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Abstract

We consider the problem of determining a polyhedral conductivity inclusion embedded in a ho-
mogeneous isotropic medium from boundary measurements. We prove global Lipschitz stability for
the polyhedral inclusion from the local Dirichlet-to-Neumann map extending in a highly nontrivial
way the results obtained in [20] and [18] in the two-dimensional case to the three-dimensional setting.

1 Introduction

In this paper we analyze the nonlinear inverse problem of determining a polyhedron embedded in a three-
dimensional homogeneous isotropic conducting body from boundary measurements. More precisely, we
consider the conductivity equation

div (ypVu) =0 in Q C R?, (1.1)

where
YD = 1 + (k - ]-)XD7

with D a polyhedral inclusion strictly contained in a bounded domain €2, and k # 1 is a given, positive
constant.

This class of conductivity inclusions appears in applications, like for example in geophysics exploration,
where the medium (Earth) under inspection contains heterogeneities in the form of rough bounded
subregions (for example subsurface salt or limestone bodies) with different conductivity properties [42].

We establish a Lipschitz stability estimate for the Hausdorff distance of polyhedral conductivity
inclusions in terms of the local Dirichlet-to-Neumann (DtN) map, and, as a byproduct, a uniqueness
result which is new in this general setting. An analogous, though less general result was obtained in [16]
in the case of the Helmholtz equation. We would like to point out that in principle it should be possible
to recover in a Lipschitz stable way both the polyhedral inclusion and the constant conductivity from
boundary data but in order to reduce the technical complexity of the proof we decided to treat the case
where the conductivity is fixed.

Lipschitz stability estimates are of key importance in practical applications. In fact, they provide
a useful framework for optimization when using iterative methods, see for example [22] [3] so that the
recovery of polyhedral interfaces becomes a shape optimization problem, see [19] 4] for the reconstruction
of polygonal and polyhedral inclusions.

There is a wide literature on Lipschitz stability for the inverse conductivity problem when unknown
coeflicients depend on finitely many parameters and infinitely many measurements are available, see for



example [13], [I71,[6], [7], [27], [25] and [20} 18] while in the case of finitely many measurements we refer
to [B 4] and to the more recent work [3] 1], 28] 29].

To our knowledge uniqueness and stability for general polyhedral conductivity inclusions from finitely
many measurements are an open issue. Unique determination from one suitably chosen measurement
has been proved in [I5] restricting to the class of convex polyhedra. Logarithmic stability from one mea-
surement has been derived in [37] in the two-dimensional case for polygonal conductivity inclusions and
in [38] some preliminary results are obtained for the determination of a class of smooth two-dimensional
inclusions.

Also, we would like to mention that the results obtained recently in [I] in an abstract setting and
where Lipschitz continuity from finitely many measurements has been proved if the unknown belongs to
a suitable finite dimensional nonlinear manifold seem not to include the case of polygonal and polyhedral
conductivity inclusions.

On the other hand, in several applications, like the geophysical one, many measurements are at
disposal on some part of the boundary, justifying the use of the local Dirichlet-to-Neumann map [21].

We would like to emphasize that the result we obtain is not at all a straightforward extension of the
two-dimensional results obtained previously in [20] and [I8] since it requires to deal with the more complex
three-dimensional geometric setting. In fact, our main result relies on some preliminary rather technical
but crucial geometric properties on admissible polyhedra D € ® satisfying minimal a priori assumptions
of Lipschitz type. In particular, for two polyhedra in ® we are able to compare the Hausdorff distance
of their boundaries and a modified distance defined in Section [3] Definition [3:3] These properties are
then used to derive a first rough stability estimate of logarithmic type relating the Hausdorff distance
between the boundaries of the polyhedra and the corresponding DtN maps. The stability estimate is
obtained along the lines proposed in [§] and [9]: computing the difference of the local DtN along a pair
of singular solutions for the conductivity operator with singularities y, z € R3 \ 2 close to 99 exploiting
unique continuation and regularity properties of this function, denoted by S(y, z), and finally coupling
upper and lower bounds of S(y, z).

Furthermore, as in [I8], a crucial step to establish our Lipschitz stability is to prove smoothness of
the local DtN map and to establish a lower bound of the directional derivative of the local DtN map.
We construct an ad-hoc Lipschitz vector field, use a distributed representation formula of the derivative,
derived in [19], and integrate by parts far from edges and vertices taking advantage of regularity properties
of solutions to close to smooth interfaces and avoiding the complex singular behaviour solutions to
exhibit close to vertices and edges. Finally, collecting the results of Sections || and |5 in Section |§|
we prove our main result.

It would be interesting to extend the results of stability to the more general geometric configuration
where the reference domain ) is in the form of an inhomogeneous layered medium. This kind of geo-
metrical setting originates from applications, for example, in geophysical exploration, where the medium
under inspection (for example the Earth) is layered and contains heterogeneities in the form of rough
bounded sub-regions with different conductivity properties, [26]. Moreover, the theoretical results in this
paper contain the building blocks towards successful numerical reconstruction procedures based on, for
example, shape derivative and level set techniques, as in [4], 24 32], [33], 34}, B5].

The plan of the paper is the following: In Section [2| we list the main a priori assumptions on the
reference medium, the admissible polyhedral inclusions D € ®, the conductivity parameter and the data
and state our main result, Theorem In Section |3} we collect and prove the main geometric properties
on polyhedra belonging to the class ® that are crucial to derive our main stability result. In Theorem
of Section [ we derive a first rough logarithmic stability estimate. In Section [5} we analyse the
differentiability properties of the local DtN map, establish a formula for the directional derivative, prove
its continuity and derive a lower bound (Proposition [5.5)). Finally, in Section @ collecting the results of
Section 4] and [5] we prove our main stability result (Theorem [2.5)). The appendix collects some technical
proofs.



Notation

We begin by setting notation that we will use throughout and recalling some of the needed definitions.
Given P € R3, and R > 0, we denote by Br(P) the ball of center P and radius R, that is

Br(P):={r€R®: |z — P| < R}, (1.2)

and by By (P) a disc centered at P with radius R, contained in a specific plane, which will be specified
each time. We omit P when the center of the ball is in the origin.

We utilize standard notation for inner products, that is -y = . x;4;. Given A and B bounded sets
in R3, we recall that

dist(z,A) =inf{lz —a|: a € A}, and dist(A,B) =inf{la—b|: a€ A, be B}, (1.3)
and we define the Hausdorff distance between two bounded and closed sets C and D in R3 as
dg(C, D) = max {I;leaé( dist(zx, D), max dist(x, C’)} . (1.4)

With Int(C) we denote the set of interior points of C. Given two closed simply connected and bounded
flat surfaces F; and F; contained in R3, and assuming that Fy N Fy =: o, where ¢ is a segment and such
that o # 0, then we denote by Intg: (F;) and Intg (o) the interior of the set relative to the plane and
the line that contain F; and o, respectively.

2 Assumptions and main result

Let us start setting up the definition of a polyhedron, the notation for faces and vertices of the polyhedron
and the a-priori assumptions that are needed in order to derive our main result.

Definition 2.1. A closed subset D C R? is a polyhedron if:
D is homeomorphic to a ball in R, (2.1)

the boundary 0D is given by

H
oD = JFP (2.2)
j=1

where each FjD is a closed simply connected plane polygon (that is called a face of D) and
Intge (FP) N Intge (FjD) =0 fori#j. (2.3)
For i # j, 05 =FPn FJ-D is called an edge of D if Intg (05) # (). The non empty intersection of two
edges is called a vertex VP of D.
2.1 Assumptions on the polyhedral inclusion and on the reference medium
We consider a class of non degenerate polyhedra: let
ro, Ro, 6o, My

be given positive numbers such that 6y € (0,7/2) and ro < Rp.
Let  C R3 be a bounded domain such that

diam () < Ry, (2.4)

where diam()) denotes the diameter of .
We say that a polyhedron D C Q is in © = D(rg, Ry, 6o, Mp) if the following assumptions hold.



