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Some Properties of the A -Nerve

Mattia Ornaghi

Abstract. The aim of this paper is to prove that the A, ,-nerve of two quasi-
equivalent A -categories (linear over a commutative ring) are weak-equivalent in
the Joyal model structure. As a consequence we prove that the A, ,-nerve of a
pretriangulated A.-category is a stable co-category.
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1. Introduction

The notion of triangulated category was developed in the 60s by Jean-Louis Verdier,
under the guidance of Alexandre Grothendieck, in order to capture the additional
structure on the derived category of an abelian category. Nowadays triangulated
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categories played an important role in algebraic geometry, even though they have
some drawbacks, for example the non-functoriality of the mapping cone or the non-
existence of homotopy colimits and homotopy limits.

For this purpose, in the 90s it was developed the notion of pretriangulated
envelope of a differential graded category (from now on dg-category), and of a A .-
category. Roughly speaking, pretriangulated dg-categories (resp. Aoo-categories) are
dg-categories (resp. A,o-categories) whose homotopy category is “canonically” tri-
angulated. It means that pretriangulated dg and A, -categories can be seen as
“enhanced” triangulated categories. A more recent way to enhance a triangulated
category is via a stable co-category. More precisely, a stable co.category is a pointed
oo-category that is complete and closed under loop spaces, whose homotopy cate-
gory is triangulated.

It is a folklore belief (see for example [2, §2.1.1]!) that, over a commutative
ring K, the notions of (K-linear) pretriangulated A .-categories, pretriangulated
dg-categories and stable oco-categories are equivalent, under suitable localization.
Unfortunately we cannot find any satisfying reference in the existing literature.

Regarding the category of pretriangulated dg-categories linear over a commu-
tative ring K, in 2013 Lee Cohn (cf. [5]) proves that the nerve of the category of
dg-categories localized on Morita equivalences is co-equivalent to the oco-category
of stable idempotent complete co-categories enriched over the Eilenberg—MacLane
spectra HK (see also [10]). This fact proves that the categorical nerve of the category
of dg-categories (localizing on Morita equivalence) is equivalent to an idempotent
complete stable co-category. The problem is that the strategy used by Cohn does not
extend to pretriangulated A..-categories. However in 2015 Giovanni Faonte proved
that, when K is a field, the dg-nerve of a pretriangulated dg-category (in the sense
of [4]) is a stable oo-category.

The first aim of the present work is to extend the same result to pretriangulated
A -categories (resp. dg-categories), linear over a commutative ring K. The second
goal is to investigate some new possibilities offered by the A.,-nerve defined by
Giovanni Faonte and Jacob Lurie. In particular, we clarify the relationship between
the dg-nerve and the A,-nerve. We will prove:

Theorem (4.18). The A,-nerve sends quasi-equivalences of (strictly unital) Ao-
categories in weak-equivalences of co-categories.

Theorem (5.1). Let o/ be a pretriangulated A-category then No_ (/) is a stable
oo-category. The functor induced in the homotopy categories is an equivalence of
triangulated categories. Moreover, of is idempotent complete if and only if No__ ()
s an idempotent complete stable co-category.

This means that the A -nerve of a (strictly unital) pretriangulated A ..-category
is a stable oco-category, and the nerve induces a triangulated functor at homotopy
categories level. Unfortunately, using the A, -nerve, we do not have an equivalence
of oco-categories between the nerve of the category of the A -categories and a stable
oo-category as in the case of the category of dg-categories (localized over Morita
equivalences). On the other hand, if K is a field, we recently prove (see [6]) that

Note that in this paper K is a field of characteristic zero.
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the category of A..-categories linear over K, is a fibrant category. As in the case of
dg-categories, the A-nerve preserves the fibrations (see Theorem 4.21).

2. A.-Modules, Quasi-equivalences and Pretriangulated
A -Categories

In this section we will recall some basic definitions about the A..-categories and we
will discuss the pretriangulated envelopement of the A, -categories.

2.1. Brief Background on A .-Categories

First of all we give some information about A ,.-categories well known to the experts,
a good reference for the theory of the A,-categories is [21]. We omit the notion of
dg-category that will further be useful, cf. [15] for a survey about this topic.

Let K be a commutative ring.
Definition 2.1 (A.-category). We define an A, -category <7 to be a set of objects,
a K-linear graded module Hom, (zg,z1) for any pair of objects, and K-linear maps

mffy : Homy (24_1,74) ® - - - @ Homy (2¢, x1) — Homy (79, 4)[2 — d], >

for every d > 0. Moreover the maps above must verifying the followings:
E(—l)T”m§m+1(ad, ooy Qe 1, My (A ooy A1) Ay -oyar) = 0. (1)

where 1 <m <d,0<n<d-—mand 1, = deg(a;) + - - + deg(a,) — n.
Ezxample 2.2. Every differential graded category % is an A,-category such that
m%zg =0.
Definition 2.3 (Unit). Given an object x in /. We define the unit of = to be a
morphism of degree zero, denoted by 1,, such that:
(ul) m2,(f,1;) = f and m?,(1,, f) = (—=1)*=/ f, for every morphism f;
(u2) m?,(...,1,,...) = 0, for all n > 2.
Definition 2.4 (Strictly unital Ao -functor). We define an A -functor F : of — o’
to be a map .%; between the objects of &7 and <7’ and a collection of K-linear maps
(for all n > 1):

Fn + Homg (2n-1,2n) @ -+ - ® Homg (0, 21) — Homg (Fo(z0), Fo(zs))[1 — n]
such that for every 0 < m < n:

Z Z m%(ysr(fna"'7fn—8r+1)a"')y&(fsw'--afl))

r>1s1++sp=n

n n—m

= Z Z (_1)Tk9n—m+l (fn, ceey fk+m+1,m$(fk+m, veey fk+1)7 fk:, ceey fl)

m=1 k=0

Where 15, = deg(fa) + - + deg(f1) — d.
Moreover we require that the unit have to be preserved by .#! and .#"(..., 1., ...)

=0 for all n > 2.

