THE FIRST AND SECOND MOMENT FOR THE LENGTH OF THE
PERIOD OF THE CONTINUED FRACTION EXPANSION FOR Vd
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ABSTRACT. Let d be any positive and non square integer. We prove an upper bound for the
first two moments of the length T'(d) of the period of the continued fraction expansion for
Vd. This allows to improve the existing results for the large deviations of T'(d).
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1. INTRODUCTION AND RESULTS

Let d € N. Let T(d) be the length of the minimal positive period for the simple continued
fraction expansion for v/d when d is not a square, otherwise let T'(d) = 0. Sierpiniski [8]
p. 293] (see also [9, p. 315]) noticed that Lagrange’s argument proving the periodicity of
this representation actually proves that T'(d) < 2d. Hickerson [2] noticed that this argument
shows that T'(d) < g(d), where

g(d) = #{(m7Q) eN’:m < \/&7 ‘q_ \/g| <m,q | (d_mQ)}7

and used this bound to prove that T(d) < g(d) < d'/2tlog2/loglogd+O(logloglogd/(loglogd)*))
He also proved that g(d) = Q(v/d). In the same years both Hirst [3] (for squarefree d, only)
and Podsypanin [5], 6] (for any d) independently proved that T(d) < v/dlogd; Hirst as a
consequence of a different formula computing g(d) allowing a stronger bound for g(d), and
Podsypanin via a connection between T'(d) and the residue at 1 of the Dedekind zeta function
associated with the field Q[\/E] The same connection was independently noticed also by
Stanton, Sudler and Willams [10] who proved that T'(d) < ¢v/dlogd for a smaller value of the
constant ¢, later further improved by Cohn [I]. This connection also shows that in case the
Generalized Riemann Hypothesis holds for quadratic fields, then the upper bound improves to
T(d) < Vdloglogd (see [5,6]), in agreement with the heuristic and numerical investigations
n [I1]. Cohn [I] also proved that T'(d) = Q(+/d/loglogd).

At first it was believed that T'(d) < V/d, but nowadays the general sentiment has changed, in
spite of the fact that all proven results are still compatible with such a strong upper bound.
For sure T'(d) strongly oscillates, passing from values as small as 1 (for d = m? + 1, any m)
and 2 (for d = m?+42m/a, any m and any a|2m, a # 2m) to as large as v/d/ loglog d infinitely
often by Cohn’s theorem. This suggests to try to bound in some way the number of d where
T'(d) is exceptionally large, in some sense. Let

D(z,q) :={d € (x,2z]: T(d) > a/d}.
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Rockett and Sziisz [7] used the connection with the residue of the Dedekind zeta function to
prove that

c+o(1)

1) #D(w,0) < <25
og” o

x as r — 0

for a suitable but undetermined constant c.
In this paper we extract some more information from the bound 7'(d) < g(d), via an explicit
computation of the first two moments for g. In fact, we prove the following facts.

Theorem 1. Let x > 1, then

(2) Zg(d) = c12%/? — 22 — 2/x + 0(x + 4y/x),

d<zx

where ¢y := 3log2 =0.9241... and § = 6(z) € [0,1], and
(3) Z g(d)2 <11.922 + 523/2 log?(4e*z).
d<zx

A modification of the argument proving allows to strengthen its conclusion and prove
that 3" ., g(d)? < 822 + O(x%/?log" x) as 2 diverges: we do not provide the details for this
improvement, but we describe the basic steps at the end of Section

From the inequality T'(d) < g(d) we deduce that:

Corollary 1. Let x > 1, then

ZT(d) <ez®?  and ZT(d)2 < 11.922% + 5232 log?(4¢’x)
d<z d<z

where ¢ 1= %logQ =0.9241.... Moreover,
Z T(d) < c32°> + O(\/z) and Z T(d)? < 472 + O(z%/*log? z)

r<d<2z r<d<2z
as x — 00, where ¢y 1= @ log2 =1.6898....

Proof. Only the last claim is not immediate. It follows noticing that " <d<2z g(d)? =

ngx g(d)? — ngx g(d)?, that zx<d§2x g(d)? < 47.6 2% + O(x3/?1og? x) by , and that
D d<a g(d)? > & 2% + O(2/?) by the Cauchy-Schwarz inequality and @). O

The bounds in Corollary |1} allow to improve in the following way.
Corollary 2. Let o >0 and x > 1. Then

1 4 1
L()()x and #D(z,q) < LQO()
o a

where cy 1= 8‘[%logQ = 1.6898....

