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1 | INTRODUCTION AND MAIN RESULTS

Let (M, g) be a Riemannian manifold of dimension 2m, with metric g. The twistor space Z associated with M is defined as
the set of all the pairs (p,J,) such that p € M and J, is a linear endomorphism of the tangent space T,,M which satisfies
the following conditions:

(1) forevery X,Y € TpMa gp(Jp(X)’Jp(Y)) = gp(X’ Y);
(2) foreveryX € T,M, J,(J,(X)) = —X.

Such an endomorphism is called a g-orthogonal complex structure on T ,M L
The twistor space Z defines a fiber bundle over M via the map that assigns to every pair (p,J,) the point p € M; hence,
we can define Z in an equivalent way as

Z =0Mn)/U(m),

where O(M) denotes the orthonormal frame bundle over M and the unitary group U(m) is identified with a subgroup
of SO(2m) (see, for instance, [15] and [26]). Moreover, if M is oriented, Z has two connected components Z, defined as
quotients of the bundles O(M).. (which are subbundles of O(M)) of positively and negatively oriented orthonormal frames
via the action of U(m).

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
© 2024 The Author(s). Mathematische Nachrichten published by Wiley-VCH GmbH.

Math. Nachr. 2024;297:4651-4670. www.mn-journal.org 4651


mailto:davide.dameno@unimi.it
http://creativecommons.org/licenses/by/4.0/
http://www.mn-journal.org
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fmana.202300577&domain=pdf&date_stamp=2024-10-09

4652 %:gggféﬁ%%ﬁHE CATINO ET AL.
[NACHRICHTEN |

Twistor spaces can be regarded as Riemannian manifolds: indeed, it is possible to define a natural family of Riemannian
metrics g, on them, where ¢ is a positive parameter, by taking the pullback of a specific bilinear form defined on O(M), as
explained in [15, 26].

These structures, introduced by Penrose [32], have been the subject of many investigations by the mathematical com-
munity, also in virtue of the numerous geometrical and algebraic tools involved in the definition of their properties. In
1978, Atiyah et al. [4] exploited Penrose’s twistor theory in the Riemannian setting, introducing the concept of twistor
space associated with a Riemannian 4-manifold in their study of self-dual Yang-Mills equations. Indeed, what can be
observed is that there exist strong relations between the geometry of twistor spaces and the one of the underlying Rie-
mannian manifolds: many characterizations of certain classes of Riemannian 4-manifolds can be obtained by examining
the geometrical properties of their twistor spaces.

The particular interest for the four-dimensional geometry, beside the intrinsic importance due to the obvious relation
with Relativity, arises from the unique structure of the Riemann curvature operator, which cannot be realized in any other
dimension. Indeed, if (M, g) is a Riemannian manifold of dimension m, the Riemann curvature tensor Riem on M admits
the well-known decomposition (see, e.g., [6, 9], and Section 2)

Riem = W+ Ric®g — gdg.

S

m—2 2(m —1)(m —2)
Due to its symmetries, the Riemann curvature tensor defines a linear operator R from the bundle of 2-forms A? to itself.
If m = 4 and M is oriented, A2 splits, via the Hodge % operator, into the direct sum of two subbundles A, and A_, which
are called the bundles of self-dual and anti-self-dual forms, respectively. This implies that the Riemann curvature operator
gives rise to three linear maps A, B, and C, such that A (resp, C) is a symmetric endomorphism of A, (resp., A_) and B
is a linear map from A, to A_ (see [4, 6, 18, 37] for a complete dissertation. We would like to thank Prof. Ilka Agricola for
having pointed out to us this last reference); therefore, R is represented by a block matrix

A BT
R = ,
B C
where AT = A, CT = C. Moreover, trA = trC = i. The splitting of A? also induces a decomposition of the Weyl tensor
into a sum

W=wW'+w,

where W™ (resp., W™) is called the self-dual (resp., anti-self-dual) part of W. If W = 0 (resp., W~ = 0), we say that M
is an anti-self-dual (resp., self-dual) manifold. A characterization of these half conformally flat metrics in terms of the
decomposition of R is given by Theorem 2.1.

In the literature, many results about the relation between a Riemannian 4-manifold M and its twistor space Z were
achieved starting from the hypothesis that M is half conformally flat: for instance, Atiyah et al., in [4], introduced an almost
complex structure J, on Z, and showed that M is a self-dual (resp., anti-self-dual) manifold if and only if J, is integrable on
Z_ (resp.,on Z, ), that is, the associated Nijenhuis tensor N;, vanishes identically, while Eells and Salamon, in [16], defined
an almost complex structure J_ on Z, which is never integrable. In 1985, Friedrich and Grunewald [19] characterized
Einstein twistor spaces (Z, g;) as those whose base manifold is Einstein, half conformally flat and with positive scalar
curvature. Some important characterization theorems for Einstein self-dual manifolds were proved by Jensen and Rigoli
[26], Friedrich and Kurke [20], and by Davidov and Muskarov (see, for instance, [11-14, 29]), starting from the classification
of the almost Hermitian manifolds due to Gray and Hervella [22]. In 1985, O’ Brian and Rawnsley generalized the Atiyah-
Hitchin-Singer twistor theory to higher dimensions, studying the problem of integrability of certain complex structures
and proving a necessary and sufficient condition of integrability which involves the vanishing of the Bochner tensor for the
underlying manifold (see [31]). In the recent paper [21], the authors exploit the moving frame formalism to study, among
other things, the so-called balanced and first Gauduchon metric conditions on the twistor spaces of a Riemannian 4-
manifold.

In this paper, we start from the following questions:
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(1) Isit possible to introduce a framework that could simplify the study of the Riemannian and Hermitian features of the
twistor space associated with a Riemannian four-dimensional manifold?
(2) Given an Einstein 4-manifold M, is it possible to find new and interesting properties of its associated twistor space?

Our approach to the aforementioned questions is inspired by the works of Jensen and Rigoli [26] and of Fu and Zhou
[21]: all our computations of the main Riemannian and Hermitian features of the twistor spaces are based on the method
of moving frames a la Cartan, which provides an effective answer to question (1). As a consequence of our analysis, we
are able to easily recover and generalize some classical results. In particular, our first main result is the following.

Theorem 1.1. Let (M, g) be an oriented Riemannian 4-manifold and let (Z_, g;,J) be its twistor space, withJ = J orJ = J_.
Suppose that, for every X,Y smooth vector fields on Z_,

al(VXj)Y + az(Vyj)X + a3(Vij)Y + a4(Vij)X + aS(Vij)]_Y+

+ GG(ijj)jX + a7(VX.7)fY + ag(VYj)jX =0
forsomea; € R, i =1,...,8, such that a; # 0 for some j. Then, M is self-dual.

