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ABSTRACT. This paper is devoted to the study of the effects of indefinite weights on the following nonlinear Neumann
problems

(P±)

⎧⎨⎩ −Δu = λa(x)u +− |u|p−1u in Ω ⊂ R
N

∂u
∂ν = 0 on ∂Ω

.

The function a = a(x) is assumed to be continuous and sign-changing. Then the linear part has two sequences of
eigenvalues. Our results establish a relation between the position of the parameter λ and the number of nontrivial classical
solutions of these problems. The proof combines spectral analysis tools, variational methods and the Clark multiplicity
theorem.
MSC2020-classification: 35B32, 35B09, 49J35
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1. Introduction

In this article we study bifurcation results for the equation

(P±)

⎧⎨⎩ −Δu = λ a(x)u +− |u|p−1u in Ω ⊂ R
N

∂u
∂ν

= 0 on ∂Ω

where Ω ⊂ R
N is a bounded domain,

∂

∂ν
is the normal derivative on ∂Ω, and a(x) is a sign changing

continuous function.

For this, let us first discuss the linear eigenvalue problem with Neumann boundary conditions:{ −Δu = λ a(x)u in Ω ⊂ R
N

∂u
∂ν

= 0 on ∂Ω.
(1)

If a(x) ≡ 1, or if a(x) is strictly positive, then the description of the spectrum is classical and given
by an unbounded sequence of positive eigenvalues. The situation is different when the weight a(x)
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changes sign: it is known [18, 11, 13, 14, 15, 16, 21] that in this case there are a positive and a negative
(unbounded) sequence of eigenvalues

−∞← ... ≤ λ−
k ≤ λ−

k−1 ≤ . . . ≤ λ−
2 < λ−

1 ≤ 0 ≤ λ+
1 < λ+

2 ≤ ... ≤ λ+
k ≤ ...→ +∞ .

A large part of the literature has been dedicated to the study of the principal eigenvalues, that is a value
λ having a positive (or negative) eigenfunction (see e.g [3]). For sign changing weights, there are in
general two principal eigenvalues: in the specific case of Neumann conditions, one always has that one
of the eigenvalues λ−

1 or λ+
1 is zero, more precisely

◦ λ+
1 = 0 and λ−

1 < 0 , if
∫
Ω

a(x)dx > 0

and

◦ λ−
1 = 0 and λ+

1 > 0 , if
∫
Ω

a(x)dx < 0.

This implies in particular that

◦ λ+
1 = λ−

1 = 0 , if
∫
Ω

a(x)dx = 0.

The interest in problems with Neumann boundary conditions with sign changing weights is motivated
among other by a model of population dynamics. For instance, the following problem has recently been
studied by Mazzoleni, Pellacci and Verzini [19]{ −εΔu = a(x)u− u2 in Ω ⊂ R

N

∂u
∂ν = 0 on ∂Ω.

Here the positive/negative region of the weight models the spatial arrangement of favorable/unfavorable
regions for the survival of a species.

In a recent paper [4], we considered the bifurcation of positive solutions from the first eigenvalues λ+
1

and λ−
1 for the problems

(P±)

⎧⎨⎩ −Δu = λ a(x)u +− |u|p−1u in Ω ⊂ R
N

∂u
∂ν = 0 on ∂Ω.

The results show an interesting complementarity between the non-coercive problem (P+) and the
coercive problem (P−):

Theorem A. Assume that a ∈ C(Ω) and sign-changing, and p > 1. Then problem (P−) has

• a positive solution, for λ < λ−
1 and for λ > λ+

1 ;

• no positive solution, for λ−
1 ≤ λ ≤ λ+

1 .
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Theorem B. Assume that a ∈ C(Ω) and sign-changing, and 1 < p <
N + 2

N − 2
. Then problem (P+) has

• no positive solution, for λ ≤ λ−
1 and for λ ≥ λ+

1 ;

• a positive solution, for λ−
1 < λ < λ+

1 .

The complementarity is most evident in the degenerate case
∫
Ω

a(x)dx = 0. In this case we have

λ−
1 = λ+

1 = 0, and hence

Corollary. If
∫
Ω

a(x)dx = 0, then

• problem (P−) has a positive solution for every λ �= 0 (p > 1);

• problem (P+) has no positive solution for any λ ∈ R (1 < p <
N + 2

N − 2
).

Recently, López-Gómez and Rabinowitz [17] studied bifurcation problems associated to indefinite
eigenvalue problems, with Dirichlet conditions. In particular, for the model problem

(P−
D )

{ −Δu = λa(x)u− |u|p−1u in Ω ⊂ R
N

u = 0 on ∂Ω

with 1 < p and a(x) continuous and sign-changing, they showed the existence of at least k pairs of
solutions for λ > λ+

k , as well as for λ < λ−
k , implying that all eigenvalues of the linear equation (1) are

also bifurcation points.

