
Journal of Physics A:
Mathematical and Theoretical

     

PAPER • OPEN ACCESS

Multi-parameter quantum estimation of single- and
two-mode pure Gaussian states
To cite this article: Gabriele Bressanini et al 2024 J. Phys. A: Math. Theor. 57 315305

 

View the article online for updates and enhancements.

You may also like
Differential systems of pure Gaussian type
C. Sabbah

-

Control of sleep-to-wake transitions via
fast amino acid and slow neuropeptide
transmission
Thiago Mosqueiro, Luis de Lecea and
Ramon Huerta

-

Pure Gaussian states from quantum
harmonic oscillator chains with a single
local dissipative process
Shan Ma, Matthew J Woolley, Ian R
Petersen et al.

-

This content was downloaded from IP address 159.149.192.57 on 03/10/2024 at 11:24

https://doi.org/10.1088/1751-8121/ad6364
/article/10.1070/IM8308
/article/10.1088/1367-2630/16/11/115010
/article/10.1088/1367-2630/16/11/115010
/article/10.1088/1367-2630/16/11/115010
/article/10.1088/1751-8121/aa5fbe
/article/10.1088/1751-8121/aa5fbe
/article/10.1088/1751-8121/aa5fbe


Journal of Physics A: Mathematical and Theoretical

J. Phys. A: Math. Theor. 57 (2024) 315305 (20pp) https://doi.org/10.1088/1751-8121/ad6364

Multi-parameter quantum estimation of
single- and two-mode pure Gaussian states

Gabriele Bressanini1,∗, Marco G Genoni2, M S Kim1

and Matteo G A Paris2
1 Blackett Laboratory, Imperial College London, London SW7 2AZ, United
Kingdom
2 Dipartimento di Fisica Aldo Pontremoli, Universitá degli Studi di Milano, I-20133
Milano, Italy

E-mail: gabriele.bressanini@gmail.com

Received 6 March 2024; revised 5 July 2024
Accepted for publication 12 July 2024
Published 23 July 2024

Abstract
We discuss the ultimate precision bounds on the multiparameter estimation
of single- and two-mode pure Gaussian states. By leveraging on previous
approaches that focused on the estimation of a complex displacement only,
we derive the Holevo Cramér–Rao bound (HCRB) for both displacement
and squeezing parameter characterizing single and two-mode squeezed states.
In the single-mode scenario, we obtain an analytical bound and find that it
degrades monotonically as the squeezing increases. Furthermore, we prove
that heterodyne detection is nearly optimal in the large squeezing limit, but in
general the optimal measurement must include non-Gaussian resources. On
the other hand, in the two-mode setting, the HCRB improves as the squeezing
parameter grows and we show that it can be attained using double-homodyne
detection.

Keywords: quantum metrology, Holevo bound, Cramer Rao bound,
Gaussian quantum information

1. Introduction

Quantum devices of interest for quantum technology are complex systems characterized by
many parameters. Their use in effective protocols requires the precise characterization the
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underlying physical systems. This process, vital from both a theoretical and technological
standpoint, constitutes the current challenge in quantum sensing and metrology. Quantum
estimation theory provides the tools to establish the ultimate limits on the precision of para-
meter estimation in the quantum domain, and aims to identify potential advantages with respect
to classical protocols by leveraging quantum resources, including entanglement and squeez-
ing [1–9]. Multiparameter quantum metrology [10–13] has received much attention in the last
years, ranging from the joint estimation of unitary parameters [14–22], of unitary and loss
parameters [23–28], and for both spatial and time superresolution imaging [29–35]. From the
theoretical point of view, the derivations of the ultimate bounds on the estimation precision
relies on the seminal works by Helstrom [36] and Holevo [37]; by inspecting these derivations
it is immediate clear how in the quantum realm the multiparameter bounds are not a trivial
generalization of the single-parameter ones, as it is indeed the case in the classical scenario.
In fact, the potential non-commutativity of quantum-mechanical observables may lead to the
incompatibility of the optimal measurements corresponding to each single parameter. For this
reason, the standard quantum Cramér–Rao bound (CRB) based on the symmetric logarithmic
derivative (SLD) operators is in general not tight, and the departure from this bound has been
indicated as a signature of quantumness of the corresponding quantum statistical model [38–
40]. The Holevo Cramér–Rao bound (HCRB) [37] is a tighter bound which may differ by
no more than a factor of two from the SLD CRB [38, 41] and it is in principle attainable
by performing a collective measurement on an asymptotically large number of copies of the
quantum state encoding the parameters. If one restricts to separable measurements on single
copies, a tighter bound than the HCRB exists which is referred to as the Nagaoka–Hayashi
bound (NHB) [21, 42, 43]. Nevertheless, it was shown that the HCRB is achievable at the
single-copy level, and thus equal to the NHB, for quantum statistical models corresponding
to pure states [44] and for displacement estimation tasks with Gaussian probe states [37].
However, its evaluation relies on a non-trivial function minimization, which can be recast as
a semidefinite program [45]. Numerical results have been presented in the context of error-
corrected multiparameter quantum metrology [46] and for 3D magnetometry [47]. Analytical
closed formulas for the HCRB are hard to obtain and, to the best of our knowledge, they have
been derived for two-parameter estimationwith pure states [44], for generic qubit systems [48],
for displacement estimation with Gaussian states [15, 16], for light polarization [49] and for
three-parameter rotations to two-qubit states [21].

In this work, we leverage on the methods introduced in [16] and extend the evaluation of
the HCRB to the estimation of both displacement and squeezing, for single- and two-mode
displaced squeezed states. In the single-mode case, we provide an analytical expression of
the HCRB for the three-parameter quantum statistical model. Furthermore, we prove that the
optimal measurement scheme must include non-Gaussian resources. We also identify the best-
performing general-dyne measurement and observe how that becomes nearly optimal in the
large squeezing regime. In the two-mode example, we resort to numerical methods for the
evaluation of the HCRB and prove that the double homodyne measurement scheme is optimal
in all the regimes considered, allowing us to infer the analytical form of the bound.

