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ABSTRACT
We study the properties of large deviations for symbol statistics in primitive rational
models. These models are defined by generalized automata over a binary alphabet for
which the overall matrix of the transition weights is primitive. The corresponding sym-
bol statistics enjoy a property of large deviations, and here we study the associated rate
functions, which are always defined in an open interval (U, V ) ⊆ (0, 1). In particular,
we prove some properties of symmetry of such functions, and show that their limits
at the endpoints U and V are always finite. Moreover, under a rather mild condition,
we prove that the same values U and V are rational numbers of the form i/j such
that i, j ∈ {0, 1, . . . , d}, where d is the number of states of the generalized automaton
defining the model. Under the same hypotheses we also yield a precise value for the
corresponding limits depending on the characteristic polynomial of the matrix of the
transition weights.

Keywords: automata and formal languages, large deviations, pattern statistics, ratio-
nal series, regular languages

1. Introduction

In this work we study the properties of large deviations for symbol statistics in ra-
tional models. Such statistics represent the number of occurrences of a letter in a
word generated at random among all strings of length n, over a binary alphabet, with
a probability proportional to the values of a given rational formal power series in
non-commutative variables [2, 9, 3, 17]. These probabilistic models can be completely
defined by a generalized automaton where the transitions are equipped with positive
weights [29]. The study of symbol statistics in rational models is related to classi-
cal research topics in the areas of formal languages, descriptional complexity, random
generation and analysis of combinatorial structures [13, 4, 6, 21, 8, 15]. Moreover, they
are naturally related to the analysis of pattern statistics. Symbol statistics in rational
models can represent a large variety of pattern statistics on words in several proba-
bilistic contexts; this occurs for instance when the set of patterns is given by a regular
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language and the random text is generated by a Markovian source [2, 24, 18]. Typ-
ical results on pattern statistics concern the asymptotic evaluation of the moments,
the limit distributions and also the properties of large deviations [25, 16, 15, 23]. In
particular large deviations estimates are studied in order to evaluate the probability
of rare events, when one or more patterns are over- or under-represented in a random
text [5, 12, 23].

In the present contribution we continue the investigation started in [20], where we
proved a property of large deviations for any symbol statistics defined in a rational
model assuming that the overall matrix of the weights of transitions is primitive. Here,
we first prove as an auxiliary tool some properties of symmetry of the rate functions
occurring in these large deviations estimates. It is known that these functions are
well defined in an open interval (U, V ) included in (0, 1). Then, we show that the
limits of the rate functions at the endpoints U and V are always finite. Moreover,
under a rather mild condition, it turns out that such extremes are rational numbers
of the form i/j such that i ≤ j and i, j ∈ {0, 1, . . . , d}, where d is the size of the
model, i. e. the number of states of the generalized automaton defining the model.
Under the same hypotheses we also determine the above limits, depending on the
coefficients of the characteristic polynomial of the matrix of weights. Independently
of these general results, we also present an analysis of the rate functions for models
of size d = 2 and d = 3, which shows how in these cases the values U and V , and
the corresponding limits, are related to the cycles of the transition diagram of the
automaton that defines the model. Our analysis is partially based on the properties
of the coefficients of the characteristic polynomials of primitive matrices, which we
believe are interesting in their own right, and are here proved by using the traditional
correspondence between non-negative matrices and weighted oriented graphs.

The material we present partially appeared in a preliminary form in [19] and is here
organized as follows. In Section 2 we recall the notion of large deviations for sequences
of random variables. In Section 3 we give the definition of the rational models and
recall some known results concerning the corresponding symbol statistics. In Section 4
we summarise the properties of large deviations for symbol statistics in primitive
rational models, i. e. those models defined by generalized automata with primitive
transition matrix. In Section 5 we prove some properties of symmetry of the rate
functions of large deviations for such symbol statistics. Sections 6 and 7 are devoted
to the analysis of the characteristic polynomials of primitive matrices, essentially
based on the cycles of the corresponding graphs. In Section 8 we prove that in any
primitive rational model the limits of the rate functions at the extremes U and V
are finite, and show other properties that hold in these models without additional
hypotheses. In Section 9 we assume that certain families of coefficients of the above
characteristic polynomials are singletons and, under this condition, we prove that
both U and V are of the form i/j, where i, j ∈ {0, 1, . . . , d} and d is the number of
states of the generalized automaton defining the model. Under the same assumptions,
we also determine the value of the limits of the rate functions at the extremes U and V .
In Sections 10, 11 and 12, we study the models of size d = 2 and d = 3. In these
cases an independent and direct proof of the previous results can be presented which
shows the relationship between the weights of cycles in the transition diagram of
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the automaton and the properties of the corresponding rate functions. Finally, in
Section 13 we prove the previous results on U , V and the corresponding limits of the
rate functions under different conditions. Such an analysis seems to suggest that the
above properties actually hold for any primitive rational model.

2. Large Deviation Properties

The large deviations are typical properties of a sequence of random variables,
say {Xn}, that have increasing mean values. They consist of a bound exponentially de-
creasing to 0 over the probability that Xn deviates from E(Xn) by an amount greater
or equal to cE(Xn), for any c > 0. The main situations occur when E(Xn) ∼ βn
for a constant β > 0, and since this occurs in the contexts considered in this work,
here we refer to the following formal definition, inspired by [11, 15], which is rather
restrictive with respect to the usual general setting [10].

Definition 1. Consider a sequence of random variables {Xn} such that

E(Xn) = βn+ o(n)

for a constant β > 0, and let (x0, x1) be a real interval including β. Assume F (x)
is a function defined over (x0, x1) taking values in R, such that F (x) > 0 for x 6= β.
We say that {Xn} satisfies a large deviation property in the interval (x0, x1) with rate
function F (x) if the following limits hold:

lim
n→∞

1
n

log Pr(Xn ≤ xn) = −F (x), for x0 < x ≤ β,

lim
n→∞

1
n

log Pr(Xn ≥ xn) = −F (x), for β ≤ x < x1.

This property is equivalent to require that

Pr(Xn ≤ xn) = e−F (x)n+o(n), for x0 < x ≤ β and
Pr(Xn ≥ xn) = e−F (x)n+o(n), for β ≤ x < x1.

Such a property holds for several quantities of interest in the analysis of various
combinatorial structures (see for instance [14, 7, 15, 22]).

The rate functions we encounter in this work are convex over their interval of def-
inition and enjoy the following property, which often occurs in the study of large
deviations [10]. For any open interval (a, b) ⊆ R, we say that a convex func-
tion F : (a, b) −→ R is essentially smooth if F is differentiable in (a, b),

lim
x→a+

F ′(x) = −∞ and lim
x→b−

F ′(x) = +∞.

3. Symbol Statistics in Rational Models

In order to define the rational stochastic models, consider a formal series in the non-
commutative variables a, b, that is a function r : {a, b}∗ → R+, where R+ = [0,+∞)
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and {a, b}∗ is the free monoid of all words in the alphabet {a, b}. As usual, we denote
by (r, w) the value of r at a word w ∈ {a, b}∗. Such a series r is said to be rational if
for some integer d > 0 there exists a monoid morphism µ : {a, b}∗ → Rd×d+ and two
(column) arrays ξ, η ∈ Rd+, such that (r, w) = ξ′µ(w)η, for every w ∈ {a, b}∗ [1, 27] 1.
Note that in this case, if w = w1w2 · · ·wn with wi ∈ {a, b} for every i = 1, 2, . . . , n,
then µ(w) = µ(w1)µ(w2) · · ·µ(wn). Thus, as the morphism µ is generated by matri-
ces A = µ(a) and B = µ(b), we say that the 4-tuple (ξ, A,B, η) is a linear represen-
tation of r of size d. Such a 4-tuple can be considered as a generalized automaton
over the alphabet {a, b} as defined in [29], where {1, 2 . . . , d} is the set of states and
the weights of the transitions, as well as of the initial and final states, are positive
real numbers. In particular, the matrix A (resp. B) represents the weights of the
transitions labelled by a (resp. b), while ξ (resp. η) represents the weights of the
initial (resp. final) states.