Strict Inclusion:
dist(D, o) > ro. (2.5)

Dihedral angle non-degeneracy: at each edge of D the angle between the intersecting faces has width
a such that
o€ (90,7‘(’—00)U(7T—|—00,27T—90). (26)

Face non-degeneracy: for any polygonal face F there exists xg € FP such that
B] (z¢) C FP, (2.7)
where B]. (z0) is contained in the plane containing F¥.
Edge non-degeneracy: for each edge 05 of D

length (05) > ryp. (2.8)

Face angle non-degeneracy: ecach internal angle 3 of each face FP satisfies

B € (8o, m—6p) U (7 + 0y, 2m — ). (2.9)
Lipschitz regularity
0\ D is connected and has Lipschitz boundary with constants ro and My, (2.10)
that is: for every P € 9(Q\D) there is a rigid transformation of coordinates under which P = 0
and
(Q\D)N Ry o = {(x1, 22, 23) : U(x1,22) < 3}
where

Rty ro = [=70,m0]* X [=2Moro, 2Moro]
and W : [—rg,70]? — R is such that ¥(0,0) = 0 and

@ (a1, 22) — U(h, 2)] < Moy/ (@1 — 20)? + (22 — 52,
for every x1, xa, z}, x4 € [—T0,T0]-
Remark 2.2. The number of vertices VP, edges 05 and faces FjD of a polyhedron in ® is bounded from
above by a constant Ny depending only on ro, Ry, and M.
Remark 2.3. Recall that (2.10) is not implied by the previous assumptions. Figure shows a polyhedron
satisfying (2.6) — (2.9) but not (2.10) at P.

Remark 2.4. Some of the previous assumptions are technical and instrumental to derive some of the
proofs. It might be possible, in principle, that using other techniques these assumptions can be relaxed.

Let
YD Z:1+(l€—1>XD, (211)
where xp is the characteristic function of D € ©, and k is a positive constant such that
min(k, |k — 1|) > ko. (2.12)

Finally let us state the assumptions on the part of the boundary on which we measure our data. Let
be an open portion of 02 with size at least rg, i.e. we assume there exists at least one point Ps; € ¥ such
that

dist(Ps, 00\ X) > ro. (2.13)

In the sequel, we will refer to the set of parameters
ro, Ro, 6o, Moy, ko

as the a priori data.
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Figure 1: An example of a polyhedron satisfying (2.6) — (2.9) but not (2.10) at P. We refer the reader
to [23, Example 3.7] for a detailed explanation, by using the uniform cone property, of the fact that D is
not a Lipschitz domain.

2.2 The local Dirichlet to Neumann map
We define

HC%O(Z) = {ap € H%((?Q) : supp ¢ C Z},

and with Hc_o% (X) its topological dual.

1
Given f € HZ(X), we consider the boundary value problem

div(ypVu) =0 in Q (2.14)
u=f on 0f).
Let us denote by A?D the local DtN map, that is the map
p) 3 ~3
A HE(XE) — Heo (X)
P ou (2.15)
ov |,

where u € H'(Q) is the solution to (2.14), and v is the outer unit normal vector to Q. The norm of the
1 _1
local DtN map in the space of linear operators £ (HEO(E), H.,? (E)) is defined by

) . P .
13, 1 = sup{ Bl g o My 07 0

As in [10] the DtN map can be defined as the operator characterized by
(A2 f,0) = /Q'yDVu -Vuda,

for all ¢, f € HC%O(E), where u € H'(€) is the solution to (2.14), and v is any H'(Q)-function such that
v Lz: ¢



2.3 The main result

Recalling the definition of the Hausdorff distance, see (1.4]), we state here our main Lipschitz stability
result:

Theorem 2.5. Let Q be a bounded domain with Lipschitz boundary satisfying (2.4), let Dy and D1 € ©

(that is they satisfy assumptions (2.5)-(2.10)) ), let k satisfy (2.12)) and let ¥ be an open portion of OS2
satisfying (2.13)). Then, there exists C' depending only on the a priori data such that

dy; (9Dy,8D;) < C HA§D0 _AZ

YDq

, (2.16)
where
vp, =1+ (k—1)xp, for i=0,1.

The proof of Theorem is postponed at Section [f] after proving some intermediate results based
essentially on the following steps and strategy:

1. Prove that it always exists a suitable tubular neighborhood connecting any point on 952 to a special
interior point of the face of one of the two polyhedra Dy or Dy, without crossing Dy U Dy. To this
aim, we introduce a specific distance (called “modified distance”) (see Definition [3.3)) and exploit
the connection between the modified and the Hausdorff distances (see Proposition

2. The results of the previous point allow us to establish a rough (logarithmic) stability estimate of
the Hausdorff distance between Dy and D; in terms of the difference between the corresponding
DtN map, see Theorem This is obtained by propagating the smallness of data from X along
the tubular neighborhood.

3. The logarithmic stability estimate implies that if two DtN maps are close enough, the two polyhedra
have the same number of vertices, faces and edges, see Proposition [3.9] When this happens, it is
possible to define a regular vector field that transforms Dy into D;. We also prove smoothness of
the local DtN map and establish a lower bound of its derivative with respect to the movement of
the polyhedron

4. The regularity of the DtN map and the lower bound allow us to improve the stability estimates and
to get Theorem

3 Some useful geometric results on polyhedra

In this section we collect some geometric results on polyhedra in the class ©. We first establish the relation
between the Hausdorff distance of two polyhedra in ® and the Hausdorff distance of their boundaries, see
Proposition Afterwards, we consider a modified distance between two polyhedra (see Definition (3.3))
that was introduced in [2 [9] and establish an upper bound of the Hausdorff distance of the boundaries of
two polyhedra in terms of their modified distance, see Proposition This last property together with
the main result of this section, that is Proposition [3.8] will be crucial in Section [] to establish our first
logarithmic stability estimate.

Proposition here corresponds to Lemma 4.2 in [9] where it is stated under the assumption of
inclusions with C™® boundaries; this regularity assumption allows to show that the union of two such
inclusions has Lipschitz boundary. Unfortunately, this is not the case for polyhedra in ®. For this reason,
in order to prove Proposition we have to rely on a fine result from [39] stating that if two polyhedra
in ® are close enough, in some neighborhood of some special point in the interior of one of the faces, the
boundaries of the two polyhedra are relative graphs of affine functions (see Proposition .

The last key geometric result, contained in Proposition[3.9] states that if two polyhedra in D are close
enough, then they have the same number of vertices, edges and faces.



3.1 Metric results

In this subsection we use some results from [39]. For this, we observe that our class of polyhedra © is a
subset of the class of polyhedra A, o(h) (defined in [39]) for some h > 0 depending only on the a priori
data.
Let us set some useful notation. Given P € R3, a direction v € R?, [ > 0 and ¥ € (0, 7/2), we denote
by
C(Pv,1,9)={zeR®: (x—P)-v>|z—7|cos, |z — P| <1} (3.1)

the closed cone with vertex P, axis v, width ¢, and apothem .

Remark 3.1. By assumption (2.10), for each P € 9 (Q\ D) there exist a direction v, a positive | and
¥ € (0,7/2) depending only on the a priori data, such that

C(P,v,1,9) C (Q\ D)

and, if P € 0D
C(P,—v,1,v) C D.

The proposition below (that corresponds to Proposition 2.4 in [39] to which we refer for the proof)
establishes the equivalence in @ between dg (Do, D1) and dg(0Dy, dDy).

Proposition 3.2. Let Dy and D1 € ®, then there is a positive constant C; > 1 depending on the a
priori data only such that

C;Ydg(0Dy,0D;) < dy (Do, D) < Cidp (8D, dDy). (3.2)

For Dy and D; € ®, let G be the connected component of Q2 \ (Do U Dy) which contains 052, and let

Qg = Q\G. (3.3)

Since the value of dg(0Dg,dD1) can be attained at some point of 9Dy U 0D that is not necessarily on
09Qg¢ (see, for example, the configuration in Figure [2)) and, hence, cannot be reached from 9Q without
crossing 0Dg U 0D, we introduce a modified distance as was defined in [9].

Definition 3.3.

Dy, Dq) = ) D ; D . A4
d,(Do, Dy) max{xe(?rg?gaﬂgdzst(x, 1),Zearjrjllagcaggdzst(x, 0)} (3.4)

We point out that this is not a metric because, in general, the triangle inequality doesn’t hold. It is
straightforward to show, see [9], that

d, (Do, Dy) < dg(9Dy, 0D, ). (3.5)

In general, d,, does not bound from above the Hausdorff measure, but, in the class ® the following result
that will be crucial for deriving the stability estimates in Section [d] holds:

Proposition 3.4. There is a constant Cy > 1 depending only on the a priori data, such that, for Dy,
D e®
dp(0Dg,0D;) < Cad, (Dy, D).

