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Abstract. Sampling the parameter space of artificial neural networks accord-
ing to a Boltzmann distribution provides insight into the geometry of low-loss
solutions and offers an alternative to conventional loss minimization for train-
ing. However, exact sampling methods such as hybrid Monte Carlo (hMC),
while formally correct, become computationally prohibitive for larger datasets
because they require repeated evaluation of full–batch gradients. We introduce
a pseudo–Langevin (pL) dynamics that enables efficient Boltzmann sampling of
feed-forward neural networks trained with large datasets by using mini–batches
in a controlled manner. The method exploits the statistical properties of mini–
batch gradient noise and adjusts fictitious masses and friction coefficients to
ensure that the induced stochastic process samples efficiently the desired equilib-
rium distribution. We validate numerically the approach by comparing its equi-
librium statistics with those obtained from exact hMC sampling. Performance
benchmarks demonstrate that, while hMC rapidly becomes inefficient as network
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size increases, the pL scheme maintains the best computational diffusion among
exact and non–exact methods and scales favorably to networks with over one
million parameters. Additionally, we show that sampling at intermediate tem-
peratures yields optimal generalization performance, comparable to stochastic
gradient descent, without requiring a validation set or early stopping procedure.
Finally, we show that our sampling method can achieve optimal generalization
on the MNIST dataset, independently of the architecture. These results estab-
lish controlled mini–batch Langevin dynamics as a practical and scalable tool
for exploring and exploiting the solution space of large neural networks.

Keywords: artificial neural networks, Boltzmann measure
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1. Introduction

The parameters that enable an artificial neural network (ANN) to make predictions
are usually obtained by minimizing a loss function with a stochastic gradient descent
(SGD) algorithm. However, exploring the low–loss manifold at large has proven useful
for finding parameters with better generalization properties and for understanding the
fundamental principles underlying the operation of the network. For example, sampling
the space of parameters of a tree committee machine with hybrid Monte Carlo (hMC)
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[1] elucidated that low–loss parameters are arranged according to a spiky topology close
to the interpolation threshold [2]. A replica algorithm allowed the identification of wide
minima of the loss function, which were shown to generalize more effectively than those
identified using SGD [3–5]. Analogously, Bayesian learning, which requires sampling of
the parameter space of the ANN, shows several advantages with respect to standard
training methods [6], such as improved generalization capacity [7]. All these results
suggest that sampling the solution space could be an alternative to straightforward loss
minimization through SGD, even for the routine training of an ANN.

The main problem when sampling the parameter space of neural networks is the
efficiency of the sampling algorithm. The hMC method employed in [2] has the virtue
of sampling according to the desired Boltzmann distribution, while the elementary steps
are guided by gradient–based molecular dynamics, which are critical to navigate such
a high–dimensional space. However, this algorithm is difficult to use with training sets
of larger size because calculating the gradient becomes lengthy. When the task is just
loss minimization, the use of mini–batches tries to solve this problem; however, mini–
batches cannot be applied in a straightforward manner to the Monte Carlo scheme as
they would violate the detailed balance requirement.

An alternative approach is to devise efficient, albeit approximate, sampling schemes
based on Langevin–like equations that use mini–batches to facilitate efficient explo-
ration, even in the presence of large training sets. Langevin equations define a stochas-
tic process in the space of parameters that converges to the Boltzmann distribution
for a vanishing integration step size [8]. This approach has previously been employed
to sample the posterior probability of parameters in the Bayesian training of ANNs
[9–11], with various characterizations of the noise injected into the system during the
dynamics.

We developed a Langevin–like approximate algorithm which samples efficiently the
space of parameters of an ANN according to Boltzmann weight. This is achieved by
controlling the noise generated when estimating the loss function with mini–batches.
First, we validated the method against the prediction obtained through hMC sampling
on a small–sized feedforward neural network. Next, we compared the diffusion proper-
ties of our algorithm with those of other exact and approximate sampling schemes at
different network sizes. Furthermore, we investigated the thermodynamic properties of a
large feedforward ANN, revealing a correlation between generalization and mini–batch
noise variance. Finally, we tested our sampling method as an optimizer on real data,
comparing its performance with that of standard SGD optimization techniques.

2. Methods

The following sections provide descriptions of the models used to validate the new
sampling method and the task which defines the energy landscape. Next, we rapidly
introduce the state–of–the–art sampling schemes used for comparison within this work.
Lastly, we describe our new pseudo–Langevin (pL) algorithm.
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Figure 1. Sketch of the feed–forward ANN used in this work, with (from left to
right) L1, L2 and L3 neurons for the first, second and third layer respectively. On
the left and on the right of the ANN, a possible couple of input and output vec-
tors respectively, that is a d–dimensional spin vector and a normalized probability
distribution on the K = L3 classes.

2.1. The model and task

We studied a standard feed–forward ANN, made of three fully–connected layers of size
L1, L2 and L3, respectively, with ReLU activation functions for all neurons (figure 1).
This can be described as

a(l) =W (l, l−1) · z(l−1)+ b(l)

z(l) =max
[
0,a(l)

] (1)

with W (l, l−1) ∈ RLl×Ll−1 and b(l) ∈ RLl (for l = 1,2,3) are the learnable weights of the
network. In addition, z(0) ≡ x is the input vector, while ŷ = softmax(z(L3)) is the output
probability distribution. We will refer to the entire set of parameters of the network as
the weight vector w.

