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Abstract

We consider the Kelvin-Helmholtz system describing the evolution of a vortex-
sheet near the circular stationary solution. Answering previous numerical conjec-
tures in the 1990s physics literature, we prove an almost global existence result
for small-amplitude solutions. We first establish the existence of a linear stability
threshold for the Weber number, which represents the ratio between the square of
the background velocity jump and the surface tension. Then, we prove that, for
almost all values of the Weber number below this threshold, any small solution
lives for almost all times, remaining close to the equilibrium. Our analysis reveals
aremarkable stabilization phenomenon: the presence of both non-zero background
velocity jump and capillarity effects enables us to prevent nonlinear instability phe-
nomena, despite the inherently unstable nature of the classical Kelvin-Helmholtz
problem. This long-time existence would not be achievable in a setting where cap-
illarity alone provides linear stabilization, without the richer modulation induced
by the velocity jump. Our proof exploits the Hamiltonian nature of the equations.
More specifically, we employ Hamiltonian Birkhoff normal form techniques for
quasi-linear systems together with a general approach for paralinearization of non-
linear singular integral operators. This approach allows us to control resonances
and quasi-resonances at arbitrary order, ensuring the desired long-time stability
result.
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1. Presentation of the Problem and Main Result

The Kelvin-Helmholtz (KH) equations are a classic of fluid dynamics, modeling
the intricate behavior of vortex sheets at the interface between fluids with different
velocities. Since their introduction by Lord Kelvin and Hermann von Helmholtz
in the nineteenth century [1-4], these equations have provided crucial insights
into fundamental hydrodynamic phenomena, from the formation of ocean waves
to atmospheric turbulence. The classic KH problem addresses the instability of
a plane vortex sheet, where the jump in tangential velocity across an interface
drives the system linearly, generating the well-known instability that defines Kelvin-
Helmbholtz phenomena. Of particular interest is the interplay between background
velocity jump (b) and capillarity effects (y), which together determine critical
stability thresholds and equilibrium states. This work explores the mathematical
structures emerging from these interactions, with special focus on the Weber number
B £ b?/y, which naturally emerges in the equilibrium spectrum and governs the
system’s stabilization properties.

We consider a planar Euler system for two irrotational fluids with the same
density (constant equal to 1) separated by an interface I'(f) homeomorphic to a
circle and parametrized by z(z, -) : T — RZ. This interface divides the plane into
two open components QF (1) with Q~(¢) bounded and 7 (r) unbounded. Given
two functions f . QF (r) > R, we define that
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The evolutionary system is thus composed of the following equations:

uf +ut - VuE 4+ VpEt =0, inQ*(),

(z —uFIre) - 58 =0, at T'(¢),

[Py = vk (2, at T(7), 0
ut(t,x) — 0, as |x| — +oo, )
V.ut =0, in Q*(1),

v6i.ut =0, in Q* (7).

In the above set of equations, the quantities u™*, p* are respectively the velocity
field and pressure inside the domain % . The parameter y > 0 is the surface tension
coefficient and k (z) is the curvature defined by

zi‘ © Zyx
B

k(z) & —

| 2

The last equation in (1.1) implies that the vorticity distribution @ is localized on
the curve I'(¢) at time 7, namely

o, x) =, )8(x —2(t,x)), o2 [ut] -z, xeR) xeT. (1.2)

In the case where

2(t,x) = r(t, x) [Z’;gig;] (t.x., el xTxR, rit.x)2/1+210 0, (1.3)

where [ is a given interval of time, the system (1.1) was recast, in [5], as the Contour
Dynamic Equation (CDE)

1
ne = Qnyx — 55‘[(77) w,

" (1.4)
o = Qor = (32 e) —y (K.
X
with
o me (0 [1 = THR cos (x = ) | + VTF 20 @V TF 27 (3 sin (x = ») |
('7)‘”*/ 1470 +10) — VT +27 0T+ 27 () cos (x — ) o,
o )wA/ 1=\ B2 cos (x — ) s
P T @+ =TT 2r @ I+ 2 cosx—y)
2
nxx —(14+2n) =3 Jix
K (n) £ (“”;’) :
\2\2
(1+2n+< ﬁ'ﬁzﬂ))
(1.5)

Throughout the document, we use the notation

/f(x)dx £ Lp.v./n £ (x)dx.
T 2 -
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We refer the reader to [5] for a derivation of (1.4) from (1.1). We also warn the
reader about the change of notation for the surface tension and mean vorticity with
respect to [5]. Also, here we write the system in a rotating frame with angular
velocity €2, but one can easily follow the changes. An explicit computation shows
that

foranyb e R, (n,®) = (0,b) isa solution of (1.4). (1.6)

Let us define the background velocity jump as

bé/w(x)dx,
T

which is time-independent according to (1.4). We can define the invertible change
of variables as

+ 2 w—Dh, v =0"(w—D). (1.7)

The change of variables (1.7) allows us to determine the evolution equation for
modulo a real, time-dependent constant, which is

_Yu+b

v = > Do () [¥x +b] =y K () +c (). (1.8)

Since the system (1.4) depends only on (7, ¥,), the projection onto the zeroth
mode in (1.8), which includes the constant ¢ (¢), does not influence its dynamics.
Therefore, we disregard ¢ (7), and impose that ¥ belongs to the homogeneous
Sobolev space H* (T; R) £ H* (T; R) /R, where H* (T; R) denotes the classical
Sobolev space of periodic real-valued functions, see Section 3. We can now rewrite
the system (1.4) in terms of the variables (1, ¥) using (1.8) and get

1
N = Qnx — 5—"{(77) [y + D],

Yx+b

(1.9)
Vi = Qi — (T@o(n) [(Vx +b]> —YKm.

Let us recall that the Birkhoff-Roth integral, representing the velocity induced by
the vortex sheet via the Biot-Savart law (we refer to [5] for more details on the
subject), is defined as

(z(x) —z(y)*

BR £
@l = | 2P

w (y) dy. (1.10)
Notice that, using (1.10),

H()[w](x) = 2BR(2)[0] - 2 (x)

_, / (5(x) — 2" - 7 (x)
T a0 — 2P W
(2(x) — 2(y) - 2 (x) :
=2 d
r T m—op Y

= [ [ tox 12t~ 20P) Jo .
T

w(y)dy
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Therefore, the first equation of (1.9) preserves the average, and the natural phase
space for 7 is

Hj (T; R) & {neHs(T; R) s.t. /n(x)dx:O}.
T

In the absence of capillarity (y = 0), itis now understood that the problem is ill-
posed in the Sobolev regularity [6—8], but admits weak solutions [9], while one has
to require at least analytic regularity on the initial data in order to have a satisfactory
local well-posedness theory [10—12]. It is also well-established [13, Chap. 9.3] that
the presence of a background velocity jump (b) across the interface drives linear
instability in the system, generating the classical Kelvin-Helmholtz phenomenon.
In contrast, surface tension ()) exerts a stabilizing effect at the linear level, allowing
local-in-time solutions to the full nonlinear equations [14—18]. When stabilization
is induced solely by capillarity, the existence time is limited to 7 ~ ¢!, where
€ represents the magnitude of the initial datum. Besides, in the physics literature
[19] the authors perform several numerical simulations for (1.4) varying the Weber
number We which corresponds, up to a period factor of 2, with the parameter

pe
o

Which captures the interplay between the previous two mentioned opposite phe-
nomena. In particular, despite the slightly different geometry considered, it is nu-
merically conjectured in [19] that the behavior of the system below a critical Weber
number, which is very close to (1.12), "...is quite predictable by linear theory, even
over long times...", [19, p. 1939]. The aim of our work is to give a rigorous mathe-
matical proof of this numerical conjecture. To do this, we exploit the Hamiltonian
nature of the quasi-linear system (1.9). In contrast to the classical formulations
using the Dirichlet-Neumann operator, here the system is quite explicit and re-
lated to singular integral operators; see (1.5). By introducing a novel framework
that combines the Hamiltonian Birkhoff normal form procedure for quasi-linear
Hamiltonian systems [20] with a generalization of the paralinearization method for
singular integral operators developed in [21], we prove that the lifespan extends
to T ~ ¢ N*D for any N e N. This result enables us to establish stability way
beyond the classical local lifespan results of [14—-18], leading to what we refer to
as almost global well-posedness. The precise statement is given in the following
theorem:

Theorem 1.1. (Almost global existence of nearly circular vortex-sheets) Let
O<,31<,82<4(2+\/§). (1.12)

There exists a zero measure set B C [B1, B2] such that for any values y € (0, 00)
of the surface tension and b € R of the background velocity jump with

2
> 181, B2\ B,
Y
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forany N € N, there exists so > 0 such that for any s > sg there exist go, ¢, C > 0,
such that for any 0 < ¢ < &g and any initial datum

+1 S .
, e H F(T;R) x H 3 (T;R), with + < e,
(Mo, ¥o) b " (T:R) (T; R) ”nO”HSJr%('JI‘;]R) IYoll Lorm) S

H™
the system (1.9) admits a unique classical solution

s+£

(n,¥) e <[—Ts, T.1: Hy % (T:R) x H*™ & (T; R)>, T. > ce~NVFD,

with initial datum (ng, Vo) and size

sup Il (I o1 + Y @)l < Ce
ze[_Tg,TE]< HJ“(T;R) iy )

Remark 1.2. Let us make the following remarks about the previous theorem

1. The almost-global well-posedness result of Theorem 1.1 cannot be achieved
in settings where capillarity serves only a stabilizing parameter, i.e. when
B = 0. The Weber number f, which emerges naturally in the equilibrium
spectrum {a)y,b @) }j ez (see (1.13)), captures the interplay between capillarity
stabilization and Kelvin-Helmholtz instability. Remarkably, the incorporation
of the (physically relevant) interplay between background velocity jump and
capillarity is the key factor that generates stability, in particular we can pass
from a Sobolev ill-posed problem (y = 0) to a almost-global well-posed
one when y is arbitrarily small and b? is comparable. The Weber number f
modulates the linear frequencies w, 1,(j) in a non-trivial fashion and enables
us to exclude resonances

wyu(Jj1) £ ... £wyp(jN) #0,

taking B outside a suitable zero-measure resonant set 3. The non-resonance
condition is a fundamental requirement for implementing the Hamiltonian
Birkhoff normal form procedure in PDEs [20,22-33].

2. Referring again to the work [19] the authors notice, at page 1939, that

We had hoped to see some repartition of energy from the k = 1 mode to
smaller scales over large times. However, for We = 10.0 only a very slow
increase is observed, if any, of the width of the active spatial spectrum.

This unexpected localization phenomenon is consistent with our analysis. Indeed
we prove that, after a suitable change of variables, each Fourier mode u; can
exchange energy only with u_ ; for very long times, as we shall explain later. This
is a consequence of the non-resonance conditions and the Hamiltonian structure of
the equation which gives the conservation of super-actions (see (1.20)).

3. We identify a threshold for the linear stability in (1.12). This constraint is
imposed to ensure that the spectrum of the linearized equation at the trivial state
(n, ¥) = (0, 0) is purely imaginary (see Section 2.2), a necessary condition
for implementing the Hamiltonian Birkhoff normal form argument. While this
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condition can be relaxed by restricting the phase space to m-fold solutions
for sufficiently large m, such a restriction significantly narrows the class of
admissible solutions. For more details, we refer the reader to Section 2.2 and
[5]. Although one could adapt the following analysis by verifying the m-fold
preserving properties of the transformations along the scheme, following a
similar approach to [34].

4.. The parameter 2 in (1.4) represents the speed of rotation of the reference
frame. Since the Kelvin-Helmholtz problem is invariant under rotations, €2 can
be chosen arbitrarily without altering the shape of the solutions. We choose
2 as in (2.21). This choice simplifies some computations and does not affect
generality.

5.. Global-in-time solutions with specific structures can be constructed, as demon-
strated in [5], where we identified families of globally defined, uniformly ro-
tating solutions. We also refer to [5,35-43] for the construction of families
of steady solutions in slightly different settings. However, it remains unclear
whether the almost global existence solutions stated in Theorem 1.1 are actu-
ally global in time. The quasi-linear structure of the Kelvin-Helmholtz system,
combined with the absence of dispersion due to the periodic boundary con-
ditions, makes the global existence of the Cauchy problem currently out of
reach.

Ideas of the proof While the Dirichlet-Neumann operator approach pioneered
by Zakharov, Craig, and Sulem in [44,45] has become standard for Water-Waves
problems-and also employed to the two phase setting [ 18]- we employ an alternative
formulation. Following previous works such as [46,47], we utilize the Birkhoft-
Roth integral operator formulation, which exploits the Dirac-§ structure of the
vorticity (1.2) in conjunction with the Biot-Savart law to express the KH equations
as a CDE. A crucial aspect of our approach is establishing that the KH equations
thus derived possess a Hamiltonian structure (Section 2.1), which is the following

un o . 0 —1
1w 5=[07]

We refer the reader to Remark 2.2 below for a comment on the unconventional
notation that we use for the Poisson tensor. The Hamiltonian is related to the pseudo
kinetic energy %, the length £ of the free boundary and the angular momentum
M through

H(, ¥) £ B0, %) + vy L) + QM (0, ).

In different geometrical contexts the Hamiltonian structure of the KH system was
already presented by Benjamin-Bridges [48,49]. Once this Hamiltonian formula-
tion is established, we are methodologically committed to working with the specific
equations that arise from it, as any deviation would compromise the Hamiltonian
property, which is essential for our analysis. This Hamiltonian structure is a funda-
mental requirement for obtaining the almost global well-posedness result Theorem
1.1 using the Hamiltonian Birkhoff normal form of [20]. Since we are looking for



32 Page 8 of 94 Arch. Rational Mech. Anal. (2026) 250:32

a stability result near the trivial state (1, ¥) = (0, 0), a quantity of interest is the
linearization at this stationary solution. The linearized KH system there is written
as

[nt}:LVb(D)[n] L,y(&) = 2 0 _% .
v * W * vIER =5 1gl—(y —1?) 0

The associated spectrum is given by A}fb(é ) = *iwy 1, (§), with

2

. b
wy,b(f)Z\/%g'\/lélz—§|§|+ﬂ—1, ﬁ=7- (1.13)

Here we see appearing the parameter § that modulates the equilibrium frequencies.
This parameter is homogeneous to a wave number (inverse of a length). The mod-
ulation is fundamental for avoiding resonances later in the Hamiltonian Birkhoff
normal form. Let us mention that the modulation of the linear frequencies by an
external or geometrical parameter has been used to avoid resonances and construct
quasi-periodic solutions for fluid models, see [34,50-58]. Observe that w, 1,(§) is
real for any |&| > 1, provided that

0<ﬁ<4<2+«/§).

There emerges our linear stability threshold (see Egs. (2.17) and (2.18)). This means
that one gets linear stability for typically small oscillations at small scales where
the stabilizing effects of the surface tension are dominant. Also notice that the
asymptotic of the linear frequencies is superlinear, namely, as |§| — oo

wyp(E) ~ \Em%.

Our purpose is to prove a nonlinear stability result near the circular interface cor-
responding to (1, ) = (0, 0). To do so, we are able to obtain a suitable energy
estimate of the form, for any N € N,

t
. ¥) OIIF < C () (u(n, ¥) (015 + [0 . v) @OIN T 1, v (r)M?dr) :
YO <t<T, (1.14)

where we used the notation

I, ¥lly = linll oy +vll .1 .
* H (TR H'™4(T;R)

Then, a bootstrap argument allows us to get an existence time of the form 7' >

ce~N~1 where ¢ is the size of the initial datum. Notice that the above estimate is

highly non-trivial for two reasons:

1.. The right-hand side contains the same number of derivatives as the left-hand
side, which is particularly delicate given the quasi-linear nature of the equa-
tions.
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2.. Theintegral term exhibits high homogeneity, a non-trivial property considering
the quadratic nonlinearity of the equations.

To address the first obstacle, we perform a paralinearization of the Kelvin-Helmbholtz
system (1.9) together with a paradifferential reduction procedure to remove the
space dependence in the positive order part, which allows to remain at the same
level of regularity. The paralinearization result is given in Proposition 4.2 and writes
as
Nt | _ ~BW . . ; . n
|: :| _Op <Qy,b(r]7 ‘/f’x~§)+3b(ﬂ~ l/,’x) \§|*1Vb(77, W,X)Idkz s)[ :|
Vi v
(1.15)
+ 0p®V (A1) (0, i . ©) [”] + R, v) [’7],
v v
where OpBW () denotes the Bony-Weyl quantization in (3.9). Each term of positive
order has an explicit formula with

0 -5
y (14 £ (n; X)) (|g|2 - 1) - (%2 +wp (, llf;x)) &+ 7(1}52,,) 0 ] ’

3
142 2
f(mﬂé(%) -1
(I +2n)° +nx

! 142 2
wp (M, ¥; x) = = (((Wx +Db) i) —b2>,

0,1 (n,w;x,é)é{

2 (1 +2m)% +n3

By, (0, ¥; x) 0 ]

B2 (n,¥:x) —Bp (n. 5 x) |’
2nx

(1 +2p)?+n3

Al
Bb(n,w:X)=§[
By, (n,¥; x) & (Yx +b)

! b

Vo (. ¥:x) = S Do () [b+ ¥ — 5
(1.16)
The matrix operator A is of order zero and R is a regularizing matrix operator
up to a sufficiently large order. We believe that this paralinearization result is itself
of interest for maybe future purposes. In our equations, the Dirichlet-Neumann
operator does not explicitly appear, contrary to what occurs in the one-phase flat
Water-Waves problem, see [44] and [59, Chap. 1]. Instead, the equation derived in
(2.5) features nonlinearities of convolution type with nonlinear singular convolution
kernels. The presence of these singular convolution kernels, rather than an explicit
Dirichlet-Neumann operator, marks a fundamental structural difference. This re-
quires a specialized paralinearization technique, which we construct in Section 4.
Let us now expose our method to paralinearize the KH system. The key insight
of our approach is that terms that resist standard paralinearization techniques (i.e.
paraproducts, Bony paralinearization formula and composition of paradifferential

operators) share a common structure of convolution type in the form

T
gx—2)
H(n)g(x) = p.v./ K (n; x,2) ==—dz,
- z
where the function K (n; x, z) exhibits regularity at z = 0 comparable to . By
Taylor expanding the function z +— K (n; x, z) at z = 0 and applying paraproduct
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expansions, we derive that

J T
H(mgx)= X:OpBW (Kj (n: x)) p.v./ A7 le(x —2)dz (1.17a)
=0 —
+ / Op®Y (R (n; x, 2))g (x — 2)dz + lo.t., (1.17b)

with J € N, forany j € {0, ..., J}, K; being a z- independent function of x and R
being a remainder satisfying |R (n; x, z)| = O (z?*!). This transformation reduces
our analysis to two specific categories of terms, namely

e Terms in the right-hand side of (1.17a): Classical theory (see [60, p. 355])
establishes that for any j € {0, ..., J},

T .

p.v./ d g (x —2)dz =mj(D) g,
—TT

where mj represents a Fourier multiplier of order j which can be explicitly

computed using [60, p. 355]. Thus, through composition theorems for paradif-

ferential operators, we obtain

op®V (Kj (n; %)) p.V./ g (x —2)dz

—TT

= op®V (Kj (17 x) m; (5))g + bounded terms.

o Terms in (1.17b): We leverage the decay properties of R as z — 0 to establish
that these terms constitute paradifferential operators of order — (J + 1) modulo
smoothing operators, as detailed in Proposition 3.28.

The methodology outlined above is elaborated in detail in Section 4 and formalized
in Proposition 4.2, representing one of the manuscript’s principal contributions. Our
work demonstrates that effective paralinearization is possible even when using the
Birkhoff-Roth formulation rather than the Dirichlet-Neumann operator approach.
The recovered paradifferential structure in (1.15) exhibits similarities with pure-
capillarity one-phase Water-Waves equations, which allows us to derive several
established results concerning vortex sheets, including the necessity of capillarity
for system stabilization (cf. [14]). Furthermore, we identify purely nonlinear, un-
stable terms characteristic of the KH equations (cf. the term wy, in (1.16), which is
non-nil even when b = 0), highlighting the enhanced instability of KH compared
to Water-Waves systems. For further analysis of these distinctive unstable terms,
we direct the interested reader to Remark 4.3.

Once the paralinearization obtained, our goal is to remove the x-dependence of
the positive order terms in order to run an energy estimate in the same Sobolev space,
namely without loss of derivatives. This is done through a classical paradifferential
reduction procedure requiring to reformulate the problem with complex variables.
Defining the complex coordinates

s . s [l
u:[g], u s m, (D) n+im,s(D), mys @) 2 /ﬁ,
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the paralinearized KH system is equivalent to the complex Hamiltonian system

Ur = Jc OpBW (A% (Ui x) @yp () + A1 (Ui, §) + A1 (Ui x) 512 + Ajo) (U;x,s>>U
TRU)U. (1.18)

In the above system, each A,, corresponds a matrix of x-dependent symbols of
order m, while R is a matrix of regularizing operators up to any fixed order. Then
we follow the Hamiltonian method developed by the first author and collaborators
[20] (see also [21,61-65] for non Hamiltonian approach) which consists to perform
a series of transformations:

i we first perform an Alinhac Good Unknown transformation — a nilpotent
matrix-valued paradifferential change of variable introduced in [66,67]. This
transformation eliminates the unbounded terms By, in (1.16), which constitute
the only unbounded contributions in the one-phase gravity water wave system,
thus proving essential for developing local well-posedness theory in the pure
gravity setting;

ii we then diagonalize and reduce to constant coefficients the resulting system at
arbitrary order, modulo smoothing operators (whose regularizing effects depend
on the initial data’s regularity). This technique, initially developed in [61],
has become standard for implementing normal-form techniques in quasi-linear
systems [20,65,68]. The method involves conjugation with flows generated
by paradifferential operators, where generators are selected based on desired
cancellations. We reduce the equation to a diagonal, paradifferential constant-
coefficient form by iterative application on the degrees of the paradifferential
operators.

At the end of such a procedure we are able to define a transformed, equivalent (in
Sobolev) variable

A w
w = BU)U, W= [12)]

that satisfies a constant-coefficient, scalar equation given by

1
Wy = OphY <i<(1 +0(Us 1))wy 56) + (U DE + 5%(U;f)|€I7 + %(U:t,é)>> w+Rw:nw, (1.19)

up to a smoothing remainder R (see Proposition 6.1 and (3.11) for the definition of
OpBY (-)). The transformed equation (1.19) has the crucial property that its para-
differential part is in constant-coefficient form. To overcome the second obstacle
Item 2., we aim to implement a Hamiltonian Birkhoff normal form up to homo-
geneity degree N. However, unlike the original complex system (1.18), (1.19) no
longer possesses the fundamental Hamiltonian structure. This structure is essen-
tial to ensure that certain non-trivial resonant terms do not contribute to energy
estimates, as explained below. Recovering this structure is the purpose of the Dar-
boux symplectic corrector as designed in [20]. To understand why this correction is
needed, we first examine the role of non-resonance conditions. The non-resonance
conditions in Section 2.3 ensure the exclusion of resonances, meaning that

Ulwy,b(jl) +-+ Uwa‘b(jN) # 0,
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unless the indices (o1, ..., on) € {£}" and (ji, ..., jy) € ZN are super-action
preserving (see Definition 2.6). This can happen when N = 2p is even, with

0'1:---:()‘1,:—{—, Up—t—l:"':UZp:—,

and either
() je=jpre or (i) je = —jpre.

Case (i) corresponds to trivial resonances. The associated monomials in the vector
fields of (1.19) take the form

2 2 ij
|MJ'1| ce |ujp71| u.,'pelj”x.