In order to prove Proposition we need the following preliminary result:

Lemma 3.5. Let D € ©. Then, for every P € 0D there exists a curve ¢ in Q\ D connecting P to 02
such that
|z — P| < Cydist(z,D), Vz€c,

where Cy > 1 depends only on the a priori data.



D,

(a) Polyhedron Dg in (b) Polyhedron D; in
green. pale blue.

Q
= d,(Dy, Dy)
— dg(0Dy,0Dy)
(d) The two distances. For
du we provide all the points
(c) A possible configuration. The where the longest distance
two polyhedra are overlapping. between the two sets occurs.

Figure 2: A 2D-section of a possible geometrical setting. Note that Figure [2d| represents the case when
the value of dy(0Dg,0D;) is attained at some point that is not on 9Qg.

This lemma corresponds to Proposition 3.3 in [8] and to Lemma 4.1 in [9] for C1'* inclusions. Here,
we prove it for D € ©.

Proof of Lemma(3.5. By Assumption ([2.10]) we can apply Lemma 5.5 in [11], hence, there exists a positive
number a depending only on the Lipschitz constant My such that the set

EP ={x€Q\ D : dist(z,0D) > t} (3.6)

is connected for t < arg.
Let P € 0D; by Remark there exists a cone C(P,v,1,9) C (2 \ D). By easy calculations we can

see that, by choosing
l

" T+sing’
the point y,, = P + 7mov satisfies dist (y-,, 0C(P,v,1,9)) = 1psin®. Let us now take to = min {aro, 70}.
Since tg < 79, we have

70

dist (Y, 2\ D) > dist (yi,,0C(P,v,1,9)) > tosind,

hence y;, € E£ sing- Oince tosind < arg, then E£ sing is connected.

Let ¢/ be a curve in E£ sing that connects y;, to O and let ¢ = ¢’ U [yy,, P|, where [y, , P] is the line
segment from P to yq,.

If z € ¢/, then dist(z,0D) > tosind, hence

— Pl <di Q) < Ry <
|z | < diam(Q2) < O_t081

Ry .
nﬁd@st(z, oD).



If z € [ys,, P], then dist(z,0D) > |z — P|sind. In both cases

Ry 1
— Pl < _ v .
& |max{tosinﬁ’sinq?}7 zec

O
We are now ready to prove Proposition 3.4
Proof of Proposition[3.4} Let P € Dy, we have two different cases
(1) P € 0Dy NoQg;
(11) P e 0Dy \ an
In case (i) we have that P ¢ Int(D;), hence
dlSt(P, 8D1) = Cl’LSt(P7 Dl) < du(D07D1)~
In case (ii) we have P € Int(Qg). By Lemma[3.5] let ¢ be a curve such that
cC \ DO
connects P to 02 and
|z — P| < Cadist(z,Dqy), Vz€c. (3.7)
Since P € Int(fg), ¢ intersects J€g and, since
(cN Do) \ {P} =0,
then
(¢NQg)NOD; # 0.
Let Z € ¢N 0Qg N 0D;. We have
dist(z, Dg) < sup  dist(z, Do) < d,(Do, Dy)
z€0D1NINg
and, by , we have
1
F|§ — P| S dlSt(E, Do) S du(Do, Dl) (38)
2
Since z € 9D; and by (3.7
dist(P,0D;) < |z — P, (3.9)
hence, from (3.8) and (3.9) we have
dzst(P, 8D1) < ng#(Do,Dl), VP € 0Dy, (310)
and, by symmetry,
diSt(Q, (’9D0) S Cvgd‘u(D()7 Dl), VQ € aDl (311)
Inequalities (3.10) and (3.11)) imply that
du (0D, 0D1) < Cad, (Do, D1).
O



3.2 A useful geometric construction

The aim of this subsection (see Proposition is the construction of a special tubular set contained in
G that connects a special point on 9€Qg to any point on 9 (and particularly any point on ¥) and has a
fixed positive distance from the rest of the boundaries of the two polyhedra. In this set we will be able
to propagate the information on the DtN map up the the boundary of 9.

In order to construct this tubular set, we need some information on the position of the boundaries of
the two polyhedra when they are sufficiently close. Proposition [3.6] below, that is the adaptation to our
setting of Proposition 6.2 in [39], states that, in a neighborhood of some point, the boundaries of the two
polyhedra are relative graphs of affine functions that are not too close (see ) .

Proposition 3.6. There exist positive constants k1 < ko < ko, K, K1 and L1 depending only on the a
priori data, such that, if Do, D1 € © and

du (Do, D1) < koro,

then there exist Py € 0Dg and Py € 0D; such that the following conditions are satisfied. Up to a rigid
transformation Py = (0,0,0), P, = (0,0,a1) and

0DyN Bz .. = {(.Q?l,wg,a)‘g) € BEo'fo T xr3 = @0(1’1,.’]&‘2)},

koTo

oD N By, = {(z1,32,23) € Bgyry + 3= Py (z1,22)},

where ®g and @1 are Lipschitz functions with Lipschitz constant bounded by Ly and such that ®¢(0,0) =0
and ©1(0,0) = a;.
Furthermore, on By, , = {(x1,12) € R? : 2% 4+ 23 < kird} we have

(I)Q(Z‘l,l‘g) = l?l‘l + lgl‘g, (1)1(1‘1,1‘2) = lil‘l + l%.]?g V(xl,xg) € B;ﬁro
So = {(1‘17$2,(I)0($1,$2) : (1'1,1'2) S B;CN“O} C 9Dy,
S1 = {(z1, 22, P1(x1,22) : (21,22) € By, } € 0D,

Kdg (Do, D1)\?
@ -2+ @ -1 < (R B2

lai| < Kdg (Do, D1),

To

and

| @0 (21, 22) — 1 (21, 32)| > K1(dg (Do, D1))%,  V(w1,32) € By, - (3.12)

Remark 3.7. Notice that kg can be chosen such that Dy and D1 are on the same side with respect to Sy
and Si.
We call Dqy the polyhedron for which the point Py € 0fg.

Let us now introduce the description of a tubular neighborhood of a curve as was introduced in [12}[9].
Let P € 0f)g and let v be a unit direction such that the line segment [P, P+dv] is contained in G for some
d > 0. Let P be a point on 99, consider a curve ¢ joining P to P + dv and define, for some R € (0, d)

2 _ p2
Vr(c) = U BR(Q)UC (P7 v, dTR,arcsin 5)
Qec

where C is the cone defined in (3.1]).
In the next proposition, we show that such a set Vz(c) can be constructed in G, see, for example,
Figure [3
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Figure 3: A 2D-section of a possible configuration with the representation of Vz(c) and ¢ connecting P
to P+ dv.

Proposition 3.8. If Dy, D1 € D, there exist constants Cs, d, R (with R < d) and Ry depending only
on the a priori data and there is a point P € 0Dg N 0Qg such that

Csd3 (Do, Dy) < dist(P, Dy), (3.13)

dist(P,{0})°}iz;) > R, (3.14)

and such that, given any point P € 0 there is a curve ¢ joining P to P + dv, where v is the unit outer
normal to Dy, such that

Vr(c) € G. (3.15)
Proof. Let us denote by d,, = d,,(Do, D1) and let

__To .
dy = 3C,C, min {k1,a}.

We distinguish two cases.
Case 1: d, > d;.

Note that, by Lemma 5.5 in [I1], the sets E”° and EP* (defined as in (3-6))) are connected for t < dy < aro.
Let P be a point on 9Dy N I€2g be the point that satisfies

du (Do, Dy) = dist(P, Dy).

Let P be a point in the face containing P (or in one of the faces containing 13) such that

. di . (6o
dist(P, {0} }iz;) > 7 Sin <?>

11



and
1

d
dist(P,Dy) > 5 (3.16)
Consider the outer cone to Dy at P (see Remark [3.1]). Since P is internal to a face, the direction v can
be chosen orthogonal to 0Dg.

d d .
The point P + %u beloggs to EDTI1 and also to EDTlO s (with ¢ from Rgmark .
Then, given any point P € 0f) there is a curve ¢ joining P + ‘i—lu to P with distance bigger than
%1 sin? from {g.
Moreover we trivially have
d3 (Do, Dy) < (diam(2))* < R},

hence, by (3.16)
2dist(P, Dy)
d

d3 (Do, D1) < R} 1

that gives (3.13).
Case 2: d, < dy
Since by Proposition [3.2] and Proposition

du (Do, D1) < C1C%d, (Do, D1)

we have
du (Do, D1) < C1C2dy < koro

so that the assumptions of Proposition hold true.