The task we want to address is a classification. We consider a dataset of examples
D = {(xµ,yµ)}Pµ=1, where xµ ∈ {±1}d is a d–dimensional binary spin vector, and yµ ∈
[0,1, . . .,K − 1] is an integer, withK being the number of classes. Each class is associated
with a reference vector v(k), extracted from a flat distribution over the space {±1}d.
Each input–label couple in the dataset is generated independently through a three–
steps process: first, the label yµ is extracted from a flat distribution over the classes
indexes. Then, the input xµ is initialized as the reference spin vector v(yµ) associated
with the class yµ. Lastly, each input component xµ

i is flipped with probability pf . The
data generation process is summarized by

yµ ∼K−1
K∑
k=1

δyµ,k

xµ
i ∼ (1− pf ) δxµ

i ,v
(yµ)
i

+ pf δxµ
i ,−v

(yµ)
i

∀i,
(2)
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where the notation x∼ ρ(x) indicates that x is extracted from the distribution ρ(x).
In order to adapt the ANN presented in equation (1) to the current task, we will keep
L2 = d and L3 =K fixed, while the dimension of the network N (i.e. the size of the
weight vector w) is determined by the number of neurons in the first hidden layer L1.

Given the task at hand, we characterize each weight vector with a potential func-
tion composed of two terms, namely the mean cross–entropy loss function and a L2

regularization term,

U (w|D) =− 1

P

P∑
µ=1

K∑
k=1

δyµ,k ln ŷµk +
λ

2N

N∑
i=1

w2
i . (3)

In this study, we keep the ratio α= P/N , called ‘constrained density’, fixed while
increasing the size of the networkN . For this reason, we considered an effective Lagrange
multiplier λ/N , to make both the loss function and the regularization term independent
of the scale of the system. Furthermore, another observable we can use to characterize
each weight vector w is the fraction of misclassified input–output couples, that is,

ϵ(w|D) =
1

P

P∑
µ=1

1− δyµ,k̂µ, (4)

where k̂µ = argmaxk ŷ
µ
k is the most probable predicted class. From now on, we will

no longer explicitly indicate dependence on the dataset D for the potential and error
functions.

2.2. State–of–the–art MC algorithms

One way to sample the Boltzmann distribution over the space of parameters of an ANN
is to implement the hMC algorithm [1, 2], which is exact in the limit of a large number
of moves.

Operatively, at the nth iteration, the momenta pn associated with the current weight
vector wn are extracted from a Gaussian N (0,MT ), where M is a diagonal matrix of
(fictitious) masses and T is the temperature in the weight space (we also define β ≡ T −1).
Next, a time–reversible integration scheme is used to calculate an approximate solution
of the equations of motion associated with the Hamiltonian

H (w,p) =
1

2
pTM−1p+U (w) , (5)

for a total time ∆t, where the initial conditions are (w(0),p(0))≡ (wn,pn). Lastly, the
final weight vector w(∆t) is accepted as the new starting configuration with probability
min[1,exp(−∆H/T )], where ∆H =H[w(∆t),p(∆t)]−H[w(0),p(0)] is the total energy
variation along the trajectory in the phase space.

The strength of this algorithm is that the energy gradient chooses the optimal direc-
tion for the proposed move, which is critical in such high–dimensional spaces. However,
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this is also its main drawback, since the calculation of the gradient over the whole set
of examples D has a large computational cost.

One way to mitigate this cost is to perform the dynamics using the potential energy
computed on a single mini–batch of size S ≪ P , that is a small subset of D selected at
random at the beginning of each hMC step. At the end of the integration, the acceptance
procedure would then be carried out using the kinetic energy difference derived from
the integration and the potential energy difference calculated on the whole dataset, to
guarantee the sampling of the correct distribution. We call this algorithm mini–batch
hMC. However, the energy landscape defined by a stochastic mini–batch can only locally
approximate the desired potential. As a consequence, a very small ∆t is required to
prevent the Metropolis acceptance probability from becoming negligible, which makes
the mbhMC also inefficient (see section 3.2).

Over the years, numerous approximated sampling schemes have been proposed as
an alternative to the exact hMC algorithm [9–11]. In this work, we consider two in
particular: preconditioned Stochastic gradient Langevin dynamics (pSGLDs) [11] and
stochastic gradient hMC (SGHMC) [10].

Like mbhMC, these two algorithms rely on computing the energy gradient on small
stochastic mini–batches to guide the system’s trajectory. However, unlike mbhMC, they
implement Langevin–like dynamics (see section 2.3) instead of an MH acceptance crite-
rion at the end of each move (which would guarantee the correctness of the sampling).
The system moves within a viscous medium and additional noise, injected at each time
step, determines the temperature at which the sampling is performed. The proper-
ties of this external noise result in significant performance differences between the two
algorithms (see section 3.2). In this work, we implement these two schemes following
the recommendation of the authors for gaining efficiency in practical cases, that is, we
neglect the correction terms B̂t for SGHMC [10] and Γ(w) for pSGLD [11].

In the following section, we present our own approximated sampling scheme, pL.

2.3. A pL algorithm

As mentioned in section 2.2, another way of sampling the canonical ensemble is through
Langevin dynamics, which is described by the following set of stochastic differential
equations,

dw (t) =M−1p(t)dt

dp(t) =−γp(t)dt−∇U (w (t))dt+
√
2MγTdW (t) ,

(6)

where M is a diagonal mass matrix, γ > 0 is the friction coefficient and dWi(t)
is a Wiener process with ⟨dWi(t)dWj(t

′)⟩= δi,jδ(t− t ′). An efficient way to solve
equation (6) is to use the Bussi–Parrinello integrator [12]

w (t+ δt) =w (t)+M−1Π(t)δt

Π(t+ δt) = c21Π(t)−
(
1+ c21

)
δt

2
∇U (w (t+ δt))+

√
1+ c21C2R(t+ δt) ,

(7)

https://doi.org/10.1088/1742-5468/ae8246 6

https://doi.org/10.1088/1742-5468/ae8246


Controlled Langevin dynamics for sampling of feedforward neural networks trained with minibatches

J.S
tat.M

ech.(2026)
073401

where Ri(t)∼N (0,1) are independent gaussian random numbers, δt is the integration
time step, c1 = e−γδt/2 accounts for the dissipation caused by the viscosity of the medium,
C2

2 = (1− c21)MT is the variance matrix of the applied white noise at temperature T
and Π(t) is a short–hand for

Π(t) = c1p(t)−
δt

2
∇U (w (t))+C2R(t) . (8)

However, this method still requires the computation of the energy gradient, so it suffers
from the same computational inefficiency as the hMC. To address this issue, we evaluate
the gradient on mini–batches in a controlled manner.