Proving that these terms do not contribute to Sobolev energy estimates is typically
straightforward, as it suffices to show that their coefficients are purely imaginary.
In contrast, case (ii) involves monomials of the form
UjU—jy - Uy U—j, "‘jpe_l'lpx'

These terms couple different Fourier modes, making it more challenging to show
that they do not affect energy estimates. However, if the vector field possesses the
strong algebraic property of being Hamiltonian, these monomials — called super-
action preserving — automatically admit infinitely many conservation laws, known
as super-actions. Specifically, for any n € N, the quantities

Tn () 2 ) + |u_p|? (1.20)

are conserved. As a consequence, a Hamiltonian, super-action preserving vector
field remains transparent to any Sobolev energy estimate. However, the system
(1.19) for W lacks this Hamiltonian structure, preventing direct application of these
conservation laws. To overcome this issue, we introduce the Darboux symplectic
correction, as detailed in Proposition 7.1, restoring the necessary structure and
allowing us to exploit these properties effectively. Since the map B (U) satisfies the
hypotheses of [20, Theorem 7.1], we apply it to obtain a new constant-coefficient
equation:

9 Zo = iwy,p(D)Zo + OpSy (i(tf%)gN(Zoi 6 +ildy-NWir, s>) Zo + RN (Z0)Zo + RN (U: DU.
(1.21)
This equation is Hamiltonian up to homogeneity N, meaning that

Opiay (i(tf%)gN(Zo; 5)) Zo+ R<n(Z0)Zo = JcVHgN

for some real Hamiltonian function Hgy. At this point, we begin the algorithmic
procedure of reducing the degrees of homogeneity (see Proposition 7.9). The final
outcome is a super-action preserving Hamiltonian equation of the form

&Z = iwyu(D)Z + JcVH (2) + JcVHSSD (2)
2

+0plY (i(‘[%)>N(U; f, S)) Z+R-n(U;DU. (1.22)
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Since the super-action preserving Hamiltonian terms i®w,, ,(D)Z, JcVH §SAP) (2),
3

and J @VH&SQAP) (Z) do not contribute to the energy estimate, we obtain, for small
solutions || Z|| ~ ||U]ls < &, the energy bound

diuzuf < eV,
t

which allows us to prove Theorem 1.1.

Structure of the manuscript The Hamiltonian formulation can be found in Section
2.1 while the non-resonance conditions are proved in Section 2.3. The paralineariza-
tion of the system (1.9) is carried out in Section 4 and the final result is stated in
Proposition 4.2. The next step is to reformulate the results using the complex nota-
tion, see Section 5. Then, we implement a reducibility procedure to get rid of the
space dependence of the positive order part. This part is now rather classical and
the corresponding final result is given in Proposition 6.1. With this in hand, one
can perform the Hamiltonian Birkhoff normal form. It is done in Section 7.2 and
requires non-resonance conditions for frequency vectors composed with the equi-
librium spectrum. Such conditions are checked in Section 2.3 and are the reasons
for the introduction of the zero measure set 5.

2. Hamiltonian Structure and Non-resonance Conditions

Here we highlight the Hamiltonian nature of the system (1.9). Then, we study
the associated linearization at the trivial solution (n, ¥) = (0, 0) and discuss the
non-resonance property of the corresponding eigenvalues. This latter fact is crucial
for implementing the Birkhoff normal form in Section 7.

2.1. Derivation of the Hamiltonian Formulation

Let us now exhibit the Hamiltonian nature of the Kelvin-Helmbholtz system
(1.9).

Proposition 2.1. The system (1.9) is Hamiltonian. More precisely, let us consider
that

Hm, ) £ B, ¥) + vy L) + QU0 ¥), 2.1)

where Ex(n, ¥), L(n) and M (n, ¥) are the pseudo
kinetic energy, the length of the free boundary and the angular momentum,
respectively, defined by

L1
By 2~ /T /T (2 (0) + ) (¥x () + b) log (12(x) — 2()]?)dydx.
2.2)

L 2 /T 2 ()], 23)

M, ) é/Tllfx(x)n(X)dX- (2.4)
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Then, the equations (1.9) are equivalent to

ne| _ | =VyHM¥)| _ a2 |0-1
(][ sonan. 12[7) s

In addition, the Hamiltonian H is reversible and invariant under translations,
namely defining the transformations

s m (x) = [_’H (—x),  t m (x) = m (x+¢)

HoS=H=H ot Ve eT. (2.6)

we have

Remark 2.2. We note that the choice of the Poisson tensor J in Eq. (2.5) differs
by a sign from the standard convention (see, for instance, [20]). We adopt this
convention, which ultimately reflects a choice of sign in the definition of w in (1.2),
so that the Hamiltonian is positive definite.

Proof. » The pseudo kinetic part:

We compute the variation of E,(n, ¥) with respect to 1. Using integration by
parts and (1.11), we get

A 1 N
dy B (n, Y[yl = 5/@ (/;r (¥y(») + b) oy log (|z(x) — Z(y)lz)dy> ¥ (x)dx
1 o
= Eﬁrﬂ(n)[axw + bl(x) ¥ (x)dx. 2.7
From (2.7), we deduce that

1 b
Vy (. ¥) = SH 0]+ ZH )] (2.8)

Now we turn to the differentiation of Ey (7, ¥) with respect to 1. Recall the notation
in (1.3). Differentiating (2.2) with respect to n, we infer that

1
ay o, V) = /T /T (2 (0) + ) (¥ () + b)

A + A — (A5G + A0 EE) cos(x — )

dxdy.
) — 2P g
By symmetry, we can reduce this expression to
1— :%; cos(x —y)
df,Az—x—{—b/X—Fb n(x)dy | dx
00 001 = = [ (0 +5) | [ (000 +5) L iay

1
__ fT 5 (V20 +B) Doy Y + Bl A,



Arch. Rational Mech. Anal. (2026) 250:32 Page 15 0f 94 32

which implies in turn,

*+Db
Ve £ o () (axwr + bl (2.9)

V;;‘Eb(fl, Y) =— )

» The length part: _
Recall that z(x) = (1 + h(x))e™ with h = /T + 25 — 1. Therefore,

2(x) = (hx(x) +i(1+ h(x)))eix, 2 ()] = h2(x) + (1 +h)>.

Thus,

£(n) = f \/hg(x)+ (1+h(0)’dx 2 Z(h).
T

Differentiating, we obtain

th(/’l)[fl] _ f hy(X)hy(x) + (1 + h(X))h(X)dx.
TR+ (14 h)?

Integrating by parts, we get

4 2] 2/ [ (1+hx) s, ( By (x) ﬂ hods
T )2

1o+ (14 heo 12 + (14 ho)?

1 a2
- _/ (1+hx)) (L 20 (hrxto) = 1 = 1) 3 2hx(X)fz(x)dx.
T E

(h%(x) +(1+ h(x))z)j

It is easy to see that

(1 +h)(hyx — 1 — ) —2h2 M (14 2n) —3( 1’712,])

3 = T = K.
(h2+ (1 +h)2)? (1 ot (ﬂ%n)Z)z
As a consequence,
ViL(h) = —(1+ )X
Applying the chain rule, we deduce that
VL) = ViaL(h) - Vyh = —(1 +h)K(n) - S —K(n). (2.10)

1+nh

» The momentum part:
One readily has that

o (0, 7] = /T Y (O () dx
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and, via integration by parts

dy M, V)] = fT Y (On(x)dx = — fT 7 () (x)dx.

Hence,
VoM, ) =Y, VyM@, ) = —ny. (2.11)
Gathering (2.1), (2.8) and (2.11), we get

Yy HO1, ) = Yy 5o, §) + Q9 901, 1)
= —Qny + %}[(n)[axlﬂ + b]. (2.12)
Putting together (2.1, (2.9), (2.10) and (2.11) yields
Vo H O ¥ = Yy, ¥) + 19,200 + RV, 901, )
= oy — L2 oy + 51— v x(). (2.13)

2

Comparing (1.9) with (2.12) and (2.13) concludes the desired result.
» [nvariances : The properties (2.6) are easily obtained by changes of variables
x = —x and x — x + ¢. This ends the proof of Proposition 2.1. O

2.2. Analysis of the Linearization of (1.9)

Definition 2.3. Let m € R, we define the space of Fourier multipliers of order m,
I‘(')", as the space of smooth functions from R \ {0} to C of the form & — a (£) such
that

0¢a (g)‘ < Cp gy, Va €N, g] > 1/2.

Following [5], the linearization of (1.9) around (5, ¥) = (0, 0) is given by

b |D]|
=|Q—-—= ——,
Nt ( 2)'7)6 ) ¥

b? b
Vi = <y|D|2—7|D|—(y—b2)) n+(9—5>wx.

Namely, we can write (2.14) as

. b €]
m)_ 1 [n] L s i(Q-3)¢ -3 |
[wt} ro Py |r Fre@® [ymz—%|§|—(y—b2)i(9—%°)é

(2.14)

The eigenvalues of L, 1, (§) are given by

2 ~
i ©2i(a-7)es \/—'i—' (vier - S1e1-(-)) e,
(2.16)
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We want the eigenvalues in (2.16) to be purely imaginary, this happens if and only
if

2 b? 2
y1612 = =16l = (v —p?) >0, @.17)
The condition (2.17) is satisfied for any |§]| > 1 if

2
‘Bé%e[o’ﬂ+)’ Bi 242+ 3) ~ 14,928...

Indeed, for |&] € [1, 2], one has

2_b_2 _ 12 S mi b_2
y 18] 2|E| y —b") > min 21> 0

2
for any § > 0. Meanwhile, for |£| > 2, This reduces to
(15 -1
B < min [ >—— | =42 + V3). (2.18)
g1>2\ Bl

Remark 2.4. We consider the restriction in (2.17) for |&| > 1. If we further restrict
to & € 7Z*, we can improve B4 from 4(2 + \/5) to B4+ = 15. However, in Section
2.3, we extend the function )\ib(s ) to apply the Delort-Szeftel Theorem 2.8. We
believe that the argument in Proposition 2.9 could be modified to maintain the
slightly less restrictive condition 84 = 15. Nevertheless, to preserve the simplicity
of our approach, we do not pursue this further analysis.

Then we obtain that

4 . b .
Wy @) =i (sz - 5>silwy,b ®),

Wy (€) 2 /@ (y (62 = 1) — b (% - 1)) e @19

Notice that we can expand , 1, (§) and obtain that

3 1 b\? .1
wyn (§) = \/g 1§12 — 75 <5> HE tw,, 16, o, 1E el
(2.20)

In the sequel, we make the following natural choice for &2 which does not alter the
structure of the equation, as it is explained in Remark 1.2, Item 4.:

QL o (2.21)
2

Remark 2.5. Already at linear level standard computations show that in order to
close energy estimates for the system (2.14) we need a discrepancy in regularity
between 1 and ¥, namely we can close the energy estimates on (2.14) in the case

1 .
inwhichn € HS+4 (T; R)andy € H =3 (T; R), such regularity gap shall persist
at nonlinear level as well. This is not unexpected, and the same behavior is present
for the one-phase water waves problem, both at linear and nonlinear level, cf. [69].
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2.3. Non-resonance Conditions

In this subsection, we study the non-resonances between the frequencies. This
is needed in the application of the normal form algorithm performed in Section
7.2. Specifically, we prove that there are no resonances between linear frequencies,
except for the super-action-preserving ones, as defined below.

Definition 2.6. (SAP multi-index) A multi-index (o, 8) € NZ° x NZ° is super-
action preserving if

oy +a_y =By + B-n, Vn e N. (2.22)

A super-action preserving multi-index (o, ) satisfies || = || where || £
ZjeZ* aj. If a multi-index (a, B) € NZ" x NZ" is not super-action preserving,
then the set

N(a, f) 2 {n EN St ap 4 p— o — Pn £ 0} (2.23)
is not empty and, since

N(a, B) C [n EN St ap A+ Pt fon £ o},
its cardinality satisfies
1M, )| <l + Bl = || + [B]- (2.24)
The main result of the present section is the following:

Proposition 2.7. Let M € N* and 0 < 1 < B < 4 (2 n ﬁ) . Then, there exist
7,8 > 0 and a zero measure set B C [B1, B2] such that for any B € [B1, B2]1\ B the
following holds: there is v > 0 such that for any multi-index (a, ot’) e (NHZ" x

(N*)Z* of length | + oc’| < M, which is not super-action preserving (in the sense
of Definition 2.6), one has that

v

T
max |7l
Jesupp(aUa’)

Wy b £ (wy,b (j))jGZ* .

|0y6 (@ =) >

where

The rest of Section 2.3 is dedicated to the proof of Proposition 2.7. This latteris a
consequence of the Delort-Szeftel Theorem that we recall here for the convenience
of the reader; for its proof, we refer to [70, Theorem 5.1].

Theorem 2.8. Let d € N*, rg > 0 and B1, o € R. We denote B (0, rg) C R? the
ball centered at the origin and of radius ry. Consider f : B (0, r9) X [B1, B2] = R
a continuous sub-analytic function and p : B (0, rg) — R a non-zero real-analytic
function. We assume the following facts:
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1. The function f is real-analytic on {x € B (0,rg) s.t. p(x) # 0} x [B1, B2].
2. For any x € B(0, rg) with p(x) # 0, the equation f(x, ) = 0 admit finitely
many solutions in [B1, 2] .

Then, there exist No € N and o, 6, C > 0 such that for any a € (0, agl, any
integer N > Ngo and any x € B(0, ro) with p(x) # 0, we have

{Betpp st 17 ni<alp@M]] <o’ lpe™.

First observe that we can write that

2

€] b
%m@=/1—|W—ém+ﬂ—h pL. (25
2 2 14
Notice that w), ,(2) = +/3y is independent of 8 and that

Wy (5) — V3w, 5(3) = 0.

The above relation shows that there is no resonance between the modes 3 and
5. However, the couple (3, 5) appears to be singular in the analysis of the non-
degeneracy for the application of the Delort-Szeftel Theorem; That is why we need
to treat it separately.

Application of Theorem 2.8 The application of Theorem 2.8 allows us to control
quasi-resonances at arbitrary order via polynomial bounds, thus inducing a finite,
but recoverable, loss of derivatives. The result we obtain is

Proposition 2.9. Fix0 < 8, < f < 4 (2 + ﬁ), A € NandM e N*. Then, there
exist vy, 7,8 > 0, depending on A and M, such that for any v € (0, vy), there exists
a set By C [Bi1, B2] of measure O(V°) such that for any B € [Bi1, B2] \ B, the
following holds: denote ny = 2, ny = 3 and for any distinct integers ny, ..., np €
N\ {2,3, 5} and any ¢ = (co, c1, ..., ca) € RAT1\ {0} with max,—o,_a lcal <M,
we have

.....

A -7
> (Z n) . (2.26)
a=0

Proof. We denote n = (ng, ny, ..., na) € (N”‘)A‘H with ny, ...,na € {2,3,5} and
distinct, we introduce the notations

A —1
xo (n) 2 (Z na) . xg () 2 xo(n)/ng — 1. (2.27)
a=0

‘We note that

A
Z Ca a)y,b(na)
a=0

0<|x,(m)| <1, foranya=0,...,A. (2.28)

The condition (2.26) is equivalent to

| fe(x, B)I = LXS%, x = (xo(n), x1(n), ..., xa(n)) (2.29)

VY
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where
A
fe(x, B) 2 Y " rad(xa, x0, B)+coV/3x3,  x = (x0,X1,...,xa) € By (RA“),
a=1
(2.30)
with

Fa 2 cayJ X2+ x3, k(y,xo,ﬁ)é\/y4+(2—§) xgyz—i—gxg.

The function f,: B (RA+1) x [B1, B2] — R is continuous and sub-analytic. Re-
mark that, for any [ € N*,

1

3 (y, X0, B) = (?)M’(y,xo, By, x0, ), (¥, x0, B) =

X (% — )

x5 (x5 = y?) B+ 257 (37 +2x5)

: 2.31)

Note that, since 0 < 8 < B <42+ \/5), the denominator in (2.31) satisfies

xé (x(% - y2> B+ 2y2 <y2 + 2x§) > (0 foranyy € [0, 1], xo € (0, 1].
(2.32)

We introduce the polynomial function p : [—1, 12t — R

A
P(XQ, X] 5 ooy XA) £ X0 l_[ (xf — x(z)) 1_[ ((xg — ,\3) xg (x,% + 2x§) — (x% —x,%) xlzl (xg + 2x§)) .
a=1 1<a<b<a
(2.33)
The condition (2.32) implies that the function f, is real-analytic on {p # 0} x

[B1, B2]. We fix now x = (Xp, ...Xa) such that p(x) # 0. Then xop # O and, in
view also of (2.32), one has

u(Xq, X0, B) # 1 (xp, Xo, B), forany g e (O, 42 + «/5)) . (2.34)

The next Lemma ensures that the function f(x, ) fulfills the second assumption
of Delort-Szeftel Theorem 2.8.

Lemma 2.10. The solutions of the equation

Je(x, ) =0,

if any, are finitely many.
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Proof. Since the function B — f (x, ) is analytic for B € [Bi, B2], we are only
left to prove that it is not identically zero. To do so we fix 8 € (81, B2) and we note
that

Vi=1,.2 04f(¥x.f)=0 <& A@r=0,

where r = (rq, ..., ra) and

w (%1, X0, B) A (X1, %o, B) .. w(Xa, X0, B) A (¥a. o, B)

p* (1, %0, B) & (X1, %0, B) ... u* (Xa, Xo, B) A (¥a. %o, B)

A(X) =2

u (51, 50, B) & (%1 Fo. B) o 1P (%a. 0. B) A (%a. 0. B)

Since ¢ # 0 and p(x) # 0 we have also xg Z O and r # 0. Then 8 — f(x, B) =
0 implies that det (A(x)) = 0. Besides, by A-linearity of the determinant and
recognizing a Vandermonde determinant, we find that

A
det (AE) = [ [ w(%a %0, B) 1 (Far 0. B)  [] (1t (R %o, B) — 1t (. %o, B)) -
a=1 1<a<b<A

By construction, since ¥ € {p # 0}, one has that det (A (X)) # O at the given .
So B +— f(x, B) cannot be identically zero proving Lemma 2.10. O

We thus conclude that there are Nog € N*, g, 8, C > 0, such that, for any
a € (0,ap],any N € N*, N > Ny, any x € X with p(x) # 0,

{Betprpl si 1fe@pl<alo@M[<ca oo™ . @33)
To conclude the proof we need the following:
Lemma 2.11. Letr 1) £ 22+ 1 + 8@). Then

A it A —1
(Z n) Slo ()| S (Z n) : (2.36)
a=1

a=1

Proof. By definition (2.27), we have

((xg — xg)xg(xg + 2x8) — (xg — xbz)xg(xg + ng))
[xo=x0(n), xg=xq(n), Xp=xp(n)
=3 (n) [(2 ~ na) (nl% - 1) — 2 —np) <n§ - 1)] .
The equation

2 —ny) (n,% _ 1) =2 —np) (n§ _ 1)

is equivalent to

2n, — 1
(2 —nq4) (np —ng) (nb - ) =0. (2.37)

ng —2



32 Page 22 of 94 Arch. Rational Mech. Anal. (2026) 250:32

Since n, # 2 and np # n,, we must have n, = 2:“"—__21 But
2n, — 1 =2(n, —2) + 3.
Hence
2n, — 1 =3 mod. [n, — 2].
Therefore
ng—22n,—1 < n, €{3,5}.
We conclude that the only non-trivial couples of integers solutions to (2.37) are
(3,5 and (5,3).

However, we have excluded the possibility n, = 5 or n, = 5. This implies that the
equation (2.37) is not solved with our choice of n. Thus,

2 2 2 2 2 2 2 2 2 2 8
((AO - xa)xh (Xb + QXO) - (Xo - xb) Ya (Xa + 2x0)>\x0:x0(n),xa:xu (n), xp=xp (n) > 0 @)
(2.38)
Moreover, since n, # 2 fora =1, ..., A, one has that,
X2 (n) — x3 (n)‘ > 3 (n). (2.39)

Gathering Equations (2.38) and (2.39) we obtain the lower bound in (2.36).
To prove the upper bound, we use the definition of p given in (2.33) along with

the bounds in (2.28). O
Consider the set
B(a,N) £ U Ben(a, N) C[B1, Bl
n=(ny,...,np)eN? 1<n| <...<n
YT ot (2.40)

Benle, N) 2 {B e (Bl st Ife(xtm, Bl <alp xau)IV].

We fix now N € N such that N§ > 1 and B, £ B(«, N). Then we get that

A —N§
Bo| < Campa® > ( na> < C'(a, M)l (2.41)
ny,...,na€N \a=0
In conclusion, for any 8 € [B1, f2] \ By, for any n = (ng, ny, ..., na) as in the

hypothesis, any ¢ € (Z*)® with |¢ |, < M, it results, by (2.40) and (2.36), that

A -1 N
| fe ), B > alp (x(m)|* > c(B)a (Z n) : (2.42)
a=1

Recalling the definition of f, in (2.30) and xo(r) in (2.27), the lower bound (2.42)
implies (2.9) with t £ N — 3 (cfr. (2.29)) and re-denoting v £ ac(d). |
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Proof of Proposition 2.7 Fix a multi-index (. ') € (N*)Z" x (N*)Z" of length
o + | < M. We denote 0N (o, ') as in (2.23).
Since the couple (o, @) is not super-action preserving, then

N(a, o) # 2. (2.43)

Then, we can write that

Wyb- (a - o/) = Z wy b (17D (ozj - a}) = Z wy p(n) (an +a_p —ay, — o/,n)

Jjez* neN*
= Z wyp) (an +o—p —ay, —al,).
neN(a,a’)

We use the notation
A2 MN(a, )\ {2,3,5) + 1.
We also denote that
N(a, ') \ {2, 3,5} = {n2, ...na}.

Therefore,

A
oyp (0 =) =) cawypna) + cowy p(2) + c10y5(3),

a=2
with
co=ay+ag—ah—ad,,
A / / \/_ / /
c1 = (053 +a3—o3— a_3) + 5 (055 +o_5— o5 — a75)
and foranya = 2, ..., A,

/

A ’
Ca = Oy, + O—pn, — ana - afna‘

Observe that for any a = 0, ..., A, |cq| < 4M, where M is defined in Proposition
2.7. Let us assume the absurd hypothesis ¢ £ (¢, ¢1, €2, .oeycn) = 0. By definition,
under such absurd hypothesis, we obtain that 9(«, ') C {3,5}. Butc] € ZIV5]
so ¢; = 0 implies also that 3,5 & 9(«, o’). Hence, N(x, «’) = & which is a
contradiction with (2.43), thus we can safely assume ¢ # 0. We consider the set

B () By,

ve(0,vg)

where vy and 3; are introduced in Proposition 2.9. Hence, for any 8 € [B1, 821\ B
there is ¥ € (0, vo) such that B € [B1, B2] \ By and, applying Proposition 2.9 we

get the desired result with v £ 0 |
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3. Functional Setting

Throughout the document, we shall use the notations
N2{0,1,2,..}, N* £ N\ {0}, 7* 2 7.\ {0}.
Along the paper we deal with real parameters
s 250> K> 0> N20, 3.1

where N € N. The values of s, sg, K and ¢ may vary from line to line while still
being true the relation (3.1). We expand a 27 -periodic function u € L*(T; C) in
Fourier series as

u(r) =Y a()elr, @) EFenj () Eu; 2 / u(x)e V" dx.
i€z T
The function u is real-valued if and only if #; = u_j, for any j € Z. For any
s € R, we define the Sobolev space H* £ HS(T; C) with norm

1

2

lually 2 llulles = ([ S0P @) |+ )2 max {1 1)

JEZ
We define TMou £ ug the average of u and
My 2 1d — Tlo.

We define Hjj the subspace of zero average functions of H* for which we also
denote |lully, = llullgs = ||“||Hg, and with H® £ H’/C endowed with the norm

> 1]

lluell s = H l'[é-u”s. We define, on L2(T; C) HO(T; C), the complex scalar

product (- | -) and the real symmetric bilinear form < ‘ > as follows: for any
. C R

u,v e LZ(T; O,

(v

Moreover we define the real subspace of H* (T; (CZ)

v> é/l’[éu(x) My v(x) dx, <u v> é/l’[éu(x) Miv(x)dx. (3.2)
C T R T

TS 2\ A ut s 2 - _ T F
Hp(T; C) =3U = - e H'(T; C%) st. u” =uty.

‘We also denote

H>(T:C?) & (B (T: C»),  H(T: C*) = (1) Hy(T: C?).
seR seR
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Given an interval / C R symmetric with respecttoz = 0 and s € R, we define the
space

o (11 () & (Yot (1 ¥ (n ),
k=0

endowed with the norm

K
sup|U(t, Mg, where U@ g, 2
tel k=0

AUCD] BRETEREY

we also consider its subspace

ol (ni (r.e)) 2 fueck (e (r.e?)) seov=(4)}.