#D(x, ) <

)

The claims are not trivial for o > co and a > /47, respectively; the first claim supersedes
the second one when a € (V47,47/¢3).

We have some comments about these results:
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e For the second moment we have not determined the asymptotic behaviour, but the order
we have found is the correct one since, as we have already noticed, the Cauchy—Schwarz
inequality and show that

Zg (2 +0o(1))z* asz — oo.
d<z
e In similar way, Holder’s inequality shows that every moment M, , satisfies the lower-
bound
Zg (¢ +0r(1))2"?* as z — oo.
d<x
For some time we have cultivated the hope to prove that this is the correct order also for
r > 3. In fact, we have succeeded to prove that the analogue of the U term appearing in
the proof of . (see Sectlon' is <, «"/#*1 for every r. However, the analogue of the V
term resisted to every attempt to bound it nontrivially, and numerically, for r = 3, it seems
that it grows as z5/2 log z, not as 25/2. As a consequence, the idea that the order of Mgy, (x)
is 2"/2*1 is probably incorrect, and a behaviour of type Mg, (x) =, z"/? 1 (log )72
appears to be a better conjecture.
e An upper bound of that type can be proved for the moments of T', since

Mypp(z):=Y T(d)" =Y T(d)>T(d)?
d<z d<zx
<, 2"/ 2 (log z)" 2 Z T(d)? <, x> (log )" 2
d<zx

for every r > 2, by the bound for T'(d) and Corollary (This argument cannot by applied
for the moments of g since the bound v/dlog d is proved for g(d) only when d is squarefree).
However, the moments for T are probably smaller. In fact, computations support the
conjecture that the orders of both the mean value 13, T(d) and the mean second

moment Mro(z) = 1 Y d<s T(d)? are o(y/x) and o(z), respectively, so that probably the
bounds in Corollary [I| are not the sharpest ones. More precisely, their graphs suggest
that they behave as y/z/(log )%, and as x/(log z)°® respectively: see Figure
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FIGURE 1: Graphs of (1 Y d<a T(d))/(vz/(log)°®) (upper)
and of (1 D d<a T(d)?)/(z/(logz)"®) (lower).




4 F. BATTISTONI, L. GRENIE, AND G. MOLTENI

e The numerical evidence also shows that when restricted to prime values of d, the mean
1 1 2
value —7 > d<z.dprime L (d) and the mean second moment =] > d<z.dprime L (d)” have
the orders y/z and z, respectively: see Figure If correct, the comparison with what
happens for the unrestricted means shows that, essentially, the largest values for T'(d)
come from prime numbers.
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FIGURE 2: Graphs of (ﬁ Y d<z, dprime T(d))/v/z (upper) and
of (ﬁ ngx,dprime T(d)Q)/l’ (lower).
e Finally, we mention here that very recently M. A. Korolev has announced via a preprint in

arXiv [ that >, . g(d)? = (co + O (z~1/108+)) 22 with ¢y = 1.2.... As a consequence,
the asymptotic behaviour for the second moment of g is now known.

Acknowledgments. The authors wish to warmly thank Maciej Radziejewski for his assistance
with the bibliographic research through the many different editions of Sierpinski’s book, and
the anonymous referee for her /his careful reading and suggestions. The first author is member
of the INAAM research group GNAMPA, the second and third authors of the INAAM group
GNSAGA.

2. PROOF OF EQUATION
2.1. Preliminary results. By its definition
g(d) = #{(m,q) € N2:m < Vd, |¢—Vd| <m, and Tk € Z with d:m2+k‘q}.

The strict inequalities in the definition of g(d) require m, ¢, k and d to be at least 1. Let thus
Ny :={n € N:n >1}. Then

g(d) = #G(d),

where
G(d) == {(m,q,k) e N}: d =m?* + kq,|g —m| < Vd < g +m}
that squaring becomes

:{(m,q,k) e N3 d:m2—|—kq,q—2m<k<q—|—2m}.
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The sets G(d) are disjoint because of the condition d = m? + kq. Hence
(4) Zg(d) =# U G(d) = #{(m,q, k) € N$:m? +kg<az,q-2m<k< q+2m}.
d<z d<z

For future reference, we notice that if (m, ¢, k) belongs to this set then m < /x —kq < \/z
and, with d := m? + kq, from the initial definition of G(d) we have ¢ < Vd 4+ m < \/x + m.
We need also the following lemma.