To avoid trivial situations, we assume that ξ 6= 0 6= η and both A and B are
non-zero matrices (i. e., each of them has at least one positive entry). Moreover,
denoting by {a, b}n the family of all words of length n in {a, b}∗, we assume that the
set { w ∈ {a, b}n | (r, w) > 0 } is not empty for every integer n ≥ d. Thus, for every
such n, we can consider the probability measure Pr over the set {a, b}n given by

Pr(x) = (r, x)∑
w∈{a,b}n(r, w) = ξ′µ(x)η

ξ′ (A+B)n η
, ∀x ∈ {a, b}n. (1)

Note that, if r is the characteristic series of a (regular) language L ⊆ {a, b}∗ then Pr is
the uniform probability function over the set L∩{a, b}n. Also observe that the tradi-
tional Markovian models (to generate a word at random in {a, b}∗) occur when A+B
is a stochastic matrix, ξ is a stochastic array and η′ = (1, 1 . . . , 1) (for a comparison
between the rational models and different types of Markovian models, one may refer
to [18], while for their relations with stochastic automata one may consider [29]).

Then, under the previous hypotheses, for every integer n ≥ d we can define the
integer random variable (r. v.) Yn = |w|a, where w is chosen at random in {a, b}n
with probability Pr(w) and |w|a denotes the number of occurrences of a in w. One
can easily prove [2] that the probability function of Yn is given by

pn(k) := Pr(Yn = k) = [xk]ξ′(Ax+B)nη
ξ′(A+B)nη , ∀k ∈ {0, 1, . . . , n}

where [xk]g(x) denotes as usual the coefficient of the monomial of degree k in
an arbitrary polynomial g(x) ∈ R[x]. For sake of brevity we say that the se-
quence {Yn}n≥d (which we will simply denote by {Yn}) is defined by the linear rep-
resentation (ξ, A,B, η). As shown in [2, 9, 3, 17], the traditional properties of Yn, as
mean value, variance, limit distributions and local limit properties, can be studied by
using its moment generating function Ψn(z), given by

Ψn(z) =
n∑
k=0

pn(k)ezk = ξ′(Aez +B)nη
ξ′(A+B)nη , ∀z ∈ C. (2)

1As usual, we denote by v′ the transpose of an array v ∈ Rd, i. e. a row array.
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4. Large Deviations for Primitive Models

In this section we summarize the large deviation properties of {Yn} when the ma-
trix A+B is primitive [20]. Here and in the subsequent sections we denote by mij , aij
and bij the entries of indices i, j of the matrices M , A and B, respectively. Recall
that a square matrix M ∈ Rd×d+ is primitive if there exists a positive integer n such
that Mn > 0, i. e. all entries of Mn are strictly positive. It is well-known that M is
primitive if and only it is irreducible and aperiodic [28]. Its main properties are estab-
lished by the well-known Perron-Frobenius Theorem (see, for instance, [28, Sec 1.1])
stating that every primitive matrix M ∈ Rd×d+ admits a real eigenvalue λ > 0 (called
the Perron-Frobenius eigenvalue of M) such that |µ| < λ for any eigenvalue µ of M
different from λ, the same λ is a simple root of the characteristic equation of M , and
the following property holds:

(i) If a matrix A ∈ Rd×d+ satisfies A ≤ M (i. e. aij ≤ mij , ∀i, j) and α is an
eigenvalue of A, then |α| ≤ λ. Moreover, |α| = λ implies A = M .

Now, under the hypotheses of Section 3, assume that A+B is primitive and let λ
be its Perron-Frobenius eigenvalue. In this case it is known that the sequence {Yn}
has a (non-degenerate) Gaussian limit distribution [2], it enjoys several local limit
properties [3, 17] and also satisfies a large deviation property [20]. These results are
maily obtained by studying the function y = y(t), where t ∈ R, implicitly defined by
the equation

det(Iy −Aet −B) = 0 (3)

with initial condition y(0) = λ. Clearly y(t) is well defined and real analytic all over R.
Since also Aet+B is primitive for every t ∈ R, y(t) is its Perron-Frobenius eigenvalue;
thus, y(t) is a positive real function, strictly increasing all over R (by statement (i)
above).

Moreover, we can define the constant β = y′(0)
λ and the function β(t) = y′(t)

y(t) ,
for t ∈ R, which enjoy the following properties [2, 20]:
(a) 0 < β < 1 and E(Yn) = βn+c+O(εn), for some |ε| < 1 and some constant c ∈ R;
(b) For every t ∈ R we have 0 < β(t) < 1, β′(t) > 0, and hence the following limits

exist and are finite:

U = lim
t→−∞

β(t), V = lim
t→+∞

β(t). (4)

Also, these limits imply

0 ≤ U < β(0) < V ≤ 1. (5)

(c) For every x ∈ (U, V ) there exists a unique τx ∈ R such that β(τx) = x. More-
over, τx < 0 whenever x < β, τβ = 0 and τx > 0 when x > β.

By using the properties above the following result can be proved [20].
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Theorem 2. Let {Yn} be defined by a linear representation (ξ, A,B, η) where A+B
is primitive. Then {Yn} satisfies a large deviation property in the interval (U, V ) with
rate function

G(x) = − log
(
y(τx)
λexτx

)
(6)

where λ is the Perron-Frobenius eigenvalue of A+B and τx is defined by sentence (a)
above. Moreover, G(x) is real analytic in the whole interval (U, V ), where it is also
convex and essentially smooth with a unique minimal value G(β) = 0.

A natural question arising from the previous result is whether the interval (U, V )
of definition of G(x) coincides with the interval (0, 1), as it occurs in the classical case
of binomial random variables [10, 11]. One may also ask what the behaviour of G(x)
is when x tends to the extremes of the interval. In [20], it is proved that U = 0
and V = 1 when the main eigenvalues of the matrices A and B are non-null. A
simple check of the proof allows us to strengthen the result, making independent the
two conditions that imply, respectively, U = 0 and V = 1. To state this property
precisely, note that A and B are non-zero matrices with entries in R+; hence, they
both have a real non-negative eigenvalue, that we denote by λA and λB , respectively,
greater or equal to the modulus of any other eigenvalue of their respective matrix.
Clearly, it may happen that λA = 0 or λA = |µ| for some eigenvalue µ of A different
from λA, and the same may occur for λB . However, again by statement (i), it is clear
that λA < λ and λB < λ. Then, following [20], one can prove the following result.

Theorem 3. Under the hypotheses of Theorem 2, the following properties hold:
(I) If λB > 0 then U = 0 and limx→0+ G(x) = log(λ/λB) (independently of the

value of λA).
(II) If λA > 0 then V = 1 and limx→1− G(x) = log(λ/λA) (independently of the

value of λB).

This result leaves open the problem of finding the values of U and V , re-
spectively, when λB = 0 and λA = 0. In these cases, also the lim-
its limx→U+ G(x) and limx→V − G(x) are not established. We only know, by The-
orem 2, that 0 ≤ U < V ≤ 1 and that |G′(x)| → +∞ as x approaches U or V .

5. Properties of Symmetry

In this section we present a natural property of symmetry between rate functions in
our context. Let A,B ∈ Rd×d+ be two non-null matrices (i. e. A 6= [0] 6= B). Clearly,
for every pair of values y ∈ C and t ∈ R, we have det(Iy − Aet − B) = 0 if and only
if det(Iye−t−Be−t−A) = 0. As a consequence, if y = y(t) and v = v(u) are functions
defined, respectively, by the equations det(Iy−Aet−B) = 0 and det(Iv−Beu−A) = 0,
with the same initial condition y(0) = λ = v(0), then v(u) = euy(−u) for every u ∈ R.
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Theorem 4. Given two non-null matrices A,B ∈ Rd×d+ , assume that A + B is
primitive. Let G(x) and F (x) be the rate functions of the symbol statistics defined,
respectively, by (ξ, A,B, η) and (ξ,B,A, η), and suppose G(x) defined over the inter-
val (U, V ), for some 0 ≤ U < V ≤ 1. Then the following properties hold:
(I) F (x) is defined over the interval (U ′, V ′) such that U ′ = 1−V and V ′ = 1−U .
(II) For every x ∈ (U ′, V ′), F (x) = G(1− x).
(III) limx→U ′+ F (x) = limx→V − G(x) and limx→V ′− F (x) = limx→U+ G(x).

Proof. Clearly the third property is consequence of the other two. To prove the first
one, let y(t) and v(u) be defined as above. According with the notation of Section 4,
set β(t) = y′(t)

y(t) and β(u) = v′(u)
v(u) . As stated above, we know that v(u) = euy(−u) for

every u ∈ R, and hence v′(u) = eu[y(−u)− y′(−u)], which implies β(u) = 1− β(−u).
Thus, by relations (4), the last equality shows that

U ′ = lim
u→−∞

β(u) = lim
u→−∞

1− β(−u) = 1− V

and, similarly,

V ′ = lim
u→+∞

β(u) = lim
u→+∞

1− β(−u) = 1− U.

