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Abstract

We consider the quasi-likelihood analysis for a linear regression model driven by a Student-¢
Lévy process with constant scale and arbitrary degrees of freedom. The model is observed
at high frequency over an extending period, under which we can quantify how the sampling
frequency affects estimation accuracy. In that setting, joint estimation of trend, scale, and
degrees of freedom is a non-trivial problem. The bottleneck is that the Student-# distribution
is not closed under convolution, making it difficult to estimate all the parameters fully based
on the high-frequency time scale. To efficiently deal with the intricate nature from both
theoretical and computational points of view, we propose a two-step quasi-likelihood analysis:
first, we make use of the Cauchy quasi-likelihood for estimating the regression-coefficient
vector and the scale parameter; then, we construct the sequence of the unit-period cumulative
residuals to estimate the remaining degrees of freedom. In particular, using full data in the
first step causes a problem stemming from the small-time Cauchy approximation, showing
the need for data thinning.

Keywords Cauchy quasi-likelihood - High-frequency sampling - Likelihood analysis -
Student Lévy process

1 Introduction

[nTy

j=0] with t; = j/n from the

Suppose that we have a discrete-time sample {(X t Y,j)}
continuous-time (location) regression model

=X, -n+ol, t €[0,T,], (L.
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where X = (X;) is a cadlag stochastic covariate process in R satisfying some regularity
conditions, the dot denotes the inner product in R?, and J = (J;) is a Lévy process such that
the unit-time distribution

‘c(‘ll) = tU = t\)(oa 1)5

where f, (i1, o) denotes the scaled Student-¢ distribution with the density

—(v+1)/2
r(:3) x— i)’
X; [, 0,V) = 1+ . 1.2
S u ) N ) ( . > (1.2)
Our objective is to estimate the true value 6p = (uo, 0o, vo) € ® from {(Xt i Y,j)}g.'fg]

when 7, — oo for n — oo. We will write h = h,, = 1/n for the sampling step size.
All the processes are defined on an underlying filtered probability space (2, F, (F;):>0, P).
The corresponding statistical model is indexed by the unknown parameter 6 := (u, o, v) €
0, X Oy x ®, = 0. Throughout, we assume that © is a bounded convex domain in R7+2
such that its closure ® C R? x (0, 00) x (0, 00).

Since the Student-¢ distribution is not closed under convolution, £(J,) for h # 1 is
no longer Student-z-distributed. The exact likelihood function is given only through the
Fourier inversion, resulting in the rather intractable expression: the characteristic function of
L(J1) =t, is given by

21—v/2

T (v/2)

@1 0W) = lul"?Kyp(ul), ueR, (1.3)

hence £(Jj;) admits the Lebesgue density

X = l /‘00 cos(ux){(pjlyv(u)}hdu
7 Jo

1 [ ol-v/2 o2 h
;/0 cos(ux) <F(v/2)u Kv/z(u)) du

9l-v/2 h 1 [ , .
[ _ vh/2
(F(vm) n/o cos(ux)u™’” (Ko2()" due, (1.4)

where K, (#) denotes the modified Bessel function of the second kind (v € R, ¢ > 0):

L[ t 1
KU(I):E A s exp —3 s—l—; ds.

Numerical integration in (1.4) can be unstable for very small 4 and also for large |x]|.
Previously, the thesis (Massing 2019) studied in detail the local asymptotic behavior
of the log-likelihood function with numerics for a sample-path generation about Student-¢
Lévy process observed at high frequency. However, the degrees-of-freedom parameter v was
supposed to be known and to be greater than 1 throughout.
In this paper, we propose the explicit two-stage estimation procedure:

1. First, in Sect. 2, we construct an estimator ([L,,, 6,,) of (i, o) based on the Cauchy quasi-
likelihood,

2. Then, in Sect.3, we make use of the Student-t quasi-likelihood for construction of an
estimator ,, of v, through the “unit-time” residual sequence
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B=06," (Yi—Yio1 — - (Xi — XiD).,

fori =1,...,[T,], which is expected to be approximately i.i.d. #,-distributed.

For both estimators, we will prove the asymptotic normality and convergence of their
moments (Theorems 2.2, 3.1, and 3.2). Also discussed is how we can weaken the regu-
larity conditions when only interested in deriving the asymptotic normality (Theorems 3.5
and 3.7). The important point is that we can asymptotically efficiently estimate (w, o) with
effectively leaving v unknown; under additional conditions, the least-squares estimator is
asymptotically normal, but the associated efficiency loss can be significant (see Remark 2.5
below). We refer to Ivanenko et al. (2015) for the details of the corresponding LAN property.
In our study, the rate of convergence of (i, 6;,) in the first stage depends on how much data
we use through the sequence (Bj,) introduced later in (2.2). Under suitable conditions, the
foregoing two-stage estimation procedure enables us to estimate vy as if we directly observe
the latent unit-time noise sequence (J; — Ji_l)l[i”]]. Since the characteristic function and the
Lévy measure of the Student-¢ distribution are both intractable, we believe that using the
Student-¢ likelihood function based on the unit-time residuals is natural from the compu-
tational viewpoint. We will present some numerical experiments in Sect.4. The proofs are
gathered in Sect. 5.

Note that X may be random and that in some situations X and J may be stochasti-
cally dependent on each other. Our stepwise procedure with different time scales makes the
optimization much easier than the joint estimation. The proposed estimators ,, and v, are
asymptotically independent (Theorem 3.2) while the maximum-likelihood estimators in the
conventional i.i.d. and time-series settings are asymptotically correlated; see (Harvey 2013,
Sect. 2.2) for details.

Below, we briefly list the necessary restrictions in our approach without details.

e First, we need 7,, — oo in the second step for estimating vy. An asymptotically efficient

estimation of v based on the full high-frequency sample {(X;;. Y;;) }B"ZTS]
problem, and we do not know even whether or not the derived rate /7, is optimal for
estimating vy. We do not address it in this paper.

e Second, the terminal sampling time 7}, should not grow so quickly if we use whole data
in [0, T, ]; otherwise, we need thinning data through the sequence (B,) satisfying the
sampling-balance conditions (2.2) and (3.1) below. This implies that the accumulated
Cauchy-approximation error (see Lemma 5.4) for rapidly growing 7,, may crush the
clean-cut asymptotic behavior of the estimator ¥, described in Theorem 3.1 (hence also
those in Theorems 3.2, 3.5, and 3.7). We also imposed the additional sampling-design
condition (3.6) to establish the asymptotic orthogonality between the proposed estimators
of (1o, 0g) and vy.

is a non-trivial

We will denote by Py the underlying probability measure for (J, X, Y) associated with 6,
and by Ey the expectation with respect to Py. Unless otherwise mentioned, any asymptotics
will be taken under P := Py, forn — oo. We will denote by C a universal positive constant
which is independent of n and may vary whenever it appears. The partial differentiation
with respect to the variable x will be denoted by d,; we simply use d without specifying a
variable if not confusing. The notation a,, < b, for positive sequences (a,,) and (b,) means
that lim sup,, (a,/b,) < 0o. We denote by I4 = I(A) the indicator function of a set A.
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2 Cauchy quasi-likelihood analysis
2.1 Construction and asymptotic results

By the expression (1.3) and the asymptotic property K, (z) ~ /7 /(2z)e* for z — oo, the
characteristic function of £~ Jy equals for h — 0,

(Ep [exp (iun™ 70)])" = (1 + o) |uv 207 "2 K, o (jun ™))"

wh 1 !
= (o) (|55 (=A™ ul) (0 +o(1)

— exp(—|ul). 2.1

This implies the weak convergence A~ Jj A t1 (the standard Cauchy distribution) as
h — 0, whatever the degrees of freedom vy > 0 is. It is therefore natural to construct the
Cauchy quasi-(log-)likelihood which is defined as if the conditional distribution Y; t |{Yt/.71 =
v, X tois X ,j} under Py equals the Cauchy distribution with location y + u - (X = X t,-_l)
and scale ho; note that the conditional likelihood is misspecified unless vo = 1. There are
both advantages and disadvantages: on the one hand, we can make an inference for (i, o)
without knowing the value vg, but on the other hand, the information of vy disappeared in
the small-time limit.

Using the Cauchy quasi-likelihood is not free: we have to manage the Cauchy-
approximation error for £ (h‘1 Jh) in the mode of L'(dy)-local-limit theorem. Since the
nT,
may introduce too much error disrupting the Cauchy approximation; this will be seen from
the proof of Theorem 2.2 below. Depending on the situation, we will need either to thin the
sample or to control the speed of 7, — oo.

We consider the (possibly) partial observations over the part [0, B, ] of the entire period
[0, T,,], where (By,) is a positive sequence such that

approximation error accumulates for 7,, — oo, using the whole sample { (X ts Y,j)}

/ ’

B,<T, n° <B,<n'™¢ 2.2)
for some €', €” € (0, 1). We write the corresponding number of time points used as
N, = [nB,].

Lemma 5.4 below implies that we cannot always take the whole sample (namely B, = T;,)
to manage the error of the local-Cauchy approximation. In other words, when one uses the
whole sample for estimating (u«, o), the condition (2.2) restricts the speed of 7,, — oo as
T, =0m'~).

