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Abstract. We consider a timing problem arising from a vehicle routiran-c
text: it consists of optimally inserting rest periods ofeivduration into drivers’
schedules, when the sequence of customers to visit is divemwindows are as-
sociated with customers and an upper limit is imposed onriliand time with no
rest periods. We illustrate some properties that allowrretdating the problem
in simpler terms, and provide the basis to design a very effiexact optimiza-
tion algorithm whose worst-case time complexityQén log n), wheren is the
number of customers to be visited.
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1 Introduction

Timing problems arise when a sequence of activities requiptimal start times to op-
timize an objective function. Unlike scheduling probletirging problems are simpler
as they do not need defining the sequence optimally. Howthayr,are crucial due to

the need to solve them for each tentative sequence, oftega faumber, in applica-

tions like exact optimization algorithms (e.g., brancli-oound) and approximation
algorithms (e.g., local search). In these algorithms, & sesof partial solutions is

explored, each with a different partial sequence, reggitinsolve a timing problem

for upper and lower bound computations. Similarly, in apgration algorithms, ex-

ploring the neighborhood of a solution demands evaluatiffgrént sequences, each
requiring a timing problem solution. Another typical nesdeal-time re-optimization

of routes with rest periods, owing to unexpected delaysrttakte planned solutions in-
feasible. Hence, while timing problems may have polynottirak solutions, the search
for highly efficient exact optimization algorithms, ideallith linear or near-linear time

complexity, remains significant.

For a recent overview of timing problems, refer to Vidal et[al, covering var-
ious settings like production scheduling, network optiatian, energy optimization,
and statistical inference.

Our motivation originates from a real-world vehicle rogtapplication, where driver
routes are assessed within a local search framework. Egciesee necessitates find-
ing corresponding timings rapidly. The routing problemasnplicated by two factors:
customer-associated time windows and restrictions onmaxi allowed driving time
without rest.
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In this paper, we analyze the basic version of the timing lgrmband we demon-
strate how finding the optimal solution for a sequence otwigin customers has the
same computational complexity as sortinglements, i.e.Q(nlogn). In the conclu-
sions, we illustrate how this result easily extends to moragex problem variations.

2 Problem definition

The Timing Problem with Rest Periods (TPRP in the remaindad®fined as follows.

A sequence of customers to be visited is given. Nebe the indexed set of cus-
tomers:N = {0,1,2,...,n}, where0 andn are the indices of the initial and final
depots. Each customér N (including the initial and final depots) has an associated
time window [a;, b;]. A solution is feasible only if the service at each custontarts
within the corresponding time window. Traveling times aineeg for each pair of con-
secutive customers in the sequence.d;et 0 be the time taken to travel from customer
1 — 1to customei for eachi = 1,...,n. At each customere N itis required to work
out some operations, whose duratigr> 0 is known (5o = s, = 0).

The maximum allowed driving time with no rest periods is cated byT. The
duration of a rest period is indicated ByAll rest periods have the same duration, they
cannot be interrupted and they cannot overlap with serdaaistomers. The service
time at customers is neither driving time nor rest time; wlsérving a customer, the
driver’s fatigue level remains constant. The same holdsviting time, that occurs in
case of early arrival at a customer (before the beginnintsdime window).

The problem is to decide when to optimally insert the neags®st periods. The
objective is to minimize the total duration of the route.

3 Properties and reformulations

Any instance of the TPRP can be equivalently reformulatad &mplified) as follows.
We distinguish four mutually exclusive types of time pesodriving time, rest time,
waiting time and service time.

Elimination of service time. Service times are fixed: they can be taken into account as
if the driver’'s clock would stop while a customer is servedh @quivalent instance is
obtained by redefining the time windows as shown in Algorithm

Elimination of travel time. Since traveling periods have a given duration and cannot
overlap with rest periods and waiting periods, they can bwiehted. An equivalent
istance is obtained by recomputing all time windows agasnstaown in Algorithm 2.

