INVARIANT SPACES OF HOLOMORPHIC FUNCTIONS ON THE SIEGEL UPPER
HALF-SPACE
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ABsTtrAaCT. In this paper we consider the (ray) representations of the group Aut of biholomorphisms of the
Siegel upper half-space U defined by Us(¢)f = (fop~ 1) (Jo~1)%/2, s € R, and characterize the semi-Hilbert
spaces H of holomorphic functions on U satisfying the following assumptions:

(a) H is strongly decent;

(b) Us induces a bounded ray representation of the group Aff of affine automorphisms of U/ in H.
We use this description to improve the known characterization of the semi-Hilbert spaces of holomorphic
functions on U satisfying (a) and (b) with Aff replaced by Aut.

In addition, we characterize the mean-periodic holomorphic functions on i/ under the representation Uy

of Aff.

1. INTRODUCTION

Let D be the unit disc in C, and consider the (Mobius) group of its biholomorphisms, namely

—-b
Aut(]D)::{z»—>alz b:aE'IF,|b<1}. (1)
Many classical spaces of holomorphic functions on D enjoy the property of being preserved by composition
with elements of Aut(ID). Notable examples include the space H**(ID) of bounded holomorphic functions on
D, the Bloch space

B(D) = { f € Hol(D): sup(1 — |z]*)|f'(2)] < o0 },
zeD
and the Dirichlet space
D(D) = { f € Hol(D): / If'(2)|>dz < 0 }
D

In these examples, not only the considered space is invariant under composition by the elements of Aut(D),
but also their natural seminorms are: namely, the sup-norm for H*°(DD), the seminorm

e sup(1 = [2?)[f'(2)]
zeD

for the Bloch space B(ID), and the seminorm

fes /D ()2 d

for the Dirichlet space D(ID). These spaces are usually said to be Mobius-invariant in the literature, even
though there seems to be no general agreement about which axioms a Mdbius-invariant space should satisfy.
For example, in [6, @, B1] a semi-Banach spac X of holomorphic functions on D is said to be Mdbius-
invariant if the following hold:
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LA vector space endowed with a seminorm with respect to which it is complete.
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(1) X embeds continuously in B(D) (endowed with the non-Hausdorff topology defined above);

(2) there is a constant C' > 1 such that for every f € X and for every ¢ € Aut(D), the function f o ¢
belongs to X, and ||f o ¢||x < C||f|lx;

(3) for every f € X, the mapping Aut(D) > ¢ — f o € X is continuous.

Condition (2) is what properly states that X is Mobius-invariant, while condition (1) is imposed to prevent
pathological spaces, and condition (3) is only needed to simplifying some arguments, but may be weakened
without compromising the resulting theory. In fact, condition (3) is superfluous when the Banach space
associated with X (that is, X if X is Hausdorff and X/C otherwise) is reflexive (cf. [2I, Corollary 4.4]);
moreover it prevents from considering some natural spaces, such as H*°(D) and B(D). Furthermore, no
condition is imposed to ensure that the constant functions belong to X, if X # {0 }, even though this fact
is tacitly assumed in [0}, 9] 3I]. We shall discuss this and other related issues in Section
Conditions (2) and (3) may then be rephrased saying that the mapping

Up: Aut(D) 3 ¢ — [f = foe '] € Z(Hol(D))

induces a continuous bounded representation of Aut(D) in X.

We also remark that [33] shows that, assuming condition (2) to hold, condition (1) is equivalent to
assuming that either X = {0} or X admits a decent continuous linear functional, that is, a continuous
linear functional which is continuous for the topology of compact convergence on D (or, equivalently, which
extends to a continuous linear functional on Hol(ID)). Thus, this condition may be seen as a rather natural
replacement for the condition that X should embed continuously in Hol(D), which nonetheless is only
available when X is Hausdorff. These conditions were later developed in [8, [4] in order to deal with more
general contexts, but remain essentially analogous.

More recently, in [I] a different notion of Mdbius invariant spaces was introduced (actually, [1] deals with
some suitable weighted action of Aut(ID) on Hol(ID) which we shall describe below, but we shall translate
their definitions in our context for the sake of simplicity). First of all, because of the slightly different
context considered in [I], only Banach spaces are considered. Then, a ‘conformally invariant space of index
0’, according to [I], is a Banach space X of holomorphic functions such that the following hold:

(1) X embeds continuously in Hol(DD);
(2) there is a constant C' > 1 such that for every f € X and for every ¢ € Aut(D), the function f o ¢
belongs to X, and ||f o ¢||x < C||f|lx;

(3') for every R > 1, Hol(RD) C X.
We observe explicitly that (1’) is the natural replacement of (1) for Banach spaces. Notice that, in the
context actually considered in [I]], this requirement is perfectly natural: reasonably extending the above
definition to semi-Banach spaces would not provide any further examples as a consequence of Remark
As for what concerns condition (3’), it is essentially weaker than condition (3): if condition (3) holds, then
f(R-) € X for every f € X and for every R € (0,1) (see the proof of [8, Proposition 1] or [21, Proposition
4.3]). In addition, if X contains both non-trivial constant and non-constant functions, then X is dense in
Hol(D), so that we are not too far away from the requirement Hol(RD) C X for every R > 1.

In this paper, we shall follow a somewhat different strategy. Indeed, we shall drop both conditions (3)
and (3'), as the former will be automatically satisfied (cf. Proposition , while the latter will not always
be satisfied, and does not seem to be of any use for our purposes. Since we shall also consider some weaker
versions of (2), which we will discuss later on, we shall replace (1) with the requirement that X should be
strongly decent. This condition means that the space of continuous linear functionals on X which extend to
continuous linear functionals on Hol(ID) is dense in the weak dual topology of the dual X’ of X. Assuming
X to be a semi-Banach space, this assumption is equivalent to the existence of a closed vector subspace V of
Hol(D) such that X NV is the closure of { 0} in X, and such that the canonical mapping X — Hol(D)/V
is continuous.

Proceeding further into this matter, we observe that there are several other Banach spaces of holomoprhic
functions on D on which Aut(ID) has a natural isometric ‘weighted action’. For example, set, for every s € R
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and for every ¢ € Aut(D),
Us(p)f = (foe™)(Jp™!)*/2
for every f € Hol(ID), where Jp~! denotes the complex Jacobian of p~!. Observe that, since D is convex,
the power (J@71)5/2 may be defined as a holomorphic function on ID. Nonetheless, unless s € 27, this
power is only defined up to the multiplication by sultable unimodular constants, so that we only deﬁne
U, (¢) as an element of .Z(Hol(ID))/T. In other words, U, becomes a ray representation (cf. [15]) of Aut(DD)
in Hol(D) instead of an ordinary one. It then makes sense to say that U, induces a bounded or isometric
ray representation in any semi-Banach space of holomorphic functions on ID, but one cannot define integral
operators of the form U, (f) for f € Ll(Aut( )), even if the ray representation is continuous. In order
to circumvent this difficulty, one may lift U to a continuous ordinary representation U of the universal
covering group Aut( ) in Hol(ID), as we shall do in the sequel.
Then, for every p € [1,00) and for every s > 2/p, the weighted Bergman spacesﬂ

ax) = { g emoI): [ 7P P |

are invariant under the action of U, with their norms (cf. Proposition . Notable examples arise when
p = 2, in which case A2(DD) is a reproducing kernel Hilbert space (RKHS for short) of holomorphic functions
on D, that is, a Hilbert space which embeds continuously in Hol(ID). More precisely, its reproducing kernel
is

1

Ks: (2,2') = cs(1 — 227)7°
for a suitable ¢, > 0; this means that K (-, 2) € A2(D) and that

f(2) = (fIKs(+,2)) az(m)

for every f € A2(D) and for every z € D.

From the viewpoint of the representation theory of the simple Lie group Aut(ID) (and of its covering group
m(]}))), the representations U, of .//X\u/t(]D) in A2(D), for s > 1, are of particular importance, as they may
be identified with the discrete series representations of m(]D) (cf. [37]). In other words, every irreducible
subrepresentation of the left regular representation of M(]D) in Lz(m(]D)) is unitarily equivalent to one
of the representations Uy in A2(D), s > 1.

Now, observe that saying that A2(D) is U,-invariant with its norm is equivalent to saying that [Us(y) ®

(75(<p)]le = K, for every ¢ € m(ﬂ)) In particular, the sesquiholomorphic function
Ko:(2,2)) = (1 — 227)7°

satisfies [U, () ® Us(p)]KC* = K* for every s € R and for every ¢ € Aut(D). As a consequence, if K* is the
reproducing kernel of some RKHS A,, then Ay is Ug-invariant with its norm. This is the case if and only if
KC* satisfies a suitable positivity condition, namely

N
Z a0 K% (25, 21) = 0

J,k=1

for every N € N, for every zi,...,zxy € D, and for every ay,...,any € C, and this happens exactly when
s 2 0 (cf. [37]). In this case, A is the completion of the vector subspace of Hol(ID) generated by the IC°( -, 2),
as z runs through D, endowed with the unique scalar product such that

(K2 (-, 2K (-, 2"))a, = K(2,2))

2We remark explicitly that this parametrization of the weighted Bergman spaces is different from the one we shall use in
the sequel.
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for every z,z’ € D. Observe that A; embeds canonically and continuously into Hol(D), so that we may
consider it as a vector subspace of Hol(ID), endowed with a finer topology. For example, A; is the Hardy
space

H?*(D) = { f € Hol(D): sup /\f(rz)|2dz < oo },
re(0,1) JT

endowed with a proportional norm, while A is simply the space of constant functions. It is interesting to
observe that also a converse result holds: namely, if H is a non-trivial RKHS of holomorphic functions on
D and H is U,-invariant with its norm, then s > 0 and H = A, with a proportional norm (cf. [7]). If we
momentarily ignore the problem of providing simpler descriptions for the spaces Ay, s € (0,1), these results
solve the problem of classifying U,-invariant RKHS of holomorphic functions on D. In particular, this tells
us that the Dirichlet space D(ID), which is Up-invariant with its natural seminorm, may not be endowed with
any finer Ugp-invariant norm for which D(D) embeds continuously in Hol(D). This naturally leads to the
problem of finding and describing semi-Hilbert spaces of holomorphic functions on D which are U,-invariant
with their seminorms, and satisfy some additional assumptions such as (1) above (for s = 0) or the strong
decency condition we described earlier. To this end, we first observe that, if s € —IN, then the (1 — s)-th
order derivative intertwines CNTS and 5'2,5, that is,

((78(90)]6)(175) = [72—S(S0)f(175)
for every f € Hol(ID) and for every ¢ € ;‘I&(]D) (cf. [4, Theorem 6.4]). Consequently, the semi-Hilbert space

H, = { feHol(D): fA=%) ¢ Ay_, }

is U,-invariant with its seminorm f ~ | £~ 4,_. for every s € —IN. Conversely, if H is a non-Hausdorff
non-trivial decent semi-Hilbert space of holomorphic functions which is Us-invariant with its seminorm,
then s € —IN and H embeds as a dense subspace of H,, with a proportional seminorm (cf. [6, &, 4] and
Theorem [4.3). Notice that, since H; is not Hausdorff, it admits non-closed complete dense vector subspaces,

——H; —H;
which are precisely the vector subspaces V' such that V' 4+ {0} ~ = H,, where {0} ~ denotes the closure
of {0} in Hs. We observe explicitly that we do not know whether Hy contains proper complete dense
Us-invariant vector subspaces.

These problems have been investigated also in different contexts and generality. On the one hand, one
may consider invariant Banach (or semi-Banach) spaces of holomorphic functions instead of simply Hilbert
(or semi-Hilbert) spaces. As one may expect, in this case one cannot find a complete classification, but
one may still find minimal and maximal spaces and study some general properties of invariant spaces.
Cf. [5, @l 39l 3T}, 13}, 1, 21] for more on this problem. On the other hand, one may replace the unit disc
D with more general domains, such as the unit ball in C™ (cf. [, [39] BT, B]), or more general irreducible
symmetric domains (cf. [25] [8] 21 [4] 1], 10, 38, 12} 20, 21]).