Where [n] denotes the shift of a graded K-module down by an integer n.
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From now on we consider only strictly unital Ao -categories i.e. A,-categories
with units, according to the Definition 2.3, and strictly unital A..-functors. The
reason why we work with strictly unital A -categories will become clear in Sect.
3.3 when we define the A -nerve.

2.2. Quasi-Equivalences Between A .-Categories

In this subsection we define the homotopy category of an A..-category and the
notion of quasi-equivalence.

Definition 2.5 (Homotopy category). Let o/ be an A.-category, we define the ho-
motopy category Ho(o7) of <7, as the category whose objects are the objects of &7
and whose morphisms, for x and y € Obj(</), are given by the quotients

ZO(HomM(l‘a y)) 0
H = - =H"(H
Oy, (o) (1:7 y) BO (HOmLQ{ (.%', y)) ( Ol o7 (LL‘, y))v
where Z°(Hom,, (z,y)) := Ker(m!, : Hom?,(z,y) — Hom,(z,y)) and
B(Hom, (z,y)) := Im(m!, : Hom ' (z,y) — Hom?, (z,y)).

Definition 2.6 (Quasi-equivalence). Let o7, o/’ be A.-categories, we say that an
A -functor {F"} : o — /' is a quasi-equivalence if:

(wel) Ho(.#) : Ho(«) — Ho(«7’) is an equivalence of categories.

(we2) #!:Hom,,(z,y) — Hom,, (#°(z), #°(y)) is a quasi-isomorphism.
Ezxample 2.7. Two dg-categories which are quasi-equivalent are quasi-equivalent as
A -categories. Note that two A, (resp. dg) -categories o/ and Z are quasi-
equivalent if there exists a zig-zag of quasi-equivalences whose source is &/ and
target 4.

We have this following fundamental result:

Theorem 2.8 [7,8]. We have a functor U : As Cat — DgCat providing a DK ad-
jJunction of categories
U: Ay Cat== DgCat : i

Where Ao Cat denotes the category of strictly unital Ao -categories and DgCat de-
notes the category of dg-categories. In particular, given & € Ay Cat, we have a
quasi-equivalence of — U().

2.3. Pretriangulated A..-Categories

The next definition is due to Kontsevich, we refer to [3] for the proofs. Let &7 be a
K-linear A -category.

Definition 2.9 (Shift category and shift functor). We define the category ¥(7) to be
the A-category such that Obj(Xe/) = (Obj(«/)) x Z, and morphisms are defined
as follow

HomE(,Qf) (I[n]a y[m}) = Hom%(x, y)[m - ’I’L],
where z, y € /. The endofunctor sending z[n| to xz[n + 1] is called shift functor.

Definition 2.10 (Closed under shift). We say that <7 is closed under shift if &/ —
Y (/) is a quasi-equivalence.
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As in the case of dg-categories the set of A, -twisted complexes has an A.-
structure (see [26], [3]) whose homotopy category is triangulated. We denote such
an A -category by pretr(/). Moreover we have an A ,-functor

ia, : & — pretr, ()
and it was proven that the construction is functorial (cf. §3 of [26]). Given an A.-
morphism . we denote by pretr, .7 the induced functor.

Definition 2.11 (Pretriangulated A -categories). We say that an A, -category o7 is
pretriangulated if o7 is closed under shift and the functor i, : &/ — pretr, (&)
is a quasi-equivalence.

Remark 2.12. 1f € is a dg-category pretr(%’) = pretr, (%), where pretr(%’) denotes
the pretriangulated envelope of the dg-category ¢ according to the notation of [15].

We have the following [26, Lemma 3.25]:

Theorem 2.13. Let .F : &/ — A be a quasi-equivalence between two Ao -categories
then
pretr, % :pretr, (@) — pretr, (5)
s a quasi-equivalence.
By the following diagram we deduce that, an A..-category & is Ao-
pretriangulated, if and only if U(.«/) is pretriangulated (as dg-category).

~

A UT{ )
pretr, (/) pretr(U())

Definition 2.14 (Idempotent complete). We say that an additive category % is idem-
potent complete if any endomorphism E : k — k such that E? = E (idempotent) is
such that k£ = Im(E) & ker(E).

According to [1, Definition 1.2], in general, we can always embed an additive
category in a idempotent complete category (we denote by (—)% such an embedding)
moreover if J is a triangulated category we have the following [1, Theorem 1.5]:

Proposition 2.15. If % is a triangulated category, its idempotent completion (J£)*
admits a unique triangulated structure such that the canonical functor (—)% is exact.

Definition 2.16 (Idempotent complete). We say that a pretriangulated A..-category
T (resp. dg-category) is idempotent complete if the homotopy category Ho(.7) is
idempotent complete.

3. A-Nerve

3.1. Brief Background on oco-Categories

We briefly recall the basics about co-categories. The non-expert reader can have a
look at Chapter 1 and 2 of [18].
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Definition 3.1 (Minimal K-linear category). Let n be a positive integer (or zero).
We define the minimal K-linear category [n]y to be the category whose objects are
the positive integers {0,1,2,...,n} and the morphisms are defined by

Homy,, (4, k) = § Gi)x, ifi<k

where Ok is the zero module and (j;x)k is the K-module generated by the element
jik- The composition is defined as follow; let i1 < io < i3 be positive integers. Then:

-:= Homy, (42, i3) ®x Homy,, (i1,72) — Homy, (i1,13) (2)
is such that
Jinis * Jiria = Jivis (3)
where j; 4, is the unique morphism in Hom,, (i1, 43).
Remark 3.2. The definition above works even without the K-linear enrichment. In

this case, in Eq. (2) we take “x”, the usual categorical product of sets, instead of
the tensor product.

Definition 3.3 (Simplex category). We define the simplex category to be the category
whose objects are the minimal K-linear categories [n] and whose morphisms are the
functions f such that f(i) < i and f(i1) < f(i2) if i1 < i2. We denote by A such a
category.

Definition 3.4 (Simplicial set). We define a simplicial set to be a contravariant func-
tor from the simplex category A to the category of sets.

