strictly monotone in the arclength t € (0,T),
1) (O, X) is constant in €.

Remark 9.

- Again, no growth from above is imposed on u, and no restriction is made on the number of
components of 9€).

- The t-direction in the splitting Q = (0,T) x R™~! may not coincide with X.

- Condition (10), automatically satisfied by monotone solutions with X = +0;, implies the
request that 0,8 be mildly X-transverse. We stress that (10) only depends on X and on the
boundary conditions imposed on u, and is therefore easily checkable in explicit examples.

- The actual existence of monotone solutions depends on the properties of f, and should be
examined case by case (for solutions on R, see [13]). Since our methods do not require the
a priori knowledge of such solutions, we have not performed the 1D analysis here. Observe
that, in case no monotone 1D solutions exist, Theorems 8 and 15 can be seen as non-existence
results.



Remark 10. Conditions (A) to (D) are instrumental to prove that w has moderate energy
growth, a crucial property to obtain Theorem 8, see Section 2 for more details. Indeed, further
conditions are shown to imply moderate energy growth, and we refer to Theorem 26 for a
more extensive list. We have selected (A) — (D) for the sake of simplicity.

Remark 11. A closely related result was obtained in [8, Theorem 1.6] for constant f. In fact,
the assumption that f be constant is essential for the methods therein to work. However,
even in this case Theorem 8 improves on [8] in some aspects, including the fact that the set
{¢;} is not a priori required to be bounded in cases (A4), (B) and (C').

In view of Theorem 8, Theorems 3 and 5 allow for extension to stable solutions to . [u] +
f(u) = 0. We only state the result in R2.

Theorem 12. Let Q2 C R? be a C? domain supporting a non-constant stable solution u €
C3(Q)NC?(Q) to
M)+ fu) =0 onQ,
u="bj, Ohu=c; ond;Q
infou > —o0,
for some bj,c; € R and f € CL(R). Consider the following assumptions for some constant
C().'
(A) —=Co < f(u) <0 in Q;
(B) —Co < f(u) <0 in Q and #1(8:92N Br) = o(R*log R) as R — oo;
(C) u is bounded in Q;
(D) |f(u)] < Cy and f'(u) <0 in Q.
Then,

(i) Assume one among (A), (C) and (D).
If 09) is connected and mildly v-transverse for some v, then Q is a half-plane and u is
a 1D, monotone solution;

(ii) Assume one among (A),(C) and (D).
If 0N) is disconnected, and 0,8} is connected and mildly v-transverse for some v, then
Q=(0,T) xR and u is a 1D, monotone solution.

(iii) Assume one between (B) and (D).
Assume that 0,2 = 01QU 00 is disconnected and mildly v-transverse for some v, with
(n,v) >0 on 019 and (n,v) <0 on 029Q. If c1ca <0, then Q= (0,T) xR and u is a
1D, monotone solution.

(iv) Assume one among (A),(C) and (D).
Assume that 0,80 = 01Q U 0290 is disconnected, and that ;€ is mildly v;-transverse
for j € {1,2} and some v; (possibly with vi # vy). If infqu is attained in a set T’
disconnecting 2, which is the case for instance if all of the following are satisfied:
— infou < b; for each j > 3;
— [ is analytic in a neighbourhood of infqu and f(infgu) # 0,

— T has an accumulation point in Q,



then Q@ = (0,T) x R and v is a 1D solution.

The domains depicted in Figures 1 and 2 above provide examples to which Theorem 12
applies.

Remark 13. Observe that the capillarity case f(u) = —xu is included by (D). Moreover,
because of (C') Theorem 12 allows to treat the pairs (u, f) considered by Lian and Sicbaldi
[23], providing complementary classification results when 9€ is disconnected.

We conclude this introduction by describing the main novelties of our work. In the
generality of Theorem 8 the manifold does not possess enough symmetries to exploit the
moving plane method as in [31, 30, 35, 23]; indeed, even in our applications to R? and R? the
method is not used. The strategy is instead based on some integral formulas relating u to
the function (Vu, X), which is a particular solution of the linearized problem. This approach
follows [8], itself inspired by the integral inequalities obtained in [14, 15] for the semilinear
equation Au + f(u) =0 in R™ and extended to manifolds in [12]. In the latter, the authors
proved that if u is monotone in the direction of a bounded Killing field X in 2, then

/{|vu|2|m2+;VT|vu||2+Ric(vu,vu)}<p2g/|w|2|vu|2 (1)
Q Q

holds for each ¢ € Lip.(Q), where VT and II are, respectively, the tangential gradient and
the second fundamental form of the level sets of u. In particular, test functions ¢ whose
support intersects 9f) are allowed. In fact, by a remarkable cancellation, the overdetermined
boundary conditions force the boundary term appearing in the computations leading to (11)
to vanish identically provided that (Vu, X) has a sign in Q, say it is positive there. Testing
(11) with suitable cut-off functions ¢ and assuming Ric > 0, one is able to deduce that

V| T2+ VT Vul|* =0 inQ (12)

whenever the energy of u satisfies
/ |Vul> = O (R*log R) as R — oo (13)
Br

for balls Br centered at a fixed origin. Property (12) implies that €2 splits and w is 1D. In
the present paper, we first obtain a new integral inequality for monotone solutions in the
direction of X, extending (11) and valid for all quasilinear equations of the form

div(a(|Vu|)Vu) + f(u) =0 (14)

under mild regularity assumptions on a (essentially, those guaranteeing locally uniform el-
lipticity even at critical points of u), see Theorem 40. Clearly, to get rigidity, condition (13)
shall be replaced by a growth tailored to a: for operators of mean curvature type and under
suitable conditions on f and ujg,q, by a calibration argument, such a growth is granted by
a mild volume growth condition on € and (in some cases) 0,€2, see Theorem 26.

A key point is therefore to show that w = (Vu, X) > 0in . To the best of our knowledge,
proofs of the monotonicity of v in the direction of a Killing field (usually, a parallel field in R™)
are currently available only for certain classes of nonlinearities f and non-compact domains €2,
and typically rely on the moving plane and/or the sliding method (see for instance [4, 12] and
the references therein). These techniques often require global gradient or Holder estimates
on u to be applied. For the mean curvature operator such estimates turn out to be subtle,

10



especially when f is not monotone or under just lower bounds on the Ricci curvature of M,
see [7, 8]. In [8], we proposed a new approach to get monotonicity for CMC capillary graphs,
by combining pointwise gradient estimates and parabolicity arguments. We here complement
[8] with a new technique depending on energy estimates. The method is quite versatile, and
allows to consider much more general classes of nonlinearities f. In particular, we do not
need f’ < 0. Observe that request (10) rephrases as w > 0 on 052, a necessary condition for
monotonicity, and w # 0 on 01, the latter just to avoid a pathological case (which can be
handled in the case of R?, see Section 5).

The solutions in Theorem 8 are monotone, and so are those in all items in Theorems
3, 5 and 12 but (iv). To obtain (iv), where 1D solutions are not monotone, one needs to
separately treat each connected component Qg of Q\I', prove rigidity for €y and then glue
the resulting 1D solutions. This requires a careful analysis, carried out in Proposition 42,
Lemma 46 and Theorem 47, of independent interest.

A further feature to point out is that our techniques are not specific to the mean curvature
operator, but allow to treat a large class of quasilinear equations under mild structural
conditions, as described in the next section. Besides allowing for a greater generality, such an
extension simplifies the resulting integral formulas making the role of the linearized operator
of (14) and its eigenvalues more transparent.

The general setting

Let (M™, (,)) be a complete Riemannian manifold of dimension n > 2, f € C*(R) and
consider the quasilinear equation

Agu+ f(u)=0 on Q C M, (15)
where
Aqu = div(a(|Vu|)Vu) (16)
and a satisfies
a(t) € CLRT) N C(RY).

17
a(t) >0 forteR*,  (ta(t)) >0 forteR", (a7)

For instance:

(a) the mean curvature operator is obtained for the choice a(t) = ﬁ,

(b) the p-Laplacian A, for p € [2,00) is obtained with a(t) = t*~2. More generally, for
2 < p < ¢ < oo the (p, ¢)-Laplacian, introduced in [37, 25|, is obtained with the choice
a(t) =tP=2 4 ¢972,

(¢) the operator of exponentially harmonic functions, first introduced in [10, 11], is obtained
for a(t) = et’.

More examples can be found in [32]. In most of our results we shall restrict to operators
satisfying )
a € CY(RY), a(t), (ta(t)) >0 for t € RY (18)
or the stronger )
a€CLIRY),  alt), (ta(t)) >0 for t € RY. (19)

In particular, referring to the above examples, (a) and (c) satisfy (19), as well as the standard
2-Laplacian, while A, in (b) satisfies (17) for each ¢ > 2, (18) for ¢ > 3 and (19) for

11



q € {3} U[4,00). Further interesting operators treatable with the techniques below include
that of the polytropic flow from gas dynamics, see [33], for which

1
1 .\771
a(t) = (1 - ’y2t2> , v > 1.

Here, a represents the density of a fluid whose velocity is Vu, and (18) is met if ¢ restricts

to the interval
* e . | 2
te (O,U ), v = ’
v+1

which identifies the subsonic regime. Hence, our results are applicable provided that ||Vu||s <

v*.
The formal linearization of A, at u is

d

o Ay (u+ sp) = div(A(Vu)Vgo), (20)
5=0
where A : T(TM\{0}) — (S (M)) is the field of endomorphisms of TM given by

A(X) = “/g?)

X, © X + a(| X|)d, (21)

and b is the musical isomorphism induced by (, ). Note that the eigenvalues of A(X) are
{A (IX])}j=r with
M (t) = a(t) +td'(t) = (ta(t))  Aa(t) =...= M\ (t) = a(t), (22)

hence the second in (18) rephrases as A1 (t), A2(t) > 0 on R{, equivalently A(X) is elliptic,
nonsingular and non-degenerate. Henceforth, we write

Amax (t) = max { A1 (£), A2(¢) }.
For instance, for the mean curvature operator,
M) =1+ x(t) = (1+3)7Y2 = Apax(t).

Definition 14. Let a satisfy (18). A function u € C*(Q) weakly solving (15) is said to be
stable if

| fsds < [ (A0 Velds Ve Lino) (23)
M M
Here is our first main theorem for general operators:

Theorem 15. Let (M™,(,)) be a complete Riemannian manifold. Let Q be a C? domain
with interior normal 1, and assume that Ric > 0 in Q. Let a satisfy (19), f € C'(R) and let
u € C3(Q) N C?(Q) be a non-constant, stable solution to

Agu+ f(u) =0 in Q
(24)
u="bj, Oqu=c;j on 0;4Q.
If there exists a Killing field X on Q with |X| € L>(Q) and
c;i(n,X)>0 for each j,
3 (1, X) (25)

ci(n, X)#0 for some 7,
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and
/ |Vtu|* Amax (| Vu|) = O(R?log R) as R— oo, (26)
QNBgr

then:

i) @ =(0,T) x N with the product metric, for some T < oo and some complete, totally
geodesic hypersurface N C M.

it) u=u(t) is 1D and strictly monotone in the arclength t € (0,T),
1) (O, X) is constant in €.

For operators of mean curvature type, that is, satisfying
2 & +
t )\g(t)g(]l)\l(t)g 7 VteR

for some positive constants Cy, Co, condition (26) can be replaced by
|QN Br| = o(R*log R) as R — oo,

provided that any of assumptions (i) to (vi) in Theorem 26 are satisfied in Qo = Q.

The paper is structured as follows: in Section 2 we introduce the moderate energy growth
assumption needed for our main theorems, and obtain some sufficient conditions for its va-
lidity. Among them, we stress the bound on the growth of |2 N Bg| for operators of mean
curvature type in Theorem 26. In Section 3 we study the stability condition and its conse-
quences for solutions with moderate energy growth. The main result is Theorem 33, which
guarantees the monotonicity of u in the direction of a Killing field X under mild conditions.
The goal of Section 4 is to prove the key integral formula for monotone solutions to (24),
see Theorem 40 and the related splitting results including Theorems 8 and 15. In Section 5
we will focus on Euclidean space, analysing the set of critical points of u, and finally prove
Theorems 3, 5 and 12.
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past, present, and future. Research project ANR-23-CE40-0010-02. L.M. and M.R. were
supported by the PRIN project no. 20225J97H5 “Differential-geometric aspects of manifolds
via Global Analysis”.
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2 Moderate energy growth
Let © C M be an open subset with C'! boundary, and u € C*(Q) be a weak solution to
Aqu + f(u) =0,

where a satisfies (17) and f € C(R). One of the core steps to achieve our classification results
is to prove that u has moderate energy growth, according to the next

13



Definition 16. Let o C ©Q be an open set. We say that u has moderate energy growth in
Qo if there exists a sequence of functions {¢;} C Lip.(Qo) such that, as j — oo,

0<@; =1 in Coo(S), / Va2 (A(Va) Vo, Vipy) — 0.
Qo

If the condition is satisfied for Qo = Q we simply say that u has moderate energy growth.

