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A B S T R A C T 

Dust growth from micron- to planet-size in protoplanetary discs involves multiple physical processes, including dust collisions, 
the streaming instability, and pebble accretion. Disc turbulence and dust fragility matter at almost every stage. Previous 
studies typically vary one of them while fixing the other, failing to provide a complete picture. Here, we use analytical 
models and numerical dust evolution models DUSTPY to study the combinations of gas turbulence and dust fragility that can 

reproduce multiwavelength Atacama Large Millimetre/submillimetre Array (ALMA) observables. We find that only appropriate 
combinations – fragile dust ( vfrag = 1–2 m s−1 ) in discs with viscous α = 10−4 or resilient dust ( vfrag = 6–10 m s−1 ) in discs 
with viscous α = 10−3 – can reproduce observations. Our result is robust to two widely used opacities (DSHARP and Ricci 
opacities). Regardless of the strength of disc turbulence, reproducing observations requires observed dust rings to be optically 

thick at λ = 1 . 3 and 3 mm. As only small dust can be lifted above the mid-plane to reach the emitting layers, SED analysis 
probably yields lower limits on the maximum grain sizes. We highlight the challenge of creating detectable dust rings at large 
radii when incorporating bouncing in models, and the need for earlier formation of dust rings at smaller radii to reproduce the 
decreasing ring brightness with radius observed across ALMA wavelengths. 

Key words: accretion, accretion discs – protoplanetary discs – submillimetre: planetary systems. 
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 I N T RO D U C T I O N  

ust grains in protoplanetary discs are the building blocks of planets. 
he growth of interstellar dust to millimetre/centimetre-pebbles, 

hen to kilometre-planetesimals, and ultimately to planets has been 
xtensively studied in protoplanetary discs (e.g. J. Dr

↪ 
ażkowska et al. 

023 , and references therein). 
Theoretically, dust growth over several orders of magnitude 

nvolves multiple physical mechanisms. Initially, micron-sized dust 
ollides and sticks together to form millimetre/centimetre-sized 
ggregates (T. Birnstiel 2024 , references therein). These pebbles 
oncentrate to enhance the dust-to-gas ratio and trigger the streaming 
nstability (A. N. Youdin & J. Goodman 2005 ). Further growth 
equires pebble accretion (A. Johansen & M. Lambrechts 2017 ) and 
lanetesimal accretion (P. J. Armitage 2024 ). 
The disc turbulence level and dust fragility are relevant to every 

tage of these processes. Turbulence plays a key role in regulating 
he efficiency of gas and angular momentum transport, in addition 
o other mechanisms such as magnetohydrodynamic winds (R. D. 
landford & D. G. Payne 1982 ). High turbulence tends to shorten

he disc lifetime by enhancing the inward transport of both gas 
nd small dust that is well coupled to the gas (Y. Nakagawa, M.
ekiya & C. Hayashi 1986 ). Turbulence also determines dust growth 
T. Birnstiel, C. P. Dullemond & F. Brauer 2009 ), dust radial diffusion
A. N. Youdin & Y. Lithwick 2007 ) and vertical distributions (B.
ubrulle, G. Morfill & M. Sterzik 1995 ). The interplay among dust

ize distributions, spatial distributions and turbulence can further 
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ffect the onset of the streaming instability (e.g. R. Li & A. N.
oudin 2021 ; J. Lim et al. 2024 ). Notably, subsequent processes
uch as pebble accretion are also found to be more efficient in
 low-turbulence environment (J. Narayan, J. Dr

↪ 
ażkowska & V. 

aikundaraman 2025 ). The dependence highlights the importance 
f a better understanding of disc turbulence levels. 
Over the last decade, various approaches have been developed to 

onstrain turbulence levels. J. S. Carr, A. T. Tokunaga & J. Najita
 2004 ) and K. M. Flaherty et al. ( 2015 ) measure disc turbulence
hrough non-thermal contributions to line broadening, while C. P. 
ullemond et al. ( 2018 ) and L. Yang et al. ( 2025 ) constrain disc

urbulence from dust radial diffusion around dust rings. M. Villenave 
t al. ( 2022 , 2025 ) estimate disc turbulence from dust vertical settling.
 broader review of turbulence measurement is given by G. P. Rosotti

 2023 ). Though it can vary from disc to disc (K. Flaherty et al. 2020 ),
ecent studies infer values of α � 10−3 in the outer regions of these
iscs ( r � 10 au). 
Dust fragility is the property which characterizes the likelihood 

hat dust coagulates rather than fragments when particles collide, 
nd is usually parametrized in terms of the threshold velocity 
or fragmentation. It has been investigated through laboratory ex- 
eriments, observations and numerical simulations, though results 
emain inconclusive. Some experiments indicate uniformly fragile 
ust ( ∼ 1 m s−1 ) across the disc (e.g. G. Musiolik & G. Wurm
019 ), and fragile dust is also supported by non-polarimetric and
olarimetric observations (e.g. T. Ueda et al. 2024 ) and by the
stimated pebble flux (e.g. J. Williams & S. Krijt 2025 ). On the
ther hand, some experiments (G. Wurm, G. Paraskov & O. Krauss
is is an Open Access article distributed under the terms of the Creative
h permits unrestricted reuse, distribution, and reproduction in any medium,

http://orcid.org/0000-0001-5229-2402
http://orcid.org/0000-0001-6410-2899
http://orcid.org/0000-0003-4853-5736
mailto:st547@leicester.ac.uk, astro.stong@gmail.com
https://creativecommons.org/licenses/by/4.0/


2 S. Tong, R. Alexander and G. Rosotti

M

2  

(
 

fi  

C  

t  

t  

g  

o  

(  

m  

2
 

a  

a  

m  

W  

p  

d  

o  

t  

a

2

I  

d  

O  

W  

2  

n  

S  

d  

d  

l  

c  

c

2

P  

W  

f  

d  

b  

t  

d  

p
 

e  

v  

c

a

o

S

i  

t  

e  

t  

2
1

 

l  

e  

v  

a  

m  

(  

e  

i
 

t  

l  

e  

w  

W  

e

 

b  

m  

a  

a  

r  

t
 

fi  

s  

M

 

p  

i

 

t  

D  

u  

w  

T  

f  

r  

d  

T
 

r  

r  

i  

l

2

T  

l  

t
w  

m  

t  

f  

t  

t  

p  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/545/4/staf2128/8362044 by U
niversita degli Studi di M

ilano user on 19 January 2026
005 ), observations (A. Sierra et al. 2025 ) and numerical simulations
e.g. L. Delussu et al. 2024 ) prefer resilient dust ( ∼ 10 m s−1 ). 

A typical approach to estimate turbulence from observations is
tting steady-state analytical models to observed structures (e.g.
. P. Dullemond et al. 2018 ; G. P. Rosotti et al. 2020 ). However,

hese models often yield best-fitting parameters that are sensitive
o assumptions and may fail to reproduce other observables of a
iven disc. For example, a disc with turbulence of α ∼ 10−3 in the
uter disc may struggle to form millimetre dust when dust is fragile
S. Tong & R. Alexander 2025 ), despite observational inference of
illimetre dust in several discs (e.g. C. Carrasco-González et al.

019 ; A. Sierra et al. 2021 ). 
In this paper, we aim to constrain combinations of disc turbulence

nd dust fragility that can simultaneously reproduce multiple observ-
bles from recent multiwavelength observations with disc evolution
odels, in addition to estimating them from an analytical solution.
e use DUSTPY (S. M. Stammler & T. Birnstiel 2022 ), a Python

ackage that incorporates gas and dust transport, as well as the
ust coagulation algorithm, for the numerical studies. The paper is
rganized as follows: we present the analytical analysis in Section 2 ,
he numerical analysis in Section 3 . We discuss results in Section 4
nd summarize our conclusions in Section 5 . 

 A NA LY T I C A L  ANALYSIS  

n the micron to millimetre size range, dust growth can be hin-
ered by several mechanisms, including electrostatic repulsion (S.
kuzumi 2009 ), bouncing (A. Zsom et al. 2010 ), radial drift (S. J.
eidenschilling 1977 ; F. Brauer, C. P. Dullemond & T. Henning

008 ), and fragmentation (J. Blum & G. Wurm 2008 ). Assuming
eutral dust and neglecting bouncing, which will be discussed in
ection 4.4 , it leaves only the drift and fragmentation barriers. Radial
rift limits dust growth when particles are decoupled from the gas and
rift inwards before they grow larger, while fragmentation typically
imits dust growth for fragile dust and in regions where dust becomes
oncentrated, such as in the inner discs and effective dust traps, which
an effectively trap dust locally, yielding more frequent collisions. 

.1 Methods 

ressure bumps are effective dust traps (S. J. Weidenschilling 1977 ).
hen dust is trapped locally, the concentrated dust enhances the

requency of dust collisions. This makes dust fragmentation the
ominant limiting mechanism for dust growth around pressure
umps. Under the assumption that the maximum dust size is de-
ermined by fragmentation around pressure bumps, we can estimate
isc turbulence and dust fragility from other already known disc
roperties. 
The fragmentation-limited maximum dust size can be obtained by

quating the relative collision velocity to the fragmentation velocity
frag , which is a threshold between constructive and destructive
ollisions (T. Birnstiel, H. Klahr & B. Ercolano 2012 ). 

max , frag = 2 

3 π

�g 

ρs αt 

(
vfrag 

cs 

)2 

, (1) 

r 

t frag = 1 

3 αt 

(
vfrag 

cs 

)2 

(2) 

n Stokes number, which is defined as the ratio of the dust stopping
ime-scale to the orbital time-scale (see equation 7 ). When deriving
quations ( 1 ) and ( 2 ), the assumption that turbulent motion dominates
NRAS 545, 1–19 (2026)
he relative velocity 	v = √ 

3 αSt cs (C. W. Ormel & J. N. Cuzzi
007 ) is taken. This is true until turbulence becomes very low ( α ∼
0−5 ). 
This equation has been previously used to estimate the turbulence

evel in G. P. Rosotti et al. ( 2020 ), F. Zagaria et al. ( 2023 ), H. Jiang
t al. ( 2024 ) and M. Villenave et al. ( 2025 ), where the fragmentation
elocity vfrag is mostly fixed to a few values. Various approaches
re taken to other relevant parameters. H. Jiang et al. ( 2024 ) adopt
odified gas surface densities from multiwavelength observations

A. S. Booth & J. D. Ilee 2020 ; K. Zhang et al. 2021 ). G. P. Rosotti
t al. ( 2020 ) and M. Villenave et al. ( 2025 ) use α/St constrained
ndependently from other methods. 

