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RESUME

French : Dans cet article, en utilisant des déformations métriques spéciales in-
troduites par Aubin, nous construisons des métriques Riemanniennes satisfaisant
des conditions de non-annulation concernant le tenseur de Weyl, sur toute variété
compacte. En particulier, en dimension quatre, nous montrons qu’il n’y a pas d’obs-
tructions topologiques & ’existence de métriques avec un tenseur de Bach non nul.
© 2024 The Author(s). Published by Elsevier Masson SAS. This is an open access

article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Let (M, g) be a Riemannian manifold of dimension n > 3. It is well-known that its Riemann curvature

tensor, Riemg, admits the decomposition

. 1 . S
Riemy = W, + 5 Ricy g — z—gg@g,

n—2 (n—1)(n—2)

where W, Ricy, Sy are the Weyl tensor, the Ricci tensor and the scalar curvature of (M, g), respectively,
and (® denotes the Kulkarni-Nomizu product.
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If we require that the curvature of (M, g) satisfies certain conditions, several obstructions to the validity
of these properties may occur: indeed, the topology of M may not allow the existence of such metrics.
Famous examples of this relation between curvature and topology are given, for instance, by metrics with
positive scalar curvature ([12], [13], [16], [18]) or by locally conformally flat metrics, which, for n > 4, are
the ones with vanishing Weyl tensor ([4], [7], [14], [15]).

On the contrary, there are curvature conditions which can be realized on every Riemannian manifold
(and we say that they are “non-obstructed”): for instance, Aubin ([3]) showed that, if M is closed and
n > 3, there always exists a Riemannian metric ¢g such that S, = —1; he also proved that, if M is compact
and n > 4, there always exists a Riemannian metric g such that the Weyl tensor W, nowhere vanishes
([2], [3]). The first author generalized these results showing that, given a Riemannian manifold (M, g), for
every t € R, there exists a Riemannian metric ¢ such that the scalar- Weyl curvature Sq + t\Wg|g =—1on
M ([8]); on the other hand, the first and the third authors, together with D. D. Monticelli and F. Punzo,
used Aubin’s result concerning the Weyl tensor to show the existence of weak harmonic- Weyl metrics
on every closed Riemannian four-manifold ([10]). More precisely, these metrics arise as minimizers of the
functional

gr— D(g) == Volg(M)%/\égWg@dvg
M

in the conformal class with non-vanishing Weyl tensor constructed by Aubin.

Our main task in this paper is to investigate other curvature conditions which can be imposed without
any topological obstruction: in particular, we focus on some properties involving geometric tensors related
to W, on compact manifolds of dimension n > 4.

First, for the sake of completeness, we provide a detailed proof of Aubin’s result (see Theorem 3.1). Then,
we focus on the case n = 4: it is well-known that, on an oriented four-dimensional Riemannian manifold
(M, g), the Hodge operator x induces a splitting of the bundle of 2-forms into two subbundles A = Ay A _,
where AL is the eigenspace of x corresponding to the eigenvalue 1. This leads to a decomposition of the
Weyl tensor into a self-dual and an anti-self-dual part; namely,

W, =W/ +W, .
Exploiting Aubin’s deformation method, we are able to prove the following

Theorem 1.1. Let M be a compact smooth manifold, with dim M = 4. Then, there exists a Riemannian
metric g such that

+12 =
(Wi lz=1 on M.
The same result holds for the anti-self-dual component W3 .

As a consequence, using the metric gg constructed in Theorem 1.1 and following the same strategy as in
[10], it is immediate to prove the

Corollary 1.2. On every smooth, closed four-manifold M, there exists a Riemannian metric gy such that,
in its conformal class [go], there exist weak half harmonic Weyl metrics, i.e. minimizers of the quadratic
curvature functional

g — DE(g) := Vol, (M)? / 16, W2 V.
M
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(see also Remark 4 in [10]).
Moreover, we generalize this statement, showing a “mixed-type” condition:

Theorem 1.3. Let (M, g) be a compact Riemannian manifold, with dim M = 4. Then, for everyt € R, there
exists a Riemannian metric g; such that

\W;‘t +t W, =1 on M.

In the subsequent sections, we focus on two other relevant geometric tensors: the Cotton tensor and the
Bach tensor, which we denote as C, and By, respectively (see Subsection 2.1 for the definitions and the
main properties of these tensors).

First, we obtain a “non-obstructed” condition for C, on a compact Riemannian manifold of dimension
n > 4:

Theorem 1.4. Let M be a compact smooth manifold of dimension n > 4. Then, there exists a metric g such
that the Cotton tensor Cy of (M,g) vanishes only at finitely many points py,...,pr, € M.

Remark 1.5. We point out that Aubin’s method in the proof of Theorem 1.4 does not lead to a sharp
conclusion: indeed, one can prove the existence of left-invariant, non-Einstein metrics on the standard
sphere whose Cotton tensor nowhere vanishes for every n > 3. Moreover, if n = 3, the method used in the
proof does not work, due to the lack of independent equations in the case p € B, /2 \ {po}-

The final section of the paper is dedicated to the tensor By, which has many applications, for instance,
in General Relativity ([5]). This tensor is especially relevant when n = 4: indeed, in this case By is also
divergence-free and conformally covariant, i.e., given a conformal change § = e?“g of g, the Bach tensor
transforms as

64u§ij =B

R
which, in global notation, means
e** B; = B,

When B, = 0, we say that (M, g) is Bach-flat: these metrics are critical points of the Weyl functional
g Wig) = [ IW, 2av,,
M

which is a conformally invariant functional, playing an important role in the study of Einstein four-manifolds:
indeed, Bach-flatness is a necessary condition for a metric g to be conformally Einstein (i.e., there exists a
metric g in the conformal class [g] such that (M, g) is an Einstein manifold). We point out that, in general,
this condition is not sufficient (see [1]): however, Derdziriski [11] showed that Bach-flatness is a sufficient
condition for positive definite Kéhler four-manifolds and recently LeBrun ([17]) classified Bach-flat compact
Ka&hler complex surfaces.

Although the existence of topological obstructions for Bach-flat metrics on Riemannian four-manifolds
is an open problem, in this paper we provide an answer to the “opposite” question, i.e. if the topology of
the manifold plays a role in the existence of metrics with nowhere vanishing Bach tensor. More precisely,
we exploit Aubin’s construction in the four-dimensional case to obtain the following:
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Theorem 1.6. Let M be a compact smooth manifold with dim M = 4. Then, there exists a Riemannian
metric g such that

\ngzl on M.

Acknowledgments. The authors would like to thank Professor A. Derdzinski for the useful observations
appearing in Remark 1.5. All authors are members of the Gruppo Nazionale per le Strutture Algebriche,
Geometriche e loro Applicazioni (GNSAGA) of INAAM (Istituto Nazionale di Alta Matematica) and have
been partially supported by 2022 PRIN Project: Differential-geometric aspects of manifolds via Global
Analysis (code 20225J97HS5).

2. Aubin’s deformation
2.1. Preliminaries
The (1, 3)-Riemann curvature tensor of a smooth Riemannian manifold (M", g) is defined by
R(X,Y)Z =VxVyZ — VyVxZ - VixyZ.