Algorithm 1 Elimination of service Algorithm 2 Elimination of travel
time. time.
A+0 A+0
fori=1,...,ndo fori=1,...,ndo
a; <—a; — A A— A+d;
bi < b; — A a; +—a; — A

A Ats; bi b —A
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Symmetry. After reformulating the generic problem instance, the merat each cus-
tomer is instantaneous and hence a variaptsan represent both the arrival time and
the departure time at/from each customer N.

The constraint on rest periods imposes to insert a minimumi@an)\; of rest peri-
ods before each customee N:

For the same reason, symmetrically, the number of rest geafter each customer
i € N is lower bounded by a limit,:

Wi = ’772?_i+1 dj—‘ —1.
T

To minimize the total duration of the travel, the total numbe&rest periods must be

minimum, that is equal to
S Z?:l d; 1
—7 .

For each customeére N, eitherm = \; + u; orm = A\; + p; + 1.

23:1 d; Z?:i+1 d;

Proof. Indicating for brevityu = T V= T and observing that
" od; Lod; nods
Zﬂ; L= Zﬂ; L+ ZJ—,}“ L itholds A\ = [u] — 1, u = [v] — 1 and
7= [(utv)]—1.Henceu—1 < A < u,v—1 < u < v and therefore, summing up the
inequalities(u—1)+(v—1) < Ap < (u+v). Analogously(u+v)—1 < m < (u+wv).
Hence, by difference from the inequalities abové, < 7 — (A + p) < 2. Since, u
andr are integers, strict inequalities imply< = — (A + ) < 1 (Q.E.D.).

Example. In a problem instance A1 = 2,d; = do = 12 andT = 10. Thent = 2
and for customet, A\; = 1 andu; = 1. Ina problem instance Bi = 2,d; = ds = 18
andT = 10. Thenw = 3 and for customet, A\; = 1 andp; = 1. The second rest
period in instance B can be placed before or after custdmer

We partition customers for which = \; + u; from those for whichr = \; + p; + 1.
We defineU to be the set of the former ones avidhe set of the latter one&. andV
are a partition ofV. Now, we further partitior/ in subsetd/,, for k = 0, ..., n, each
one containing customeis= U for which A; = k. For sure, the depdtbelongs ta,
and depot: belongs taU,,. Analogously, for each value éf = 1,..., 7 let V}, be the
subset of customefise V' such that\; = k¥ — 1 andu; = = — k. All subsetsV}, are
disjoint and they form a partition df .

Elimination of rest periods. For all customers € U the number of rest periods before
and after the visit is forced to the pre-computed valNgand y;, respectively, and it
can be eliminated, i.e. treated as a constant as for tradedenvice time.
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For customers € Vi, for each value ok = 1,..., 7 only two cases are possible,
that is with\; = k — 1 rest periods before the visit apg + 1 = 7 — k + 1 rest periods
after it and with\; + 1 = & rest periods before the visit apg = 7 — & rest periods after
it. This correponds to generate pairs of time windows, iatid by[a}, b;] and[a, b]
for eachi € Vj, foreachk = 1,...,m, as shown in Algorithm 3.

Algorithm 3 Elimination of rest periods.
fori=1,...,ndo

if i € U then
ai < a; — N0

else
a,'L- — a; — )\L(S
b, bi — A&
ai ai—(Ni+1)0
b b — (i +1)8

Tightening the time windows. Some parts of the time windows can be eliminated, be-
cause they cannot be used in any feasible solution. A tool slale of a; may cor-
respond to a point in time that is too early, so that the vehéelnnot reach customer

1 in that moment. Symmetrically, a too large valuebpimay correspond to a point in
time that is too late, because leaving custornat timeb; would not allow the vehi-
cle to reach the next customer in time. Time windows can Hediged by comparing
consecutive time windows, as shown in Algorithm 4. All thpseprocessing steps are
illustrated by the example described in Table 1. It refeggtinstance witlé customers,
whereT = 10 andd = 4. The total distance to travel i®; hencer = 4.