These equalities prove statement (I) since, by Theorem 2, F (x) is defined over the
interval (U ′, V ′).

To prove statement (II), let x ∈ (U ′, V ′) and set z = 1 − x. By sentence (c) of
Section 4, there exists a unique value τz ∈ R such that β(τz) = z. Analogously, there
is a unique ux ∈ R such that β(ux) = x and, since β(u) = 1−β(−u), we get ux = −τz.
Thus, by relation (6), we can write

F (x) = − log v(ux) + log λ+ xux = − log euxy(−ux) + log λ+ (1− z)ux
= − log y(τz) + log λ+ zτz = G(z).

�

6. Characteristic Polynomials of Non-negative Matrices

In this section and in the next one we present some properties of the characteristic
polynomials of non-negative matrices that are useful for the study of the rate func-
tions G(x) described above. To this end, we first recall the traditional relationship
between non-negative matrices and weighted oriented graphs.

For every matrix M = [mij ] ∈ Rd×d+ , we denote by G(M) the weighted oriented
graph with set of nodes V = {1, 2, . . . , d}, set of edges E = { (i, j) ∈ V ×V | mij > 0 }
and weightmij for every edge (i, j) ∈ E. Further, for any cycle C in G(M), the weight
of C is defined as the product of the weights of its edges and is denoted by w(C),
while the length of C is just the number of its edges. The cycles of length 1 are called
loops, and a cycle is said to be simple if it does not cross any node twice. We denote
by Ci the family of all simple cycles of length i in G(M).
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This correspondence is useful to find properties of non-negative matrices by using
the corresponding graphs. For instance, it is well-known that a matrix M ∈ Rd×d+ is
primitive if and only if G(M) is strongly connected and the lengths of (simple) cycles
in G(M) are relatively prime numbers. Also note that, denoting by tr(M) =

∑d
i=1mii

the trace ofM , tr(M) = 0 if and only if G(M) has no loops. More generally, just from
the definition of determinant, one can easily deduce the following property concerning
the matrices that only admit the eigenvalue 0.

Proposition 5. For every matrix M ∈ Rd×d+ , det(Iy−M) = yd if and only if G(M)
has no cycles.

Moreover, any cyclic permutation of a subset u ⊆ V can be interpreted as a simple
cycle that crosses every node in u once. In general, any arbitrary permutation σ of
a subset u ⊆ V can be represented by a family U(σ) of disjoint simple cycles over u,
where every vertex in u just belongs to one cycle in U(σ). We will say that U(σ) is
the family of the cycles of σ. Thus, the permutation σ can be seen as a family of
disjoint simple cycles over the subset of vertices u ⊆ V . Moreover, we may define the
weight of σ as the value

∏
i∈umiσ(i), which is different from 0 if and only if all cycles

in U(σ) are subgraphs of G(M) and, in this case,∏
i∈u

miσ(i) =
∏

C∈U(σ)

w(C).

As a consequence, det(M) is a sum of products (with sign) of weights of simple
cycles in G(M). More precisely, let us denote by ]u the cardinality of a set u. For
every h ∈ {1, 2, . . . , d}, define Ph := { u ⊆ {1, 2, . . . , d} | ]u = h }. Moreover, for
every u ∈ Ph, set the submatrix Mu := [mij ]i,j∈u and denote by Su the family of all
permutations of u. Then, for every h ∈ {1, 2, . . . , d} and every u ∈ Ph, we have

det(Mu) =
∑
σ∈Su

sgn(σ)
∏
i∈u

miσ(i) =
∑
σ∈Su

sgn(σ)
∏

C∈U(σ)

w(C). (7)

Also recall that the sign of a permutation σ is given by sgn(σ) = (−1)t, where t is
the number of simple cycles of even length in U(σ). Thus, for any u ∈ Ph, if σ ∈ Su
is a cyclic permutation then sgn(σ) = (−1)h−1.

Now, we use the above notions to describe the characteristic polynomial of a non-
negative matrix.

Proposition 6. Given a matrix M ∈ Rd×d+ having a non-null eigenvalue, define the
coefficients a1, a2, . . . , ad by the equality

det(Iy −M) = yd −
d∑

h=1
ahy

d−h. (8)

Then, for every h ∈ {1, 2, . . . , d}, we have

ah = (−1)h−1
∑
u∈Ph

det(Mu).
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Moreover, setting h̆ := min{ h ∈ {1, 2, . . . , d} | ah 6= 0 }, it turns out that h̆ is the
smallest length of a cycle in G(M), ah̆ > 0 and ah̆ =

∑
C∈Ch̆

w(C).

Note in particular that a1 = tr(M) and ad = (−1)d−1 det(M).

Proof of Proposition 6. By Proposition 5, it is clear that h̆ is well-defined and belongs
to {1, 2, . . . , d}. By the usual definition of determinant, we have

det(Iy −M) =
∑

σ∈S{1,2,...,d}

sgn(σ)
d∏
i=1

(δiσ(i)y −miσ(i)).

For every h ∈ {1, 2, . . . , d}, the coefficient of yd−h in the right hand side of the above
equation is given by the sums of products of h values −miσ(i) where the indices i, σ(i)
belong to a set u ∈ Ph. Such products are just the weights of the permutations
of {1, 2, . . . , d} that leave unchanged d− h indices and map the other h elements one
to another, thus forming a permutation over a set u ∈ Ph. Therefore, the overall
contribution given by a set u ∈ Ph with h indices is det(−Mu) = (−1)h det(Mu).
Note that the signs of these permutations are automatically included in det(Mu).
Summing up all these values for u ∈ Ph we obtain

det(Iy −M) = yd +
d∑

h=1

{∑
u∈Ph

(−1)h det(Mu)
}
yd−h.

Thus, by equality (7), the coefficients ah defined in (8) are given by

ah = (−1)h−1
∑
u∈Ph

det(Mu) = (−1)h−1
∑
u∈Ph

∑
σ∈Su

sgn(σ)
∏
i∈u

miσ(i). (9)

By the previous discussion, each non-null value
∏
i∈umiσ(i) is the product of the

weights of the simple cycles of G(M) that compose σ. Hence, the first non-null
coefficients ah̆ is determined only by those cyclic permutations that are the cycles of
smallest length in G(M). Moreover, all these cyclic permutations have the same sign:
if h̆ is odd then such a sign is positive, otherwise it is negative; by relation (9), this
implies ah̆ > 0 and hence

ah̆ =
∑
u∈Ph̆

∑
σ∈Su

∏
i∈u

miσ(i).

This concludes the proof since the non-null products in the last expressions are just
the weights of the cycles of minimum length in G(M). �

7. Characteristic Polynomials of Pairs of Matrices

The previous correspondence between matrices and graphs can be extended to pairs
of non-negative matrices. Given two arbitrary matrices A,B ∈ Rd×d+ , we define the
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labelled graph G(A,B) as the oriented graph having set of vertices {1, 2, . . . , d} and,
for every pair i, j ∈ {1, 2, . . . , d}, an edge from i to j of weight aij , labelled by a,
whenever aij > 0, and an edge from i to j of weight bij , labelled by b, whenever bij > 0.
Note that here there may be two distinct edges from a node i to a node j, one labelled
by a the other by b, both of which we denote by (i, j). Moreover, any path (or cycle)
in G(A,B) consists of consecutive edges, each of them labelled by either a or b. Also
in this case, the weight of a cycle in G(A,B) is the product of the weights of its edges.

Observe that G(A,B) can be interpreted as the transition diagram of a weighted
finite state automaton, over the alphabet {a, b}, where A and B are the matrices of
the weights of transitions labelled by a and b, respectively.

Now set M = Aw +B, for an arbitrary variable w. By Proposition 6 we obtain

det(Iy −Aw −B) = yd +
d∑

h=1
(−1)h

∑
u∈Ph

det(Auw +Bu)yd−h. (10)

Moreover, for every u ∈ Ph, setting Pj(u) := { v ⊆ u | ]v = j } for j = 0, 1, . . . , h, the
previous arguments implies

det(Auw +Bu) =
∑
σ∈Su

sgn(σ)
∏
i∈u

(aiσ(i)w + biσ(i))

=
∑
σ∈Su

sgn(σ)
h∑
j=0

 ∑
v∈Pj(u)

∏
i∈v

aiσ(i)
∏
i∈u\v

biσ(i)

wj .

Note that, for j = 0, the sum included in round brackets of the last expression reduces
to
∏
i∈u biσ(i), while for j = h it becomes

∏
i∈u aiσ(i). In the first case, that is the

product of weights of simple cycles over the set of nodes u in the graph G(B); in the
second one, it is the same quantity in the graph G(A).