Let now Py be the point in Proposition and let vy be the normal direction to Sy (defined in
Proposition . Notice that, due to the cone of C(Py, vy, k170, 7/2) is contained in G.
Let us take the point Py + kl—zroyo and notice that

k k
dist (PO + IQH)VQ,D0> = 170

2
Let ¢ be a curve joining Py + kéﬂuo to a point P € 002 and such that ¢ C Et[go. By choosing d = ]’“—2”’

and R = to/4 the tubular set Vg(c) (starting from P = P) is contained in © \ Dy.
Now, since

Let to = min{ e arg} so that E£° is connected.

dH(DOaDl) < C1C0sedy < %)

the set Vg(c) is contained also in Q\ Dy, and (3.15) follows.
Inequalities (3.13]) and (3.14) (for P = Py and Ry = korp) are a straightforward consequence of (3.12)),
[B3) and (32). 0

3.3 Estimating the distance between vertices of close polyhedra

We now state and prove the main result of the section: if two polyhedra in © are close enough, then they
have the same number of vertices (and faces and edges).

Proposition 3.9. There exist two positive constants &g and C' depending only on the a priori data, such
that, if for some Dy and Dy in ®,
dy (0D, 0D1) < o,

12



N N
then Dy and Dy have the same number N of vertices {VZ—D“} and {ViDl} , respectively, which can
i=1 i=1

be ordered in such a way that
dist (ViD%ViDl) < Cdy (9Dy, dD1). (3.17)

Moreover, for each edge or face in Dy there is an edge or a face in Dy with corresponding vertices.

Proof. The proof of Proposition follows the same idea of the proof of Proposition 3.3 in [20] in the
two dimensional setting. In that case we show that, if the Hausdorff distance between the boundaries is
small enough, a vertex of one of the two polygons cannot be too far from vertices of the other polygon
without violating the a priori assumptions.

For polyhedra the proof is more involved and it is divided in two steps: in the first step we show that
the distance between an arbitrary vertex in Dg from the edges of Dy can be bounded by Cdy (0Dg, dD1)
where C' depends only on the a priori data. The main idea to prove this consists in showing that a small
neighborhood of a face of one polyhedron cannot contain a vertex of the second polyhedron since the
length of edges and width of angles are bounded from below by the a priori data.

In the second step, we show that an arbitrary vertex of Dy has distance smaller than Cdg (0D, 0D1)
from a vertex in D;. This time the idea is that a small neighborhood of a pair of intersecting faces cannot
contain a vertex that does not violate assumption . Since assumption holds, if dg (0Dg,0D1)
is small enough there is a one to one correspondence between vertices of the two polyhedra.

For sake of brevity let us denote by

dy = dy (0D, dD1), (3.18)

and let
(OD,)!) = {z € R® : dist(z,0D1) < dp}.

By definition of Hausdorff distance it follows that 0D, C (8D1)(dH ),
We can also assume that (), \ (8D1)(dH) is connected by [9, Lemma 5.5], where

(Q)g,, ={z €Q: dist(z,0Q) > du}.

Let us choose an arbitrary vertex in Dy and let us denote it by VlD °. Let FiD ! be a face of D; such
that
dist(V;?°, FPY) < dpy

(notice that such a face exists because V;° € (8D1)(dH)).

Let us choose our coordinate system such that V1D° = (0,0,0), and FiD1 lies on the plane {z3 = —c}
for 0 <e¢<dy.

We now want to show that there exists a vertex (say VlD ') of the polygon FiD ! such that

dist(V,Po, VP1) < Cdy

where C' depends only on the a priori assumptions.
First step. Let us show that there exists Cy, depending only on the a priori data, such that, if dg is

small enough, then
dist((0,0,—c),0F ") < Cody (3.19)

and, hence, since 0 < ¢ < dg
dist(V;P°,0FP1) < (Co + 1)dpg. (3.20)

In order to prove (3.19)), let us assume that
dist((0,0,—c),0FP") > Codyr (3.21)

13



and show that there is a constant Cy such that leads to a contradiction for sufficiently small dg .
By assumption , the cones with basis B¢, 4, ((0,0,—c)) and height Codg tan 6y do not intersect
other faces of Dy except FiD L,
Let us take Cy > %. It is easy to show that the ball centered at VlD” with radius Cydg, where
Ci = % (Cosinfy — cosfy — 1) does not intersect the set

{x eR3 : dist (xﬁDl \FiDl) < dH}.

Let us now take dg such that Cidy < rg. This implies that the edges of Dy that contain VlDO, that are

contained in (8D1)(dH ) by definition of the Hausdorff measure, intersect 0Bcydy (VlD") at points that
lie between the planes 77 = {23 = 2dy} and 7~ = {w3 = —2dy} (as a matter of fact the region on the

ball that can contain these intersections is smaller, but we choose this one to have a symmetric one).

Figure 4: First step of the proof. Note that if the strip is too small then the vectors are not all contained
in it.

Let 05“ be one of the edges of Dy that contains VlD % and let us denote by v the position vector that

represents the intersection of this edge with the sphere B, 4y, (VlDO).

Let u and w the position vectors with tips at the intersection of the edges of the faces of Dy adjacent
to 050 with 0Bc,ay (VIDU)

We have that

lul = Jv] = |w| = C1dm, (3.22)
|’ll,3|, ‘U3|7 |w3| S 2dH ’

Let 0;; denote the internal angle at the edge 050. We now show that, if C; (and, hence, if Cy) is big
enough and Cidyg < rg, then

| cos ;5] > cos by
in contradiction with assumption ([2.9)).

Let us consider the unit normal direction to the faces intersecting at 05":

X X
= andr = (3.23)
|u x v |v x w]

Notice that, by (3.22)),

ux ] (uf +uj + 0f +03)(u3 + v3) + (urv2 — ugvr)?

16C3d3; + t3|u x v|?,
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so that

(1 —t3)|u x v|* < 1607 d%;. (3.24)
From assumption (2.6 and (3.22)) we have
lu x v|* = |u)?|v]?| sinwv|? > (Crdg)* sin® bo. (3.25)
From (3.24) and (3.25),
1—13 < 1.72’
C%sin® 6,
hence 16
1—t3| £ —5— 3.26
1l < e, (3.26)
and, in the same way,
16
1- < ——. 3.27
Ims] < C? sin? 6 (3.27)

Now, by (3.26) and (3.27),
[cosbiy| = [t-7|> [tsll7s| — [¢']|7'| (3.28)

48
t — 1—|t3]2)(1 — H>1— ———.
[t3]|7s] \/( It3]?)( T3]2) > CfsinZ 9,

(3.29)

For this reason, if
48

c? > ,
"7 (1 = cos ) sin® G,

(3.30)

we have that
| cos ;5] > cos By

that contradicts (2.9)).

So, let us take, for example

1
0022{ 8v/3 . —I—COSQ()}.

/1 = cos B sin? 8 sin A

With this choice, (3.30) holds, hence we have a contradiction for dg < #. This implies that, for dg < &,
(3.19) and (3.20]) hold.
Second step. Since (3.20)) holds, there is an edge 051 such that

Yy

dist (VlDo JD1> < (Cy + 1)dg.

Let V;?* and V;”* be the endpoints of 051.
We want to show that there is Cy depending only on the a priori data, such that, for dy small enough,
either
dist (VlDU, lDl) < Chdy or dist (VIDO,VQDl) < Chdyy.

Again, we proceed by contradiction and assume that
dist (VlDO,VlDl) > Codyr and dist (VIDO, V2D1) > Cody.

and get a contradiction with the a priori assumptions on ®, see Figure

Let Fle be such that FZ-D1 ﬂFle = 051.
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(b) A partial dg-neighborhood of (¢) The two edges in blue of the
(a) Geometrical setting. the two faces F}”! and F].Dl. face F°.

Figure 5: A sketch of the geometrical setting for the second step of the proof.

As in the first step, by elementary calculations, there is a ball centered at VlD ° of radius C'sdy, where
C'3 depends on the a priori data and on Cs, such that

Begdy (V1D0> N {a: e R3 : dist (az,(’)Dl \ (FZ-D1 UF].D1)> < dH} = 0.