Lemma 1. Let y > 1 be an integer. Then there exists 0 = 0(y) € [0,1] such that:

i E =log2 — 1
i1 @ 4y + 20

Proof. Applying the third order Euler-McLaurin formula we get
21 o
q—%;rl ¢ ;/ ¢ v
%dg 1 1r1 17 17 1 1 % By(x
-l ) mlae gl [ e

1 1 % Bs(x)
=log2— — 4+ — — d
og 1y + 16y2 /y T,

where, denoting {z} the fractional part of , Bs(z) := {z}* — 3{x}? /2 + {x} /2. The claim
follows since Bs(z) € [—1/20,1/20]. O

2.2. Proof of . In all the following computations, each summation index (i.e. m, q or k)
is implicitly at least equal to 1. Furthermore, to ease the notations, we set y := [/z] — 1,
hence y < y/x < y+1, and the symbol 6 denotes a quantity which is not a constant, i.e. does
not necessarily assume the same value in every instance, but is always in [0, 1].

From ({]) and the lines below we have

SIZED M Il VETIED VRS VRN D VI o]
d<z m<z Lg</r—m k<q+2m V—m<q</z+m k<(z—m?2)/q 2m<q<+/z+m k<g—2m

i.e.,

2

=Y [ X @rm-n+ Y (x_qm —0)= > (a-2m)],

m<yz g</r—m Vz—m<g< /z+m 2m<g<y/z+m

where 6 depends on z, m and ¢ but is in [0,1]. The sums > _ =, gand > 5, oz (g —
2m) cancel out. This gives

2

- Z[ S oem-n+ Y S —20m]

m<yz g</T—m Vz—m<g</z+m q
2

-y [(2m—1)(y—m)+ > x_qm } —Oy(y +1).
m<\/z Vz—m<g<y/z+m
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We exchange the summation order in the second sum. For this we observe that m < \/z means
that m < gy, hence ¢ < \/x +m < \/z + y implies that ¢ < 2y. Moreover, the assumption
Vr—m < q < /x+m gives /T —q < m when /T — ¢ is positive, and ¢ — /= < m otherwise.
This gives

x —m?
= Z (2m—1)(y—m)—|—[z Z + Z Z } 7 —Oy(y +1).

m<\/x g<VT VT—q<m<z 2<q<2yg—/z<m<\/z

In terms of y, the ranges become

:Z(2m—1)(y—m)+[z Z + Z Z }x_m2—9y(y+1).

m<y q<y y—q<m<y y<qg<2yg—y<m<y q

Recalling that S8 k2 = N(N 4 1)(2N +1)/6, after some algebra we get

2 Y v 4y 1

z—fy2+f+(2y+1)(x— ) E - —0Oy(y+1).
3 6 3

y<q<2y

By Lemma [] this is

2 5.y vty 1
=— 24 Yy 2y+1(ac— ><10g2— ~>—9yy+1,
3 6 ( ) 3 4y + 26 ( )
for some 6,6 € [0,1]. This is 3(log 2)z3/2 + R with R = O(z). With elementary computations
one shows that —2z — 2\/x < R < —x + 2/x.

3. PROOF OF EQUATION

From the computations at the beginning of [2.1] we have that g(d)? = #(G(d) x G(d)) and
G(d) are disjoint, so that

> g(d)? =#{(m1, q1, k1, ma, g2, k) € NS mi + kgt = m3 + kaga, mi + b1y < =
d<zx
and q; — 2m; < k; < q; + 2m; W}.
Thus,

PUCEEED DD > 1

d<zx mi,ma: q1,92+ k1,ko:

a mz<ﬁ qi<\/5+m7l |qi—k,’i\<2mi
m2+kiqgr=m3+kaqo
m2+kiq1<z

that we estimate with

SIS > !

m1,ma: q1,92: k1,k2:
mi<VT GSVTEME 0<k;<2/T—g;
m2+kiqr=m3+kaqa
because |g; — ki| < 2m; and m? + k;q; < z imply that k; < (x — m?)/q; < 2/x — q;: the
resulting bound is a bit loose, but it is independent of m;, and this is very useful for the
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computation.
‘We notice that

DB, D
Z 1< (1+min (ﬁ,ﬂ))m(m?,mg)
el q2 q1
1,R2 .