In this work, we estimate the turbulence level and dust fragility
ogether over α = 10−4 –10−3 , which is slightly lower than the upper
imits estimated from line broadening (a few 10−3 , e.g. K. M. Flaherty
t al. 2015 ; R. Teague et al. 2018 ) and treat the fragmentation velocity,
hich is a sensitive parameter to disc turbulence, as a free parameter.
e substitute parameters derived from high-quality MAPS data into

quation ( 1 ). These include 

(i) the maximum dust sizes amax at dust rings; this is measured
y A. Sierra et al. ( 2021 ) using multiwavelength SED forward-
odelling when considering both absorption and scattering; we adopt

max from their power-law fit, given by amax = a10 · ( R/ 10)−b , where
10 is the maximum grain size at 10 au, b is the fitted slope, R is the
adius in units of au. The values of a10 and b are provided in their
able 2. 

(ii) the gas surface densities; they are derived from rotation curve
tting (P. Martire et al. 2024 ), which assumes a self-similar gas
urface density (equation 4 ) and fits the stellar mass M∗, disc mass

d and disc characteristic radius Rc . 
(iii) the sound speed; this is estimated with reported stellar

arameters in MAPS (K. I. Öberg et al. 2021 ), following equation ( 5 )
n C. P. Dullemond et al. ( 2018 ). 

The only additional parameter that is not based on MAPS data is
he dust bulk density ρs , which is taken to be 1 . 67 g cm−3 from the
SHARP opacities (T. Birnstiel et al. 2018 ). This is also the opacity
sed to derive the maximum dust sizes in A. Sierra et al. ( 2021 ). If
e consider moderately porous dust with porosity f = 0 . 7 − 1 (R.
azaki et al. 2019 ), this allows a range of dust bulk densities, varying
rom 1.17 to 1 . 67 g cm−3 . Therefore, the assumed dust bulk density
eflects quite a wide range of possible combinations of the dust bulk
ensity and porosity. We summarize parameters discussed above in
able 1 . 
We apply this method to three out of five MAPS targets that exhibit

elatively prominent dust rings (IM Lup excluded) and that have good
otation curve fitting (AS 209 excluded). For each target, we focus on
ts two most prominent dust rings. The relation between turbulence
evels and dust fragility is shown in Fig. 1 . 

.2 Results 

he dust fragility is positively correlated with the disc turbulence
evel (e.g. A. Zormpas et al. 2022 ). Five out of six dust rings across
hree discs consistently suggest fragile dust with vfrag � 4 m s−1 

hen turbulence is low ( α ∼ 10−4 ). More turbulent discs require
ore resilient dust to produce millimetre-sized dust, since high-

urbulence boosts the relative collision velocity and can destroy
ragile dust more easily before it grows to millimetre sizes. On
he contrary, resilient dust in low-turbulence discs grows rapidly
hrough collisions, with most dust mass concentrated into larger
articles. These large particles typically have lower opacities, making
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Table 1. Summary of stellar and disc parameters for three MAPS discs. Columns 2–4 are for stellar masses, stellar luminosities and effective temperatures, 
respectively. Columns 5 and 6 are for disc masses and characteristic radii, respectively. Column 7 is for the locations of dust rings. 

(1) (2) (3) (4) (5) (6) (7) (8) 
Target Ma ∗ L∗ Teff Md Rc Dust rings Ref. 

( M�) ( L�) (K) ( M�) (au ) (au/au) 

GM Aur 1 . 128 ± 0 . 002 1.2 4350 0 . 118 ± 0 . 002 96 ± 1 40/84 1, 2, 3, 1, 1, 4 
HD 163 296 1 . 948 ± 0 . 002 17.0 9332 0 . 134 ± 0 . 001 91 ± 1 67/100 1, 5, 5, 1, 1, 6 
MWC 480 2 . 027 ± 0 . 002 21.9 8250 0 . 150 ± 0 . 002 128 ± 1 98/166 1, 7, 7, 1, 1, 8 

a The stellar masses are taken from P. Martire et al. ( 2024 ), but they are nearly equivalent to those derived dynamically from R. Teague et al. ( 2021 ). 
References: 1. P. Martire et al. ( 2024 ); 2. E. Macı́as et al. ( 2018 ); 3. C. Espaillat et al. ( 2010 ); 4. J. Huang et al. ( 2020 ); 5. J. R. Fairlamb et al. ( 2015 ); 6. J. 
Huang et al. ( 2018 ); 7. B. Montesinos et al. ( 2009 ); 8. A. Sierra et al. ( 2021 ). 

Figure 1. Correlations of disc turbulence and dust fragility for two most 
prominent dust rings of three MAPS samples (GM Aur, HD 163 296 and 
MWC 480). Each ribbon represents a dust ring and is labelled with the disc 
name and the radius of the dust ring (R plus the radius in parentheses). 
The shaded regions arise from consideration of dust porosity, which is not 
consistently accounted for when deriving amax , frag (A. Sierra et al. 2021 ) but 
is included here as demonstrated in Section 2.1 . 
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t difficult to reproduce the observed millimetre fluxes. This indicates 
nly appropriate combinations of vfrag and α can produce dust sizes 
nferred from observations. 

The second ring R166 in MWC 480 requires higher fragmentation 
elocities, that is, more resilient dust, than the other five dust rings
ver all ranges of turbulence levels explored here. We attribute this
o its location well beyond the disc characteristic radius, which is
28 au. 1 The trend that dust rings located further out tend to require
igher vfrag is generally applied for any dust rings in three discs,
specially when R � Rc . The increasing vfrag along the radius is
iscussed in Section 4.1 . 
We note that the exact vfrag inferred from a given turbulence level 

n Fig. 1 depends on several parameters (equation 1 ) and many
f which are not well constrained, 2 especially the maximum dust 
ize around the dust ring amax , frag . The derivation of amax , frag from 

he SED analysis depends on the opacity model and the dust size
 The gas surface density drops significantly beyond the characteristic radius. 
his requires a larger vfrag to grow grains to the same amax , frag (equation 1 ) 
 The uncertainties in the stellar mass, disc mass and characteristic radius 
rom the rotation curve fitting are relatively small, and only ranging from a 
ew thousandths to around one per cent. We therefore do not include their 
ontributions in Fig. 1 . 

3

6
f
a
r

istribution. The opacity model requires knowledge of dust porosity 
nd compositions, neither of which is well determined. Even when 
 porosity value is assumed here (Section 2.1 ), it is not treated
onsistently, as porosity is not originally considered in A. Sierra 
t al. ( 2021 ). The dust size distribution is also simplified in practice
nd it is typically assumed to be a power law with a fixed slope
 n ( a) ∝ a−q , and q = 2 . 5–3.5) for the entire disc. Moreover, the
ED analysis also assumes optically thin discs. The implication of 

his assumption is discussed in Section 4.1 . 

 N U M E R I C A L  ANALYSI S  

he correlations between the turbulence level and dust fragility found 
n the last section motivate us to test various combinations of vfrag and

in dust evolution models to investigate which combinations can 
imultaneously reproduce multiple observables in disc continuum 

bservations other than the inferred maximum particle sizes amax . We 
ote here that the following analysis is not aiming for any specific
iscs but for general Class II protoplanetary discs. 
Two common features of recent multiwavelength Atacama Large 
illimetre/submillimetre Array (ALMA) observations are: (a) dust 

ings seen at short wavelengths (e.g. Band 6/7; λ = 1 . 3 / 0 . 89 mm )
lso appear at longer wavelengths (e.g. Band 3/4; λ = 3 / 2 . 1 mm );
nd (b) the brightness ratio of multiple dust rings within a given
isc remains largely consistent across wavelengths. 3 Such trends 
ave been found for a number of protoplanetary discs with ring-
ike substructures, such as HL Tau (ALMA Partnership et al. 2015 ;
. Carrasco-González et al. 2019 ; O. M. Guerra-Alvarado et al.
024 ), HD 163 296 (S. M. Andrews et al. 2018 ; K. Doi & A.
ataoka 2023 ), HD 164 192 (E. Macı́as et al. 2019 ), MWC 480

K. I. Öberg et al. 2021 , Shi et al, in preparation), GM Aur (J.
uang et al. 2020 ), etc. Two representative examples, HD 164192

nd GM Aur, are shown in Fig. 2 , demonstrating the two common
eatures are not limited to a specific disc. Though other discs are
ot shown here, they follow the similar trend. The prevalence of the
henomenon also indicates that the two common features of dust 
ings should not be transient, but instead must persist for a large
raction of the disc lifetime. This adds an additional constraint on
ime-scales: that these two observational facts should remain true 
or at least a few Myr. These three observational facts can impose
ore direct and stringent constraints on the dust size distributions 
MNRAS 545, 1–19 (2026)

 For example, the brightness ratio of the inner to outer rings is 2.21 at Band 
 and 2.47 at Band 4 for GM Aur, and 1.98 at Band 6 and 3.00 at Band 3 
or HD 164192. The brightness ratio therefore increases by factors of 1.12 
nd 1.51 when moving to longer wavelengths for GM Aur and HD 164192, 
espectively. The beam size is comparable for each target across wavelengths. 
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M

Figure 2. Azimuthally averaged relative intensity profiles of HD 169142 
(upper panel) and GM Aur (lower panel) at Bands 6 (blue) and 3/4 (orange). 
The shaded regions show the relative standard deviation. The coloured bars at 
the left corner show the beam size of observations encoded in the same colour. 
The profiles are obtained after deprojecting targets on the image plane by their 
position angles and inclination (A. Raman et al. 2006 ; J. Huang et al. 2020 ). 
The upper panel is created with data from E. Macı́as et al. ( 2019 ) (Band 3) and 
data retrieved from the ALMA science archive (Band 6). The resolution and 
sensitivity are 0 . 22 arcsec × 0 . 10 arcsec (PA = −88◦) and 17 μJy beam 

−1 

for the Band 3 observation, and 0 . 19 arcsec × 0 . 13 arcsec (PA = 63◦) and 
108 μJy beam 

−1 for the Band 6 observation. The lower panel is created 
based on data from J. Huang et al. ( 2020 ). The resolution and sensitivity are 
0 . 057 arcsec × 0 . 034 arcsec (PA = −13◦) and 12 μJy beam 

−1 for the Band 4 
observation, and 0 . 045 arcsec × 0 . 025 arcsec (PA = 2◦) and 10 μJy beam 

−1 

for the Band 6 observation. 
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nd the allowable combinations of dust fragility and disc turbulence
evels. 