This theorem allows us to prove in an alternative way the integrability result on the Atiyah-Hitchin-Singer almost
complex structure in [4] and the characterization results for Einstein, self-dual manifolds with positive scalar curvature
in [29]. Concerning question (2), since one of our main goals is to study Einstein 4-manifolds whose metrics are not
necessarily self-dual, the previous theorem naturally lead us to consider first-order quadratic conditions: more precisely,
we are able to show a local (i.e., holding only for orthonormal frames/coframes), quadratic characterization of Einstein
4-manifolds:

Theorem 1.2. An oriented Riemannian 4-manifold (M, g) is Einstein if and only if, for every orthonormal frame in O(M)_
(equivalently, for every negatively oriented orthonormal coframe),

6
D g +IL )T, = Th) =0, Vp,g=1,..,6,
t=1

where J ;,,q are the components of the covariant derivative of J . with respect to a local orthonormal coframe on (Z_, g;,J ;).
Moreover, we can prove a quadratic necessary and sufficient condition for Einstein, non-self-dual manifolds:
Theorem 1.3. Let (M, g) be an oriented Riemannian Einstein 4-manifold. Then, for every orthonormal frame in O(M)_,
(Jgp +Ibq)Nbg =0 (nosumover p,q,t),

where Jlt),q and NI’,q are the components of the covariant derivative of J . and of the Nijenhuis tensor, respectively, with respect
to a local orthonormal coframe on (Z_, g;,J ;). Conversely, if Equation (5.2) holds on O(M)_, then, for every point p € M
such that |W™ | # 0 at p, the traceless Ricci tensor vanishes at p, that is B = 0. In particular, if [ W | # 0on M, (M, g) is an
Einstein manifold.

Remark 1.4. Tt is a well-known fact (see Theorem 4.5) that the twistor space (Z_, g;,J) of an Einstein, self-dual manifold
with positive scalar curvature (M, g) is nearly-Kéhler (indeed, Kéhler); moreover, by Hitchin’s classification result of Kih-
ler twistor spaces (see [25]) and of Einstein, self-dual manifolds with positive scalar curvature due to Friedrich and Kurke
(see [20]), this is the case if and only if (M, g) is isometric (up to quotients) to S* or CP,. If (M, g) is Einstein, but not
necessarily self-dual, the properties of its twistor space are not so very well understood: for some interesting results in this
direction, see, for example, [17, 33]. Theorems 1.2 and 1.3 show that the Atiyah-Hitchin-Singer almost Hermitian twistor
space of an Einstein 4-manifold bears a resemblance to a nearly Kdhler manifold. Indeed, it is known that there exist
relations between twistor and nearly Kéhler geometries: for instance, in 1985, Belgun and Moroianu presented a homoth-
etic classification of six-dimensional strict nearly Kdhler manifolds whose canonical Hermitian connection has reduced
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holonomy by exploiting their twistorial structures (see [5]). Note that, in this work, we do not focus our attention on almost
Hermitian manifolds (in particular, twistor space associated with a Riemannian manifold) satisfying these “weak”-nearly
Kihler conditions. A natural question would be the following: is it possible to characterize the round metric on S* as the
unique Einstein metric, by showing that the twistor space (Z_, g;,J) of a 4-sphere S* equipped with an Einstein metric
ggin cannot satisfy the conditions in Theorems 1.2 and 1.3, unless it is Kdhler (or nearly Kéhler)?

This will be the subject of future investigations, together with the analysis of higher order conditions on the almost
complex structures and of curvature properties of Z.

The paper is organized as follows: for the sake of completeness, and to fix the notation and conventions of the moving
frame formalism, in Section 2 we recall some very well-known facts about the geometry of Riemannian 4-manifolds.
Section 3 is devoted to the formal definition of the twistor space Z of a Riemannian manifold, with special attention to the
case of dimension four. In Section 4, we show that, given a Riemannian 4-manifold M and its twistor space Z, any linear
condition on the covariant derivative of the almost complex structures on Z implies that M is self-dual; we also show
how to recover some of the classical result (due to Atiyah et al. and to Muskarov). In Section 5, we focus on quadratic
conditions, in order to study the case of Einstein 4-manifolds whose metric is not necessarily self-dual.

2 | GEOMETRY OF RIEMANNIAN 4-MANIFOLDS

In this section, for the sake of completeness, we recall some useful and well-known features of Riemannian 4-manifolds
(see, e.g., [6,18, 26, 34, 37]). Throughout the paper, we adopt Einstein summation convention over repeated indices, unless
it is specified otherwise.

The Hodge * operator in four dimensions. Let (M, g) be a Riemannian oriented manifold of dimension »n and
let A be the space (bundle) of the k-differential forms, 1 < k < n. Given any local chart (U, ¢) that contains p € M, let
{e1, ..., e,} be alocal, positively oriented, orthonormal frame for g on U and let {6, ..., 6"} be its dual orthonormal coframe,
with 8! € AL, Vi = 1,...,n. Since M is oriented, we can define a volume form locally expressed by

w=0'A--AO" €A™
Now, it is possible to define the Hodge % operator,V1 < k < n, locally as
* 1 AF— Ak
B A AOK — *(B1 A= AOK) =17 2.1

where 7 = 6/1 A --- A @Jn-k € A" K is the unique (n — k)-form such that (6% A --- A 8%) A7 = w. By construction, %
satisfies the equation

*2 = (=1)kn=k, (2.2)

where I is the identity map from AF to itself. Now, let n = 4. We have that, if k = 2, the operator is an involution: indeed,
by definition and Equation (2.2),

*x A2 — A? and **=(-1)**=1

If {6,62,6°%, 6% is an orthonormal coframe for M in a given chart, the set {6' A 6/}, ;<4 is an orthonormal basis for A2
with respect to the inner product of differential forms induced on A? by the metric g. Moreover, since * is an involution,
its only two eigenvalues are +1 and it can be easily seen that

*(BTAB2+83A0Y) =03 A0%+01 A B2,
*(OVAB3 +0 A0 =0*AO>+ 01 A B3, (2.3)

*(OLAB* 02 A03) =02 003 0 AO*
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This means that
A, = span{@1 AOZ+O3ANO0Y0 AP 04 ANO2 0L ABY 02 A 63} (2.4)

are the eigenspaces of * relative to the eigenvalue +1, respectively. Thus, by Equation (2.4), we have that A> decomposes
in a direct sum of two three-dimensional subspaces (subbundles)