0<k1<B1
0<ko<B2
m2+kiq1=m3+kage

where D := gcd(qi, g2) and xp(m?,m3) = 1 when m? = m2 (mod D), 0 otherwise.

Proof. Let D := gcd(q1,q2). From the Chinese remainder theorem, there exist k; and kg € Z
such that m? + k1q1 = m3 + kage if and only if D | m? — m2. In that case they are of the
form ky = a + €%, ky = b+ (%, where (a,b) is one solution and £ € Z. The assumption that
ky is in (0, B1] implies that ¢ is in (—aD/q2, (81 — a)D/q2] and there are at most 1+ 51D /g
integers in this interval.

The similar argument for ko gives the other upper bound for the number of solutions. O

As a consequence we have that

So@is Y Y Dwmin (R0 BEeY 0 )

d<z mima: qi,q2: a2 o
mi<yT q;</xT+m;

+ Z Z xp(m2,m3) = U+ V.
mi,ma: q1,92:

m;</x ¢;<\/T+m;

Firstly we estimate the contribution of the U term. We have

2z — 2yx —
U= E Dmin( v (‘h, Ve q2> E xp(m?,m3).
q1,92: 92 N mi,msg:

G<2VT max(1,q;—v/z)<m;<y/z

We split the computation according to the value of D. So, letting ¢} := ¢1/D, ¢} := q2/D,
and L := 2\/z/D we get

Y Y
(5) = Z D Z min(L /ql,qulqz) Z xp(m2,m3).

qs :
D<2./x q,,q5: mi,ma:
S2Vw [11{<2L max(1,Dq;—/z)<m; < /z
1

ged(q],q5)=1

The next lemma allows to estimate the innermost sum.

Lemma 2. Let D e N, D > 1, then
S xp(mdmd) = e(D)D
ml,mQEZ/DZ
where ¢ is the multiplicative map with

C(pk) — k ifp = 27
1+k—Fk/p otherwise.
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Proof. By the Chinese remainder theorem yp(m?,m3) = 1 if and only if m? — m3 = 0

(mod p*) for every p¥||D so that it is sufficient to prove the result when D = p* is a power of
a prime p.

If n € Z, we denote T the class of n in Z/p*Z. Let A := (Z/pFZ)? and P := {(m1,m3) €
A2 = WQQ}. To prove the lemma, we need to check that P has c(pk)pk elements. Let

fi A — A be the map defined by
fla, B) = (a+ B, = B),
and let m: A — Z/p*Z be the multiplication map: m(a,b) = ab. We thus have
(m1,m3) € P <= m(f(m1,m3)) = 0.

Let Z := m~1(0). Let (@,b) € Z. There are p* such pairs with @ = 0. Otherwise, for any
u € [0,k — 1], there are p*=% — p*=4~1 classes @ such that p“|a; then p*~* | b, and there are
p* such classes; there are therefore p¥ — pF~! pairs (@,b) € Z with p%||a. Summing over u,
and adding the case with @ = 0, we get that Z has p* + k(p* — p*~1) elements.
If p is odd, then f is invertible with inverse
_ - a+b a—b>

o@h) = (5= 75
therefore P and Z have the same number of elements.
If p = 2, things are slightly more complicated because 2 is not invertible anymore. To have
(Wl, WTQ) € P, we need to have m; and ms of the same parity. Let E be the subset of
(Z./2F7)? made of pairs (71, m3) where m; and ms have the same parity. Then F := f(E)
is the set of pairs (2a,2b) and

§74(f ) = { (5, 783), (o + 25T,y 1 2T ).