Write a = (1, o), ap = (1o, 00), and A ;§ = &, — &, | for any process §. Let

AjY-M-AjX

€j(a) = o

Letpi(y) :=n~! (1 + y2) _2, the standard Cauchy density. Then, we introduce the Cauchy
quasi-(log-)likelihood conditional on X:
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N,
" 1 AiY —p-AX
Hy(a) = Zlog{ﬁm (T)}

=Cn— ) _{logo +1log (1 +¢;@)?)},
j:l

where the term C,, does not depend on a. We define the Cauchy quasi-maximum likelihood
estimator (CQMLE for short) by any element

Gy = (I&m 611) € argmax Hl,n(a)-
a€B; xOy

We introduce the following regularity conditions on X.

Assumption 2.1 For X, we can associate an (F;)-adapted process ¢ > X, in RY having
cadlag sample paths, for which the following conditions hold for every K > 0:

L. supE[|X;|K] < 00.

>0
2. There exists a constant cxy > 0 such that both

1 (1
sup max E||— - (AjX —hX;, ) < 00
n j=l.nTy] hex | h i

and

1 -
sup  max sup E|: o (X X;, ]) <00

n j=l. Tl <t<t;

hold. Moreover,

,,,,, U\/EE H (a,x - nx; )} a;p;( / )’f,, ,]K:|:0(1).

3. There exist a constant ¢y > 0 and a probability measure 7 (dx) on some ¢’-dimensional

Borel space (]Rq ' B /> such that, for every real-valued C!' (RY)-function f(x) satisfying

maxge(o,1) |8§ FOIS1+x |C, we can associate a measurable function v ¢ (z) such that

K

sup E ,fX Zf zj ] /Wf (2)7o(dz) < 00 (2.3)

for every K > 0.
4. The g x g matrix Sy := / Y 5 (2)mo(dz) for f(x') = x’ ®2 js symmetric, positive-definite,

and finite.

Assumption 2.1 is designed not only for convergence in distribution of our estimators but
also for ensuring the convergence of their moments: in the proofs, items 1 and 2 are used
for a series of moment estimates, item 3 (together with the Sobolev inequality) is required
to handle the uniform-in-parameter moment estimates and to identify the limit of the law of
large numbers under the ergodicity, and item 4 will ensure the positive definiteness of the
asymptotic covariance matrix of the estimator. It should be noted that the moment conditions
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in Assumption 2.1 can be too much to ask if one is only interested in deriving the asymptotic
normality; see Theorems 3.5 and 3.7.

The last convergence in Assumption 2.1.2 is trivial if X’ and J are independent so that
the conditional expectation involved therein vanishes a.s. Although we did not explicitly
mention, one may think of X; = f(; X' ds and where the integrand X’ admits a unique

invariant distribution 7o for which X A moast — oo and Sy = [ f(x', a)mo(dx’) (in
this case, ¢ = ¢’ and ¥y = f); then, since [ f(x")mo(dx") < sup,~q E [ f (X})] for any
continuous nonnegative f, we have f |x" 1Ko (dx’) < oo foreach K > 0 hence in particular
So 1s finite. See Sect. 2.2 for more related discussions; as we will see there, the dimension
g’ in Assumption 2.1.3 may differ from q.

Let
1
Ag .y = ﬁaaHl,il (ao),
1 1
Iyo:=diag| — So, — ). 2.4
a,0 g <2002 0 20_02> ( )
Let
00 00 1
{(y, x'; a) :=log {*(ﬁl (* (y — — (- — po) - x/>)} —log¢1(y), (2.5)
o o 00
and

f&'sa) = /C(y,x/; a)p1(y)dy,

whichis smoothina € ®, x O,. Then, under Assumption 2.1.3, for each a we can associate
measurable functions v ¢/ (z; a) and ¥y, r(z; @) and a probability measure 7o (dz), for which

Ny

- ; bt (%, a) % [ pcoGaoman, k=01
We write

Yi(a) = / Y praay (@ @)0(d2). (2.6)
The main result of this section is the following.

Theorem 2.2 Suppose that (2.2) and Assumption =2.1 hold, that a — Y (a) is Cl-class with
0, Y1(a) = f Yo, f'(a) (25 @)0(dz), and that there exists a constant ¢o > 0 for which

Yi(a) < —cola —aol?, a€®, x 6,. Q2.7)

Then, we have the asymptotic normality

~ A — L —
ftan = V/Nu (dn = a0) = T §Aan +0,(1) 5 N (0, T7H) 2.8)
and the polynomial-type tail-probability estimate:
VL >0, supsupP [|ﬁa,n| > r] rf < oo. (2.9)
r>0 n
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If ¢" = g, mo is the invariant distribution of X’, and if Assumption 2.1.3 and 2.1.4 hold
with ¢y = f, then

Y (a) Z/fl(y,x/:a)d)l (y)dy mo(dx").

In this case, the identifiability condition (2.7) is automatic. Indeed, the well-known property
of the Kullback-Leibler divergence, we have Y;(a) < 0 with the equality holding if and
only if a = ag. Moreover, the above Y| (a) is smooth, 9,Y (ag) = 0, and —8§Y1 (ap)
is positive definite under the present assumptions (including the positive definiteness of
So = [ x’®2my(dx")). These observations conclude (2.7).

It is easy to construct a consistent estimator of Sp: see (3.7) in Sect.3.2. We have the

variance-stabilizing transform for o: /N, /2 (log 6, — log 00) £> N1(0, 1).

Remark 2.3 Making use of sample in over [0, B,] C [0, T, ] is not essential. It is possible to
use, for example, only sample over ;- [2k — 2, 2k — 1). Also, we could consider the case
where B,, = B for some fixed B > 0, meaning that for estimating (¢, o) we only use a sample
over the fixed period [0, B]. In that case, if X is truly random, under suitable conditions on
the underlying filtration (7;), the asymptotic distribution of /n (4, — ap) is mixed-normal
with the random asymptotic covariance depending on a sample path (X;);¢[0,5]. See also
Remark 3.3, Clément and Gloter (2019, 2020), and Masuda (2019) for related results.

Remark 2.4 Since high-frequency data over each fixed period is enough to consistently esti-
mate (i, o), one may think of a parameter-varying (randomized parameter) setting: if p
and o may vary along i, say i +> (u;, 0;) for the ith period [i — 1, ) and if they are all
to be estimated from {(X ts Y,j)} j>1: jheli—1,i), then the model setup invokes the classical
Neyman-Scott problem (Neyman and Scott 1948); if {(u;, 0i)};~1 is an unobserved i.i.d.
sequence of random vectors, then the model becomes a (partially) random-effect one. The
latter would be of interest in the context of the population approach.

Remark 2.5 (Least-squares estimator) Let vy > 2. We can rewrite (1.1) as
Y, =X -pn+0'Z

with 0’ := o/+/v — 2 and the Lévy process Z; := +/v — 2 J; such that E[Z;] = 0 and
var[Z1] = 1. In this case, under suitable conditions, we can apply the least-squares method
for estimating (u, o) and deduce its asymptotic normality at rate /7.

Remark 2.6 The claims in Theorem 2.2 hold for any local-Cauchy J satisfying the local
limit theorem Lemma 5.4. In particular, the model (1.1) with J replaced by the generalized
hyperbolic Lévy process (except for the variance gamma one) could be handled analogously;
see (Masuda 2019, Section 2.1.2) for related information.

2.2 Covariate process
We set Assumption 2.1 without imposing a concrete structure of X. To provide a set of more

handy conditions on X and X', it is necessary to impose more specific structures on them.
Below, we will present such an example in detail.
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2.2.1 Setup

Let us briefly discuss how to verify Assumption 2.1 for X; = (X1, X2,) € R? x R%
(g = q1 + q2) of the form

t
t > Xk,,:/ Xids, k=12,
0

where 1 = (X7 ,,

process J. Further, we assume the following conditions.

X é I) is Riemann-integrable process independent of the Student-t Lévy

e X/ is a non-random periodic C !_function with possibly unknown period T > 0, and
satisfies that

sup (|X1,t| + |3tX1,t|) < 00.
>0

For example, X ; can be the derivative of
X1 = (COS(‘L’]I), sin(tt), ..., cos(tyt), sin(th))

with 71, ..., )7 being unknown different rational numbers (g1 = 2M); we may get rid
of some of the components from the beginning, such as X ; = (cos(5¢), sin(t)).
e X/ is a g»-dimensional diffusion process:

dXy, = A(X5,)dw, + B (X},)dt. (2.10)

where w is a standard Wiener process (independent of J). The unknown coefficients A
and B are globally Lipschitz so that (2.10) admits a unique strong solution. Moreover,
X/, is exponentially ergodic in the sense that there exist some « > 0 and an invariant
measure g on (R%2, 392) for which

1P (x, ) — mo(d2)llg

=sup sup /f(z)P,(x,dz)—/f(z)no(dz) Sge™ 211

=0 f:|fl<g

for any g of at most polynomial growth.

Our model may be used for analyzing time series data observed at high frequency exhibiting
a seasonality (Proietti and Pedregal 2022). Concerned with the exponential ergodicity (2.11)
of X/, we refer to Kulik (2018) and the references therein for several easy-to-verify sufficient
conditions.