In this section, we describe some sufficient conditions for this property to hold. Hereafter,
we consider balls Br centered at a fixed origin o € M and we define r(z) = dist(z,0). We
begin with the following extension of the well-known “logarithmic cut-off trick”, which is
related to an argument by Karp [21].

Lemma 17. Let (M™,(,)) be a complete Riemannian manifold and 0 < f € LL _(M). If

loc

f<R*O(R)  forall R>0

Br

for some non-decreasing, C' function 6 : [Ry,00) — RT such that

/0Q ds .
R, s6(s) B

then there exists a sequence {p;} C Lip.(M) satisfying

o1 in W), /Mf\vmuo

as j — Q.

Remark 18. A typical example of function 6(R) satisfying the above assumptions, that we
will hereafter use in the paper, is 6(R) = log R.

Proof. We define ©(s) = s0(s) and for each r > 1 we set

t ds
Y(t) = v 0(5)

The function ¢ : [R1,00) — Ry is C2, strictly increasing, strictly positive on (Ri,00) and
such that ¥(t) — oo as t — co. Let {R;} C [R1, 00) be a diverging sequence. For each j € N
let r; > R; be the real number such that ¢(r;) = 2¢(R;) and define

1 fo<t< R;
t .
b;(t) = 2(1—1&&]_))) if Rj <t<r;
0 if t> rj.
Then for B; <t < r; we have
/ _ 2 L % _ 2 el(t)
w](t) - 'l)/J(’]"j) @(t) ’ w] (t) 1/1(7’j) 6(1;)2 .

In particular, by our assumption on ¢ we have ¢ < 0 and ¢ > 0 on (Rj;,7;). For each
j € N define ¢; = ¢; or € Lip,(M). Since {¢; = 1} = Bg, and R; — 00 as j — oo, we

14



also have ¢; — 1 in VVI});O( ). We now prove that f|V¢;|*> — 0 in L'(M). The function
H :RT — R defined by

H(t) = Bf

is absolutely continuous on compact intervals contained in RT. By the co-area formula

| s19ei= [ ( fIWjIQ) dt
M 0 OB
- [ w0
:/” H'(t))(t)* dt.
R;

Integrating by parts, using that 0 < H(t) < tO(¢), ¥ < 0 and ¢} > 0 and also using the
explicit expression for 1/)3 we obtain
t T
/ H(t ( ) dt

< H(r;)Yj(r)) —2/ H(t ¥y (t)dt

[ w02 e =

< 1@ () — 2 / 1Ot () (1) dt

R]
4 Tj 4 / "
= + tyj () dt
Y(rj)? O(ry)  (ry) R;
Another integration by parts yields

/}:w;’(t)dt— zR / Wit

2t
¥(r;) ©(1)

t’l"] t=r;

—;(t)

t=R; t=R;

2 1 1 .
-5 ey~ 7e) *
so we get
8 1 4
U2 0(R)  0(ry)
as desired. O

/Mf|v<ﬂj|2S -0 as j— oo

As a direct consequence, we have

Corollary 19. If a satisfies (17), u has moderate energy growth in Qo whenever
/ IVl A ([Vt]) = O(R2log B)  as R — oo.
QoNBr

Proof. Tt is enough to apply Lemma 17 with the choices

= [Vu[*Amax (| Vul) 1oy, 0(R) =log R

15



and observe that

0 < [Vul{A(Vu)V;, Vis) < [Vul*Amax(|Vul) [V,

O
We next examine operators of mean curvature type, i.e. those for which
2 & +
t )\1(t) S Cl)\g(t) S 7 on R (27)

for some constants C7,Cy > 0. In this case, under suitable assumptions on f and u we can
guarantee that u has moderate energy growth by controlling the measures

|2 N Bg| and possibly A"1H09 N BR).
We first observe the following

Proposition 20. Assume that a satisfies (17) and is of mean curvature type. If a solution
u to (15) satisfies
IVl € L=(9),

and |Q N Bgr| = o(R?log R) as R — oo, then u has moderate energy growth.

Proof. The mean curvature type condition implies that the eigenvalues of A can be bounded

as follows: o0 o
2 3
AmaX(t) < tren[g«’)%]()\max) + 1+¢ < 1+1¢
whence
Vel i) <Gy [ < ogvulalon B, @9
QNBg onBr 1+ V|
and we conclude by Corollary 19. O

For the mean curvature operator, condition |Vu| € L*(Q) is satisfied under mild as-
sumptions on M, u and f including f’(u) < 0. Indeed, we have the following theorem which
improves on [23, Theorem 1.5]. We postpone its proof to the appendix, see Theorem 50. The
case where f(u) is constant was considered in [7, 8].

Theorem 21. Let (M™,(,)) be a complete Riemannian manifold and Q@ € M a domain.
Let f € CY(R) and let u € C*(Q) N CH(Q) be a solution to

Mu)+ f(u) =0 in Q.

Suppose that
sup\f(u)|<oo, f'(U)§O7 igfu>—oo
Q

and that
Ric >0 in Q, Sec>—x in M

for some k € RT. Then

sup |Vu| < max {\/n/2, sup Vu} .
Q o0
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If we do not assume f'(u) < 0 in , global gradient estimates are, to our knowledge,
currently not available, not even for the mean curvature operator. However, if f(u) satisfies
suitable bounds in © and w suitable conditions on 0,2 = 9Q N {9 ,u # 0} we can still
guarantee that u has moderate energy growth by controlling the measures

QN Bgr| and  #"1(0,QN Bg),

without needing to control |Vu|. Moreover, in certain cases all requests on 0,2 N Br can be
dropped. The calibration argument below is inspired by [19, p. 403], [34, p. 24] and [13].
We localize our estimates to subdomains £y C 2 whose boundary satisfies

00 C 0N U crit(u),

where
crit(u) = {z € Q : |[Vu(z)| =0}

is the interior critical set of u.
Define

P =1 /2 + u?
that is, p is the restriction to the graph of w of the distance from (0,0) in M x R. Hereafter,
positive constants will be denoted by C, Cy, C; and so forth.

Proposition 22. Let u € C?(Q) N CY(Q) be a weak solution to
Aju+ f(u)=0 in Q,

where 0 < a € C(RY) satisfies ta(t) € L (RY) N Lipy,.(Ry) and f € C(R). Let Qy C Q be
an open set with locally finite perimeter in Q such that 00y C IQ U crit(u).

(i) Suppose that

U5,n0,0 18 bounded, —Co < f(u) <0 in Q, isglfu > —00.
0
and let b € R. Then there exists C > 0 such that
/ a(|Vu|)|Vul* < C (| N Bag| + 271 (Qo N XN Byg)) (29)
QoN{p<R}
for all sufficiently large R, where 9°Q = {x € 0,Q : u(x) # b}.

(#4) Suppose that

Uig,na, S constant, —Co < f(u) <0 in Q, 1{1210fu > —00,
then there exists C' > 0 such that

[ aVuIuP < €l Burl 30
Qon{p<R}

for all sufficiently large R.
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(#91) Suppose that

Uig,no,o = b is constant, f(u) <0 in Qo, igrzlofu =b,
then there exists C > 0 such that

/ a([Vul)[Vul2 < CQ N Bagl (31)
QoN{p<R}

for all sufficiently large R.

(tv) Suppose that
UG,na,0 15 constant, [f(u)] < Co in Qq,

then there exists C > 0 such that

/ a(|Vu|)|Vul? < (C + CyR)|Q N Bsg| (32)
QoN{p<R}

for all sufficiently large R.

(v) Suppose that
Ui no,q U8 constant, u e Lo(Q),

then there exists C' > 0 such that
/ a(|Vu|)|Vul? < C'|Q0 N Byl (33)
QoN{p<R}

for all sufficiently large R.

(vi) Suppose that
flu) <0 in Qo

with no further assumptions on u. Then there exists C' > 0 such that
/ a([Vul)[Vul?> < C (|9 N Bag| + R (@ N 0,21 Bag)
QoN{p<R}

for all R > 1.

Remark 23. The constant C' depends on Co, ||al| e ®+), [[ta| L= ®+) and, according to the
case, b (in (1)), [|ull o @,na,0) (0 (1)—(v)) and [|u| = (q,) (in (v)). Likewise, the lower bounds
for R guaranteeing the inequalities in (i) — (vi) depend on the aforementioned quantities.

Proof. For fixed R > 0, define ¢ € Lip.(M) by
1 if r(z) <R

Y(z) = 27% if R<r(z)<2R

0 if r(z) > 2R
Let bo, b € R be given satisfying 0 < b — by < R and define v € Lip(R) by
L];b if ¢ < by
t—b .
~(t) = 5 if bo<t<by+ R
bo

-b
+1 ift>by+ R
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Note that by construction

1
() =0, 0<9'= Fleoso+m, <1 onR.

Consider the vector field
W = ¢y(u)a(|Vul)Vu

which is continuous and compactly supported in , locally Lipschitz! in ) and satisfies
div W = —yy(u) f (u) +y(u)a(|Vul)(Vu, Vi) + 47/ (u)a(|Vul) [Vl

weakly in 2. We apply the divergence theorem (see Lemma 49 in the appendix) to the vector
field W on the domain Qg, observing that W = 0 on {Vu = 0} since ta(t) — 0 as t — 0. We
obtain

7/(@L)Q(IVUI)IVUIQZ/Q dw(U)f(U)*/Q Y(wa([Vul)(Vu, Vi)

- /, o[Vl (),
QoNoN

where, we recall, n is the inward normal. We next estimate the various terms. First, by our
choice of v and ¥ we have

1
| e avupvur = 4 al[Vul) [V
QoNBrN{bo<u<bo+R}

and, since ta(t) € L=(R™"),

- [ watiwuywn v < 5 [ au)ival < G000 Ban

QoNBag

Noting that v(u)d,u = 0 on IN\ we have

- [ o[V (u) By = — /, o[Vl (w) .
QoNoN Qoﬁﬁbﬂ

For notational convenience, let us set F? = Qq N 9. Then, by also using the expression of
v we have

SuprmB2R |’lL

—-b
- / a(|Vul)y(w)dyu < C - min {1, : | } - AN (F! (\ Bag)
Q0NN R

Finally, splitting f(u) = [f(u)]+ — [f(u)]- into its positive and negative part and using that
v(u) < 0 on {u < b} and y(u) > 0 on {u > b}, we have

/Oﬁ{u<b} f(U) " /Qoﬂ{u>b} QZJW(U)JC(U)

< [ el [ el

For |X|,|Y] < R we have |a(|X])X — a(]Y|)Y| < Cr|X — Y|, with Cr = 2||a|lp=~ + [talLip([o,R]), Since

a(IXNX = a(|YNY = [a(|X]) — a([YD]X + a(|]Y)(X = Y),
[a(IX]) = a(IYDIIX| = |X[a(|X]) = [Y]a([Y]) + (Y] = [XDa(]Y])
so a(|Vu|)Vu is locally Lipschitz in Q as u € C?(9).
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By using the expression of 7 we further estimate

/ Yy(w)[f(u)]+ < min { bo 7}bi+ R7 SUPQOHBQ}%(U —b)+ } .
Qon{u>b}

and similarly

sup [f(u)]+-[Q0NB2g|
QoNBar

. [b—"by supg,np,,(u—0b)_
[ ) < min {2, Sl 01

Putting everything together, we obtain

sup [f(w)]- - |0 N Barl

QoNBag

/ a(|Vu|)|[Vul? < C|Q N Bag|
QoﬁBRﬁ{b0<u<bo+R}

FfﬂBgR

+C-min{R, sup |u—b|}-<%””_1(FfﬂBgR)
—I—min{b—bo—i—R, sup (u—b)+} - sup [f(w)]+ - |0 N Bag]
QoNBagr QoNB2r

—I—min{b—bo7 sup (u—b)}- sup [f(u)]- - |Q N Bag|

QoNBagr QoNB2r
Now, we consider several cases.

Cases (i) and (ii). Suppose that the assumptions in (¢) hold:

Ug,ne, o 1s bounded, —Co < f(u) <0 in Q, lgll(:fu > —00.
Then we can choose by = infq, u and fixing any b > by we obtain

/ a(|Vu|)|Vul? < (C + Co(b— inf u)) - | N Bag|
QoNBrN{u<info, u+R} Qo

+ CHA"H(FP N Byg) for all R >b—infu

0

where we use that [f(u)]+ =0, [f(u)]- < Cp and (u—b)_ <b— by.
If we further assume that

u is constant on Qg N 9,8

i.e. that the assumptions in (¢7) are met, then choosing b as the constant value of u on that
set we have F? = ) and

/ a(|Vu|)|[Vul? < (C+Co(b—infu))-|QNByg|  forall R>b—infu
QoNBrN{u<infq, u+R} Qo (o)

Observe that if infq, u > —R/2, then

0

hence

/ a|Vul)[Vul? < / o |Vul) [Vul?
Qoﬁ{pSR/Q} QgﬁBRﬁ{u<ianO U+R}
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and we therefore obtain the desired conclusions in () and (44) up to replacing R by 2R.
Case (ii1). Suppose that

Ujg,na,0 18 constant, f(u) <0 in o, and Ug,no,0 = 1610fu > —00.
Then we can choose b = by = infq, u to obtain

/ a(|Vu))|Vul|? < C|Q N Byr|  forall R>0
QUﬁBRﬁ{U<ianO ’U.+R}

and we conclude as in the previous step.
Cases (iv) and (v). Suppose that the assumptions in (iv) are met:

Ug,no,0 1S constant, [f(w)] <Cy in Q.