We will denote by sSet the category of simplicial sets.

Ezample 3.5. Given a positive integer n, the functor A™ defined as Homa (—, [n]) :
A°? — Sets is a simplicial set. Moreover for each 0 < ¢ < n the functor generated
by all the maps @’ : [n — 1] — [n] (which are the injective maps not having j in
the image), with i # j, is a subsimplicial set of A™. We call such a simplicial set
(n,i)-horn and we denote it by AP.

Definition 3.6 (co-category). We define an oco-category to be a simplicial set X such
that, for every positive integer n and every natural transformation ¢ : A} — X,
with 0 < k < n, there exists (at least) one map ¢ such that the following diagram:

AZ L X
7
Ve
/S~
Fl s @
An
commutes.

Let X be an oo-category, the objects of X are given by the elements of the set
Xo. The (simplicial) set of morphisms from z to y, denoted by Map y (z,y), is given
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by the pullback of the following diagram:

MapX(ac, y) X1
l l(d,C)
* XO X XO
(z,y)

where d = X (d1): X7 — X, and ¢ = X (dp): X1 — X, see [25, pp. 5]

Ezample 3.7. Let X be an oo-category. Fixing two elements x and y € Xy, we get a
simplicial set, denoted by Hom'y (x,y), whose 0-simplices are 1-simplices in X from
x to y, whose 1-simplices are 2-simplices of the form:

N\

r———>1UY

and whose n-simplices are (n+1)-simplices whose target is y and whose (n+1)wm-face
degenerates at .2

Ezample 3.8. Let € be a category, the simplicial set defined as the set of the com-
positions of n-arrows of %, for every n > 0, and as the set of objects of %, if n = 0,
is an oo-category. We call such a simplicial set the nerve of € and we denote it by
Nea (7).

Given an oco-category X, taking f,g € Mapy (z,y) we say that f is homotopic
to g if there exists a natural transformation o : A2 — X of the form:

N

g

Z Y

We recall that the homotopy relation is an equivalence relation.

Definition 3.9 (Homotopy category). Let X be an oo-category. We define the homo-
topy category Ho(X) to be the (ordinary) category whose objects are the elements
of Xy and whose morphisms, fixed two objects x and y, are given by the quotient
of Map x (x,y) by the homotopy relation defined above.

In other words the set of morphisms Homy,(x)(z, y) is given by mo(Map x (2, )).
3.2. Stable oco-Categories

In this subsection we give the precise definitions of stable co-categories and exact
functors between them.

Definition 3.10 (Zero object in oco-category). Let X be an co-category, we define the
zero object 0 to be an object of X that is both initial and final, i.e.

Map y (¢,0) =~ Map (0, ¢) >~ %
for all ¢ € Xj.

3¢f. Definition 3.5.
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Remark 3.11. The zero object is unique up to equivalence.

Definition 3.12 (Pointed co-category). We define a pointed co-category to be an oo-
category equipped with a zero object.

Definition 3.13 (Fiber (cofiber) sequence). Let X be a pointed oo-category, we con-
sider the functor of simplicial sets T : A' x A! — X of the form:

x y
|
0 z
We call T a triangle in X. If T is a pullback square we call it fiber sequence (fiber
of g), if T' is a pushout square we call it cofiber sequence (cofiber of f).

f
—_—

[

Remark 3.14. It easy to check that a triangle T is the datum of:

e Two morphisms f, g € X;.
e Two 2-simplices in X5 of the form:

f
T r——y
N N
g

h
0——=z z

We will indicate the triangle T by

f g

r——y — 2.

Definition 3.15 (Stable co-category). We say that X is a stable oco-category if

(S1) X is an oo-category equipped with zero object (pointed oco-category).
(S2) Every morphism has fibers and cofibers.
(S3) Every triangle in X is a fiber sequence if and only if it is a cofiber sequence.

Given a stable co-category X, we have an auto-equivalence ¥ : X — X called
suspension functor, with inverse €2 called loop functor, obtained via the category of
subfunctors of Fun(A! x Al, X)) generated by the following pullbacks and pushouts
in Al x Al — X:

r——0 xg ——0
O/HZ‘Z 0/*>{L'

where 0 and 0" are zero objects in X (cf. [19, Chapter 1] for a precise definition). If
n > 0 we will denote by z[n]| the ¥ functor applied n-times to x € X, if n < 0 we
will denote by x[n] the Q functor applied n-times to x.

We have the following fundamental theorem:
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Theorem 3.16. If X is a stable co-category then the homotopy category Ho(X) is
a triangulated category with X the suspension functor as shift functor and distin-
guished triangles given by the following A? x A' — X diagram:

[

Qe <—8
S%N%O

_

We denote by CatS! the category of stable co-categories whose objects are the
stable co-categories and whose morphisms are the functors of co-categories.

A functor between oco-categories “a priori” does not give information about the
zero object and the fiber sequences, so in the case of stable co-categories we prefer
use the following definition of functors.

Definition 3.17 (Ezact functor). Let F': X — X’ be a functor between stable oo-
categories. We say that F' is exact if the following are satisfied:

(E1) F(0x) = 0x-.

(E2) F carries fiber sequences to fiber sequences.

(E2") F carries cofiber sequences to cofiber sequences.

Remark 3.18. If (E1) and (E2) holds true, than F' carries triangles to triangles.
Moreover F satisfies (E2) if and only if F satisfies (E2’).

Ezample 3.19. The identity functor of a stable co-category and the composition of
two exact functors are exact functors.

We denote by Cat: the exact stable co-category whose objects are the stable
oo-categories and whose morphisms are the exact functors.

3.3. Ao-Nerve

The nerves are a useful tool to pass from a category to an co-category, in this section
we will define the A-nerve, originally defined in [11], which is a generalization of
the dg-nerve of Lurie.