In this section, we implement DUSTPY models to test the com-
ination(s) of vfrag and α that can fulfil the three requirements
iscussed above with assistance of synthetic observations generated
rom radiative transfer. We do not aim to reproduce the exact values
f brightness ratios of dust rings within a single wavelength and
cross multiwavelengths, but require that the brightness ratio of the
nner to outer dust rings are consistently > 1 or < 1 and that the ratio
oes not change significantly over a sufficiently long time ( � Myr)
nd across wavelengths instead. We extend our investigation to disc
ontinuum fluxes at λ = 1 . 3 and 3 mm , 4 disc-integrated spectral
ndices, optical depth and dust retention, that is, how the dust mass
hanges over time. We adopt the disc and stellar parameters of GM
ur from Table 1 . We note that our goal is not to reproduce the exact
bservables of GM Aur, but rather to explore valid combinations of
frag and α that can reproduce several key observables within the
anges typically seen in recent disc observations. We describe our
odels in Section 3.1 and present our results in Section 3.2 . 
NRAS 545, 1–19 (2026)

 We note that ALMA Band 3 ( λ = 3 mm ) is used instead of Band 4 
 λ = 2 . 1 mm ), as Band 3 probes continuum emission from larger grains 
nd represents the longest wavelength commonly used in ALMA studies. 

a  

r  

d  

b  

d  
.1 Methods 

.1.1 Gas evolution 

e model gas and dust evolution using DUSTPY . Gas evolution is
riven by α-parametrized viscosity (N. I. Shakura & R. A. Sunyaev
973 ) and follows the diffusion equation (D. Lynden-Bell & J. E.
ringle 1974 ) 

∂ �g 

∂ t 
= 3 

R 

∂ 

∂ R 

[
R1 / 2 ∂ 

∂ R 

(
ν�g R

1 / 2 

)]
, (3) 

here �g is the gas surface density and has an initial profile of 

g = Md 

2 πR2 
c 

(
R 

Rc 

)−1 

exp 

(
− R 

Rc 

)
, (4) 

epending on the disc mass Md and the characteristic radius Rc .
= αcs Hg in equation ( 3 ) is kinematic viscosity. cs =

√ 

kB T / ( μmH )
s the speed of sound and Hg = cs /�K is the gas scale-height. kB is
he Boltzmann constant, and T is the mid-plane temperature. mH is
he mass of atomic hydrogen and μ = 2 . 3 is the mean molecular mass
n units of mH . �K =

√ 

GM∗/R3 is the Keplerian angular velocity
rbiting a central star of 1 M∗ at the radius R. G is the gravitational
onstant. The disc mid-plane temperature is consistently computed
rom stellar parameters by 

 ( R) =
(

ϕL∗
8 πR2 σSB 

)1 / 4 

, (5) 

here L∗ = 4 πR2 
∗σSB T

4 
eff is the stellar luminosity, depending on the

tellar radius R∗ and the stellar effective temperature Teff . ϕ is the
rradiation angle and σSB is the Stefan–Boltzmann constant. Under
iscous diffusion, gas has a radial velocity of 

g = − 3 

�g 

√ 

R 

∂ 

∂ R 

(
�g ν

√ 

R 

)
. (6) 

.1.2 Dust evolution 

ust evolution in DUSTPY accounts for dust transport and dust
ollisions. Dust evolution depends on gas evolution but its feedback
n gas evolution is not considered by default in DUSTPY . Such
reatment is good approximation as long as gas is the dominant

aterial. 
The coupling between gas and dust is described by Stokes number

t . Particles with sizes smaller than the gas mean-free path λmfp 

 ai < 9 / 4 λmfp ) fall in the Epstein regime, where 

t = π

2 

ai ρs 

�g 
. (7) 

s is the dust bulk density. Larger particles with sizes of ai > 9 / 4 λmfp 

xperience gas as a flow and fall in the Stokes regime. 
Dust transport is described by an advection–diffusion equation (T.

irnstiel, C. Dullemond & F. Brauer 2010 ) 

∂ �i 
d 

∂ t 
+ 

1 

R 

∂ 

∂ R 

(
R �i 

d v
i 
R,d 

)
− 1 

R 

∂ 

∂ R 

[
R Di 

d �g 
∂ 

∂ R 

(
�i 

d 

�g 

)]
= 0 , (8) 

here �i 
d is the dust surface density of species i, vi 

R,d and Di 
d 

re the radial advection velocity and dust diffusivity of species i,
espectively. The cumulative dust surface density integrating over the
ust species �d ( R) is related to the gas surface density (equation 4 )
y the dust-to-gas mass ratio ε( R) = �d ( R) /�g ( R). Dust diffusivity
escribes the turbulent mixing for dust, specifically for the radial
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5 The gas disc mass decreases over time and becomes slightly lower than the 
gas disc mass of GM Aur measured today, which we assume as the initial gas 
disc mass. For models with α = 10−4 , it falls to 93.67 per cent of the initial gas 
mass by 1 Myr and 92.52 per cent by 3 Myr; for models with α = 10−3 , the 
corresponding fractions are 84.83 per cent and 77.44 per cent, respectively. 
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irection here, by 

i 
d =

δrad c
2 
s 

�k (1 + Sti 
2 ) 

, (9) 

here δrad is the radial turbulent mixing parameter, and it takes the 
alue of gas turbulence α by default. 

Dust orbiting central stars follows Keplerian motion in vacuum, 
hile gas follows sub-Keplerian motion due to the presence of a 
egative radial pressure gradient. The drag force between gas and 
ust reduces their velocity differences and contributes to the dust 
adial drift velocity as 

R,drag = 1 

1 + St 2 i 
vg , (10) 

here vg is the gas radial velocity from diffusion (equation 6 ). In
ddition to the gas drag, loss of angular momentum – arising from
he ‘headwind’ felt by dust from slower-moving gas – induces another 
adial velocity component 

R ,dust = − 2St i 
1 + St 2 i 

ηvK . (11) 

K = �K R is the Keplerian velocity and 

= −1 

2 

(
Hg 

R 

)2 
d ln P 

d ln R 

(12) 

enotes the deviation of gas motion from the Keplerian motion. 
 = ρg ,mid c

2 
s is the gas pressure and ρg ,mid is the gas volume density

n the mid-plane. The dust radial velocity is hence (Y. Nakagawa 
t al. 1986 ) 

i 
R , d = vR ,drag + vR ,dust = 1 

1 + St 2 i 
vg − 2St i 

1 + St 2 i 
ηvK . (13) 

The dust size distribution after collisions is determined by solving 
he Smoluchowski equation (M. V. Smoluchowski 1916 ). Whether 
ust coagulates or fragments is determined by the relative velocity of
wo colliders, which accounts for the relative radial velocity, vertical 
ettling, azimuthal velocity, turbulent motion and Brownian motion. 
ust grows when the relative velocity is below a threshold, that 

s, the fragmentation velocity, and fragments when it exceeds the 
hreshold. The default setting in DUSTPY does not consider bouncing, 
here two colliders are scattered away with no mass loss or transfer.
ouncing is included in the model via the velocity prescription 

n C. Güttler et al. ( 2010 ), but we defer discussion of bouncing
ffects to Section 4.4 (bouncing is switched off in the code until 
hen). 

.1.3 Pressure bumps 

ust is lost rapidly without effective mechanisms to retain it within 
he disc. In addition to having massive gas discs or more porous
ust to decrease the Stokes number, pressure bumps are commonly 
nvoked to slow down dust radial drift and concentrate dust locally 
e.g. F. L. Whipple 1972 ; P. Pinilla et al. 2012 ). Without addressing
he origins of pressure bumps, we modify the gas surface density by
sing modified α profile to mimic the effects of pressure bumps as
n M. Gárate et al. ( 2023 ), 

pert = α ·
[

1 + Ag · exp 

(
− ( R − Rg )2 

2 w2 
g 

)]
, (14) 

here Ag , Rg and wg are the amplitude, median and width of 
he Gaussian function employed to modify the gas turbulence, 
espectively. We adopt wg = 2 Hg to ensure the stability of the
ressure bumps (e.g. H. Li et al. 2000 ). Turbulent mixing factors,
uch as δrad , are not altered by this perturbation. 

.1.4 Setup 

he radial grid contains 1000 cells logarithmically spaced between 
 and 1000 au. The particle grid depends on the fragmentation
elocity vfrag . When vfrag ≤ 1 m s−1 , the particle grid is 0 . 5 μm –
4 . 2 cm over 120 cells. When vfrag > 1 m s−1 , the particle grid is
 . 5 μm –242 cm over 141 cells. The initial dust size distribution in
 given cell follows n ( a) ∝ a−3 . 5 (J. S. Mathis, W. Rumpl & K. H.
ordsieck 1977 ) with the initial maximum particle size capped by

ither 1μm or a ‘safe’ size that does not induce rapid drift, whichever
s smaller. We assume the minimum dust size in the particle grid
s the dust monomer size a0 = 0 . 5 μm and assume a dust bulk 
ensity ρs = 1 . 67 g cm−3 . 
As the dust surface density �i 

d depends on discretised dust 
izes in DUSTPY , a grid-independent vertically averaged surface 
ensity 

d ( R) =
∫ +∞ 

−∞ 

n ( R, z, a) · m ( a) · a d z (15) 

s defined to eliminate the effects of discretization (T. Birnstiel et al.
010 ). Here, a denotes the particle size, m ( a) = 4 / 3 πa3 ρs is the
ass of a particle of size a, and n ( R, z, a) is the number density of

article with size a at ( R, z). 
We adopt disc and stellar parameters of GM Aur, which are shown

n Table 1 . This includes the stellar mass M∗ = 1 . 13 M�, the stellar
uminosity L∗ = 1 . 2 L�, the effective temperature Teff = 4350 K,
he initial gas disc mass Mg = 0 . 118 M� and the gas disc char-
cteristic size Rc = 96 au . The stellar radius, which is an input
arameter for DUSTPY models, is computed from L∗ = 4 πR2 

∗σT 4 
eff . 

he initial dust-to-gas mass ratio is set to be 0.01. Our exploration
overs two turbulence levels α = 10−4 and 10−3 , which are typical 
alues that are assumed in 1D models and hydrodynamic simu- 
ations, and 14 fragmentation velocities vfrag , ranging from 0.5 to 
2 m s−1 , a common range that has been widely used in previous
ust evolution models. All of these parameters are summarized in 
able 2 . 
We include two pressure bumps located at Rg , 1 = 35 au and Rg , 2 = 

0 au , with Ag , 1 = 3 and Ag , 2 = 1 . 5, respectively (see equation
4 ). These results in two dust rings at approximately 45 and 90 au,
imicking the two rings in GM Aur (images shown in Fig. 3 ). The

wo pressure bumps are introduced simultaneously, and have reached 
table amplitudes from the start of simulations. This is achieved by
re-evolving the gas-only disc to a relaxed state as described in S.
ong & R. Alexander ( 2025 ). We pre-evolve discs with α = 10−3 

nd 10−4 for 1 and 1.5 Myr, respectively, as the latter has a longer
iscous timescale. We explore the appearance order of two pressure 
umps and their separations in Section 4.5 . 