We define the set of example indexes of the dataset D as I = {1,2, . . .,P}. For each
given weight vector w, we can associate with I a set Gi(w), containing the values
assumed by the ith component of the energy gradient computed over all the examples
in the dataset, that is

Gi (w) =
{
∇iU

(µ) (w)
}
µ∈I

, (9)

where U (µ) (w) is the potential function for a weight vector w evaluated on the µth
example.

We now promote the example index µ to a stochastic variable extracted from a flat
distribution over the set I,

µ∼Unifom(I) , (10)

thus obtaining an estimate for the elements of the gradient on a single example

∇iU
(µ) (w)∼Unifom(Gi (w)) . (11)

Such an estimate satisfies the two following equations

⟨∇iU
(µ) (w)⟩µ =∇iU (w)

Var
[
∇iU

(µ) (w)
]
<∞.

(12)

The former is true because the function in equation (3) is intensive with respect to the
number of examples P , and the latter is also true because the set Gi (w) is finite and
bounded under the realistic assumption that U is differentiable almost everywhere.

A mini–batch b of size S can be regarded as a stochastic process b= {µn|µn ∈ I}Sn=1

and, analogously, the ith component of the energy gradient evaluated on such mini–
batch is the mean of the other associated stochastic process {∇iU

(µn) (w) |µn ∈ I}Sn=1,
that is,

∇iU
(b) (w) = S−1

S∑
n=1

∇iU
(µn) (w) . (13)
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Although the set Gi(w) is generally composed of correlated values, the stochas-
tic variables ∇iU

(µn) (w) are extracted independently from the same distribution
Unifom(Gi (w)). Together with the properties reported in equation (12), this justifies the
application of the central limit theorem for S ≫ 1; the ith component of the mini–batch
gradient thus satisfies

∇iU
(b) (w)∼N

(
∇iU (w) ,

Var
[
∇iU

(µ) (w)
]

S

)
. (14)

The result from equation (14) is valid for each component i and each weight vector w,
thus we can easily extend it to the vector ∇U (b) by defining V(w|S) as a diagonal matrix
of the variances associated with each component of the mini–batch gradient. However,
since the latter are not independent in principle, we also introduce the correlation
matrix between the gradient components C(w|S), such that Cii(w|S) = 0 ∀i. Therefore,
the gradient of the potential energy calculated on a stochastic mini–batch b is distributed
as follows,

∇U (b) (w)∼N (∇U (w) ,V (w|S)+ C (w|S)) . (15)

We can now substitute ∇U (w) in equation (7) with ∇U (b) (w) by using the following
identity,

δt

2
∇U (w)+N

(
0,C2

2

)
=

δt

2
∇U (b) (w)+N

[
0,C2

2 −
(
δt

2

)2

[V (w)+ C (w)]

]
. (16)

The calculation can be made even more efficient. First of all, the estimation of
the non–diagonal elements of mini–batch noise covariance matrix (i.e. C(w)) can be
computationally expensive for increasing N . Therefore, we can adjust the fictitious
mass matrix M in such a way that

Ti ≡
(
δt

2

)2 [(
C2

2

)−1V (w)
]
ii
=

δt2

4(1− c21)T

[
M−1Vτ

]
ii
≪ 1 ∀i (17)

i.e. the error introduced by computing ∇U (b) (w) instead of ∇U (w) is small compared
to the order of magnitude of the total expected noise. We shall refer to this quantity Ti
as ‘temperatures ratio’, and the condition expressed in equation (17) as the ‘low tem-
peratures ratio’ (LTR) limit. This condition, along with the Cauchy–Schwarz inequality

|Cij (w) |⩽
√

Vii (w)Vjj (w)≪

√√√√[(δt

2

)−2

C2
2 −V (w)

]
ii

[(
δt

2

)−2

C2
2 −V (w)

]
jj

, (18)

allows us to approximate the expression in equation (16) to

δt

2
∇U (w)+N

(
0,C2

2

)
≈ δt

2
∇U (b) (w)+N

[
0,C2

2 −
(
δt

2

)2

V (w)

]
, (19)
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which does not require the calculation of either ∇U(w) or C(w). Of course, this simpli-
fication comes at the cost of checking periodically that the condition of equation (17)
is verified along the trajectory.

Moreover, we can remove the slowness associated with the fact that in principle the
matrix V(w) changes along with the current weight vector and thus should be contin-
uously updated. To do so, we regard the noise variances of mini–batches as constants
for short periods during the trajectory,

V(w(t))≈ V(w(τ))≡ Vτ ∀t ∈ [τ ,τ +∆), (20)

where ∆ is the period after which the expected variances of the noise Vτ are updated.
The reason for this approximation is that the mini–batch noise is a small fraction of
the total noise injected into the system (see equation (17)). Therefore, temporarily
neglecting fluctuations of the order O (Vτ ) should not have a significant impact on the
sampling.

In section 3.1, we shall analyze the properties of the ‘mini–batch noise’, defined as

R(b)
τ (w (t))≡ V− 1

2
τ

[
∇U (b) (w (t))−∇U (w (t))

]
, (21)

that is the difference between the gradient computed on a stochastic mini–batch and on
the whole dataset, scaled by the last updated standard deviation matrix, and we will
verify that the approximations made in equations (19) and (20) are verified along the
dynamics.