Proposition 3.20. Let n be a positive integer and € be an A -category. We denote
by [n]k the Ao-category such that m[n] is given by (3) and mmﬁ? = 0. Every maps
{F"} € Homa_ cu([n]g, €) is uniquely determined by:
1. n+ 1-objects {X;}o<i<n of €,
2. A set of morphisms fr for all set of integers I = {ig < i1 < -+ < iy < Imy1}
where 0 < ig < iymq1 < n that satisfying the following:

my(fr)= > (1 i+ Y (=)D (s fion,)

1<j<m 1sjsm
ylter
+ZZ te m% f2m+1 S lm+l7"”fi0"'i51)' (4)
7’>2 ir
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where
Ir = {81,...,sr €N|Zsj :m—l—l}
j=1
GT(ih "'7iT) = Z (1 - Zk + ikfl)ikfl‘

2<k<r

Proof. Given an As-functor F = {F™}"20: [n], — ¢ the image of the map %
is uniquely determined by n + 1 objects {X;}o<i<n in € because [n|; has exactly
n + 1 objects. Moreover fixed two integers i_ and iy € [n]y such that i_ < iy, for
every 0 < m < n we consider the map:

F™ : Homy,, (im—1,i4) ® - @Homy,, (i_,i1) — Home (FO(X_), FO(X4))[1—m)]

the unique non-trivial ones are those such that i_ < i1 <o <+ <1 < iy < i4.
So the image of .#™ is non-zero if and only if we have a set I of m + 1-elements in
[n]k such that I = {i_ < i1 <iz < -+ <im—1 < iy < it}. Then F™ is uniquely
determined by the image f; = .#™(ji,,_ i, - Ji_i,) Where ji; denotes the only one
non trivial map in Homy,, (ix, ), and clearly they satisfy (4) because they are the
image of the A -functor .#. O

Proposition 3.21. Given a map « : [mlg — [n]g in A, we have an induced map
Hom,___cu(a, €) given by:

Hom,, cu(a,€) : Homy cu([n]x, €) — Homa cu([m]g,€)
({Xito<i<n, {f1}}) = ({Xa) bo<i<m: {9s}})-
where gy is:
Ja(r), if ayy is injective
97 =91x,, ifJ=A{4,j't and a(j) = a(j’) = X;
0, otherwise,
such that, given o : [m|x — [n]x and B : [n]x — [lg, then
Homyu_ cal(B -, €) = Homu__cula, ) - Homy_ _cu(B,).
Moreover given Id : [n|g — [n]k then
Homy,___cu(1d,€) = IdHoono.cw([n]%)'

Proof. First of all, we want to associate to a an A.-functor (denoted by {«a})
between the minimal categories [m], — [n],. We define the A-functor {a™}"=0 :
[m]g — [n]g in the following way:
e if k=0, 0" =q,
o if k=1,
a' : Homy,, (I, s) — Homy,, (a(1), a(s))
0, 1> s
Jis =t (i) = 1 1, ifl=s.
JaDa(s), fl1<s
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o if k>1, 0" =0.

The induced map Hom, ___c..(a, €) is given by the composition with the A -functor
{a"}n>0. Let # € Homy ___coi([n]g, €). For all t > 1 we have:

(ZFa) =>" > T, a,).

r=1414+ip=t

Since only ! is non-trivial. We have r = ¢, iy = iy = --- = 4y = 1 and (Fa)!
becomes:

(Fa) = F(at,..,ab).
Therefore
yl(al(jioh)) = ’921(ja(i0)6¥(i1)))7
‘9?2(041(].7;01'1)7 al(jiliQ)) = <952(].06(7;0)04(1'1)’jOé('L’l)Ol(’L‘Q))))

F™(1(Jigir)s & (irin)s s 01 (Gin_rin)) = F " (alio)alin)s Jalitalis)s s Jalin1).alin)))-

Of course, i, are positive integers smaller than m (because a : [m]p — [n]g), so
if we take an element in Hom, _ c..([n]k, €) denoted by ({X;}to<i<n,{fr}}) this is
sent to ({Xa(j) Yo<j<m,{9s}}) where g; is:

fa(s), if )y is injective
95 = 1x,, it J={j,i'} and a(j) = a(j’) = X;
0, otherwise

and we are done. O

Definition 3.22 (A -nerve). Let € be an A-category. We define the Ay -nerve of
% to be the simplicial set (denoted by N,_ (%)) such that for all positive integers n

Na(€)pn := Hom,__ co([n]g, €).

For every o : [m] — [n] € A the element ({X;}o<i<n,{fr}}) in Ny (%), is sent to
({Xa)o<j<m, {9s}}) where g; is:

fa(ny, if oy is injective
97 =19 1lx,, ifJ={jj}and a(j) =a(j’) = X;
0, otherwise.

Remark 3.23. Note that if ¢ is a dg-category then N, __(i(%)) = Ny (%) where N,
is the dg-nerve defined in [18, §1.3.1.6].

Theorem 3.24. Let € be an Aoo-category, then N, (%) is an co-category.

Proof. [11, Proposition 2.2.12]. O
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4. Properties of the A .-Nerves

This section is divided in three parts: in the first one we will give a useful char-
acterization of the mapping space of the A..-nerve, in the second we will recall
some classical result about model categories, finally we will prove the main theorem
of the paper that will be the fundamental tool to give a comparison between the
A -categories and the stable oco-categories.

4.1. Simplicial Objects and DK-Correspondence

Let A be an abelian category, we denote by Chi0 the category of chain complexes
bounded above. In particular if A is the category of K-modules, we denote by ChH%O
the the category of chain complexes of K-modules bounded above.

Definition 4.1 (Simplicial Object). A simplicial object A in A is a functor A : A°® —
A.