This implies that the intersections of all the edges containing VlD ° with such ball lie in a dz-neighborhood
of the two faces. From the first step, we know that, it is not possible to have all these intersections in
the neighborhood of only one of the two faces. Hence, there is a face (say F: lD ©) containing VlDO that has
one edge in the neighborhood of FZ.D ' and one in F jD t. With calculations similar to the ones in the first
step, that we omit for sake of shortness, it is possible to show that, for Cy big enough, a part of the face
FPo does not belong to (BDl)(dH) contradicting the definition of the Hausdorff distance. O

4 A first rough stability estimate

In this section we derive a rough stability estimate of polyhedral inclusions measured in the Hausdorff
distance in terms of the operator norm of the partial DtN map. As shown in the previous section, this
estimate is crucial to prove that the two polyhedra have the same vertices which can be ordered in such
a way that they are close, see Proposition [3.9

4.1 On some properties of the Green’s function

Let us first recall Alessandrini’s identity. Let ug and wy, with supp(ug|aq), supp(ui|sq) C X, be solutions
of the equations
div(yp,Vu;) =0, 1=0,1,

and A,%Di the corresponding local DtN maps, for ¢ = 0,1. Then, it holds

<(A§DO — A§D1)UO Lz,ul LE> = /Q(k — 1)(xpy — XDy )Vuo - Vug dz, (4.1)

where xp,, for i = 0, 1, is the characteristic function of D;.

As in [I0, [11], we introduce an augmented domain QF, attaching to Q an open set Qq, in its exterior,
whose boundary intersects 92 on an open portion Xg € 3 such that 3 has size which is a fraction of rg.
Let us choose € in such a way that QF := QU ¥y U Qp has the following properties: there exist ri, M,
depending only on rg, and My such that

1. QF is open, connected with Lipschitz boundary with constants r1, M;;
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2. there exists Py € 2y such that
Ber (Po) C Q. (42)

We extend the conductivity to be 1 in g still denoting it with vp.
Let T'(z,y) be the fundamental solution of the Laplace operator, that is the function

1 1
r =——
("I‘.7y) 47T |x_y|7
and with G* the Green’s function, solution to
{div(yDVGﬁ(~7y)) =—6(—y) inQF

4.3
G*-,y) =0 on 00, (4:3)

where (- — y) is the Dirac distribution centered in y. Let us recall some properties of the Green function.
For all z,y € Qf, = # y, it holds
GH(z,y) =G*(y, z)

|z —yl
where ¢ depends only on k, see [I3]. Fix a point y € Q*\ D and let 0 < 7o = dist(y, {05 iz U OO,
for 4,5 = 1,--- , H. Then, there exists a constant C' > 1 depending only on the a priori data such that

B,,/c(y) contains at most a portion of one face of the polyhedron D. Hence, in this case, the ball is
divided into two zones with different conductivity coefficient (thanks to (2.11)), that is, for a suitable

coordinate system, there exists a € [~&, &] such that
WD('I) =1+ (k - 1)X{w3>a}(l‘)a Vr € Brz/C(y)~ (44)

We extend the coefficient 7p in R3, that is, we define
ay(x) =1+ (k - 1)X{a:3>a}('r)7 Vr € RBa

where the same coordinate frame of (4.4) has been used. Denote by T the biphase fundamental solution
of

div(3,()VI(y)) = =6(- —y),  inR%
We refer the reader to [I3] for more details on the biphase fundamental solution. In the following

proposition, we recall other useful properties of the Green function that come from some of the results
in [I3] 7, [18].

Proposition 4.1. For all C; > 1 there exists a constant C' > 0 depending on the a priori data and C
such that, for all y € QF\ D satisfying

dist(y (o }izs VOX) 2 &, ij =1, H,
1
it follows that R
IG*(y) =T )l o) < C, (4.5)
and, for all o > 0, )
HGﬁ('vy)HHl(Qﬁ\Bg(y)) <Cpg=. (4.6)

Let P € 9D. Without loss of generality, assume that P belongs to the i — th face F; and that
diSt(P, {Ug}i;éj) Z Rl,

and let y, = P+rv(P), r > 0, where v(P) is outer unit normal vector in P to dD. Then, for allr < &1,
and x € DN Br, (P), we get that
2

VG (x,y,) — VI(,y,)| < C, (4.7)
where VI = %HVF(x, Yr).
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4.2 Estimating an auxiliary function
Recalling (3.3)), for all y, z € G, we consider

Sy, z) = (k—1) /Q (xDo — XD, )VGh(2,y) - VGi(, 2) da, (4.8)

where Gg, for i =0, 1, are solutions to (4.3]), where yvp = vp,. Note that

e for all z € Q% \ Qg,
A,S(,2) =0, inQf\Qg; (4.9)

e for all y € 0%\ Qg,
e for all y, z € g, the Green’s functions Gg and Gﬁ do not have singularities in €2 and by the regularity
of G4 G in QF\ Qg,
Gh () loa, Gi(2)lonc HEH(X),
that is, thanks to (4.6)),

e e . < 411
IGECly o IGEC A < (.11)
where C' depends only on the a priori data. In fact, for example
B0, | i L
IGHC 0,3 ) < 1GEC D3 -

_1
<NGEC W) < IGEC W @0\B,, @) < O %
Analogously for G§(~, z).

In order to prove stability estimates in terms of the Hausdorfl distance of the inverse problem under
investigation, we need first to establish upper and lower bounds for the function S(y, z) defined in .
These are contained in the next two propositions. To simplify the presentation, we assume, without loss
of generality, that using a rigid transformation of coordinates the point P in Proposition [3.8] coincides
with the origin, i.e. P = O, and the outer unit normal vector v is equal to ez, where e = (0,0,1).
Moreover, in accordance to Definition H we use the notation O'?jg, with i # j, to denote the edges of
Qg.

The proofs of the following two propositions are in Appendix [A]

Proposition 4.2. Assume that
<e, (4.13)

*

HA“Z/DO N Ang

where 0 < € < 1. Under the notation of Proposition [3.8, let Q = P + des and &, = P + hes, where

0< h<dy and )
dy:=d <1 — 51219) and ¥ = arctan (5) . (4.14)

Then, there exists two suitable constants C3 and Cy depending on the a priori data such that

S, &n)| < %ECB’LC“ (4.15)

where C depends on the a priori data.

18



Proposition 4.3. Under the notation of Proposition let &, = P + hes. There exist 0 < h < % and
0 < C < 1 depending only on the a priori data such that

C _
where o
0 = min{dist(P, D1),Cro} (4.17)
and C depends on the a priori data.
Remark 4.4. Note that o0 < Crq is needed in order to guarantee that a ball of center P and radius o
doesn’t intersect edges and vertices of Qg \ 0.
4.3 Logarithmic stability estimates
Now, we use Proposition [I.2] and Proposition [I.3] to prove the following logarithmic stability estimate.

Theorem 4.5. Let the assumptions of Section[2-1] apply. Let Dy, Dy be two polyhedral inclusions in D.
Let 1 and k be the conductivity coefficients of Q\ D; and D;, fori = 0,1, respectively. If, for some e with
O<ex<l,

b b))
HA’YDO - A"/Dl N <S¢,
then
dH(aDo,aDl) < (:J(S), (418)

where W(e) is an increasing function in [0,4+00) such that
@(t) < C|logt|~¢, forall0 <t <1,
where C' > 0 and (, 0 < ¢ <1 are constants depending only on the a priori data.

