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Abstract
We consider a family of critical elliptic equations which arise as the Euler-Lagrange equation
of Caffarelli-Kohn-Nirenberg inequalities, possibly in convex cones in R

d , with d ≥ 2. We
classify positive solutions without assuming that the solution has finite energy and when the
intrinsic dimension n ∈ ( 52 , 5].

Mathematics Subject Classification 53C21 · 35J91 · 35B33 · 58J05 · 35R01

1 Introduction

In this paper we are interested in the classification of positive solutions to equations of the
form

div
(|x |−2aDu

) + |x |−bpu p−1 = 0 in R
d , (1.1)

which arise as the Euler-Lagrange equations associated to Caffarelli-Kohn-Nirenberg (CKN)
type inequalities

( ∫

Rd

|w|p
|x |bp dx

) 2
p

� Ca,b

∫

Rd

|∇w|2
|x |2a dx . (1.2)

CKN inequalities (1.2) were established in [4] (see also [23, 25, 27]) and they hold for any
w ∈ Da,b(Rd), where

Da,b(Rd) :=
{
w ∈ L p(Rd , |x |−bdx) such that |x |−a |Dw| ∈ L2(Rd , dx)

}
, (1.3)
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with a ≤ b ≤ 1 + a for d ≥ 3 and a < b ≤ 1 + a for d = 2. The constant Ca,b appearing
in (1.2) is the optimal constant, it depends only on a, b and d . The exponent

p = 2d

d − 2 + 2(b − a)

is chosen in order to have the invariance of the inequality under scalings. We shall assume
that a < ac, where

ac := d − 2

2
,

since the case a > ac is dual to it (see [7, Theorem 1.4 (ii)]) and for a = ac the inequality
(1.2) fails to be true [4].We also mention that the spaceDa,b(Rd) can be alternatively defined
by using the completion, with respect to the energy norm, of smooth functions compactly
supported in R

d \ {O}, i.e.,

Da,b(Rd) = Cc(Rd \ {O})‖·‖2,a , (1.4)

where ‖ · ‖2,a is the norm associated to the inner product

(φ, ψ)a :=
∫

Rd
|x |−2a〈∇φ,∇ψ〉 dx ,

see [7, Lemma 2.1].
We notice that if a = b = 0 then (1.2) reduces to the classical Sobolev inequality, and in

this case the study of symmetry properties of extremals for (1.2) goes back to Aubin [2] and
Talenti [31]. Classification results for positive solutions to the corresponding Euler-Lagrange
equation

�u + u
d+2
d−2 = 0 in R

d (1.5)

were also obtained by Obata [28] and Gidas, Ni and Nirenberg in [22] under the assumption
that the solution behaves at infinity as the fundamental solution. The classification result
asserts that positive solutions to (1.5) are radially symmetric with respect to some centre, up
to rescalings.

When (a, b) 	= (0, 0), a relevant property of (1.2) is that minimizers are not necessarily
radially symmetric. In [20] Felli and Schneider proved that symmetry breaking occurs for
some values of a and b. More precisely, by setting

α = (1 + a − b)(ac − a)

ac − a + b
, (1.6)

and

n = d

1 + a − b
, (1.7)

it was shown in [20] that minimizers of (1.2) are not radially symmetric whenever

α >

√
d − 1

n − 1
. (1.8)

In [16], Dolbeault, Esteban and Loss proved that the range (1.8) is sharp. Indeed, the main
result of [16] is the following: let u ∈ Da,b(Rd) be a positive solution to (1.1) and assume
that

α ≤
√
d − 1

n − 1
, (1.9)
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then u is radially symmetric and it is of the form

u(x) =
(
1 + |x |(p−2)(ac−a)

)− 2
p−2

(1.10)

for any x ∈ R
d , up to rescalings. Since (1.1) is the Euler-Lagrange equation associated to

(1.2) then this result shows that minimizers of (1.2) (and more generally positive extremals)
are radially symmetric whenever α satisfies (1.9) (wewill refer to solutions of (1.1) as critical
points of (1.2)). For more references on this topic, we refer to the reference list in [16].

We also mention that, when α = 0 (which corresponds to b = a + 1), the equality case
in (1.2) is never attained in Da,b(Rd) (see [7]), and for this reason we shall not consider this
case in this paper.

We emphasize that the assumptionu ∈ Da,b(Rd) is crucial in [16] for obtaining asymptotic
estimates on the solution at infinity and at the origin (see also [1], [11] and [30] for more
general CKN type inequalities and related results). However, this assumption is not necessary
when a = b = 0, as it was shown by Caffarelli, Gidas and Spruck in [3], Chen and Li [9],
and Li and Zhang in [24], where the classification result was obtained for positive solutions
to (1.5) without assuming neither u ∈ D0,0(Rd) nor asymptotic estimates at infinity. Hence,
a natural question is whether or not the assumption u ∈ Da,b(Rd) can be removed for the
more general equation (1.1). This is the main goal of this paper. More precisely, we aim to
classify positive solutions u ∈ Da,b

loc (R
d) to (1.1) without assuming any energy or decaying

conditions on u at infinity.
As already mentioned, when a = b = 0 the energy assumption on the solution was

removed in [3] and [24] by using the Kelvin transformation and the methods of moving
planes. However, the method of moving planes seems to be helpful for the classification of
solutions to (1.1) only when a ≥ 0, see Chou and Chu [10] where symmetry results are
obtained under the assumption u ∈ Da,b(Rd). Trying to use this approach when a < 0 and
without the energy assumption seems to be a challenging problem.

In this paper, we prefer to adopt a different approach which is based on integral identities
which, in particular, exploits the use of a suitable P-function. This approachwas recently used
by the authors and Farina in [13] for classification and rigidity results of (1.5) in complete
Riemmanian manifolds with nonnegative Ricci curvature (see also the related papers by
Catino and Monticelli [8] and Fogagnolo, Malchiodi and Mazzieri [21]). We also mention
that removing the energy assumption for positive solutions to the critical p-Laplace equation

�pu + u p∗−1 = 0 in R
d

is a challenging open problem, and some partial results have been recently obtained byCatino,
Monticelli and Roncoroni in [6], Ou in [29] and Vetois in [32], which have been other sources
of inspiration for us.

In this paper, we prove the following result, where we obtain a rigidity result in low
intrinsic dimension n and without energy assumptions on the solution.

Theorem 1.1 Let u ∈ Da,b
loc (R

d) be a positive solution to (1.1) and let α and n be given by
(1.6) and (1.7), respectively. If

5

2
< n ≤ 5 and α ≤

√
d − 2

n − 2
(1.11)

then u is radially symmetric and it is given by (1.10) (up to a translation in the case a = b =
0).

123
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We first observe that the assumption u ∈ Da,b
loc (R

d) assures that the solution has finite
energy in any ball centered at the origin, and this allows us to use the asymptotic estimates
at the origin obtained in [16]. Hence, the core of the proof of Theorem 1.1 is how to obtain
the classification result without using any a priori information on the solution at infinity.

We mention that condition (1.11) on α already appeared in [11] and a geometric interpre-
tation follows by a conformal reformulation of the problem, as it was noticed in [17]. Indeed,
it may be convenient to write (1.2) and (1.1) in a Riemannian setting, where we define the
conformal metric

gi j = |x |2(α−1)δi j , (1.12)

which permits to write (1.2) as a weighted Sobolev inequality on the manifold (Rd \ {O}, g):
( ∫

Rd
|u|pdμ(x)

) 2
p

� Ca,b

∫

Rd
|∇gu|2gdμ(x) , (1.13)

with dμ(x) = |x |−bpdx .1 It can be shown that (Rd \{O}, g, μ) satisfies aCD(0, n) condition
if and only if α satisfies (1.11). We mention that the condition (1.9) corresponds to a weaker
form of the CD(0, n) condition and we refer to [17] for a more detailed discussion on this
topic. We also note that the manifold (Rd \ {O}, g) is not complete, since the origin is not
included. Although themanifold could be completed into ametric space by adding the origin,
the resulting space would not be a smooth weighted manifold. For this reason, we preferred
to work under the assumption of non-completeness.