i di 300 di D0 di| i p Set [a,b] |[a”,b"] [a,b] [a,b] |[a”,0"] [a',V] [a,b]
0 0 42 [0 4 Uo|0,50] [0, 50] [0, 18]
18| 8 34 |0 3 Vi|[12,25]| [4,17] [8,21] [4,17] [8,18]
210/ 18 24 |1 2 Vu|[14,37]| [2,25] [6,29] [4,18] [8,18]
33| 21 21 |2 2 U,|[16,30] [8,22] 8, 18]
410/ 31 11 |3 1 Us|[13,39] [1,27] [8, 18]
53| 34 8 [3 0 Val|[26,38]] [6,18] [10,22] [8,18] [10,22]
62| 36 6 |3 0 Vil|[19,44]|[-1,24] [3,28] [8,24] [10, 28]
76| 42 0 |4 0 U4|[28,50] 12, 34] [12, 34]

Table 1. An example with6 customers besides the depot. Colugreports the time windows
after the elimination of service times and travel times.uBmhs9 — 11 report the time windows
after the elimination of rest periods. Columtis— 14 report the tightened time windows.
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Algorithm 4 Time windows tightening.

1 a <+ ao 19: b+ b,

2: for i € Uy do 20: for k=m,...,1do

3 a; + max{a;,a} 21: forie€ Uy do

4: a + max{a,a;} 22: b; < min{b;, b}
5 a" +—a 23: b + min{b, b; }

6. a —a 24: b b
7:fork=1,...,7do 25: b’ b

8: for i € Vi, do 26: for i € Vi, do

9: a; < max{a;,a'} 27: b; < min{b;,b'}
10: a’ <+ max{d’,a}} 28: b’ <+ min{¥’, b}
11 a; < max{a;,a"” 29: b + min{b;, b"}
12: a” <+ max{a”,a/ 30: b + min{b", b}}
131 a+a” 3 bV
14:  forie Uy do 32: for i € Up do
15: a; + max{a;,a} 33 b; « min{b;,b}
16: a < max{a,a;} 34:  b< min{b,b;}
17:  d’ +a

18: a —a

4 Minimization of the total waiting time

After these pre-processing steps, only waiting times dtettavels, rest periods and
customer services have got null duration. Therefore, ttetiea is to be found by
defining a sequence of points in timg representing the visit to each customer N

in the modified instance, such that

1. tizti_1Vi:1,...,’rL;
2.a; <t; <b;VieU.

Hence, should; < a; occur for someé € U, the instance would be infeasible.

The time window constraint for customerslihcan be formulated as follows: for
eachk = 1,..., 7, the sefl, must be partitioned into two subsdtg andV}” of con-
secutive customers, where all customer¥rprecede those i)’ so that

1. a) <t, <bVieV];
2.4 <t; <V VieV

This choice corresponds to insert the rest period with iridafter the customers il
and before those ii/’. As a special case, one of the two subsets can be left empty.

Special casdf a,, < by, the modified instance may allow for an optimal solution

of null duration, wherg; = ¢t Vi € N with ¢ € [a,, by], i.€. with no waiting time. This
is guaranteed to happen if all time windows have an initiattvinot smaller thag.

Proof. Owing to the non-decreasing order of the endpoints of the tivmdows
(ai+1 > a; andb; 1 > b; for all i € N), the inequalityt < by impliest < b; Vi € U
andt < b Vi € V; symmetricallyt > a,, impliest > a; Vi € U andt > o/ Vi € V.
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If all time windows have an initial width greater than or ebjgad, this guarantees
that after the elimination of rest periods and before timedsivs tightening; — a; >
d Vi € U andb] > o} Vi € V. Therefore, any value of betweena; andb/, for
i € V is feasible with respect to at least one of the two time winslofvi. In other
terms, no "holes" are generated between the two time winddasy customef € V.
Furthermore, when going froirto i+ 1 it is never necessary to pass from a time window
[af, b] to atime window(a;_, ,, b}, ], because it cannot happen that> b} ;.

l (g2

Hence, solutions with no waiting time are feasible (Q.E.D.)