In this paper we consider a related problem. Our first aim was to provide a reasonable description
of invariant semi-Hilbert spaces on the unbounded realizations of irreducible symmetric domains as Siegel
domains of type II. For example, the natural Siegel domain associated with the unit disc D is the upper
half plane Cy = R + iR7. Since we noticed that many of these spaces could be essentially characterized
requiring only the invariance under the action of the group of affine biholomorphisms, we decided to perform
a more detailed study of affinely invariant semi-Hilbert spaces of holomorphic functions on symmetric Siegel
domains. In this paper we shall consider only rank 1 spaces, namely the Siegel upper half-spaces

Upi1 = { (¢,2) € C"™ i Imz > [¢)? },

so that U,y is biholomorphic to the unit ball in C**!. Notice that this domain reduces to the upper
half-plane when n = 0. The first author will deal with more general domains in a forthcoming paper [20].



INVARIANT SPACES OF HOLOMORPHIC FUNCTIONS 5

Notice that the group Aff(U,41) of affine biholomorphisms of U, is particularly simple to describe

(cf. Lemma . In addition, the representation U essentially induces the representation Us of Aff(Uy,41)
defined byf]

Us(o)f = (f o9 )T (0,0)]/ 2,

in the sense that U,(p) differs from the various U,(¢), for ¢ € Xa/t(l/lm_l) acting as ¢ on Up41, by a
unimodular constant.

As it turns out, the decency assumption, which was essentially (though not completely) sufficient in order
to deal with ﬁs—invariant spaces, no longer seems to be sufficient for the study of Us-invariant spaces. This
is the reason that brought us to develop the notion of strongly decent spaces.

We shall therefore consider the following problem: ‘provide a description of the strongly decent semi-
Hilbert spaces in which Uy induces a bounded representation of Aff(U4,+1)’. In fact, we are able to provide
a reasonably complete classification of these spaces, see Theorem [£.3] for the case n = 0 and Theorem [5.2) for
the case n > 1. Explicitly, when n = 0, we shall prove the following result.

Theorem. Take s € R and a strongly decent semi-Hilbert space H of holomorphic functions on C,. Assume
that Uy induces a bounded (resp. isometric) representation of Aff(Cy) in H. Then, there is k € IN such that
s+ 2k > 0 and such that H embeds as a dense subspace of

{1 € Hol(Cy): 1B € Aypan(Cy) }
with an equivalent (resp. proportional) seminorm.

Here, A2, (C) denotes the RKHS of holomorphic functions on €, whose reproducing kernel is (z, z’) —
[(z — 2/)/(2i)] 772k, Notice that Agyox(Cy) is Usyop-invariant with its norm, so that it is canonically
isomorphic to the space Asyor described before. The case of semi-Hilbert spaces of holomorphic functions
on U, 11 is similar, but somewhat more complicated.

We shall then use the classification of Us-invariant spaces to reobtain and slightly improve the classification
of ﬁs—invariant spaces.

Our techniques essentially rely on two ingredients: (1) a complete description of the closed Usg-invariant (or,
equivalently, Up-invariant) vector subspaces of Hol(U,,+1); (2) the intertwining properties of the derivatives
85 between the representations Us and Ug,og.

Concerning (1), we shall first show that every closed Up-invariant vector subspace V' of Hol({,+1) is the
closure of the set of polynomials contined in V' (cf. Proposition . This result may be considered as
a complete description of mean-periodic functions in Hol(U,+1) (with respect to the action of Aff(Uy,41)
induced by Up). We shall then provide a description of the Up-invariant vector spaces of holomorphic
polynomials on Hol(U,,+1). This description, combined with the strong decency condition on H, will show
that H is determined by 05 H for some k € IN, in the sense that 95 H is a reproducing kernel Hilbert space
of holomorphic functions on U, 1 and H Nker 9% is the closure of { 0} in H. Notice that this is rigorously
so when n = 0, while in the general case the situation is slightly more complicated. Then, (2) will imply
that 05 H is actually U, op-invariant, so that by a simple comparison between the reproducing kernels of
O5H and A2, (Cy) (when s + 2k < 0), using the fact that Aff(U,, 1) is amenable and acts transitively on
U i1, we see that O5H = A, 2, (C4). When n = 0, this provides the desired description of the possible H,
whereas in the general case some further arguments are necessary.

Here is a plan of the paper. In Section [2| we shall review some basic facts on the group Aut(U,1) of
biholomorphisms of U,, 1 and some of its notable subgroups. We shall then review some weighted Bergman
and related spaces, and prove their ﬁs—invariance. Finally, we shall discuss some properties of (strongly)
decent (and saturated) spaces in a general framework.

3We shall comment on the exponent s/(n + 2) later on.



6 M. CALZI, M. M. PELOSO

In Section [3] we shall characterize the Us-invariant reproducing kernel Hilbert spaces of holomorphic
functions on U,+1 (cf. Theorem , and discuss the unitary equivalences between the associated unitary
representations of Aff(U,+1) (and m(un+1), whenevery possible), cf. Remark

In Section [4] we shall characterize the strongly decent Us-invariant semi-Hilbert spaces of holomorphic
functions on Uy = C4 (cf. Theorem , and discuss the unitary equivalences between the associated unitary
representations of Aff(U,11) (and Aut(U,+1), whenevery possible), cf. Remark In Section [5] we shall
perform a similar study in the general case (cf. Theorems and and Remark [5.4]).

In Section [6] we shall trasfer the preceding results to the bounded setting, thus studying spaces of holo-
morphic functions on the unit ball B,, 1 of C"*! (cf. Proposition , as well as compare our strong decency
(and saturation) conditions with the ones appearing in the literature (cf. Proposition [6.2). Even though
the results on ﬁs—invariant semi-Hilbert spaces of holomorphic functions on B, available in the literature
are fairly complete, the characterization of the ﬁs—invariant semi-Hilbert spaces H of holomorphic functions
on B, for s < 0 and n > 0 under the sole assumption that U, induces a bounded (and not necessarily
isometric) representation in H which stems from Theorem seems to be new.

Finally, in Section 7| we shall prove some general results on the closed Aff(U,1)-Up-invariant vector
subspaces of U,, 1. Since these facts are of independent interest and may be proved for general Siegel domains
(of type II) with no additional effort, we shall consider the general case instead of confining ourselves to the
domains U, 41.

2. PRELIMINARIES
We denote by B,, 11 the unit ball in C" x C, and by U,, 11 the Siegel upper half-space
Uns1:={((,2) €C" xC:Imz > |¢|* }.

Notice that, when n = 0, B; is the unit disc in C and U; is the upper half-plane C,. Then, the Cayley
transform

¢ 1+z
——i
1—2""1—2

C:Bny13 (¢, 2) — < > € Up11,

with inverse

ct: Un+1 = (C,Z) (ad <22 C “) S Bn+1;

241 2414
induces a biholomorphism between B, and U, 1.

2.1. Groups of Automorphisms. Given a domain D, we denote by Aut(D) the group of biholomorphisms
of D, by Aff(D) the group of affine biholomorphisms of D, and by GL(D) the group of linear biholomorphisms
of D.

It is known that the group Aut(B,,11) is connected, and that it consists of fractional linear transformations
(cf., e.g., [28, Section 2.1] or [34, Chapter 2]). In particular, the stabilizer of 0 in Aut(B,11) is the unitary
group U(n+1), and is a maximal compact subgroup of Aut(B,,11). When n = 0, Aut(By) is given in ((1)). The
group of biholomorphisms Aut (i) of U; consists of fractional linear transformations, and may be described

as

Aut(Uy) = {z»—> az—i—b: a,b,c,dElR,ad—bc=1}.
cz+d

Let us now describe some notable subgroups of Aut(U,41). First of all, when n > 0, consider the
Heisenberg group H,, = C" x R, endowed with the product

(¢, 2) (¢ 2") = ((+ ¢z + 2"+ 2Im (¢|¢))

for every (¢, z), (¢’,2’) € H,, which acts freely on C" x C, U, 1, and simply transitively on 0U, 1, by the
affine transformations:

(C.x) - (¢, 2) = (C+ ¢+ l¢” + 2i(¢]¢))
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for every (¢,z) € H and for every (¢’,2’) € C™ x C, where (-|-) denotes the (hermitian) scalar product on
C". With a slight abuse of notation, we denote by Hy the group R of horizontal translations on C; = U;.
Then, for all n > 0 we identify H,, with a subgroup of Aut(U,,+1) by means of its action on U,1.

Lemma 2.1. The following properties hold:
(i) (the group of linear automorphisms of Up+1)

GL(Un41) ={ ((,2) = (RU(,R*2): R>0,U € U(n) };
(i) (the group of affine automorphisms of Up11)
Aff(Upi1) = Hyy 3 GLUnir);
(iii) the group Gr :==H, x{ ((,z) — (R(,R?z): R > 0} is solvable and acts simply transitively on Uy, 1.

Proof. Assertion (ii) follows from [29, Proposition 2.1]. It is then clear that Gr is the semi-direct prod-
uct of H,, and the (abelian) group G5 = { (¢, 2) — (R(, R?z): R >0} of dilations of U1, so that it is
solvable. Since H,, acts simply transitively on the translates of U, .1 and Gy acts simply transitively on
{(0,ih): h >0}, (iii) follows.

Finally, observe that |29, Proposition 2.2] shows that GL(U,,+1) consists of the linear automorphisms of
C" x C of the form A x B¢ with A € GL(C") and B € GL(R) such that BRy C Ry and || A¢||? = BJ|¢]|? for
every ¢ € C". Then, there is R > 0 such that Bz = R?x for every x € R, and A = RU for some U € U(n),
whence (ii). O

Proposition 2.2. The group Aut(U,+1) is generated by Aff(U,+1) and the inversion

2
:un ) Ty T T Z/{n .
L +19(Cz)l—>< B Z)E +1

In addition, Aff(U,+1) is amenable.

Recall that a group H is amenable if it admits a right-invariant mean, that is, a linear functional
m: {*(H) — C such that m(xg) = 1 and m(f(-h)) = n(f) for every f € ¢>°(H) and for every h € H.
See [32] for several characterizations of amenability and a thorough treatment of this subject.

For future reference, let us also note that the complex Jacobian J¢ of ¢ is

(7(6:2) = s 2

for every (¢, z) € D.

Proof. The first assertion follows, for example, from [I4, Lemma 2.1], or [24, Theorem 6.1]. Concerning the
second assertion, observe that (i) and (ii) of Lemma show that Aff(U,+1) is the semi-direct product of
the nilpotent Lie group H,, and the group GL(U,,+1), which in turn is the direct product of an abelian group
(the group of the dilations) and the compact group U(n). The assertion then follows from [32] Propositions
12.1 and 13.4, and Corollary 13.5]. O

Definition 2.3. We denote by R(Unﬂ), or simply Aut if there is no fear of confusion, the universal

covering of Aut(U,+1). We endow Aut(U,4+1) with the action on U, 11 induced by the natural action of

Aut(Uy41) on Uy41. For every s € R, consider the continuous representation 5'5 of M(Unﬂ) in Hol(Uy,41)
defined by

Us(p)f (G 2) = fle™ (¢ 2N (T )Y (¢ 2), 3)
where (¢, (¢,2)) = (Jo~1)*/"+2)((, 2) may be (unambiguously) defined as a continuous function on the
simply connected manifold Aut(U,11) X Upy1, in such a way that (JI~)*/("+2)(0,4) = 1, where I denotes
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the identity in zi?t(unﬂ) In particular, (Jo~1)%/("*+2) is holomorphic on U, 4, for every o € m(unﬂ)
and for every s € R.

Notice that the subgroup G defined in Lemma (iii) is simply connected, so that it may be identified
with a subgroup of Aut(U,+1). Then, U, induces a representation U of Gr. Observe that

Us(9)£(¢.2) = fle™ (G DI~ 2 (0,0)]
for every ¢ € Gr, for every f € Hol(U,+1), and for every ((, z) € Un+1, and that the same expression may
be employed to define a continuous representation U, of Aff(U,,+1) in Hol(Z/InH)ﬂ

2.2. Bergman Spaces.
Definition 2.4. For every p € [1, 00| and for every s € R, we define

LE(Up11) = { f measurable: /u I£(¢,2)[P(Im 2 — [¢[2)P5~1d(C, 2) < oo },

with the obvious modification when p = oo, that is,
L (Up41) = { f measurable: (¢, 2) — (Imz — [¢|*)*f((,2) € L™ },
and AQ(Z/{”H) = Lg(un+1) n HOl(Z/{n+1).