In order to prove Theorem 1.1 we take inspiration from [6, 13, 29, 32] and we employ a
P-function approach, as we are going to explain in the following. After the change of metric
(1.12), (1.1) can be written as

Lu = u
n+2
n−2 ,

where

Lu := −e f divg

(
e− f ∇gu

)
, with e− f := |x |α(n−d) .

By letting v = u− 2
n−2 we obtain that

Lv = 2

n − 2

1

v
+ n

2

|∇gv|2g
v

. (1.14)

The advantage of considering v instead of u relies upon the fact that Theorem 1.1 is proved
once we show that the Hessian of v (denoted by Hgv) is a multiple of g, and this leads to an
explicit representation of v which corresponds to the fact that u is given by (1.10). Here we
notice that, even if Hgv = cg for some constant c, the manifold (Rd \{O}, g) is not complete
and hence we cannot conclude by using classical splitting results. Moreover, in this case, the
RHS of (1.14) is constant and may serve as a P-function. Indeed, by letting

P = 2

n − 2

1

v
+ n

2

|∇gv|2g
v

(1.15)

we prove that P is a subsolution of a suitable elliptic PDE, and this permits us to prove the
rigidity result by showing that P is constant as in some classical Liouville Theorem (see for
instance [19, Proposition 8.2]).

1 Even if the metric g is defined and smooth only on Rd \ {O}, the presence of the weight dμ and (1.4) imply
that the integrals in (1.13) can be actually evaluated in the whole Rd .
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Theorem 1.1 is a particular case of a more general theorem where we consider (1.1)
defined in a convex cone. The study of Sobolev inequalities in convex cones was initiated by
Lions, Pacella and Tricarico in [26] and then more general results were obtained by the first
author together with Figalli and Roncoroni in [14] (under the finite energy assumption on
the solution). In this paper, we obtain a classification of critical points under the assumption
(1.11) and by assuming that the cone is convex.

More precisely, let A ⊂ S
d−1 be a smooth and open domain in the (d − 1)-dimensional

sphere and consider the cone � defined by

� = {x ∈ R
d : x = tξ for some t ∈ (0,+∞) and ξ ∈ A} .

We notice that it may be convenient to write the cone � as

� = R
k × C ,

where k ∈ {0, . . . , d} and C ⊂ R
d−k is a convex cone centred at O ∈ R

d−k (the origin of
R
d−k) which does not contain a line, and we say that x0 ∈ R

k × C is a vertex of �. In the
case k = d we have � = R

d and a vertex of � is any point in R
d .

Hence, in the case of a cone �, we consider positive functions in

Da,b
loc (�) :=

{
u ∈ L p

loc(�, |x |−bdx) such that |x |−a |Du| ∈ L2
loc(�, dx)

}
,

and we study the following problem
{
div

(|x |−2aDu
) + |x |−bpu p−1 = 0 in �

uν = 0 on ∂� .
(1.16)

Wemention that the homogeneousNeumann condition on ∂� is the natural onewhich appears
when one writes the Euler-Lagrange equation associated to CKN inequalities in cones.

Our second main result is the following.

Theorem 1.2 Let � ⊂ R
d be a convex cone, and let u ∈ Da,b

loc (�) be a positive solution to
(1.16). Let α and n be given by (1.6) and (1.7), respectively. If n and α satisfy (1.11) then u
is radially symmetric and is given by

u(x) =
(
1 + |x − x0|(p−2)(ac−a)

)− 2
p−2

, (1.17)

where x0 is a vertex of �, up to rescalings.

The proof of Theorem 1.2 follows the same argument as the one of Theorem 1.1. The
presence of the boundary condition can be tackled in some standard way and does not add
substantial difficulties to the proof. However, it is worth noticing that the convexity of the
cone appears in two different ways during the proof.

The first one iswhenwe prove that P is a subsolution of an elliptic PDE, since an extra term
appears in the calculations. This quantity can be written in terms of the second fundamental
form of ∂�, which is pointwise nonnegative thanks to the convexity of the cone, and then it
can be easily tackled.

The convexity of the cone also appears in another step of the proof, in particular when
we use a Poincaré inequality on the set A ⊂ S

d−1. In this case, it is crucial that the first
nontrivial Neumann eigenvalue λ1(A) of the Laplace-Beltrami operator on A is greater or
equal than d − 1 (see [16]). This is true both for Sd−1 (which corresponds to Theorem 1.1)
and whenever A is a convex domain on the sphere (see [18, Theorem 4.3]).

123
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We mention that, in the case of Sobolev inequality (i.e. a = b = 0), if λ1(A) < d − 1
then it was proved in [15] that symmetry breaking occurs. It is an open question whether or
not rigidity results can be obtained in non-convex cones which have λ1(A) > d − 1, also
under the assumption of finite energy. This result would be new also for the classical Sobolev
inequality.

The paper is organized as follows. In Section 2 we introduce the conformal metric and
prove some preliminary results. Section 3 is devoted to the P-function and its properties. In
Section 4 we prove Theorem 1.1. The proof of Theorem 1.2 is sketched in Section 5.

2 The conformal formulation

Let g be the metric given by (1.12), i.e.

gi j = |x |2(α−1)δi j ,

where α is given by (1.6) and δ is the Euclidean metric. Then (1.2) can be written as

(∫

Rd
|u|pe− f dVg

) 2
p

� Ca,b

∫

Rd
|∇gu|2ge− f dVg , (2.1)

where
dVg = |x |d(α−1)dx , (2.2)

and
e− f = |x |α(n−d) , (2.3)

with n given by (1.7). In order to emphasize that we are considering the Riemannianmanifold
(Rd \ {O}, g), it will be convenient to rename the set Da,b(Rd) as Dg(Rd), where

Dg(Rd) =
{
u : Rd → R :

∫

Rd
|u|pe− f dVg < +∞ and

∫

Rd
|∇gu|2ge− f dVg < +∞

}
,

(2.4)

and we set Dg
loc(R

d) accordingly. Correspondingly, (1.1) becomes

divg

(
e− f ∇gu

)
+ e− f u

n+2
n−2 = 0 (2.5)

in R
d , with u ∈ Dg

loc(R
d). It will be convenient to set

Lu = e f divg

(
e− f ∇gu

)
, (2.6)

and hence (2.5) can be written as

Lu + u
n+2
n−2 = 0 (2.7)

in R
d . We notice that one can also write Lu as follows

Lu = �gu − 〈∇g f ,∇gu〉g . (2.8)

Hence, by a weak solution of (2.7) we mean a function u ∈ Dg
loc(R

d) such that

−
∫

Rd
〈∇gu,∇gϕ〉g e− f dVg +

∫

Rd
u

n+2
n−2 ϕ e− f dVg = 0 ,

123
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for any ϕ ∈ C∞
c (Rd), where 〈, 〉g denotes the inner product in (Rd , g). By standard elliptic

regularity, solutions of (1.1) are smooth in R
d \ {O} and it can be shown that they are

locally bounded (see for instance [11]). The same regularity results apply to solutions to
(2.7). Moreover, since we are assuming that u ∈ Dg

loc(R
d), by arguing as in [16, Proposition

8.1], we also have that the solution in bounded in B1(O) \ {O}.
We conclude this section by giving some information on the weighted manifold

(Rd , g, e− f dVg). We first write the Ricci curvature Ricg and the Hessian Hg of a func-
tion by using that g is conformal to the Euclidean metric δ, in particular by writing

g = |x |2(α−1)δ = e2φδ , with φ := (α − 1) log |x |.
In this setting we recall that for conformal metrics g and δ we have (see for instance [5,
Formulas (2.68) and (2.74)])

Ricg = Ricδ − (d − 2)(Hδφ − dφ ⊗ dφ) − (�φ + (d − 2)|∇φ|2)δ , (2.9)

with Ricδ = 0 since it is the Euclidean metric, and for any C2 function h we have

Hgh = Hδh + 〈∇φ,∇h〉δ − (dφ ⊗ dh + dh ⊗ dφ) , (2.10)

where Hδh is the standard Hessian of h inRd . Hence, straightforward calculations show that

(Ricg)i j = (d − 2)(1 − α2)

|x |2
(

δi j − xi x j
|x |2

)
(2.11)

and, by recalling that f in (2.3) is given by

f = −α(n − d) log |x | , (2.12)

we have

(Hg f )i j = −α2 n − d

|x |2
(

δi j − 2
xi x j
|x |2

)
. (2.13)

We notice that, since d ≥ 2, then we have that Ricg ≥ 0 for α ≤ 1. Moreover, we have the
following lemma.