Then we can choose b the constant value of u on Qo N 0,Q and by = b — R/2 to obtain

a(|Vu|)|Vul? < (C—l—SCO min{R sup |u— b}) |9 N Bag|.

b
/QOOBRﬂ{b—§<u<b+§} 2 9ynBsr

In particular, for some C’ > 0 we have

/ a(|Vu|)|[Vul? < C'R|Qo N Bagl for all R > 1.
QoNBrN{b—Z<u<b+ 2}

If we assume the requests in (v), condition |f(u)| < Cp is then automatic for suitable Cy,
and for some C” > 0 we have

/ a(|Vu))|[Vul? < C”|Q0 N Bag] for all R > 1.
QoNBrN{b—F<u<b+L}

The conclusions in (iv) and (v) follow by observing that
R R
{p <R/4} c Brn{lu| < R/A} CBpnib— o <u<bt

for large enough R.

Case (vi). Suppose that
f(u) <0 in Qo

with no further assumptions on u. Then choosing b = by = 0 we get

/ a(|Vu|)|Vul* < C|Qo N Bag|
QoﬁBRﬂ{O<U<R}
+C-min{R, sup |u|} " (F° N Bagr)

FSOB‘;}R

while choosing b = by = —R we have

/ a(|Vul)|Vul? < C|Q N Bagl
QoNBrN{—R<u<0}

+C-min{R, sup |u+R|} - A" YF BN Byg).

FoRNBag
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Since F? and FF are contained in Qy N 9,2, and using that Vu = 0 almost everywhere on
{u =0}, we get

/ CL(|VU|)|VU|2 <C (|Qo N B2R| + R- %n71(§0 Nno, NN BQR))
QOHBRQ{|u\<R}

for all R > 1. The desired conclusion follows. O

Proposition 24. Let 0 < a € C(R{) and u satisfy
/ o(|Vul)|Vuf? < V(R) (34)
QoN{p<R}

for some 0 <V € C(R"). Then, there exists C3 > 1 such that, for each R > 0,

a(Va)IVul _ <V<R> . /R V(o) dg)_

/Qom{ﬁ<p<R} P’ R? VE ©0°

Proof. Writing p=2 — R2 as an integral and using Fubini’s theorem and (34), we get

R
/ a(|Vu|)|[Vul?[p™> = R7?] = 2/ a(|Vu))|Vul? / o 3do | du,
Q0N {VR<p< R} Qon{VR<p< R} p
R
= 2/ o3 / a(|Vu|)|Vul?dz | do
VR Qon{VR<p<a}
R
< 2/ o3V (o)do
VR
Again by (34),
a(|Vul)|Vul? 1
/ avullivel” 2 (V|
Qon{vVR<p<R} P Qon{vVR<p<R}
+ [ o[ Vul) Vul? [~ - R~?]
Qon{VR<p<R}
R
< oY +/ 9) 45 ).
R VE O
O
Proposition 25. Let a satisfy (17) and
2 Amax(t) = 0 as t — 0,
(35)
t2A1(t) < CAa(t) on (0,00).
Assume that u satisfies (34) for some 0 <V € C(RT), and that
VIR) _ (36)

RS R2log R

Then, u has moderate energy growth in €.
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Proof. Choose

1 if p<VR,
2log(R
on=1{ 8By VR R
log R
0 if p>R.
Then,
rVr 4+ uVu
We thus have on {|Vu| > 0}
AVO)Vor Vor) = — AV VR + —2 ATV, V)
YR, VPR - p4 10g2 R ) p4 10g2 R )
8ru
m(A(VU)Vu, V’l">

Hence, by Young’s inequality and using p? = 2 + u?2,
2 u?
(A(Vu)Vyegr,Vor) < C (WM(W)W Vry + p410g2R<A(Vu)Vu7Vu>>
C
o R ((A(Vu)Vr, Vr) + (A(Vu)Va, Vu)) .
In our assumptions,

(A(Vu)Vr, Vr) < Amax([Vu]) < Ca(|Vu|)
(A(Vu)Vu, Vu) = M\ (|Vau|)|[Vul? < Ca(|Vul).

Hence (Vu)
a(|Vu
A(VU)Vr, V < MU
(A(Vu)Vogr, Vor) < 2log’ R
holds in {|Vu| > 0}. Integrating and using Proposition 24,
C a(|Vul)|Vul?
/ VP AV, Von) < o | Al 1o
Qon{|Vu|>0} log” R Ja,n{VR<p<R} P
<

1 R
C V(RQ) +— / o3V (o)do | .
R?logR log“R Jvm

By the first in (35), [Vu|?A(Vu) — 0 as a tensor if |[Vu| — 0, so the set {|Vu| = 0} can
be added in the left-hand side keeping the validity of the inequality. Because of (36), for a
suitable function or(1) of R vanishing as R — oo we therefore have

1 1 R log o
2(A < 1 d
|Vul*(A(Vu)Ver,Ver) < or(1) oz R + e’ B s o

1 1 [fdo 1
H|—+— — | = Hl——=+1
or(1) <logR + logR JyRr © ) or(1) (logR * )

and the thesis follows. O

IN
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Putting together Propositions 22, 24 and 25, we readily deduce the following when «a
satisfies the stronger (18).

Theorem 26. Assume that f € C1(R), that a satisfies (18) and that

22 < Caa(t) < &

72 on (0,00).

for some constants Cy,Cq > 0. Let u € C?(2) N CY(Q) solve Agu+ f(u) = 0. Let Qo C Q
be an open set with locally finite perimeter in Q such that Q¢ C 9N U crit(u) and

Q% N Br| = o(R*log R) as R — oo.
Then, u has moderate energy growth in Qg in any of the following cases:

(Z) —C() S f(u) S 0 n Qo,

U5,n0, 0 is bounded, iélfu > —00.
0

and for some b € R
A" Qo N 022N Br) = o(R?log R) as R — oo,
where OYQ = {x € 0, : f(z) # b}.
(1) —Co < f(u) <0 in o,

Ug,na,0 constant, 1510fu > —00.
(iii) f(u) <0 in Qo,
Ujg,no,0 5 @ constant b, 1S1210fu =b

(iv) |f(u)] < Co in Qo, u is constant on QN 9, Q and

|Q N Bg| = o(Rlog R) as R — oo.
(v) u is constant on Qo N O, and bounded in Q.
(vi) f(u) <0 in Qo and

A" Qo N0, Q2N Br) = o(Rlog R) as R — oo.

3 Stability and monotonicity

Let u € C%(2) be a non-constant, stable solution to A,u+ f(u) = 0 with f € C1(R). In this
section, we shall investigate some consequences of the stability property, so we assume that:

e q satisfies (18). In particular, A(Vu) is a (1,1) tensor field on 2 whose eigenvalues are
locally bounded away from 0 and oo (we shortly say that A(Vu) is locally uniformly
elliptic);

e (23) holds for each test function ¢ € Lip,(Q).
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Observe that
- If u € C*(Q) and a satisfies (18), then A(Vu) has L2 (Q) coefficients;
- If u € C%*(Q) and a satisfies (19), then A(Vu) has Lip,,.(Q) coefficients.

If A(Vu) has Lip,,.. coeflicients, it is well-known that stability is equivalent to the existence
of 0 <ve Cl’a(Q) solving the linearized equation

loc
div (A(Vu)Vo) + f/(u)v = 0,

see [26] for a proof. An analogous result holds when A(Vu) has only Li° coefficients. This

loc
is probably well-known, but we include a brief proof for the sake of completeness.

Lemma 27. Let A be a (1,1) tensor field with Ly (Q2) coefficients which is locally uniformly
elliptic, and let V € L2 (Q). Then, the following are equivalent:

loc

(i) For each ¢ € Lip,(Q),
I(p) = / (AVp, Vp)dr — / V2dz > 0.
M M

(ii) There exists 0 < v e CU¥(Q) N H}

loc loc

(Q) solving div(AVv) + Vv = 0 weakly in Q;

(iii) There exists 0 < w € HL () solving div(AVw) + Vw < 0 weakly in Q, where w > 0

means that w has locally positive essential infimum on 2.
Proof. (it) = (ii4) is obvious, and (#i7) = (i) follows the standard path by integrating
div(AVw) +Vw <0

against ¢?/w and using Young’s inequality, see [27, Lemma 3.10]. To prove (i) = (ii), we
follow the argument in [18, Theorem 1]: we choose an increasing, smooth exhaustion Q; t M
and associated solutions to

div (AVu;) +Vo; =0 in §;

v; =1 on 0Q;

The existence of v; follows from [19, Theorems 8.6, 8.12, 8.29] if we prove that

(@) = inf {Q(v) + 0F v € Lip (@)} >0, Q) = ;(:/Q

Indeed, if \1(2;) = 0, pick a minimizer ¢; for @ in Hg($;). Since I is homogeneous and
I(y) = I(|¢|) we can suppose that &; > 0, fgf = 1. Extending &; with zero outside of §;
yields a function &; € H}(2j41). Now, from 0 = A\ () = I(&;) > M\1(Qj41) > 0 we deduce
that ¢; also minimizes Q in Hg(;41), hence it is a non-negative solution to

div (AV@‘]) + ij =0 in Qj+1

which vanishes in a neighbourhood of 9,41, contradicting the Harnack inequality in [19,
Theorem 8.20 and Corollary 8.21]. Once the sequence {v;} is produced, to obtain v it is
enough to rescale v; to 1 at a fixed point p € €; and to pass to limits by using again the
Harnack inequality together with the local uniform C%® and H! elliptic estimates. O
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Remark 28. If a satisfies (18) and u € C'}(Q), non-negative weak solutions 0 < w € C1(€2)
of
div(A(Vu)Vw) + f'(w)w <0

satisfy the (half)-Harnack inequality [29, Thm. 7.1.2], so either w = 0 or w > 0 everywhere
in the domain Q. Moreover, if a satisfies (19) and v € C*(Q), the Hopf Lemma holds for
solutions w € C%(Q) N C1(Q), see [29, Theorem 2.8.3].

As is well-known, positive solutions to the linearized equation of A,u + f(u) = 0 can be
produced if u is monotone in the direction of a Killing vector field. We include the proof of
the next result in our needed generality.

Lemma 29. Assume the validity of (18), let Q) C M be a domain and suppose that u € C?(2)
solves Aqu+ f(u) =0. Let X be a Killing field in Q). Then, w = (Vu, X) solves

div(A(Vu)Vw) + f'(w)w =0 (37)
weakly in .

Proof. Consider the flux ® : 2 C Q x R — Q associated to X, defined on its maximal
domain Z, set ®,(z) = ®(t,z) and let 2, C Q be the maximal domain of ®;. Set u; =
uo ®; : 9y — R. The Killing property of X implies the next identities for each 1 € C?(Q)
and Y, = 1o ®,: 9 —» R:

3#/& = <V¢7X> © q)tv VQZJt = dq)—t(v/l/}%
[V |? = [Vi[? 0 @y, (38)
d(Oppe) = d((Ve), X)) 0 d®y = Vdy(X,d®;) + (Vo), Vae, X).

In particular, from the second equation in (38) we deduce that, fixing z € U and considering
the vector field Vu; along the constant curve () = z,

\Y%

dt

\Y%
(Vuel2) = 3 (d(b_t [Vu(‘bt(z))]) — (LxVu)(2) = [X, V] = Vx Vi — Vo X.
(39)
Since ®; is an isometry, u; solves weakly Aju; + f(u;) = 0 on Z;. Fix ¢ € C*(Q), and
choose ¢y small enough so that, for [¢t| < tg, p € C°(Z;). Then,

0 0

/M {a(Tu@)) (Y, o). — flun())p(2) bz = 0.

