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2 Abstract

Background: Time-to-event analysis is a cornerstone of medical research, yet standard
methods often rely on restrictive assumptions that limit their clinical utility and causal in-
terpretability. The Hazard Ratio (HR), while popular, suffers from non-collapsibility and
lacks a straightforward causal interpretation, particularly when proportional hazards (PH)
assumptions are violated. Furthermore, single-number summaries often obscure the temporal
dynamics of risk, failing to communicate when a treatment is most effective.

Objective: This thesis aims to evaluate, develop, and extend flexible parametric models to
improve the estimation and communication of causal effects in survival analysis. It specifically
targets the robust estimation of cumulative quantities (e.g., Risk Difference, Relative Risk)
and the distributional analysis of health outcomes beyond simple summary statistics.

Methods: The work explores two primary modeling pathways: (1) indirect estimation via
flexible hazard-based models (Discrete-Time Hazard and Piece-wise Exponential models) and
(2) direct estimation using pseudo-observations.

• Simulation Studies: Extensive Monte Carlo simulations are conducted to determine
the sample size requirements (Events Per Parameter) for these flexible models and to
assess their performance under complex data-generating mechanisms (non-proportional
hazards, time-varying effects).

• Model Selection: A novel statistical learning workflow is proposed, integrating boot-
strap perturbation and time-dependent predictive metrics (e.g., Net Reclassification Im-
provement) to robustly select model complexity for the Cumulative Incidence Function
(CIF) in competing risks settings.

• New Estimators: The thesis introduces an imputation-based Piece-wise Exponential
model for the direct estimation of the sub-distribution hazard.

• New Measures: To improve risk communication, two novel estimands are defined:
the Highest Risk Density Region (HRDR) and the Highest Net Risk Difference Region
(HNRDR). These measures identify the specific time intervals where absolute risk is
most concentrated or where the treatment effect is maximal.

Results: Simulation results indicate that flexible parametric models require approximately 20
events per parameter to achieve stable estimates of causal effects on the cumulative scale. The
proposed imputation-based PWE model for competing risks demonstrates negligible bias and
competitive performance against established methods. The HRDR and HNRDR frameworks
successfully characterize the temporal distribution of risk, distinguishing between treatments

11



that delay event onset versus those that reduce overall event magnitude. Finally, the distribu-
tional regression framework is successfully generalized to non-censored continuous outcomes,
offering a unified approach to dose-response analysis.

Conclusion: This thesis provides a comprehensive framework for the rigorous application
of flexible survival models. By shifting the analytical focus from conditional rates (hazard
ratios) to marginal cumulative effects and full probability distributions, it offers researchers
tools to generate more causally sound, robust, and clinically interpretable evidence.
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3 Background and Methodological Framework

3.1 Time-to-event analysis is about time: a historical perspective

The analysis of time-to-event (TTE) data is a cornerstone of medical and public health re-
search, providing the fundamental tools to understand the temporal course of disease, the
efficacy of interventions, and the prognosis of patients. The defining characteristic of TTE
data is that the outcome encompasses not only whether an event occurred but, critically,
when. This temporal dimension is fundamental, as the timing of an event—be it death, dis-
ease recurrence, or recovery—often dictates the perceived efficacy of a treatment and informs
clinical decision-making. The history of the field reflects a continuous evolution of statistical
methods designed to extract even more nuanced information from this temporal data, driven
by the increasing complexity of the clinical questions being asked.

The origins of time-to-event thinking, in medical research, can be traced to early public
health investigations that sought to characterize the natural duration of diseases. In a study
in the British Medical Journal, Barlow and Leeming sought to describe the natural duration
of common cancers at their primary sites (Lazarus-Barlow and Leeming 1924). Drawing on
registry data, their objective was to quantify the interval between disease onset and death.
The motivation was pragmatic and insightful: for chronic conditions like cancer, unlike acute
illnesses, establishing a definitive “cure” is exceptionally challenging. The authors argued,
therefore, that one of the most reliable indicators of therapeutic efficacy was the extension of
survival time relative to a baseline or natural duration of the disease.

The statistical methods employed in this early work, while rudimentary by modern standards,
reveal a profound interest in the full distribution of survival times. The results were presented
in tables detailing the mean, minimum, and maximum durations for various cancers, but
interestingly, the authors also reported the proportion of cases with duration below the mean.
This reporting choice represents an early, intuitive attempt to capture the skewness of the
survival distributions, demonstrating a recognition that, for researchers and stakeholders,
the shape and characteristics of the distribution itself convey more meaningful information
than a single summary statistic. This focus suggests an appreciation that a single average
value could be misleading and that a more holistic description of event timing was necessary.
This interpretive approach was reinforced by Greenwood’s 1927 report (“A Report on the
Natural Duration of Cancer.” 1927), which also examined the natural duration of cancer,
reporting expected survival times conditional on patient age and surgical procedures. In an
era before the development of more advanced statistical tools, the expected survival duration
was considered a direct and interpretable means of conveying results to a broad audience.

However, the application of standard statistical methods to TTE data is complicated by a
defining methodological feature: censoring. Censoring arises when the time-to-event for some
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individuals remains unknown, either because they are lost to follow-up or because the study
concludes before they have experienced the event of interest. In such cases, the available
information is incomplete, confirming only that the event time exceeds a certain threshold.
While early work addressed censoring in primitive ways—for instance, by imputing time-
to-death based on discharge status—the post-Second World War development of rigorous
approaches to handle censored data marked a turning point for the field.

This methodological revolution was led by pioneering techniques such as the Kaplan-Meier
estimator (1958) (Kaplan and Meier 1958) and the Nelson-Aalen estimator (W. Nelson 1969)
(1960s), which allowed for the empirical reconstruction of the cumulative distribution func-
tion (CDF) while properly accounting for censored observations. Alongside the CDF and its
corresponding probability density function (PDF), two new fundamental functions were in-
troduced and rose to prominence: the survival function and the hazard function (Section 4.1).
While the former tells the proportion of patients alive through-out the follow-up time, the
latter describes the instantaneous probability of dying at a time point, given survival at that
time. These became the principal tools for summarizing and interpreting TTE outcomes.
An excellent example of the power of this new framework is the landmark clinical trial com-
paring 6-mercaptopurine (6-MP) to placebo for childhood leukemia. The results, presented
as survival curves, clearly visualized the percentage of patients remaining in remission over
time, powerfully demonstrating the benefit of 6-MP in a context where many children in the
treatment arm were censored at the end of follow-up, having not yet relapsed (Gehan and
Freireich 2011).

As therapeutic interventions advanced, the focus of clinical research expanded from the sin-
gular endpoint of death to more nuanced measures of disease progression. This led to the
analysis of intermediate events, such as time-to-distant recurrence in breast cancer, and in-
troduced the additional complexity of competing risks—events that preclude the occurrence
of the primary event of interest. For example, a patient who dies from other causes cannot
subsequently experience a distant recurrence. To address this, specific statistical frameworks
were developed, centered on estimands like the cause-specific cumulative incidence function
(CIF). The CIF quantifies the cumulative probability of experiencing a specific type of event
first, in the presence of other event types. This estimand is associated with two distinct hazard
functions: the cause-specific hazard and the sub-distribution hazard (Section 4.2).

3.2 Interpretational Issues of the Hazard Ratio

To evaluate the impact of covariates on time-to-event outcomes, a suite of regression models
was developed, with the Cox proportional hazards model (Cox 1972) emerging as the dominant
paradigm. Its extension to the competing risks setting, the Fine and Gray proportional sub-
distribution hazards model (Fine and Gray 1999), similarly achieved widespread adoption for
its ability to model on the CIF. The appeal of these semi-parametric models is undeniable.
They allow for the estimation of prognostic effects—summarized by the hazard ratio (HR)—
without requiring the specification of a rigid parametric distribution for the underlying event
times. When the central assumption of proportional hazards (PH) holds—that is, when
the ratio of hazards between two groups is constant over time—the HR provides an elegant,
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single-number summary of a covariate’s effect, making it exceptionally attractive to applied
researchers.

However, the HR suffers from severe interpretational deficiencies (Weir et al. 2019). Although
statistically robust, the HR is a ratio of instantaneous event rates, a subtle concept that is
frequently misinterpreted in the medical literature (Sutradhar and Austin 2018) as a more
intuitive relative risk (a ratio of probabilities). This has led to widespread confusion in
communicating research findings to clinicians and patients. The common “fix” for NPH,
modeling time-varying HRs, only exacerbates this problem. A time-varying HR that declines
over time and falls below unity might be erroneously interpreted as a protective effect, when
it may simply be a statistical artifact arising from a dwindling number of subjects at risk in
the tail of the distribution.

Moreover, the widespread adoption and seductive simplicity of the HR mask profound limi-
tations that can lead to misleading conclusions and flawed interpretations. The very feature
that makes the HR so popular—its ability to condense a complex, time-dependent process
into a single number—is also its greatest weakness. This is because the PH assumption is
frequently violated in clinical reality, particularly in studies with long follow-up. Treatment
effects are rarely constant; an intervention might have a delayed effect, a benefit that wanes
over time, or a risk profile that leads to crossing survival curves. In these common scenarios
of non-proportional hazards (NPH), a single, time-averaged HR becomes dangerously mis-
leading, as it obscures critical time-dependent variations in efficacy or risk. For instance, in
a breast cancer study, a large tumor size may be strongly prognostic for death early after
surgery, but its effect may attenuate over longer follow-up. A constant HR would average
away this crucial dynamic, mischaracterizing the biological process and reducing predictive
accuracy.

3.3 The issues of the Hazard Ratio in causality

In epidemiological observational studies, understanding if a specific exposure (like a medica-
tion, an environmental toxin, or a lifestyle choice) causes a particular health outcome is often
the main interest. The problem is that these studies are not randomized controlled trials.
Because individuals are not randomly assigned to exposure groups, the core assumption of
exchangeability (Section 4.3), guaranteed by randomization, is violated. This is particularly
critical nowadays when, for instance, administrative databases are utilized for post marketing
surveillance of drugs.

From a causal inference perspective, the HR is a fundamentally flawed measure of treatment
or exposure effect (Hernán 2010). This is due to a phenomenon known as ‘collider stratifica-
tion bias’. The hazard function is, per its definition, conditional on survival up to a given time𝑡. However, survival itself is a consequence of both the treatment and other prognostic factors
(confounders). In a directed acyclic graph, survival is a “collider”—a variable influenced by
two or more other variables. Conditioning on a collider, which is implicitly done when cal-
culating a hazard, opens a spurious, non-causal statistical association between the treatment
and the confounders within the stratum of survivors. Consequently, the HR is contaminated
by this bias and does not represent a pure causal effect. This can be understood from another
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perspective: as a study progresses, the risk sets at later time points are composed of selected
subgroups of survivors who are no longer the randomized equivalents they were at baseline,
undermining causal comparisons (Section 4.3). Imagine a study of a new medication for a
severe illness. As time progresses, the group of patients still alive and being followed is no
longer representative of the original study population. They are ‘super-survivors’ who have
survived due to a combination of the treatment they received (or didn’t) and their own un-
derlying prognostic factors. Comparing the treatment and control groups at later time points
is therefore no longer a fair, apples-to-apples comparison, because the groups have been selec-
tively depleted. Calculating a hazard ratio implicitly makes these unfair comparisons at every
moment in time, introducing a subtle but powerful bias known as collider stratification.

Furthermore, the HR is a non-collapsible measure, a property it shares with the odds ratio.
This means that a marginal (unadjusted) HR can differ from a conditional (adjusted) HR even
when adjusting for a variable that is not a confounder. This mathematical property arises
from the non-linearity of the link function (complementary log-log) used in the Cox model
and makes it difficult to interpret the HR as a stable, population-level effect measure, as its
value can change simply by including non-prognostic variables in the model.

Nevertheless, it is important to note that approaches to causality focused on the hazard
itself were proposed. Despite the limitations inherent to the potential outcomes view of risk,
an alternative methodological lineage retains the hazard rate as the fundamental building
block of causality. Rather than discarding the hazard due to the complexities of survivor
selection, Dynamic Path Analysis explicitly models the dynamic evolution of the event process
(Strohmaier et al. 2015).

3.4 Causal estimands of the average treatment effects (ATE)

The profound statistical, interpretational, and causal deficiencies of the hazard ratio, as de-
tailed above, necessitate a fundamental shift in focus away from conditional rates and toward
marginal effects. The field of causal inference provides a robust alternative through a class of
estimands designed to capture the Average Treatment Effect (ATE) on clinically meaningful
scales, such as the Risk Difference ( Equation 3.1 ), the Relative Risk ( Equation 3.2 ), usually
evaluated at specific and pre-defined time-points of the follow-up, and the Difference in Re-
stricted Mean Survival Time ( Equation 3.3 ) that offer more direct, robust, and interpretable
causal effects.

The causal Risk Difference (RD), also known as the absolute risk reduction, quantifies the
absolute change in the probability of experiencing an event by a specific time point 𝜏 due
to the treatment. It is defined as the difference between the cumulative incidence functions
under the two potential treatment scenarios:𝜃𝑅𝐷(𝜏) = ℙ(𝑇 (1) ≤ 𝜏) − ℙ(𝑇 (0) ≤ 𝜏) (3.1)

This can also be expressed in terms of the potential survival functions, 𝑆(𝑎)(𝑡) = ℙ(𝑇 (𝑎) > 𝑡),
as𝜃𝑅𝐷(𝜏) = (1 − 𝑆(1)(𝜏)) − (1 − 𝑆(0)(𝜏)) = 𝑆(0)(𝜏) − 𝑆(1)(𝜏).
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The RD provides a direct and clinically meaningful measure of impact. For example, an RD
of -0.05 at 5 years implies that the treatment causally reduces the absolute risk of the event
occurring within 5 years by 5 percentage points. This measure is particularly valuable for
clinical decision-making and public health policy, as it directly translates to the number of
events prevented in a population.

The causal Relative Risk (RR), or risk ratio, measures the multiplicative effect of a treatment
on the cumulative risk of an event by time 𝜏 . It is defined as the ratio of the potential Cs:

𝜃𝑅𝑅(𝜏) = ℙ(𝑇 (1) ≤ 𝜏)ℙ(𝑇 (0) ≤ 𝜏) (3.2)

An RR of 0.8 at 5 years would be interpreted as the treatment reducing the risk of experienc-
ing the event by that time by 20% relative to the control group. The RR is often favored in
epidemiological research because it can be more stable across populations with different base-
line risks than the RD. However, its primary limitation is that it can be misleading about the
absolute clinical impact. A large RR (e.g., 2.0, indicating a doubling of risk) may correspond
to a negligible RD if the baseline risk in the control group, ℙ(𝑇 (0) ≤ 𝜏), is very small (e.g.,
an increase from 0.001 to 0.002).

Finally, the Difference in Restricted Mean Survival Time (𝜃𝑅𝑀𝑆𝑇 ) provides a summary of
the treatment effect over a specified interval [0, 𝜏 ], rather than at a single point in time. It
is defined as the difference in the expected survival time, truncated at a pre-specified time
horizon 𝜏 : 𝜃𝑅𝑀𝑆𝑇 (𝜏) = 𝔼(𝑇 (1)) ∧ 𝜏 − 𝔼(𝑇 (0)) ∧ 𝜏 (3.3)

The 𝜃𝑅𝑀𝑆𝑇 has two complementary and intuitive interpretations. First, it represents the
average event-free time gained (or lost) due to the treatment over the interval [0, 𝜏 ]. For
instance, a 𝜃𝑅𝑀𝑆𝑇 (5 years) = 0.5 years means that, on average, the treatment extends event-
free survival by half a year over the first five years of follow-up. Second, it is mathematically
equivalent to the area between the two potential survival curves from time 0 to 𝜏 :

𝜃𝑅𝑀𝑆𝑇 (𝜏) = ∫𝜏0 𝑆(1)(𝑡)𝑑𝑡 − ∫𝜏0 𝑆(0)(𝑡)𝑑𝑡 = ∫𝜏0 (𝑆(1)(𝑡) − 𝑆(0)(𝑡))𝑑𝑡 (3.4)

This property makes it a robust summary measure of the cumulative separation between the
survival curves over a clinically relevant period.

3.5 Flexibly modeling cumulative quantities

The reliability and robustness of the causal estimands of the ATE in survival analysis depends
on the quality of the counter factual functions used to describe the potential outcomes such
as the cumulative survival and cumulative incidence functions ( Equation 4.17 and Equa-
tion 4.18). This thesis explores the performance of, and develops upon, two distinct but
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complementary methodological pathways for modeling these cumulative quantities and for
obtaining the causal measure cited above, moving beyond the limitations of the traditional
Cox and Fine & Gray frameworks.

The first pathway is a direct approach that leverages the technique of pseudo-observations.
This powerful method, derived from jackknife re-sampling, generates a complete, “uncensored”
outcome value for each individual at a series of pre-specified time points based on a non-
parametric estimator like the Kaplan-Meier and Aalen-Johansen for the CDF or the CIF
respectively. For instance, one can compute a pseudo-observation for the 5-year cumulative
incidence for every subject in the study.

The great advantage of this transformation is that pseudo-observations can then be used as the
outcome variable in a standard Generalized Linear Model (GLM). This allows for the direct
modeling of the cumulative quantity of interest and offers immense flexibility in the choice
of link function, enabling the estimation of effects on various scales, such as proportional
odds or proportional risks. Furthermore, by including interaction terms between covariates
and the function of time (smoothed with splines), this framework can readily accommodate
time-varying effects on the cumulative scale, providing an appealing alternative when classical
assumptions are violated.

The second pathway is indirect; it involves first building a flexible model for the hazard
function and then deriving the cumulative quantities through their fundamental mathematical
relationship (product limit estimator) (e.g., 𝐹(𝑡) = 1 − ∏𝑡𝑠=1(1 − 𝜆(𝑠))). The two primary
modeling frameworks for this purpose explored in this thesis are discrete-time hazard models
and piece-wise exponential (PWE) models. While both partition the time axis into intervals,
they differ in their formulation: discrete-time models treat time as ordinal and estimate
conditional probabilities of failure in each interval, whereas PWE models assume a continuous-
time process where the hazard is constant within each interval.

These frameworks are exceptionally flexible. The baseline hazard can be modeled non-
parametrically by including dummy variables for each time period, and time-varying
covariate effects are naturally handled via interactions between covariates and time or
functions of time. A more convenient way is achieved by adopting splines functions. Splines
allow the baseline hazard to adopt complex, non-monotonic shapes dictated by the data itself,
using a limited set of parameters to yield smooth, continuous functions. This flexibility is
not only crucial for accurately deriving cumulative risk estimates but also for accommodating
non-proportional hazards by allowing the effect of a covariate to vary smoothly over time
through interactions with the spline-based time terms.

The relative merits, specific applications, and comparative performance of these two comple-
mentary pathways will be a recurring theme in the chapters that follow. This is particularly
relevant to our proposed workflow for model selection Section 3.7, where the choice of model-
ing strategy has significant practical implications, and in our development of novel estimators
Chapter 8, which extends the indirect, hazard-based framework.”
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3.6 Simulation Study of EPP Requirements for Flexible Parametric
Survival Models

While these flexible parametric models offer a powerful and versatile solution for estimating
causal effects, their statistical performance is not guaranteed. Like any regression framework,
their reliability is critically dependent on the amount of information available in the data—a
dependency that, in survival analysis, is governed not by the total sample size, but by the
number of observed events. This raises a crucial practical question regarding the sample size
requirements for the stable application of these advanced models, a topic we address next.

A widely used heuristic for assessing sample size adequacy is the “Events Per Variable” (EPV)
rule. However, this metric can be misleading as it does not fully account for the model’s para-
metric complexity. A more precise and statistically rigorous metric is “Events Per Parameter”
(EPP), which quantifies the ratio of events to the number of parameters being estimated.

The distinction is crucial because a single predictor variable can consume multiple parameters
and, consequently, degrees of freedom. For example, a categorical predictor with k levels re-
quires the estimation of k-1 parameters. Similarly, modeling a non-linear effect of a continuous
predictor using a restricted cubic spline with k knots necessitates estimating k-1 parameters.
Therefore, EPP provides a more accurate measure of the potential for data sparsity—a con-
dition where the number of events is low relative to the model’s complexity—which can lead
to model instability, overfitting, and unreliable estimation of regression coefficients.

For the Cox proportional hazards model, a minimum of 10 EPP has been a long-standing,
though debated, recommendation for achieving stable parameter estimates (Peduzzi et al.
1996, 1995; Riley et al. 2018). This flexibility, however, comes at the cost of increased
parametric complexity. Unlike the semi-parametric Cox model where the baseline hazard is left
unspecified, fully flexible parametric models require its explicit parametrization. The use of
splines (e.g., B-splines) introduces several parameters to model the effect of time. Furthermore,
if the proportional hazards assumption is violated, interactions between covariates and time
must be specified, further increasing the parameter count.

For instance, a Cox model for the effect of a binary treatment, adjusting for a linear continuous
predictor and a binary predictor, estimates only three parameters. In contrast, a PWE model
of the same relationship, using a B-spline with one internal knot for the baseline hazard, would
require additional four parameters. If the baseline hazard is stratified by a binary covariate,
the parameter count would increase substantially again.

However, the theoretical flexibility of these models is accompanied by a critical, and largely
unaddressed, practical question: what are the sample size requirements for their stable ap-
plication? Existing guidelines, developed for the simpler semi-parametric Cox model, are
insufficient for this new class of parametric models. Chapter 5 directly confronts this knowl-
edge gap by providing the first systematic investigation of EPP requirements for flexible
parametric models when the target of inference is the causal ATE.

We will conduct a Monte Carlo simulation study across five scenarios of increasing data-
generating complexity, relaxing assumptions about prognostic relationships and hazard pro-
portionality. The primary focus will be on evaluating the performance (i.e., bias, variance,
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and mean squared error and absolute mean error) of clinically relevant ATEs—such as the
risk difference (RD), risk ratio (RR), and RMST difference—estimated via standardization.

3.7 A workflow for modeling cumulative risk: model selection with
the predictive power assessment

In addition to limited sample size, a primary challenge with flexible models is accounting
adequately for the potential complexity of the prognostic relationship, avoiding inaccurate
estimates from a misspecified model. As model complexity increases, so does the risk of
overfitting or obtaining unreliable estimates; conversely, reducing model complexity may yield
more stable results but could lead to oversimplified patterns Kantidakis et al. (2023) . The
bias-variance trade off should be exploited to identify the “the best” model in an exploratory
framework aimed at investigating prognostic relationship and/or predicting counter factual
cumulative probability functions.

Several approaches can be considered to this end. Researchers might apply formal hypothesis
tests to detect non-proportionality of hazards and interaction effects, while others, in an
exploratory framework, might base their choice solely on minimizing information criteria
Akaike (1992) computed from the model’s maximum likelihood. Often the evaluation of the
model complexity is based on the use of a single procedure on the original data and the simplest
model is chosen when there is lack of statistical significance for the adopted test or at the
same values of Akaike Information Criterion (AIC). No perturbation methods are typically
applied to investigate the robustness of the model choice when a simple model structure is
selected.

Alternatively, some researchers focus only on measures of predictive ability, such as discrim-
ination and calibration, alongside internal and external validation procedures (Efron and
Tibshirani 1994; HARRELL, LEE, and MARK 1996). The most popular measure of discrim-
ination is the area under the Receiver Operating Characteristic (ROC) curve Harrell , (2015),
which has been adapted for censored survival data, competing risks Wolbers et al. (2014) and
as a time-dependent measure (Antolini, Boracchi, and Biganzoli 2005; Kamarudin, Cox, and
Kolamunnage-Dona 2017) .

Other measures, such as net reclassification improvement, are proposed for quantifying the ad-
ditional sensitivity and specificity a model gains from increased complexity (Alba et al. 2017;
Pencina, D’Agostino, and Steyerberg 2010). In modeling complex effects, model discrimina-
tion and calibration may give additional useful information, as assessing the robustness of
a model structure investigated. Indeed, they can be employed to evaluate how critical the
consideration of complex time dependent and interaction effects in the model selection step is
for the future predictions at the individual level. Although information criteria can be seen as
indicators of model discrimination, they are somewhat incomparable, as they lack a minimum
(absence of discrimination) and a maximum (perfect discrimination).

Given the numerous methods available for selecting model complexity, an important consider-
ation is how to effectively combine these methodologies to identify a model that is both robust
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in capturing the complexity of the phenomenon under study and remains interpretable. Addi-
tionally, it is beneficial to examine whether the performance of this integrated model complex-
ity selection approach, which leverages information from the aforementioned methods, differs
between the two methods of obtaining the cumulative quantities—on the instantaneous scale
and directly on the cumulative scale for the pseudo-observation approach-.

Chapter 6 proposes a workflow to analyze data in a competing risk framework where CIF is the
measure of interest and complex effects are expected. Particularly, a method to evaluate the
performance of different model structures according to the issues above described is proposed
and illustrated.

To this end, data from two historical breast cancer clinical trials (Umberto Veronesi et al.
1981; U. Veronesi et al. 2001), characterized by a long follow-up, will be analyzed. The
analysis will be focused on a clinical interest concerning the risk of occurrence of distant
recurrences (distant metastases) depending on treatment and axillary nodal status, which
the main results were already published. Distant recurrences are recorded regardless of intra-
breast tumor recurrences and contralateral tumors but are influenced by competing events
such as other tumors or death (related or unrelated to the disease).

3.8 A Piece-wise exponential model for the sub-distribution hazard
of an event

Among the models for directly and flexibly estimating the cause-specic cumulative incidence
function of an event, an extension of the PWE model for this purpose has not yet been
introduced.

PWE framework have been applied to model cause specific hazard (Equation 4.8 ) in compet-
ing risks (Bender et al. 2018). However, if the goal is to model the effects of the covariates
on the CIF for a single primary outcome, constructing and combining multiple, potentially
complex PWE-CSH models (each with interval-specific effects to capture non-proportionality
for different event types) can lead to considerable model complexity and parameter burden,
contrasting with the potential parsimony of an approach based on the sub-distribution hazard
(Equation 4.11 ) for that single CIF.

Chapter 7 aims to fill this gap. We propose an extension of the PWE model specifically for
estimating the SDH of a primary outcome. Rather than deriving and implementing a direct
weighting scheme for the PWE framework in the SDH context, as proposed by Berger et al.
(2018), we adopt an imputation-based strategy. This approach builds upon and extends the
methodology proposed by Ruan and Gray (2008).

The core principle involves treating the potential censoring time for individuals who experience
a competing event as missing data. This potential censoring time is then imputed from
an estimated censoring distribution. A key advantage of this imputation strategy is that,
once competing events are effectively transformed into imputed censorings, it allows for the
application of existing, well-understood PWE fitting procedures.
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To thoroughly assess this imputation-based PWE-SDH model, our simulation study evaluates
its performance under correctly specified imputation models for the censoring distribution,
reflecting different assumptions about the censoring mechanism and compares its performances
with other flexible competing risks models.

3.9 Beyond cumulative risk for examining the full event-time
distribution: Introducing the Highest Risk Density and Highest
Net Risk Difference Regions

Having established and extended robust methods for modeling cumulative risk, the inquiry
must be pushed a step further.

While it is technically feasible to estimate complex, time-varying Hazard Ratios (HRs), their
communication to clinicians presents significant challenges due to the causal and interpretative
issues previously discussed. Conversely, relying solely on ATEs derived from counterfactual
cumulative risks is also problematic. The proportional hazards assumption is frequently vio-
lated in practice, and it follows that the proportionality of cumulative risks is equally unlikely
to hold. Consequently, the difference between two time-to-event distributions cannot be cap-
tured by a single metric and must be analyzed across multiple follow-up times. Therefore, to
effectively communicate treatment effects, it is often more intuitive and desirable to summa-
rize the differences between survival distributions on the time scale (e.g., difference in median
survival time) rather than on the probability scale (e.g., absolute risk reduction).

These limitations have motivated the adoption of alternative summary measures like the
RMST as it relies on neither the proportional hazards nor the proportional risks assumption,
and it summarizes the effect on a time scale and not a probability scale. The RMST integrates
the entire survival experience within a specified interval into a single summary statistic. This
could be considered both an advantage and disadvantage.

The difference between restricted mean survival times (RMST) can be misleading when the
distributions of survival times are highly skewed, for the very same reason that a difference
in simple means can be misleading for skewed non-censored data. The mean is sensitive to
extreme values, and in survival analysis, a long “tail” of a few long-term survivors can pull
the mean survival time upwards, potentially masking what is happening for the majority of
the population.

While RMST mitigates this by cutting off the tail at a specific time point (𝜏), it doesn’t
eliminate the problem entirely. The magnitude, and sometimes even the direction, of the
difference in RMST can depend heavily on the chosen truncation time, 𝜏 . If the survival
curves cross, for example, choosing a 𝜏 before the crossing point will show one treatment is
better, while choosing a 𝜏 after might show the opposite or no difference. A highly skewed
distribution (a long tail) in one group can disproportionately inflate its RMST as 𝜏 gets
larger.

Moreover, a new treatment might offer a huge survival benefit to a small subgroup of patients
(creating a long, thin tail) but a negligible benefit to the majority. The difference in RMST
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would be positive, driven by that small subgroup. This could be misinterpreted as a general
benefit for all patients, when the difference in median survival time might be zero. Finally,
the RMST summarizes the entire survival experience up to 𝜏 into a single number. It averages
out early, dramatic differences and late, modest differences. If one drug works much faster
but its effect wanes, while another works slowly but is durable, their RMSTs at a certain 𝜏
could be identical, completely hiding the different clinical dynamics.

Quantile regression for censored survival data offers another alternative to communicate the
results on the time-scale, enabling the estimation of covariate effects on specific quantiles of
the event-time distribution Peng (2021) . Its primary strength is the flexibility to model effect
heterogeneity across the distribution. This flexibility, however, introduces its own analytical
considerations. The selection of quantiles for analysis introduces a degree of subjectivity
and potential for selective reporting. Moreover, because the effect is rarely constant across
quantiles, summarizing the overall treatment effect becomes complex. A significant practical
limitation is right censoring, which can preclude the estimation of higher quantiles, if the ob-
served event rate is insufficient. It is worth noting that sometimes the tails of the distribution
are often of main interest when quantile regression is applied.

The Accelerated Failure Time (AFT) model offers an appealing conceptualization of a treat-
ment effect, formalizing it as a “stretching” of the time-to-event distribution by a constant
factor. In clinical contexts where risk elimination is not assumed, the treatment acts to delay
events and this temporal stretching is conceptually equivalent to a redistribution of the prob-
ability mass of events toward later follow-up times. However, AFT models require specifying
a parametric distribution for the baseline failure time. An incorrect distributional assumption
can lead to significant model misspecification and biased estimates of the treatment effect.

This thesis moves beyond conventional metrics based on the instantaneous (hazard) or cu-
mulative (risk) probability scale. We also critique simple time-scale measures that condense
the entire survival distribution into a single value, as such summaries are overly sensitive to
the study’s follow-up duration (truncation time). Instead, we argue that the investigation of
the whole probability density functions (PDFs), 𝑓(𝑡) and CDF, 𝐹(𝑡) allows a more granular
understanding of the redistribution of risk mass due to a treatment. A treatment benefit
manifests not as a simple location shift of the density curve, but as a change in its shape
-typically a reduction in height and increase in width- reflecting a temporal dispersion of risk.
The analytical objective thus becomes the quantitative characterization of this risk density
redistribution.

While adapted histogram and boxplot methods can visualize the PDF for censored data
(Barnett and Cohen 2000), a more formal framework is needed to quantify and compare
distributional shapes to maximize the communicability of a treatment’s effect on a temporal
scale, particularly for non-statistical stakeholders.

This raises the question of how to formally summarize such whole distributions. For right-
skewed distributions characteristic of survival data, conventional intervals, such as those de-
rived from quantiles or equal-tailed partitioning, are often sub optimal as they may not contain
the mode of the distribution, that is the time point of highest risk.

In Chapter 8 we therefore propose a method based on the concept of high-density regions,
first described by Hyndman (1995). We define a Highest Risk Density Region (HRDR) as the
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narrowest interval over which a specified risk (probability of the event) mass, 1−𝛼, integrates.
This interval always contains the mode of the density of the time-to-event distribution. Within
this framework, a treatment effect can be characterized by its influence on the location (timing)
or scale (width) of these highest-risk intervals. A protective effect, for example, might manifest
as a temporal delay of the interval or a widening of the interval, indicating that a longer
time is required to accumulate the same risk mass. While the HRDRs provides an essential
characterization of the temporal risk pattern within a specific treatment arm or exposure
group, a formal measure is required to isolate and quantify the effect, that is a contrast
between PDFs and CDFs. Following the logic of HRDRs, we propose a novel measure, that
we call Highest Net Risk Difference Region (HNRDR), defined as the narrowest time window
over which a specified net absolute risk difference is achieved. This measure exploits the
instantaneous risk difference function to isolate the period of maximal therapeutic impact
and it is advantageous in describing the improvement in survival time due to treatment.

This tension -between statistical convenience (e.g., the single-number summary of the HR)
and clinical or causal interpretability-is a defining challenge across the entire field of TTE
analysis. In the present work, we try to participate in a larger paradigm shift toward more
descriptive, assumption-free, and communicable effect measures. The HRDR/HNRDR fits
into this landscape by addressing a specific and important niche: characterizing the shape
and temporal location of the risk distribution, something none of the other measures do as
directly. In this framework HRDR/HNRDR not as a replacement for measures like RMST, but
as a valuable complement that answers a different clinical question: “When is the treatment
working the most?” and “When is the risk highest?”.

3.10 A Unified Framework for distributional regression in Health
Research

Up to now, this thesis adopts statistical frameworks that allow for modeling complex rela-
tionship between an exposure and a time-to-event censored outcomes and communicating
complex model results with more interpretable and insightful statements about the outcomes.
In this thesis, we argue that this shift of paradigm might be advisable also to the context of
non-censored continuous, and possibly multivariate, health outcomes.

Understanding dose-response relationships of non-censored outcomes is fundamental in epi-
demiology and public health, as it provides crucial evidence for shaping policies that protect
individual and community health (Doll and Hill 1956). Exposure is often analyzed on a con-
tinuous scale to capture the full complexity of its relationship with the outcome, including
potential nonlinear effects (Redelmeier and Zipursky 2023; May and Bigelow 2005) and the
disadvantages of using categorized continuous predictor variables have been extensively ex-
plained (Altman and Royston 2006; Royston, Altman, and Sauerbrei 2005). For analogous
reasons, when dealing with a continuous outcome variable, it is preferable to use it on the
original scale rather than categorizing it (Ragland 1992; Dawson and Weiss 2012). To illus-
trate the above issue, suppose the interest lies examining the relationship between physical
activity -measured with Metabolic Equivalents (METs)- and metabolic health. A traditional
strategy of analysis might involve assessing the presence or absence of Metabolic Syndrome
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(MSy). To do that, one might model the (log) odds or prevalence of MSy as a function of
PA using logistic or log-linear regression. However, this binary classification presents method-
ological challenges mostly concerning critical loss in the information one could retrieve from
the continuous variables (Beckstead and Beckie 2010) and the naturally greater sample size
required to fit a logistic model (Riley et al. 2018). Further motivation for not using the cate-
gorized MSy are, first, that it represents an advanced stage of metabolic dysfunction, whereas
the beneficial effects of physical activity might be more evident in earlier stages of metabolic
dysregulation. Additionally, MSy is a multifactorial condition, meaning its individual com-
ponents could be affected differently by physical activity. Indeed, in the studies presented in
the literature, secondary analyses often examine these components separately but still treat
them as binary outcomes(Zeng et al. 2024).

In conclusion, a more rigorous approach would focus on evaluating the association of the
exposure to the components of MSy, measured on their original scale, and to their joint
distribution.

The most common approach for analyzing continuous outcomes involves modeling the ex-
pected value (mean) of the outcome variable as a function of exposure variables using ordi-
nary least squares regression. The generalized linear model (GLM) extends this capability by
accommodating non-Gaussian distributions through flexible distributional assumptions (e.g.,
binomial, poisson, gamma, inverse Gaussian).

Although GLMs allow a variety of distributions for the error term of the outcome variable,
with the only requisite that they have to be part of the exponential family, the main focus is
often on the expected value. Moreover this requires to specify the relationship between mean
and variance.

Understanding the probability distribution of an outcome in relation to an exposure is crucial
because exposure effects may alter not just the mean but the entire shape of the outcome
distribution (Canale, Durante, and Dunson 2018). Even though one can obtain the conditional
probability density function (PDF) of the response variable as a function of the covariates
-considering the maximum likelihood estimates of central tendency and dispersion-, this is
tightly linked to the distributional assumptions.

The linear model, which assumes normality and homoschedasticity of the (conditional) distri-
butions, estimates an effect on the location of the distribution that is constant on all of its
percentiles. However, an exposure could affect both the location of the distribution and the
variability (scale) around that location. In other cases, an exposure might only impact the
dispersion while leaving the location unchanged. A model focused solely on the location would
erroneously conclude there is no association in the latter case. Furthermore, if an outcome’s
distribution is bimodal (or multimodal) for some non-accounted factor, its mean could fall in
a low-density region between the peaks. Modeling this single, unrepresentative value would
completely obscure the underlying nature of the relationship.

Several methods have been proposed in literature to address this limitation. Generalized
Additive Model for Location, Scale and Shape (GAMLSS) is a flexible statistical modeling
framework that extends GLMs and GAMs by allowing the modeling of more than just the
mean (location) of a distribution (Stasinopoulos and Rigby 2007). However, the models can
become complex and computationally intensive, often leading to convergence issues. There’s
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an increased risk of over fitting due to the use of multiple smoothers and distribution choices,
which also require careful selection and justification. Additionally, interpreting the results—
particularly for shape parameters—can be challenging (Bohl et al. 2012; Zavorsky 2025) .

Quantile regression involves modeling specific percentiles of the outcome distribution as a
function of exposure variables (Khadka et al. 2023). By fitting several regression models for
specific quantiles of the response distribution one can retrieve a ‘discretized’ version of the
density function.

Non-parametric methods like conditional Kernel Density Estimation can estimate conditional
PDFs (Fan 2004; Hall, Wolff, and Yao 1999; Hyndman and Yao 2002). Yet, cKDE struggles
when multiple covariates are involved, especially with limited data. Other approaches, such
as kernel regression, model covariate effects on expected values rather than full distributions
(Nadaraya 1964).

The conceptual power of modeling the full probability distribution is not confined to the
time-to-event setting. A central contribution of this thesis is the generalization of the flexible
modeling machinery developed for survival analysis into a unified, flexible parametric frame-
work for estimating the conditional PDF and CDF of any numerical health outcome, even in
the absence of censoring. Chapter 9 reframes the tools of survival analysis, not as a niche
methodology for a specific data type, but as a powerful and general approach to distributional
regression.

3.11 Summary

This thesis assesses the performance of flexible statistical models for analyzing time-to-event
data, particularly in scenarios with limited sample sizes, where the primary measure of interest
is the causal Average Treatment Effect (ATE). A key contribution is the proposal of a sta-
tistical learning workflow designed to navigate model complexity, aiming for the most robust
and generalizable estimates of cumulative probability functions used for risk communication
and ATE computation.

Furthermore, this work introduces and evaluates a novel approach based on the piece-wise
exponential model for estimating the cause-specific cumulative incidence function, (the prob-
ability of observing a focus event in the follow-up time, accounting for the other competing
events) in the context of competing risks, comparing its performance against other flexible
methodologies.

A central argument of this thesis is that the analysis of an exposure’s impact should ex-
tend beyond single-point estimates to encompass the entire distribution of health outcomes,
a principle applicable to both survival analysis and non-censored data. This is achieved
by leveraging flexible statistical models to target and visualize complete probability density
functions (PDF) and cumulative distribution functions (CDF), thereby summarizing shifts
in probability mass. To this end, the concepts of Highest Risk Density Regions and High
Net Risk Difference Regions are introduced for time-to-event analysis and their extension to
non-censored health outcomes is demonstrated.
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For clarity, a roadmap of the thesis is provided in Table 3.1 . Each subsequent chapter is
structured like a scientific paper, with dedicated methods, results, and discussion sections.
Methodologies specific to each chapter are presented therein, while a concluding “Technical
Points” chapter details the foundational methods common to the entire body of work.

Table 3.1: A roadmap of the thesis

Identified
Methodological
Challenge / Research
Question

Limitations of Existing
Methods

Relevant Thesis
Chapter

Novel Contribution of
this Thesis

How many events are
needed for stable
estimation of causal
effects with flexible
parametric models?

Existing ”10 EPP”
rules are for Cox
models and focus on
coefficients, not ATEs
on the cumulative
scale.

Chapter 5 Provides the first EPP
guidelines for
DTH/PWE models
targeting RD, RR, and
RMST via
standardization.

How can we robustly
select model complexity
(e.g., interactions,
time-varying effects)
for CIF estimation?

Standard methods
(AIC on original data,
hypothesis tests) can
be unstable and lack
robustness checks.

Chapter 6 Proposes a statistical
learning workflow
integrating bootstrap
perturbation and
predictive accuracy
metrics (NRI).

How can we flexibly
model the
sub-distribution hazard
(SDH) to directly
estimate the CIF?

No PWE model for the
SDH exists, limiting
flexibility for direct CIF
modeling. The CSH
approach is complex.

Chapter 7 Introduces a novel
imputation-based PWE
model for the SDH.

How can we move
beyond single-summary
effects (HR, RMST) to
communicate the full
distributional impact of
a treatment?

Existing measures
average away or ignore
the temporal dynamics
of risk. PDF plots are
hard to quantify.

Chapter 8 Introduces the HRDR
and HNRDR as novel
causal estimands and
communication tools
for the time scale.

Can this distributional
regression framework
be generalized beyond
survival analysis?

Tools for distributional
regression are often
complex (e.g.,
GAMLSS) or less
integrated with causal
methods.

Chapter 9 Generalizes the flexible
survival modeling
machinery to estimate
the conditional PDF of
any continuous
outcome.
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4 Technical Points

4.1 Functions that characterize any random variable, specifically
time-to-event 𝑇

The probability distribution of the time-to-event random variable 𝑇 can be uniquely char-
acterized by four fundamental, mathematically equivalent functions: the probability density
function, the cumulative distribution function, the survival function, and the hazard func-
tion. A complete understanding of these functions and their interrelationships is essential for
both standard and competing risks survival analysis. The precise mathematical definitions
differ depending on whether time is treated as a continuous or a discrete variable. When the
time-to-event variable 𝑇 is assumed to be a continuous, non-negative random variable, its
distribution can be described by the following functions:

• Probability Density Function (PDF), 𝑓(𝑡): The PDF describes the probability of the
event occurring within an infinitesimally small interval of time around 𝑡. It is formally
defined as the derivative of the cumulative distribution function, 𝑓(𝑡) = 𝐹 ′(𝑡), and can
be conceptualized as the rate of event occurrence at a specific point in time. Mathemat-
ically, 𝑓(𝑡) = limΔ𝑡→0 𝑃(𝑡 ≤ 𝑇 < 𝑡 + Δ𝑡)Δ𝑡 (4.1)

The PDF must satisfy 𝑓(𝑡) ≥ 0 for all 𝑡 ≥ 0 and ∫∞0 𝑓(𝑡)𝑑𝑡 = 1.