Lemma 2.1 Let v ∈ C0(Rd) ∩ C3(Rd \ {O}) and set

k[v] := ∣∣Hgv
∣∣2
g − (Lv)2

n
+ Ricg(∇gv,∇gv) + Hg f (∇gv,∇gv) . (2.14)

Then

k[v] =
∣∣∣Hgv − �gv

d
g
∣∣∣
2

g
+ n − d

nd

(
�gv − αd

〈∇gv, x〉
|x |2

)2

+ W f [v] , (2.15)

where

W f [v] = d − 2 − α2(n − 2)

|x |2
(

|∇gv|2 − 〈∇gv, x〉2
|x |2

)
, (2.16)

and if

α2 � d − 2

n − 2
(2.17)

then
k[v] � 0 . (2.18)

Moreover

123
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(i) if α2 <
d − 2

n − 2
then

k[v] = 0 if and only if v(x) = c1|x |2α + c2 (2.19)

for any x ∈ R
d and for some c1, c2 ∈ R;

(ii) if α2 = d − 2

n − 2
and a2 + b2 > 0 then

{
k[v] = 0

Lv = const
if and only if v(x) = c1|x |2α + c2 (2.20)

for any x ∈ R
d and for some c1, c2 ∈ R;

(iii) if α2 = d − 2

n − 2
and a = b = 0 (and hence α2 = 1) then

k[v] = 0 if and only if v(x) = c1|x − x0|2α + c2 (2.21)

for any x ∈ R
d and for some c1, c2 ∈ R and x0 ∈ R

d .

Proof We first notice that, from the definition of L (2.6), it follows:

|Hgv|2g − (Lv)2

n
= |Hgv|2g − (�gv)2

d
+ (�gv)2

d
− 1

n

×
(

(�gv)2 − 2�gv〈∇gv,∇g f 〉g + 〈∇gv,∇g f 〉2g
)

=
∣∣∣Hgv − �gv

d
g
∣∣∣
2

g
+ n − d

nd
(�gv)2 + 2

n
�gv〈∇gv,∇g f 〉g

− 1

n
〈∇gv,∇g f 〉2g.

(2.22)

In the following, we assume that n 	= d , since otherwise f = 0 and (2.15) immediately
follows. Hence from (2.14), (2.11) and (2.13), we obtain that k[v] and can be written as

k[v] =
∣
∣
∣Hgv − �gv

d
g
∣
∣
∣
2

g
+ n − d

nd
(�gv)2 + 2

n
�gv〈∇gv, ∇g f 〉g + d

n(n − d)
〈∇gv, ∇g f 〉2g

− 1

n − d
〈∇gv,∇g f 〉2g + Ricg(∇gv, ∇gv) + Hg f (∇gv, ∇gv)

and from (2.12) we find

k[v] =
∣∣∣Hgv − �gv

d
g
∣∣∣
2

g
+ n − d

nd

(
�gv + d

n − d
〈∇gv,∇g f 〉g

)2

−α2(n − d)

|x |2
〈∇gv,

x

|x |
〉2
g + Ricg(∇gv,∇gv) + Hg f (∇gv,∇gv) .

From (2.11) and (2.13) we find (2.15); from (2.17) and Cauchy-Schwarz inequality we obtain
that W f [v] ≥ 0 and then (2.18).

Now we prove the last part of the theorem, i.e. assertions (i)-(iii). A straightforward
computation shows that if v(x) = c1|x |2α + c2 (or v(x) = c1|x − x0|2α + c2 in case (iii))
then k[v] = 0 and Lv is constant. For the reverse implication, we assume that k[v] = 0 and
distinguish three cases.

123
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Case (i): α2 <
d − 2

n − 2
. From k[v] = 0, (2.15) and (2.16) we have

|Hgv − �gv

d
g|2g = 0 and |∇gv|2 − 〈∇gv, x〉2

|x |2 = 0 . (2.23)

Notice that, from Cauchy-Schwarz inequality, the second equation in (2.23) implies that∇gv

is radial. Since ∇gv is radial, by using (2.10) and from (2.23) it follows

0 ≡ Hgv − �gv

d
g = Hv − �v

d
δ − 2[φiv j ]di, j=1 + 2

d
〈∇φ,∇v〉δ , (2.24)

where we also used that

e2φ�gv = �v + (d − 2)〈∇φ,∇v〉 .

By multiplying by e−2φ , we notice that (2.24) can be written as

(e−2φvi ) j = 1

d
(e−2φvk)kδi j (2.25)

for i, j ∈ {1, . . . , d}. If i 	= j then (2.25)

(e−2φvi ) j = 0 if i 	= j . (2.26)

If i = j , since v and φ are smooth outside the origin, we can differentiate and obtain that

(e−2φvi )i
 = 1

d
(e−2φvk)k


for i, 
 = 1, . . . , d . From (2.26) we find

(e−2φvi )i i = 0 for i = 1, ..., d,

which implies
(e−2φvi )i = Ci

1 for i = 1, . . . , d . (2.27)

for some constant vector C1 = (C1
1 , . . . ,C

d
1 ). Hence from (2.27) and (2.26) we have

vi = |x |2(α−1)(Ci
1xi + C2), (2.28)

for some constant vector C2. Since

|∇gv|2 = 〈∇gv, x〉2
|x |2

from (2.28) we obtain C2 = 0 and (2.19) is proved.

Case (ii): α2 = d − 2

n − 2
and a2 + b2 > 0. Notice that n 	= d and, in this case, we further

assume that Lv = C is constant. Since n 	= d , then k[v] = 0 implies that

|Hgv − �gv

d
g|2g = 0 and �gv − αd

〈∇gv, x〉
|x |2 = 0 . (2.29)

The second equation in (2.29) gives

�gv = αd
e−2φ

|x |2 vk xk . (2.30)

123
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Since Lv = C is constant, from (2.8) and (2.30) we obtain

C = αd
e−2φ

|x |2 vk xk + α(n − d)
e−2φ

|x |2 vk xk ,

i.e.

vk xk = C

αn
|x |2α . (2.31)

Notice that, since φk = (α − 1) xk
|x |2 , (2.31) yields

φkvk = (α − 1)
C

αn
|x |2(α−1) . (2.32)

Since �gv = e−2φ(�v + (d − 2)vkφk), (2.30), (2.31) and (2.32) give

�v = (d + 2(α − 1))
C

αn
|x |2(α−1) . (2.33)

From the first equation in (2.29) we have that

Hv − �v

d
δ − [φiv j ]i, j − [φ jvi ]i, j + 2

d
(φkvk)δ = 0 ,

which implies

vi j = φiv j + φ jvi = (α − 1)

|x |2 (xiv j + x jvi ) for i 	= j , (2.34)

while for i = j we have

vi i = �v

d
+ 2φivi − (α − 1)

2C

αnd
|x |2(α−1) for i ∈ {1, . . . , d},

and from (2.33) we obtain

vi i − 2φivi = C

αn
|x |2(α−1) for i ∈ {1, . . . , d} . (2.35)

By recalling that e2φ = |x |2(α−1), (2.35) can be written as

(e−2φvi )i = C

αn
for i ∈ {1, . . . , d},

which gives

e−2φvi = C

αn
xi + ci for i ∈ {1, . . . , d},

for some ci which does not depend on xi . Hence

vi = C

αn
|x |2(α−1)(xi + ci ) for i ∈ {1, . . . , d}, (2.36)

where ci whichdoes not dependon xi . From (2.31)weobtain that ci = 0 for any i ∈ {i, . . . , d}
and hence

vi = C

αn
|x |2(α−1)xi for i ∈ {1, . . . , d},

which gives
v = c1|x |2α + c2

and the assertion is proved.