Throughout the article, the Einstein convention of summing over the repeated indices will be adopted. In
l 0 _
ijk 9l
R(%, %) % and we denote by Riem, its (0,4) version with components by R;jx = gim R}, The Ricci

a local coordinate system the components of the (1,3)-Riemann curvature tensor are given by R

tensor is obtained by the contraction R;; = gﬂRZ—jkl and S = g““RZ-;c will denote the scalar curvature (gij
are the coefficient of the inverse of the metric g). As recalled in the Introduction, the Weyl tensor W is
defined by the decomposition formula, in dimension n > 3,

1
Wikt = Rijrr — P (Rikgji — Rugjx + Rjigik — Rijkgi)

S
+————(Gik9i1 — 9utGik) - 2.1
(n _ 1)(n _ 2) (gzkgjl gzlg]k) ( )
The Weyl tensor shares the algebraic symmetries of the curvature tensor. Moreover, as it can be easily
seen by the formula above, all of its contractions with the metric are zero, i.e. W is totally trace-free. In
dimension three, W is identically zero on every Riemannian manifold, whereas, when n > 4, the vanishing
of the Weyl tensor is a relevant condition, since it is equivalent to the local conformal flatness of (M™, g).
We also recall that in dimension n = 3, local conformal flatness is equivalent to the vanishing of the Cotton
tensor C4, whose local components are
Cijk = Rije — Rik,j — =——— (Sk9ij — Sjgir) = Aijp — Aik,j; (2.2)
2(n—1)
here R;j 1, = Vi R;; and S, = V.S denote, respectively, the components of the covariant derivative of the
Ricci tensor and of the differential of the scalar curvature, and A;; , denote the components of the covariant
derivative of the Schouten tensor

Sy

Ag = Rng —m

9;

hence, the Cotton tensor represents the obstruction for A, to be a Codazzi tensor (ie., (Vx A)Y = (Vy A)X
for every pair of vector fields X,Y). By direct computation, we can see that C, satisfies the symmetries
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Cijk = —Cikj, Cijk + Cjki + Cri; = 0, (2.3)
moreover it is totally trace-free,
97 Cije = g™ Ciju = ¢*Ciji = 0, (2.4)

by its skew—symmetry and Schur lemma. We also recall that, for n > 4, the Cotton tensor can be defined
as one of the possible divergences of the Weyl tensor:

n—2 n—2 n—2
Cijk = (n—3>Wtikj,t =- <n — 3)Wtijk7t = 3(5W)ijk - (2.5)
A computation shows that the two definitions coincide (see e.g. [9]).
The Bach tensor By of (M, g) is defined, in components, as
1
B;; = P (gkstik,s + gksgltRleisjt)- (2.6)

It is immediate to show that B, is a traceless tensor; moreover, since (n — 3)Wku = (n — 2)Cijk k,
exploiting the second covariant derivative commutation formulas, it can be shown that B, is symmetric
(see, for instance, [9, Lemma 2.8]). Also, recall that, if n = 4, the Bach tensor acquires two additional
features: it is divergence-free and conformally covariant.

2.2. Aubin’s local deformations

Let us introduce the following deformation of the metric g:
g=g+do®do, (2.7)

where ¢ € C°°(M). We denote the Weyl tensor of (M, g) as Wy. If U is a local chart of M and z1, ..., x, are

local coordinates on U, the local components of the (0, 4)-version of Wy, Wijkt, are given by the following
expression (see also [9], Chapter 2):

— 1
Wijke = Wijke + E(qsikﬁbjt — Qitdjk)+ (2.8)

+ 5(Rik¢j¢t — Rit¢jor + Rj1didr — Rjrdids)

S
+ m(%k%@ — Git®i bk + gjt ik — Gindide)+
+ %[Ripkq(gjt + ¢jt) — Riptq(gjk + &ibk) + Riptq(gin + didk) — Riprq(git — dide)]+
R

- %[inﬁ — 9itgjk + 9ik @bt — 9it®jPr + Gjtdidr — gjndide|+
~ =y {18000 — 40y + 6,60 = ()b — by )aye + 0300+

m{[(Aéf))éf)jt — Gip®t)(gir + idr) — [((AP) Pk — bipPh)(git + Pihe) }+
+ m [(A¢>)2 — [Hess(9) [ | [gikgit — Gitdin + Gindjde — Girdj bk + Girdidn — gjndic] +
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D Hd
+ %[(@k@)q - (bip(bkq)(gjt + ¢j¢t) - (¢it¢pq - ¢ip¢tq)(gjk + ¢J¢k)]+
P AH4q
b (@ — bupa) g+ 0u6n) — sy — by + G0+
2
T m—Dn—2) [(AP) PP dDpg — O Dpgd™ b7 )(9ingjs — Gitgjn)+
2

TR =D =2) [(AP)PP P IDpq — 7 Dpqd?" Or|(Gin bt — Git Dbk + gjedidk — gk i),

where w = 1+ |V¢|* and

¢ = 0 = gi,
¢ = gy,

bij = 0i0;¢ — T}y,

¢ = 9P dp; = 0;0" + ¢PT;,
oY = gl

3. A detailed proof of Aubin’s result
In this section we give a complete proof of Aubin’s result (see [2] and [3]), i.e. we prove the following

Theorem 3.1 (Aubin ([2], [3])). On every smooth manifold of dimension at least 4 there exists a Riemannian
metric g whose Weyl tensor nowhere identically vanishes.

Proof. We divide the proof in two steps.

Step 1: the local deformation

Let g any Riemannian metric on M and consider the metric g given by (2.7). Let py € M be such that
W, vanishes at pg and B, an open ball of radius » and centered in py. Moreover, let us consider normal
coordinates 1, ..., x, on B, such that po = (0, ...,0). Thus, at py we have

gij =99 =65, ¢i=0¢" ¢ij = 0;0;0 = ¢§' = g%

From now on, we denote the local components of W, (W, resp.) on B, as Wiji (Wijkl, resp.).
We construct the function ¢ as follows: let f € C°°([0,+00)) such that

fly)=0,ify>1
f'y) >0,f"(y) <0, if0<y<1

For instance, we may choose

—e\1-2 fo<z<l1
f(z) = = , (3.1)
0 ifx>1

where b > 0 is sufficiently large. Now, let A, a1, ..., &, be n + 1 real numbers in the interval [1,2] and let
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A2 apad 4+ o
¢:Tf< - ) ) (3.2)

By definition, ¢ € C*°(B,.) and
Bz Csupp¢ C B;.

Indeed, if 21, ..., z, are such that ay2? + ... + a2 < r2, then, since a; > 1 for every i
) 1 n 9 y 1,

n n

2 2 2
E z; < E a;ry < re,
i=1 i=1

i.e. p=(z1,...,z,) € By; on the other hand, if p € Bz, then, since a; < 2 for every i,

n n 7"2
§ 2 § /‘ 2

4 Ty S 2 : Z; < 5,
=1 1=1

thus a12? + ... + a, 22 < r? and p € supp ¢.
The partial derivatives of ¢ satisfy

bi = M- iy = O(r), (3.3)

as r — 0. From now on, every O(-) will be regarded as r — 0. Since we chose a system of normal coordinates,
for small radii the second partial derivatives of ¢ satisfy

i = )\(ai F165 + 2%@% f”) =0(1). (3.4)

Now, let us consider equation (2.8): we can rewrite the expression as

Wijki = Wikt + dindji — dudjn+ (3.5)
1
- m&b(@k% — ik + Gji0ik — Gjrdir)+
1
+ m(gbip(bpkéjl - ¢ip¢p15jk + ¢jp¢p15ik - ¢jp¢pk5il)
1

+ [(20)* — [Hess(9) ] (451 — dudsx) +O(2).