Next, by (18) and since u € C?(Q) the integrand is a Lipschitz function of (¢,2) € (—¢,¢) x
spt(¢). Hence, by the differentiation theorem under the integral sign we can differentiate in
t to get

a (|Vu d
0 = /{7(‘ t|)Vdut(Vut,X)<Vut,Vg0> + a(|Vug|) = {(Vug, Vo) — f/'(ug)(w o fI)t)go}.
(40)
Evaluating at ¢ = 0 and noting that, by (39) and since X is Killing,

d

dt

A\
<a (Vut)v V(p>z = <VXVU, V@) - <vVuX7 V<p>
0

Vdu(X, V) — (VvuX, V) = Vdu(X, Vo) + (Vv X, Vu)

(Vut, V@) z
t=0
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we obtain

0 = / { a,(‘qu Vdu(vu, X)<V’U,, VCP> + a(|Vu|) [Vdu(X, VQO) + <VV<,DX7 VU” — f/(u)wgp}

[Vl
(41)
Using now that
(Vw, V) = Vo ((Vu, X)) = Vdu(Ve, X) + (Vu, Ve, X)
we get
_ a'(|Vul) /
0 = [{ oAV V) (V. V) + | Vul) (V. V) = f (e »
= [{amive.ve) - re).
that concludes the proof. O

Lemma 30. Let (M™,(,)) be a Riemannian manifold and 2 C M a domain. Let a satisfy
(18), f € CH(R) and let w € CH(Q) N C(Q) be a solution to

div(A(Vu)Vw) + f'(u)w =0 weakly in (43)
w >0 on 02
for some uw € C1(2). Suppose that there exists {¢;} C Lip,(Q) satisfying
0; =1 in Cle(Q) and / w? (A(Vu)V;, Vi) — 0 (44)
Q
as j — oo, where w_ = max{—w,0} denotes the negative part of w. Then either
w=01inQ or w <0 in Q) or w >0 in Q. (45)

Remark 31. We emphasize that in Lemma 30 no assumptions are made on the regularity
of 9L, as we only require 2 to be open and connected.

Proof. By Lemma 27, since u is stable there exists a weak solution 0 < v € C*(Q)NHL (Q)
to
div (A(Vu)Vv) + f'(u)v = 0.

Set z = w_ /v. We first show that
/ ©*0? (A(Vu)Vz,Vz) < 4/ w? (A(Vu)Vp, Vo) for all ¢ € Lip.(M). (46)
Q Q
To do so, for € > 0 let us set v. = v + ¢ and 2. = w_ /v.. The function v, solves
div (A(Vu)Vue) + f'(u)ve = ef'(u)
weakly in 2, so z. satisfies
div (vVZA(Vu)Vz.) > —ew_f'(u)  weakly in Q. (47)

Let ¢ € Lip.(€2) be a cut-off function on M, § > 0 and set Us = {z > 6} and U 5 = {2 > 6}.
By construction

Ues C{w_ >ed} CQ
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80 (z. — &)+ vanishes in a neighbourhood of 9 and thus, testing with p?(2. — ), € Lip,(Q)
we get

. /Q O (ww_ (22 — 6)4 < — /Q (A(V) Ve, V(2 (20 — 6) )02

. / AV V2o, Voo 1y, +2 / (2 — 8)+ (A(V) Vs, Vip)o?
Q Q

1
< —5/ gong(A(Vu)st,stﬂUays + 2/(25 - 6)iv§<A(Vu)Vgo,Vgo>.
Q Q

Since (ze — 0)3v2 < w? on Q, we have

1

5/Qg02v§<A(Vu)st,Vz5>1U51(s < 2/§2w2_<A(Vu)ch, ch)+E/Q<,02f/(u)w_(zs — ).

We keep § > 0 fixed and we let € — 0T in this inequality. Since

le® f'(ww-(ze — 8)4] < e@®|f (u)|w-z: = s@zlf’(U)l'uﬁvi < ¢|f' (w)lw? € LY(Q)

€

by dominated convergence we have

e—0t

lim 5/9 O f(w)w_(z. — 8y =0.

On the other hand, expanding Vz. and using Fatou’s lemma we have

liminf/ ©*v2(A(Vu) V2., V) 1y, 2/4,021}2<141(Vu)VZ,Vz)lU(S
Q Q

e—0+

so we get

/¢2v2<A(Vu)Vz,Vz>1UJ < 4/ w? (A(Vu)Vp, V)
o Q

and then letting § — 0T we obtain, by monotone convergence, (46). In our assumptions,
choosing ¢ = ¢; in (46) and letting j — oo we deduce

/ v (A(Vu)Vz,Vz) =0.

Since v > 0 in Q and (A(Vu) -, -) is positive definite we infer Vz = 0 almost everywhere in
) and therefore z is constant in €2, that is, there exists a constant A > 0 such that

wW_ = v in Q.
Since v > 0 in 2, this implies that either w_ > 0 everywhere in  or w_ = 0 in 2, that
is, either w < 0 everywhere in Q or w > 0 in Q. In the latter case, by the (half)-Harnack
inequality (see Remark 28) we either have w = 0 or w > 0 everywhere in Q. O

Remark 32. In the proof of Lemma 30 we showed that if there exists a strictly positive
solution v € O (Q) N HL _(Q) to

loc

div(A(Vu)Vo) + f(w)p=0  in Q
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and w € C1(Q) N C(Q) is a weak solution to
div(A(Vu)Vw) + f(w)w=0 in Q (48)

satisfying w > 0 on 0Q and (44), then either w > 0 in £ or w = Av in Q for some constant
A < 0. The same argument applied to both w, and w_ shows that if w € C1(Q) N C(Q) is
a weak solution to (48) satisfying both w = 0 on 092 and (44) with w in place of w_, then
w = Av in €2 for some constant A € R.

Theorem 33. Let (M, (,)) be a complete Riemannian manifold, let Q be a C' domain and
let u € C*(Q) NCY(Q) be a non-constant, stable solution of

Agu+ f(u) =0 in £,

where a satisfies (18) and f € C*(R). Let Qo € Q be a subdomain such that 9y C 9Q U
crit(u). Assume that X is a bounded Killing vector field in Qq, continuous in Qo and satisfying

(Vu,X) >0, (Vu,X)#0 on Qo N Q. (49)
If u has moderate energy growth in Qq, then (Vu, X) > 0 in Q.
Proof. By Lemma 29, w = (Vu, X) solves the linearized equation
div (A(Vu)Vw) + f'(u)w =0

weakly in Qg and w > 0, w #Z 0 on 9. Since, in our assumptions, w? < C|Vu|? and u
has moderate energy growth in Qy, we can apply Lemma 30 in €y to deduce that w > 0
there. Since w #Z 0 on 0§, it must be w > 0 somewhere in Q4 and therefore, by the Harnack
inequality in [29, Thm. 7.1.2], w > 0 everywhere in . O

4 The geometric Poincaré formula and splitting

For z ¢ crit(u), fix a local orthonormal frame {e;} = {v,en}, where v = Vu/|Vu| and
1 <a<n-—1. Given ¢ € C*®(M), we denote by V¢ the component of V¢ orthogonal to
v, and by II(z) the second fundamental form of the level set {u = u(x)} at . The subscript
v will mean derivation in the direction of v, so that, for instance, u,, = |Vu|. The coeflicients
of (the (0,2)-version of) A(X) will be denoted by AY.

Lemma 34. Let A satisfy (17). Near a point where |Vu| # 0, the following identities hold:
1) (VIVul,e;) = Vdu(v, e;) = u%ukiuk, ’V|Vu|’2 =uZ, + ‘VT\VuHQ
2)  [Vdul2 - |V|Vul]’ = |VT|Vul|* + w112
3) (A(Vu)V|Vul|, V|Vul) = XV T |Vul|? + Aju,
4) Vdu® (Vu, Vu) = u2(u2, + |V |Vul|?)
5) Al AT = 20 | VTVl |* + A2, + u2 3| T1[2
6) (A(Vu)V|Vu|, Vu) = upA1ty,.

where Vdu(® is the tensor whose components are ulkujC and \j = X;(|Vul).
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Remark 35. Item 2) was used by Sternberg and Zumbrun in [36].
Proof. 1) and 2) are standard identities. As for 3), by 1)

A(Vu)V|Vu| = Vdu(v, v)\iv + Vdu(v, eq)Aaeq = Upp A1V + Upa A2,

S0
(A(Vu)V|Vul|, V|Vu]) = M2, + Aatiyalsg

and, by 1), upatve = |V |Vul|?.
To prove 4), observe that

Vdu'® (Vu, Vu) = uikuﬁuiu-j = wluypupr = ul (ul, + |V |Vul[?).
For identity 5), we write
a'(|Vul)?

[Vul?

_ad([Vu])? ,

a(|Vul)a'(|Vul)
|Vl
,
090+ 2a<|w||>vc; |<Vu|>u3
+ a(|Vul)? (uz, + 2|V |Vu|]? + u2|I1]?)
=[IVula'(|Vul]) + a(|Vu])]* ul,+
+2a(|Vul) [a(|Vu]) + [Vuld'(Vul)] [V [Vul[? + a(|Vu] ju? |12

=A2u2, 4 20 AV T [V |2 4 AZu2|11)2.

Ay, AR = [Vdu(Vu, Vu))® + 2 Vdu® (Vu, Vu) + a(|Vu|)?|Vdu|?

(u2, + VT |Vu|]?) +

Finally, to prove 6), we just write

(A(Vu)V|Vul, Vu) = Aijiuikukuj = Alu—uikuk = ﬁVdu(Vu, Vu) = Ay, u?
Uy u

v
v ul/

We begin with the following Bochner type formulas:

Proposition 36. Let u € C3(Q), and let a satisfy (19). Then, at points of Q\crit(u) where
a(|Vul|) is twice differentiable, it holds

1
5div(A(vu)V|Vu|2) = w2, + A+ )| VT [Vl + Agu2| TT[2 (51)
+XRic(Vu, Vu) + (VA u, Vu).
and )
[Vuldiv(A(Vu)V|Vu|) = M|V |Vu||” + Aou2|IT |2 (52)

+A2Ric(Vu, Vu) + (VA u, Vu),

where N\j = \;(|Vul|). Moreover, if Aqu+ f(u) =0 with f € C*(R) then (51) and (52) hold,
with the inequality sign > in place of equality, weakly in the entire ).

Remark 37. The weak inequality requires to give a proper meaning to VT|Vu|7 Uy, and
u2|11|? on crit(u). By Stampacchia’s inequality, Vdu = 0 a.e. on crit(u). Since

u?, + 2|V Vul> + u2| 11> = [Vdu*>  where |Vu| > 0
the terms |V " |Vu||?, u2, and u2|1I|? extend continuously to the entire {2 by setting them

vv
to zero on crit(u).
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Proof. First, observe that a(|[Vu|) € CL({|Vu| > 0}), hence the subset E where it is twice

loc

differentiable has full measure in {|Vu| > 0}. For x € E define
(x) = div(A(Vu)V|Vul?).

Using 1) in Lemma 34, we compute

(x) = div(G/FVVUT)<Vu,V|Vu2>Vu+a(|Vu|)V|Vu|2>

[Vl
C(d (V) [Vdu(Vu, Va))?
- (o)
a/(|Vul)
[Vl

B a'(|Vul) /[Vdu(Vu,Vu)]2
2( V) )

!
= div <2a (WuDVdu(Vu, Vu)Vu + a(|Vu|)V|Vu|2>

o/(|Vu])
2
Vo vl

a(|Vul)
[Vl

a' (|Vu
e
a(|Vul) a'(|Vul)
[Vul [Vul
+2a(|Vu|) [|[Vdul® + (VAu, Vu) + Ric(Vu, Vu)].

(V(Vdu(Vu, Vu)), Vu)

+2

Vdu(Vu, Vu)Au + Vdu(Vu, VIVul?) + a(|Vu|)A|Vul?

(V(Vdu(Vu, Vu)), Vu)

+2 Vdu® (Vu, Vu)+

Vdu(Vu, Vu)Au + 2

Next,
a(|[Vu)(VAu, Vi) = (V (a(|Vu|)Au),Vu> _ g “VVuTDVdu(vu,vu)Au. (53)
Since (o
Agu= a4 (|Vuu|)Vdu(Vu, Vu) + a(|Vu|)Au,

inserting it into (53) we get

a(|Vu) (VA Vi) = (V <a/|(|VVlLT|)Vdu(Vu,Vu)+Aau) , V)
—GIOVUD u(Vu, Vu)Au
Val Vdu(Vu, Vu)Au.
_(@OV) Y [Vau(Vu Vo)t @ (Vul) oo oo
- ( vl > [Vl o (¥ (Vau(Ve V), V)
a/(|Vul)

+(V (Aqu),Vu) —

vl Vdu(Vu, Vu)Au.

(54)
Inserting this in turn into (%) and simplifying, we obtain that

_ L@ (Vul)
) = 2 [Vl

+2(VA u, Vu).

Vdul? (Vu, Vu) + 2a(|Vu|) [|Vdu|* + Rie(Vu, Vu)]
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Using then identities 2) and 4) in Lemma 34,

(*)

20/ (IVul) [ Vul (12, + [V T, |?) + 2(VA,u, Vu)
+2a(|Vul) [uZ, + 2|V u, > + w2 | 1I|* + Ric(Vu, Vu)]
= 202, + 200 + A2) [V Ty |2 + 2, [uz\ 112 + Ric(Vu, vu)]

+2(VA,u, Vu),

proving (51). To show (52), simply observe that expanding (%) and using 3) in Lemma 34
we get
(%) = 2|Vu|div(A(Vu)V|Vaul) + 22|V Tu, > + 2Xu,,.