Taking advantage of the Gaussian character of the noise generated by mini–batches
under the simplifications of equations (19) and (20), we obtain the pL integrator,

w (t+ δt) =w (t)+M−1Π(t)δt

Π(t+ δt) = c21Π(t)−
(
1+ c21

)
δt

2
∇U (bt+δt) (w (t+ δt))

+

√√√√(1+ c21)

[
K2

τ −
(
c1δt

2

)2

Vτ

]
R(t+ δt) ,

(22)

where bt is the mini–batch selected at time t, K2
τ ≡ C2

2 −
(
δt
2

)2Vτ is the variance matrix
of the white noise added on top of the correlated one associated with the mini–batch bt
and, similarly to equation (8),

Π(t) = c1p(t)−
δt

2
∇U (bt) (w (t))+KτR(t) . (23)

which is an auxiliary variable employed during the integration in–between two updates
to perform a single mini–batch gradient evaluation per–step.
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We here make a couple of observations; first of all, one should note that equation (22)
is valid only if

K2
τ −
(
c1δt

2

)2

Vτ ⩾ 0⇒Ti ⩽
1

1+ c21
∀i, (24)

meaning that, in general, Ti ⩽ 0.5 (since c1 ∈ (0,1)). Thus, this condition is actually
already included in the LTR condition of equation (17). We would like to emphasize
that equation (24) does not impose a constraint on the mini–batch size, but rather on
the maximum value of the temperatures ratios given a certain viscosity of the medium.
Reducing the mini–batch size clearly increases the variances associated to mini–batch
gradients, but at the same time the variance of the injected white noise also increases
proportionally according to the temperatures ratio (see equation (17)). This way, if the
update period is adjusted properly, the approximations made in equations (19) and (20)
remain valid.

Secondly, a key point is that, in principle, the Bussi–Parrinello integrator of
equation (7) samples asymptotically the correct equilibrium distribution only in the
limit δt→ 0. Thus, since the effective mini–batch variance scales quadratically with δt
(see equation (16)), one could manually set the values of the mass matrix M to some
arbitrary value and employ a very small integration time–step [10]. However, this choice
does not take into account that the different components of the weight vector contribute
differently to the total expected noise at a fixed temperature. A wiser choice is based on
the observation that equation (7) is a good approximation of the stochastic differential
equations equation (6) also if, given a finite step–size δt, the fictitious masses and the
fictitious friction coefficient satisfy

δt√
Mii

→ 0 ∀i,

γδt→ 0.

(25)

In terms of equation (22), these conditions can be expressed as

Ti → 0 ∀i,
c1 → 1,

(26)

meaning that the limit from equation (17) not only guarantees the removal of the
correlation between the components of the total noise, but also makes the dynamics
produced by the pL algorithm to sample the correct equilibrium distribution (for a
high–enough viscosity coefficient c1).

In practice, at time t0, the system is initialized; the matrix Vτ (with τ = t0) is com-
puted by extracting mini–batches of fixed size S until either the variance estimate con-
verges for each gradient component or the maximum number of extractions is reached.
Next, the initial values of the temperature ratios, T = Ti (i.e. the same for each weight
component), and the dissipative term, c1, are set manually. The mass matrix is then
calculated according to equation (17) using δt= 1. Finally, Kτ is computed and the
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Figure 2. Scheme of the pseudo–Langevin (pL) algorithm.

momenta are extracted from the Gaussian distribution N (0,MT ). Once the initializa-
tion procedure has ended, a trajectory in phase space is generated using equation (22).
At each time t− τ =∆, the mini–batch noise variance matrix, Vτ , is adjourned using
the same procedure as at time t0. Then the system undergoes an ‘update’ or a ‘reset’
procedure, with probabilities 1− ρreset and ρreset, respectively. In the first case, the cur-
rent temperature ratios are updated (based on the new mini–batch variances) and the
LTR condition is checked using a threshold value, i.e. a maximum temperature ratio,
Tmax, such that Ti ⩽ Tmax ∀i. If this inequality is not satisfied for a certain component j,
its associated mass is increased until Tj = Tmax. The corresponding momentum is then
extracted from the correct Gaussian distribution. In the event of a reset, the initializa-
tion procedure is carried out according to the last adjourned Vτ , with each temperature
ratio being manually set to an user determined value. The algorithm pipeline is pre-
sented schematically in figure 2.

2.4. pL computational complexity

For a network of size N and a dataset of size P , the time complexity of the pL algorithm
consists of two main contributions, both of which depend on the cost of estimating the
mini–batch gradient, denoted as c(S|N ,P ).

At each step, the cost of updating (w,p) is O (N + c(S|N ,P )). The first term
accounts for operations involving N–dimensional vectors and the generation of white

https://doi.org/10.1088/1742-5468/ae8246 11

https://doi.org/10.1088/1742-5468/ae8246


Controlled Langevin dynamics for sampling of feedforward neural networks trained with minibatches

J.S
tat.M

ech.(2026)
073401

noise with a zero mean and unit variance (see equation (22)). The latter refers to the
computation of the mini–batch gradient for the current weight configuration.

In addition, we must consider the time required for the periodic update of the
mini–batch noise variance matrix, Vτ , and the other related parameters (e.g. T and
M). We define n as the maximum number of mini–batch extractions permitted during
estimation. In the worst–case scenario, when the variance estimate does not converge for
each network component, the time complexity is at most O

(
n
∆ (N + c(S|N ,P ))+ 1

∆N
)
.

The n
∆N term takes into account all the operations necessary to refine the estimate of

the variances as the number of extractions increases, n
∆c(S|N ,P ) represents the cost

of computing the n mini–batch gradients to adjourn the variance matrix, while 1
∆N

stands for the cost of updating the temperatures ratios, the masses and (eventually)
the momenta (cf section 2.3) after a period ∆.

Therefore, given that usually n≫ 1, the average per–iteration complexity of the pL
scheme is O

(
(1+ n

∆)(N + c(S|N ,P ))
)
, where the ratio n

∆ mainly depends on the state
of the simulation. If the system is out of equilibrium, the variance matrix requires more
frequent updating, meaning that in practice n

∆ ≈ 1. Conversely, when the system is at
(or close to) equilibrium, the update interval can be extended, since slower changes are
expected in the mini–batch gradient variances. In such cases, the ratio can be set so that
n
∆ ≪ 1. In conclusion, the computational complexity of the pL scheme can generally be
approximated to O (N + c(S|N ,P )).