(n—1)(n—-2)
Thus, we informally distinguish a “principal part” and a “remainder” in the expression of the components
Wijki. We define

S = supoqu = {p = (21,...,@p) € By : Zaix? < T‘2} ; (3.6)
i=1

the key of the proof is to show that the principal parts of the components Wj;; cannot be simultaneously

zero on S.
Now, let i # j # k # [; inserting (3.3) and (3.4) into (3.5), we obtain

Wijij = Wijij + X [ai; (F)? + big £ 7] + O(r2); (3.7)
Wijit = Wigin + Nayje f' f'zjz), + O(r?);

Wik = Wijr + O(r?),
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where

1 2
aij = m (TL — 4)Oéiaj — (Oéi + aj) Z o + m Zakal N (3.8)
k#i,j k<l
2
bij = 5 (n — 4)(a;x? + ajx?)aiaj — (a?x? + a?w?) Z o+

k#i,j

—(a; + ) Z a%xi + %Zak Zalzx% :

k+#i,j k=1 £k

2050
Qijk = m (n—3)ai — Z le%]

I#i,5,k

Note that a;; € R, b;j = b;;(r,p) and a;jx = a;jx(r), but a;;, b;; and a;jx ;2 are O(1), for every ¢, j, k. It
is important to note that there exist suitable choices for oy, ..., o, such that, for every i # j # k, a;; and
a;;, nowhere vanish on S (observe that a;; and a,; are scalars, while b;; is a polynomial of degree 2 in the
variables 1, ..., x,, for every i # j # k). For instance, we may define

(a1, an) =(2,2,1,1,...,1), if n > 4;
(011,042,043,044) = (1, %, %,2), if n=4.
A direct inspection of (3.8) shows that, with this choice, a;;, a;jx # 0.

Note that, for n =4, a; # «; if i # j. For n > 4, observe that a;; and a;j; can be seen as homogeneous
polynomials in the n variables «ay, ..., au,, therefore, in particular, they are smooth functions of these variables:
hence, since we found a n-tuple (a1, ..., ) such that a;;, a5, # 0, we know that there exist sufficiently
small €; # ... # €, with ¢; > 0 for every ¢, such that a;;, a;j, # 0 for

(af,.,al) = (2—€1,2 — €2, 1 +€3,1 + €4y, 1 +€5)

and o # a; for ¢ # j. Therefore, without loss of generality, we may assume that o; # o; whenever ¢ # j.
Let us distinguish three cases.

Case 1 (p = po). By hypothesis, W, vanishes at p and, since py = (0, ..., 0) in our local coordinates, by (3.7)
we obtain

Wiji; = Nai ()2 + 0(r?);
Wijir = O(r*);
since a;;, f', A # 0, we have that

|W§‘§ 2 QZWEM = ()\f/)4 Z(aij)z > 0.

1<j i<j

Case 2 (p € B, /2 \ {po}). We want to show that the components of the Weyl tensor W5 cannot vanish
simultaneously at p, if r is sufficiently small, i.e. » < 7 = 7(po,||g||c*), for & > 3. Since p lies in the open
ball of radius /2 and centered in pg, by Taylor’s Theorem we have that
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Wy <C-r+ O(r2).

Let us suppose Wijij = ka = 0 for every i # j # k. By (3.7), we can write

aij(f")? +bis ' f" + O(r) = 0;
aijrz;xr +O(r) =0.
For a sufficiently small radius r, the previous equations imply

aij 7\2 z’j/HZQ a
{ (f)*+bi [ =0, (a) (3.9)

AijkTjT = 0. (b)

Note that we obtained an overdetermined system in the variables z1, ...z, indeed, since i # j # k and the
coefficients a;;, are symmetric with respect to the indices j and k, we have n(n—1)/2 independent equations
of the form (3.9b) (observe that changing the index ¢ in (3.9b) does not provide additional equations).
Moreover, the polynomials a;;(f’)? + b;; f' f” are symmetric with respect to i and j and a straightforward
computation shows that

Zaij = Z bij = O7 for every j
i#] i#]

(this can also be seen as a consequence of the fact that the Weyl tensor is traceless). Thus, we have

n(n—1) 7n:n(n—3)

2 2

equations of the form (3.9a). Therefore, our system is made by

nn—3) n(n-—1)
2 + 2

=n(n—2)

independent equations, and n(n — 2) > n+ 1 > n for every n > 4.

Now, let us show that the system admits only the solution z; = --- = z,, = 0, which will lead to a
contradiction, since p # po. Since a;j, # 0, we obtain that x;x;, = 0 for every j # k. This implies that at
least n — 1 coordinates of p must be zero; since p # pg, there is exactly one coordinate T Wth}i}S non-zero.

Let us consider j # t # s # i (note that this is possible since n > 4): by ij = Wmf = Wisis = 0 we
obtain

1 2
0= — (n—4)oioj — (ou + o) Z‘ak—&—mZakal
k#i,j k<l
2
e e -t Y o S [Tt |
k#i,j k=1 l#k
0= L (n—4)a<a—(a<+a)2a —I—LZaa (f)*+
n_2 (1873 i t . k n_1 k]
kit k<l
2

g |0 et - Y ok 2 S St )|

kit k=1 1#k
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(n—Daio, — (a5 +ag) Y g+ % > anar| (f)*+

k+#i,s k<l

2 2 n
e o B D OLT s o b 12

_ 2
(n—2)r ki,s k=1 1+£k

subtracting the second and the third equations from the first, since o; # oy # s and f/, f”/ # 0 on S, we get

2
0= [(n—3)a; — Z ap| [+ S (n=3)aiai ",
kit "

2
0= {(n—3)a; — Z ag | f+ ﬁ(n —3)alz2f".
k#i,7,s

It is immediate to observe that these two equations hold simultaneously if and only if

Z Qj = E Qe = g = Oy,

k#i,5,t k#i,j,s

which is impossible. Thus, not all the components of W5 vanish at p.

Case 3 (pe S\ B%). Let us suppose again that Wiﬁj = Nijik = 0 for every i # j # k. As in Case 2, for a
sufficiently small r, the first two equations in (3.7) imply

Wijij + N(aii (f')? +bii f ") =05 (a) (3.10)
Wijik + Naijrzjo f'f" = 0. (b) .
If Wiji; = Wijae = 0 at p, we get a contradiction by the conclusions of Case 2. Thus, let us suppose that

|Wg|§ > 0 at p: for instance, let Wjj;, # 0 for some 4, 7, k. The equation ka = 0 allows us to compute A:

\2_ _ Wik

AijkTj T

This equation holds for every point whose coordinates are solutions of the system above; however, A € [1, 2]
appears as a free parameter in (3.2), therefore it is sufficient to choose A; € [1,2] such that A\? # A\? and
repeat the argument of the proof to obtain a contradiction. Thus, W, = 0. If, for instance, A; is such that
the equation

Wi’j'i'k' —|— A%ai'j/k’xj'xk/f/fﬂ = 0

holds for some i’ # j’' # k', it is sufficient to choose Ay € [1,2] such that A3 # A} to get the same
contradiction. Note that we can repeat the procedure for every equation of the system above.

Therefore, possibly choosing A in (3.2) out of a finite set {A1, ..., \x}, we can conclude that the system
holds if and only if W;;;; = Wiji = 0 at p: however, by the argument of Case 2, this leads to a contradiction.