The equivalent in the discrete setting is the Probability Mass Function (PMF), 𝑓(𝑡𝑗).
The PMF gives the probability that the event occurs exactly at time 𝑡𝑗.𝑓(𝑡𝑗) = 𝑃(𝑇 = 𝑡𝑗) (4.2)

• Cumulative Distribution Function (CDF), 𝐹(𝑡): The CDF gives the cumulative proba-
bility that the event has occurred by or at time t. It is the integral of the PDF from
the time origin to 𝑡. 𝐹(𝑡) = 𝑃(𝑇 ≤ 𝑡) = ∫𝑡0 𝑓(𝑢)𝑑𝑢 (4.3)𝐹(𝑡) is a non-decreasing function with 𝐹(0) = 0 and lim𝑡→∞ 𝐹(𝑡) = 1. In the context of
a single event type, this function is equivalent to the cumulative incidence of the event.
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• Survival Function, 𝑆(𝑡): The survival function, a central quantity in survival analysis,
is the complement of the CDF. It represents the probability that an individual has
survived (i.e., has not experienced the event) beyond time t𝑆(𝑡) = 𝑃(𝑇 > 𝑡) = 1 − 𝐹(𝑡) = ∫∞𝑡 𝑓(𝑢)𝑑𝑢 (4.4)

• Hazard Function, ℎ(𝑡): The hazard function, or hazard rate, describes the instantaneous
potential for the event to occur at time 𝑡, conditional on the individual having survived
up to that time. It is a rate, not a probability, and its value can exceed 1. Its formal
definition is

ℎ(𝑡) = limΔ𝑡→0 𝑃(𝑡 ≤ 𝑇 < 𝑡 + Δ𝑡 ∣ 𝑇 ≥ 𝑡)Δ𝑡 (4.5)

In the discrete setting, the hazard is a conditional probability, not a rate. It is the probability
that the event occurs during the interval beginning at 𝑡𝑗, given that the individual was event-
free up to the start of that interval.𝜆(𝑡𝑗) = 𝑃(𝑇 = 𝑡𝑗 ∣ 𝑇 ≥ 𝑡𝑗) (4.6)

4.2 Functions that characterize the random variable time-to-event𝑇 , in face of the competing events

When competing risks are present, the primary estimand of interest is often the absolute
risk of a specific event type occurring over a given time frame. Standard methods are ill-
suited for this task. This section introduces the appropriate quantity for this purpose, the
cause-specific cumulative incidence function (CIF), and explores the underlying theoretical
concept of the improper distribution of cause-specific failure times. A common but incorrect
approach to estimating the probability of event type k is to treat all other event types as
censored and calculate the complement of the Kaplan-Meier survival estimate for cause k, i.e.,1 − 𝑆𝑘(𝑡). This method is fundamentally flawed because it operates in a hypothetical world
where competing risks do not exist. By treating individuals who experience a competing event
as censored, it violates the non-informative censoring assumption; these individuals are no
longer at risk for the event of interest, a fact that is not true for those who are genuinely
censored (e.g., lost to follow-up). This misspecification leads to a systematic overestimation
of the true event probability. The correct quantity for estimating the absolute risk of a specific
event in the presence of competing risks is the cause-specific cumulative incidence function
(CIF), also known as the subdistribution function. The CIF for cause 𝑘, denoted 𝐹𝑘(𝑡) or𝐼𝑘(𝑡), is formally defined as the joint probability that an event has occurred by time 𝑡 and
that the event is of type 𝑘. 𝐹𝑘(𝑡) = 𝑃(𝑇 ≤ 𝑡, 𝐽 = 𝑘) (4.7)
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This function properly accounts for the fact that an individual must survive all other potential
causes of failure up to a given time to be at risk for failure from cause 𝑘 at that time.

The cause-specific hazard function for event type 𝑘, denoted ℎ𝑘(𝑡), is the instantaneous rate
of failure from cause 𝑘 at time 𝑡, given that the individual has not experienced any event of
any type up to time 𝑡: ℎ𝑘(𝑡) = limΔ𝑡→0 𝑃(𝑡 ≤ 𝑇 < 𝑡 + Δ𝑡, 𝐽 = 𝑘 ∣ 𝑇 ≥ 𝑡)Δ𝑡 (4.8)

This definition highlights that the conditioning event is survival from all causes, 𝑇 ≥ 𝑡. In a
discrete time setting with event times 𝑡𝑗, the cause-specific hazard is the conditional proba-
bility: ℎ𝑘(𝑡𝑗) = 𝑃(𝑇 = 𝑡𝑗, 𝐽 = 𝑘 ∣ 𝑇 ≥ 𝑡𝑗) (4.9)
This is the probability of failing from cause 𝑘 in interval 𝑗, given survival to the start of interval𝑗. The risk set for estimating ℎ𝑘(𝑡) at a given time 𝑡 is composed of all individuals who are
event-free and uncensored just prior to time 𝑡. Critically, if an individual experiences an event
of type 𝑗 = 𝑘 at some time 𝑡∗ < 𝑡, they are removed from the risk set for all subsequent times𝑡 > 𝑡∗ for all causes.

The sub-distribution hazard function is defined as the hazard rate corresponding to the CIF,𝐹𝑘(𝑡), by treating it as if it were a proper survival function, 1 − 𝐹𝑘(𝑡). The SDH for cause 𝑘,
denoted 𝜆𝑘(𝑡), is defined as:𝜆𝑘(𝑡) = − 𝑑𝑑𝑡 log(1 − 𝐹𝑘(𝑡)) = 𝑓𝑘(𝑡)1 − 𝐹𝑘(𝑡) (4.10)

where 𝑓𝑘(𝑡) = 𝐹 ′𝑘(𝑡) is the cause-specific density. The conditioning set in the probabilistic
definition is what makes this approach unique:𝜆𝑘(𝑡) = limΔ𝑡→0 𝑃(𝑡 ≤ 𝑇 < 𝑡 + Δ𝑡, 𝐽 = 𝑘 ∣ 𝑇 ≥ 𝑡 or (𝑇 < 𝑡 and 𝐽 ≠ 𝑘))Δ𝑡 (4.11)

In a discrete time setting with event times 𝑡𝑗, the sub-distribution hazard is the conditional
probability: 𝜆𝑘(𝑡𝑗) = 𝑃(𝑇 = 𝑡𝑗, 𝐽 = 𝑘 ∣ 𝑇 ≥ 𝑡𝑗 or 𝑇 < 𝑡𝑗 and 𝐽 ≠ 𝑘) (4.12)

The defining feature of the SDH is its risk set. At time 𝑡, the risk set for the SDH of cause𝑘 includes all individuals who have not yet experienced an event of cause 𝑘. This means it
includes those who are event-free and, counter-intuitively, those who have already experienced
a competing event (𝐽 = 𝑘) at a time prior to 𝑡. While these latter individuals are no longer
biologically at risk for any event, their inclusion in the risk set is the mathematical device
that allows the resulting model to directly target the CIF.

The CIF is intrinsically linked to the underlying cause-specific hazard functions of all event
types. To derive this relationship, we first define the cause-specific density for event 𝑘, 𝑓𝑘(𝑡),
as the product of the cause-specific hazard for event 𝑘, ℎ𝑘(𝑡), and the overall survival function,𝑆(𝑡), which is the probability of surviving from all causes. The overall survival function is
determined by the sum of all cause-specific hazards:
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𝑆(𝑡) = exp [− 𝐾∑𝑗=1 ∫𝑡0 ℎ𝑗(𝑢)𝑑𝑢] (4.13)

The CIF is then the integral of this cause-specific density:

𝐹𝑘(𝑡) = ∫𝑡0 𝑓𝑘(𝑢)𝑑𝑢 = ∫𝑡0 ℎ𝑘(𝑢)𝑆(𝑢)𝑑𝑢 (4.14)

This integral formulation makes explicit that the cumulative incidence of cause 𝑘 depends not
only on its own hazard, ℎ𝑘(𝑢), but on the hazards of all competing causes through the 𝑆(𝑢)
term. This is the mathematical embodiment of the loss of one-to-one correspondence discussed
previously. The CIF provides a clinically meaningful interpretation of risk. The sum of the
CIFs for all 𝐾 event types at time t gives the overall probability that any event has occurred by
that time, which is the complement of the overall survival function: ∑𝐾𝑘=1 𝐹𝑘(𝑡) = 1 − 𝑆(𝑡).
4.3 The potential outcome framework in survival analysis

The potential outcomes framework, often referred to as the Rubin Causal Model (RCM), pro-
vides such a structure. First proposed by Neyman in the context of randomized experiments
and later generalized by Rubin to encompass observational studies (Rubin 1974) , this frame-
work shifts the focus from modeling associations to defining and estimating causal effects.

For each individual unit 𝑖 (e.g., a patient) and for each level of a treatment or exposure 𝑎
(e.g., 𝑎 = 1 for an active drug, 𝑎 = 0 for a placebo), there exists a potential outcome, denoted𝑇𝑖(𝑎). This value represents the outcome that would have been observed for individual 𝑖 had
they received treatment level 𝑎.

The individual causal effect (𝜏𝑖) is then defined as a contrast between two or more potential
outcomes for the same individual. In the survival context𝜏𝑖 = 𝑇𝑖(1) − 𝑇𝑖(0) (4.15)

For any given individual, we can only observe one of their potential outcomes—the one corre-
sponding to the treatment they actually received. The potential outcome under the treatment
not received is unobservable and is therefore counterfactual. This is known as the fundamental
problem of causal inference.

Because individual causal effects are inherently unobservable, the focus of causal inference
shifts from the individual to the population level. The goal becomes the estimation of average
causal effects (ATE), such as the average difference in outcomes if the entire population were
treated versus if the entire population were not treated:𝐴𝑇 𝐸 = 𝐸[𝑇 (1)] − 𝐸[𝑇 (0)] (4.16)
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Estimating average causal effects from observed data requires a set of crucial, untestable
assumptions known as identifiability conditions. These assumptions form the logical bridge
that allows us to use observable associations to make inferences about unobservable causal
effects.

• Consistency: This assumption links the potential outcomes to the observed data. It
states that the potential outcome for an individual under the treatment they actually
received is the outcome we observe for that individual. If an individual 𝑖 receives treat-
ment 𝐴𝑖 = 𝑎, then their observed outcome is 𝑇𝑖 = 𝑇𝑖(𝑎). This assumption requires
that the specified intervention is well-defined and that there are no hidden or different
versions of the treatment that could lead to different outcomes.

• Exchangeability (or Ignorability): This assumption requires that the treatment assign-
ment is independent of the potential outcomes, formally (𝑇 (1), 𝑇 (0)) ⟂ 𝐴. In a perfectly
conducted randomized controlled trial, exchangeability is expected to hold by design.
In observational studies, where treatment is not randomly assigned, this assumption
is rarely plausible. Instead, we rely on conditional exchangeability, which states that
treatment assignment is independent of potential outcomes within strata of measured
covariates L: (𝑇 (1), 𝑇 (0)) ⟂ 𝐴|𝐿. This assumes that we have measured a sufficient set
of covariates 𝐿 to control for all common causes of treatment and outcome (i.e., no
unmeasured confounding).

• Positivity (or Overlap): This assumption requires that for every combination of covari-
ates 𝐿 = 𝑙 present in the population, there is a non-zero probability of receiving each
level of the treatment: 𝑃𝑟(𝐴 = 𝑎|𝐿 = 𝑙) > 0 for all relevant values of 𝑎 and 𝑙. This en-
sures that we have data on both treated and untreated individuals across the confounder
space, making comparisons possible.

• Stable Unit Treatment Value Assumption (SUTVA): This is a broader assumption that
encompasses two components: the consistency assumption described above, and the
assumption of no interference. No interference means that one individual’s treatment
assignment does not affect the potential outcomes of any other individual.

With this foundation, the counterfactual survival function for a specific treatment 𝑎, denoted𝑆𝑎(𝑡), is defined as the survival function of the corresponding potential event time:𝑆𝑎(𝑡) = 𝑃𝑟(𝑇 (𝑎) > 𝑡) (4.17)

This estimand has a precise causal interpretation: it is the proportion of the population that
would have survived beyond time 𝑡 if, possibly contrary to fact, every individual in that
population had received treatment 𝑎. It describes the survival experience in a hypothetical
world defined by a universal intervention.

The other descriptive functions follow directly from the definition of the counterfactual survival
function, preserving the mathematical structure established in the classical setting. The
counterfactual cumulative distribution function, 𝐹𝑎(𝑡), is the probability of experiencing the
event by time 𝑡 in the world where everyone receives treatment 𝑎:𝐹𝑎(𝑡) = 𝑃𝑟(𝑇 (𝑎) ≤ 𝑡) = 1 − 𝑆𝑎(𝑡) (4.18)
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Similarly, the counterfactual probability density function, 𝑓𝑎(𝑡), represents the density of event
times in this same hypothetical world:𝑓𝑎(𝑡) = 𝑑𝐹𝑎(𝑡)𝑑𝑡 = −𝑑𝑆𝑎(𝑡)𝑑𝑡 (4.19)

These functions collectively describe the full distribution of potential event times under a
specific intervention, maintaining the internal consistency of the classical framework within
each counterfactual world.

The counterfactual hazard function, ℎ𝑎(𝑡), is defined analogously to its classical counterpart,
using the counterfactual density and survival functions:ℎ𝑎(𝑡) = 𝑓𝑎(𝑡)𝑆𝑎(𝑡) (4.20)

Its interpretation, however, is substantially more nuanced and reveals a core complexity in
causal survival analysis. The counterfactual hazard ℎ𝑎(𝑡) represents the instantaneous event
rate at time 𝑡 among the sub-population of individuals who would have survived to time t if
they had all been assigned to treatment a. This definition is critical because the conditioning
event, 𝑇 (𝑎) ≥ 𝑡, is itself a post-intervention outcome. Consequently, a comparison betweenℎ1(𝑡) and ℎ0(𝑡) is not a comparison of event rates in two fixed populations. Instead, it is a
comparison of rates in two different populations of survivors at time 𝑡, whose compositions
have been dynamically shaped by the very treatments being evaluated. For example, if an
effective treatment prevents early deaths among frail individuals, the population of survivors
at a later time point in the treated world will contain these frail individuals, whereas they
would be absent from the survivor population in the untreated world. This treatment-induced
selection into the risk sets over time is the reason that the hazard ratio, even from a randomized
trial, does not have a straightforward causal interpretation as an individual-level effect and
can be misleading if interpreted as a constant measure of biological efficacy.

4.4 Flexible models for the estimation of cumulative quantities

In the present thesis, we will use flexible models of the form𝑔(⋅|𝑋) = 𝛽𝑋 + 𝐾∑𝑘=1(𝛾𝑘 + 𝛿𝑘𝑋)𝐵𝑘(⋅) + 𝜖 (4.21)

The formulation stays completely within the generalized linear model framework (Aitkin,
Francis, and Hinde 2005). Here 𝑔 is a link function that link the response variable represented
by ⋅ to a linear combination of parameters. Here the response variable is either the discrete
hazard function (Equation 4.6), the hazard function (Equation 4.5), or the cumualative distri-
bution function (Equation 4.3). In the easiest example with just one covariate, 𝛽 represents
the effect associated to the exposure 𝑋, 𝛾𝑘 represent the parameters of the splines that spec-
ify the baseline function of the response variable, whereas 𝛿𝑘 are the parameters associated
to the interaction terms of the baseline function with the covariate term, used to relax the
proportionality assumption (see the following sections).
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When the focus is on the CDF in case of censored data, pseudo-observations, as proposed by
(Klein and Andersen 2005), are a great solution since they somehow remove the problem of
censoring.

Pseudo-observations are derived using a jackknife (leave-one-out) statistical procedure. For a
specific quantity of interest, 𝜃(𝑡), such as the survival probability at a fixed time 𝜏 , 𝜃(𝜏) = 𝑆(𝜏),
the process is as follows:

1. First, compute the non-parametric estimate ̂𝜃(𝜏) using the full dataset of 𝑛 subjects.
For the survival function, this would be the Kaplan-Meier estimate, ̂𝑆𝐾𝑀(𝜏).

2. Next, for each subject 𝑖 = 1, … , 𝑛, temporarily remove that subject from the dataset
and re-calculate the estimate on the remaining 𝑛 − 1 subjects, yielding ̂𝜃−𝑖(𝜏).

3. The pseudo-observation for subject 𝑖 at time 𝜏 is then defined as:̂𝜃𝑖(𝜏) = 𝑛 ⋅ ̂𝜃(𝜏) − (𝑛 − 1) ⋅ ̂𝜃−𝑖(𝜏) (4.22)

In the absence of censoring, ̂𝜃𝑖(𝜏) would simply be the observed outcome for subject 𝑖 (e.g.,
the indicator variable 𝐼(𝑇𝑖 > 𝜏). The pseudo-observations thus serve as a complete-data sub-
stitute for the potentially unobserved outcome in the presence of censoring. These generated
values can then be used as the response variable in a Generalized Linear Model (GLM) or,
more robustly, a Generalized Estimating Equation (GEE) framework to estimate the effect
of covariates. This allows for direct modeling of the survival probability at one or more time
points without any proportional hazards assumption.

When the response variable is the discrete hazard Equation 4.6, the model is usually called
discrete-time hazard model, specifically designed for situations where time is measured in
discrete intervals (e.g., years, months, treatment cycles). Classically, the effect of a covariate𝑋 on the hazard of 𝑇 is modeled in a proportion continuation ratio model for an ordinal
outcome 𝑇 with 𝐾 categories, where the effect of 𝑋 is expressed on the log-(conditional) odds
scale. This model belongs to the GLM family and is expressed as below:⎧{⎨{⎩ 𝑌 ∼ Multinom(𝑡1, … , 𝑡𝐾; 𝑝1, … , 𝑝𝐾)

log ( ℎ(𝑡𝑘∣X)1−ℎ(𝑡𝑘∣X)) = log ( 𝑃(𝑇 =𝑡𝑘∣𝑌 ≥𝑡𝑘,X)1−𝑃(𝑇 =𝑡𝑘∣𝑌 ≥𝑡𝑘,X)) = 𝛼𝑗 + 𝛽X
(4.23)

relationship involves the unknown parameters 𝛽 and 𝛼𝑗, (𝑘 = 1, ..., 𝐾) that are interpreted as
follows.

• 𝛽 represents the change in the log- (conditional) odds of 𝑇 occurring in a specific interval
(e.g., 𝑇 = 𝑡𝑘) given that it has not occurred it in the categories before (𝑇 ≥ 𝑡𝑘), for a
one-unit increase in 𝑋.

• 𝛼𝑗 represents the baseline log-odds

Continuation ratio model can be considered as binomial model on each interval 𝑡𝑘 of the
variable 𝑇 , thus an extended model matrix M consists of the interval 𝑡𝑘 of the variable 𝑇 ,
individual covariate values X, and an indicator variable that defines whether the value of 𝑇
for subject 𝑖 is realized in the interval 𝑡𝑘. For each subject, the first three of the variables
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above may assume distinct values in different intervals, while the covariates are repeated for
each interval in which the subject has not realized its exposure covariate value.

While for modeling pseudo-observations the family of the error distribution is Gaussian (de-
pending on the status of the subject they assume values greater or lower than 0 or 1), the
family for the discrete-time hazard model is Binomial. Thus the canonical link function of
the pseudo-observation is the identity, whereas for the discrete time hazard model the logit is
the canonical one. Nevertheless different link functions within the generalized linear model
can be exploited to represent the response variable or the linear predictor in different ways
(Ambrogi, Biganzoli, and Boracchi 2008; Tutz and Schmid 2016).

When the focus is the continuous hazard, the piecewise exponential model is a direct ex-
tension of the exponential model that relaxes the assumption of a constant hazard over the
entire follow-up period. It achieves this by partitioning the time axis into a series of 𝐾 pre-
specified intervals, (𝑡𝑘−1, 𝑡𝑘], and assuming a different, but constant, baseline hazard within
each interval. The model for an individual in interval 𝑘 is:ℎ(𝑡|X) = ℎ𝑘 exp(X𝛽) for 𝑡 ∈ (𝑡𝑘−1, 𝑡𝑘] (4.24)

specification of the baseline hazard is semi-parametric, offering more flexibility than a single
parametric form (like Weibull) but less than the completely non-parametric baseline of the Cox
model. The primary advantage of the PEM is its natural ability to accommodate time-varying
effects (non-proportional hazards). This is achieved by allowing the regression coefficients 𝛽
to differ across time intervals, yielding a model of the formℎ(𝑡|X) = ℎ𝑘 exp(X𝛽𝑘) (4.25)

This explicitly models how a covariate’s effect changes over discrete periods of follow-up.The
PEM assumes the hazard is constant within each interval and can be fitted within a Poisson
log-linear model. In an augmented model matrix, the failure indicators 𝛿𝑘𝑗 are treated as
independent Poisson observations with means 𝜇𝑘𝑗 = 𝜏𝑘𝑗𝜆𝑘𝑗, where 𝜆𝑘𝑗 is the hazard rate in
interval 𝑘 for individual 𝑗. Assuming proportional hazards, this relationship is modeled as𝜆𝑘𝑗 = 𝜆𝑘 exp(𝑋′𝑗𝛽), where 𝜆𝑘 is the baseline hazard in interval 𝑘. This leads to the log-linear
model:

log(𝜇𝑘𝑗) = log(𝜏𝑘𝑗) + log(𝜆𝑘) + 𝑋′𝑗𝛽 (4.26)
formulation is highly flexible, as the baseline hazard component, log(𝜆𝑘), can be modeled
smoothly, and time-dependent covariate effects can be included as interactions between co-
variates and the terms for the time indicators.

4.5 Flexible Baseline Specification

Instead of leaving the baseline hazard ℎ0(𝑡) completely unspecified (as in the Cox model)
or assuming a parametric form (as in the Weibull model), flexible parametric models, use
splines to flexibly model a transformation of the baseline hazard or survival or cumulative
distribution function. A common and robust approach is to model the baseline hazard
or baseline cumulative distribution function, as a a function of (log, logit, cloglog) time:
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log(𝐻0(𝑡)) = 𝑠(log(𝑡)|𝛾, k) where 𝑠(⋅) is a spline function with coefficients 𝛾 and a set of knots
k placed at quantiles of the observed event times. This formulation creates a fully parametric
model that is highly flexible and can capture a wide variety of hazard shapes, including mono-
tonic, unimodal, or more complex patterns. The resulting model provides smooth estimates
of the baseline hazard and survival functions, which facilitates clinically useful outputs such
as direct prediction of survival probabilities and robust extrapolation beyond the observed
follow-up period.

The primary mechanism for modeling non-proportional hazards (i.e., time-varying covariate
effects) with splines is through the use of interaction terms between the covariate and a spline
function of time. The term 𝐵𝑘(𝑡) in Equation 4.21 are the basis functions of a spline of time
(e.g., B-splines or restricted cubic splines).

A relevant aspect of spline fitting is the selection of the basis function, and the selection of
the position and the number of knots. Usually, the number and the position of the knots is
specified considering previous knowledge in the field. When this is not possible, the number
of the knots is directly inserted into the model selection algorithm, while the position is pre-
specified at quantiles of the distribution of the event-times of the primary outcome. In the
present thesis we use B-splines or natural splines (B-splines with linearity constraints at the
tail of the distribution) for modeling instantaneous quantities, whereas restricted cubic splines
for modeling cumulative quantities.

B-splines are defined by a set of basis functions. The degree of the B-spline (often denoted as𝑝) determines the order of these basis functions. The most used B-splines are cubic (degree𝑝 = 3). ). A B-spline curve is determined through a unique vector of time-points 𝑡, called
knots, which identify the function domains of the polynomial segments. Essentially, the
dimension of the knot vector determines the flexibility of the spline. A higher number of
knots lead to higher flexibility of the curve.

A B-spline function 𝐵(𝑡) of degree 𝑝 with 𝑁𝑘𝑛 interior knots is a linear combination of the𝐾 + 𝑝 basis functions:

𝐵(𝑡) = 𝑁𝑘𝑛∑𝑗=−𝑝 𝛼𝑗𝐵𝑗,𝑝(𝑡), 𝑡 ∈ (𝑡0, 𝑡𝐾−1) (4.27)

B-splines have the property of local support. Considering a knot 𝑡𝑘 each basis spans on 𝑡𝑘−2
to 𝑡𝑘+2. For each datapoint the sum of the basis functions is equal to 1.

Restricted cubic splines consist in truncated power basis function. Basis functions are defined
as follows:

𝐵1(𝑥) = 1, 𝐵2(𝑥) = 𝑥, ..., 𝐵𝑑+1(𝑥) = 𝑥𝑑𝐵𝑑+2(𝑥) = (𝑥 − 𝑡1)𝑑+, ..., 𝐵𝐾+𝑑+1 = (𝑥 − 𝑡𝑘)𝑑+ (4.28)

The restricted cubic splines have linearity constraints before the first and after the last knot
of the knot vector 𝐾. The constraints are appealing in the specification of the baseline
hazard/risk function, as they mitigate possible non-monotonic estimation of the functions
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towards the end of the follow-up. Due to the constraints applied the number of the bases are𝐾 − 1.

4.6 Flexibly modeling cause specific cumulative incidence function

Flexible model for the cause specific cumulative incidence function in the competing risk
context build upon the model described before. The first approach build upon (Berger et
al. 2018) and it is based on estimating the discrete time SDH Equation 4.12 of an event
considering a binomial estimation scheme like in Equation 4.23 and a weighted maximum
likelihood function.

The individual form of the weighted maximum likelihood function is:𝐿𝑖 = 𝐾−1∏𝑡=1 {𝜆𝑟(𝑡|𝑥𝑖)𝑦𝑖𝑡(1 − 𝜆𝑟(𝑡|𝑥𝑖))1−𝑦𝑖𝑡}𝑤𝑖𝑡 (4.29)

where 𝑦𝑖𝑡 values correspond to:(𝑦𝑖1, ..., 𝑦𝑦, ̃𝑇𝑖 , ..., 𝑦𝑖,𝑘−1) = { (0, ..., 0, 1, 0, ..., 0), 𝑖𝑓 Δ𝑖 = 1(0, ..., 0, 0, 0, ..., 0), 𝑖𝑓Δ𝑖 = 0 , (4.30)

and 𝑤𝑖𝑡 is the probability that within the interval t the i-th subject is still at risk of manifesting
the event of interest. More specifically, by denoting ̃𝑡𝑖 the generic value of the variable ̃𝑇𝑖,
the weights(𝑤𝑖1, 𝑤𝑖2, ..., 𝑤𝑖 ̃𝑡𝑖 , 𝑤𝑖,( ̃𝑡𝑖+1), ..., 𝑤𝑖,(𝐾−1) are defined as (1, 1, ..., 1, 0, ..., 0) for subjects
who experience the focus event (formally: if Δ𝑖 = 1 and 𝜖𝑖 = 1). A similar formula holds
for censored subjects, but the term ̃𝑡𝑖 should be substitute by the observed value of 𝐶𝑖. For
subjects who experience a competing event, the value of 𝑤𝑖𝑡 in the intervals following ̃𝑡𝑖 is not
0 but depends on the probability of censoring:

𝑤𝑖𝑡 ∶= ̂𝑆𝑐(𝑡 − 1)̂𝑆𝑐( ̃𝑡𝑖 − 1) , ̃𝑡𝑖 < 𝑡 ≤ 𝐾 − 1, (4.31)

where 𝑆𝑐() represent the survival function of 𝐶. Since these values are not observable, a
solution is to substitute them with estimates obtained using the inverse probability of cen-
soring weighting (IPCW) method, as done by Fine and Gray (1999) in the continuous-time
framework.

Equivalently to the direct approach with pseudo-observations for the cumulative incidence,
this second approach is based on the original transformation model using pseudo-observations
computed for each subject at 𝑃 selected time points (𝜏1, ..., 𝜏𝑃 ) within the follow-up period
considering however the non-parametric Aalen-Johansen estimates of the CIF.
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5 Number of events per parameter needed to
recover measure of average treatment effect
in flexible regression survival analysis

As introduced in Section 3.6, the reliability of survival models depends on the amount of
information in a dataset, which is best measured by the number of observed events. A robust
metric for this is Events Per Parameter (EPP), which more accurately reflects a model’s
complexity than the simpler “Events Per Variable” rule. While a minimum of 10 EPP is
a common guideline for standard Cox models, the highly flexible parametric models used
in modern causal survival analysis are far more complex. These models require additional
parameters to model the baseline hazard and time-dependent effects (Section 4.5), yet the
EPP needed for their stable application is largely unknown. This chapter addresses this
critical gap through a simulation study. We investigate the EPP requirements for estimating
Average Treatment Effects (ATEs; see Section 3.4) from flexible models, evaluating their
performance across various scenarios of increasing complexity. The focus of this study will be
the indirect approaches for estimating cumulative quantities, which are commonly used for
this purpose.

5.1 Methods

5.1.1 Simulation Study Design

The overall objective of the simulation study is to evaluate the performance of the discrete-
time hazard and the piece-wise exponential models ( Section 4.4 ) in estimating standardized
cumulative probability functions from which measures of ATE are computed. The perfor-
mance is evaluated as a function of the number of events per parameter available, in addition
to the complexity of the baseline hazard function underlying time-to-event distribution of a
randomized clinical study.

To such end, we adopt a large scale Monte Carlo simulation study involving five survival
scenarios with increasing level of complexity, either in terms of the baseline hazard function
to smooth, or of the relationship between the covariates (interaction effects, time-dependent
effects). For each scenario, we evaluated the performances of the models when 5, 10, 15, 20,
30, 40, 50 events per parameter were available.
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5.1.2 Data-Generating Mechanisms (DGMs)

We will now describe the data-generating mechanism underlying each scenario adopted in the
simulation. These ranged from standard proportional hazards (PH) models with simple or
complex baseline hazards to scenarios with non-proportional hazards (NPH).

This being an initial investigation, we decided to limit our considerations where exposure (𝐶)
is completely independent from the covariates exchangeability ( Section 4.3 ) is automatically
guaranteed by simulation.

5.1.2.1 Scenarios 1-2-3: Proportional Hazards (PH) with Varying Baseline Hazards

The first three scenarios establish a baseline for model performance under the standard pro-
portional hazards assumption. The general form of the log-hazard (𝑙𝑜𝑔(ℎ(𝑡))) for a subject 𝑖
at time 𝑡 is: 𝑙𝑜𝑔(ℎ𝑖(𝑡)) = log(ℎ0(𝑡)) + 𝛽𝑁𝑁𝑖 + 𝛽𝐶𝐶𝑖 + 𝛽𝑇 𝐷(𝑇 𝐷𝑖 − 0.1) (5.1)

where the covariate effects are fixed at 𝛽𝑁 = 0.53, 𝛽𝐶 = −0.4, and 𝛽𝑇 𝐷 = 0.4. The scenarios
differ only in the baseline hazard, ℎ0(𝑡). For each subject, we simulate the binary covariate,𝑁 , from a Bernoulli distribution with 𝑝 = 0.65; the binary exposure covariate, 𝐶, from a
Bernoulli distribution with 𝑝 = 0.50; and the continuous covariate, 𝑇 𝐷 (tumor dimension),
from a Normal distribution 𝑁(𝜇 = 1.5, 𝜎 = 0.25), truncated to the interval [0, 2.5].
Namely, for Scenario 1, the baseline hazard is from a Weibull distribution with shape 𝜌 = 1
and scale 𝜆 = 160. This is equivalent to an Exponential distribution with a constant hazard
rate of 1/160. The motivation behind the adoption of this distribution is that it represents
the simplest case of a constant baseline hazard function.

For Scenario 2, the baseline hazard is from a Weibull distribution with shape 𝜌 = 1.5 and scale𝜆 = 150, corresponding to a monotonically increasing hazard function. This scenario evaluates
the modeling approaches against a common parametric form with a simple, increasing hazard
trend.

For Scenario 3, the baseline hazard, ℎ0(𝑡), is a complex, non-monotonic mixture of two spline-
defined hazard profiles, as described previously. This distribution was selected to test the
flexible spline-based model’s ability to accurately capture a highly irregular baseline hazard
shape under an otherwise standard PH structure.

To generate a multimodal hazard function similar to the disease-free survival functions encoun-
tered in clinical studies of breast cancer (Retsky and Demicheli 2014), we defined two distinct,
baseline hazard profiles, ℎ0,1(𝑡) and ℎ0,2(𝑡). Each profile was constructed using monotone
Hermite cubic splines, which were fit to a series of pre-specified knots defining the hazard’s
values and its derivative at key time points. Then, through the relationship between the
hazard, the survival and the PDF, we obtained 𝑆1 and 𝑆2 and 𝑓1 and 𝑓2. From these two
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profiles, a primary baseline hazard, ℎ0(𝑡), was created as a two-component mixture model,
where the mixture proportion was set to 𝑝 = 0.65:ℎ0(𝑡) = 𝑝 ⋅ 𝑓1(𝑡) + (1 − 𝑝) ⋅ 𝑓2(𝑡)𝑝 ⋅ 𝑆1(𝑡) + (1 − 𝑝) ⋅ 𝑆2(𝑡)
5.1.2.2 Scenario 4: Proportional Hazards with a Covariate Interaction

This scenario builds upon the complex PH model of Scenario 3 by introducing a product
interaction term between the binary covariates 𝑁 and 𝐶. The log-hazard function is:

log(ℎ𝑖(𝑡)) = log(ℎ𝑚𝑖𝑥(𝑡)) + 𝛽𝑁𝑁𝑖 + 𝛽𝐶𝐶𝑖 + 𝛽𝑇 𝐷(𝑇 𝐷𝑖 − 0.1) + 𝛽𝑁𝐶𝑁𝑖𝐶𝑖 (5.2)
The interaction effect is set to 𝛽𝑁𝐶 = −0.288.

This scenario verifies the model’s ability to estimate a standard interaction effect, where the
hazard ratio for one covariate depends on the level of another.

5.1.2.3 Scenarios 5: Non-Proportional Hazards (NPH)

This scenario was designed to present a significant challenge by incorporating multiple, si-
multaneous violations of the proportional hazards assumption. It departs from the semi-
parametric hazard modeling framework and instead generated event times from a fully para-
metric log-logistic distribution. In this case, covariates act multiplicatively on the time scale,
which translates to a non-proportional effect on the hazard scale. The event time 𝑇 fol-
lows a log-logistic distribution with a constant shape parameter 𝜌 = 2 and a subject-specific
scale parameter 𝑎𝑖. The scale parameter is determined by the covariates with the following
equation:

log(𝛼𝑖) = log(70) + 𝛾𝑁𝑁𝑖 + 𝛾𝐶𝐶𝑖 + 𝛾𝑇 𝐷𝑇 𝐷𝑖 (5.3)

5.1.3 Simulation of Cohort Data

For the first two and the fifth scenarios, the inverse of the CDF are parametrically defined,
thus event times are generated by applying the inverse cumulative distribution function for the
subject-specific model. Instead, for scenarios 3-4 event times are generated using numerical
integration and root finding techniques (Crowther and Lambert 2013; Marano et al. 2025)
on a discrete time grid from 𝑡 = 1 to 𝑡 = 120, based on the subject-specific cumulative
distribution function.

All generated event times are subject to administrative censoring at 120 months and random
censoring from loss to follow-up, which is simulated from an exponential distribution with a
rate of 𝜆 = 0.01. The final observed time is the minimum of the true event time, administrative
censoring time, and random loss to follow-up time.
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As is standard in simulation studies, it is necessary to specify all the parameters pertinent to
the simulation. However, since the hazard function is specified with parametric distributions
or interpolating splines, the specific number of parameters of the baseline are unknown and
have to be empirically defined.

To ensure each simulation cell had the desired EPP, we followed a two-step process. First,
for each of the five scenarios, the ‘true’ number of parameters (𝑃 ) required to flexibly model
the baseline hazard with B-splines was determined empirically. This was achieved by fit-
ting a series of models with an increasing number of interior knots to a very large dataset
(𝑁 = 100, 000) and selecting the spline complexity that minimized the Akaike Information
Criterion (AIC). This number of parameters (𝑃 ) then served as the denominator for the EPP
calculation. Second, for each target EPP level (e.g., EPP=20), the required number of events
was calculated as 𝐸 = 𝐸𝑃 𝑃 × 𝑃 . Finally, the total sample size (𝑁) for each simulation
replicate was determined by generating subjects until the target number of events (𝐸) was
observed, accounting for the known event and censoring rates specified in the DGM.

5.1.4 Model Specification

For both the DTH and PWE models, the baseline log-hazard function was modeled flexibly
using cubic B-splines. A data-dependent procedure was employed to determine the complex-
ity of the baseline spline function for each analysis. Specifically, the number of internal knots
was selected from a range of 0 to 6, maintaining the maximum number of baseline parameters
at 10, by fitting a series of models and choosing the one that minimized the Akaike Informa-
tion Criterion (AIC). This ensures that the model complexity is adapted to the information
available in the data, balancing goodness-of-fit with parsimony.

Continuous covariate effect of the prognostic covariate TD was modeled assuming a linear
relationship with the log-hazard (or the relevant model parameter). For scenarios designed
to have time-varying coefficients (scenarios 3, 4, and 5), the interaction between the relevant
covariate(s) and time was also modeled flexibly using a cubic B-spline with one internal knot,
allowing the effect of the covariate to change over time.

5.1.5 Target estimands of the average treatment effect

The primary estimands of interest were the marginal (population-averaged) measures already
described in Section 3.4, including Risk Difference ( Equation 3.1 ), Relative Risk ( Equa-
tion 3.2 ) and Difference in Restricted Mean Survival Time ( Equation 3.3 ) . Figure 5.1
shows the true estimand of interest for each scenario considered.

5.1.6 Estimation Procedure

The marginal ATEs were estimated using the principle of standardization, also known as
g-computation. After fitting either the DTH or PWE model to a simulated dataset, the
following procedure was performed:
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1. For each subject in the original dataset, two counterfactual survival trajectories were
predicted from the fitted model. First, by setting their exposure status to “exposed”
(C=1) while keeping their observed covariates fixed. Second, by setting their exposure
status to “unexposed” (C=0), again holding other covariates at their observed values.

2. These individual counterfactual survival predictions were then averaged across all sub-
jects in the dataset. This step yields the marginal survival and cumulative incidence
curves for the exposed and unexposed populations.

3. Finally, the marginal estimands (RD, RR, RRD, and ΔRMST) were calculated directly
from these averaged counter factual curves. This procedure effectively estimates the
treatment effect that would be observed had the entire population been exposed versus
had the entire population been unexposed, averaged over the empirical distribution of
the covariates.

5.1.7 Performance Metrics

The performance of each estimation strategy was evaluated across the 𝑀 = 1000 Monte Carlo
simulations using the following statistical metrics. Let 𝜃 be the true value of an estimand (e.g.,
RD at a specific time point) and ̂𝜃𝑚 be its estimate from the 𝑚-th simulation at time 𝑡.

1. Bias: The average difference between the estimated ATE and the true ATE, indicating
systematic error.

Bias = 1𝑀 𝑀∑𝑚=1( ̂𝜃𝑚 − 𝜃) (5.4)

2. Empirical Standard Error (ESE): The standard deviation of the ATE estimates
across all simulations, representing the sampling variability of the estimator.

ESE = √√√⎷ 1𝑀 − 1 𝑀∑𝑚=1( ̂𝜃𝑚 − ̄̂𝜃)2 where ̄ ̂𝜃 = 1𝑀 𝑀∑𝑚=1 ̂𝜃𝑚 (5.5)

3. Mean Absolute Error (MAE): The average absolute difference between the estimate
and the true value, providing a measure of the average magnitude of the errors.

MAE = 1𝑀 𝑀∑𝑚=1 | ̂𝜃𝑚 − 𝜃| (5.6)

4. Mean Squared Error (MSE): A measure of the overall accuracy of the estimator,
which decomposes into the sum of the squared bias and the variance (ESE²).

MSE = 1𝑀 𝑀∑𝑚=1( ̂𝜃𝑚 − 𝜃)2 = (Bias)2 + (ESE)2 (5.7)
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5. Root Mean Squared Error (MSE): The squared root of the MSE.

RMSE = √√√⎷ 1𝑀 𝑀∑𝑚=1( ̂𝜃𝑚 − 𝜃)2 (5.8)

For sake of simplicity, we will show the results of the performance for the measures evaluated
at specific time-points of the follow-up (60 and 120 months).
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Figure 5.1: True measures of the average treatment effect for each scenario. These will be the
target estimands in the simulation. From left to right panels, Difference in RMST,
Relative Risk, Risk Difference.

5.2 Results

5.2.1 Negligible Bias of ATE Estimators Across All Scenarios

The first finding, consistent across all five simulation scenarios, both modeling approaches,
and all estimands of interest, is that the estimators were found to be practically unbiased,
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regardless of the number of event per parameter available. The analysis of the decomposition
of the MSE reveals that the MSE of the ATE estimates was overwhelmingly driven by the
variance component, as measured by the squared Empirical Standard Error.

Figure 5.2, Figure 5.3 and Figure 5.4 show that the bias of the estimators for the Risk Differ-
ence (RD), Risk Ratio (RR), and the difference in Restricted Mean Survival Time (Δ𝑅𝑀𝑆𝑇 ),
respectively, is consistently negligible (values about 4 to 5 decimal places lower than the vari-
ance), approaching zero even at the lowest Events Per Parameter (EPP) level of 5. This
fundamental result serves as a validation of the core modeling strategy. The use of flexible B-
splines to parameterize the baseline hazard, coupled with a data-dependent selection of spline
complexity via the Akaike Information Criterion (AIC), proves highly effective at capturing
the true underlying data-generating mechanisms without introducing systematic error. This
held true for simple, constant hazards (Scenario 1) as well as for complex, non-monotonic
baseline hazards (Scenario 3) and severe violations of the proportional hazards assumption
(Scenario 5).

The near-zero bias is a critical prerequisite for causal inference based on standardization
(g-computation), as it confirms that the models can generate accurate counterfactual predic-
tions upon which the ATE estimates are based. The absence of systematic error affirms the
theoretical appropriateness of these flexible parametric models for the target estimands. Con-
sequently, the central challenge identified by this study is not one of model misspecification or
inherent bias, but rather one of statistical precision and estimator stability. The subsequent
sections provide a detailed examination of how estimator variance, and by extension overall
accuracy as measured by MSE and Mean Absolute Error (MAE), is critically dependent on
the interplay between the available EPP and the complexity of the data-generating process.

5.2.2 Impact of EPP on Estimator Variance and Precision

Regardless of the complexity of the scenarios modeled and the estimand considered, the
relationship between estimation error and EPP followed a distinct “L-shaped” curve, charac-
terized by a steep reduction in both MSE and MAE as EPP increased from 5 to 15. Beyond
an EPP of approximately 20, the performance gains from additional events per parameter
became progressively smaller, indicating a point of diminishing returns in precision. This is
visualized for Risk Difference, Relative Risk and Difference in RMST in Figure 5.5, Figure 5.6
and Figure 5.7, respectively.