The manuscript is organized as follows. In section 2 we give a brief introduction to the
Gaussian quantum state formalism for bosonic quantum systems, while in section 3 we intro-
duce the basic ingredients of multiparameter quantum estimation theory. In sections 4 and 5
we present our main results, i.e. we evaluate the HCRB for single- and two-mode displaced
squeezed vacuum states respectively, along with the analysis of the performance of Gaussian
general-dyne measurements schemes.We conclude the manuscript in section 6 with some final
remarks and outlooks.
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2. Gaussian quantum states

In this section we review key aspects of the Gaussian formalism, including Gaussian states
and Gaussian measurements. We refer to the following references for a more detailed intro-
duction [50–52]. Let us consider a continuous variables quantum systemsmade up of d bosonic
modes described by annihilation operators âj with j = 1, . . . ,d, that satisfy the standard bosonic
commutation relations [âj, â

†
k ] = δjkÎ. Here, δjk denotes the Kronecker delta and Î is the iden-

tity operator. For each mode, one can then introduce the quadrature operators

q̂j =
â+ â†√

2
, p̂j =

â− â†

i
√
2

(1)

that satisfy the canonical commutation relations (CCR) [q̂j, p̂k] = iδjkÎ, where we have set ℏ=
1. It is convenient to arrange these operators in a vector

r̂= (q̂1, p̂1, . . . , q̂d, p̂d)
⊺
, (2)

and the CCR can now be expressed compactly as

[̂r, r̂⊺] = iΩ , (3)

where the symplectic matrix Ω is given by

Ω=
d⊕

j=1

Ω1 , Ω1 =

(
0 1
−1 0

)
. (4)

A generic Gaussian state ρ̂G is fully characterized by its vector of first moments r and its
covariance matrix σ, defined respectively as

r= Tr [ρ̂Gr̂] , (5)

σ = Tr [ρ̂G{̂r− r, (̂r− r)⊺}] . (6)

Note that the conventions we use are such that the covariance matrix of a single-mode coherent
state is the identity matrix, i.e. σ = I2. One can show that a generic d-mode Gaussian state can
always be written as

ρ̂G = D̂†
r Û

†

⊗
j

ν̂ thj (nj)

 ÛD̂r , (7)

where D̂r = eir
TΩ̂r is the displacement operator, Û is a unitary operator generated by a purely

quadratic Hamiltonian in the mode operators, and ν̂ thj (nj) is the thermal state of a single-mode
free bosonic field. The latter reads

ν̂ thj (nj) =
1

1+ nj

(
nj

1+ nj

)â†j âj

, (8)

where nj is the mean number of bosons. It is useful to also introduce the following paramet-
rization of the displacement operator for the single-mode case d= 1, namely

D̂(α) = eαâ
†−α∗â = D̂−r, r=

√
2(Re{α} , Im{α})⊺ . (9)

By virtue of the Euler decomposition of symplectic matrices, we can express a generic single-
mode Gaussian state as a displaced squeezed thermal state, i.e.

ρ̂G = D̂(α) Ŝ(ξ) ν̂ th (n) Ŝ† (ξ) D̂† (α) , (10)
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where Ŝ(ξ) = e
1
2 (ξ â

†2−ξ∗â2) is the single-mode squeezing operator and ξ = reiχ ∈ C is the
(complex) squeezing parameter.

Next, we introduce general-dyne measurements, a general class of Gaussian measurements
whose corresponding positive-operator-valued measure (POVM) originates from a generaliz-
ation of the well known over-completeness relation of coherent states [50, 51], namely

1

(2π)d

ˆ
d2drm D̂†

rm ρ̂m D̂rm = Î , (11)

where ρ̂m is a generic d−mode Gaussian state with null vector of first moments and covari-
ance matrix σm. A general-dyne detection is said to be ideal if ρ̂m is a pure state. The POVM
associated with this measurement thus reads

Π̂rm =
D̂†
rm ρ̂m D̂rm

(2π)d
. (12)

Hence, σm defines the specific measurement scheme, while rm represents the measurement
outcome. The homodyne and heterodyne detections are easily recovered in this formalism.
For example, in a single-mode scenario, the covariance matrix associated with the q̂ quadrature
measurement is

σm = lim
s→−∞

(
e2s 0
0 e−2s

)
= lim

z→0

(
z 0
0 1

z

)
, (13)

while the heterodyne detection is retrieved with the substitution σm = I2 (the POVM elements
are projectors on coherent states). Lastly, the probability distribution of outcomes of a general-
dyne detection on a Gaussian input state ρ̂G characterized by vector of first moments r and
covariance matrix σ corresponds to a multi-variate Gaussian distribution centered in r and
with covariance matrix Σ= (σ+σm)/2.

3. Multi-parameter quantum estimation theory

Let us consider a quantum statistical model ρ̂θ, i.e. a family of quantum states labelled by a
vector of d real parameters θ = (θ1, . . . ,θd)

⊺. We want to estimate the value of θ from the out-
comes of M independent measurements x= (x1, . . . ,xM)⊺ described by the POVM Π̂x, using
a suitable unbiased estimator θ̃(x). The accuracy of the latter may be evaluated in terms of its
covariance matrix, defined as

V
(
θ̃
)
=

ˆ
dxp(x|θ)

(
θ̃ (x)−θ

)(
θ̃ (x)−θ

)⊺
. (14)

Here, p(x|θ) = ΠM
j=1p(xj|θ) = ΠM

j=1Tr [Πxρθ], where we have implicitly assumed that the M
measurements are independent of each other. The covariance matrix satisfies the CRB

V
(
θ̃
)
⩾ 1
M
F−1 , (15)

where F is the Fisher information (FI) matrix, whose elements are defined as

Fµν =

ˆ
dxp(x|θ)(∂µ logp(x|θ))(∂ν logp(x|θ)) . (16)