123



On the classification of extremals... Page 11 of 27   246 

Case (ii): n = d and α = 1. Notice that in this case a = b = 0 as it follows from (1.6) and
(1.7). From (2.28) it is well-known that we immediately obtain that v(x) = c1|x − x0|2 + c2,
for some constants c1, c2 and for some x0 ∈ R

d . ��

3 The P-function

In this section, we introduce an auxiliary function, the so-called P-function and we prove
some preliminary results. Let u be a solution to (2.7) and set

v = u− 2
n−2 , (3.1)

it is readily seen that v satisfies

Lv = 2

n − 2

1

v
+ n

2

|∇gv|2g
v

, (3.2)

where L is given by (2.6). Since u is positive, smooth in R
d \ {O} and locally bounded in

R
d , then the same holds for v. Moreover, u ∈ Dg

loc(R
d) implies that v− n−2

2 ∈ Dg
loc(R

d), i.e.
∫

Bρ

v−ne− f dVg < +∞ and
∫

Bρ

v−n |∇gv|2ge− f dVg < +∞ (3.3)

for any ball of radius ρ > 0.
The right-hand side of (3.2) is what we call P-function, namely we set

P = 2

n − 2

1

v
+ n

2

|∇gv|2g
v

. (3.4)

Thus P = Lv and our main goal in the proof of Theorem 1.1 will be to show that P is
constant. This is essentially the approach proposed in [13] for the critical Laplace equation
in completes manifolds with nonnegative Ricci curvature. In our setting, the manifold is
weighted and it is not complete, for this reason, some further arguments are needed.

The crucial property of P is that P is a subsolution to a suitable elliptic equation, as it is
proved in the following lemma.

Lemma 3.1 Let v be a solution to (3.2) satisfying (3.3) and let P be defined by (3.4). Then
P satisfies

e f divg
(
e− f v2−n∇g P

)
= nv1−nk[v] in R

d \ {O} , (3.5)

where L is given by (2.6).

Proof We recall that v is smooth in R
d \ {O} and hence we can verify (3.5) pointwise in

R
d \ {O}. From Lemma A.1 we have

e f div

(
e− f v1−n

(
n

2
∇g|∇gv|2g − nLv∇gv + (n − 1)P∇gv

))

= nv1−nk[v] + v(Lv − P)L(v1−n), (3.6)

where k[v] is given by (2.14). From (3.2) and (3.6) we get

e f divg

(
e− f v1−n

(
1

2
∇g|∇gv|2g − 1

n
Lv∇gv

))
= v1−nk[v]. (3.7)
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Since Lv = P and from (3.4), we have that

∇g P = n

2v
∇g|∇gv|2g − 1

v
P∇gv = n

v

(
1

2
∇g|∇gv|2g − 1

n
Lv∇gv

)

which, together with (3.7), implies (3.5). ��
Lemma 3.1 is preliminary to the following lemma, which provides the crucial differential

inequality that we are going to use.

Lemma 3.2 Let v be a solution to (3.2) satisfying (3.3) and let P be defined by (3.4). Then

e f divg
(
e− f Pt−1v2−n∇g P

)
≥

(
t − 1

2

)
Pt−2v2−n |∇g P|2g + nPt−1v1−nW f [v] (3.8)

in R
d \ {O} and for any t ∈ R, where L is given by (2.6).

Proof We first notice that v ∈ C∞(Rd \ {O}) and then the following computations hold
pointwise in R

d \ {O}. From the definition of the P-function (3.4) we have that

∇g P = n

v

(
Hgv − Lv

n
g

)
∇gv.

By applying Cauchy-Schwarz inequality we get

|∇g P|2g � n2

v2
|Hgv − Lv

n
g|2g|∇gv|2g

and, since P > 0, we have

Pt−2v2−n |∇g P|2g � Pt−2v2−n n
2

v2
|Hgv − Lv

n
g|2g |∇gv|2g = Pt−1v1−nn2|Hgv − Lv

n
g|2g

|∇gv|2g
vP

. (3.9)

From the definition of P (3.4) we have

|∇gv|2g
vP

� 2

n
, (3.10)

and then (3.9) and (3.10) yield

Pt−2v2−n |∇g P|2g � Pt−1v1−n2n|Hgv − Lv

n
g|2g. (3.11)

From (2.8) we get

|Hgv − Lv

n
g|2g = |Hgv|2g + d

n2
(�gv − 〈∇g f ,∇gv〉g)2 − 2

n
(�gv − 〈∇g f ,∇gv〉g)�gv

= |Hgv|2g +
(

d

n2
− 2

n

)
(�gv)2 + d

n2
〈∇g f ,∇gv〉2g

+
(
2

n
− 2d

n2

)
〈∇g f ,∇gv〉g�gv

= |Hgv − �gv

d
g|2g + (n − d)2

dn2
(�gv)2 + d

n2
〈∇g f ,∇gv〉2g

+ 2
n − d

n2
〈∇g f ,∇gv〉g�gv ,
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and hence

|Hgv − Lv

n
g|2g = |Hgv − �gv

d
g|2g + 1

dn2
[
(n − d)�gv + d〈∇g f ,∇gv〉g

]2
.

From (3.11) we have

Pt−2v2−n |∇g P|2g � Pt−1v1−n2n

{
|Hgv − �gv

d
g|2g + 1

dn2
[
(n − d)�gv + d〈∇g f , ∇gv〉g

]2
}

,

and, by using (2.15), we obtain

Pt−2v2−n |∇g P|2g + 2nPt−1v1−nW f [v] � 2nPt−1v1−nk[v] . (3.12)

Since

e f divg
(
e− f Pt−1v2−n∇g P

)
= nPt−1v1−nk[v] + (t − 1)Pt−2v2−n |∇g P|2g ,

from (3.5) and (3.12) we obtain (3.8). ��
We shall use Lemmas 3.1 and 3.2 by testing (3.5) with some cut off function which has

compact support in Bg
R \ B

g
r ⊂ R

d \ {O} (see Proposition 4.1). The lack of regularity at
the origin implies that we need to have precise asymptotic information on some relevant
quantities as r → 0. This is the content of the following proposition, which was proved
in [16, Section 8] and we write here below by using the notation adopted in this paper. We
mention that (3.13) below is weaker than (1.11), and hence Proposition 3.3 applies also under
the assumptions of Theorem 1.1.

Proposition 3.3 Let v be a solution to (3.2) satisfying (3.3) and assume that

α �
√
d − 1

n − 1
. (3.13)

Then ∫

Bg
r

e− f |∇gv|2gdVg � Crn−2+ 2
α .

In particular, for n > 2 and α ≤ 1 we have
∫

Bg
r

e− f |∇gv|2gdVg = o(r2)

as r → 0.