Then, A?(U,,+1) is a Banach space, and embeds continuously into Hol(U,+1). It is a Hilbert space when
p = 2. In addition, A?(U,+1) # {0} if and only if s > 0 or p =00 and s > 0.
The reproducing kernel of A%(U,,+1), s > 0, (the ‘weighted Bergman kernel’) is

L ? —(n+1+42s)
K i Uy 3 (G0 0) o (55 - €161 , (@)
where ¢, = w Notice that the power is well defined since Re (Z;? — <C|C’>> > 0 for every
,2),(C", 2") € Up4+1. For simplicity of notation, we also write
¢ ¢\ ') € Upss. For simplicity of . 1 .
p(¢,z) =TImz —[¢[? (5)

so that K,((C,2),(C,2)) = csp(C, z)~(nH1428),
We denote by Py the corresponding projector (the ‘weighted Bergman projector’), so that

Pof(C,2) = /u FIENES((C2), (¢ 2N) (Im 2" — [¢'P)*7H (¢, 2)
n+1
for every f € C.(Up41) (say).
We shall now describe the spaces Py (LE(Uy41)) for suitable values of s, s’. In order to do that, we shall
need to construct some Besov spaces of analytic type on H,, and an associated extension operator.

Definition 2.5. For every compact subset K of RY, we define Sg+ (H,, K) as the image of the mapping

+oo
G:CE(K)2 ¢ {(m) > /0 (NI ax | e S(H,),

with the induced topology. We then define Sg- (H,) and Sg-,.(Hy) as the inductive limits of the spaces
S]Rjr (H,, K) and S(H,,) * S]R*+ (H,,, K), respectively, as K runs through the set of compact subsets of R .

4The exponent s/(n + 2) may seem peculiar at first, but may be justified observing that Us(6g)f = (f o 6};1)R*S for every
R > 0 and for every s € R, identifying the (simply connected) group of the dilations 6g: (¢,2) — (R(, R%2z) with a subgroup
of m(un+1). Besides that, this definition is quite common in the literature since n + 2 may be interpreted as the ‘genus’ of
Un+1 as a symmetric domain.

5Notice that, as long as ¢ € G, Jp~ " is positive on U, 11, so that the absolute value is redundant. If we extend Us to
Aff(Un+1), however, then the absolute value is necessary to make sure that Us is well defined when Aff(Uy,41) # G, that is,
when n > 0.

—1
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We define S]’Rjr’L(]Hn) as the dual of the conjugate of Sg- 1 (Hy).

Observe that Sg+ (R) = Sgr:,L(R) = F~HC°(R%)) when n = 0. In this case, G is essentially the inverse
Fourier transform. Also in the general case one may interpret G (essentially) as the inverse Fourier transform,
cf. [22] Chapter 4] for more details.

In order to better explain the meaning of all these constructions, let us observe that H,,, identified with
the boundary of U,, 41, inherits the structure of a CR manifold. In other words, the complex tangent spaces
(that is, the largest complex vector subspaces of the real tanget spaces) of 0U,, 11 have all the same complex
dimension (namely, n). This is related to the fact that the left translations of H,, act on 0,11 by affine bi-
holomorphisms. This CR structure then allows to define CR functions on H,,, that is, functions which satisfy
the tangential Cauchy—Riemann equations. Then, the space S]Ri> r(H,) may be equivalently characterized

*

as the space of CR Schwartz functions on I, whose ‘spectrum’ is contained in R%, where the spectrum
of a CR f € S(H,) may be defined as (J.ccn Supp(F(f(¢, -))), where F denotes the (Euclidean) Fourier
transform in the second variable. It turns out that the elements of Sg- r(H,,) may also be characterized

as the restrictions to IH,, = dU,, 1 of a class of entire functions on C**! which satisfy suitable growth and
decay conditions (in a Paley—Wiener—Schwartz fashion). The elements of Sg- (Hy) then correspond to the
entire functions which depend only on the last variable. Cf. [I8§] for a more detailed discussion of this topic.

We denote by (-|-) the sesquilinear pairing between S jr’L(IHn) and Sg- 1 (H,), as well as the conjugate

of the pairing between Sg- r,(H,) and S]/R’;,L(IH”)'

Definition 2.6. Take p € [1,00] and s € R. We define Bj(H,,R}) as the space of u € Sg- 1(H,) such
that

S 299wk Gl < 00

JEZ
endowed with with the corresponding norm (with the obvious modification when p = oo), where (y;) is a
family of elements of CS°(R?.) such that the ;(277 -) stay in a bounded subset of C¢°(R?.) and dienpi =1
on R%.

We remark that this definition does not depend on the choice of (¢;) (cf. [22, Lemma 4.14]). In addition,
B;(H,, R} ) may be interpreted as a suitable closed subspace of a natural Besov space on I,,, cf. [19, Sections
7 and 8] for more details. Notice that, if p < oo, then Sk, r(Hy) is dense in B; (IH,, RY ), and the sesquilinear
pairing between Sg: 1 (H,) and S]/Ri: p(I,) induces a canonical sesquilinear pairing between By (IH,, R )
and B_,°(H,, R} ) which identifies B ,*(H,,, R} ) with the dual of By (H,,R%) (cf. [22, Theorem 4.23|). We
may then consider a canonical sesquilinear form between B, (H,,, R} ) and B;s(]Hn, R? ) for every p € [1, 0]
and for every s € R.

1ot _ —n—1
Definition 2.7. Take p € [1,00] and s > *nTTl' Then, Sic.y: (¢ 2) = 2o (m HIQCZ.IQ% - (C/\Q)
belongs to B, (H,, R? ) for every ((, 2) € Up+1 and the linear mapping

E: B (Hp, RY) > u— [((2) = (ulS¢.2)] € AG (ns1y/pUn+1)
is well defined and continuous. We define fTIS’ (Un+1) as its image, endowed with the corresponding topology.

Notice that S ) is the boundary value of the Cauchy—Szegé kernel on U, 11, that is, the reproducing
kernel of the Hardy space H?(U,.1). Thus, integrating the boundary values of an element f of H?(U, 1)
against S(¢ .y gives f((,2), so that the extension operator £ is naturally defined.

We endow U, 1 with an Aut(U,1)-invariant Riemannian metric (e.g., the Bergman metric) and the
associated distance. For every § > 0, we say that a family ({j, ;) of elements of U, is a d-lattice if it is
maximal for the property that d(((j,2;), (¢, 2;:)) = 20 for every j # j'. We may then state the following
result.
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Proposition 2.8. Take p € [1,00] and s > —"Tfl. Then, the following hold:

(i) Py induces a continuous linear mapping of LF(Uny1) onto AP(Us, 1) for every s’ > o

(i) AL(Uns1) = A2(Unsr) for every s > 0;
(iii) for every s' > 5 and for every 6 > 0, and for every d-lattice (j,z;) on Uny1, the mapping
EP(J) SAm Z >\st’( ) (Cja Zj))p(ij Zj)(n+1)/pl+25/7s € gg(un—i-l)
J

is well-defined and continuous, with locally uniform convergence of the sum when p = oo, and onto

when & is sufficiently small;
(iv) the mapping AP(Uy,.1) > fr> O5f € AHk(UnH) is an isomorphism for every k € IN;
(v) if p < o0, then

gg(un-kl) = { fe As+(n+1)/p( n+1) an € As+k(un+1) }
{ f € As+ n+1)/p, O( n+1) an € As+k(un+1) }

for every k € N such that s+k > 0, where AS ;(Un+1) = { f € HolUp11): p* f € Co(D) }, endowed
with the norm of A% (Up+1), for every s’ > 0.

Here, and throughout the paper, we set

0:(¢.2) = - £(¢.7)

for every f € Hol(Uy,41) and for every (¢, z) € Upy1. Notice that, when n = 0, this leads to an abuse of
notation, as it is more natural to consider €™ x C as C (so that there is no ‘second’ variable), than {0 } x C.

Proof. (i) This follows from [23, Theorem 4.5] and [22], Corollary 5.11].
(i) This follows from [22], Corollary 5.11].
(iii) This follows from [23] Theorem 4.5] and [22], Corollary 5.11].
(iv) This follows from [22], Proposition 5.13].

(v) Observe that Ap( n+1)ﬂA1/2( Up41) is dense in A”( Un+1) and contained in AT /) o (Uns1) (cf. [22)
Theorem 4.23 and Propositions 5.4 and 3.9]), so that AP (4,,11) embeds continuously into A St nt1)/p, oUnt1)-
Thus, the assertion follows by means of (ii) and (iv), applied to AI,;(Z/{,LH) and As+(n+1)/p(un+1)- O

For future reference we state the following elementary lemma.

Lemma 2.9. Take p € [1,00] and s > s’ > —”TTI. Then, for every h > 0, the mapping
A Uni1) 3 | f(- +(0,ih)) € AL, Uni1)
is well defined and continuous.

Proof. Observe first that the case s = s’ follows from [22, Theorem 5.2], so that we may assume that s > ',
that is, s — s’ > 0. Then, observe that S ;) € Bi™° (H,, R} ) by [22, Lemma 5.1], so that [I9, Theorem
4.3 and the remarks following its statement] show that the mapping

Bp_s(]Hn,]R* e u* Seo,in) € By (]Hn,IR* )
is well defined and continuous. The assertion follows since
(Eu)(+ + (0,ih)) = E(us Sio.m),
as one readily verifes (cf., e.g., the proof of [22] Theorem 5.2]). O

We now begin our analysis of invariant function spaces. We recall that U, is defined in and p(¢, z)
in . The following lemma is well known, but we state it explicitly for the reader’s convenience.
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Lemma 2.10. For every s > n+1 and every ¢ € Aut(Up41),

((7”+1+25(<p) ® ﬁn+1+28<¢))Ks = K. (6)
Proof. Tt suffices to observe that if s = 1/2 this is just the standard transformation rule of the unweighted
Bergman kernel. The general case follows at once. (]

Proposition 2.11. Take p € [1,00] and s € R. Then, the following hold:
(i) AP(Upn+1) is m—ﬁQ(s_,_(nH)/p)-invariant with its norm;
(i) if s > —%, then AP (Uyn11) is Aut—UQN(SJr(nH)/p)—invariant and the Us(sy(ms1)/p) (@), as @ runs
through Aut, are uniformly bounded on AP(Uyy1).

Proof. (i) Observe first that, applying Lemma, with s = 1/2 and evaluating both sides of (6) at
((¢,2), (¢, 2)), we see that

p(e(¢,2)) "I, 2)7 = p(¢,2) )
for every (¢, z) € Upy1. Then, if p € [1,00) and f € AP (Uy41

)
/u Fatososnr ) (2) (G 2P (G, 2P d(C 2)
- /M £ (G )P T ) (C, )P RED/ 042 (st a(¢, 2)

- / F(C 2P 2P A, 2).
Un s

The case p = oo is similar. N
(ii) Observe that, by (ii)P of Proposition , AL (Uny1) = AL (Uny1), where soo = s+ (n+1)/p > 0,
so that and part (i) shows that Z?jc (Un41) is Aut-Us,_-invariant. Now, [19, Proposition 6.2] shows that

AP = (AL AR Yy
(complex interpolation), where s = s — (n+ 1)/p’ > —(n + 1). Thus, it suffices to prove that g; (Uny1) is
G-Us(sn+1)-invariant whenever s > —(n + 1).

To this aim, observe that, if ({;,z;) is a d-lattice on U, 1 with ¢ sufficiently small, then (iii) of Proposi-
tion 2.8 shows that the mapping

Vicyot (1) N D ONK (1 (G 2))p(G 7)™ 0 € Ay Uni)
J
is continuous and onto, where s’ := s+ (n + 1)/2 > s/2. Then, using the relations

~ ———2(s+n+1)/(n+2)
U2(s+n+1)((p)Ks’( Ty (Cja zj)) = KS’( ) @(Cja Z]))J(p(gjv ZJ)
and

PG 23)™ % = pl(G 7)) 21T @l 29)[Ho72/ )
for every ¢ € Aut(Up4+1) and for every j € J, which follow from Lemma [2.10, we see that there is a
unimodular function u,: J — C such that

U2($+n+1)(w)w(@'v%)()‘) = W(s@(ijZj))(uw)‘)
for every ¢ € Aut(U,, 1) and for every \ with finite support, hence for every A € £1(.J). The assertion follows
from the fact that there is C' > 1 such that, fixing a norm on Al (U, 1),
1
GHAHZl(J)/kerg/(w(cj,zj)) < ||!p(‘P(CJvZJ))(/\)”gé(un-H) < C”)\”el(‘])/kerw("’(cj’zj))
for every A € £1(J) and for every ¢ € G, as the proof of Proposition shows (cf. [22, Theorem 3.23]). O
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2.3. Decent and Strongly Decent Spaces.