Throughout this work we will use the notation ∂µ ≡ ∂
∂θµ

. In particular, for a Gaussian prob-
ability distribution p(x|θ) centered in x and with covariance matrix Σ, one has

Fµν = (∂µx⊺)Σ
−1 (∂νx)+

1
2
Tr

[
Σ−1 (∂µΣ)Σ−1 (∂νΣ)

]
. (17)

4
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The CRB is attainable, at least asymptotically, by choosing a suitable efficient estimator.
Furthermore, quantum mechanics allows us to find tighter precision bounds, which only
depend on the statistical model. Let us introduce the SLD operators, implicitly defined by
the following Lyapunov equation

∂µρ̂θ =
L̂µρ̂θ + ρ̂θL̂µ

2
. (18)

For pure statistical models ρ̂θ = |ψθ⟩⟨ψθ| one can easily solve the equation above and show
that the SLD assumes the following simple form:

L̂µ = 2∂µρ̂θ = 2(|ψθ⟩⟨∂µψθ|+ |∂µψθ⟩⟨ψθ|) . (19)

We then use the SLDs to define the quantum Fisher information (QFI) matrix

Qµν = Tr

[
ρ̂θ
L̂µL̂ν + L̂ν L̂µ

2

]
, (20)

which is in turn used to derive the matrix quantum CRB [36]

V
(
θ̃
)
⩾ 1
M
Q−1 . (21)

In the single-parameter scenario, the Cramér–Rao inequality equation (21) is a scalar bound
that can be attained by projective measurement of the (Hermitian) SLD operator. On the other
hand, in the multi-parametric setting the quantum CRB is in general not tight, because of the
possible non-commutativity of the SLD operators. As it is usually more convenient to deal
with scalar bounds, we use a real, positive, d× d weight matrixW to introduce the following
scalar inequality, which we refer to as the SLD-CRB:

Tr [WV]⩾ Tr
[
WQ−1]≡ CS (θ,W) . (22)

DifferentW matrices are used to weigh the uncertainties of the parameters differently. In this
paper we will set W= Id, so that the inequality above bounds Tr [V], i.e. the sum of the vari-
ances of each parameter’s estimate. This is a natural choice in a generic setup, where each
parameter’s estimate is a priori equally important. Another common, natural choice may be
to useW= Q/d, which effectively provides a normalization to the precision bounds, and also
yields a parametrization-invariant quantity [44] (this choice is somehow equivalent to the one
pursued in [53, 54], where in order to ascertain the performance of different measurements,
the authors considered Tr

[
FQ−1] as their main figure of merit). Like the corresponding matrix

bound, the SLD-CRB in equation (22) is also in general not attainable. We can also define the
most informative bound as a minimization of the classical bound over all possible quantum
measurements, i.e.

CMI (θ) = min
POVM

Tr
[
F−1] , (23)

which is in general larger than the SLD-CRB. However, there exists a tighter bound, known
as the HCRB, such that the following chain of inequalities holds

Tr [V]⩾ CMI (θ)⩾ CH (θ)⩾ CS (θ) . (24)

The HCRB CH(θ) is defined via the following minimization [37]

CH (θ) =min
X̂
hθ

[
X̂
]
, (25)

5
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where X̂= (X̂1, . . . , X̂d) is a vector of Hermitian operators satisfying the locally unbiased con-
ditions

Tr
[
ρ̂θX̂j

]
= 0 , (26)

Tr
[
(∂jρ̂θ) X̂k

]
= δjk . (27)

Finally, the function to minimize reads

hθ
[
X̂
]
= Tr

[
Re

{
Zθ

[
X̂
]}]

+
∥∥∥Im{

Zθ

[
X̂
]}∥∥∥

1
, (28)

where ∥A∥1 ≡ Tr
[√

A†A
]
and Zθ[X̂] is a matrix of operators defined as

Zθ

[
X̂
]
jk
= Tr

[
ρ̂θX̂jX̂k

]
. (29)

The HCRB is typically regarded as the most fundamental scalar bound in multi-parameter
quantum estimation theory, as it can be shown to be attainable by performing a collective
measurement on an asymptotically large number of copies of the quantum state ρ̂θ encoding
the parameters. Nevertheless, it was shown that the HCRB is actually attainable at the single
copy level for displacement estimation tasks of Gaussian states and for quantum statistical
models encoded in pure quantum states. The quantity CH(θ) may also be bounded [38, 41] as
follows

CS (θ)⩽ CH (θ)⩽ (1+R)CS (θ)⩽ 2CS (θ) , (30)

where

R=
∥∥iQ−1 (θ)D(θ)

∥∥
∞ (31)

has been referred to as the asymptotic incompatibility (AI) of the corresponding quantum
statistical model [39, 40]. In fact, one can show thatR= 0 if and only if the SLD-CRB coincides
with the HCRB. As a result, in this scenario, the SLD-CRB can be attained asymptotically,
i.e. by performing collective measurements on ρ̂⊗n

θ for n→∞, and we say that the statistical
model is asymptotically classical. Similarly, R= 1 implies that the parameters remain highly
incompatible even in the asymptotic regime. In the formula above, ∥A∥∞ denotes the largest
eigenvalue in modulus of A, and D(θ) is known as the Uhlmann curvature, whose matrix
elements are defined as

Dµν =− i
2
Tr

[
ρ̂θ

[
L̂µ, L̂ν

]]
. (32)

The AI measure provides a bound for the true normalized gap between the HCRB and the
SLD-CRB bounds, as follows

CH (θ)−CS (θ)
CS (θ)

⩽ R . (33)

One can also prove [38] that 0⩽ R⩽ 1, hence the SLD-CRB gives an estimate of the HCRB
up to a factor two. As it is also clear from equations (30) and (32), the HCRB and the SLD-
CRB coincide whenever the Uhlmann curvature matrix elements are all equal to zero, that
is whenever the average values of the commutators of the SLD operators on the quantum
statistical model ρ̂θ are equal to zero. This condition, also known as weak commutativity, can
be shown to be equivalent to R= 0.