In Table 5.1, Table 5.2 and Table 5.3 a comprehensive assessment of the performances of the
flexible models is provided. An EPP of 5 or 10 proved insufficient for achieving reliable and sta-
ble ATE estimates. The high variance observed at these low EPP levels challenges the notion
that the conventional 10 Events Per Variable (EPV) rule of thumb can be relaxed in simple
settings. The inherent structure of spline-based models necessitates the estimation of multiple
parameters to define the basis functions, even when the AIC selects a simple final form (e.g.,
zero internal knots). When the number of events is low, these parameters are estimated with
high uncertainty. This uncertainty is then amplified through the non-linear standardization
procedure used to calculate the marginal ATEs, resulting in high variance in the final esti-
mands. This suggests that the very flexibility that makes these models powerful imposes a
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Figure 5.2: Bias-Variance decomposition of the Mean Squared Error (MSE) for the Risk Dif-
ference estimand. The total height represents the MSE, which is decomposed into
its squared bias (darker shade) and variance (lighter shade) components.
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Risk estimand. The total height represents the MSE, which is decomposed into
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higher minimum EPP requirement for stability compared to traditional semi-parametric Cox
models, even when the underlying hazard structure is simple.

Although a higher EPP was expected to be required to achieve the same level of precision
observed in the simpler Scenarios 1 and 2 was expected, for any given EPP level, the MSE and
MAE in Scenarios 3 and 4 were consistently comparable to those of the preceding scenarios.
For example, the MSE for the RD estimand at an EPP of 20 in Scenario 3 was comparable
to the MSE observed at an EPP of 20 in Scenario 2.

In Scenario 3, the models successfully captured the irregular, multi-modal shape of the baseline
hazard, as evidenced by the continued negligible bias in the ATE estimates. This highlights
the strength of the AIC-driven B-spline approach in adapting to unknown and complex hazard
functions. In Scenario 4, the inclusion of the interaction term added one additional parameter
to the model’s linear predictor. The results did not demonstrate a further increase in estimator
variance compared to Scenario 3 at equivalent EPP levels.

The results of scenario 5 demonstrate the remarkable capacity of this flexible modeling ap-
proach to approximate the true NPH structure. As in the PH scenarios, the bias of the ATE
estimators remained low and practically negligible across all EPP levels. This confirms that
the interaction between covariates and a B-spline basis for time is an effective strategy for
capturing complex time-dependent effects without introducing systematic error. Interestingly
the RMSE and the MAE of the estimates associated to this scenario were even lower than
those from simpler scenarios.
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Figure 5.5: Results for the performance of the estimation of the Risk Difference ATE Measure
as a function of the Event per Parameters at 60 and 120 months
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Table 5.1: Model Performance by EPP for the Risk difference. Values shown are MAE / RMSE

Scenario Time Truth EPP5 EPP10 EPP15 EPP20 EPP30 EPP40 EPP50
DTH

Scenario 1 60 -0.138 0.092/0.116 0.067/0.084 0.054/0.068 0.043/0.054 0.037/0.047 0.033/0.041 0.029/0.036
Scenario 1 120 -0.126 0.081/0.104 0.061/0.077 0.05/0.063 0.039/0.05 0.035/0.044 0.03/0.038 0.026/0.033
Scenario 2 60 -0.121 0.085/0.106 0.058/0.072 0.046/0.058 0.042/0.052 0.033/0.042 0.029/0.036 0.025/0.031
Scenario 2 120 -0.129 0.088/0.11 0.062/0.077 0.05/0.063 0.045/0.056 0.036/0.046 0.031/0.039 0.027/0.034
Scenario 3 60 -0.138 0.075/0.093 0.055/0.069 0.045/0.055 0.038/0.047 0.031/0.038 0.027/0.035 0.023/0.03
Scenario 3 120 -0.133 0.071/0.088 0.053/0.066 0.043/0.053 0.037/0.046 0.03/0.037 0.027/0.034 0.023/0.029
Scenario 4 60 -0.201 0.074/0.094 0.052/0.065 0.042/0.052 0.037/0.045 0.029/0.036 0.025/0.032 0.022/0.027
Scenario 4 120 -0.200 0.076/0.096 0.053/0.068 0.043/0.054 0.038/0.047 0.03/0.038 0.026/0.034 0.023/0.028
Scenario 5 60 -0.194 0.056/0.071 0.038/0.048 0.033/0.042 0.027/0.034 0.023/0.029 0.02/0.026 0.018/0.023
Scenario 5 120 -0.143 0.06/0.076 0.042/0.053 0.032/0.04 0.027/0.035 0.024/0.03 0.02/0.026 0.018/0.023

PWE
Scenario 1 60 -0.138 0.091/0.115 0.067/0.084 0.054/0.068 0.043/0.054 0.037/0.047 0.033/0.041 0.029/0.036
Scenario 1 120 -0.126 0.081/0.103 0.061/0.077 0.05/0.063 0.039/0.05 0.035/0.044 0.03/0.038 0.026/0.033
Scenario 2 60 -0.121 0.086/0.107 0.059/0.073 0.047/0.058 0.042/0.052 0.034/0.042 0.029/0.036 0.025/0.031
Scenario 2 120 -0.129 0.088/0.109 0.062/0.077 0.05/0.063 0.045/0.055 0.036/0.045 0.031/0.039 0.027/0.034
Scenario 3 60 -0.138 0.075/0.093 0.056/0.069 0.045/0.055 0.039/0.048 0.031/0.039 0.028/0.035 0.024/0.03
Scenario 3 120 -0.133 0.071/0.088 0.053/0.065 0.043/0.053 0.037/0.046 0.03/0.037 0.027/0.034 0.023/0.029
Scenario 4 60 -0.201 0.074/0.094 0.052/0.066 0.042/0.052 0.037/0.045 0.029/0.037 0.025/0.033 0.022/0.027
Scenario 4 120 -0.200 0.076/0.096 0.053/0.068 0.043/0.054 0.038/0.047 0.03/0.038 0.026/0.034 0.023/0.028
Scenario 5 60 -0.194 0.057/0.072 0.039/0.049 0.034/0.042 0.027/0.035 0.024/0.03 0.02/0.026 0.018/0.023
Scenario 5 120 -0.143 0.061/0.077 0.042/0.054 0.033/0.041 0.028/0.035 0.025/0.031 0.021/0.026 0.019/0.023
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Figure 5.6: Results for the performance of the estimation of the Relative Risk ATE Measure
as a function of the Event per Parameters at 60 and 120 months
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Table 5.2: Model Performance by EPP for the Relative Risk. Values shown are MAE / RMSE

Scenario Time Truth EPP5 EPP10 EPP15 EPP20 EPP30 EPP40 EPP50
DTH

Scenario 1 60 0.772 0.141/0.184 0.1/0.128 0.082/0.105 0.064/0.081 0.056/0.071 0.049/0.062 0.043/0.054
Scenario 1 120 0.849 0.095/0.124 0.07/0.089 0.057/0.073 0.045/0.057 0.04/0.05 0.035/0.044 0.03/0.038
Scenario 2 60 0.741 0.17/0.218 0.112/0.141 0.089/0.112 0.079/0.1 0.063/0.08 0.054/0.068 0.048/0.059
Scenario 2 120 0.843 0.105/0.133 0.073/0.091 0.059/0.074 0.052/0.065 0.043/0.053 0.036/0.045 0.031/0.039
Scenario 3 60 0.772 0.113/0.143 0.083/0.103 0.066/0.082 0.057/0.071 0.046/0.058 0.041/0.052 0.035/0.044
Scenario 3 120 0.834 0.085/0.107 0.063/0.078 0.05/0.062 0.044/0.054 0.035/0.044 0.031/0.04 0.027/0.034
Scenario 4 60 0.667 0.107/0.137 0.074/0.094 0.059/0.074 0.052/0.064 0.042/0.052 0.036/0.046 0.031/0.039
Scenario 4 120 0.750 0.089/0.114 0.062/0.079 0.05/0.062 0.044/0.054 0.035/0.044 0.03/0.039 0.026/0.033
Scenario 5 60 0.646 0.089/0.111 0.059/0.075 0.052/0.066 0.042/0.053 0.036/0.045 0.031/0.04 0.027/0.035
Scenario 5 120 0.827 0.068/0.086 0.047/0.06 0.037/0.046 0.031/0.04 0.028/0.035 0.023/0.029 0.021/0.026

PWE
Scenario 1 60 0.772 0.141/0.184 0.1/0.128 0.082/0.105 0.064/0.081 0.056/0.071 0.049/0.062 0.043/0.054
Scenario 1 120 0.849 0.095/0.123 0.07/0.089 0.057/0.073 0.045/0.057 0.04/0.05 0.035/0.044 0.03/0.038
Scenario 2 60 0.741 0.168/0.216 0.112/0.14 0.088/0.111 0.079/0.099 0.063/0.079 0.054/0.068 0.047/0.059
Scenario 2 120 0.843 0.104/0.131 0.072/0.09 0.058/0.073 0.052/0.065 0.042/0.053 0.036/0.045 0.031/0.039
Scenario 3 60 0.772 0.112/0.142 0.082/0.103 0.066/0.081 0.057/0.07 0.046/0.058 0.041/0.052 0.035/0.044
Scenario 3 120 0.834 0.085/0.107 0.063/0.078 0.05/0.062 0.044/0.054 0.035/0.044 0.031/0.04 0.027/0.034
Scenario 4 60 0.667 0.106/0.137 0.074/0.094 0.059/0.074 0.052/0.064 0.042/0.052 0.036/0.046 0.031/0.039
Scenario 4 120 0.750 0.089/0.113 0.062/0.079 0.05/0.062 0.044/0.054 0.035/0.044 0.03/0.038 0.026/0.033
Scenario 5 60 0.646 0.088/0.11 0.059/0.075 0.052/0.066 0.042/0.053 0.036/0.045 0.031/0.04 0.028/0.035
Scenario 5 120 0.827 0.069/0.087 0.048/0.061 0.037/0.046 0.032/0.04 0.028/0.035 0.023/0.029 0.021/0.027
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Figure 5.7: Results for the performance of the estimation of the Difference in RMST ATE
Measure as a function of the Event per Parameters at 60 and 120 months
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Table 5.3: Model Performance by EPP for the Difference in RMST. Values shown are MAE / True Value

Scenario Time Truth EPP5 EPP10 EPP15 EPP20 EPP30 EPP40 EPP50
DTH

Scenario 1 60 5.547 3.715/4.714 2.704/3.438 2.157/2.759 1.71/2.17 1.51/1.913 1.324/1.657 1.167/1.459
Scenario 1 120 13.767 9.059/11.457 6.641/8.398 5.335/6.8 4.236/5.367 3.725/4.714 3.272/4.107 2.866/3.586
Scenario 2 60 3.625 2.558/3.242 1.728/2.143 1.374/1.714 1.244/1.539 0.98/1.231 0.853/1.066 0.74/0.931
Scenario 2 120 11.783 8.174/10.182 5.601/6.949 4.481/5.587 4.039/4.993 3.212/4.035 2.779/3.467 2.403/3.01
Scenario 3 60 5.237 2.894/3.597 2.109/2.625 1.693/2.098 1.458/1.799 1.166/1.463 1.039/1.311 0.889/1.121
Scenario 3 120 13.505 7.314/9.048 5.395/6.683 4.348/5.367 3.749/4.636 3.012/3.767 2.683/3.388 2.299/2.896
Scenario 4 60 7.501 2.753/3.485 1.943/2.425 1.54/1.922 1.351/1.682 1.073/1.353 0.953/1.206 0.814/1.02
Scenario 4 120 19.819 7.278/9.21 5.14/6.458 4.131/5.138 3.608/4.472 2.875/3.614 2.517/3.217 2.173/2.714
Scenario 5 60 6.254 1.912/2.405 1.265/1.577 1.095/1.388 0.923/1.175 0.76/0.95 0.668/0.838 0.596/0.753
Scenario 5 120 16.835 4.639/5.804 3.162/3.956 2.638/3.302 2.165/2.726 1.913/2.396 1.618/2.047 1.462/1.839

PWE
Scenario 1 60 5.547 3.694/4.671 2.695/3.418 2.158/2.76 1.712/2.172 1.51/1.914 1.324/1.658 1.166/1.458
Scenario 1 120 13.767 9.019/11.394 6.627/8.373 5.333/6.799 4.238/5.369 3.725/4.712 3.271/4.107 2.864/3.585
Scenario 2 60 3.625 2.61/3.308 1.764/2.19 1.394/1.749 1.269/1.568 1.001/1.259 0.872/1.088 0.751/0.947
Scenario 2 120 11.783 8.222/10.234 5.641/7 4.507/5.625 4.069/5.025 3.24/4.069 2.8/3.496 2.423/3.033
Scenario 3 60 5.237 2.94/3.653 2.149/2.671 1.72/2.132 1.484/1.833 1.182/1.483 1.063/1.339 0.91/1.148
Scenario 3 120 13.505 7.358/9.1 5.434/6.727 4.374/5.397 3.775/4.668 3.026/3.786 2.704/3.415 2.32/2.922
Scenario 4 60 7.501 2.794/3.534 1.97/2.459 1.573/1.96 1.379/1.715 1.094/1.375 0.965/1.229 0.83/1.04
Scenario 4 120 19.819 7.32/9.258 5.168/6.493 4.162/5.174 3.635/4.504 2.896/3.635 2.529/3.239 2.186/2.73
Scenario 5 60 6.254 1.947/2.463 1.305/1.628 1.127/1.427 0.936/1.194 0.783/0.978 0.674/0.855 0.601/0.758
Scenario 5 120 16.835 4.701/5.894 3.229/4.036 2.676/3.346 2.187/2.742 1.942/2.427 1.632/2.064 1.463/1.843
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5.3 Discussion & Conclusion

Several papers highlighted the need for more clinically interpretable measures in survival
analysis (Stensrud et al. 2018; Uno et al. 2014; Verbeeck and Saad 2024). Measures like the
Risk Difference, Relative Risk, and the difference in Restricted Mean Survival Time are more
clinically meaningful and causally sound than the standard Hazard Ratio.

Flexible parametric models, such as the discrete-time hazard and piece-wise exponential mod-
els evaluated in this work, are well suited to obtaining such measures. They allow for time-
varying effects of the covariates and they can directly estimate smoothed cumulative measures
without relying on external estimators of the cumulative hazard, like the Breslow method used
with Cox models. Moreover, these models allow for the implementation of inverse probability
weights (IPW) or double robust methods to obtain measures of the ATE.

However, smoothing time-varying effects along with the baseline hazard, in addition to cal-
culating average treatment effects increase the number of parameters in the models and it
involves a series of computations (e.g., numerical integration, exponentiation, and ratios) that
increase the error of estimation. This last aspect is in stark contrast with flexible parametric
models on pseudo-ovnservations, from which, depending on the link function adopted, several
clinically useful measures can be directly obtained (Ambrogi, Biganzoli, and Boracchi 2008).
In this work, we did not compare the performances of the pseudo-observation model on a
cumulative probability scale with the models on the instantaneous probability scale adopted
here.

To our knowledge, no study has systematically assessed how well these flexible approaches
estimate ATEs as a function of EPP. As our primary goal was to assess how closely flexible
parametric models can approximate a known “ground truth” average treatment effect from
our simulated data, we focused measure of prediction accuracy like the Mean Absolute Error
and Root Mean Squared Error. Indeed they provide a clear, continuous measure of how
performance degrades as the data becomes sparser.

However, we did not focus on calibration or discrimination performances, though these are
interesting topics that have been partially addressed in machine learning literature (Infante,
Miceli, and Ambrogi 2023).

Nevertheless, despite the adoption of splines, the bias was a limited component of the overall
Mean Squared Error. The main issue was the variability of the estimates, which was clearly
affected by the EPP. We found that an EPP greater than 20 is often needed to get precise
estimates. Indeed, using a lower EPP can lead to imprecise estimates where a single study may
substantially under- or over-estimate the true causal effect due to high sampling variability.

We also did not find major performance differences among the ATE measures, although the
Relative Risk, being a ratio, appeared slightly more reliable than difference-based measures
at smaller sample sizes. This may be because the ratio metric is scaled by the baseline risk,
potentially stabilizing its variance relative to an absolute difference measure.

In this study, we guaranteed exchangeability by design (i.e., no confounding) to isolate the
performance degradation induced by the splines and the final ATE numerical computations.
Future studies will need to evaluate model performance when exchangeability is achieved
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through either IP weighting or outcome modeling or double robust methods, also under sce-
narios of mispecification of the propensity model.

We also plan to extend this research into the context of competing risks, where flexible models
are also adopted (G. Biganzoli, Marano, and Boracchi 2025) and where the CIF is often the
causal quantity of interest (Rudolph, Lesko, and Naimi 2020).

In conclusion, this work is a first step in a research line focused on vetting flexible models
for producing causally sound and interpretable results. The next critical question, which is
addressed in the following chapter, relates to how complex the prognostic component of these
models should be.
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6 Modeling strategies for a flexible estimation
of the cause-specific cumulative incidence
function in the context of long follow-ups:
model choice and predictive ability
evaluation

As already introduced in Section 3.7, selecting an appropriate model complexity for the esti-
mation of the cumulative quantities with flexible models for time-to-event data is crucial, as
the reliability of the ATE depends on them. This chapter proposes a comprehensive workflow
that integrates various methodologies—including information criteria, bootstrap validation,
and measures of predictive ability—to evaluate and select a robust model.

We will illustrate this approach by analyzing data from two breast cancer clinical trials within
a competing risk framework, focusing on the cause-specific cumulative incidence function of
distant recurrences (DRs). However, these considerations are easily translatable to a context
without competing events.

The analysis will specifically account for potential time-dependent and interaction effects while
comparing an indirect modeling approach based on the sub-distribution hazard with a direct
approach using pseudo-observations Section 4.6. The analysis must account for possible time-
dependent effects of both treatment and axillary nodal status, as well as the interaction effect
between treatment and nodal status.

For simplicity, standard regression splines will be used to specify a smooth function of time,
and classic information criteria—AIC and the Quasi-Information Criterion (QIC)—will be
considered for the model selection step (Akaike 1992; Cui 2007) .

In addition, to assess the robustness of the complex effects underlying the CIF of DRs, a non-
parametric bootstrap procedure along with an AIC-based selection algorithm of the model
complexity is implemented.

The discriminatory capacity of the model is evaluated using time-dependent measures of dis-
crimination, such as the Concordance Index (C-Index) and Net Reclassification Improvement
(NRI), with optimism correction (HARRELL, LEE, and MARK 1996). A time-dependent
version of the category less NRI measure is proposed to evaluate the usefulness of increasing
the model structure complexity at different follow-up times.
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6.1 Methods

6.1.1 Model Complexity Selection

The proportionality of the SDH and the additivity of the effects are conditions that may not
be satisfied in real applications, particularly in the presence of extended follow-up times and
intricate biological phenomena. However, randomized clinical trials and longitudinal cohort
studies are usually not designed to test complex interactions between covariates and/or time-
dependent effects. In these cases, classical hypothesis tests can be underpowered or impossible
to apply for selecting the proper specification of the baseline function. This motivates the
adoption of alternative criteria for the model selection task.

Information criteria like AIC and QIC (for the pseudo-likelihood of the GEE) represent a
relevant approach. AIC quantifies the amount of information lost when a specific model is
used to describe the real underlying process generating the data and it is defined as:𝐴𝐼𝐶 = 2𝐾 − 2 ln( ̂𝜃; 𝑋), (6.1)

where 𝐾 is the number of model parameters, and ln( ̂𝜃; 𝑋) is the log-likelihood function eval-
uated at the maximum likelihood estimates. The best model among a set of candidates is
the one with the minimum value of the criterion. Therefore, AIC favors the goodness of fit
of a model while penalizing over-fitted models with numerous parameters. It is important to
note that AIC and AIC-like statistics are relative measures for comparing two or more models
and do not indicate how closely a fitted model reflects the “true” data-generating process
(Burnham and Anderson 2004).

In the following section, the model selection strategy adopted in the current work is illustrated
in detail. We considered a set of six regression models for distant recurrences, as shown
below.

The least complex model is a proportional hazards model with no interactions among covari-
ates. The subsequent models introduce interaction effects of increasing complexity, including
interactions between covariates and the baseline SDH function. The most complex effect con-
sists of a second-order interaction between two covariates (nodal status and treatment) and
the baseline SDH/risk function (Model 1).

A second-order interaction refers to the combined effect of three variables on the response
variable that cannot be explained by their individual effects or first-order interactions. These
patterns are based on previous clinical knowledge and reflect actual research hypotheses about
tumor dormancy.

In the formulas below:

- 𝑌 represents the discrete SDH or the risk for the pseudo-values approach,

- Ψ is the vector of spline basis functions for the baseline time function,

- 𝑋𝑇 is the dummy variable for treatment (0 = surgical resection of the primary tumor by
mastectomy, 1 = surgical resection by quartectomy),
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- 𝑋𝑁 is the dummy variable for axillary nodal status (0 = node-negative, 1 = node-positive),

- ⊗ indicates the tensor product between the dummy variables and the spline bases. The
tensor product term generalizes interactions by modeling the effect of two or more predictors
as a product of basis functions for each predictor.

As a complex multipeaked shape of the baseline SDH function was expected in the analysis
of the datasets adopted (these datasets are illustrated in a subsequent paragraph), B-splines
were considered in the indirect approach (Rosenberg 1995). In the direct approach, the target
function is the CIF, so cubic splines with linearity constraints on the terminal knots were
considered (Harrell , 2015) instead of B-splines, as less complexity in the functional shape was
expected.

1. Model 1: A model with a second-order interaction effect between nodal status, treat-
ment, and the baseline function. The proportionality of the SDH or the risk function is
not assumed.

log(𝑌 ) = ΨB0 + 𝑋𝑇 𝛽1 + 𝑋𝑁𝛽2 + 𝑋𝑇 × 𝑋𝑁𝛽3 + 𝑋𝑇 ⊗ ΨB4 + 𝑋𝑁 ⊗ ΨB5 + 𝑋𝑇 × 𝑋𝑁 ⊗ ΨB6
(6.2)

2. Model 2: A model with an interaction effect between nodal status and the baseline
function, an interaction effect between treatment and the baseline function, and an
interaction effect between nodal status and treatment. The proportionality of the SDH
or the risk function is not assumed.

log(𝑌 ) = ΨB0 + 𝑋𝑇 𝛽1 + 𝑋𝑁𝛽2 + 𝑋𝑇 × 𝑋𝑁𝛽3 + 𝑋𝑇 ⊗ ΨB4 + 𝑋𝑁 ⊗ ΨB5 (6.3)

3. Model 3: A model with an interaction term between treatment and the baseline func-
tion, an interaction term between nodal status and treatment, and an additive effect of
nodal status. The proportionality of the SDH or the risk function is not assumed for
treatment but is assumed for nodal status.

log(𝑌 ) = ΨB0 + 𝑋𝑇 𝛽1 + 𝑋𝑁𝛽2 + 𝑋𝑇 × 𝑋𝑁𝛽3 + 𝑋𝑇 ⊗ ΨB5 (6.4)

4. Model 4: A model with an interaction term between nodal status and the baseline
function, an interaction term between nodal status and treatment, and an additive
effect of treatment. The proportionality of the SDH or the risk function is not assumed
for nodal status but is assumed for treatment.

log(𝑌 ) = ΨB0 + 𝑋𝑇 𝛽1 + 𝑋𝑁𝛽2 + 𝑋𝑇 × 𝑋𝑁𝛽3 + 𝑋𝑁 ⊗ ΨB4 (6.5)
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5. Model 5: A model with an interaction term between nodal status and treatment and
an additive effect of treatment. The proportionality of the SDH or the risk function is
assumed.

log(𝑌 ) = ΨB0 + 𝑋𝑇 𝛽1 + 𝑋𝑁𝛽2 + 𝑋𝑇 × 𝑋𝑁𝛽3 (6.6)

6. Model 6: An additive model with no interaction effects. The proportionality of the
SDH or the risk function is assumed.

log(𝑌 ) = ΨB0 + 𝑋𝑇 𝛽1 + 𝑋𝑁𝛽2 (6.7)

The covariates used in the present work, other than the time variable, are all categorical. It
is worth noting that, in cases where both categorical and numerical covariates are used, the
following rules may be considered for specifying non-linear effects and interactions.

The specification of non-linear effects or their interactions with a categorical variable follows
the same approach illustrated above. Furthermore, the specification of interaction effects
among numerical variables—including, as a special case, a time-dependent effect of a numeri-
cal covariate—may be obtained by employing a tensor product between the spline basis matrix
for the baseline sub-distribution hazard or risk function and the spline basis matrix for the nu-
merical covariate’s non-linear effect. A good example of the specification of a time-dependent
effect of a numerical covariate (tumor size) on the cause-specific hazard of the event can be
found in (Boracchi, Biganzoli, and Marubini 2003).

The model selection procedure was as follows: each of the six models above was fitted several
times with an increasing number of spline knots. The optimal model was selected according
to the minimum QIC (in the direct approach) or AIC (in the indirect approach). To assess
the robustness of the AIC-based selection, a perturbation of the data was performed using
sampling with replacement (i.e., non-parametric bootstrap). The frequencies of the best model
selected over 1,000 bootstrap samples were then compared with the model selected using the
original sample.

6.1.2 Measuring the discriminatory capacity of the models

While the Akaike Information Criterion (AIC) provides valuable insights into which model
best describes the real process underlying the incidence of an event of interest, clinical decision-
making requires additional metrics. Specifically, when using a model as a tool for predicting
patient outcomes, measures of model discrimination should complement information crite-
ria.

In most models, well-established prognostic factors are always included. The primary eval-
uation concerns whether incorporating complex terms—such as time-dependent effects or
interactions between covariates—is necessary to predict the absolute cumulative risk of an
event. Both overall and time-dependent measures of accuracy are relevant. In the literature,
several accuracy measures have been adapted from classical survival analysis to the context

60



of competing risks. These include net reclassification methods, the area under the receiver
operating characteristic curve (AUC), and prediction error curves.

6.1.3 5.2.5.1 Time dependent C-index for competing risks in the discrete-time
SDH and model on pseudovalues

The C-statistic proposed by Harrell is widely recognized as a valid measure of discrimination
and has been adapted for competing risks (Wolbers et al. 2014). A key advantage of this
measure is that it depends solely on the cumulative incidence function of an event.

A model with optimal discrimination ability, as measured by the time-dependent C-index,
should maximize the concordance probability:𝑃(𝑀(𝑋𝑖) > 𝑀(𝑋𝑗)|𝐷𝑖 = 1 𝑎𝑛𝑑 𝑇𝑖 < 𝑇𝑗 𝑜𝑟 𝐷𝑗 = 2) (6.8)

This measure can be evaluated at different follow-up time points. The inverse probability of
censoring weighting (IPCW) methodology is applied to address the issue of censored obser-
vations when evaluating concordance, ensuring that 𝑇𝑖 < 𝑇𝑗 even when 𝑗 corresponds to a
censored observation.

Given that the present study focuses on estimating the C-index for cumulative incidence (CIF)
using two different modeling frameworks, we employ the time-dependent C-index measure pro-
posed by Wolbers. This measure is applied in the context of the discrete-time sub-distribution
hazard model and the transformation model on pseudo-observations at 5 and 10 years of
follow-up.

𝐶𝐷𝑅(𝑡) = (𝐹𝐷𝑅(𝑡, 𝑋𝑖) > 𝐹𝐷𝑅(𝑡, 𝑋𝑗)|𝐷𝑖 = 𝐷𝑅) 𝑎𝑛𝑑( 𝑇𝑖 ≤ 𝑡 )𝑎𝑛𝑑 (𝑇𝑖 < 𝑇𝑗 𝑜𝑟 𝐷𝑗 = 𝑂𝑇 𝑜𝑟 𝐷)
(6.9)

6.1.4 Time-dependent, category-less, Net Reclassification Improvement (NRI)
for competing risks

For models containing standard risk factors and possessing reasonably good discrimination,
a substantial “independent” association of the new marker (i.e., an added predictor increas-
ing model complexity) with the outcome is necessary to achieve a significantly higher time-
dependent C-index. Moreover, the C-statistic does not provide insights into the relative merits
of alternative models for risk prediction.

The category-less Net Reclassification Improvement (NRI) quantifies the improvement in dis-
crimination achieved by incorporating an additional predictor into the model. Generally, an
increase in discriminative ability arises from either an increase in the predicted probability of
an event for subjects who experience it or a decrease in the predicted probability among those
who remain event-free. The absolute NRI, adopted in this work, measures the proportion of
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subjects correctly reclassified—non-event subjects with decreased event probability and event
subjects with increased event probability—among all subjects.

To complement this measure, we extend the concept of category-less NRI as a time-dependent
metric for improved discrimination. The original formulation of the category-less NRI is:

𝑁𝑅𝐼 = 1𝑁 𝑁∑𝑖 1[𝑃𝑖,𝑛𝑒𝑤(𝑒𝑣𝑒𝑛𝑡) − 𝑃𝑖,𝑜𝑙𝑑(𝑒𝑣𝑒𝑛𝑡) > 0, Δ𝑖 = 1 ∨ 𝑃𝑖,𝑛𝑒𝑤(𝑒𝑣𝑒𝑛𝑡) − 𝑃𝑖,𝑜𝑙𝑑(𝑒𝑣𝑒𝑛𝑡) < 0, Δ𝑖 = 0]
(6.10)

where 𝑃𝑖,𝑛𝑒𝑤(𝑒𝑣𝑒𝑛𝑡) and 𝑃𝑖,𝑜𝑙𝑑(𝑒𝑣𝑒𝑛𝑡) represent the predicted probabilities of an event from the
new and old models, respectively, and Δ𝑖 is the event indicator (1 for an event, 0 otherwise).

In our setting, the absolute time-dependent category-less NRI is defined as:

𝑁𝑅𝐼(𝑡) = 1𝑁 𝑁∑𝑖 1 [ ̂𝐹 𝑛𝑒𝑤𝐷𝑅 (𝑡|𝑥𝑖) − ̂𝐹 𝑜𝑙𝑑𝐷𝑅(𝑡|𝑥𝑖) > 0, Δ𝑖 = 1 𝑜𝑟 ̂𝐹 𝑛𝑒𝑤𝐷𝑅 (𝑡|𝑥𝑖) − ̂𝐹 𝑜𝑙𝑑𝐷𝑅(𝑡|𝑥𝑖) < 0, Δ𝑖 = 0]
(6.11)

where 𝐹 𝑛𝑒𝑤𝐷𝑅 (𝑡|𝑋𝑖) represents the CIF function of DR up to time 𝑡 for subject 𝑖 with covariate
values 𝑥, predicted with a model of increased complexity, and 𝐹 𝑜𝑙𝑑𝐷𝑅(𝑡|𝑋𝑖) represents the CIF
function of DR up to time 𝑡 predicted with the basic additive model. The term Δ𝑖 = 1(𝑇𝑖 <𝑡 ∩ 𝜖𝑖 = 1), where 𝜖𝑖 = 1 defines the event of interest.

Thus, the category-less NRI in its time-dependent form assesses how effectively a new model,
at time 𝑡, reclassifies subjects into higher or lower predicted risk categories relative to an old
model, without relying on predefined risk categories. Instead, it focuses solely on whether an
individual’s predicted risk increases or decreases correctly relative to the actual outcome.

6.1.5 Illustration of the data

The “Milan 1” trial, held between June 1973 and May 1980, included 701 patients with unilat-
eral breast cancer and no palpable axillary lymph nodes. Participants were randomly assigned
to undergo either a radical mastectomy (MAST) or breast-conserving surgery followed by ra-
diotherapy (BCS+RT). In the BCS+RT group, complete axillary lymph node dissection was
performed alongside BCS, followed by radiotherapy, with adjuvant chemotherapy introduced
for node-positive patients starting in 1976. The trial results indicated no significant differ-
ences in disease-free or overall survival between the two groups, suggesting that BCS+RT was
comparable to, if not better than, MAST.

In the “Milan 3” trial, conducted from December 1987 to December 1989, 567 eligible pa-
tients with breast tumors up to 2.5 cm in size were randomized to either BCS with or without
immediate radiotherapy (RT). All patients underwent complete axillary lymph node dissec-
tion, with adjuvant therapy provided to those with node-positive disease, tailored according
to menopausal status and tumor estrogen receptor (ER) status. The follow-up procedures
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mirrored those of the “Milan 1” trial. Initial results showed a reduced risk of local recurrence
with RT following BCS, with no significant differences in overall survival between groups,
except for patients with node-positive disease.

6.2 Results

6.2.1 Results from original data

At a first sight, the Aalen-Johansen estimates of the CIF of DRs (Figure 6.1) suggest that
conditioned to the nodal status, a differential effect of the treatment arm could be present.
Indeed, in Milan 1 trial, the detrimental effect of MAST seems a lot higher in N+ patients as
respect to N- patients. Also, in Milan 3 trial the detrimental effect of omitting RT is visible in
N+ patients, as respect to N- patients which on the contrary might be associated to a lower
risk of DMs.

The visualization of the non-parametric estimates of CIF can give useful insights of the possible
presence of the time-dependent effects. Indeed, a different shape it is observed between N+
and N-. N+ curves show two steep increases (one between 0 and 5 years, another between 5
and 10 years) separated by a flex, whereas N- curves show a more stable increase. This could
reasonably motivate to specify different baseline risk functions in the pseudo-values models
and different baseline of the sub-distribution hazard functions, at least for N+ and N- subjects,
indicating the non-proportional hazard/risk for nodal status.
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Figure 6.2 displays the results obtained with the indirect approach based on modeling discrete-
time SDH. The model selected with AIC for the Milan 1 trial cohort shows a modulation effect
of nodal status on the effect of treatment adopted. No interaction terms between the baseline
SDH function with N nor with T was selected not supporting the drift from proportionality.
Thus, the SDH curves display the same functional form with only a vertical shift in the
cumulated risks determined by the T-N combination (a). Comparing the functions computed
with the product-limit formula from SDH estimates, and those obtained with the AJ estimates,
a relevant bump on of MAST N+ women is not fitted at all (b).

For the Milan 3 trial cohort the AIC selected model does not assume proportionality of the
SDH for the effect of nodal status. However, conditioned on nodal status, proportionality
is maintained leading to constant effects of treatment over time (d). This seems reason-
able as also a different functional form of the CIF was observed from the AJ estimates. In
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Figure 6.1: Figure 1. Non-parametric estimates of CIF of DRs conditioned on surgical pro-
cedure and lymph-nodal status in Milan 1 (a) and Milan 3 (b)
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(e) the functions computed with the product-limit formula compared to the non-parametric
estimates.
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According to the exploratory aim, 30 time-points in the follow-up in which to compute the
pseudo-observations were preferred to the suggested number of 8-10, with a slight increase
of the computational cost. The QIC based model selection procedure chose a model struc-
ture with an interaction effect between N and TRT. No time-dependent effects were chosen
suggesting essentially a proportional risks condition. In (a, b) of Figure 6.3 estimates of of
distant recurrences of women underwent to a BCS+RT in MI1 and MI3 compared to the
other treatment are displayed.
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6.2.2 Perturbation of the data: the non-parametric bootstrap approach

The procedure of model selection based on AIC or QIC has been applied to 1000 bootstrap
sample to evaluate the robustness of the model selected. Figure 6.4 reports the relative
frequency of model structure selection separated for modeling framework and trial.

The non-parametric bootstrap procedure revealed substantial variability in selecting the level
of complexity for the SDH modeling framework in the Milan 1 cohort. Notably, an interaction
effect between treatment and nodal status appears reasonable, as the additive model structure
is selected in less than 10% of 1000 independent samples. Interestingly, a distinct baseline
SDH function for N+ and N- is supported (66%: 28% for Model structure 4, 24% for Model
structure 1, and 14% for Model structure 2).

In the Milan 3 cohort, a robust interaction effect between nodal status and treatment is
observed, with the additive model structure selected only 1.5% of the time. Furthermore,
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Figure 6.2: In (a) and (c) the point estimates of the discrete-time SDH function are illustrated
conditioned on surgical procedure and lymph-nodal status for Milan 1 and Milan 3
trial respectively. In (b) and (d) the computed CIF values derived by the product-
limit formula utilizing SDH estimates are reported (solid lines) and compared to
the non-parametric Aalen-Johansen estimates (dashed lines).
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Figure 6.3: Results of the analysis with the method based on pseudo-observations to estimate
the CIF of DRs for Milan 1 (a) and Milan 3 (b)
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there is a pronounced indication of a differential functional form of the baseline SDH among
node-positive and node-negative patients. Specifically, the interaction term between baseline
SDH and N is maintained 85% of the time (47% for Model structure 2, 35% for Model structure
4, and 13% for Model structure 1).

Concerning the pseudo-values modeling framework, it generally favors lower levels of com-
plexity compared to the SDH counterpart. In the Milan 1 cohort, the modulation effect of
nodal status on treatment effect remains evident but is less robust at 68%, and the selection
of time-dependent effects is infrequent. In the Milan 3 cohort, the interaction effect is robust
at 75%, although 25% of the times the additive model is chosen.

It appears that the data perturbation procedure does not have a clear response on which is the
most robust model structure, particularly in the sub-distribution hazard modeling framework.
Additional insights on the practical utility of considering more complex model structures still
selected by the algorithm based on the information criteria might be derived by the assessment
of their predictive ability.

Regarding the selection of the number of the knots and as consequence the number of the
spline basis, for the sub-distribution hazard baseline in Milan 1 regardless of the structure
complexity, 3 interior knots (7 spline basis) were mostly selected. A greater variability of
selection is shown for the sub-distribution hazard baseline of Milan 3.

On the contrary, for the baseline risk function of both Milan 1 and Milan 3, 3 knots (2 basis)
were mostly preferred indicating that more complexity was not needed.
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6.2.3 Time dependent measures of discrimination

No relevant differences in the discriminatory capacity in relation to model complexity are
present between the pseudo-value and SDH modeling frameworks. Figure 6.5 displays the
time-dependent C-index evaluated for the six model structure at 5, and 10 years of the follow-
up time. In the Milan 1 trial cohort, the additive model, despite being less frequently selected
in the non-parametric bootstrap procedure, exhibits the same discriminatory capacity at 5
and10 years as respect the models that specify modulation effect of nodal status on treatment
and the interaction effect between baseline risk function and nodal status. This was expected
since the as the index is merely considering ranks of the CIF. Interestingly, these outperforms
models that only specify a modulation effect of nodal status on treatment effect and the model
that do not specify time-dependent effect of treatment, despite these models were those most
selected in the bootstrap procedure.
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Figure 6.4: Relative frequency of model selection with the pertubation procedure through
bootstrap resampling for Milan 1 (a) and Milan 3 (b).

69



(a)

(c)

(b)

(d)

DT−SDH PSEUDO

M
I1

M
I3

5 10 5 10

0.50

0.55

0.60

0.65

0.50

0.55

0.60

0.65

Years from surgery

C
op

t(t
)

Model
structure

1

2

3

4

5

6

Figure 6.5: Time-dependent discriminatory capacity of the model structures assessed by
means of time-dependent C-index. In (a) and (b) how the discriminatory capac-
ity of the model structures in Milan 1 trial varies by increasing their complexity
starting from the basic additive and proportional hazard model is shown for the
sub-distribution hazard and the pseudo-observation modeling frameworks respec-
tively. In (c) and (d) the same is shown for Milan 3 trial data.
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Conversely, in the Milan 3 trial cohort, the additive model displays the lowest value, while
multiplicative models, with or without a time-dependent effect of nodal status and treatment,
demonstrate the highest discriminant ability. Notably, at a ten-year follow-up, relative dif-
ferences in discriminatory capacity among the multiplicative and additive models diminish
for Milan 1 but persist for Milan 3, where the additive model retains its lowest discriminant
capacity.
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Figure 6.6 shows the results of the time-dependent NRI computed on the different model
structures. In the SDH modeling framework, for Milan 1, Model structure 4, despite show-
ing lower discriminatory ability, is the structure that reclassifies most efficiently patients, as
respect to the additive model. The most complex model structures diminish the number of
patients correctly reclassified. For Milan 3, considering the interaction effect between nodal
status and treatment causes the highest increase in the number of patients correctly reclassi-
fied as having a distant recurrence. More complex interaction or time dependent effects do
not increase further the reclassifying performance.

In the pseudo-values modeling framework, model structure 4 despite again the low discrimi-
natory capacity show good performance as more complex model structures. However, consid-
ering the interaction effect of treatment and nodal status for Milan 1 data show a diminished
increase in the number of reclassified patients but still a substantial increase (50%). For Milan
3, the interaction effect of nodal status and treatment is sufficient to substantially increase
this number, and as what was seen in the SDH modeling framework, additional complexity
does not add in the performance.

6.3 Discussion

In the context of competing risks, the CIF of an event is the preferred measure for clini-
cians and epidemiologists, as it directly represents the risk of a specific event occurring first.
Consequently, models that enable direct inference on CIF are essential. The Fine & Gray
(F&G) proportional sub-distribution hazard model remains the most widely used method in
this context due to its similarity to the Cox model and the widespread availability of software.
For long-term follow-up studies, flexible competing risks models that incorporate baseline
hazard/risk offer significant advantages in specifying the functional form of time-dependent
effects. While interaction terms and non-linear effects can be easily incorporated into the F&G
model, specifying flexible functional forms for time-dependent effects or complex higher-order
interactions may be limited to simple shapes. Additionally, when predicting CIF, a flexible
parametric approach using regression splines eliminates the need for a Breslow-type estimator
of the cumulative incidence function, which heavily depends on the pattern of observed events.
Instead, this approach relies directly on smoothed model-predicted probabilities.

Although a stratification approach within the F&G framework (Zhou et al. 2010) addresses
challenges related to non-proportional hazard effects, it does not provide estimated effects
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Figure 6.6: Time dependent measures of category-less absolute net reclassification improve-
ment. In (a) and (b) the reclassification of the women of Milan 1 trial as a function
of increasing complexity of the model structures is shown for the sub-distribution
hazard and the pseudo-observation modeling frameworks respectively. In (c) and
(d) the same is shown for the women of Milan 3 trial.
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for stratification variables, which may limit its utility for clinicians interested in these effects.
Furthermore, as noted by an anonymous reviewer, model selection between stratified and
non-stratified models using information criteria is less straightforward with the F&G model
compared to the approaches proposed in this work.

In this study, we employed two flexible competing risks modeling frameworks. The
discrete-time sub-distribution hazard model demonstrated greater sensitivity in identifying
time-dependent effects and ensured monotonic CIF estimates. However, a limitation of this
method is the lack of a straightforward measure for the standard errors of CIF estimates.
Variability can still be assessed using bootstrap procedures or the delta method.