We have P = f~1(Z N F) and therefore the cardinality of P is twice that of Z N F. If
(a,b) € Z\F, then a or b is odd. In that case @ or b is invertible so that the other one is 0.
There are thus 2 - 2°=! elements in Z\F, therefore k(2% — 25=1) = k2¢~! elements in Z N F.
Therefore P has k2% elements. O

According to the previous lemma we have that

S xplmimd) <cpp [ (PRVERIZG )

mi,ma: i=1,2

max(1,q;—/z)<m; <z

<(D)D [] (min(Z/2,L - ¢)+1),
i=1,2

and from , with the suppression of the assumption ged(q), ¢5) = 1, we get

© U< Y 0 Y I (min(L/2L-q)+1)min (A0 Lo,

/
D<2\/z qi.qh: =12 2 @
q,<L

The function f(q},q5) == [[;=1 2 (min(L/2,L — ¢}) + 1) min (Lq_éqi, Lq_iqé) decreases in each

argument when ¢}, ¢, € [1, L], so the corresponding integral extended to the region [0, L] x
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[0, L] provides an upper bound for the sum. Moreover, we further introduce the new variables
a,b such that ¢} =: aL = 2y/xza/D, ¢4 =: bL = Q\fb/D yielding

ve s () as () me ()]

D D
D<2/x
where
A::/ min(l,l—a) min (1 l—b) mln(l_a,ﬂ> dadb = Z10g2—£,
a,b€(0,1] 2 2’ b a 6 72
B = (min (1, 1-— a) + min (1 1-— b)) min (1 — a, 17_b) dadb = Blog2 — 27
a,be(0,1] 2 2’ b a 6 12

1—a 1-b
C = min( 4 )dadb—2log2
a,be(0,1] b a

Hence the bound says

U < 16Ax QZ D)+8B 2N C(é))—l—élCrr > D),
D=1 D<2\/z D<2yz

that we estimate with

< 16Ax QZ

because D < 2\/x.
S S 2
We can evaluate explicitly the series, since F(s) :== S ¢(n)n =5 = =241 Cls) for Re(s) >

n=1 45—25=T ((s+1)
1. Thus,
+o0 2
(D) 13¢(2)
=F2)=— = 2. ..
Dz_:l D2 2) 14 ¢(3) 090

To bound the sum we introduce both the Dirichlet series H(s) =: >,/ h(n)n~* such that
F(s) =: H(s)((s)?, so that

H(s) = (1_ 1/2+3/22+3/23+.“> H <1_%)’

s 2s 3s S
2 2 2 podd P
and the series H(s) := Y27 |h(n)[n~*, so that
~ 1/2 322 3/23 1 45T 42 ((s+1
22s 23s ps 45t —1¢(2s + 2)
podd
Thus,
(D) h(u) d(v)
P D Dl Dl
D<2\/z u<2/x v<2y/z/u
where d(v) counts the divisors of v. Since 3, -, @ < 1log®(e?w) for every w (by partial

summation from > . d(v) < wlogw + w, which is weaker than what is known about the
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mean value for the divisor function, but which is sufficient for our purposes), we get

> Do e m) < HU 1og2(ac )

2u
D<2\/z u<2\/z
2
= 22545 log?(2¢%/x) < 0.22810g?(4e*x).
Thus,
(7) U <9922 +4.872%%log?(4e'z).

Lastly we estimate the contribution of the V' term. We bound it trivially, i.e. substituting
xp(m?%,m3) with 1. However, to improve the conclusion, we retain the remark that when m;
and mo have different parity, then ¢; and ¢o cannot be both even. In this way we get that

Ve > > xolmimp< D> >, 1= > ) 1

mi,me:  q1,92: mi,m2:  q1,92: mi,ma: q1,92:
m; <z ¢;<y/T+m; m;<v/z q;<v/T+my; mi1#ms (mod2) ¢ie€ven
mi<\/T ¢ <yz+m;

[Z(\/E+m] _ 9 Z Z \f+m1—2)(\/5+;n2—2)
m<./x mi1<vzT ma<\/T

m1 even mo odd
[Z(\/E+m)]2—% Z(2u+f—2) > v+ -3).

m<./x u<Y v< \/52+1

IN

IA
\ﬂ

After some computations we get that

<2 R ity R/ = %2
(8) V—32x+16$ 32 f 4—32 AR T

Adding @ and we get the claim since 2z 3/ 2 <0.1323/210g? (4etx) for every z > 1.

Retaining the coprlmahty condition in @ the main term in appears divided by ((2), at
the cost of error terms of size O(x%/%log* ). Also can be improved a bit using the result
in Lemma [2] and keeping the resulting coprimality condition. The combined effect of these
two improvements gives the bound 8z2 + O(az?’/ 2log* x) mentioned after Theorem
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