Definition 2.12. Let X,Y be two locally convex spaces such that X C Y set-theoretically. Then, we say
that X is Y-decent if there is a continuous linear functional on Y which induces a non-zero continuous linear
functional on X.

We say that X is strongly Y-decent if the set of continuous linear functionals on X which extend to
continuous linear functionals on Y is dense in the weak dual topology of X’.

We say that X is Y-saturated if it contains the intersection of the kernels in Y of the continuous linear
functionals on Y which induce continuous linear functionals on X.

In the sequel, Y will always be the space Hol(D) and X a semi-Banach space of Y, so that we shall
simply say that X (or its seminorm) is (strongly) decent or saturated if it is (strongly) Hol(D)-decent or
Hol(D)-saturated, respectively, for simplicity. We shall nonetheless state the results of this Subsection in a
somewhat more general context.

Notice that if X is strongly Y-decent, then it is Y-decent if and only if it is non-trivial (as a topological
vector space, that is, it has a non-trivial topology).

Proposition 2.13. Let X be a complete seminormed space and Y a Fréchet space such that X CY. Let G
be a group of automorphisms of Y which induce automorphisms of X. Then, the following hold:

(i) X is Y-decent if and only if there is a closed G-invariant vector subspace V of Y such that the
canonical mapping X — Y/V is continuous and non-trivial;
(il) X s strongly Y-decent if and only if there is a closed G-invariant vector subspace V of Y such that
X NV is the closure of {0} in X and the canonical mapping X — Y/V is continuous;
(iii) X s strongly Y-decent and Y -saturated if and only if the (G-invariant) closure V of {0} in X is
closed in'Y, and the canonical mapping X — Y/V is continuous.

Notice that, if X is strongly Y-decent and V' is as in (ii), then X 4+ V', endowed with the seminorm which
is 0 on V and induces the given seminorm on X, is strongly Y-decent, Y-saturated, and G-invariant. In
other words, every strongly Y-decent space has a ‘saturation’.

Notice that, taking G = { I }, we get a characterization of (strongly) Y-decent spaces.

Proof. Assume that X is (strongly) Y-decent, and let W be the space of continuous linear functionals
on Y which induce continuous linear functionals on X. Observe that W is G-invariant since G induces
automorphisms of both X and Y. In addition, if V' = (1, oy, ker W, then V' is a closed G-invariant subspace
and X Z V (resp. X NV is the closure of {0} in X, since the canonical image of W in X’ is dense in the
weak dual topology). Let us prove that the mapping X — Y/V is continuous. Notice that it will suffice to
prove that the canonical mapping X/(X NV) — Y/V is continuous. Since both X/(X NV) and Y/V are
Fréchet spaces, we may use the closed graph theorem. Then, let (z;) be a sequence in X and take x € X
and y € Y so that z; + X NV converges to x + X NV in X/(X NV), while z; + V converges to y + V in
Y/V. Then, (L,z;) converges both to (L, z) and to (L,y) for every L € W, so that z —y € V. Then, the
canonical image of  + X NV in Y/V is y + V, whence our claim.

Conversely, assume that there is a closed vector subspace V of Y such that the canonical mapping
X — Y/V is continuous and non-trivial. Then, there is L € (Y/V)’ which does not vanish on 7 (X), where
7m:Y — Y/V is the canonical mapping. Then, L o induces a non-zero continuous linear functional on both
X and Y, so that X is Y-decent. This completes the proof of (i).

Then, assume that there is a closed vector subspace V' of Y such that X NV is the closure of {0 } in X
and the canonical mapping X — Y/V is continuous. Then, each element of the polar W of V in Y’ induces
a continuous linear functional on X, and the canonical image of W in X’ is dense in the weak dual topology
(as X NV is the closure of { 0} in X). Thus, X is strongly Y-decent.

The proof of (iii) follows from that of (ii) and the definition of Y -saturated spaces. O
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Proposition 2.14. Let X be a semi-Banach space and Y a separable Fréchet space such that X C Y.
Assume that X is strongly Y-decent and Y -saturated, and denote by V the closure of {0} in X. Assume
that the Hausdorff space associated with X (namely, X/V ) is reflexive. Then, X is separable.

In addition, let G be a locally compact group and 7 be a continuous representation of G in'Y such that

7(g) induces a continuous automorphism of X for every g € G. Then, w induces a continuous representation
of G in X (or, equivalently, in X/V ).

Notice that the assumptions are satisfied if Y = Hol(D) and X is a semi-Hilbert space.

Proof. By Proposition there is a closed subspace V of Y such that X NV is the closure of {0} in X
and the canonical mapping L: X — Y/V is continuous. By [16, Corollary 1 to Proposition 6 of Chapter III,
§ 3, No. 4], the weak dual topology of (Y/V) is separable. Since 'L is continuous with dense image for the
weak dual topologies, this proves that X’ is separable in the weak dual topology. Since X is reflexive, this
proves that X’ is separable in the strong dual topology, so that also X is separable.

Next, observe that the mapping G > g — (L, 7(g)z) is continuous for every 2 € X and for every L € V°.
Since the canonical image of V° is dense in the weak topology of X’ hence in the strong topology of X',
thanks to Proposition [17, Corollary 2 to Proposition 18 of Chapter VIIL, § 4, No. 6] shows that =
induces a continuous representation of G in X/V, whence the result. O

3. INVARIANT REPRODUCING KERNEL HILBERT SPACES

We define, for every s € C, -
z—2

Boaoe:) = (5 - €l
for every ((,2), (¢',2') € Upn1, so that K.((¢,2),(¢',2') = ¢sB 722 72%(¢, 2) for s > 0, cf. ).

(¢",2")
Observe that, by the results in [37], B® is a positive kernel, that is, is the reproducing kernel of some

RKHS contained in Hol(U,,+1) if and only if s > 0.

Definition 3.1. Take s > 0. Then, we define A, as the RKHS associated with B~%. In other words, A
is the completion of the space of finite linear combinations of the B C o)) (¢, 2) € Up+1, endowed with the
scalar product defined by

(BB ) a, =B (€ 2)
for every (¢, 2),(¢',2") € D.

Proposition 3.2. If s > 0, then A; = Zlfs_n_lw(unH) (with equivalent norms). In addition, Ag is the
space of constant functions.

Notice that [I4] provides yet another description of A, for s > 0, which is somewhat analogous to the
one which may be obtained by means of (v) of Proposition
Proof. Observe that B™% = c(s1 e 1)/2K(é n—1y/2 for s >n+1 (cf. . and that K(,_,_1)/2 is the repro-
ducing kernel of A(s_n_l)/z(unﬂ) A(s_n_l)/2 (Un+1) (cf. Pr0p051t10n, so that the assertion is clear in
this case. Next, take s > 0, and take k € IN so large that s + 2k > n + 1. Observe thatﬁ
(05 @ 0F)B™* = (2i) > (—s) -+ (—s — 2k)B—* ¥,
so that 95 induces a continuous linear mapping of As onto A, or. In addition, B(_sz) € g%s—n—l) /Q(Un+1)

for every (¢,2) € Uyy1, thanks to [22, Lemma 5.15 and Example 2.12], and 85 induces an isomorphism
of A(9 e 1)/2(Z/In+1) onto A(s+2k . 1)/2(Z/ln+1) = Asior by Proposition It then follows that A, =

A(s—n—l)/2(u"+1)'
Finally, it is clear that A is the space of constant functions. O

SRecall that 82 £(C,2) = L f(C,2).
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Theorem 3.3. Take s € R. If s > 0, then A, is m—ﬁs—invariant with its norm.

Conversely, let H be a non-trivial Hilbert space continuously embedded in Hol(Uy+1) such that Us induces
a bounded (resp. isometric) representation of Gr in H. Then, s > 0 and H = A, with equivalent (resp.
proportional) norms.

In comparison with [4, Theorem 5.1], we observe that our invariance condition is considerably weaker,
since we require invariance only on Gr and not on Aut(U,+1). The proof is essentially the same, though.
We point out that we replace the ‘weak integrability’ condition considered in [4, Theorem 5.1] with the
requirement that H embed continuously into Hol(U,,+1). However, as we shall prove in Proposition this
‘weak integrability’ condition is actually equivalent to the continuity of the embedding of H into Hol(U,41),
thanks to Cauchy’s theorem (cf. also the proof of [4, Theorem 5.1], on which Proposition is based).

Proof. STEP 1. Let us prove that, if s > 0, then A, and its norm are U,-invariant. Notice that, by the
definition of A, this is equivalent to the relation

([78(90) ® ﬁS(@))B_S =B’

for every ¢ € Aut. This latter fact is clear for s > n+ 1, thanks to Lemma , and then extends to general
s by taking powers.
STEP II. Take H as in the statement, and define

C = sup |Us(o) |2
peGT

so that C is finite (resp. 1). Take a right-invariant mean m on £>°(G7) (cf. Proposition 2.2)), and define
(f19) =m(e — (Us(@) fIUs(¢)9)n)

for every f,g € H, so that (-|-)’ is a well-defined Us-invariant scalar product on H. In addition,

1
7l <1l < Clfla

/

for every f € H. Let K be the reproducing kernel of H, with respect to the scalar product (-|-)};, and
observe that K is (U, ® Uy)-invariant. Hence, the mapping

((Cv Z)v (Clv Z/)) = K((Cv Z)v (Clv Z/))B(sg’,z’)(<7 Z)

is invariant under composition by the elements of G, thanks to STEP 1. Since Gp acts transitively on U, 1,
it then follows that there is a constant C” > 0 such that

K((6,2),(,2) = OB (G 2)
for every ((, z) € Up41. Since the function
unJrl X C(un+1) > ((C? Z)a (Clv Z/)) = K((C? Z)a C(CI7 Z/))B:(C’,z’) (Ca Z) € C

is holomorphic (where c: ((, z) — (¢, 2)), we see that
K((¢,2), (Clv ZI)) = C/B(zf,z’)(g z)

for every (¢, 2), (¢, 2') € Up41. In particular, B~* is a positive kernel, so that s > 0 (cf. the remarks at the
beginning of Section [3). It follows that H = A, and

1Al = €2 flla
for every f € H. O
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Remark 3.4. Take s,s' > 0. Then, the unitary representations Us and Uy of Aff(U,1) into As and Ay,
respectively, are unitary equivalent. An intertwining operator is given by the Riemann-Liouville operator
[ fxI16=50/2 where I5=5'/2) ig the tempered distribution supported on R whose Laplace transform is
( )(s/—s)/Q on ]R*

The unitary representatlons U, and Uy of Aut( Up+1) into Ag and A/, respectively, are unitarily equivalent
if and only if s = 5.

Proof. The first assertion follows from Propositions 2.8 and [3.2]and from the homogeneity of the distribution
J(s=5"/2)

For what concerns the second assertion, observe that, since Us and Uy, restricted to G'r, may be considered
as irreducible subrepresentations of Us and Uy, respectively (cf. Theorem , if Us and Uy are (unitarily)
equivalent, then f — f I=5)/2 must be an intertwining operator by Schur s lemma (cf. [30, Theorem 2
of § 21, No. 3]). In addition, if K is the stabilizer of (0,7) in Aut, then the K-U,-orbit of B_i in A is

one-dimensional by Lemma [2.100 On the contrary, B’ * I6=sD/2 — ¢ S/B((SJ;)S )2 for some non-zero Cs.s/

(cf. the proof of [22, Lemma 5.15]), and the K-Ug-orbit of B((§+)S )2 is not one-dimensional unless s = s’

. (s+s")/2 . . (s+s")/2
(either use the proof of Theorem to show that U,/ (L)B(O iy /" is mot a scalar multiple of B, """, or use

Proposition [6.2] transferring the problem to the bounded realization of D). O

We conclude this section with some related remarks that will prove useful in the following sections.
Definition 3.5. For every s € R and for every k € IN such that s + 2k > 0, we deﬁndﬂ
.AS k= { f S HOI( n-‘rl) 82f S AS+2[<; }

endowed with the corresponding prehilbertian seminorm.