The transformation model based on pseudo-observations provides a more direct and practical
approach, although its sensitivity to time-dependent effects may depend on the choice of
spline bases. It may also fail to guarantee monotonic estimates starting from zero at time
zero for all covariate combinations, particularly when proportional risks are modeled. In such
cases, monotonic splines, such as the integrated splines proposed by (Ramsay 1988), which
enforce monotonicity under positivity constraints, could be beneficial. A key advantage of
this framework is its ability to directly estimate variability around the estimates due to the
asymptotic properties of pseudo-values.

Careful attention is required when specifying model complexity to avoid overfitting or un-
derfitting. To address this, we introduced a statistical learning workflow that combines do-
main knowledge, graphical representation, and model complexity selection with perturbation
methods and predictive metrics. This workflow enhances the robustness, accuracy, and inter-
pretability of CIF estimation.

We also developed a modified version of the Net Reclassification Index (NRI) to account for
the time dependency of prognostic relationships among covariates, enabling NRI evaluation
at different follow-up points in the context of competing risks. When domain knowledge and
graphical representations suggest covariate interactions or time-dependent effects not initially
evident in the data, combining perturbation methods with tailored predictive performance
measures can improve model robustness. Ideally, the model structure most frequently selected
among bootstrap samples and exhibiting the highest predictive performance at different follow-
up times should be chosen. For complex models, the added predictive capacity should be
critically evaluated, balancing explainability with performance. If perturbation methods yield
inconclusive results, prioritizing a model with significantly better predictive performance may
be advisable, while carefully considering any loss in explainability. Additionally, comparing
out-of-sample predictive performance using k-fold cross-validation with tailored metrics can
further assess robustness. In this study, we used bootstrap model selection frequencies as an
exploratory tool to assess variability and optimism correction, allowing full utilization of the
available sample size without data partitioning.

Caution is advised when relying solely on discrimination indices such as the AUC, which
reflect only rank-based measures. Discrepancies between the C-index and time-dependent
NRI may arise, with NRI being more sensitive to the effects of increased model complexity.
For example, in the analysis of the Milan 1 trial data within the sub-distribution hazard
framework, the original data identified a model with an interaction effect between treatment
and nodal status. Data perturbation revealed uncertainty in the most robust model structure,
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with the most frequently selected model including a time-dependent effect of nodal status and
an interaction effect between treatment and nodal status. Although this model showed lower
discriminatory capability at 5 years based on the C-index, it exhibited the highest NRI at
both 5 and 10 years.

It is important to note that neither the NRI nor the Integrated Discrimination Improvement
(IDI)—whether continuous or categorical—are considered “proper” scoring rules. These met-
rics may suggest improvements even for biomarkers that add no real value, particularly when
models are poorly calibrated, leading to inaccurate probability estimates (Hilden and Gerds
2013). While overfitting is less likely in models built with a small number of well-known
prognostic markers, especially within the same study population, model calibration remains
critical and should always be verified before further discrimination analyses (Leening et al.
2014). Summary statistics like NRI and IDI should not be interpreted in isolation but should
be complemented with other metrics, such as changes in AUC, calibration measures, and
decision-analytic tools, to assess whether model improvements translate into meaningful clin-
ical utility. In this study, we combined NRI with AUC (or C-index), adapted for competing
risks, applied to the training dataset with optimism correction. The choice of NRI in this
work does not imply it is mandatory for all analyses; researchers should select metrics based
on their strengths and limitations.

In both the pseudo-values and sub-distribution hazard frameworks for the Milan 1 data,
the additive model demonstrated comparable discriminatory power to more complex models,
suggesting that added complexity may be unnecessary. However, NRI indicated that incorpo-
rating more complex effects offered advantages over simpler models without time-dependent
effects, consistent with the biological phenomenon’s dynamics. These findings highlight that
traditional metrics like the C-index may miss nuances captured by NRI, underscoring its value
in model evaluation for CIF contexts. In the analysis of the Milan 3 trial data using the sub-
distribution hazard framework, the original data identified a model with a time-dependent
effect of nodal status and an interaction effect between treatment and nodal status. Data
perturbation revealed significant uncertainty in identifying the most robust model structure,
but the model with only an interaction effect between treatment and nodal status was favored
by both the C-index and NRI at 5 and 10 years.

The methods used in this study are particularly straightforward when analyzing the CIF of
a single specific event. In contrast, cause-specific hazard (CSH) approaches (Cheng, Fine,
and Wei 1998; Ambrogi, Biganzoli, and Boracchi 2009) require additional modeling of the
event-free survival function. A critical area for future research is comparing the performance
of flexible methods in estimating CIF functions with CSH-based methods, especially as more
flexible CSH estimation approaches have been proposed. For instance, (Belot et al. 2010)
extended the Lunn and McNeil model to integrate time-dependent effects for event-specific
covariate effects within a single model, while (E. M. Biganzoli et al. 2006) introduced a
neural network with a multinomial activation function to derive smooth estimates of the
cause-specific hazard function for each event.

This integrated approach is well-suited when there is a strong hypothesis about key prognostic
factors but may be suboptimal in high-dimensional contexts requiring feature selection. In
such cases, machine learning models (Ishwaran et al. 2014), combined with rule extraction
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methods or the double penalization algorithm (Rodríguez-Girondo et al. 2013; Marra and
Wood 2011) within the generalized additive model framework, may offer greater utility.

6.4 Conclusion

Accurate modeling of the cause specific cumulative incidence function is essential for both
exploratory analyses, providing reliable prognostic information to patients and computing
measures of average treatment effect.

With the availability of highly flexible models, researchers must carefully balance the level
of complexity when modeling prognostic relationships among covariates. While relying on
simpler models—assuming additivity and proportional hazards—may seem like a safe strategy
to avoid over fitting, it often leads to under-fitted estimates, resulting in missed discoveries
or inaccurate prognostic information.

Conversely, when substantial subject-specific knowledge is available, relying exclusively on
machine learning algorithms for model selection can be problematic, as these methods may
fail to adequately explain prognostic relationships or control for overfitting.

This paper proposes a workflow that integrates data perturbation and multiple measures of
model discrimination to guide model selection. We believe this approach will be valuable for
clinicians and epidemiologists working with long-term follow-up data and complex diseases,
such as chronic conditions.
While the discrete-time hazard model has been extended for the sub-distribution hazard
estimation in context where time is naturally grouped, a relevant question is if the piece-wise
exponential model, that instead addresses a continuous time process, can be extended as well.
This will be the task addressed in the next chapter.
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7 A Piece-wise exponential model for the
sub-distribution hazard of an event

In competing risks analysis, the cumulative incidence function (CIF) provides a clinically intu-
itive measure of event probability over time. While the Fine and Gray model directly targets
the sub-distribution hazard (SDH), its proportional hazards assumption can be restrictive.
Alternative flexible methods are often limited to discrete time intervals or rely on complex
weighting schemes. This chapter introduces a novel, flexible, and continuous-time framework
to address these limitations by extending the Piecewise Exponential (PWE) model to the
competing risks setting.

Rather than developing a complex new weighting scheme, which can be computationally
intensive and difficult to implement, our proposed method adopts a more elegant imputation-
based strategy. This approach is advantageous as it reframes the competing risks problem
into a pseudo-standard survival analysis, allowing for the direct application of well-established
and computationally efficient PWE fitting procedures.

We conducted a comprehensive Monte Carlo simulation study to evaluate the performance of
our proposed imputation-based PWE exponential model. The study was designed to assess
the method’s prediction accuracy and robustness across a wide range of clinically relevant
scenarios, by varying the underlying data generating process, the censoring type (informative,
non-informative) and the rate behind censoring mechanism, and the proportion of the primary
event compared to the competing event(s).

7.1 Methods

7.1.1 Data-Generating Mechanisms

We simulate competing risks data under two primary data-generating models for the event of
interest (event 1) and the competing event (event 2). Each subject has two binary covariates,𝑍1 and 𝑍2, drawn from independent 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(0.5) distributions.

Proportional Sub-distribution Hazards (PSH) Model

This first data-generating process (DGP) simulates right-censored time-to-event data under a
competing risks framework, specifically adhering to the assumptions of the Fine and Gray pro-
portional subdistribution hazards model (Fine and Gray 1999). The subdistribution hazard
for the event of interest (𝑘 = 1) is specified as 𝜆1(𝑡|𝑍) = 𝜆1,0(𝑡) exp(𝛾′𝑍), which corresponds
to a conditional Cumulative Incidence Function (CIF) of 𝐹1(𝑡; 𝑍) = 𝑃(𝑇 ≤ 𝑡, 𝐸 = 1|𝑍) =1−[1−𝐹1,0(𝑡)]exp(𝛾′𝑍). The baseline CIF, 𝐹1,0(𝑡), is constructed from an improper log-logistic
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distribution (i.e., a distribution whose density does not integrate to 1, allowing for a frac-
tion of the population that never experiences the event) by scaling a proper log-logistic CDF
by a baseline incidence probability, 𝑝𝑏𝑎𝑠𝑒. This choice facilitates the simulation of complex,
non-monotonic baseline hazards.

The simulation process begins by generating a covariate matrix 𝑍 of independent Bernoulli
variables for a cohort of 𝑛 individuals. For each individual, the ultimate probability of expe-
riencing event 1, 𝑃(𝐸𝑖 = 1|𝑍𝑖) = 1 − (1 − 𝑝𝑏𝑎𝑠𝑒)exp(𝛾′𝑍𝑖), is calculated. The event type 𝐸𝑖 is
then assigned via a Bernoulli trial using this probability. Individuals not assigned to event 1
are designated to have the competing event (𝐸𝑖 = 2). Event times are subsequently generated
conditional on the assigned event type using inverse transform sampling. For an individual
destined for event 1, an event time 𝑇𝑖 is generated by inverting its conditional distribution,𝑃(𝑇 ≤ 𝑡|𝐸 = 1, 𝑍) = 𝐹1(𝑡; 𝑍)/𝑃(𝐸 = 1|𝑍), using a uniform random variate. For individuals
assigned to the competing event, times are drawn independently from a separate Weibull
distribution, creating a mixture model structure for the overall DGP.

Non-Proportional Sub-distribution Hazards (NPSH) Model

In this case we follow the method proposed by Beyersmann et al. (2009) . Data are generated
by specifying the cause-specific hazards (CSH) for each event. The CSH for event 1, ℎ1(𝑡|𝑍),
is modeled using a log-logistic distribution, while the CSH for event 2, ℎ2(𝑡|𝑍), is modeled
using a Weibull distribution. The overall cumulative hazard, 𝐻(𝑡|𝑍) = 𝐻1(𝑡|𝑍) + 𝐻2(𝑡|𝑍), is
computed, so that the overall event time 𝑇 for each subject is generated via inversion sampling
by numerically solving 𝐻(𝑇 |𝑍)+ log(𝑈) = 0 for a standard uniform random variable 𝑈 , using
the R uniroot function.

The cause of failure is then determined probabilistically based on the relative magnitude
of the cause-specific hazards at the generated event time 𝑇 , where 𝑃(Cause = 1|𝑇 , 𝑍) =ℎ1(𝑇 |𝑍)/(ℎ1(𝑇 |𝑍)+ℎ2(𝑇 |𝑍)). For this model, the true log-hazard ratios for the CSH of event
1 are 𝛽11 = −0.3 for 𝑍1 and 𝛽12 = 0.5 for 𝑍2. For event 2, the coefficients are 𝛽21 = −0.2 for𝑍1 and 𝛽22 = 0 for 𝑍2.

By generating proportional cause-specific hazards, we automatically simulate non-
proportional sub-distribution hazards, this is due to the relationship between the CSH
and the SDH well discussed in Putter, Schumacher, and Houwelingen (2020) .

7.1.2 Censoring mechanism

For each scenario, we target final censoring proportions of ≈ 30%, ≈ 45%, and ≈ 60% by
adjusting the rate parameter of the random censoring distribution and the administrative
censoring time. In particular, we adjust the event-rate and the administrative censoring such
that the final proportion of administratively censored observations is ≈ 15%. Then we adjust
the exponential rate parameter of the censoring distribution to add random drop-outs to reach
the desired levels of censored observations.

The mechanisms include:
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• Independent Censoring: The censoring process is completely independent of subject
covariates. Censoring times are drawn from a standard exponential distribution. These
scenarios serve as a baseline to evaluate the method’s performance under ideal censoring
conditions.

• Dependent Censoring: To mimic more realistic and challenging settings, another
scenario is designed to induce dependent censoring. Here, the probability of being cen-
sored was directly related to the same covariate, 𝑍1, that influenced the event risk. This
creates a dependency between the event and censoring times, a known source of bias for
standard survival estimators. This was achieved by making the censoring distribution’s
parameters a function of 𝑍1. For the exponential model, the rate parameter was defined
as rate × exp(0.3 ⋅ 𝑍1).

7.1.3 Sample size

A key requisite of the design is to ensure an adequate number of event per parameter to obtain
proper estimates of the cause specific cumulative incidence function. Although focused in a
context without competing risks, the simulation study in Section 3.6 indicated that at least
a number of 15-20 events per parameter are required. In this simulation, we aimed to reach
a number of EPP between 15 and 20.

The total number of parameters to be estimated in the final piecewise exponential (PWE)
model is determined by summing the degrees of freedom for the baseline hazard and the
covariate effects. The model’s baseline hazard was flexibly modeled using natural spline bases
with 6 degrees of freedom (corresponding to 5 interior knots), whose locations are determined
from a large preliminary simulated dataset of 𝑁 ≥ 100000. This level of flexibility was
determined to be sufficient based on preliminary analyses of simulated data and represents a
balance between capturing the potentially complex, non-monotonic shapes of the underlying
hazard functions and avoiding overfitting, which could inflate the variance of the estimates.
In addition to these 6 spline parameters, the model includes main effects for covariates 𝑍1
and 𝑍2, leading to 8 model parameters in total.

For the NPSH model, time-varying effects for the covariates are also included and modeled
using a natural spline with a single interior knot at the median event time, to maintain a
smooth functional form of the time-varying effect. Thus, in addition to 6 model parameters
associated to the splines, the two parameters associated to the main covariate effect, additional
four model parameters which specify the interaction of the covariate with the baseline hazard
function add up to 12.

After determining the total number of parameters, and after identifying the rate parameters
required to achieve the target censoring proportions, the initial sample size is scaled to ensure
a minimum of primary events per estimated parameter. This adjustment accounts for the loss
of events due to higher censoring and guarantees the stability of the model estimates across
all conditions. For each scenario, 1000 replications are performed.
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7.1.4 Proposed Estimation Method

The proposed imputation method is specifically designed to align with the risk set definition
of a sub-distribution hazard. In a standard cause-specific analysis, a subject is removed from
the risk set after experiencing a competing event. However, the sub-distribution hazard model
requires such individuals to remain in the risk set to correctly model the crude probability
of the event of interest. The imputation approach achieves this directly: by replacing the
competing event time with an imputed, later censoring time, the subject contributes person-
time to the risk set beyond their competing event, thereby correctly inflating the denominator
of the hazard calculation in line with the sub-distribution hazard philosophy. The specific
algorithm is as follows.

First, we fitted a model to the censoring distribution, considering only subjects who were
censored for reasons other than the competing event. The choice of model depended on the
censoring mechanism being simulated. In scenarios with independent censoring, we followed
the original imputation methodology proposed by Ruan and Gray (2008), where the survival
function for censoring was estimated non-parametrically using the Kaplan-Meier estimator.
In scenarios with dependent censoring, a more flexible approach was utilized. We fitted
a PWE model to the censoring distribution to account for covariate effects (Donoghoe and
Gebski 2017), modeling the baseline hazard with a simple, smooth function, as the underlying
censoring distributions were not expected to be complex.

We performed 10 imputations for each subject with a competing event. This number is
commonly found to provide stable estimates for the parameters of interest while maintaining
computational efficiency

Second, for each of the 10 imputation rounds, a potential censoring time was imputed for all
subjects who experienced the competing event. This was done by drawing a random time
from the conditional censoring distribution, given that the censoring event must occur after
the observed competing event time (𝑇𝐶 > 𝑇𝑐𝑜𝑚𝑝𝑒𝑡𝑒). This draw was performed via inversion
sampling of the conditional survival function derived from the fitted model for censoring.

Third, using each of the 10 newly censoring–completed datasets, a final PWE model was fitted
to the sub-distribution hazard of the primary event, using the pre-specified spline structure
for the baseline hazard and time-varying effects as described in the design section. The
final cumulative incidence function and model coefficients were obtained by averaging the
predictions and estimates across the 10 imputations.

Algorithm 1 summarizes the estimation procedure.

Ĺ Imputation and Modeling Procedure

1. Model the Censoring Distribution:

• Fit a model to the time-to-censoring distribution using only subjects who were
censored for reasons other than the competing event. The choice of model
depends on the assumed censoring mechanism:

– (a) Independent Censoring: Estimate the survival function for cen-
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soring non-parametrically using the Kaplan-Meier estimator
– (b) Dependent Censoring: Fit a Piecewise Exponential (PWE) model

to the censoring distribution to account for covariate effects

2. Impute Potential Censoring Times:

• For each of the m = 10 imputation rounds:
– For every subject who experienced the competing event, impute a po-

tential censoring time by drawing a random value from the conditional
censoring distribution.

– This draw is conditioned such that the imputed censoring time (𝑇𝐶) must
occur after the observed competing event time (𝑇𝑐𝑜𝑚𝑝𝑒𝑡𝑒), i.e.,𝑇𝐶 > 𝑇𝑐𝑜𝑚𝑝𝑒𝑡𝑒

– The random draw is performed using inversion sampling on the condi-
tional survival function derived from the model fitted in Step 1.

• This step yields 10 distinct “censoring-completed” datasets.

3. Fit Final Models and Pool Results:

• Using each of the 10 completed datasets, fit a final PWE model to the sub-
distribution hazard of the primary event. This model incorporates the pre-
specified spline structure for the baseline hazard and any time-varying effects.

• Combine the results across the 10 imputations to obtain the final estimates:
– The final model coefficients are calculated by averaging the estimates

from the 10 fitted models.
– The final cumulative incidence function (CIF) is obtained by aver-

aging the predictions from the 10 fitted models.

7.1.5 From model predicted rates to cause-specific cumulative incidence function

Details about the Piecewise Exponential Model framework are reported in Section 4.4. Briefly,
the fitted Poisson GLM predicts the piecewise-constant (now sub-distribution) hazard rate,𝜆̂𝑗, for each time interval 𝑗, allowing to obtain an overall smooth hazard function throughout
the follow-up, if splinesare adopted. The cumulative sub-distribution hazard at time 𝑡𝑘 is
then calculated as the sum of these hazards over the interval lengths, 𝐻̂𝑠𝑑(𝑡𝑘) = ∑𝑘𝑗=1 𝜆̂𝑗Δ𝑗.
Finally, the cumulative incidence function is obtained via the transformation CIF(𝑡) = 1 −
exp(−𝐻̂(𝑡)).
7.1.6 Performance Evaluation

The performance of the method is evaluated by comparing the estimated CIF for event 1
against the true, analytically derived CIF at 121 time points from 0 to 120 months for the
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PSH and 0 to 70 for the NPSH. The differences in the follow-up length are due to a difference
intensity of the processes between PSH and NPSH.

The evaluation is conducted for all four covariate profiles (𝑍1, 𝑍2 ∈ {0, 1}). The performance
metrics used to calculate at each time point for each scenario are the Bias Equation 5.4, Vari-
ance Equation 5.5, Root Mean Squared Error (RMSE, Equation 5.8) and the Mean Absolute
Error (MAE, Equation 5.6).

Moreover, as a benchmark, for the scenarios with non-informative censoring, we also consider
a reanalysis of the same samples with the discrete-time sub-distribution hazard model and
the transformation model on pseudo-observations computed on the Aalen-Johansen estimates
of the CIF (Section 4.6) .

7.2 Results

7.2.1 The Imputation-Based PWE Model Achieves Negligible Bias Across All
Scenarios

Figure 7.1 provides a comprehensive bias-variance decomposition of the Mean Squared Error
(MSE) and clearly demonstrates the model’s unbiasedness. Across all 12 scenarios, the squared
bias (top row) remains close to zero and contributes minimally to the overall MSE, even under
the challenging conditions of non-proportional hazards and 60% informative censoring. As
expected for a cumulative estimand, the variance (middle row) is the primary driver of MSE,
increasing with follow-up time. This pattern confirms that the imputation procedure correctly
handles competing events without introducing systematic error into the CIF estimates.

7.2.2 The PWE Model Demonstrates Robust and Competitive Performance in
Estimating the CIF

Overall, Table 7.1 shows that the performance of the PWE for the estimation of the CIF
is reasonably good, regardless the complexity underlying the model for the outcome, and
the presence of informative censoring and the proportion of censored observations. This
means that the implementation of the imputation method within the piece-wise exponential
model framework with splines is robust. This holds true also for the non-proportional hazards
scenarios, where interaction terms with the baseline hazard specified with splines are specified.
Considered the moderate sample size available (1000 N with >15-20 events per parameter),
the RMSE and the MAE were always below the 0.02 for a baseline probability of 0.3, and
around max 0.03 at baseline probability of 0.6.

The prediction accuracy of the PWE framework has revealed comparable with the ones of the
other flexible methods, if not slightly better in specific cases especially in terms of the bias.
The results of the formal comparison are shown in Table 7.2.

Collectively, these findings, presented in Figure Figure 7.1 and Table 7.1 and Table 7.2, support
our central hypothesis: the proposed imputation-based PWE framework provides accurate and
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robust estimates of the cause-specific CIF under a wide range of data-generating processes
and censoring mechanisms.
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Figure 7.1: Bias-Variance Decomposition of the Mean Squared Error (MSE) for the Estimated
Cumulative Incidence Function (CIF). The MSE (bottom row) and its components,
squared bias (top row) and variance (middle row), are plotted against follow-up
time in months. Results are aggregated across all four covariate profiles and are
shown for scenarios under proportional (PH) and non-proportional (NPH) sub-
distribution hazard assumptions, varying censoring proportions (30%, 45%, 60%),
and baseline event probabilities (0.3, 0.6).

7.3 Discussion

The extensive simulation study demonstrates that this PWE-SDH framework provides accu-
rate and robust estimates of the CIF. Across 12 diverse scenarios, encompassing both propor-
tional and non-proportional sub-distribution hazards, varying degrees of censoring, and the
challenging condition of covariate-dependent (informative) censoring, the proposed method
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Table 7.1: RMSE and MAE of the CIF estimated with PWE model for the SDH. These are
aggregated over covariates and time.

Base Probability Censoring % RMSE MAE
DGM 1: Proportional SDH - CM 1: Non-Informative Censoring

0.3 30% 0.01890 0.01348
0.3 45% 0.01790 0.01286
0.3 60% 0.01886 0.01335
0.6 30% 0.03340 0.02457
0.6 45% 0.03162 0.02310
0.6 60% 0.03333 0.02417

DGM 1: Proportional SDH - CM 2: Informative Censoring
0.3 30% 0.01956 0.01409
0.3 45% 0.01874 0.01343
0.3 60% 0.02035 0.01435
0.6 30% 0.03220 0.02367
0.6 45% 0.03110 0.02262
0.6 60% 0.03257 0.02369

DGM 2: Non-proportional SDH - CM 1: Non-Informative Censoring
0.3 30% 0.01607 0.01186
0.3 45% 0.01520 0.01109
0.3 60% 0.01571 0.01133
0.6 30% 0.02996 0.02254
0.6 45% 0.02785 0.02075
0.6 60% 0.03059 0.02247

DGM 2: Non-proportional SDH - CM 2: Informative Censoring
0.3 30% 0.01622 0.01190
0.3 45% 0.01537 0.01130
0.3 60% 0.01662 0.01198
0.6 30% 0.03063 0.02294
0.6 45% 0.02951 0.02189
0.6 60% 0.03310 0.02402
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Table 7.2: Comparison of the performance of the CIF estimation by other flexible method
(the discrete-time sub-distribution hazard approach and the pseudo-observation
approach) with PWE model for the SDH. The measures are aggregated over co-
variates and time.

method Censoring % BIAS VARIANCE MSE RMSE MAE
DGM 1: Proportional SDH - Base probability: 0.3

Discrete-time SDH 30% 0.00079 0.00035 0.00036 0.01894 0.01366
PWE SDH 30% 0.00042 0.00036 0.00036 0.01890 0.01348
Pseudo-observations 30% 0.00083 0.00041 0.00043 0.02062 0.01534
Discrete-time SDH 45% 0.00141 0.00031 0.00032 0.01794 0.01304
PWE SDH 45% 0.00110 0.00032 0.00032 0.01790 0.01286
Pseudo-observations 45% 0.00147 0.00037 0.00038 0.01946 0.01436
Discrete-time SDH 60% 0.00143 0.00035 0.00036 0.01890 0.01349
PWE SDH 60% 0.00114 0.00035 0.00036 0.01886 0.01335
Pseudo-observations 60% 0.00186 0.00042 0.00043 0.02074 0.01486
DGM 1: Proportional SDH - Base probability: 0.6

Discrete-time SDH 30% 0.00304 0.00108 0.00112 0.03341 0.02504
PWE SDH 30% 0.00282 0.00111 0.00112 0.03340 0.02457
Pseudo-observations 30% 0.00450 0.00125 0.00131 0.03619 0.02749
Discrete-time SDH 45% 0.00202 0.00098 0.00101 0.03176 0.02355
PWE SDH 45% 0.00184 0.00099 0.00100 0.03162 0.02310
Pseudo-observations 45% 0.00316 0.00109 0.00112 0.03345 0.02510
Discrete-time SDH 60% 0.00138 0.00110 0.00112 0.03344 0.02455
PWE SDH 60% 0.00088 0.00111 0.00111 0.03333 0.02417
Pseudo-observations 60% 0.00292 0.00127 0.00129 0.03588 0.02636
DGM 2: Non-proportional SDH - Base probability: 0.3

Discrete-time SDH 30% 0.00194 0.00022 0.00023 0.01512 0.01126
PWE SDH 30% 0.00153 0.00025 0.00026 0.01607 0.01186
Pseudo-observations 30% 0.00132 0.00023 0.00024 0.01556 0.01178
Discrete-time SDH 45% 0.00185 0.00019 0.00020 0.01410 0.01039
PWE SDH 45% 0.00153 0.00023 0.00023 0.01520 0.01109
Pseudo-observations 45% 0.00120 0.00020 0.00021 0.01452 0.01082
Discrete-time SDH 60% 0.00151 0.00019 0.00020 0.01420 0.01033
PWE SDH 60% 0.00151 0.00024 0.00025 0.01571 0.01133
Pseudo-observations 60% 0.00120 0.00022 0.00022 0.01488 0.01087
DGM 2: Non-proportional SDH - Base probability: 0.6

Discrete-time SDH 30% 0.00284 0.00085 0.00089 0.02989 0.02287
PWE SDH 30% 0.00260 0.00088 0.00090 0.02996 0.02254
Pseudo-observations 30% 0.00202 0.00100 0.00105 0.03235 0.02459
Discrete-time SDH 45% 0.00234 0.00074 0.00077 0.02775 0.02100
PWE SDH 45% 0.00272 0.00076 0.00078 0.02785 0.02075
Pseudo-observations 45% 0.00294 0.00093 0.00098 0.03127 0.02320
Discrete-time SDH 60% 0.00146 0.00089 0.00092 0.03029 0.02252
PWE SDH 60% 0.00263 0.00092 0.00094 0.03059 0.02247
Pseudo-observations 60% 0.00533 0.00139 0.00150 0.03867 0.02688
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exhibited negligible bias. The variance of the CIF estimates was the main component of the
MSE. It increased over the follow-up time, as it is expected for cumulative estimands, but
overall remained well-controlled, resulting in low overall Mean Squared Error.

Furthermore, when benchmarked against established flexible methods—namely, discrete-time
SDH models and regression on pseudo-observations—the PWE-SDH approach demonstrated
comparable, and in some cases slightly superior, performance, solidifying its position as a
powerful tool for competing risks analysis.

The transformation model on pseudo-observation uses jackknife-based pseudo-values of the
non-parametric Aalen-Johansen CIF estimate as the outcome in a generalized estimating
equation, allowing for direct regression on the CIF. The simulation results show the PWE-
SDH is highly competitive with this approach. Conceptually, the pseudo-observation approach
is a form of imputation or better a data transformation technique, as it transforms censored
data into complete data. As the pseudo-observation method is a two-stage process (non-
parametric estimation followed by regression), also the imputation-based PWE model is an
integrated, likelihood-based approach (post-imputation).

The discrete time SDH model uses a weighted binary regression approach. This weights
are computed considering an IPCW scheme, before the modeling step. Thus the approach
also consists in a two stage modeling procedure. The PWE-SDH model can be viewed as
a continuous-time analogue. The choice between these two frameworks may depend on the
nature of the data collection process; discrete-time models are a natural fit for data collected
at fixed intervals (e.g., scheduled follow-up visits), while the continuous-time PWE model
is well-suited for data where event times are recorded with high precision. The comparable
performance observed in the simulations suggests that both are valid and powerful tools in
the analyst’s arsenal.

For modeling the censoring distributions, we used different approaches depending on the
censoring mechanism underlying the data: a non-parametric KM estimator in the presence of
non-informative censoring and a PWE model specifying the baseline censoring hazard with
splines in the presence of informative censoring.

The validity of the imputation-based approach hinges on the correct specification of the model
for the censoring distribution. A critical and logical next step for this research is to formally
evaluate the model’s robustness to misspecification of the censoring distribution. Future
simulation studies should be designed to quantify the magnitude of bias introduced when,
for instance, a simple non-parametric Kaplan-Meier estimator is used for imputation when
the true censoring process is strongly covariate-dependent. The results of such studies would
be invaluable for establishing practical guidelines for applied researchers on how flexibly the
censoring model must be specified to ensure valid inference.

A pooled model for the censoring distribution, in cases where the censoring is covariate-
dependent, could lead to greater bias but have lower variances associated to the estimates
of the CIF. This was already encountered in Donoghoe and Gebski (2017) for the estimates
of the sub-distribution hazard ratio, when evaluating weighting schemes for the Fine & Gray
proportional sub-distribution hazards model.
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Moreover, while no particular differences in the performance were found between informative
and non-informative censoring scenarios, indicating that the PWE model was efficient in im-
puting censoring times, an open question is whether the KM estimator or the Cox model could
be also sufficient at this task. A PWE model with splines, might overfit the data, especially
with limited censoring proportion and when considering non-proportional hazards scenarios (
arguably possible also for the censoring distributions). Equivalently to covariate information,
considering multiple parameters for smoothing the censoring distribution might eventually
increase the variance of the CIF estimates. In other words, a question that we should address
in the future is how flexible the censoring model should be for a stable estimation of the
CIF.

The performance of the PWE-SDH model with smaller sample sizes, a larger number of
covariates (including continuous or multi-category predictors), or in high-dimensional settings
remains also to be explored. The data expansion inherent in PWE models, which creates one
row of data for each interval a subject is at risk, can lead to very large datasets. This may
present computational challenges in scenarios with many covariates or long follow-up times
partitioned into many intervals.

Future studies will assess the proposed method in the presence of different sample sizes and
multidimensional data and they will try to address the issue of the flexibility of the censoring
model behind the imputation of the censoring times.

In conclusion, the proposed imputation-based PWE-SDH model is a novel, flexible, and robust
method for the analysis of competing risks data. By marrying the flexibility of PWE models
with an accessible imputation framework, it provides a powerful tool for directly modeling the
CIF, accommodating non-proportional hazards, and handling covariate-dependent censoring.
We think tath the approach is also easily extendible to more advanced non-linear models
(Fornili et al. 2018). Its strong performance in this preliminary simulation study and its
implementation using standard statistical software position it as a valuable addition to the
biostatistician’s toolkit for modeling in the presence of competing risks.

With this study we concluded the part of thesis dedicated to the assessment of the perfor-
mances and the introduction of new solutions to flexibly model cumulative quantities, critical
to obtain clinically useful and causally sound measure of effect associated to an exposure.
However, a critical question remain: can we exploit better the estimated cumulative quanti-
ties to communicate risk of an event associated to an exposure? This will be the aim of the
following chapter.
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8 Highest Risk Density Region for the
communication of the impact of a treatment
covariate on the time-to-event distribution

Building on the established need for more communicable measures of treatment effect be-
yond the Hazard Ratio, this chapter addresses the inherent limitations of existing time-scale
alternatives like the Restricted Mean Survival Time (RMST) and quantile regression. We
therefore shift the focus from single-summary statistics to a more granular analysis of the
entire time-to-event distribution. To formally quantify how a treatment redistributes risk
over time, we introduce two novel concepts: the Highest Risk Density Region (HRDR), which
identifies the narrowest time interval of peak risk, and the Highest Net Risk Difference Region
(HNRDR), which isolates the period of maximal therapeutic impact. These tools provide a
complementary framework for answering clinically relevant questions about when and how a
treatment exerts its effect.

8.1 Methods

8.1.1 Formalizing the Causal Restricted HRDR Estimand

Not all individuals will experience an event by the end of the follow-up time 𝜏 , making
some time-to-event data right censored. Unless the adoption of a parametric survival model
(e.g., AFT), obtaining estimates of the 𝑓𝑎(𝑡|𝑡 > 𝜏) and 𝐹𝑎(𝑡|𝑡 > 𝜏) is impossible without
extrapolation. For this reason, we restrict the support of 𝑇 (𝑎) to [0, 𝜏 ] where 𝜏 represents a
relevant ending time-point of the follow-up.

Let 𝑇 (𝑎) be the original, unconditional time-to-event random variable with PDF 𝑓𝑎(𝑡) and
CDF 𝐹𝑎(𝑡). We define a new, truncated random variable, 𝑇 ∗(𝑎) = 𝑇 (𝑎)|𝑇 (𝑎) ≤ 𝜏 , whose
distribution is that of 𝑇 (𝑎) conditional on the event 𝑇 (𝑎) ≤ 𝜏 . The support for 𝑇 ∗(𝑎) is the
interval [0, 𝜏 ]. For notational simplicity, the term (𝑎) and the subscript 𝑎 will be omitted.

The properties of 𝑇 ∗ can be derived from first principles using the definition of conditional
probability. The CDF of 𝑇 ∗, denoted 𝐹 ∗(𝑡), is the probability that 𝑇 ∗ is less than or equal to
some time 𝑡 within its support. For any 𝑡 ∈ [0, 𝜏 ]:𝐹 ∗(𝑡) = 𝑃(𝑇 ∗ ≤ 𝑡) = 𝑃(𝑇 ≤ 𝑡|𝑇 ≤ 𝜏) (8.1)

By the definition of conditional probability, this is:
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𝐹 ∗(𝑡) = 𝑃(𝑇 ≤ 𝑡 ∩ 𝑇 ≤ 𝜏)𝑃(𝑇 ≤ 𝜏)
Since 𝑡 ≤ 𝜏 , the event {𝑇 ≤ 𝑡} is a subset of the event {𝑇 ≤ 𝜏}, so their intersection is simply{𝑇 ≤ 𝑡}. Therefore, the expression simplifies to:

𝐹 ∗(𝑡) = 𝑃(𝑇 ≤ 𝑡)𝑃(𝑇 ≤ 𝜏) = 𝐹(𝑡)𝐹(𝜏) for 0 ≤ 𝑡 ≤ 𝜏 (8.2)

For 𝑡 > 𝜏 , 𝐹 ∗(𝑡) = 1. The restricted PDF, 𝑓∗(𝑡), is the derivative of this conditional CDF
with respect to 𝑡:

𝑓∗(𝑡) = 𝑑𝑑𝑡𝐹 ∗(𝑡) = 𝑑𝑑𝑡 ( 𝐹(𝑡)𝐹(𝜏)) = 1𝐹(𝜏) 𝑑𝐹(𝑡)𝑑𝑡 = 𝑓(𝑡)𝐹(𝜏) for 0 ≤ 𝑡 ≤ 𝜏 (8.3)

For 𝑡 > 𝜏 , 𝑓∗(𝑡) = 0.

The restricted PDF, 𝑓∗(𝑡), is the original unconditional PDF, 𝑓(𝑡), rescaled by the constant1/𝐹(𝜏). This constant is the inverse of the probability of an individual belonging to the sub-
population of interest, and it serves as the normalizing constant that ensures ∫𝜏0 𝑓∗(𝑢)𝑑𝑢 =1.

From these, we define the potential restricted PDF, 𝑓∗𝑎(𝑡), which describes the distribution
of event times for the sub-population that would have an event by time 𝜏 if they received
treatment 𝑎:

𝑓∗𝑎(𝑡) = 𝑓𝑎(𝑡)𝐹𝑎(𝜏) for 𝑡 ∈ [0, 𝜏 ] (8.4)

This is the PDF for the truncated potential outcome variable 𝑇 ∗(𝑎) = 𝑇 (𝑎)|𝑇 (𝑎) ≤ 𝜏 .

8.1.2 Highest Risk Density Regions (HRDRs)

Building upon Hyndman 1995, we define the (1 − 𝛼)100% HRDR estimand, denotedΨ𝐻𝑅𝐷𝑅(𝜏, 𝛼), as the pair of highest density regions for the potential outcome distributions
under treatment and control: Ψ𝑅𝐻𝐷𝑅(𝜏, 𝛼) = (𝑅1,𝛼, 𝑅0,𝛼) (8.5)

where, for each treatment arm 𝑎 ∈ {0, 1}, the region 𝑅𝑎,𝛼 is defined as:𝑅𝑎,𝛼 = {𝑡 ∈ [0, 𝜏] ∶ 𝑓𝑎(𝑡) ≥ 𝑘′𝑎,𝛼} (8.6)

88



The threshold 𝑘′𝑎,𝛼 is the largest value such that the integral of the unconditional marginal
PDF over this region equals a pre-defined proportion of the probability mass within the
truncated population:

∫𝑅𝑎,𝛼 𝑓𝑎(𝑡)𝑑𝑡 = (1 − 𝛼)𝐹𝑎(𝜏) (8.7)

This version of HRDR answers specifically the question of how the treatment changes the
timing of the most likely (1 − 𝛼)100% of the failures of the sub-population of individuals who
fail by time 𝜏 . This method cleanly focuses on the timing of events for those who fail, captured
by comparing the (1 − 𝛼)100% HRDRs of the two normalized conditional distributions. This
is a question about the timing of risk, normalized for any difference in the overall event rate
by time 𝜏 .

However, another relevant question would be how treatment changes the specific time-window
during which a fixed absolute probability mass (i.e, risk) of failures is most likely to accumulate
for the sub-population of individuals who are followed by time 𝜏 . This HRDR version compares
the periods of highest risk of the two groups, accounting for the same absolute probability of
events that we will call 𝑃𝑚𝑎𝑠𝑠.

Suppose that the research question involves the characterization of a time-window in which
20% of the patients are mostly expected to experience the event. Panel h of Figure 1 indicates
that for a 20% risk mass (𝛼 = 0.2), the HRDR (solid light line) for the control group is the
interval [26, 45] months, whereas for the treatment group (solid dark line), it is [43, 74] months.
This approach translates the treatment effect into a quantifiable shift and extension of the
interval of maximal event concentration. This is a question about the timing of absolute risk
accumulation in the population as a whole.

Naturally, 𝑃𝑚𝑎𝑠𝑠 must be less than the total probability of an event occurring by time 𝜏 in
either group: 0 < 𝑃𝑚𝑎𝑠𝑠 < min(𝐹0(𝜏), 𝐹1(𝜏)). For each treatment arm 𝑎 ∈ {0, 1}, we would
calculate the required coverage level, (1 − 𝛼𝑎), that yields this fixed mass when multiplied by
the group’s total event probability, 𝐹𝑎(𝜏).

(1 − 𝛼𝑎) = 𝑃𝑚𝑎𝑠𝑠𝐹𝑎(𝜏) (8.8)

if 𝐹0(𝜏) ≠ 𝐹1(𝜏), then the required ‘coverage levels’ 𝛼0 and 𝛼1 will be different.

For each group, we would then find the standard (1−𝛼𝑎)% HRDR of its restricted distribution,𝑓∗𝑎(𝑡). This means finding the region 𝑅𝐹𝑀𝑎,𝑃𝑚𝑎𝑠𝑠 such that:𝑅𝐹𝑀𝑎,𝑃𝑚𝑎𝑠𝑠 = {𝑡 ∈ [0, 𝜏] ∶ 𝑓𝑎(𝑡) ≥ 𝑘′𝑎,𝛼𝑎} (8.9)

where the threshold 𝑘′𝑎,𝛼𝑎 is chosen so that the integral of the unconditional marginal PDF
over this region is exactly equal to the target mass, 𝑃𝑚𝑎𝑠𝑠:
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∫𝑅𝐹𝑀𝑎,𝑃𝑚𝑎𝑠𝑠 𝑓𝑎(𝑡)𝑑𝑡 = (1 − 𝛼𝑎)𝐹𝑎(𝜏) = 𝑃𝑚𝑎𝑠𝑠 (8.10)

While the first version of the HRDR is better suited for studying the pure temporal dynamics
of the risk density, independent of differences in cumulative incidence, the AR-HRDR is
arguably more clinically relevant for communicating absolute risk to clinicians, patients and
stakeholders. For this reason, in the paper we will focus on this second version.

8.1.3 The Highest Net Risk Difference Region

Up to now we have considered intervals that describe how risk of an event is distributed over
the follow-up time but we did not address methods to characterize the difference between
treatments. A naive initial approach would be to compare the interval features, such as
interval length, interval mid-point or interval boundaries by calculating ratios or differences.

By comparing the difference or the ratio between the mid-points or the lengths of the intervals
one could isolate the effect of treatment on the location or the scale of the distribution.
Notably, a ratio between HRDR features would be conceptually similar to the interpretation
of the coefficients of the AFT models.

Assuming no cure fraction, a treatment or exposure does not eliminate risk but rather shifts its
distribution over time. As said before, within a finite follow-up period, a beneficial intervention
is one that effectively postpones a quantum of risk to a later time. This perspective gives rise
to two fundamental questions.

One first question would be what the cumulative magnitude of the risk shift (i.e., the absolute
risk reduction or increase) attributable to the treatment or exposure over the course of the
follow-up is. This is usually addressed by analyzing the difference between the cumulative
risk or cumulative survival functions of the groups, where the maximum difference quantifies
the maximal net shift in risk mass.

Another relevant question would be what the temporal dynamics of this risk shift is. That is,
how is the risk shift realized over time—as an acute, high-impact effect over a short duration,
or as a sustained, moderate effect over a longer period.

Thus, a more direct characterization of the net treatment effect, than the comparison of
the HRDR, can be obtained by analyzing the instantaneous risk difference function, i.e., the
difference between the two PDFs. This difference function quantifies the instantaneous risk
reduction at each point in time, identifying periods of maximal treatment efficacy.