Proof. By (4.15)) and (4.16)), we have

~

=1 Q

<186 6| < S b 0 <h <o,

that is
O < 8C3hc4

where C3, Cy are the constants in (4.15) and 0 < C' < 1. Since 0 < € < 1, from the last inequality we get

_/ 1 \% _
h<C|——— , Vh, 0 < h < ho.
[Toge]

In particular, choosing h = ho, we find

1\
o< C|— .
|log g|

From (4.17), we have to distinguish two cases.
Case 1: p = dist(P,Dy). In this case, by (3.13)), we get

d3(Dy,D1) <0< C L\
u( 0, M) > 0> [log e )
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that is
du(D07D1) S %

Wl
IA
Q
N
R~
AU
N———
|
Qf
S

Therefore, thanks to Proposition we find

i 1 304
d(0Do,0D1) < Cdy(Do, D1) < 0% < C <1ogs|) '

Case 2: 0 = Cry. Then, we obtain the assertion of the theorem simply noticing that
d51(0D0,dDy) < diam(Q) < Cry < = ()7
H( 05 1), mm( ), Tofﬁ @ s

where C' depends on the a priori data only. O

5 On the regularity properties of the local DtN map

In this section we investigate the differentiability properties of the local DtN map. The first part of this
section is devoted to the non trivial task of constructing a Lipschitz vector field / from R? to R® mapping
Dy to D; which is piecewise affine in a neighborhood of 9D, (Proposition and to prove its main
properties, see Proposition Then in Proposition and Proposition [5.4] we state the differentiability
of the DtN map showing that its Gateaux derivative along the direction U exists and is continuous.
Furthermore, we derive a distributed formula for the Gateaux derivative and we use this representation
to bound it from below (Proposition .

5.1 Construction of a Lipschitz vector field mapping D, to D,

In this subsection we assume that
dg(0Dy,0D1) < d (5.1)

as in Proposition[3.9] hence it follows that the two polyhedra Dy and D have the same number of vertices
such that
dist(V;Po, V:PY)y < Cdy(0Dy,dD;),  fori=1,...,N.

For sake of shortness we again use the notation
dy = dy(0Dy,0D1)
Let W C Q be a tubular neighborhood of 9Dy with width 7 so that
dist(V,00) > %0

In the sequel, we denote by 7y the union of non overlapping isosceles triangles contained in the faces of
Dg with basis on the sides of the polyhedron and height

ro min{l,tan(00/2)}'

ho = 5

(5.2)

The following result holds:
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Proposition 5.1. There exists a vector field U : R® — R3 with U € WL>(R®) and satisfying the
following properties

UWPy=vP -y vi=1,...,N,
suppUU C W,
U continuous,piecewise affine on Ty,

U| + |DU| < Cdy,

where DU dentoes the Jacobian matriz of U and C is a constant depending only on the a priori constants.

Proof. To construct the vector field U satistying (5.3 - (5.6]) observe that by Kirszbraun’s theorem [40]
Theorem 1.31] it is always possible to extend a function f: A C R® — R? which is Lipschitz continuous
on an arbitrary subset A of R3 to a Lipschitz function ¢/ : R? — R? such that

Z/_{I_A: f7

and U having the same Lipschitz constant L as f.

So, let us first construct the map f. We fix an arbitrary face F JQ of the polyhedron Djy. Assume that
FJQ has K sides. Then on each side l;,i = 1,... K, we construct isosceles triangles {TP}X || with basis
li;i=1,... K and height hg, as defined in 7 in such a way that all the triangles are strictly contained
in Fjo, disjoint and mutually intersecting only at the common vertex of FJQ7 see, for example, Figure
[[l Thanks to the fact that Dy, D; € D and hence satisfy the same apriori assumptions, we can repeat

Dy

ho T3

g T?

hg Fl() h[)

hy Ty

Figure 6: Sketch of the construction of isosceles triangles on the face FY in the specific case of a cube Dy.

exactly the same construction of triangles on the corresponding face F jl of D;. We then construct a
continuous piecewise affine map ®; defined on the UX | T? as follows: it is affine on each triangle of the

partition and satisfies <I>j(VlTlo) = VlTi1 — VlT'i0 foreachi=1,... K and [ =1,2,3. By 1] one has that

T} Yy
Vi =V

< Cdyg (5.7)
for each i =1,... K and [ = 1,2,3 and one can see that on UX ;TP the map ®; satisfies
()| < Codu,  |®;(x) — @;(y)| < Crdulz —yl, Yo,y € UL, T} (5.8)

where Cy and C7 depend only on the a-priori constants. Consider now the map f defined on the collection
of triangles 7y as follows: for any z € ToN F, ]Q it satisfies f(z) = ®;(x). Clearly, f is Lipschitz continuous
and satisfies (5.8) on 7Tp.
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Applying now Kirszbraun’s theorem for A = 7, there exists a Lipschitz map U from R? to R3 which
is Lipschitz continuous and satisfies for all 2,y € R3. Finally, by considering a real valued cut-off
smooth function ¢ : R® — R such that 0 < ¢ < 1, with compact support in W and with ¢ = 1 in
a tubular neighborhood of dDg of width ry/4 and such that |V¢| < C with C depending only on the
apriori data then it is straightforward to see that U = @l satisfies the desired properties - .

O
As a consequence of the previous construction we have the following
Proposition 5.2. The map
o, =T+tU t€0,1)
has the following properties
D, is piecewise affine on dDoy; (5.9)
O, € Wh™(Q) is invertible; (5.10)
|D®, — I|, |D®;* — I| < ctdy; (5.11)
D, (Q2\ D) C £ (5.12)
d d
— &y, |0, | < Cdp; 1
dttadtt _CHv (5 3)
d d 1
— Do —D®; | < Cdpy; 5.14
dt t» dt t ~ H; ( )
d g1 2
DO+ DU| < Ctdgy; (5.15)
d
a(D<I>;1)T +DU™| < Ctd%, (5.16)

where D®y, D<I>t_1, and DU are the Jacobian matrices of Py, <I’t_1, and U, respectively and dy is as in
(13.18)).

Proof. Property (5.9)) follows immediately from the definition of . In order to prove (5.10)), notice that

Codn < t0050 7
ro — 4rg

|D®, — I| = t|DU| < t

where the last inequality comes from the stability estimate (4.18)). Now, by the equivalent Proposition

3.4 of [I8] possibly taking dp small enough so that

Coo
4T0

1

27

it follows that |D®, — I| < 1/2 and ®; is invertible for all ¢ € [0,1]. Moreover, by the Implicit Map
Theorem it follows that D®; ! (y) = (D®,)~1(®; ' (y)) and the analyticity in the parameter t of (D®;) "

gives

Cot

DO, — 1| < —dpy.

To

By construction of @, it holds ®;(Q2\ Dy) C Q. Estimates (5.13) - (5.16) are a consequence of (5.6]) and
the analyticity of @, ! and Do, ! with respect to t.
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5.2 On the differentiability properties of DtN map

In this subsection, we state some results concerning the existence of the Gateaux derivative of the local
DtN map along the direction of the vector field U (Proposition and its continuity (Proposition .
We do not provide the proofs of the two propositions since they can be obtained in the same way as in
the two-dimensional case treated in Section 5 of [I§].

Let Dy = ®:(Dy) and 7vp,(x) = vp, (@;1(33)). Given f,g € HC%O(E)7 let u; be the solution to
with yp = vp, and v; the solution of the same equation satisfied by u; but with Dirichlet boundary data
g (see (2.14)).

We define

0
F(t, f,9) = <A§D f[z,9> = / Yo, Vut - Vopdo = <8utlz7g>
t Q n

and
A(t) = DO (DD, T det (DP,)
A= A'(0) = divUUI — (DU + DUT).
The following results hold.

Proposition 5.3. F(t, f,g) is differentiable for all ty € [0,1] and

F/(t07f7 g) = - /Q FYDtOAtDVUtO . V'Uto dx

where
d

Tt

and @y ¢ = I + tUy,, and Uy, is a WH°(Q) map satisfying the analogue properties as those introduced
for U with Dy, instead of Do. In particular fort =0

A = 5 (D21 (D21 det (D)) |

t=to

F/(Oafa g) = _/ ’YDOAVU() . VU() dx.
Q
Proposition 5.4. There exist constants C, B3 > 0 depending only on the a priori data such that for all

t € 0,1]

Fl(t _F(0 <C thdy
|F'(t, f,g) 0, f.9)] < Hf”H;%(Z)”gHHi(z) T

for dy as in (3.18)).