Taking into account all the previous equalities, let us define the family of real
coefficients { chj ∈ R | h ∈ {1, 2 . . . , d}, j ∈ {0, 1, . . . , h} } such that

det(Iy −Aw −B) = yd −
d∑

h=1

h∑
j=0

chjw
jyd−h

i. e.

chj = (−1)h−1
∑
u∈Ph

∑
σ∈Su

sgn(σ)
∑

v∈Pj(u)

∏
i∈v

aiσ(i)
∏
i∈u\v

biσ(i). (11)

By the previous argument, applying relation (9) to A and B, one obtains the following
identities:

det(Iy −A) = yd −
d∑

h=1
chhy

d−h, det(Iy −B) = yd −
d∑

h=1
ch0y

d−h. (12)
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Thus, the coefficients chj also determine the characteristic polynomials of A and B.
Moreover, assume that A + B has a non-null eigenvalue, and let h̆ be the min-
imum length of a cycle in G(A,B). Then, by Proposition 6, ch̆j ≥ 0 for ev-
ery j ∈ {0, 1, . . . , h̆}, ch̆̆ > 0 for some ̆ ∈ {0, 1, . . . , h̆}, and chj = 0 for every h < h̆

and every j ∈ {0, 1, . . . , h} (if any).
For our purposes it is relevant here to show that chj > 0 also for pairs of indices h, j

that have maximum and minimum ratio j/h. In order to prove a property of this
kind, let us introduce the following definitions:

L := { (h, j) | h ∈ {1, 2 . . . , d}, j ∈ {0, 1, . . . , h}, chj 6= 0 };
R := { r ∈ Q | ∃(h, j) ∈ L such that r = j/h };
Lr := { (h, j) ∈ L | j/h = r }, for every r ∈ R;
r := max{r ∈ R}, r := min{r ∈ R}.

By Proposition 5 it is clear that, if A + B has a non-null eigenvalue, then L is not
empty, 0 ≤ r ≤ 1 for every r ∈ R, the family of sets { Lr | r ∈ R } forms a partition
of L, and also Lr and Lr are not empty.

In the following we denote by λA and λB the largest real non-negative eigenvalue
of A and B, respectively. Note that, since A has non-negative entries, λA always
exists, |µ| ≤ λA for any eigenvalue µ of A, and the same holds for B.

Proposition 7. Given two matrices A,B ∈ Rd×d+ such that A + B has a non-null
eigenvalue, assume λA = 0, and let (h̄, ̄) be the element in Lr with smallest value h̄.
Then r < 1 and ch̄̄ > 0.

Proof. First observe that, since λA = 0, chh = 0 for all h ∈ {1, . . . , d}, and
hence r < 1. The positivity of the sign of ch̄̄ follows from an analysis of iden-
tity (11). Note that, just by (11), the value of each non-null coefficient chj is given
by the weights of permutations of sets of h nodes whose cycles in G(A,B) have j
many edges labelled by a and h− j edges labelled by b. Since r is the maximum value
in R, all simple cycles in G(A,B) of length h < h̄ have a number of occurrences of a
strictly smaller than ̄: hence they cannot contribute to determine the value ch̄̄. As
a consequence, the only permutations σ that contribute to ch̄̄ are cyclic permuta-
tions of h̄ nodes whose corresponding cycles in G(A,B) have exactly ̄ many edges
labelled by a (and the others by b). Thus, as in the proof of Proposition 6, the sign
of these permutations always is sgn(σ) = (−1)h̄−1, which implies ch̄̄ > 0 by the same
identity (11). �

An analogous symmetric reasoning (exchanging A and B, a and b) allows us to state
a similar result for Lr. Note that, also in this case, if (h, j) is the element of Lr with
smallest value h, then all permutations that contribute to chj are cyclic and hence,
reasoning as above, one deduces that chj > 0.

Proposition 8. Given two matrices A,B ∈ Rd×d+ such that A + B has a non-null
eigenvalue, assume λB = 0, and let (h̆, ̆) be the element in Lr with smallest value h̆.
Then r > 0 and ch̆̆ > 0.
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8. On the Limits of G(x) at the Endpoints U and V

In this section we study the behaviour of G(x) for x tending to V or U under the
assumptions of Theorem 2, without restrictions on the matrices A and B, so including
the case λA = 0 and λB = 0. Here we show that under these hypotheses such limits
are always finite. In the next section, under more restrictive assumptions, we yield a
precise expression of their values.

To present the result in detail, consider the family of real coefficients chj defined in
Section 7. Defining the bivariate function F (t, y) := det(Iy−Aet−B), where t, y ∈ R,
it is clear that

F (t, y) = yd −
d∑

h=1

h∑
j=0

chje
tjyd−h. (13)

We first study the limit of G(x) for x tending to V −. In our hypotheses, the
set L = { (h, j) | h ∈ {1, 2 . . . , d}, j ∈ {0, 1, . . . , h}, chj 6= 0 } is not empty, and
we can also define the sets

Q = Q(V ) := { q ∈ R | ∃(h, j) ∈ L such that q = j − V h };
Lq := { (h, j) ∈ L | j − V h = q }, for every q ∈ Q.

Clearly also Q is not empty, and the family { Lq | q ∈ Q } forms a (possibly new)
partition of L. Moreover, we can set q := max{q ∈ Q} and q := min{q ∈ Q}. Thus,
up to a division by yd, by (13), equation (3) can be written in the form

1 =
∑

(h,j)∈L

chje
tjy−h. (14)

Now, let us study the properties of the previous equation when t tends to +∞ in order
to evaluate V and the limit limx→V − G(x). Consider the function β(t) = y′(t)/y(t)
introduced in Section 4, where t ∈ R. From the second relation of (4) we deduce that,
for t → +∞, d

dt log y(t) = β(t) = V − ε(t), where ε(t) → 0+ monotonically. This
implies

log y(t)− log λ =
∫ t

0

d

du
log y(u) du = V t−

∫ t

0
ε(u) du = V t− η(t)

where η(t) =
∫ t

0 ε(u)du. Note that η(0) = 0 and η(t) > 0 for any t > 0; more than
that, η(t) is strictly increasing in R+ and one easily sees that η(t) = o(t) for t→ +∞.
As a consequence, either limt→+∞ η(t) = +∞ or limt→+∞ η(t) = c− for some c > 0.
Moreover, from the last equalities we get

y(t) = λeV t−η(t). (15)

Replacing this expression in equation (14) and using the sets defined above we get

1 =
∑
q∈Q

etq
∑

(h,j)∈Lq

chjλ
−hehη(t), ∀ t ∈ R.
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Now it is convenient to define the polynomial pq(x) :=
∑

(h,j)∈Lq
chjλ

−hxh, for ev-
ery q ∈ Q. Replacing it in the previous equation, we have

1 = etqpq(eη(t)) +
∑

q∈Q\{q}

etqpq(eη(t)), ∀ t ∈ R

and hence, for t→ +∞, we obtain

1 = etq
[
pq(eη(t)) + O(e−tδ)

]
(16)

for some δ > 0. This proves q ≥ 0, otherwise since η(t) = o(t) the right hand side
of the equality above would go to 0 as t → +∞. As a consequence, whatever the
value of q ≥ 0 is, η(t) cannot tend to +∞ as t→ +∞, otherwise the right hand side
of the previous equality would not tend to 1. This implies limt→+∞ η(t) = c− for
some c > 0, and hence ε(t) is integrable at +∞, that is

∫ +∞
0 ε(t)dt ∈ R. For this

reason, since ε(t) tends to 0+ and is monotonically decreasing for t→ +∞, we have

t · ε(t) ≤ 2
∫ t

t/2
ε(u) du ≤ 2

∫ +∞

t/2
ε(u) du→ 0+ as t→ +∞

which yields the relation

ε(t) = o(t−1) as t→ +∞. (17)

Moreover, setting the constant C ∈ (0, 1) by

C := e−c = lim
t→+∞

e−η(t) (18)

the identity (15) implies

y(t) = λCeV t(1 + o(1)) as t→ +∞. (19)

These equalities allow us to evaluate the limit of G(x) for x → V −. Re-
call that β(t) = V − ε(t) and, by property (c) of Section 4, x = β(τx)
and limx→V − τx = +∞. Thus, from equality (6), by relations (19) and (17), let-
ting x→ V − we get

G(x) = − log y(τx) + log λ+ xτx

= − log(λCeV τx(1 + o(1))) + log λ+ β(τx)τx
= − logC − log (1 + o(1))− ε(τx)τx = − logC + o(1). (20)

As a consequence limx→V − G(x) is always finite. By applying Theorem 4 it is easy
to verify that an analogous property holds for U . Therefore, we have proved the
following result, which extends to the cases λA = 0 and λB = 0 the analysis of the
limits of G(x) at the extremes of its defining interval.