The instantaneous risk difference function is defined as 𝑑∗(𝑡) = 𝑓∗1(𝑡)−𝑓∗0(𝑡). The value of 𝑑∗(𝑡)
at any time point represents the instantaneous net rate of change in event probability due to
the treatment. Where 𝑑∗(𝑡) < 0, the treatment is preventing events that would have occurred
in the control group at that time. Where 𝑑∗(𝑡) > 0, the treatment is causing excess events
relative to the control group, by shifting events that would have occurred earlier, later.
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Formally, we define the HNRDR as the set of time points where 𝑑(𝑡) is most intense, such
that the integral of 𝑑(𝑡) over this set equals a pre-specified absolute net risk difference, 𝐶. For
a net benefit (negative 𝐶), the region is:𝑅𝐶 = {𝑡 ∈ [0, 𝜏] ∶ 𝑑(𝑡) ≤ 𝑘𝐶} such that ∫𝑅𝐶 𝑑(𝑡)𝑑𝑡 = 𝐶 (8.11)

where 𝑘𝐶 is the data-driven threshold constructed with the same methodology considered for
the computation of the HRDRs.

While the cumulative risk difference, D(t), or the difference in RMST, Δ𝑅𝑀𝑆𝑇 (𝜏), provide
the overall magnitude of the net treatment effect, the HNRDR uniquely identifies the temporal
location where that effect is most intensely realized. The HNRDR provides a framework for
what can be conceptualized as “risk-shifting accounting.” An important property is that the
total integral of 𝑑(𝑡) over the entire time horizon is zero (∫∞0 𝑑(𝑡)𝑑𝑡 = 0). This forces a “zero-
sum” narrative of risk redistribution. However, up to a restricted time 𝜏 this will integrate
to the 𝐶 = 𝐹1(𝜏) − 𝐹0(𝜏). The HNRDR for a net benefit (a negative cumulative difference,
C) finds the interval where d(t) is most negative. The corresponding positive portions of d(t)
must therefore represent the events that were postponed from this early period to a later
time.

8.1.4 Methods of constructing Highest Risk Density Regions and Highest Net
Risk Difference Regions

Having formally defined the HRDR and HNRDR estimands, we now detail the computational
algorithms for their estimation from empirical data.

HRDRs

Various method of finding HDRs exist in the literature. In this paper, we will consider two
main approaches for the construction of the HRDRs and HNRDRs: an up-down approach,
based on the probability density function, and a right-left approach, based on the cumulative
distribution function of the time-to-event variable. Both methods have their advantages and
drawbacks and are susceptible to some sort of approximation. These algorithms are built
on the work of O’Neill (2021), which however considered parametric models estimates of the
PDF and CDF.

Up-down approach

In the up-down approach If ̂𝑓𝑎(𝑡) is available analytically (from AFT parametric models)
or as a smooth estimate (e.g., from a flexible parametric fit like a PWE-spline model), the
primary task is to find the level of 𝑓𝑎 which defines the HRDR. This often requires numerical
integration and root-finding techniques to solve the equation.

A common practical approach, particularly when working with empirical data, is Hyndman’s
density quantile algorithm. If one can evaluate the estimated density ̂𝑓𝑎(𝑡𝑖) at a large number
of points 𝑡𝑖, these density values can be sorted. The (1 − 𝛼)𝐹𝑎(𝑡) quantile of these sorted
density values can serve as an approximation for 𝑓𝛼. Alternatively, if random samples can be
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drawn from the distribution characterized by ̂𝑓𝑎(𝑡), one can evaluate the density at these 𝑛
samples; the ⌊(1 − 𝛼)𝑛⌋-th largest density value among these provides an estimate of 𝑓𝛼. In
the present work we will consider the Hyndman’s density quantile algorithm, also called the
“up-down” approach.

Table 8.1: HRDR via “Up-down” Approach

Step Description
Foundation Operates on the Probability Density Function (PDF), ̂𝑓(𝑡).

It is general and can identify multiple, non-contiguous
high-risk intervals.

1. Evaluate Density Estimate the density function ̂𝑓(𝑡) and evaluate it at a large
number of discrete time points, 𝑡1, 𝑡2, ..., 𝑡𝑛, to get a vector
of density values ̂𝑓(𝑡𝑖).

2. Sort Density Values Create a new list containing the density values ̂𝑓(𝑡𝑖) sorted
in descending order.

3. Determine Density
Threshold

Find the density value that corresponds to the (1 − 𝛼)-th
quantile of the sorted density values. This value serves as
the density threshold, 𝑐𝛼.

4. Identify Time
Intervals

The HRDR is the set of all original time points 𝑡𝑖 where the
unevaluated density ̂𝑓(𝑡𝑖) is greater than or equal to the
threshold 𝑐_𝛼. HRDR𝛼 = 𝑡 ∣ ̂𝑓(𝑡) ≥ 𝑐𝛼

Output One or more time intervals representing the periods of
highest concentrated risk.

Right-left approach

The right-left approach works under the assumption of a compact set and a quasi-convex
PDF, which is often the case of survival data. In such cases, non-parametric or flexible
parametric estimates of ̂𝐹𝑎(𝑡) can be exploited. A HRDR is defined as a compact interval𝐼 = [𝑎, 𝑏] that contains a specific risk mass, 𝑃𝑚𝑎𝑠𝑠, while having the minimum possible length,𝐿. The probability mass requirement is given by 𝐹(𝑏) − 𝐹(𝑎) = 𝑃𝑚𝑎𝑠𝑠 . We can reframe the
search for the HRDR as an optimization problem with a single unknown variable. The goal
is to minimize the interval length, 𝐿 = 𝑏 − 𝑎. First, we express 𝑏 as a function of 𝑎. From
the probability mass requirement, we have 𝐹(𝑏) = 𝐹(𝑎) + 𝑃𝑚𝑎𝑠𝑠. By applying the inverse
cumulative distribution function (the quantile function, 𝐹 −1), we get𝑏 = 𝐹 −1(𝐹(𝑎) + 1 − 𝛼) (8.12)

this into the length formula gives us the function we need to minimize with respect to 𝑎:𝐿(𝑎) = 𝐹 −1(𝐹(𝑎) + 1 − 𝛼) − 𝑎 (8.13)

An optimization algorithm can be used to find the value of 𝑎 that minimizes this function.
The search for the optimal 𝑎 can be restricted to the interval [0, 𝐹 −1(𝛼)]. This optimization
strategy is implemented using discrete data points. It begins by taking vectors of time points,
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𝑡𝑖, and the corresponding CDF values. First, the algorithm creates continuous, invertible
functions from the discrete data points using linear interpolation. This yields an empirical
CDF, which we can denote as ̂𝐹 (𝑥), and its inverse, the empirical quantile function, ̂𝐹 −1(𝑝).
Next, it defines an objective function that calculates the interval length, 𝐿(𝑎), for any given
lower bound 𝑎, exactly as formulated in the continuous problem:𝐿(𝑎) = ̂𝐹 −1( ̂𝐹 (𝑎) + 1 − 𝛼) − 𝑎 (8.14)

The algorithm then numerically searches for the value of 𝑎 within a valid search interval that
minimizes the objective function, 𝐿(𝑎). The result of this optimization is the optimal lower
bound, 𝑎∗.
Finally, the optimal upper bound, 𝑏∗, is calculated by substituting 𝑎∗ back into the rearranged
constraint equation: 𝑏∗ = ̂𝐹 −1( ̂𝐹 (𝑎∗) + 1 − 𝛼) (8.15)

The algorithm concludes by returning the interval [𝑎∗, 𝑏∗] as the shortest region containing
the specified probability coverage.

Table 8.2: HRDR via “Right-Left” Approach (Optimization)

Step Description
Foundation Operates on the Cumulative Distribution Function (CDF),̂𝐹 (𝑡). It is more stable but assumes the HRDR is a single,

contiguous interval.
1. Interpolate Empirical
CDF

From the discrete time-to-event data, create a continuous
and invertible empirical CDF, ̂𝐹 (𝑡), and its inverse (the
quantile function), ̂𝐹 −1(𝑝).

2. Define & Minimize
Objective Function

Define an objective function 𝐿(𝑎) that calculates the
interval length for a given lower bound a:𝐿(𝑎) = ̂𝐹 −1( ̂𝐹 (𝑎) + 1 − 𝛼) − 𝑎 Use a numerical optimization
algorithm to find the value 𝑎∗ that minimizes 𝐿(𝑎).

3. Calculate Upper
Bound

Calculate the optimal upper bound, 𝑏∗, by substituting 𝑎∗
back into the constraint equation: . 𝑏∗ = ̂𝐹 −1( ̂𝐹 (𝑎∗) + 1 − 𝛼)

4. Define Final Interval The resulting HRDR is the single, shortest interval [𝑎∗, 𝑏∗]
that contains the probability mass (1 − 𝛼).

Output A single time interval representing the shortest span for the
specified risk mass.

HNRDRs

Up-down approach
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The up-down and right-left approaches can also be utilized to identify the HNRDRs from the
instantaneous risk difference function and the cumulative risk difference function respectively.
In the first case, we assume the function 𝑑(𝑡) has been evaluated at 𝑛 equally spaced time
points, 𝑡1, 𝑡2, … , 𝑡𝑛, with a constant time step Δ𝑡 = 𝑡𝑖+1 −𝑡𝑖. This gives us a vector of function
values, d = (𝑑1, 𝑑2, … , 𝑑𝑛), where 𝑑𝑖 = 𝑑(𝑡𝑖).
The algorithm begins by sorting these discrete values to identify the most extreme ones. Let𝜋 be a permutation of the indices {1, 2, … , 𝑛} that orders the values in d from most to least
extreme, depending on the direction of the effect.

Next, the algorithm finds a threshold index, 𝑘, by applying the integral constraint. It approx-
imates the integral by calculating the cumulative sum of the sorted values multiplied by the
time step, Δ𝑡. It then identifies the smallest integer 𝑘 for which this cumulative sum reaches
the target value 𝐶. For a risk reduction, this is formulated as finding the minimum 𝑗 such
that:

𝑘 = min {𝑗 ∈ {1, … , 𝑛} ∣ 𝑗∑𝑖=1 𝑑𝜋(𝑖)Δ𝑡 ≤ 𝐶} (8.16)

The threshold value, 𝑑𝑡ℎ𝑟𝑒𝑠ℎ, is then defined as the function value at this 𝑘-th sorted position,𝑑𝑡ℎ𝑟𝑒𝑠ℎ = 𝑑𝜋(𝑘).
Finally, the HNRDR is identified by constructing a set of indices, 𝐼𝐻𝑁𝑅𝐷𝑅, which includes
all of the original time points where the function value 𝑑𝑖 is more extreme than or equal to
this threshold. For a risk reduction, this set is:𝐼𝐻𝑁𝑅𝐷𝑅 = {𝑖 ∈ {1, … , 𝑛} ∣ 𝑑𝑖 ≤ 𝑑𝑡ℎ𝑟𝑒𝑠ℎ} (8.17)

The algorithm concludes by converting any contiguous blocks of indices within 𝐼𝐻𝑁𝑅𝐷𝑅 back
into time intervals, [𝑡𝑠𝑡𝑎𝑟𝑡, 𝑡𝑒𝑛𝑑], which constitute the final HNRDR.

Table 8.3: HNRDR via “Up-Down” Approach

Step Description
Foundation Operates on the instantaneous risk difference function, 𝑑(𝑡),

evaluated at discrete time points.
1. Evaluate Risk
Difference

Obtain a vector of risk difference values 𝑑𝑖 = 𝑑(𝑡𝑖) by
evaluating the function at n equally spaced time points.

2. Sort by Extremity Sort the indices {1, ..., 𝑛} based on the values of di from
most to least extreme (e.g., from most negative for a risk
reduction). Let this sorted order be 𝜋(𝑖).

3. Find Threshold via
Cumulative Sum

Approximate the integral by calculating the cumulative sum
of the sorted values. Find the smallest index 𝑘 where this
sum reaches the target cumulative difference, 𝐶. For a risk
reduction: 𝑘 = min {𝑗 ∣ ∑𝑗𝑖=1 𝑑𝜋(𝑖)Δ𝑡 ≤ 𝐶} The threshold
value is then 𝑑𝑡ℎ𝑟𝑒𝑠ℎ = 𝑑𝜋(𝑘).
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Step Description
4. Identify Time
Intervals

The HNRDR is the set of all original time points 𝑡𝑖 where
the risk difference 𝑑𝑖 is more extreme than or equal to the
threshold 𝑑𝑡ℎ𝑟𝑒𝑠ℎ.

Output One or more time intervals representing periods of the
greatest net risk difference.

Right-left approach

In the right-left approach, if the underlying difference function 𝑑(𝑡) is expected to be unimodal,
also the HNRDRs would be compact sets. In such cases flexible parametric estimates of 𝐷̂(𝑡),
i.e., the cumulative risk difference function, can also be exploited. The HNRDR is defined
as a compact interval 𝐼 = [𝑎, 𝑏] that contains a specific net risk difference mass, 𝐶𝑚𝑎𝑠𝑠,
while having the minimum possible length, 𝐿. The probability mass requirement is given
by 𝐷(𝑏) − 𝐷(𝑎) = 𝐶𝑚𝑎𝑠𝑠 . We can reframe the search for the HNRDR as an optimization
problem with a single unknown variable. The goal is to minimize the interval length, 𝐿 = 𝑏−𝑎.
First, we express 𝑏 as a function of 𝑎. From the net risk difference mass requirement, we have𝐷(𝑏) = 𝐷(𝑎) + 𝐶𝑚𝑎𝑠𝑠. By applying the inverse of the cumulative risk difference function, we
get 𝑏 = 𝐷−1(𝐷(𝑎) + 1 − 𝛼) (8.18)
Substituting this into the length formula gives us the function we need to minimize with
respect to 𝑎: 𝐿(𝑎) = 𝐷−1(𝐷(𝑎) + 1 − 𝛼) − 𝑎
. In order to find the inverse of the cumulative risk difference function, it is important to
restrict it up to the maximum net risk difference value, to make it monotonic. An optimization
algorithm can be used to find the value of 𝑎 that minimizes this function. The search for the
optimal 𝑎 can be restricted to the interval [0, 𝐷−1(𝛼)]. This optimization strategy is again
achieved using discrete data points. It begins by taking vectors of time points, 𝑡𝑖, and the
corresponding cumulative risk difference values, 𝐷(𝑡).
First, the algorithm creates continuous, invertible functions from the discrete data points
using linear interpolation. This yields an empirical cumulative risk difference function, which
we can denote as 𝐷̂(𝑡), and its inverse 𝐷̂−1(𝑝).
Next, it defines an objective function that calculates the interval length, 𝐿(𝑎), for any given
lower bound 𝑎, exactly as formulated in the continuous problem:𝐿(𝑎) = 𝐷̂−1(𝐷̂(𝑎) + 𝐶) − 𝑎 (8.19)

The algorithm again searches for the value of 𝑎 within a valid search interval that minimizes
the objective function, 𝐿(𝑎). The result of this optimization is the optimal lower bound, 𝑎∗.
Finally, the optimal upper bound, 𝑏∗, is calculated by substituting 𝑎∗ back into the rearranged
constraint equation:
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𝑏∗ = 𝐷̂−1(𝐷̂(𝑎∗) + 𝐶) (8.20)

The algorithm concludes by returning the interval [𝑎∗, 𝑏∗] as the shortest region containing
the specified cumulative difference, 𝐶.

Table 8.4: HNRDR via “Right-Left” Approach (Optimization)

Step Description
Foundation Operates on the cumulative risk difference function, 𝐷̂(𝑡).

Assumes the HNRDR is a single, contiguous interval.
1. Interpolate Empirical
Function

Create continuous and invertible functions from the discrete
cumulative risk difference data: 𝐷̂(𝑡) and its inverse 𝐷̂−1(𝑝).
The domain of 𝐷̂(𝑡) may need to be restricted to ensure it
is monotonic for inversion.

2. Define & Minimize
Objective Function

Define an objective function 𝐿(𝑎) for the interval length
based on a lower bound a: 𝐿(𝑎) = 𝐷̂−1(𝐷̂(𝑎) + 𝐶) − 𝑎 Use
numerical optimization to find the value 𝑎∗ that minimizes𝐿(𝑎).

3. Calculate Upper
Bound

Calculate the optimal upper bound, 𝑏∗, using the value of𝑎∗: 𝑏∗ = 𝐷̂−1(𝐷̂(𝑎∗) + 𝐶)
4. Define Final Interval The resulting HNRDR is the single, shortest interval [𝑎∗, 𝑏∗]

that contains the target cumulative risk difference, 𝐶.
Output A single time interval representing the shortest span for the

specified net risk difference.

The up-down (PDF-based) approach is more general, as it can identify non-contiguous re-
gions, which is a primary advantage of HDRs for multimodal distributions. However, its
performance is highly sensitive to the quality of the PDF estimate, which often involves
numerical differentiation—a potentially unstable operation that can amplify noise.

The right-left (CDF-based) approach is generally more stable because it operates on the
integrated function (CDF), which is inherently smoother than the PDF. Its main limitation
is the implicit assumption that the HRDR is a single contiguous interval, which may not be
true for complex, multimodal risk patterns (though this is rare in survival analysis).

Table 8.1, Table 8.2, Table 8.3, Table 8.4 summarize the algorithms to obtain the probability
intervals of interest.

8.1.5 Finding the best estimator of 𝑓𝑎(𝑡) and 𝐹𝑎(𝑡)
Regardless of the version of the HRDRs considered and the approach to identify them, their
reliability is intrinsically linked to the quality of the underlying PDF and CDF estimate. Thus,
finding the best estimator ̂𝑓𝑎(𝑡) and ̂𝐹𝑎(𝑡) is critically important to present coherent intervals
in which a specific probability mass is expected to fall.
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In the context of right-censored and often highly skewed distributions, the modeling ap-
proaches have been mainly focused either on the hazard function or the cumulative distri-
bution function, although powerful parametric AFT models like the Weibull, the log-logistic
or the gamma have been also considered in modeling time-to-event data. These are very effi-
cient in retrieving analytically the functions, but they are often too rigid to model follow-up
data of clinical and epidemiological studies, as they assume that the hazard, the PDF and
the CDF follow a specific, predefined mathematical form.

On the other hand, as already discussed before, the semi-parametric Cox proportional haz-
ards (PH) model does not specify the baseline hazard function, but it relies on the stringent
assumption of proportional hazards.

Three interrelated functions describe the distribution of a lifetime variable: the survival func-
tion, the hazard rate function, the probability density function. Knowing any one of these
allows the other three to be uniquely determined. The interconvertibility of the functions that
define the random variable implies that modeling choices can be guided by interpretational
needs or analytical convenience.

Several flexible approaches were developed either for modeling the hazard function or the cu-
mulative distribution function of the time-to-event conditional on covariate, where flexibility
means being able to account for non-trivial shapes of the baseline hazard/cumulative distri-
bution functions, time-varying covariates and most importantly to relax the assumption of
proportionality of the hazards/cumulative distribution functions.

In the present chapter, the piece-wise exponential (PWE) model on ℎ(𝑡) and the transforma-
tion model on jackknife pseudo-observations of 𝐹(𝑡) will be considered. The choice of the PWE
and Pseudo-observation models was aimed at an exploration of two different philosophies in
flexible survival modeling.

The PWE estimates the hazard (a rate, akin to a derivative) and then obtains the CDF via
integration, which is a smoothing operation. PWE might be superior for PDF estimation,
thus, its preferred algorithms of HRDR and HNRDR construction should be the one based on
the Up-Down approach, described in Table 8.1 and Table 8.3. On the contrary, the pseudo-
observation model directly targets the survival or cumulative distribution function, bypassing
the hazard entirely and to obtain a PDF a numerical derivative has to be computed. Numerical
differentiation is known to amplify noise. Therefore, it is logical that the Pseudo-observation
model would produce a less stable PDF estimate . The model naturally pairs with the Right-
Left algorithm described in Table 8.2 and Table 8.4.

8.1.6 Visualizing and quantifying the uncertainty around the estimates of the
target functions

To quantify the uncertainty across the entire range of the estimated functions (CDF and/or
PDF), we construct (1 − 𝛼) × 100% simultaneous confidence bands (SCBs) using a non-
parametric bootstrap approach. The procedure is performed independently for each function
and at each specified covariate level. Two distinct bootstrap-based methods were developed to
generate the SCBs, following an approach from (Montiel Olea and Plagborg-Møller 2018).
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The foundational step for both methods involves generating 𝐵 bootstrap samples by resam-
pling with replacement from the original dataset. For each bootstrap sample, the target
function (e.g., the cumulative distribution function, 𝐹(𝑦)) is re-estimated over a discrete grid
of 𝑘 points, {𝑡1, 𝑡2, … , 𝑡𝑘}. This process yields 𝐵 bootstrap curves, which can be organized
into a 𝐵×𝑘 matrix, where each row represents a full estimated curve. The function estimated
from the original data serves as the central point estimate, ̂𝑓(𝑡) or ̂𝐹 (𝑡) .

8.1.6.1 Method 1: Critical value approach

This method constructs bands of uniform width in terms of standard error units. The algo-
rithm proceeds as follows:

1. Bootstrap Standard Error Calculation: The standard error for the point estimate at
each point 𝑦𝑗 is estimated by the standard deviation of the 𝐵 bootstrap estimates at

that specific point: SE∗( ̂𝐹 (𝑡𝑗)) = √ 1𝐵−1 ∑𝐵𝑖=1( ̂𝐹 ∗𝑖 (𝑡𝑗) − ̂𝐹 ∗(𝑡𝑗))2 where ̂𝐹 ∗𝑖 (𝑡𝑗) is the
estimate from the 𝑖-th bootstrap sample at prediction point 𝑡𝑗.

2. Distribution of Maximum Deviations: For each of the 𝐵 bootstrap curves, we compute
the maximum standardized absolute deviation from the original point estimate across
all prediction points: 𝑀𝑖 = max𝑗=1,…,𝑘 ∣ ̂𝐹 ∗𝑖 (𝑡𝑗)− ̂𝐹(𝑡𝑗)

SE∗( ̂𝐹 (𝑡𝑗)) ∣
3. Critical Value Determination: The distribution of these maxima, {𝑀1, 𝑀2, … , 𝑀𝐵}, is

used to find a single critical value, ̂𝑞1−𝛼, which is the empirical (1 − 𝛼)-th quantile of
this distribution.

4. SCB Construction: The final SCB is constructed by creating a band around the predic-
tion point estimate curve with a width determined by the critical value ̂𝑞1−𝛼 and the
pointwise bootstrap standard errors: SCB(𝑡𝑗) = ̂𝐹 (𝑡𝑗) ± ̂𝑞1−𝛼 ⋅ SE∗( ̂𝐹 (𝑡𝑗)) This ensures
that the entire band simultaneously covers the true function with approximately (1−𝛼)
probability.

8.1.6.2 Method 2: Direct Quantile Calibration Method

This method directly finds the appropriate quantiles from the bootstrap distribution of curves
to achieve the target simultaneous coverage, allowing the band width to vary more flexibly.

1. Objective Function Definition: The goal is to find a quantile probability 𝜁 ∈ (0, 𝛼/2)
such that the band formed by the pointwise 𝜁-th and (1−𝜁)-th quantiles of the bootstrap
curves contains exactly (1 − 𝛼) × 100% of the complete bootstrap curves.

2. Numerical Calibration: We define an objective function that computes the empirical
simultaneous coverage for a given 𝜁 and returns the difference from the nominal coverage
level, 1−𝛼. A numerical root-finding algorithm (uniroot in R) is then employed to solve
for the optimal value, ̂𝜁, which makes this difference zero. The search for ̂𝜁 is constrained
to a plausible interval, typically between a Bonferroni-corrected level (𝛼/2𝑘) and the
uncorrected pointwise level (𝛼/2).
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3. SCB Construction: Once the calibrated value ̂𝜁 is determined, the final SCBs are
constructed using the pointwise quantiles of the bootstrap distribution of function esti-
mates. The lower band is the ̂𝜁-th quantile at each prediction point 𝑦𝑗, and the upper
band is the (1 − ̂𝜁)-th quantile:

Lower SCB(𝑡𝑗) = Quantile({ ̂𝐹 ∗𝑖 (𝑡𝑗)}𝐵𝑖=1, probs = ̂𝜁)
Upper SCB(𝑡𝑗) = Quantile({ ̂𝐹 ∗𝑖 (𝑡𝑗)}𝐵𝑖=1, probs = 1 − ̂𝜁)

8.1.7 95% confidence intervals for the HRDRs and HNRDRs features

Highest Risk Density Regions are a form of prediction intervals. The 95% Highest Risk Density
Region of a hypothetical time-to-event distribution following the normal model would be
equivalent to the 95% prediction intervals, due to the symmetry of the normal distribution.

While confidence intervals around prediction intervals are rare in the literature, quantifying
the uncertainty around the period where risk is maximally distributed or where treatment
has the maximum impact is important.

In this work, we quantify the uncertainty around the estimates of the intervals by focusing
on their individual features like the lower boundary (the start of the intervals), the upper
boundary (the end of the intervals), the mid-point (the location of the intervals) and the
width (the scale). We consider a method based on the bootstrap corrected for the bias and
the acceleration factor. The output of the bootstrap procedure is a collection of confidence
intervals for specific, pre-defined scalar features of the HDR (e.g., its start, end, or length).
The inferential statement is marginal for each feature, e.g., 𝑃(true start ∈ [start𝐿, start𝑈]) =1 − 𝛼 or 𝑃(true end ∈ [end𝐿, end𝑈]) = 1 − 𝛼 or 𝑃(true length ∈ [length𝐿, length𝑈]) = 1 − 𝛼.

This method is ideal for formal hypothesis testing on specific geometric properties of the
HRDR and HNRDR.

Potential issues could arise when bootstrapping the start points of the regions when consid-
ering large values of probability mass and heavily skewed distributions (e.g., the exponential
distribution). The bootstrap distribution of these features would be characterized by a strong
asymmetry due to high probability of obtaining as a starting point or a ending point the first
or last value of the domain of x.

We can also quantify the geometric similarity between the original interval estimate and a
distribution of intervals derived from bootstrap samples, thereby providing a holistic measure
of its stability against sampling variability.

The procedure begins by generating a large number of bootstrap samples from the original
dataset. Let the original sample be denoted by 𝑋 = {𝑥1, 𝑥2, ..., 𝑥𝑛}, with a sample size of𝑛. We generated 𝐵 bootstrap samples, 𝑋∗𝑏 , for 𝑏 = 1, ..., 𝐵, by sampling 𝑛 observations from𝑋 with replacement. For each bootstrap sample 𝑋∗𝑏 , we re-computed the interval of interest,
yielding a collection of 𝐵 bootstrap intervals, denoted as 𝐼𝑏 = [𝑎𝑏, 𝑏𝑏].
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The stability of the original interval 𝐼 was then assessed by comparing it to each bootstrap
replicate 𝐼𝑏 using the Jaccard index, a well-established metric for set similarity. For two non-
empty intervals, the Jaccard index is defined as the ratio of the length of their intersection to
the length of their union. The formal definition is:

𝐽(𝐼, 𝐼𝑏) = length(𝐼 ∩ 𝐼𝑏)
length(𝐼 ∪ 𝐼𝑏) (8.21)

Where the intersection of the two intervals is given by:𝐼 ∩ 𝐼𝑏 = [max(𝑎, 𝑎𝑏), min(𝑏, 𝑏𝑏)] (8.22)

And the union of the two intervals is given by:𝐼 ∪ 𝐼𝑏 = [min(𝑎, 𝑎𝑏), max(𝑏, 𝑏𝑏)] (8.23)

The length of an interval [𝑥, 𝑦] is defined as 𝑦 − 𝑥, provided 𝑦 ≥ 𝑥. The Jaccard index is
bounded between 0 and 1, where 𝐽 = 1 signifies perfect concordance between the intervals
and 𝐽 = 0 indicates that the intervals are disjoint (i.e., have no overlap).

This procedure yields a distribution of 𝐵 Jaccard indices, {𝐽(𝐼, 𝐼1), 𝐽(𝐼, 𝐼2), ..., 𝐽(𝐼, 𝐼𝐵)}. This
distribution provides a comprehensive summary of the interval’s stability. A distribution
tightly concentrated near 1 suggests that the interval is highly robust to sampling variation,
as bootstrap replicates consistently exhibit a high degree of overlap with the original estimate.
Conversely, a distribution with a lower mean or greater variance indicates that the interval’s
boundaries and location are sensitive to the specific sample drawn, signifying lower stability.

To provide a single summary statistic for reporting, we calculated the mean of the Jaccard
index distribution, ̄𝐽 , to represent the expected similarity of the interval under resampling.
This metric serves as an intuitive and quantitative measure of the overall stability of the
estimated interval.

8.1.8 Demonstration of the methods and simulation Study

8.1.8.1 Artificial causal scenarios

To rigorously evaluate the performance of the estimation methods, we designed four distinct
data-generating scenarios. These scenarios were chosen to represent a range of complexi-
ties, from simple proportional hazards models to more challenging non-proportional hazards
structures with time-varying effects, mimicking situations often encountered in clinical and
epidemiological research. In all scenarios, the data structure consists of a binary treatment
(𝐴), five pre-treatment covariates (𝐿1, … , 𝐿5) that act as confounders, and a time-to-event
outcome (𝑇 ).

The confounding mechanism was held constant across all scenarios. The probability of receiv-
ing treatment was determined by the covariates through a logistic model:
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𝑃 (𝐴 = 1|𝐿) = logit−1(𝛼0 + 𝛼1𝐿1 + 𝛼2𝐿2 + 𝛼3𝐿3 + 𝛼4𝐿4 + 𝛼5𝐿5) (8.24)

where the coefficients (𝛼0, … , 𝛼5) were set to (−0.5, 0.5, −0.3, 0.2, 0.4, −0.2). The covariates
themselves consisted of three binary variables (𝐿1, 𝐿2, 𝐿3 ∼ Bernoulli(0.5)) and two continu-
ous standard normal variables (𝐿4, 𝐿5 ∼ 𝑁(0, 1)).
The Exponential Scenario

This scenario represents the simplest case of proportional hazards, where the hazard rate
is constant over time. The event times were generated from a Weibull distribution with the
shape parameter, 𝛾, fixed to 1, which simplifies the model to an exponential distribution. The
scale parameter, 𝜆, was determined by an accelerated failure time (AFT) model conditional
on the treatment and covariates:

log(𝑇 ) = log(𝜆0) + 𝛽𝐴𝐴 + 𝛽1𝐿1 + ⋯ + 𝛽5𝐿5 + 𝜖 (8.25)

where log(𝜆0) = log(60) is the baseline log-scale parameter, the coefficients (𝛽𝐴, … , 𝛽5) were
set to (0.7, −0.3, 0.2, 0.1, −0.25, −0.15), and 𝜖 is an error term following a Gumbel distribution.
This structure results in a constant hazard ratio and a monotonically decreasing probability
density function (PDF), where the highest risk of an event occurs at the beginning of the
follow-up period.

The Weibull Scenario

This scenario also adheres to the proportional hazards assumption but introduces a time-
varying hazard rate. Event times were generated from a Weibull distribution with a shape
parameter 𝛾 = 1.5, resulting in a monotonically increasing hazard function. The AFT model
structure for the scale parameter was identical to the exponential scenario, but with a different
baseline log-scale parameter of log(𝜆0) = log(70). The key feature of this scenario is its
unimodal, non-monotonic PDF, which contrasts with the ever-increasing hazard function.
This design allows us to assess how well the methods identify a period of peak risk that is not
at the start of the follow-up.

The Log-Logistic Scenario

This scenario was designed to represent a more complex non-proportional hazards setting.
Event times were generated from a log-logistic distribution with a shape parameter of 1.5
and a baseline log-scale parameter of log(36). The AFT model structure was modified to
include treatment-by-covariate interactions, making the treatment effect dependent on the
individual’s baseline characteristics. The resulting hazard function is non-monotonic (first
increasing, then decreasing), and the hazard ratio is time-varying. This scenario tests the
methods’ robustness to violations of the proportional hazards assumption and their ability to
handle effect modification.

The Flexible “Vanishing Effect” Scenario

This final scenario represents a challenging non-proportional hazards case designed to mimic
a “vanishing treatment effect,” where the initial benefit of a treatment diminishes over time.
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The scenario represents a “vanishing treatment effect” scenario, analogous to patterns ob-
served in clinical trials such as the GOG111 ovarian cancer study, where progression-free sur-
vival of patients with advanced ovarian cancer treated with paclitaxel–cisplatin (TP) versus
cyclophosphamide–cisplatin (CP) drug regimens in a randomized clinical trial was evaluated.
To simulate this scenario, we digitalized the survival functions displayed in Figure 1 of the
article presenting the results for the first three years of the trial (Piccart 2000) and the utilize
the simulation approach already discussed in Section 3.6 .

We defined distinct, non-monotonic baseline hazard functions, ℎ0,𝐴=1(𝑡) and ℎ0,𝐴=0(𝑡), for
the treated and control groups, respectively. The individual hazard for a subject 𝑖 was then
calculated as: ℎ𝑖(𝑡|𝐴𝑖, 𝐿𝑖) = ℎ0,𝐴=𝐴𝑖(𝑡) ⋅ exp(𝛽1𝐿1𝑖 + ⋯ + 𝛽5𝐿5𝑖) (8.26)

where the coefficients (𝛽1, … , 𝛽5) were set to (1.2, 0.8, 1.3, 0.7, 1.6). The baseline hazard func-
tions were constructed to be complex and bimodal, leading to a hazard ratio that varies
substantially over time. However, the resulting marginal PDFs are relatively simple unimodal
functions that are shifted in time. This scenario critically evaluates the ability of the methods
to deconvolve complex conditional hazard structures to accurately estimate simpler marginal
risk profiles.

8.1.8.2 Simulation

To evaluate the finite-sample performance of the proposed methods, a comprehensive Monte
Carlo simulation study was conducted. The primary objective was to assess the ability of
the two distinct flexible modeling frameworks to accurately recover true, underlying marginal
(counterfactual) PDFs and CDFs and in identifying the regions of interest, with the estimated
functions and the algorithmic approaches described above.

We evaluated the performance of the approaches as a function of the complexity of the causal
scenario involved, as well as the sample size available. Adopting the causal scenarios described
in section 4.1, we varied the sample size considering 250, 500, 750, 1000, 1500 and 2000
subjects.

For each scenario, the true marginal PDFs and CDFs for each treatment arm (𝑎 ∈ {0, 1}) and
their respective difference functions were calculated by simulating a large cohort (N=20,000)
and averaging the conditional functions over the empirical distribution of the covariates. These
served as the gold standard for performance evaluation.

For each of the five scenarios and sample size, we performed 𝑀 = 1000 Monte Carlo replica-
tions. The true event times, 𝑇𝑡𝑟𝑢𝑒, were generated according to the scenario-specific model.
Observed data were then created by applying random censoring, with event times drawn
from an exponential distribution at a rate chosen to achieve a proportion of random drop-
out of about 10 %, and a fixed administrative censoring time at 161 months to achieve an
administrative censoring proportion of 15%.
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In each replication, the marginal PDFs and CDFs were estimated using the two distinct
modeling approaches. Regardless the flexible model employed, both the two distinct algo-
rithms (up-down and right-left approach) were used. The probability mass considered for
the computation of the HRDR and the absolute risk difference mass for the HNRDR were(0.25, 0.4, 0.5, 0.6) and (−0.05, −0.10, −0.15, −0.20, −0.25).
A comprehensive set of metrics was used to evaluate the accuracy of both the point-wise
function estimates and the interval-based region estimates.

To assess the quality of the estimated marginal functions, we first decomposed the error at
each time point 𝑡 into bias and variance components. For any given function estimate ̂𝜃(𝑡)
(representing ̂𝑓𝑎(𝑡), ̂𝐹𝑎(𝑡), etc.) with a true value of 𝜃(𝑡), the point-wise bias and point-wise
variance were estimated.

The overall point-wise accuracy was quantified using the point-wise Mean Squared Error
(MSE), which combines squared bias and variance, and its square root, the Root Mean Squared
Error (RMSE). The accuracy of the estimated HRDRs and HNRDRs was evaluated using two
complementary approaches.

First, the Jaccard Index was used to measure the degree of overlap between the true region,𝑅𝑡𝑟𝑢𝑒, and the estimated region, 𝑅̂𝑒𝑠𝑡 (Equation 8.21) .

Second, we evaluated the estimation accuracy of four key features of the intervals: the lower
boundary (𝐿), the upper boundary (𝑈), the width (𝑊 = 𝑈 − 𝐿), and the mid-point (𝑀 =(𝐿 + 𝑈)/2). For each of these features, we calculated the empirical bias, variance, and RMSE
across the 𝑀 replications to provide a detailed decomposition of the estimation error.

Finally, we also calculated the empirical proportion of replications in which the estimation
procedure successfully produced a non-empty region for the specified probability coverage or
cumulative difference target.

8.1.8.3 Application on progression free survival time

We will show the application of the methods to a real dataset with the aim of evaluating
the prognostic impact of lymph nodal status (node-positive N+, node negative N-) on the
progression free survival time of patients resected from the primary tumor of the breast in
the study “Milan I trial” (Umberto Veronesi et al. 1981). Details of the trial are found in
Section 3.7.

In the Milan I trial, the definitive pathological status of the axillary lymph nodes was an
unknown variable at the point of randomization. This crucial piece of prognostic information
was only obtained as a direct result of the surgical intervention itself—a complete axillary
dissection—which was a core component of both the standard and investigational treatment
arms. At that time, ALND was viewed primarily as a therapeutic intervention, believed to
be essential for achieving regional disease control and preventing the further spread of cancer.
Its role in providing prognostic staging information was considered important but secondary
to its therapeutic purpose. The fact that the investigators included ALND in both arms
indicates that its necessity for regional control was not in question; the central hypothesis of
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the trial was whether the breast itself could be preserved, not whether the axilla could be
spared dissection.

The analysis is aimed to compute the prognostic impact of the pathological lymph nodal
status (pN) of the patients with an outcome model along with the use of the g-formula.
The outcome model is a piece-wise exponential model that includes menopausal status of
the patients, the tumor dimension and the surgical procedure plus possible radiotherapy
administered thereafter as predictor variable, in addition to the pN of the subjects. We will
relax the proportionality of the hazards assumption for pN and display how the PDF and the
HRDR can easily deal in describing a fairly complex prognostic effect.

Pathological nodal status is a biological state discovered post-randomization, not an interven-
tion that can be assigned. While the g-formula appropriately adjusts for measured baseline
confounders, attributing the remaining difference solely to the “causal” effect of nodal sta-
tus requires strong, untestable assumptions about the absence of unmeasured confounding
between the biological determinants of nodal status and the outcome. The result is better
interpreted as a confounder-adjusted description of the prognostic trajectories associated with
nodal status.

8.2 Results

Figure 8.1, Figure 8.2, Figure 8.3 and Figure 8.4 are organized into a standardized set of
panels, from (a) to (i), which report key statistical measures including survival functions,
cumulative distribution functions, hazard rates, hazard ratios, and functions of the restricted
mean survival time (RMST). The final panels are dedicated to the probability density func-
tions (PDFs) and the difference between them for the treatment and control groups. These
latter panels are supplemented with Highest Risk Density Regions (HRDRs) and Highest Net
Risk Difference Regions (HNRDRs), respectively. To illustrate the utility of these regions
for risk communication, we present a series of simulation scenarios that progress in complex-
ity, beginning with an exponential model and concluding with a non-proportional hazards
model.

The exponential scenario

The exponential scenario, detailed in Figure 8.1, serves as a foundational case. Its defining
characteristic is a constant hazard function over time (Panel d), which satisfies the propor-
tional hazards assumption and yields a constant hazard ratio (Panel e). While the hazard
ratio offers a convenient single-summary measure of effect, its relative nature obscures the
temporal dynamics of absolute risk. Alternative metrics also present interpretational chal-
lenges. The risk difference (Panel c), for instance, is time-dependent and non-monotonic,
making the choice of a single time-point for reporting ambiguous. Similarly, the difference in
RMST (Panel g) is sensitive to the choice of the truncation point, 𝜏 , leading to an effect size
that varies with the analytical window.

In contrast, the PDFs of the time-to-event variable (Panel h) provide a more granular view
by showing the unconditional instantaneous risk of the event. For the exponential model,
these functions are monotonically decreasing, revealing that the absolute risk is highest at
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the beginning of the follow-up period and diminishes over time—an insight not apparent
from the constant hazard ratio. To formalize the interpretation of these densities, HDRs can
identify the time-window in which a specified probability mass is most concentrated. For a
50% probability mass, the HDR for the control group is the interval [0, 42] months, whereas
for the treatment group it is [0, 84] months, illustrating the treatment’s effect of delaying risk
accumulation. Given the monotonic nature of the PDFs, these HDRs correspond to quantile
intervals of the form [0, 𝐹 −1(𝑃𝑚𝑎𝑠𝑠)], indicating the treatment effect is primarily on the scale
rather than the location of the distribution.

To quantify the treatment effect directly, the HNRDR applied to the instantaneous risk differ-
ence function (Panel i) identifies the window of maximal risk reduction. For example, a 20%
risk reduction is concentrated in the interval [0, 37] months. Table 1 provides the numerical
features of these intervals for a range of probability values. This framework thereby shifts
the communication of risk from a single relative measure to absolute measures defined on the
time scale of the event.

The Weibull scenario

The subsequent Weibull scenario, depicted in Figure 8.2, illustrates a case where the hazard
functions are not constant but are monotonically increasing for both groups (Panel d). De-
spite this, their ratio remains constant over time, thus satisfying the proportional hazards
assumption (Panel e). While the hazard ratio remains a convenient summary, the inter-
pretation of the hazard functions themselves can be misleading; their increasing nature is a
consequence of conditioning on survival and does not reflect the timing of the highest absolute
risk. A more direct representation is offered by the probability density functions (Panel h),
which show the unconditional instantaneous risk. In stark contrast to the exponential case,
these PDFs are non-monotonic, each with a distinct mode that indicates the period of highest
risk—approximately 30 months for the control group and 60 months for the treatment group.
This demonstrates that the peak risk occurs well before the end of the follow-up, an insight
obscured by both the hazard functions and the summary hazard ratio.

To quantify these temporal shifts in risk concentration, we compute the Highest Density
Regions. The 50% HDRs indicate that the control group accumulates half its risk in the
time-window of [14, 64] months, while for the treatment group, this period is delayed and
broadened to [27, 128] months. Here, the treatment effect is more pronounced on the scale
(width) of the interval than on its location. However, examining an HDR with a smaller
probability mass, such as 25%, can provide a more focused comparison. The 25% HDR for
the control group is [23, 46] months, whereas for the treatment group it is [46, 94] months.
This reveals a clear 23-month delay in the onset of this concentrated risk period, as shown by
the difference in the lower interval boundaries. To identify the period of maximum treatment
efficacy, the Highest Net Risk Difference Region is applied to the risk difference function. A
20% absolute risk reduction is concentrated in the time-window of months [12, 46] , with the
peak effect occurring around 25 months. A smaller 5% absolute risk reduction is similarly
concentrated in a narrower window of [22, 30] months.