3. Results

We studied three feed–forward ANN models (figure 1) of size N = 11160, N = 101610
and N = 1006110, respectively. For each size, we generated a dataset of random spin
vectors of dimension d= 100, divided in K = 10 classes (cf section 2.1). To make the
classification problem non–trivial, we chose a spin–flip probability of pf = 0.355, so that
the fraction of spin vectors closer to the reference vector of another class than to their
own is approximately 0.1. We studied each model near the interpolation threshold, with
a training dataset composed of P = 5N examples. Lastly, the norm of the weights is
controlled by the Lagrange multiplier λ≈ 10 (see equation (3)), to avoid uncontrolled
diffusion.

3.1. Numerical validation of the pL method

We first used the smallest architecture (N = 11160) to validate the approximations
described in section 2.3. For this purpose, we performed three independent short pL
simulations at temperature T = 10−6, mini–batch size S = 10−2P and temperatures ratio
T = 3 · 10−2. During each simulation, we periodically stopped the integration process to
calculate the full–batch gradient and extract 250 mini–batch gradients {R(b)

τ (w(t))}.
Each simulation starts from a configuration obtained minimizing the loss using Adam as
optimizer for 5000 epochs with mini–batch size s= 128 and initial learning rate η = 10−4

(scaled by a factor of γ = 0.8 every 1000 epochs).
We observe that indeed the distribution of the noise generated by the use of mini–

batches on the gradient follows a Gaussian distribution and that the true variance
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Figure 3. (a) The distribution ρ of the components of the mini–batch noise
R(b)

τ (w(t)) during a pL simulation as a function of time t (blue curves), compared
to expected distribution N (0,1) (orange curves). The gray planes indicate the times
at which the values of the mini–batch noise variance matrix Vτ are updated. (b)
The distribution ρ of the elements of the correlation matrix Cij during a pL simu-
lation as a function of time t, computed among the components of the mini–batch
noise R(b)

τ (w(t)) (blue curves), of the white noise R(t) (orange curves) and of
the weighted sum of the two (green curves). The curves are slightly shifted along
the z–axis to make them distinguishable. (c) The average of the component–wise
noise autocorrelation χ(∆t) for the mini–batch noise (upper panel, blue curves),
for the white noise (middle panel, orange curves) and for their weighted sum (lower
panel, green curves), computed for small time intervals during a pL simulation
parametrized by the time t. (d) The average of the mean cross–entropy L (upper
plot), the squared norm |w|2 (center plot) and the training error ϵ (lower plot) as
a function of the temperature T obtained from hMC (blue curves) and pL (orange
curves) for the smallest model N = 11160. The relative error between the estimates
is also reported (gray dotted line).

matrix V (w(t)) along the trajectory can be approximated, for sufficiently small time
periods, with the last updated Vτ (figure 3(a)). At each time t and for each gradient
component i, we performed a Kolmogorov–Smirnov (KS) test on the distribution of

extracted mini–batch noises {R(b)
τ (w(t))} (see equation (21)) to the standard normal

distribution N (0,1). A fraction of 0.946 of the tests (averaged over t and i) displays a
p–value > 0.05, which is a result comparable to what one would get if the KS tests were
performed on truly Gaussian–distributed random variables.

Secondly, the LTR condition stated in equation (17) is sufficient to eliminate the
correlation between the components of the total noise produced during integration.
We calculated periodically the correlation matrix Cij between the components of the

mini–batch noise {R(b)
τ (w(t))} and the weighted sum of the latter with white noises

{R(t)}, that is { δt
2 V

1
2
τ R(b) (w(t))+KτR(t)}. The distribution of the elements of Cij for
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the white noise and for the weighted sum are indistinguishable (figure 3(b)), meaning
that the components of the total noise used during integration are uncorrelated.

Moreover, the mini–batch noise is not self–correlated in time, which is another nec-
essary property of the noise used within a Langevin scheme (figure 3(c)). In fact, the
autocorrelation

χ(∆t) =N−1
N∑
i=1

⟨wi (t+∆t) wi (t)⟩− ⟨wi (t+∆t)⟩⟨wi (t)⟩,

of the mini–batch noise as a function of the time interval ∆t, averaged over the compo-
nents of the weight vector and over the starting time t, drops to zero essentially at the
first time step (figure 3(c)).

Finally, we verified that the probability distribution sampled by the pL algorithm
is compatible with that of the hMC, assumed as ground truth. For this purpose, we
equilibrated each of the trained vectors at different temperatures using both sampling
methods, and we measured at each temperature the mean and the standard deviation
for the loss function, for the squared norm of the weights and for the training error ϵ as
predicted by both algorithms.

All the statistical properties of the model are very similar to each other (blue and
orange curves in figure 3(d). We also calculated the relative error with respect to the

hMC prediction, that is |⟨O⟩pLT −⟨O⟩hMC
T |/⟨O⟩hMC

T , for each observable O and tempera-
ture T . The prediction error is always of the order ≈ 2 · 10−2 and increases only slightly
at low temperatures with respect to the mean loss function, where the system can get
trapped in local minima, making the equilibration of the system problematic and the
results dependent on the specific simulations.

3.2. Better performance of the pL algorithm

We compared the performance of the pL scheme with that of other sampling meth-
ods (see section 2.2), either exact (hMC and mbhMC) or approximate (SGHMC and
pSGLD), for networks of different sizes (see section 3). Performance was quantified by
measuring the diffusion of the weight vector at equilibrium in wall–clock time. The sim-
ulations were performed on a dedicated 24–core Intel Xeon W5-3423 processor equipped
with a Nvidia RTX 4500 Ada graphics card for this test only.