We define A, ; as the Hausdorff space associated with A, x, that is, A, / ker 95.

We remark that, using [14], Theorem 5.5] it is easy to check that ﬁo,l is canonically isomorphic to the
classical Dirichlet space, for all n > 0.

Corollary 3.6. Take s € R and k € IN. If s + 2k > 0, then A,y is a semi-Hilbert space and is Aff(Uy41)-
Us-invariant with its seminorm.
Conversely, let H be a semi-Hilbert space of holomorphic functions. Assume that the following hold:

e the canonical mapping H — Hol(U,+1)/ ker 05 is continuous and non-trivial;
o U, induces a bounded (resp. isometric) representation of G in H.

Then, s + 2k > 0, H C A, continuously, and the canonical mapping H/(H N ker 05) — .Zs,k is an
isomorphism (resp. a multiple of an isometry).

We first need the following lemma.
Lemma 3.7. Take s € R and k € N. Then, for every f € Hol(U,+1) and for every ¢ € Aff(Up41),
(Ussor(9))05 f = 95 (Us(9) ).

Proof. The assertion is clear if ¢ € H,, and also if ¢ € U(n) (acting on the fisrt variable). Then, assume
that ¢: (¢, 2) — (R(, R?z) for some R > 0. Then,

9 (fop™) =R (05 f) o™
so that the assertion follows, since R=2F = |(Jo~1)2%/(+2)(0, )| O

* TRecall that 82/(¢,2) = <L (¢, 2).
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Proof of Corollary[3.6, Observe that the mapping 05 : Hol(U,,11)/ ker 05 — Hol(Uy+1) is an isomorphism
(onto), thanks to [36, Theorem 9.4]. On the one hand, this implies that 95 maps A j onto A, o, so that
A i is complete. The invariance of A, j then follows from Theorem @ and Lemma

On the other hand, this implies that the canonical mapping H — Hol(Uy, 1)/ ker 05 is continuous and
non-trivial if and only if the linear mapping 0% : H — Hol(U,,41) is continuous and non-trivial. Therefore,
using Lemma we see that O5(H) is a Hilbert space which embeds continuously into Hol({,+1) and
in which Us4or induces a bounded (resp. unitary) representation of Gp. Then, Theorem implies that
O5(H) = Asyor with an equivalent (resp. proportional) norm, whence the result. O

4. INVARIANT SPACES FOR n =0

In this section, we assume that n = 0, and we characterize U,- and U,-invariant strongly decent complete
prehilbertian spaces on Uy = C..

We begin by describing the closed Aff(C)- and U,-invariant subspaces of Hol(C,.). We denote by P*(C),
or simply P, the space of holomorphic polynomials on C of degree < k.

Observe that a vector subspace of Hol(Cy) is Aff(C,4)- Us-invariant if and only if it is Aff(C)-Up-
invariant, so that we shall simply say Aff(C.)-invariant in this case.

We observe explicitly that here and in Section We shall first characterize the closed Aff- and (7 s-invariant
vector subspaces of Hol. This classification will be fundamental in the characterization of Us-invariant semi-
Hilbert spaces of holomorphic functions, and may actually be interpreted as a description of certain mean-
periodic functions in Hol. Since the proof in the case n > 0 is not simpler to the one needed for general
Siegel domains (of type IT), we shall defer the proof of these results until Section [7] where the general case is
handled for future reference. Here and in Proposition [5.1| we shall limit ourselves to specializing the general
results in this context, as well as providing a more precise description of the resulting spaces.

Proposition 4.1. Let V be a proper closed subspace of Hol(Cy) and take s € R. Then, V is Aff(C,)-
invariant if and only if V = P* for some k € IN.
In addition, V is Aut-Us-invariant if and only if V. ={0} or s € =IN and V = P'~5.

Proof. By Proposition if V is Aff(C, )-invariant, then V NP is dense in V', where P denotes the space

of holomorphic polynomials on C. Since the Aff(C, )-invariant proper subspaces of P are clearly the P*,
k € N, the first assertion follows. -

Now, take k € IN and observe that, by Proposition Pk is Aut-U,-invariant if and only if U,(1)P* = P*,
where ¢: z — —l/zﬂ Now, observe that, for every h =0,...,k — 1,
Us() ()" = (=)"(-) "

thanks to (2)), possibly up to a unimodular constant. Therefore, in order that P* be m—ﬁs—invariant, it

is necessary and sufficient that {0,...,k—1} ={—s,...,—(k—1) — s}, that is, k = 1 — s. The proof is

complete. O

Now, we shall indicate an intertwining formula between 5'5 and ﬁg,s, when s € —IN.
Proposition 4.2. Take s € —IN. Then,
Us(0) f107) = Ty () f 1)
for every ¢ € Aut and for every f € Hol(C,.).
When s = 0, this is a particular case of [27], Theorem 3.1]. See [4, Theorem 6.4] for the case of the unit

disc (and more general symmetric domains).

8Notice that this action does not determine ¢ in KE@ but determines its image in G, which is sufficient to determine fjs(L)
up to a unimodular constant.
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Proof. Notice first that Lemma implies that

Us(p) f11) = Up () f)
for every ¢ € Gr (identified with a subgroup of m), and for every f € Hol(C,). The same then holds for

every ¢ € Aut whose canonical image in Aut(C..) belongs to G. Then, take ¢ € Aut such that ¢: z — —1/z,
and observe that there is ¢ € { £1 } such that

Uy (1) f(2) = (e2) f(=1/2)
for every f € Hol(C,.), for every s’ € —Z, and for every z € C,. Then, for every h € IN,
[Us()(-)M7(2) =75 (=1)"(=h = s)(=h —s = 1) --- (=h)z~ "
and B
Ta- o[- )")079)(2) = &5 2(=1)" 1 h(h — 1)+ (h + 5)2~"
for every z € C4, whence the asserted equality in this case. Since the space of polynomials is dense in
Hol(C4.), the assertion follows thanks to Proposition O

Theorem 4.3. Take s € R. If k € IN and s+ 2k > 0, then A, 1, is strongly decent, saturated, and Aff(C,)-
Us-invariant with its seminorm. If, in addition, s > 0 and k =0, or s € —IN and k = 1 — s, then A, is

Aut—(?s—invam'ant with its seminorm.
Conversely, let H be decent semi-Hilbert space of holomorphic functions such that Us induces a bounded
(resp. isometric) representation of Aff(C,) in H. Assume that one of the following conditions hold:

(a) H is strongly decent;

) [|(-)"*?|g=0ifs€ —2N and (-)~*/?> € H.
Then, there is k € IN such that s + 2k > 0 and H embeds as a dense subspace of As ) with the induced
topology (resp. and proportional seminorms). If, in addition, ﬁs(b) induces a continuous automorphism of
H for some 1 € Aut such that v: z — —1/z, then either k=0 or s€ —IN and k=1 —s.

Notice that saying that H embeds as a dense subspace in A, (with the induced topology) means that
H is a subspace of A j, such that H + ker( - )(k) =H+PF= A, i, thanks to the completeness of H.

We observe explicitly that we could remove assumptions (a) and (b) and show that H = Ay, if we
knew that the only dense Aff(C. )-invariant vector subspaces of A; i, for s + 2k > 0, are precisely the A, 5
for s + 2k’ > 0. Nontheless, we do not even known if the space P* admits an Aff(C, )-invariant algebraic
complement H' in Ay, when s+ 2k > 0. Notice, though, that if such a space H' exists, then H' is a Hilbert
space, but does not embed continuously into Hol(C,.). Therefore, such spaces, if existing, must be somewhat
pathological.

We point out that the statements of [6] Theorems 1 and 2] (which deal with the case s = 0) seem to be
erroneous: on the one hand, the null space and the space of constant functions satisfy all the assumptions of
the cited results, but are not the Dirichlet space; on the other hand, the fact that a Mdbius-invariant space
H is contained in the Dirichlet space and has the induced topology (or even the induced seminorm) does
not immediately imply that it is the whole Dirichlet space, as there might exist M&bius-invariant algebraic
complements of the space of constant functions in the Dirichlet space (and this possibility is not ruled out
in the proof)ﬂ

We also point out, in this connection, that [6, Remark] seems to be erroneuos: on the one hand, one
must assume that H contains non-constant functions in order to be sure that the given arguments produce
non-zero polynomials in H; on the other hand, unless one assumes that H contains the constant functions,
it is only possible to deduce that the non-constant monomials belong to H, and this does not seem to be
sufficient to conclude that H cannot be an algebraic complement of the space of constant functions in the
Dirichlet space. The subsequent proof then builds on the erronous claim that, if f(z) = >, axz" (Taylor

YWe point out, though, as we remarked earlier, that we do not know whether such pathological spaces do exist or not.
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development about 0) and f € H, then f = Y, aj(-)* (orthogonal sum in H): despite the fact that the
(-)*, k € N, are pairwise orthogonal in H (where N is the set of k € IN such that (-)¥ € H, so that N is
either IN or 1+ IN), one may not claim that the Taylor development of the orthogonal sum Y, oy ar(-)*
must be >,y arpz® — unless the sequence (ay) has finite support — since H does not necessarily embed
continuously in Hol(C ) (but only in Hol(C,) modulo constant functions).

Proof. The first assertion follows from Corollary [3.6| and Proposition

Then, take H as in the statement. By Proposition there is an Aff(C)-invariant closed vector
subspace V' of Hol(Uy,+1) so that the canonical mapping H — Hol(U,+1)/V is continuous and non-trivial.
Observe that Proposition implies that there are h,k € IN, h < k, such that V = P* and P" is the
(Aff(Cy)-invariant) closure of { 0 } in H. Therefore, Corollary implies that H C A, ;, continuously, and
that the continuous linear mapping H/(P* N H) — A, ;/P" is an isomorphism. In order to complete the
proof of the first assertion, it then suffices to show that P* N H = P". If condition (a) holds, that is, if H is
strongly decent, then Proposition [2.13] ensures that we may take k so that this is the case.

Then, assume that condition (b) holds, that is, that ||(-)~%/2||g = 0 (i.e., —s/2 < h) when s € —2IN and
(-)~*/? € H. Observe first that P* N H is finite-dimensional and Aff(C. )-invariant, so that it equals P¢ for
some ¢ € { h,...,k}, thanks to Proposition again. In particular, U, induces a bounded representation
in P/P", so that Us(R-)((-)7) = R™77*/2(-)7 must stay bounded as R runs through R’ for every
j=h,...,0 —1. Therefore, either { = hor { —1=h = —s/2. Now, if { —1 =h = —s/2, then (-)~*/> € H,
so that —s/2 < h by (b): contradiction. Thus, ¢ = h, as we wished to prove.

Finally, assume that U,(:) induces a continuous endomorphism of H for some ¢ € Aut such that ¢: z —
—1/z. Observe that, in this case, P* and P" must be Avut—ﬁs—invariant (cf. Proposition , so that
Proposition implies that either k =h =0,or s€ —INand k =1—s (and h € {0,1 — s }). The proof is
therefore complete. O

Remark 4.4. If 5,5’ € R and k, k' € IN are such that s + 2k, s’ + 2k’ > 0, then Uy and U/, as unitary
representations of Aff(C.) into uzl\&k and .Zsz,k/, respectively, are unitarily equivalent.

If (s,k),(s',k") € RY x {0})U{(=h,1—h): h € N}, then the unitary representations U, and Uy of
K\u/t((DJr) into ﬁs,k and .ngkz, respectively, are unitarily equivalent if and only if s = s/, ' = s + 2k, or
s=1s"+2kK.

The first assertion obviously extends to the case n > 0. The second assertion does not, as we shall see in
Remark (5.4l

Proof. The first assertion follows from Remark If s,s’ >0ors,s’ € —IN, then also the second assertion
follows from Remark The remaining cases follow from Proposition [£-2] and Remark O

5. INVARIANT SPACES FOR n > 0

In this section, we assume that n > 0, and we characterize Us- and ﬁs—invariant strongly decent semi-
Hilbert spaces of holomorphic functions on U, 1. For simplicity of notation, we write U in place of U, ;1.

As in Section 4] we shall simply say that a vector subspace of Hol(H{) is Aff(U)-invariant if it is Aff(U)-
U,-invariant for some s € R. N

We begin by describing the closed Aff(i)- and U,-invariant subspaces of Hol(i/). Recall that P* denotes
the space of holomorphic polynomials of degree < k. We denote by Py, the space of homogeneous holomorphic
polynomials of degree k.