With the above setup, we will verify Assumption 2.1 along with imposing additional
conditions.

2.2.2 Verification

First, for Assumption 2.1.1 and 2.1.2, we can look at X; and X, separately. The conditions
obviously hold for X{. As for X» of (2.10), Assumption 2.1.1 can be verified through the
easy-to-apply Lyapunov-function criteria; we do not list them here, but just refer to Masuda
(2007, Theorem 2.2), Kulik (2009, Lemma 3.3), and also Masuda (2013, Section 5). Let
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us suppose Assumption 2.1.1 in what follows. Then, we can verify all the conditions in
Assumption 2.1.2 with cx = 1/2 as follows. Since the sequence (j = 1,...,n)

1 I
T (X/z’, - X/ZJJ,_I) =7 - A (X5 ) dwg + v — / (X)) ds

is LX(P)-bounded for any K > 0, so is

1 14 1
/ _ - . Lo _x!
hf (a3~ ”sztm)—h/,,_,ﬁ(xh Xiy.)ds

followed by the first two conditions in Assumption 2.1.2 with cx = 1/2. As for the last one,
we note the decomposition

1 /
(A% —nxs, )

h
1[4
_A< 2.1 ')h/r,( wtjlds—}—{ / / (X5 ,)duds

J

// (A(x5,) A(X’zthl))dwuds}

=:Tin +Trp-

Since sup, |((9¢1)/$1)(y)| < o0 and E [((9¢1)/¢1) (h~'A;J) | F;,, ] = 0 as., we have

el 20
Fij

/ L[ Ay (AT
(Xz,tjfl) E |:h v/t\._l (ws - wtj—l)ds 711 (;l)‘f}j]iH .

J

< hy/N, E [E|T2,h|

Ny

The second term in the upper bound a.s. vanishes since w and J are mutually independent.
Under the linear-growth property of the coefficients, by the standard estimates as before
the sequence “E [h~"|To.u| | Fi,_,|” is LX (P)-bounded for any K > 0. Since h/N, <
n€2 -0 by (2.2), the last convergence in Assumption 2.1.2 follows. Thus, we have
verified Assumption 2.1.1 and 2.1.2.

Turning to Assumption 2.1.3, we take ¢, > 0 so small that N,* < h=% = h='/2. To
handle the periodic nature of X', we note that (2.3) is derived by showing that

el (2 ™ rxa , d K<1
n m ) f( t) t— | ¥y(2)moldz) ~

for suitable v/ ¢ (z), since Jensen’s and Cauchy-Schwarz inequalities give

K
N 1 hN,

E| [N v ) f(x dz——Zf(tj 1)

@ Springer



Statistical Inference for Stochastic Processes

K
A %I/W (f (x7) - f<X’ ))dt
- A — h J(j—1)/n ! -
N .

1 & 1/-//" ¢} K
S—3- E (141X +1x;,_1€) (N1, = X1 1) ar
Nn;h G=)/n il ) (X=X )

N, .
L Ny . 172
gfsz sup E[1+ X[ CT2E[ [N (X = X7 ) ] ar
Nn i=1h -1 1
1/2 / / 2K 172
< max sup E[|h (X th7,)| ] SL

J=lnTal e,y <t<t;

The last estimate is due to the already verified Assumption 2.1.2. Letm, = max{i > 1 :
it <hN,}=[hN,/t]. Then, m, — oo as m, =, ne’ by (2.2), and we have

~

1 hN, Tmy hN,
X 1) dt (X;)d:r.
hano 1 (x0) ~ N, / + hNn/ (X7)

The second term on the right-hand side can be bounded by a constant multiple of
(N (1+1X,1€) S n=¢ (14 1X]|€). Further letting ¢y > 0 sufficiently small so

that n=¢" N,:X < 1if necessary, we only need to look at the first term in the last display, say
V,.. By the periodicity of X /1 , we have

dt

l’l

hN (m— l)r

_ Tmy ,
hN my, Z: / 1 J(m—1)T+1° X2,(m—l)r+t) dt
my

/
=N, mnX_: / l,t’X2,(m—1)r+t>dt

™T™m
= — B say.
hN,, my 1221 fm Y

Now we set

1 (7 ,
v =1 [ £
T Jo
Then,

Va —/lﬁf(Z)JTo(dz)
_<;Nn ) ZGfm—i_iZ(Gf’m_E[Gf,m])
1 &
o ) (E [Grm] - / W(z)no(dz))

m=1

= Vl,n +V2,n +V3,na say.
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Fix any K > 2. Since sup,,»1 E [|G z.ml¥] < o0, [T — 1| = O ((hNn)™') = 0(n™")

/ A
and n_e//N,fX < 1, we get sup, E [|N,L,X Vin |K] < 00. We can handle the remaining two

terms by the mixing property: the condition (2.11) implies that X}, is exponentially -mixing
(see (Masuda 2007, Lemma 3.9)), hence also exponentially o-mixing. Since G ¢ ;, is & (Xéy s
s € [(m — 1)t, mt])-measurable, there exists a constant ¢; = ¢;(t) > 0 (I = 1, 2) for which

a(k) := sup sup |P[AN B]— P[A]P[B]| < cpexp(—cik), k e N.
izl Aeo(Gy:l<i),
Beo (G s :1=i+k)

Then, a direct application of Yoshida (2011, Lemma 4) yields sup, E [IN,fX Vz,,, |K ] < Q.

The remaining V3, » can be treated similarly to the proof of Masuda (2013, Lemma 4.3) as
follows (see how to estimate A//(f; 6) therein): letting g(z) = SUP|/ <1 X) oo |f (xi, z) |

(hence g(z) < 1+ |z|€), we obtain from (2.11) that

‘E[Gf,m] - / ¥ (2)mo(d2)

1 [°F /
;/0 / f(X1.2) {Pon—1ye+(x, dz) — mo(dz)} PX20(dx)dr

IA

1 (7 ,
7/. / | Pon—nyese (. ) =m0 ), PX20(dx)dr
T Jo

< / g(x) PX20(dx) / “exp (i (m — 1) + 1) di < exp (—xTm).
0

where PX20(.) denotes the initial distribution of X 5. It follows that [N, ¥ Viaul < N, X M; <

J
n~¢"Ny* < 1, concluding Assumption 2.1.3 (with ¢’ = ¢3).
Finally, it does not seem easy to give a general sufficient condition for the positive def-
initeness of Sy in Assumption 2.1.4, which is related to the positive definiteness at the true
value 6y of the Fisher-information matrix.

3 Student quasi-likelihood analysis

Taking over the setting in Sect.2, we now turn to the estimation of the degrees of freedom
v from {(Xt./., Yt~/')}5'”=TS]' Suppose that Assumption 2.1 and (2.2) hold, so that we have (2.9)

by Theorem 2.2. Throughout this section, we assume that N,, is sufficiently large relative to
Tn:

T, T,
/- 0. 3.1)
N,  [nBy]

3.1 Construction and asymptotics

Define the unit-time residual sequence

g =6, (Yi = Yic1 — fin - (Xi — Xi1)),
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fori =1,...,[T,]. Let
gi=Ji —Ji—1

so that ¢1, &7, - - - ~ 1.1.d. t,. We will estimate v based on the maximum-likelihood function
as if &1, ..., &z, are observed 7,-i.i.d. samples: we consider the explicit Student quasi-
likelihood function

[T,]
Hyn(v) =) p(Eisv),
i=1
where, with the notation (1.2),
r(ut _
p(e;v) :=log f(e;0,1,v) =log (72) (1 + 82) G+h/2 .
I (3)
Then, we define the Student-¢ quasi-likelihood estimator (-QMLE for short) of v by any
element

U, € argmax Hy , (v).
ve®,
We have
[T]

1 v+1 vy v+l .
= () b))

i=1

Let ¥ (x) := dlog I'(x), the digamma function, and then v| := 9, the trigamma function.
By the integral representation 0" (x) = (—1)"™*! [ s™e™ (1 — e‘s)_l ds form € N
(see (Abramowitz and Stegun 1992, 6.4.1)), hence 0| (x) < O for x > 0. From this fact and
the last expression for Hl ,(v), we obtain

2 _ [Tl v v+1
— 97 Han (V) = (wl (5)—%( > >)>0 (3:2)

for any v > 0, hence —H , is a.s. convex on (0, c0).
Let

1 [T]
Ay = \/7,1_,—’1 lgl: dyp (&i5vo) ,

. 1 Vo vy + 1
M= (wl (3)-w ( . )) . (3.3)

We have I'), o > 0 by (3.2). The next result shows that we can estimate vy directly as if we
observe (&;).

Theorem 3.1 Under the assumptions in Theorem 2.2 and (3.1), we have the polynomial-type
tail-probability estimate:

VL > 0, supsup P [|iyal > r]r < oo, (3.4)

r>0 n

and the asymptotic normality:

~ ~ _ L _
v =V Tu(y — ) = T b Avn 4 0,(1) S5 N (0, rw})) . (3.5)
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The maximum-likelihood estimation of vy can become more unstable for a larger value of
vo. The Fisher information I', o quickly decreases to 0 as vy increases: the asymptotic variance
F;(l) equals about 1.22, 5.63, 13.8, 25.9, and 41.9 for vy = 1, 2, 3,4, and 5, respectively.
The damping speed becomes even faster in the case of conventional parametrization. See,
for example, Harvey (2013, Section 2.2) and the references therein.