For each sampling algorithm and for each model of size N , we performed several
simulations at low temperature (T = 10−6), at which the system learns the input data
well (cf figure 3(d) and lower plot of figure 5), starting from different pre–equilibrated
weight configurations. We scanned the values of the hyper–parameters of each algorithm
and selected those that maximize d2 (∆tW), which is the mean squared distance com-
puted between all the pairs of weight vectors separated by a wall–clock time ∆tW. For the
approximate sampling methods, we impose the additional constraint that the estimated
average loss function lies within 2% from the hMC–predicted value (see figure A.1, pan-
els in the first row).

Then, we performed three simulations with the optimal set of hyper–parameters,
each starting from a different pre–equilibrated weight vector. All the results except for
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Figure 4. In the upper plot, the diffusion coefficient D* scaled by the predicted
squared distance ⟨d2⟩ at equilibrium at T = 10−6 as a function of N , for the three
studied sizes N = 11160, N = 101610 and N = 1006110 and for different sampling
methods, hMC (blue curve), mbhMC (purple curve), pL (orange curve), pSGLD
(red curve) and SGHMC (green curve). In the lower plots, the mean squared dis-

tance between sampled vectors d2 scaled by the predicted squared distance ⟨d2⟩ at
equilibrium at T = 10−6 as a function of the wall–clock time interval ∆tW, for the
three sizes and for all the sampling methods listed above. The mean values and the
standard deviations of the squared distance are calculated over three independent
simulations starting from different equilibrated weight vectors. The error bars (in
the upper plot) and the shaded areas around each curve (in the lower plots) rep-
resent the standard deviations. In some of the curves, the latter are so small that
they cannot be seen with the naked eye.

hMC were obtained using a mini–batch size of S = 10−2P . The results for smaller S
relative to the network with N = 1006110 parameters are shown in figure A.2.

The hMC scheme shows a computational advantage for small network sizes (figure 4,
lower left and lower center panels) because for small datasets the calculation of the full–
batch gradient can be run in parallel, strongly reducing the advantage of calculating
the gradient on a mini–batch of size S ≪ P . All the approximated sampling schemes
(i.e. SGHMC, pSGLD and pL) show comparable performance, with differences mainly
due to how well the average value of the loss function is conserved with respect to the
prediction given by hMC.

However, as N increases, the pL scheme clearly takes the lead (see figure 4, lower–
right panel), followed by the pSGLD algorithm. Both algorithms reach a stationary
state, whereas the other sampling schemes cannot move appreciably from their starting
point. Moreover, we note that the mean squared norm obtained from pSGLD at T =
10−6 is about 30% higher than that given by pL (see figure A.1, lower–right panel).
Lastly, the mbhMC scheme performs the worst at every scale (figure 4, purple curves).
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The computational efficiency of the algorithms can be quantified with a ‘computa-
tional diffusion coefficient’ D*, which can be defined as the numerical derivative of the
d2 curve for ∆tW → 0. Operatively, we measure

D* =
d2
(
∆tmin

W

)
− d2 (0)

∆tmin
W

where ∆tmin
W is the minimum wall–clock time interval between sampled vectors, different

for each algorithm (see table A1 in the appendix). As we can see in the upper panel of
figure 4, for hMC and SGHMC the scaled computational diffusion coefficient D*/⟨d2⟩
drops rapidly as a function of the model size N , while it increases for pL and pSGLD.

These results suggest that the pL scheme can be used efficiently to sample the
parameter space when the network size is increased.

3.3. Sampling with pL algorithm at intermediate temperatures provides optimal
generalization properties

We investigated the generalization properties of the weights sampled with the pL algo-
rithm at different temperatures, comparing them with those obtained from a SGD.
We focused our attention to the largest network (N = 1006110), since it is the most
interesting case in practical applications.

We calculated at different temperatures the average of the generalization error ϵg
(cf equation (4)) on a test set of size Pg ≈ 0.18P , generated as described in section 2.1
using the same spin–flip probability and the same reference vectors as for the training
set.

We observe that the average loss ⟨L⟩ displays a sudden increase, reminiscent of a
first–order phase transition, at Tf ≈ 2 · 10−7 (figure 5(b)). Interestingly, this transition
seems to affect also the generalization properties of the sampled vectors, as the average
generalization error is larger at very low temperatures and displays a sudden drop at the
critical temperature at which the average loss increases (figure 5(a)). The average gen-
eralization error then increases, assuming its minimum value just above the transition
temperature.

The minimal value ⟨ϵg⟩ ≈ 0.113 is very close to the lower bound that the generaliza-
tion error can assume based on geometric arguments. As anticipated, for pf = 0.355, the
probability that a spin vector of class µ is closer to the reference vector of another class
ν than to its own is approximately ≈ 0.1, which implies that approximately a tenth
of the spin vectors do not display the properties that define their own class (and thus
cannot be classified correctly without explicit training on such data).

In the low–temperature phase, the system loses some of its generalization capa-
bilities. For example, at T = 10−7, the average prediction error in the training set is
⟨ϵ⟩ ≈ 0.014 while it is ⟨ϵg⟩ ≈ 0.17 in the test set (figure 5(a)) suggesting that at these
temperatures the system overfits the training data.