Theorem 9. Under the hypotheses of Theorem 2, both limits of G(x) for x → U+

and for x→ V − are finite.
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The previous result is not taken for granted since, from Theorem 3, in case λA = 0
one might expect that the limit of G(x) at V − is +∞, while we have just proved it is
finite. The same holds for the limit at U+ in case λB = 0.

Moreover, the inequality q ≥ 0 proved above implies V ≤ j/h for some (h, j) ∈ L,
and hence V ≤ r. As a consequence, by Proposition 7, if λA = 0 then V < 1.
Clearly, by Theorem 4, a symmetric reasoning holds for U . This proves the following
statement.

Proposition 10. Under the hypotheses of Theorem 2, we have V ≤ r and U ≥ r.
Moreover, if λA = 0 then V ≤ r < 1 and, independently of that, if λB = 0
then U ≥ r > 0.

The previous result shows that when the main eigenvalue of either A or B becomes
null the interval of validity of the large deviation property shrinks.

9. On the Endpoints of the Domain of G(x)

The results obtained above hold under the assumptions of Theorem 2, i. e. A+B prim-
itive and both A and B non-null. Now we introduce further hypotheses in our analysis.
Our goal is to prove that, under a mild condition, the endpoints of the domain of G(x)
are of the form j/h for some integers j, h ∈ {0, 1, . . . , d} such that j ≤ h (h 6= 0) and,
under the same hypothesis, we determine a precise value for the limits of G(x) at
these extremes when λA = 0 or λB = 0. The proofs are based on the properties of
the characteristic polynomials presented in Sections 6 and 7, and here we widely use
the notions introduced therein.

Theorem 11. Under the hypotheses of Theorem 2, let λA = 0 and assume that Lr is
a singleton defined by Lr = {(h̄, ̄)} for a given (h̄, ̄) ∈ L. Then V = r < 1, c h̄̄ > 0
and

lim
x→V −

G(x) = log λ

h̄
√
c h̄̄

.

Proof. Recall that, by Proposition 7, r < 1 and c h̄̄ > 0. Also note that, for ev-
ery r ∈ R different from r and every (h, j) ∈ Lr, one has j − rh < 0. Now, let us
consider the function

F (t, y) = det(Iy −Aet −B) = yd −
∑

(h,j)∈L

chje
tjyd−h.

In our hypotheses, we have

F (t, y) = yd

1− ch̄̄et̄y−h̄ −
∑

(h,j)∈L\{(h̄,̄)}

chje
tjy−h

 .
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Then, for any constant α > 0 and for t → +∞, the value F (t, αetr) satisfies the
relation

F (t, αetr) = (αetr)d
(

1− ch̄̄α−h̄ + o(1)
)
.

Thus, for t large enough, F (t, αetr) is greater or smaller than 0 according to whether α
is greater or smaller than h̄

√
c h̄̄. Since F (t, y) is continuous, for the (Perron-

Frobenius) solution y = y(t) of F (t, y) = 0 the following relation must hold for
every ε > 0 and every t large enough:(

h̄
√
c h̄̄ − ε

)
etr < y(t) <

(
h̄
√
c h̄̄ + ε

)
etr.

Since y(t) has the form (19), the inequalities above prove V = r = ̄/h̄. Clearly,
the same relation (19) now becomes y(t) = h̄

√
c h̄̄e

tr(1 + o(1)), for t → +∞, and
hence C = h̄

√
c h̄̄/λ. Replacing this value in (20), for x→ V −, one gets

G(x) = log
(

λ

h̄
√
c h̄̄

)
+ o(1).

�

Again, by applying Theorem 4, an analogous result can be proved for U .

Theorem 12. Under the hypotheses of Theorem 2, let λB = 0 and assume that Lr is
a singleton defined by Lr = {(h̆, ̆)} for a given (h̆, ̆) ∈ L. Then U = r > 0, c h̆̆ > 0
and

lim
x→U+

G(x) = log λ

h̆
√c h̆̆

.

Clearly, under the hypotheses of the previous theorems, both U and V turn out to be
of the form j/h for some h ∈ {1, . . . , d} and some j ∈ {0, . . . , h}.

Example 13. Consider the linear representation defined by the finite automaton of
Figure 1, where all transitions have weight 1. In this case λ = 2, β = 2/3, λA = 1
while λB = 0, det(Iy − Aet − B) = y3 − y2et − 2yet and y(t) can be computed
explicitly as y(t) = et

2
(
1 +
√

1 + 8e−t
)
. Since d = 3, here all sets Lr are singletons.

Moreover, the non-null coefficients chj are c11 = 1 and c21 = 2, and hence r = 1/2,
which implies U = 1/2 by Theorem 12. By the same theorem we have

lim
x→1/2+

G(x) = (1/2) log 2.

Since λA > 0, the behaviour of G(x) near V is established by Theorem 3: V = 1
and limx→1− G(x) = log 2. These evaluations are confirmed by analysis of the rate
function G(x) = log 2+xt− log y(t), where t = t(x) satisfies the relation y′(t) = xy(t),
the graphic of which is plotted at the right hand side of the figure. �
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Figure 1: Generalized automaton of size 3, where all transitions have weight 1 and
the matrix of transition weights is primitive. The right hand side shows the graphic of
the corresponding rate function G(x).

Example 14. Consider the linear representation defined by the finite automaton in
the left hand side of Figure 2. A direct computation together with an appropriate use
of the Implicit Function Theorem [26, Ch. 9] prove the equalities in the right hand
side of the same figure. In particular, here y(t) is implicitly defined by the equation

y3 − 4yet − e2t − 2et = 0,

the non-null coefficients chj are c21 = 4, c32 = 1, c31 = 2, and all sets Lr are singletons.
Hence, by Theorems 11 and 12, U = r = 1/3, V = r = 2/3, and the limits of G(x)
at U and V are log(λ/ 3

√
2) and log λ, respectively. �
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limx→2/3− G(x) = log λ.

Figure 2: Generalized automaton with primitive transition matrix, where
λA = λB = 0, U = 1/3 and V = 2/3.

10. Analysis of Rate Functions for Models of Size 2

When the linear representation (ξ, A,B, η) has size d = 2 or d = 3 the analysis of G(x)
is particularly simple since all sets Lr are singletons, and hence the coefficients ch̄̄
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and ch̆̆ are always positive. In this section we present a complete analysis of the
case d = 2 that is independent of the results of Sections 8 and 9, and shows how the
coefficients chj are related to the entries of the matrices A and B. In the subsequent
section we present a similar study for the case d = 3, which we believe to be useful
to understand the meaning of such coefficients.

First note that, for any 2× 2 matrix M , we have

det(Iy −M) = y2 − tr(M)y + det(M). (21)

Then, since A + B is primitive, by the Perron-Frobenius Theorem its characteristic
polynomial det(Iy−A−B) = y2− tr(A+B)y+ det(A+B) must have two real roots
of different modulus, which implies

tr(A+B) = tr(A) + tr(B) > 0. (22)

Now define ϕ as the operator over pairs of 2× 2 matrices given by the relation

ϕ(A,B) := tr(A ·B)− tr(A)tr(B) = a12b21 + a21b12 − a11b22 − a22b11 (23)

where A = [aij ]i,j∈{1,2} and B = [bij ]i,j∈{1,2}. Note that ϕ is symmetric,
i. e., ϕ(A,B) = ϕ(B,A). Moreover, for an arbitrary variable w, we get

det(Aw +B) = det(A)w2 − ϕ(A,B)w + det(B) (24)

and hence, by relation (21), the characteristic polynomial of Aw + B can be written
in the form

det(Iy −Aw −B) = y2 − tr(A)wy − tr(B)y + det(A)w2 − ϕ(A,B)w + det(B).

Note that if tr(A) = 0 or tr(B) = 0, then ϕ(A,B) is the sum of the weights of the
cycles of length 2 in the graph G(A,B), having one occurrence of a and one occurrence
of b.