Each model is evolved for 3 Myr after introducing the dust, that
s, additional 3 Myr after the pre-evolution. Disc properties and 
bservables are read at t = 1 and 3 Myr. 5 We report the detectability
f dust rings in synthetic observations, continuum fluxes measured 
MNRAS 545, 1–19 (2026)
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Table 2. Input parameters for our disc models. 

Parameters Symbols (units) Values 

Stellar mass M∗ (M�) 1.13 
Stellar radius R∗ (R�) 1.79 
Stellar luminosity L∗ (L�) 1.2 
Effective stellar temperature Teff (K) 4350 
Initial gas disc mass Mg (M�) 0.118 
Initial dust-to-gas mass ratio ε 0.01 
Characteristic radius ∗ Rc (au ) 96 a 

Turbulence level α 10−4 , 10−3 

Fragmentation velocity vfrag (m s−1 ) 0.5, 1, 2, 4, 6, 8, 10, 12 
Dust monomer size a0 [μm ] 0.5 
Dust bulk density ρs (g cm−3 ) 1.67 
Distance to the disc d (pc ) 150 
Irradiation angle ϕ 0.05 

a The characteristic radius shown here is the radius before the gas surface density is relaxed. 

Figure 3. Continuum images of GM Aur in ALMA Bands 6 ( λ = 1 . 3 mm, 
upper panels) and 4 ( λ = 2 . 1 mm, lower panels). The left columns are for 
sky-plane images adopted from J. Huang et al. ( 2020 ), and the right columns 
are for corresponding deprojected images. Beam sizes are denoted as ellipses 
at the left corners in panels of the sky plane images. Resolution and sensitivity 
of these data are reported in the caption of Fig. 2 . We remind the readers that 
GM Aur is shown as a representative example of multiple-ringed discs seen 
in multiwavelength observations, and reproducing the GM Aur disc is not the 
aim of this study. 
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rom mock observations at Bands 3 ( λ = 3 mm ) and 6 ( λ = 1 . 3 mm ),
s well as disc-integrated spectral indices derived from them in
able 3 . A model is considered as valid when it meets criteria below:

(i) Both the inner and outer dust rings are visible at Bands 3 and
 over the evolutionary period 1–3 Myr; 
(ii) the brightness ratio of the inner to outer rings does not change

ignificantly across two wavelengths and over time; and 
(iii) the disc-integrated spectral index α1 . 3 −3mm 

= d log Fν/ d log ν
alls in the typical ranges reported in previous studies (2 �
1 . 3 −3mm 

� 4; C. Carrasco-González et al. 2019 ; M. Tazzari et al.
021 ; A. Garufi et al. 2025 ). 
NRAS 545, 1–19 (2026)
.1.5 Radiative transfer and synthetic observations 

USTPY models are used to generate synthetic observations for
omparison with observations. This is achieved by post-processing
adiative transfer models through the interface built in DUSTPYLIB
S. M. Stammler, T. Birnstiel & M. Gárate 2023a ) to RADMC-3D
C. P. Dullemond et al. 2012 ). 6 

The radiative transfer is implemented in spherical coordinates,
ith 107 and 106 photons for thermal radiation and anisotropic

cattering, respectively. The radial grid is identical to that in DUSTPY

see Section 3.1.4 ). The azimuthal direction includes 16 cells from
 to 2 π and the polar direction includes 256 cells from 0 to π . The
inimum value of the particle grid in RADMC-3D is determined

y the minimum dust size in the DUSTPY models. If the maximum
ust size in DUSTPY models is < 10 cm , we use 50 logarithmically
paced particle bins up to 10 cm . If the maximum dust size > 10 cm ,
e use 80 logarithmically spaced bins extending up to 100 cm 

nstead. 
The disc is assumed to be vertically isothermal in radiative transfer

nd the dust volume density ρi 
d of species i follows 

i 
d ( z) = �i 

d √ 

2 πHi 
d 

exp 

(
− z2 

Hi 
d 

2 

)
, (16) 

here the dust scale height is (B. Dubrulle et al. 1995 ) 

i 
d = Hg 

√ 

δvert 

St i + δvert 
. (17) 

vert is the vertical turbulent mixing parameter and is assumed to be
qual to α by default. 

We adopt DSHARP opacities (T. Birnstiel et al. 2018 ) 7 in radiative
ransfer models. This assumes compact dust composed of 2.58
er cent troilite, 16.7 per cent astronomical silicates (B. T. Draine
003 ), 36.42 per cent water ice (S. G. Warren & R. E. Brandt 2008 )
nd 44.30 per cent refractory organics (T. Henning & R. Stognienko
996 ). The effect introduced by opacities is discussed in Section 4.3 ,
here we also consider the opacities from L. Ricci et al. ( 2010 ). This
pacity follows the assumptions on the proportion in J. B. Pollack
t al. ( 1994 ) and assumes 30 per cent porous dust composed of 7
er cent astronomical silicates (J. C. Weingartner & B. T. Draine

https://www.ita.uni-heidelberg.de/~dullemond/software/radmc-3d/index.php
https://github.com/birnstiel/dsharp opac/
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Table 3. Disc properties of Models 1–14 with various combinations of α and vfrag . Column 2 is for the turbulence level and column 3 is for the fragmentation 
velocity vfrag . Columns 4–7 show the detectability of the inner and outer dust rings in each model: � for visible, � for invisible, and ? for tentatively visible 
(tentatively visible in image but has an S/N < 3). Two markers are shown in each column, with the first and second symbols representing the result for the 
inner and outer dust rings, respectively. Columns 8–11 show the continuum fluxes measured at the indicated time and wavelengths from synthetic observations. 
Columns 12–13 show the spectral indices inferred from columns 8–11. Entries are left blank if the disc is not detected at either wavelength. In Column 14, we 
use � to indicate models that meet the criteria of valid models described at the end of Section 3.1.4 . 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) 

Model α vfrag R
1myr 
1 . 3mm 

R
1myr 
3mm 

R
3myr 
1 . 3mm 

R
3myr 
3mm 

F
1myr 
1 . 3mm 

F
1myr 
3mm 

F
3myr 
1 . 3mm 

F
3myr 
3 . 0mm 

α
1myr 
1 . 3 −3mm 

α
3myr 
1 . 3 −3mm 

valid model? 
(m s−1 ) in/out in/out in/out in/out (mJy) (mJy) (mJy) (mJy) 

1 10−4 0.5 � � � � � � � ? 156.96 10.39 120.78 7.75 3.25 3.28 
2 10−4 1 � � � � � � � � 123.94 9.67 102.84 11.59 3.05 2.61 � 

3 10−4 2 � � � � � � � � 99.66 9.73 76.13 9.50 2.78 2.49 � 

4 10−4 4 � � � ? � � � � 53.20 5.43 31.04 3.85 2.73 2.50 
5 10−4 6 � � �� ?? �� 17.66 1.58 4.64 0.56 – –
6 10−4 8 ?� �� �� �� 15.75 1.32 3.29 0.34 – –
7 10−4 10 ?� �� �� �� 15.02 1.29 3.21 0.33 – –
8 10−3 1 � � �� � � �� 129.10 5.82 109.68 3.30 – –
9 10−3 2 � � � � � � � � 225.25 7.95 198.94 7.84 3.99 3.87 
10 10−3 4 � � � � � � � ? 199.12 15.62 153.73 12.56 3.04 3.00 
11 10−3 6 � � � � � � � � 166.21 15.08 138.18 13.22 2.87 2.81 � 

12 10−3 8 � � � � � � � � 149.07 13.48 126.45 13.40 2.87 2.68 � 

13 10−3 10 � � � � � � � � 139.96 13.55 118.66 12.71 2.79 2.67 � 

14 10−3 12 � � � ? � � � ? 89.09 8.94 53.15 6.37 2.75 2.54 

Figure 4. Overview of numerical models: blue indicates valid combinations 
that can fulfil the criteria in Section 3.1.4 ; white indicates invalid models and 
grey indicates combinations that have not been tested due to extreme values 
of parameters. 
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001 ), 21 per cent carbonaceous material (V. G. Zubko et al. 1996 )
nd 42 per cent water ice (S. G. Warren 1984 ). All percentages above
re given as volume fractions. 

The radiative transfer models are further employed to generate 
ynthetic observations via CASA (CASA Team et al. 2022 ). We 
ssume an on-source integration time of 30 min with resolution of
.05 arcsec. This leads to average sensitivity of 17.72μJy beam−1 in 
and 6 and 15.93 μμJy beam−1 in Band 3, as derived from the valid
odels (Section 3.2.1 ). The resolution and sensitivity of synthetic 

bservations are comparable to those of DSHARP observations (S. 
. Andrews et al. 2018 ). The synthetic observations are produced 

or face-on sources (inclination angle i = 0◦) at ALMA Bands 3
 λ = 3 mm ) and 6 ( λ = 1 . 3 mm ) with thermal noise considered. 