6
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In the following sections, we apply the tools of quantum estimation theory to fully charac-
terize general classes of single-mode and two-mode displaced squeezed vacuum states, which
correspond to three-parameter quantum statistical models. The choice of focusing on pure
statistical models originates from the two following observations. First, from an experimental
point of view, the description of optical frequencies radiation modes at temperatures access-
ible in a lab with the vacuum state is a very good approximation. Furthermore, we recall that
the HCRB is defined as a minimization problem over a set of peculiar Hermitian matrices,
however this difficulty is eased by the particular structure of the quantum statistical models
considered and we are thus able to compute the bound analytically, or at least to greatly sim-
plify its numerical evaluation.

4. Multi-parameter quantum estimation of single mode pure Gaussian state

Let us consider a quantum statistical model given by single-mode displaced squeezed vacuum
states

|ψθ⟩= D̂(α) Ŝ(r) |0⟩ , (34)

where α is a complex displacement and r⩾ 0 is the (real) squeezing parameter. As already
mentioned, equation (34) represents the most general single-mode pure Gaussian state (up to a
phase shift), corresponding to equation (10) with n= 0. We want to assess the ultimate bound
to the joint estimation precision of the three real parameters that characterize the statistical
model, namely

θ = (Re{α} , Im{α} ,r)⊺ = (θ1,θ2,θ3)
⊺
. (35)

In the following, we compute the SLD-CRB, the HCRB and discuss the experimental attain-
ability of the latter. In order to simplify the notation we introduce the following Hilbert space
basis

|en⟩= D̂(α) Ŝ(r) |n⟩ , (36)

where |n⟩ is the n−boson Fock state. Hence, the quantum statistical model simply reads |ψθ⟩=
|e0⟩. In appendix A, we outline the detailed calculation of the SLDs and the QFI matrix. We
find the latter to be

Q=

4e−2r 0 0
0 4e2r 0
0 0 2

 . (37)

As expected due to symmetry reasons,Q does not depend on the displacement α. Additionally,
the diagonal matrix elements of reveal that, at the single parameter estimation level, squeez-
ing does not affect the estimation of r itself, however it plays a role in the estimation of the
displacement. We can understand this intuitively: squeezing decreases the variance of the p̂
quadrature and increases that of the q̂ quadrature. Consequently, even before computing the
CRB, we may conclude that squeezing is not a useful resource for the simultaneous estimation
of the three parameters: as r grows, the estimation error of θ1 decreases, eventually reaching
zero, while the variance of θ2 grows indefinitely. This simple argument tells us that r is not a
useful resource already in a displacement-only estimation scenario. We can now compute the
SLD-CRB, namely

Tr
[
V−1]⩾ Tr

[
Q−1]= CS =

1+ cosh(2r)
2

. (38)

7
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We also compute the quantumness R of our statistical model. In particular, the Uhlmann
curvature D reads

D=

 0 4 0
−4 0 0
0 0 0

 , (39)

hence, via equation (31), we obtain R= 1, i.e. the maximum degree of incompatibility between
the parameters. We remark that the same result would be obtained for the estimation of the dis-
placement parameters only, and the maximum incompatibility can be ascribed to the incom-
patibility of the q̂ and p̂ quadrature operators.

We are now ready to tackle the calculation of the HCRB. The derivatives of the quantum
statistical model with respect to the three parameters can be found in the appendix A (see
equations (A4)–(A6)). We recall that the HCRB is defined as a minimization of the function
hθ[X̂] in equation (28) over all possible vectors of Hermitian operators X̂ satisfying the locally
unbiased conditions equations (26) and (27). In our case X̂= {X̂1, X̂2, X̂3}, and the constraint
imposed by equation (26) implies

⟨e0|X̂1|e0⟩= ⟨e0|X̂2|e0⟩= ⟨e0|X̂3|e0⟩= 0 . (40)

Since our quantum statistical model is pure, equation (27) can be expressed as

δjk = Tr
[
(∂jρ̂θ) X̂k

]
= ⟨∂jψθ|X̂k|ψθ⟩+ ⟨ψθ|X̂k|∂jψθ⟩ . (41)

The latter imposes three additional conditions for each of our Hermitian operators. As an
example, we find that X̂1 must satisfy

1= Tr
[
(∂1ρ̂θ) X̂1

]
⇒ Re

{
⟨e0|X̂1|e1⟩

}
=

er

2
, (42)

0= Tr
[
(∂2ρ̂θ) X̂1

]
⇒ Im

{
⟨e0|X̂1|e1⟩

}
= 0 , (43)

0= Tr
[
(∂3ρ̂θ) X̂1

]
⇒ Re

{
⟨e0|X̂1|e2⟩

}
= 0 . (44)

These in turn imply

⟨e0|X̂1|e1⟩=
er

2
, ⟨e0|X̂1|e2⟩= iβ , (45)

where β ∈ R. Analogous calculations yield the following conditions on the matrix elements
of X̂2 and X̂3:

⟨e0|X̂2|e1⟩=− ie−r

2
, ⟨e0|X̂2|e2⟩= iγ , (46)

⟨e0|X̂3|e1⟩= 0 , ⟨e0|X̂3|e2⟩=
1√
2
+ iδ , (47)

where γ and δ are free real parameters. Clearly, the hermiticity of X̂j imposes additional con-
straints on the matrix elements of these operators. Now comes the great simplification of deal-
ing with pure states statistical models: in [44] it is shown that we can set to zero all the matrix
elements of X̂j not involved in the aforementioned constraints. This is equivalent to saying that

8
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it is sufficient to study these Hermitian operators in the Hilbert subspace spanned by the partial
derivatives of the statistical model. After some algebra, we obtain the matrix

Zθ

[
X̂
]
=


e2r

4 +β2 i
4 +βγ iβ√

2
+βδ

− i
4 +βγ e−2r

4 + γ2 iγ√
2
+ γδ

− iβ√
2

− iγ√
2
+ γδ 1

2 + δ2

 . (48)

We can then use the definition in equation (28) to compute the function hθ[X̂], namely

hθ
[
X̂
]
=

cosh(2r)+ 1
2

+β2 + γ2 + δ2 +
1
2

√
1+ 8β2 + 8γ2 , (49)

and perform a minimization over the real parameters β,γ and δ. The optimization is trivial and
yields the HCRB, i.e.