Theorem 15. Let {Yn} be defined by a linear representation (ξ, A,B, η) of size 2
with matrix A + B primitive, and let λ be its Perron-Frobenius eigenvalue. Under
these hypotheses the following properties hold:
(I) If λB = 0, then λA > 0, ϕ(A,B) > 0, U = 1/2 and

lim
x→1/2+

G(x) = log λ√
ϕ(A,B)

. (25)

(II) If λA = 0, then λB > 0, ϕ(A,B) > 0, V = 1/2 and

lim
x→1/2−

G(x) = log λ√
ϕ(A,B)

. (26)

Proof. First, note that the case λA = 0 = λB is not possible since it would im-
ply det(Iy − A) = y2 = det(Iy − B), and hence by equation (21) tr(A) = 0 = tr(B),
which contradicts relation (22).
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Now assume λB = 0. By the previous argument we have tr(B) = 0 = det(B),
which implies b11 = b22 = 0, and either (b12 = 0 ∧ b21 > 0) or (b12 > 0 ∧ b21 = 0),
otherwise B = [0]. In the first case we obtain a12 > 0, otherwise A + B would not
be irreducible, while in the second a21 > 0 for the same reason. In both cases, we
get ϕ(A,B) = a12b21+a21b12 > 0 and, since tr(A) > 0, for any t ∈ R the characteristic
polynomial of Aet +B becomes

det(Iy −Aet −B) = y2 − tr(A)ety + det(A)e2t − ϕ(A,B)et

where the coefficients in ety and in et do not vanish. Again, let y = y(t) be im-
plicitely defined by the equation det(Iy − Aet − B) = 0, with initial condition
y(0) = λ. For t → −∞ the equality y =

√
tr(A)ety − det(A)e2t + ϕ(A,B)et shows

that y(t)→ 0+, and, hence,

y(t) =
√
ϕ(A,B)et/2(1 + Θ(et/2)). (27)

Expressing the derivative y′(t) by the Implicit Function Theorem [26], we may write

β(t) = y′(t)
y(t) = et

tr(A)y − 2 det(A)et + ϕ(A,B)
2y2 − tr(A)ety

and, for t→ −∞, by relation (27), we obtain

β(t) = 1
2 + Θ(et/2) (28)

which proves U = 1/2. Thus, we can determine limx→1/2+ G(x) in this case.
For x → 1/2+ we have τx → −∞, and hence, applying equalities (27) and (28),
from relation (6), we obtain

G(x) = − log y(τx) + log λ+ xτx

= − log
√
ϕ(A,B)− 1

2τx + Θ(eτx/2) + log λ+ β(τx)τx

= log λ√
ϕ(A,B)

+ o(1)

which proves relation (25).
The case λA = 0 is symmetrical: statement 2. easily follows from statement 1. by

applying Theorem 4. �

11. Analysis of Rate Functions for Models of Size 3

Given an arbitrary 3 × 3 matrix M , for any pair of indices i, j ∈ {1, 2, 3} let Mij

be the matrix obtained from M by erasing the i-th row and the j-th column. Also,
define the operator T over 3× 3 matrices as follows:

T (M) :=
3∑
i=1

det(Mii). (29)
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Then, by a direct computation, we obtain

det(Iy −M) = y3 − tr(M)y2 + T (M)y − det(M). (30)

Moreover, for any pair of 3× 3 matrices A and B, we define the value Φ(A,B) by the
equality

Φ(A,B) :=
3∑
i=1

ϕ(Aii, Bii) (31)

where ϕ is defined in (23). Thus, applying identity (24), we obtain

T (Aw +B) =
3∑
i=1

det[(Aw +B)ii] = T (A)w2 − Φ(A,B)w + T (B). (32)

Now we introduce a further binary operator, denoted by ψ, that is given as

ψ(A,B) :=
3∑
i=1

(−1)i+1 [bi1 det(Ai1)− ai1ϕ(Ai1, Bi1)] . (33)

Note that ψ is not symmetric, i. e. ψ(A,B) 6= ψ(B,A) in general. It is straightforward
to notice that

ψ(A,B) =
∑

i,j∈{1,2,3}

(−1)i+jbij det(Aij).

Moreover, using (24) to evaluate det[(Aw + B)ij ], this operator allows us to express
the determinant of Aw +B as follows:

det(Aw +B) =
3∑
i=1

(−1)i+1(ai1w + bi1) det[(Aw +B)i1]

=
3∑
i=1

(−1)i+1(ai1w + bi1)
[
det(Ai1)w2 − ϕ(Ai1, Bi1)w + det(Bi1)

]
= det(A)w3 + ψ(A,B)w2 + ψ(B,A)w + det(B). (34)

Thus, the characteristic polynomial of Aw + B can be determined explicitly as a
function of the operators T , Φ and ψ defined in (29), (31) and (33), respectively.

Lemma 16. For every pair of matrices A,B of size 3× 3 we have

det(Iy −Aw −B) = y3 − tr(A)wy2 − tr(B)y2

+ T (A)w2y − Φ(A,B)wy + T (B)y
− det(A)w3 − ψ(A,B)w2 − ψ(B,A)w − det(B).

Proof. The result follows from (30) by applying relations (32) and (34). �
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We are now ready to present the main result of this section, which yields the values
of the extremes U and V when the size of the linear representation is 3, together with
the corresponding limits of G(x), depending on the values of the operators introduced
above.

Theorem 17. Let {Yn} be defined by a linear representation (ξ, A,B, η) of size 3
with matrix A + B primitive, and let λ be its Perron-Frobenius eigenvalue. Under
these hypotheses the following properties hold:
(I) The equality λA = 0 = λB implies Φ(A,B) > 0 and ψ(A,B) + ψ(B,A) > 0 .
(II) When λB = 0 the following cases occur:

(A) If ψ(B,A) > 0, then U = 1/3 and lim
x→1/3+

G(x) = log λ
3
√
ψ(B,A)

.

(B) If ψ(B,A) = 0 and Φ(A,B) > 0, then U = 1/2 and (λA > 0∨ψ(A,B) > 0)
and also lim

x→1/2+
G(x) = log λ√

Φ(A,B)
.

(C) If ψ(B,A) = 0 = Φ(A,B), then U = 2/3, λA > 0, ψ(A,B) > 0
and lim

x→2/3+
G(x) = log λ

3
√
ψ(A,B)

.

(III) Symmetrically, when λA = 0 the following cases occur:

(A) If ψ(A,B) > 0, then V = 2/3 and lim
x→2/3−

G(x) = log λ
3
√
ψ(A,B)

.

(B) If ψ(A,B) = 0 and Φ(A,B) > 0, then V = 1/2 and (λB > 0∨ψ(B,A) > 0)
and also lim

x→1/2−
G(x) = log λ√

Φ(A,B)
.

(C) If ψ(A,B) = 0 = Φ(A,B), then V = 1/3, λB > 0, ψ(B,A) > 0
and lim

x→1/3−
G(x) = log λ

3
√
ψ(B,A)

.

Before proving the theorem (in the subsequent section), we briefly discuss this re-
sult and its consequences, also yielding some examples. First note that several cases
mentioned in the statement cannot occur together. For instance, case (II.B) excludes
case (III.B), and vice-versa; if (II.C) occurs, then λA > 0 and hence cases (III.A), (III.B),
and (III.C) cannot happen; by symmetry, case (III.C) excludes all cases (II.A), (II.B),
and (II.C). On the contrary, as shown in Example 14, cases (III.A) and (II.A) may occur
in the same model. Also the pairs ((II.A),(III.B)) and ((II.B),(III.A)) are clearly compat-
ible. Note that in this case (i. e. d = 3) the constant U lies in the set {0, 1/3, 1/2, 2/3},
while V lies in {1/3, 1/2, 2/3, 1}. Moreover, since here all sets Lr are singletons, the
result above may be considered as a refinement of the statements of Theorems 11
and 12.

12. Proof of Theorem 17

The proof is split in three cases, according whether λA = 0 = λB or only one of these
equalities holds. We start by showing a property of the primitive matrices concerning
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the coefficients of their characteristic polynomial.

Lemma 18. For any primitive matrix M ∈ R3×3
+ , if tr(M) = 0 then T (M) < 0 and

det(M) > 0.

Proof. Since tr(M) = 0, G(M) has no loops and hence, just from the definitions
of T (M) and det(M), one deduces that −T (M) is the sum of the weights of all cycles
of length 2, while det(M) is the sum of the weights of all cycles of length 3. Also,
here all cycles of length 2 and 3 must be simple. At last, G(M) must have some cycle
of length 2 and some cycle of length 3, otherwise M would not be primitive. As a
consequence, T (M) < 0 and det(M) > 0. �

From the previous proof it also follows that, for any arbitrary matrix M ∈ R3×3
+ ,

if tr(M) = 0 then T (M) ≤ 0 and det(M) ≥ 0.