5.3 Lower bound of the derivative
We now establish a lower bound for the derivative of F' at t = 0. More precisely, we prove the following

Proposition 5.5. There ezists a constant mg > 0, depending only on the a priori data such that
IF"(0)[l« = modp-

where

[F'(0, f,9)|
[l

| ()]}« = sup T
HZ (D) " HE(D)

2 f9#0
and dy is given in (3.18]).
Before proving the lower bound, we state the following lemma which is a special case of Proposition

1.6 in [30].
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Lemma 5.6. Let B, be a ball of radius r > 0 centered at the origin, and let B be the upper and the
lower half ball and let v1, 2 be two positive constants. Let v € H*(B,) be a solution to

div ((71 + (2 = 71)XB¢)Vv) =0,  inB,. (5.17)

Then v € C* (ETi) and for all 6 > 0 there exists a constant depending only on 1, 2 and § such that
HV’UHL”(B(lﬂs)T) < CHU”Lz(BT)' (518)
Proof of Proposition[5.5, We set
W= (VP —vPrvPe v viDe — P,

By Proposition [3.9] we have that

C-ldy < |W| < Cdy, (5.19)
where C' depends on the a priori data. We normalize by the length |W| of the vector W by setting
~ U ~ A
U=—, A=—f)
W] W]

and
H(f,g):= _/ 'YDO-ZVUO - Vg dz,
Q

so that F'(0, f,g) = |W|H(f,g). Let m; = ||H||« the operator norm so that

H(f,9) <mallf]| Vf,9 € HA(S).

B9 sy
In particular, we have

IF ()|« = [WIIIH . (5.20)

We divide the proof in three main steps.

Step 1. To start with, we choose special boundary values f*, g¢* by setting for 5,z € Q% \ Q,
PO =G loa,  g°() = Gi(-2) oo

where Gg(-7 Y), Gg(-, z) are the Green’s functions defined in (4.3)) with conductivity vp, and singularity
at y and z respectively. With these choices, we consider the corresponding solutions G?](x, y) and Gg(x, 2)
that we will still denote by ug and vy for the sake of brevity. Since y,z € Q9 \ ©, ug, vo € H*(Q) and we
can define

O(y, 2) := —/ 0o AVug - Vg dz = —/ VDOJZVGg(-,y) : VG%(-,Z) dx.
Q Q
First, observe that for y,z € B, (Py) C Qo, see (4.2),
@(y, Z) = H(fﬁ7gﬁ)’

hence

0@y, 2)l < mull fFll s

H?O(Z)Ilg

”HH% :
CO(E)

From (4.12), we have that ||fﬁ||H% - < Cry . Hence,

#
o193

Q

m
[O(y, 2)| < o L Yy, z € By, (FPo). (5.21)
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Step 2. As second step, we use the properties of ©(y, z) to go from the distributed formula to the boundary
formula on 0Dy, far from vertices and edges. To this purpose, we consider a tubular neighborhood of the
edges {050}, with ¢ # j, that is

. To
B= Q : dist Doy < 2
g{xe ist(z,0;; )_Cl},
ij
where ¢; > 1 depends only on the a priori data, so that
(2\ Dg) \ B is connected; (5.22)
dist(B, 99) > %0 (5.23)
Let us write
O(y,z) = —/ 7D0/TVUO - Vg dx — / 7D0/TVUO - Vg dz.
Q\B B

In O\ Dy and in Dy we have that AVVUO - Vg = —div(b), where
b= (Z/N{ . VUQ) Vg + (1/7 . VUQ) Vug — (VUO . VU())Z/N{.

Then, we can write

/ Yo AVug - Vg da = — / div(b) da — k / div(b?) dz,
Q\B Q\(D()UB) DoUB

where we have set ¢ = bL and b = b L Do’ Let us now integrate by parts and denote by v the outward

Q\Do
unit normal vector to B and to Dy. Observing that by construction, supp U C W, it follows that b = 0
on Jf). Hence,

/ div(b®) dz = —/ b -vdo(x) — / b - vdo(z), (5.24)
Q\(DoUB) aBN(Q\Do) 8DoN(Q\B)

/ div(b') dx = / b vdo(x) — / b vdo(x). (5.25)
DyuB 0Do\B oBNDgy
Then by (5.24) and (5.25)), it follows

/ YDy AVug - Vg d = / Ypob - vdo(x) — / [vDob - V] do(z),
o\B o8B 8Do\B

and

where [-] denotes the jump along the surface 9Dy. By the transmission conditions satisfied by ug and v
across 0Dy and the fact that & € W1>°(R3) on 0D, \ B, we can write

[ypob-v] =U - v(k — )MV, - Vi,

where M is the so-called polarization tensor, i.e., a 3 x 3 matrix with eigenvectors v and v+ and with
eigenvalues k and 1. Hence, we can rewrite (5.21)) in the form

@(y,z)z—/’yDO.ZVuo-Vvodx—/ Ypob - vdx
B oB

B w (5.26)
+ / U- vk —1)MVuyg - Vo de.
9Do\B
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Step 8. We now use the properties of the function © to propagate the estimate up to points that
are close to the faces of Dy but far from vertices and edges.
From formula (5.26), O(y, ) is well defined for (y, z) € Qf\ (Dp U B) and recalling that uo(-) = G5 (-, y),
vo(-) = G*(-, 2), we have

diV(’yDOV@) = 0, in Q\ (Do U B)

both with respect to y and z, i.e.
divy(yp,V4O(-,2)) =0, and div.(yp,V.O(y,:)) =0, inQ\ (DyUB).

Let us now consider an arbitrary face F; of Dy and let us choose P € F; NT as the incenter of a triangle
T of F; N7y, where T € Ty and 7o is the partition of triangles defined at the beginning of the section.

Consider then a ball centered at P and radius 2%)1 with C; = max (cl, W) Then by the

a priori assumptions on Dy, B;To (P) is such that it intersects Dy only on the face F, B% (P)NF}is
1 1

striclty contained in T', and dist(P, B) > 75-. N

Let ¢ be a simple curve adjoining P + %V(P) with the point Py € B

and dist(c, Dy) < 55-. Let

o (.P()) C QO such that ¢ C Qﬁ \ Dy

2C

T =7U {P Y tw(P), te {0, 2’21} }

and

_ f  dist(z.T) < 1O
IC—{xG(Q \ Dy) : dzst(x7c)<4cl}

) - 7
K = {:E € (V*\ Dy) : dist(z,¢) < 8C0’1}

Then the function © solves in K the equations

divy(vyp, VyO(-,2)) =0, and div.(yp,V.O(y,-)) =0.

Let us start to estimate ©(y, z) for y,z € K using (5.26)). Since dist(K, B) > 18-, we have that

QN\B g (y)
Icy

IVuollzaw) < IGEC-9) ( )¢

and analogously .
< . <
IVeollzzs) < 11Go( ’Z)HL2 (m\BgL(z)> =
acy

Hence, we have that

’/ YD, Vo - Vg dx| < OHVUOHL2(B)||VUO||L2(B) < (C. (5.27)
B

Let us now estimate the second integral on the right-hand side of ((5.26). For, we consider a neighborhood
of OB, that is

Mm = {g; . dist(x,0B) < 821} (5.28)
and
’ . 7o
= : < . 2
m {ac dist(x,0B) < 16C, } (5.29)

Since up and vy are variational solutions of equation (5.17) in 9%, we apply the estimate ([5.18]), getting

Vol o), [IVvollpe @y < C,
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where C' depends only on the a priori constants. Hence,

‘/ YDob - vdo(x)
oB

For a similar reason, for points on 9Dg \ (B UB o (P)), we can bound

207

<C. (5.30)

/ U- vk —1)MVu) - Vi de| < C (5.31)
3D0\<BUB%(P)>
since y, z € K. Finally, let us bound
/ U-v(k —1)MVu} - Vol de. (5.32)
dDoNB ry (P)

70
307
Notice that if y, z are at positive fixed distance from 9Dy N B r (P), then we can use again (5.18]) to
1

estimate (5.32). On the other hand, for points y, z close to 9Dy N B;TO(P), we can use (4.5) and the
1
explicit formula of the fundamental solution to get

’/ U-v(k—1)MVul - Vi de| < C(dyd.) ", (5.33)
aDoﬁB%L (P)

where gy = dist(y, Dy), d, = dist(z,Dy). Collecting all previous estimates (5.27), (5.30), (5.31) and
(5.32)) we end up with the following bound

19(y, 2)| < C(dyd,) ™", Yy, z € K. (5.34)

Let us set consider the following subsets of the walkway K

. T
o = {x € K : dist(x,Dg) > 322,1}

. 7
ICS:{JJE’C o dist(x, Dg) > 162’1}'

Then by (5.34)) and the definition of K°, the following bound holds
O, 2)| <C,  V(y,2) €K
Hence, thanks to (5.21)), proceeding as in [I1, Theorem 5.1], we can show that