Given r > 0 we set BX(I; r) the ball of radius r in CX (I, HS (T, C?)) and by
BX, (I; r) the ball of radius r in CK, (1, H* (T, C?)).
A vector field X (u) is translation invariant if

Xotc=t.0X, VseR,
where the translation operator t. is defined by
teru(x) = ulx+¢).

Given a linear operator R(u)[-] acting on L(z)(’]T; C) & H(g) (T; C) we associate the
linear operator defined by the relation R(u)v £ R(u)v for any v € L%(T; C). An
operator R(u) is real if R(u) = R(u) for any u real.

3.1. Paradifferential Calculus

We introduce the para-differential calculus developed in [20,61].
Classes of symbols. Roughly speaking the class Fg contains symbols of order m
and homogeneity p in u, whereas the class F?, K'p contains non-homogeneous
symbols of order m that vanish at degree at least p in u and that are (K — K')-
times differentiable in z. We can think the parameter K’ like the number of time
derivatives of u that are contained in the symbols.

Definition 3.1. (Symbols) Let m ¢ R, p, N € N, K, K’ ¢ Nwith K’ < K, and
€ > 0.
i) p-Homogeneous symbols. We denote by I:Z’ the space of p-linear symmetric
maps from (H°° (T; (Cz))ptoCOO(TxR; O),(x,&) > ap(U,...,Up; x,€)
whose associated polynomial has the form

ap(Usx. &) 2 apU,... . Usx, )& Y af@ug %, (34

JEZX)P
oe{+}!
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where a}' (&) are complex valued Fourier multipliers, satisfying that

o o i, €)= ;7”((11)) j(:(‘; '(£) for any 7 permutation of {1, ..., p},

aj () =£a;

and for some p > 0,

|3§ al@| < Cp ()" P, Vjell oe(£), peN.  (35)
We have used the following notations for given j = (ji,..., j,) € Z” and
o =(o1,...,0p) € {£}7:
() £ max(L gD, gl Emax(il . ph, w2

Hence for a fixed u € C, we denote that

+ 8 -2

u u and u u.

We denote by F{f the space of constant coefficients symbols & +— a(&) which
satisfy (3.5) with © = 0.

ii) Non-homogeneous symbols. We denote by I'"? K.K'.p [eo] the space of functions
a(U;t,x, &), defined for U € BSO (I; €p) for some s¢ large enough, with
complex values, such that for any 0 < k < K — K/, any s > s, there
is 0 < €p(s) < €p such that for any § € N the following holds. There is
Cc: Cs,g > 0 such that for any U € leg/ (I; e0(s)) N C’f‘K/ (I; H* (T; (C))
and o € N, with o < s — 50 one has the estimate

oka%0fa (Uit x.6) <CEO" PN o MUlkikrs . (B6)

If p = 0 the right hand side has to be replaced by C(£)"~#
We say that a non-homogeneous symbol a(U; x, &) is real if it is real valued
forany U € BK/]R (I €o).

iii) Symbols. We denote by X1 K.K'\p [€0, N] the space of symbols

N
aU;1,x,6) =Y ag(Us x, &) + a=nU; 1, x, §), (3.7)
q=p
where a4, g = p, ..., N are homogeneous symbols in F(’I" and a- y is a non-

homogeneous symbol in F%’ K/ N41-

We say that a symbol a(U; ¢, x, &) is real if it is real valued for any U €
BX o (I €o).

We shall also denote with EN Fm the subspace of XTI K.K'.p [€o, N] made of

pluri-homogeneous symbols, namely symbols which expand as in (3.7) with

a-N = 0.

Remark 3.2. Let us make the following remarks:
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e Given a p-homogeneous symbol a,, € FZK we shall often, with a slight abuse of
notation, identify the associated p-homogeneous polynomial with the p-linear
symbol itself

ap(Ui, ..., Up;x, &) o ap(U;x, &) 2ayU,...,U;x,§).

This identification is harmless due to the standard correspondence between
p-homogeneous polynomials and symmetric p-linear maps.

e If a(U; ) is a homogeneous symbol in F;’} then it belongs to the class of non-
homogeneous symbols I'? X.0. ,,[60], for any ¢p > 0.

e The classical properties expected for a symbol hold: if a is asymbol in ¥ F%’ K'p

[eo, N]then dyaisin EF% Kp [eo, N]and dga belongs to EF% Kl, [eg, N]. If
in addition b is a symbol in LT K. K, ,[€0, N] then their product ab is a symbol

in ST leo, NI

We also define classes of functions in analogy with our classes of symbols.

Definition 3.3. (Functions) Let p, N € N, K, K’ € N with K’ < K, ¢ > 0.
We denote by .7-"1,, resp. Fk k. pleol, 2Fk k' pleo, N1, the subspace of 'Y, resp.
FOK,K’,p [eo], res~p. EF(I)(,K/,,;[GO’ N1, made of those symbols which are 1ndepend?nt
of £. We write FR, resp. ]—'}15 % p[Eo], Ef}lf K’ p[eo, N1, to denote functions in F,,
resp. Fx k' pleol, Fk k' pleo, N1, which are real valued forany u € leg/ (I; €).

Paradifferential quantization. Given p € N, we consider functions x, € C*(R” x

R; R) and x € C*®(R x R; R), even with respect to each of their arguments, sat-

isfying, for 0 < §p < LO

supp xp C {(€).6) e RP xR st €] <8l xpE &) =1 for |&'| < $80(8).

suppx C {(§",6) e Rx R st [€'] <80(€)), X(E &) =1 for |&'| < $80(&).
(3.8)

For p = 0, we set xo = 1. We assume moreover, that
0500 xp (€ ) < Cop(e) ¥l VEeN, penr,
O£ X (€ ) < Cep(&)™F, Ve, BeN.

Ifa(x, &) is a smooth symbol we define its Weyl quantization as the operator acting
on a 2 -periodic function u as

op" (@)u(x) = Z(Z k—j, k+/ u]>eikx,

keZ jeZ

where a(k, &) is the k' —Fourier coefficient of the 27 —periodic function x >

a(x, ).
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Definition 3.4. (Bony-Weyl quantization) If a(U; x, &) is a symbol in I and re-
spectively, in T'? ., p[eo], we set that

ay,(U; x,8) £ " xp(J, §)a EuGe D",
JEZ¥)P
oe{t}?

ay(Usx, &) 2 3" x(j. £)aU; j, §)e'l*,

JEZ*

where in the last equality a(U; j, &) stands for j* Fourier coefficient of a(U; x, &)
with respect to the x variable, and we define the Bony-Weyl quantization of a(U; -)
as

op®Y (a(U: ))v(x) 2 0p" (ay, (U; ))v(x)

JAKY o [tk .
-2 w (J’ 2 )“7( 2 >”}'vz‘€‘k"» (3.9)

(.Je@)P+2

oe{+})?’
o-j+j=k
0p®V (a(U; ))v(x) 2 0p" (ay (U; v (x)
i + k k j .
=y x(k—j, %)&(U;k—j, %) vjelkr (3.10)

(J.k)e(Z*)?
Notethatifx(k—j, k;r—]) # Othen |k—j| < 50(#) and therefore, for §g € (0, 1),

1-4 1+6
Ukl < 1jl < —20k], V), keZ.
1+ 60 1 -6

This relation shows that the action of a paradifferential operator does not spread
much the Fourier support of functions.
If a is a symbol in EF%’ K,’p[eo, N1, we define its Bony-Weyl quantization

N
0p™Y (a(U; ) =) 0p®™ (ag(U; 1)) + 0p®Y (a-n (U; )).
q=p

We define, as well that

BW . s ~Bw(laU;x,§) 0
Opyee (@ (U;x,8)) =Op <|: 0 m}),
a" (U;x,8)2aU;x, —§). (3.11)

Remark 3.5. e The operator OpPW (a) maps functions with zero average in func-
tions with zero average, and I'I(J)-OpBW (a) = OpBW (a)l'I(J)-.
e If a is ahomogeneous symbol, the two definitions of quantization in (3.9)-(3.10)
differ by a smoothing operator according to Definition 3.11 below, see [61, page
50].
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e Definition 3.4 is independent of the cut-off functions x,, x, up to smoothing
operators (Definition 3.11).

e The action of OpBW (a) on the spaces H* only depends on the values of the
symbol a(u; t, x,&) for |£€] > 1. Therefore, we may identify two symbols
a(u; t,x,&)and b(u; t, x, &) if they agree for |£| > 1/2. In particular, whenever
we encounter a symbol that is not smooth at £ = 0, such as, for example,
a = g(x)|&|™ form € R*, or sgn &, we will consider its smoothed out version
(1 —x(&))a(x, &), where yx is defined in (3.8). Similarly for p-homogeneous
symbols.

Remark 3.6. Given a paradifferential operator A = OpBW (a(x, &)) it turns out that

A=0p™ (a(v.=5).  AT=0p™ (@@, —§), A" =0p™ (a(x. D).

)

in (3.2), and A* denotes the adjoint operator with respect to the complex scalar

on L2 in (3.2). This results in A* = A".
C

where AT is the transposed operator with respect to the real scalar product <

product { -

e A paradifferential operator A = OpBW (a(x,&))is real (i.e. A = A)if
a(x. &) =a(x, —§). (3.12)
o It is symmetric (i.e. A = AT) if
a(x, &) =a(x, =§).

We now provide the action of a paradifferential operator on Sobolev spaces, cf.
[61, Prop. 3.8].

Lemma 3.7. (Action of a paradifferential operator) Let m € R.

i)If p €N, there is so > 0 such that for any symbol a in f’?, there is a constant
C > 0, depending only on s and on (3.5) with b = B = 0, such that, for any
(Ur,...,Up), for p > 1,

L < ClU g0 - Up s

|Mp+1”Hs~

s—n

[0p®Y (... Uy Ny
If p = Othe above bound holds replacing the right hand side with C ||up+1 || g

ii)Leteg >0, p e N, K' <K eNain 2 o l€ol. There is so > 0, and a
constant C, depending only on s, €y, and on (3.6) with 0 < o < 2,8 =0,
such that, foranytin I, any0 <k < K — K, any U in leg(l; €0),

|0 (afaw: . ») HE(H%HW) SCNEHI gy (B13)

so that ||OpBY (@(U; 1, Do) | g g sy < CIU G I o 0Ok -k -
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Classes of m-Operators and smoothing Operators. Given integers (n1 R ] p+1) €
(N*)p+1 we denote by max», {n1, ey } the second largestamong ny, ..., np41.
We now define m-operators, which include the class of paradifferential operators
of order m (see Remark 3.12), and allow for definition of define the smoothing re-
mainders when the order m is negative (see Definition 3.11). The class /\;l;f’ denotes
multilinear operators that lose m derivatives and are p-homogeneous in u, while
the class ./\/l’l'(’ K'.p contains non-homogeneous operators which lose m derivatives,
vanish at degree at least p in u, satisfy tame estimates and are (K — K')-times
differentiable in . The constant w in (3.15) takes into account possible loss of
derivatives in the “low" frequencies.

The following definition is taken from [20, Def. 2.5] (see also its Fourier char-
acterization in [20, Lemma 2.9]:

Definition 3.8. (Classes of m-operators) Letm € R, p, N € N, K, K’ € N with
K' < K,and ¢y > 0.

i) p-homogeneous m-operators. We denote by /\;ljg the space of (p + 1)-linear

symmetric translation invariant operators from (H © (T; Cz))p x H® (T; C)
to H® (T; C), whose associated polynomial has the form

MUW2MU,...,U)v= ZM”k ug vj et (3.14)

oe{t}?
k—j=0-J
with coefficients M;’ ik symmetric in (ji,01), ..., (jp, 0p), satisfying the
following: there are ©>0, C > 0 such that, forany j = (ji,..., jp) € (Z*)P,
j. ke Z*,
M7 | < € maxa {11 A max {1l gl 1Y
(3.15)

If p = 0 the right hand side of (3.14) must be substituted with Zjez M; vjeijx
with | M;| < C|j|™.

ii) Non-homogeneous m-operators. We denote by M’} KK p [€o] the space of
operators (U, t,v) — M(U;t)v defined on BSIS (I; €9) for some s > 0,
which are linear in the variable v and such that the following holds true. For any
s = sg there are C > 0 and €p(s) €]0, €p[ such that forany U € BSIg, (I;e9)N

Cf (I, HS(T; (C)), any v € Cf_K/ (I, HS(T; (C)), any 0 < k < K — K/,
t € I, we have that

¢ (MU; DY) Hsf%kfm

<C Y (IvheslUIL o + 0l ¢0||U||k,+,<,SO||U||k/+K/,S).
K +k" =k
(3.16)

In case p = 0 we require the estimate ||8tk MU; D)) _34_,y < Clvllg,s-
2
We say that a non-homogeneous m-operator M (U; t) is real if it is real valued

for any u € BsIg, (I; €p).
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iii) m-Operators. We denote by EM’I’}’ K’,p[EO’ N1 the space of operators

N
MU; t)v = ZMq(U)v+M>N(U;t)v, (3.17)
q=p
where M, are homogeneous m-operators in /\;121, q=p,...,Nand M-y is

a non-homogeneous m-operator in M"I} K [e()]. We say that a m-operator

N—H
M (u; t) is real if it is real valued for any u € B (I ; €0). We shall also denote
with ZN ./\/l’” the subspace of

M7 K.K'. [eo, N] made of pluri-homogeneous m-operators, namely symbols
which expand as in (3.7) with M-y = 0.

Remark 3.9. Ey [20, Lemma 2.8], if M(Uy, ..., Uy) is a p—homogeneous m-
operator in M;’} then M(U) = M (U, ..., U) is a non-homogeneous m-operator
in M% 0,p[€0] for any €9 > 0 and K € N.

Notation 3.10. e If M(Uy,...,U,) is a p-homogeneous m-operator, we shall
often denote by M (U) ihe associated p-homogeneous polynomial, as in (3.14),
and write M(U) € M’[;‘ Conversely, a p-homogeneous polynomial can be
represented by a (p + 1)-linear form of the type M (Uy, ..., Up)Up41, which
may not be symmetric in the first p variables. If this form satisfies the symmet-
ric estimate (3.15), then it corresponds to an m-operator in M? obtained by
symmetrizing the internal variables. In the sequel, we adopt this identification
without further comment.

e given an operator M (U; t) in T M} K.K'p [r, N] of the form (3.17), we denote
by
N
PnIMU; )] 2 Z My(U), tesp. P IM(U;1)] 2 My(U) (3.18)
q=p
the projections on the pluri-homogeneous, resp. homogeneous, operators in
EQ’M;” , resp. in M. Given an integer p < p’ < N we also denote that

/

N
PopMU; 012 Y MyU),  PepyMU; D12 Y My (U).
q=p’ q=r

The same notation will be also used to denote pluri-homogeneous/homogeneous
components of symbols.

If m < 0O the operators in X M7 K.K'.p [€o, N] are referred to as smoothing
operators.

Definition 3.11. (Smoothing operators) Let 0>0. A (—o)-operator R(U) belong-
ing to EMEQK, p[eo, N1 is called a smoothing operator. We also denote that

50 A A4—0 -0 A -0
R 7M ) RK K/,p[EO] 7MK,K’,p[EO]’

R L0, NI 2 ZMC, [eo, N1, TR, 2 2N M.
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Remark 3.12. e Lemma 3.7 implies that,ifa(U; ¢, -) isasymbolin ZF% K.p [€o, N1,

m € R, then the associated paradifferential operator OpBW (a(U; 1, -)) defines a
m-operator in TME ., » [eo, N1.

e The composition of smoothing operators R| € ER;QK, ” [eo, N]and R, €

ERI_(,QK’,pz [€0, N1is a smoothing operator Ry R, in ERZ‘)K, [€o, N]. This is

: .. \P1+D2
a particular case of Proposition 3.17-(i) below.

Definition 3.13. (Homogeneous vector fields) Letm € Rand p, N € N. We denote
by %’;’ 1 the space of (p + 1)-homogeneous vector fields of the form X(U) =

~ \2Xx2
M U)U where M(U) is a matrix of p-homogeneous m-operators in (M’;}) .
In particular, one has the Fourier expansion

+ .
XWU) = [igg;_] s X(U)U S Z Xj”,fu‘;e'“k,

(J:k,0,—0)eT 40

where the Fourier restriction %17 is the set of momentum preserving indices,
defined, for a given ¢ € N*, as

‘Iqé{(],a)equ{:I:}q s.t. G~J=O}. (3.19)

We denote ¥ 1])\,:11 .’%’; the class of pluri-homogeneous vector fields. The vector fields

in¥ °

p+1> @ = 0, are called smoothing.

Symbolic calculus. Let o (Dy, D¢, Dy, D) & Dg Dy — D, D, where D, = %3){
and Dg, Dy, D,, are similarly defined. The following is Definition 3.11 in [61]:

Definition 3.14. (Asymptotic expansion of composition symbol) Let p, p’ in N,
K,K € Nwith K/ < K, 020, m,m’ € R, ¢¢ > 0. Consider symbols a €
EF%’K/J,[EO, Nland b € ZF%,K’,,D/[GO’ N]. For U in Bf([; €p) we define, for
0 < o — 50, the symbol

4
(athoh) (U3 1,x,6) 2y
k=0

1

. k
1
o (5“ (D, Dg, Dy, Dn)) [aW: .. 0651,y 0)]

x=y.E=n
modulo symbols in T’ ’;}"{;ﬁp, [eo, N].

Fm+m/

K.K', p+p L€0- V1. Moreover,

The symbol a#,b belongs to X

1
#,b = ab + —{a, b},
a#, a —|—2i{a }

m—+m'—2

K’K,)erp,[eo, N], where

up to a symbol in X"

{a, b} £ da ;b — dya b

denotes the Poisson bracket. The following result is proven in Proposition 3.12 in
[61]:
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Proposition 3.15. (Composition of Bony-Weyl operators) Let p,q, N, K, K’ € N
with K’ < K, 020, m,m’ € R, ¢g > 0. Consider symbols a € EFK K'p [eo, N]

and b € EFZ K'g [€o, N1. Then
0p®Y (a(U; t,x,£)) o Op®W (b(U; 1, x, §)) — Op®Y ((a#ob)(U; 1, x, £))

. . . o+m+m’
is a smoothing operator in ERK K'.pt+q [eo, N].

We have the following result, see e.g. Lemma 7.2 in [61]:
Lemma 3.16. (Bony paraproduct decomposition) Let ui,u> be functions in
H°(T; C) witho > % Then
iy = Op™Y (u)uz + Op®Y (u)u1 + Ri(un)uz + Ry(uz)uy
where for | = 1,2, Rj is a homogeneous smoothing operator in 73;9 for any 0>0.

We now state other composition results for m-operators which follow as in [20,
Proposition 2.15].

Proposition 3.17. (Compositions of m-operators) Let p, p’, N, K, K’ € N with
K' < Kandey> 0. Let m,m’ € R. Then
1.IfMU;t)isin ZMK K'p [eo, Nland M'(U; t) isin EMnIg/,K’,p/[EOv N1 then
the composition M(u; t) o M'(U; t) is in EM'}?E?TP?O) [€o, N1.
2.. If M(U) is a homogeneous m-operator in MZ’ andMOW: ), ¢=1,..., p+

. . m .
1}; are matrices of mg-operators in ZMK{,ZK’,W [eo, Nl withmy € R, g¢ € N,
then

M (M<‘>(U; . ... MPU: z)U) MPHO W 1

belongsto S M+ [eg, Nl withim £ Z max(mg, 0)andg = Zg+ll qe.

K,K',p+q
3.. Let a be a symbol in EFK K'p leo, N ] with m>0 and R a smoothing operator
in ERK K'\p l€o, N1. Then

opPY (@(U: 1, 0 RW: 1), RW:0oOpPY (a(Usit, ) e TR Lo, N1.

4. Ifa, isinf’"andM(U) c EM’};,,K’,p’[EO’ Nlthena,(M(U),U,...,U;x,§) €

EF"K X', p+p/[6(), N]and

PPV (@(W, U, ..., Usx, &) \wemqw) = Op®™ (ap(M(U), U, ..., U;x,8) + RU)

where R(U) € ERK K ptp! [€o, N1, for any ¢ > 0. In particular if a €
EFKl K'p eo, N then

If %U = Mo(U)U, Mo(U) € SM% . oleo, N1,
then 8,0p"™ (a(U: x, &) = Op™ (apy(U: x. £)) + R(U).

where aj1) € EF%,K’+1,p[€0’ Nland R(U) € ZRK K'p €0, N1
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Notation 3.18. In the sequel if K/ = 0 we denote a symbol a(U;1t, x, &) in
I‘%’pr[eo] simply as a(U; x, &), and a smoothing operator in R(U; ¢) in ZRE%J’
[€0, N]simply as R(U), without writing the 7-dependence.

We finally provide the Bony paralinearization formula of the composition op-
erator whose proof is a combination of [61, Lemma 3.19].

Lemma 3.19. (Bony Paralinearization formula) Let F be a smooth C-valued func-
tion defined on a neighborhood of zero in C, vanishing at zero at order g € N. Then
there are sq, €g > 0 such that if u € Byso(T.R)(€0), then

F(u) = Op®Y (F' ())u + R (u) u,

where R (u) is a smoothing operator in EREQO 4 [eo, N1, ¢’ 2 max(qg — 1, 1),
for any 0>0.

3.2. Spectrally Localized Maps

In this section we introduce the class of spectrally localized map, needed to
apply the Darboux symplectic correction (see Proposition 7.1). This class was
introduced first in [20, Def. 2.15]

Definition 3.20. (Spectrally localized maps) Letm € R, p, N € N,K,K' ¢ N
with K/ < K andr > 0.

i) Spectrally localized p-homogeneous maps. We denote by §;’f the subspace

of m-operators S(U) in ./’\ZZ’ whose coefficients S;” ik (see (3.14)) satisfying
the following spectral condition: there are § > 0, C > 1 such that

STk #0 = I <sljl, CTNkI < I < Clkl.

We denote S £ U » g;" and by X fy\' §(’1" the class of pluri-homogeneous spec-
trally localifed maps of the form Zg’: »Sq with §; € g’g’ and ¥ l,ggn £
Uwen EI],VS(’]". For p > N 4 1 we mean that the sum is empty.

ii) Non-homogeneous spectrally localized maps. We denote S¥ . p[eo] the

space of maps (U, t, V) — S(U; t)V defined on BII((,(I; r) x I x CO(I, H%
(T, C)) for some s¢ > 0, which are linear in the variable V and such that the
following holds true. Forany s € R thereare C > Oandr(s) € [0, €o] such that
forany U € B?(I; r(s)NC*(I, H*(T; C?)),any V € Cx_xp/ I, H(T,C)),
any 0 < k < K — K’,t € 1, we have that

185 (SW OV 31 SC D UL IV s i p > 1,
K+k"=k

18 (SW OV 31mm SCUV lls. it p=0.

s— %k—m

We denote that S 4, y[€o] = U, Sk k. pLeol-
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iii) Spectrally localized Maps. We denote by ZS}’(’ K p [r, N] the space of maps
U,t, V) S(U; 1)V of the form

N
SU: )V = Z S,V + SonU; 1)V,
q=p
where S, are spectrally localized homogeneous maps in g;”, q=p,...,N

and S- y is a non-homogeneous spectrally localized map in S¢ ., L1leol

2x2
We denote by (Z% K'.p [r, N ]) the space of 2 x 2 matrices whose entries
are spectrally locallzed maps in X% K.K'\p [r, N]. We will use also the notation

=0 e N2 Uiso B0 [r,N+l].

3.3. z-Dependent Paradifferential Calculus

In this section, z € T \ {0} represents a variable on the torus T = R/(2rZ).
The notation |z| denotes the distance on the torus, i.e., |z|T 2 mingey |z — 27k]|.

The following “Kernel-functions", that depend on the "convolutive 2 -periodic
variable" z, have to be considered as Taylor remainders of functions K (u; x, z) at
z = 0 which are smooth in # and which have finite regularity in x and z. A Kernel
function is a z-dependent family of functions (cfr. Definition 3.3) with coefficients
of size proportional to |z|1.. For n > —1 such singularity is integrable in z.