The Log-logistic scenario

The log-logistic model, presented in Figure 8.3, also produces a unimodal, non-monotonic
event-time density similar to the Weibull case (Panel h). However, it introduces greater com-
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Figure 8.1: Graphical representation of the exponential simulation scenario, defined by a con-
stant hazard rate over time. Its nine panels display the following functions: (a)
Survival, S(t); (b) Cumulative Distribution Function, F(t); (c) Risk Difference,
D(t); (d) Hazard, h(t); (e) Hazard Ratio, HR(t); (f) Restricted Mean Survival
Time, RMST(�); (g) Difference in RMST, ΔRMST(�); (h) Probability Density
Function, f(t); and (i) Difference in PDFs. Throughout the figure, the control
group is represented by a white solid line and the treatment group by a black
solid line.
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Figure 8.2: Results from a Weibull proportional hazards scenario with monotonically increas-
ing hazard rates. Its nine panels show the: (a) Survival, S(t); (b) Cumulative
Distribution Function, F(t); (c) Risk Difference, D(t); (d) Hazard, h(t); (e) Haz-
ard Ratio, HR(t); (f) Restricted Mean Survival Time, RMST(�); (g) Difference in
RMST, ΔRMST(�); (h) Probability Density Function, f(t); and (i) Difference in
PDFs. The control group is represented by a white solid line and the treatment
group by a black solid line.
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plexity as it is characterized by non-proportional and non-monotonic hazards. This complex-
ity presents a significant challenge for communicating the treatment effect via conventional
metrics, particularly with a time-varying hazard ratio as seen in Panel (e). In contrast, the
Highest Risk Density Region provides a robust tool for summarizing treatment effects that is
not dependent on the proportional hazards assumption.

The 50% HRDR reveals that the control group’s primary risk window is [3, 38] months, whereas
the treatment group exhibits a slower accumulation of risk over a wider window of [5, 76]
months. Examining the 25% HRDRs for the control group, [7, 22] months, and the treatment
group, [13, 43] months, further illustrates that the treatment’s primary impact is on the scale
of risk accumulation rather than its location. This is evidenced by a 6-month difference in
the lower boundaries compared to a 15-month difference in the interval widths. Consistent
with the exponential scenario, the treatment effect is most pronounced early in the follow-up
period; the 20% HNRDR indicates that an absolute risk reduction of this magnitude is most
concentrated in the time-window of [2, 26] months.

The ‘vanishing effect’ scenario

While the survival and cumulative distribution functions present a simple visual pattern (Pan-
els a-b), the underlying hazard functions and the resultant hazard ratio are considerably more
complex. The hazards exhibit non-monotonic, bimodal shapes, and the hazard ratio varies
substantially over time, making its interpretation exceptionally challenging.

In contrast, the corresponding probability density functions (Panel h) are far simpler, present-
ing as unimodal functions of similar shape that are primarily shifted in time. The analysis
of these densities confirms that the treatment’s effect is more on the location than on the
scale of the risk period. This is substantiated by the 50% Highest Risk Density Regions: the
control group’s interval is [5, 48] months, while the treatment group’s is [11, 71] months. A
comparison reveals that the interval width for the treatment group is only 1.4 times that of
the control group, whereas its lower boundary is 2.2 times greater, confirming the dominant
effect on location. While the overall magnitude of the treatment effect is smaller in this
scenario, with a maximum risk reduction not exceeding 16%, the Highest Net Risk Density
Regions demonstrate that the treatment’s efficacy is still concentrated early in the follow-up.
An absolute risk reduction of 10% is concentrated in the window of [6, 23] months, and a 15%
reduction is found between [0, 30] months.

8.2.1 Simulation results

8.2.1.1 General performance of the estimation methods in terms of F(t) and f(t) and
their respective difference-functions

Figure 8.5 illustrates the performance of two flexible modeling approaches—a piecewise expo-
nential model and a pseudo-observation model—in estimating several target functions. The
analysis, based on root mean squared error, evaluates the estimation of probability density
functions, cumulative distribution functions, and the differences between them across various
sample sizes.
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Figure 8.3: This figure illustrates a non-proportional hazards scenario based on a log-logistic
model, which is characterized by a time-varying hazard ratio. Its panels display
the: (a) Survival, S(t); (b) Cumulative Distribution Function, F(t); (c) Risk Dif-
ference, D(t); (d) Hazard, h(t); (e) Hazard Ratio, HR(t); (f) Restricted Mean
Survival Time, RMST(�); (g) Difference in RMST, ΔRMST(�); (h) Probability
Density Function, f(t); and (i) Difference in PDFs, for both a control (white solid
line) and treatment (black solid line) group.
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Figure 8.4: This figure represents a complex non-proportional hazards scenario featuring a
vanishing treatment effect. Its nine panels report the: (a) Survival, S(t); (b)
Cumulative Distribution Function, F(t); (c) Risk Difference, D(t); (d) Hazard,
h(t); (e) Hazard Ratio, HR(t); (f) Restricted Mean Survival Time, RMST(�); (g)
Difference in RMST, ΔRMST(�); (h) Probability Density Function, f(t); and (i)
Difference in PDFs for a control (white solid line) and treatment (black solid line)
group.
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Table 8.5: This table presents a detailed summary of the numerical features of the Highest
Risk Density Regions (HRDRs) and the Highest Net Risk Difference Regions (HN-
RDRs) for each of the four simulation scenarios. For a range of specified probability
mass values, the table reports the lower boundary, upper boundary, mid-point, and
width for each interval. Values are provided for the HRDRs corresponding to the
control and treatment groups, as well as for the HNRDRs corresponding to the risk
difference function. The values in this table provide the quantitative basis for the
intervals visualized in Figures 2 through 5 and for the interpretations discussed in
the text. Values for control and treatment groups are shown as value (value)

Highest Net Risk Difference Region Highest Risk Density Region
-0.2 -0.15 -0.1 -0.05 0.25 0.4 0.5 0.6

Exponential

Lower boundary 0.0 0.0 0.0 0.0 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
Upper boundary 37.0 23.0 14.0 6.0 17.0 (35.0) 31.0 (62.0) 42.0 (84.0) 55.0 (111.0)
Mid-point 18.5 11.5 7.0 3.0 8.5 (17.5) 15.5 (31.0) 21.0 (42.0) 27.5 (55.5)
Width 37.0 23.0 14.0 6.0 17.0 (35.0) 31.0 (62.0) 42.0 (84.0) 55.0 (111.0)

Weibull

Lower boundary 12.0 16.0 19.0 22.0 23.0 (46.0) 17.0 (35.0) 14.0 (27.0) 10.0 (20.0)
Upper boundary 46.0 40.0 35.0 30.0 46.0 (94.0) 56.0 (113.0) 64.0 (128.0) 72.0 (146.0)
Mid-point 29.0 28.0 27.0 26.0 34.5 (70.0) 36.5 (74.0) 39.0 (77.5) 41.0 (83.0)
Width 34.0 24.0 16.0 8.0 23.0 (48.0) 39.0 (78.0) 50.0 (101.0) 62.0 (126.0)

Log-logistic

Lower boundary 2.0 3.0 5.0 7.0 7.0 (13.0) 4.0 (8.0) 3.0 (5.0) 2.0 (3.0)
Upper boundary 26.0 19.0 15.0 12.0 22.0 (43.0) 30.0 (60.0) 38.0 (76.0) 48.0 (97.0)
Mid-point 14.0 11.0 10.0 9.5 14.5 (28.0) 17.0 (34.0) 20.5 (40.5) 25.0 (50.0)
Width 24.0 16.0 10.0 5.0 15.0 (30.0) 26.0 (52.0) 35.0 (71.0) 46.0 (94.0)

NPH scenario

Lower boundary 0.0 6.0 11.0 14.0 (22.0) 9.0 (16.0) 5.0 (11.0) 0.0 (7.0)
Upper boundary 30.0 23.0 19.0 32.0 (46.0) 40.0 (59.0) 48.0 (71.0) 57.0 (90.0)
Mid-point 15.0 14.5 15.0 23.0 (34.0) 24.5 (37.5) 26.5 (41.0) 28.5 (48.5)
Width 30.0 17.0 8.0 18.0 (24.0) 31.0 (43.0) 43.0 (60.0) 57.0 (83.0)
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As anticipated, both methods demonstrate acceptable performance, with estimation accuracy
improving substantially as the sample size increases toward 1,000 observations. However, a
key distinction emerges when comparing the estimation of instantaneous versus cumulative
functions. For instantaneous functions, such as the PDF and its difference, performance
was sensitive to the complexity of the underlying data-generating scenario, with the highest
accuracy achieved in the exponential and Weibull scenarios. In this context, the piecewise ex-
ponential model showed markedly superior performance compared to the pseudo-observation
model.

In contrast, a different pattern was observed for cumulative functions. Here, the estimation
of the CDF and its difference was far more robust across the various scenarios, and critically,
the performance advantage of the piecewise exponential model over the pseudo-observation
model was no longer evident. This finding has important practical implications, suggesting
that methods based on cumulative functions for the construction of Highest Risk Density
Regions (HRDRs), may be more stable and reliable than the one based on the PDF. This
is particularly relevant for researchers using the pseudo-observation approach, as focusing
on cumulative targets appears to mitigate the performance deficits seen with instantaneous
functions.

Regarding the non-proportional hazards (NPH) scenario, while both methods struggled to
accurately estimate the marginal CDFs under NPH, their ability to estimate the difference-
functions remained remarkably robust, achieving an accuracy comparable to that seen in less
complex scenarios. This suggests that even when the underlying marginal distributions are
challenging to model, the contrast between them might be captured effectively.

Table 8.6 displays numerically the estimation performance of the flexible models as a function
of the sample size, complexity of the scenario and the type of the target function.
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Figure 8.5: Overall Performance: RMSE vs. Sample Size, for the target functions f(t), F(t)
and their respective difference functions d(t) and D(t). RMSE is aggregated over
time and treatment categories
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Table 8.6: Comparison of the performance of the flexible methods for the estimation of the target functions. Root Mean Squared
Error (RMSE) across different target functions and sample sizes

Density (f) CDF (F) Instantaneous risk difference Cumulative risk difference
Method N = 250 N = 500 N = 750 N = 1000 N = 1500 N = 2000 N = 250 N = 500 N = 750 N = 1000 N = 1500 N = 2000 N = 250 N = 500 N = 750 N = 1000 N = 1500 N = 2000 N = 250 N = 500 N = 750 N = 1000 N = 1500 N = 2000
Exponential

Piece-wise exponential 0.00071 0.00052 0.00041 0.00036 0.00030 0.00026 0.03526 0.02610 0.02129 0.01844 0.01529 0.01353 0.00069 0.00051 0.00041 0.00035 0.00030 0.00026 0.04439 0.03275 0.02666 0.02192 0.01855 0.01588
Pseudo-observations 0.00201 0.00181 0.00173 0.00171 0.00169 0.00168 0.03843 0.02782 0.02272 0.01951 0.01615 0.01416 0.00126 0.00111 0.00106 0.00104 0.00102 0.00101 0.04817 0.03490 0.02919 0.02410 0.02035 0.01719

Log-logistic
Piece-wise exponential 0.00137 0.00115 0.00102 0.00091 0.00079 0.00072 0.03877 0.02921 0.02343 0.02011 0.01643 0.01434 0.00145 0.00109 0.00093 0.00081 0.00070 0.00062 0.05329 0.03925 0.03166 0.02668 0.02195 0.01933
Pseudo-observations 0.00186 0.00159 0.00147 0.00142 0.00137 0.00136 0.04137 0.02992 0.02370 0.02048 0.01702 0.01497 0.00178 0.00144 0.00129 0.00122 0.00116 0.00113 0.05735 0.04132 0.03314 0.02793 0.02305 0.01998

NPH scenario
Piece-wise exponential 0.00140 0.00098 0.00083 0.00078 0.00074 0.00071 0.04384 0.03587 0.03271 0.03120 0.02979 0.02876 0.00123 0.00087 0.00072 0.00064 0.00056 0.00051 0.04932 0.03508 0.02959 0.02542 0.02250 0.01948
Pseudo-observations 0.00144 0.00124 0.00124 0.00125 0.00129 0.00131 0.04557 0.03665 0.03359 0.03240 0.03116 0.03037 0.00139 0.00105 0.00096 0.00093 0.00092 0.00090 0.05596 0.03964 0.03299 0.02831 0.02474 0.02173

Weibull
Piece-wise exponential 0.00088 0.00076 0.00071 0.00068 0.00062 0.00057 0.03287 0.02431 0.02018 0.01752 0.01455 0.01274 0.00077 0.00064 0.00058 0.00054 0.00049 0.00045 0.03931 0.02866 0.02387 0.01953 0.01669 0.01438
Pseudo-observations 0.00133 0.00111 0.00102 0.00096 0.00089 0.00086 0.03647 0.02630 0.02168 0.01856 0.01518 0.01333 0.00107 0.00088 0.00081 0.00076 0.00071 0.00069 0.04392 0.03156 0.02688 0.02206 0.01857 0.01593

RMSE is aggregated over time and treatment categories.
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8.2.1.2 Performance on HRDR and HNRDR computation

In the following section we will evaluate the performance of estimation of the HRDR and
HNRDR. We will first focus on the individual features of the intervals, such as the Lower
boundary, the Mid-point, the Upper boundary and the Width. Then we will consider as a
measure of performance the Jaccard index, which quantifies the similarity between two sets.
In this case, the two sets are the estimated and the true interval. For the interval features we
will focus particularly on the Mid-point and the Width, since they represent somehow their
location and scale, but we also report in a dashboard and the table all the other features.

Figure 8.6 presents the estimation accuracy for the mid-point of Highest Density Regions
(HDRs), as quantified by the root mean squared error. A primary observation is the su-
perior performance of the piecewise exponential model over the pseudo-observation model
across nearly all scenarios. The notable exception is the non-proportional hazards scenario,
where both models exhibit comparable performance. Furthermore, the optimal HRDR con-
struction method was found to interact with the choice of modeling approach. When the
piecewise exponential model is utilized, deriving the HRDR from either the instantaneous
(PDF) or the cumulative (CDF) function yields similar results. In contrast, when using the
pseudo-observation model, constructing the HRDR from the cumulative function is preferable,
resulting in more accurate estimates.

The analysis also explored the relationship between the HRDR’s probability content and the
stability of its mid-point, revealing counterintuitive results. While one might expect higher
variability for smaller-probability intervals, this pattern only emerged in specific cases: the
Weibull scenario, and the exponential scenario when analyzed with the pseudo-observation
model. In the exponential scenario, this issue stems from numerical artifacts; the PDF,
obtained by differentiating the estimated CDF, fails to remain monotonically decreasing and
instead exhibits spurious modes that incorrectly shift the lower bound of the estimated HDR
away from zero. For the Weibull scenario, the challenge is more fundamental and appears to
represent an inherent limitation of HRDR estimation itself. The low curvature of the true
probability density function of the treatment group makes the location of the region of highest
density difficult to pinpoint. This problem persists when using the cumulative function, as
it manifests as a nearly linear shape, again complicating the precise identification of the
interval.

The analysis presented in ?@fig-perf turns to the estimation performance for the Width of
HRDR intervals, measured by RMSE. Here again, the superiority of the piecewise exponential
model over the pseudo-observation model is evident across all scenarios, irrespective of the
method used for HRDR computation. The choice between HRDR construction methods shows
little impact when using the piecewise exponential model, although the CDF-based approach
is favored in the Weibull scenario. When the pseudo-observation model is used, the method
relying on the cumulative distribution function proves to be better. The reason for this is
that the density function, when computed by differentiating the estimated CDF, tends to
form artifactual peaks that misrepresent the probability distribution, thereby increasing the
RMSE of the width. Notably, the estimation problem observed in the Weibull scenario is less
severe for the interval width, which suggests the primary challenge is not defining the span of
the time-window, but rather locating its center.
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Figure 8.6: Overall Performance: RMSE vs. Sample Size, for the mid-point of the HRDR
intervals for the different scenarios and different risk mass. RMSE is aggregated
over treatment categories
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Figure 8.7: Overall Performance: RMSE vs. Sample Size, for the width of the HRDR inter-
vals for the different scenarios and different risk mass. RMSE is aggregated over
treatment categories
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Table 8.7 reports the results of the RMSE above discussed for the Mid-point and the Width
of the interval along with the Lower Boundary and Upper Boundary.
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Table 8.7: Performances of estimation of the interval features of the HRDR. Root Mean Squared Error (RMSE) for Piece-wise
exponential (Pseudo-observations) methods.

Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull
N = 250 N = 250 N = 250 N = 250 N = 500 N = 500 N = 500 N = 500 N = 750 N = 750 N = 750 N = 750 N = 1000 N = 1000 N = 1000 N = 1000 N = 1500 N = 1500 N = 1500 N = 1500 N = 2000 N = 2000 N = 2000 N = 2000

Lower boundary
0.25 - right-left 1.67 (17.32) 8.78 ( 9.92) 8.39 ( 4.60) 14.01 (18.80) 0.62 ( 9.10) 6.97 ( 5.82) 4.72 ( 3.42) 11.47 (13.38) 0.38 ( 7.46) 6.02 ( 4.86) 3.54 ( 3.98) 10.94 (12.19) 0.07 ( 6.92) 5.13 ( 4.52) 3.30 ( 4.55) 10.52 (11.38) 0.00 ( 6.63) 4.31 ( 4.27) 3.16 ( 5.21) 9.25 ( 9.88) 0.00 ( 6.68) 3.84 ( 4.22) 3.06 ( 5.52) 8.46 ( 9.18)
0.25 - up-down 1.73 (11.20) 9.05 ( 7.94) 8.29 ( 4.48) 14.14 (12.82) 0.65 ( 8.86) 7.24 ( 6.27) 4.44 ( 3.83) 11.53 ( 8.72) 0.40 ( 8.01) 6.31 ( 5.48) 3.15 ( 4.55) 10.89 ( 7.75) 0.08 ( 7.81) 5.51 ( 5.19) 2.84 ( 5.16) 10.40 ( 7.06) 0.00 ( 7.62) 4.71 ( 4.99) 2.68 ( 5.86) 9.03 ( 6.55) 0.00 ( 7.60) 4.30 ( 4.93) 2.54 ( 6.19) 8.15 ( 6.32)
0.4 - right-left 0.42 ( 6.23) 5.46 ( 6.61) 6.39 ( 4.13) 11.83 (13.19) 0.04 ( 4.57) 4.00 ( 5.01) 4.11 ( 3.38) 9.23 ( 7.87) 0.02 ( 4.02) 3.40 ( 4.45) 3.39 ( 3.49) 8.51 ( 5.53) 0.00 ( 3.90) 3.02 ( 4.27) 3.22 ( 3.76) 8.02 ( 4.74) 0.00 ( 3.71) 2.50 ( 4.04) 3.06 ( 4.11) 6.70 ( 3.67) 0.00 ( 3.65) 2.30 ( 3.99) 2.89 ( 4.29) 5.96 ( 3.34)
0.4 - up-down 0.43 ( 6.52) 5.50 ( 6.55) 6.90 ( 4.00) 11.48 ( 9.76) 0.04 ( 5.22) 4.15 ( 5.25) 4.49 ( 3.26) 8.89 ( 6.48) 0.02 ( 4.73) 3.50 ( 4.70) 3.77 ( 3.34) 8.12 ( 5.31) 0.00 ( 4.63) 3.09 ( 4.54) 3.61 ( 3.58) 7.61 ( 4.62) 0.00 ( 4.47) 2.50 ( 4.34) 3.45 ( 3.92) 6.31 ( 3.72) 0.00 ( 4.44) 2.26 ( 4.29) 3.30 ( 4.07) 5.55 ( 3.39)
0.5 - right-left 0.04 ( 3.43) 3.23 ( 5.07) 5.27 ( 3.69) 9.46 (11.18) 0.00 ( 2.52) 2.22 ( 4.08) 4.11 ( 2.94) 7.01 ( 7.49) 0.00 ( 2.20) 1.83 ( 3.77) 3.73 ( 2.94) 6.11 ( 6.24) 0.00 ( 2.10) 1.76 ( 3.69) 3.64 ( 3.23) 5.65 ( 5.66) 0.00 ( 1.90) 1.56 ( 3.50) 3.58 ( 3.25) 4.68 ( 4.90) 0.00 ( 1.83) 1.53 ( 3.50) 3.49 ( 3.17) 4.17 ( 4.68)
0.5 - up-down 0.04 ( 3.99) 3.35 ( 5.75) 5.83 ( 3.62) 9.60 (10.28) 0.00 ( 3.22) 2.32 ( 4.86) 4.60 ( 2.87) 7.12 ( 7.79) 0.00 ( 2.95) 1.95 ( 4.59) 4.21 ( 2.74) 6.32 ( 6.89) 0.00 ( 2.90) 1.89 ( 4.53) 4.14 ( 2.88) 5.89 ( 6.38) 0.00 ( 2.71) 1.66 ( 4.36) 4.08 ( 2.95) 4.98 ( 5.66) 0.00 ( 2.66) 1.67 ( 4.37) 4.01 ( 2.92) 4.50 ( 5.45)
0.6 - right-left 0.00 ( 2.09) 1.48 ( 3.64) 3.39 ( 3.30) 7.28 (11.03) 0.00 ( 1.06) 0.91 ( 2.57) 2.97 ( 2.51) 5.45 ( 8.96) 0.00 ( 0.66) 0.77 ( 2.20) 2.75 ( 1.99) 4.69 ( 8.11) 0.00 ( 0.54) 0.79 ( 2.05) 2.78 ( 1.69) 4.48 ( 7.63) 0.00 ( 0.34) 0.73 ( 1.78) 2.77 ( 1.39) 4.23 ( 6.88) 0.00 ( 0.29) 0.71 ( 1.74) 2.69 ( 1.29) 3.80 ( 6.69)
0.6 - up-down 0.00 ( 2.42) 1.54 ( 4.25) 3.83 ( 3.49) 7.20 (10.23) 0.00 ( 1.45) 0.97 ( 3.25) 3.37 ( 2.59) 5.55 ( 8.67) 0.00 ( 1.01) 0.83 ( 2.93) 3.12 ( 1.97) 4.87 ( 7.95) 0.00 ( 0.88) 0.85 ( 2.81) 3.15 ( 1.65) 4.66 ( 7.54) 0.00 ( 0.60) 0.76 ( 2.55) 3.12 ( 1.33) 4.42 ( 6.81) 0.00 ( 0.52) 0.75 ( 2.53) 3.03 ( 1.22) 3.90 ( 6.63)

Mid-Point
0.25 - right-left 2.72 (19.35) 9.13 (10.56) 7.76 ( 4.86) 13.99 (18.58) 1.54 ( 9.94) 7.14 ( 5.77) 4.56 ( 3.29) 11.41 (13.34) 1.20 ( 8.16) 6.12 ( 4.76) 3.44 ( 3.72) 10.91 (12.22) 0.97 ( 7.57) 5.17 ( 4.38) 3.21 ( 4.32) 10.47 (11.32) 0.82 ( 7.18) 4.32 ( 4.13) 3.08 ( 5.06) 9.21 ( 9.78) 0.73 ( 7.22) 3.85 ( 4.06) 2.98 ( 5.42) 8.41 ( 9.09)
0.25 - up-down 3.09 (14.47) 9.28 ( 8.73) 7.66 ( 4.35) 14.33 (15.01) 1.56 (12.31) 7.35 ( 6.94) 4.32 ( 3.47) 11.79 ( 9.81) 1.21 (11.77) 6.31 ( 6.10) 3.12 ( 4.06) 10.89 ( 7.38) 0.98 (11.68) 5.48 ( 5.66) 2.84 ( 4.70) 10.45 ( 5.65) 0.83 (11.32) 4.64 ( 5.19) 2.70 ( 5.47) 9.04 ( 4.07) 0.73 (11.24) 4.22 ( 5.14) 2.56 ( 5.85) 8.04 ( 3.55)
0.4 - right-left 3.20 ( 8.64) 5.83 ( 7.28) 5.46 ( 3.96) 11.67 (13.08) 2.34 ( 6.37) 4.08 ( 5.38) 3.92 ( 3.20) 9.01 ( 7.87) 1.89 ( 5.81) 3.30 ( 4.72) 3.28 ( 3.34) 8.29 ( 5.59) 1.60 ( 5.63) 2.89 ( 4.41) 3.11 ( 3.69) 7.78 ( 4.79) 1.36 ( 5.36) 2.34 ( 4.23) 2.98 ( 4.20) 6.51 ( 3.88) 1.21 ( 5.27) 2.15 ( 4.16) 2.81 ( 4.45) 5.80 ( 3.53)
0.4 - up-down 3.82 (12.55) 6.12 ( 8.58) 5.85 ( 4.23) 11.84 (14.19) 2.35 ( 8.81) 4.34 ( 6.06) 4.27 ( 3.49) 9.64 ( 9.62) 1.89 ( 7.95) 3.39 ( 5.29) 3.64 ( 3.17) 8.69 ( 7.61) 1.60 ( 7.67) 2.99 ( 4.90) 3.50 ( 3.39) 8.04 ( 6.29) 1.35 ( 7.04) 2.41 ( 4.63) 3.36 ( 3.84) 6.55 ( 5.00) 1.21 ( 6.73) 2.21 ( 4.56) 3.21 ( 4.07) 5.76 ( 4.47)
0.5 - right-left 4.14 ( 7.73) 4.42 ( 7.05) 4.69 ( 4.13) 9.59 (11.66) 3.11 ( 5.84) 3.03 ( 5.70) 4.10 ( 3.24) 7.07 ( 8.03) 2.49 ( 5.33) 2.40 ( 5.18) 3.74 ( 3.11) 6.11 ( 6.91) 2.07 ( 5.11) 2.29 ( 4.90) 3.64 ( 3.17) 5.62 ( 6.28) 1.70 ( 4.78) 2.01 ( 4.77) 3.62 ( 3.33) 4.71 ( 5.59) 1.51 ( 4.65) 1.92 ( 4.71) 3.51 ( 3.41) 4.25 ( 5.29)
0.5 - up-down 4.60 (10.62) 5.30 ( 8.69) 5.21 ( 6.18) 10.14 (14.00) 3.11 ( 7.20) 3.45 ( 6.55) 4.61 ( 4.09) 7.93 (10.26) 2.48 ( 6.43) 2.60 ( 5.95) 4.28 ( 4.32) 7.01 ( 8.77) 2.06 ( 6.14) 2.30 ( 5.63) 4.21 ( 5.04) 6.44 ( 7.64) 1.70 ( 5.68) 1.98 ( 5.44) 4.18 ( 5.11) 5.43 ( 6.55) 1.51 ( 5.49) 1.94 ( 5.38) 4.11 ( 5.02) 4.94 ( 6.11)
0.6 - right-left 5.37 ( 7.95) 5.17 ( 7.78) 4.58 ( 7.47) 7.51 (10.94) 4.19 ( 5.99) 3.82 ( 6.11) 3.57 ( 6.27) 5.59 ( 9.32) 3.33 ( 5.22) 3.15 ( 5.19) 3.03 ( 6.41) 4.84 ( 8.74) 2.81 ( 4.86) 2.76 ( 4.69) 2.84 ( 6.59) 4.57 ( 8.27) 2.34 ( 4.45) 2.31 ( 4.44) 2.64 ( 6.57) 4.35 ( 7.64) 2.11 ( 4.26) 2.07 ( 4.22) 2.42 ( 6.44) 4.12 ( 7.43)
0.6 - up-down 5.51 ( 9.08) 5.85 ( 9.00) 5.88 (11.83) 7.42 (11.19) 4.18 ( 6.31) 4.20 ( 6.81) 3.71 ( 8.84) 5.65 ( 9.37) 3.37 ( 5.38) 3.13 ( 5.80) 3.08 (10.99) 4.91 ( 8.81) 2.81 ( 4.98) 2.73 ( 5.20) 2.89 (12.62) 4.59 ( 8.29) 2.34 ( 4.50) 2.19 ( 4.96) 2.69 (14.54) 4.37 ( 7.62) 2.10 ( 4.28) 1.93 ( 4.77) 2.43 (15.31) 4.10 ( 7.40)

Upper boundary
0.25 - right-left 4.40 (21.63) 9.85 (11.56) 7.58 ( 5.52) 14.23 (18.75) 2.87 (11.02) 7.64 ( 6.05) 4.65 ( 3.51) 11.58 (13.62) 2.30 ( 9.06) 6.50 ( 4.91) 3.52 ( 3.69) 11.06 (12.49) 1.93 ( 8.38) 5.46 ( 4.45) 3.26 ( 4.24) 10.58 (11.46) 1.65 ( 7.84) 4.52 ( 4.13) 3.10 ( 5.00) 9.31 ( 9.85) 1.45 ( 7.87) 4.00 ( 4.03) 2.98 ( 5.38) 8.49 ( 9.16)
0.25 - up-down 5.24 (19.65) 9.97 (11.18) 7.49 ( 4.80) 15.49 (22.97) 2.89 (17.09) 7.84 ( 8.82) 4.46 ( 3.54) 12.95 (16.15) 2.31 (16.71) 6.61 ( 7.79) 3.29 ( 3.82) 11.26 (11.92) 1.95 (16.62) 5.72 ( 7.05) 2.98 ( 4.39) 10.95 ( 9.25) 1.66 (15.98) 4.76 ( 6.00) 2.81 ( 5.19) 9.66 ( 6.81) 1.46 (15.81) 4.33 ( 5.94) 2.65 ( 5.59) 8.81 ( 6.24)
0.4 - right-left 6.34 (11.90) 7.38 ( 9.14) 5.87 ( 5.21) 12.35 (13.89) 4.69 ( 8.79) 5.19 ( 6.55) 4.42 ( 3.94) 9.50 ( 8.71) 3.77 ( 8.05) 4.13 ( 5.62) 3.65 ( 3.79) 8.66 ( 6.43) 3.20 ( 7.71) 3.54 ( 5.09) 3.38 ( 4.03) 8.04 ( 5.54) 2.71 ( 7.23) 2.81 ( 4.82) 3.14 ( 4.54) 6.75 ( 4.65) 2.42 ( 7.08) 2.52 ( 4.66) 2.94 ( 4.80) 6.00 ( 4.22)
0.4 - up-down 7.60 (20.38) 8.33 (12.62) 6.08 ( 6.87) 13.57 (21.96) 4.69 (13.53) 5.84 ( 7.82) 4.70 ( 5.36) 12.11 (15.23) 3.78 (12.02) 4.28 ( 6.57) 3.96 ( 3.84) 10.65 (11.75) 3.20 (11.41) 3.67 ( 5.78) 3.73 ( 3.71) 9.51 ( 9.41) 2.71 (10.16) 2.90 ( 5.25) 3.50 ( 4.10) 7.47 ( 7.27) 2.43 ( 9.47) 2.64 ( 5.09) 3.32 ( 4.31) 6.49 ( 6.38)
0.5 - right-left 8.28 (13.04) 7.49 (10.85) 6.25 ( 7.34) 11.21 (13.36) 6.23 ( 9.94) 5.37 ( 8.54) 5.15 ( 5.45) 8.34 ( 9.52) 4.98 ( 9.04) 4.30 ( 7.55) 4.51 ( 4.88) 7.13 ( 8.32) 4.14 ( 8.58) 3.83 ( 6.93) 4.24 ( 4.59) 6.45 ( 7.53) 3.40 ( 7.99) 3.23 ( 6.69) 4.03 ( 4.39) 5.44 ( 6.73) 3.02 ( 7.74) 2.93 ( 6.48) 3.85 ( 4.43) 4.91 ( 6.27)
0.5 - up-down 9.20 (18.53) 9.45 (13.78) 6.80 (12.44) 12.26 (19.61) 6.22 (12.18) 6.30 ( 9.52) 5.63 ( 8.11) 10.31 (14.15) 4.97 (10.68) 4.70 ( 8.28) 5.06 ( 8.88) 8.93 (11.72) 4.12 (10.00) 3.80 ( 7.56) 4.85 (10.49) 7.95 ( 9.74) 3.41 ( 9.11) 3.16 ( 7.10) 4.68 (10.32) 6.60 ( 7.95) 3.02 ( 8.67) 2.90 ( 6.90) 4.55 ( 9.89) 5.94 ( 7.18)
0.6 - right-left 10.75 (14.82) 10.19 (14.04) 8.40 (14.31) 10.06 (12.76) 8.39 (11.53) 7.55 (11.09) 6.03 (11.85) 7.64 (10.89) 6.67 (10.20) 6.17 ( 9.32) 4.91 (12.23) 6.49 (10.21) 5.62 ( 9.50) 5.32 ( 8.26) 4.37 (12.66) 5.80 ( 9.55) 4.68 ( 8.80) 4.41 ( 7.80) 3.62 (12.76) 5.28 ( 8.81) 4.22 ( 8.43) 3.87 ( 7.29) 3.17 (12.58) 5.04 ( 8.49)
0.6 - up-down 11.01 (16.80) 11.56 (16.07) 11.08 (23.18) 10.10 (14.15) 8.36 (11.94) 8.35 (11.97) 6.21 (17.14) 7.84 (11.32) 6.73 (10.35) 6.17 ( 9.91) 4.85 (21.68) 6.65 (10.57) 5.61 ( 9.59) 5.32 ( 8.60) 4.27 (25.13) 5.86 ( 9.73) 4.67 ( 8.79) 4.23 ( 8.13) 3.51 (29.15) 5.31 ( 8.88) 4.21 ( 8.41) 3.64 ( 7.63) 3.01 (30.78) 5.07 ( 8.52)

Width
0.25 - right-left 3.83 ( 6.14) 3.83 ( 4.30) 3.80 ( 2.97) 3.86 ( 5.32) 2.78 ( 3.68) 3.17 ( 2.78) 2.13 ( 2.17) 3.20 ( 4.07) 2.25 ( 3.03) 2.72 ( 2.21) 1.56 ( 1.83) 2.78 ( 3.41) 1.93 ( 2.63) 2.27 ( 1.90) 1.30 ( 1.60) 2.51 ( 3.00) 1.65 ( 2.16) 1.77 ( 1.53) 1.04 ( 1.37) 2.20 ( 2.51) 1.45 ( 2.02) 1.55 ( 1.37) 0.93 ( 1.25) 2.04 ( 2.37)
0.25 - up-down 4.75 (13.63) 4.23 ( 8.43) 3.81 ( 3.25) 7.59 (21.97) 2.79 (11.63) 3.41 ( 6.43) 2.13 ( 2.50) 6.75 (17.01) 2.26 (11.50) 2.78 ( 5.70) 1.57 ( 2.18) 4.13 (13.66) 1.95 (11.32) 2.47 ( 5.02) 1.30 ( 1.93) 4.44 (11.95) 1.66 (10.70) 1.89 ( 3.76) 1.04 ( 1.68) 4.82 (10.59) 1.46 (10.49) 1.79 ( 3.71) 0.93 ( 1.54) 5.42 (10.36)
0.4 - right-left 6.32 ( 7.87) 5.69 ( 6.51) 5.62 ( 5.08) 6.33 ( 7.05) 4.69 ( 5.83) 4.39 ( 4.51) 3.39 ( 3.59) 5.14 ( 5.28) 3.77 ( 5.16) 3.69 ( 3.68) 2.60 ( 2.92) 4.45 ( 4.36) 3.20 ( 4.72) 3.14 ( 3.24) 2.20 ( 2.54) 3.97 ( 3.82) 2.71 ( 4.17) 2.53 ( 2.76) 1.74 ( 2.12) 3.34 ( 3.15) 2.42 ( 3.94) 2.22 ( 2.48) 1.57 ( 1.94) 2.93 ( 2.82)
0.4 - up-down 7.58 (16.92) 7.02 (10.49) 5.67 ( 7.39) 8.39 (18.69) 4.69 (10.51) 5.23 ( 5.54) 3.40 ( 5.49) 8.92 (13.34) 3.78 ( 9.00) 3.89 ( 4.29) 2.60 ( 3.39) 7.53 (10.05) 3.20 ( 8.27) 3.21 ( 3.48) 2.20 ( 2.69) 6.21 ( 7.84) 2.71 ( 6.93) 2.48 ( 2.67) 1.74 ( 2.27) 4.39 ( 5.78) 2.43 ( 6.13) 2.15 ( 2.34) 1.57 ( 2.06) 3.65 ( 4.92)
0.5 - right-left 8.28 (11.14) 7.41 ( 9.38) 6.78 ( 8.17) 7.87 ( 7.95) 6.23 ( 8.61) 5.56 ( 7.02) 4.41 ( 5.88) 6.14 ( 5.95) 4.98 ( 7.71) 4.54 ( 5.92) 3.52 ( 5.11) 5.21 ( 5.02) 4.14 ( 7.18) 3.81 ( 5.23) 3.06 ( 4.78) 4.53 ( 4.43) 3.40 ( 6.62) 3.08 ( 4.78) 2.43 ( 3.91) 3.79 ( 3.66) 3.02 ( 6.33) 2.65 ( 4.43) 2.18 ( 3.58) 3.28 ( 3.23)
0.5 - up-down 9.20 (16.36) 9.41 (12.01) 7.19 (13.53) 8.59 (14.01) 6.22 (10.50) 6.52 ( 7.55) 4.55 ( 9.01) 7.88 (10.04) 4.97 ( 8.95) 4.99 ( 6.14) 3.66 ( 9.91) 6.54 ( 7.85) 4.12 ( 8.13) 3.86 ( 5.32) 3.22 (11.62) 5.48 ( 6.12) 3.41 ( 7.17) 3.13 ( 4.56) 2.63 (11.21) 4.34 ( 4.37) 3.02 ( 6.62) 2.71 ( 4.19) 2.41 (10.57) 3.65 ( 3.60)
0.6 - right-left 10.75 (13.98) 10.27 (13.35) 8.95 (14.43) 9.12 ( 9.50) 8.39 (11.15) 7.56 (10.49) 6.29 (11.68) 7.15 ( 7.08) 6.67 ( 9.98) 6.13 ( 8.70) 5.16 (11.94) 5.86 ( 5.87) 5.62 ( 9.32) 5.23 ( 7.55) 4.62 (12.36) 4.87 ( 4.99) 4.68 ( 8.69) 4.30 ( 7.02) 3.71 (12.53) 3.96 ( 4.06) 4.22 ( 8.37) 3.71 ( 6.42) 3.35 (12.40) 3.47 ( 3.59)
0.6 - up-down 11.01 (15.70) 11.62 (15.12) 11.69 (23.23) 9.36 (10.44) 8.36 (11.41) 8.41 (11.07) 6.69 (16.98) 7.53 ( 7.43) 6.73 (10.03) 6.20 ( 8.90) 5.34 (21.57) 6.27 ( 6.26) 5.61 ( 9.29) 5.31 ( 7.45) 4.80 (25.13) 5.27 ( 5.32) 4.67 ( 8.61) 4.20 ( 6.84) 3.91 (29.29) 4.38 ( 4.28) 4.21 ( 8.29) 3.58 ( 6.20) 3.57 (30.98) 3.80 ( 3.77)

RMSE is aggregated over time and treatment categories.
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The evaluation of the HNRDR estimation performance was performed considering different
net risk difference content of the intervals (-0.25, -0.2, -0.15, -0.1, and -0.05). However, the
evaluation strictly depends on the maximum cumulative risk difference between the marginal
functions achieved in each scenario. Namely, while the Weibull scenario showed a maximum
cumulative risk difference of ~ -0.35, the maximum cumulative risk difference of the NPH
scenario reached ~0.15. We felt confident in evaluating the performances of the flexible esti-
mation methods for probability levels easily achieavable for a large amount of M replications.
This is the reason why for the Weibull scenario, reuslts up to -0.25 HNRDR intervals will be
shown, whereas for the NPH scenario we will show the results up to -0.1 HNRDR intervals.

Regarding the performance of the estimation of the mid-point HNRDR in Figure 8.8, the
piece-wise exponential model is again performing better than the pseudo-observation models
in locating the interval. The choice between HRDR construction methods shows little impact
when using the piecewise exponential model or the pseudo-observation model. Notably, the
problem for the Weibull scenario of not being able to locate correctly the center of the intervals
does not apply for HNRDR. Even in this case, the lower is the amount of net risk difference
the (slightly) higher is the RMSE around the mid-point, regardeless the flexible estimation
method or the method of constructin of the HNRDR.

The analysis presented in Figure 8.9 turns to the estimation performance for the width of
HNRDR intervals. Here, the superiority of the piecewise exponential model over the pseudo-
observation model is less evident across all scenarios, irrespective of the method used for
HRDR computation. Again, the estimation problem observed in the Weibull scenario for
the HRDR mid-point and width does not apply for the interval Mid-point and Width of the
HNRDR.

Table 8.8 reports the results of the RMSE above discussed for the Mid-point and the Width
of the interval along with the Lower Boundary and Upper Boundary.
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Figure 8.8: Overall Performance: RMSE vs. Sample Size, for the mid-point of the HNRDR
intervals for the different scenarios and different risk mass.
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Exponential Log−logistic NPH scenario Weibull
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Figure 8.9: Overall Performance: RMSE vs. Sample Size, for the width of the HNRDR inter-
vals for the different scenarios and different risk mass.
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Table 8.8: Performances of estimation of the interval features of the HNRDR. Root Mean Squared Error (RMSE) for Piece-wise
exponential (Pseudo-observations) methods.

Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull
N = 250 N = 250 N = 250 N = 250 N = 500 N = 500 N = 500 N = 500 N = 750 N = 750 N = 750 N = 750 N = 1000 N = 1000 N = 1000 N = 1000 N = 1500 N = 1500 N = 1500 N = 1500 N = 2000 N = 2000 N = 2000 N = 2000

Lower boundary
-0.05 - right-left 0.28 (12.47) 6.36 (13.77) 11.57 (16.57) 9.72 (13.41) 0.00 (11.02) 4.14 ( 8.95) 5.88 ( 5.89) 8.09 (11.18) 0.16 (10.43) 3.95 ( 7.95) 5.60 ( 4.50) 6.85 (10.04) 0.00 (10.34) 3.83 ( 7.71) 5.51 ( 4.29) 6.56 ( 9.21) 0.00 (10.27) 3.68 ( 7.63) 5.51 ( 3.13) 6.20 ( 8.11) 0.00 (10.29) 3.70 ( 7.61) 5.23 ( 2.62) 6.28 ( 7.81)
-0.05 - up-down 0.32 (13.15) 5.85 ( 9.65) 8.19 (10.57) 9.90 (13.18) 0.00 (11.72) 4.83 ( 8.19) 5.71 ( 4.82) 8.24 (10.97) 0.19 (11.19) 4.60 ( 7.68) 5.35 ( 4.40) 6.92 ( 9.78) 0.00 (11.08) 4.45 ( 7.44) 5.22 ( 4.00) 6.57 ( 8.96) 0.00 (11.03) 4.29 ( 7.36) 5.17 ( 3.46) 6.03 ( 7.88) 0.00 (11.04) 4.20 ( 7.35) 4.86 ( 2.99) 5.94 ( 7.55)
-0.1 - right-left 0.19 ( 7.79) 3.57 ( 9.39) 5.32 (11.91) 8.66 (11.94) 0.00 ( 6.66) 2.48 ( 7.07) 2.74 ( 4.25) 7.46 (10.00) 0.06 ( 6.14) 2.35 ( 6.69) 2.61 ( 3.27) 6.50 ( 8.94) 0.00 ( 6.08) 2.30 ( 6.46) 2.72 ( 2.94) 6.23 ( 8.19) 0.00 ( 5.97) 2.24 ( 6.34) 2.79 ( 2.52) 5.81 ( 7.20) 0.00 ( 6.05) 2.28 ( 6.31) 2.85 ( 2.44) 5.52 ( 6.92)
-0.1 - up-down 0.19 ( 8.46) 3.96 ( 8.21) 5.06 ( 9.93) 8.70 (12.62) 0.00 ( 7.38) 3.11 ( 6.83) 2.76 ( 4.47) 7.51 (10.71) 0.06 ( 6.88) 3.00 ( 6.43) 2.62 ( 3.58) 6.52 ( 9.62) 0.00 ( 6.85) 2.91 ( 6.21) 2.70 ( 3.19) 6.27 ( 8.89) 0.00 ( 6.74) 2.86 ( 6.08) 2.76 ( 2.76) 5.91 ( 7.92) 0.00 ( 6.80) 2.77 ( 6.07) 2.82 ( 2.67) 5.75 ( 7.66)
-0.15 - right-left 0.06 ( 3.88) 2.28 ( 6.25) - (-) 7.14 (10.98) 0.00 ( 2.58) 1.34 ( 4.57) - (-) 6.44 ( 9.41) 0.00 ( 2.01) 1.20 ( 4.04) - (-) 5.77 ( 8.47) 0.00 ( 1.73) 1.17 ( 3.73) - (-) 5.66 ( 7.87) 0.00 ( 1.47) 1.11 ( 3.47) - (-) 5.52 ( 7.01) 0.00 ( 1.31) 1.05 ( 3.36) - (-) 5.18 ( 6.81)
-0.15 - up-down 0.06 ( 4.39) 2.35 ( 6.83) - (-) 7.48 (10.74) 0.00 ( 3.08) 1.38 ( 5.15) - (-) 6.81 ( 9.20) 0.00 ( 2.50) 1.26 ( 4.69) - (-) 6.16 ( 8.25) 0.00 ( 2.22) 1.23 ( 4.38) - (-) 5.98 ( 7.64) 0.00 ( 1.95) 1.17 ( 4.14) - (-) 5.65 ( 6.79) 0.00 ( 1.79) 1.13 ( 4.03) - (-) 5.08 ( 6.58)
-0.2 - right-left 0.00 ( 1.40) 1.43 ( 4.57) - (-) 5.53 ( 8.77) 0.00 ( 0.62) 0.45 ( 2.72) - (-) 5.17 ( 7.39) 0.00 ( 0.24) 0.29 ( 1.97) - (-) 4.90 ( 6.59) 0.00 ( 0.14) 0.18 ( 1.42) - (-) 4.82 ( 6.09) 0.00 ( 0.00) 0.13 ( 1.00) - (-) 4.64 ( 5.42) 0.00 ( 0.00) 0.09 ( 0.66) - (-) 4.16 ( 5.22)
-0.2 - up-down 0.00 ( 1.67) 1.46 ( 4.99) - (-) 6.02 ( 8.59) 0.00 ( 0.75) 0.48 ( 3.11) - (-) 5.74 ( 7.17) 0.00 ( 0.29) 0.30 ( 2.38) - (-) 5.55 ( 6.38) 0.00 ( 0.19) 0.20 ( 1.77) - (-) 5.40 ( 5.94) 0.00 ( 0.00) 0.14 ( 1.26) - (-) 5.09 ( 5.22) 0.00 ( 0.00) 0.13 ( 0.86) - (-) 4.37 ( 5.05)
-0.25 - right-left - (-) - (-) - (-) 3.38 ( 6.52) - (-) - (-) - (-) 3.11 ( 5.07) - (-) - (-) - (-) 2.97 ( 4.52) - (-) - (-) - (-) 2.91 ( 4.20) - (-) - (-) - (-) 2.74 ( 3.75) - (-) - (-) - (-) 2.51 ( 3.69)
-0.25 - up-down - (-) - (-) - (-) 3.95 ( 6.40) - (-) - (-) - (-) 3.84 ( 5.00) - (-) - (-) - (-) 3.78 ( 4.44) - (-) - (-) - (-) 3.71 ( 4.12) - (-) - (-) - (-) 3.45 ( 3.67) - (-) - (-) - (-) 3.17 ( 3.57)

Mid-Point
-0.05 - right-left 1.11 (13.97) 7.60 (16.06) 13.98 (17.83) 9.82 (13.61) 0.72 (12.02) 4.24 ( 9.38) 6.08 ( 7.61) 8.16 (11.09) 0.57 (11.32) 4.02 ( 8.28) 5.38 ( 5.39) 6.87 ( 9.86) 0.46 (11.18) 3.84 ( 7.99) 5.01 ( 5.33) 6.58 ( 8.95) 0.39 (11.10) 3.62 ( 7.92) 5.03 ( 4.72) 6.22 ( 7.79) 0.33 (11.08) 3.65 ( 7.89) 4.82 ( 4.68) 6.34 ( 7.43)
-0.05 - up-down 1.07 (14.40) 6.42 (10.12) 13.43 (17.01) 9.94 (13.60) 0.71 (12.47) 5.06 ( 8.42) 7.46 ( 9.85) 8.24 (11.10) 0.60 (11.83) 4.78 ( 7.76) 5.36 ( 8.41) 6.92 ( 9.84) 0.49 (11.67) 4.55 ( 7.48) 4.88 ( 6.36) 6.59 ( 8.94) 0.43 (11.61) 4.30 ( 7.40) 4.85 ( 6.08) 6.13 ( 7.79) 0.39 (11.59) 4.17 ( 7.37) 4.61 ( 5.42) 6.17 ( 7.43)
-0.1 - right-left 2.75 (10.26) 5.12 (11.80) 9.47 (16.40) 8.68 (12.47) 1.89 ( 8.38) 2.95 ( 8.06) 3.65 ( 6.42) 7.38 (10.02) 1.31 ( 7.55) 2.66 ( 7.17) 3.20 ( 5.21) 6.33 ( 8.80) 1.04 ( 7.41) 2.44 ( 6.88) 3.00 ( 4.51) 6.08 ( 7.91) 0.87 ( 7.31) 2.21 ( 6.76) 2.95 ( 4.44) 5.69 ( 6.81) 0.73 ( 7.30) 2.25 ( 6.72) 2.94 ( 4.32) 5.57 ( 6.45)
-0.1 - up-down 2.69 (11.13) 5.56 (10.36) 22.22 (28.09) 8.78 (12.92) 1.85 ( 9.31) 3.34 ( 7.93) 16.94 (22.46) 7.48 (10.47) 1.30 ( 8.54) 3.10 ( 7.16) 15.16 (21.48) 6.40 ( 9.26) 1.03 ( 8.43) 2.85 ( 6.86) 12.94 (22.67) 6.15 ( 8.38) 0.85 ( 8.32) 2.62 ( 6.75) 10.34 (24.19) 5.79 ( 7.28) 0.72 ( 8.30) 2.56 ( 6.71) 8.33 (25.95) 5.74 ( 6.96)
-0.15 - right-left 4.99 ( 7.27) 5.62 (11.26) - (-) 7.13 (11.74) 3.65 ( 6.10) 3.77 ( 6.87) - (-) 6.26 ( 9.51) 2.84 ( 5.33) 2.32 ( 5.53) - (-) 5.39 ( 8.41) 2.20 ( 4.81) 1.81 ( 5.03) - (-) 5.29 ( 7.62) 1.83 ( 4.33) 1.49 ( 4.82) - (-) 5.16 ( 6.65) 1.54 ( 3.77) 1.21 ( 4.71) - (-) 5.03 ( 6.35)
-0.15 - up-down 4.74 ( 7.88) 6.87 (12.36) - (-) 7.27 (11.73) 3.61 ( 6.46) 3.87 ( 8.00) - (-) 6.41 ( 9.52) 2.72 ( 5.76) 3.23 ( 6.15) - (-) 5.56 ( 8.43) 2.14 ( 5.17) 1.88 ( 5.45) - (-) 5.42 ( 7.63) 1.78 ( 4.72) 1.57 ( 5.28) - (-) 5.19 ( 6.67) 1.52 ( 4.16) 1.31 ( 5.17) - (-) 4.97 ( 6.37)
-0.2 - right-left 6.22 ( 5.82) 6.72 ( 9.46) - (-) 5.57 ( 9.76) 5.38 ( 5.59) 4.01 ( 6.36) - (-) 4.79 ( 7.93) 5.10 ( 5.76) 3.69 ( 5.42) - (-) 4.17 ( 7.06) 4.64 ( 5.96) 3.38 ( 5.01) - (-) 4.07 ( 6.42) 3.99 ( 6.63) 3.02 ( 4.95) - (-) 3.89 ( 5.69) 3.52 ( 6.71) 2.32 ( 4.85) - (-) 3.59 ( 5.37)
-0.2 - up-down 6.14 ( 6.02) 9.65 (10.66) - (-) 5.74 ( 9.75) 5.34 ( 5.89) 5.95 ( 8.35) - (-) 5.03 ( 7.92) 4.98 ( 6.21) 3.51 ( 5.23) - (-) 4.45 ( 7.07) 4.46 ( 6.49) 3.25 ( 5.22) - (-) 4.34 ( 6.47) 3.81 ( 7.02) 2.82 ( 5.08) - (-) 4.10 ( 5.73) 3.41 ( 7.48) 2.20 ( 4.77) - (-) 3.67 ( 5.45)
-0.25 - right-left - (-) - (-) - (-) 4.68 ( 7.81) - (-) - (-) - (-) 3.61 ( 6.78) - (-) - (-) - (-) 3.07 ( 6.54) - (-) - (-) - (-) 2.58 ( 6.38) - (-) - (-) - (-) 2.21 ( 6.11) - (-) - (-) - (-) 1.90 ( 5.94)
-0.25 - up-down - (-) - (-) - (-) 4.86 ( 7.47) - (-) - (-) - (-) 3.98 ( 6.28) - (-) - (-) - (-) 3.50 ( 6.07) - (-) - (-) - (-) 3.11 ( 5.93) - (-) - (-) - (-) 2.69 ( 5.71) - (-) - (-) - (-) 2.38 ( 5.53)

Upper boundary
-0.05 - right-left 2.17 (15.67) 9.11 (18.64) 18.99 (22.00) 10.00 (13.85) 1.43 (13.07) 4.49 ( 9.92) 8.10 (11.44) 8.28 (11.04) 1.11 (12.24) 4.20 ( 8.64) 6.39 ( 8.35) 6.97 ( 9.70) 0.92 (12.05) 3.93 ( 8.30) 4.81 ( 8.00) 6.66 ( 8.72) 0.78 (11.95) 3.63 ( 8.22) 4.75 ( 8.02) 6.30 ( 7.48) 0.66 (11.89) 3.66 ( 8.18) 4.54 ( 8.04) 6.44 ( 7.07)
-0.05 - up-down 2.07 (15.84) 7.19 (10.72) 24.34 (29.83) 10.09 (14.07) 1.42 (13.28) 5.40 ( 8.70) 12.42 (19.23) 8.35 (11.27) 1.15 (12.51) 5.03 ( 7.88) 6.76 (16.06) 7.02 ( 9.93) 0.98 (12.28) 4.72 ( 7.55) 4.83 (11.04) 6.72 ( 8.94) 0.87 (12.21) 4.36 ( 7.45) 4.71 (10.76) 6.33 ( 7.71) 0.79 (12.16) 4.18 ( 7.41) 4.50 ( 9.09) 6.47 ( 7.33)
-0.1 - right-left 5.48 (13.82) 7.72 (15.42) 16.43 (25.94) 9.09 (13.29) 3.78 (10.76) 4.11 ( 9.78) 6.01 (11.37) 7.59 (10.18) 2.62 ( 9.38) 3.44 ( 7.86) 5.05 ( 9.58) 6.45 ( 8.80) 2.09 ( 9.00) 2.98 ( 7.44) 4.54 ( 8.76) 6.17 ( 7.74) 1.73 ( 8.82) 2.54 ( 7.28) 4.25 ( 9.76) 5.80 ( 6.50) 1.45 ( 8.67) 2.44 ( 7.20) 4.04 (10.08) 5.79 ( 6.03)
-0.1 - up-down 5.37 (14.82) 8.53 (14.38) 44.51 (54.61) 9.20 (13.51) 3.70 (11.85) 4.35 ( 9.59) 34.37 (45.60) 7.70 (10.39) 2.59 (10.56) 3.74 ( 8.09) 30.73 (43.73) 6.52 ( 9.02) 2.06 (10.22) 3.27 ( 7.66) 26.15 (46.33) 6.25 ( 7.97) 1.71 (10.06) 2.80 ( 7.53) 20.71 (49.61) 5.87 ( 6.72) 1.44 ( 9.89) 2.69 ( 7.42) 16.44 (53.30) 5.87 ( 6.32)
-0.15 - right-left 9.97 (12.91) 10.46 (19.52) - (-) 8.09 (13.34) 7.29 (11.44) 7.48 (10.92) - (-) 6.72 (10.06) 5.68 (10.17) 4.52 ( 8.11) - (-) 5.63 ( 8.71) 4.41 ( 9.17) 3.53 ( 7.18) - (-) 5.41 ( 7.64) 3.65 ( 8.23) 2.90 ( 6.83) - (-) 5.21 ( 6.49) 3.09 ( 7.11) 2.30 ( 6.53) - (-) 5.18 ( 6.04)
-0.15 - up-down 9.48 (13.69) 13.05 (21.60) - (-) 8.19 (13.57) 7.21 (11.77) 7.57 (13.09) - (-) 6.81 (10.28) 5.44 (10.69) 6.27 ( 8.85) - (-) 5.75 ( 8.95) 4.28 ( 9.55) 3.46 ( 7.32) - (-) 5.52 ( 7.89) 3.56 ( 8.68) 2.85 ( 7.06) - (-) 5.31 ( 6.74) 3.03 ( 7.53) 2.27 ( 6.76) - (-) 5.31 ( 6.29)
-0.2 - right-left 12.43 (11.97) 13.08 (17.35) - (-) 7.78 (13.13) 10.75 (11.24) 8.00 (12.00) - (-) 5.79 (10.04) 10.21 (11.53) 7.37 (10.34) - (-) 4.61 ( 8.63) 9.29 (11.94) 6.77 ( 9.72) - (-) 4.19 ( 7.52) 7.99 (13.26) 6.04 ( 9.77) - (-) 3.83 ( 6.56) 7.03 (13.42) 4.65 ( 9.63) - (-) 3.57 ( 5.96)
-0.2 - up-down 12.28 (12.26) 19.05 (19.74) - (-) 7.88 (13.36) 10.69 (11.83) 11.87 (16.00) - (-) 5.90 (10.23) 9.95 (12.43) 7.01 ( 9.73) - (-) 4.71 ( 8.87) 8.92 (12.99) 6.52 (10.04) - (-) 4.31 ( 7.77) 7.62 (14.03) 5.64 ( 9.96) - (-) 3.98 ( 6.82) 6.83 (14.96) 4.41 ( 9.43) - (-) 3.72 ( 6.26)
-0.25 - right-left - (-) - (-) - (-) 8.77 (12.61) - (-) - (-) - (-) 6.60 (11.32) - (-) - (-) - (-) 5.61 (11.19) - (-) - (-) - (-) 4.31 (10.55) - (-) - (-) - (-) 3.52 ( 9.90) - (-) - (-) - (-) 2.75 ( 9.18)
-0.25 - up-down - (-) - (-) - (-) 8.79 (12.51) - (-) - (-) - (-) 6.71 (10.69) - (-) - (-) - (-) 5.69 (10.62) - (-) - (-) - (-) 4.44 ( 9.92) - (-) - (-) - (-) 3.60 ( 9.28) - (-) - (-) - (-) 2.89 ( 8.55)

Width
-0.05 - right-left 2.15 ( 4.62) 3.99 ( 6.50) 14.39 (15.67) 1.77 ( 1.85) 1.43 ( 2.67) 1.63 ( 2.35) 7.24 ( 9.98) 1.42 ( 1.25) 1.09 ( 2.26) 1.33 ( 1.24) 5.36 ( 7.98) 1.35 ( 1.14) 0.92 ( 2.04) 1.20 ( 1.07) 2.53 ( 7.15) 1.23 ( 1.03) 0.78 ( 1.92) 1.10 ( 0.96) 2.14 ( 7.69) 1.11 ( 0.97) 0.66 ( 1.77) 0.99 ( 0.85) 1.76 ( 7.43) 0.94 ( 0.97)
-0.05 - up-down 2.04 ( 4.27) 2.62 ( 2.49) 24.44 (29.07) 2.18 ( 1.93) 1.42 ( 2.33) 1.58 ( 1.55) 12.30 (19.95) 1.88 ( 1.19) 1.13 ( 1.91) 1.25 ( 1.09) 5.79 (16.49) 1.81 ( 1.00) 0.98 ( 1.62) 1.08 ( 0.93) 2.41 (10.68) 1.71 ( 0.85) 0.87 ( 1.51) 0.93 ( 0.80) 2.01 (10.38) 1.58 ( 0.71) 0.79 ( 1.36) 0.75 ( 0.67) 1.63 ( 8.10) 1.40 ( 0.63)
-0.1 - right-left 5.48 ( 9.09) 6.30 ( 9.75) 15.43 (23.53) 3.68 ( 3.98) 3.78 ( 6.31) 3.36 ( 5.61) 5.81 (11.38) 2.94 ( 2.49) 2.62 ( 4.80) 2.52 ( 2.66) 4.87 ( 9.81) 2.76 ( 2.14) 2.09 ( 4.02) 2.12 ( 2.24) 4.49 ( 9.45) 2.50 ( 1.82) 1.73 ( 3.62) 1.83 ( 1.95) 4.11 (11.16) 2.26 ( 1.58) 1.45 ( 3.20) 1.48 ( 1.65) 3.78 (11.85) 1.93 ( 1.49)
-0.1 - up-down 5.37 ( 9.32) 7.29 (10.92) 45.15 (54.82) 3.53 ( 3.93) 3.70 ( 6.56) 3.55 ( 5.08) 35.07 (46.70) 2.77 ( 2.58) 2.59 ( 5.13) 2.74 ( 2.88) 31.36 (44.79) 2.53 ( 2.28) 2.06 ( 4.35) 2.39 ( 2.50) 26.69 (47.53) 2.28 ( 2.07) 1.71 ( 4.02) 2.13 ( 2.23) 21.10 (50.97) 2.07 ( 1.92) 1.44 ( 3.60) 1.87 ( 1.94) 16.69 (54.80) 1.76 ( 1.82)
-0.15 - right-left 9.97 (12.34) 10.15 (18.26) - (-) 5.42 ( 6.76) 7.29 (11.24) 7.66 ( 9.55) - (-) 4.09 ( 4.19) 5.68 (10.08) 4.71 ( 6.47) - (-) 3.71 ( 3.51) 4.41 ( 9.04) 3.81 ( 5.46) - (-) 3.28 ( 2.85) 3.65 ( 8.06) 3.24 ( 4.94) - (-) 2.95 ( 2.38) 3.09 ( 6.90) 2.64 ( 4.38) - (-) 2.48 ( 2.10)
-0.15 - up-down 9.48 (12.85) 12.76 (20.38) - (-) 5.88 ( 6.94) 7.21 (11.37) 7.65 (11.83) - (-) 4.61 ( 4.26) 5.44 (10.42) 6.32 ( 7.05) - (-) 4.32 ( 3.50) 4.28 ( 9.23) 3.59 ( 5.19) - (-) 3.87 ( 2.82) 3.56 ( 8.33) 3.02 ( 4.75) - (-) 3.55 ( 2.31) 3.03 ( 7.12) 2.44 ( 4.09) - (-) 3.05 ( 1.92)
-0.2 - right-left 12.43 (12.44) 12.88 (16.91) - (-) 7.61 (10.83) 10.75 (11.34) 8.01 (11.87) - (-) 5.37 ( 7.68) 10.21 (11.55) 7.38 (10.21) - (-) 4.60 ( 6.04) 9.29 (11.95) 6.79 ( 9.62) - (-) 3.91 ( 4.75) 7.99 (13.26) 6.05 ( 9.73) - (-) 3.47 ( 3.92) 7.03 (13.42) 4.65 ( 9.61) - (-) 2.89 ( 3.17)
-0.2 - up-down 12.28 (12.71) 18.91 (19.36) - (-) 8.07 (11.13) 10.69 (11.92) 11.88 (15.89) - (-) 5.84 ( 7.82) 9.95 (12.45) 7.02 ( 9.56) - (-) 5.16 ( 6.20) 8.92 (13.00) 6.54 ( 9.94) - (-) 4.49 ( 4.87) 7.62 (14.03) 5.65 ( 9.92) - (-) 4.04 ( 4.03) 6.83 (14.96) 4.42 ( 9.39) - (-) 3.44 ( 3.26)
-0.25 - right-left - (-) - (-) - (-) 9.43 (12.62) - (-) - (-) - (-) 7.37 (11.13) - (-) - (-) - (-) 6.56 (10.94) - (-) - (-) - (-) 5.24 ( 9.75) - (-) - (-) - (-) 4.50 ( 8.63) - (-) - (-) - (-) 3.66 ( 7.38)
-0.25 - up-down - (-) - (-) - (-) 9.54 (13.10) - (-) - (-) - (-) 7.50 (11.00) - (-) - (-) - (-) 6.66 (10.83) - (-) - (-) - (-) 5.32 ( 9.48) - (-) - (-) - (-) 4.58 ( 8.29) - (-) - (-) - (-) 3.74 ( 7.01)

RMSE is aggregated over time and treatment categories.
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8.2.1.3 Jaccard index for the HRDR intervals

To have a comprehensive viewpoint of the estimation performances of the intervals, we com-
puted the mean Jaccard index across the M montecarlo replications that are displayed in
Figure 8.10 and Figure 8.11 for the HRDR and the HNRDR intervals respectively. The
higher the Jaccard index, the higher is the similarity of the estimated intervals with the tar-
get ones. The piece-wise exponential model definitely performs better than the model on
pseudo-observation, although the NPH and Weibull scenarios do not show this discrepancy.
Again, as the probability amount integrated over the intervals decreases, the performance of
the estimation method decreases as well, except for the exponential scenario. The same is
true for the HNRDR that however show overall a slightly decreased performance of the whole
estimation, as lower values of the mean jaccard index indicate. Table 8.9 and Table 8.10
report numerically the results visualized in the figures.
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Figure 8.10: Performance of HRDR estimation in terms of Jaccard index computed consider-
ing the estimated vs the true intervals as a function of the scenario complexity
and the sample size available.
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Table 8.9: Performances of estimation of HRDR in terms of Jaccard index. Results are shown as a function of the scenario complexity,
sample size available, method of interval construction and flexible model adopted.

Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull
N = 250 N = 250 N = 250 N = 250 N = 500 N = 500 N = 500 N = 500 N = 750 N = 750 N = 750 N = 750 N = 1000 N = 1000 N = 1000 N = 1000 N = 1500 N = 1500 N = 1500 N = 1500 N = 2000 N = 2000 N = 2000 N = 2000

0.25 - right-left 0.89 (0.41) 0.58 (0.54) 0.61 (0.71) 0.53 (0.52) 0.92 (0.52) 0.63 (0.63) 0.74 (0.75) 0.57 (0.60) 0.94 (0.55) 0.66 (0.66) 0.78 (0.73) 0.58 (0.63) 0.95 (0.55) 0.70 (0.68) 0.78 (0.71) 0.59 (0.66) 0.95 (0.56) 0.73 (0.69) 0.79 (0.67) 0.63 (0.71) 0.96 (0.56) 0.75 (0.70) 0.79 (0.64) 0.65 (0.73)
0.25 - up-down 0.89 (0.39) 0.57 (0.48) 0.61 (0.69) 0.52 (0.49) 0.92 (0.46) 0.62 (0.54) 0.76 (0.73) 0.57 (0.57) 0.94 (0.49) 0.65 (0.57) 0.80 (0.71) 0.58 (0.60) 0.95 (0.49) 0.68 (0.59) 0.81 (0.68) 0.59 (0.63) 0.95 (0.50) 0.71 (0.61) 0.81 (0.63) 0.62 (0.66) 0.96 (0.50) 0.73 (0.60) 0.82 (0.60) 0.64 (0.67)
0.4 - right-left 0.91 (0.75) 0.82 (0.73) 0.78 (0.81) 0.72 (0.73) 0.93 (0.80) 0.85 (0.78) 0.83 (0.84) 0.77 (0.81) 0.94 (0.81) 0.87 (0.80) 0.86 (0.84) 0.78 (0.84) 0.95 (0.81) 0.89 (0.81) 0.86 (0.83) 0.79 (0.86) 0.96 (0.82) 0.90 (0.81) 0.87 (0.82) 0.82 (0.88) 0.96 (0.82) 0.91 (0.81) 0.87 (0.81) 0.84 (0.88)
0.4 - up-down 0.91 (0.68) 0.81 (0.70) 0.77 (0.80) 0.72 (0.65) 0.93 (0.75) 0.85 (0.76) 0.82 (0.85) 0.76 (0.74) 0.94 (0.76) 0.87 (0.78) 0.84 (0.84) 0.78 (0.79) 0.95 (0.77) 0.88 (0.79) 0.85 (0.83) 0.79 (0.82) 0.96 (0.78) 0.90 (0.79) 0.85 (0.82) 0.82 (0.85) 0.96 (0.78) 0.91 (0.79) 0.85 (0.82) 0.84 (0.87)
0.5 - right-left 0.91 (0.83) 0.88 (0.80) 0.84 (0.84) 0.81 (0.77) 0.93 (0.86) 0.90 (0.82) 0.86 (0.88) 0.85 (0.82) 0.95 (0.86) 0.92 (0.83) 0.87 (0.88) 0.87 (0.83) 0.95 (0.86) 0.93 (0.84) 0.87 (0.88) 0.88 (0.84) 0.96 (0.87) 0.93 (0.84) 0.87 (0.87) 0.90 (0.86) 0.96 (0.87) 0.94 (0.84) 0.87 (0.87) 0.91 (0.86)
0.5 - up-down 0.91 (0.76) 0.88 (0.77) 0.83 (0.84) 0.80 (0.70) 0.93 (0.81) 0.90 (0.80) 0.84 (0.87) 0.84 (0.77) 0.95 (0.82) 0.92 (0.80) 0.85 (0.88) 0.86 (0.79) 0.95 (0.82) 0.93 (0.81) 0.85 (0.88) 0.87 (0.81) 0.96 (0.83) 0.94 (0.81) 0.85 (0.88) 0.89 (0.83) 0.96 (0.84) 0.94 (0.81) 0.85 (0.88) 0.89 (0.84)
0.6 - right-left 0.91 (0.87) 0.90 (0.84) 0.88 (0.83) 0.86 (0.80) 0.93 (0.90) 0.92 (0.87) 0.91 (0.86) 0.90 (0.83) 0.94 (0.90) 0.94 (0.88) 0.92 (0.85) 0.91 (0.84) 0.95 (0.91) 0.94 (0.88) 0.93 (0.85) 0.92 (0.84) 0.96 (0.91) 0.95 (0.89) 0.94 (0.85) 0.93 (0.85) 0.96 (0.91) 0.96 (0.89) 0.94 (0.85) 0.94 (0.85)
0.6 - up-down 0.91 (0.84) 0.90 (0.82) 0.88 (0.81) 0.86 (0.78) 0.93 (0.89) 0.92 (0.85) 0.91 (0.84) 0.89 (0.82) 0.94 (0.90) 0.94 (0.86) 0.92 (0.84) 0.91 (0.83) 0.95 (0.90) 0.95 (0.87) 0.93 (0.82) 0.92 (0.84) 0.96 (0.91) 0.95 (0.87) 0.94 (0.78) 0.93 (0.85) 0.96 (0.91) 0.96 (0.88) 0.94 (0.77) 0.93 (0.85)

Mean Jaccard is aggregated over time and treatment categories.
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Figure 8.11: Performance of HNRDR estimation in terms of Jaccard index computed consid-
ering the estimated vs the true intervals as a function of the scenario complexity
and the sample size available.
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Table 8.10: Performances of estimation of HNRDR in terms of Jaccard index. Results are shown as a function of the scenario
complexity, sample size available, method of interval construction and flexible model adopted.

Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull Exponential Log-logistic NPH scenario Weibull
N = 250 N = 250 N = 250 N = 250 N = 500 N = 500 N = 500 N = 500 N = 750 N = 750 N = 750 N = 750 N = 1000 N = 1000 N = 1000 N = 1000 N = 1500 N = 1500 N = 1500 N = 1500 N = 2000 N = 2000 N = 2000 N = 2000

-0.05 - right-left 0.84 (0.00) 0.20 (0.01) 0.32 (0.38) 0.25 (0.05) 0.88 (0.00) 0.27 (0.00) 0.40 (0.42) 0.30 (0.07) 0.90 (0.00) 0.29 (0.00) 0.44 (0.42) 0.36 (0.08) 0.92 (0.00) 0.30 (0.00) 0.44 (0.43) 0.36 (0.09) 0.94 (0.00) 0.33 (0.00) 0.42 (0.45) 0.35 (0.10) 0.95 (0.00) 0.32 (0.00) 0.42 (0.46) 0.30 (0.09)
-0.05 - up-down 0.82 (0.00) 0.11 (0.02) 0.32 (0.38) 0.23 (0.04) 0.86 (0.00) 0.16 (0.01) 0.41 (0.39) 0.28 (0.05) 0.88 (0.00) 0.19 (0.00) 0.45 (0.39) 0.34 (0.06) 0.90 (0.00) 0.21 (0.00) 0.45 (0.40) 0.34 (0.06) 0.91 (0.00) 0.24 (0.00) 0.44 (0.42) 0.33 (0.06) 0.92 (0.00) 0.25 (0.00) 0.43 (0.43) 0.28 (0.06)
-0.1 - right-left 0.81 (0.31) 0.58 (0.22) 0.46 (0.36) 0.45 (0.26) 0.86 (0.36) 0.66 (0.27) 0.54 (0.39) 0.51 (0.32) 0.88 (0.38) 0.68 (0.29) 0.59 (0.37) 0.58 (0.37) 0.90 (0.38) 0.70 (0.30) 0.64 (0.33) 0.59 (0.40) 0.92 (0.39) 0.72 (0.30) 0.66 (0.28) 0.59 (0.44) 0.93 (0.38) 0.72 (0.30) 0.70 (0.24) 0.58 (0.45)
-0.1 - up-down 0.80 (0.24) 0.50 (0.20) 0.50 (0.42) 0.45 (0.23) 0.85 (0.29) 0.58 (0.25) 0.57 (0.43) 0.51 (0.29) 0.88 (0.31) 0.60 (0.26) 0.62 (0.41) 0.57 (0.33) 0.90 (0.31) 0.62 (0.27) 0.66 (0.38) 0.58 (0.37) 0.91 (0.31) 0.64 (0.27) 0.68 (0.32) 0.58 (0.41) 0.93 (0.31) 0.66 (0.27) 0.72 (0.30) 0.56 (0.41)
-0.15 - right-left 0.76 (0.57) 0.68 (0.46) - (-) 0.63 (0.45) 0.82 (0.70) 0.77 (0.55) - (-) 0.67 (0.51) 0.85 (0.74) 0.81 (0.59) - (-) 0.71 (0.55) 0.88 (0.77) 0.83 (0.61) - (-) 0.72 (0.58) 0.89 (0.79) 0.85 (0.61) - (-) 0.71 (0.61) 0.91 (0.80) 0.87 (0.62) - (-) 0.71 (0.61)
-0.15 - up-down 0.76 (0.55) 0.68 (0.44) - (-) 0.61 (0.44) 0.82 (0.68) 0.77 (0.53) - (-) 0.65 (0.50) 0.85 (0.71) 0.80 (0.56) - (-) 0.70 (0.54) 0.88 (0.74) 0.82 (0.57) - (-) 0.70 (0.57) 0.89 (0.75) 0.84 (0.58) - (-) 0.70 (0.60) 0.91 (0.77) 0.86 (0.58) - (-) 0.71 (0.60)
-0.2 - right-left 0.59 (0.42) 0.63 (0.47) - (-) 0.75 (0.61) 0.69 (0.50) 0.70 (0.49) - (-) 0.78 (0.67) 0.74 (0.52) 0.77 (0.53) - (-) 0.81 (0.70) 0.80 (0.54) 0.80 (0.53) - (-) 0.81 (0.72) 0.83 (0.55) 0.84 (0.56) - (-) 0.82 (0.74) 0.86 (0.59) 0.87 (0.56) - (-) 0.84 (0.75)
-0.2 - up-down 0.61 (0.44) 0.64 (0.49) - (-) 0.73 (0.60) 0.71 (0.52) 0.72 (0.51) - (-) 0.76 (0.67) 0.76 (0.54) 0.78 (0.56) - (-) 0.79 (0.70) 0.81 (0.56) 0.82 (0.57) - (-) 0.80 (0.72) 0.84 (0.57) 0.85 (0.60) - (-) 0.81 (0.74) 0.87 (0.62) 0.88 (0.62) - (-) 0.83 (0.74)
-0.25 - right-left - (-) - (-) - (-) 0.79 (0.62) - (-) - (-) - (-) 0.84 (0.72) - (-) - (-) - (-) 0.87 (0.75) - (-) - (-) - (-) 0.88 (0.78) - (-) - (-) - (-) 0.90 (0.79) - (-) - (-) - (-) 0.91 (0.79)
-0.25 - up-down - (-) - (-) - (-) 0.78 (0.63) - (-) - (-) - (-) 0.83 (0.73) - (-) - (-) - (-) 0.85 (0.77) - (-) - (-) - (-) 0.87 (0.79) - (-) - (-) - (-) 0.88 (0.80) - (-) - (-) - (-) 0.90 (0.81)

Mean Jaccard is aggregated over treatment categories.
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8.2.2 Application to Milan 1 trial data

The survival functions in Figure 8.12 describe the cumulative probability of being free from
any event for the patients involved in Milan 1 trial study, conditional on their lymph-nodal
status. Here, disease free survival is a composite outcome that consists of distant recurrences,
other cancers not related to the disease and death without evidence of recurrence. Node-
positive women are clearly characterized by an increased risk of any event, mainly driven by
distant recurrences, as the two survival functions are well vertically separated and the N+
one is below the N-.
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Figure 8.12: Survival functions estimated with the Kaplan Meier method for Node-positive
and negative patients.

Our purpose is to describe what is the effect of nodal status on the distribution of the disease-
free survival time in terms of the time-scale. To such end we will compute the 10%, 20% and
30% Highest Risk Density Regions and the 5% and 10% Highest Net Risk Difference Region,
considering estimates of the PDF and CDF obtained with a flexible Piece-wise exponential
model. The model accounts for the surgical operation adopted, the menopausal status and the
tumor dimension at the time of resection as possible confounding factor. From the survival
function plot, we hypothesized the relaxation to non-proportional hazards for the lymph

128



Table 8.11: HRDRs and HNRDRs for Milan 1 trial data

HRDRs and HNRDRs for Milan 1 trial data

Nodal Status method HRDR_0.1 HRDR_0.2 HRDR_0.3 HNRDR_0.05 HNRDR_0.1
N+ up-down [0, 26] [0, 53] [0, 84]
N- up-down [51, 93] [28, 115] [2, 137]
N+ right-left [0, 26] [0, 53] [0, 83]
N- right-left [50, 93] [27, 115] [1, 137]

up-down [0, 28] [0, 65]
right-left [0, 29] [0, 66]

nodal status of the patients. The baseline hazard function was smoothed with natural splines
specifying 2 knots at quantiles of the event times, whereas the time-varying effect just with
one knot at their median. The AIC selected the model specifying the interaction between
the baseline hazard and the covariate. This is in line with results obtained from a previous
analysis focused on the modeling of the crude cumulative incidence of distant recurrences. We
adopted the g-formula to obtain the marginal PDFs and CDFs for N+ and N- patients that are
displayed in Figure 8.13 (a) and (b) respectively.The HRDRs constructed with the up-down
approach are shown in (a) whereas the ones with right-left approach in (b). The risk profile
of N+ women highly differ from the N- women, as they are characterized by the highest risk
density of events at early follow-up times, whereas N- women are characterized by a delayed
risk for any event. Namely, 10% of the total events in N+ women is mostly expected to be in
a time-window of between the start of the follow-up and 26 months ([0,26] months), whereas
in N- women in a time-window of [51, 93] months. This means that being N- delays the period
of the highest risk by 51 months. Other than the effect on the location of risk, we can also
focus on the effect on the scale, i.e, the rate of accumulation of the events. N- women show
a wider interval compared to N+ women (interval width 26 vs 42). The remaining HRDRs
show again this difference, as the 20% HRDRs for N+ and N- patients are [0,53] and [28,
115] respectively and the 30% HRDRs are [0,84] and [2, 137] respectively. The effect on the
location on the intervals is visible also for the 20% HRDRs whereas the effect on the scale
is well characterized by the intervals widths that display a constant ratio of ~1.6, indicating
that the being N- slows down the dynamic of event or increases the disease free survival time
by ~60%. To characterize better the impact of nodal status on the redistribution of risk, we
computed the 5% and 10% HNRDRs that are displayed in Figure 9 (c) and (d) below the
instantaneous risk difference and the cumulative risk difference function respectively. The
cumulative risk difference function (d) displays that N+ patients accumulate a risk for the
event higher by ~12% than the risk of N- women. Difficult to understand is that this risk-
increase is evident at early times of the follow-up. Indeed, the instantaneous risk difference
function display that the N+ patients show a higher risk than N- patients since the start of
the follow-up, reflecting what we have seen with the HRDRs above. From the 5% and 10%
HNRDRs we understand that in a time period of [0,28] N+ women show a higher risk of 5%
(i.e, 20 number needed to harm) and of 10% in a time-period of [0, 65] months.

Table 8.11 summarizes the relevant HRD and HNRD regions for N+ and N- patients.
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Figure 8.13: PDF and CDF estimated with the flexible PWE models for time-to-first event
(a,b) for N+ and N- patients. Below are the 10%, 20% and 30% HRDR intervals
computed with the Up-down approach and the Right-left approach respectively.
In (c) and (d) the instantaneous risk difference and the cumulative risk difference
functions along with the 5% and 10% HNRDR intervals computed with the Up-
down approach and the Right-left approach respectively
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8.3 Discussion

This paper introduces a novel framework for time-to-event (TTE) analysis to address the
limitations of conventional metrics. Standard measures like the hazard ratio (HR), restricted
mean survival time (RMST), and accelerated failure time (AFT) models are often constrained
by restrictive assumptions, sensitivity to user-specified parameters, or challenges in causal
interpretation. We propose two new estimands: the Highest Risk Density Region (HRDR),
defined as the narrowest time interval containing a pre-specified probability of events, and the
Highest Net Risk Difference Region (HNRDR), the narrowest interval in which a pre-specified
net absolute risk difference is achieved. Together, these estimands shift the analytical focus
from a single summary statistic to characterizing the temporal location, shape, and dynamics
of the underlying risk distribution, thereby answering the direct clinical questions of “when
is risk highest?” and “when is the treatment effect most pronounced?”.

The HRDR and HNRDR are grounded in a formal causal inference framework, defined as fea-
tures of potential outcome distributions and standardized via the g-formula to permit adjust-
ment for confounding. A key strength of this approach is its communicability; by expressing
results in natural units of time, it translates complex statistical findings into actionable clinical
insights. For example, in the Milan I trial data, the HRDRs revealed distinct “temporal risk
fingerprints” for node-positive patients (high, concentrated, early risk) versus node-negative
patients (lower, dispersed, persistent risk), directly informing tailored surveillance strategies.
Furthermore, the framework can disentangle a treatment’s mechanism, separating effects on
the timing (location) from the duration (scale) of risk. This capacity was demonstrated in sim-
ulations where the HRDRs clearly distinguished between treatments that delayed the onset
of risk versus those that dispersed risk over a longer period.

This work fits into a broader movement within biostatistics to develop more patient-centric
and clinically relevant effect measures. The HNRDR, in particular, can be viewed as a tool
for “benefit accounting.” A core principle of TTE analysis for non-curative therapies is that
risk is not eliminated but redistributed over time; the integral of the difference in PDFs
over an infinite horizon is necessarily zero. The HNRDR for a net benefit identifies the
specific time-window where events were most intensely prevented or postponed. This implicitly
acknowledges that those postponed events may occur later, providing a more complete and
honest narrative of a treatment’s effect. This concept aligns closely with other modern patient-
oriented measures like “The Net Chance of a Longer Survival,” which also seeks to quantify
benefit in a more direct and probabilistic manner (Péron et al. 2016).

As summarized in the following Table, the HRDR/HNRDR framework occupies a unique and
valuable niche among these measures by focusing specifically on the temporal location of risk
and benefit. While the Win Ratio (Wang et al. 2011) prioritizes a hierarchy of different
outcomes (e.g., death over hospitalization) and RMST quantifies the average time gained,
the HRDR/HNRDR specifies when the risk is highest and when that time is gained most
efficiently, providing complementary, not competing, information.

A critical advantage of our framework is its inherent robustness to non-proportional hazards
(NPH), a common scenario where the Cox model is unreliable. By operating directly on
unconditional probability and cumulative density functions, the HRDR and HNRDR remain
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interpretable regardless of the underlying hazard behavior. Monte Carlo simulations provided
practical guidance for implementation, revealing that a Piecewise Exponential (PWE) model is
superior for estimating the instantaneous risk density (PDF) and should be paired with a PDF-
based algorithm for constructing the regions. Conversely, a Pseudo-observation approach,
which directly models the cumulative distribution (CDF), should be paired with a CDF-based
algorithm to avoid the numerical instability of differentiation. While marginal estimates can
be challenging in complex NPH settings, the estimation of the difference between groups for
the HNRDR remains remarkably robust.

The primary limitations of this framework are its dependence on the adequacy of the under-
lying flexible parametric model and the subjectivity in pre-specifying the probability mass or
risk difference for the regions; we recommend sensitivity analyses across a range of values to
ensure transparency. Despite these considerations, the framework provides a robust and intu-
itive tool for TTE analysis. Future work will focus on extending these methods to competing
risks settings and to accommodate time-varying exposures and dynamic treatment regimes.
A Comparative Overview of Time-to-Event Summary Measures

Feature
Hazard Ratio
(HR)

Restricted Mean
Survival Time
(RMST)

Accelerated
Failure Time
(AFT) Models Win Ratio

The Net Chance
of a Longer
Survival

Proposed
HRDR /
HNRDR

Primary
Interpretation

Relative
instantaneous
event rate

Absolute
difference in
mean event-free
time up to
horizon 𝜏

Multiplicative
factor on time
scale (time
ratio)

Prioritized
comparison of
composite
outcomes

Net probability
of a patient in
one group
surviving longer
than a patient
in another

Absolute time
interval of
highest risk
concentration or
maximal
treatment effect

Key Assump-
tion(s)

Proportional
Hazards (PH)

None (non-
parametric)

Constant time
ratio; specified
error
distribution

Pre-specified
clinical
hierarchy of
outcomes

None (non-
parametric)

None (relies on
quality of
PDF/CDF
estimate)

Robustness to
NPH

Poor; yields a
difficult-to-
interpret
average

High Moderate; time
ratio
assumption may
be violated

High (by
design)

High High

Primary
Clinical
Question
Answered

What is the
relative rate of
events at any
given time?