In what follows, inspired by the cited work of López-Gómez and Rabinowitz, we extend the result by
studying bifurcation from higher eigenvalues of the corresponding nonlinear Neumann problems (P±).
We will prove the following results.

Theorem 1. Assume that a ∈ C(Ω) and sign-changing, and p > 1. Then

i) for λ < λ−
k and for λ > λ+

k , (P−) possesses at least k distinct pairs ±u1, . . . , ±uk of non trivial
solutions;

ii) for λ ∈ (λ−
2 , λ

−
1 ) as well as for λ ∈ (λ+

1 , λ
+
2 ), (P

−) possesses only solutions with constant sign.

This results extends Theorem A mentioned above, and can be summarized in the following bifurcation
diagram
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Figure 1. Bifurcation diagram for equation (P−)

We see that

• for λ between λ−
1 and λ+

1 there exist no solutions;

• for λ between λ+
1 and λ+

2 , or λ between λ−
1 and λ−

2 , there exist only solutions with constant sign;

• for λ between λ+
k and λ+

k+1, or λ between λ−
k and λ−

k+1, there exist at least k pairs of solutions.

Furthermore, one checks easily in the proofs that for λ approaching λ+
k from above, or λ−

k from below,
there is a solution pair ±uk(λ) with ‖uk(λ)‖ tending to zero. In Figure 1 we draw the expected bifur-
cation branches; we caution however that the variational methods do not yield continuous branches of
solutions.

For the non coercive problem (P+) we have a very different, and in some sense complementary, result.

Theorem 2. Assume that a ∈ C(Ω) and sign-changing, and 1 < p <
N + 2

N − 2
, if N ≥ 3, and p > 1

otherwise. Then

for λ ∈ (λ+
k , λ

+
k+1) or for λ ∈ (λ−

k+1, λ
−
k ), (P+) possesses infinitely many distinct pairs (u,−u) of

non trivial solutions.

ii

sols

Figure 2. Bifurcation diagram for equation (P+)
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In Theorem B above it was shown that equation (P+) has no positive solutions for λ /∈ [λ−
1 , λ

+
1 ].

Furthermore, the positive (and negative) solutions ±u1(λ), for λ ∈ (λ−
1 , λ

+
1 ) and 1 < p <

N

N − 2
, are

bounded. Hence the bifurcation branches cannot “escape to infinity", and so it seems plausible that they
are connecting λ−

1 (= 0) and λ+
1 . Whether the other bifurcation branches behave as drawn in Figure 2 is

an interesting open problem.

2. Proof of Theorem 1 (coercive case)

The proof is based in part on the following version of Clark’s Theorem (see e.g. [8] and [20], Chapter
9):

Theorem [Clark] Let Φ ∈ C1(E,R) an even functional satisfying the Palais-Smale (PS) condition and
bounded from below. Suppose Φ(0) = 0 and there exists a set F ⊂ E homeomorphic to the (k − 1)-
dimensional sphere Sk−1 by an odd map such that sup

u∈F
Φ(u) < 0. Then Φ has at least k distinct pairs of

critical points.

For the proof of Theorem 1, i), we proceed by steps. Weak solutions of (P−) correspond to critical
points of the functional

Φλ : H → R Φλ(u) =
1

2

∫
Ω

|∇u|2 + 1

p+ 1

∫
Ω

|u|p+1 − λ

2

∫
Ω

a(x)u2 (2)

where H := H1(Ω).

Note that the functional is well defined on H only for p + 1 ≤ 2N

N − 2
, but the following Lemma 1

provides an a priori estimate, which allows to use a “truncated” functional instead of (2):

Φ̃λ : H → R , Φ̃λ(u) =
1

2

∫
Ω

|∇u|2 +
∫
Ω

G(u)− λ

2

∫
Ω

a(x)u2,

where

G(s) =

⎧⎨⎩
|s|p+1

p+1 if 0 ≤ |s| ≤ Cλ

p
p+1

Cp−1
λ s2 − p−1

p+1
Cp

λ|s| if |s| > Cλ

and Cλ :=
(|λ| ‖a‖∞) 1

p−1 , as suggested by the next lemma.

Lemma 1. All solutions of (P−) and of

(P̃−)

⎧⎨⎩
−Δu = λ a(x)u− g(u) in Ω

∂u
∂ν

= 0 on ∂Ω

where g(s) := G′(s), satisfy the following a priori estimate

0 ≤ |u(x)| ≤ (|λ| ‖a‖∞) 1
p−1 := Cλ , x ∈ Ω

© 2023 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 18



For the proof, see Lemma 1 in [4], which shows the priori estimate for positive solutions. For general
solutions the proof follows with minor modifications.