Definition 3.21. (Kernel functions) Letn e R, p, N € N, K € N, and ¢y > 0.

i) p-homogeneous Kernel-functions. If p € N, we denote?]-{: as the space

of z-dependent, p-homogeneous maps from H> (T; C) to the space of x-
translation invariant real functions « (u; x, z) of class C*® in (x, z) € T2 with
Fourier expansion

IC(M; X, Z) = Z K, ..., Jn (Z)ujl Uj el(]1+ +]p)x zeT \ {O} ,

with coefficients ;. j, (z) of class C*® (T \ {0}; C), symmetricin (ji, ..., jp),
satisfying the reality conditionkj, 7" (z) = k—j,,....—j, (z) and the following:
for any / € N, there exist © > 0 and a constant C > 0 such that

-,U,,,»p(z)‘ <Clypl" 12, iy = (e -enndp) € (P, (320)

For p = 0 we denote by 7(?7—1; the space of maps z — k(z) which satisfy
ol ()| < C 257

ii) Non-homogeneous Kernel-functions. We denote by K F 1"< 0.p [eo] the space
of z-dependent, real functions « (u; x, z), defined for u € B , (I €0) for some
so large enough, such that for any 0 < k < K and / < max {O [14n]}, any
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s = o, there are C > 0,0 < €p(s) < €o and for any u € BS’S (I; e0(s)) N
Cif (I, H* (T; (C)) and any b € N, with @ < s — 50, one has the estimate

\a"a“a’uu;x,z)\ < Cllull? Mulles 121570, zeT\{0}. (321

t7x vz k,so

If p = 0 the right hand side in (3.21) has to be replaced by Izl%fl.
iii) Kernel-functions. We denote by X K F I"{’Q » [€o, N] the space of real functions

of the form
N
(s x,2) = Y kg (15 %, 2) + K6y (U3 X, 2),
q=p
——n
where k, (u; x,z),g = p, ..., N are homogeneous Kernel functions in K]-'q,

and k- y (u; x, z) is a non-homogeneous Kernel function in K F v 41leol
A Kernel function « (4; x, z) is real if it is real valued for any u € BSO r; €0).

We list some properties of the Kernel functions. In view of the second point

of Remark 3.2, a homogeneous Kernel function « (u; x, z) in/IE\fj, defines a non-
homogeneous Kernel function in K F7 0. p[eo] for any ¢y > 0.

Remark 3.22. Let us make some remarks.

e Let« (u; x, z) be a Kernel functionin X FF » [eo, N]with n>=0, which admits
a continuous extension in z = 0. Then its trace « (u; x, 0) at z = 0 is a function
in £F¢ . , leo, N1.

—~—N
o If x(u; x, z) is a homogeneous Kernel function K F p the two definitions of

quantization in (3.9) differ by a Kernel smoothing operator in ?ﬁp Q’n, for any
o > 0, according to Definition 3.25 below.

e (Sum and product of Kernel functions) If «1(u; x, z) is a Kernel function in
SKF  [€y, N]and ka(u; x, z) in EK}“I'?O’W [€0, N1, then the sum (x| +

K,0,pi
k2)(u; x, 7) is a Kernel function in =K f?lg{ﬁfiﬂ;}l 1) L€0, N1 and the product

. . . . ny+ny
(k1x2)(u; x, z) is a Kernel function in EK]:K.O,p1+pz leo, N].

o (Integral of Kernel functions) Let k (u; x, z) be a Kernel function in ¥ K F’ }é,o, »
[€0, N] with n > —1. Then f« (u; x, z) dz is a function in Z]-"}%QP [€o0, N].
This follows directly integrating (3.20) and (3.21) in z.

The m-Kernel-operators defined below are a z-dependent family of m-operators
(cfr. Definition 3.8) with coefficients of size proportional to |z|}. For n > —1
such singularity is integrable in z. A family of z-dependent paraproduct operators
associated to Kernel functions defines a 0-Kernel operator, see Remark 3.24. The
kind of operators will appear only in case m < 0, as smoothing operators in the
composition of Bony-Weyl quantizations of Kernel-functions (see Definition 3.25).

Definition 3.23. Let m,n € R, p, N € N, K € N with ¢y > 0.
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—~—m,n

i) p-homogeneous m-Kernel-operator. We denote by K M p the space of
z-dependent, x-translation invariant homogeneous m-operators according to
Definition 3.8, Item 3.8, in which the constant C is substituted with C Izl'i-,

equivalently,
M 2v@) = Y My, jx@uj...ujv;e™ . zeT\{0},
(Jp-j-kyezrt?
Jittjptj=k
(3.22)
with coefficients satisfying
M, k@ | <Cmax{ljil,..., lipls i} max {11l ..., lipl s i)™ 12l -
(3.23)

If p = 0 the right hand side of (3.22) is replaced by };, M (2) vjel/* with
(M ()| < CLjI™ [zl
ii) Non-homogeneous m-Kernel-operator. We denote by K M7 ol€o] the space

of z-dependent, non-homogeneous operators M (u; z)v defined for any z €
T\ {0}, such that for any 0 < k < K

O (M (u; 2)v)

k—m

[SI[%)

§—

)4 r—1
<Clzlf Y ||v||k~,s||u||k,,50+||v||k~,.m||u||k,,so||u||k/,s) (3.24)
k'+k" =k

iii) m-Kernel-Operator. We denote by ¥ K M';ég » [€0, N] the space of operators

of the form
N
Mu;2)v = My(u)v + M.y (u; 2)v (3.25)
q=p
where M, are homogeneous m-Kernel operators in EMZ”", q=p,...,N

and M-y is a non-homogeneous m-Kernel-operator in M"I;g n1l€o0]l. We

denote by 211;’ ./\7;1 the space pluri-homogeneous m-Kernel operators of the
form (3.25) with M.y = 0.

Remark 3.24. Given a Kernel function « (u; x,z) in ZKFy » [eo, N] then
OpBW (k (u; x, z)) is 0- Kernel operator in ¥ K M%T’O’ » [eo, NT.

Definition 3.25. (Kernel-smoothing operators) Given o > 0 we define the homo-
geneous and non-homogeneous Kernel-smoothing operators as

———0,n ————0,n — -
KR, 2 KM, KR, ol 2 KM, el
SKR, leo, N1 2 SKEMS", [eo, N1
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In view of [20, Lemma 2.8], if M (u, ..., u; z) is a homogeneous m-Kernel
operator in 1?7\72',’" then M (u, ..., u; z) defines a non-homogeneous m-Kernel
operator in KM%:%)F [eo] for any g > O and K € N.

The classes of paraproducts associated to Kernel functions and m-Kernel-
operators are closed w.r.t. compositions as we list below, cf. [21].

Proposition 3.26. (Composition of z-dependent operators) Let m,n,m’,n’ € R,
and integers K, p, p', N € Nwith p, p’ < N.
1. Letk (u; x,z2) € EK}—;I(,O » [0, Nl and ' (u; x,z) € EK.FI”(,_O » eg, N be
Kernel functions. Then '
Op®™Y (i (u: x,2)) 0 OpPW (i (u; x,2)) = Op"™ (kc &’ (u: x,2)) + R (u: 2) ,

where R (u; z) is a Kernel-smoothing operator in ZKR}%";T;, [€o, N] for
any 0>0;
2.. Let M (u; 7) be a m-Kernel operator in EKM%:’(;’F [0, N] and M’ (u; 7) be

an m’-operator belonging to EKMY;,”&/I), [€o, N1. Then M (u; z) o M’ (u; z)

m~+max(m’,0),n+n’ .
belongs to XK My [€0, N1,

3.. Let  (u; x, 2) be a Kernel function in LK Fy 0.p [eo, N] and R (u; z) be a

Kernel smoothing operator in K R}Q(’)n;/ [0, N1 then OpBY (k (u; x,z)) o

Ru;z)and R (u; z) o OpBW (k (u; x, z)) are a Kernel smoothing operator in

—o.n+n’' .
ZKRg o prpr [€0- N;

4.. Let M (u; z) be an homogeneous m-Kernel operator in an, and M' (u; 7)
in SKMY) o leo, N1 then M (M’ (u; 2) u; z) € SK MG leo. N1.

Finally integrating (3.23) and (3.24) in z we deduce the following lemma.

Lemma 3.27. (Integrals of Kernel smoothing operators) Let R (u; z) be a Kernel
smoothing operator belonging to ER;Q(’)ITP leo, Nl withn > —1. Then

/R(M;Z)g(x—Z)dZ=R1(M)g, /R(M:Z)dZ=R2(M),
T T

where Ry (1), Ry (u) are smoothing operators in ER;(?O’I, eo, N].
The following proposition will be crucial in Section 4, and is proved in [21]:

Proposition 3.28. Let n > —1 and « (u; x, z) be a Kernel-function in XK Fy »
[€o, N1. Let us define the operator; for any g € HY(T;R), s € R,

(Teg) (0) £ f Op®Y (i (u; 0, 2))g (x —2) dz.
T
Then there exists
e a symbola (u; x, &) in ZFI_(’((I);") [eo, N] satisfying (3.12);
e a pluri-homogeneous smoothing operator R (1) in E{]yﬁ;g forany o > 0;

such that Teg = OpBW (a (u; x, £))g + R (u) g.



Arch. Rational Mech. Anal. (2026) 250:32 Page 39 of 94 32

4. Paralinearization of the Kelvin-Helmholtz System
Notation 4.1. In the present section we use the notation
B (I:1) & Bek 1wy 07

We warn the reader that such notation is conflictive with the notation introduced at
page 19, but we think that in the restricted context of the paralinearization procedure
outlined here there is no risk of confusion and it helps to streamline the mathematical
statements that we present.

In the present section we paralinearize the system Eq. (1.9) in the (1, ¥)-
variables. The result we obtain is

Theorem 4.2. Let N € N,y > 0, b € Rand ¢ > 0, for any K € N there exist
so > 0 and €g > O such that if n, ¥ € B‘Ylg r (; €0) is a solution of Eq. (1.9), then
(n, ¥) solves the paradifferential equation

[f}jj = 00V (Qy 1 (1, V3 3. ) + B (1, Y5 ) |1 =iV 1, Y5 ) L2 €A o) (0, V15 %, 6)) m

n
+R(. ) M A.1)

where

e The matrix of symbols Q,, y,, whose entries satisfy the reality condition (3.12),
is explicitly given by

A 0 7%
Ly (i &) = {y(l+f(n;x>>(s|2—1)—(b§+wb<n,w;x)) 61+ 2 0 }
€ (2T% 00, N1)2 (4.2)
with
1427 3
n R
f(n;x)é<—> —1eXFk1le, NI,
(1+2m)* + 173 h
1
wo . ix) 2 2 (W win) —1?) € SFE g leo. V], ()

1+ 2n

W ’ ; é X
b 1 3) & (e + ) s s

€ XF¢ .0l€0. N1.

In particular, Wy, (0, 0; x) = b;
°

By (1, ¥; x) 0

L1
By .y %) =3 [Bg (1. ¥r: %) — By (0. 1 %)

2x2
] = (2?}‘5,0,1 [eO,N]) :
(4.4)
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where

JO (s x)
142n

By (1, Y5 x) & (x +D) € BFK 0.1 [eo N1,

2nx (14 2n)
(1+2m)2 +n2

In particular, each entry of By, satisfies the reality condition (3.12);
o Vp(n,¥;x) e 2.7:}%0,1 [eo, N1 and is explicitly defined as

9 (s x) & € Fg 0.1 l€o. N1

L1 b
Vo (0, ¥;x) = 5%(72) o+ ¥xl— 5 4.5)

where Dy (n) is defined in (1.5);

o the matrix of symbols Ao) (n, ¥; x, ), whose entries satisfy the reality condi-
tion (3.12), belongs to

2x2
<ZF(1)<,0,1 [eo, N]) and is given by
Al (0, Y3 %, 8) Al (0, 5 %, 8)
Al . yix, &) AL (o pix ) |
with AFm] (. ¥;x,8) € ZI'g | [0, Nl foru=n, ¢ andm € R;
2x2
e R(n,v) € (ERE%’I [€o, N]) and is real-valued.

A (n, ¥ x, ) £ |:

Remark 4.3. Notice that the quasilinear contribution — (%2 + wy (0, ¥; x)) & =

2 .
YoV e is not nil when b = 0, as it is evident from Eqs. (4.68) and (4.69). This
term, in particular, is an unstable contribution that is not present in the one-phase
version of the present system, cf. [20,61,69].

Notation 4.4. Along this section, for

2
ne By Use)and W £ [z;] € (BSIE’R (I eo)) , we use the notations

1. For any x, z € T (cf. (1.3))
r=r@) =rmx) 2 /1+2n(x) € Fg €. NI,

——1
SnEnx)—nx—2eKF, (4.6)
Aga_Sn _n@)—nbr—2)

T Ssin(z/2) T 2sin(z/2)

2. V(W;x) is a generic element in 2‘7_—%0,1 [eo, N] (cf. Definition 3.3) and
V" (W; x, z) is a generic element in EK]-"I"(,Q1 [€0, N],n > —1 (cf. Definition
3.21);

3. Apn) (W5 x, &) is a generic element in £T'% | [€0, N] for m € R that satisfies

2x2
(3.12) and Ay, (W; x, &) is a generic element in (ZF%’O’I [eo, N]) for
m € R whose entries satisfy (3.12);
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4. R (W)isageneric elementin ER}%J [eo, N]whichisreal-valuedand R (W z)

is a generic element in ER,_(Q(’{’] [eo, N],n > —1 whichisreal-valued. Similarly
2x2
R (W) is a generic element in (272;(%’ 1 leo, N ]) which is real-valued and

R (W, z) isa generic element in ZR,_(?(’)"] [eo, N],n > —1 which s real-valued.

Remark 4.5. Accordingly to the notation introduced in Notation 4.4 we write that
1
RW)wW - [1} =R (W)wi + Ry (W) wy,

where R and R are elements of the space ERE%J [€0, N]. The same holds when

we write R (W; z2) W - |:£|

Notice that from Eq. (1.5) we derive the relation

H (o= nx Do () o+ Ho () o, @.7)
where
N VT 4+2n ()T +2n(y)sin(x —y)
= dy.
o ) e /qr1+n(x>+n(y>—¢1+2n<x>¢1+2n<y)cos(x—y)w(ﬁgf

4.1. Paralinearization of Hy (n)

The present section is dedicated to the paralinearization of the nonlocal operator
Hy(n) given in (4.8). The result reads as follow:

Proposition 4.6. Let N € N and ¢ > 0, for any K € N there exist so > 0 and
€o > 0 such that ifn, g € leé r (5 €0), the nonlinear operator Hy (n) in (4.8)
aclimits the paralinearization

3 () g = 0pPY (=i (14K (1)) sgn € + Aoy (n: 3, 6) )

’ 1
+ OpBW (LK/O (n; %) 1€l + Afo (1, &3 x, 9)’7 + R (. 8) [Z} . [1] ’

142n
4.9)

where
22
(1+2n)% + 2
4n, (1 4+ 2n)3
KO (n; x) £ — e+ 27) € F§ o leo, N1,
(T+2p2+02)° 70
X

Aimi (0, 8;x,8) € 21"%0’1 [€o, N] satisfies (3.12) and R (n, g)

Ko(n;X)é— 6-7:50’1[601 N],

(4.10)

2x2
€ (EREQO , [eo, N]) is real-valued.
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K/O :
3 () [1] = Op®W (%2:) &1 + Af) (n; x, s>>n +R(mn, (4.11)

where
o KO (n; x) € ‘7-"}15’0,1 [eo, N1 and is explicitly defined in (4.10);
o A (13 x,8) € EF%’OJ [€o, N1 satisfying (3.12);

e R(n) € E’RE?OJ [eo, N1 and is real-valued.

Proof of Item 1.. With the notation introduced in (4.6) we can rewrite (4.8) as

) )
%(n>g=/TGz (%)g(x—Z)dZ=ﬂg+/T(Gz (j—f)—ezm))g(x—z)dz,
4.12)

where
/1 —2Xsinz
1 —X—4+/1—-2Xcosz
To handle the singularity of the kernel g(x — z)/sin(z/2) as z — 0 (since g has
zero average), we introduce a desingularized function K;(X) of G; as

N . /1 —4X sin (z/2) (2sin (z/2))?
K. (X) 2 G, (X2 2) 2 2) = :
2 (0 = Ge (X2sin (2/2)) 2tan 2/2) = 1 sin (z/2) — /T — 4X sin (z/2) cos z

(4.13)
and the periodic difference quotient A,n defined in (4.6). Note that K,(0) = 2,
which implies that

G. (X) £

G;(0) =2/(2tan(z/2)) = cot(z/2).

By substituting X = % into the definition (4.13), we get that
A A
K. <—12”> -G, (—12"2 sin(z/Z)) 2 tan(z/2).
r r

Using (4.6), this becomes K, (%) =G, (i—z']) 2tan(z/2). Rearranging and sub-
tracting G, (0), we find that

8:1 . Azn gx—2)
(GZ <r—2> _G, (0)) g (x—2) = (Kz ( = ) _ 2) e SR

Notice that from (4.13) we derive that

- 4
Ké X) = — X (2sin (z/2)) ; .
(1 — 2 Xsin (z/2) — /T — 4 Xsin (z/2)cos(z)) J1—4Xsin (z/2)

(4.15)

We need the following technical result whose proof is postponed at page 35:
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Lemma 4.7. Let K, (X), be as in Eq. (4.13). Then

Azn A
K. (1 +Z2n> —2eSKFY [0, NI, Kl (1 +22n) e SKFY e, N1,

(4.16)

are Kernel functions, which admit the expansions

A
z( Al )—2:K0(77;)c)+K1 (n; x) 2tan(z/2)+V2(n;x,Z),
14 2n

4.17)

A
K. (1 _:Zn) =K x) + K (s x) sinz + V(s x,2)

where KO (; x) and K" (n; x) are functions in .7-'50’1 [€o, N] having the expres-
sions (4.10).Then, K! (7; x) and K'! (; x) are functions in E}"}%OJ [€o, N while
V2 (n; x, z) are Kernel-functions in ZK]:[% 0.1 €0, N1 as per Notation 4.4.

Bony paraproduct decomposition (cf. Lemma 3.16) give us that
A A
(KZ (r_zzﬂ> — 2) g(x —z) =0p®W <KZ < rzzn) — 2>g (x—2)
A
+%W@u—m{&(§g—4
A (4.18)
+ Ry <Kz (_zzfl) —Z)g(X—z)
r
A
Freteo—o [k (22) -]

In view of (4.16) we can apply Proposition 3.26, Items 4. and 2. and obtain that

AZ
Ry (Kz (}7”) —2>g(x —2)=Rm2sg,

N (4.19)
&@u—@{&(;ﬂ—4=Rmmg

for suitable R (e;z) € XK R;ﬁ’)o] [€0, N]. We use now Bony paralinearization
formula of Lemma 3.19 and Bony paraproduct decomposition and obtain that

Azn
K; = -2
('( r2 )

= opBW (Ké (%)) [0pPY (r=2)azn +0pPY Az [r2 1]+ Ry (r72 = 1) Azn + Ro (azn) [r2 = 1]]

(4.20)
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Then, we apply again Lemma 3.19, Proposition 3.26, Items 4. and 2. in order to get
that

opPW (K; (%)) (Ri (2= 1) Ao+ R A [r2 = 1]) = Rz 2y,
4.21)

A A
R( ;ﬂ) 22" =R(m;2)n.
r

p
4.22)

Besides, combining Proposition 3.26, Item 1. and Lemma 3.19, we obtain that

op™ (K; (if)) (00" (r72) Acn + 0p™Y (A [ - 1])

_ Az -
= op"V <r ’K. < rzz ))Azn +0p°Y (VO (1 x, z))n + R(n, g 2)n,
(4.23)

where

Vo x,2) & r*Z(K;(X)X)|X:Aa,,.
We plug Eq. (4.23) and (4.21) in Eq. (4.20) and the resulting equation and Eq.
(4.19) in Eq. (4.18) and obtain, after using

dz=0

1
[E tan(z/2)
and applying Proposition 3.26, Item 1., that

r r
— A
+op (g(xrz . K;( rzin)>AZ77

1
+opBW (Vo(n,g;x,Z))nJrR(n,g;z) [z] e
(4.24)

where
VO, gix,2) £ VO x, 9gx —2).
We Taylor expand in z
VO, g:x,2) =Von, & x)+ Vi, g x.2), Vi€ ZKFg,,leo, N

We thus plug (4.24) into (4.14) and insert the resulting equation in (4.12) and, after
application of Remark 3.22 and Lemma 3.27 we obtain that

B BW Adl) _,)\ 8 =2
g =g + [ op (K( > ) 2>2tan(z/2)dz
aw (8 —2), (A 81
+AOP ( 2 KZ( r2 >>4sin (z/2) tan (2/2)dZ *29

+0pPY (V (. g0 + R (1. :2) m - m ,
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where

s [ Vil gix,2)
V("’g’x)_/qr 2tan(z/2)

1 1
4sin2(z/2)  8cos2(z/4)

We use now the identity 7 SN /2)1 G/ = and Proposition

3.28 and Remark 3.22 in order to transform

Bw [(§(Xx—2) , (A 8:m
fTOp ( 72 KZ( 2)>4sin(z/2) an /)

Z/TOPBW <g(xr2 K ( ))4sm§z?z/2>d

+0p®Y (V (1, g %) + A2y (0, 3 %, E))n + R (1, &) 0. (4.26)

Putting (4.26) into (4.25) we obtain that
Azn g§x—12)
= op®V (K )2 ) =2——>d
Ho (1) 8 g+/T p (z<r2) )2tan(z/2)z

+/TOPBW (g(xrz K ( >>4smaz?z/2)d

+0p™Y (V (1, g %) + A2y (n, g5 %, ©))n + R (0, g; 2) m ' m '

(4.27)
Now, we can use the Taylor-like expansions (4.17), Proposition 3.28 and the fact
that g has zero average and obtain that

BW A\ _,\8(x—2) BW (€0
froo (i (551) -2yt = 0™ (< e

+0pBY (Ao (1 %, 8))g + R (0, &) g (4.28)

Next, denoting

. (=2, [ Am
K gix,0)2 8 K;<1+Z2n lfz KO (n; x) € SKFk o, €0, N1,

we Taylor-expand z K (n, g; x, z) obtaining that
K, g x,2) =K (9, g x)sinz + V2 (1, g x, 2),,

so that applying Remark 3.22 and Proposition 3.28, we obtain that

AOPBW <g(xr2_ K ( zn>)4smaz?z/2)d

_ BW 0 BW 1
= Op (1+2 K® x)>|D|n+0p (K" . g5.0)

+0p™®Y (V (1, g: %) + Aj—2) (1, g: %, ))n + R (n, &) 1.

(4.29)
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We plug Eq. (4.29) and (4.28) in Eq. (4.27) and use Proposition 3.15 and obtain
the desired quasi-linear expansion

5 () g = 0pPV (1+K° (n;x>)ﬂg+0pBW< K (: x)) DIn

1+2n

+0pBY (A0 (1, g5 x, )1+ OpBWY (A|_o) (3 x, £))g + R (1, 83 2) [z] : [i] .
(4.30)

Thus, (4.9) can be derive applying Proposition 3.15 to (4.30) combined with # =
OpBW (—isgné). O

Proof of Item 2.. From Eq. (4.12) and (4.14) we have that

A dz
N= | (K(—)-2)7——- :
Ho (n) [1] /T(Z(rz) )2tan(z/2) (4.31)
Thus, we apply Lemma 3.19 and obtain that
A;n A A A
K. <—> 2 = OpBY (K( . ))[ 3’7} +R(—22”) [—ﬂ (4.32)
r2 r r r r

Notice that from Proposition 3.26, Item 4. we have that R ( ") € XK REQ(’)OI
[€0, N] and by Taylor expansion we have that

5 Az n
R(n;x,z)AR< rZZ >—R(rx>eEKRK01[eo,N]

and, since % e XK M}é(,)o,l [€0, N applying Proposition 3.26, Item 2. we obtain
that

_ A _
Rpx.2)o— e SKRE Leo. N1, (4.33)

so that, thanks to (4.33), we have that

A\ [ A dz o[ L 8.1
AR( r? ) [ r? } 2tan (z/2) R(f"2> [rz /1;4sin (z/2) tan (z/2)dz}

+/ R (n; x,z)dz 7.
T

Next we use the fact that

8.1 . ~
/ 4sin (z/2) tan (z/2) =my(D)n,  with m; (&) €Ty,

the fact that r—2m; (D) € TKMES | [€o, N1, Proposition 3.26, Item 2. and
Lemma 3.27 to obtain that

Azn Az dz
/TR< r2 ) [ i| 2 tan (z/2) R ). (4.34)
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Next, computations similar to the ones performed in Egs. (4.20) and (4.23) allow
us to deduce that

BW (o Az Azn dz _ BW( -2 /(Azn>)|: [ :|
/TOP (K( 2 ))[ 2 Ltan(zﬂ) ‘/TOP U )) Ememwmen ]€ (4.35)

+0pP™ (v )+ Ry .