Proof This proposition directly follows from [16, Proposition 8.2, (i) and (ii)]. It is important
to notice that, even if Proposition 8.2 in [16] is stated for solutions having finite energy in
R
d , the proof is carried out separately in a neighborhood of the origin and at infinity. For

this reason, since we are assuming that u ∈ Da,b
loc (Rd), we can argue as in [16] and obtain

asymptotic estimates at the origin. Indeed one can check that, up to a multiplicative constant,
the function p in [16] is equal to v, more precisely

p = (n − 1)v . (3.14)

Moreover, in terms of the spherical coordinates

ρ = |x | and ω = x

|x | ,
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[16, Proposition 8.2, (i) and (ii)] gives the existence of a constant C (not depending on ρ)
such that

∫

Sd−1
|∂ρp(ρ, ω)|2dσ ≤ C and

∫

Sd−1
|∇ωp(ρ, ω)|2dσ ≤ Cρ2 , (3.15)

for ρ → 0, where ∂ρ denotes the standard Euclidean radial derivative. Thus, (3.14) yields

∫

Bg
r

e− f |∇gv|2g dVg =
∫ r1/α

0
dρ

∫

Sd−1
ραn−d+2−2α

(
1

(n − 1)2
|∂ρp|2 + 1

(n − 1)2
1

ρ2
|∇ωp|2

)
ρd−1dω

and from (3.15) we conclude. ��

4 Proof of Theorem 1.1

In order to prove Theorem 1.1 we need some preliminary results. To simplify the notation, in
the following calculations, we shall omit the volume form dVg . In the following, B

g
R denotes

the ball centred at the origin of radius R in the metric g. We notice that Bg
R corresponds to

the Euclidean ball B
R

1
α
centered at the origin and of radius R

1
α and that

∫

Bg
R

e− f dVg = C∗Rn , (4.1)

where C∗ depends only on d, n and α.
Given 0 < r < R, we shall refer to a cutoff function ϕ with compact support in Bg

2R \ B
g
r

as a function satisfying the following conditions
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ϕ = 1 in Bg
R \ Bg

2r

ϕ = 0 in Bg
r and Rd \ Bg

2R

|∇gϕ|g � 1
R in Bg

2R \ Bg
R

|∇gϕ|g � 1
r in Bg

2r \ Bg
r .

(4.2)

By a standard approximation argument, it is clear that ϕ can be taken as a test function in the
weak formulation of (3.2).

Proposition 4.1 Let v be a solution to (3.2) satisfying (3.3) and let P be defined by (3.4). Let
ϕ be given by (4.2) and assume that condition (2.17) is fulfilled. Then

1

θ2
(t − 1/2)2

∫

Rd
e− f Pt−2v2−n |∇g P|2gϕθ

� 1

R2

∫

Bg
2R\Bg

R

e− f ϕθ−2v2−n Pt + 1

r2

∫

Bg
2r \Bg

r

e− f ϕθ−2v2−n Pt , (4.3)

for any t � 1
2 , 0 < r < R and θ � 2.

Proof We first notice that (2.17) implies that W f [v] ≥ 0, and then (3.8) yields

e f divg
(
e− f Pt−1v2−n∇g P

)
≥

(
t − 1

2

)
Pt−2v2−n |∇g P|2g , (4.4)

in R
d \ {O}. Since ϕ ∈ C∞

c (Bg
2R \ B̄g

r ) and ϕ � 0, from (4.4) we have

ϕθe f divg

(
e− f v2−n Pt−1∇g P

)
� (t − 1

2
)Pt−2v2−n |∇g P|2gϕθ .
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By multiplying by e− f and integrating by parts (we omit the volume form dVg), we get
(
t − 1

2

) ∫

Rd
e− f Pt−2v2−n |∇g P|2gϕθ � −θ

∫

Rd
ϕθ−1e− f v2−n Pt−1〈∇g P,∇gϕ〉g

� θ

( ∫

Rd
e− f ϕθv2−n Pt−2|∇g P|2g

) 1
2
( ∫

Rd
e− f ϕθ−2v2−n Pt |∇gϕ|2g

) 1
2

, (4.5)

where in the last inequality we applied Hölder’s inequality. Hence, if we assume that t ≥ 1
2 ,

we obtain
(
t − 1

2

)2 ∫

Rd
e− f Pt−2v2−n |∇g P|2gϕθ ≤

∫

Rd
e− f ϕθ−2v2−n Pt |∇gϕ|2g .

As we already mentioned, by a standard approximation argument we can choose ϕ satisfying
(4.2) and then we immediately obtain (4.3). ��
Lemma 4.2 Let v be a positive solution to (3.2) satisfying (3.3). For any q ∈ R and ψ ∈
C∞
c (Rd \ {0}) it holds

(
n

2
+ 1− q)

∫

Rd
e− f v−q |∇gv|2gψ + 2

n − 2

∫

Rd
v−qψe− f = −

∫

Rd
v1−q〈∇gv,∇gψ〉ge− f .

(4.6)

Proof From (3.2) and (3.4), and by integrating by parts, we get
∫

Rd
e− f Pv1−qψ =

∫

Rd
Lve− f v1−qψ =

∫

Rd
divg

(
e− f ∇gv

)
v1−qψ =

= (q − 1)
∫

Rd
v−qe− f |∇gv|2gψ −

∫

Rd
v1−q〈∇gv,∇gψ〉ge− f .

Using again (3.4) we get

(
n

2
+ 1− q)

∫

Rd
e− f v−q |∇gv|2gψ + 2

n − 2

∫

Rd
v−qψe− f = −

∫

Rd
v1−q〈∇gv,∇gψ〉ge− f .

��
Corollary 4.3 Let v be a positive solution to (3.2) satisfying (3.3). Let q,m ∈ R, ψ ∈
C∞
c (Rd \ {0}) and let P be given by (3.4). Then it holds

(
n

2
+ 1 − q)

∫

Rd
e− f v−q Pm |∇gv|2gψ + 2

n − 2

∫

Rd
v−q Pmψe− f

= −
∫

Rd
v1−q Pm〈∇gv,∇gψ〉ge− f − m

∫

Rd
v1−q Pm−1〈∇gv,∇g Pψ〉ge− f . (4.7)

Proof We recall that, thanks to the regularity properties of v, P is smooth and locally bounded
in Rd \ {O}. Hence we can choose ψPm in place of ψ in Lemma 4.2 and (4.6) immediately
gives (4.7). ��
Lemma 4.4 Let v be a positive solution to (3.2) satisfying (3.3) and let R > 0.

(i) If 2 � q < n
2 + 1 then

∫

Bg
2R

e− f v−q |∇gv|2g +
∫

Bg
2R

e− f v−q � CRn−q . (4.8)
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(ii) If 0 ≤ q � n
2 + 1 then ∫

Bg
2R

e− f v−q � CRn−q . (4.9)

Proof Step 1: proof of (i). Let θ > q and, for 0 < r < R, let ϕ satisfy (4.2). By letting
ψ = ϕθ in Lemma 4.2, we have

(
n

2
+ 1 − q)

∫

Rd
e− f v−q |∇gv|2gϕθ + 2

n − 2

∫

Rd
e− f v−qϕθ

= −θ

∫

Rd
e− f ϕθ−1v1−q〈∇gv,∇gϕ〉g ≤ θ

∫

Rd
e− f ϕθ−1v1−q |∇gv|g|∇gϕ|g ,(4.10)

where in the last inequality we have used Cauchy-Schwarz inequality. Let ε > 0 be a (small)
constant to be chosen later. By using Young’s inequality we have

ϕθ−1v1−q |∇gv|g|∇gϕ|g ≤ εϕθv−q |∇gv|2g + 1

ε
|∇gϕ|2gϕθ−2v2−q , (4.11)

and a further application of Young’s inequality, this time with exponents

(
q

q−2 ,
q
2

)
and

assuming q > 2, yields

ϕθ−1v1−q |∇gv|g|∇gϕ|g ≤ εϕθv−q |∇gv|2g + εϕθv−q + 1

εq−1 |∇gϕ|qgϕθ−q . (4.12)

We notice that if q = 2 then (4.12) immediately follows from (4.11).
From (4.10), (4.12) and by using (4.2), we get

(
n

2
+ 1 − q)

∫

Rd
e− f v−q |∇gv|2gϕθ + 2

n − 2

∫

Rd
e− f v−qϕθ

� θε

∫

Rd
e− f ϕθv−q |∇gv|2g + θε

∫

Rd
e− f v−qϕθ

+ θ

εq−1Rq

∫

Bg
2R\Bg

R

e− f ϕθ−q + θ

εq−1rq

∫

Bg
2r \Bg

r

e− f ϕθ−q . (4.13)

Since θ > q then (4.1) gives

1

rq

∫

Bg
2r \Bg

r

e− f ϕθ−q ≤ 1

rq

∫

Bg
2r \Bg

r

e− f ≤ Crn−q .