.2 Results 

.2.1 Valid models 

e run 14 DUSTPY models with combinations of α = 10−4 /10−3 

nd vfrag = 0 . 5–12 m s−1 and show the result in Table 3 and Fig. 4 .
he results support the analytical findings in Section 2 that only 
ppropriate combinations of disc turbulence and dust fragility can 
eproduce the general trend in multiwavelength observations. We 
resent dust size distributions for numerical models at t = 1 and
 Myr as well as their synthetic observations at λ = 1 . 3 and 3 . 0 mm
w

n Fig. 5 for valid models and in Fig. A1 for invalid models. We
emind readers that the continuum images of GM Aur shown in
ig. 3 are only for illustrative purposes and that reproducing them is
ot the aim of this study. 
When turbulence is low ( α = 10−4 ), fragile dust with vfrag of 1–

m s−1 is required to reproduce two dust rings consistently at Bands 
 and 6 over the evolution. Under this given turbulence, more fragile
ust with vfrag < 1 m s−1 struggles to grow to larger sizes that can be
rapped around the pressure bump in the outer disc (see the first row
n Fig. A1 ). These small particles have lower opacities at millimetre
bserving wavelengths, rendering a nearly invisible outer dust rings 
t λ = 3 mm (Band 3). When dust becomes more resilient ( vfrag �
m s−1 ), it continues to grow into centimetre regime and concentrates 
ost dust mass to large particles, as shown in Models 5–7 (see
ig. A1 ). The opacity of these large particles is also low in millimetre
avelengths, again resulting discs barely visible in ALMA synthetic 
bservations. 
Similarly, more turbulent discs ( α = 10−3 ) require more resilient 

ust ( vfrag = 6–10 m s−1 ). But too resilient dust, like the one with
frag > 10m s−1 (Model 14 in Fig. A1 ), again clusters in particles
ith sizes a > 10 cm and fails to have two dust rings across

wo wavelengths through the 3-Myr evolution. Though infinitely 
ncreasing sensitivity can enable the detectability of some faint dust 
ings, we remind that any dust rings invisible in the current sensitivity
re not the dust rings commonly seen in recent observations. 

In the following analysis in Section 3.2 and discussion in Section 4 ,
e mainly focus on the five valid models. We show in Sections 3.2.3

nd 3.2.4 how the other two criteria listed in Section 3.1.4 are fulfilled
y these five valid models. We briefly analyse invalid models in
ppendix A . 

.2.2 Optical depth 

e measure the peak optical depth around the dust ring by 

ν =
∑ 

i 

(
κ sca , eff 

ν, i + κabs 
ν, i 

)
�i 

d , (18) 

here κabs 
ν, i and κ sca , eff 

ν, i are the absorption and effective scattering 
MNRAS 545, 1–19 (2026)
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Figure 5. Valid numerical models (columns 1 and 4) and corresponding synthetic observations (columns 2–3 and 5–6). For each model, Bands 6 and 3 
continuum synthetic observations are plotted at t = 1 and 3 Myr . A representative beam size (0.053 arcsec × 0.045 arcsec, 15 .◦28) for the synthetic observations 
is indicated in the left lower corner of the panel in row 1, column 2. Synthetic images are plotted in the linear colour scale and are shown in boxes with a single 
length of 2 arcsec. The dotted lines plotted over the numerical models indicate the grain size a = 0 . 1 cm . 
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pacities of dust species i at the frequency ν; �i 
d is the dust surface

ensity of dust species i. The effective scattering opacity is prescribed
y κ sca , eff 

ν,i = (1 − gν,i ) κ sca 
ν,i , where gν,i is a parameter to correct the

sotropic scattering. The values of κabs 
ν, i , κ

sca 
ν, i and gν,i are adopted

irectly from DSHARP opacities (T. Birnstiel et al. 2018 ). The
ptical depth computed from valid numerical models is shown in
he middle and lower panels of Fig. 6 . 

Dust rings in all the five valid models are optically thick at 1.3 and
 mm throughout the evolution, and the inner dust rings have higher
ptical depth than the outer dust rings for a given model. The inner
ust rings serving as a more abundant dust reservoir is due to two
NRAS 545, 1–19 (2026)
easons: (a) inner discs are originally denser in dust; and (b) dust
hich is not trapped by the outer pressure bumps drifts inwards and
ight be trapped around the inner pressure bumps. 
Among the five valid models, those with lower turbulence ( α =

0−4 ) have higher optical depth ( τ1 . 3mm 

and τ3 . 0mm 

) for both dust rings.
his is because more dust mass is concentrated in smaller particles
 < 3 mm), which contribute more to dust opacities at millimetre
avelengths, in a less turbulent disc (see the upper panel of Fig. 6 ). 
The optical depth ( τ1 . 3mm 

and τ3 . 0mm 

) for dust rings increases
fter Myr-evolution, except for the outer dust rings in models with
= 10−3 , whose optical depth remains nearly the same. This increase
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Figure 6. Dust size distributions and optical depth for five valid models 
shown in Fig. 5 at 1 Myr (solid) and 3 Myr (hatched). Upper panel: The 
height of coloured bars show the theoretical total dust mass. Each segment 
in a given bar shows the mass fractions of particles in the indicated size bin. 
The colour is encoded with turbulence strengths α (blue for α = 10−4 and 
green for α = 10−3 ). The transparency of bars is encoded with dust sizes, 
with lighter shades indicating smaller dust. Middle and lower panels: the 
maximum optical depth measured around the inner (filled dots) and outer 
(empty dots) dust rings at λ = 1 . 3 mm (middle) and λ = 3 . 0 mm (lower). 
The colours and filled patterns are the same as the upper panel. The dashed 
grey lines indicate where optical depth τλ = 1. 
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Table 4. Intensity ratios of the inner to outer dust rings for valid models 
identified in Table 3 . 

(1) (2) (3) (4) (5) 

Model I1 /I2 
1myr 
1 . 3mm 

I1 /I2 
1myr 
3mm 

I1 /I2 
3myr 
1 . 3mm 

I1 /I2 
3myr 
3mm 

2 1.19 1.69 1.08 1.18 
3 1.15 1.01 1.09 0.96 
11 1.34 1.54 1.48 2.24 
12 1.30 1.34 1.38 1.65 
13 1.31 1.28 1.34 1.47 
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eflects a shift in dust size distribution from < 0 . 3 mm to 0.3–3 mm.
ince small particles that are not trapped by pressure bumps are lost
rom discs, this results in higher proportions of particles in 0.3–3 mm,
hich contribute more to the opacity at 1.3 and 3 mm and increase

he optical depth. 
These trends are shared between λ = 1 . 3 and 3.0 mm. Though

he optical depth for both dust rings is lower at longer wavelengths
 τ3 . 0mm 

< τ1 . 3mm 

) as expected, it remains large ( > 1) over the entire
volution. Compared with the invalid models in Appendix A , being 
ptically thick for both dust rings at both wavelengths across 3 Myr is
equired to reproduce the general trend of multiwavelength observa- 
ions. We note this result is derived from comparison between valid 
nd invalid models presented in this paper rather than assumptions 
n the optical depth. 
.2.3 Intensity ratios of dust rings 

n the optically thick limit ( τν 
 1), the intensity ratio of the inner
 R1 ) to the outer ( R2 ) dust rings can be written as a function of local
emperature ratios in the Rayleigh–Jeans regime. 

Iν, R1 

Iν, R2 

= (1 − e−τν, 1 ) Bν( TR1 ) 

(1 − e−τν, 2 ) Bν( TR2 ) 
� Bν( TR1 ) 

Bν( TR2 ) 
= TR1 

TR2 

. (19) 

ubstituting equation ( 5 ) into equation ( 19 ) gives 

Iν, R1 

Iν, R2 

=
(

R2 

R1 

)1 / 2 

=
(

90 

45 

)1 / 2 

∼ 1 . 4 . (20) 

n the last two steps, we insert the radii of two dust rings of our
odels R1 = 45 au , and R2 = 90 au . This results in an intensity

atio of ∼ 1 . 4. 
This is a simplified estimate. In a more realistic case, we have to

ccount for the dust vertical distribution and thermal stratification, 
ielding an intensity ratio which deviates from 1.4. We measure the
ntensity ratio of the inner to outer dust rings for valid models from
ynthetic observations in Fig. 5 and summarized them in Table 4 . 

At a given time, the intensity ratio is not expected to vary
ignificantly across observing wavelengths but slightly increases 
owards longer wavelengths (see Fig. 2 ). This trend is generally
eproduced by the valid models. Such a trend suggests that the inner
ings become relatively brighter at longer wavelengths. We attribute 
his to the different dust size distributions between the inner and
he outer dust rings. In the outer disc, smaller particles can achieve
tokes numbers comparable to those of larger ones in the inner
isc due to its lower local gas surface density. This shifts the dust
ize distribution in the outer dust ring towards smaller sizes. These
maller particles have lower opacities at longer wavelengths, leading 
o weaker emission from the outer dust ring compared to that from
he inner dust ring. 

In addition to the dust size distributions, the intensity ratio of the
wo dust rings also depends on the amplitude of pressure bumps, the
eparation of two dust rings and appearance orders of dust rings. The
ffects from the latter two will be discussed in Section 4.5 . For the
ressure bump models (Section 3.1.3 ), we examine another pair of
ressure bump amplitudes Ag , 1 = 2 and Ag , 2 = 3 while keep other
arameters the same as in Section 3.1.4 . The intensity ratios of dust
ings of some models with new setup flip during the evolution – the
uter ring is brighter at 1 Myr while the inner dust ring becomes
righter at 3 Myr. This is because the outer dust ring with a larger
ressure gradient is more capable of retaining dust than the inner
ust ring initially. However, the valid combinations of α and vfrag 

hat can reproduce multiwavelength observations do not change with 
he pressure bump parameters explored here. 
MNRAS 545, 1–19 (2026)
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Figure 7. The continuum fluxes F1 . 3mm 

(the upper panel) and the disc- 
integrated spectral indices between λ = 1 . 3 mm and 3 mm (the lower panel) 
measured for five valid models. Filled and empty dots are for measurements 
at 1 and 3 Myr, respectively. Colours encode the disc turbulence, with blue 
for α = 10−4 and green for α = 10−3 . 
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.2.4 Disc-integrated continuum fluxes and spectral indices 

he disc continuum fluxes F1 . 3mm 

and F3mm 

, and the disc-integrated
pectral indices derived from them, are summarized in Table 3 and
re visualized in Fig. 7 . 

Even when the theoretical dust mass is similar (the upper panel
f Fig. 6 ), low-turbulence discs have 25–50 per cent lower F1 . 3mm 

han their high-turbulence counterparts because emission from low-
urbulence discs is more optically thick (see the middle and lower
anels of Fig. 6 ). When the dust disc mass is derived under the
tandard optically thin assumption, lower-turbulence discs with
ragile dust therefore yield an even lower dust disc mass than the
rue dust reservoir. Consequently, these weakly turbulent discs can

ore effectively mitigate the dust mass budget problem – the mass
erived from millimetre continuum appears insufficient to reproduce
xoplanet demographics (e.g. J. R. Najita & S. J. Kenyon 2014 ; C.
. Manara, A. Morbidelli & T. Guillot 2018 ). 