We also compared the results from the samplings with those obtained by training
three independent models by SGD using the Adam algorithm (with a learning rate
η = 10−5) and early–stopping procedure (on a validation subset of the training data with
size Pv ≈ 0.18P ). Starting from random weights, both techniques minimize their error on
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Figure 5. The mean value and the standard deviation of the generalization error
ϵg (a), the mean cross–entropy function L (b) and the average of all the variances
of the mini–batch gradient components in the first two layers Vτ (c) sampled at
equilibrium at different temperatures T using the pL scheme. In the inserted plot,
the generalization error ϵg as function of the wall–clock time tW during two simula-
tions starting from initialized models at two different temperatures, T = 1.0 · 10−7

(orange curve) and T = 3.0 · 10−7 (green curve), and during an Adam training
beyond early–stopping (red dotted curve). The gray straight lines reported in the
upper plot and in the inserted one represent the best mean generalization error
found with Adam training. All values of ϵg have been computed on the same test
dataset.

the test set very rapidly (inset of figure 5(a)), as both descents are of the order of seconds.
The best models found through standard training techniques have a mean generalization
error ⟨ϵg⟩Adam ≈ 0.112, but the latter increases markedly afterwards (inset of figure 5(a),
red dotted curve) if early–stopping is not applied. Also, the optimal generalization error
found by the Adam algorithm is similar to that of the pL sampling at intermediate
temperature. However, the pL scheme does not require an early–stopping procedure
(and thus a validation set) to avoid overfitting, as the generalization properties of the
sampled weights are uniquely determined by the temperature T .

In fact, during the training (inset of figure 5(a)), the low–temperature (T = 1.0 ·
10−7) simulation starting from random initialized vectors reaches a minimum of gen-
eralization error and rapidly departs from it, as the Adam algorithm does. Vice versa,
during the sampling at intermediate temperature (T = 3.0 · 10−7), the system fluctuates
steadily around the low equilibrium value without overfitting.
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Figure 6. The generalization error ϵg computed on the test set of the MNIST
dataset as a function of the wall–clock time tW during Adam trainings (gray curves),
pL samplings (orange curves) and pSGLD samplings (red curves) for three different
initialization seeds (first, second and third column) and for two network architec-
tures, feedforward (upper row) and convolutional (lower row). The curves in each
panel stop at the minimum value in generalization error obtained during either the
training or the sampling. The minimum test error is highlighted with a different
marker for each algorithm.

Lastly, we observe a correlation between the generalization error ⟨ϵg⟩ and the average

of all the variances associated to weights in the first two layers ⟨Vτ ⟩ (which account for
99.4% of the network weights) as functions of the temperature T (figures 5(a) and
(c)). The minimum values for each observable are reached in a temperature interval
going from T = 2 · 10−7 (right above the phase transition) up to T = 10−6, where the
generalization error has a flat shape at approximately ⟨ϵg⟩ ≈ 0.113.

Finally, in figure A.4, we report three simulations from different random initialized
weight vector for the two most interesting temperatures, T = 10−7 and T = 3.0 · 10−7

(figure 5, upper panel, orange and green dot, respectively), as proof of thermalization.

3.4. Test on realistic data

We tested the two sampling algorithms with the best diffusion properties, i.e. pL and
pSGLD, on the MNIST dataset, composed of (28× 28) images (P = 60000 for train-
ing and validation, and Pg = 10000 for evaluation) and K = 10 classes. We studied
their optimization performance for two types of architectures, namely a feedforward (as
described in section 2.1, with L1 = 784) and a convolutional neural network (as the one
described in [10]). For each of them, we performed samplings at T = 5.0 · 10−7 starting
from three stochastically generated weight vectors, using a mini–batch size S = 10−2P
and a regularization coefficient λ/N = 10−5. For each seed, we also trained the model
using Adam as optimizer along with the same regularization coefficient used for pL and
pSGLD.

Both sampling schemes are basically equivalent (figure 6) in terms of time–efficiency
and, in the CNN case, they both reach configurations with comparable generalization
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properties (ϵpSGLD
g = 7.87 · 10−3 and ϵpLg = 8.20 · 10−3, where ϵg stands for the minimum

average test error over the optimizations performed). Conversely, pL shows a clear edge

when used with the FFN architecture, where ϵpLg = 1.89 · 10−2 and ϵpSGLD
g = 2.46 · 10−2.

For both architecture, the Adam algorithm is more time–consuming, but on average

reaches configurations with lower generalization errors (ϵAdamg = 1.87 · 10−2 for the FNN

and (especially) ϵAdamg = 6.17 · 10−3 for the CNN).
The same conclusions can be drawn from observing the optimization performance

of the three algorithms on the synthetic spin dataset and for the largest three–layer
feedforward ANN model used in section 2.1. The results of these optimizations for three
independent runs are shown in figure A.5.

4. Discussion and conclusions

Sampling the parameter space of ANN can be useful in many ways. As well as providing
insights into the topology of the solution space and how the system functions, sampling
can be used to obtain sets of parameters with good predictive capabilities. Exploring
the space of parameters according to a specified probability distribution can also be
useful in connection with Bayesian networks, which have a marked tendency to remove
overfitting as well [7].

Our findings indicate that the pL scheme seems the most well–fitted for sampling a
large ANN according to Boltzmann probability. Monte Carlo techniques guarantee that
the sampling converges to the desired distribution, but usually suffer the high dimen-
sionality of the space, where random moves tend to lead to high–energy conformations,
thus reducing drastically the acceptance probability. The hMC [1] amends this problem,
proposing moves that are guided by the gradient and still obeys the principle of detailed
balance. However, the exact calculation of the gradient is computationally demanding
and limits the application of the hMC to systems whose training dataset is much smaller
than those used in everyday applications. While loss minimization techniques solve the
problem by using mini–batches, in hMC the estimation of the gradient on small subsets
of the training data results in a negligibly small acceptance probability. On the other
hand, using mini–batches to compute the gradient in approximate sampling methods
does not necessarily lead to the desired performance for larger network sizes, as we
demonstrated for the SGHMC scheme [10].

The pL algorithm combines the ability to sample asymptotically the correct distri-
bution with the computational efficiency given by the use of mini–batches. We have
shown that the system can diffuse efficiently in the manyfold of low–loss parameters,
even for large systems trained on massive datasets. A key observation which allows the
algorithm to work well is that the noise induced by the approximate estimation of gra-
dients is Gaussian for mini–batches of nontrivial numerosity, thanks to the central limit
theorem. Moreover, we can control the effect of this noise in the Langevin equations
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through the optimal selection of fictitious masses and fictitious friction coefficients asso-
ciated with the system’s parameters. This allows us to sample the Boltzmann weight
associated with the desired temperature without using a negligible timestep.