How much
average
event-free time
is gained/lost
over a specific
period?

By what factor
does treatment
acceler-
ate/decelerate
the time to
event?

Does the
treatment group
have a better
outcome profile,
considering a
hierarchy of
clinical
importance?

What are the
net odds that a
treated patient
will live longer
than a control
patient?

When is the risk
highest? When
is the treatment
effect most
concentrated?

Key
Limitation

PH assumption
often violated;
poor causal
interpretability;
not intuitive

Sensitive to
choice of time
horizon 𝜏; can
mask dynamic
effects

Risk of model
misspecification
from incorrect
distributional
choice

Can be driven
by a single
component in
the hierarchy;
ties do not
contribute to
the ratio

Requires
pairwise
comparisons;
interpretation of
magnitude can
be complex

Relies on
accurate density
estimation;
requires user to
specify
probability mass
or net difference

8.4 Conclusion

In conclusion, this paper has introduced the Highest Risk Density Region (HRDR) and the
Highest Net Risk Difference Region (HNRDR) as novel, intuitive, and robust tools for the
analysis of time-to-event data. By shifting the analytical focus from single-number summaries
of effect magnitude to a direct characterization of the temporal distribution of risk, this
framework provides a richer and more clinically relevant understanding of how treatments
and exposures influence patient outcomes over time. The extensive simulation study not
only validates the methods across a range of scenarios, from simple proportional hazards to
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complex non-proportional hazards, but also provides clear, practical guidance on their optimal
implementation.

The HRDR/HNRDR framework should not be viewed as a replacement for all existing time-
to-event measures, but rather as a powerful and essential complement. It fills a critical niche
by providing clear answers to the fundamental clinical questions of “when is risk highest?”
and “when is a treatment’s benefit most concentrated?”. In doing so, it serves as a vital
bridge between the statistical sophistication of flexible parametric survival models and the
practical need for clear, causal, and communicable evidence. This work contributes to a
broader, ongoing paradigm shift in biostatistics and epidemiology—a movement towards a
more holistic, descriptive, and interpretable approach to quantifying treatment effects. By
empowering researchers and clinicians to better visualize, understand, and communicate the
temporal dynamics of risk, this framework represents a meaningful advancement in the field
of survival analysis.
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9 Describing dose-response relationships with
probability density and cumulative
distribution functions: an approach based
on the generalized linear model framework

Building on the limitations of traditional mean-based regression discussed in Section 3.10, this
chapter exploits the use of the flexible-parametric methods adopted in this thesis for estimating
the full conditional probability density function of continuous, non-censored, health outcomes
in dose-response analysis. This method operates within the generalized linear (additive) model
framework, offering both flexibility and interpretability.

We obtain smooth estimates of the density and the cumulative distribution functions with only
a few parameters considering splines. This enables the derivation of quantile functions for the
outcome distribution, allowing for direct percentile predictions based on exposure variables
within a single unified model.

Additionally, exploiting the ‘chain rule’ of probability, we estimate the joint PDF and CDF of
two outcome variables conditioned on exposure, facilitating the evaluation of exposure effects
on two variables equivalently relevant to describe an health outcome, like for example plasma
glucose and blood pressure for metabolic heath. We emphasize clear and effective visualization
method to enhance the interpretability of the results, adopting highest density regions (HDR)
and upper bound equal tailed intervals (ETI) to easily communicate the impact of an exposure
covariate on the distribution of an outcome.

This chapter is structured as follows. First off, we formalize the adoption of the flexible
models on the hazard function and on the cumulative distribution function to the analysis
of non-censored outcomes. Then, we describe the two-stage modeling process along with the
chain rule of probability to obtain smoothed estimates of joint probability density functions
of bivariate (multivariate) outcomes. Then, we summarize possible methods to translate PDF
and CDF into interpretable statements about probability mass shifts, given the exposure. We
describe the simulation adopted to demonstrate the visualization techniques and to assess the
performances of the methods. Finally, a small application on the publicly available PIMA
Indians Study dataset (Venables and Ripley 2002) is presented.
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9.1 Methods

9.1.1 The relationship between the hazard, the cumulative distribution function
and the probability density function

The survival function is proper of any random variable. In time-to-event analysis, it has a
straightforward interpretation –having a time to event 𝑇 greater than 𝑡 it means surviving at
that time-point-. Also in non-censored data contexts, a survival function of a random variable
such as plasma glucose 𝐺 describes the proportion of subjects in a distribution that have a
value of plasma glucose greater than a certain value 𝑔.

The same is true for the cumulative distribution function, often visualized along with box-
plots or histograms, since it simply describes the probability of having a value of glucose 𝐺
below or equal a certain value 𝑔.

Equivalently, the hazard function is proper of any random variable. However, its direct in-
terpretation in contexts different from the time-to-event is particularly difficult. The hazard
function of plasma glucose would describe the probability of having a value of 𝐺 in an ‘in-
finitesimal interval’ given that it is not of a lower value. However, the hazard function is
mathematically valid and it is convenient for the analysis of any, possibly non-censored, out-
come.

Following the logic of Chapter 8, we aim for the best smoothed estimates of ℎ(𝑦|𝑋) or 𝐹(𝑦|𝑋)
to then compute a PDF 𝑓(𝑦|𝑋) considering the fundamental relationships displayed in Sec-
tion 4.1 . A great advantage of non-censored data is the fact that it is not necessary to to
restrict the support of the outcome variable.

As in the paper before, we are using models of the form:𝑔[𝑄|𝑋)] = 𝛽𝑋 + 𝐾∑𝑘=1(𝛾𝑘 + 𝛿𝑘𝑋)𝐵𝑘(𝑄) (9.1)

where, 𝑄 is either the hazard or the CDF of the random variable 𝑌 ; 𝛽𝑋 is the coefficient
associated to the exposure covariate 𝑋, imposing a constant shift on 𝑔(𝑄); 𝐵𝑘(𝑄) is the spline
bases matrix to specify the function 𝑔(𝑄) for a subject at reference values of the covariates;𝛾𝑘 are the parameters associated to the spline bases, whereas 𝛿𝑘𝑋 are the possible interaction
terms which relax the constant shift defined by 𝛽𝑋.

9.1.2 Joint probability density and joint cumulative distribution function

To model the joint probability density function, a two step modeling procedure and the chain
rule of probability are adopted.

Suppose 𝑌1 and 𝑌2 are outcome variables whose joint distribution is of interest. We want
to obtain estimates of 𝑓(𝑌1, 𝑌2|𝑋). We will use the relation: 𝑓(𝑌1, 𝑌2|𝑋) = 𝑓(𝑌1|𝑌2, 𝑋) ×𝑓(𝑌2|𝑋).
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To such end, we fit separate models for 𝑓(𝑌2|𝑋) and for 𝑓(𝑌1|𝑌2, 𝑋) to aim for their best
smoothed estimates. For example, adopting a flexible PWE model on the hazard, the first
model is

log[ℎ(𝑦2|𝑋)] = 𝛽𝑋 + 𝐾∑𝑘=1(𝛾𝑘 + 𝛿𝑘𝑋)𝐵𝑘(𝑦2) (9.2)

and the second model is

log[ℎ(𝑦1|X)] = X𝛽 + 𝐾∑𝑘=1(𝛾𝑘 + X𝛿𝑘)𝐵𝑘(𝑦1) (9.3)

where X is a matrix containing values of 𝑋 and 𝑌2.

9.1.3 Translating model results into interpretable statements about probability
mass shifts

For time-to-event data, it is often acceptable to express associations exponentiating the model
coefficients to obtain hazard ratios, risk ratios, or risk differences, although, as previously
discussed, this method comes with significant interpretative challenges. In contrast, applying
this approach to non-censored outcomes by presenting an estimated time-varying hazard ratio
or a ratio of cumulative distribution functions is entirely inappropriate.

However, building from the logic displayed in Chapter 8, we are able to translate the qualita-
tively sound estimated PDFs and the CDFs into quantitatively sound statements of probability
mass shifts of the distribution conditional on covariates. In particular, other than the High-
est Density Regions, we can obtain the Upper Bound Equal Tailed Intervals, that merely
correspond to the quantiles of the conditional distributions. In particular, the upper bound
ETI correspond to the percentiles of the conditional distribution, similar to the conditional
quantile function plots of quantile regression (Koenker and Hallock 2001).

The method of HDRs identifies the smallest region of the outcome space where a given pro-
portion (e.g., ) of the (1 − 𝛼)% population is expected to lie (e.g., where do most people’s
outcomes cluster?). For a fixed probability level (e.g., 95%), the HDR shows how the most
probable range of outcomes evolves with exposure. This highlights where the distribution is
most concentrated (e.g., narrowing/widening of high-probability intervals).

The plot of the conditional quantile functions focuses on cumulative probabilities, showing
the outcome value below which a given proportion (e.g., (1 − 𝛼)%) of the population falls.
Unlike HDRs, percentile plots emphasize thresholds (e.g., median, 90th percentile) and how
these cutoffs shift with exposure. This is particularly useful for understanding extremes (e.g.,
tail behavior) or policy-relevant thresholds (e.g., what exposure level ensures (1 − 𝛼)% of
outcomes remain below a critical value?).

9.1.4 Simulated scenario

Considered the large simulation study conducted in Chapter 8, we performed a smaller Monte
Carlo simulation study to assess the properties of our method under different conditions than
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before, which involved continuous exposure covariates -not just a binary ‘treatment’- and the
additional estimation of a joint distribution.

The data-generating mechanism was based on one continuous exposure covariate (Physical
Activity measured in metabolic equivalents, METs) and two distinct outcomes (plasma glucose
and plasma triglycerides, glu and tgy). First, the exposure covariate, 𝑋, was randomly sam-
pled for all observations from a log-normal distribution, specifically 𝑋 ∼ Lognormal(𝜇log(𝑋) =2, 𝜎log(𝑋) = 0.4).
Then glu and tgy were generated to be conditionally dependent on 𝑋. The relationship
for both outcomes was defined by a linear model on the natural logarithmic scale. For each
observation 𝑖 and for each outcome 𝑘 ∈ {1, 2}, the mean of the log-transformed outcome was
determined by the equation: 𝜇log(𝑌𝑖𝑘) = 𝛽0𝑘 + 𝛽1𝑘(𝑋𝑖 − 5) (9.4)

Here, 𝛽0𝑘 represents the baseline mean of log(𝑌𝑘) when the covariate 𝑋 is equal to 5, and 𝛽1𝑘
is the coefficient quantifying the effect of 𝑋 on log(𝑌𝑘). This structure allows each outcome
to have its own unique baseline and effect size. Finally, the outcome values were drawn from
log-normal distributions using these dynamically calculated means and a specific residual
standard deviation for each outcome,

Y𝑖𝑘 ∼ Lognormal(𝜇log(𝑌𝑖𝑘), 𝜎log(𝑌𝑘)) (9.5)

In particular:

• METs ∼ Log-Normal(𝜇 = 2, 𝜎 = 0.4)
• glu ∣ METs ∼ Log-Normal(𝜇 = 𝛽0 − 0.04 ⋅ METs, 𝜎 = 0.2)
• tgy ∣ METs ∼ Log-Normal(𝜇 = 𝛽0 − 0.1 ⋅ METs, 𝜎 = 0.3)

In the first section of the results, we show the results of a very large simulated dataset
(𝑁 = 10000) to demonstrate the methods and to highlight the closeness of the simulation
to a real world context. For sake of simplicity we show just the results from the piece-wise
exponential model, targeting the hazard function of the outcomes glu and tgy.

We measure the performances of the method with the already adopted Jaccard indexes for
the conditional regions estimated and compared with the true ones. In particular, for the
univariate case, we will evaluate the average 𝐽(est, true) = |est∩true||est∪true| , for the multivariate case
the average 𝐽(est, true) = Area(est∩true)

Area(est∪true) .
9.1.5 Pima Indian Study

The Pima Indian Study investigates diabetes risk factors in a population with high type 2
diabetes incidence. The dataset includes 532 complete records of women aged �21 (median
age: 28, IQR: 23–38) from the Pima community near Phoenix, Arizona, with measurements
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of glucose, BMI, blood pressure, and triceps skinfold thickness (TSF, mm) (R. G. Nelson et
al. 1988; Ripley 1996).

Our analysis evaluates how adiposity, represented by Triceps Skin fold thickness (mm), TSF,
modulates fasting glucose (FG, mg/dL) and BP (mmHg), estimating their conditional densi-
ties. We further assess the impact of TSF on their joint distribution.

9.2 Results

9.2.1 Simulation (large N)

(A) and (B) of Figure 9.1 compare the estimated conditional PDFs and CDFs of FG against
their true counterparts.

The PWE model derived PDFs closely approximate the true distributions, though minor
discrepancies in peak intensities arise when conditioning on METs values distant from its
location parameter. Importantly, the positions of distributional peaks remain accurately
estimated. As physical activity increases, the FG distribution sharpens toward values below
100 mg/dL, a trend effectively captured by the GLM. Similarly, the CDFs shift leftward
with higher METs, reflecting lower glucose concentrations. For example, the median (50th
percentile) decreases from 115 mg/dL to 95 mg/dL across the METs spectrum.

(C) visualizes the conditional PDF surface of FG across METs, with shaded high-density
regions (HDRs) representing 95%, 75%, and 50% probability masses. Reference dashed lines
denote glucose thresholds for prediabetes (100 mg/dL) and diabetes (125 mg/dL). The 50%
HDR narrows from [95–130 mg/dL] to [85–95 mg/dL] as METs increase, while the distribution
mode shifts from 110 mg/dL to 90 mg/dL with a 6-MET improvement in PA. In this plot,
instead of just an expected value, we are showing how the entire distribution is modified
conditioned on the values of PA. Even though there is a shift of the entire distribution towards
higher values of FG, this shift is not constant for all the quantiles of the distribution, because
the dispersion increases as the PA decreases.

(D) displays the conditional CDF surface, highlighting key upper bound ETI. Quantile-focused
interpretations (via white trend-lines) reveal, for instance, a decline in the 75th percentile from
135 mg/dL to 100 mg/dL with a 6-MET increase. Conversely, proportion-focused analysis
demonstrates that 75% of high-PA individuals (12 METs) fall below 100 mg/dL, compared
to 50% at moderate PA (9.5 METs) and 25% at low PA (6 METs).

Figure 9.2 represents the estimates of the bivariate joint probability density function of FG
and TGY summarized with HDRs and upper bound-ETI.

The plot includes two horizontal lines representing critical thresholds for glucose metabolism
(100 mg/dL and 125 mg/dL) and two vertical lines for triglyceride metabolism (150 mg/dL
and 200 mg/dL). Shaded regions indicate the 95%, 75%, and 50% highest density regions
(HDRs) for FG and TGY. The symmetry of the HDRs and their alignment parallel to the
axes demonstrate the conditional independence of FG and TGY.
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Figure 9.1: Results of the large N artificial scenario to show what the scenarios in the Monte-
carlo simulation procedure are. The conditional PDF and CDF of glucose given
values of Physical Activity are reported (A,B), along with HDR and Upper Bound
ETI (C,D)
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The plot provides valuable insights into how the likelihood of specific FG and TGY joint
values varies with PA. As expected, increasing physical activity shifts the probability masses
from values above the critical thresholds (Panels A and B) to lower, healthier values of FG
and TGY (Panels C and D), and no residual dependence is present between FG and TGY.

The shifts in joint percentiles across PA levels reflect changes in the relationship between TGY
and FG as physical fitness improves. At low PA levels, the joint CDF shows higher cumulative
probabilities for elevated TGY and FG values, indicating a greater probability of poorer
metabolic health. As PA increase, the joint CDFs shift toward lower TGY and FG values,
reflecting a reduced probability of high levels of both variables. This shift signifies improved
metabolic control, with the joint distribution concentrating in the lower-left quadrant (low
TGY and low FG). At the highest METs levels, the steepest rise in the joint CDF in this
quadrant indicates a high probability of favorable metabolic outcomes.

9.2.2 Montecarlo Simulation Results

The Monte Carlo simulation confirmed that our method is reliable with moderate sample size.
Overall, both modeling approaches performed well. Jaccard indexes were consistently high
(mean above 0.7) across nearly all tested scenarios. However, the models’ performance declined
in two specific, predictable situations. Accuracy decreased at very high exposure levels (e.g.,
METs > 12). This occurred because the METs were generated from a log-normal distribution,
making data points in this upper range extremely rare and insufficient for robust estimation.
Moreover, Estimating HDRs for small probability levels (e.g., 25%) was challenging. These
regions correspond to the peak of the PDF (the steepest part of the CDF), which naturally
is characterized by higher variability. This difficulty was amplified in areas with sparse data,
such as at the extreme covariate values mentioned above.

Figure 9.5 and Table 9.3 show that the two stage modeling approach combined with the
chain rule of probability to obtain two dimensional HDR have a slightly lower but similar
performance. In this case, results are shown just for the algorithm ‘Up-down approach’ for
finding HDRs, as we don’t have an algorithm that works on the bivariate CDF.

9.2.3 Pima Indian Study

We expected that, as the TSF of the women of the PIMA Indian Study increased, their
metabolic health, identified by the concentration of fasting plasma glucose and diastolic blood
pressure, would decrease. In the following analysis, we will consider just these three covariates.
Namely we fit a piecewise exponential model of the form

log[ℎ(glu|TSF)] = 𝛽TSF + 𝐾∑𝑘=1(𝛾𝑘 + TSF𝛿𝑘)𝐵𝑘(glu)
and another model for

log[ℎ(bp|TSF, glu)] = (TSF, glu)𝛽𝜏 + 𝐾∑𝑘=1(𝛾𝑘 + TSF𝛿𝑘)𝐵𝑘(bp)
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Figure 9.2: Results of the large N artificial scenario to show what the scenarios in the Mon-
tecarlo simulation procedure are. The 2 dimensional HDRs (A,B) and Upper
Bound ETI (C,D) of glucose and triglycerides given values of Physical Activity
are reported, along with HDR and Upper Bound ETI (C,D)
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Figure 9.3: Results of the Montecarlo simulation. Finite sample performances of the PWE
and the pseudo-observation model defined by the Jaccard indexes on the HDR
intervals evaluated at 0.25, 0.50, 0.75 and 0.90 probability levels.
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Table 9.1: Results of the Montecarlo simulation for the univariate distribution Plasma Glucose.
Finite sample performances of the PWE and the pseudo-observation model defined
by the Jaccard indexes on the HDR intervals evaluated at 0.25, 0.50, 0.75 and 0.90
probability levels.

(a) Up-down approach

Jaccard Index
Covariate (X) Mean SD

Probability level: 0.25
6 0.766 (0.671) 0.147 (0.188)
8 0.845 (0.601) 0.124 (0.231)

10 0.652 (0.729) 0.120 (0.176)
12 0.415 (0.639) 0.120 (0.192)

Probability level: 0.5
6 0.914 (0.866) 0.051 (0.088)
8 0.936 (0.865) 0.051 (0.082)

10 0.843 (0.834) 0.064 (0.093)
12 0.691 (0.794) 0.074 (0.102)

Probability level: 0.75
6 0.959 (0.939) 0.023 (0.034)
8 0.939 (0.918) 0.030 (0.037)

10 0.905 (0.896) 0.033 (0.040)
12 0.844 (0.857) 0.040 (0.056)

Probability level: 0.9
6 0.955 (0.947) 0.022 (0.027)
8 0.935 (0.939) 0.022 (0.027)

10 0.947 (0.945) 0.024 (0.029)
12 0.920 (0.928) 0.027 (0.034)

(b) Right-left approach

Jaccard Index
Covariate (X) Mean SD

Probability level: 0.25
6 0.718 (0.702) 0.142 (0.167)
8 0.861 (0.641) 0.128 (0.226)

10 0.685 (0.750) 0.115 (0.166)
12 0.447 (0.693) 0.123 (0.191)

Probability level: 0.5
6 0.893 (0.898) 0.059 (0.069)
8 0.934 (0.871) 0.044 (0.078)

10 0.808 (0.816) 0.068 (0.096)
12 0.710 (0.822) 0.074 (0.097)

Probability level: 0.75
6 0.952 (0.944) 0.023 (0.030)
8 0.950 (0.935) 0.028 (0.035)

10 0.918 (0.915) 0.034 (0.038)
12 0.873 (0.887) 0.035 (0.049)

Probability level: 0.9
6 0.958 (0.951) 0.021 (0.026)
8 0.953 (0.952) 0.021 (0.026)

10 0.932 (0.941) 0.026 (0.030)
12 0.930 (0.936) 0.027 (0.034)
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Figure 9.4: Results of the Montecarlo simulation for the univariare distribution Plasma
Triglycerides. Finite sample performances of the PWE and the pseudo-observation
model defined by the Jaccard indexes on the HDR intervals evaluated at 0.25, 0.50,
0.75 and 0.90 probability levels.
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Table 9.2: Results of the Montecarlo simulation. Finite sample performances of the PWE and
the pseudo-observation model defined by the Jaccard indexes on the HDR intervals
evaluated at 0.25, 0.50, 0.75 and 0.90 probability levels.

(a) Up-down approach

Jaccard Index
Covariate (X) Mean SD

Probability level: 0.25
6 0.643 (0.682) 0.168 (0.188)
8 0.563 (0.512) 0.297 (0.192)

10 0.521 (0.507) 0.271 (0.182)
12 0.170 (0.235) 0.173 (0.109)

Probability level: 0.5
6 0.855 (0.846) 0.065 (0.086)
8 0.835 (0.754) 0.130 (0.090)

10 0.738 (0.737) 0.134 (0.095)
12 0.537 (0.627) 0.132 (0.088)

Probability level: 0.75
6 0.911 (0.908) 0.026 (0.036)
8 0.925 (0.888) 0.028 (0.038)

10 0.848 (0.863) 0.044 (0.049)
12 0.755 (0.843) 0.066 (0.051)

Probability level: 0.9
6 0.923 (0.930) 0.021 (0.027)
8 0.948 (0.950) 0.025 (0.029)

10 0.939 (0.948) 0.027 (0.027)
12 0.908 (0.916) 0.029 (0.046)

(b) Right left approach

Jaccard Index
Covariate (X) Mean SD

Probability level: 0.25
6 0.651 (0.699) 0.152 (0.176)
8 0.579 (0.540) 0.281 (0.195)

10 0.539 (0.543) 0.267 (0.185)
12 0.180 (0.259) 0.173 (0.108)

Probability level: 0.5
6 0.857 (0.869) 0.058 (0.080)
8 0.852 (0.771) 0.085 (0.090)

10 0.739 (0.743) 0.135 (0.094)
12 0.537 (0.634) 0.131 (0.086)

Probability level: 0.75
6 0.907 (0.926) 0.025 (0.032)
8 0.924 (0.890) 0.028 (0.037)

10 0.845 (0.865) 0.043 (0.048)
12 0.778 (0.862) 0.065 (0.047)

Probability level: 0.9
6 0.916 (0.937) 0.026 (0.031)
8 0.946 (0.950) 0.026 (0.029)

10 0.937 (0.948) 0.026 (0.027)
12 0.914 (0.916) 0.029 (0.044)
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Figure 9.5: Results of the Montecarlo simulation for the bivariate distribution Plasma Glucose
and Plasma Triglycerides. Finite sample performances of the PWE and the pseudo-
observation model defined by the Jaccard indexes on the HDR intervals evaluated
at 0.25, 0.50, 0.75 and 0.90 probability levels.
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Table 9.3: Results of the Montecarlo simulation for the bivariate distribution Plasma Glucose
and Plasma Triglycerides. Finite sample performances of the PWE and the pseudo-
observation model, inside the brackets, defined by the Jaccard indexes on the HDR
intervals evaluated at 0.25, 0.50, 0.75 and 0.90 probability levels.

Comparison of Model Performance
Results for PWE Model (Pseudo-observation Model)

Jaccard Index
Covariate (X) Mean SD
Probability level: 0.25

6 0.738 (0.677) 0.078 (0.093)
8 0.750 (0.606) 0.112 (0.111)

10 0.626 (0.582) 0.116 (0.100)
12 0.406 (0.431) 0.106 (0.094)

Probability level: 0.5
6 0.843 (0.809) 0.036 (0.044)
8 0.844 (0.809) 0.042 (0.039)

10 0.746 (0.730) 0.051 (0.045)
12 0.618 (0.651) 0.069 (0.053)

Probability level: 0.75
6 0.874 (0.861) 0.026 (0.030)
8 0.887 (0.887) 0.025 (0.025)

10 0.846 (0.859) 0.027 (0.027)
12 0.776 (0.807) 0.032 (0.031)

Probability level: 0.9
6 0.885 (0.882) 0.025 (0.028)
8 0.894 (0.876) 0.027 (0.033)

10 0.895 (0.859) 0.022 (0.033)
12 0.857 (0.813) 0.024 (0.037)
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In particular we modeled possible a linear effect of TSF on the hazard function and we
relaxed the proportionality assumption of the hazard by specifying the interaction terms
TSF𝛿𝑘 × 𝐵𝑘(glu) and TSF𝛿𝑘 × 𝐵𝑘(bp) in the models. We used B-splines to specify the
baseline hazard function associated to reference value of the covariate TSF. The number of
the spline bases was selected considering the lowest value of the BIC. We transformed the
hazard predictions into conditional PDFs and CDFs showed in figure 3 and we applied the
bootstrap quantile method to obtain 95% simultaneous confidence bands around the predicted
functions.
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Figure 9.6: conditional PDF and CDF obtained with a PWE model targeting the hazard
function, along with their 95% simultaneous confidence bands (shadowed regions)
obtained with the bootstrap quantile method. The functions are displayed condi-
tional on value of TSF of 10 and 40 mm.

Figure 9.6 illustrates the conditional cumulative distribution function and the conditional
probability density estimates for FG and BP for two different levels (10 and 40 mm) of
adiposity. It is clear that there is association between the TSF thickness and both plasma
glucose as the cumulative distribution function estimated is shifted towards the right for
higher TSF. However, for plasma glucose, the effect of adiposity is realized on the shape of
its distribution more than on the location. Notably, we observe a progressive flattening of the
distribution’s peak, accompanied by a slightly shift in the mode and probability mass toward
higher FG values. The highest density regions (HDRs) in Figure 9.7 further highlight this
effect.

In contrast, BP levels are also associated with adiposity, but the relationship primarily man-
ifests as a shift of the location and the overall distribution toward higher BP values rather
than a significant change in the shape of the distribution.

Figure 9.8 displays the HDRs computed from the joint probability density estimates of fasting
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Figure 9.7: 25%, 50%, 75%, 90% HDR for plasma glucose and blood pressure in the PIMA
Indians Study, obtained adopting the Up-Down algorithm.

glucose (FG) and blood pressure (BP) from lower (10 mm, panel A) to higher (50 mm, panel
B) values of triceps skinfold thickness (TSF). Conditional on TSF, FG and BP appear to
be independent, as the density contours are symmetric with respect to their principal axes
aligned with the X and Y axes. As TSF increases, the probability mass shifts toward higher
values of both FG and BP. For example, at a TSF of 10 mm, the 50% highest density region
(HDR) is confined to values below 125 mg/dL for FG and below 80 mmHg for BP, with a
significant portion of the density lying below 100 mg/dL and 80 mmHg, respectively. In
contrast, at a TSF of 45 mm, the 50% HDR shifts to values well above 125 mg/dL for FG
and 80 mmHg for BP. Notably, the effect of adiposity is not limited to a simple shift in the
distribution toward higher values of the metabolic components; it also involves a significant
change in the shape of the joint probability density.

9.3 Discussion

This study introduces a flexible, semiparametric framework for modeling the entire conditional
distribution of continuous outcomes, representing a significant and welcome advancement over
traditional regression techniques that focus solely on the conditional mean. The central aspect
is the adaptation of well-established tools from survival analysis—specifically, the modeling
of the hazard function, ℎ(𝑦 ∣ 𝑋), using splines within a generalized linear model structure—to
the context of fully observed, non-censored data. This approach directly addresses a funda-
mental limitation of mean-based regression: the inability to capture complex dose-response
relationships where an exposure may alter not just the location (e.g., mean or median) but
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of fasting glucose (FG) and blood pressure (BP).
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also the scale (variance) and shape (skewness, modality) of an outcome’s distribution, as
highlighted in Figure 1 of the paper.

By leveraging the mathematical machinery developed for time-to-event data, the proposed
method provides a robust and interpretable way to describe how the entire probability land-
scape of a health outcome shifts in response to varying levels of an exposure. The core of the
method lies in estimating a smooth, conditional hazard or cumulative distribution function
and then using the fundamental relationships between the hazard, cumulative distribution,
and density functions to derive a complete picture of the outcome’s behavior. This repurpos-
ing of survival methodology, for a different class of problems offers a new lens through which
to examine dose-response phenomena in epidemiology and public health.

The Monte Carlo simulation study provided valuable initial evidence for the proposed
method’s performance and finite-sample properties under controlled conditions. The consis-
tently high Jaccard index values (mean > 0.7 for most scenarios) for the overlap between
estimated and true Highest Density Regions are encouraging and suggest that the method
is well-calibrated in moderately dense data regions. However, the performance degradation
observed in two specific scenarios warrants a deeper and more critical consideration. The
reduced accuracy at the extremes of the covariate distribution (e.g., METs > 12) and the
difficulty in estimating low-probability HDRs (e.g., 25%) could be due to data sparsity and
the inherent variability at the mode of a distribution, respectively. However, spline-based
models are well-known to exhibit higher variance at the boundaries of the data support,
where there are fewer data points to anchor the curve. In the present work, we did not
employ any form of penalization or regularization for the spline terms, a standard practice in
the generalized additive model (GAM) literature specifically designed to control over fitting
and improve stability, particularly in sparse data regions. Thus, the observed performance
drop should therefore be viewed not merely as an unavoidable consequence of sparsity, but
as a test of the model’s numerical stability that reveals an area for potential improvement.
Future work should rigorously investigate the integration of penalized splines (e.g., thin plate
regression splines with smoothness selection via cross-validation or REML) to enhance the
model’s robustness and predictive performance at the edges of the covariate distribution.

Interestingly, our proposed modeling approaches are in direct dialogue with the Cumulative
Probability Models (CPMs) (Liu et al. 2017) . The Proportional Odds (PO) logistic regression
model is the most prominent example, as a uniquely robust, flexible, and general framework
for analyzing both ordinal and continuous outcomes. The core philosophy underpinning this
approach is to model a monotonic transformation of the cumulative probability, 𝑔(𝑃 (𝑌 ≤𝑦 ∣ 𝑋)), using a semiparametric structure. In this structure, a series of intercept terms non-
parametrically estimates the baseline CDF, while a set of regression coefficients estimates the
effects of covariates on this distribution. The transformation model on pseudo-observations
adopted in the previous paper is essentially a cumulative probability model when, with fully
observed outcomes, pseudo-observations are just values 0 and 1. However, instead of fitting
discrete intercepts terms, we adopted natural splines to specify the functional shape of the
cumulative distribution function. Moreover, we relaxed the proportionality of the odds or
the hazard assumption including interaction terms between the baseline function and the
covariates.
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The Piece-wise exponential model models the continuous hazard function of the outcome.
Interestingly, also the Proportional Continuation-Ratio, a form of a cumulative probability
model, models a discrete version of the hazard function of an outcome variable. The PCR
model can be seen as a discrete counterpart to the PWE model. Just as the PWE model
offers a flexible way to approximate a continuous hazard function without imposing a strict
parametric form, the PCR model provides a flexible framework for understanding the “hazard”
of progressing through an ordered set of outcomes. This fundamental similarity underscores
a unified conceptual approach to modeling continuous outcomes. The essential difference lies
in the likelihood adopted by the models. While the PCR adopts a multinomial likelihood, the
Piece-wise exponential model adopts a poisson likelihood.

When compared to alternative frameworks, the proposed method occupies a strategic mid-
dle ground. It avoids the rigid parametric assumptions and potential convergence issues of
Generalized Additive Models for Location, Scale, and Shape (GAMLSS), offering greater ro-
bustness at the cost of some flexibility. In contrast to quantile regression, which provides a
“discretized” view by modeling specific quantiles independently, this unified approach yields
a complete and internally consistent picture of the distribution, sidestepping the issue of
crossing quantile functions.

In conclusion, this work makes a contribution by presenting a robust, flexible, and inter-
pretable tool for dose-response analysis. It successfully bridges concepts from survival analy-
sis and ordinal regression to offer a compelling alternative for modeling continuous outcomes.
While opportunities for refinement exist—particularly in model diagnostics, computational
efficiency, and extensions to dependent and multivariate data—the framework provides re-
searchers with a powerful method to move beyond the mean and uncover a more complete
understanding of how exposures shape the entire probability landscape of health outcomes.
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10 Conclusions

Statistical models have always been fascinating because they can construct a powerful and
rigorous narrative of reality. Their power lies in the flexibility of learning from data, while
their rigorousness lies in providing robust generalizations of that narrative through inference
and probability.

Nowadays, flexibility is a must. We often encounter biological processes and phenomena that
rarely hold the assumptions of classic parametric models. Moreover, considering the data
and computational power revolution we have witnessed, we can—and must—move beyond
parsimony to embrace complexity, with the aim of providing personalized and meaningful
insights to policymakers, stakeholders, and patients.

At present, we have achieved remarkable performance in flexibly modeling complex biomedical
phenomena using sophisticated statistical, machine learning, and even ‘deep learning’ models.
Still, the most common models adopted in the clinical and epidemiological literature often
favor parsimony. A perfect example is the continued reliance on the linear model for continu-
ous non-censored health outcomes and the Cox model (and its extensions to competing risks)
for censored health outcomes.

While the appeal of a parsimonious model as ‘being simple to compute’ no longer applies—we
don’t need to manually use matrix algebra, and computational power has fueled the de-
velopment of numerous optimization algorithms—I argue that the appeal of ‘being easy to
communicate’ remains prevalent, especially in the public health community. A 𝛽 coefficient
in a linear model, accompanied by a ‘statistically significant’ p-value, is a straightforward way
to communicate an association. Similarly, a 𝛽 coefficient and its p-value in a Cox propor-
tional hazards routine offer a deceptively simple interpretation for a censored outcome. The
limitations of p-values have been extensively critiqued in the statistical literature. Briefly,
this single, often misinterpreted number has come to dominate statistical practice, leading to
poor scientific decision-making. This thesis is in line with a more thoughtful and nuanced
approach to statistical inference.

This is not to suggest a lack of statistical sophistication among public health colleagues—I
had the pleasure of collaborating with many excellent professionals during my PhD. Rather,
it highlights the inherent challenge of comprehending a time-varying hazard ratio, a difficulty
I frequently encountered when communicating these findings in clinical and epidemiological
papers.

Statistical models within the Generalized Linear Model framework offer a good trade-off be-
tween flexibility and interpretability. Moreover, the causal inference machinery (e.g., IPW,
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propensity score matching, g-formula) is easily implemented. As described in this thesis, flexi-
bility is obtained by specifying the functional form of the baseline hazard/risk and adding inter-
action terms with covariates to model time-varying effects. Worrying about non-proportional
hazards is not merely a statistical refinement: if one were to model a survival scenario whose
data-generating mechanism comes from a normal model (the simplest case for non-censored
outcomes), one would have to specify either non-proportional hazards or non-proportional
risks for the covariates.

The interpretability of a statistical model refers to the degree to which a human can understand
the cause and effect of its internal workings. In the context of the flexible parametric models
used in this thesis, we must specify not only the prognostic relationship between the covariates
but also the degree of smoothness of the baseline distributional functions and their interactions
with other covariates.

This duality presents both an opportunity and a challenge for scientists. An opportunity,
because contrary to advanced ML models, scientists have a full grasp of why a model is
outputting certain results. A challenge, because it is the scientist’s responsibility to specify
the correct model structure for a fair prediction and communication of risk.

The thesis proposed a framework for the responsible application and communication of flexible
parametric models in public health and addressed three principal bottlenecks for the analysis
of time-to-event data for researchers:

The Data Bottleneck: Researchers may ask, “Do I have enough data to reliably fit these
complex models?

The Methodological Bottleneck: Researchers may then ask, “How do I correctly build, specify,
and validate these models?”

The Communication Bottleneck: Finally, researchers must ask, “How do I explain the complex,
time-varying results to a non-statistical audience of clinicians, policymakers, and patients?”

In the first part of the thesis, I addressed the questions of how complex (flexible) the model
should be and how many events are needed to obtain robust estimates, dealing with the first
two bottlenecks.

In the study on the number of events per parameter (EPP) required for accurate causal
measures of the average treatment effect, I found that 20 EPP are recommended, and that
parameters associated with splines and time-varying effects should be included in the param-
eter count for EPP calculations. This was shown using both parametric models and more
complex scenarios resembling real clinical data, confirming these findings. This suggests that
while flexible parametric models are an invaluable tool, they require a greater number of
events to achieve the required flexibility. This might be less of a problem when analyzing
registry data but may be problematic when analyzing or reanalyzing small clinical trials.

Having at least 20 EPP is just the first step. A second aspect of the thesis was the formulation
of a workflow for flexible model specification to estimate cumulative probabilities. I empha-
sized the need to go beyond statistical tests for assessing interaction or time-varying effects,
favoring instead perturbation procedures with the bootstrap, accompanied by measures of dis-
crimination and indexes like the Net Reclassification Improvement (all corrected for optimism)
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evaluated on the cumulative quantity itself. Focusing on predictive measures of cumulative
quantities is highly suggested when the average treatment effect is the estimand of interest,
but it is also valuable for communicating the prognostic relationship of covariates. Indeed,
evaluating how a time-varying effect practically improves the reclassification of a prognostic
model—treating that term as if it were a new biomarker—allows us to decide, in agreement
with clinicians, whether the improvement is relevant enough to retain that component in the
algorithm.

The present work does not underestimate the relevance of Schoenfeld residuals for detecting
violations of proportional hazards. However, the standard Schoenfeld test implicitly checks for
a linear relationship between the residuals and time. If the true departure from proportionality
is non-linear, the test may lack power to detect this crucial model misspecification. This
limitation highlights the urgent need for more assumption-free and clinically relevant tools to
guide model specification.

For this precise reason, the workflow developed in this thesis moves beyond a reliance on such
tests. Instead, it favors robust perturbation procedures with the bootstrap, accompanied
by measures of discrimination and reclassification evaluated on the cumulative quantity of
interest. This approach allows for the detection of meaningful departures from proportion-
ality, regardless of their functional form, thereby providing a more reliable basis for model
selection.

While this workflow provides a rigorous methodology for model construction, the challenge
of interpreting and communicating the complex outputs of such models—particularly time-
varying effects—remains. A statistically sound model is of limited practical value if its findings
cannot be made accessible to clinicians, policymakers, and patients. In the last part of the
thesis, I addressed the third bottleneck for researchers, formalizing a new way of communi-
cating treatment effects in time-to-event analysis, especially useful when time-varying effects
are modeled.

In the end, time-to-event analysis is about time, a continuous outcome. As with any contin-
uous outcome, it is about communicating the uncertainty around a most likely value, condi-
tional on prognostic information. Whether the health outcome is disease-free survival time
or plasma glucose, the focus is on the redistribution of probability or risk associated with (or
caused by) an exposure.

Explaining uncertainty to a scientifically diverse audience presents a significant challenge.
While showing adjusted survival or cumulative distribution functions might seem a straight-
forward approach for communicating a probability distribution, it is known to be difficult to
interpret for patients and policymakers (Fuller, Dudley, and Blacktop 2004; De La Maza et
al. 2018).

A key contribution of the second part of the thesis was the formalization of novel (causal)
measures of the treatment effect in time-to-event analysis—the restricted Highest Risk Density
Region (HRDR) and the Highest Net Risk Difference (HNRDR) region. These measures
provide an intuitive, visual representation of formal causal estimands, such as the difference
in potential survival functions (𝑆(1)(𝑡) − 𝑆(0)(𝑡)), thereby making the magnitude, timing, and
uncertainty of a treatment’s effect more accessible to a clinical audience.
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In particular, I evaluated flexible frameworks for obtaining and displaying distributional ef-
fects efficiently. I adopted two modeling frameworks to obtain and display the probability
density functions (PDFs) along with the cumulative distribution functions (CDFs) of the out-
come. This is known to be an effective way to communicate uncertainty (Ibrekk and Morgan
1987). In this sense, the HRDR and HNRDR, restricted to the end of follow-up, improve the
interpretation of these functions and their differences.

The concept of displaying risk redistribution with HRDR and HNRDR is also applicable within
the classical Cox model. However, I argue that the adoption of flexible models is favored for
the resulting smoothness of the PDF and CDF estimates, which is also preferred by the
algorithms used to construct the intervals. In this framework, the problem of communicating
a time-varying hazard ratio becomes less central, as the focus shifts to the effect on the whole
distribution—though its correct modeling remains critical.

The use of flexible models to derive a PDF or CDF from a hazard function comes naturally
from the basic relationships between these distributional functions. In the context of non-
censored data, PDF computation from a discrete hazard function has been adopted using
a ‘pooled logistic regression’ framework to derive IP weights for continuous exposures in
marginal structural models (Díaz Muñoz and Laan 2011). This ‘pooled logistic regression’ is
the classic proportional continuation-ratio model, discrete-time hazard model, which has been
extensively assessed in this thesis and is a well-discussed ordinal model (McCullagh 1985) and
(Liu et al. 2017) .

Although we might consider a single summary interval, a drawback of any probability interval,
HRDR and HNRDR included, is that they can ‘hide’ the true shape of the distribution, so
that observers may perceive all values within the interval as equally probable (Spiegelhalter,
Pearson, and Short 2011) . Thus, I consider it critical to display the whole PDF along with
the intervals, or at least several intervals at different probability levels, to better summarize
risk redistribution.

The estimation performance of these intervals has been promising. Some future perspectives
are extending the HRDR and HNRDR framework to handle more complex scenarios, such as
competing risks. Developing user-friendly software packages or plugins (e.g., in R or Stata)
to facilitate the broader adoption of these novel measures by the applied research community.
Conducting empirical studies with clinicians and patients to formally evaluate the effectiveness
of these new visual aids in improving risk comprehension and shared decision-making.

The public health community continues to rely on parsimonious statistical models, such as
the Cox proportional hazards model, due to their perceived communicability. This reliance
persists despite the frequent violation of their underlying assumptions and the availability
of more powerful, flexible alternatives capable of capturing complex biomedical phenomena.
This thesis has addressed the critical challenge of how to robustly specify, validate, and
communicate the findings from these more sophisticated models, with the aim of bridging the
gap between statistical innovation and its practical application in clinical and epidemiological
research.
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