We have a functor N, : Fun(A°°, A) — Chi0 that associates to each simplicial
object A. the chain:

e No(A) 2 N (4) 2 N (4) — 0 ——

ﬂ ker(A(d;

1<i<n

where:

and d; : [n — 1] — [n] is the natural injective map such that j & Im(d;).
We have also a functor DK, : Chi0 — Fun(A°r, A) that associates to each
chain C*® the simplicial object DK, (C) : A°® — A defined, for every n, to be:

@ Clm

a:[n]— (k]

where « is a surjective map.
Moreover, given a map ( : [n/]—[n], we define DK,4(3) to be the matrix with

(a, @) entries:
fa o @ Cy — @ Cyr

such that:
le,, if @ and o are fit in a diagram [n] _h, (]
K] == [A]
fa,or = di, if o and o are fit in a diagram [n] _f, [n]

L0, otherwise.
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Theorem 4.2. The functors DK, N, are adjoints in both directions (i.e. DKq - N
and N, DK,):
Proof. [9, Satz 3.6]. O

Let ZA™ denote the free abelian group generated by A™[j], for every j. Let us
build the chain associated N, (ZA™).
Example 4.3. We take A = Homa (—, [0]), if n = 0 then No(ZA®) = ker(ZAY —
0) = ZAY = {1 generator go}. If n = 1, by definition, N;(ZA°) = ker(d' : ZA} —
ZAY) = 0, because ZAY is generated by goo and d'(goo) = go # 0. We can procede
in the same way for all the other n > 1. Hence the chain associated to Z(A°) is
given by:

0—2 02 cgy>—s0—> ..

Example 4.4. We take Al = Homa (—, [1]), if n = 0 we have No(ZA') = ker(ZA} —
0) = ZA} = {2 generators gg and g;}. If n = 1 we have N (ZA!) = ker(d* : ZAl —
ZA}). In ZA] we have three generators gog, go1 and g11 given by the following maps:

0/0,0 0,0 0
1 1 1 1 1>§1

goo go1 g11

N;(ZA') is given by the elements ZAl of the form agogoo ® 1901 © 11911
such that d' = 0, where «;; € K. By definition:

d* (00900 B 01901 D @11911) = Qo0go D Q190 B A1101
= (o + a01)90 @ a1191-

and it is zero only if agg + g1 = 0 and a7 = 0.
Hence ker(ZA% — ZA(I)) =< goo — go1 >-
Then the associated chain Z(A%) is given by:

()

d,
>0 ——=<goo—go1>—><g>D<g >—>0—> ..

such that d° < goo — 9go1 >=go — g1

Let € be a dg-category and z, y two fixed objects in ¥. By Example 4.3 we
can identify the homomorphisms of complexes f : N,(ZA®) — Homy(z,y) with
the maps f : x — y of degree zero such that df = 0. By Example 4.4, we can
identify the homomorphisms of complexes f : N,(ZA!') — Homg (x,y) with the set
of the maps foo, f12, fo12 : © — y such that deg foo = deg fi12 = 0, deg fo12 = —1,
dfo12 = fo2 — f12 and dfoz = df12 = 0.

More generally let us discuss an important lemma (implicitly assumed by Lurie
[19, pg. 66]) which characterizes the maps between N, (ZA™) and Homg (z,y).

Lemma 4.5. We can identify f : N.(ZA™) — Homg(x,y) to the maps fr :x — vy
of degree |I| — 2 for all subset I = {0 < iy <---<i; <j+1<n} such that:

dfr= > (-1)*fi (1)

0<k<j
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Proof. We denote by g,...;, the free generator associated to the map [j] — [n] which
sends the integer k € [j] to iy € [n]. It follows immediately that

< @ gio.‘.ij> = ZA?-

0<ip<-+<i;<n

By definition, an element @ Qi ..., Gio...i; 15 in Nj(ZA™) if and only if
0<i0<-<i;<n

(
dj( @ Oéio...ijgio...ij) =0

0<io<---<i;<n

0<ip<<i;<n

d* < @ Oéz‘o...z‘jgz‘o...z‘j> =0
\

Now, if we focus on the first row in (6), we have that

dj< @ Oéio...ijgio...ij) =0 (7)

0<i0<<i;<n

if and only if

E a’LoZ = 7a7;0...7;j717;j,1'

d=i;_1+1

So we can rewrite (6) in terms of the following system of j — 1 equations

! ( @ Qig...i; (Gigiy..i; — gz‘o...z‘j_lij_1> =0

0<ip<--<¢;<n

dl < @ Q.45 (gioil---ij - gio---ij—lij—1> =0.

0<ip< - <ij<n

Proceeding as for the first row, we obtain the following system of j — 2 equations
equivalent to (8)
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p
di—2 i ( C g
10...25 gloll...lj glo..ﬂ,jfz’bj,z’bj

0<io< - <i;<n

_(gioi1--~ij—1 - gi0-~-ij—2ij—2ij—1)> =0

1
d ( @ Qig...ij (Gigir..iy — Gio.wij—nij_ni; T

0<i0<-<i;<n

_(gioil..‘ij,1 - gio...ijgijgij1)> = 0.

We can go on as before by removing one by one the equations from the system. In

the end we have that @ Qig...i; Gig...i; 15 in N;(ZA™) if it is of the form
0<ip<---<i;<n

By Wi
@ Qig...i5 Z (=1) g K9 kITT

. kJ
OSZOSSzJSn 10ty .t

where

Hin_ fis i kil =0
: i, if k=1

and

. _ 10 j—1
Ak(l) ‘kg—l _kl +"'+kj .
(21 ...7,]-

We note that, if there exists p such that ¢, = ¢,_1, then

A k(l) KI—1

Z (—1) ‘1 "‘ij] g 0 k§_1 = 0.