Proof of Theorem 1 (i): The functional Φ̃ is coercive (see Proposition 2 in [4]) and so it easily follows
that

c1 := inf
H1

Φ̃ > −∞.

We now prove that there exists F homeomorphic to Sk−1 (F ∼ Sk−1) such that

sup
u∈F

Φλ(u) < 0.

For simplicity we prove the result for k = 2 (the general case follows in a similar way) and for λ > λ+
2 .

It is sufficient to prove that there exists F ∼ S1 such that

sup
u∈F

Φλ(u) < 0.

We first consider the case λ+
1 = 0 (i.e.

∫
Ω

a(x) ≥ 0).

Let Ω+ = {x ∈ Ω : a(x) > 0}. Since a = a(x) is continuous, there exists a ball B ⊂⊂ Ω+. Let
φ1 := 1+δη where δ > 0, η ∈ C∞

0 (Ω) is a positive smooth function with compact support in B and such

that
∫
Ω

|∇η|2 = 1, and let φ2 = φ+
2 be an eigenfunction associated to the second (positive) eigenvalue

λ+
2 , with

∫
Ω

|∇φ2|2 = 1. Define the set

F = Fε = {u ∈ H1 : u = α1φ1 + α2φ2, α2
1 + α2

2 = ε2},
where ε will be chosen later. F is homeomorphic to S1 by an odd map for any ε > 0. Since F is compact,
it is sufficient to prove that there exists ε > 0 such that for all u ∈ Fε, Φλ(u) < 0.

Indeed, for u = α1φ1 + α2φ2, using that
∫
Ω

a(x) ≥ 0, and
∫
Ω

a(x)φ2 = 0 (see Remark 1, a) in the

Appendix, using that 1 = φ+
1 ),

Φλ(u) = 1
2

∫
Ω |∇(α1δη + α2φ2)|2 − λ

2

∫
Ω a(x)[α1(1 + δη) + α2φ2]

2

+ 1
p+1

∫
Ω |α1φ1 + α2φ2|p+1

= 1
2α

2
1δ

2 + 1
2α

2
2 + α1α2δ

∫
Ω∇η∇φ2 − λ

2

∫
Ω a(x) (α1 + α1δη + α2φ2)

2
+O(εp+1)

≤ 1
2α

2
1δ

2 + 1
2α

2
2 + α1α2δ

∫
Ω[∇η∇φ2 − λa(x)ηφ2]

−λ
2

∫
Ω a(x)

[
2α2

1δη + α2
1δ

2η2 + α2
2(φ2)

2
]
+O(εp+1)

= 1
2α

2
2

(
1− λ

λ+
2

)
+ α1α2δ(λ

+
2 − λ)

∫
Ω a(x)ηφ2

+α2
1δ
2

[−2λ ∫Ω a(x)η + δ(1− λ
∫
Ω a(x)η2)

]
+O(εp+1)

= Aα2
2 + Bα1α2δ + Cα2

1δ +O(εp+1)
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where

A := 1
2

(
1− λ

λ+
2

)
< 0

B := (λ+
2 − λ)

∫
Ω a(x)ηφ2

C := [−λ ∫Ω a(x)η + δ
2(1− λ

∫
Ω a(x)η2)

]
< 0, for 0 < δ <

2λ
∫
Ω
a(x)η

|1−λ
∫
Ω
a(x)η2| .

Now, recall that α1, α2 are O(ε). Choose δ = ε
p−1
2 : if α1 = O(α2) (i.e. α1 = o(α2) or α1 � α2) we

have α2
2 � ε2, so that

Φλ(u) = A α2
2 + o(ε2) < 0, ε small.

On the other hand, if α2 = o(α1), α2
1 � ε2, we have

Φλ(u) = A α2
2 + Cα2

1δ + o(α2
1δ) +O(|α1|p+1) ≤ Cα2

1δ + o(α2
1δ) + O(εp+1) < 0, ε small.

For the case
∫
Ω

a(x)dx < 0 the proof is easier: it is sufficient to take

F = Fε = {u ∈ H1 : u = α1φ1 + α2φ2, α2
1 + α2

2 = ε2},
where φ1 = φ+

1 and φ2 = φ+
2 are the (normalized) eigenfunctions associated respectively to λ+

1 and λ+
2 .

For the general case k ≥ 2 it is sufficient to take

F = Fε = {u ∈ H1 : u =
k∑

i=1

αiφi,

k∑
i=1

α2
i = ε2},

with the same choices for φ1 (according to the sign of
∫
Ω

a(x)), and φi = φ+
i , i = 2, .., k, normalized

eigenfunctions associated to λ+
i i = 2, ..., k.

To conclude the proof of (i) in Theorem 1, it is sufficient to use Clark’s Theorem.

ii) Now we prove that for λ ∈ (λ+
1 , λ

+
2 ) the solutions have a definite sign.