CH =
cosh(2r)+ 2

2
. (50)

As we can see, optimal performance is achieved for r= 0 and we also notice that CH > CS ∀r,
thus confirming that the SLD-CRB is in general not tight. The latter coincides with CH only in
the asymptotic limit r→∞. This also means that in this case the AI measure R overestimates
the true gap betweenCH andCS. As mentioned above, it has been proven in [44] that the HCRB
is achievable via single-copy measurements for pure quantum statistical models. However, we
do not know in general what measurement saturates said bound. In [14] it was shown that
if we are interested in estimating the complex displacement α only, then the optimal meas-
urement corresponds to heterodyne detection. As we now want to evaluate the the ultimate
bound including the squeezing parameter, we study the more general class of general-dyne
detections, and compare their performances to the HCRB. We remind the reader that the cov-
ariance matrix σm which characterizes the specific general-dyne measurement scheme is that
of a generic Gaussian state with zero displacement. As we are looking for the optimal measure-
ment, we also restrict ourselves to ideal (noiseless) measurements, thus corresponding to pure
Gaussian states. This means that the measurement is fully described by a covariance matrix of
the form

σm = SS⊺ , (51)

where S is a symplectic matrix corresponding to a unitary evolution induced by a purely quad-
ratic Hamiltonian in the quadrature operators. The Euler decomposition theorem states that any
symplectic matrix can be expressed in terms of symplectic matrices corresponding to phase
rotations, beam splitters and local squeezing only. However, since we are dealing with single-
mode statistical models, we do not need to include beam splitters and it is easy to convince
ourselves that phase rotations do not play a role (we have also verified this intuition by numer-
ical means), hence we may discard those as well. As a result, S is just the usual symplectic
matrix that corresponds to single-mode squeezing, hence σm reads

σm =

(
z 0
0 z−1

)
, (52)

with z> 0. The covariance matrix of the statistical model is

σ =

(
e2r 0
0 e−2r

)
, (53)
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and the conditional probability distribution of outcomes has Gaussian form, centered in x=
(θ1,θ2)

⊺ and with covariance matrix given by Σ= (σ+σm)/2. The FI matrix can then be
obtained via equation (17), yielding the following non-zero matrix elements:

Fgen,11 =
4

e2r+ z
, (54)

Fgen,22 =
4

e−2r+ z−1
, (55)

Fgen,33 =
2
(
e4r+ z2

)
(e2r+ z)2

. (56)

The bound on the estimation precision is thus given by

Tr
[
F−1
gen

]
=

1
4

(
2+ e−2r+ z+

1
z
+ e2r

(
1+

4z
e4r+ z2

))
. (57)

For z= 1 we obtain the heterodyne detection precision bound

Tr
[
F−1
het

]
=

2cosh4 r
cosh(2r)

, (58)

which coincides with the HCRB just in the r→∞ limit, thus making the heterodyne detection
nearly optimal in the large squeezing regime. However, we also point out that as the squeezing
parameter grows, the overall estimation precision gets worse. We want to investigate whether
equation (57) is equal to the HCRB equation (50) for some values of z and r. This is equivalent
to finding the zeros of the positive definite function

f(z,r) = Tr
[
F−1
gen

]
−CH . (59)

By resorting to numerical methods, we discover that the equation f(z,r) = 0 does not have
any real solutions. Therefore, we conclude that the optimal measurement must involve some
non-Gaussian features, such as photon counting, as it is often the case in several other single-
parameter estimation problemswithGaussian quantum statistical models [55]. Despite this, we
may still ask ourselves what is the best performance we can achieve with Gaussian resources
only. This translates to finding the value of z that minimizes f(z,r) at fixed r. We call this
value zopt(r) and display its behavior in figure 1. We notice that, in the absence of squeezing,
the heterodyne detection scheme is the best one amongst general-dyne measurements, i.e.
zopt(r= 0) = 1. As r increases, at first zopt decreases until it reaches z∼ 0.6, and then grows
monotonically to asymptotically reach 1 again.We also point out that, as r grows, theminimum
of f(z,r), i.e. f(zopt(r),r)≡ fopt(r), decreases monotonically and approaches zero in the r→∞
limit, consistently with our previous findings, as shown in figure 2.

5. Multiparameter quantum estimation of displaced two-mode squeezed
vacuum states

We now consider the two-mode quantum statistical model described by displaced two-mode
squeezed vacuum states, where the displacement operator to one mode only:

|ψθ⟩=
(
D̂(α)⊗ Î

)
Ŝ(2) (r) |0⟩ , (60)

where D̂(α) is a displacement operator acting on the first mode, Ŝ(2)(r) = er(â
†b̂†−âb̂) is the

two-mode squeezing operator with a real squeezing parameter r, and â and b̂ denote the anni-
hilation operators of the first and second mode, respectively. The HCRB for the estimation

10
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Figure 1. The implicit function zopt(r), obtained from numerically minimizing
equation (59) at fixed value of the squeezing parameter r. We remind that zopt determ-
ines the optimal measurement—among general-dyne detection schemes—for our three-
parameter estimation problem and that zopt = 1 corresponds to heterodynemeasurement.