Taylor-expanding as in (4.29) and using Proposition 3.15 we obtain that

BW [ —2y [ Dzl 8:n
/TOP ( K ( = )) [4sin /2) tan <z/2>] &

= 0p™" (2K (1)) 1D] 1+ Op™™ (A (: x, &) + Ry~ (430

= 0pP™ (72K (1 ) €] + Ago) (s x, §) )1 + R () .
Combining Equations (4.32) and (4.34) to (4.36) we obtain (4.11). O
Proof of Lemma 4.7.. Let us prove at first (4.16). We prove the result for K, only

being the procedure for K the same. Notice that from Eq. (4.13) we immediately

have that the map (z, X) — K; (X) is analytic in T x (—4—1‘, }1) Let us now define

that
Rz(x,y)éKz( Y )

14 2x

which is again analytic for |X|, |y| < €1 small. By analyticity we have that

0 P2aP1e
_ 202" K. (0, 0)
K: (X, y) = Z T ol X

p1,p2=0

PZyPl ,

2Kpy.py ()

with

8528)?1?2 (O, 0)‘ < Cpl'pzl 81_(1714-]72)‘

From Eq. (4.13) it is immediate that

K, (0) =2,
so that
A;n =
KZ( : > =K A =24+ D Ky @) 17 (A
1429 >1 >1
p= Pz
p1+p2=p

=Kr(fix,2)

N
=2+ KP(px, )+ Y K (px.2).

p=1 p>N

=K>N(n:x.2)
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We claim that forany p e Nand ¢ =0, ...,7,

~ ——0
a'KP (g:x.2) € KF,, (4.37)
KN (i x.2) € KFR oyt Leo] - (4.38)

The proof of Egs. (4.37) and (4.38) is the same as the one performed in order to
prove [21, Egs. (4.34) and (4.35)] and is thus omitted. The proof for (4.16) for

K. (1 o ) is the same as the one performed for K, (1 ~on ) with the sole difference
that K] (0) = 0.

The proof of (4.17) follows the lines of the proof of [21, Eq. (4.23)], and is
generic enough to be applied in the present case. It remains to prove Eq. (4.10), we
can Taylor-expand in z = 0 and obtain that

K: (X) =Ko (X) + 9:K; X)[.—pz + R1 (K; X) (2)

KL O =Ky ) + 9K, 0|_g 2+ Ri (K3 X) @)

Explicit computations show that

2X? 4X3
KoX) £2 — —— 3K X),eg 2 — ————
70 rARY4 z=0 P
[+X (1+X2)
2 2
, N 4X , A AX(3-XP)
(1+X?) (1+X?)
Hence setting X £ S +2 and Taylor expanding we obtain that
Azn ) ) nx 4 (1+2ﬂ) Nx Nxx +V2 .
=2- ‘ (5 x,2),
0(1+277 (1+2?’])2+?’]_,2[ ((l+2ﬂ)2+ﬂ%)27 nx,2
2KO0 ;)
(,)( Az ) _ o A0+2me ((] +20? _3”3)(1 +20° 2 . 2)
- 2 3 ~ R
PR (a2 4 nd) (a+202+03)
2K ()
Axy A 40+2mn3 Axn
3sz( )‘ :77X+R0(3ZKZ< ) :x)(z).
tram/l=o (v a2 4) t+ 20/ k=0
40 +2m%n (30 +2m% —n}
aZK;< Ax1 ) & _ i E ) +R0<81Ki( Lx1 ) ;x) @,
“\1+4+2n/|,—0 ((1+2n)2+n%) “\1+2n/|.—o
so that defining
2
L s AU+ 22 aa+2amyd AU+ (a+20ne - )
K (3 x) = 5 — 5 = 5
(a+202+m3)"  (a+202+m) (a+20%+2)

2(+20% =32) (1 +20% nax =4 +202 02 (301 +20)% =)
K (g x) £

((1 +2p)% + n%)3

which are analytic applications w.r.t.  small in W2, proving (4.17) and (4.10).
]
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4.2. Paralinearization of Dy (1)

Here we perform the paralinearization of the nonlinear operator D(1n) intro-
duced in (1.5).

Proposition 4.8. Let N € N and o > 0, for any K € N there exist so > 0 and

€9 > O such that ifn, g € leé r (5 €0) and. Dy () be as in (1.5), we have that
1. '

JO (n;
() g = Op®V (—i % sgné + Aj—2) (n; x, S))g

+opBY (%J’O (n; x) €] + Ajoy (1, & x, 9)’7 +R@.8) [Z} ' m ’

(4.39)
where
2nx (1 +2n) R
O s =2~ =0 c FR O [eo, N1, (4.40)
7 A+an?tgz KOO
2(1+2n)2 (1 +2m)?* — n?
90 (g y & 2AF 207 (A 420" — ) e FRooleo, NI, (441)

((1+2m2 +n2)°

_ 2x2
5. A 01,8 %.6) € ST o leo, N and R (n, g) € (SR [eo, N1) .

2 JO (o x)
(1+277)2 ré &I+ Ao (m:x, &) In+Rmn,

(4.42)

Dy () [1] = 1+ 0pBW (—

where

o JO (; x) is explicitly defined in (4.41), and is such that J° (0; x) = 2;
o A (n; x,§) € 1% | [€0, N1;

o R(n) € TR leo, N1.

Proof of Proposition 4.8, Item 1.. Let us recall that Dy (n) is defined in (1.5). We
proceed analogously as in the previous section. We have, using the auxiliary func-
tions defined in (4.6) and the fact that g is of zero average, that

_ [T S\ g§x—2)
Do () g = /T p <Hz ( ) ) H, (0)) 25in(2/2) dz, (4.43)

where
Ho ) & - V1=2Xeosz o).
1—=X—=41-=2Xcosz
We define
J. (X) £ H, (X 2sin (z/2)). (4.44)

We have the following technical result:
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Lemma 4.9. Let J,(X), be as in Eq. (4.44). Then

A A
Jz( sl ) éJZ< I )—2sin<z/2) € TKFp o, €0, N1,
>1

1427 1+2n
Az
J (1 +Z2n) € SKFp o0leo. N1, (4.45)

are Kernel functions, which admit the expansion

JZ< = )_2sin(z/2)ZJO(U;X)+J1(77§X) 2sin (2/2) + V2 (1:x.2) .
1427

J; <1izzn> =% x) + I () sinz + V(i x,2)
(4.46)

where J° (n; x) , J° (n; x) are defined in (4.40)-(4.41) and I* (n; x) , ' (n; x) €
Fg .1 l€o. N1

The proof of Lemma 4.9 follows exactly the same lines of the proof of Lemma
4.7 (cf. page 35) and is thus omitted for the sake of brevity.
We apply Lemma 3.16 and obtain that

1 Azn
—Jz > ¢ —2
r? ~<,2 >>1g(A !

=z

_aBwW (L (Am B BW N Azn
- <r2JZ(r2 ))>1g(x DO e ")){rZJZ<1+2n)>1} (4.47)

1 Azn 1 Azn
R —d. (=2 —D+R —) | 5dz [ == .
+ 1<r2J&(]+2n)>l>g(x D)+ Ry (gx Z))[er"(1+2n>>1}

In view of (4.45) we can apply Proposition 3.26, Items 4. and 2. giving that

1 A
R | —= — —2)=R .
1<V2JZ(1+2n)>1)g(x z) (n,8:2) 8,

1 A,
Ry (g (x —2) [r—zdz< L ) ] = R(p.g:2) 1. (4.48)
>1

14 2n

Then, we apply Lemmas 3.19 and 3.16 and Proposition 3.15 in a similar fashion to
the procedure detailed in the previous section and get that

1 A,
opV (g (x — 2)) [r—sz (1 +Zn>> }
>1

g(x—2) Azn
-0 (1 (57) Jao

+0p™™ (VO (9, g5 x,2) )+ R (1, g5 2) . (4.49)
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Next, we use the expansions of Lemma 4.9 and obtain that

0.
opBW (L, (-2 g—9=0pP% (LD L yi e )e -0,
r2 2 r2

1+2n

Bw (8(x—2) , (Azn _ BV (& o, .
o (<5520 (5= (55 ) a0

+0pBW (V g0+ Vi gx, z))5z'7

opBV (VO (. g x, z))n =0opBW (V g0+ Vi@ gix, z))n.

We plug the results in Eqgs. (4.50) and (4.49) to (4.44) into Eq. (4.43) and obtain,
after an application of Proposition 3.28, that

IO (n: x) gx—2) 8 8n
— OBV / dz + opBW <—J/0 ; )/ —
Do () g = Op ( 2 25 @/2) 2+ Op prEUIEY T dsin? (2/2)

+0pBW (A1) (1, g1 x, ) + OpBW (A[_o) (i x,6))g + R (1, 81 2) [ﬂ . m ,

(4.52)

from which we conclude after standard symbolic manipulations the identity in
(4.39). O
Proof of Proposition 4.8, Item 2.. Arguing similarly as it was done in order to de-
duce (4.43) and using Eqgs. (4.44) and (4.46), we have that
1 A dz
11 = -2 —J < _— 4.51
Dy () [1] = r +/;Trzz<r )>128m(z/2) (4.51)
We apply Lemma 3.19 and obtain that
_ 2 i Bw (v Az Azn Azn Azn
mon = f o (o (5) |5 < () |52}
dz
2sin (z/2)
Thus, computations similar to the ones that lead to (4.34) give us that
1 A\ [ Azn dz
/ SR(SE) |55 s = R, (4.53)
TV r 2sin (z/2)
Next, similar computations to the ones that lead to (4 35) give us that
Lo ((53)) 5 i
T r2 r2 r2 2sin (z/2)
_ BW (,.—4y Azn 8zn . (454)
_/TOP ( J( 2 )) [<2sin<z/2>)2}d“
+0p®Y (v (1 ))n + R (),
so that arguing as in order to deduce (4.36)
A )
for (5 (30) st
T T\ r (2sin (z/2))
= 0p™ (r=9° (1 )) 1D 0 + OpPY (410 1 x, ©))n + R (myn 43
= Op™" (=4 (i 1) I + Aoy 015 %, §) )1 + R () .
Thus, combining Eqs. (4 51) to (4.55) and the paralinearization
r~2 =140pBW ( 2 )2>n + R (n) n derived using Lemma 3.19 we obtain Eq.
(4.42). O




32 Page 52 of 94 Arch. Rational Mech. Anal. (2026) 250:32

4.3. Paralinearization of # (n)

In view of (4.7), putting together the paralinearizations of Sections 4.1 and 4.2,
we prove the following:

Lemma 4.10. Let N € N, b € Rand o > 0, for any K € N there exist so > 0 and
69 > 0 such thatifn, g € B o.R (I; €9), let # (n) be as in (4.7) then we have that

H () g = OpBW (—i sgné + Aj_o) (13 x, §))g

+0pBW( i IO x) 161+ 2Vo (1. g %) i€ + Ap) (1, &3 x. s>)

ka0 |1 [}]. (4.56)

where
o JO (n;x) € .7-'}%071 [eo, N1 and is explicitly defined in (4.40);
o Vo (n, 97 g5 x) £ 3Dy () g € BFE  [eo, N1, of (1.5);
L4 A[m] (}77 87 X, ‘i:) € EF%’OJ [607 N]v
L4 R (7)» g) e ERE?OJ [607 N]

JO (3 x)
1 +2n

H () [1] = 0pBW (— &1 41V (1; %) € + Ajo) (73 x, E))n + R ],

4.57)
where
2. oJ0 (n; x) € }'}30’1 [eo, N and is explicitly defined in (4.40);
o V(n-x) £ o) [1] € BF o leo. N1 with V (0 x) = 1;
0 (s x,8) € EF K,0,1 [eo, N1,
R (n) € ERKO 1 €0, N1.

Proof. We use now the expression in Eq. (4.7) and Propositions 4.8 and 4.6 as well
as Proposition 3.15 and obtain that

ﬂ(n)g:OpBW< (1 +KO(: 0+ T o X))SgnéJrA 1 %, E))
+opBW (£ K/°<n:x>+”—XJ/°<n;x> 61+ Vo (105 gi x) & + Ao (0. g: 5, &)+ R | 7] - .
2 r2 g 1
(4.58)

Notice thatin order to deduce (4.58) we used the fact that Dy (n) g € 2.7-'}15 0.1 €0, N1,
which stems immediately from the paralinearization provided in Proposition 4.8,
Item 1., next we relabeled %Q)o meg =W (n, 8;1g; x). Next we use Equations
(4.10), (4.40) and (4.41) and obtain that

K® (n; x>+ =i x) =0,
K" (n; x) + 72 S0 x)y = = (s ).

Thus, transforming (4.58) into (4.56). The proof of (4.57) is almost identical to the
proof of (4.56) and is hence omitted. O
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4.4. Proof of Proposition 4.2

We can finally paralinearize Eq. (1.9). We use Equations (4.56) and (4.57), we
set g = dxY and Proposition 3.15 in order to obtain, from (1.9), that

e = OpPY (—? + Ap_ (n: x, s>)vf

1
+0p™ (sz (, Y5 ) &] =1 Vi (1, Y5 %) § + Ajog (0, V15 x, s>>n

+ R, ¥)[n+ ],

(4.59)
where
5 v
By (.92 x) £ Bo (. 9:x) + B (: %) . By (n. Y1) £ +*2nJ° (1; %),
. 9O ;%)
(n; x) T+ 2n (4.60)
and
Al b
Vo (n, ¥ x) = 770 (m) o+ Y] = 5
Let us now paralinearize the term
b+
——5 Db+l
We apply Lemma 3.16 and obtain that
~ Loy o+ 3091 = OpPW <3”7) [20 () [+ 3xy1] — OpBW (W) [l won)

+R (—%) [Do () [+ 85 w1] + Ra (D () [B + dx ¥ ]) [—‘/’ﬂ
Recall that w = Vb (n, ¥; x), so that we can apply Propositions 3.17
and 3.15 and obtain that

opBY (_ D () [b+ 0x Y]

5 )m]= OpBW (—i Vo (0, v: 1) OV + R (0, ¥) ¥,

Ry (—ﬁ> [D () [+ 0911 + R (B (n) [0 + dx 9D [—‘”—} = ROLY) m : m :

2 2
(4.62)
Next we apply the paralinearization stated in Proposition 4.8 and the composition
theorems in Propositions 3.17 and 3.15 and obtain that

. 1 x
opPV (jz ) (2 (1) [+ ;1] = OpBY <7§ g &0+ A (";x’s)»ﬁ
1Yy (b+vYy) 4 |
+OopBW <7WJO(”;X) €]+ Afoy (1, ¢;x’5)>"+R("’ v [xﬂ ' [1]

(4.63)
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s0, using (4.60), we obtain that

% 1
opBW (—%) [Do (1) [b + 0y ¥ 1] = OpBY (—EBO (0, W5 %) 1] + Ap—2) (13 x, s>>w

+OpBW (_1 Yx o+ Yy)

/ 1
ey JO ;1) 161+ Ajo (n,w;x,g)>n+R(n,\/f) [z] ‘ [1]

(4.64)

We invoke now Proposition 4.8 and obtain, using the notation introduced in (4.60),
that

=B ) [0+ vl = OpPY (=5 B (0 ) [€1 + A2 015 5, ) ¥

2 2
—5 + 0pBY (2 — B2 () €]+ Ago) 01, ¥ %, ) )

Z (14+21)*
n 1
+R(n, V) [lﬁ] - [J . (4.65)
Notice that using Egs. (4.62) and (4.61) we obtain that
b b
- +2¢x Do 1) [ + Y] = =D () [0+ ¥re] + Op°Y (—'”7) [Do () [b + 85 1]

+0pPY (=i Vo (1. v 1) )W + R (0. ) m ‘ m '

(4.66)
From Equations (4.40) and (4.41) we obtain the relation
2(1+2p)" 2
JO 1 )= s — (L) (4.67)
((1+2m% +n?)
so that using Egs. (4.60), (4.67), (4.64) and (4.65) and denoting with
Wo (n, ¥; X) £ Wo (n, ¥ X) + bW (; %) € BFg g oleo, N1, (4.68)
where
Yy (14 2n) R
Wo (. ¥:x) & ————— € IF, [€o, N1,
(L2n)?+n2
- 1+2
W (s x) 2 T e nFR Tk, N1, (4.69)

(14 2n)* + n?
we obtain that

Y

b
—5 D0 (N o+ vl + op®W (—7) [Do () [b + 3, Y11

b? 1
=-S5+ op®¥ (—EBb (1, ¥ %) |E] + A2y (; x, s))w

b’ 1
+0p™ <<1 o 3 (W2 . wix) = BE (v ) ) 81 + Apoy (0 w;x,€)>n

nan 1]

(4.70)
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We thus insert (4.70) in (4.66) and obtain that

bty
2

b? 1
D () [+ el = — = +0pPY (*EBb .95 ) 1El =1 Vi (1. Y3 0 & + Af_2) <n;x,s))w

2
Bw( b 12 B2 . .
+0p <(]+2n) =5 (W anyin = BRavin) el + A (n.w.,x.é))n

][]

An iterated application of Lemma 3.19 gives us that

.71

—y K () =0p™ (y (1 + £ G0 (162 = 1) ) + R (),

. 4.72)

>g le 2 FR
S/ B [0, NT.
A+20° 112 K,0,1 10

f(n;x)é(

We can thus now plug Egs. (4.72) and (4.71) into the second equation of (1.9)
(recall that €2 is set in (2.21) in order to cancel the 0-homogeneous components of
the transport) and obtain that

1
v = 0pPY (753}; (1,93 2) (8] =i Vi (0, Y1 x) & + Aj_g) (13 %, s))w

BW : 2 _ - 1
+0p (y<1+f(n,x>>(|s\ D+ a3 3
1
cran [ ]
(4.73)

Finally, we combine Eqgs. (4.73) and (4.59) to obtain (4.1) after a renaming, if
needed.

W2 . w5 x) = BE (1,930 161+ Ajoy O, ¥ v, s>>n

5. Complex Hamiltonian Formulation of the Kelvin-Helmholtz Equations

We begin with the real Hamiltonian system (2.5), and introduce the following
associated complex variables

[Z] N Cm .= % [_11 ﬂ . l= % [} _11] 5.1)

Under this change of variables (2.5) is equivalent to

[zi] = IV H (c [gD . (5.2)

Defining Hc £ H o C and noting that

=l AR
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we obtain that (5.2) can be written as a Hamiltonian system in the complex coor-
dinates (5.1) as

Vi=JcVyHe (V), V£ m : (5.3)
where the complex Poisson tensor (cf. (2.5)) is defined as

s 0 i
Jc2—iJ = [_i 0} : (5.4)

Next we define the Fourier symbol

=

L [ El ] )
M, (é)=\/2w%b(s> R 2(v (P 1) - 02 (8 = 1)) o
(5.5)
e O

€]

Then, we consider the symplectic matrix

m, , (D) 0

Sy (D) é[ 0 myb(D)_l] and M, (D)= S,5(D)oC. (5.6)

Notice that

My,b(g)AL[ My b (§) my,b(s)} (R 2:2

V2 L=imy s &)t imy ()7 0 ’ )
e Lmp@®™ im b@)} =1/4)2%2 '
ML@E 22— | 7P v r :
r» ) ﬁ[my,b(srl S| < ()
We define the complex coordinates U as
A U A pp— n - - i
U2 M = MV’L (D) [w] =Cc'o SV’L(D) [w} ) (5.8)

Notation 5.1. Let K € N, ¢y > 0,m € R, N € Nand 0 < K’ < K. We work on
a time interval I = [0, T'] for some fixed T > 0O to be determined. This latter is a
priori implicit but will correspond to ce =¥+ Moreover, from now on we denote
with

° A[m;K,] (U; x, &) any generic element in the space EF%,K/J [eg, N, while

2x2
A[m;K/] (U; x,&) is a generic element of (EI‘”’ 1 L€o, N]) such that

KK’
JcOopBY <A[m; K] U;x,& )) is linearly Hamiltonian up to homogeneity N
(cf. Definition A.2), whose explicit expression may vary from line to line.
We use as well the simplified notation Ajy,.0) (U; x, &) £ Aim) (Us; x, &) and
Apmio) (U3 X, 8) = Ay (U x, 8);
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® Rigq (U) and R[K/] (U) any generic element in the space ZR}QK, | [€0, N1
2x2
and (ERE)K,’I [eo, N ]) respectively, whose explicit expression may vary
from line to line. We denote as well Rjg) (U) £ R(U) and R (U) R (U).
We prove the following:

Proposition 5.2. (Kelvin-Helmholtz equations in complex Hamiltonian coordi-
nates) Let N € N, ¥y > 0, b € Rand o > O, for any K € N there exists
so > 0 and €g > O such thatif n, ¥ € BKR (I; €9) is a solution of Eq. (1.9), then
U defined in (5.8) solves the complex Hamlltoman system

=Jc opBY <A3 WUin) oy O+ A1 Uix, )+ Ay Uio) €12 + Apy) (U, s>>U+R<U>U (5.9)
where
e Jc is defined in Eq. (5.4);
2x2
« Ay U:x) € (SFE g le0. 1) is defined as

0 1] £((M,5(D)U),:x) [1 1]

A
A;(U,x)—[lo + 5 1

(5.10)

where £ (n; x) is defined in Eq. (4.72);
2x2
A (Usx,§) e (zr}ﬂo)l €0, N]) is defined as

_ By (M D)) U, i
0 1]+ 5 (My, b (ID]) Us x) |S||:(1)£)ii|’

Ay (U:x,é)é—Vb(My,b(D)U;x)E[l 0 >

where Vi, (n,Y: x) € SFg o [€0, Nl and By (0, ¥; ) € SF¢ , [€o, N]
are functions in defined in Egs. (4.5) and (4.60);

2x2
° A% (U;x) € (2.7-'}5 0.1 [eo, ]) is defined as

B (MU
aywnzaywin 1] 25 <(X)+f(7’lx)—wb(MUx) ]

(.11

2 2y 2

where wy, (n, ¥; x) is defined in Eq. (4.3);
o Ajo) (U; x,%) and R (U) are as in Notation 4.4.

Proof.

Step 1. (Diagonalization of the linear part of (4.1)) We diagonalize the matrix de-
fined in (2.15) as

3 2x2
Lyn @) =My5 @ Dy OMLE).  Dyp®) 2 lwyb@)[l Ol]e<rg> ,
(5.12)

~ 3
where w, 1, (§) € 1"5 is defined in Eq. (2.19). Defining U as in (5.8) where I:Zi|

solves (2.14), the vector-valued complex function U solves the diagonal linear
system
U=D,y(D)U.
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In particular thanks to the relation (5.8) combined with (5.5), which implies that
1 .
m, » (IDD[1] = 0, assure us that if (n, ¥) € H8+4 (T; R) x HS_% (T; R) then
u € Hj (T; C) =~ H* (T; C) fors > 0.
Next, expanding (5.5) we have that

my b &) L, (b)2 L rmo e (5.13)
b = by - = .9 B .
! Qyledi  \2/) @ypi TP

9
. b}
with my’b;_% (1EH e Ty *.

Notation 5.3. From now on we use the abbreviated notation M £ M, 1, (ID]) de-
fined in (5.7) and m £ m, 1 (|D]) defined in (5.8) for the sake of brevity.

Step 2. (Reformulation of Eq. (4.1) in complex coordinates)
Recall the matrix of Fourier symbols L y, in (2.14) and the matrix of symbols
0, v, in(4.2); we define that

Qy,b;)l (777 W X, %_) = Qy,b (77’ W; X, é) - L)/,b (é)

_ 0 0 2 (5.14)
= [q(n, Vix, ) 0} € >lkouleo N,
where, from Egs. (5.20) and (4.2), q (U; x, &) is the real-valued symbol
. _ . 2 _ _ . 2 _
Q. vix.§) =y £ ) (16 = 1) = wy (0.3 ) 6] 4+ (—(1 e 1)
=y £ %) 17 —wy (0, Y5 1) [€] + do (0, ¥ 5, §)
(5.15)

with

Qo (7. ¥:x,8) = —y £(:x) + 1 ( —~ 1) € X% o [€o, N1.