For instance, this happens in the example illustrated iteTapwvherez,, = 12 and
by = 18.

Finally, if by < a,, then there exists an optimal solution with waiting time &do
bo — an, Whose feasibility is proven in the same way. Itis alwayssfials to set, = b
andt, = a, and to find non-decreasing valuestpffor all intermediate customers,
complying with all time windows, since no "holes" exist betm them.

General casdn a more general case, where time windows may be initiallglen
than é, the above proof is no longer valid. In this case, empty irtlsr may occur
betweer(a/, b] and[a}, b] for somei € V. Itis still true thata,+1 > a; andb;11 > b;
for all ¢, and possible "holes" may occur only betwééranda; for somei € V (not
beforea! nor afterb,).

To deal with this more general case, we exploit the condttiait all time windows
[@’,b"] must be traversed before all time windoys, b”] for the customers in each
setV}. Hence, each set of customéfsoriginates|V;;| + 1 possible sequences of time
windows. Each of them corresponds to the choice of insettiagest period in position
¢ =0,...,|Vi| in the ordered sequence of the customer¥jinFor each choice of
¢=0,...,|Vi| the intersection of the time windows of the customer¥ijris [a¥, b}]
with endpoints in .

ay = max{ Jpax {a}}, er‘r/laxq{a +H

b = mln{ IIllcln>€{b”} 6r‘£11n< {bi}}.
If af > b} for somel, then the corresponding time window does not exist. In this
way, each subsét;, can be replaced by a single dummy customer with multiple time
windows. If two or more of its time windows overlap, they camrherged in a single
time window.

For instance, considering the two customers numbéraad 6 in the example
above, both belonging to séf;, there are three alternatives:4f= 0, then the rest
period is inserted before custonieand|a}, bg] [8,18]; if £ = 1, then the rest period
is inserted between customérsind6 and [az, k] = [10,22]; if £ = 2, then the rest
period is inserted after custonand|a}, b%] = [10, 22]. Since the three time windows
overlap, the subséf; can be replaced by a dummy customer with a single time window
[8,22].

On the contrary, in the example illustrated in Figure 1 andid@ multiple time
windows are generated. The example refers to an instante3witistomers, where
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T = 100 andd = 20. The total distance to travel i510; hencer = 1. All three
customers belong to the same subigetthat can be traversed in four ways indexed by
¢ =1,...,4 corresponding to the four possible insertion positionshefriest period.
The corresponding time windows ar€}, = [5,12], a} = [15,19], al empty,a} =

[25, 32]. Hence the subséf can be replaced by a dummy customer with three disjoint
time windows.

Depot4 Q =
Customer3 > o 2 >
Customer2 3 222 -
Customen = 2212 2
Depot0 ¢ =
Dummy customer ;)0 llj 61;? 2? Zi_ii

Fig. 1. Time windows|a’, b'] and[a”, b'] of three customers replaced by multiple time windows
of a single dummy customer.

i i dy 3 di| N s Se [a,b] [[a”,0"] [o) 0] [a,b] |[a”,b"] [a'b] [a,b]
0 0 110 |0 1 Uo|[0,45] [0, 45] [0,32]
160 60 90 [0 0 V4 l[15,32]|[-5,12] [15,32] [0,12] [15,32]
210 70 70 |0 0 V4 [[22,40]| [2,20] [22,40] [2,20] [22,35]
3200 90 60 [0 0 V;il[25,39]| [5,19] [25,39] [5,19] [25,35]
420 110 0 |1 0 U|20,55] [0, 35] [5, 35]

Table 2. An example with3 customers besides the depot. Colugreports the time windows
after the elimination of service times and travel times.uBmhs9 — 11 report the time windows
after the elimination of rest periods. Columtis— 14 report the tightened time windows.

SubsetdJ;, are much easier to consider, because they can be feasiotydea in
one way, since no rest periods must be inserted in them. Heach subsdt}, is sim-
ply replaced by a dummy customer with a single time window th&he intersection
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of the time windows of the real customerslif.