T
. 10 ol
0<kY,..., ki 1<l o

This means that N;(ZA™) = 0 if j > n. Otherwise N;(ZA"™) is generated by
A.k? K
D D N g g ) (10)
0<ip<+<i;<n \ <k, kI 1<1 o

Now, every map of complexes f : N,(ZA™) — Homy/(x,y) is uniquely determined,
for every integer j, by the image of the generators in (10). We will denote by
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Jio...i;(j+1) such images. Moreover f is a chain of complexes. So

A 0 j—1
j 9k
d](fio‘..ij(j-‘,—l)):fj—l Z (1) "t 9 49 1} 'kgjfl)

0<k?,... kI~ <1 1ty

<KD, k)<
A,ké R

- fj—l z (=1) "= (9 el KT 9 kj_l)
irig? i, i0ig? i)’

0<kd,...kJ~1<1

A.ké R
= firisG+1) = i1 doooo(=1) (g W st |

0<k},... kI~ <1

Note that, for every t, we have

t—3 t—1 Lt ji—1 = t—3 j—1 — t—3 j—1
Irg sy M3 ar kb BTV T Ia0 T3 WU T 90k kT3 M
[ R PP Tip1 el L e e N L e e S e

=9 .0 11 KET3 pt—2 gt pi—1t
kY . Ky o ki % ki1 R
LARE PSR AP P A R

This means that Eq. (11) gives precisely the condition (7). O

Remark 4.6. By Theorem 4.2 we have that

Hom(ZA", DK, (m>0Homy (x,y))) ~ Home,, (N« (ZA™), 7>oHome (z, v)).
Using the characterization in Lemma 4.5 we have that the morphisms f; with the
property (f) are in bijection with DK, (7>oHome (z,y)).
4.2. Model Structures

We briefly recall some classical notions about model structures on categories. A
good reference about model structures for the beginners is [13].

Ezxample 4.7. The category of (small) dg-categories has two canonically model struc-
tures due to Tabuada [28,29]: the first one has as weak-equivalences the “classical”
quasi-equivalences and the second one has as weak-equivalences the Morita equiva-
lences. We recall that F' : € — ¢’ is a Morita equivalence if:

(Mel) F induces an equivalence on perfect-complexes
Ho(F) : Ho(pretr(%))" — Ho(pretr(%”))™
(Me2) Homy (z,y) — Homgy/ (F(z), F(y)) is a quasi-isomorphism for all z, y € €.

Clearly every weak equivalence in the first model structure is a Morita equivalence.

Remark 4.8. A functor between pretriangulated idempotent complete dg-categories
is a weak-equivalence if and only if it is a Morita equivalence.

Ezample 4.9. The category of connective (i.e non negative) chain complexes Ch=°(R)
has a model structure such that:

1. Weak-equivalences are the quasi-isomorphisms.
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2. The cofibrations are the morphisms degreewise injectives with degreewise pro-
jective cokernels.
3. The fibrations are the morphisms degreewise surjective in positive degree.

Note that, with this model structure, all the objects are fibrant.

Definition 4.10 ( Weak equivalence [14]). Let X, Y be oco-categories, F' : X — Y is
a weak equivalence if:

1. Ho(X) ~ Ho(Y) (as categories),
2. Vz,y € X the geometric realization of the morphism
Hom® (z,y) — Homy (Fo(z), Fo(y))
is a weak homotopy equivalence of topological spaces.
Weak equivalences together with monomorphisms (i.e. F}, : X,, — Y;, monomor-
phisms for all n > 0) as cofibrations and fibrations, defined by the right left prop-

erty (cf. [13, Definition 1.1.2]), forms a model structure over sSet called Joyal model
structure.

Remark 4.11. We can see a simplicial object as a simplicial set by applying the
forgetful functor.

Using [24, Theorem 4] we can endow the category of simplicial objects with
a model structure defining weak equivalences (resp. fibrations) as the morphisms
of simplicial objects where the underling functor is a weak equivalence (resp. Kan
fibrations) of simplicial sets.

Remark 4.12. Let xz, y € € where % is a dg-category. There is an isomorphism of
simplicial sets

Homy, (z,y) ~ DK.(r>oHome (7, y)),
see [19, Remark 1.3.1.12].

Remark 4.13. The functors DK, and N, match cofibrations, fibrations and weak
equivalences in the model structures on ChﬂiO (see Example 4.9) in the above model
structure over the simplicial objects Fun(A°?, K-Mod) [27, §4.1].

4.3. Main Results

Now we are ready to prove some new results about A..-nerves that will be useful to
give a comparison between pretriangulated A,.-categories and stable co-categories
in the last section. Let X be a simplicial set and let z, y be two elements in Xj.

Definition 4.14 (Degenerate simplex). We define the degenerate n-simplexr on x to
be the image of x via X (o), where o : [n] — [0].

Ezample 4.15. A degenerate 2-simplex on x in N,_ (%) is represented by the fol-

lowing diagram:
xz
1:1:
T————=7%
0

@ Springer



M. Ornaghi

Definition 4.16 (Mapping space). For every couple of elements of €, we define the
mapping space Hom% (z,7) to be the co-category whose n-simplexes are the n + 1-
simplexes of X,, 11 such that X It =y and X| 0y 1S the degenerate n-simplex

n+1}y < T 7 “7{o0,...,
on r.

Lemma 4.17. Let € be an As-category. The mapping space Hom]%A (%ﬂ)(m‘,y) is
equivalent (as simplicial set) to DKq(T>0Homg (x,y)).

Proof. First of all we compute the degenerate n-simplex in N,__ (%). Let us consider
the degenerate map o : [n] — [0]. Using Theorem 3.21, the image of z in N, __ (%),
via N,_ (o) is given by:
e n + 1-copies of z, because (i) = -+ = a(i,) = 0;
e identity maps between z, because a(jigi,) = 1x,,;
e all the higher maps f;,i,i,,... are zeroes, because [0] has only one object.
By definition we have that, for every integer n, Homf\?Aw %) (@, 9)n C Nao__(C)nt1-
Then an element of Homf\?Am @) (T,Y)n 1s a set of elements satisfying (4) for all sets
I={0<ig<it < - <ipm <imp1 <n+1}.
Now, using the previous calculation on degenerate n-simplex, we have that
every fi i, with iy # n + 1 is the identity and every f; ., , with ¢ #n+1,is 0.
Then we can say that every element in HomﬁAw(%) (x,y), is given by the
identity maps on the vertex = and, for all subsets I = {0 < ip < i1 < -+ < iy, <
im+1 =n+ 1}, the maps f; (i.e. the maps with target y) satisfy:
mtlﬁ(fl) = Z (_1)j71(f1—7:j) - (_1)0m2‘@”(fi1mim+1>fioi1) + Z Z(_1)1+6r0'
1<j<m r>2 i,
This means that

m(lg(fl) - Z (71)j_1(f1—ij) - (71)0m<25(fi1..‘im+17 fioil) + 22(71)1—’—67'0

1<j<m r>2 i,

zm+1+ Z ] ! fI z])

1<j<m

= Y ()

0<j<m

Hence, after a change of sign, all the maps in Homf(jfA (¢ (2, y) satisty () so, using
Remark 4.6 and Theorem 4.2, we have an isomorphism

Homfl\%IAO<> @) (2,y) = DKe¢(7>0Homy (2, y))
and we are done. (]

Theorem 4.18. Let € and 2 be Ay -categories and let F : € — P be a quasi-
equivalence of As-categories. Then N, (F) : Ny (€) — Na_(2) is an weak-
equivalence in the Joyal model structure.