Proposition 5.1. Let V be a proper closed subspace of Hol(Ud), and take s € R. Then, V is Aff(U)-
invariant if and only if V is the closure of @, cn[Pr(C™) @ P"(C)] in Hol(U), where hg € N and hy41 €
{ hg,(hx — 1)+ } for every k € IN.

In addition, V is Aut-Us-invariant if and only if V = {0} orse =N and V = PL=5(C"*1).
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Proof. STEP 1. By Proposition we may reduce to describing V NP, where P is the space of holomorphic
polynomials on .
Observe that, if i is a (Radon) measure with compact support on Aff(l/), then we may define

Uxm:aﬁmmvx@dm¢> (7)

as a weak integral in Z(Hol(i)), endowed with the topology of pointwise convergence. Note that this
operator is independent of s if y is supported in NU(n). Now, fix k € IN and define a measure u; on Aff(U)
as follows. Consider the canonical homomorphism 7: T 3 a — [((, 2) — (a(, z)] € Aff (), and define

) = [ o fln(e) da
for every f € C.(Gag). Then, consider the operator

m = Ux(ptk)s (8)
and observe that )
for every f € Hol(i/) and for every (¢, z) € U. It is then clear that 7;, maps Hol(l/) continuously onto the space
Pr(C™) @ Hol(C, ), canonically identified with a subspace of Hol(i/). Furthermore, [25, Theorem 2.1] implies
that Uy induces an irreducible representation Uj, of the unitary group U(n) in P (C™), for every k € IN, and
that these representations are pairwise inequivalent. Let us prove that, for every & € IN, there is a vector
subspace Vi of Hol(C_ ) such that m4(V) = Pr(C™) ® Vkm Observe first that U, (M(U(n))) is a unital sub-
C*-algebra of Z (P (C™)), and that, by Schur’s lemma, its commutant is CI (cf. [30, Theorem 2 of § 21, No.
3]). Therefore, by the bicommutant theorem (cf. [30, Theorem of § 34, No. 2|), U, (M(U(n))) = Z(Pr(C")).
Then, take a basis pi,...,pp of Pr(C™) and f € mi (V). Observe that there are uniquely determined
elements fi,..., fn of Hol(Cy) such that f =3, p; ® f;. Take jo € {1,...,h} and p;, € M(U(n)) such
that U} (uj,)p; = 6;4,p; for every j =1,..., h. Then,

V3 Us(jo)f =Y Uilpio) (05 ® 15) = pjo @ o
i

By the arbitrariness of f and jp, this implies that 7, (V) = Pr(C") ® V}, for some vector subspace Vj, of
Hol(C ). Observe that, since the 7, are projectors of Hol(U/), mpmp, = mpm = 0 for h # k, and ), m, = 1
in the strong topology of .Z(Hol(lf)), it is clear that m(V) =V N (ﬂk,ik ker i) is closed in Hol(U), so
that V}, is closed in Hol(C; ). In addition, it is clear that

Us(p)(p® f) = p@ Usyr(¢') f 9)

for every p € Pr(C"), for every f € Hol(C.), for every ¢ € Aff(U), and for every ¢’ € Aff(C,) such that
©: (¢,2) = (¢, z+x) and ¢': 2 = 2z + x for some = € R, or ¢: (¢,2) — (RY?(,Rz) and ¢': z — Rz for
some R > 0. It then follows that V} is Aff(C, )-invariant, so that it equals P**(C) for some k;, € NU{ oo },
interpreting P>°(C) as the space of holomorphic polynomials on C, thanks to Proposition Thus, VNP =
B, [P (C™) © P (C)]

STEP II. Take k,h € IN, and let us prove that the Aff(lf)-invariant vector subspace Vi ;, of P generated
by Px(C") @ P"(C) is

h+k—1
Pen= Y.  [Pusn(C)@P"? ()= P [PUC") @ Pr—(e—k). (C)].
k'<k,hi+ha=h =0

10Here we are interested in showing that 7, (V) is the tensor product of Py, (C™) with some closed vector subspace of Hol(C. ),
with reference to the canonical embedding of Py (C™) ® Hol(C4) into Hol(l/), and not simply the tensor product of P (C™)
with some abstract vector space (as the general theory of representation shows).
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Observe that, since Aff(if) is the semi-direct product of GL(U) and H,, (cf. Subsection [2.I), and since
P (C™)@P"(C) is clearly GL(U)-invariant, it will suffice to consider the action of H,,. Then, take p € P;(C")
and b/ < h. Observe that, for every ((,x) € H,,

UG )P (V)¢ 2) = (¢ = O — o +ildE = 20(¢10)"
k
e #,',k,,ﬂ D(=0)- ¢V (200N ' — )

for every (¢’,2') € U, so that Uy(¢,z)(p® ( ) ") € Pi.p. Tt is then readily seen that V., C Py.. Conversely,
choose p = (- |¢)* in the above computations and observe that

R1E! Y , , ,
Us(G o) e (+) Z D (2" ey I IO il
=0 hy+hy=h'
for every (¢, 2') € U. Therefore, for every ¢ < h+ k, m(Us(¢,z)(p @ (-)"))(¢', 2') equals
min(k,l) Bk
Y 9K R A2y k—K OV R
€00° Y 0 G O
=(—h")+

Since the highest power (in z’) in the above sum occurs only once (for £ = min(k,¢)) and with a non-
zero coefficient, by the arbitrariness of z it is clear that (¢’,2') — (¢’|¢)¢2""> belongs to Vi, for every
ht <h' — (¢ —k);. Thus, Vi = Prn.

STep III. By STEP I, we know that VNP = >, n[Pe(C™) ® P"(C)]. By sTEP 1I, we know that
P (C") @ P+ (C) C V for every k' < k, so that hy > hy, and (hy) is decreasing, and that Py (C") ®
Phe=t(C) C V for every k and for every £ < hy, so that hyy s > hy — £. Consequently, hy € [NE and
hi+1 € { hi, (hy — 1)4 } for every k € IN. Conversely, given a sequence (hi) with the preceding properties,
the space @, [P (C™)@P"* (C)] is Aff(U)-invariant, since it contains Py, p, for every k € IN, with the notation
of sTEP II. This completes the proof of the first assertion.

SteP IV. Now, take V as the closure of @, [Px(C") ® P"*(C)] in Hol(ld), where hy € IN and hj41 €
{ hi, (hyy — 1)4 } for every k € IN. Observe that we may take ¢ € Aut so that ¢: (¢, 2) — (—i(/z,—1/z) and
so that B

Us()f(¢,2) =i f(u(¢,2))2

for every f € Hol(U) and for every ((,z) € U, thanks to Proposition [2.2] E and (2). In addition, V is Aut-U,-
invariant if and only if U,(:)V C V, thanks to Propos1t10naga1n Then take p € P;(C") and f € Hol(C,),
and observe that B N

Us()(p@ f) = i7"/ (=) p @ Usy(10) f, (10)
where 19 is a suitable element of Aut(C+) such that ¢: 2 = —1/z. Taking @D into account, this proves that
V is Aut-U,-invariant if and only if P"* (C) is Aut((D+) o+ p-invariant for every k € IN. If V is Aut-U,-
invariant, then Proposition 1mphes that either hy = 0 for every k € N, or s € —IN and hy = (1 —s— k)¢
for every k € IN. Conversely, and STEP III show that P1=5(C"!) = @, [Px(C") @ PL=57R+(C)] is
Aut-U,-invariant. U

Theorem 5.2. Take s € R and let H be a non-trivial strongly decent semi-Hilbert space of holomorphic
functions on U such that Us induces a bounded (resp. isometric) representation of Aff(U) in H. Then, either
one of the following conditions hold:
o there is k € IN such that s + 2k > 0 and H is a dense subspace of A ) with an equivalent (resp.
proportional) seminorm;

Uit gy = 00, then hy = oo for every k € IN, and V = Hol(i), contrary to our assumptions.
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e s € —IN and there is a non-empty subset J of NN (—s — 2IN) such that H contains @, ;[P;(C") ®

P~(+9)/2(C)] as a dense vector subspace, and thereon its seminorm is equivalent (resp. equal) to the
seminorm

2
Y @ ()7 =3 i3
jeJ jeJ
for every 3. ;(p; ®(-)"6+)/2) ¢ D,/ [P;(C) @P~+)/2(C)], where || - ||; is a suitable rotation-
invariant Hilbert norm on the space P;(C"

).

Notice that Corollary shows that A, j is Aff(U)-Us-invariant whenever s + 2k > 0. The fact that the
remaining spaces (of polynomials) described above are actually GL(U)-Us-invariant (hence generate finite-
dimensional Aff(U)-Us-invariant spaces of polynomials) is a simple verification left to the reader. We do not
describe all the resulting invariant spaces, but we observe that all non-empty subsets J of IN N (—s — 2IN)
may occur, as one may see by means of Proposition [5.1]

Notice that the closure of { 0 } in H may be determined by means of Proposition at least when H is
saturated.

Proof. Fix a U(n)-invariant Hilbert norm on Pk (C™) for every k € IN.

By Proposition 2.13] and the remark following its statement, we may assume that H is saturated, so that
the closure V of {0} in H is closed in Hol(Y/), and that the canonical linear mapping H — Hol(U)/V
is continuous. In addition, Proposition shows that H is separable and that U, induces a continuous
representation of Aff({) in H. Consequently, if 1 is a (Radon) measure with compact support on Aff(U),
then we may define Ug(u) as in both as an endomorphism U; of Hol(i/) and as an endomorphism Us of
H/V. By the continuity of the mapping H — Hol(i/)/V/, it is clear that U; induces Us.

Further, observe that we may assume that the seminorm of H is U(n)-invariant, up to replace it with the
seminorm induced by the equivalent scalar product (f,g) — 9DeU(n)<U5(<p)f|U5(<p)g>H de.

Then, define 75 as in and observe that, by our additional assumption, the 7, (H) are pairwise or-
thogonal subspaces of H, and np(H) N7 (H) = V for every k # k’. In addition, arguing as in the
proof of Proposition we see that for every k € IN there is a vector subspace Hy of Hol(C,) such that
7k (H) = Pr(C™) ® Hi. In addition, by Proposition there is a sequence (hy) such that hg € IN and
hyt1 € { hi, (hi, — 1)+ } for every k € IN, and such that V' is the closure of @, [P (C") ® P"*(C)] in Hol(i/).

Now, for every f € Hy \ P (C), it is clear that Py (C™) ® Cf is a U(n)-Us-irreducible subspace of 7y (H).
In addition, for every vector subspace H' of Hy, the orthogonal complement of Py(F) ® H' in m(H) is of
the form Py (C™) @ H”, for some vector subspace H" of Hj (containing P"*(C)). Consequently, we may find
a (possibly empty) sequence (f;) of elements of Hj, \ P"*(C) such that mj,(H) is the orthogonal direct sum of
Pr(C™) @ P (C) and the Pj(C") @ Cf;. If we choose the f; so that |[p® f;|| = 1 for every unit vector p in
Pr(C™) (this is possible since the seminorm of H is U(n)-invariant), and we define a prehilbertian seminorm
on Hy, so that its null space is P" (C) and (f; +P"*(C)) is an orthonormal basis of Hj/P"*(C), then clearly
Hj, is complete and 7, (H) = Pr(C") ®2 Hy,

Let us then prove that Hj is strongly decent and saturated, that is, that the linear mapping Hy —
Hol(C,)/P"*(C) is continuous. Observe that the mapping

Pi(C") @3 Hy, = Pr(C") @ (Hol(Cy) /P (C))
is continuousH Since the bilinear mapping (p, f) — f induces continuous linear mappings

pRfrf

12Here, we denote by Py (C™) ®2 Hy, the tensor product of the semi-Hilbert spaces Py (C™) and Hy, endowed with the scalar
product defined by (p ® flg ® g) = (p|q)(flg) for every p,q € Py (C™) and for every f,g € H.

13r¢ (fj) is a sequence in P (C™) ®2 Hj, converging to f, then (f;) converges to f in H, so that (f; + V) converges
to f+ V in Hol(d)/V. Applying 71, we then see that (f; + Pr(C") ® P":(C)) converges to f + Px(C") ® P"#(C) in
Pr(E) ® (Hol(C4)/P"*(C)).
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of Px(C") ®9 Hy, onto Hy, and of Pr(C™) ® Hol(C,.) onto Hol(C,), our claim follows by means of the open
mapping theorem.