A=A, DA_. (2.5)

.....

side of Equation (2.4). Moreover, it is sufficient to define

al 1= (61 AB2 £ 05 A 0%
B 2
@ = (01 AEP 6% A ) 26)
2
ay 1= L(61 AO* + 6% A0%)

2

to have orthonormal bases for A, and A_, which are called, respectively, the bundle of self-dual and anti-self-dual 2-forms
of M. Clearly, any 2-form 7 can be written in a unique way as

1 1
n= 5(77+*17)+§(;7—*77)=: Ny +1_, 2.7)

en, en_

where 7, is the self-dual part of ) and 7_ is the anti-self-dual part.
There is an action of SO(4) on Al, defined as

SO(4) x Al — Al (2.8)
(a,6) — a(6") := (a0,

which induces an action of SO(4) on A? given by

a6’ AB)) 1= a(@) A a(8)) (2.9
(see, e.g., [26]). Moreover, it is known that 80(4) and A? are isomorphic via the map

f 1 80(4) — A? (2.10)

X =(X;)) — %Xijei Y
(here, 30(n) denotes the Lie algebra of SO(n)). The isomorphism f satisfies, for every a € SO(4), X € 30(4),

F(AdR)X) = a(f(X))

where Ad means the adjoint representation of SO(4), and, since 80(4) = 30(3) @ 80(3), f induces isomorphisms f, f_

f+ 1 80(3) — A,
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The restriction of the adjoint action of SO(4) to each copy of 80(3) induces actions of SO(3) on A, and A_: namely, there
exist smooth actions

SOB) XAy — AL
(a, ni) — a(ﬂi)

such that, for every a € SO(3) and Y € 80(3), a(f.(Y)) = f;l(Ada(Y)). Moreover, there exists a surjective Lie group
homomorphism

U1 SO(4) — SO(3) X SO(3) (2.11)
such that, for every a € SO(4), u(a) = (a,,a_), where, foreveryn =7, +n_ € A=A, ®A_,

am) = a,(ny) +a_(n-).

Decomposition of the Riemann curvature tensor. Let (M, g) be again a Riemannian, oriented, manifold of dimension
n. We denote by Riem its Riemann curvature tensor and by R; j; its components with respect to an orthonormal coframe
{6!,...,6"}, with i, j,k,t = 1,..., n. We also define the curvature forms QS associated with the orthonormal coframe {6'} as
the 2-forms satisfying the second Cartan structure equations

i _ _pi Apk i
dej =—0, A 6]. +Q, (212)
where 9;. are the Levi-Civita connection 1-forms which satisfy the first Cartan structure equations
det = —9}? NCY (2.13)

(see, e.g., [9]). Since, forevery i, j = 1, ..., n, 6; + Gl.j = 0, we have that Q; + Qf = 0; thus, the matrix of the curvature forms
Q takes values in 30(n). Moreover, the curvature forms satisfy

i1
Q} = ERijktek A @t, (214)

where R; i, are exactly the Riemann curvature tensor components with respect to {6'1.
Let e, e be orthonormal frames such that there exists a smooth change A : Un U — O(m) for which & = eA (ie.,
e = Af e j). Recall that, if Q is the matrix of the curvature forms associated with the frame € (equivalently, to the coframe

9 dual to €), then the following transformation law holds (see [1]):
Q=A"104. (2.15)

Let us define the Kulkarni-Nomizu product ®: if n and « are two (0,2)-symmetric tensors, we have that 7 ® ¥ is the
(0,4)-tensor with components

N ® ©ijie = Nickje — NieKjk + Nje¥ix — NjkKie-
It is well known that, Vn > 3, the Riemann curvature tensor admits the decomposition

. 1 . S
Riem =W +t— Ric®g — mg ? g, (2.16)
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where Ric = R; jei ® 6/ is the Ricci curvature tensor, S is the scalar curvature and W is the Weyl tensor. Equation (2.16)
can be written in the local form as

S

1
Rijke = Wijke + m(Rikajt — RS ji + Rji Sy — Rj6ip) — n-Dn=2

(GirSjt — 6itbji)- (2.17)

Now, letn = 4.1t is possible to rewrite Equations (2.16) and (2.17) thanks to Equation (2.5). We know that {6' A 6/}, ;. j<als
an orthonormal basis for A? and that {oc}_r, ai, ocf_r }, defined in Equation (2.6), is an orthonormal basis for A, respectively.
The Riemann curvature tensor corresponds to a symmetric operator, called the Riemann curvature operator, defined as

1 ; 1
R:N— N RE)= JRijurab A8 = 57Qf, (2.18)

where yy; = y(ex, e,) ({e;} is the orthonormal frame dual to {6'}). Since Equation (2.5) holds, every 2-form y can be written
as in Equation (2.7) and, since R(y) € A?, it also can be expressed in a unique sum

R(¥) = R(¥)+ + R(O-.
Evaluating the Riemann curvature operator on the bases (2.6) in order to find the self-dual and the anti-self-dual parts of

the images, we obtain that there exist three 3 X 3 matrices, A = (4; j), B =(B; j), C = (G j), i, j =1,2,3, such that, again
with respect to the basis {oc}_r, oci, ocf_r} of A, the Riemann curvature operator representative matrix takes the form

A BT
R = (B c) (2.19)

where A = AT,C = C",and tr A = tr C = S/4 (here, tr denotes the matrix trace). More explicitly, if y = c;.’oci +c ak,
R(y) = (C;'Akj + ¢ Byak + (c;Bkj + ¢ C ok

The explicit expressions for the entries of A, B, and C in terms of the Riemann tensor can be found in [26].

Thus, we can think of A (respectively, C) as a symmetric linear map from A, (respectively, A_) to itself, that is, A €
End(A,), C € End(A_), and we can think of B as a linear map from A, to A_, thatis, B € Hom(A,,A_).