Since n
2 + 1 − q > 0 then n − q > q − 2 ≥ 0 and this implies that

lim
r→0

1

rq

∫

Bg
2r \Bg

r

e− f ϕθ−q = 0.

Hence, by taking the limit as r → 0 in (4.13), we obtain

(
n

2
+ 1 − q − θε)

∫

Rd
e− f v−q |∇gv|2gϕθ + (

2

n − 2
− θε)

∫

Rd
e− f v−qϕθ

� θ

εq−1Rq

∫

Bg
2R\Bg

R

e− f ϕθ−q . (4.14)

Since θ > q , ( n2 + 1 − q) > 0 and by taking ε > 0 small enough, we obtain
∫

Bg
2R

e− f v−q |∇gv|2g +
∫

Bg
2R

e− f v−q � CRn−q ,
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where C = C(n, q, ε). This concludes the proof for 2 ≤ q < n/2 + 1.
Step 2: proof of (ii). The case q = 0 is exactly (4.1). If 2 ≤ q < n/2 + 1 then (4.9)

follows from (4.8).
Now we notice that if 0 < q < 2 then the assertion follows by a direct application of

Hölder inequality and part (i) of the assertion. Indeed, let 0 < s ≤ 2. We apply Hölder
inequality with exponents (

q
s ,

q
q−s ), with 2 < q < n/2 + 1, and get

∫

Bg
2R

e− f v−s �
( ∫

Bg
2R

e− f v−q
)s/q( ∫

Bg
2R

e− f
)(q−s)/q

� C(Rn−q)s/q Rn−sn/q = CRn−s,

where in the last inequality we used (4.8) for 2 < q < n/2 + 1 and (4.1). This implies that
(4.9) holds for 0 � q < n/2 + 1.

Hence, it remains to prove (4.9) for q = n/2 + 1. From Lemma 4.2 and by using (4.2)
we have

2

n − 2

∫

Rd
e− f v− n

2 −1ϕθ � θ

R

∫

Bg
2R\Bg

R

e− f v− n
2 |∇gv|g + θ

r

∫

Bg
2r \Bg

r

e− f v− n
2 |∇gv|g ,

and from the definition of ϕθ we obtain that
∫

Bg
2R\Bg

r

e− f v− n
2 −1 � C

R

∫

Bg
2R\Bg

R

e− f v− n
2 |∇gv|g + C

r

∫

Bg
2r \Bg

r

e− f v− n
2 |∇gv|g. (4.15)

Now we estimate the right-hand side of the last inequality. By writing v− n
2 = v− n

4 − 1
2+ ε

2

v− n
4 + 1

2− ε
2 and using Hölder inequality we find

∫

Bg
2R\Bg

R

e− f v− n
2 |∇gv|g �

( ∫

Bg
2R\Bg

R

e− f vε− n
2 −1|∇gv|2g

)1/2( ∫

Bg
2R\Bg

R

e− f v− n
2 +1−ε

)1/2

.

By choosing 0 < ε < n−2
2 on the r.h.s. we can apply (4.9) for 2 < q < n

2 + 1 on the first
term, and for 0 < q < n

2 + 1 on the second term to get
∫

Bg
2R\Bg

R

e− f v− n
2 |∇gv|g � CR(n+ε− n

2 −1)/2R(n−ε− n
2 +1)/2 = CR

n
2 . (4.16)

Analogously, the same argument applies to the second term on the r.h.s. of (4.15), but with
r in place of R, and we find

∫

Bg
2r \Bg

r

e− f v− n
2 |∇gv|g � Cr

n
2 . (4.17)

From (4.15), (4.16) and (4.17) we obtain
∫

Bg
2R\Bg

r

e− f v− n
2 −1 � C(R

n
2 −1 + r

n
2 −1) ,

and by letting r → 0 and using n > 2 we find
∫

Bg
2R

e− f v− n
2 −1 � CR

n
2 −1 ,

and the proof is complete. ��
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We are ready to give the proof of Theorem 1.1. It is clear that, after writing

v = u− 2
n−2 ,

Theorem 1.1 is a straightforward consequence of the following theorem.

Theorem 4.5 Let d � 2 and let v be a positive solution to (3.2) satisfying (3.3). If α2 � d−2
n−2

and 5
2 < n � 5, then

v(x) =
{
c1 + c2|x |2α if α 	= 1 ,

c1 + c2|x − x0|2α if α = 1 ,

for any x ∈ R
d , for some c1, c2 ∈ R and x0 ∈ R

d .

Proof From Proposition 4.1 we have that

1

θ2
(t − 1/2)2

∫

Rd
e− f Pt−2v2−n |∇g P|2gϕθ

� 1

R2

∫

Bg
2R\Bg

R

e− f ϕθ−2v2−n Pt + 1

r2

∫

Bg
2r \Bg

r

e− f ϕθ−2v2−n Pt . (4.18)

From now on we consider t = 1
2 + δ, where δ ∈ (0, 1

2 ) is small and to be chosen later.
We shall first show that the last term on the RHS in (4.18) vanishes for r → 0, and then

we will show that also the limit as R → ∞ vanishes. This will be enough to prove that

∇g P = 0 in R
d .

Then (3.5) implies that k[v] = 0 and from Lemma 2.1 we conclude.
Step 1: r → 0. In this step we show that

∫

Bg
2r \Bg

r

e− f ϕθ−2v2−n Pt ≤ Crn as r → 0 . (4.19)

Indeed, since v is locally bounded and 1 � ( n−2
2 vP)1−t , we have that

∫

Bg
2r \Bg

r

e− f ϕθ−2v2−n Pt

� C
∫

Bg
2r \Bg

r

e− f + C
∫

Bg
2r \Bg

r

e− f |∇gv|2g ≤ Crn + C
∫

Bg
2r

e− f |∇gv|2g ,

and from Proposition 3.3 and since α ≤ 1 we conclude.
Step 2: R → ∞. We shall split the proof in two steps, according to the case 5

2 < n < 5 and
n = 5.

- Step 2.1: 5
2 < n < 5. We assume that 5

2 < n < 5 and we prove
∫

Bg
2R\Bg

R

e− f ϕθ−2v2−n Pt ≤ CR
3
2−δ (4.20)

where C does not depend on R.
Since 1 − t > 0 and n−2

2 vP � 1 we have 1 � ( n−2
2 vP)1−t , which implies

∫

Bg
2R\Bg

R

e− f ϕθ−2v2−n Pt � C
∫

Bg
2R\Bg

R

e− f ϕθ−2v2−n−t (vP) � CR2−t ,
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where in the last inequality we applied Lemma 4.4 that holds for

2 � n + t − 2 <
n

2
+ 1,

namely for
4 − t � n < 6 − 2t .

Instead, for 2 + t < n < 4 − t and δ small enough, by writing v2−n = v2−n+tv−t and

applying Hölder inequality with exponents

(
1
t ,

1
1−t

)
, we obtain

∫

Bg
2R\Bg

R

e− f ϕθ−2v2−n Pt �
( ∫

Bg
2R

e− f v−1P

)t( ∫

Bg
2R

e− f v
2−n+t
1−t

)1−t

≤ CR2−t (4.21)

since

2 � n

2
+ 1 and 0 <

n − 2 − t

1 − t
� n

2
+ 1, (4.22)

and we can apply Lemma 4.4 on the first and second terms. We notice that (4.22) holds for
2 + t < n < 4 − t by choosing δ small enough. Hence (4.20) is proved for 5

2 < n < 5.
Step 2.2: n = 5. Now we consider the case n = 5 and we prove

∫

Bg
2R\Bg

R

e− f ϕθ−2v−3Pt � ε−1
0 CR

3
2−δ + Cε0R

2
∫

Bg
2R\Bg

R

e− f ϕθv2−n Pt−2|∇g P|2g ,

(4.23)
where δ > 0 is small enoug, ε0 > 0 and C does not depend on ε0 and R.