Suppose that u is a (non trivial) solution of (P−). We may read u as an eigenfunction (associated to the
eigenvalue λ) of the following problem

(Pb)

⎧⎨⎩−Δφb = λb(x)φb, in Ω

∂φb

∂ν = 0 on ∂Ω,

where b(x) = a(x)− |u|
p−1

λ
≤ a(x) in Ω, with b(x) �≡ a(x).

If b(x) ≤ 0, we are done: λ > 0 cannot be an eigenvalue.

If b(x) > 0 somewhere, it is a sign changing weight. But since b(x) ≤ a(x), by monotonicity of the
eigenvalues (see f) in appendix) we have

λ+
2 (b) ≥ λ+

2 (a) > λ > 0.
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Therefore, λ = λ+
1 (b), and u = φb is an eigenfunction associated to the first eigenvalue, and has a fixed

sign. �

3. Proof of Theorem 2 (non-coercive case)

It is well known that weak solutions of (P+) correspond to critical points of the functional

Ψλ : H1(Ω)→ R Ψλ(u) =
1

2

∫
Ω

|∇u|2 − 1

p+ 1

∫
Ω

|u|p+1 − λ

2

∫
Ω

a(x)u2.

We can apply the Generalized Mountain Pass theorem (Rabinowitz), see [20]. We need to prove some
geometric estimates. Theorem 2 then follows in a standard way, since we have compactness due to the
subcritical growth.

We prove that the functional Ψλ has a linking geometry:

We first consider the case ā :=

∫
Ω

a(x)dx < 0 and λ ∈ [λ+
k , λ

+
k+1).

For j ∈ N, denote by φj = φ+
j (resp. φ−j = φ−

j ) the normalized eigenfunction associated to the jth posi-

tive eigenvalue (resp. jth negative eigenvalue). In this case the normalization is meant as
∫
Ω

a(x)φ2 = 1.

Let Ek = span{φ1, . . . , φk}, and F (� φk+1) so that H1 = Ek ⊕ F .

Since, for every k fixed, Ek is a finite dimensional space, we have that the following expressions

‖v‖a :=
(∫

Ω

a(x)v2dx
)1/2

,
(∫

Ω

|v|2dx
)1/2

, ‖v‖∗ =:
(∫

Ω

|∇v|2 + ( ∫
Ω

v
)2)1/2

,

define equivalent norms.

Now, choose e = φk+1(∈ F ). For 0 < ρ < R1 and R2 > 0, define

S⊥ = {u ∈ F : ‖u‖ = ρ} and Q = {se+ v : 0 ≤ s ≤ R1, v ∈ Ek, ‖v‖a ≤ R2},

where ‖v‖a :=
( ∫
Ω

a(x)v2dx
)1/2 is actually a norm. It is known (see [20]) that the sets S⊥ and ∂Q are

topologically linked sets. To apply the linking theorem, we need the following estimates.

Lemma 2. There are ρ > 0, R1 > 0, R2 > 0 and α > 0 such that

sup
u∈∂Q

Ψλ(u) ≤ 0 < α ≤ inf
u∈S⊥

Ψλ(u). (3)

Proof. We first consider the case ā :=

∫
Ω

a(x)dx < 0. We can assume, without loss of generality, that

ā = −1.

Step 1 (Estimates on S⊥): Let Jk = Z \ {0, 1, ..., k}. Let K be the set of functions in H1 vanishing
outside Ω0 = {x ∈ Ω : a(x) = 0};
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Every u ∈ F can be represented by

u =
∑
j∈J

αjφj + w,

where w belongs to K. If K = ∅ the proof is easier, so let us consider the case K �= ∅.
It is sufficient to prove that there exist α > 0 and ρ > 0 such that

Ψλ(u) ≥ α > 0 , for u =
∑
j∈Jk

αjφj + w with ‖u‖ = ρ

For u =
∑
j∈Jk

αjφj + w, since the eigenfunctions φj and w are a-orthogonal (see appendix), that is

∫
Ω

a(x)φjφi = 0,

∫
Ω

a(x)φjw = 0,

∫
Ω

∇φj∇φi = 0,

∫
Ω

∇φj∇w = 0,

we have that

Ψλ(u) = 1
2

∑
j∈Jk α

2
j

( ∫
Ω |∇φj|2 − λ

∫
Ω a(x)φ2

j

)
+ 1

2

∫
Ω |∇w|2 − 1

p+1

∫
Ω |u|p+1

= 1
2

∑
j≥k+1 α

2
j

(
λ+
j − λ

)
+ 1

2

∑
j≤−1 α

2
j

(−λ−
j + λ

)
+ 1

2

∫
Ω |∇w|2 − 1

p+1

∫
Ω |u|p+1

(here we used the normalization
∫
Ω a(x)φ2

j = sign(j))