It is also explicitly possible to write the transformation laws for A, B, and C. Recall that, if e, e are two orthonormal
frames defined on U and U and a : U n U — SO(4) is a smooth change of frame, Equation (2.15) holds for Q. Since,
for every a € SO(4), u(a) = (a,,a_) defines the restriction of the action of @ on A, and A_, we obtain the following
transformation laws:

A= a;'Aay, B=a~'Ba,, C=a"'Ca_. (2.20)
Since it will simplify all our next computations, we introduce the (purely local) quantities
Qup = Rizap + Rssap; Qup = Ryzap + Ruzaps Qup = Rugap + Razap- (2.21)
Note that, by the first Bianchi identity, we deduce

Qp +Q3 =0Q13 +Qy; @ +@3 =@y +Q@y35 Quy +Qp =@13 +@y,. (2.22)
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Rewriting the components listed in [26], we have the following expressions for A and B:

All

1
E(@lz + @34);

= %(@13 +Q4);
= %(@14 + @y3);

1
5(@12 —0y);
1
5(@13 —Qp);

= %(@14 —@y);
= %(@12 —Q34);
= %(@13 —Qs);

1 1

Ap=An = 5(@12 +0Q)= 5(@13 +Qy)
1 1

A=Ay = 5(@12 + @) = 5(@14 +@53);

Ay =Apn = %(@14 +Qy) = %(@13 +@4);

Bz = 5(@12 —@3);
1

Bs = 5(@14 - Q53);
1

By = 5(@13 - @),
1

Bs, = 5(@14 —@y).

As far as the Weyl tensor is concerned, by Equations (2.17) and (2.19), we have

1 1
Wiz = 51412 + 5012,

1 1
Wins = 51413 - §C13:

1
1 1
Wi = 51423 - §C23,

1 1
Woszs = 51413 + §C13,

1 1
Wigy = §A12 + ECIZ!

1 S
§<C11 - E)

It is apparent that all the components can be written as a sum of two addends

Wijke =W

+ —
ijle T w; jkt

This means that the Weyl tensor W splits into a sum of two (0,4)-tensors

W=wt+w-

1 1
§A13 + 5013,
1 1

1 1
§A23 - §C23,
1 1
§A12 - §C12,

S
<C33 - E)’
1 1
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called, respectively, the self-dual and the anti-self-dual components of W. A four-dimensional Riemannian manifold is
called self-dual (respectively anti-self-dual) if W~ = 0 (resp., W+ = 0). By a direct check of the entries of A, B, and C and
the coefficients of W+ and W~, we easily obtain the following.

Theorem 2.1. Let (M, g) be a Riemannian manifold of dimension 4. Then,

* M is self-dual if and only if C — %13 = 0 for every orthonormal positively oriented coframe (respectively, if and only if
A— %13 = 0 for every orthonormal negatively oriented coframe);
* M is anti-self-dual if and only if A — %13 = 0 for every orthonormal positively oriented coframe (respectively, if and only

ifC — %I 3 = 0 for every orthonormal negatively oriented coframe);
* M is Einstein if and only if B = 0 for every orthonormal positively or negatively oriented coframe.

3 | THE TWISTOR SPACE OF A 4-MANIFOLD

Let (M, gjs) be a connected Riemannian manifold of dimension 2m. We define its twistor space Z associated with M as
the set of the pairs (p,J,), where p € M and J, is a g-orthogonal complex structure on T,M. It is not hard to show that
the set of all g-orthogonal complex structures is diffeomorphic to O(2m)/U(m), where

Um) :={Aeo@2m) : A"J,, =1T,A}

and J,, is a matrix in O(2m) N 80(2m) with entries (J,;,)x; = 511{“ — 5;‘“ (see, for instance, [15]); therefore, it can be shown
that, if we denote as O(M) as the orthonormal frame bundle of M, Z is the associated bundle

Z = 0(M) Xo(2m) (0(2m)/U(m)) = O(M)/U(m).

This means that there exists a surjective smooth map ¢ : O(M) — Z such that o defines a principal bundle
(O(M), Z,U(m)) with structure group U(m). Moreover, the map

Ty L — M
(p,Jp)—p

determines a fiber bundle (Z, M, 0(2m)/U(m), O(2m)) with structure group O(2m) and standard fiber O(2m)/U(m) (see
[27]).

Now, observe that, if M is oriented, the orthonormal frame bundle is not connected: indeed, in this case O(M) has two
connected components

OM) = O(M), LOM)._,

where O(M), (resp., O(M)_) is the bundle of positively (resp., negatively) oriented frames on M. As a consequence, Z
itself has two connected components

Z, = 0(M),./U(m) = SO(M)/U(m),

where SO(M) denotes the orthonormal oriented frame bundle over M; moreover, one can obviously define the bundle
projections

g, i Z,— M and o, :0M), — Z,.
In accordance to much of the literature (see, for instance, [34]), by convention we choose Z_ to be the twistor space
associated with a Riemannian manifold (M, g); therefore, from nowon, Z =Z_, 7, =71, ando =o_.
It is known that, in general, there exists a one-parameter family of Riemannian metrics g; on Z, with t > 0, constructed
as pullbacks via o of the unique (up to multiplication by a positive constant) O(2m)-invariant Riemannian metric on

85UB017 SUOWIWOD 8A1I81D 3|(edl|dde ays Aq peueAob aie Ssolle O 8SN JO'S3INJ 10} A%eiq1 38Ul UO AB|IAA UO (SUORIPUOD-PUR-SWSHW0D A8 | 1M AeIq Ul UO//:SANyY) SUORIPUOD pue swie | 8L 88S *[GZ0zZ/¥0/ET] Uo A%iqiTauliuo A8|1Mm |1N 1a 1pmS liBeariseAn Aq 225008202 eUew/Z00T OT/I0p/Woo A3 1M A%eiq 1 jpul|uoy//:sdiy woy papeojumoq ‘2T ‘20 ‘9T9222ST



4660 | — :gg%‘éﬁ%%ﬁHE CATINO ET AL.
[NACHRICHTEN

O(M) which is also horizontal with respect to o (see [15, 20, 26]): as a consequence, the map o becomes a Riemannian
submersion and the fibers are totally geodesic submanifolds of O(M).
Let m = 2; from now on, we adopt the index conventions 1< a,b,c,..<4 and 1< p,q,...,< 6. Given a local
s._ 1.4 4 6._ 1.1 2).
W = §(w3 +wj), = 5(&)4 +w3);
a local orthonormal coframe on (Z, g;) is obtained by considering the pullbacks of w', ..., @® via a smooth local section
u : U — O(M) of the principal U(m)-bundle defined by o, where U is a suitable open subset of Z. This means that

6
g = ) (6P), (1)
p=1
where
0% :=u*(w®), 6> :=2u*(w), 6°:=2tu*(wd); 3.2)

for the sake of simplicity, we write w® for u*(w?%) and similarly for 2tw® and 2tw®. By Equations (3.1) and (3.2), we can
write

g = gy + 42 [(w5)2 + (wﬁ)z] = gy + (892 + (692 (33)

(again the pullback notation is omitted). In order to compute the Levi-Civita connection forms 95 and the curvature
forms 65 for the orthonormal coframe defined in Equation (3.2), recall the structure equations (2.13) and (2.12). By direct
computation, we obtain (see [26])

1
92 = wg + Et(@ba 6> + QG 66),

1 1

92 = Et @ba 9“, 62 = Et @ba 6“; (34)
— 3

6; = w, + w;.