3.2 Joint asymptotic normality

Having Theorems 2.2 and 3.1 in hand, we consider the question of the joint asymptotic
normality of @, and V.

Recall that we are given the underlying filtration (F;);>0. From the proofs of Theorems
2.2 and 3.1, we can write (ﬁa,n, ﬁv,n) = M, + 0p,(1) with

(7]

n J»Z J—Z alaGuz

for a martingale difference G, ; = 9,0 (&;; vo) € R with respect to (F;);ez, and

Gai =,/ 5" T - 10 < [B,) > Vaijs
JEA;

where A; = {k € N : (i —Dn < k < in}and ¥u;; = Yaij (@) =
04 {loga + log (1 —|—ej(a)2)} la=qq- It will be seen in the proof of Lemma 5.3 that
Tn_l/2 Zl[z’l] E[Ga,ilFi;_,] = op(l). Hence, M, is a partial sum of the approximate
martingale difference array with respect to (F;)ez, -
The Lyapunov condition holds for M,,. To deduce the first-order asymptotic behavior
of M,, we need to look at the convergence in probability of the matrix-valued quadratic

characteristic:
[T] 2
1 ®
[M], = § G G‘“le ,
ym. Gv’i

which explicitly depends on 6y = (ag, vo); among others, we refer to Shiryaev (1980, Chapter
VIL8) for the related basic facts. By Theorems 2.2 and 3.1, it remains to manage the cross-
covariation part of [M],,.
To that end, we further assume
B
2 0. (3.6)

n
By Lemmas 5.2 and 5.6 in Sect. 5.1, for any K > 0,

K
max max E[ -'K+G-K]+ max F = 0(1).
1<i<[T,] 1<j<[nTy] Waijl™ +1Guv.] 1<i<[T] ;w“ o4 M
/

This estimate leads to

1 [T5] [By]
- G,,iGa,i = Zthfzwat]—o — =0p(1)-
T i=1 T" By i=1 JeA;
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Thus, the additional condition (3.6) approximately quantifies how much data we should
discard to make the estimators a, and ¥, independent.
Under Assumption 2.1,

S-—l IAX®2
n'—anlhj

1 <& (/1 ) e
:NT.X; SAX =X )+ X
j:

1O, @2 »
= (x,j_l) to,() B S),  n— oo, 3.7)
n ,:1

2\IIM§2

Recalling the notation (2.4) and (3.3), we introduce

~ . 1 - 1
[y, = diag (%;nz Sns 26”2) s

A 1 Dy vy +1
et (0 (3) 0 (53)

Obviously we have (fm, fa,,,) 2 (P40, Tv.0), which combined with (2.8) and (3.5) leads
to the joint asymptotic normality:

Theorem 3.2 Under the assumptions in Theorem 2.2, (3.1), and (3.6), we have
~1/2 A A1/2 A . ~1/2 ~l)2 L
(Fa,/n Uag,n, Fv,/n uv,n) = dlag (Fa,/n s Fv,/n) Mn + op(l) — Nq+2 (0’ Iq+2) . (38)

Remark 3.3 (Asymptotic mixed normality at the first stage) We have focused on a diverging
B, to estimate a = (i, o) at the first stage (recall (2.2)). Nevertheless, we could consider a
constant B,, say B, = B € N (then (3.6) is trivial), with which the CQMLE considered in
Sect. 2 is asymptotically mixed normal (MN):

L - -
(A fn) 5 MNg11 (0,T,0) ® N (0,15),

now Iy = (202) " diag (So, 1) with So = B~ f:% X/®2d1 being random. Then, (3.8)
remains valid by the proof of (3.5) in Theorem 3.1. Without going into details, we give some
brief remarks. The asymptotic mixed normality is deduced as in Masuda (2019) with a slight
modification of the proof of the stable convergence in law of A, , (to handle the filtration-
structure issue caused by a Wiener process w driving X}: see (Masuda 2019, Section 6.4.2)).
Because of the stability of the convergence in law, the conclusion of Theorem 3.2 remains
valid as it is with all the “N,,” therein replaced by “nB”.

Our primary theoretical interest was to deduce the mighty convergence of (ﬁa,n, iy, ,,): not
only the asymptotic normality but also the tail-probability estimate. If we are only interested
in deriving the asymptotic normality, there are several possible ways to significantly weaken
Assumption 2.1. Here is a version with the essential boundedness of X’.

Assumption 3.4 For X, we can associate an (F;)-adapted process ¢ +— X having cadlag
sample paths, for which the following conditions hold:
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1. sup|X;| < oo as.
>0
2. The same condition as in Assumption 2.1.3 holds except that (2.3) is weakened to

7Zf( t- 1 £> /Wf(z)ﬂo(dz).

3%15“ (ajx —nx; )

4. Assumption 2.1.4 holds.

Ny ) qu
5 mZE[ (AX hX;, 1) ¢]1< J >‘]-‘tl 1}:o,,(l)

Theorem 3.5 Let vy > 1. Suppose that (2.2), (3.1), (3.6), and Assumption 3.4 hold. Then, we
have the joint asymptotic normality (3.8).

2

]:tjl] = Op(l)'

3.3 Student-Lévy driven Markov process and Euler approximation

We can handle a class of Lévy driven stochastic differential equation for X, in the context of
Theorem 3.5. Consider a sample Yy, )["T”
described by the model

! from a solution to the Markov process (Yo = 0)

t
Yt=M'/ b(Ys)ds +oJ;,
0

where vp > 1 and b : R — RY is a known measurable function. We associate X; =
Jo b (Yo ds with X} := b (Y). So faritis assumed that A; X = [ b (Y;) ds i observable,
which may seem unnatural in the present context. In this section, we will establish a variant
of the asymptotic normality (3.8) when only (Y;; )5" 8]
the following conditions, which will guarantee the ergodicity of Y:

is observable. To this end, we assume

Assumption 3.6 The function b is continuously differentiable and satisfies that

sup (16 v [9yb(y)[) <00 and  limsupy uo - b(y) = —
yeR

[y|—>o00

Letbj_1:=b (Ylj—l) and introduce the following variant of H ,(a):

N, N,
~ . - 1 AjY—h,Ua-bj;] . - 1 ,
Hj n(a) := j§=1 10%{E¢1 (T =: jgzl log %(bl (éj(a)) )
Define a,, = (fin, 6,) by any a, € argmax ]I:]Ilyn. We write

gi=6" (Yi Y1 —hity, - Z bj—l)

JEA;
fori = 1,...,[T,] (recall the notation A; = {k € N: (i — 1)n < k < in}). Next, we
introduce
(7]

Han(v) =Y p(Ei; v)

i=1
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and v, € argmax ]I:]Izln; recall the definition p(e;n) = log f(e; 0, 1,v) (Sect.3.1). Let
lgn =~ Np(a, — ao), ity := /T, (¥, — vp), and moreover

~ . 1 - 1 ~ 1 Dy, v, + 1
[y, = diag 2? Sns ﬁ , Lyy = Z Y1 ? — Y ) N
n n

where S, := Nn’l Zjv’:’l bf{zl.

Theorem 3.7 Let vy > 2 and suppose that (3.1), (3.6), and Assumption 3.6 hold. Then, Y is
ergodic and admits a unique invariant distribution mo.y (dy). Moreover, we have

~1/2 ~ ~1/2 ~ . =1/2 ~1/2 L
(FilRiam B0 ) = diag (7, 7)Mo+ 0p(1) 5 Nysaz (0. Iy42)
provided that Sy := / b(y)®2ﬂ0,y(dy) is positive definite.

We see from the proof of Theorem 3.7 that rephrasing observed variables from (X ,_,.) to

(X t’]) when X; = fot X ds is possible in a more general framework.

4 Numerical experiment

In this section, we consider two deterministic and periodic regressors and the dynamics of
the model have the following form:

Y; = w1 cos (5t) + uo sin (¢) + o J;. “.1)

Since the Student-¢ distribution is not closed under convolution as was stated in the intro-
duction, we adopt an approximation method based on the inversion of the characteristic
function for generating J, with general 7 # 1. More specifically, our approximation is as
follows: First, on some grid xo, . .., Xy, we calculate the value of the density function of Jj
based on the following general inversion formula:

1 [t _

f) == / e "o (u)du,
27 J_oo

by using a numerical integration method, for example, Fast Fourier Transformation, Fourier

Cosine expansion, and so on. Next, we approximate the cumulative distribution function using

the Left-Riemann summation computed on the grid xo, ..., xy, therefore the cumulative

distribution function F (-) for each x; on the grid is determined as follows:

F(xj)= Y fv @) Ax,

X <Xj

where fN (xx) denotes the approximated value of f(xy). Finally, we evaluate the cumulative
distribution function at any x € (x =1 x_,-), by interpolating linearly its value using the
couples (x i—1s F (x j_l)) and (x s F (x ])) The random numbers can be obtained using the
inversion sampling method. Our simulation method and estimation procedure are available
in YUIMA package on R; see the companion paper (Masuda et al. 2024) for details.