Figure 2. The function fopt(r) = f(zopt(r),r), representing the difference between the
optimal estimation precision obtained with a POVM belonging to the general-dyne class
and the HCRB. The optimization is carried out at fixed r. We notice that the function
is monotonically decreasing in r, hence the estimation performance achievable by the
optimal general-dyne matches the HCRB only for large values of squeezing.

of the displacement parameters only have been derived analytically in [16], and via semi-
definite programming in the case of mixed-state quantum statistical model in [15]. Here we
are interested in jointly estimating both the displacement and squeezing, hence the vector of
parameters θ is still given by equation (35). It is possible to manipulate the statistical model
in order to make the calculations easier and physical interpretation of the problem clearer.
In fact, the two-mode state equation (60) can actually be transformed into a tensor product
of single-mode states by means of a balanced beam splitter. The justification to perform this
unitary transformation lies in the fact that we can always think of the latter as part of the detec-
tion scheme. We remind the reader that the unitary evolution associated with a balanced beam
splitter, i.e. a beam splitter with trasmissivity T= 1/2, is given by

ÛBS = e
π
4 (â

†b̂−âb̂†) . (61)

11
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The evolution of the bosonic operators under the action of equation (61) is given by

Û†
BS â ÛBS =

â+ b̂√
2
, Û†

BS b̂ ÛBS =
b̂− â√

2
. (62)

Hence, the evolution of the state in equation (60) under ÛBS reads

ÛBS|ψθ⟩= D̂
(

α√
2

)
Ŝ(r) |0⟩⊗ D̂

(
−α√

2

)
Ŝ(−r) |0⟩ . (63)

As the ultimate bound on the estimation precision cannot depend on the application of unitary
operation on the original statistical model |ψθ⟩, we will now consider equation (63) to be our
new statistical model and, with a slight abuse of notation, we will still denote it with |ψθ⟩. We
also introduce the following basis for the two single-mode Hilbert spaces

|en⟩= D̂
(

α√
2

)
Ŝ(r) |n⟩ , (64)

|fn⟩= D̂
(

−α√
2

)
Ŝ(−r) |n⟩ . (65)

Hence the statistical model simply reads |ψθ⟩= |e0⟩⊗ |f0⟩ ≡ |e0f0⟩. We can now compute the
SLD-CRB, the HCRB, and discuss their experimental attainability. In appendix B we outline
the detailed calculation of the SLDs and the QFI matrix. After some calculations, one finds

Q=

4cosh(2r) 0 0
0 4cosh(2r) 0
0 0 4

 . (66)

As expected from symmetry arguments, similarly to the single-mode case, the QFI matrix does
not depend on the displacement α. The SLD-CRB is then given by

CS = Tr
[
Q−1]= 1

4
+

1
2cosh(2r)

. (67)

Contrary to the single-mode scenario, in this setting squeezing is a useful resource for our
estimation protocol, i.e. the bigger the squeezing parameter, the better the achievable over-
all estimation precision. Note that this is already true when we are interested in the estim-
ation of the displacement only, as can be seen by the fact that Q33 does not depend on r.
We can understand this behaviour intuitively by giving a closer look at our statistical model
equation (63). Fist of all, we notice that both modes carry complete information about the
displacement α, encoded in the unitary operators D̂(±α√

2
). We also know from the previous

section that single-mode squeezing allows for the estimation of the real (imaginary) part of
α with arbitrary precision, in the r→−∞ (r→+∞) limit, at the cost of ignoring the ima-
ginary (real) part altogether. However, equation (63) is factorized into two single-mode states
which are squeezed in orthogonal directions in the phase space. We can thus exploit structure
this to optimally estimate θ1 = Re{α} and θ2 = Im{α} simultaneously by performing proper
quadrature measurements on the two modes. The Uhlmann curvature D reads

D=

 0 4 0
−4 0 0
0 0 0

 , (68)

which is equal to that of the single-mode scenario. Therefore the quantumness of the statist-
ical model is R= 1, i.e. the maximum degree of incompatibility between the parameters. We
suspect that this is due to the fact that we are dealing with a system at zero temperature, as
seen in previous sections.
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Following the techniques introduced in the previous section for the single-mode case, we
know that in order to compute the HCRB it is sufficient to restrict the study of the Hermitian
operators X̂= {X̂1, X̂2, X̂3} satisfying the locally unbiased conditions equations (26) and (41),
to the Hilbert subspace spanned by the partial derivatives of the statistical model. We compute
these in appendix B, i.e. equations (B4)–(B6), hence it is clear that the Hilbert subspace of
interest is spanned by

{|e0f0⟩, |e0f1⟩, |e1f0⟩, |e0f2⟩, |e2f0⟩} ≡ {|λ1⟩, |λ2⟩, |λ3⟩, |λ4⟩, |λ5⟩}. (69)

With this new notation the statistical model reads |ψθ⟩= |λ1⟩, and its partial derivatives are
given by

|∂1ψθ⟩=
e−r

√
2
|λ3⟩− iθ2|λ1⟩−

er√
2
|λ2⟩ , (70)

|∂2ψθ⟩=
ier√
2
|λ3⟩+ iθ1|λ1⟩−

ie−r

√
2
|λ2⟩ , (71)

|∂3ψθ⟩=
1√
2
|λ5⟩−

1√
2
|λ4⟩ . (72)

The constraint imposed by equation (26) implies

⟨λ1|X̂1|λ1⟩= ⟨λ1|X̂2|λ1⟩= ⟨λ1|X̂3|λ1⟩= 0 . (73)

In appendix C we display the additional constraints on each Hermitian operator X̂k imposed
by equation (41). We end up with the vector of operators X̂ parameterized by fifteen free real
variables. One can then work out the three by three Hermitian matrix Zθ[X̂] and use the latter
to compute the function hθ[X̂], whose minimization yields the HCRB. We do not report the
analytic expression of hθ[X̂] for brevity and also because the optimization is now non-trivial
and must be carried out with numerical methods. Before displaying the results of such min-
imization, we want to further discuss how to exploit the fact that the statistical model can
be expressed—by means of a balanced beam-splitter—as a tensor product of two single-mode
states squeezed in orthogonal directions in the phase space. As we have hinted before, this sug-
gests that performing quadrature measurements on the two modes would allow us to optimally
estimate the displacement. In fact, it has been shown in [15] that a double-homodyne meas-
urement achieves optimality whenever the quantum state is entangled, if we are interested in
the estimation of the displacement α only. Hence, it seems reasonable to choose this detection
scheme as the starting point of our analysis for the three-parameter estimation case. The covari-
ance matrix σ of the statistical model equation (63) is simply the direct sum of the covariance
matrices associated with single-mode squeezed vacuum states, namely