≥ 1
2

(
λ+
k+1 − λ

)∑
j≥k+1 α

2
j +

1
2

∑
j≤−1 λα

2
j +

1
2

∫
Ω |∇w|2 − 1

p+1

∫
Ω |u|p+1

≥ 1
2

{
min{λk+1 − λ, λ}∑j∈Jnm

α2
j +

∫
Ω |∇w|2

}
− 1

p+1

∫
Ω |u|p+1

≥ C‖u‖2 − 1
p+1

∫
Ω
|u|p+1 = Cρ2 +O(ρp+1)

since
{∑

j

α2
j +

∫
Ω

|∇w|2
} 1

2

is an equivalent norm on H1.

Therefore, for ρ small, there exists α > 0 such that = Cρ2 + O(ρp+1) > α > 0.

Step 2 (Estimates on ∂Q):

We observe that

∂Q = Γ0 ∪ Γ1 ∪ Γ2,

where Γ0 = {v ∈ Ek : ‖v‖ ≤ R2} , Γ1 = {R1e+ v : v ∈ Ek, ‖v‖ ≤ R2} and Γ2 = {se+ v : ‖v‖ =
R2, 0 ≤ s ≤ R1}.

(Γ0): For v =
k∑

j=1

αjφj ∈ Γ0

Ψλ(v) = 1
2

∑k
j=1 α

2
j

( ∫
Ω |∇φj|2 − λ

∫
Ω a(x)φ2

j

)
− 1

p+1

∫
Ω |v|p+1

≤ 1
2

∑k
j=1 α

2
j

(
λ+
j − λ

) ≤ (λ+
k −λ)
2

∑k
j=1 α

2
j ≤ 0
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(Γ1) For u = R1e + v =
k+1∑
j=1

αjφj ∈ Γ1 (αk+1 = R1), using equivalence of norms on Ek+1 and almost

orthogonality, we have

Ψλ(u) = 1
2

∑k+1
j=1 α

2
j

( ∫
Ω
|∇φj|2 − λ

∫
Ω
a(x)φ2

j

)
− 1

p+1

∫
Ω
|v +R1e|p+1

≤ (λ+
k+1−λ)

2 R2
1 − 1

p+1

∫
Ω |v +R1e|p+1

≤ λ
2R

2
1 − C1

( ∫
Ω |v +R1e|2

)p+1
2

≤ λ+
k+1−λ

2 R2
1 − C2

( ∫
Ω a(x)(v +R1e)

2
)p+1

2

≤ λ
2R

2
1 − C2R

p+1
1 ≤ 0, for large R1.

(Γ2) For u = se+ v = se+
k∑

j=1

αjφj ∈ Γ2

Ψλ(u) = 1
2

∑k
j=1 α

2
j

( ∫
Ω |∇φj|2 − λ

∫
Ω a(x)φ2

j

)
+ λk+1−λ

2 s2 − 1
p+1

∫
Ω |v + se|p+1

≤ (λ+
k −λ)
2 R2

2 +
λ+
k+1−λ

2 s2

≤ (λ+
k −λ)
2 R2

2 +
λ+
k+1−λ

2 R2
1 ≤ 0 , for R2 ≥

(
λ+
k+1−λ

λ−λ+
k

)1
2

R1;

and if we want to include the case λ = λ+
k :

- for u = se+ v = se+
k∑

j=1

αjφj ∈ Γ2, with the argument used above

Ψλ(u) = 1
2

∑k
j=1 α

2
j

( ∫
Ω |∇φj|2 − λ

∫
Ω a(x)φ2

j

)
+ λk+1−λ

2 s2 − 1
p+1

∫
Ω |v + se|p+1

≤ (λ+
k −λ)
2

R2
2 +

λ+
k+1−λ

2
R2

1 − C2R
p+1
2 ≤ 0 , for R2 sufficiently large.

Now we consider the degenerate case
∫
Ω

a(x) = 0.

The estimates on S⊥ and in Γ0 are still valid. In this case ‖u‖a =
(∫

Ω

a(x)u2
)1/2

is no longer a norm

on Ek, (resp. on Ek+1), since ‖u‖a = 0 on constant functions.