Interestingly, we observed a significant correlation between the variance of the gra-
dient over mini–batches and the ability of the network to generalize. We can speculate
that this is because the variance of the gradient in a given region of parameter space cor-
relates with the flatness of the energy landscape; this, in turn, was shown to determine
the generalization properties of the system [3], in the sense that parameters belonging to
wider minima display better generalization properties than those in narrower ones, even
with similar loss. The reason why we expect that the variance of the gradient correlates
with flatness is that the energy profile of each stochastic mini–batch in flat minima
share similar properties across mini–batches, including the gradient (as shown in [13]).
As a matter of fact, the only other sampling scheme capable of providing significant
diffusion is pSGLD [11], which uses explicitly the information about the flatness of the
energy landscape to guide the trajectory in the weight space.

Using the pL algorithm, we have shown that sampling the Boltzmann distribution at
intermediate temperatures yields sets of parameters with optimal generalization error,
eliminating the need for early stopping procedures and the usage of a portion of the
training dataset for validation. One possible problem when using pL as a training tool
is the need to select ‘intermediate’ temperatures. In the low–temperature regime, the
system overfits in a manner similar to that observed in gradient–descent minimization.
At high temperatures, however, it fails to learn the training dataset. Nonetheless, at
least in the case analyzed, the range of ‘intermediate’ temperatures spans several orders
of magnitude, therefore should be easily identified.

Overall, our results suggest that controlled mini–batch Langevin dynamics provides
a principled and scalable route to explore and exploit the low–loss manifold of large
ANN, replacing optimization with equilibrium statistical mechanics.

The codes and the data can be downloaded freely from the following github repository.
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Appendix

Table A1. The minimum wall–clock time interval between sampled vectors ∆tmin
W

for all model sizes N (that is, N = 11160, N = 101610 and N = 1006110) and for all
sampling schemes (i.e. hMC, mbhMC, pL, pSGLD and SGHMC). For pL, the first
value within the parenthesis represents the time needed for a single integration,
while the second one is the time spent to extract 100 mini–batches for the estimate
of Vτ . With the exception of hMC, all the values reported are relative to a mini–
batch of size S = 10−2P .

N hMC [s] mbhMC [s] pL [s] pSGLD [s] SGHMC [s]

11160 2.8 · 10−3 2.3 · 10−3 (1.6+ 1.1) · 10−3 1.7 · 10−3 1.4 · 10−3

101610 5.1 · 10−2 2.6 · 10−3 (1.6+ 1.3) · 10−3 1.8 · 10−3 1.5 · 10−3

1006110 3.2 · 100 6.5 · 10−2 (3.3+ 3.3) · 10−2 3.3 · 10−2 3.3 · 10−2

Figure A.1. The average value (straight lines) of the mean cross–entropy L (top
row), the training error ϵ (middle row) and the squared norm |w|2 (bottom row)
at T = 10−6 for the three model sizes, N = 11160 (left column), N = 101610 (mid-
dle column) and N = 1006110 (right column) and for each sampling method, hMC
(blue), mbhMC (purple), pL (orange), pSGLD (red) and SGHMC (green). For
each observable and model size, the average value predicted by each algorithm is
obtained by averaging the second half of the data collected during three simula-
tions each starting from a different equilibrated vector at T = 10−6. These three
simulations are shown for each scheme as faded lines, plotted against wall–clock
time tW scaled by the total simulation time tmax

W .
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Figure A.2. In the upper plot, the diffusion coefficient D* scaled by the predicted
squared distance ⟨d2⟩ at equilibrium at T = 10−6 as a function of the mini–batch
fraction S/P for the biggest model size N = 1006110 and for different sampling
methods, hMC (blue curve), mbhMC (purple curve), pL (orange curve), SGHMC
(green curve) and pSGLD (red curve). In the lower plots, the mean squared dis-

tance between sampled vectors d2 scaled by the predicted squared distance ⟨d2⟩ at
equilibrium at T = 10−6 as a function of wall–clock time interval ∆tW, for three
mini–batch fractions (i.e. S/P = 0.001 (lower left), S/P = 0.005 (lower center) and
S/P = 0.01 (lower right), and for all the sampling methods listed above. The mean
values and the standard deviations of the squared distance are calculated over
three independent simulations starting from different equilibrated weight vectors.
The error bars (in the upper plot) and the shaded areas around each curve (in the
lower plots) represent the standard deviations. In some of the curves, the latter
are so small that they cannot be seen with the naked eye. The hMC values are
reported as reference and they are the same for each mini–batch fraction S/P .
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Figure A.3. Mean and standard deviation of the average of all the variances in
the first layer (upper plot), in the second layer (middle plot) and in the third
layer (lower plot) for the weight vectors relative to the biggest model N = 1006110
sampled at equilibrium at different temperatures T using the pL scheme.
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Figure A.4. The generalization error ϵg (upper row), the mean cross–entropy loss
function L (middle row) and the training error ϵ (lower row) as functions of the
wall–clock time tW at two temperatures, T = 10−7 (left column) and T = 3.0 · 10−7

(right column) for three simulations each starting from a different initialized weight
vector. In each panel, the predicted average and standard deviation are shown as
a straight dotted line and as a shaded area around it, respectively. Different colors
refer to different initialization seeds.

Figure A.5. The generalization error ϵg computed on the test set of the synthetic
spin dataset as a function of the wall–clock time tW during Adam trainings (gray
curves), pL samplings (orange curves) and pSGLD samplings (red curves) for three
different initialization seeds (first, second and third column) obtained using the
largest three–layer feedforward neural network of N = 1006110 parameters. The
curves in each panel stop at the minimum value of the generalization error, as
obtained during either the training or the sampling. The minimum test error is
highlighted with a different marker for each algorithm.
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