σ = diag
(
e2r,e−2r,e−2r,e2r

)
, (74)

while the statistical model’s vector of first moments reads

r= (θ1,θ2,−θ1,−θ2)⊺ . (75)

The double-homodyne detection scheme consists in performing a p̂ quadrature measurement
on the first mode, and a q̂ quadrature measurement on the second one (we should remind
ourselves that these measurements are performed after a balanced beam-splitter, if we consider
the state in equation (60) as our initial state). Consequently, the covariance matrix σm that
characterizes this POVM reads

σm = lim
z→0

diag
(
z−1,z,z,z−1

)
. (76)
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Figure 3. The dashed orange line denotes the SLD-CRB equation (67), while the solid
blue line denotes the estimation precision achieved with the double-homodyne detection
scheme equation (79). The dots are the result of the numerical optimization that yields
the HCRB. The plot shows thatCH coincides with the estimation precision obtained with
the double-homodyne detection scheme, thusmaking the latter the optimalmeasurement
for the joint estimation problem at study.

Hence, the corresponding conditional probability distribution of outcomes is a Gaussian
centered in x= r, with covariance matrix given byΣ= (σ+σm)/2. By taking the limit z→ 0
after the matrix inversion, one can prove that

(σ+σm)
−1

= diag
(
0,e2r,e2r,0

)
. (77)

The FI matrix can then be evaluated using equation (17), yielding

F=

2e2r 0 0
0 2e2r 0
0 0 4

 . (78)

The corresponding estimation precision of the double-homodyne detection scheme thus reads

Tr
[
F−1]= 1

4
+ e−2r . (79)

It turns out that this bound coincides with the HCRBwe obtained from numerical optimization,
as it can be seen in figure 3. Hence, we may infer that the expression of the HCRB is given by

CH =
1
4
+ e−2r (80)

and that the double-homodyne detection scheme represents the optimal POVM for our estim-
ation problem, for every value r. Also in this case, the AI measure R largely overestimates
the true gap between the HCRB and the SLD-CRB bound. We recall that, given the statistical
model equation (63), the double-homodyne represents the optimal measurement for the estim-
ation of the displacement only. Here we have shown that from the measurement outcomes of
that same POVM one can optimally estimate the squeezing parameter as well, without incur-
ring in any additional cost.

We remark that these results cannot be generalized for any weight matrix W. In fact, by
numerically generating random weight matrices, we have found that in general the dual homo-
dyne measurement is not optimal (although one can show that it is always asymptotically
optimal, i.e. the high-squeezing regime). On the other hand, we have also found that the two
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bounds still coincide for diagonal weight matrices that are symmetric in the two displacement
parameters, and thus also for the choiceW= Q/d.

6. Conclusions

We have analyzed in details three-parameter estimation problems involving pure Gaussian
states, focusing on the joint estimation of complex displacement and real squeezing, encoded
unitarily in single- and two-mode pure states. We have explicitly evaluated the HCRB and
explored its dependence on the degree of squeezing.

Our findings reveal that for single-mode states, the HCRB deteriorates as squeezing
increases. In scenarios of substantial squeezing, heterodyne detection approaches near-
optimality. However, our analysis reveals that, more broadly, achieving the optimal measure-
ment requires non-Gaussianmeasurements. Conversely, in the two-mode scenario, we discover
that squeezing—or equivalently, entanglement—serves to enhance the HCRB. Remarkably,
this enhanced bound is attainable through double-homodyne detection across all levels of
squeezing, showcasing the intrinsic value of entanglement in quantum metrology.

Our results reaffirms the role of entanglement as a resource in quantum metrology, setting
the stage for advanced quantum sensing technologies. By clarifying the relationship between
squeezing, measurement optimality, and quantum state estimation, we pave the way to further
improve metrological precision with realistic and reliable detection schemes.
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Appendix A. QFI matrix evaluation for single-mode Gaussian quantum state

In this appendix we derive the QFI matrix for the single-mode quantum statistical model
equation (34). We remind the reader that for pure statistical models the SLDs can be expressed
as in equation (19). Hence, in order to compute L̂µ we just need to differentiate the statistical
mode with respect to the parameter to estimated θµ. To this end we first compute the derivat-
ives of the displacement operator and the squeezing operator with respect to the parameters to
estimate, namely
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∂1D̂(α) =
(
â† − â+ iθ2

)
D̂(α) , (A1)

∂2D̂(α) = i
(
â† + â− θ1

)
D̂(α) , (A2)

∂3Ŝ(r) =
â†2 − â2

2
Ŝ(r) . (A3)

Exploiting these and the identities D̂†(α)âD̂(α) = â+α and Ŝ†(r)âŜ(r) = µâ+ νâ†, where
µ= coshr and ν = sinhr, we finally obtain

|∂1ψθ⟩=−iθ2|e0⟩+ e−r|e1⟩ , (A4)

|∂2ψθ⟩= iθ1|e0⟩+ ier|e1⟩ , (A5)

|∂3ψθ⟩=
1√
2
|e2⟩ . (A6)

Substituting these expressions into equation (19) yields the SLDs, i.e.