Proof. If {#™} is a quasi-equivalence then, by definition, the functor induced be-
tween the homotopy category Ho(%) and Ho(2) is an equivalence (wel). We observe
that the homotopic category of an oco-category X is given by the category having
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as objects the elements of Xy and as morphisms the elements of X; that are quo-
tient by the homotopy relation. So Ho(N,_ (%)) has the same objects as € and
as morphisms the set Z°(Homg(x,y)) such that f ~ g if and only if there ex-
ists h € Homg (z,y) "t such that dh = f — g. It follows that N,_ (%) induces an
equivalence between the homotopy categories of Ny (%) and N,__(2).

Now we have to prove that, given two objects x, y € €, the map

Homf\%leo @) (z,y) — Homll\%IAoo @) (F(x), F°(y)) (12)

is an homotopy equivalence between the corresponding Kan complex. Using Lemma
4.17, we have that it is enough to prove that

DK, (7>0Homg (,y)) — DK, (r>0Homg (F° (), F°(y))) (13)

is a weak equivalence, and this is true because the functor DK, preserves weak equiv-
alences and the map of complexes Homy (z,y) — Homg(F%(x), #°(y)), induced
by .7, is a quasi-isomorphism by (we2). O

Corollary 4.19. Given an A -category €, we have that the following co-categories
are weak-equivalent:

N, (€) = Na (U(€)) = Nuy(U(F)).

Proof. The first weak-equivalence is a consequence of Theorem 4.18 using the fact
that € — U(%) is a weak-equivalence of A . -categories, the second weak-equivalence
is a straightforward consequence of Remark 3.23. O

In the case of dg-categories, Lurie proved in [19, Proposition 1.3.1.20] that the
dg-nerve induces a right Quillen functor from the classical model structure on the
category of (small) dg-categories (the first one in Example 4.7) to the Joyal model
structure over sSet.

On the other hand, in the case of the category of A,-categories the situation is
much different. If K is a field, then the category of A,-algebras has model structure
without limits ( [17]) and Le Grignou proves in [16] that N, __ preserves weak equiv-
alences and fibrations in such a structure. Obviously this correspondence between
equivalences and fibrations do not guarantee the existence of a right Quillen functor
because of lack of limits (see [7]). For A-categories we have the following result:

Theorem 4.20 ([6]). If K is a field then, the relative category (Ao Cat,W />, F4>)
of Ao categories, linear over K, is a fibrant object in RelCat. An A functor & :
o — A is a fibration if:

(F1) For any pair of objects x,y € o,
t0}\1 : d(xﬂl/) - ‘%(§O(x)ay0(y))

18 a surjection.

(F2)
Ho(F): Ho(</) — Ho(A)
is a quasi-fibration®

“See [19, Proposition 1.3.1.19(F)].
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Theorem 4.21. Given a fibration F : o/ — P in Ax-cat then N, (F) is a fibra-
tion.

Proof. First we prove that the functor .# induces a quasi-fibration Ho(N,__(.%)) of
categories. This follows by [19, Remark 1.3.1.11 and 1.3.1.9] since Ho(.%) is a quasi-
fibration of categories. By [18, Corollary 2.4.6.5] it remains to prove that N, (%) is
an inner fibration of simplicial sets. In other words, we must show that every lifting
problem

¢
A7 —> N ()

6 7
\L // iNAw(ﬁ\)

for 0 < 7 < n, admits a solution. The proof is identical to the horn-filling argument
in [19, Proposition 1.3.1.20] or [16, Corollary 2]. O

Note that, if K is a commutative ring, then A,,Cat is not a fibrant category,
so to describe the homotopy category of A..-categories one can use the semi-free
resolutions, see [21].

It is worth noting that there is a model structure on the faithful (but not full)
subcategory A, Cat,,... C AsCat, whose morphisms are the strict A,.-functors
(see [23, Theorem A]). In this model structure, the fibrations are precisely the strict
A -functors satisfying (F1) and (F2) of Theorem 4.20.

Remark 4.22. Given a weak equivalence F' : N,_(¢) — N,_(%’), we have that
F induces an equivalence between the homotopy categories Ho(¢) — Ho(2). In
general it is not true that, given a weak equivalence F' : N, _(¥) — N,_(¢"), €
and ¢’ are quasi-equivalent as A .-categories.

5. Stable co-Categories vs Pretriangulated A ,-Categories

In this section we will prove that the pretriangulated A . -categories identified to
the stable co-categories, via the A ,-nerve.

Theorem 5.1. Let o/ be a pretriangulated A -category. Then N,__ (<) is a stable oo-
category. The functor induced between the homotopy categories is an equivalence of
triangulated categories. Moreover, < is idempotent complete if and only if N, ()
s an tdempotent complete stable co-category.

If o7 is a pretriangulated dg-category linear over a field K, then [11, Theorem
3.18]) proves that N, («7) is a stable co-category. Note that Faonte’s proof of this
Theorem does not work over a commutative ring. To extend this result when K is a
commutative ring, we need to give an explicit description of the homotopy pullbacks
(see example 5.2) and pushouts (see example 5.3).