Step 2: iteration of the process

In the first step, we proved that the Weyl tensor W5 does not vanish on S. Now, let us call go = g, o0 = o,
So=8,1r9 =71, = Xand g1 =g: given pg € M such that |Wg0|g0 (po) = 0, there exist a normal open



G. Catino et al. / J. Math. Pures Appl. 191 (2024) 103624 11

neighborhood Uy and ¢° € C*°(M), defined as in (3.2) with 79 and Ao, such that Sy = sup;) ¢° C Uy and
W,, has non-vanishing square norm on Sy, where g; = go + d¢° ® d¢°. Since M is compact by hypothesis,
the set

Z:={peM: Wy, () =0}

is compact: indeed, Z is closed, since it is the zero locus of a continuous function on M. Therefore, there
exists a finite open cover of Z of the form

N N
Uvi=U©in2),
=1 =1

where S; contains a point p; where W, vanishes and it is the interior of the support of a smooth function
¢" defined as in (3.2), with r; small enough and ); such that Aubin’s local deformation can be performed as
before. Moreover, observe that, if p; € Z, then, by construction, p; & Vi, if j # k; we also note that Aubin’s
deformation on S; do not produce new zeroes of |W, | outside of Z, which means that, if p’ ¢ Z before the
deformation, then p’ € Z after deforming the metric as well.

The first step of the proof was to show that, around pg, the metric gy can be deformed in order to have
Wy, # 0 on Sp. Now, we perform the argument again: let p; such that Wy, = 0 at p; and let Vi 3 p;, with
deformation function ¢!, which has A\; and 7, in its definition (recall that 71 is chosen small enough so that
Aubin’s method can be exploited).

If Vo N Vi = 0, we can apply the deformation in Sy in order to conclude that W,, # 0 on S, where
g2 = go + do' @ dp', and, hence, on V;. Therefore, let us suppose that Vo N Vi # 0: if we consider a point
p € V1 \ Vo, here g1 = go, hence we Aubin’s argument on S; works as in the previous case. Let us suppose
that there exists a point ¢ € V5 NV such that W, vanishes identically at ¢: in this case, we have

g2 = g1 + do' @ do'.

The expression for the components of W, is given by (2.8), where g;; = (g1)i;; and both the covariant
derivatives of ¢ = ¢ and the curvature quantities are referred to the metric g;.

Let us choose the indices i, j, k,t such that Wiljkt # 0 at ¢ (whose existence is guaranteed by the first
deformation we performed). If we evaluate (2.8) at g, the left-hand side vanishes: hence, since ay, ..., ,, and
r1 are fixed, if we multiply both sides by w? we obtain an equation of the form

0= Wi + Pijr(M), (3.11)

where Wiljkt = Wiljkt(q) and Pjjg(A) = Zf\il C;(A1)! is a non-trivial polynomial of degree M in A;. Thus,
(3.11) is a non-homogeneous polynomial equation in A\; with real coefficients, which means that the set of

its roots is
Li={(M\)1,..,(M)x}, K<M.

Note that, if A} = (M), for some 1 < K/ < K, since A; is a real number, then every other point ¢’ such
that [Wg,[ (¢') = 0 must satisfy (3.11) with Ay = (A1) k. .

Since the set of values of A\; such that W, vanishes at ¢ is finite, it is sufficient to choose A1 = A; in
[1,2] \ Ly to get a contradiction: therefore, up to choose \; outside of a finite set of values, we have that
W, does not vanish in Vo N Vi, which implies that

[Wy,l,, #0on Vo U VA
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Since {Vp, ..., Viv} is a finite set, we have a finite number of non-empty intersections: hence, we can repeat
the process finitely many times to conclude that there exists a metric g such that Wz # 0 on M and this
ends the proof. O

Remark 3.2. If ‘Wﬁ‘ﬁ > 0 for every point of M, then, operating the conformal change
g :=|Wglg,
we obtain that the metric g is such that its Weyl tensor Wy satisfies
|W§|; =1on M.
4. Proof of Theorems 1.1 and 1.3

In this section we extend Aubin’s result in dimension four to the self-dual and anti-self dual components
of the Weyl tensor in order to prove Theorem 1.1.

Proof of Theorem 1.1. First, note that, by Remark 3.2, it is sufficient to show that there exists a Riemannian
metric whose self-dual Weyl tensor nowhere vanishes on M.

Similarly as we did in the proof of Theorem 3.1, let g any Riemannian metric on M and let again po € M
be such that W (pg) = 0. We choose an open ball B,. centered at pg with normal coordinates x1, z2, 73, T4
such that po = (0,0,0,0) and we define a function ¢ as in (3.2) in such a way that Bz C supp¢ C B,.. Let
S = supp¢ and g be the metric defined in (2.7).

By definition

o + - .
Wikt = Wi + Wi

moreover, it is not hard to show that, for every 4,7, k,1 = 1,...,4 such that ¢ # j and k # [, there exist
indices k' and !’ such that

+ _ +
Wi = Wi

The pair (k¥',1’) is uniquely determined by the action of the Hodge star operator x: indeed, it is well-known
that the terms in which W decomposes are given by

1
Wik = 5 Wikt = (W)l
(for a detailed discussion, see, for instance, [6,19]). This implies immediately that
4 1
Wik = 5 (Wijk £ Wijir)-
Let us now focus on W;r. By (3.7) and (3.8), for i # j one can easily obtain

_ 1 — .
Wi = §(Wijz'j + Wijirjr) = (4.1)

ijij

1 ! 7
= i[Wz’jij + Wijiry + N (aij(f)? + bij £ ) + O(r?)] =
AQ ! ! el
= Wz‘;j + 7(aij(f )2 +oiff ) + 0(742)
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(note that (i',j") = (k,l) are such that i # j # k # [). Analogously, for i # j # k, we obtain

1 ~—

W;ink = §(Wijz’k + Wiji’k') = (4.2)
1
- §[ka + Wi + N (ageajzy, £ ajuza) f'f7 +O(r?)] =
— W +)‘j( Y " O(r?
= Wijik T aijrj Tk £ ajuxiw) f1f7 + O(r7).

Here, + appears in the equations since we may have (', k") = (I,5) or (', k') = (4,1).
Now, we are ready to prove the statement. Let us choose

5 3
— 1 _ 2 .
(O[l,OZQ,Oé3,0é4)— ( 74727 >7

thus, an easy computation shows that

_ 5 _ _ _ 15 __ 1
a12 = 75 = @34 123 = —gpzy A214 = — 3.2
1 5 9

a13 = —zg = Q24 and ¢ aipq = — 4z 0213 = —gz=z - (4.3)
1 3 5
14 = —75 = Q23 a134 = — 1oz, G312 = — g2

We recall that

Zaij =0 for every j and Z ai;i, = 0 for every j # k.
i#] i)k

As before, we distinguish three cases.

Case 1 (p = po). As we did for Aubin’s result, since a;; # 0 for every i # j, by (4.1) and (3.8) we have

|W+§|§ 2 QZ(W%J‘)Q = ()\f/)4Z(az’j)2 > 0.

i<j i<j
Case 2 (p € B,/2 \ {po}). We can apply again Taylor’s Theorem to conclude that
|W;| <C-r+o(r?), asr — 0.

Let us suppose WJW = WZJJQ

. = 0 for every i # j # k. By (4.2), letting r — 0 we have
AT + Q53T T] = 0.

More explicitly, we obtain the system

(1237273 + a214T174 = 0
a124T2T4 — a213T123 =0

(1347374 + az12T122 =0

by (4.3), the system becomes
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41‘1334 = —151‘2$3
9$11‘3 = 103;‘21(}4

5%11‘2 = 76.%31’4

If x; # 0 for every i = 1,2, 3, 4, a straightforward computation shows that the system does not admit any real
solution: therefore, the components WJlk cannot simultaneously vanish. Thus, without loss of generality,
we may suppose x4 = 0. This implies immediately that two out of the three remaining variables must be

zero. Let us suppose that zo = z3 = 24 = 0 and x; # 0 (the other cases are analogous). By Wi = 0, for

ijij
a sufficiently small r, (4.1) implies that

aij(f')* +bi /' f" = 0.
However, since using (3.8) and (4.3) one has

2 1 en 2 r2 b
ais(f')" +oisf'f'=0 = =

we get a contradiction, since, by definition of f, the ratio f’/f” is negative on Br.