For a given turbulence level, discs with lower vfrag are brighter in
ontinuum fluxes F1 . 3mm 

over the entire evolution, even though the
ust mass is nearly identical (the upper panel of Fig. 6 ). As the total
uxes are dominated by two dust rings, this implies the brightness
f optically thick dust rings varies with the dust size distribution set
y vfrag . In other words, despite being optically thick, the brightness
f dust rings still depends on the dust size distribution, through its
ffects on the dust vertical distribution and the height of emitting
ayers, which introduce a different dust size distribution from the
ertically averaged one at a given radius. This seems counter-intuitive
o our typical expectation that the brightness of optically thick discs
NRAS 545, 1–19 (2026)
s independent of the dust density, an assumption which ignores the
ust vertical distribution by adopting a vertically averaged surface
ensity. 
The spectral indices are similar for all five valid models, from 2.5

o 3.0, a typical range for discs with substructures (e.g. M. Tazzari
t al. 2021 ; A. Garufi et al. 2025 ). We identify a decreasing trend in
he spectral index over time, which we attribute to the loss of smaller
articles ( < 0 . 3 mm , see the upper panel of Fig. 6 ). As particles
ith sizes similar to the observing wavelengths contribute more to

he opacity, a shift in dust size distributions to larger sizes, as shown
n Section 3.2.2 , induces larger optical depth at the two observing
avelengths (see the middle and lower panels of Fig. 6 ) and flattens

he differences between F1 . 3mm 

and F3mm 

, leading to a lower spectral
ndex. This may explain the slightly lower spectral indices found
or discs in Upper Sco, compared to those in Lupus (Y. Qian &
. Wu 2025 ). However, we note that discs presented in Y. Qian &
. Wu ( 2025 ) have lower spectral indices than those shown here,
nd this could be caused by a variety of physics, such as the real
pacities differing from the one assumed here (see Section 4.3 and
able 6 , where the L. Ricci et al. 2010 opacity is adopted and the
pectral indices are generally lower), contamination by non-thermal
mission (e.g. N. Panagia & M. Felli 1975 ; S. P. Reynolds 1986 ;
. A. Rota et al. 2024 ), and contributions from circumstellar discs

round binary systems, which typically have spectral indices < 2 (F.
agaria, G. P. Rosotti & G. Lodato 2021 ). 

 DI SCUSSI ON  

.1 Why vfrag increases with dust ring radius 

ig. 1 in Section 2 shows that the fragmentation velocity is not only
 function of turbulence, but also an increasing function of the radius
f the dust rings when the turbulence is homogeneous and fixed. In
his section, we discuss the underlying physics of this phenomenon,
tarting from analysing the optical depth and thermal emitting layer.

As shown in Section 3.2.2 , the optical depth at λ = 1 . 3 and 3 . 0 mm
round dust rings for all valid models is greater than unity in the first
 Myr (see the middle and lower panels of Fig. 6 ). This suggests the
mission we observe is not from the mid-plane but from the upper
ayer where τλ ∼ 1. To trace the layer where the observed emission
s from ( τλ = 1), we compute the scale-height z( R) that fulfils 

λ( R) =
∫ +∞ 

z( R) 

∑ 

i 

(
κ

sca , eff 
λ, i + κabs 

λ, i 

)
ρi 

d ( R, z)d z = 1 , (21) 

here we assume the dust is vertically isothermal and prescribe the
ust volume density ρi 

d ( R, z) of particle species i by equations ( 16 )
nd ( 17 ). We span the dust volume density ρi 

d ( R, z) vertically from
5 Hg ( R) to 5 Hg ( R) over 501 cells and show the emitting layer z( R)

n units of the gas scale-height Hg ( R) as a function of radius in Fig. 8 .
At λ = 1 . 3 mm , thermal emission originates from 1 to 2 Hg ( R)

n the two dust rings, but from the mid-plane elsewhere, where the
isc is optically thin. Thermal emission originates from even higher
ayers in more turbulent discs, where dust can be stirred up more.
egardless of the turbulence, the inner dust rings have slightly higher
mitting layers than the outer rings, as particles of similar sizes are
ore likely to be stirred up to a higher layer in the inner disc (due

o their smaller Stokes numbers). A similar trend is also present at
= 3 mm , though emission at longer wavelengths arises from layers

loser to the mid-plane. 
Since only small particles can be lifted to the emitting layer, the

article sizes amax there are generally smaller than those in the mid-
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Figure 8. The emitting layer of thermal emission τ1 . 3mm 

= 1 (solid lines) 
and τ3mm 

= 1 (dashed lines) in units of gas scale-height Hg ( R) for five valid 
models: Models 2–3 ( α = 10−4 , the upper two panels) and Models 11–13 
( α = 10−3 , the lower three panels). All the models are at t = 1 Myr . 
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lane. We compare the maximum particle size amax , obs above the 
ayer where τλ = 1 (hereafter the maximum traceable particle size) 
ith the maximum particle size from the mid-plane amax , real in the 
eak of the dust ring in Table 5 . The maximum traceable particle size
max , obs here is taken as the largest particle with an integrated surface 
ensity ≥ 10−4 g cm−2 in the emitting layer. 
As shown in Table 5 , our results suggest that dust grains larger than

he maximum traceable grain size are present in the disc as a result of
ptically thick dust rings. In such rings, only dust lifted to the emitting
ayers effectively contributes to emission and hence can be traced ob- 
ervationally, similar to the effects discussed by A. Sierra & S. Lizano 
 2020 ) on spectral indices. The maximum traceable particle sizes
round two dust rings are comparable, with even slightly larger dust
ound in the outer dust ring, regardless of dust fragility and disc tur-
ulence. This explains the increasing vfrag with locations of dust rings 
n Fig. 1 . Since amax , obs is more underestimated in the inner dust ring,
he estimated vfrag is biased to an even lower value there for a given α
equation 1 ). This flat maximum traceable dust size offers a potential
olution to the flat radial amax profiles inferred from SED fitting (e.g. 
. Sierra et al. 2021 ; G. Guidi et al. 2022 ; F. Zagaria et al. 2025 ). 

.2 Fragmentation velocity 

ragmentation velocities in dust collisions have been widely explored 
n previous work. Studies using full-scale dust coagulation models, 
uch as DUSTPY , typically assume homogeneous vfrag � 1 m s−1 

r vfrag = 10 m s−1 to study single- and multiwavelength dust 
orphologies (e.g. M. Gárate et al. 2021 ; J. Stadler et al. 2022 ;
. Tong, R. Alexander & G. Rosotti 2024 ; T. Ueda et al. 2024 ; N. T.
urtovic et al. 2025 , L. Luo, in preparation), mostly depending on
he disc turbulence. These two values are also used to study disc mi-
rophysics (e.g. T. N. Delage et al. 2023 ), and the carbonaceous/non-
arbonaceous dichotomy in the Solar system (S. M. Stammler et al.
023b ). A radius-dependent vfrag has been considered to investigate 
he effects caused by snowline (e.g. T. Birnstiel et al. 2010 ; P. Pinilla
t al. 2015 , 2017 ), across which the loss of ice-coating may reduce
frag (e.g. C. Dominik & A. G. G. M. Tielens 1997 ) and affect the
ust size distribution. In addition to these commonly used values at
he two end, a medium value of vfrag = 5 m s−1 is also adopted in
ome studies (e.g. T. C. H. Lau et al. 2024 , where α is a few ×10−4 ).
n population synthesis, simplified dust coagulation models, such 
s the two population model (T. Birnstiel et al. 2012 ; R. A. Booth
t al. 2017 ), are used instead and to explore a wider parameter space,
ith vfrag ranging from < 1 to > 10 m s−1 , and turbulence α ranging

rom 10−5 to 10−2 . These studies aim to reproduce population-level 
rends, including the size–luminosity relation (A. Zormpas et al. 
022 ), the continuum flux–spectral index map (L. Delussu et al.
024 ), and disc lifetimes/fractions (A. Emsenhuber et al. 2023 ). They
enerally prefer α ∼ 10−3 , with higher fragmentation velocities ( vfrag 

 5 m s−1 ) required to match the observed size–luminosity relation 
nd the continuum flux-spectral index map. 

These results are generally consistent with the valid combinations 
f fragmentation velocities and turbulence levels that can reproduce 
ust rings observed by ALMA at multiwavelengths in this work. 
he finding that higher turbulence ( α ∼ 10−3 ) permits a slightly 
ider fragmentation velocity (see Table 3 ) may explain its preference

n population synthesis. Though low turbulence ( α ∼ 10−4 ) yields 
onger disc lifetime and lower stellar accretion rates (see also in
. Tong et al. 2024 ) that do not match current observations well,

ncluding magnetohydrodynamic winds into a viscous model can 
nhance the stellar accretion rate (B. Tabone et al. 2025 ) and
ay mitigate this issue. We will examine whether such models 

an simultaneously reproduce multiple gas- and dust-phase disc 
roperties in future studies. 

.3 Opacity 

he opacity is one of the factors that can significantly affect the
hysics we can derive from observations. Recent studies have 
hown distinct preferences in opacity models, with some preferring 
SHARP opacities (e.g. A. Sierra et al. 2025 ) while others (e.g.
. Delussu et al. 2024 ) preferring opacities introduced in L. Ricci
t al. ( 2010 ) (hereafter Ricci10). The latter yields higher continuum
illimetre fluxes due to its high absorption caused by the inclusion of

morphous carbon. To investigate whether variations in the assumed 
pacities can alter the detectability of weakly emitted dust rings and
ence the valid combinations of vfrag and α, we replace the DSHARP
pacities in Section 3.1.5 with Ricci10 opacities, and summarize the 
esulting disc properties in Table 6 . 