Ezample 5.2. First we have that, if M, € Ch=°(R), there exists a degrgeewise sur-
jective quasi-isomorphism ¢ : M, — M, where M, is degreewise projective.
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Given X, € Chz°(R), we define the disk D(X,)s as
D(Xe)n = Xnt1 @ Xn
for n € Z, the differential is given by
4P . (dﬁll] idxn> .
" 0 —dX

Note that given X, € Ch=(R) the disk D(X,)s is acyclic.
Now, we suppose that X is a fibrant object, the homotopy pullback in a model
category:

X2 Xg(o X1 —— X1

[

Xo Xo

20

can be computed as the “usual” pullback

Zy X X, Zy —= 14

\L P1o
22 P20 XO
taking the factorization of f;g: X; — Xo:
Jio Aj
Zi

where j;o is a trivial cofibration and p;q is a fibration.
In particular, the homotopy pullback of the diagram:

0

Jo

Xog — Xo
f20

in ChZ(R) can be computed as the pullback of the diagram:

D(Xo)e

lq

X20 S D(XO). 417) XO

where

Pn = (fn 0 ¢n)
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and
Gn ‘= (O an) .
More concretely, we can describe the homotopy pullback as:
Ker(v) :={(z, (h1,h2), (hs, ha)) € X20 ® D(Xo0)e ® D(X0)s such that f(z) + ¢(h2) — ¢(ha) = 0},

whose differential is given by:

a0 0 0 0

0 &)y, idg, 0 0

d<er .= 0 0 —dfo 0 0
0 0 0 dyy,  idg
0 0 0 0  —dXo

Moreover, we have a complex
Zy :={(z, (h1,h2)) € X0 ® D(Xo)a such that f(z) + ¢(hs) = 0},
with differential

2y 0 0
div=| 0 &)Y, idg
0 0  —dXo

and a morphism
w = Z’Y - Ker(7)7

defined as
id 0 0
0 id 0
Yv:=]10 0 id
0O 0 0
0O 0 0

This is a quasi-isomorphism, so we can take Z, = X x})‘(O 0.
Example 5.3. Now we give an explicit construction of the homotopy pushout in the
category Ch?O(R). We consider the diagram

Xo g X10 (14)

y
X20
the homotopy pushout is given by the chain complex
(X20 U, X10)n = (X20)n @ (Xo)n-1 @ (X10)n

with differential

dy?®  —(fao)n 0O
dy, = 0 —d:Xo 0
0 (fio)n  dX1o
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For a detailed explanation see e.g. [12, Proposition 3.29].

Proof of Theorem 5.1. First we note that [11, 3.15 Lemma] works over a commuta-
tive ring since [27, Theorem 1.1. (1)] works over a commutative ring. It remains to
prove that, given a l-simplex f : 2 — y in NJ¥(/) (see [19, §2.2] or [11, Remark
2.14]) then:

1. The triangle in N}#(.%)

—— Cone(f)

is the cofiber of f and it is cartesian.
2. The triangle in N3 (o)

J

Cone(f)[1] —=
)
Yy

00—

(16)

is the fiber of f and it is cocartesian.

In other words, for every closed degree zero morphism f in &, we have to prove
that (15) is a cofiber, i.e. we need to exhibit a quasi-isomorphism of chain complexes

TZO(Hosz/(COne(f), Z))OP - TZO(HOm&/(y, Z)Op) XEZO(Homy/ (lU,Z)Op) O (17)
This is equivalent to prove that
m>0(Hom  (Cone(f), 2)**) (18)

is quasi-isomorphic to Z, (see Example 5.2).
Since f : x — y is a closed morphism, then

Cone(f)pn :=xp-1 D Yn,

d 0
Cone(f) —
e o (40,
Taking k > 0 we have:
(18) ~ Hom;{k(y, z) ® Hom{;kil(x, 2) (19)

—k
dy = dHomM/ (y,2) 7k(11 ]
_(_) ’ f _dHOm&{ (z,2)

Setting Xop = Hom;,k(y,z), Xo = Homz’“_l(x,z) and (-) - f = fao : X2o — Xo, we
have a morphism of the chain complexes

v Z’Y — X20 @Xo[l]

whose differential is given by

with differential
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id 0 0
bom (400)

By a direct calculation, one can show that ¥ is a quasi-isomorphism of chain com-
plexes.
To prove that (16) is a fiber, we exhibit a quasi-isomorphism in ChZ°(R):

where U is given by

7>0(Homy (y, 2)°) — To0(Homy (2, 2)°) U2, trom, (cone()(1],2)00) O

By Example 5.3 we have that 7>o(Hom, (z, 2)°?) U?

T>0(Hom, (Cone(f)[1],2)°P) 0 is given

by the chain complex:
>0 (Homy (2, 2)™) & 70 (Hom,y (Cone(f)[1], 2)*)
= m>0(Homy (2, 2)*) & m>0(Homy (2, 2)°) & m>0(Hom,y (y[1], 2)).
We have a quasi-isomorphism:
7>0(Homy (y, 2)°?) — 7>o(Homg (x, 2)°°) @ 7> (Homy (x, 2)°7)
@ 7>0(Hom (y[1], 2)°*)
a— (a -f0 a) .

It remains to prove that (15) is cartesian and (16) is cocartesian. In other words
we need to show that z is homotopy equivalent to Cone(j)[1] and y is homotopy
equivalent to Cone(f). This is done in the proof of [11, Theorem 3.18].

Now we are ready to extend our proof to the A,-categories. If &7 is a pretrian-
gulated A -category, then U(</) is a pretriangulated dg-category. By the previous
step we have that the dg nerve N, (U(«)) is a stable co-category. By Corollary
4.19, we have that N, (U()) is weak-equivalent to N,_ (<) hence is a stable
oo-category. Moreover, by [19, Lemma 1.2.4.6], a stable co-category is idempotent
complete if and only if the homotopy category is idempotent complete, so & is
idempotent complete if and only if N, () is idempotent complete, and we are
done. (]

We conclude the paper with a question. In [22], we defined the (derived) tensor
product ®" of two A.,-categories, and we proved that (A, Cat,®@" R) forms a
homotopy-coherent symmetric monoidal category. On the other hand, the category
of simplicial sets has a symmetric monoidal structure. It remains an open question
whether the A -nerve N,__ respects this monoidal structure.
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