Now, the residual problem is to find an optimal path throughrttultiple time win-
dows of the dummy customers originated by subggtandV;, for k = 1,..., 7. In
the remainder index is used to indicate dummy customers; their numieis upper
bounded by: and by27 + 1.

An algorithm to solve this problem is the following. Considiee “columns”, made
by sequences of consecutive customers with overlapping wwndows. As a special
case, a column can be made by a single customer. Once all eslobave been listed,
one searches for a shortest path on a weighted acyclic digr#h a node for each
column; the weight of each arc can be determined easily, @srshereafter.

The algorithm to list all columns is illustrated in Algorith5 and it uses the follow-
ing data-structures:

— Data-structures to describe customers:

e ptop[j]: vector with the index of the column terminating at custorer
e pbot[j]: vector with the index of the column starting at customer

— Data-structures to describe columns:

e top|c]: vector with the last customer of each column
e botc]: vector with the first customer of each columin
e s[c|: start time of columm;
e ¢[c]: end time of column.

— Data-structures to describe time windows:

e vertex[w]: customer of time window;
e dir[w]: binary datum, wheré means that starts,0 indicates thatv ends;
e time[w]: start time or end time of time window.

Other indices that are used in Algorithm 5:

- j=0,...,m: customer index;
— nc: number of columns;

—c¢=1,...,nc: column index;
— nw: number of time windows;
—w =1,...,nw: time window index;

t: current point in time.

The sub-routingindColumn(j) takes in input a customer indexand finds the
column containing among those already started and not yet terminated whemlthe s
routine is called.
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Algorithm 5 The algorithm that lists all columns.

forj=1,...,mdo forw=1,...,nwdo
ptopli] + 0 J + vertex|w]
pbot[i] < 0 t < time[w]

ne < 0 if dir[w] = 1then

/* Populate and sort the vectarsrtex, W Open(j)

dir andtime with start and end time of else

all time windows */ W Close(j)

Algorithm 6 ProceduréV Open(j) Algorithm 7 ProceduréV Close(j)

nc<+nc+1
/I Close the column abovg if any //
if (j <m) A (pbot[j + 1] # 0) then
¢ <+ pbot[j + 1]
elc] +t
pbot[j + 1] + 0
top[nc] < top|c]
Succ[c] + nc (1)
else
top[nc] < j
if tail[j] # 0 then
Succltail[j]] + nc (2)
/I Close the column unde; if any //
if (7 > 0) A (ptop]j — 1] # 0) then
¢ = ptop[j — 1]
ele] +t
ptoplj — 1] <=0
bot|nc] + bot[c]
Succ[c] < nc (3)
else
bot[nc] + j
if tail[j — 1] # 0 then
Succltail[j — 1]]] + nc (4)
// Open a new column including//
s[ne] +t
ptop[topnc]] < nc
pbot[bot[nc]] + nc
// Update tails //
tail[j] < 0
taillj — 1] + 0
tailltop[nc]] + nc

¢ < FindColumn(j)
h + toplc]
k « bot]c]
I/ Close the column with //
elc] +t
ptop[h] < 0
pbotlk] < 0
if h > jthen
// Open a new column above//
nc+nc+1
top[nc] < h
bot[nc] < j+1
s[ne] «+t
ptop[h] < nc
pbot[j + 1] + nc
Succ[c] < nc (5)
taillh] + nc
if £ < jthen
// Open a new column undgr//
nc+nc+1
top[nc] +j —1
bot[nc] < k
s[ne] «+t
ptop[j — 1] + nc
pbot[k] + nc

A numerical example is shown in detail in Figure 2 and Table 3.



10 G. Righini and M. Trubian

8 16 2022 26 35

Customer3 — — —

6 10 13 21 27 31

Customenr

5 12 15 19 25 32

Customerl

Fig. 2. Multiple time windows of three (dummy) customers.