Adopting the Ricci10 opacities does indeed increase the contin- 
um fluxes and, in some models, improves the detectability of dust
ings. For example, the outer dust ring at Band 3 becomes tentatively
etected (instead of being undetected) in Model 1, and becomes 
obustly detected (instead of tentatively detected) in Model 10. How- 
ver, except for Model 10, which becomes a new valid model, models
hat are invalid with DSHARP opacities remain invalid with Ricci10 
pacities. This demonstrates that the valid combinations of α and vfrag 

hown in Section 3.2.1 are not sensitive to the adopted opacities. 
However, our numerical simulations assume a dust bulk density of 

 . 67 g cm−3 , which is higher than the bulk density of porous grains in
he Ricci10 opacity. This treatment overestimates the Stokes number 
f particles at a given size (equation 7 ), leading to more dust being
MNRAS 545, 1–19 (2026)
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Table 5. Table for the maximum traceable particle size amax , obs at λ = 1 . 3 mm ( amax , 1 . 3mm 

) and 3 mm ( amax , 3mm 

), and the theoretical maximum particle size 
in the mid-plane ( amax , real ) at the peak of two dust rings (R45 and R90). 

Model α vfrag amax , 1 . 3mm 

amax , 3mm 

amax , real 

(m s−1 ) (cm ) (cm ) (cm ) 

R45 R90 R45 R90 R45 R90 
2 10−4 1 0.06 0.12 0.27 0.21 0.78 0.26 
3 10−4 2 0.06 0.11 0.27 0.47 3.31 1.18 
11 10−3 6 0.12 0.28 0.54 0.6 1.72 0.79 
12 10−3 8 0.12 0.28 0.53 1.06 3.34 1.61 
13 10−3 10 0.15 0.27 0.69 1.56 5.95 5.11 

Table 6. Same as Table 2 but adopting Ricci10 opacities (L. Ricci et al. 2010 ). 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) 

Model α vfrag R
1myr 
1 . 3mm 

R
1myr 
3mm 

R
3myr 
1 . 3mm 

R
3myr 
3mm 

F
1myr 
1 . 3mm 

F
1myr 
3mm 

F
3myr 
1 . 3mm 

F
3myr 
3 . 0mm 

α
1myr 
1 . 3 −3mm 

α
3myr 
1 . 3 −3mm 

valid model? 
(m s−1 ) in/out in/out in/out in/out (mJy) (mJy) (mJy) (mJy) 

1 10−4 0.5 � � � ? � � � � 332.17 28.38 267.41 20.89 2.94 3.04 
2 10−4 1 � � � � � � � � 283.29 23.65 180.70 23.06 2.97 2.46 � 

3 10−4 2 � � � � � � � � 226.18 21.69 138.15 18.72 2.80 2.39 � 

4 10−4 4 � � � � � � � ? 155.72 15.19 74.09 9.18 2.78 2.50 
5 10−4 6 � � �� � � �� 77.43 5.40 16.16 1.68 – –
6 10−4 8 � � �� � ? �� 74.16 5.31 10.57 1.10 – –
7 10−4 10 � � �� � ? �� 74.16 5.17 10.57 1.08 – –
8 10−3 1 � ? �� � ? �� 291.15 18.90 264.34 14.33 – –
9 10−3 2 � � � ? � � � ? 541.93 35.51 465.69 31.84 3.26 3.21 
10 10−3 4 � � � � � � � � 399.71 40.87 298.84 32.02 2.73 2.67 � 

11 10−3 6 � � � � � � � � 324.60 36.99 259.83 31.44 2.60 2.53 � 

12 10−3 8 � � � � � � � � 305.17 34.48 242.64 28.85 2.61 2.55 � 

13 10−3 10 � � � � � � � � 294.85 32.76 232.71 28.33 2.63 2.52 � 

14 10−3 12 � � � � � � � ? 240.53 24.14 131.34 15.17 2.75 2.58 
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rapped around the dust rings. A more consistent treatment on the
ust bulk density would be helpful to confirm this conclusion. 

.4 Bouncing barriers 

revious studies have shown that bouncing is one of the key barriers
o dust growth from μm to mm/cm sizes (e.g. A. Zsom et al.
010 ). It occurs when the relative colliding velocity exceeds the
ouncing velocity vb but is still below the fragmentation velocity vfrag .
articles colliding within this range bounce off instead of sticking
r fragmenting, preventing them from being destroyed through
atastrophic fragmentation. This results in a quasi-monodisperse size
istribution (e.g. A. Zsom et al. 2010 ; C. Dominik & C. P. Dullemond
024 ) when no centimetre dust is introduced initially (F. Windmark
t al. 2012 ). Such a distribution is proposed as an efficient mechanism
o retain dust and keep discs optically thick, to explain the universal
ize-luminosity relation (e.g. Y. Qian & Y. Wu 2025 ). 

In this section, we prescribe a bouncing velocity in our models, fol-
owing A. Zsom et al. ( 2010 ), and investigate whether bouncing has
mpacts on the five valid models in reproducing the general features of

ultiwavelength observations. The bouncing velocity is defined as: 

b =
√ 

5 πa0 Froll 

mμ

. (22) 

ere a0 is the radius of dust monomer, which is assumed to be
 . 5 μm in our models (see Table 2 ). Froll is the rolling force 8 and
NRAS 545, 1–19 (2026)

 Rolling force is the force required for one dust monomer to roll over another 
see C. Dominik & A. G. G. M. Tielens 1997 ) 

i  

e  

W  

c

μ = ( m1 m2 ) / ( m1 + m2 ) is the reduced mass of two colliding
articles with masses m1 and m2 , respectively. We adopt Froll = 10−4 

yne, a value determined by experiments (L.-O. Heim et al. 1999 ). 
The results for the five valid models incorporating bouncing are

hown in Fig. 9 . As expected, all the five models show narrow dust
ize distributions and none of them form particles larger than 1 mm.
hese smaller grains are better coupled with gas and better retained

n the disc instead of drifting inwards rapidly. This enhances the dust
urface density, particularly in the inner region, compared to the case
here bouncing is not introduced. This dust size distribution, shown

n the upper panel of Fig. 9 , is not sensitive to the fragmentation
elocity but weakly depends on the disc turbulence levels. The
ouncing-limited dust can grow to a slightly larger size in a low-
urbulence disc, where turbulence-dominated relative velocities are
ess likely to exceed the bouncing threshold. This is well aligned with
he analytical solution of the bouncing-limited dust size ab presented
n C. Dominik & C. P. Dullemond ( 2024 ). 

b =
(

5 

π

�g a0 Froll 

αc2 
s ρs 

)1 / 4 

, (23) 

here ab ∝ α−0 . 25 . 
We show the outcome of pair-wise collisions in the innermost disc

n the lower panel of Fig. 9 after comparing dust relative colliding
elocities with bouncing and fragmentation velocities for five valid
odels. It is evident that without the presence of large particles

nitially, the maximum colliding pairs allowed for sticking is the
qual-mass collision between particles with sizes of 10−3 –10−2 cm.
e highlight the values as dotted lines in the upper panel and this is

onsistent with the maximum dust sizes in numerical models. 
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Figure 9. Results from numerical models for Models 2–3 and Models 11–13 with bouncing considered. Upper panels: dust size distributions for bouncing- 
integrated Models 2–3 and 11–13 (from left to right). The white dotted line in each panel indicates the maximum particle size that bouncing-limited grains can 
grow in the innermost disc. Lower panels: outcome of collisions between particles in the innermost disc ( R = 5 au), for the same models and in the same order 
as the upper panels. 
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Figure 10. Synthetic observations of Model 3 + bouncing adopted Ricci10 
(upper, abbreviated as ‘R10’) and DSHARP (lower, abbreviated as ‘B18’) 
opacities at Band 6 ( λ = 1 . 3 mm, left) and Band 3 ( λ = 3 mm, right). Images 
are shown in log-scale for better illustration of disc structures. The small 
inner cavity is due to the inner boundary being set at 5 au. A representative 
beam size is plotted at the lower left corner on the upper left panel. Synthetic 
observations are plotted in boxes with a single length of 2 arcsec. 
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When larger particles ( � 10−2 cm) are originally presented in the 
isc, they can continue growing to millimetre and even centimetre 
izes by sticking to smaller particles, after which they enter the 
ouncing regime again. The size they can grow to before triggering 
ouncing is a function of turbulence and the fragmentation velocity. 
 lower turbulence along with a higher fragmentation velocity, like 
odel 3 ( α = 10−4 , vfrag = 2 m s−1 ), is preferred for the optimal

ust growth. 
However, without introducing large particles, all models where 

ust growth is limited by bouncing have difficulties in reproducing 
he general features in multiwavelength observations, due to the 
ack of large particles, irrespective of the adopted opacities. We 
how synthetic observations generated from Model 3 ( α = 10−4 , 
frag = 2 m s−1 ) + bouncing in Fig. 10 . Mock observations can 
eproduce two dust rings in Band 6 (regardless of the choice of
pacity). However, at longer wavelengths, the presence of larger 
articles is required to enable the detectability of outer dust rings. The
eak emission due to insufficient large dust cannot be compensated 

or by the high-optical depth caused by bouncing. 
We speculate that porous dust grains may provide a solution 

o the detectability of outer dust rings at longer wavelengths in 
his bouncing-limited regime. Porosity can boost the absolute dust 
ize, which is a quantity directly probed by observations, at a 
xed mass; while porosity lowers down the density of aggregates 
nd hence decreases the Stokes number (equation 7 ), reducing 
he relative collision velocity and promoting further dust growth. 
owever, porous grains can have lower opacity than compact grains 

t millimetre, depending on the filling factor. The net effects on the
ust ring brightness by porous dust require further studies to confirm. 

.5 Properties of dust rings 

n Section 3 , we introduce the pressure bumps at the same time and
nly consider one value of the dust ring separation. In practice, dust
ressure bumps do not necessarily appear simultaneously, and they 
an have different separations. These factors regulate dust supply 
rom the outer disc, and the efficiency of local dust accumulation, 
nd thereby alter the intensity ratios of dust rings. In this section,
e run additional eight models to briefly investigate how the order
f appearance of pressure bumps, and their separations, affect dust 
etention and relevant observables. Our new models are based on 
he valid Models 3 ( α = 10−4 , vfrag = 2 m s−1 ) and 12 ( α = 10−3 ,
frag = 8 m s−1 ) in Table 3 . We assume the DSHARP opacities when
enerating the radiative transfer model. We limit our discussion to 
he simplest case, where only two dust pressure bumps are present
MNRAS 545, 1–19 (2026)
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Table 7. Disc properties of modified models 3 and 12 with various dust ring setup. Column 2 is for the turbulence level and Column 3 is for the fragmentation 
velocity. Column 4 is the locations of pressure bumps Rg for the inner and outer dust rings. Column 5 is the time when the pressure gradient becomes positive 
(d ln P / d ln R > 0) for the inner and outer dust rings. Column 6 is the theoretical total dust disc mass. Columns 7 and 8 are the continuum fluxes at λ = 1 . 3 
and λ = 3 mm. Column 9 is the spectral index computed from Columns 7 and 8. All the quantities reported in Columns 6–9 are measured at 2.5 Myr for the 
appearance orders section and at 1 Myr for the separations section. 