- For u = R1e + v =
k+1∑
j=1

αjφj ∈ Γ1 (αk+1 = R1), using almost orthogonality, Hölder inequality, and

the equivalence of norm ‖ · ‖∗ on Ek+1, we have
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Ψλ(u) = 1
2

∑k+1
j=1 α

2
j

( ∫
Ω |∇φj|2 − λ

∫
Ω a(x)φ2

j

)
− 1

p+1

∫
Ω |v +R1e|p+1

≤ (λ+
k+1−λ)

2
R2

1 − 1
p+1

∫
Ω
|v +R1φk+1|p+1

≤ λ
2R

2
1 − C1R

p+1
1

( ∫
Ω | vR1

+ φk+!|2
)p+1

2

≤ λ+
k+1−λ

2 R2
1 − C2R

p+1
1

(
‖φk+1 +

v
R1
‖∗
)p+1

≤ λ
2R

2
1 − C2R

p+1
1

(∫
Ω |∇v/R1‖2 + |∇φk+!|2

) p+1
2

≤ λ
2
R2

1 − C2R
p+1
1 ≤ 0, for large R1.

- For u = se+ v = se+
k∑

j=1

αjφj ∈ Γ2

Ψλ(u) = 1
2

∑k
j=1 α

2
j

(∫
Ω |∇φj|2 − λ

∫
Ω a(x)φ2

j

)
+ λk+1−λ

2 s2 − 1
p+1

∫
Ω |v + se|p+1

≤ (λ+
k −λ)
2 R2

2 +
λ+
k+1−λ

2 s2

≤ (λ+
k −λ)
2 R2

2 +
λ+
k+1−λ

2 R2
1 ≤ 0 , for R2 ≥

(
λ+
k+1−λ

λ−λ+
k

)1/2

;

and if we want to include the case λ = λ+
k :

- For u = se+ v = se+
k∑

j=1

αjφj ∈ Γ2, with the argument used above

Ψλ(u) = 1
2

∑k
j=1 α

2
j

( ∫
Ω |∇φj|2 − λ

∫
Ω a(x)φ2

j

)
+ λk+1−λ

2 s2 − 1
p+1

∫
Ω |v + se|p+1

≤ (λ+
k −λ)
2

R2
2 +

λ+
k+1−λ

2
R2

1 − C2R
p+1
2 ≤ 0 , for R2 sufficiently large

The case ā =

∫
Ω

a(x)dx > 0, let’s say ā = 1, follows with minor modifications. Note that for

λ ∈ (λ−
k+1, λ

−
k ) it is sufficient to exchange a = a(x) with −a(x).

4. Appendix

4.1. The eigenvalue problem with indefinite weights

For the convenience of the reader, in this section we recall some features for the following eigenvalue
problem{ −Δφ = λa(x)φ in Ω

∂φ
∂ν = 0 on ∂Ω,

(4)

where Ω ⊂ R
N is an open bounded domain, with ∂Ω of class C1, and a = a(x) is a non trivial continuous

function. If a = a(x) changes sign then there exist two sequences

i) {λ+
j } of positive eigenvalues, with associated eigenfunctions {φ+

j },
ii) {λ−

j } of negative eigenvalues, with associated eigenfunctions {φ−
j }.

© 2023 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 24



Indefinite eigenvalue problems are often generated by the linearization of nonlinear maps that needs to
be controlled in every point of the domain space. For interesting generalizations of these methods, see
[5, 6, 7, 22].

In what follows, we outline some properties of the eigen-pairs
(
λ±
j , φ

±
j

)
, and rephrase the variational

characterization for the eigenvalues given by Manes-Micheletti ([18], see also [3]).

We define the following bilinear form

S(u, v) :=

∫
Ω

a(x)uv dx

Let B+ = {u : S(u, u) = 1}, B− = {u : S(u, u) = −1}.
Remark 1. Since a = a(x) changes sign, both B+ and B− are nonempty.

a) (a-orthogonality) if λ∗ and λ∗ are two different eigenvalues of (4), and resp. φ∗, φ∗ two associated
eigenvectors, then φ∗, φ∗ are orthogonal:∫

Ω

∇φ∗∇φ∗ dx = 0 and

∫
Ω

a(x) φ∗φ∗ dx = 0.

b) (the first eigenvalues)

λ+
1 = inf

u∈B+

∫
Ω

|∇u|2dx ≥ 0 and λ−
1 = − inf

u∈B−

∫
Ω

|∇u|2dx ≤ 0

are simple, with associated positive eigenfunctions φ+
1 and φ−

1 . Moreover,

i) If
∫
Ω

a(x) dx < 0
(
resp. > 0

)
, then

λ−
1 = 0 and λ+

1 > 0
(
resp. λ−

1 < 0 and λ+
1 = 0

)
.

ii) If
∫
Ω

a(x) dx = 0, then

λ−
1 = 0 = λ+

1 .

c) (higher eigenvalues) For k ≥ 2

λ+
k = inf

dimF=k
sup

u∈B+∩F

∫
Ω

|∇u|2dx > 0 and λ−
k = − inf

dimF=k
sup

u∈B−∩F

∫
Ω

|∇u|2dx < 0

or equivalently, using the characterization of Manes-Micheletti [18]