12.1. Analysis of the Case λA = 0 = λB

Under this hypothesis, by relation (30), we know that

tr(A) = T (A) = det(A) = 0 = tr(B) = T (B) = det(B).

Hence, by applying Lemmas 16 and 18, we obtain Φ(A,B) > 0 together
with det(A + B) = ψ(A,B) + ψ(B,A) > 0. Moreover, the characteristic polyno-
mial of Aw +B becomes

det(Iy −Aw −B) = y3 − Φ(A,B)wy − ψ(A,B)w2 − ψ(B,A)w. (35)

Now consider the graph G(A,B) defined in Section 6. Here, by our hypothe-
ses, G(A,B) has no loops and, by Proposition 5, all cycles of length 3 must be simple
and cannot be labelled by the same symbol (either a or b). This implies ψ(A,B) ≥ 0
and ψ(B,A) ≥ 0 because, in our case (by the definition of ψ and a simple check)
they represent the sum of the weights of all cycles of length 3 having, respectively,
two labels a and one label b in this first case, and two labels b and one label a in the
second one. Since their sum must be positive, ψ(A,B) = 0 implies ψ(B,A) > 0 and,
analogously, ψ(B,A) = 0 implies ψ(A,B) > 0. Overall, we then have three possible
cases:

ψ(A,B) > 0 ∧ ψ(B,A) > 0,
ψ(A,B) = 0 ∧ ψ(B,A) > 0, or
ψ(B,A) = 0 ∧ ψ(A,B) > 0.

We treat these cases separately in the following three propositions, where we always
consider a linear representation (ξ, A,B, η) of size 3 having primitive matrix A + B
with maximum eigenvalue λ and λA = 0 = λB .

Proposition 19. If ψ(A,B) > 0 and ψ(B,A) > 0, then U = 1/3 and V = 2/3,
while

lim
x→U+

G(x) = log λ

(ψ(B,A))1/3 and lim
x→V −

G(x) = log λ

(ψ(A,B))1/3 .
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Proof. By equality (35), the function y = y(t) defined by det(Iy−Aet−B) = 0 with
initial condition y(0) = λ satisfies the relation

y =
(
Φ(A,B)ety + ψ(A,B)e2t + ψ(B,A)et

)1/3 (36)

which implies

β(t) = y′(t)
y(t) = 2ψ(A,B)e2t + Φ(A,B)ety + ψ(B,A)et

3y3 − Φ(A,B)ety . (37)

Letting t → −∞ we get y(t) = [ψ(B,A)et]1/3(1 + Θ(et/3)) and β(t) = 1
3 + Θ(et/3),

which implies U = 1/3 and, for x→ U+,

G(x) = −1
3 logψ(B,A)− τx

3 + o(1) + log λ+
(

1
3 + Θ(eτx/3)

)
τx

= log λ

(ψ(B,A))1/3 + o(1).

Now, let t → +∞. Exchanging the matrices A and B and using the notation of
Theorem 4, our present hypotheses also hold for the linear representation (ξ,B,A, η).
Therefore, by the previous argument, we obtain U ′ = 1/3 and

lim
x→U ′+

F (x) = log λ

(ψ(A,B))1/3 .

By properties 1) and 3) of Theorem 4, this implies V = 2/3 and

lim
x→V −

G(x) = log λ

(ψ(A,B))1/3 ,

which completes the proof. �

Proposition 20. If ψ(A,B) = 0, then U = 1/3 and V = 1/2, while

lim
x→U+

G(x) = log λ

(ψ(B,A))1/3 and lim
x→V −

G(x) = log λ√
Φ(A,B)

.

Proof. By the previous argument we have ψ(B,A) > 0 and hence, for t → −∞,
from relations (36) and (37), we get the same asymptotic expressions of y(t) and β(t)
obtained in Proposition 19, proving that U = 1/3 and

lim
x→U+

G(x) = log λ

(ψ(B,A))1/3 .

On the contrary, for t→ +∞, the same relations (36) and (37) prove that

y(t) =
√

Φ(A,B) et/2(1 + Θ(e−t/2)) and β(t) = 1
2 + Θ(e−t/2)
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where Φ(A,B) > 0. This implies V = 1/2 and, for x→ V −, we obtain

G(x) = −1
2 log (Φ(A,B))− τx

2 + o(1) + log λ+
(

1
2 + Θ(e−t/2)

)
τx

= log λ√
Φ(A,B)

+ o(1).

�

Proposition 21. If ψ(B,A) = 0, then U = 1/2 and V = 2/3, while

lim
x→U+

G(x) = log λ√
Φ(A,B)

and lim
x→V −

G(x) = log λ

(ψ(A,B))1/3 .

Proof. First note that here we have ψ(A,B) > 0 and Φ(B,A) > 0 (since Φ is symmet-
ric). Then, the result follows from Proposition 20 by applying properties (I) and (III)
of Theorem 4. �

12.2. Analysis of the Case λB = 0 and λA 6= 0

Here, still assuming A + B primitive, we determine the value of U when λB = 0
and λA > 0. Note that in this case, by Theorem 3, V = 1 and

lim
x→1−

G(x) = log λ/λA.

Again by relation (30), λB = 0 implies tr(B) = T (B) = det(B) = 0. Thus, by
Lemma 16, the characteristic polynomial of Aw +B reduces to

det(Iy −Aw −B) = y3 − tr(A)wy2

+
[
T (A)w2 − Φ(A,B)w

]
y − det(A)w3 − ψ(A,B)w2 − ψ(B,A)w. (38)

Moreover, since the graph G(B) has no cycle, the following properties hold:
(A) Φ(A,B) ≥ 0 because, in our hypotheses, it represents the sum of the weights of

all simple cycles of length 2 in G(A,B) having one label a and one label b;
(B) ψ(B,A) ≥ 0 because, in this case, it equals the sum of the weights of all simple

cycles of length 3 in G(A,B) having one label a and two labels b;
(C) If ψ(B,A) = 0 and Φ(A,B) = 0, then ψ(A,B) > 0, otherwise from (38) one

deduces that det(Iy − A − B) = det(Iy − A), and hence A + B and A would
have the same eigenvalues, which is not possible for two different matrices A and
A+B such that A+B is primitive and A ≤ A+B (see property (i) of Section
4). Also note that, in this case, ψ(A,B) is the sum of the weights of all simple
cycles of length 3 in G(A,B) having two labels a and one label b.
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Overall, with our hypotheses, we may study only three possible cases:

ψ(B,A) > 0,
ψ(B,A) = 0 ∧ Φ(A,B) > 0, and
ψ(B,A) = 0 = Φ(A,B),

which correspond to sentences (I), (II) and (III) of the following statement.

Proposition 22. Let (ξ, A,B, η) be a linear representation of size 3, where A + B
is primitive, λ is its Perron-Frobenius eigenvalue, λB = 0 and λA > 0. Then V = 1
and U ∈ {1/3, 1/2, 2/3}. In particular, the following three cases occur:

(I) If ψ(B,A) > 0 then U = 1/3 and lim
x→1/3+

G(x) = log λ
3
√
ψ(B,A)

.

(II) If ψ(B,A) = 0 and Φ(A,B) > 0 then U = 1/2 and

lim
x→1/2+

G(x) = log λ√
Φ(A,B)

.

(III) If ψ(B,A) = 0 = Φ(A,B) then ψ(A,B) > 0, U = 2/3 and

lim
x→2/3+

G(x) = log λ
3
√
ψ(A,B)

.