(1) (2) (3) (4) (5) (6) (7) (8) (9) 
Model α vfrag Rg tappear Md,tot F1 . 3mm 

F3mm 

α1 . 3 −3mm 

(m s−1 ) (au) (Myr) (M⊕) (mJy) (mJy) 

inner outer inner outer 
Appearance orders 

3.1 10−4 2 35 70 0 1 257.56 69.76 8.70 2.48 
3.2 10−4 2 35 70 1.1 0 171.73 53.80 7.04 2.43 
12.1 10−3 8 35 70 0 0.9 244.83 85.89 8.97 2.70 
12.2 10−3 8 35 70 1.1 0 161.35 119.09 11.73 2.77 

Separations 
3 10−4 2 35 70 0 0 255.91 99.66 9.73 2.78 
3.a 10−4 2 20 70 0 0 303.19 96.79 9.38 2.79 
3.b 10−4 2 10 70 0 0 337.82 90.96 9.01 2.76 
12 10−3 8 35 70 0 0 241.33 149.07 13.48 2.87 
12.a 10−3 8 20 70 0 0 284.31 134.64 14.30 2.68 
12.b 10−3 8 10 70 0 0 304.69 112.83 13.35 2.55 

Figure 11. The dust size distribution along radius for models shown in Table 7 . The first column shows the fiducial models Models 3 ( α = 10−4 , vfrag = 2 m s−1 ) 
and 12 ( α = 10−3 , vfrag = 8 m s−1 ). The second and third columns show the modified models of Model 3/12 with inner and outer dust rings appearing first, 
respectively. The fourth and fifth columns show the modified models with dust rings at different separations. The white dotted line in each panel indicates the 
grain size a = 0 . 1 cm . Unless otherwise specified, models are shown at t = 1 Myr . 
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n the disc. All the models discussed in this section are summarized
n Table 7 . Their size distributions at t = 1/2.5 Myr are shown in
ig. 11 . 

.5.1 Order of appearance for dust rings 

n this section, we introduce one pressure bump at the start of the
imulations, and the other later. We define the time when the second
ressure bump has a positive pressure gradient (d ln P / d ln R > 0) as
he appearance time tappear in Table 7 . As one of the pressure bumps
s introduced at ∼ 1 Myr, we generate synthetic observations later
han 2 Myr to allow dust trapped in the second pressure bump to
row. 
Discs with the inner pressure bump introduced first retain 50

er cent more dust mass at t = 2 . 5 Myr . This is because pressure
NRAS 545, 1–19 (2026)
umps can only possibly trap particles drifting in from larger radii,
nd an inner pressure bump has larger dust supply than an outer one. If
he outer pressure bump appears first and the inner one has not, large
rains formed in the outer pressure bump can still be lost from the
isc when they fragment to smaller particles and fail to be trapped
ocally. However, the enhanced dust reservoirs in discs where the
nner pressure bump appears first do not translate proportionally into
righter millimetre continuum emission, since much of additional
ass is ‘hidden’ in the optically thick dust rings. 
The appearance order also affects disc morphologies. Inner dust

ings introduced later appear fainter than the first appeared outer
ust ring, and the case is more extreme here as they are introduced
o late that they even remain undetected ( < 3 σ ) at Band 3 ( λ = 3
m, see Fig. 12 ) in Model 3.2. Such trend is not common in

urrent millimetre observations of protoplanetary discs, most of
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Figure 12. Relative intensity of dust rings introduced at different time at 
λ = 1 . 3 mm (solid lines) and 3 mm (dashed lines). The relative intensity is 
read from synthetic observations based on models summarized in Table 7 
and Fig. 11 . Panels (a)–(d) are generated from numerical models at 2.5 Myr 
(blue). Panels (e) and (f) are generated for models at 2 (yellow) and 3 Myr 
(orange), respectively. 
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Figure 13. Intensity profiles for models with pressure bumps separated by 45 
(blue), 65 (yellow) and 80 (red) au at λ = 1 . 3 mm and t = 1 Myr , measured 
from the synthetic observations of Models 3, 3.a and 3.b for discs with 
α = 10−4 (upper panel), and of Models 12, 12.a and 12.b for discs with 
α = 10−3 (lower panel) in Fig. 11 . 
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hich have decreasing dust ring brightness with radius (with very 
imited exceptions, such as the circumbinary disc V4046 Sgr; R. 

artinez-Brunner et al. 2022 ; P. Curone et al. 2025 ). Though an
nner dust ring introduced later could become brighter than the outer 
ne, such as Model 12.2 at � 2 Myr (Fig. 12 ), we do not consider
his as a valid model (as discussed in Section 3.2.3 ), because the
ntensity ratio of the inner to outer rings changes substantially over 
 relatively short period � 1 Myr – from a brighter outer dust ring
o a brighter inner dust ring. (panels d–f in Fig. 12 ). These models
uggest that inner dust rings have to appear first, or at least not
ong ( � 1 Myr) after the appearance of outer rings, in order for the
nner ring to appear brighter (as found in the majority of ALMA 

bservations). 

.5.2 Separation of dust rings 

o investigate the impact of separations of pressure bumps on dust
etention, we fix the location of the outer pressure bump at 70 au, and
ove the inner pressure bump from ∼ 45 to ∼ 25 au and ∼ 10 au

or models 3.a, 12.a and 3.b, 12.b, respectively. Both dust rings
re introduced at the start of simulations, and we keep the pressure
radients for both pressure bumps similar for all the models explored 
ere. 
Models with more widely separated dust rings retain dust better, 

articularly for the inner pressure bumps, and are more successful in 
aintaining higher intensity ratios as shown in Fig. 13 , regardless of

he turbulence level. This enhanced dust retention in the inner disc 
s due to the shorter time-scale for dust growth at smaller radii. The
ust growth time-scale is derived as 

d a 

d t 
= ρd 

ρs 

	vrel (24) 

n K. Kornet, T. F. Stepinski & M. Różyczka ( 2001 ). Here, a is the
ust size, ρd is the dust volume density and ρs is the dust bulk density.
ssuming that turbulent motion dominates the dust velocity and that 
= �d /�g (T. Birnstiel et al. 2012 ), equation ( 24 ) gives 

d a 

d t 
=

√ 

3 π

8 
aε�k , (25) 

ndicating that dust grows more rapidly as it drifts inwards. The short
rowth time-scale makes it easier for dust to grow to the critical size
hat can be trapped around the pressure bumps. 

When dust sizes are limited by radial drift, which is true for dust
etween two rings explored here, competition exists between radial 
rift and dust growth. This indicates that dust which fails to be trapped
y the outer pressure bump may not be able to grow to sufficiently
arge sizes that can be trapped by the inner pressure bump, if the
rowth time-scale is longer than the drift time-scale between two 
lose pressure bumps. This may lead to a faint inner dust ring when
wo rings are close together, or even a faint middle ring sandwiched
etween two rings, as seen in the AA Tau system (B72 in P. Curone
t al. 2025 ). 

 C O N C L U S I O N  

n this paper, we investigate how the joint choice of disc turbulence
evels α and dust fragility vfrag can best reproduce recent multi- 
MNRAS 545, 1–19 (2026)
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avelength ALMA observations of protoplanetary discs, using both
nalytical and numerical models. In the analytical model, we infer
ombinations of α and vfrag required to form the maximum dust
izes derived for three out of five MAPS targets, adopting stellar
nd disc parameters from studies based on MAPS observations. In
he numerical models, we use DUSTPY to explore combinations of

and vfrag that can reproduce the general trends of multiwavelength
bservations: (a) consistent detections of dust rings at λ = 1 . 3 (Band
) and 3 mm (Band 3); (b) dust ring intensity ratios that do not change
ubstantially over Myr time-scales and across wavelengths; and (c)
he spectral indices between Bands 3 and 6 within the reasonable
ange from previous studies (2 � α1 . 3 −3mm 

� 4). We summarize our
esults as follows: 

(i) Analytical and numerical results consistently suggest that dust
ragility is positively correlated with disc turbulence levels. Resilient
ust ( vfrag = 6–10 m s−1 ) is required in more turbulent discs ( α =
0−3 ) and fragile dust ( vfrag = 1–2 m s−1 ) is required in less turbulent
iscs ( α = 10−4 ), indicating discs must have low turbulence ( α ∼
0−4 ) if dust is fragile. However, very fragile dust ( vfrag < 1 m s−1 )
truggles to reproduce multiwavelength observations. These results
re robust to the choice of opacities (DSHARP and Ricci10). 

(ii) Reproducing multiwavelength observations requires dust rings
o be optically thick at λ = 1 . 3 and 3 mm over Myr time-scales.
tandard SED fitting that neglects the dust vertical distribution tends

o underestimate the maximum dust size, especially at small radii,
esulting in a radially flat maximum grain size profile. 

(iii) A monodisperse, bouncing-limited dust size distribution
truggles to reproduce multiwavelength observations, due to the lack
f sufficient millimetre dust in the outer discs. 
(iv) The appearance order of pressure bumps and the separations

f pressure bumps have impacts on dust retention and millimetre
isc morphologies. Dust rings which decrease in brightness with
ncreasing radius (as commonly observed) favour models in which
he inner dust ring forms earlier. 

(v) Our structured disc models predict that the spectral index
etween λ = 1 . 3 and 3 mm decreases over time as a result of changes
n the dust size distribution. 
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González C., Curone P., Long F., 2025, MNRAS , 538, 2358 

moluchowski M. V. , 1916, Zeitschrift fur Physik, 17, 557 
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Figure A1. Same as Fig. 5 but for invalid models. The small inner cavity in some synthetic observations is due to the inner boundary being set at 5 au. 
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Figure A2. Same as Fig. 6 but for invalid models. The non-hatched and 
hatched bars/dots are for measurements at 1 and 3 Myr, respectively. The 
dashed grey lines in the middle and lower panels indicate τν = 1. 

depth around the dust rings of each model. The low-optical depth 
(τν < 1) of the outer dust rings sustains during 1–3 Myr. 
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