To prove that the inequalities hold weakly in €2, first observe that the vector fields
A(Vu)V|Vul?, A(Vu)V|Vu|

are locally Lipschitz in {|Vu| > 0}. Therefore, the pointwise equalities we just showed hold
weakly against test functions supported there. Let now 0 < ¢ € Lip.(2). Fix a cutoff
0 < € CX(RY) supported in [0,2), identically one in [0, 1] and with ' < 0, and for & > 0
define the function

Ne(t) =1 —1(t/e) for t € [0, 00).
Let (»x) be the right-hand side of (51). We multiply (51) by n.(|Vu|?)¢ € Lip.({|Vu| > 0})
and integrate by parts to get

1

Jemvupye = =5 [0V ((17uP))

< _%/n5(|Vu|2)<A(VU)V|VU|27V‘P>7

where we used the ellipticity of A and n. > 0. Letting ¢ — 0 we get

1
/ (o< % / (A(V0)V|Vul?, V).
{|Vu|>0} 2 Jyvu>0y

We are left to prove that the domain of integration {|Vu| > 0} can be replaced by the entire
Q. This is clear, in our assumptions on a, for the left-hand side. This is also the case of the
right-hand side, since

(VA u, Vu) = —f'(u)|[Vul* € C(Q)

and by Remark 37. The case of (52) is analogous. O

Next, we use the above Bochner’s formula to get a geometric Poincaré inequality. A
related inequality was obtained in [28]. The first step is the following proposition.

Proposition 38. Let Q@ C M be a C? domain with interior normal 1, and let u € C3(2) N
C?(Q) be a solution to
Agu+ f(u) =0,

where a satisfies (19) and f € C1(R). Let Qo C Q be a domain with locally finite perimeter
in Q such that
00y C 00 U crit(u). (55)
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If w e C%(Q)NCL(Q) solves
w >0 in Qo, div(A(Vu)Vw) + f'(w)w <0 weakly in Qo, (56)
then, setting \;(t) as in (22), for each ¢ € Lip, (M) and & > 0 it holds

/ |Vul|? (A(Vu) Ve, V) z/ O* IV T V|2 + Ao [|Vul? IT|? + Ric(Vu, Vu)] }
Qo QO

+ /Qo(w + &)X (A(VU)V (‘Z’JZ“J) v (i’j‘;)

2
- / P ) |V
Q

0w+5

(57)

Vul?2  |Vul|?
204 [Vul _[Vel”
+/Qommcp (A(Vu)V 5 o (Vu)Vw,n)

where Aj = X;(|Vul).
Proof. Set w. = w+ ¢, z = |Vu|/w, and consider the vector field

2
V = w.|VulA(Vu)Vz = = A(Vu)V|Vu|* - &A(Vu)vqu

[N

€

which is continuous in Q and locally Lipschitz continuous in . From (52) and (56) we have
divV = M|V V| + Ao [|Vul*|IT|* + Ric(Vu, Vu)] — wiaf'(u)\VuF + wZ(A(Vu)Vz, Vz)
weakly in 2. Let ¢ € Lip, (M) be given. We have
div(?V) = @%div V + 2w. | Vu|(A(Vu)Vz, Vo)
and from the identity
w2 (A(Vu)Vz, Vz) 4 20w | Vul(A(Vu)Vz, Vo) = w?{A(Vu)V(pz), V(pz))
—[Vul*{A(Vu) Ve, V)

we get

2
div (©*V) > ©® {M|V T [Vaul]? + X[ Vul?| 1L |* + Ric(Vu, Vu)]} — Ewif/(u)\VuP (58)

+ w2 (A(Vu)V(pz), V(pz)) — [Vul* (A(Vu)Ve, V) .

The vector field W = ¢?V vanishes on 99y N € and is compactly supported in Q, so by the
divergence theorem (see Lemma 49 in the appendix) we have

2
oz/ ©* IV T Vul|? + Ao [|Vul?| 1T |? + Ric(Vu, Vu)] } — Z}if’(uwm2
Qo Qo €
+ [ wHAT0Te). Vo) - [ [VaPAT e, v
0 0
+[ ©*(V,n)
QoMo

which is (57).
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In the next Lemma, we deal with the boundary term and extend to a quasilinear setting
a “magical identity” first discovered in [14, 15], see also [12, §].

Lemma 39. Let Q C M be a C? domain and let u € C?(S2) be such that both u and c; = O,u
are constant on a connected component 0;Q of 090, and let a satisfy (17). Then, for each
vector field X in a neighbourhood of 0;92, the function w = (Vu, X) satisfies

<wA(Vu)V|V;| — |Vu? A(Vu)Vw, n) = =X\ (|Vu|)|Vul?e;(n, V, X) (59)

on 0;Q. In particular, if X is Killing then the right hand side of (59) vanishes.
Proof. The identity is obvious if d,u = 0, since in this case Vu = 0 on 9;{2. Thus, assume
¢; # 0, so that ¢;n = Vu. Since A(Vu) is symmetric and A(Vu)n = A (|Vu|)n, we deduce
\V4 2
(wA(Vu)V% — |Vu2A(Vu)Vw,n)

Vul?
v 2

— (w — [VuPVu, Ay (Val)  on 9,0

The conclusion therefore follows from the identity

2
<wv|V;‘| — |Vul|?Vw,n) = —|Vul*c;(n, V, X) on 9;Q, (60)

which was proved? in [12, Lemma 32]. O
We are ready to pass to limits as € — 0 in Proposition 38.
Theorem 40. Let Q C M be a C? domain and let u € C3(2) N C?(Q) be a stable solution
‘0 Agu+ f(u) =0 in €,
{ u, Oyu locally constant on 09,

where f € C'(R) and a satisfies (19). Let Qo C Q be a domain with locally finite perimeter
in  such that Qg C 9N U crit(u), let X be a Killing vector field in Q0 and suppose that
w = (Vu, X) satisfies w >0, w# 0 in Qo. Then for each ¢ € Lip (M) it holds

/ |Vu?(A(Vu) Ve, Vi) 2/ O* IV T V|2 + Ao [|Vul* IT|? + Ric(Vu, Vu)] }
Qo QO

+ /QO w? (A(Vu)V <¢|Zu> 'V (cp|Zu|>>

Proof. Since w satisfies div(A(Vu)Vw) + f'(v)w =01in Q@ and w > 0, w Z 0 in Qp, by the
Harnack inequality (see Remark 28) we have w > 0 in Q. From Lemma 39 (applied to any
C! extension of X in a neighbourhood of 9€2) we know that

(61)

Ivap

(wA(Vu) 1) = {|Vul|* A(Vu)Vw, n) on 9Q. (62)

We claim that
{x € QNN :w(x) =0} C{zeQ: Vu(x)=0}. (63)

2There is an uninfluent sign mistake there, since the right-hand side of (60) is written as —|Vu|3(n, V, X).
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Indeed, suppose by contradiction that there exists x € Qo N 9N such that w(x) = 0 and
Vu(z) # 0. Since 99 C crit(u) U 0 and by assumption we have Vu # 0 at x, there exists
a neighbourhood U of z in M such that U N crit(u) = @ and therefore U N9Qy = U N IN.
Since 00 is C? regular, )y satisfies an interior ball condition at z. Having w > 0 in €y and
w(x) = 0, by Hopf’s lemma (see again Remark 28) we deduce 9,,w(z) > 0. Then, we have

(IVulPA(Vu)Vw,n) = M (|Vu)) [ Vul?,w #0  at x

where we used that A(Vu)n = A1 (|]Vu|)n since n is proportional to Vu at 2. But then the
left-hand side of (62) must also be nonzero at x, contradicting the assumption w(z) = 0.
Let ¢ € Lip,.(M) be given. From Proposition 38 and (62) we have

/ |Vu?(A(Vu) Ve, V) = / O* IV T V|2 + Ao || Vul? IT|? + Ric(Vu, Vu)] }
Qo

Qo

+ /Qo(w + )2 (A(Vu)V (W) ,V <W>>

w+ € w+ €

2 (64)
o gp / 2
o
2 2
gp V|Vul
AV :
T

for any € > 0. We now let ¢ — 0 to obtain (61) from (64). Since |e/(w + ¢€)] < 1 in g, by
the Lebesgue convergence theorem we have

£? ’ 2
/ w+8f(u)|Vu| -0 as € = 0.
Qo

Setting By = {w = 0} N QNI and E; = {w > 0} N Qg N I, we have

2 2 2
gp V|Vul / 9 V|Vl
A(V = A(V
/Qomasz w €< (Vu) 9 .1) . ©*(A(Vu) 9 . 1)

2 2
o VI|Vu|
+ AV .

/E1w+s< ( u) 2 ’n>

When letting ¢ — 0, the integral over E; converges to 0 by the Lebesgue dominated conver-
gence theorem. On the other hand, by (63) we have Vu = 0 and therefore V|Vu|? = 0 on
Fy, so the integral over Ejy also vanishes and we get

2 2
ey V|Vul
A(Vu ,n —0 as € > 0.
/szom69w+5< (Ve) 2 >

Finally, by explicit computation of V(¢|Vu|/(w + ¢)) and Fatou’s lemma we have

1iminf/ﬂo(w+e)2<A(vu)v (“”'V“'> ,V <‘M)> > /Q w?(A(Vu)V <<p|zu|) Vv (M>>

e—=0 w+ € w+e€ w
and this concludes the proof. O

Remark 41. In the above proof, since w > 0 in Qy then crit(u) N Qy = 0, whence Q is a
connected component of Q\crit(w).
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Theorem 40 will be used later to infer that solutions with moderate energy growth satisfy
VT |Vu| =0 and IT = 0 in Q. Once this is achieved, the next proposition provides a general
splitting result, of independent interest.

Proposition 42 (The splitting lemma). Let (M, (, )) be a complete Riemannian manifold
and Q C M a C' domain. Let a satisfy (17), f € C*(R) and let u € C1(Q) be a non-constant
weak solution to

Aju+ f(u)=0 in Q
u locally constant on 0.

If Qo is a connected component of Q\crit(u) such that
u € C*(Qp), |VT|Vu||2 =0 and ITI>=0 in Qo (65)
then:

i) there exists an isometry U : I x N — Qq, where I C R is an open interval and N is a
complete, totally geodesic hypersurface of M ;

it) w(U(t,x)) = uo(t) for all (t,xz) € I x N, for a suitable function ug : I — R such that
ugy > 0.

Remark 43. Observe that we assume no regularity at all on the the portion 9 N crit(u).
The fact that the latter is totally geodesic, in particular smooth, is a consequence of the
proof.

Proof. By the identities 1) and 2) in (50) and by (65), the only nontrivial component of Vdu
in g is the one in the direction of v = Vu/|Vul:

Vdu = Vdu (v,v) du ® du

— in Q. 66
Vo & Ve T (66)

A straightforward computation allows us to deduce from (66) that |Vu| is locally constant
on level sets of u intersected with )y and that v is a parallel vector field. Indeed, from the
standard identity d|Vu|? = 2Vdu(Vu, -) we have d|Vu| = Vdu(v, -) in {Vu # 0}, so by (66)
we get

V|Vu| = Vdu(v, v)v in Q

from which we have

(Vi v) = (YxV0Y) (X V|Vu))(Vu, V)

[Vl Vul?
_ Vdu(X,Y) B Vdu(v, v){v, X){(Vu,Y)
B ‘VU‘ |Vu|2
= ﬁ (Vdu(X,Y) — Vdu(v,v) (v, X) (i, Y)) = 0

for any pair of tangent vectors X, Y € T, M, x € Qq, that is, Vv = 0 in Q. In particular,
integral curves of v are geodesics in M. By the very definition of IT and by (65) we also have
that level sets of w intersected with )y are totally geodesic hypersurfaces in M.

Fix b € u(Qp)\u(09), which exists since u(9S?) is at most countable and u is non-constant.
Let N C Qg be a connected component of ¥ = {z € Qp : u(r) = b} and let ¢ > 0 be the
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constant value of |Vu| on N. Since ¥ is closed in €y and N is a connected component of
s, we have that N is closed in X, hence in 3. We claim that N is also closed in M. This
is equivalent to saying that the closure N of N in M is contained in Qq, that is, that it
does not intersect 92y = Qp\Qo. Indeed, by continuity of u and |Vu| in Q we have u = b
and |Vu| = ¢ on N; since 9 is contained in crit(u) U9, u # b on 92 and |Vu| = 0 # ¢
on crit(u), we have N N 98y = () as claimed. Furthermore, N is also embedded and totally
geodesic in €2, therefore in M. In particular, N is also complete. Let

U:RxN—= M:(txz)— exp,(tv).

Note that ¥ is well defined and surjective by completeness of M and closedness of N, and
that ¥~=1(£p) is open in R x N. For each x € N we denote by I, C R the maximal open
interval containing 0 such that (¢, z) € Qq for all ¢t € I, and we denote by ~, : I, — Qg the
geodesic curve given by

Vo (t) = U(t, x) forall tel,.

For each x € N we also set
t«(x) =inf I, , t"(x) =supl, .

Note that if t.(x) > —oo then U(t.(x),x) € 0. Similarly, ¥(t*(z),z) € 0y if t*(z) < 0.
We define
P ={(t,x):x € Nt I,} CU Q).

Our ultimate goal is to show that = I x N for a fixed open interval I C R, that ¥ : & — Qg
is an isometry when & is equipped with the product metric dt? + (, )|v and that v is of the
form u(¥(t,x)) = ug(t) for some function ug : I — R.