14 2n
Then, by (5.12), Eq. (4.1) becomes

n{ _ -1 7
[w], My (DM [w]

=0p"W (Q 151 (s X, 8) + By (n, V1 0) |6l — iV (0. ¥: x) Idg2 & + Ajo) (0, Y3 x. £)) [Z]

+0p®V (Ago) (n, Y5 X, ) + R (n, ¥) [Z] .
(5.16)

v
from the left for M~ obtaining

SinceU = M~ |: 1 i| we can derive the evolution equation for U multiplying (5.16)

Ui =Dy (D)U
=M'0pPY (@ ) 1 (MU x, 6) + By (MU; ) €] — iV, (MU; 2) Tdg2 §)MU (5.17)
+M~LopBY (419 (MU; x, £))MU + M~ R (MU) MU.
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Recall that M~ is explicitly defined in (5.7). We have the following relation:

1AL A
i
_ 1 m7lAm+mAgm~! +imAsm —im~'4,m™! m™lA;m - mAgm~! +imAsm +im~la;m™!
T2 mlAam—mAym! —imAzm —im—Aom! mmlAim 4+ mAsm~! —imAsm +im~lA,m~L |
(5.18)
Notice now that given
a(U;x, &) € STy [, N1, a@ ely”,  pE) ely”,
applying Proposition 3.15 we have that
a (D) Op®Y (a (Us x, £))B (D)
1
=op®¥ (a Ux.Ha E) P E) + 5 @U:x. 8)y (0 ©) B ) —a (8) Be (E)))
) (5.19)
+0pPW (EF}?‘,'J T e, N])
+ZR5) | leo, N1
Then, applying (5.18), we have that
- i 11
M=T0p™ (@, 1 MU x, )M = - m Op™ (@ (W x, 6pm | - |,
(5.20)

where Q(U; x, &) is the real valued symbol in (5.15) evaluated at (n, ) = MU.
We apply Equation (5.19) and obtain that

2

m opBW (q (U; x, £))m = OpBW (q Wix, 5)m2 o () + AL 5)) +RU).

(5.21)
Thus, combining Eqs (5.20) and (5.21), we obtain
M~1Op"™ (@} 1.1 (MU; x, §))M
i 1 1
= % <OpBW (q U;x,8) m)z,,b 6+ A[f%] (U;x,§)> +R (U)) [_1 _1] .
(5.22)

Next we apply Egs. (5.18) and (5.19) to the matrix-valued symbol By, (MU ; x) ||
defined in (4.4) and obtain that

M~1opBY (B, (MU; x) | )M
= 500"V (B, (MU ) [£1) [1 0} + 700"V (BE MUz ) fe 13, ) [—1 —1]

+0pBW (A0) (U; x,8)) + R (U).
(5.23)



32 Page 60 of 94 Arch. Rational Mech. Anal. (2026) 250:32

The same procedure give s us the conjugations
M~LOpBW (i, (MU x) £)IdgaM = OpBY (iVi, (MU; x) &)Id2

+0p®Y (Ajo (U; x,8)) + R(U),
M~'Op®Y (Ajg) (MU x, §))M = Op®Y (A(q) (U x.£)) + R (V).

(5.24)
while Proposition 3.17 implies that
M~'R(MU)M ~~ R (U). (5.25)
We plug Equations (5.22) to (5.25) in Equation (5.17) and obtain that
2
U — D,y (D)U = 0pBW ZA% (U;x,8) + Aoy (U; x, &) |U + RU) U,
j=0
(5.26)
with
35§ 2x2
AV (U x,8) € (EFKZO 1 [€0, N]) ,
k=i 0,
and are explicitly defined as
AU 2 lquinom, @] " ]
% s Ny - 2 q s Ny y,b _1 _1 )
NH 11 o gy b S [10], BeMUzx) 01
i 1 1
AV U x, &) 2 B (MU ) [ () [_1 _J :

We now expand the symbols in (5.27) in decreasing para-differential orders using
Egs. (5.15) and (5.13), thus obtaining that

qQU; x, 5)ym’ , (6) = \/g £ (p; x) |£]3

! b 2f - MU >
+ 5 <§> (5 x) —wp (MU; x) | €]

B2 (MU x) [§]m2 1, (6) = ——= B2 (MU x) |s|%+A[J U x, ).

\®)

14

[~]
—

(5.28)
Thus, inserting (5.28) in (5.27), we obtain that

2 2
DAV Wix.§) =) AL (Uix.6) + 4

j=0 i=0 ’

[_”(U:x,é),
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where

Wi 311
A?(U;x,é):%\/gf(n;nlélz[_1_1],

Al w;x,6)2 AN W x, 8),

Al B2 MU b 2
A?(U;x,g)_;m( b(z X)+<§> f(n;x)—wb(MU;x)> |§|% [_11 _11}

Therefore, (5.26) becomes

2
Ui =Dy (D)U =0p®™ [ Y~ AL, (Ui x, &) + Ajg) (Us x, §) U+ R(U)U.
. 2
j=0
(5.29)
We now further refine the expression deduced in (5.29) by expressing the leading
term as a quasilinear perturbation of the unperturbed frequencies w, y, (§), cf.
(2.19). Using (2.20) we have that

H .. N EACE)) 1 £Gpix) (b2, L ) 11
A%w,x,s)fn( o &)+ = (5) €2 A g@en)| )

so that, defining

sEmO[1 17,
J(CA%:)](U,X)* > o1 1|

L1 1 (BEMU;x) b2 117,
J(CA% (U,X)_zm(bzx +2<§> £ (; x) —wp (MU x) [_1 _1] 1,

JcA U:ix.6) 2A8 Ui x ),
we transform (5.29) into
U —Dyx (DU
= Jc op®V (A%;21 (Usx) 0y () + AL U3 %,6) + AL (Ui ) 612 + Aoy (Umé))u

+RU)U.
(5.30)
Next, an explicit computation shows that

Dyy(E)=w,p) Jc [(1) (1)] )

Thus, defining

2|0l
A% (st) - [1 Oi| +A%,>] (Uv-x)v

it remains only to show that (5.30) is a complex Hamiltonian system and that
JcA) (U; x, &) is linearly symplectic. Indeed complex variables transformation
M;’lb in (5.8) is the composition of the complex transformation C~" in (5.1) and



32 Page 62 of 94 Arch. Rational Mech. Anal. (2026) 250:32

the real symplectic map S;’]b(D), see (5.6). Then the equation for U has the com-
plex Hamiltonian form in (5.3). Then we apply Lemma A. 14 to each homogeneous
component in (5.30). As the explicit positive order symbols are linearly symplectic
by direct inspections, we eventually replace Ajo) (U; x,&) as in (A.17) to get a
linearly symplectic matrix of symbols. This conclude the proof.

6. Block Diagonalization and Reduction to Constant Coefficients

In this section, we perform spectrally localized, linearly symplectic, and bounded
transformations to conjugate the complex Kelvin-Helmholtz system (5.9) into a di-
agonal constant-coefficient system, up to a smoothing remainder. Specifically, we
prove the following.

Proposition 6.1. Let N € N and o > 3 (N + 1), there exists K' > 0 such that for
any K > K’ there are s > 0, €9 > 0 such that, for any solution U € leg (I; €0)
solution of (5.9) there exists a real-to-real invertible matrix of spectrally localized
maps B (U; t) such that

2x2
1.BWU:t), B(U:t)" ! e (S[O( x'—1.0 L€o, N]) are linearly symplectic up
to homogeneity N, according to Definition A.4. Moreover, B (U;t) — 1Id €

2(N+] 2x2
TSk k1.1 €0, N] ;

2. The variable W £ B (U; t) U solves

1
Wy = OpBY (i [(1+v<U;r>>wV,b<s>+%(U;nsw% U2 + 6 (U, | ) W+RWU; W,
(6.1)
where

ey ()€ f§ is defined in (2.19);

ev(U;t) € 2.7:}%0,2 [eo, N and is independent of x;

e U (U;t) € 2‘7:51,2 [eo, N and is independent of x;

° 5% U;t) e 2}—52,2 [eo, N] and is independent of x;

e h(U;t§) € EFOK,K’,z [€o, N1, is independent of x and such that Im#by
Us1,8) € Ty gy €0l

2x2
eR(U;1) € (ERKQ;?(NH)[ €0, N]) .

The rest of the section is devoted to the proof of Proposition 6.1. The procedure is
now rather classical so we state the main steps, for the missing details, we refer the
interested reader to [20, Section 6].

6.1. A Complex Alinhac Good Unknown

We first perform a change of variable, known as Alinhac good unknown that
cancels the anti-diagonal terms of order one in (5.9).
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Lemma 6.2. (Alinhac Good Unknown for the Kelvin-Helmholtz equations in com-
plex coordinates) Let N € N, y > 0, b € R and 020, for any K € N there exist
so > 0and ey > OsuchthatifU € leg (I; €g) solves (5.9) there exists a real-to-real
matrix of operators G(U) such that

2x2
1.GWU), GWU) e (8?(’0’0 [€o, N]) are linearly symplectic, according to

1 2x2
Definition A.3. Moreover, G (U) —1d € <ZSK’20,1 [eo, N]) R
2. The variable Uy £ G (U) U solves

0 0 1
U = Jc OpBW (A? U;x) wy0 @ +AY U;x) £12 + A1) U x, 5)) Uo
2 2

— OpEY iV, (MU x) £) Ug + R (U) Up,
(6.2)
where
e the symbols A(§0) £ A 3, Wyp and Vy, are the same as in the statement of

2
Proposition 5.2 and A|o.1), R are as in Notation 5.1;
2x2
oA e (Ef}?o [0, N]) is defined as
i 0,

2
O 7.y 2 4O o 1T L T BT . 11
A% (U,x)—A% U; x) [1 1i|—zm 2f(n,x) wp (MU x) 11l

where wy, (n, V; x) is defined in Eq. (4.3).

Proof. The procedure that we use here is the same as the one proved in [20, Section
6.1], thus we omit to perform detailed computations, in particular the Item 1 is true

by direct computations and the fact that G (U) —1d € (ES%O’ 1 leo, N ]>2X2. This
latter fact is a consequence of Lemma 3.7. The only difference, compared to [20],
is the symbol A% U; x) |§|% € EFI%(’O,I [€0, N] appearing in (5.9) and defined
explicitly in (5.11), which shall be treated in detail. Let us define the transformation

GW)21d— % [_11 _11} opBY (Bb MU; xym2 (g-)). 6.3)

The fact that G (U) is a nilpotent perturbation of the identity allows us to compute
its inverse as

e [_11 _11} 0p™Y (Bo MUz )M, (6)).



32 Page 64 of 94 Arch. Rational Mech. Anal. (2026) 250:32

Thus, defining Uy £ G (U) U, and using the conjugation rules

G ) Jcop®Y (430, ©)G W)

B B?
opBW (Agwy,b ©-i2 g _01] L CINE A[01> TRW).

G (U) OpBY (—iVué) 1d2 G (U) ™1 = OpBY (—iVp€) 1d g,
G (U) Jcop®W ( = g [ DG !

B2
= JcopBY (1 l&| [1 Ol] -2 m @) [} i] + A[O]) +R(U),

6.4)
we get, using also Eqgs. (6.4) and (5.13),

G () Jcop™ (Az0y. ©) + Al)G )"

1
= Jcop®V (Aswyb@ N |s|2[ }+A[O]> (6.5)
+Opvec( lvbé)"’R(U)

Due to the particular nilpotent structure of J ((;OpBW (A ! (U; x) |&] %) and G(U)—
Id, the conjugation for the symbol of order 1/2 explicitly given by

G (W) Jcop™ (A3 W30 1812)G W)™ = JeOp™ (4, W0 817).
i i (6.6)
Remark that there is a cancellation of the terms of the form |& |% between (5.11)
and (6.5) leading to the expression of A(10) in the statement. Moreover, we have
2

G (U) U, = 3,Up — (3G (U)) G (U)"" Up. (6.7)

Hence, from Item 1 and Proposition 3.15, we have that
@G ) G U)~" = 0p”™ (A[_;;l] U; x, é)),

AL - [_11 _11] 0By (MU; x)m2 (8. 6.8)

The conjugations proved in Egs. (6.5) to (6.8) and the computations performed in
[20, Section 6.1] conclude thus the proof of Lemma 6.2. We remark that the zero-th
order matrix Ajo, 1) is the sum of the linearly Hamiltonian matrix A _ 1 and the
contributions coming from Ao in Eqs. (6.4) and (6.5). To prove that JcAjo) is
linearly Hamiltonian up to homogeneity N we then apply Lemma A.15 to each
homogeneous component of the operators in Egs. (6.4) and (6.5) which are linearly
Hamiltonian thanks to Lemma A.S. |
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6.2. Diagonalization at the Highest Order

In the present section, we diagonalize the quasi-linear contribution

Jcop®¥ (A%") U x) 0y (s>>,
2
which reduces to the diagonalization of the matrix

—(1+£WU;x)) —£U;x)
£(U;x) 1+ £WU;x) |’

where £ (U; x) is defined in (4.3). The eigenvalues of (6.9) are given by +i A (U; x)

where
A(U:;x) 2 /142 U; x) (6.10)

and we have that A (U x) — 1 € F¢ | [€0, N]. Defining

JcAY (U;x) =i [ (6.9)
2

1+ £+ R —f
9 g: b
VA +£+1)2—£2 VA +£+1)2—£2

the symmetric and symplectic matrix

h 2x2 -~ h — 2x2
F= [g i] € <2f}l§,o,o [€o. N]) , FTlE [_g hg] S (2}'%0,0[@, N]) :
(6.11)

[I>

h

which are such that
1 R 2x2
F—1d F'—lde (zfm] [0, N]) : (6.12)

diagonalize (6.9) in the sense that
—1 05, [—iA 0
F JCASF_[O ik]'

We prove the following result.

Lemma 6.3. Let N € Nand ¢ > 0, for any K € N* there are so > 0, €9 > 0 such
that, for any solution U € leg (I; €9) of (6.2) there exists a real-to-real invertible
matrix of spectrally localized maps V1 (U) such that

2x2
1. W (U), W, (U) ! e (89(,0,0 [6()]) are linearly symplectic as per Definition

2x2
A.3. Moreover, W, (U) —Id € (28,0(,0’1 €0, N]) .
2. The variable Uy £ W (U)Uy solves

801 = OpBY (i 2. (U3 ) oy ) =i V" (W5 20 €) Uy

1
+ JcOpBY (A(f) U: x) €17 + A1) (U: x, s>> Ui + Ry (U) Uy,

(6.13)
where
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3
o w, 1, (§) € Iy is defined in (2.19);
e L (U; x) is defined in (6.10);

o ViV (WUix) € SFE | [€o, N1;

2x2
AV Ui £ MWUi0) + g U0 AT (W) € (SF g e NT)

Proof. Arguing as in [20, Lemma 6.4] the 1-flow ¥ (U) £ W7 (U)|,_, of

T _ pw (|1 log (b (U; x) + g (U; x)) 0 .
% ¥ (1) = JcOp ([ 0 —ilog(h(U;x)+g(U;x))D '

vou)y=1d
(6.14)
is such that

v, (U) = opBY (F’l U x)) +RW), ¥ W) '=0pBY(FW;x)+RW). (6.15)

Since the generator in (6.14) is linearly Hamiltonian, Lemma A.6 ensures that
2x2
W, (U) is a linearly symplectic, spectrally localized map in (ES?( kil N ]) .
Thus, the new variable U; £ W (U) Uy solves (cf. (6.2))
8 U1 =W (U) Jc OpPY (A(;” W3 %) w5 @) + A (Us2) 1617 + A U3 x, s>)~1n v
2 2

+8,% (U) ¥, (U)"' Uy — ¥, (U) OpBY iV, (MU; x) )% (U) ' Uy + ¥, (U) R (U) ¥, (U) ' Uy.
(6.16)

Following the same computations as in [20, Eq. (6.3)] we have that

¥, (U) Jc OpBY (Ag” (U: x) wyp (é))‘l’l )™

(6.17)
= Op®W <iA (U:x) 0y p (§) [_01 ﬂ + AH;O] (U: x, s)> +RU).

Similar computations give us the conjugation
0 1 _
v, (U) Jc opBW (A(Q U; x) |E|2>\I'1 )~
2

= JcOpBW ((h(U; N+ U2 AP WU x) 517 + ALy Uin 0| +RW)
2 2

(6.18)
and

Wy (U)0p®Y (Afo.1) (U; x,6))¥; (U~ = 0p®W (40,1 (U; x,6)) + R (U),
(6.19)
while from Egs. (6.15) and (6.12) we obtain that

W (U)W (U)" =0p®Y (Ajo.1) (U; x,8)) + Rypy (U), (6.20)
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and standard symbolic computations (cf. Proposition 3.15 and Eq. (6.15)) give that

W1 ) OpEY iV (U0 ) W1 () = 0pEY (1" Wi m€) + R W),
Vil (Ui x) € SFE  [€o. N1. 6.21)

We conclude plugging Egs. (6.17) to (6.21) in Eq. (6.16). We remark that the zero-
th order matrix A[o,1] is the sum of A[f%;o] form Eqgs. (6.17) and (6.18) and A[.1)

from Egs. (6.19) and (6.20). To prove that Jc Aj[o. 1] is linearly symplectic we then
apply Lemma A.15 to each homogeneous component of the spectrally localized
operators in Egs. (6.17) to (6.20), which are linearly Hamiltonian thanks to Lemma
AS. O

6.3. Reduction to Constant Coefficients at the Highest Order

Lemma 6.4. (Reduction of the highest order) Let N € Nand o > 2(N + 1). Then
forany K € N* there are sy > 0, €9 > 0 such that for any solution U € leé (I; €g)
of (6.13), there exists a real-to-real invertible matrix of spectrally localized maps
V) (U) satisfying

2x2
1. ¥U), ¥o(U) € (82’0’0[60]) are linearly symplectic as per Definition

Nl 2x2
A.3. Moreover, W>(U) — 1d € (ES) $hleo, N1)
2. The variable Uy £ W, (U)U, solves the system

a2 = 0pBY (i [(1+ o) 00 ©) = VP W3 0)E]) U

BW [ 4@ (7. 1 .
+ JcOp (Aé (U,x)lélz+A[o;l](U,x,S))Uz-i-R(U)Uz,

(6.22)
where
e v(U) is a x-independent function in E]:% 0.2l€0, N1 and wy 1,(§) is defined
in(2.19);

2
° VL.EZ)(U; x) is a real valued function in (ZF}E 1.1l€0, N]) N

L4 A(;) (U, X) £ A(;) (U, X) [} }:| where
2x2
2
A(%) (U;x) € (Z}"}%OJ [€o, N]) :
e R(U) € TR [eo, N)

Proof. We refer the interested reader to [20, Lemma 6.7], the only difference being
the conjugation of the term of order 1/2, which is achieved by standard paracom-
position theorems, such as [61, Theorem 3.27]. Notice that conjugation worsens
the regularizing properties of the smoothing operator in Eq. (6.22). O
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6.4. Diagonalization Up to Smoothing Remainders

In this section, we block-diagonalize the Kelvin-Helmholtz system up to a
smoothing remainder.

Lemma 6.5. (Diagonalization to arbitrary order) Let N € N and 0 > N. Then
for any n € NU {—1}, there exists K' & K'(n)>0 such that for all K > K' + 1,
there exist so > 0 and €9 > 0 such that for any solution U € BKR (I; €9) of
Eq. (6.22), there exists a real-to-real invertible matrix of spectrally locallzed maps
P, (U) satisfying

2x2
1. ®,(U), ®,(U)"! e (82’0’0[600 are linearly symplectic up to homogene-

2x2
ity N as per Definition A.4. Moreover, ®,(U) —1d € (ZS,O( k1 N]) R
2. The variable Uy 3 £ @, (U)U, solves

% Up_ra = OpBY (i [(1 +oU) 0y b ) = VD Wi g +all)y U:x) €12 +a‘”)<U;x,s>D Unt3

+ JcOPPY (A 711] U3 x.8)) Uiz + RWU) Upys,
(6.23)
where
. al") (U:x) € Fg o, Leo. N1,
°q, )(U x, &) is a symbol in EFK X' 1Leo, N1 with
Ima” (U x, &) € TS g0 o leol,
eR(U)e ZRKf’lff(N” [€0, N1,

Proof

Step 1. (Reduction of the term of order 1/2) Notice that the term of order 1/2 can
be written as

Bl—

1
J(CA(f) (U;x) g]'? =—la1/2) (U x)[ 1} 51
al/z)(U x) € £Fg .1 leo. N1.

Let now

0 FED(U; x,8)
FED(U;x,8) 0 ’
a\, W x) g2
2(1+v(U)) wyp ()

FoDWsx6) = [

FED s, 8 2

€ =gl €0, N1

and let (<I>;H) (U))‘r|<1 be the flow generated by OpBW (F(—l) U; x, g)) with

initial condition Q(}(_,) (U) = 1d as per Lemma A.6. We denote with ® (U) £
<I>;,(_,> (U). Since F=Y is linearly Hamiltonian, Lemma A.6 ensures that ® (U)
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2x2
is a linearly symplectic, spectrally localized map in (232 kol N ]) . Let us

define
Us £ @y, (U) U2 = @ (U) Vs,

which is the solution of
003 =@ ) oplY (i [(1 + 0@ 0,5 @ — VP Wing]) @ ) 0
1
F @@ U) @ W)L Uy + @ U) JOpBY (A(I” W; ) €12 + Ajg. (U x, 5))@ ) tuy (6.24)
2

+ @ W)RW)® (U) ! U;.

The following conjugation rule apply (cf. [68, Lemma A.1]) setting
F £ 0p®W (FOD (U:1x,9))
—1 L 1 q 1 ! L &7 L+1 T -1
SUHMUYdWU) ' =M+ Zl SAdE M+ E/o a-nher At el ),
=
(6.25)
@ U W)~ = JcopPW (A1 1) (Us x. ©) + Ry (U). (6.26)

An application of Eq. (6.25) for L > # — 1 combined with symbolic calculus
considerations give us that

1
o) <0p‘ée‘2’ (i 1+ o) wy 1 &) + JcOpPY (A‘f) U: ) €12 + Afo;(Us x, s>)> oW
2 (6.27)

_ 1
= opBY (i [(1 +oU) oy @ +a) Ui 1812 D +Jc0pBW (A19,1) (Ui x.8) + R (V).

in which the off-diagonal terms of order 1/2 have been canceled. Applying Egs.
(6.27) to (6.26) to (6.24) (and renaming ® (U) R(U)® (U)_1 ~ R(U) in light of
Proposition 3.17, Item 2. we obtain that

0:Us = OpEY (i [(1 + 0(U) 0,0 ©) = VP U3 1)+ Wi ) 617 ]) Us

+JcOp®Y (Ajo;11(U: x,§))Us + R(U)Us.

(6.28)
Notice that the conjugation rule in Eq. (6.25) does not modify the principal sym-
bol of the transport term. Moreover the zero-th order matrix Ajo,1] is the sum of
A_1.1) form Eq. (6.26) and A|o.1) from Eq. (6.27). To prove that JcA|o;1] is lin-
early symplectic we then apply Lemma A.15 to each homogeneous components
of the spectrally localized operators in Egs. (6.26) and (6.27), which are linearly
Hamiltonian thanks to Lemma A.5.