Now, observe that (9) shows that Hj is Aff(C,)-invariant, and that the U,yx(y), as ¢ runs through
Aff(C,), are equicontinuous endomorphisms of Hy (resp. isometries). Consequently, Theorem implies
that either one of the following hold:

o M) =Pl (©);
e \Mke —2IN, hy = —(s+k)/2, and Hy, = P~ (+0)/2+1(C), with a norm equivalent (resp. proportional)
to the following one:
—(s+k)/2
Z a;j(- )| = la_(ssny 2l
§=0
o s+ k+2h; >0 and Hy = Asisp, (C4) with an equivalent (resp. proportional) seminorm.
Denote by K1, Ko, K3 the sets of k € IN for which the first, the second, or the third case occurs.

Assume first that K3 # (. If H denotes the (Aff(U)-invariant) closure of H in Hol(i), then 74 (H) =
Pr(C") ® Hol(C,) for every k € Kj, so that Proposition implies that H = Hol(i{). Consequently,
K = Ky = () (since 71, (H) is finite-dimensional for k € K; U K»).

Then, V C ker 8;“’, and H # H Nker 85‘0, so that Corollary implies that H C A, p, continuously, and
that the canonical mapping H/V — ﬁsm is an isomorphism onto its image. In addition,

H Nker d}° = @[P(C™) @ P"(C)],
k
and
Hy, NP (C) = Agysn, (C1) NPM(C) = PH(C),
since hy < hg, D As-l—k,hk (C+) — Astkt2n, (C+) is onto, and Dho—hs . Astkt2n, (C+) — Astk+2n, (Cy)
is an isomorphism, thanks to Propositions and Thus, H N ker 830 =V, so that H C A, (U) with
an equivalent (resp. proportional) seminorm.

It then remains to consider the case in which K3 = ). Since H is not trivial, K5 must be non-empty,
so that s € —IN. In addition, the preceding discussion shows that H contains the orthogonal direct sum
Drcxk, [Pe(E) ®2 Hi], and that this subspace is complete and dense (but not Aff({/)-invariant, in general).
The proof is therefore complete. O

Theorem 5.3. Take s € R. If s € —IN, then define
Avs,lfs = { f S As,lfs: Vk e N 7Tk:f € sz((Dn) & As+k,(1fsfk)+ ((DJr) }a

where (i f)((,2) = %8{“]”(0,2)(’“ for every f € Hol(d), for every (C,z) € U, and for every k € N. Then,
/Ts 1—s 18 Aut- (NI -invariant with its seminorm.

Conversely, let H be a non-trivial strongly decent and saturated semi-Hilbert space of holomorphic func-
tions such that U, induces a bounded (resp. isometric) representation of Aut in H. Then, either s > 0 and
H=A,, orse€ —IN and H = As)l s with an equivalent (resp. proportional) seminorm.

See [14], Theorem 5.5] for a different description of ﬂo,l.

Proof. STEP 1. By the description of GL(U) provided in Subsection it is clear that ./ZSJ,S is GL(U)-Us-
invariant with its seminorm. Since Aff({) is the semi-direct product of H,, and GL(U) (cf. Subsection [2.1)),
it will then suffice to prove that ﬂs,l,s is H,,-invariant (the seminorm is then necessarily H,-invariant) and
also Uy (1)-invariant with its seminorm, where ¢ € Aut is such that

t: U3 (¢ 2) (—%,—1) eu.
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Observe first that the proof of Theorem shows that m(As1-s) = Pr(C") Q2 Asik,1-5(C+) with
proportional seminorms, so that Px(C") ®2 Astk,1-5(C1) is a subspace of As1_s, and carries a propor-
tional seminorm. In addition, observe that, in order to prove H,-invariance, it will suffice to prove that
US(IEIn)Wk(fL,l,S) - .Zs,l,s for every k € IN. Therefore, it will suffice to prove that Us(H,,)(p® f) € ./15,175
for every p € Pr(C™) and for every f € A ik 1—s—r), (Cy). Then, take (¢,z) € H,, with ¢ # 0, and observe
that

’o " 1 <)l h' qh—h' (R"Y (1 12
T (Us(C,2)(p @ f))((,2") = Z m(%@ [N™ 05" p(Of" (2" +a +i[¢]7)
h'=(h—k),
for every h € IN and for every (¢/,z') € U, so that it will suffice to prove that f*)(- + z + i|¢|?) €
Agin,(1-s—n), (Cy4) for every h € IN and for every b’ = (h—k),..., k. Since b/ +(1—s fh)+ >(1-s—k)4
and s+ k+2h +(1—s—h)1] > s+2(1 —s—k)4, the assertlon follows from Lemma [2.9] The case ( =0
is clear.

Then, using and Proposition we see that /TSJ_S is ﬁs(L)—invariant with its seminorm. Thus,
.ZSJ,S is A\u/t—ﬁs—invariant with its seminorm.

STEP II. Take H as in the statement. Denote by V the closure of { 0 } in H, so that V is closed in Hol(i/)
and the canonical mapping H — Hol({)/V is continuous (and non-trivial). If V' = {0}, then Theorem
shows that s > 0 and that H = A,. If, otherwise, V' # { 0 }, then Proposition|5.1{shows that s € —IN and that
V =P(C) = @ [Pr(C*)@P'*7*(C)]. In addition, Proposition [5.1{again implies that H is dense
in Hol(Uf). Therefore, arguing as in the proof of Theorem|5.2] we see that 7 (H) = Pr(C")® At i, (145+k), (C)
for every k € IN. In particular, H N ker 6‘21_5 =V, so that Corollar implies that H C A, ;_, with an
equivalent (resp. proportional) seminorm. It then follows that H = A 1_s. O

Remark 5.4. Take s € —IN and s’ > 0, and assume that n > 0. Then, the unitary representations U and
Uy of Aut( ) in .AS 1—s, identified with the Hausdorff space associated with AS 1—s, and in Ay, respectively,
are not (unitarily) equlvalent

Notice that this contradicts [26], Theorem 5.4] when n > 0.
Proof. Tt suffices to observe that, if K denotes the stabilizer of (0,4) in Aut(i/), then A, contains a one-

dimensional K -Ug-invariant subspace (namely, the one generated by B(OSZ.' , cf. Lemma , whereas the
Hausdorff space associated with /~ls,1,s does not (cf. Propositions and ﬁ O

6. INVARIANT SPACES ON B, 41

We now indicate how the preceding results may be transferred to the bounded realization of U, 1, namely
the unit ball B, 1 in C"*!. Recall that the Cayley transform

¢ 1+=z
C: Bn+1 =) (C,Z) = <1—Z721—Z Eun+1,

with inverse

244 241

induces a birational biholomorphism of B,, 1 onto U, +1. Then, Aut(B,+1) = C~* Aut(U,,+1)C is the group
of biholomorphisms of B,, 1, and C~YAff(U/)C is the stabilizer of (0,1) in Aut(B,1). Since this latter group
does not seem to be of particular significance in this context, we shall consider only Aut(B,1). Observe

Cili Z/[n+1 > (C, ) <22 C Z_Z) c Bn+1,

that, by an abuse of notation, we may then identify A:E(Bnﬂ) with C~ 1Aut( Un+1)C.

In addition, observe that the complex Jacobian of C and C™* are
_ % —1 _ (@)
(JC)(gv Z) - (1 _ Z)n+2 and (‘]C )(ga Z) - (Z + i)n+2 .
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Then, we define, for every s € R,

(Csf)(CWz) T f(C(Q )) (1 _ Z)S

for every f € Hol(U,+1) and for every ({,z) € By,41, so that

N s(n1)/(n+2)
€16 = e 6o P
for every f € Hol(B,,1) and for every ((,z) € Upny1, where (2i)* = 28¢5 /2 for every s’ € R. If we define
U(p) = CUs(CoC)C] !
for every ¢ € m(BnH) (with the above abuse of notation), then
U(p)f = (f o™ ") (Jp)*/ "2
for every ¢ € A\u/t(BnH) and for every f € Hol(Bp41), for a suitable deifnition of (Jp)s/(n+2),

Thus, the C;.A;, for s > 0, are the Aut(B,,11)-%;s-invariant RKHS in Hol(B,,+1). Their reproducing kernel
are given by

)

[(Cg ® C‘Q)st](w, w/) _ 225/(n+2)(1 o <w|w/>)75
for every w,w’ € Bpy1.

Proposition 6.1. If s >n+ 1, then

CsAs = { f € Hol(Bpy1): c;/ |f(w)]?(1 — Jw]?)* "2 dw < oo },
B

n+1

endowed with the corresponding norm, where ¢, = 225/("+2) (8_1)(8_732;;(5_"_1).

The proof is a tedious but simple computation which is left to the reader.

In order to provide a description of the remaining spaces, we shall consider the stabilizer I of 0 in
Aut(By,+1), which corresponds to the stabilizer K of (0,4) in Aut(Uy,+1) by means of the Cayley transform.
It is well known that K is the unitary group U(n + 1) on C"*! (cf., e.g., [28, Section 2.1]). Observe that, if
we define

U(p)f =fop™
for every ¢ € K and for every f € Hol(B,+1), then % is a continuous representation of X in Hol(B;41)-
If we denote by K the pre-image of K in m(BnH), then there is a character y, on K (namely, ¢
(J)~*/(+2)(0)) such that xs%. is the representation of K in Hol(B, 1) induced by %. Consequently, a
vector subspace of Hol(B,,+1) is K-% -invariant if and only if it is K-%,-invariant for every s € R. Analo-
gously, f € Hol(U,+1) is a finite IC-% -vector, that is, generates a finite-dimensional K-% -invariant vector

subspace, if and only if it is a finite Iz—%s—vector for every s € R.

Proposition 6.2. The following hold:

(1) the space P of holomorphic polynomials is the space of finite K- -vectors (or, equivalently, finite
T-% -vectors) in Hol(By41);

(2) for every k € IN, the space Py of homogeneous holomorphic polynomials of degree k is K-% -invariant
and irreducible;

(3) if X is a T-% -invariant vector subspace of Hol(By,+1) such that % (f)X C X for every f € Ll(’]I‘)E
then PN X = PN X, where X denotes the closure of X in Hol(B,11);

(4) if X is a strongly decent and saturated semi-Banach space of holomorphic functions on Bpi1 such
that % induces a continuous representation of T in X, then X NP is dense in X;

M4Thig happens, for example, if % induces a continuous representation of T in X.
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(5) if X is a semi-Banach space of holomorphic functions on B,y1 such that T induces a continuous
representation of T in X and such that @;(@) induces a continuous automorphism of X for every ¢ €
m(BnH), then X is strongly decent and saturated if and only if for every f € Ll( ) deﬁning w(f)
as an endomorphism of Hol(B,,11), one has % (f)X C X and (z', % (f)zx) = [} f( U (a)x) da
for every x € X and for every x’' € X'.

Note that (1) and (2) are well known, whereas (3) and (4) are essentially based on [8, Proposition 1].
In (5) we essentially compare our strong decency (and saturation) conditions with the weak integrability
conditions considered, for example, in [4, Theorems 5.1, 5.2, and 5.3HE| Notice that, for symmetric domains
of higher rank, the proper closed invariant subspaces of the space of holomorphic functions need not be
finite-dimensional, so that it does not seem possible to establish a precise equivalence between these two
notions.

Before passing to the proof, we translate Proposition [5.1]in this context. The proof is a simple verification
and is omitted.

Remark 6.3. Let V be a proper closed vector subspace of Hol(B,1), and take s € R. Then, V is
Aut(B,,11)-%,-invariant if and only if V = {0} or s € —IN and V is the space P!~* of holomorphic
polynomials of degree < 1 — s on C"H1,

Proof of Proposition[6.4 (1) It is clear that every p € P is a finite K-% -vector. Conversely, if f is a finite
T-% -vector in Hol(B,,41), then

T f = = P 0)(- ) =/Ta’“%(a)fda

belongs to the (finite-dimensional, hence closed) T-% -invariant vector subspace of Hol(B,,+1) generated by
f for every k € IN. Hence, only finitely many of the 7 f may be non-zero, so that f is a polynomial.

(2) This is a consequence of [25, Theorem 2.1].