For the first simulation exercise, we set 7, = 400, B, = 20 and 2 = 1/200. We simulate
1000 trajectories of the model with deterministic regressors in (4.1) with uy =5, up = —1,
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Fig.1 Simulated distribution of studentized parameters. In this case, we have i1 = 5, up = —1, 09 = 3 and
v=1

oo = 3 and v = 1. Estimating the parameters for each trajectory, we obtain the empirical
distribution of the studentized estimates. Figure 1 shows the simulated distribution of studen-
tized estimates. Notably, all histograms demonstrate that the standard normal approximation
adequately captures the behavior of model parameters. Favorable results are obtained for the
regressors (i41, 2) and the scale coefficient og. However, a small upward bias appears for
the degree of freedom v. This bias can be controlled by increasing the numerical precision
and/or considering a larger value for T,.

In the second simulation exercise, we focus on the case of v = 2 and all other inputs remain
unchanged. Figure2 shows the histograms of the studentized estimators. The comparison
demonstrates a favorable agreement between the simulated density functions and the standard
normal distribution for all model parameters. This comparison suggests that a larger value of
the degree of freedom v requires a smaller step-size value / to ensure accurate approximations.

In conclusion, the analysis of estimator behavior through these simulation exercises pro-
vides valuable insights into their performance within the Student Lévy Regression model. The
results indicate satisfactory performance for most estimators, with minor biases observed for
the degree of freedom parameter. Adjustments in numerical precision and step-time intervals
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Fig.2 Simulated distribution of studentized parameters. In this case, we have i = 5, up = —1, 09 = 3 and
v=2

can effectively control these biases. We refer to Masuda et al. (2024) for further numerical
experiments and real data analysis.

5 Proofs
5.1 Proof of Theorem 2.2

Let

1
Yin(a) = A (Hy,n(a) — Hi y (a0))

1
e _Fa‘%Hl’” (ao) -
n

—
2
3

Il

We will prove the following three lemmas (recall (2.6) for the definition of Y (a)).
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Lemma 5.1 Under (2.2) and Assumption 2.1, there exist constants co > 0 and c; € (0, 1/2]
such that for all K > 0,

sup E |:sup (Vg2 [Y1n(a) = Yi(a)| )K] < 0.

Lemma 5.2 Under (2.2) and Assumption 2.1, there exist a constant c1 € (0, 1/2) such that
forevery K > 0,

sup E [|Aa,,,|’(] tsupE [(N,fl [ ra,o})’(]
n n

1 3
VaaHl,n(a)
n

K
+sup E |:sup :| < 00. 5.1
n a

Lemma 5.3 Under (2.2) and Assumption 2.1, we have (Aa,n, Fa,n) £> (Fi{ozn, l"a,o), where
n~ Nq+l (0’ Iq+l)-

Theorem 2.2 follows from the above lemmas and (2.7): with Lemmas 5.1 and 5.2, we can
establish the tail-probability estimate (2.9) through (Yoshida 2011, Theorem 3(c)); moreover,
the asymptotic normality (2.8) follows from the standard likelihood-asymptotics argument

together with Lemmas 5.3. We omit the details.
By (1.4), the probability density of £ (h_1 Jh) is given by

1
i) = o [ costun fgus (1710} a

21—v/2h—v/2
B ( r(v/2)

the existence of which is ensured by Bertoin and Doney (1997, Proposition 1) together with

h o0
) % / cos(uhx)u”? (K,jo(w))" du, (5.2)
0

the locally Cauchy property 2! Jj, A t1. The next lemma quantifies the speed of the local
Cauchy approximation in L' (dy) and serves as a basic tool for deriving limit theorems.

Lemma5.4 For any r > 0 and any measurable function { : R — R such that [{(y)] <
1 + {log(1 + lyDYX for some K > 0, we have

/I;“(y)llfh(y)—¢1(y)|dy5hl_r~ (53)

In particular, under (2.2) we have

M/ D) —dr1(n]dy — 0. (5.4)

Related remarks on the estimate under the total variation distance can be found in Clément
and Gloter (2020, Remark 2.1).

5.1.1 Proof of Lemma 5.1

Let €; = €, := €; (ap), so that €], €2+ -- ~ iid. £ (h~'J;), which admits the density
fn(y) defined by (5.2); this may be an abuse of notation (recall ¢; = J; — J;_1 introduced in
Sect.3.1), but no confusion is likely to arise. We have

/

(o) 1 1
€jl@)=—€j = — =o)Xy | = — (1t = po) - Ru.j,
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where R, j := h! (AjX — hX;H). Let g1(€) := 0¢¢p1(€) /1 (€) and recall the definition
(2.5) of ¢(y, x'; a). We have the decomposition Y| ,(a) = YT’H (a) + 811,n(a) where

N,
1 n
T (@) = Z;(e,», X\ a), (5.5)
Si1n(a) = ——Zf g (—e, ——(w—po)- X;,_, - g (1 — o) - Rn,j) ds
1
X — (i — 120) - Rn.j. (5.6)
o

Fix any K > 2. By Assumption 2.1 and (2.2), we can pick a sufficiently small ¢, €
(O, 25 A %] to obtain
max E [|N§2Rn,,|’f] < max E [|n02<2*6/>Rn,,|K] < max E [lnCZ(Z IR, |K] 0.
J=<Nn ’ J=<Nn ’ J=[nTy]
Since g1 is essentially bounded, we have

E [sup|N,§‘2511,,,(a)|K] < max E [|N,;‘2R,,_,-|K] 0.
a J=<N, -

Write E/~![-] = E[-|7;_,]. Then,

Ny ~ PN /
ln(a) m;ﬁgl(a)dl_EJ:] E/ 1[4— <€J’XI/ 1 )]’ 5.7

where Z,-(a) = (ej, X;/ 1, ) — EJ-1 [; (ej, X;H, )] Obviously,

N, K N, K
Sl;pSl;p E ]Xgrgj(a) + E Zr(’) ¢ (a) < 00.

Since ® is assumed to be a bounded convex domain, the Sobolev inequality (Adams and
Fournier 2003) holds:

sup |F(@)I" < / (IF@T + 10, F (@) da

[N CA

for any C!-function F and r > dim(a) = g + 1 (see Adams and Fournier (2003) for details).
Applying this and Fubini’s theorem, we conclude that

N K
sup E | su < 00,
up E | sup Z W;’( a)
followed by
N K
supE | sup | N2 |Y (a)—ii:Ej_l[;“(e'X’ 'a)] < 00
np ap n l,l’l Nn j_] A [j717 .
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Observe that
Nﬂ

Ny N,
= Ni Sor(Xiia)+ Ni > f ¢ (0. X1, @) () — 1) dy
"j=1 n i
= YT (@) + 812.0(a). (5:8)

Note that sup, |¢ (y,X{jfl;a)| < 1+ log (1—|—|ij71|) + log(1 + |y) < {1 +

log (1 +1X; |)}{1 T log(1 + [y])}. Also, N2R'=¢ < n@C=pe=t L 0 with ¢p, ¢ > 0
small enough. It follows from Lemma 5.4 and Assumption 2.1 that
K:|

C
< (VRS sup E[<l+|X,’j_l|> ]—>0.

C
E |:sup|Ng2812,,(a)|K:| < max E |:‘<1 + |X;, |) Nr‘l?hl*c‘
a ’ J=<Nn -

0<t<hN,

Moreover, since maxge(o.1) Sup, |9X f/(x’; @)| < 1+ |x|€, Assumption 2.1.3 ensures that

K
< 00
for every K > 0.

By piecing together what we have seen with the Sobolev inequality as before, we obtain
the following estimate with a sufficiently small ¢, > 0:

max supsup £ UNEX <3§Yff‘n(a) - / Vo f’(~;a)(Z)7TO(dZ)>

} n a

sup E |:sup (NG [Y1n(a) = Yi(a)| )K}
n a
< . K
<1+supE |:sup (N2 YT (@) = Yi(a)]) ] S L
n a

5.1.2 Proof of Lemma 5.2

We will look at the three terms in (5.1) separately.
Quasi-score function

Recall that €; = €; (ag) ~iid. £ (h_1 Jh). Direct calculations give

Nn p—
N )
j:

I+e€jg1 (Gj)

N N,
| 1 Z” (X;j 181 (6]')) -1 1 n (mlen/gl (Ei)> 9
Nnj 1 1 €;81 (E]) N j=1 ( )
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The first term in (5.9) equals

—1
-0,

1 N”< X, (a1 (e) — E[g1(€))]) )

VN i\ +ejan (€)) —E[1+eje1(e)]

_U(;lL Z\/ﬁ(ﬂ%, (E g1 (e))] = [ 10301 (v)dy) )

" 1+e€jg1 (6]’)] — [+ yog1(y) 1 (y)dy

The Burkholder inequality gives the LX (P)-boundedness of (ri’n) for any K > 0. By
Lemma 5.4, the summand in riin can be bounded in absolute value gy a constant multiple
of (1 + |X,’j71 |) VNh' ¢ < (1 + |X;j7] |> n¢=¢'/2_ The sequence (ri/yn)n is also LX(P)-
bounded since ¢ > 0 can be taken arbitrarily small so that ¢ < €’/2.