First, we show that 2 is open in ¥~1(€y), and therefore also in R x N. Suppose, by
contradiction, that this is false, that is, suppose that ¥=1(Q0)\Z is not closed in ¥~1(£y).
Then there exist (¢,7) € 2 and a sequence {(t,,z,)} € ¥71(20)\Z such that (t,,z,) —
(t,z). Suppose, without loss of generality, that ¢ > 0. Then we also have ¢, > 0 for all
sufficiently large n € N. Since (t,,x,) € Z, that is, t,, € I, , this implies that t*(z,) < t,
for all sufficiently large n. Since 0 < t*(z,) < ¢, and ¢, — ¢t < oo, the sequence t*(z,,)
is bounded, so there exists a subsequence x,, such that t*(z,,) converges to some limit
t € [0,t]. By continuity, we have U (t*(xy, ), Tn,) — ¥(f,z) as k — oo. Since ¢ € [0,¢] C I,
we have U(f,z) € Q. But then {U(t*(zn,), s, )} is a sequence of points of N converging to
a point of 2, absurd.

From (66) we deduce that the vector field v is parallel in Qy. We let

(I)IEQRXQ()—)QO

be the maximally defined flow of v. By the very definition of ¥ and & and by parallelism of
v, we have 4 C E and

U(t,x) = (¢, 0(0,2)) = D¢, x) for all (t,z) € 2.

Moreover, since v is a parallel vector field and since ¥ = &, on &, the pullback \I/i"@<, ) of
the metric (, ) of € induced by ¥|5 on Z is the product metric

dt2+<, >|N~
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Indeed, for each (t,z) € Z we have
(g D(0: ) = (Wu0, 0} = (viv) = 1

(Wiz ()0, X) = (W0, U X) = ((Bo) v, (P1)2X) = (v, X) =0

(23

( r@<= DY) = (WX, 0.Y) = (@)X, (P0).Y) (i?z’) (X,)Y)=(X,Y)n
for any X,Y € TN, where (¢) holds because ¥ is a restriction of the exponential map and
(i1)-(i4i) hold because the map y — P;(y) = P(¢,y) is a local isometry by parallelism of v.
In particular, ¥|¢ is an open map and a local diffeomorphism onto its image (in fact, we will
show that it is also injective, hence a global diffeomorphism) and ¥(2) is open in Q.
Let ¢ > 0 be the constant value of |[Vu| on N and let yo : J — R be the maximal solution
to the Cauchy problem

subject to the constraint
yo(t) #0 forall te J.

We claim that I, C J for all z € N and that u(¥(¢,x)) = yo(¢) for all z € N, t € I,. For a
given x € N, consider the function u, = uwo~, : I, - R. We have

uy, = |Vulory, >0, uly = Vdu(v,v) o,

SO u, satisfies

la(uy) + uha! (uy)|u + f(ug) =0 on I,
and u,(0) = b, u},(0) = ¢. Hence, the claim follows by uniqueness of the local solution to the
Cauchy problem for the ODE

la(y") +y'd )]y + fly) =0

for any initial datum (y(to),y’(t0)) € R x R™.
We now show that the intervals I,, x € N, are all equal to some given interval I C R
independent from x. This is equivalent to saying that for each ¢ € R the set

Ny={xeN:tel,}

is either empty or equal to N. We prove this latter claim. Let ¢ € R be such that N; # 0,
then we prove that N; = N by showing that N; is both open and closed in the connected
N. The first property is an immediate consequence of openness of &: since Z is open in
R x N, the intersection 2 N ({t} x N) is also open in {t} x N; since 2N ({t} x N) ~ N; and
{t} x N =~ N via the trivial homeomorphism 1 : {t} x N = N : ({,x) — z, it follows that
Ny is open in N. We now prove that Ny is closed in N. Without loss of generality, assume
that t > 0. Let {z,} C N; be a sequence converging to some point x € N. Suppose, by
contradiction, that ¢ N;. Then we have t*(x) <t < t*(x,). In particular, t*(x) < oo and
so U(t*(x),x) € 9Qy C crit(u) U 0f2. By continuity,

[Vul(U(t* (2), 2) = Tim [Vl (R(1° (2), ) = lim_ul, (8 (2)) = y(t*(x)) > 0.

Therefore, Vu # 0 at ¥(¢t*(z), z) and we have U(t*(x),x) € 0. Since u is locally constant
on 09, the gradient Vu = |Vuly, must be orthogonal to 9Q at U(t*(z), z), that is, the curve
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s+ U(s,z) = 7,(s) meets OQ orthogonally at time s = t*(z). Since 9 is an embedded C*!
hypersurface of M, for each large enough n € N the curve s — (s, x,,) must intersect 9 for
some value s, € R of s such that s, — t*(z) as n — co. Since t*(z) <t < t*(z,) < $p, by
comparison it must be t*(z,) — t*(x) as n — oo, hence U (t*(x,),z,) — Y(t*(z),z). Since
09 is C! and embedded, for all sufficiently large n € N the point ¥(¢*(x,),x,) belongs to
the same connected component of 92 containing W (¢*(z),z). Since u is constant along that
component of 02, it must be

w(¥(t"(x), ) = u(¥(t* (zn), zn))
for all sufficiently large n € N. By continuity, we have

w(U(t"(z),z)) = lm u(P(s,z))= lm yo(s)=1yo(t"(x)).

s—t*(x) s—t*(x)
On the other hand, since yy is strictly increasing and t*(z) <t < t*(x,), we also have

yo(t*(x)) < lim yo(s) = lim w(P(s,z,)) = u(V(E" (), zn))
s—t*(zp) s—t*(xy)
for each n € N, contradiction. This shows that N; is also closed. By connectedness of N and
since N; # () we deduce Ny = N.

So far, we have proved that
2 =1xN

for some open interval I C J, that W5 : Z — () is a local isometry (when Z is equipped
with the product metric), that ¥(2) is open in Qy and that u satisfies u(¥ (¢, z)) = yo(t) for
all (t,x) € 2 for a fixed function yo : J — R. Since yq is strictly increasing on J and integral
curves of v are disjoint, we further deduce that ¥4 is injective, hence a global isometry onto
its image. We now prove that ¥U(2) is also closed in Qq, thus concluding ¥(2) = Qg by
connectedness of Q. Let {p,} C ¥(2) be a given sequence converging to some point p € Q.
We have to show that p € U(2). We consider the (unique) sequence {(t,, z,)} C 2 such that
Pn = U(tn, z,) for each n € N. Let U C Qg be a geodesically convex open neighbourhood of
p, which exists by openness of 2y. For all n,m € N large enough we have p,,p,, € U and
there exists a minimizing geodesic v = 7y, : [0, 1] — U such that v(0) = p,, and v(1) = py,.
Let
v = 4(0) = (3(0), v}

be the component of 4(0) orthogonal to v and let o : [0,1] — N be the geodesic with initial
point z,, and initial velocity (¥(t,, -)~1).v € T,, N, which exists by completeness of N.
Consider the curve c: [0,1] — M defined by

c(s) = W(tn + 5(7(0),v),0(s)).

We claim that ¢(s) = ~(s) for all s € [0, 1]. Indeed, by construction we have ¢(0) = v(0) and
&(0) = 4(0). Let

5 =sup{so € [0,1] : t,, + s(¥(0),v) € I for all s € [0, s0]} -

The restriction ¢jjg5 : [0,5] — o is a geodesic, and by uniqueness of geodesics we have
c(s) =7(s) for all s € [0, 8]. Clearly 5 > 0, since ¢, € I and I is open. In fact, we have § = 1,
since otherwise t,, + 5(%(0), ) would be a boundary point for I, yielding v(3) = ¢(5) € 99y,
contradiction. So, we have ¢(s) = 7(s) for all s € [0, 1], as claimed. In particular,

\P(tn + <’7(O)7 V>7U(1)) = C(l) = ’7(1) \Ij(tmﬂ mm)



and by injectivity of ¥|4 this implies
tn + (¥(0),v) =t and o(1) = xp, .
Since ([0, 1]) lies entirely in U (2), we have

2= (5(0), )2 +16(5)]> > |tn — tm|?® + disty (2, Tm)?.

dista (pn, pm)? = [3(s)

Hence, {t,} and {z, } are Cauchy sequences in R and N, respectively, so we have the existence
of (t,x) € RxN such that (¢,,x,) — (¢, 2). By continuity of ¥ we also have p,, = U(t,,, x,) —
U(t,xz), sop = ¥(t,x). If t € I then we would have either t = supI or ¢ = inf I; in both
cases, U(t, z,) would be a sequence of points of 9 converging to the point p € g, absurd.
Hence, it must be t € I and so p € ¥(2), as desired. O

We are ready to prove Theorem 15 in the Introduction, in the following more general
form:

Theorem 44. Let (M",(,)) be a complete Riemannian manifold. Let Q be a C* domain
such that Ric > 0 in Q. Let a satisfy (19), f € CY(R) and let u € C3(Q) N C?(Q) be a
non-constant, stable solution to

Asu+ f(u)=0 in
u, Oyu locally constant on 00

with moderate energy growth. Let Qg be a connected component of Q\grit(u) with locally finite
perimeter in Q. Assume that X is a bounded Killing vector field in € such that

(Vu, X) >0 in Q. (67)
Then,

i) there exists an isometry U : I x N — Qq, where I C R is an open interval and N is a
complete, totally geodesic hypersurface of M with Ricy > 0;

it) w(U(t,x)) = uo(t) for all (t,x) € I x N, for some ug : I — R with uj > 0;

iit) (v, X) is a positive constant in Qy, where v = %.

Proof of Theorem /4. Setting w = (Vu, X), by Theorem 40 we have
/ IVu2(A(Vu) Vg, Vi) > / @2{)\1|VT|Vu||2 + A [|Vu|2| 112 + Ric(Va, vu)}}
Qo

Qo

+ /QO w2 (A(Vu)V (‘pg“') v <‘P|Z“>>

for all ¢ € Lip.(M). Testing the inequality with ¢ = ¢, in the definition of moderate energy
growth, and letting j — oo, we obtain

\VT|Vu||250, |[I> =0, Ric(Vu,Vu) =0, =0 inQp.

\Y%
oIvu
w
Proposition 42 ensures the validity of clauses ) and i) of the statement, while iii) follows
by observing that
Vul Va1

w (Vu, X) (v, X)’
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Proof of Theorem 15. Condition (25) guarantees that
(Vu, X) >0, (Vu,X) £0 on 01,
and by Corollary 19 u has moderate energy growth. Hence, using Theorem 33 we deduce
(Vu, X) >0 in Q,

and we conclude by Theorem 44 applied to Qg = €. O

5 Euclidean space and the critical set of u

Let u € C3(2) be a non-constant solution to A,u+ f(u) = 0. In this section, we examine more
closely the case of Euclidean space and provide some results that allow to “glue” different
solutions along boundaries on which Vu vanishes. Towards this aim, we assume as usual
f € CHR) and (19), that is,

a€CVYRY), alt)>0 and  td()+a(t)>0  forall teRY

to guarantee a certain amount of regularity for the set of critical points crit(u). In fact, each
partial derivative w; = d;u belongs to C?(Q) and satisfies the linearized equation

div(A(Vu)Vw;) + f'(w)w; =0  in Q, (68)

where in our assumptions A(Vu) has Lip,,, coefficients and f'(u) € C(2). Therefore, the
unique continuation principle holds and so either w; = 0 or w; has finite order of vanishing
at every point

x € Zj={x€Q:w;(x) =0} D crit(u).

In particular, if u is constant in an open subset {2y of €2, then u is constant in the entire ).

Lemma 45. Let Q CR"™ be a C' domain, Let a satisfy (19) and let f € CY(R). Consider a
non-constant solution u € C3(Q) to

Agu+ f(u) =0 in .

If Qo € Q is an open set such that 9Qy C N U crit(u) then S 1(K NoQy) < oo for all
compact sets K C Q. In particular, Qg is a set of locally finite perimeter in Q.

Proof. Let K C Q) be a compact set. Since u is non-constant, there exists some j € {1,...,n}
such that w; = Jju # 0 in Q. As crit(u) C Z; = {w; = 0}, it suffices to show that
H"HK N Zj) < co. As observed at the beginning of this section, w; satisfies the linear
elliptic equation (68) and has finite order of vanishing at every point of Z;. By [20, Theorem
1.7], for each point « € Z; there exist p, > 0 and C' = C(n,z) > 0 such that B, (z) C Q
and
A" B, (x) N Z;) < Cpt forall 0 < p < p,.

By covering the compact set K N Z; with a finite number of balls B, (z1),...,B,, (k)
centered at points x1, ...,z of K N Z; we deduce A KN Zj) < 00, as desired.

By [16, Theorem 4.5.11] (also [3, Proposition 3.62] together with the introductory remark),

since " 1(K NOS) < oo for all compact K C it follows that Qg has finite perimeter in
every compact set K C €, as claimed. O
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We are ready to prove our main results of this section.