Proof. Clearly V = 1 because of Theorem 3. Assume ψ(B,A) > 0 and let y = y(t)
be defined by det(Iy − Aet − B) = 0 (t ∈ R) with initial condition y(0) = λ. In
order to determine U we have to study the behaviour of y(t) and y′(t) for t → −∞.
From (38), using classic analysis, as t goes to −∞, we obtain:

y(t) = 3
√
ψ(B,A)et/3(1 + O(et/3)),

β(t) = y′(t)
y(t) = ψ(B,A)et(1 + O(et/3))

3y3 − Φ(A,B)ety + O(ety2) = 1
3 + O(et/3)

proving U = 1/3. Moreover, for x→ 1/3+, we have τx → −∞ and

G(x) = − log y(τx) + log λ+
(

1
3 + O(eτx/3)

)
τx

= log λ− (1/3) logψ(B,A) + o(1),

which concludes the proof of point (I).
Now assume ψ(B,A) = 0 and Φ(A,B) > 0. In this case, as t goes to −∞, y(t)

and β(t) behave as follows:

y(t) =
√

Φ(A,B)et/2(1 + O(et/2)),

β(t) = y′(t)
y(t) = (Φ(A,B)et)3/2 (1 + O(et/2))

3y3 − Φ(A,B)ety + O(ety2) = 1
2 + O(et/2)
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proving U = 1/2. Moreover, for x→ 1/2+, we have τx → −∞ and

G(x) = − log y(τx) + log λ+
(

1
2 + O(eτx/2)

)
τx

= log λ− (1/2) log (Φ(A,B)) + o(1),

which concludes the proof of point (II).
At last, assume ψ(B,A) = 0 = Φ(A,B). By point (C) above, this im-

plies ψ(A,B) > 0. In this case, as t goes to −∞, the asymptotic behaviour of y(t)
and β(t) become

y(t) = 3
√
ψ(A,B)e2t/3(1 + O(et/3)),

β(t) = y′(t)
y(t) = 2ψ(A,B)e2t(1 + O(et/3))

3y3 − 2tr(A)ety2 + T (A)e2ty
= 2

3 + O(et/3)

proving U = 2/3. Moreover, for x→ 2/3+, we have τx → −∞ and

G(x) = − log y(τx) + log λ+
(

2
3 + O(eτx/3)

)
τx

= log λ− (1/3) logψ(A,B) + o(1),

which concludes the proof. �

12.3. Analysis of the Case λA = 0 and λB 6= 0

This case is clearly symmetric to the one studied in the previous subsection. Hence,
applying Theorem 4 to the properties proved in Proposition 22, we obtain the following
result:

Proposition 23. Let (ξ, A,B, η) be a linear representation of size 3, where A + B
is primitive, λ is its Perron-Frobenius eigenvalue, λA = 0 and λB > 0. Then U = 0
and V ∈ {1/3, 1/2, 2/3}. In particular, the following three cases occur:

(I) If ψ(A,B) > 0, then V = 2/3 and lim
x→2/3−

G(x) = log λ
3
√
ψ(A,B)

.

(II) If ψ(A,B) = 0 and Φ(A,B) > 0, then V = 1/2 and

lim
x→1/2−

G(x) = log λ√
Φ(A,B)

.

(III) If ψ(A,B) = 0 = Φ(A,B), then V = 1/3, ψ(B,A) > 0 and

lim
x→1/3−

G(x) = log λ
3
√
ψ(B,A)

.
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13. Further Results

By a careful reading of the proof of Theorem 11, one might expect that a similar ar-
gument can be developped also when the set Lr defined in Section 7 is not a singleton,
perhaps on the condition of assuming different hypotheses. To present our reasoning
we exhibit an example where Lr consists of two elements, showing how the main
result of the theorem (that is V = r) is still valid, and the value C occurring in (20)
can be determined by means of a suitable root of (a variant of) the polynomial pq(x).

-����
1 ����

2

����
3 �����
��

4

��
?

(b, 1)

?

(a, 2)
6
(b, 1)

?

(a, 3)
6
(b, 1)

��
?

(b, 2)

� (b, 2)

-
(a, 1)

λ = 3.19 . . ., λA = 0, λB = 2,

U = 0, V = r = 1/2,

Lr = {(2, 1)(4, 2)},

limx→0+ G(x) = log(λ/2),

limx→1/2− G(x) = log
(
λ

√
5−
√

17
2

)
.

Figure 3: Generalized automaton with primitive transition matrix where λA = 0
and Lr is not a singleton.

Consider the linear representation defined by the generalized automaton of Fig-
ure 3. Clearly A+B is here primitive and a direct computation shows that its largest
eigenvalue is a constant λ = 3.19 . . .. Moreover, it is easy to verify that λA = 0, λB = 2
and, for every w > 0, we have

det(Iy −Aw −B) = y4 − 3y3 − 5wy2 + 2y2 + 7wy + 2w2.

This shows that r = 1/2, Lr = {(2, 1)(4, 2)}, c21 = 5, and c42 = −2. Thus, looking
for a possible value α > 0 as in the proof of Theorem 11, for t→ +∞ one gets

F (t, αet/2) = det(Iαet/2 −Aet −B) = e2t (α4 − 5α2 + 2 + o(1)
)
.

Now, the polynomial p(x) = x4 − 5x2 + 2 only has simple real roots, and the largest
one is

ᾱ =

√
5 +
√

17
2 .

This means that, for every α > ᾱ and every t large enough, F (t, αet/2) > 0; similarly,
for every positive α < ᾱ, greater than the other roots of p(x), we have F (t, αet/2) < 0
for any t large enough. As a consequence, by the continuity of F , y(t) being the
solution of largest modulus of F (t, y) = 0 (∀ t ∈ R), for every ε > 0 and every t large
enough, we have

(ᾱ− ε) et/2 < y(t) < (ᾱ+ ε) et/2.
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By (19) this proves V = 1/2 and y(t) = ᾱet/2(1 + o(1)). Therefore the constant C
of identity (19) becomes C = ᾱ/λ and, by relation (20), the limit of G(x) at V − is
given by

lim
x→V −

G(x) = log λ
ᾱ

= log
(
λ

√
5−
√

17
2

)
.

Exchanging a and b in this example we obtain a case where Lr = {(2, 1)(4, 2)},
while c21 and c42 remain the same, leading to an analogous result for U and the
corresponding limit.

The key property in the previous argument is that ᾱ is the largest positive real
root of p(x) and is a simple root. This idea can be used in a general context. Using
the notation of Section 7, let us define the polynomials P(x) and Q(x) given by

P(x) := xd −
∑

(h,j)∈Lr

chjx
d−h, Q(x) := xd −

∑
(h,j)∈Lr

chjx
d−h.

Reasoning as in the previous example, as well as in the proofs of Theorems 11 and 12,
one obtains the following result.

Theorem 24. Under the hypotheses of Theorem 2, the following properties hold:
(I) If λA = 0 and P(x) admits a simple real root ᾱ > 0 greater than all other real

roots, then V = r, y(t) = ᾱetr(1 + o(1)) for t→ +∞, and

lim
x→V −

G(x) = log λ
ᾱ

;

(II) If λB = 0 and Q(x) admits a simple real root ᾰ > 0 greater than all other real
roots, then U = r, y(t) = ᾰetr(1 + o(1)) for t→ −∞, and

lim
x→U+

G(x) = log λ
ᾰ
.

Thus, under the hypotheses (I) and (II) of Theorem 24, the values U and V are
rational numbers of the form j/h, for some j, h ∈ {1, 2, . . . , d}, j < h, and the
limits of G(x) at these points are determined explicitly, depending on the roots of the
polynomials P(x) and Q(x).

14. Conclusions

In this work we have studied the rate functions of large deviations for symbol statistics
defined in primitive rational models. These models are described by a generalized
finite automaton over the alphabet {a, b}, with positive weights on transitions, where
the matrices A,B ∈ Rd×d+ of the weights of transitions labelled by a and b, respectively,
are non-null and their sum A + B is a primitive matrix (with a Perron-Frobenius
eigenvalue λ).
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The rate functions G(x) obtained in our analysis are always defined in an open
interval (U, V ), where 0 ≤ U < V ≤ 1. They are real analytic, convex, and es-
sentially smooth in (U, V ), with a unique minimum value at a point β ∈ (U, V ),
where G(β) = 0. The limits of these functions G(x), at the extremes U+ and V −,
are always finite, and the values U and V themselves first of all depend on the main
real eigenvalues of the matrices A and B, denoted by λA and λB in the present
contribution.

It turns out that, if λB > 0, then U = 0 and the limit of G(x) at 0+ is log(λ/λB);
on the contrary, if λB = 0, then U > 0 and the corresponding limit remains finite.
Analogously, if λA > 0, then V = 1 and the limit of G(x) at 1− is log(λ/λA); again,
if λA = 0, then V < 1 and, yet again, the corresponding limit remains finite.

At last, Theorem 24 above yields the value of U and V when λA = 0 and λB = 0, re-
spectively, assuming a further condition on the polynomials P(x) orQ(x), accordingly.
In these cases, the values of U and V are of the form j/h for some j, h ∈ {1, 2, . . . , d},
with j < h, and the limits of G(x) at these extremes can be determined explicitly,
depending on the polynomials P(x) and Q(x). We think that similar properties hold
in general under the simple hypotheses λA = 0 and λB = 0, without any further as-
sumption on the polynomials P(x) and Q(x). However, proving such a result remains
a possible goal for future investigations.
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