For the second term in (5.9), by the compensation and the Burkholder inequality it suffices
to show that for any K > 2,

L Z E[[VRE [Ruy )] ] = ot

This is ensured by the last convergence in Assumption 2.1.2.
Quasi-observed information
The components of I, , consists of

1
~ HL @) = —og P 3 (h'2;%)%% 0g1 (€)) .
=

1 51
—anang’n (ap) = —o szn ; (1 +2¢€;81 (Ej) + sz-agl (Ej)) ,

1 1
—— 00, H1 5 (a0) = =052 — Y (A" A;X) (21 (¢;) — €921 (€))) -
N, N,

To conclude that sup, E [(N,f'lFa,,, — Fa,ol)K] < 00, we note the following three
preliminary steps (we can take ¢; > 0 as small as we want):

e First, we replace h~'A jX in the summands by R, ; + X;H; this together with
Assumption 2.1 enables us to replace A1 A ;X in the summands by X ;H ;

e Second, we extract the martingale terms by replacing the parts of the form 7 (e j) by
n(€j) — E [n (¢;)] and then apply the Burkholder inequality to the latter parts;

e Third, we apply Lemma 54 to the expressions E [n (6 ])] with the facts
—[agieidy = 1/2, — [ (14 2yg1(») + y*0g1(»)) ¢1(»)dy = 1/2, and
S (g1(») = y3g1(») ¢1(»)dy = 0.
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It remains to note that, as in the last paragraph in the proof of Lemma 5.1, Assumption 2.1.3
ensures that (recall that So = [ ¥ ¢ (z2)mo(dz) for f(x') = x’ ®2. Assumption 2.1.4)

K
/®2
sup E| | N Zth 1 < o0.
Third-order derivatives
‘We have
1 1 M
— sup [ Hi n (@) S — Y (1+1h7"'A,X]),
No N &

hence sup,, E [sup, [N, 03 H) »(a)|X] < oc.

5.1.3 Proof of Lemma 5.3

We have A, , = r{’n +0,(1) from the arguments in Sect. 5.1.2 (with ¢ < €’/2). Write ri,n =
Z;VL ¢n,j- Then, the (F3;)-martingale difference array (¢p, ;) j<[a7,] satisfies the Lyapunov
condition (Z;Vll EJ7 160, 1°%2] = 0,(1) for 8 > O). Also, by using Lemma 5.4 as in

Sect.5.1.2 together with the facts fgl(y)zq)l(y)dy = [+ ye1(y))2 d1(y)dy = 1/2 and
J &) (1 + yg1(3) ¢1(y)dy = 0, we obtain

Tt ]
J

Y P o ..
* N Z(( - ( ,))z) +op(D)

T\BTAX) g1 (e)) (14581 (€5) (1+ €581 (€

N,
o 1N (XE [ 51002 1()dy 0
— _ 1
%N, ;( 0 J 4300 dindy) Y
=Tq0+o0,(1).

It follows that A, ,, £> Ny+1(0, Ty 0) by the central limit theorem for martingale difference

arrays (Shiryaev 1980, Chapter VIL.8). The convergence I'y L Iy is automatic by the
argument in Sect. 5.2; indeed, it holds almost surely by Borel-Cantelli lemma.

5.1.4 Proof of Lemma 5.4

Asin Masuda (2019, Example 2.7), our proof is based on the explicit form of the characteristic
function (1.3). We will proceed similarly to the proof of Masuda (2019, Lemma 2.2), with
omitting some details of the calculation.

We write g(z) for the Lévy density of £(J1) and go(z) := 771772 for the Lévy density
of the standard Cauchy distribution #1. Let p(z) := g(z)/g0(z) — 1 so that g(z) = go(2)(1 +
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p(2)); the function p quantifies how much the £(Jp) is far from #; around the origin. Then,
by Raible (2000, Proposition 2.18) we have

p(z) = %(1 —vo) 2l +o(lz). |z = 0. (5.10)

Let ¢p, (1) and ¢ (1) denote the characteristic functions of £ (h_1 Jh) and ¢, respectively;
we have g(u) = exp { [ (cos(uy) — 1) go(y)dy} = 1| and already noted in (2.1) that
1-v/2

h
W) (lu/hI" K2 (/D) = gow), 7 — 0.

on(u) = (

By straightforward computations, we obtain ¢y, () = exp { f (cos(uy) — 1) h? g(hy)dy} =
wo(u) exp {xn(u)} where

X ) = / (cos(uy) — 1) go(»)p(hy)dy.

Pick a é € (0, 1) for which SUP|y <5 |o(y)] < 1/2. By Sato (1999, Theorem 25.3) we know
the equivalence

/ lz|"g(2)dz < 00 &= E[|/il'l <o0  (r>0).
lz>1
The function p may be unbounded for |z] — oo when vy € (0, 1). Now observe that

)] < [ (1 — cos(uy))go()|p(hy)ldy

= / (I = cos(uy))go)|p(hy)|dy + / (I = cos(uy))go(¥)|p(hy)|dy
[y|=<8/h ly|>8/h
(5.11)

= / (1 - cos@y)go0)dy + —5 y2lo(hy)ldy. (5.12)
Iyl<8/h T Jiyl>8/h

The first term in (5.12) can be bounded by —2-1 f(cos(uy) — Dgo(y)dy = |ul/2. The
integral in the second term in (5.12) equals hfly\>5 y_2|,o(y)|dy, which is O(h) if p is
bounded. When p is unbounded, we have p(y) — oo as |y| — oo hence thereisac, > & for
which p(y) > 0 for [y| > ¢,. Inthis case, fj;_s y 2oy = [yic5.,) Y 1POIdy +
fly\>cp y2p(dy < f|y\e[8,c,,) y 2y + 7 f\y|>cp (g(y) —g0(y)dy < oo, so that the
integral in the second term in (5.12) is O (h). It follows that | x, (u)| < |u|/2 + Ch. Also,
the first term in (5.11) can be bounded by a constant multiple of / {(1 4 u?) -+ log(1/h)}:
this can be seen by dividing the domain of integration into {y : |y| < §/h, |y| > ¢} and
{y : |yl <8/h, |y| < c}, and then proceeding as before with using the fact |1 —cos x| < x2
for the latter subdomain.

Following the same line as in the proof of Masuda (2019, Lemma 5.1), we can conclude
that forany H > O and £ € (0, 1),

o0 oo
[ v — gt = [ (47 v ) ) = gotldu < o1 /). (5,13
0 0
This combined with the Fourier inversion formula yields

sup | fa(y) — ¢1(»)| < hlog(1/h).

yeR
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As in the proof of Masuda (2019, Eq. (5.1)), we can derive the estimate

swst“W*/ ¥ fa(dy < o0
he(0,11 M>0 lyl>M

valid for any « € (0, 1 A vp), considering the cases vgp > 1 and vg € (0, 1) (for which p is
unbounded) separately as before.

Let (b,) be a positive real sequence such that b, 1 oo as n — oo. To deduce
(5.3), we proceed with estimating §, := Iy[>bn DI fa(y) —¢1(y)Idy and &, =
fly\<bn [ frn(y) — @1(y)| dy separately. Since the density fj, is bounded continuous uni-
formly in 2 € (0, 1], we have sup, (o 1) fn(y) S ly|~(+1Av0)+€0 for any |y| > 1 and for
any small €9 > 0; recall (Sato 1999, Theorem 25.3) already mentioned above. Since £ (y) is
of at most logarithmic-power growth order, there exists a sufficiently small €; € (0, 1 A vp)
for which

&5/ mm&ww+/ £ 11 () dy
|y|>by |y|>by
S b;lAUO+E] +b;1+61 g b;lAvo-&-e[. (5_14)

Turning to 8/, we will show that §; < bfl//h log(1/h) for arbitrarily small ¢” > 0. Let

Yp(u) :=log op(u) and ¥o(u) := log o (u). Fix ¢ € (0, 1] arbitrarily. By the exactly same
procedure as in Masuda (2019, Eq. (5.4)), we obtain

51 < (1462) / ) — $1 1 dy < (142 (81.0(0) + 84.1(0)).

[¥1=<bn

where € > 0 can be taken arbitrarily small and where
o0
81 a(0) == bﬁ/ uClon (u) — @o(u)||0, Y (u)|du, (5.15)
0

8 ,(0) 1= bf;/o €19 Yrn () — dupo () lpo (u)du. (5.16)

We will take a closer look at these quantities through the specific form of ¢y, (u).

Puts = vg/2 inthe sequel. We have Y, (1) = hCs+sh logu-+shlog(1/h)+hlog Ks(u/h)
for u > 0 with some constant Cs only depending on s. Since 0, Ky (z) = —Kq—1(2) —
(a/2) Ky (2), we obtain the expression 9, Y, (1) — o, Yo(u) =1 — Kg_1(u/h)/Ks(u/h) =:
& (u). The function x +— x&(x) is smooth on (0,00) and we can deduce that
sup,.. g |x&s(x)| < oo as follows:

e We have |x&(x)| < x0 around the origin, by using the property K, (x) ~
(/D211 for x — 0 (7 # 0);
e Moreover, x&(x) = x(§+0(x’1)) = O() for x 1 oo since K (x) ~

[ (l + 4‘f82X_1 +0 (x’z)) for x 1 oo.