Case 3 (p € S\ Bz ). As before, let us suppose that Wi-;ij = szm =0 for every i # j # k. Asr — 0, by
(4.1) and (4.2) we obtain the system

2
Wi-;ij + /\T(Gij(f')z +bi f'f") =0
2
Wi + & (aggrajey, + agaziz) [ f7 =0

As in the proof of Theorem 3.1, if we suppose that W' does not identically vanish at p, possibly choosing
\ outside of a finite set of values, we obtain a contradiction: therefore, W = 0 at p, which is impossible
for the conclusions of Case 2.

Thus,

2
‘Wl“ ‘ >0
g ~
g
on S: since M is compact, we can repeat the argument presented in Step 2 of the proof of Theorem 3.1 to
prove the claim.
Note that the proof is analogous if we consider W;. O

Now, we prove the general condition defined in Theorem 1.3

Proof of Theorem 1.3. First, note that, if ¢ = 1, there is nothing to show: indeed W = W+ + W-, therefore
Aubin’s Theorem guarantees that the claim is true. If ¢ = 0, we obtain Theorem 1.1.

Now, let us suppose t = —1. A straightforward computation shows that
+ - =
Wijij - Wijij = Wijiryr
+ - _
Wijik - Wijik - j:VViji’k’

+ - o
W'jkl - W'jkl - inm»

7, K3

hence, we can apply again Theorem 3.1 to show the claim.
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Therefore, let ¢ # —1,0, 1. We consider again the deformed metric g, defined by (2.7), with ¢ as in (3.2).
It is easy to obtain the system

sz” + tWi;ij = Wz‘Jﬁj + W, + )\72(1 + 8)[ai; (f)? 4+ bi [/ '] + O(r?) (a)
Wi—;ﬂf + twi}ik = Wi + Wi + XA+ agpajaor £ (1 aguzz] ff +002) (b))  (4.4)
Wik + Wi = Wik + Wi = 4 (1= Olag;(F)? + big f17] + O(?) (c)
where i # j # k # l. As we did for the proof of Aubin’s Theorem, let pg € M be a point such that
W; +H W, |p0 = 0 and let B, be an open ball of radius r and centered in pg; moreover, let us define

normal coordinates x1, ...x4 such that pg = (0,0,0,0) and let p € B,. We define ¢ and S = supp¢ as usual;
finally, we choose the coefficients (a1, ..., ) such that a;j;, a;;jr 7 0 for every i, j, k: note that the coefficients
can be chosen in such a way that the numbers a;;; have the same sign. By (4.3), it is easy to see that
a=(1,5/4,3/2,2) is a suitable choice.

Case 1 (p = po). As usual, since a;; # 0, we have that

2 )\2

~ ~ A —~ ~
Wik +tW = 7(1 +t)ai; (f)? #0, Wik +tW o, = 7(1 —aij(f )2 #0

ijij
at pg; therefore Wgt +tWg, Z 0 at po.
Case 2 (p € B, /2 \ {po}). For a sufficiently small radius r, we again have that
’W; +tW;| < Cr 4 o(r?), asr — 0.

Let us suppose that ’W;jrkz + t’in;kl = 0 at p: therefore, the subsystem consisting of the equations of the
form (4.4b) becomes

(1 —+ t)(112335'21'3 + (1 - t)a214x1x4 =0
(14 t)argazozs — (1 — t)asizzixs

(14 t)aizawszy + (1 — t)agiezizes =0

Let us suppose that x1, ..., x4 # 0: hence, we have

2
1-1 _ Q124 X2Xg4 Q123 L2743 a4 Ty 4123
12+t aon - o g2 T
+t a2z 2123 a214 T1T4 a213 T3 a14

which is impossible, since, by hypothesis, the coefficients a;j; all have the same sign. Thus, at least one coor-
dinate x; must vanish and, by the system above, this implies that there is just one coordinate of p different
from zero. Without loss of generality, we may suppose that z; # 0. However, by choosing the coefficients
a1, ...ay in such a way that a;; and the coefficient of 2% in b;; have opposite signs for some i # j, we get a con-
tradiction, since (f’)? and f’f” have opposite signs on S: for instance, if « = (1,5/4,3/2,2), by (3.8) we have

5 1
= = d by = ——a2.
ai12 16 an 12 3T2$1
Thus, the only solution of the system is x; = ... = x4 = 0, which is impossible, since p # po: hence, we

conclude that W;]: +t W&: does not identically vanish at p.

Case 3 (p € S\ B,/3). If we suppose that W-'gft +t W;ﬁ identically vanish at p, as r — 0 the system consisting
of the equations (4.4a), (4.4b) and (4.4c¢) becomes
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_ 2
0 = Wz—;z] + tWijij + )\7(1 + t)[aij(f/)Q + bijf’f”]

0 = W?jlk + tWi;ik + %2[(1 + t)aijkle‘k + (1 - t)ajilxixl]f’f” .

_ 2
0 = Wiy + Wiy = 4 (1 =y (f)? + by f 1]
However, if we suppose that W;r +t W does not identically vanish at p, as we did in the proofs of The-
orem 3.1 and Theorem 1.1, by possibly choosing A out of a finite set of values, we get a contradiction.
Therefore, W; +t W, must vanish at p, which is impossible.
By the hypothesis of compactness on M, the claim is proven. 0O

5. Proof of Theorem 1.4

In this section we prove Theorem 1.4. If we use again Aubin’s deformation of g as described in (2.7), we
can write the components of the Cotton tensor with respect to the deformed metric g as

Cijk = Cijk — %ww + 070" Ritjs — (050° + 50") Rirns]+ (5.1)
(bp

= 2 { Ry = [0 Ry + by 0003 — (8005 + 0] |+

+ %@j {Rkp - % [0°6° (Rptks + Srpbus = SpiSis) = (A0)Prp + Ppii] } +

+ i[(A¢)k¢i]’ — (A9)¢ir + (A9)° Raiji — 0i9° Rstji + Spirj — 5birk + ¢'0° (Ritjs k — Ritks )]+
+ 20166 GupRaazs — binRaaks) + S30((A0)60 — 0106%) — Sup(56)ys — 9]+
= AP 0LBus0ep — bisi) — 94 (e — Dudig)]} +

= AP 01Bus0ps — bibis) — 94 (e — Dy} +

B O Rrijidis — Rragntie) + buakis — g — bukss + buions)} +

4

Wfb%s [Grp(Dijbts — Pitdjs) — Pjp(Pindrs — Pirdrs)]+
1
- m[¢p¢quq,k + 2Ry 8" bf + 2(A0) (Ad)k — 20" pqr)(9i5 + dis)+
+ ﬁ[qﬁ%q&q,j + 2Ry 8" 0] + 2(A¢)(A¢); — 207 dyq5](gin + didn)+
T {200 [t — (80 0 + L (B0)5°6 0 — 006700+
+ (A PP P bpg + (AD) P T Ppgr + 2(AP) PP DL dpg — 207 3105 Dsqh — 207 Gpg T bsic } (915 + b))+

1

+ 2w (n—1) {2¢p¢pj _2Rst¢s¢t — (A9)? + psrd™ + %((Aéﬁ)éﬁsfﬁt%t — ¢ Prsd 1) |+

+ (A¢)j¢p¢q¢pq + (A¢)¢p¢q¢qu + 2(A¢)¢p¢g’¢pq - 2¢p¢q¢;¢sqj - 2¢p¢pq¢qs¢sj} (gik + (bi(bk)“"
2
- m(smi% — Sipir)-
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Proof. Let g any Riemannian metric on M and consider the deformed metric g defined in (2.7), where ¢ is
chosen as in (3.2), with a1, ..., @, € [1,2] and such that the derivatives of f satisfy the following inequalities

f'>0, " <o, >0 on [0,1)