L̂1 = 2e−r (|e1⟩⟨e0|+ |e0⟩⟨e1|) , (A7)

L̂2 = 2ier (|e1⟩⟨e0| − |e0⟩⟨e1|) , (A8)

L̂3 =
√
2(|e2⟩⟨e0|+ |e0⟩⟨e2|) . (A9)

We can then evaluate the QFI matrix, whose expression for our pure statistical model |ψθ⟩=
|e0⟩ reads

Qµν =
1
2
⟨e0|L̂µL̂ν + L̂ν L̂µ|e0⟩ . (A10)

After some calculations we obtain the following diagonal matrix

Q=

4e−2r 0 0
0 4e2r 0
0 0 2

 . (A11)

Appendix B. QFI matrix evaluation for single-mode Gaussian quantum state

In this appendix we derive the QFI matrix for the two-mode quantum statistical model in
equation (63). Let us first work out the derivatives of D̂(±α√

2
) and Ŝ(±r) with respect to the

parameters to be estimated θµ, namely

∂1D̂
(

±α√
2

)
=

(
±â† ∓ â√

2
+

iθ2
2

)
D̂
(

±α√
2

)
, (B1)

∂2D̂
(

±α√
2

)
= i

(
± â+ â†√

2
− θ1

2

)
D̂
(

±α√
2

)
, (B2)

∂3Ŝ(±r) =±
(
â†2 − â2

2

)
Ŝ(±r) . (B3)

Using these expressions, together with the previously introduced transformation properties of
the mode operators under displacement and local squeezing unitaries, we cam compute the
derivative of our statistical model. After cumbersome calculations one obtains
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|∂1ψθ⟩=
e−r

√
2
|e1f0⟩− iθ2|e0f0⟩−

er√
2
|e0f1⟩ , (B4)

|∂2ψθ⟩=
ier√
2
|e1f0⟩+ iθ1|e0f0⟩−

ie−r

√
2
|e0f1⟩ , (B5)

|∂3ψθ⟩=
1√
2
|e2f0⟩−

1√
2
|e0f2⟩ . (B6)

Substituting these expressions into equation (19) yields the SLDs

L̂1 =
√
2
(
e−r|e1f0⟩⟨e0f0| − er|e0f1⟩⟨e0f0|+ h.c.

)
, (B7)

L̂2 = i
√
2
(
er|e1f0⟩⟨e0f0| − e−r|e0f1⟩⟨e0f0| − h.c.

)
, (B8)

L̂3 =
√
2(|e2f0⟩⟨e0f0| − |e0f2⟩⟨e0f0|+ h.c.) . (B9)

We can then evaluate the QFI matrix Q, whose matrix elements are given by

Qµν =
1
2
⟨e0f0|L̂µL̂ν + L̂ν L̂µ|e0f0⟩ . (B10)

After some calculations we obtain the following diagonal matrix

Q=

4cosh(2r) 0 0
0 4cosh(2r) 0
0 0 4

 . (B11)

Appendix C. HCRB evaluation for two-mode displaced squeezed vacuum
states

In this appendix we outline the computation of the HCRB for the two-mode quantum statistical
model equation (63). The locally unbiased condition equation (41) imposes three additional
constraints for each Hermitian operator X̂µ. In particular, one finds that X̂1 must satisfy

√
2
[
e−rRe

{
⟨λ1|X̂1|λ3⟩

}
− erRe

{
⟨λ1|X̂1|λ2⟩

}]
= 1 ,

−
√
2
[
er Im

{
⟨λ1|X̂1|λ3⟩

}
− e−r Im

{
⟨λ1|X̂1|λ2⟩

}]
= 0 ,

√
2
[
Re

{
⟨λ1|X̂1|λ5⟩

}
−Re

{
⟨λ1|X̂1|λ4⟩

}]
= 0 .

These conditions in turn imply that

⟨λ1|X̂1|λ2⟩= x1 + ie2rx2 ,

⟨λ1|X̂1|λ3⟩=
er√
2
+ e2rx1 + ix2 ,

⟨λ1|X̂1|λ4⟩= x3 + ix4 ,

⟨λ1|X̂1|λ5⟩= x3 + ix5 ,

where {x1,x2,x3,x4,x5} are five free real parameters. Analogously, the additional constraints
on X̂2 read
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√
2
[
e−rRe

{
⟨λ1|X̂2|λ3⟩

}
− erRe

{
⟨λ1|X̂2|λ2⟩

}]
= 0 ,

−
√
2
[
er Im

{
⟨λ1|X̂2|λ3⟩

}
− e−r Im

{
⟨λ1|X̂2|λ2⟩

}]
= 1 ,

√
2
[
Re

{
⟨λ1|X̂2|λ5⟩

}
−Re

{
⟨λ1|X̂2|λ4⟩

}]
= 0 .

These are equivalent to

⟨λ1|X̂2|λ2⟩= x6 + i

(
er√
2
+ e2rx6

)
,

⟨λ1|X̂2|λ3⟩= e2rx6 + ix7 ,

⟨λ1|X̂2|λ4⟩= x8 + ix9 ,

⟨λ1|X̂2|λ5⟩= x8 + ix10 ,

with {x6,x7,x8,x9,x10} five other free real parameters. Finally, the constraints on X̂3 are

√
2
[
e−rRe

{
⟨λ1|X̂3|λ3⟩

}
− erRe

{
⟨λ1|X̂3|λ2⟩

}]
= 0 ,

−
√
2
[
er Im

{
⟨λ1|X̂3|λ3⟩

}
− e−r Im

{
⟨λ1|X̂3|λ2⟩

}]
= 0 ,

√
2
[
Re

{
⟨λ1|X̂3|λ5⟩

}
−Re

{
⟨λ1|X̂3|λ4⟩

}]
= 1 .

Hence, the matrix elements of X̂3 must satisfy

⟨λ1|X̂3|λ2⟩= x11 + ie2rx12 ,

⟨λ1|X̂3|λ3⟩= e2rx11 + ix12 ,

⟨λ1|X̂3|λ4⟩= x13 + ix14 ,

⟨λ1|X̂3|λ5⟩= x13 +
1√
2
+ ix15 ,

where {x11,x12,x13,x14,x15} are free real parameters. The hermiticity of these operators
imposes additional constraints on the matrix elements and, as explained section 4 of the main
text, we can set to zero all other matrix elements of X̂µ not involved in the above-mentioned
constraints. We therefore have a total of fifteen free real variables.
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