Now, let us denote as M, E and S the Riemann curvature tensor, the Ricci tensor, and the scalar curvature of (Z, g,),
respectively; by Equations (2.12) and (2.14), it is easy to obtain the coefficients R qu and the scalar curvature S in
terms of Qab, Qab » and Qab (see [8]).

It is possible to introduce two almost complex structures on (Z, g;). Indeed, let {6P} be the orthonormal coframe defined

in Equation (3.2) and {e,} be its dual frame; then, we define

pqars»

J.=0'®Re,-0°®e +0°Re;, —0*Qe; +0° Qe F0° R es. (3.5)

It is clear that J, and J_, which were introduced by Atiyah et al. [4] and Eells and Salamon [16], respectively, are g;-
orthogonal almost complex structures on (Z, g;), that is, (Z, g;,J.) is an almost Hermitian manifold. We can write the
local expression of the almost complex structures with respect to Equation (3.2) and the dual orthonormal frame as

T. =07 ®ey,
where
Ui=0)3=0i=00]=003=-(U %=1,

and all other components are zero.
We can compute the components of VJ, and VJ_ with respect to the coframe defined in Equation (3.2), recalling that

VI, = (L_r)f;’[@[ R0 ®e,, (3.6)
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where

(Ji)g,[et = d(Ji)g - (Ji)spe; + (Ji)gef;

the components derived from Equation (3.6), which depend on the curvature of (M, g), will be central in the proof of
Theorems 4.2 and 4.7 (for the explicit expression of the components in terms of Equation (2.21), see [8]).
The almost complex structures J, and J_ induce the corresponding Nijenhuis tensors N;, and N;_, locally defined by

Ny, =(NDR6' ®61®e,, (Nop =—(NDF, 3.7)
where
(N1)pg = U)pU)sq — U)gUs)sp + T)gU)ps — U)p )y s (3.8)

we recall that, by the well-known Newlander-Nirenberg theorem [30], the vanishing of the Nijenhuis tensor is equivalent
to the integrability of the almost complex structure, which, in this case, is induced by a holomorphic atlas of charts.

As said in the introduction, the problem of the integrability of J, and J_ was solved by Atiyah et al. [4] and Eells and
Salamon [16], respectively: indeed, J ., is integrable if and only if (M, g) is a self-dual manifold, while J_ is never integrable.
However, in the same paper [16] the authors proved a correspondence between minimal two-dimensional submanifolds
of (M, g) and (J_)-holomorphic curves in Z.

For the explicit expressions of Equations (3.6) and (3.7) in terms of Qub, Qub > and @b, we refer the reader to [8].

4 | LINEAR CONDITIONS ONJ, ANDJ_: PROOF OF THEOREM 1.1

In this section, we show that, given a Riemannian 4-manifold M and its twistor space Z, any linear condition on the
covariant derivative of the almost complex structures J, and J_ on Z implies that M is self-dual. From now on, we will
constantly make use of the components of VJ, and N;_listed in [8].

Let us start with the following proposition, which should be compared with Theorem 2.1:

Proposition 4.1. Let (M, g) be an oriented Riemannian 4-manifold. Let

A BT
R =
B C
be the decomposition of the Riemann curvature operator on M, with A = (A;}); j=1.2,3 B = (Bjj)i j=1,23 and C = (Cjj); j=1,2,3-
Then,

(D M is self-dual if and only if; for every negatively oriented local orthonormal coframe, A;j = 0 for somei # j or Ay = Ay
forsome k, 1;
(2) M is Einstein if and only if, for every negatively oriented local orthonormal coframe, B;; = 0 for some , j.

Proof. Recall the transformation laws for A, B, and C defined in Equation (2.20) and the surjective Lie group
homomorphism (2.11).

(1) If M is self-dual, then A is a scalar matrix with 4;; = 15—251- j- Conversely, let us prove the claim for A}, = 0 and
Aq; = Ay, since the other cases can be shown in an analogous way. If, for every negatively oriented orthonormal coframe,
Ajq, = 0, then the matrix A has the form

An 0 Ap
A = 0 A22 A23
Az Axp Az
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on O(M)_. Equivalently, for every smooth change of frames a : U —s SO(4), the transformed matrix A is such that
A, = 0. Thus, let us choose a € SO(4) such that u(a) = (a,,a_), where

‘We have that

_ Az Ay —An
A= a;lAa_'_ = A23 A22 0 )
-Aiz 0 Ap

thus, A;, = A,; = 0 on O(M)_, that is, A has the form

A 0 Ajg
A= 0 A22 0
Az 0 Az
Repeating the argument on A with
1 0 O
a, =0 0 -1,
01 O

we obtain that A;; = 0; hence, A is a diagonal matrix. Choosing other suitable changes of frames, it is not hard to show
that A;; = A,, = As;, thatis, A is a scalar matrix; by Theorem (2.1), M is self-dual.

Similar computations show that, if A;; = A,, on O(M)_, then A is a scalar matrix, that is, M is self-dual.

(2) If M is Einstein, then B = 0 by Theorem (2.1). Conversely, suppose, for instance, that B;; = 0 on O(M)_ (the other
cases can be proved analogously). Again, this means that, for every change of frames a, the transformed matrix B is such
that B;; = 0. Let us choose a € SO(4) such that u(a) = (a,,a_), where

0 -1 0
a_=1I;, a,=|1 0 O}
0 0 1

Hence, we have that

B By, 0 B
B=aZ'Ba, =|By, —By Byl
B3, —B3; Bss

this implies that B;; = By, = 0. By the same argument, if we choose

00 -1
a, =0 1 o]
10 0

we conclude that B;; = 0. Now, repeating the argument with suitable choices of a, and a_, we obtain
By = By, = Bj3 = B3 = B3 = B33 =0,
that is, B = 0. Therefore, M is Einstein by Theorem (2.1). O

The first main result of this section is the following (see Theorem 1.1 in the introduction).
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Theorem 4.2. Let (M, g) be a Riemannian 4-manifold and let (Z, g;,J ) be its twistor space. If, for every X, Y € X(Z),
a (VxJ Y + ay(VyJ )X + a3(Vy xJ )Y + ag(Vy, yJ )X +as(Vy xJ I Y+ (4.1
+ as(Vy yJ N X + a;(VxJ )ILY +ag(VyJ )J X =0

forsomea; € R, i =1,...,8, such that a; # 0 for some j, then, M is self-dual.