Step 2. (Reduction at non-positive order) We sketch the proof which is very similar
to the one outlined in Step 1, we refer the interested reader to [20, Lemma 6.8].
The proof is performed by induction on n € N, the case n = 0 is proven in Step 1,
so that we can consider the case n ~> n + 1. Suppose Eq. (6.23) holds, we have
to find a bounded, lineary-symplectic transformation that pushes the off diagonal
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terms of JcOpBW (A[_n;K/_H]) to lower order; similarly as in was done in Step
1. Since the matrix A[_,. k1.1 is of the form

SV =V
=iy =41y

J(CA[—HQK/-FI] = J(C |: ] ’ a[—n]a E[—n] S ZFI_(TIK’—FI,I [607 N] ’

(6.29)

—a[—n] 1b-n]

such cancellation is achieved via conjugation by the flow

@), (U) =1d, 0

3
—n—3

. b—n(U;x,é) Er‘_"_% [ N]
2iw (&)1 + v(U)) € 2k kry1,11€0- Vs

fouy Wit x, &) =

and defining the variable U,y = <I>;,(n) (U) Uy43 and we refer the reader to
[20, Lemma 6.8] for further details. As the matrix in (6.29) is linearly Hamil-
tonian up to homogeneity N by inductive hypothesis, the explicitly defined gen-
erator F™ is linearly Hamiltonian up to homogeneity N as well. Thus Lemma
A.6 ensures that <I>;(,,)(U ) is a linearly symplectic, spectrally localized map in

2x2
(ES% K1 [r, N ]) . The bounded, linearly symplectic transformation is thus de-
fined as

@, (V)£ [] @y ().
j=—1

0
We can thus apply Lemma 6.5 setting n = ny () > —o + 2(N + 1) so that
JcOopBWY (A[_n; K’ +1]) can be incorporated in the smoothing reminder R (U),

thus setting Z = U,,, 14 we obtain that Z solves the evolution equation

n l n
az =0opbY (i [(1 ooy © — VWi og+a7l) win a2 10V wiro|) z4RO) 2

(6.30)

6.5. Reduction to Constant Coefficients up to Smoothing Remainders

Notation 6.6. From now on we shall denote functions and symbols that are x-
independent with calligraphic lower- and upper-case letters.

Lemma 6.7. Let N € N and o > 3(N + 1). Then for any n € N there is K" £
K" (0,n) > 0 such that for all K > K" + 1 there are sy > 0, €y > 0 such that for
any solution U € le(f,R(I; €0) of (5.9), there exists a real-to-real invertible matrix
of spectrally localized maps ©,,(U) such that



Arch. Rational Mech. Anal. (2026) 250:32 Page 71 of 94 32

2x2
1.9,U),0,U)! ¢ (SIO( I O[eo]> are linearly symplectic up to homo-
geneity N according to Definition A.4. Moreover,
N4l 2x2
0,U)-1de <ESK2K,,  Leo, N]) .
2. If Z solves (6.30) then the variable Z,, = @, (U)Z solves

02, = Ok (1} (U1, ) +ia_y(Ust,x.6)) Zy +RWs DZs, (631)

vec

with the x—independent symbol

HAW:1,E) 2 (I+0(Us )0 ) +95(Us DE+6, (U DI +6" (Us 1,6),
(6.32)
where
o v(U) € £F (,le0, N1
e the function V(U;t) € Z]—'}Igm[eo, N1 is x-independent;
e the function 6% (U;t) e 2.7:}132’2[60, N1 is x-independent;

e the symbol Eé")(U; t,€) e Zl"(,)( kv ol€o, N1is x—independent and its imag-
inary part Im" (U 1, &) is in T ., wiileol
e the symbol a_a(U t,x, &) belongs to ZFK K741, Lo, N and its imagi-

nary part Ima_g(U t,x,€)isin F K,,+1 N+l[€()]
e R(WU;t) is a vreal-to-real matrix of smoothing operators in

2x2
+3(N+1
( RKQK”-(‘rl 1 )[6(), N]) .

Proof. The proof consist of a minor modification of the proof of [20, lemma 6.9],
so we refer the interested reader to [20, lemma 6.9] for details. O

Finally we prove Proposition 6.1.
Proof of Proposition 6.1. In Lemma 6.7 we set
nmEn@ N £2n>220+3(N+1), K2K'+1
and we define
W£Z,=BU;U,
where
BU;1)20,,U;1)o®, (U;t)oWy (U;) oW (U;1)oG(U;1).

6(’1) L

At last we set 5 by and we conclude. |
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7. Hamiltonian Birkhoff Normal Form and Energy Estimate

In this section we finally prove the almost global existence Theorem 1.1. The
previous reduction broke the Hamiltonian structure of the system. Therefore, a
first step is to recover the complex Hamiltonian formulation through a symplectic
correction. The corresponding result is stated in Proposition 7.1 and serves as
the foundation for the subsequent normal form analysis. Then, in the technical
subsection 7.1, we introduce the class of super-action preserving Hamiltonians
that play a central role in the forthcoming analysis, as they do not contribute to
the energy estimate. Next, in Section 7.2, we perform a Birkhoff normal form
procedure, which extracts the Hamiltonian super-action preserving property up to
homogeneity N + 1, for a given fixed integer N. Finally, we implement in Section
7.3 the energy estimate allowing to conclude the desired Theorem.

The transformation B(U) in Proposition 6.1 destroyed the Hamiltonian prop-
erty of the system. However B(U) was still linearly symplectic and therefore, we
can recover the complex Hamiltonian structure by applying the abstract Darboux
Theorem of Berti-Maspero-Murgante [20, Theorem 7.1], see also Theorem A.16.
The corresponding result reads as follows:

Proposition 7.1. (Hamiltonian reduction up to smoothing operators) Let N € N
ando > o(N) £ 3(N+ 1)+%(N+ 1)3. Then, forany K > K’ (fixed in Proposition
6.1) there are so > 0, €9 > 0, such that for any solution U € BSO’R(I; €o) of (5.9),
there exists a real-to-real matrix of pluri-homogeneous smoothing operators R(U)

~_ 2x2
in (E]NRq @ ) for any ¢’ > 0, such that, defining

Zo 2 (d+ R(®U))PU), @U)2BU;NU, 7.1)
where B(U; t) is defined in Proposition 6.1, the following holds true:

i Symplecticity: The non-linear map (Id + R(~)) o ®in(7.1) is symplectic up
to homogeneity N according to Definition A.11.

ii Conjugation: The variable Z( solves the Hamiltonian system up to homo-
geneity N (cf. Definition A.10).

0 Z0 = i0.5(D) Z0 + Ol (i(d)<w (Zo: §) +i(d))-n (U3 1,8)) Z
+ Rn(Zo)Zo + R-n(U; DU,

where
/2 2x2 )

o w, (D) £ Opgg (w),,b(g)) is a matrix in the space (Fg ) s

° (cf% )<n is a pluri-homogeneous, real valued symbol, independent of x, in

3

NT2.
2:2 r‘]’
3
2

e (d3)=y is a non-homogeneous symbol, independent of x, in T’ KK N+1 [eo]
2 S,

0 .
K»K/,N+l [60]1
e Rcn(Zy) is a real-to-real matrix of smoothing operators in

2x2
N5—o+o(N) .
(=1'R; )

with imaginary part Im(c{%)>N inT
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e R_N(U;t) is a real-to-real matrix of non-homogeneous smoothing opera-
tors in

2x2
—o+o(N)
(RK,K’,N+1 [60]> :

iii Boundedness: The variable .

Zo = Mo(U; 1)U with Mo(U; 1) € (M(I)(,K,_Lo[eo]) and for any s > o,
thereis 0 < €o(s) < €, such that for any U; Bs’g (I, eo)ﬂCfR(I; HS (T, C2)),
there is a constant C £ Cs.x > 0 such that, forallk =0, ..., K — K/,

C M Ullks < 1 Z0llks < ClIU ks - (7.3)

7.1. Super-Action Preserving Symbols and Hamiltonian

In this section we define the special class of “super—action preserving" SAP
homogeneous symbols and Hamiltonian which will appear in the Birkhoff normal
form reduction of the Section 7.2.

Definition 7.2. (SAP monomial) Let p € N*. Given (J,0) = (ju, 0a)a=1,...p €
(Z*)P x {£}” we define the multi-index (o, ) € NZ* x NZ* with components, for
any k € Z*,

ax(joo) E#a=1,....p: (aoa) = k. D)},

A . (7.4)
ﬂk(]aa):#{azlyap : (J(haa)z(k’_)}‘
We say that a monomial of the form z§ = Z(}ll e zi’: is super-action preserving if

the associated multi-index (o, ) = («(J, o), B(J, 0)) is super-action preserving
according to Definition 2.6.

We now introduce the subset &, of the indexes of T, composed by super-action
preserving indexes

&) £ {(1, 0) €Ty st (a(y,0),B(,0)) € NZ* X NZ* in (7.4) are super action preserving} . (75)

We remark that the multi-index («, 8) associated to (J,0) € (Z* x {£})? as in
(7.4) satisfies | + 8] = p and

g =222 [ 5P =[]l mboat— . (7.6)
JEZ\{0} neN
It turns out
o - wy,b(]) = olwy,b(jl) +---+ Upwy,b(jp) =(ax—p)- @y b

=Y (= By pk), (7.7)

keZ*

where we denote

0y () = (@y (1), 0y p(ip),  @pp = oy ()} jezr.  (71.8)
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Remark 7.3. If the monomial zf is super—action preserving then, for any j € Z*,
the monomial z}‘z jZj 18 super-action preserving as well.

For any n € N*, we define the super-action
Jn 2 1zal® + |z-al®. (7.9)
The following is Lemma 7.7 in [20].

Lemma 7.4. The Poisson bracket between a monomial z}' and a super-action J,,
n € N, defined in (7.9), is

(5.0} =i(Bu+ Bon — o — @) 25 (7.10)

where (o, B) = (x(J, 0), B(J, 0)) is the multi-index defined in (7.4). In particu-
lar a super-action preserving monomial zg (according to Definition 7.2) Poisson
commutes with any super-action J,, n € N.

We now define a super-action preserving Hamiltonian.

Definition 7.5. (SAP Hamiltonian) Let p € N. A (p + 2)-homogeneous super-

action preserving Hamiltonian H [giAzP) (Z) is areal function of the form

(SAP) _ 1 Op+2 _Opi2
Hp+2 (Z) = m Z ijp+2 lep+2

(Jp+2:0 p+2)€S 12

where &> is defined as in (7.5). A pluri-homogeneous super-action preserving
Hamiltonian is a finite sum of homogeneous super-action preserving Hamiltonians.
A Hamiltonian vector field is super-action preserving if it is generated by a super-
action preserving Hamiltonian.

We now define a super-action preserving symbol.

Definition 7.6. (SAP symbol) Let p € N and m € R. For p > 1 areal valued, p—
homogeneous super-action preserving symbol of order m is a symbol mg,SAP) (Z;8)
in F;’}, independent of x, of the form
S . o o,
Pz ) = > MIIE)! .

Up0op)eES),

For p = 0 we say that any symbol in F(’)” is super-action preserving. A pluri-
homogeneous super-action preserving symbol is a finite sum of homogeneous
super-action preserving symbols.

Remark 7.7. A super-action preserving symbol has even degree p of homogeneity.
Indeed, if zj]’: is super- action preserving then (o, §) defined in (7.4) satisfies

|| = |B] and p = |a + B| = 2|«| is even.

Given a super-action preserving symbol we associate a super-action preserving
Hamiltonian according to the following lemma (see Lemma 7.11 in [20]):
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Lemma7.8. Let p € N, m € R If S2P)) (Z; &) is a p—homogeneous super-
action preserving symbol in FZ’ according to Definition 7.6 then

i

is a (p +2)—homogeneous super-action preserving Hamiltonian according to Def-
inition 7.5.

HEE (7) 2 Re<0pBW (@),Z:6)z

7.2. Birkhoff Normal Form Reduction

In this section we finally transform the system (7.2) into its Hamiltonian Birkhoff
normal form, up to homogeneity N.

Proposition 7.9. (Hamiltonian Birkhoff normal form) Let N € Nand 0 < B <

H < 4 2+ /3). Assume that the parameter B = o € [B1, B2] is outside
Y

the zero measure set B C [By1, B2] defined in Proposition 2.7. Then, there exists
0 = o(N) > 0 such that, for any o0 > o, for any K > K' £ K'(0) (defined
in Proposition 6.1), there exists sq > 0 such that, for any s > s, there is € £
€o(s) > 0 such that for all 0 < €y < €,(s) small enough, and any solution
U e BSIE(I; €) N CfR(I; H*(T; C2)) of the complex Kelvin-Helmholtz system
(5.9), there exists a non—linear map Fns(Zo) such that

e i Symplecticity: 7, £ (Zo) is symplectic up to homogeneity N (DefinitionA.11);
e ii Conjugation: If Z( solves the system (7.2) then the variable Z = Fns(Zo)
solves the Hamiltonian system up to homogeneity N (cfr. Definition A.10)

&Z =iwyu(D)Z + JcVH (2) + JcVHS D (2)
2

(7.11)

+OplY (i(d)-n (U3 1,6)) Z+ Ron (U3 U,

where
o H gSAP)(Z) is the super-action preserving Hamiltonian
2

Z> 9
R

with a pluri-homogeneous super-action preserving symbol (L{3(SAP) Y<n(Z:; &)
2

Re <OpBW ((@‘SAP’KN(Z; s>)z

~3
in Eév 'y, according to Definition 7.6;
° JCVHE“ZAP) (Z2) is a super-action preserving, Hamiltonian, smoothing vec-

tor field in Eév+l.%;g+g (see 7.5);

3
. : ]
° (zf%)>N(U, t,€) is a non—homogeneoug symbol in FK’K,’N

imaginary part Im(d’%)>N(U; 1,8)inTp oy leols
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e R_n(U;t) is a real-to-real matrix of non-homogeneous smoothing oper-

. —o+o 2x2
ators in (RK,E,NH [60]> .

e iii Boundedness: There exists a constant C é.Cs, k > 0 such that for all
0< k<K andany Zy € B;g(l; €0) N CK (I; H(T, C?)) one has

C N Zollks < 1 Fas(Zo) ks < CllZollks (7.12)
and
CNUDNgs NZONgs < CIU@ s, VE € L (7.13)

Notation 7.10. From now on we denote with R% any smoothing remainder in 7%;9
such that RI; (Z)Z is a p + 1-homogeneous Hamiltonian vector field, namely

RI;(Z)Z = JcVHp2(Z) for some p + 2 homogeneous Hamiltonian as per
DefinitionA.8.

Proof of Proposition 7.9. The proof consists in N steps and is analogous to the
proof of Proposition 7.12 in [20]. For completeness, we only sketch the main steps
and we refer to [20] for a detailed proof.

We first reduce the quadratic terms of the vector field in (7.2).
Step 1: Elimination of the quadratic smoothing remainder in equati(:n (7.2).

The x-independent symbol (z{% )<~ (Zo; £) in (7.2) belongs to T F; and the

only quadratic component of the vector field in (7.2) is R?(ZO)ZO where (recall
the notation in (3.18))

~_ 2x2
R¥(Z0) £ Pi[R<n(Z0)] € (Rl "*9‘”)) : (7.14)

Since the system (7.2) is Hamiltonian up to homogeneity N, R} (Zo)Z is a Hamil-
tonian vector field that we expand in Fourier coordinates as (recall (3.19))

(R} (Z0)Z0); = > X2 @) (20) 2. (7.15)

(J1:j2.k,01,02,—0)€T3

In order to remove RI;I(ZO)ZO from (7.2), we perform the change of variable s

Z = F(<1§V(Zo) where F(<13V(Zo) is the map given by Lemma A.17 relative to a

Hamiltonian smoothing vector field
H o 01,02,0 o1 o H *Q, 2x2
(6T (z0)20)] = 3 G20 0} T Gz e (R?)
(1, J2,k,01,02,—0)€T3

(7.16)

for some @’ > 0 to be determined. Since G?(Z)Z is a Hamiltonian vector field,

Lemma A.17 implies, by construction, that ng is symplectic up to homogeneity

N and it has the form

s (1) H N3—0\ 22
21 270\ (Z0) = 20+ G (Z0)Z0 + F22(Z0) %0, F3a(Zo) € (5YRg%) .

(7.17)
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Applying Lemma A.12, we obtain that the variable Z; solves a system which is
Hamiltonian up to homogeneity N. We compute it using Lemma A.20. Its assump-
tion (A) at page 66 holds since Z( solves (7.2). Then Lemma A.20 implies that the
variable Z| solves

021 = 0,5 (D)Z1 + Opl (L (Z138) +i(d) T, Wi 1,6) 21

(7 18)
+[RY(Z) + GT(ZDIZ1 + RE,(ZD)Z1 + RE (U YU,

where X
o (c[x )JQN(ZI' £) is a real valued symbol, independent of x, in ZNFQ'

° (L{’% )+ ~(U; t, &) is a non-homogeneous real valued symbol, independent of x, in

2
1-‘K K'.N+1

RH(ZI) is defined in (7.14) and G+(ZI)Z1 € %2 +3 has Fourier expansion, by
(B.15) and (7.16),

[€o] with imaginary part Im(d3)>N(U t, S) n FK X N_H[eo]

GY@ZzZpf = ) (10001 +020y5(2) = 0wy |0)) G @] @D
(1-J2.k,01,02,—0)€%3
(7.19)
° R+2(Z 1) is a matrix of pluri-homogeneous smoothing operators in
o 2\ 2%2
( R etel )) where
a3
—o0+o@)=—0 +5 (7.20)
e RT + y(U; t) is a matrix of non-homogeneous smoothing operators in
o+ 2x2
(RK K .N+11€0 :
By (7.15), (7.19) we solve
RY(Z)Z+ G (Z1)Z1 =0 (7.21)
by taking
0, if (ji, j2, k. 01,02, —0) ¢ 3,
01,02,0 A x°1:02:0
J1.J2.k J1.J2.k

- - - , it (1, j2,k, 01,02, —0) € %3
i(o10y,5(j1) + 020y, b(j2) — cwy B k)

(7.22)

The previous expression and the fact that the vector field R} (Zo) Zo is Hamiltonian
justifies a posteriori that indeed GI;I(Z())ZO is Hamiltonian. Moreover, combining
(7.14) and Proposition 2.7, taking B8 € [B1, B2] \ B, we get that G?(ZO)ZO € .’%59
with o £ 0 — o(N) — 7. Thus, by Eq. (7.20), we get Q(Z) =o(N)+t+ %
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Step p > 2: We now assume that the system is in normal form up to degree p — 1 of
homogeneity. Next, we illustrate how to perform the normal form transformation
on the terms of degree p. Specifically, we assume that Z, 1 solves

hZpt =i0yp(D)Zp1 + TV (HE) )y (Zp) + TV (HGD) 1 (Zp 1)

+ 0L (i) p(Zp1: O)Hi(d) 3 p41 (Zp-1:)) Zp-1+RE (Zp-1)Z

+ Opvec ( i(f[%)>N(U§ t, ‘S)) Zp—l +R_NWU; U, (7.23)
where (H gSAP)) <pil’ (HE‘ZAP)) < p+1 are pluri-homogeneous super-action preserv-

3
ing Hamiltonians, (Lf% )p € 12, and expands as

()

@)pZp1:5)= 3. D@ Gp-ng). Dy, ®) =D)@). (7.24)
Up.op)ET)
Moreover (d) e £V ¢ and R e 3R, " We reduce the h
oreover (d3)>(p+1) p+1lg @ >p e reduce the ho-

mogeneous component
OpBW (—i(c[; ) p) + R, into its resonant normal form. First of all we define the
2
intermediate variable

WE,(Zp-1) 2 Gy (Zp-1)Zp-1, (7.25)

where glp (Zp—1) is the time 1-linear flow generated by OpBW (1g p), where g is
the Fourier multiplier

(7.26)

"SN\»

gp(Zp-1:6) 2 > GIE)p-1)]l €

Jp:op)€ES)

Then Lemma A.19 implies that the variable W defined in (7.25) solves

oW = 1wyb(D)W+J(cV(H(SAP)) W)+ JeV(HS) o)

<p+
+0pbY (il p(W: )+ gf (W )1 +i(pT (W) W+ R, (W)W
+0pBY (i) Ly Ui, 0) W+ Ron (Ui U,

(7.27)

where g} expands as

W= Y o, eyn()C Ew!, (7.28)
Jp.op)ET)
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. +o(p)+e(N, p)\ 22 —o+o(p)+c(N.p) 2%2
while R>) € (ENR e 1’) » Ron € (RKQK/Q/(:HC( ! 0])

for some c¢(N, p) > 0. In order to get a p-homogeneous super-action preserving
normal form symbol, we solve the homological equation

(d3)p(W: ) +85 (W:§) = (cf%‘SAP))AW;s)é > D@ w!

Jp.0p)ES)
where G, has been introduced in (7.5). One solution is obtained by choosing

0, if (jp,0,) €6,

Gl (&) & D} (£) , (7.29)
m, if (jp,0,) € 6p.

The previous expression (7.29) and the fact that (zf% )p is real valued justifies a

posteriori that indeed g, is real valued. Moreover, combining estimate (3.5) for
(Lf%)[, and Proposition 2.7, taking 8 € [B1, B2] \ B, we get that g, satisfies the

corresponding estimate (3.5) with u ~» p + t. Now, we observe that, by Lemma
A.13,

Oped (i(szAP))p(W: s>> W= JeV(H), 00 + Ry (W)W,
(7.30)

with Hamiltonian
(HéSAP))p LW 2 Re<OpBW <(¢§SAP>) p (W $)>w, u_)>R . (13D

which is super-action preserving by Lemma 7.8, and a matrix of smoothing opera-

~_ I\ 2X2
tors R,(W) in (R;Q ) for any ¢’ > 0. Therefore (7.27) becomes

W =iw, (D)W + J(CV(H;AP)) 2 W)+ TV (HSGD) (W)
+0pBY (L, (W3 ©)) W+ [Rs, (W)W (7.32)
+ OpBY (i) (U3 1,6)) W + Ry (U: U,
where (see (7.23),(7.31))
(H§SAP))<[7+2 A (H§SAP))<[7+1 +( ESAP))p-;-z’ (7.33)

. Note that
the new system (7.32) is not Hamiltonian up to homogeneity N (unlike system
(7.23) for Z,_1), since the map ®,(Z,_1) = g;p(Zp_l)Zp_l in (7.25) is not
symplectic up to homogeneity N. By Lemma A.7 we only know that g;p (Zp-1)is
linearly symplectic. We now apply Theorem A.16 to find a correction of @ ,(Z,_1)

+o(p)+e(N.py\ 22
while R, is a new smoothing remainder in (EN Ry eraipe p)
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which is symplectic up to homogeneity N. The assumptions of Theorem A.16 are

2x2
verified applying Lemma A.7, therefore there exists R(<pl)v € (2117\’ ﬁ;g_2>
such that the variable
Vel W) 2 (1d+ RO, (W)W = (1d + REY(@,(Zp-1)®p(Zp-1)
(7.34)

is symplectic up to homogeneity N, thus solves a system which is Hamiltonian
up to homogeneity N. Since W solves (7.32) then Lemma A.20 implies that V =

W + R(p) (W)W solves

3V =iw, n(D)V + va(Hész*P)) sV + JeV(HSGD) L (V)

<p+
+ Oppar (i(‘%)gw (V: 5)) V+JcV (Hog),, (V) + Rz pri(VIV

+0ptY (i(d)_ (Wi, )V + Ry (U0,
(7.35)

—o+o(p)+C(N,p)

7y N =3 (3
where (L{%)Zp+l € X F , JcV (H, e X, , R>pi €

p+1 e ) p+2
Egﬁ_g‘@(/’HC(N”’). Notice that the Hamiltonian structure of JcV (H_Q)p V)
is justified a posteriori by the fact that the p-homogeneous component of the vector
field in (7.35) is Hamiltonian and the term in its first line is Hamiltonian, thus we
deduce the Hamiltonianity by difference. Thus we can proceed as in Step 1. First

we Fourier expand J¢V (H-) ., as

o Op+1,0 O p+tl
(JeV (H=o) 1y M)} = > X (7.36)
(]p+1’kv0'p+l’_0')€(zp+2

Then we use Lemma A.17 to generate a symplectic up to homogeneity N map F. (<p 12,
associate to the Hamiltonian smoothing vector field

o Op+1,0 0 p+]
(G,(V)V); = > Gt (7.37)
(]p+lsk’0‘p+lv_0')ezp+2

Applying Lemma A.20 the analogue of the homological equation (7.21) is

(SAP)
JeV (H-o) 12 (Zp) + GH(Z)Z, = JcV (H_Q )p (Z,)
= DR Y (7.38)
(Jp+1,k,0p11,—0)ES p 12
where the vector field G[";(Z p)Zp is explicitly given by

GHZIZT & Y U0 pr1-@pp(ps1) =00, 5(00) G @)

U p+1.k,0py1,—0)ET 10
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Then a solution of (7.38) is given by

0, if(]p+l’k’0p+lv_a) € 6[7+27
0p+1,0 A O p+1,0
Jp+1.k Jp+1.k

W0 pi1 - @y (U pt1) — 0wy k)

if (Jp-‘rl Lk, O p+1, —0) ¢ 6p+2-
(7.39)

The previous expression and the fact that the vector field JcV (H — Q)p o is Hamil-
tonian justifies a posteriori that indeed G ,(Z ) Z, is Hamiltonian. Moreover, since

JcV (H_Q)p+2 is ¢ p-smoothing, we apply Proposition2.7, taking 8 € [B1, B2]\ B
and we get that G ,(Z,)Z, € X, """ with 0,41 £ 0, — ¢(N) — 7. O

7.3. Energy Estimate and Proof of the Main Theorem

Remark 7.11. We can derive local existence for (5.9) following the computations in
the main result of [71] and exploiting the fact that the local existence result of [71]
uses the very same paradifferential functional setting as in the present manuscript.
Minor modifications in the works [14, 18] can also provide local existence for the
setting of (1.4).