(for instance, we can choose (3.1) with a sufficiently large b). Let us choose a point py € M where the Cotton
tensor C of (M, g) vanishes and let us consider again an open ball B, with normal coordinates centered at
po; we also define ¢ and S = supp¢ as usual. Note that, in addition to (3.3) and (3.4), for a sufficiently
small r we have

sjaf”| =0(3): (52)

20500y,

2\
Gijr = poLl |:(aj1'i5jk + @0k + apxdi) f+ "

By (3.4) and (5.2), we obtain
n 2 n
A(Z) = )\ (f/ Z Oép + 7“—2f” Z ()412)3712)) (53)
p=1 p=1
2\ 2 = 7 20, " = 2 2
(Ad) = = 20,2k + apTg Zap f+ T—Qf Zapxp Tk (5.4)
p=1 p=1

As we did for W in (3.5), for sufficiently small radii we can consider the principal part of the transformed
Cotton tensor:

Ciji = Ciji + (A®)kdij — (D) ;i + Grrdirj — rjbient (5.5)

- ﬁ[((A@(A@k - ¢pq¢qu)gij - ((A¢)(A¢)j - ¢pq¢qu)gik] +O(r),

where the expression O(r) contains all the terms in (5.5) whose order is the same as r or higher. By inserting
(5.2), (5.3) and (5.4) into (5.5), we obtain

Cz]z = Czyz + >\2{az]f f” + bz] [.f fm + ]}l‘j + O ) (56)
Cz]k = Cl]k + )\ azgkle'jxk[(f ) + f fm} + O( )

where 1 # j # k and

2a4
aij:T.—QJ —doo —a; E ak—i-— aJE ozk—|—g aroy | | ; (5.7)
k#i,j k#j k<l
4o
bijzr—: —ay | s —|—E ada? —|——§ ay, E afx} | |;
ki k 1k
doja
Aijk = —7’4 (Olk - O(j).

Note that it is sufficient to choose a1, ..., a, such that «; # a; for every ¢ # j to obtain a;;, # 0 for every
iFJF k.

It is immediate to observe that, by (5.6), the deformed cotton tensor Cy vanishes at po. Thus, we want to
show that Cy does not identically vanish on S\ {po}: by the compactness of M, we can repeat the finiteness
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argument used to prove Theorem 3.1 in order to conclude that the Cotton tensor Cj does not identically

vanish on M \ {po = i, ...,pk} = M\ {p1, ..., D}
Now, let p € S and let us consider Cj at p.

Case 1 (p € B,/ \ {po}). As usual, we have that
|Cy| <D -7 +o(r?), as r — 0;
if we suppose that G'W = Nijk = 0 for every i # j # k, we have that
aii f' " 4+ big[f' f" + (f)?]z; =0
{aijkﬂfixjxk[(f”)2 + f1 "] =0

for a sufficiently small r. By the properties of f and our choice of ay, ..., a,, we have that z;x;x; = 0 for
every i # j # k, which implies that at most two coordinates of p are not zero.

Therefore, let us suppose that x;,z; # 0. By hypothesis, @ji = éjij = 0: hence, by (5.6) and (5.7) we
obtain the following equations

2
0= —4aiaj—ai2ak+m Oéjzak"‘zakal f/f”‘f'

k#i,j k#j k<l

+ % —ai (a2 + ajxd) + — i . Soa| D adat || [+ £
K 12k

2
0= —40zi(lj—ajZOlk+m aizak+zakal f/f/,‘f'

ki,j ki k<l

2 1
Rl (aia;z? + afz}) + — Zak Za?m% ()2 + "]
e Ik

subtracting the second equation from the first, it is easy to obtain

(0 — ) Z ak—i—% ajZak—aiZak zoﬁz_f(aj—ai) Z a =0,

ki,j k#j ki k#i,j
which is impossible, since o; # a; by hypothesis. This implies that exactly one coordinate of p is different

from zero (say, ;). Since n > 4, if i # t # j, by Cij; = 6'tjt = 0 we obtain

2
0= —4aiaj—aiZak+m ajzak+zakal f/f//+

ki,j ktj k<l

23 [~ b = e | [ + 1)

2
0= —4ataj—at2ak+m Oéjzak+zakal f’f”+

k#t,j k#j k<l
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2 2.2 1 2
—QOéjiEj — O + —n 1 ;ak [(f”) + flf///} )
J

+
r

It is not hard to see that, for a suitable choice of oy # ... # ay, the coefficients of [(f”)% + f/f"] in the
equations do not vanish: this allows us to compute :cf as

2
) 7"2 |:404,L'O[j + oy Zk#l,] af — m(a_] Zk;ﬁ] ok + Zk<l akal):| f/f/l

zj =

) SN FT T

However, inserting this into the other equation, we obtain

2 1
doyoy + ZAak_n—l ajZak—l—Zakal _ai+mzak =
L k#t,j k#j k<l 1L k#j ]
= 40@0@-4—0@20%— i ajZak+Zakal —at—i—%Zak ,
~ n—1 4 n—14~
L k#i,j k#j k<l 1L k#j |

which implies

4
(e — o) Zak + ajay (o — o)+
k#j
+ 1 (y — ) Z o Zal +L(atfai) a-ZakJrZakal =0
n—1 — ‘ (n—1)2 I L
k#i,5,t I#j k#j k<l

and this is clearly impossible. Since p # pg, we have that the Cotton tensor Cy cannot identically vanish at p.

Case 2 (p € S\ B,/2). As usual, let us suppose that Cj identically vanishes at p. If C does not vanish at p,
we can exploit the argument of Theorem 3.1 to conclude that, if we possibly choose A out of a finite set of
values, this is impossible. Therefore, C = 0 at p, which is a contradiction, by the proof of Case 1; hence, Cj
does not vanish at p.

The hypothesis of compactness on M proves the claim. O
6. Proof of Theorem 1.6

In this section, we focus on four-dimensional manifolds and we prove Theorem 1.6. If n = 4, the Bach
tensor acquires two additional properties: it is conformally invariant and divergence-free (see [9], Section
1.4 and Section 2.2.2).

Proof. As we did in the proof of Theorem 3.1, let ¢ any Riemannian metric on M and let pg € M such
that B, vanishes and let B, an open ball of radius r and centered in py. Let us choose normal coordinates
x1, ..., 4 such that po = (0,0,0,0) and let us define the function ¢ as in (3.2) and S = supp¢ as usual, with
f defined as in (3.1). We know that f € C'°°([0,400)): therefore, ¢ € C>°(M) and it vanishes outside S.
Moreover, for a sufficiently large b, the function f satisfies the following inequalities

f'>0, f"<o, f”>0  fV<0 onl01).
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By (5.2) and (5.3), we obtain the following additional expressions:
2

4
Dijkt = r—2/\Oéi {ﬁajakatxixjxkxtflv + (Otkdkt&'j + Oéj(Sjt5ik + &j&it5jk)fﬂ + (6.1)

2
+ T—Q[ajak(éitmjxk + 8jeixn + Okeimy) + auwy (0i06k + Sipajzy + 5jkajaji)]f”'} .