We notice that, from the definition of P (3.4), it follows

1 � 3

2
vP , (4.24)

|∇gv|2g � 5

2
vP , (4.25)

and

vP ≤ 5

2ε

(
ε|∇gv|2g + 2

3

)
, (4.26)

with ε ∈ (0, 1]. From (4.24) and recalling that t = 1
2 + δ, we have

∫

Bg
2R\Bg

R

e− f ϕθ−2v−3Pt �
(
3

2

) 1
2+δ ∫

Bg
2R\Bg

R

e− f ϕθ−2v− 5
2+δP1+2δ (4.27)

and notice that an application of (4.26) with ε = 1 gives

∫

Bg
2R\Bg

R

e− f ϕθ−2v− 5
2+δP1+2δ � 5

2

∫

Bg
2R\Bg

R

e− f ϕθ−2v− 7
2+δP2δ

(
|∇gv|2g + 2

3

)
. (4.28)
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We estimate the last term in (4.28) by using Corollary 4.3 with q = 7
2 − δ, m = 2δ and

ψ = ϕθ−2, and we get

c(θ, δ)

∫

Bg
2R\Bg

R

e− f ϕθ−2v− 5
2+δP1+2δ

�
∫

Bg
2R\Bg

R

e− f ϕθ−3v− 5
2+δP2δ|〈∇gv,∇gϕ〉g|

+
∫

Bg
2R\Bg

R

e− f ϕθ−2v− 5
2+δP−1+2δ|〈∇gv,∇g P〉g|

=: J1 + J2. (4.29)

Now we focus on the first term on the RHS: J1. An application of Young’s inequality, with

ε1 > 0, q > 1 and exponents

(
q,

q
q−1

)
gives

ϕ−1P2δ|〈∇gv,∇gϕ〉g|

≤ P1+2δϕ−1P−1|∇gv|g|∇gϕ|g ≤ CP1+2δ

{
1

ε
q−1
1

ϕ−q P−q |∇gv|qg |∇gϕ|qg + ε1

}

,

and then J1 in (4.29) can be bounded as follows

J1 � C

ε
q−1
1

∫

Bg
2R\Bg

R

e− f ϕθ−2−qv− 5
2+δP1−q+2δ|∇gv|qg |∇gϕ|qg

+Cε1

∫

Bg
2R\Bg

R

e− f ϕθ−2v− 5
2+δP1+2δ = J11 + J12 . (4.30)

From (4.25) and (4.2) we obtain

J11 � C

ε
q−1
1

R−q
∫

Bg
2R\Bg

R

e− f ϕθ−2−qv− 5−q
2 +δP1− q

2 +2δ .

By choosing q = 2(1 + 2δ) and applying Lemma 4.4, we have

J11 � C

ε1+4δ
1

R−2(1+2δ)
∫

Bg
2R\Bg

R

e− f ϕθ−4−4δv− 3
2+3δ ≤ C

ε1+4δ
1

R
3
2−δ .

Thus we get

J1 � C

ε1+4δ
1

R
3
2−δ + ε1C

∫

Bg
2R\Bg

R

e− f ϕθ−2v− 5
2+δP1+2δ. (4.31)

Now we consider J2 in (4.29). From Young’s inequality, we get

J2 � 1

4ε0R2

∫

Bg
2R\Bg

R

e− f ϕθ−4v−2+2δP− 1
2+3δ|∇gv|2g

+ε0R
2
∫

Bg
2R\Bg

R

e− f ϕθv−3P− 3
2+δ|∇g P|2g = J21 + J22 . (4.32)

Focusing on the first term, by applying (4.25) we have

J21 ≤ 1

4ε0R2

∫

Bg
2R\Bg

R

e− f ϕθ−4v−1+2δP
1
2+3δ
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and by using Hölder inequality we obtain

J21 ≤ 1

4ε0R2

( ∫

Bg
2R\Bg

R

e− f ϕθ−4v(−1+3δ) 32 P( 12+3δ) 32

) 2
3
( ∫

Bg
2R\Bg

R

e− f ϕθ−4v−3δ
) 1

3

.

(4.33)
Now from (4.24) we have that

1 � (
n − 2

2
vP)1−( 12+3δ) 32 , (4.34)

then from (4.33) we get that

J21 ≤ C

ε0R2

( ∫

Bg
2R\Bg

R

e− f ϕθ−4v− 9
4 vP

) 2
3
( ∫

Bg
2R\Bg

R

e− f ϕθ−4v−3δ
) 1

3

. (4.35)

Since n = 5, we can apply Lemma 4.4 to (4.35) and obtain

J21 � C

ε0
R

3
2−δ. (4.36)

Then from (4.32),(4.36) we obtain that

J2 � C

ε0
R

3
2−δ + ε0R

2
∫

Bg
2R\Bg

R

e− f ϕθv−3P− 3
2+δ|∇g P|2g. (4.37)

Putting together (4.29), (4.31) and (4.37) we have
∫

Bg
2R\Bg

R

e− f ϕθ−2v− 5
2+δP1+2δ � C

(
ε
−(1+4δ)
1 + ε−1

0

)
R

3
2−δ

+ε1C
∫

Bg
2R\Bg

R

e− f ϕθ−2v− 5
2+δP1+2δ + ε0R

2
∫

Bg
2R\Bg

R

e− f ϕθv−3P− 3
2+δ|∇g P|2g,

namely, for ε1 small enough
∫

Bg
2R\Bg

R

e− f ϕθ−2v− 5
2+δP1+2δ � ε−1

0 CR
3
2−δ + Cε0R

2
∫

Bg
2R\Bg

R

e− f ϕθv−3Pt−2|∇g P|2g,
(4.38)

where C = C(θ, δ, ε1). Hence, (4.27) and (4.38) yield (4.23).
Step 3: conclusion. From (4.18), (4.19), (4.20) and (4.23) (possibly by choosing ε0 small

enough when n = 5), we have

δ2

θ2

∫

Rd
e− f Pt−2v2−n |∇g P|2gϕθ � CR− 1

2−δ + o(1) ,

as r → 0. By letting r → 0 and then R → ∞ we obtain that
∫

Rd
e− f Pt−2v2−n |∇g P|2g = 0 .

Hence P is constant in R
d . Hence Lemma 3.1 implies that k[v] = 0 and the conclusion

follows from Lemma 2.1. ��
Proof of Theorem 1.1 Theorem1.1 is a straightforward consequenceofTheorem4.5, recalling

that v = u− 2
n−2 (see (3.1)). ��
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5 Classification in cones

In this section, we prove Theorem 1.2. Since the main arguments are strictly close to the ones
used for the proof of Theorem 1.1, we report here only the points where the presence of the
cone plays some role.

Let A ⊂ S
d−1 be a smooth open domain in the (d − 1)-dimensional sphere and consider

the cone � defined by

� = {x ∈ R
d : x = tξ for some t ∈ (0,+∞) and ξ ∈ A} .

We recall that in Theorem 1.2we assume that� is convex and that we are considering positive
solutions to {

div
(|x |−2aDu

) + |x |−bpu p−1 = 0 in �

uν = 0 on ∂� ,
(5.1)

with u > 0 and u ∈ Da,b
loc (�), where

Da,b
loc (�) :=

{
u ∈ L p

loc(�, |x |−bdx) such that |x |−a |Du| ∈ L2
loc(�, dx)

}
.

The weak formulation of (5.1) is the following
∫

�̄

〈∇gu,∇gϕ〉g e− f dVg =
∫

�̄

u
n+2
n−2 ϕ e− f dVg = 0,

for any ϕ ∈ C∞
c (�̄).