1011 12 13 14 15 16 17 18
3 3132213
time |56 810 12 13 15 2 22 252627313235
dir 11100 1 1 1 0111000
Table 3. List of all columns obtained from the multiple time windowsosvn in Figure 2.

w |1234 56 7
vertex{123 2 1 2 1

8 9
31 2
16 1920 21
00 0

The datum¢ail[j] for each customef, when different fron, is the index of the
column that is the tail of an arc in the digraph. The corresiimy head of the arc is
identified when a column is found containing customer j 4+ 1. When this occurs the
new column is identified as the head of the arc. All arcs fourttiiis way are stored in
the data-structur&ucc which has a component for each column, since in the acyclic
digraph each node has at most one successor.

Figures 3 and 4 show the different cases that can occur wheugrgW Open(j)
andW Close(j), respectively.

a
—t>
X X X
@) X
@) @)

Fig. 3. Linking columns withiW Open(5).

Once all columns have been listed, an acyclic digraph is eéfimith two nodes
for each column (start and end of the corresponding time awindColumns that con-
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5 5
>
X X
AE 7] x 7] x
<

X
Fig. 4. Linking columns withW Close(5).

X

Ll

X

X X X

tain the initial depot) have a single node corresponding to the end of their time win-
dow, while those containing the final depothave a single node coorresponding to
the beginning ot their time window. The arc between the twdesoof a same column

¢ =1,...,n — 1 has weight]c] — s[c]. The weight of any arc from the end node of
a columnc to the start node ofucc|c] is set equal ta[Succ|c]] — e[c]. Each column

¢ has at most one leaving arc, connecting it to the first sun@eslumn that contains
customettoplc] or top|c| + 1.

4.1 Complexity

The number of dummy customersis not larger than the number of real customers
The number of time windowsw is alsoO(n) by construction. Therefore the number of
columns is als@(n), because the number of columns increases by one or two tnits a
every start time or end time of a time window. The number of ar¢he digraph is twice
the number of columns and hen®én). The search for an optimal path in a weighted
acyclic digraph has linear complexity in the number of ares,0O(n). The procedure
FindColumns has complexityO(log n) if the list of the columns already started and
not yet terminated is implemented as a binary tree, sodkig n) is the complexity
for inserting a new column (and this is do¥n) times), as well as for deleting a
column (this is also don&(n) times) and also for finding the column containing a
given customer (this is also doign) times).

It remains to evaluate the complexity for sorting the timadaws endpoints. If time
windows are already sorted for each customer, it is necgs$sanergeO(u) ordered
lists, each one witlD(v) elements, wherav = n. Merging two sorted lists oD (v)
elements take®(v). Joining list of the same length we hale, u levels, each one
with complexity uv/2, which yieldsO(uv logu) complexity. The worst case is with
few windows per customer: whentends ton andv tends tol, the complexity tends to
O(nlogn).

If time windows are initially unsorted, then it is also nedde sort them, which
takesO(nlogn).
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Therefore the worst-case time complexity of the algoritlsn®{n logn) (which
improves upon the complexity of the dynamic programminggtgm developed in

E3)2

5 Extensions

The analysis of this version of the TPRP is a starting poirgffwiently solve more
complex variations.

Fixed start time. In this problem variation the driver is not allowed to seltw
optimal start time of the route, but he is forced to startraetd. This problem is just a
special case of the previous one, with= by = 0.

Rest periods with different duration. In this problem variation there are two dif-
ferent types of rest periods: short rest periods represemtk during the day, while
long rest periods represent overnight breaks. Thsi probi@mation can be solved in
the same way as the basic case: it is only required to repladth J;, in the rest period
elimination at pre-processing. Also the computation @indy values must be slightly
modified: instead of multiplying the number of rest periogisibone must sum up the
duration of the rest period, whose sequence is known.

Multiple time windows. An important variation is when customers may have two
or more associated time windows. This can be solved as therglezase of the TPRP
with possibly disjoint multiple time windows for each custer.

Time-dependent travel time. Another variation of the TPRP that is relevant in
practice and remains to be addressed as a further develojtieat with time-dependent
travel times. This allows to model different traffic condits, intuitively making it prof-
itable to place rest periods in correspondence of peak hours
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