1

λ+
k

= sup
dimF=k

min
u∈F,u 
=0

∫
Ω a(x)u2∫
Ω
|∇u|2 and

1

λ−
k

= − sup
dimF=k

min
u∈F,u 
=0

−
∫
Ω a(x)u2∫
Ω
|∇u|2 ;

d) λ+
k → +∞ and λ−

k → −∞ as k → +∞.
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e) (positivity of first eigenfunctions) The eigenfunctions corresponding to the first eigenvalues have
constant sign. Moreover, the eigenvalues λ �= λ±

1 do not posses a positive eigenfunction.

f) (monotonicity) if a = a(x) and b = b(x) are two continuous sign changing functions such that
a(x) ≥ b(x), and a(x) �≡ b(x), then

λ+
k (a) ≤ λ+

k (b) and λ−
k (a) ≥ λ−

k (b).

proof of (f). Let Ga =: {u :

∫
Ω

a(x)u2 > 0} and Gb := {u :

∫
Ω

b(x)u2 > 0}. Clearly, Ga ⊃ Gb.

Therefore,

λ+
k (a) = inf

dimF=k
sup

u∈F∩Ga

∫
Ω |∇u|2dx∫
Ω a(x)u2

≤ inf
dimF=k

sup
u∈F∩Gb

∫
Ω |∇u|2dx∫
Ω a(x)u2

.

For every F , there exists uF ∈ Gb ∩ F such that

inf dimF=k supu∈F∩Gb

∫
Ω
|∇u|2dx∫
Ω
au2 = inf dimF=k

∫
Ω
|∇uF |2dx∫
Ω
au2

F

≤ inf dimF=k

∫
Ω
|∇uF |2dx∫
Ω
b(x)u2

F
≤ inf dimF=k supu∈F∩Gb

∫
Ω
|∇u|2dx∫

Ω
b(x)u2 = λ+

k (b) .

4.2. An explicit example

In this section we solve explicitly the eigenvalue problem⎧⎨⎩−φ
′′ = λa(x)φ, in Ω

φ′(0) = φ′(2) = 0
(5)

in the following cases

(a0) Ω = (0, 2), and a(x) = sign(1− x) , i.e.
∫
Ω

a(x)dx = 0;

(a−) Ω = (0, 2), and a(x) = sign(1/2− x) , i.e.
∫
Ω

a(x)dx < 0.

1 22 1/2

a a0

 
-

Figure 3. The weights a0 and a−
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(a0) The degenerate case. First, we look for strictly positive eigenvalues. By integrating the equation
separately on (0, 1) and on (1, 2) resp., we obtain the following families of functions, taking into account
the boundary conditions

u1(x) = A cos(
√
λx), u2(x) = B Ch

(√
λ(2− x)

)
.

Now, by gluing the solutions in x = 1, we obtain the following conditions

A cos(
√
λ) = B Ch(

√
λ) A sin(

√
λ) = B Sh(

√
λ)

which lead to the following equation in
√
λ, with λ ≥ 0

tan(
√
λ) = Th(

√
λ)

whose solutions form an increasing sequence 0 = λ+
1 < λ+

2 < ... < λ+
k < ... with (λ+

k )
1
2 ∈ (

(k −
1)π,

π

2
+ (k − 1)π

)
(see fig. 4).

𝛑 2𝛑
𝜆 𝜆2
+ +√ √ 3

Figure 4. in blue y = tan(t), in green y = Th(t), t =
√
λ

In this case the eigenfunctions are

φ+
k (x) =

⎧⎪⎨⎪⎩
A cos

(
(λ+

k )
1
2x
)

0 ≤ x ≤ 1

A
cos

(
(λ+

k )
1
2

)
Ch
(
(λ+

k )
1
2

)Ch((λ+
k )

1
2 (2− x)

)
1 < x ≤ 2

.

The first eigenfunction (corresponding to λ+
1 = 0) is a constant, while the eigenfunction φ+

2 associated
to the second (the first strictly positive) eigenvalue changes sign and behaves as in fig. 5.

Figure 5. The eigenfunctions φ+
1 and φ+

2
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By using the transformation x �→ 2− x one can find the sequence of negative eigenvalues μk = −λk.

(a−) The non degenerate case.

In this case, by a similar argument, the positive eigenvalues are the solutions of

tan

√
λ

2
= Th

3

2

√
λ,

√𝜆1+ √𝜆

Figure 6. in blue y = tan
t

2
, in purple y = Th

3t

2

The eigenfunction associated to the first (strictly) positive eigenvalue does not change sign. On the
other hand, the negative eigenvalues are the (negative) solutions of

tan
3

2

√
|λ| = Th

√|λ|
2

and the eigenfunction associated to the first negative eigenvalue (φ−
2 ) changes sign: roughly speaking,

the first “negative” eigenvalue in this case is the trivial one.