The following result, analogous to [68, Lemma 6.3], enables to bound the norms
||8,"U(t)||s_%k of the time derivatives of a solution U (¢) of (5.9) by [|U (t)]|s.

Lemma 7.12. Let K € N. There exists so > 0 such that for any s = so, any
€ € (0,€p (s)) small, if U belongs to Bg) r )N CS (I; HS (T; (Cz)) and solves
(5.2)then U € CﬁR (I; H*(T; (Cz)) and there exists C1 = C (s, K) > 1 such that

IUOlls < IUOllgs <CilUOls, Vel

Proof. The proof is inductive and follows the same line of [68, Lemma 6.3], so
we sketch only the first step. As |[U(¢)]ls < [|[U (¢) | k.5 is obvious in view of the
definition (3.3), it remains to prove the second inequality. We start by estimating
18;: U (¢)]|._ 3. Using equation (5.2) for U (¢) and then (3.13) withk = K’ = p = 0,

532
m = % and estimate (3.16) with m ~» —p and k = 0, we get

19: U@l 3
2

1
< HOpBW (A% W:x) oyp ©) + AL Uix. )+ 4 U:x) E12 + A <U:x,s>)u

3
,\‘—7
+IRWH U3

2

SIUls.

The estimates for k > 2 follow in a similar manner, additionally using estimates
(3.13) and (3.16) with k > 1 to handle higher-order derivatives.
O
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We fix now the parameters appearing in Proposition 7.9. In its statement, we set
0= Q(N Yand K £ K’ K'(0), which implies the existence of the constant 5o > 0
which we increase, if necessary, to fit the range of Lemma 7.12, such that for any
s = s0, and any fixed 0 < €9 < min{ey(s), eg(s)}, where €(s) is defined in
Proposition 7.9, and €p(s) in Lemma 7.12, the conclusions of Proposition 7.9 and
Lemma 7.12 hold. Therefore, one can obtain the following energy estimate. Notice
that the time-reversibility of the Kelvin-Helmholtz system allows us to restrict the
discussion to positive times ¢ > 0.

Lemma 7.13. (Energy estimate) Let U (1) be a solution of equation (5.9) in
BSIS (I;e0) NCK (I; H® (T; (Cz)). Then there exists Co (s) > 1 such that

t
U @12 < Cas) (||U(0)||§+/0 U @I N+ ||U(r>||§dr), VO <i<T.
(7.40)

Proof. The variable Z defined in Proposition 7.9 solves the normal form Equation
(7.11). Then, denoting by H(S2P) & p(S29) | Hii,AP) we have that
2
% 1Z®I5 =dz 1213 [iwy,bw)z +JcVHR 4 0pBW (iu% >N (Ut s>)z +RoN(U: r)u}

_ Z \n|23 { H(SAP)]

neN

+<\D|2°‘ opBW (—Im ((13) U z,s)))z ' z> +2Re<|D\2°' Roy U:DU ‘ z>
2/ >N

S NIV 1zl +101) 121

250

where we used Lemma 7.4 and the fact that —Im ((da) (U; t, E)) isin FK K/ N+l

[eop]and R~y (U; t) isin MO K.K'.N+ | [€0]. Integrating in t1me the above inequality,
then using Eq. (7.13) and 7. 12 we obtam (7.40). |

The energy estimate (7.40) and the equivalence

IIH(I)IIHS% IOl ~ 1T O (7.41)

which is a consequence of (5.8), imply, by a standard bootstrap argument, Theorem
1.1. For detailed computations we refer the interested reader to [20, Section 8] or
[68, Section 6.4].
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Appendix
A. Hamiltonian Formalism

In this appendix we establish the Hamiltonian formalism for the problem at hand, following
[20, Section 3].

A.l. Linearly Hamiltonian Systems

In this section, we provide the linear Hamiltonian framework needed for our analysis. The
linear Hamiltonian structure is the natural algebraic property that emerges from the paralin-
earization of a Hamiltonian system.

Definition A.1. (Linearly Hamiltonian paradifferential operator) A real-to-real matrix of
paradifferential complex operators is linearly Hamiltonian if it is of the form

Jcop™ (B), B2 [bil(gll];;t,t;c)f’—sé)) bl?(gfl];;z,t}f’—gs))] ’
b1 (Uit,x,=§) =b1 (Us1,x,8),

{bz WU;t,x, &) eR.
In other words, b1 is even in & and b; is real valued. This is equivalent to require that the
matrix valued paradifferential operator OpBW (B) is symmetric.

(A.1)

Definition A.2. (Linearly Hamiltonian operator up to homogeneity N) A real-to-real matrix
of spectrally localized maps JcB(U; 1) in (SSk g, ,le€0. N])ZX2 is linearly Hamiltonian
up to homogeneity N if its pluri-homogeneous component Py (B(U; 1)) (defined through

(3.18)) is symmetric, namely
P<NBWU; 1) =Py (BWU;DT).

In particular, a real-to-real matrix of paradifferential operators is linearly Hamiltonian up to
homogeneity N if it has the form (cfr. (A.1))

pw [ b1(U;t,x,§) bo(Ust, x,§)
JcOp (bz(U;r,x,—s> bl(U;z,x,—s))’

bi(Ust, x,—&) = b1(Ust,x,8) € T 1 .y leol,
Imby(U;t,x, &) el

, (A.2)
%,K’,N+l Lol
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for some m, m’ in R.

Definition A.3. (Linearly symplectic map) A real-to-real linear transformation A is linearly
symplectic if A*Q¢ = Q¢, where Qc is defined as

ac (] []) & (ee[u] | []), Ee2vet @

ATE@A =Ec.

namely

Definition A.4. (Linearly symplectic map up to homogeneity N) A real-to-real matrix of
)2><

spectrally localized maps S(U; t) in (ZSK’K/’O[r, N] 2is linearly symplectic up to ho-

mogeneity N if
SW:n" EcSW:n = Ec + S-n(U: 1), (A4)

where E ¢ is the symplectic operator defined in (A.3) and S~ (U t) is a matrix of spectrally
2x2

localized maps in (Sk_ g’ n-+1l€0])
Linearly symplectic maps up to homogeneity N preserve the linear Hamiltonian structure
up to homogeneity N. The following result is borrowed from [20, Lemma 3.9].

Lemma A.5. Let J ¢ B(U; t) be a linearly Hamiltonian operator up to homogeneity N (Def-
inition A.2) and S(U; t) be an invertible map, linearly symplectic to homogeneity N (Defini-
tion A.4). Then the operators S(U; t)JcB(U; t)S(U; t)f1 and (0;S(U; 1‘))S71 (U; t) are
linearly Hamiltonian up to homogeneity N.

We consider the flow of a linearly Hamiltonian up to homogeneity N paradifferential oper-
ator. The following is Lemma 3.16 of [20].

Lemma A.6. (Linear symplectic flow) Let p € N, N, K, K’ ¢ Nwith K’ < K, m < 1,

r > 0. Let
PAVATAY,
JcOp~" (B) =Op i iby

be a linearly Hamiltonian operator up to homogeneity N (Definition A.2) where B is a
matrix of symbols
bi(t,U;t,x,&) by(t,U;t,x,8) ) [bl € EF(I)(,K’,p[r’ N1,

by(t,U;t,x,—€&) bi(t,U;t, x,— n
2( x, =€) bi( x,—§) bze):FKYK,'p[r,NJ,

BéB(r,U;t,x,s)é<

with b}/ —byin F(I)(,K’,N+l leg] and the imaginary part Im by in FOK,K’,N-H [eg] (cfr: (A.2))
uniformly in |t| < 1. Then there exists so > 0 such that, forany U € leg r(; 1), the system

065U 1) = JcOp®Y (B(r, Us1,x,6)GR(WU:n,  GRWU:n=1d
has a unique solution g;, (U) defined for all |t| < 1, satisfying the following properties:
(i) Boundedness: For any s € R the linear map G (U ; t) is invertible and G (U ; t) and

2x2
g;; (U; l)_1 are non-homogeneous spectrally localized maps in <S(I)( K’ 0[60])
according to Definition 3.20.
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(ii) Linear symplecticity: The map g%(U ; 1) is linearly symplectic up to homogeneity
N (Definition A.4). If JCOpBW (B) is linearly Hamiltonian (Definition A.1), then
gg (U; t) is linearly symplectic (Definition A.3).

(iii) Homogeneous expansion: G TB (U; t) and its inverse are spectrally localized maps and

2x2
GLWin* — 14 belong 10 (BSPEONY)TT with mg 2

max(m, 0), uniformly in |t| < 1.

The flow generated by a Fourier multiplier satisfies similar properties. The following is
Lemma 3.17 of [20]:

Lemma A.7. (Flow of a Fourier multiplier) Let p € Nand g,(Z; &) be a p~-homogeneous,

~3
x-independent, real symbol in T’ ,2,. Then, the flow g;p (Z) defined by

0:G% (Z) = Ophuy (igp(2:£))GL (2), G5 (2)=1d, (A.5)

is well defined for any |t| < 1 and satisfies the following properties:

(i) Boundedness: For any K € N and r > 0 the flow g;p (Z) and its inverse ggpf (Z)

2x2
are real-to-real diagonal matrix of spectrally localized maps in (SIO( 0.0l€0]

(i7) Linear symplecticity: The flow map gz,p (Z) is linearly symplectic (Definition A.3).

(iii) Homogeneous expansion: The flow map G ;,p (Z) and its inverse ggpf (Z) are matri-

+ JN+D) 22
ces of spectrally localized maps such thatgg: (Z)—Id belong to (ESIZ( 0,p [r, N]) ,

uniformly in |t| < 1.

A.2. Non-linear Hamiltonian Systems

We first give the definition of p-homogeneous Hamiltonian functions.

Definition A.8. (Homogeneous Hamiltonian)Let p € N, a p+2-homogeneous Hamiltonian
is a function defined on H°(T; (Cz) with values in C which is real valued for any U €
HE®(T; C2) of the form, c.f. (3.19)

~ \2x2
Hyo(U) = (Mp)U Uy = 3 HIu, M) e (M) (A.6)
(J,0)€Tp12
for some m € R and complex valued coefficients H;’ = H;.Tll ]Ui J;z. A pluri-homogeneous
----- P

Hamiltonian is a polynomial of the form

N
HWU) =Y Hy2(U), (A7)
p=0
where, for p =0, ..., N, Hp42 is a p + 2-homogeneous Hamiltonian.

From the definition the coefficients in (A.6) satisfy the following:
1. Symmetry restrictions: forany o = (071, ...,0p542) € (£} 2andy = (ji, ..., Jp+2)
€ (Z*)P*2, one has
Reality condition: HY = HJ_”, Momentum condition: H}’ #0 = 0-7=0.

(A.8)
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2. Polynomial bound: There are 1, C > 0 and m € R such that

19| < Cmaxs (Uil Lol maxajil, - LipraD)™
Remark A.9. In view of the momentum condition ¢ - j = 0 in (A.8), one has the equivalence

max(ljil, ..., ljp+2D) ~maxa(jil. .. .. [jp+2D)-

‘We now define the class of Hamiltonian systems up to homogeneity N that we shall use in
Section 7.

Let K, K’ € Nwith K’ < K,r > 0and U € B (I; 7). Let

~ . 0 2x2
Z2MyU:; U with MQ(U;t)e(MK’K,’O[eo]) . (A.9)

Definition A.10. (Hamiltonian system up to homogeneity N) Let N, K, K’ € N with K >
K’ + 1 and assume (A.9). A U—dependent system

%Z=JcVH(Z)+ M. yU: U] (A.10)

is Hamiltonian up to homogeneity N if

e H(Z) is a pluri-homogeneous Hamiltonian as in (A.7);

e M- y(U; 1) is a matrix of non-homogeneous operators in (Mg /41 N1 [60])2X2.

We shall perform nonlinear changes of variables which are symplectic up to homogeneity
N according to the following definition.

Definition A.11. (Symplectic map up to homogeneity N) Let p, N € N with p < N. We
say that

D(Z;1)=M(Z;nZ  with  M(Z; 1) —1d € (EMg g plr, N)2

(A.11)

is symplectic up to homogeneity N, if its pluri-homogeneous component D< N(2) A
(7’<NM(Z; t))Z satisfies

[d2D<n(2)]" EcdzDen(Z) = Ec + E-n(Z) with E.n(Z) € (Sn41M,)"" .
(A.12)

A symplectic map up to homogeneity N transforms a Hamiltonian system up to homogeneity
N into another Hamiltonian system up to homogeneity N.

Lemma A.12. Let p, N € Nwith p < N, K,K' € Nwith K > K' + 1. Let Z &
Mo(U; t)U asin(A.9). Assume D(Z; t) = M(Z; t)Z is a symplectic map up to homogeneity
N (Definition A.11) such that

(EMg g pIn NP2, if MoU: ) =1d,

M(Z;t)—1d e n
(ZMK,O,p[f,N]) 2 Vi >0 otherwise.

(A.13)

If Z(t) solves a U-dependent Hamiltonian system up to homogeneity N (Definition A.10),
then the variable W £ D(Z; 1) solves another U-dependent Hamiltonian system up to
homogeneity N (generated by the transformed Hamiltonian).
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The following is Lemma 3.19 in [20]:

Lemma A.13. Let p € N, m € Rand a(U; x, §) a real valued homogeneous symbol in FZ’
Then the Hamiltonian vector field generated by the Hamiltonian

HU) £ Re<A(U)u

u> . AWU) 2 0pBY (a(U; x, £)),
R

JcVHU) = 0pEY (ia(U; x,£)) U + R(U)U,

~_\2X2
where R(U) is a real-to-real matrix of homogeneous smoothing operators in (R pg)

forany o > 0.
The following is Lemma 3.20 in [20]:
Lemma A.14. Let p e N, m € Rand o > 0. Let

X(U) = JcOp®Y (A(U: x, £)U + RW)U = JcVHU) (A.14)
be a (p + 1)-homogeneous Hamiltonian vector field, where

aU; x, §) b(U;x,$)>

AU;x,8) = <b(U;x,—$) aU: x.—F) (A.15)

~ \2X2
is a matrix of symbols in (I‘;,") and R(U) is a real-to-real matrix of smoothing operators

. ~ o 2x2 .
in (R p ) . Then, we may write that

X(U) = JcOp®WY (A1 (U x, )U + R{(U)U, (A.16)

where the matrix of paradifferential operators OpBW (A1(U; x, &)) is symmetric, with ma-
trix of symbols

(A.17)

1 (a+a¥ b+Db
A(U;x,8) == | - —
1(U; x, 8) 2(bv+bva+av>

~_\2X%2
and R1(U) is another real-to-real matrix of smoothing operators in (R p Q) .

The following is Lemma 3.21 in [20]:
Lemma A.15. Let p e N, m € Rand o > 0. Let S(U) be a matrix of spectrally localized

homogeneous maps in (§ p)2><2 which is linearly Hamiltonian of the form
SW) = JcOop®Y (A(U: x. ) + R(U) . (A.18)
where A(U; x, &) is a real-to-real matrix of symbols in (F?)bd as in (A.15), and R(U)
is a real-to-real matrix of smoothing operators in (ﬁ;g)zxz. Then, we may write that
SW) = JcOp®Y (A1(U: x,8) + R1(U),
where the matrix of symbols A1 (U; x, &) in <F1’f>zxz has the form (A.17) and R{(U) is

~_\2X2
another matrix of real-to-real smoothing operators in (R pg> . In particular the homo-

geneous operator J(COpBW (A1(U)) is linearly Hamiltonian.
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A.3. Symplectic Corrections

In this section we provide a symplectic correction to two different class of maps: linearly

symplectic spectrally localized maps and smoothing perturbations of the identity. The main

result is Theorem 7.1 in [20] that we state below.

Theorem A.16. Let p, N € N with p < N, K,K' ¢ Nwith K’ +1 < K, r > 0.
2x2

Let Z = My(U; t)U with My(U;t) € (M(I)( K’ 0[60]) . Assume that Z(t) solves a

Hamiltonian system up to homogeneity N. Consider that
d(Z)E2 B(Z:0)Z, (A.19)

where

e B(Z;t) — 1d is a matrix of spectrally localized maps in

(ESkxpln N)PZ i MpUin) =1d,

s (A20)
(=Sk.0,p[F, N1)2

B(Z:t)—Td e
, Vi > 0 otherwise.

e B(Z;t) is linearly symplectic up to homogeneity N, according to Definition A.4.
Then, there exists a real-to-real matrix of pluri-homogeneous smoothing operators R (+)

. NS—0 2x2 .
in (Zp Ry ) , for any o > 0, such that the non-linear map

Z1 £ (Id4+ Ry (9(2)))®(2)

is symplectic up to homogeneity N and thus Z solves a system which is Hamiltonian up to
homogeneity N.

Given a map of the form U + U +J ¢V Hp12(U) where J¢VHp42(U) is a Hamiltonian,
smoothing vector field, we find a correction which is symplectic up to homogeneity N.

Lemma A.17. Let p, N € Nwith p < N. Let Y, |(U) = JcVH,2(U) be a homoge-
neous Hamiltonian smoothing vector field in %;f_] for some o = 0. Then there is a map of
the form

BN W) =U +Yp 1 () + Fo(piny(U). Fxpn(U) € T, X ¢
(A21)

which is symplectic up to homogeneity N (Definition A.11).

Proof. 1t is a direct consequence of Lemmata 2.27 and 3.14 in [62]. A careful examination

of the proofs reveals that > (42 (U) actually belongs to Eé\]p +13€q_ €. However, since this

stronger result is not required for our purposes, we prefer to state the weaker conclusion
N o

F}(p+2)(U)EEp+2%q . O

Remark A.18. The map § <N (U) in (A.21) is indeed the truncation up to homogeneity N of
the time-one flow generated by the Hamiltonian vector field JcVH 12 (U).
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B. Auxiliary Flows and Conjugations

The following conjugation Lemmata A.19 and A.20 are used in the nonlinear Hamilto-
nian Birkhoff normal form reduction performed in Section 7. Their proof can be found in
Appendix A of [20].

The following hypothesis shall be assumed in both Lemmata A.19 and A.20: Assumption
2x2

(A): Assume Z = Mq(U; 1)U where My(U; 1) € <M(}( K/ O[Eo]) ,U € leé r{; €0)

for some €p, sg > 0and 0 < K’ < K. Let N € N and assume that Z solves the system

87 = Opey (iy b(€) +iagn(Z: €) +iasy (Ui 1.6)) Z+ RN(Z)Z + Ry (Us U,
(B.1)
where s
o agn(Z; &) is areal valued pluri-homogeneous symbol, independent of x, in Eév rZ;
3

2

e a- N (U;t, &) isanon-homogeneous symbol, independent of x, in Ly xr Nt

1 [eg] with

imaginary part Ima- 5 (U; t, &) in F(I)( K’ N+l[e()];
e R¢y(Z) is a real-to-real matrix of pluri-homogeneous smoothing operators in
N.5—0 2x2
(E] Ry ) ;
e R_n(U;t) is a real-to-real matrix of non-homogeneous smoothing operators in

-0 2x2
(RK,K’,N+1 [EO]) :
Lemma A.19. (Conjugation under the flow of a Fourier multiplier) Assume (A) at page 66.
3

Let gp(Z; &) be a p—homogeneous real symbol independent of x in Fg, p = 2, that we
expand as

gp(Z:6)= > G®. Gl =GEeC. (B2
Jp:0p)ET)
and denote by Gg,(Z) = gi,p(Z) the time 1-flow defined in (A.5) generated by
Op{,se\é/ (igp(Z; S)). If Z(t) solves system (B.1), then the variable
W2G, (2)Z (B.3)
solves the system
U W = iw, (D)W + OpBY (iagN(W; £) +iat (U1, s)) W
+RE W)W + RE (U DU, (B.4)
where

3
° aIN(W; &) is a real valued pluri-homogeneous symbol, independent of x, in Eév qu,

with components

Pep-ilaly(W: 1 =P, ilagy(W; )1,

+ (B.5)
Py [alyW:6)] =Py [acn Wi )] + g5 W2 6).

3
where g;,"(W; &) el ; is the real, x-independent symbol

gwieH 2 > (o w@ynp)Gy W] (B.6)
Up:0p)ET)
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3
2

+ (- ; ! ; ;
ealy (U; t, &) is a non-homogeneous symbol, independent of x, in FK,K’,N+1

[eg] with
imaginary part Im aIN(U; t, &) belonging to F(l)< K/ N+l [eols
° R-’g_ NyW) is a real-to-real matrix of pluri-homogeneous smoothing operators in

e 2x2
(Z{VRq W(N’p)) for some c(N, p) > 0 (depending only on N, p) and fulfilling

P<pIRE N (W] = Py [Rey W] (B.7)

° R':N(U ;1) is a real-to-real matrix of non-homogeneous smoothing operators in

—o+4c¢(N,p) 2x2
(RK,K/,NJrl [60]) :

The next lemma describes how a system is conjugated under a smoothing perturbation of
the identity.

Lemma A.20. (Conjugation under a smoothing perturbation of the identity) Assume (A) at

page 66. Let F N (Z) be a real-to-real matrix of pluri-homogeneous smoothing operators
~_n 2x2

in (ZgRq @ ) for some o' > 0. If Z(1) solves (B.1) then the variable

WEFN(Z) 2 Z+Fen(2)Z (B.8)
solves
WW =i, n(D)W + OpBY (iazN(W; &) +iat (U1, 5)) W
+REN(WW + R\ (U U, (B.9)
where

3
° a'<F N (W5 &) is a real valued pluri-homogeneous symbol, independent of x, in Eév F,;,

with components
Pepiilaly(W: ] =Pgppilagy (Wi 91 (B.10)
3

2

+ (U ; ; j
e a’\(U;1,§) isanon-homogeneous symbol, independent of x, in FK,K/,N+

1Leol with
imaginary part Im aiN(U; t, &) belonging to F(I)( K/ N+1 [eo];

° Rz W) is a real-to-real matrix of pluri-homogeneous smoothing operators in

N —0x 2x2 A . 12 3 . . . .
(21 Ry ) , 0« = min (0, 0" — 5) (0 > 0 is the smoothing order in Assumption
(A) at page 66), with components

P<p-1[RE y(W)] = Pgp 1[R<n (W] (B.11)

~_ 2x2
and, denoting F ,(W) 4 Pp(F<n(W)) in (Rpg ) , one has

PplRE Ny (W)] = PplR<y (W)] + dy (F p(W)W) [iwy 5(D)] — iwy 5 (D) F p(W);
(B.12)

° R': N WU 1) is a real-to-real matrix of non-homogeneous smoothing operators in

—0s 2x2
(RK,K’,N+1[€0]) :
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In addition, if F<n(Z) in (B.8) is the symplectic up to homogeneity N map associated
to a Hamiltonian vector field Gp(Z)Z = JcVH,2(Z) as per Lemma A.17, where

N_Q/ 2x2
(G,, (Z2) e R ) has Fourier expansion

0 p+1,0 O pt]
(Gp2)2)] = > Gh':hk ot (B.13)
U p+1:k,0pt1,—0)ET p 12
then (B.12) reduces to
PpIRE N (W)] = PplR<y (W)l + G (W), (B.14)

.3 2x2
where G["’,_(W) € (RPQ 2) is the smoothing operator with Fourier expansion

+ 9 — 1 Op+1,0  Opt]
(G,WW); = Z 1(6p+1 @y p(Jpt1) — Uwy’b(k))GJpH,k wyt
(I p+1:k,0 py1,—0)ET p 12

(B.15)
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