2
(Ag) i = 7“2J { (20@ + Za,,) " ikt (6.2)
p
2 4o
+ ) oy <2aj + Zap> T;Th + 2a2xj:pk + Z aixifyjk R T4k <Z %20%27) l'jkaIV} .
P P P

2
2\ 4
(A)rr = pec) 2 Z 04127 + (Z aq> f+ = (2 Z aix% + Z a, Z aézi) '+ (6.3)
P q P P q

2
4 2.2 v
+ oy (Z oszp> f
p
Note that

Gijre = O <ri2>

as r — 0. We consider the principal part of the transformed Bach tensor: by (5.1), (5.5) and the definition
of the Bach tensor, we obtain

Bij = Bij + (AQ)kkbij + (AP)k@iji — (Ad)jkdik — (Ap)jbirk+ (6.4)
+ Gekk ity + Pk Pitjk — GejrkPitk — PrjPitkr+
— L [(AO)R(AG)k + (AG)A)sk ~ ks — Dpupups) iy

_((A¢)i(A¢)j + (A¢)(A¢)ji - ¢pqi¢qu - ¢pq¢qui)] + 0(1),

where O(1) is the usual “remainder” term. Note that, as  — 0, the terms given by EMWZ»W in the definition
of the Bach tensor (2.6) do not appear in (6.4), since their order is lower than the order of éijhk; however,
as we did for the Cotton tensor, we make explicit the coefficients of By, since they do not depend on f (and,
therefore, they do not a priori vanish as the argument of f goes to 1).

Inserting (3.4), (5.3), (5.2), (6.1) and (6.2) into (6.4), for a sufficiently small radius r we obtain the
following expression for the Bach tensor:

~ 2)2
Bij = Bij + 3? Q; [820&2 + 4Zaq (Z Qp — Oéi) - 80‘?] (6'5)
P q t
2
D) LRI O SRV S YT
P q t D
4A2 4 2 3,2
—5—3? 4Zapxp+ 14ai—32ap Zaq:ﬂq—i—
P P q
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2
2
+ Zaixi o <7Zaq — 6ai> + Zaf - 2(2 Oér> {f/fm () }51']"*‘
p q t T

f/fIV 4 3f//f///)5ij+

8\ [
+ 36 0429512) g agxg + E 042963 (30@ — E ozt)
P t

IN o5
+_3i‘40¢3.mixj QZa —l—(Zaq) (af + af + 6aza;) — (ai—l—aj)zat [f/f/”-i-(f”)Q n
t

8\’
+ L, QZaf‘; (3041 +3a; -3 aq> S wt] (F £V + 37 £) + O(1).
L p
Let

A= f/f//7 B = f/f/// 4 (f//)2, C = f/fIV 4 3f//f///

and let us choose (ay,as,as,ay) = (1, %7 %, 2). For i # j, we obtain the following equations

Bis —B12+3—4 o} x1+§x2

2222 /1 752 45 89
B13—B13+— —<4 +6_4 5+ — 16 3+9 )C—i— 163]3:1353

5A2[ 2 75 9 141
< 2 24 —a2+ 122 )C + ?B} T12o (6.6)

Bia = By + % _r% (gl‘% + ;ix% + 19—61’§ — 3JUZ>C' - 1_963} X124
Egg = B3 + % 7"32 <—%x? + gxg + 6x§>C + ?B] ToX3
BZ4 = Boy + 13?);2 [ %(mz + ;; %-l— ) >C— %B}xz&m
B34 = B3y + — n [ r22 (111‘2 26245 2+ (152 243z )C— %B}xsm,
for i = j, we have the additional expressions
By = By — % + ; (; 2_ 4:1,);5:@ - 2;27 2 _217x )B (6.7)

8\? 25 9 7 75 45
+ 3,6 {(ﬁ + 163:% + 153 —|—4x4> ( 4x% — 3—233% — Ex% — 3302)—1—

7T 4 225 5, 99 ,
+ <x1+64 2—|—16x3+15x4 C

- AN N (9T, T . 2,
B22:8227WA 7"4< 6 1+ﬂ 221$3+3$4>B+

A2 25 75 9
+ 3,6 [(8x? + 7x§ + 1873 + 32:@21) (—x% - 6_4:6% — §x§)+

25 1875 . 1125 ., 225
J”C%(@x% T2 %+ 3 ‘”§+7xi>}c
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. 2 2 4 2
B By s X /\< 32 52 39 , 209 2)B+

612 Al Tt gyt grst

2N\ [[4 25 16 1 9
+ 5 {<§x§+ Ew%—i—?ux%—l—?xi)( z] + 16x3+3m4>

15 225 27
+x§( 4;@ T x5 — 6 §+9x4)]0

209\2 A2 (223 2 | 3775 5 1167

Bu =B 222 | B
“=Dut o PR TR TR B )+

812 2% , 9 (5.2 15, 63 )
g [P qge A ) ( 390+ 507 + g + 0 )+
375 , 117
(17 T T3+ — 1 z% 4 36z )}c

Of course, the equations in (6.7) cannot be all independent, since the Bach tensor is trace-free.
As we did for Theorem 3.1, we consider three cases.

Case 1 (p = po). In our local coordinates, pg = (0,0, 0,0); therefore, since B, # 0 in py and A < 0 on B,,
by (6.6) and (6.7) we obtain

4
Bjl2=2) B} =CA’>0,

_105845)1*
where C' = =553

Case 2 (p € B, /2 \ {po}). In this case, we have again that
|By| < C-r+o0(r?®), asr — 0.

Thus, we may consider just the principal parts in the system defined by (6.6) and (6.7).

Let us suppose that Eij = 0 for every i,j at p = (z1, z2, 3, x4). We want to show that the only solution
of the system is given by x; = 0 for every ¢, which leads to a contradiction for the previous argument.

If we suppose that x; # 0 for every i, we have that, for instance,

B= —%16?"2( T+ ;Z 5+ 2x3+12x§>c
by the first equation in (6.6). Since B > 0 and C' < 0 in B, and x1,...,24 # 0, inserting this into the
other equations in (6.6), we obtain a system of five equations in the variables x1, ..., z4: a straightforward
computation shows that this system admits only the trivial solution and, therefore, one of the variables
x1,..., L4 Mmust be zero.

Now, let us suppose that z; # 0 for at least two indices i. If z; # 0 for one index 4, by (6.6) and (6.7)
we obtain a system of 5 independent equations in z;, xx, x;, where j, k,[ # i: by an analogous argument, we
can show that the system admits no solutions, which implies that at least two variables z; and z; must be
zero. In this case, expressing B in terms of C as before, by (6.7) we can express A in terms of C' as well and,
therefore, obtain two independent equations in x, x;; however, by our choice of the coefficients aq, ..., aq,
the system is once again inconsistent.

Therefore, as in the proof of Theorem 3.1, we obtain that exactly one variable x; is different from zero.
Let us suppose that, for instance, x; # 0. By (6.7), we have that
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3232 %
+ —2?B >0,

By = -2
1 1272 6rd

since A < 0 and B > 0 on S. Thus, the system admits no solution. The other cases can be shown in an
analogous way. Hence, we conclude that |B§|§ must be strictly positive at p.

We also point out that the same system was solved wvia technical computing through Wolfram Mathe-
matica (see Appendix A for the code). Also note that the system in the Appendix is more general than the
one we are considering in this proof: indeed, we showed that the system (6.6)+(6.7), with B;; = 0, would
admit no real solutions even if A, B and C were free real parameters satisfying A, B, C' # 0.

Case 3 (p € S\ B,2). In this case, we need to consider the components of the Bach tensor By in (6.6) and
(6.7).