Figure 7. Eigenfunctions for
∫
Ω

a(x) < 0: above φ+
1 and φ−

1 ; below φ+
5 and φ−

5

© 2023 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 28



Acknowledgements. The authors are grateful to Professors Ali Baklouti and Hichem Chtioui for their
kind invitation to the 25eme Colloque Annuel de la SMT.

Bibliography

[1] A. Ambrosetti , G. Prodi, On the inversion of some differentiable mappings with singularities between Banach
spaces, Ann. Mat. Pura Appl. 93 (1972) 231-246.

[2] M. Bôcher, Boundary problems in one dimension, Proc. Fifth Internat. Congress Math. (Cambridge, 1912), Vol. I,
Cambridge Univ. Press, New York, 1913, pp. 163-195

[3] K.J. Brown, S.S. Lin On the existence of positive eigenfunctions for an eigenvalue problem with indefinite weight
function, J Math Anal Appl 75(1) (1980), pp 112–120.

[4] M. Calanchi, B. Ruf, Eigenvalues and bifurcation for Neumann problems with indefinite weights, Electronic Journal
of Differential Equations, Special Issue 01 (2021), pp. 255–268.

[5] M. Calanchi, C. Tomei, A. Zaccur, Fibers and global geometry of functions, PNLDE 86, Springer, Cham (2015)
55-75.

[6] M. Calanchi, C. Tomei, A. Zaccur, Cusps and a converse to the Ambrosetti-Prodi theorem, Ann. Sc. Norm. Sup. Pisa
(5) XVIII (2018) 483–507.

[7] M. Calanchi, C. Tomei, Positive eigenvectors and simple nonlinear maps, Journal of Functional Analysis Vol 280,
Issue 7 (2021).

[8] D. C. Clark, A variant of the Ljusternik–Shnirelmann theory, Indiana Univ. Math. J., 22 (1972), 65–74.

[9] D. G. de Figueiredo, Positive solutions of semilinear elliptic problems, Lecture Notes in Math., vol. 957, Springer-
Verlag, Berlin, 1982, pp. 34-87

[10] D.G. de Figueiredo, P.L. Lions, R. Nussbaum, A priori estimates and existence of positive solutions of semilinear
elliptic equations. J. Math. Pures Appl. (9) 61 (1982), no. 1, 41–63.

[11] J. Fleckinger, M. L. Lapidus, Eigenvalues of Elliptic Boundary Value Problems With an Indefinite Weight Function
Trans. AMS, May, 1986, Vol. 295, No. 1 (May, 1986), pp. 305-324

[12] B. Gidas, J. Spruck, A priori bounds for positive solutions of nonlinear elliptic equations, Comm. Partial Differential
Equations 6 (1981), no. 8, 883?901.

[13] P. Hess, T. Kato, On some linear and nonlinear eigenvalue problems with an indefinite weight function, Comm.
Partial Differential Equations 5 (1980), 999-1030

[14] D. Hilbert, Grundzuge einer allgemeinen Theorie der linearen Integralgleichungen, Teubner, Leipzig, 1912; Chelsea,
New York, 1953.

[15] E. Holmgren, Über Randwertaufgaben bei einer linearen Differentialgleichung zweiter Ordnung, Ark. Mat., Astro
och Fysik 1 (1904), 401-417.

[16] M. L. Lapidus, Valeurs propres du laplacien avec un poids qui change de signe, C. R. Acad. Sci. Paris Ser. I Math.
298 (1984), 265-268.

[17] J. López-Gómez, P. H. Rabinowitz, The effects of spatial heterogeneities on some multiplicity results Discrete and
Continuous Dyn. Systems, Volume 36, Number 2, (2016).

[18] A. Manes, A.M. Micheletti, Un’estensione della teoria variazionale classica degli autovalori per operatori ellittici
del secondo ordine, Boll. Unione Mat. Ital. 7 (1973) 285-301.

[19] D. Mazzoleni, B. Pellacci, G. Verzini, Asymptotic spherical shapes in some spectral optimization problems, Journal
de Mathématiques Pures et Appliquées 135, (2020) 256–283.

© 2023 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 29



[20] P.H. Rabinowitz, Minimax Methods in Critical Point Theory with Application to Differential Equations, Conference
board of the mathematical sciences. Regional conference series in mathematics 65, Amer. Math. Soc., Providence,
RI, 1986.

[21] R. G. D. Richardson, Contributions to the study of oscillation properties of the solutions of linear differential equa-
tions of the second order, Amer. J. Math. 40 (1918), 283-316.

[22] B. Ruf, Singularity theory and bifurcation phenomena in differential equations, Topological Nonlinear Analysis, II,
Progr. Nonlinear Differential Equations Appl., 27, Birkhäuser, Boston, MA, (1997) 315-395.

© 2023 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 30



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