Proof. For the sake of simplicity, we will denote (J. +)§ = f;t. First, we rewrite the equality in Equation (4.1) with respect

.....

ayJgp + @l g + asIpJg  + agd i), 4+ asTpJods, + aglpIyJg, + azdoJs , + aglpJiq =0 (4.2)

for every p,q,t =1, ...,6. We now proceed by steps.
(1) We start by considering Equation (4.2) with p = 5,q = 2,¢ = 1, that s,

(ag —ay) @1, —(ay + a6)@y, =0.
Putting p = 5,9 = 4,t = 3, we easily obtain

(ag — ay) @34 —(az + a6)@34 =0;
Summing these two equalities, we can write

(ag — ay)Ay; — (ay + ag)A;3 = 0.
Repeating the argument with p = 6, = 2,t =1 and p = 6,q = 4,t = 3 we have that

(ay + ag)Ars + (ag — ay)A;3 = 0.
Thus, we deduce the following system of equations:

(ag — ay)Ap — (az + ag)As3 =0,
(az + ag)A; + (ag — ay)A;3 = 0.

If at least one of the coefficients (ag — a4) and (a, + ag¢) is different from 0, we must have that A;, = A;3 =0on O(M)_,
since Equation (4.1) is a global condition. By Proposition 4.1, M is self-dual.
Note that, if we exchange the values of p and q in all the previous calculations, the following system holds:

(a7 —a3)A1; — (a1 + as)A;3 =0,
(a1 + as)Ay; + (a7 —az)A;3 =0.

As before, if at least one of the coefficients (a; + as) and (a; — a;) is different from zero, then M is self-dual.
(2) Now, we have to study the case

a; =—as, a=-—4a az3=4a; a =dag,
that is,
al(Jé,p - JI’,];J';,) + az(J;,’q - ];Jf,]é’r) + a3(]lr,J£1,r + J;]é’p) + a4(J§];,,, + JZJé’q) =0.

By choosing p =5,q=3,t =1and p = 6,q = 3,t = 1, we obtain

(a1 + ax)(Ay — Ass) + 2(as + ag)Ay; =0,
(a3 + ag)(Ay — Asz) — 2(a; +a3)A; =0.

Again, if not all the coefficients vanish, the system holds if and only if A,, = A33 and A,; = 0. By Proposition 4.1, M
is self-dual.
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Finally, we have to show the claim when
a; = —a,, asz = —ay.
Choosing p =3,q=1,t =5and p =4,q = 1,t = 5, we get the system

a;1(Ayy — Asz) +2a3A,3 = 0,
—a3(Ay — Asz) + 201 A3 = 0.

Since, by hypothesis, at least one of the coefficients does not vanish, we conclude that A,, = A3; and A,; = 0, thatis, M
is self-dual. O

The previous theorem allows us to easily prove a well-known result, due to Atiyah et al. [4]:

Theorem 4.3. Let (M, g) be a Riemannian 4-manifold and let (Z, g,,J ) be its twistor space. Then, the almost complex
structure J . is integrable if and only if M is self-dual.

Proof. Recall that an almost complex structure is integrable if and only if the associated Nijenhuis tensor identically
vanishes. Thus, by direct inspection of the components, if M is self-dual, the Nijenhuis tensor Ny, is identically null.
Conversely, note that the condition of integrability for J, corresponds to Equation (4.1) with

a1=a2=a5=a6=0, a4=a8=—a3=—a7=1.
Thus, if N 7, vanishes identically, then M is self-dual. O

Remark 4.4.

(1) We point out that, as mentioned by Apostolov et al.[3], for every point p € M such that W~ # 0 at p with non-
degenerate spectrum, there exist exactly two almost complex structures J; and J,, determined up to sign, such that
Ny, vanishes at (p,Jy), (p,J;) € ngl( p) (see also [2, 35, 36]): in other words, by a direct computation of the compo-
nents of Ny, for every such p € M there exist two negatively oriented orthonormal frames e; and e, such that, with
respect to those, A,, = A3z and A3 = 0.

(2) A generalization of Theorem 4.3 involving the divergences of the Nijenhuis tensors was obtained in [8] (Theorem 5.5).

In the same spirit, one can provide an alternative proof for the characterization results due to MusSkarov [29], which
generalize a theorem due to Friedrich and Kurke [20]: for instance, we can show the following:

Theorem 4.5. (Z,g;,J,) is a g>-Kihler manifold, that is, for every X € ¥(Z),
(VxJ )X + (Vy xJ ) X =0, (4.3)

if and only if M is Einstein, self-dual, with positive scalar curvature equal to 12/t>. In particular, this holds if and only if
(Z,g:,J,) is a Kdhler manifold.

Remark 4.6. Note that Equation (4.3) is satisfied on any nearly K&hler manifold and on any almost Kéhler manifold.

Proof. One direction is trivial: indeed, if (M, g) is Einstein, self-dual with positive scalar curvature, then (Z,g,,J,) is a
Kihler manifold [20], which implies that it is also g>-Kéhler.
Conversely, let us suppose that (Z, g;,J,) is g>-Kihler. Note that we can rewrite Equation (4.3) as

(VxJ DY + (VyJ )X + (Vi xJ DI Y + (Vi yJ I X =0
for every X,Y € ¥(Z), which is Equation (4.1) with

az=a4=0a;=ag=0, a, =a; =0as = ag.
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This immediately implies that M is self-dual. With some straightforward calculation using Equation (4.3), we obtain the
system

Summing the two equations, we obtain B33 = 0, that is, M is Einstein by Proposition 4.1. Therefore, by the same system,
we obtain that § = 12/¢2. 0

Now, we prove the analogous of Theorem 4.2 for J_.

Theorem 4.7. Let (M, g) be a Riemannian 4-manifold and let (Z, g,,J_) be its twistor space. If VJ_ satisfies the equation in
Equation (4.1) for every X, Y € X(Z), then M is self-dual.