If B, = 0 at p, we can immediately conclude that |B§\; > 0 at p, by the proof of Case 2. Thus, let us
suppose that B;; = 0 at p for every 7, j and that |Bg|§ > 0 at p. In particular, we may suppose that Bis # 0
at p. By the first equation in (6.6), we obtain that

)\2 _ 37‘4312

2 75 9 141
5 [7"_2 <m% + 3—21‘% + §x§ + 1233?1)0 + ?B} 1T
at p. However, we may choose A\; € R such that A\? # A2 in (3.2), since ) is a free parameter: if we repeat
the argument of the proof with \; instead of A, we get a contradiction and, therefore, we conclude that
B12 =0 at p.

Now, if B3 # 0 at p, the second equation in (6.6) implies that

)\% _ 7"4B13 .
2 /(1 75 45 189 '
2 |:T—2 (Zx% + 6—43:% + 1—633% + 93@2)0 + EB] 7173

again, possibly choosing Ao such that A3 # A2, we obtain that Bz = 0 at p. Iterating this argument for
every component B;;, we conclude that, possibly choosing X outside a finite set {), ..., A}, the components
B;; must all vanish at p. Therefore, we repeat the argument of Case 2 to conclude that

|B§|!27 > 0 at p.

Now, as in Step 2 of the proof of Theorem 3.1, since M is compact, we can deform the metric g on a
finite cover of M: using the argument of Remark 3.2, the claim is proven. 0O

Remark 6.1. Observe that, even if we did not obtain the full expression of the transformed Bach tensor, it
can be easily seen that, once we fix a point p € S, the quantity B;; — B;;, up to multiplying for a suitable
power of w, is indeed a polynomial of finite degree in .

Remark 6.2. As we recalled in the Introduction, when dim M = 4, Bach-flatness is a necessary condition
for (M, g) to be an Einstein manifold; therefore, an immediate consequence of Theorem 1.6 is that, given a
smooth manifold M of dimension four, one can always choose a conformal class [g] of Riemannian metrics
which contains no Einstein metrics. In fact, we can say more: since we found a quadruple aq, ..., a4 such
that the system of equations (6.6)4(6.7) admits no solutions, there exists an open neighborhood U, of
a = (aq,...,a4) in Q :=[1,2] x [1,2] x [1,2] x [1,2] such that, for every o/ € U,, the system admits no
solutions on M. Therefore, there exist infinitely-many conformal classes of Riemannian metrics on M which
contain no Einstein metrics.
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Although we did not prove it in this paper, we expect that, given any Riemannian metric g on M, the
subset

Q = {a €Q: |Bga|3a =1, where g, = g + ddo ® dp,, and ¢, is defined as in (3.2) }
is such that @ \ Q" has Lebesgue measure zero in Q.

Appendix A. Solutions of the systems (6.6) and (6.7) in the homogeneous case

= B12 1= (2/rA2 (x1A2+75/32x2A2+9/2x3/2+12x4A2) C+141/8B) x1x2;
B13:= (2/rA2-(1/4x172+75/64x2"2+45/16x3A2+9x4A2) C+189/16B) x1+x3;
Bl4 := (-2/rA2.(5/4x1A2+75/64x272+9/16x372-3x472) C-9/16B) x1*x4;
B23 := (2/r72-(-1/2x1A2+9/8x3A2+6x472) C+19/4B) x2+x3;
B24 1= (-2/rA2 (x17A2+75/32x2A2+9/4x3A2) C-73/8B) X2 xx4;
B34 := (-2/rA"2-(11/4x172+225/64Xx272+63/16x372+3x42) C-287/16B) x3 x4;
Bll:=-323/12/rA2A+1/3/rA4. (7/2x1A2-4175/32x2A2-2727/16x3A2-217x4A2) B +
8/3/rM6 ((x172+25/16x2A2+9/4Xx3M2+4x4A2) (-T/4x1A2-75/32x272-45/16x372-3x4A2) +
X1A2 (7/4Xx172+225/64x272+99/16x372+15x44A2)) C;
B22:=-41/6/r"2A+1/rA4. (-97/6x1A2+75/24x272-21x372+2/3x4A2) B+
1/3/r7"6 ((8x1A2+25/2x272+18x372+32x472) (-x1A2-75/64x2A2-9/8x3A2) +
X272 (25/8 X172+ 1875/128x272 +1125/32x3A2+225/2x472)) C;
B33:=53/6/rA2A+1/rA4. (-43/12x172+25/24x272+39/8x3A2+209/3x472) B+
2/rAh6 ((4/3x172+25/12x272+3x372+16/3x4M2) « (-1/4x172+9/16x372+3x4A2) +
X372 (-15/4x172-225/64x2A2-27/16x322+9x442)) C;

)= Solve[{B12 == 0, B13 == 0, B14 == 0, B23 == 0, B24 == 0, B34:=: 0, B11==0, B22 == 0, B33 == 0},
{x1, x2, x3, x4, A, B, C}]

out[9]= {(A—»@, B-»0,C->0}, {x250,A>0,B->0,C->0}, {X1 >0, A>0,B->0,C->0}, {x350,A->0,B-50, C->0},
{x4->0,A-»0,B-50,C->0}, {Xx1 50, x250,A>0,B->0,C->0}, {X1 50, x350,A->0,B-50, C>0},

41 x4 8 /2 x4 41 x4
s , X3 5 - —

{x1—>e, X3 - - ,A—>0,B—>0,C—>0},{xl—>0, X2 - - ,A—>0,B—>0},

8/2 x4 4i x4 41 x4
> ——, X35 -

5 N5

{x1—>0, x2 ,A—>0,B—>0},{xl—>0, X3 - ,A—>0,B—>0,C—>0},

X3 >
5 5

8/2 x4 4ix4 8 /2 x4 4i x4
-—,, X3 _

{x1—>0, X2 - ,AaO,BaO},{xla@, X2 > ,A—>0,B—>0},

{x1>0, x2>50, x350, x450, A>0}, {x250, x350, A>0,B->0, C->0},
2 2
{x2—>0, x3—>—§i\/§xl,A—>0, B0, c—>0}, {x2—>0, x3—>§i\/5x1,A—>0, B0, C—)@},

{x2»>0, x4>50, A>0,B-»0,C-»0}, {x1 50, X450, A>0,B->0, C>0},
{x1»>0, x2-5>0, x3-50, x4-50, A>0}, {x350, x450,A->0,B-50, C->0},

2x1 4 — 2x1
{x3—>— , X4 50,A50,B-0, c—>0}, {x2—>—§i\/2 XL, X35 -5, x40, A50, Bae},

4 2 x1 2 x1
{xz-»Eiﬁxl, X35-"5, x40, A0, B—>e}, {x3—> , X4 50,A50,B-0, c—>0},

4 2x1 4 2x1
{Xz—)—gi\/le, X35~ 5, x40, A0, B—>0}, {x2—>gi«/2 X1, X35 "%, x40, A0, B—>0},
2 x1 2 x1
{XZ%O, x3a—§iy5xl, x45-—, A>0, BaO}, {XZ%G, X352 iV2x1, x45- -, A0, B—)O},

2 x1 2 . Iy x1
{x2—>0, x3—>—§i\/5xl, x4 -, A0, B—>e}, {x2—>o, X35 2 iV2x1, x4 -, A0, BaO},

{x1->0, x250, x350,A>0,B->0,C->0}, {x1 50, X250, x450,A>0,B->0, C>0},
{x1->0, x2->0, x40, A>0,B->0,C->0}, {x1 50, x350, x450,A-50,B-50,C->0},
{x1-»50, X250, x350, x40, A>0,B->0}, {x1 50, x2>0, x450,A>0,B-50,C->0},
{x1-0, x3-50, x40, A>0,B-50,C->0}, {x150, x250, x350, x4-50,A->0,B->0},
{x2->0, x350, x450,A>0,B->0,C->0}, {x2-50, x350, x40, A>0,B->0, C—>G}}
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