Thus, we have obtained |9,V () + 1| = |&w/h)| S h/u and |9,y ()] < 1+ h/u
(u > 0). Substituting these estimates and (5.13) into (5.15) and (5.16), we obtain 8’1”n(c) <
bShlog(1/h) and Sé’yn (c) < bSh. Hence it follows that 8] < bsten log(1/h) where we can
set ¢ + €2 > 0 arbitrarily small as was desired.

Combining (5.14) and the last estimate of 8] now gives f IEO () — o1 dy <
by IMVOFEr L p€e2+¢p 160(1 /h). This upper bound is minimized for b, = (h log(1/h))~1/x
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with x := 1 A vy + ¢ + €3 — €1, with which we get

cte

f|fh(y>—¢1(y>|dy5(hlog(l/h»l* 7

Given any small r > 0, we can take all of €1, €3, ¢ > 0 small enough to conclude (5.3). Now
(5.4) is trivial under (2.2).

5.2 Proof of Theorem 3.1
5.2.1 Proof of (3.4): Tail-probability estimate
This section aims to prove (3.4) through (Yoshida 2011, Theorem 3(c)). Define

1
Y2,11 (V) = ? (HZ,n(V) - HZ,n(VO)) s

n

_ ) ) _ fe;v) )
Yo(v) = E[p(e1;v) — p (615 v0)] = [ log e ) f (g5 v0) de.

Lemma 5.5 1. There exists a positive constant c > O such that Y5 (v) < —cplv — vol? for
every v € ©,,.
2. There exists a constant ¢, € (0, 1/2] such that for every K > 0,

, K
sup E [SUP Tnc2 (Yz,n(‘)) - YZ(V))‘ :| < oo.

In particular, sup |Y2,n(v) — Yz(\))| 2.
v
3. The consistency holds: b, ES vo.

Proof The proof of 1 is similar to the case of Y;(a) in Sect.2, and the consistency 3 is an
obvious consequence of 1 and 2.

To prove 2, we fix K > 0 in the rest of this proof. We will repeatedly use the following
estimate:

max/eo, 1 \311,0(8; V)|
1 +1log(1+¢?)

sup sup (sup sup |3§3‘1)p(8; v)| +
e k>0 1>2

v

+ sup max (1 + Ialk) |8£‘8]l,p(8; v)|> < 00. (5.17)
kzllE{O,l}

Since ¢, . .., g[t,] are i.i.d., we have the moment estimate

v K

sup £ ’%g(aip(si;w—E[aﬂp(euV)])

forany v € ®, and ! € Z through the the Sobolev-inequality argument as before. Hence it
suffices to show that there exists a constant c’2 € (0, 1/2] such that

L m
T, (T > (p@iiv) = plei V))>

=1

K

sup E | sup < 00. (5.18)
n v
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To manage the term “p(£;; v) — p(g&;; v)”, we will separately consider it on different four
events. Let

. 1 .
Hy i 5={|8i—8i|§§|8i|}, i=1,...,[T].

Writing @, , = /Ny (/2,1 — [L()) and i, = +/Np (6n - 00), we have

-1
B 6n\/ Ny

Let (b,,), be a positive sequence tending to infinity. Then,

(8i’:la,n +(Xi — Xi—1) - ﬁun) . (5.19)

H, < fligalleil +1X; = Xi-llinl = CV/Naleil|
c {axi = Xictl 1D (lnl + lioal) = Cy/Nalei1}
. . e
C{leil = 1}U {|5i| >1, |up.,n| + litg,nl = Cy/ Ny —_—
|5i| +bn
U{lX; — Xi—1] = by}

VNu

C{lel = 11U {|ﬁu,n| + lignl = C b

} U{IX; — Xi—1| = by}
n

=:Hy; UH3, UH,,.

First, for Hy; and H, ;, we take a closer look at the right-hand side of the expression

1
pEisv) — p(ei;v) = (/0 dep (i +5 (8 —ei);v) ds) (8 —&i). (5.20)
On H; ;, we have

sei%(l]f,‘l] lei +5 (& —e)| = 5|8i

|
Hence by (5.17) and (5.19),
P& P& Hii S m o.n 1+ & wnl )]s

. 1, .
lp@Eisv) — peis V)| Iy, S IV (I + 1Xi — Xi—1lldpunl) -

The last two displays together with the tail-probability estimate (2.9) and (3.1) imply that

(T,] K £
1 . T, \?2
E | sup |y T, ( E (0Gizv) — p(eis v) IHI,[UHQ,,)‘ < <i> - 0. (521
v

Tn = Ny

Second, we consider H3 , and Hy ;. To this end, we do not use the expression (5.20) but
directly estimate the target expectation. Recalling (2.9), for any K1, K> > 0 we obtain
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b, \X
max P[Hs,UH,.,]< E[u Ki 4 i Kl]
| max P [Hsn 4,z]~< W) 0| "+ liign]

+ 0, R E [ 1X = Xim 1]

be \N' Lk
< (L) o
~/ Ny
Now we set b, = an/ 4 Given any K > 0, under (3.1) we can take sufficiently large
K1, Ky > 0 so that

max P[Hs, UHs]=o(7;%). (5.22)
1<i<[T,]

We will use the following (rough) estimate: there exists a constant C’ > 0 only depending

on K and vy for which {log (1 +€2)}** < €’ (1 4 |¢|"/?) (¢ € R). With this observation

together with (5.17) and (5.19), we have

(7]

1 k2
T ;E [sgp |05 v) — p(eis v)| ]

[Tx]
1 1/2
S+ 3 (E[{log (1481 + flog (1+62) ")
=1
™ 2 21\ 1/2
S+ D (B LB +lerl™])

i=1

| 1 w2\ 172
§1+?Z E |8[|U0/2+<\/N—(|8i||ﬁn,n|+|xi_Xi—1||ﬁu,n|))
n

=1

<1 (5.23)

Combining (5.22) and (5.23), Jensen’s inequality and Cauchy-Schwarz inequality yield
K

E | sup
v

(T,]
1
VT (T Z (pGEizv) — p(eiz V) 1H3,,IUH4,,->

n .
Ti=1

[T,]

K/2 1 N K

<STFPE |:Tn 21 Stv1p|p(8,-; V) — plei; v)| 1H31,,UH4<,:|
ie

K/2

(7] 12
1 R 2K 12
ST DEE[SSP’P(&';V)—P(&';U)| } P [H3, U Hy] /

(7] 12
12 1 . 2K
< TX?  nax P [H3, U HiilY T ; E [Sgp |o @i v) — pleis v)| ]
< o(1). (5.24)
The claim (5.18) with c’2 = 1/2 follows from (5.21) and (5.24). ]

As in the proof of (2.9) in Theorem 2.2, the claim (3.4) follows on showing the next
lemma.
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Lemma 5.6 There exist a constant ¢ € (0, 1/2) such that for every K > 0,

73 yH2,0 (V)

sup( n |Fvn—l"vo|+sup )+supE[|Av,n|K] < 00,
n

where T, ,, := —T,,_135H2,n(1)0)-

Proof By (3.2), the finiteness of the first (non-random) term is trivial for c/1 € (0, 1]. Turning
to the second term, we have
1
Apn = Z dup (&3

[72]
Z dvp (8i:v0) = dup (eiiv))  (5.25)

1
\/»
Let K > 0. Since E [3,p (&i; vo)] = 0, the first term is obviously LX (P)-bounded. Exactly

in the same way as in the proof of (5.18) with ¢, = 1/2, the second term converges in LX to
0. O

5.2.2 Proof of (3.5): Asymptotic normality

To prove the asymptotic normality (3.5), we introduce the concave random function

Ap(u) =My, <v0 + —Hy , (vo)

u
%)
defined foru e {fv e R: vy + v Tn_l/2 € ©,}; obviously, &, , € argmax A,. By means of
Hjgrt (2011, Basic Lemma), we can conclude that

N _ L _
o =Ty 0B +0p(1) 5 N (o, Fuyé)
by showing the locally asymptotically quadratic structure: for each u € R,

1
An(u) = Ay pu — Erv,ouz +o,(1), (5.26)

where the random variable A, , AN (0,Ty,0). By Lemma 5.6 we are left to show the
asymptotic normality of A, ,,. But it is trivial since € — 9, 0(¢; v) is smooth uniformly in a
neighborhood of vy so that E [{Bv,o (s1, vo)}z] =—F [85,0 (&1, vo)] =T,0.

5.3 Proof of Theorem 3.5

It suffices to show (2.8) and (3.5) individually, the same arguments as in Sect.3.2 are valid
to deduce the asymptotic orthogonality of i, , and i, .

For the consistency of dy, it suffices to verify sup, |Y1 ,(a) — Yi(a)| L2 0.In Sect. 5.1.1,
we considered the expression

Yin(a) = Yi(a) = Y75 (a) = Yi(a) + —= gj(a) + 811,0(a) + 8120 (a).