Proof. The first step of the proof is identical to that in Theorem 4.2; thus, if at least one of the coefficients a, + a¢, ag — a4,
a; + as or a; — as is different from 0, we conclude that M is self-dual. Now, suppose that

a; = —as, a, = —dag, as = ay, a, = ag .
by choosingt =1,g =3,p=5andt =3,q =5,p = 1, we have
2
2

2
12

as (Azz + Az —
ay (Azz + Asz —

) +a,(An+As) =0
) + a3(A22 + A33) =0.
If a5 # a4, it is immediate to prove that the previous system admits no solution: indeed, if, in addition, a; # —ay, the only

possible solution would be A, + A3; + 5= Ay + Az = 0, which is impossible, while, if a; = —a,, we would get [32 =0.
Hence, let a3 = ay: in this case, the system reduces to the equation

1
as <A22 + Asz — [—2> =0,

which implies that, if a; # 0, (M, g) is a self-dual manifold with S = 6/ t2. Moreover, choosing t =1,g =3,p = 6, we
conclude that a; = a,: therefore, the relations between the q;’s are

a; = a; = —as = —ag, az = a4 = ay = ag.
Finally, if a; = 0, we can choose againt = 1,q =3,p=6andt = 3,q = 6, p = 1 in order to find

2
2
2
2

a; (Azz + Az —
a, (Azz + Az —

) +ay(Ap +As3) = 0
) +a;(Ap +As3) =0

as before, we must have a; = a, and, since a; # 0 by hypothesis, we obtain again that (M, g) is self-dual with S = 6/t>. []

5 | QUADRATIC CONDITIONS: PROOFS OF THEOREMS 1.2 and 1.3

In this section, we present some new results about the twistor space associated with an Einstein four-dimensional manifold
whose metric is not necessarily self-dual; in particular, we partially generalize the characterization Theorem 4.5 and we
introduce a new necessary condition for a manifold to be Einstein, which leads to a characterization of Einstein, non-self-
dual manifolds.
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As before, let (M, g) be a connected, oriented Riemannian manifold of dimension 4 and (Z, g;,J,.) be its twistor space,
with J, being the Atiyah-Hitchin-Singer almost complex structure defined in Equation (3.5). Since, in this section, we
will only consider J,, for the sake of simplicity, we will write J. S’I instead of (J+)g’t and N}[,q instead of (N+)§Jq. We have
the following (see Theorem 1.2 in the introduction):

Theorem 5.1. (M, g) is Einstein if and only if, for every orthonormal frame in O(M)_ (equivalently, for every negatively
oriented orthonormal coframe),

6
Z(‘I}t),q + J(tl,p)(]lt),p - ](tz,q) = 0, Vp, q = 1, ee y 6. (51)
t=1

Proof. First, suppose that M is Einstein. Then, a direct computation over the components of VJ shows that Equation (5.1)
holds; indeed, for instance, by Theorem 2.1

6

DU+ T ) = T8 ) = ByyByy + By3Bs; = 0.
t=1

Conversely, suppose that Equation (5.1) holds. By choosing p = 1,q = 3 and p = 1, q = 4, we obtain the following system:

B3B3 + By3By3 = 0;
B3B3, + B13B3; = 0.

By hypothesis, the two equations must hold on all O(M)._. Let us choose e € O(M)_ and suppose that B;; = 0 for some
i, j; we want to prove that B = 0. For instance, let B;; = 0 (the other cases can be shown analogously). Let us choose a
smooth change of frames a € SO(4) such that

0O 1 0
a,=a_=|-1 0 O}
0O 0 1

by Equation (2.20), we obtain that the matrix B associated with the frame & = ea has the form

By By Bz By, =By —By

B=|By By By|=|-B: o By
B3 Bs; Bz —B3; B3 Bss.

By hypothesis, we have that
0 = B1;By, + Bi3By3 = —By3By,

that is, B3 = 0 or B3 = 0. In both cases, with similar computations, it can be shown that all the other B;; are zero, that
is, B = 0, which means that M is Einstein by Equation (2.20). In particular, if one of the B;; in the system is 0, then M
is Einstein.

Let us now suppose Bj,, By3, B2,, By, B3y, B33 # 0. By the previous system of equations, we obtain that

By B3,
which implies that
B3B3, = By Bs;
Choosing the matrices
0 01
a, =13, a_={0 1 O
-1 0 0

85UB017 SUOWIWOD 8A1I81D 3|(edl|dde ays Aq peueAob aie Ssolle O 8SN JO'S3INJ 10} A%eiq1 38Ul UO AB|IAA UO (SUORIPUOD-PUR-SWSHW0D A8 | 1M AeIq Ul UO//:SANyY) SUORIPUOD pue swie | 8L 88S *[GZ0zZ/¥0/ET] Uo A%iqiTauliuo A8|1Mm |1N 1a 1pmS liBeariseAn Aq 225008202 eUew/Z00T OT/I0p/Woo A3 1M A%eiq 1 jpul|uoy//:sdiy woy papeojumoq ‘2T ‘20 ‘9T9222ST



| MATHEMATISCHE
CATINO BT AL NACHRICHTEN I Ml

in Equation (2.20), we deduce

B3B3
B13Byy = B1yBys = — B3,
22
that is,
2
B = B
2="5 -
By
But this implies that B§2 = —B§3, that is, By, = B,3 = 0, which is a contradiction. This means that at least one of the terms
in the system above has to be equal to 0; therefore, by the previous considerations, M is Einstein. O

We highlight that the fact that Theorem 5.1 is only true locally: this means that, if M is Einstein, the condition (5.1) holds
only for orthonormal frames. Indeed, if X, Y € X(Z), the global version of Equation (5.1), namely

(VxT (X)) + (Vy T )X, (VT )X) = (Vy T )(Y)) =0,

is not satisfied, in general, if the norm of X or Y is different from 1 (for instance, it is sufficient to consider Y = 2X).
However, it is important to underline that, in order to find characterizations of the Einstein manifolds via polynomial
conditions on VJ,, we have to investigate equations of order higher than 1, since, by Theorem 4.2, every linear condition
on VJ, implies that M is self-dual.

Now, we show the following (see Theorem 1.3 in the introduction):

Theorem 5.2. Let (M, g) be an oriented Riemannian Einstein 4-manifold. Then, for every orthonormal frame in O(M)_,
(Jg.p +Ipg)Nbg =0 (nosumover p,q,t). (5.2)

Conversely, if Equation (5.2) holds on O(M)_, then, for every point p € M such that |W ™| # 0 at p, B = 0. In particular, if
[W™| # 00on M, (M, g) is an Einstein manifold.

Proof. 1f (M, g) is Einstein, we obtain that

(3, 7Ny = (3, + 15N, = 12B3(Agp, — Asy); (53)

5 5 \Ar5 (715 5 \NS g2 .