(3) Define 7, as in (1), and observe that 7 (X) C X by the assumption, so that 7 (X) = P N X. Then,
take f € X, and let (f;) be a sequence in X which converges to f in Hol(B,,+1). Then, m(f;) converges to
7, (f) in Hol(By,41). Since the 7 (f;) belong to the (finite-dimensional, hence) closed vector subspace 4 (X)
of Hol(B,,+1), this proves that 74 (f) € m(X). Thus, m(X) = m(X), that is, X NP = X N Py, for every
k€ N. Thus, XNP=XNP.

(4) By Proposition [2.13] if V' is the closure of { 0 } in X, then V is closed in Hol(B,,;1) and the canonical
mapping X — Hol(By,41)/V is continuous. For every k € IN, define 7}, := [, a*% (a)da as a continuous
linear mapping X — X/V, so that, by the continuity of the linear mapping X — Hol(B,,+1)/V,

m(f) € 7, (f)

for every f € X, where 7y, is defined as in (1). In particular, 7}, (X) C (X NP+ V)/V. Then, observe that
the properties of the Fejér kernel show that

(st Lo £ - 2o

k=0
converges to f in the Banach space X/V, whence the result.
(5) Assume that % induces a continuous representation of T in X and that % (f)X C X and

@ U (f)z) = /T f(o) (&', % (a)z) da

L5 Notice that, in the cited references, there is no mention to the continuity of the representation of T in X induced by
% . Nonetheless, the fundamental [8, Proposition 1] requires this assumption (at least, its proof does), so that this omission
should be considered as a minor mistake. In addition, if one assumes that X is a separable semi-Hilbert space, then the
continuity follows from the measurability conditions which are needed to define the above integrals, thanks to [17), Corollary 2
to Proposition 18 os Chapter VIIIL, § 4, No. 6].
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for every f € L*(T). In particular, % (f) induces a continuous automorphism of X for every f € L(T).

Observe that the closure V of {0} in X is Aut(Bpy1)- U,-invariant, so that Remark 6.3 implies that
either V. ={0}, or s € —IN and V = P'=%, or V is dense in Hol( n+1). Define 7, for every k € IN, as in
(1), so that 7 induces a continuous endomorphism of X by the previous remarks. Observe that (3) implies
that PNV = PNV, where V denotes the closure of V in Hol(B,,;1). In addition, arguing as in the proof
of (4), we see that PN X is dense in X. Since X # V, this proves that V is not dense in Hol(By,41).

If V = {0}, then the continuity of mp on X implies that the mappmg f — f(0) is continuous on X.
Since % () is continuous on X for every ¢ € H (Bn+1) and since Aut( n+1) acts transitively on B, 11, this
implies that the mapping L., f — f(w) is continuous on X for every w € By, 1. Since the common kernel of
the L, in Hol(Bp4+1) is {0} =V, it is clear that X is strongly decent and saturated.

If, otherwise, s € —IN and V = P! ~%, then the mapping

Low: X 3 [ 03 £(0) = 9 (m1—.)(0) € C

is continuous for every v € C"*!'. Arguing as before, this implies that the mapping Ly.: X > f
9}=* f(w) € C is continuous for every w € B4 and for every v € C"*! [l Since the common kernel of these
mappings is P17° =V, X is strongly decent and saturated also in this case.

The converse implication follows from the continuity of the canonical mapping X — Hol(U,+1)/V. (|

We may now describe the spaces CsAg, for s > 0, and CS/TSJ_S, for s € —IN, in more precise, though
quite abstract, way. We refer the reader to [31, [38] for other descriptions in terms of integro-differential
seminorms. We endow P with the Fisher inner product

(pla) 7 = p(V)q",

where ¢*: w — ¢(w), for ever p,q € P. Equivalently (cf. [26] Proposition XI.1.1]),
1 T
Glabr = =7 [ plwjatu)e " aw
for every p,q € P.

Proposition 6.4. Take s > 0. Then, C; A, is the space of f = Y, fr € Hol(B, 1), where fi, is the
homogeneous component of degree k of f, such that

1
2 _ o-2s/(nt2) 2
s A, =2 Z (S)k”fk”}' < o9,
keN

where (s)k =s(s+1)---(s+k —1) for every k € ]NH
Take s € —IN. Then, CsAs1— is the space of f =", fir € Hol(By,41) such that

1
2 —2(2—5)/(n+2) 2
~ 2 < 00.
”fHCs.Asts k;S (—s)!(k‘+s—1)!kaH"F

Proof. For the first assertion, one may either compute the transferred norm, or use [25, Corollary 3.7]. For
the second assertion, it is sufficient to compute the transferred seminom of z*, k € IN, using a suitable
generalization of [27, Remark 4.5], whose proof is analogous to that of Proposmon O

161y general, one obtains that the mapping X 3 f — Y, f € C is continuous, where Y, »: f — 8},75[175(50*1)]0](0),
with ¢ € Aut(By+1) and v € C*F1. Tt is clear that Y, , is a differential operator at w, and that its highest order term is
(J<p_1)9/("+2)(0)81 4 ) (00" Since Yy, » induces a continuous linear functional on X, it must vanish on P1=5, 50 that it cannot
have lower order terms.

17\When s = 0, this means that fj, = 0 for every k > 1
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7. APPENDIX: MEAN-PERIODIC FUNCTIONS

In this appendix, for future reference, we let D be a general Siegel domain, so that
D={(¢(2)eC"xC": Imz—P(() € 2},

where {2 C R™ is an open convex cone not containing affine lines (R in the cases considered in this paper)
and @: C" — C™ is a non-degenerate hermitian quadratic form such that @(¢) € 2 for every ¢ € C" (the
scalar product on C™ in the cases considered in this paper). In this case, we then set p({,z) = Imz — ¢(¢)
for every (¢, z) € D. We shall define A/ := C" x R™, endowed with the group structure given by

(€ 2)(¢a") = (C+ ¢z + 2" +2Im &((, ()
for every (¢, z),(¢',2') € N. If we endow C™ x C™ with the product

(€ 2) - (¢, 2) = ((+ 2+ 2" +2i0(C, Q)

for every (¢, 2),(¢’,2') € C" x C™, then D is a semigroup of C" x C™ and N may be identified with the
subgroup p~1(0) of C* x C™ by means of the isomorphism (¢, z) + (¢, z + i®(¢)). Then, N acts on D
by affine biholomorphisms. We shall denote by Gs the group of affine automorphisms of D which is the
semi-direct product of N and the group of the dilations R - (¢,2) = (R(, R?2).

We now present some results which may be interpreted in the spirit of the study of mean-periodic functions
(cf., e.g., [35]). We shall actually give a reasonable description of all mean-periodic functions in Hol(D) with
respect to the group G, acting by composition.

Proposition 7.1. Let V be a closed Gs-invariant subspace of Hol(D). Then, V. =P NV, where P denotes
the space of (holomorphic) polynomials on D and P NV denotes the closure of PNV in Hol(D).

Proof. Consider the duality between Hol(D) and the space £((D) of compactly supported Radon measures
on D, induced by the natural inclusion of Hol(D) in the space C(D) of continuous functions on D and
the natural duality between C(D) and &j(D). Observe that a vector subspace of Hol(D) is closed if and
only if it is weakly closed with respect to this duality, so that, in particular, V = V°°, where V° =
{pe&y(D):VfeV (u,f) =0} denotes the polar of V, and V°° its bipolar. Then, take u € V°, and
consider, for every f € V, the function

Ff’u: D — (0, Z"U) > (Cv Z) = f((C7 Z) : (C/7 ZI)) dM(C/; Zl)?
Supp(p)
where v € {2 is such that Supp(u) C (0,4v) + D. Observe that clearly Fy , is well defined and holomorphic
in the second variable. It is actually real analytic, but we shall not need this fact.

Then, observe that Fy (¢, z +i®(¢)) = 0 for every (¢,z) € N, so that, by the holomorphy in the second
variable, Fy ,(¢,z) = 0 for every ((,z) € D — (0,iv). Consequently, the arbitrariness of p implies that
f((¢,2)-) € V for every (¢,2) € D.

Now, observe that

k
(G R (@) = Y ﬁ,;!f(kl*’”)((c, 2R -(C,2) - (¢ 2R) - (0,2)
k1+2ko=k

for every k € IN, for every R > 0, and for every (¢, 2), (¢’,2') € D, so that passing to the limit for R — 07,
we see that the polynomial mapping

1 k1+ko k1 ko 1 k k
Praien: (Ch2) = 3 klle!f( TED(C2) - (¢ 0 (0,2) = Y r1”@!a(g,,o)a(;,z,)f(g,z)
k14+2k2=k k14+2k2=k

belongs to V for every k € IN and for every (¢, z) € D. Observe that, at least formally,

1 1
ZPf7k’(C7z) = Z Z kl'kg'f(k) (C?Z) ’ (</7 O)kl ’ (Oa Zl)kQ = Z Ef(k)(C7 Z) ’ (Cl7zl)ka
k

k ki+ko=Ek k
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so that f =, Py, (c,-) on every open set where the sum converges absolutely; in particular, on every open
ball centred at ({, z) whose closure is contained in D. In a similar way, by translation one sees that the same
holds on (¢, 2) - B, where B is an open Euclidean ball centred at (0,0) such that the closure of ({,z) - B is
contained in D.

Now, take f € V and p € (PNV)°. In addition, take R > 0 so that Supp(u) is contained in the Euclidean
ball Bgx r.((0,0), R) of centre (0,0) and radius R, and observe that, if z € D and p((, z) is sufficiently large,
then (the closure of) (¢,z) - Bexr((0,0), R) is contained in D. Observe that [ Py (¢ .)du = 0 for every
k € N and for every (¢, z) € D, thanks to the preceding remarks. Since Py (¢ .) = Pr(c,z)-),k,(0,0) and the
series Y, Pr((¢,2)-),k,(0,0) converges uniformly to f((¢,2)-) on (¢, 2)- Bexr.((0,0), R) (if p(¢, 2) is sufficiently
large) by the preceding remarks, we conclude that Fy (¢, 2) = 0 if p((, z) is sufficiently large. Since Fy, is
holomorphic in the second variable, this is sufficient to conclude that Fy , = 0. In particular, F ,(0,0) = 0,
that is, [ fdp = 0. Therefore, the arbitrariness of y implies that f € PN V. The arbitrariness of f then
shows that V=P NV. O

Corollary 7.2. The space P of holomorphic polynomials on D is dense in Hol(D).

Corollary 7.3. Let V be a closed Gs-invariant subspace of Hol(D). Then, there is a set T of homogeneouﬂ
distributions on N supported in { (0,0) } such that

V={feHol(D): f*IT=0}.

Proof. Observe that, if Z is a set of homogeneous distributions on N, supported in { (0,0) }, then V7 =
{f€Hol(D): f+*Z =0} is a closed Gs-invariant subspace of Hol(D). By Proposition we only need to
show that PNV =P N V7 for a suitable Z.

For every k € IN, denote by Py the space of holomorphic polynomials on E x Fg which are homogeneous of
degree k with respect to the dilations R-(,z) = (R(, R?z), and observe that PNV = @, PNV since PNV
is dilation-invariant. Observe that, if Z;, denotes the space of homogeneous distributions on N of degree k
supported in { (0,0) }, then (Z, Pr) = 0 if k # k/, by homogeneity, and that the canonical pairing between
Py and Zj, induces an isomorphism of P}, with a quotient of 7, (with Zy, if n = 0). Consequently, for every
k € IN, we may find a subset Z;, of 7, such that P, NV = P, NZ;°. Hence, PNV = N ew ZrY = (Uren Zi)°-
Then, set 7 = UkE]Nf,’C, where ~ denotes the action of the inversion (¢,z) — ({,2)~! = (—¢, —), and let us
prove that PNV =P NVy. Take P € PNV, and observe that, since P NV is invariant under the action
of N, also P((¢,z)-) € PNV for every ((,2) € E X Fg, with the notation of the proof of Proposition
(cf. the proof of Proposition or argue directly using Taylor’s formula), so that

(P*I)(¢2) = (I,P((¢,2)-)) =0
for every I € Z, so that P € V7 by the arbitrariness of ({,z) € D and I € Z. Conversely, take P € V7. Then,
for every I € 7, §
(I,P)y=(Px1)(0,0)=0
by continuity (or holomorphy), so that P € PN V. O
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