Lemma 46. Let Q C R" be a C' domain, let a satisfy (19) and let f € C'(R). Assume that
u € C3(Q) N CL(Q) is a non-constant, stable solution to

Agu+ f(u) =0 in Q.

Let Qg C Q be a connected open subset such that Vu = 0 everywhere on 0. If u has
moderate energy growth in Q, then Qo = Q and there exists X € S*~1 such that (Vu, X) >0
in Q. In particular, crit(u) = 0.

Proof. By unique continuation, see the beginning of this section, since u is non-constant in
Q2 then it must be non-constant in y. Each partial derivative w; = 0;u satisfies (68) and
wj = 0 on 9. Since wi < [Vul* and u has moderate energy growth in Q, by Lemma 30
we deduce that w; either vanishes identically in €2y or it has a constant strict sign in €.
Since u is non-constant in 2y, for some index j € {1,...,n} we have w; # 0 and thus either
w; > 0 or w; < 0 everywhere in €y. Then, taking either X = ¢; or X = —e; we have
(Vu, X) > 0 everywhere in . We now show that g = 2. Suppose, by contradiction, that
Qo C Q. Then there exists z € QN IQy # 0. The stability of u guarantees the existence of
0 < v e CLY(Q) satistying

div(A(Vu)Vo) + f'(u)o =0 in Q.

By Remark 32 we have w; = Av in Qg for some A € R\{0}. By continuity, w;(z) = Av(z) # 0,
contradiction. O

Theorem 47. Let Q@ C R" be a C? domain with disconnected boundary. Let a satisfy (19),
let f € CHR) and let u € C3(Q) N C?(Q) be a non-constant, stable solution of moderate
energy growth to

Agu+ f(u) =0 in Q
u, Opu locally constant on 0f2.

Suppose that, for j = 1,2, there exists X; € S"~1 such that
<777Xj> >0, <777 Xj> ?_é 0 on ajﬂ7

and also assume that Oyu = 0 on the (possibly empty) set OQ\ (012U 029). If crit(u) # 0,
then Vu # 0 everywhere on 01Q U 0:9). Moreover, if there exists T' C crit(u) such that Q\I'
is disconnected then 012 and 028 are parallel hyperplanes, 0 = 01Q U 0282, u is 1D and
crit(u) is a hyperplane parallel to each 0,%Q.

Remark 48. In dimension n = 2 the condition (n, X;) # 0 in 9, can be omitted. Indeed,
if (n, X;) = 0 then X is tangent to 0,2, hence 0;Q is a line. One can therefore rotate X; to

find X; € S! such that (n, X;) > 0 on 9;Q.

Proof. We first show that if crit(u) # () then Vu # 0 everywhere on 9;Q U 92Q. Suppose by
contradiction that this is false. Then, denoting by c; the constant value of 9,u on 9,9, we
either have ¢; = 0 for each j or, up to switching index 1 and 2, ¢; # 0 and ¢; = 0 for j > 2.
Case 1. Suppose that c; = 0 for each j. Then Vu = 0 everywhere on 0f2. Since u is
non-constant in €, by Lemma 46 applied with Qg = Q we get crit(u) = @), contradiction.
Case 2. Suppose that ¢; # 0 and ¢; = 0 for j > 2. By our assumptions on 0:2, the
inner product
(Vu, Xy) = (Vu, 77><77, X1> = Cl<777 X1>
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does not change sign and does not vanish identically on 9;€2, while (Vu, X7) = 0 everywhere
on OO\01 2. Up to replacing X7 with —X7;, we can ensure that

(Vu, X1) >0, (Vu,X1)#£0 on 0f.

We can therefore apply Theorem 33 to deduce that (Vu, X7) > 0 everywhere in €, yielding
again crit(u) = () and therefore the desired contradiction.

Now, suppose that there exists I' C crit(u) disconnecting . Then Q \ T is also discon-
nected. Indeed, since Q \ T is disconnected there exist open sets Uy, Uy C R™ such that

O\ C U, UUs, UnUyn(OQ\IN) =0, Un(Q\I') #0 fori=1,2.
Since Q\I' € Q\T" we also have
O\[ C U, UU,, U NU;N(Q\T) =0

Moreover, since (Q\I')\(Q\') = QN (T\I') C crit(u) and crit(u) has empty interior by non-
constancy of v and unique continuation, we also have

Uin(\T) £0 fori=1,2.

This shows that Q\T is disconnected, as claimed. Since Vu = 0 everywhere on ' by continuity
of |[Vu| in Q and, on the other hand, Vu # 0 everywhere on 9;QUd,(2, we have for j = 1,2 that
each 0;Q is disjoint from the closed set ' and therefore entirely contained in the boundary of
some connected component of Q\I'. On the other hand, each component of Q\TI has boundary
contained in Q UT, and 0;Q U 9,0 is precisely the subset of 9Q UT where Vu # 0. By
Lemma 46, Vu cannot vanish identically on the boundary of a component of Q\T', otherwise
we would deduce crit(u) = ), contradiction. Summarizing, we conclude that Q\I" has exactly
two connected components, call them €7 and 5, and without loss of generality we can
assume 0;§) C 9Q; for j =1,2.

For j = 1,2, the inner product (Vu, X;) = ¢;(n, X;) does not change sign and does not
vanish identically on 9,9, while (Vu, X;) = 0 everywhere else on 0€2;. Up to replacing X;
with —X; we can assume that

(Vu,X;) >0, (Vu,X;)#0 on 09,

so indeed (Vu,X;) > 0 in ; because of Theorem 33. By Lemma 45, each ; has locally
finite perimeter in 2. We then apply Theorem 44 to conclude that each 2; is a slab in
R"™ bounded by two parallel hyperplanes, and in each of them w is strictly monotone in the
direction perpendicular to the boundary. Since Q1 Ny = @, the hyperplanes bounding
and Q9 must all be parallel. In particular, 0;2 and 35€2 are parallel hyperplanes and the set
QONT = Q\(2; UQy), having empty interior, must be a hyperplane parallel to both 9;$ and
0292, In particular, Q is the open slab bounded between 9:€2 and 322, so 92 has no other
component besides them. Lastly, since QN T C crit(u) and Vu # 0 everywhere in €5 U s
we have crit(u) = QNT, so crit(u) is a hyperplane parallel to both 9;Q as claimed. O

6 Proof of the main theorems for capillary graphs

Proof of Theorem 8. Under assumptions (A), (B) or (C) we apply items (i), (i) or (v),
respectively, in Theorem 26 for the choice a(t) = 1/v/1 + t2 to infer, in view of (8), that u
has moderate energy growth. On the other hand, under assumption (D) we apply Theorem
21 to deduce that |Vu| € L*>°(€Q2) and then Proposition 20 to conclude, again, that u has
moderate energy growth. Condition (10) can be rewritten as (Vu, X) > 0 and (Vu, X) # 0
on 99, whence (Vu, X) > 0 in by Theorem 33. The conclusion follows by Theorem 44. [
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Proof of Theorem 3. First, observe that by regularity theory u is analytic in Q. Under any of
the assumptions (i)-(iv) we have that [Vu| € L>(99), since |Vu| = |9,u/ is locally constant
on 99 and the subset 9,02 C 9§ where 9,u # 0 has finitely many connected components.
Hence, |Vu| € L>(Q2) by Theorem 21. Clearly, any subset 2 C R? satisfies |2 N Br| < CR?,
so u has moderate energy growth by Proposition 20.

(¢). Since 09 is connected we have that d,u = ¢; is constant on 9. Moreover, by
Remark 48 we can assume that (n,v) > 0 and # 0 on 0€2. We claim that ¢; # 0. In this case,
by Theorem 33 we obtain (Vu, X) > 0 in Q with X = v. A direct application of Theorem
44 yields that Q = (0,00) x R and that w is 1D. Hence, necessarily H = 0 and {2, ¥, are
half-planes. To show the claim, if it were ¢; = 0 then Vu would vanish identically on OS2
and we could apply Lemma 46 with Q¢ = Q to deduce the existence of X € S! such that
(Vu, X) > 0in Q. Then, again, by Theorem 44 we would have that 2 = (0, 00) x R and that
u is a non-constant affine function, contradicting the vanishing of Vu on 0.

(7). By assumption ¢; = dyu # 0, ¢; = 0 for each j # 1. By Remark 48, up to changing
the sign of v and rotating it we can assume (n,v) > 0 on 8;Q2. Then, assumption (10) in
Theorem 8 is satisfied for X = v and the conclusion follows by a direct application of that
theorem (note that, in particular, the a priori disconnected set 9 has exactly two connected
components and d,u = ca = 0 on 02€2; this excludes the possibility that u be affine, forcing
H # 0 and ¥, to be a piece of cylinder).

(#i7). If {(n,v) £ 0 on 0,9 then we apply Theorem 8 for X equal to either v or —v to
deduce that Q@ = (0,7) x R and w is 1D and strictly monotone, hence ¥, is a piece of a
cylinder or of a half-plane. On the other hand, if (n,v) = 0 on 0,02 then 5;Q and 92 are
parallel lines in R?, both tangent to v, and then the connected set { must be contained in
the strip bounded by them. In particular n points in opposite directions on 012 and 095€2, so
there exists w € S such that (n,w) > 0 on 9;Q and (n,w) < 0 on 9 and again we reach
the desired conclusion by applying Theorem 8 with X equal to either w or —w.

(#v). Since u has moderate energy growth, we apply Theorem 47 (together with Remark
48) to deduce that Q is a slab (0,7) x R, I is a straight line and w is 1D. Since the graph ¢,
is a surface of constant mean curvature and 9,u # 0 on 91, ¥, must be a piece of cylinder.

We now prove that if infqu < b; for each j > 3 and T has an accumulation point in £,
then indeed I' disconnects 2. By the Lojasiewicz structure theorem (see [22]), the analytic
set I' can be decomposed as

r=Tgurly,

where I'g is a finite set and I'; is a finite union of real analytic curves embedded in €2. The
assumption that I has an accumulation point grants that T'; # ). Since u attains an interior
minimum, by the strong maximum principle it must be H < 0 and so we have |Vdu(z)| # 0
for each z € Q. We can thus apply [5, Corollary 3.4] to deduce that the closure of each
component 7y of I'y still belongs to I'y, and therefore v is a real analytic curve properly
embedded in 2. We claim that 7 is properly embedded in the entire M. Otherwise, there
would exist a sequence {p;} C v with p; — p € 99, and since u € C*(Q) we would get
u(p) = infg u and Vu(p) = 0. The strict inequality info u < b; for j > 3 guarantees that this
is not possible. To conclude, by the smooth Jordan-Brouwer separation theorem (see [24])
would disconnect R2, hence also €.

Proof of Theorem 5. Again, by regularity theory = is analytic in . As in the proof of
Theorem 3, under any of the assumptions (i) — (iv) we have that |Vu| € L>°(Q) and then u
has moderate energy growth by Proposition 20 and assumption (8).

(). Assume by contradiction that 9 is connected. Then, proceeding verbatim as in (¢) of
Theorem 3 above, we deduce that = (0, 00) x R?. This in turn would imply |[2NBg| ~ 27R?
as R — 00, a contradiction.
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(49)-(491)-(iv). We proceed as in cases (ii), (#i¢) and (iv) of Theorem 3. Concerning
case (iv), we only have to prove that I' disconnects Q in case infou < b; for any j > 3
and #%(T') > 0. As observed in the proof of (iv) of Theorem 3, by the strong maximum
principle it must be H < 0 and thus Vdu # 0 everywhere in 2. Applying Lojasiewicz’s
structure theorem together with [5, Corollary 3.4], from 5#2(T") > 0 we deduce that the top
stratum I's of I" is non-empty, and that any of its components is a complete real analytic
surface without boundary, properly embedded in 2. The conclusion then follows again by
the smooth Jordan-Brower theorem. O

Proof of Theorem 12. In cases (i), (i7) and (i#i) one can always deduce that v has moderate
energy growth by suitable application of either Theorem 26 or Proposition 20 together with
Theorem 21, according to which condition is assumed among (A), (B), (C) or (D). Then,
the proof proceeds as that of cases (i), (i7) and (4i7) of Theorem 3. Case (iv) requires a bit
of care.

(iv). First, note that each connected component of Q \ " has locally finite perimeter in
Q by Lemma 45. If (D) holds then |[Vu| € L>®(2) by Theorem (21) and u has moderate
energy growth by Proposition 20, so the desired conclusion follows from Theorem 47 together
with Remark 48. Suppose, instead, that (A) or (C) holds. Let 0,2 = 0Q N {d,u # 0}. If
u is constant on 0,2, then u has moderate energy growth in £ by either item (i¢) or (v) in
Theorem 26 and the conclusion follows from Theorem 47. On the other hand, suppose that
u is not constant on 0,§2. Each of the connected sets 012 and 05 is entirely contained in
the boundary of some connected component of Q\I'; conversely, no connected component, of
O\T" can be such that Vu = 0 everywhere on its boundary, otherwise u would be of moderate
energy growth on that component by Theorem 26 (note that in this scenario the connected
component 2y under discussion would satisfy Qo N 9,2 = (), so any item in Theorem 26
would be applicable) and then we would reach a contradiction by Lemma 46. Therefore, Q\T'
consists of exactly two connected components €2y and € satisfying 9;Q2 C 9€; for j = 1,2.
Now, for each j € {1,2} we have that u is constant on Q; N 9,Q = 9,4, so by item (i) of
Theorem 26 we deduce that u has moderate energy growth in each of them. From this point
on, we can conclude again as in the proof of Theorem 47.