Proof of Theorem 1.2 –main remarks – Formula (4.5). To obtain (4.5) we integrated by parts.
Due to the presence of the cone, in this case we obtain an additional boundary term which
can be bounded thanks to the convexity of the cone. Indeed, we denote by II(∇T v,∇T v) the
second fundamental form of ∂� and we notice that

〈∇g P, ν〉g =
〈(

n

2v
∇g|∇gv|2 − 1

v
P∇gv

)
, ν

〉

g
= − n

2v
II(∇T v,∇T v) ≤ 0 ,

where we used the Neumann boundary condition and the convexity of the cone. Hence, since
(
t − 1

2

) ∫

�

e− f Pt−2v2−n |∇g P|2gϕθ

� −θ

∫

�

ϕθ−1e− f v2−n Pt−1〈∇g P,∇gϕ〉g +
∫

∂�

ϕθe− f v2−n Pt−1〈∇g P, ν〉g ,

we obtain
(
t − 1

2

) ∫

�

e− f Pt−2v2−n |∇g P|2gϕθ ≤ −θ

∫

�

ϕθ−1e− f v2−n Pt−1〈∇g P,∇gϕ〉g
which implies

(
t − 1

2

) ∫

�

e− f Pt−2v2−n |∇g P|2gϕθ

� θ

( ∫

�

e− f ϕθv2−n Pt−2|∇g P|2g
) 1

2
( ∫

�

e− f ϕθ−2v2−n Pt |∇gϕ|2g
) 1

2

,

which is the analogue of (4.5) in the case of a convex cone.
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– Proof of Lemma 4.2. In the first step of the proof of Lemma 4.2 we integrate by parts. The
boundary terms that we have in the case of the cone are still zero thanks to the boundary
conditions.
– Lemma 2.1. The point x0 appearing in (2.21) needs another condition, in particular, x0
must be a vertex of the cone. This restriction follows from the Neumann boundary condition:
since ∇gv(x) points in the direction of x0 − x then the Neumann boundary condition implies
that x0 must be a vertex.
– Proposition 3.3. The proof of this proposition strongly uses the results in [16, Propositions
8.1 and 8.2]. A careful analysis of the proof in [16] reveals that all the arguments can be
repeated almost verbatim in the case of a convex cone. Indeed, Kelvin and Emden-Fowler
transformations still apply in this case and, by setting

ϕ(s, ω) = rac−av(r , ω) s = − log r , ω = x

r
,

one has to deal with a problem for ϕ and ϕ̃ (which is the Kelvin transform of ϕ) in a cylinder,
which has the form

{
−∂2s ϕ − �ωϕ + �ϕ = ϕ p−1 in R × A

∂νϕ = 0 on R × ∂A ,

where � = (ac − a)2. While the presence of the Neumann boundary condition does not
introduce any obstacle for repeating the argument in [16, Propositions 8.1 and 8.2], the
convexity of � is a crucial condition. Indeed, since � is convex then the first nontrivial
Neumann eigenvalue of �ω in A is greater or equal d − 1 (see [18, Theorem 4.3]), which is
the threshold for succeeding in proving the results. ��

Appendix A. A differential identity in RiemannianManifolds

In this appendix, we prove a differential identity which is crucial for our approach. This
identity was essentially proved in [12, Formula (2.18)] (see also [13]), but it holds for more
general weights and Riemannian manifolds. For this reason and in order to make the paper
self-contained, we prefer to state and prove it in the following lemma.

Lemma A.1 Let (M, g) be a Riemannian manifold of dimension d. Let n ∈ R, f ∈ C2(M)

and v ∈ C3(M), with v > 0. Then we have

e f div

(
e− f v1−n

(
n

2
∇g|∇gv|2g − nLv∇gv + (n − 1)P∇gv

))

= nv1−nk[v] + v

(
Lv − P

)
L(v1−n),

with

Lv = e f divg

(
e− f ∇gv

)

and

P = 2

n − 2

1

v
+ n

2

|∇gv|2g
v

,
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and where we set

k[v] = ∣
∣Hgv

∣
∣2
g − (Lv)2

n
+ Ricg(∇gv,∇gv) + Hg f (∇gv,∇gv) .

Proof To simplify the notation, in this proof, we omit the subscript g. We first notice that Lv

can be written as
Lv = �v − 〈∇ f ,∇v〉 (A.1)

and then
n

2
e f div

(
e− f v1−n∇|∇v|2

)
= n

2
v1−nL (|∇v|2) + (1 − n)

n

2
v−n〈∇v,∇|∇v|2〉

= n

2
v1−n�

(|∇v|2) − n

2
v1−n〈∇ f ,∇|∇v|2〉 + (1 − n)

n

2
v−n〈∇v,∇|∇v|2〉 ,

and Bochner identity yields

n

2
e f div

(
e− f v1−n∇|∇v|2

)

= nv1−n (|Hv|2 + 〈∇v,∇�v〉 + Ric(∇v,∇v)
)

−n

2
v1−n〈∇ f ,∇|∇v|2〉 + (1 − n)

n

2
v−n〈∇v,∇|∇v|2〉 . (A.2)

Now we use (A.1) to write

− ne f div
(
e− f v1−nLv∇v

)
= −n

[
v1−n(Lv)2 + v1−n〈∇v,∇Lv〉 + (1 − n)v−nLv|∇v|2]

= −n
[
v1−n(Lv)2 + v1−n〈∇v,∇�v〉 − v1−n〈∇v,∇〈∇ f ,∇v〉〉 + (1 − n)v−nLv|∇v|2]

= −n
[
v1−n(Lv)2 + v1−n〈∇v,∇�v〉 − v1−nH f (∇v,∇v)

−v1−n〈∇ f ,∇ |∇v|2
2

〉 + (1 − n)v−nLv|∇v|2
]

,

and from (A.2) we have

e f div
{
e− f

(n
2
v1−n∇|∇v|2 − nv1−nLv∇v

)}

= nv1−n [|Hv|2 − (Lv)2 + Ric(∇v,∇v) + H f (∇v,∇v)
]

+(1 − n)v−n
(n
2
〈∇|∇v|2,∇v〉 − nLv|∇v|2

)
,

i.e.

e f div
{
e− f

(n
2
v1−n∇|∇v|2 − nv1−nLv∇v

)}

= nv1−nk[v] + (1 − n)v1−n(Lv)2

+(1 − n)v−n
(n
2
〈∇|∇v|2,∇v〉 − nLv|∇v|2

)
. (A.3)

Now we consider

(n − 1)e f div(e− f v1−n P∇v)

= (n − 1)v1−n (PLv + 〈∇P,∇v〉) − (n − 1)2v−n P|∇v|2

= (n − 1)v1−n
(
PLv − P

v
|∇v|2 + n

2v
〈∇|∇v|2,∇v〉

)

− (n − 1)2v−n P|∇v|2 ,
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where in the last equality we used

∇P = − P

v
∇v + n

2v
∇|∇v|2 ,

and hence

(n − 1)e f div(e− f v1−n P∇v)

= (n − 1)v1−n PLv + n

2
(n − 1)v−n〈∇|∇v|2,∇v〉 − n(n − 1)v−n P|∇v|2 ,

(A.4)

Hence from (A.3) and (A.4) we find

e f div
(
e− f v1−n

[ n
2

∇|∇v|2 − nLv∇v + (n − 1)P∇v
])

= nv1−nk[v] + (1 − n)v1−n(Lv)2

+n(n − 1)v−nLv|∇v|2 + (n − 1)v1−n PLv − n(n − 1)v−n P|∇v|2 ,

i.e.

e f div
(
e− f v1−n

[n
2
∇|∇v|2 − nLv∇v + (n − 1)P∇v

])

= nv1−nk[v] + n(n − 1)v−n |∇v|2(Lv − P) + (n − 1)v1−nLv(P − Lv)

and thus

e f div
(
e− f v1−n

[n
2
∇|∇v|2 − nLv∇v + (n − 1)P∇v

])

= nv1−nk[v] + (n − 1)v−n(n|∇v|2 − vLv)(Lv − P) .

Since
vL(v1−n) = (n − 1)v−n [

n|∇v|2 − vLv
]

we conclude. ��
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