Z«/NT

Assumption 3.4 implies that Nn_l Z?’;l |h~! (AjX —hX;IH) 2 = op(1), hence
sup,, |811,n(a)| = 0p(1) from the expression (5.6). Recall (5.5) and (5.7). By the definition
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(2.5) we have
sup[¢j(a)] S 1+ log (l +€j2-) + log (l + |X[’j_1|2) <1+ log (1 +ejz-) ,
a
so that Lemma 5.4 gives sup, |812,,(a)] = o0,(1). Since we also have supa 0. (@) S

27
S N @)
O, (1). Finally, from (5.8), we have Y W@ —Yi(a) 20 for each a and moreover,

1+ |X t;_,| < 1, the Burkholder and Sobolev inequalities yield sup,

N,
1 n
sup |9, >1k*n(a)| +sup |9, Y1 (a)] S 1

a a Nn _]=1

1
ZA,X‘—FI: 0,(1).

Hence sup, IY** (a) — Yi(a)| LA 0, followed by sup, |Yi ,(a) — Yi(a)| 2 0. For the
asymptotic normallty, we can follow the same line as in the proof of Lemma 5.3 (Sect. 5.1.3)
under Assumption 3.4 except for the following point: concerned with the second term in
(5.9) about the first-stage quasi-score A, ,, we here do not require the moment boundedness
(the last condition in Assumption 2.1.2) but just its negligibility. Recall the notation R, ; =

hl (AjX — hX;H) and g1 (€) = 3.1 (€)/¢1(€). By the compensation of R, ; g1 (ej) and
then applying the Burkholder inequality, it is straightforward to verify the negligibility as
follows: for the martingale part M/ := Z N, 2 {Rn.j g1 (€j) — E/7V[Ruj g1 ()]},
we can estimate its quadratic characterlstlc as

by Assumption 3.4.3; and moreover, the compensation part is negligible under Assumption
3.4.5. Thus, we conclude (2.8).

To deduce (3.5) under /N, (4, — ao) = O,(1), we make use of what we have seen in
Sects.5.2.1 and 5.2.2. The u-wise asymptotically quadratic structure (5.26) of A,(-) holds
since the estimate sup,, Iy, » — 'y 0| + sup,, ,, |Tn_183H2,n (v)| < oo is valid as before. Note
that

[T] [T]

o Z IXi = Xi1] =

i=1 jeA;
1/2

2
h(AX hX, )’ +1=0,0).

tji—1

1 (nTn]

[nTy] ;

By (5.17) and (5.19), the second term in the right-hand side of (5.25) can be bounded as
follows:

<

[Tx]
Z 3o (i3 vo —avp(e,,vo))‘

(T]

T,,Z/ 3edup (e +5 (& — &) 5 v0) ds /Ny (31 — &) | =

i=1

1 [T,] 1 (7]
|u”|—2|sl|+|u,m| Z(1+|X Xic1l)
}’l
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Ty
=0, ( /Nn> = 0,(1).

This leads to (3.5).

5.4 Proof of Theorem 3.7

First, we will verify Assumption 3.4 (except for item 4 therein) under Assumption 3.6. First,
we show items 1 and 2 partly related to the ergodic behavior of the Markov process Y. The
Lévy measure v(dz) of J satisfies that v({z : |z] < ¢) > O for each ¢ > 0 (see (5.10)).
From the proof of Masuda (2013, Proposition 5.4) under Assumption 5.2(ii) therein, we see
that the Local Doeblin (LD) condition holds for Y (see Kulik (2009) for details). The LD
condition implies that, for any constant A > 0, every compact set is petite for the discrete-
time Markov chain (Y;,a),,>0. Moreover, the Lévy process J is centered and the function
¥ (y) = y? belongs to the domain of the (extended) generator A of Y:

Awww=aw@nm.Mw+jlw@+amy—w@)—mmwmng@mZ

2
90

=2ypo - b(y) + -
vo — 2

By the latter condition in Assumption 3.6, we can find constants K,c > 0 such that
Ay (y) < —c for every |y| > K; as a matter of fact, it suffices that the rightmost side
is negative uniformly in |y| > K, but then the condition involves the unknown oy and
vo hence inconvenient. Obviously, there exists a constant ' = d’(K) > 0 for which
A (y) < d for every |y| < K. We get AY(y) < —c + (¢ + d)I(ly] < K) for
y € R. Hence, it follows from Masuda (2007, Theorem 2.1) that Y is ergodic, which
in particular means that there exists a unique invariant distribution g y(dy) for which
Y satisfies the law of large numbers: for any continuously differentiable ¢ y-integrable
g : R — R, we have T-! fOTg(Ys)ds — fg(y)zroyy(dy) as T — oo. The last con-
vergence holds for the bounded process X’ = b(Y) as well. It is routine to show that
N, Z?’il gob (Y,_H) L J g o b(y)mo,y (dy) for g being bounded and smooth enough.
Thus, items 1 and 2 hold with 7o (dx’) = 7.y o b~ (dx").

Turning to item 3, we will show lim,, N 1 Z;\L Ayj =0, where

2

2 1 tj
:|:E ‘h/t (b(Y9) —b(Yy,_,))ds

Jj—1

1
Ay =E |:’h <AjX —hX;j_l>

Fix e > 0and H € (0,1 A vp) = (0, 1). Pick a § > 0 for which |[b(x) — b(y)| < /€ for
every x, y such that |x — y| < §. By using the boundedness of b,

1 tj 2
Anj < E/ E[b v —b(vi,,)[*] ds
tji—1
|

t:
5 Z/I (P [lYY _Ytj_1| > 8]+E|:’b(YY)_b(Yl/_1)
tj-

SR A 58]>ds

IA

1 [l
ﬁ/, PIYy =Y, | >8]ds+e

Jj—1
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1 (4
/ ((s—tj_l)H+E[|Js_,j71|H]> ds + ¢
.

Jj—1

h
0(h”)+ sup E[|J,|H]+e=0(hH)+e. (5.27)
te[0,h]

A

In the last step, we applied (Luschgy and Pages 2008, Theorem 2(c)) to conclude
E [sup,epo 19:1"] < h*. Since € > 0 was arbitrary, it follows that lim, N} Zj.vi] Apj =
0, hence item 3.

Finally, we verify item 5. Pick any constant 8’ € (0, (1 4 €')/2] for €’ > 0 in (2.2). By
the essential boundedness of b, db, and g and by the moment estimate

E[lJs—=J; |] < E |: sup |Jt|:| < hlog(1/h).
1€[0,h]

due to Luschgy and Pages (2008, Theorem 3), we have

ZE! 1[ (A X —hX;, >g1<AhJ>]

< — Z\ﬁ<h + - /E[|JX — th_1|]ds>

S VN (h+ hlog(1/h)) < ' /Ny x b log(1/h) S R0 /N, x h¥72,

Since 11~ VN, 5 n¥=1+)2 < 1, the last upper bound is 0, (h¥/2) = o,(1),
concluding item 5. Thus, we have shown that Assumption 3.4 follows from Assumption
3.6.

We will complete the proof of Theorem 3.7 by showing that /N, (51,1 — &n) =0,(1) and
VT (Bn = D) = 0p(1). Let 8,(a) = Hi ., (a) — Hy ,(a). Tracing back and inspecting the
proof of Theorem 3.5 reveal that it is sufficient for concluding /N, (Zzn — Ezn) =o0p(1) to
verify

38 (ag) La k8u(@)| = 0,(1).

max s
+ {0% up

=
We can write &,(@) = L}, [logor (@) —logon (@)} = L), Bi@n!

A;X — bj_1) for some essentially bounded random functions B;(a) smooth in a. By direct
computations and Assumption 3.4.3,

1
max _ sup 8 Sn(a)

ke(0.2.3) 4 <7Z|h AjX =bja| =ep®

for each k € {0, 2, 3}. In a similar way to (5.27),

<fz / Vb (1) = b (¥, ds

a On (aO)

’J
1 1 (4
—ZZ/ VNalYs = Y, lds
— 1j-1
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N,
1 n 1
5@2,, ‘ f((s—t,fl)JrlJ Ji,\ 1) ds. (5.28)
Therefore, by applying (Luschgy and Pages 2008, Theorem 3) again,

]SWE+ E[ sup w] SO(hloga/h)JNT).

te[0,h]

040, (ap)

o

The upper bound in the last display is o(1) since i/ N, < ne/2,
To show /T, (f)n — 13”) = 0,(1), we write Hz,,, v) = Zl[i’l] p(&;; v). From the proof of
(3.5) (Sect.5.2.2),

An(u) =T, , (vo + J%) — My, (vo)

1
8vH2 n(vo) — Fv ou +0p(1)

v Tn
Proceeding as in (5.28), we obtain (with recalling (5.17))

[T]

N72(|\/T7n(61 _ez)|+|\/?n(€l 6,‘)|)
<0, (h 1og(1/h)\/TTl) =0, ( —e ﬂ(logn)—) =0, (D).

It follows that /7T, (f)n — f),,) =o0,(1).

av]ﬁb,n (vo) — Av,n

1
VT,
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