(31 + L INY, = =3, +J5 )N, = —20°By Ass;
6 6 \n6 _ (716 6 N6 _ A2 .

(J3,1 + J1,3)N13 - J4,2 +Jz,4)N24 = 21°B33A3;

(Jil + J?,4)Nf4 = _(Jg,z + 15,3)N§3 = 12By3(Ay, — As3);

since B = 0 by hypothesis, Equation (5.2) holds. Conversely, let p € M such that [W™ | # 0 at p: this implies that A is not
a scalar matrix. Since the matrix A is symmetric, there exists e € O(M)_ such that A is diagonal, that is,

x 0 O
A=|0 y 0}
0 0 z
since A is not scalar, we can assume that y # z. Let
1 O 0
o L _L
a, = N V2 | €50();
o L L
V22

85UB017 SUOWIWOD 8A1I81D 3|(edl|dde ays Aq peueAob aie Ssolle O 8SN JO'S3INJ 10} A%eiq1 38Ul UO AB|IAA UO (SUORIPUOD-PUR-SWSHW0D A8 | 1M AeIq Ul UO//:SANyY) SUORIPUOD pue swie | 8L 88S *[GZ0zZ/¥0/ET] Uo A%iqiTauliuo A8|1Mm |1N 1a 1pmS liBeariseAn Aq 225008202 eUew/Z00T OT/I0p/Woo A3 1M A%eiq 1 jpul|uoy//:sdiy woy papeojumoq ‘2T ‘20 ‘9T9222ST



4668 | — Kxgg%héﬁ'%%ﬁHE CATINO ET AL.
[NACHRICHTEN

by Equation (2.20), we have that, with respect to the transformed frame e € O(M)_,
X 0 0
1 1
A=]0 E(J"“Z) E(Z_y)-
1 1
0 E(Z -¥) E(J’ +2)

By hypothesis, Equation (5.2) holds on O(M)_, which implies that B,, = Bs; = 0 with respect to €, by Equation (5.3) and
the fact that y # z. Putting

by the transformation laws (2.20), we obtain
X 0 0
_ 1 1 _ (Bu Biz —Bn
A=|0 SO+2) SO-2) B=|B,, By 0
By 0 —-Bjyp

0 (-2 ;0+2)

by Equation (5.2), B,3 = B3, = 0 (note that A,; # 0). By Equation (2.20), if a € SO(4) is a change of frames such that
u(a) = (ay,a_), A is invariant under the action of a_: therefore, by similar computations on B with a_ = I3, it is easy to
show that By, = B;; = 0. Now, let us consider two cases:

(1) Casex # ;(y + z). Putting

0 1
a+= 0 1 N
-1 0 0
we have
“y+z) (-2 0
2y zy 0 0 B
A=v-2) s+2 of B=[0 0 By
2 2 0 0 By

0 0 X

since A,, # A,3, by Equation (5.2) we obtain B,; = 0. Again, since A is invariant under the action of a_, by analogous
computations B;; = 0. Finally, putting

0 -1 0
a,=|1 0 0},
0O 0 1
we conclude that Bs; = 0, that is, M is Einstein.
(2) Casex = %(y + z). In this case, A and B have the form
x 0 0 B;; 0 0
A=10 b9 x—z], B=|B,; 0 O
0 x—z X B;; 0 O
(note that x # z, otherwise W~ = 0 at p). Choosing
11y
V22
a+ = L L (0] B
V22
0 0 1
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we obtain

1 1 1

X 0 ﬁ(x - Z) %Bll _%Bll 0
~ 1 ~ 1 1

A= 0 X ﬁ(x - Z) s B = %BZI _%BZI 0 ;

1 1 1 1

ﬁ(x -z) %(X -z) x $B31 —%331 0

by x # z and Equation (5.2), B,; = 0. As we did earlier, the invariance of A under the action of a_ implies that B;; = 0.
Finally, choosing

1, _L
Vo v
a,={0 1 o0 |
1, L
v: o TV
we conclude that B;; = 0, thatis, B = 0 at p. O

Remark5.3. As Theorems 1.2 and 1.3 show, it is possible to obtain local, twistorial characterization of Einstein metrics on 4-
manifolds via quadratic polynomial conditions on the Atiyah-Hitchin-Singer almost complex structure: however, it seems
much more difficult to find global conditions for Einstein 4-manifolds in terms of their twistor spaces, without assuming
self-duality as a hypothesis. To the best of our knowledge, the only result in the literature which addresses the problem of
global twistorial conditions for Einstein manifolds is due to Reznikov [33], who showed that, under the further assumption
that the sectional curvature is nowhere vanishing, the twistor space of an Einstein manifold is symplectic, with respect
to a 2-form derived from a computation involving linear connections which preserve the complex structure. We observe
that, as it is well-known, imposing self-duality on the underlying manifold implies much more rigid global conditions:
for instance, it was observed by Hitchin that any Ricci-flat, self-dual manifold has a globally trivial twistor bundle [24],
which, in the compact case, tells that flat manifolds and certain quotients of K3 surfaces are the only 4-manifolds with
trivial twistor bundle, by aresult in [23] (we point out that the authors obtained a global twistorial characterization of Ricci-
flat, self-dual manifolds in [8] in terms of the Eells-Salamon almost complex structure). Also, the aforementioned results
by Friedrich—-Grunewald, Friedrich-Kurke, and Hitchin show that global conditions on twistor spaces can be obtained in
the Einstein, self-dual case [19, 20, 25], together with the classification result due to Muskarov [29] (see also the references
cited in the Introduction); another example could be the necessary and sufficient condition obtained by Davidov et al., who
showed that, for every Einstein, self-dual manifold, the Nijenhuis tensor of the Eells-Salamon almost complex structure
is covariantly constant with respect to the Chern connection [10]. We point out that (anti-)self-duality itself may lead
to strong global conclusions in terms of twistor spaces: for instance, LeBrun [28] showed that, on the connected sum

M = mCP?, where CP? is the complex projective space with the opposite of the standard orientation and m > 3, there
exists an anti-self-dual metric such that the twistor space of M is Moishezon, that is, bimeromorphic to a projective variety,
while Campana managed to show a converse of this result [7].
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ENDNOTE

!In this paper, we call complex structure an endomorphism Jy, of a vector space V such that J2 = —Idy,, while we call almost complex structure
a (1,1)-tensor field J on a differentiable manifold M such thatJ smoothly assigns, to every point p, a complex structure J, on T ,M.
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