The only claim left to prove is that I' disconnects 2 whenever u, = infqu > b; for all
j >3, f is analytic in a neighbourhood of u., f(u.) # 0 and T" has an accumulation point
in Q. To this aim, we need only show that the top stratum I'; of I' is a finite union of
real analytic curves properly embedded in €2, and then the conclusion will follow by Jordan-
Brouwer theorem as in the proof of Theorem 3. The assumption f(u.) # 0, the analyticity
of fon I, = (ux —€,us + ¢€) and the fact that I' has an accumulation point enable us to
use [5, Corollary 3.4] to deduce that the top stratum I'y of T' is non-empty and given by a
finite union of real analytic curves properly embedded in Q Nu~*(I.). Each of these curves
is also properly embedded in €2. Indeed, if at least one of them were not properly embedded
in Q, parametrizing it by v : R — Q there would exist a sequence of points ¢t; — oo such
that z; = v(t;) — x € Q. Since y(R) is properly embedded in QN u~!(I.), we would have
u(x) = u, —¢, contradicting the fact that u(x;) = u, and the continuity of u. This concludes
the proof of the claim. O

Appendix
We here prove a form of the divergence theorem which is suited for our purposes. The

main point requiring some care is that the subset (o considered below just has locally finite
perimeter in ) and not in €2, while the vector field W does not have compact support in 2.

45



Lemma 49. Let M be a complete Riemannian manifold, Q C M a C' domain with interior
normal vector n and let Qg C Q be an open set with locally finite perimeter in Q). Let W be a
compactly supported vector field in Q, continuous in Q and locally Lipschitz in Q, satisfying
W =0 ondQNQ. If h € LY(Q) is such that div W > h weakly in 2, then

/ (W, m) +/ h <0. (69)
QoNoN Qo
Proof. Let K = {x € M : dist(x,spt W) < 1}. Let

U :Rx9IN— M, U(t,x) = exp, (tns) .

Since 00 is C! regular and K is relatively compact and open in M, there exists 9 € (0, 1]
such that the restriction of ¥ to the open set

E :=(—79,70) X (KNN)

is injective and realizes a C! diffeomorphism onto ¥(E). From our choice of 7y, we have that
the distance 7 from 02 is C' regular in the set

U=Kn{zeQ:0<r(x) <1}

and
UCU(E) and r=mro(¥p)"' inU (70)

where g : R x 092 — R denotes the projection onto the first factor. For 7 € (0,79/2),
consider the cut-off function ¢ € Lip(M) given by

0 if r(z) <7
W(z) = 7”(””)% if r(z) € [r,27] (71)
1 if r(z) > 2r.

Applying the divergence theorem to the vector field )W, which is compactly supported in 2
and globally Lipschitz, we get

O/QOdiv(wW)/QO<W,V1/»>+ ¢divwz/

(W, V) + | oh. (72)
Qo Qo

Qo

Using the definition of ¥ and the coarea formula,

wovpy =L [ (W, V) dt (73)
Qo T Jr Qon{r=t}

We claim that when passing to limits as 7 — 0 it holds

/ vh— | h (74)
Qo Qo

1 27’
! / / (W, Vr)dt - (W) (75)
T Jr Qon{r=t} QoNoQ

so that (69) follows from (72) and (73). Clearly (74) holds by the Lebesgue convergence
theorem since h € L'(f2), so we focus on justifying (75), which requires a bit of care. Fix
b > 0 and consider

F,=KnoQn{{W|>b}, F'=KnoQn{|Ww|<b}.
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For t € (0,79), define also Fy(t) = W¥(t, [},) and F’(t) = ¥(t, F?), which are disjoint sets
being ¥(t,-) a diffeomorphism. Then, for each t € (0, 7o)

[owwn= [ [ . (76)
QoNn{r=t} QoNFy(t) QoNFY(t)

Since the function |W] is continuous and compactly supported in €, it is also uniformly
continuous. Denoting by ¢ : RT — R¥ its modulus of continuity, we have then

[W|>b—0(t) on Fy(t) and W| <b+o(t) on F(t) (77)

for each t € (0,79). Fix t, € (0,79) small enough so that o(¢,) < b. Then, for each ¢ € (0, )
we have o(t) < b, hence [W| > 0 on F(t) by (77) and from this together with the assumption
that W = 0 on 992 N Q we infer that Fy(¢t) N 9Q¢ = 0. In particular, the flow ¥ starting
from points of Q¢ N F, does not hit Qg N before time ¢, and we have

QNFt)=¥(t,QNE,) forall te(0,t).

The family of hypersurfaces t — Qo N Fy(t) is thus continuous in the C' topology and
converges to Qg N Fy as t — 0. Therefore, we have

lim wr) = [ )
t—0 QoﬁFb(t) ﬁoﬂF[,

and from the integral mean value theorem we obtain

1 2T
Jim / (W, Vr) dt = / (W) (78)
=0T T QgﬁFb(t) ﬁoﬂFb
On the other hand, for each ¢ € (0, 7)) we have
[ | <6 ()
QoNFY(t)

by (77), and since "~ (F?(t)) — A"~ Y(F?) < " (K NON) < oo as t — 0 we get

1 27
= / / (W, Vrydt
T Jr JaonFb(t)

with C' > 0 independent of b. Then, from (76), (78) and (79) we obtain

1 2T
[ s [
T T Qoﬁ{’!‘:t} QoNFy

for each b > 0. Then (75) follows by letting b — 0 and noting that

lim sup <Cb (79)

T—0

lim sup <Cb

7—0

lim [ (W,n>:/, (W,m)
b=0 JQonF, Q0NN

by Lebesgue’s convergence theorem. O
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Theorem 50. Let (M",(,)) be a complete Riemannian manifold and Q@ C M a domain.
Let f € CY(R) and let u € C3(Q) N CH(Q) be a solution to

M)+ f(u) =0 in Q.

Suppose that
sup | f(u)| < oo, f(u) <0, iI(lqu>—oo
Q

and that
Ric>0 in Q, Sec > —k? in M

for some k € RT. Then

sup |Vu| < max {\/n/Q, sup Vu} .
Q o9
Proof. Without loss of generality, we can assume u > 0 in 2 and choose Cy > 0 so that
|f(w)] < Coy in Q.

Let F': 2 — R x M be the graph map given by F(z) = (u(z),x) for each z €  and denote
by g the Riemannian metric on €2 obtained by pulling back via F' the ambient product metric
on R x M. We have

g=(,)+du®du.

In components, if we write
(,)=o04dz" @da’, (6Y) = (045)" 1, du = wu; dz’, u' = oy,

then the components g;; of the metric g and of the inverse matrix (g/) = (g;;) ™' are

ij ij u'u
gij = CTij —+ ’U,Z"LL]' and gy =07 — 7W2 (80)
where W = /1 + |Vu|2. We denote by V9, | - ||, divy and A, the gradient, tensor norm,

divergence and Laplace-Beltrami operator associated to g, respectively. For any ¢ € C?(Q)
we have (see, for instance, formula (25) in [8])

Agp = g"ij — piu' (81)
where ¢; and ;; are the components of dy and Vdy, respectively, and H is the (non-
normalized) mean curvature of the graph of u in R x M in the direction of the upward
normal vector n. From the Jacobi equation we have

1 J— 1
Ay + (1T + Ricln, ) o + g(V/H, Vi) =0, Agu =

W

=[=

where II is the second fundamental form of the graph of u in R x M and Ric is the Ricci
tensor of R x M. Since

H = #u] =—f(u), g(VIH,VIu) = —f' (v)|VIu|> >0  and  Ric >0,
we have

1|
AQW WS

0, Agju=-"-". (82)
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Note that the first inequality implies

VIW||?
AW > ||II||2W+2u. (83)
W
Let g € Q be fixed. Let C,e,§ > 0 be given, with C' and § satisfying
§ < e~ Cul@o) (84)

and define )
n=e CuE g, z=Wn, Qo ={z € Q:n(x) >0}

where r(z) = dist(zg,z) denotes the Riemannian distance function in M from zy. Since
n(zo) = e~ Cu@0) — § > 0, we clearly have ¢ € Qg # 0. Since u > 0, we also have

Qo C {e™=" > 61 = {er? < log(1/6)} (85)

(note that log(1/d) > 0 since § < 1 by the constraint (84) and the assumption u > 0), hence
Q is relatively compact. By continuity of z in €2, there exists x1 € )y such that

z(x1) =maxz > 0.
Qo

If z1 € 99 then we have

W (o)e” ") = 2(x0) < 2(x1) < W(z1) < supW (86)
09

where we used that z < W since u > 0. Let us suppose that x; € Q instead. A direct
computation yields

2 1. 2 vewpE
Wadivy(W™VI2) = nA,W + WA n — QT]T in Q
from which, using also (83), we infer
23 -2 2, By :
Wedivg(W™=V92) > ( || IT]]* + 0 z in Q. (87)
By direct computation,
Agn = (n+0)(—CAyu — eAygr? + || CVIu + eVIr?%||?) in Q. (88)

By (81), (80), the Hessian comparison theorem and |H| = |f(u)| < Cy we estimate
2 _ ij 2 H 2
Agre = g7 (r); — W(Vu, Vr?) < 2nkr coth(kr) + 2Cor < Ca(1 +7) (89)
where Cy = C3(n, k) > 0. By (80) we have

Gyll2 — gy, — 1V 1 Gpl12 = giipg. < giipp: — [Up2 < 1
ol = g = =1L s = g, < oV = o <

hence, by Young’s inequality,

2
|CVIu 4 eV9r2|? > ZC?||VIu|? — 2| V9r?|? > C7(1 —W™2) — 42, (90)

N |
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From (88), (89), (90) and the second in (82) we get

2

and therefore, by (87),

Wiy (7 290s) > (g (14 0) ) 5

2 1
+ (1 + f?) (CQ (1 - VV2) —Coc(1+71)— 4627“2> z in Q.

Since we assumed x; € )y to be an interior maximum point for z, we have
W3div,(W2V92) <0  at

by ellipticity, hence

0> | 11)*+ (1+ z> %(“) + (1 + g) (C; (1 - w;) — Coe(1+7) —45%2) (91)

at x1. We proceed to suitably bound the various terms on the right hand side of (91) from
below. We first consider the quantity

() = ||TT|2 + <1+g> C’{/éu) _ ”HHQ_’_C]‘;SU) +5C£(u).

Clearly (%) > 0 if f(u) > 0. On the other hand, if f(u) < 0 we can estimate

(1P HP P Clw | Gl

Im? >
1= = n n W z

where in the second inequality we used the fact that C'f(u) < 0 and z < W, whence

(%) = %U“)Q +(1 +5)sz(“) .t +jz)jnc2

if f(u)<0
where we used Young’s inequality to estimate

fw)?  (1+46)*nC?
n + 472

> —(1+9)

Cf(w)

Therefore, since d/n > 0 in Qp, we have

0 if f(u)>0

() 2 —(1+2>W if f(u) <0.

oy, L
2 wz) = 2 2)

As observed in (85), we have er? < log(1/6) in £y and therefore

Since z < W we also have

Coe(1+7) +4*r? < Cy (5 + alog(l/é)) + 4elog(1/9) in Q.
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Then, from (91) we deduce

C; (1 _ 212) — (5+ glog(1/5)) — 4elog(1/6) < % at 1,  (92)
that is,
1= 0 < 20 (Cav/louli/B) + VE(Ca + 10x(1/6)))
where Cs = 1+ (1 + §)?n/2. Since z(zg) < 2(z1), we further have
1— z((;s)Q < Qa—f (CQJW+ Ve(Cy + 4log(1/5))) : (93)

(Note that if f(u) > 0 then (92) holds true, more strongly, with (1 + §)?nC? /422 replaced
by 0, so (93) still holds with Cjy replaced by 1.) We emphasize that (93) holds for any choice
of parameters C,e,6 > 0 provided that (84) is satisfied and z attains its global maximum at
an interior point of g, so in view of (86) we have

z(xg) < max {A(C,s,é),satg) W} .
where
A(C,e,8) = sup {t >0:1— Qj < %‘f (02m+ VE(Cy +410g(1/§)))} .

For a fixed C' > 0, letting first £ — 0 and then 6 — 0 we get A(C,g,0) —» A = /1+n/2,
hence

W(:co)efcu(“) = z(xp) < max {A,sup W} .
o0

Passing to the limit as C' — 0 we obtain

W(zo) < max {A,sup W} ,
99

that is,
|Vul(zo) < max {\/ A2 — 1, sup |Vu|} = max {\/n/2, sup |Vu|}
o0 o0
as desired. O
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