”@(',Z)”LOO(BRI(Q)) S C’m‘ls, Vz € QO

where Q = P + 15 v(P), R = g& and 6 € (0,1). Similarly, we derive

2
1. Ml (5, @y SCMT . Vy € Br,(Q). (5.35)
We now apply the three spheres inequality for harmonic functions to ©(-, z) in the balls

Bz, (Q) € Bg,(Q) € Bg,(Q),

for R
R=2 R, o

_ T ro
40, 2

— r
Ry= —2 _~
3740, W
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that

— lo =
with r to be chosen. We have for z € Bz (Q) and 9, = g( )

os(5)

HG("Z)”LOO(Bﬁz(@)) < H@("z)”i;(Bﬁl( ))||®('7Z)H2;ﬁ(3ﬁ3@))’

EEER

Ql

and from ([5.35)) and (5.34) we find

1\ 10" .
||@('7Z)HLOC(B§2(§))S - moy

r
where )
my = Cmj . (5.36)
Hence
1 1-9- 9 mﬂr
Oy 2)] so(r> mgr <™ vaeBg g

We now consider ©(y,, ) in the same disks getting
2

NS 21\ e mgT'

owal<c(5) () m <

,ﬁZ

T

m
O, yr)l < C—3-. (5.37)

Hence

Step 4. We now want to estimate O(y,.,y,.) from below. We start from

O(Yr,yr) = — / 'yDO/TVuO - Vg dzr — / Ypob - vdo(x)
B B

U-v(k —1)MVuj - Vi do(z)

- /aDO\(BuB;g1 (P))

+ / U- vk —1)MVu - Vo do(z) == I, + I + Is + 1.
9DoNB ry (P)
1

From estimates (5.27)), (5.30)), and (5.31]) we get
|Iz|§Ca i=1,2,3,

where C' depends only on the a priori data. To evaluate I from below, we use (4.5 and add and subtract

T

(U - v)(P) in the integral. A straightforward computation then give for r < z&-,

|I4| > 072 -

@ v)(P)_C

r

Hence,

)

10y, yr)| > Cw ¢

and by (5.37) we finally get
(U - v)(P)] < C(my" +71).
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If my < e=(16)" ie. (see (5.30))

67(16)4 5% 1
< — .
my < < c 2 (5.38)

where C7 depends only on the a priori data, we can pick up

r=T= r—o|logmg|_Z

Gy

getting _
|U - v)(P)| < Cllogmy|~%

and recalling the definition of my, we find
U - v)(P)| < Ceo(m) (5.39)

where wy(t) is an increasing concave function such that }irr(l) wo(t) = 0. Note that with a similar procedure
—

the estimate (5.39) can be obtained for each point in a neighborhood of P in the triangle T' containing

P. Since U is affine on the triangle T' the estimate holds also on the corresponding edge 05” and at

the adjoining vertices. We can repeat this argument for each side of the face F;. Hence, if {Vlf °1,, for
1 <i < Nj, indicate the vertices on the face F; of Dy

UVPo) v <wo(ma),  forall 1 <i<N;

where v; is the unit outward normal to the face Fj. In particular, recalling the definition of U on 0Dy,
we get

(V5 VP -, |
< wp(my), for all 1 <14 < Nj.
(W]
We can repeat this on any face Fj; so that
(Vi7" = Vi) v : :
J |W|J < wp(my), forall 1 <i<N;, je{l,...,H}, (5.40)

and v; normal to the face F}. Let

D D D D
|V‘Zo](i) ‘/;0]10| = maX|V ’ V;j 1|'

Then
V2% -

20J0 Z(J]O |
W] N ’
where N is the total number of vertices of Dy and Dy, see Proposition [3.9] Moreover, since, for the a
priori information, there are three linearly independent unit directions v for which (|5.40| - ) holds for i = i
and j = jp then it holds for every unit direction, in particular by choosing 7 parallel to VZ?J‘; VZ?;O,
get

D D, D D, 7
1L ‘V;,oj(()) ‘/;ojo| _ |(V;OJ% - Vviojo) ) I/| < wp (ml)
N W] Wi - |

which gives
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and recalling ([5.38)) we have
1 1
> mi =)=
ez (57 (). )
Finally, from the estimate (5.19) and (5.20), we get
[IE"(0)]| = mod,

with mg = C~! min (wal (%) ,C%)

6 Lipschitz stability: proof of Theorem

Let dy be as in Proposition [3.9] and let ¢ be such that
w(eo) < do

where w is the logarithmic modulus of continuity given in Theorem [4.5

Let us assume first that
g = ”A'XY:DO — A§D1 H* S €0,
so that, by Theorem [1.5
dH = dH(aDo,aDl) S (:)(50) S (So.

For f,g € HE(S) the map F(t, f, g) is well defined for ¢ € [0, 1].
Notice that, by definition of F' and by (6.1))

HZ(R) T THE ()

PO L0 = FOLa) = [ (A3, - 4%, ) Tls.a)| <elfly ol

Let us write

1

F'(t, f,g)dt
0

1
= F(0.f.9) / [F'(t, f,9) — F'(0, f, 9)] dt,

F(lafag)_F(Oa.ﬂg)

hence

|F(1afag)7F(0afag)|

By Proposition

Y]

1
F0.59) = [ 1)~ FO.5.9)

Cd1+ﬁ3 N
Il g 91, Y9 € HAC)

1
/0 F(t, f.9) — F'(0, f.9)| dt <

1
and by Proposition there exist fo, g0 € HZ(X) such that

modH

[F"(0, fo, 90)| = 1foll 1 )||90H Lo

2 HZ (S HZ (%)

Hence by (6.2)), (6.3]), (6.4) (for f = fo and g = go) and by (6.5) we have that

mo C’dg3
> | — — .
€_<2 1+ 083 dn

(6.6)



Now, by Theorem there is €1 < g¢ depending only on the a priori data, such that, if

e:=|AY, —AZ | <e,

TDg Dy —

then

and, by ,

e> —dyg (6.7)
Let us now consider the case
IS, =A%, [l > e, (6.8)
(that includes the case ||A§D0 - A§Dl Il > €0).
We have 9R
dy < 2diam(Q) < 2Ry < Z=2||AZ —AZ .. (6.9)

€1 TDg YDq

By (6.7) and estimate (2.16)) holds for

C = maX{mO,ZRO}
4 €1
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A Upper and lower bounds for S(y, z).

In this section, we provide the proofs of Proposition [£.2] and Proposition [4.3

Proof of Proposition[{.4 We divide the proof of the proposition into four steps.
Step 1: for all y,z € By, (Py), with Py € o, it holds

|S(y, 2)| < Ce, (A1)

where C' is a constant depending on the a priori data.

Proof of Step 1. By the Alessandrini identity (4.1)) specialized to the case ug(:) = Gg(~,y) and uq () =
G (-, 2), we find
‘S(y,z)| = <(A"ZVJDO - Ang)Gg('7y) LE,GQ(-,Z) Lz>
< |[|A%,, = A% LGl @G )l o) < Ce

thanks to (4.11)) and (4.13)), where C' depends only on the a priori data. O
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In the next step, we get an estimate of S(y, z), when the point y belongs to Qy while z is in G but is
far from edges and vertices of Qg where H!-estimates of the Green function do not hold.

Step 2: let y € B,,(Py), where Py € Qq. For all Cy > 1 and z € O\ [QgU U B (P1) |, with
Q 1
PlEUijg
i # j, there exists a constant C' depending on the a priori data and Cy such that
1S(y, 2)| < Cdz? (A.2)

where d, = dist(z,00g).
Proof of Step 2. Let us consider (4.8). Then

|S(y.2)] < |k—1|{/D |VG%<x,y)-VG’i<x,z>|dx+/D |VG%<x7y)-VG’i<x,z>|dx}
0 1
hence, for i = 0,1, we have

/ IVGh(z,y) - VGi(z,2)|dz < CIIVGEC )|l 1200 IVGL (- 2) | 22 (py)

< C”Gg('vy)HHl(m\Brl (y))HGg('ﬂ 2)|l i1 @8\ Ba. ())
<cd:?,

where C' is a constant depending only on the a priori data. O

Step 3: for ally € B, (Py), with Py € g, it holds
6"7
1S(y, &)l < Ch—%, (A.3)

where

%H)

n= 627-( [Tog x|
and 0 < B2 < 1 depending on the a priori data.

Remark A.1. Before proving Step 3, we note that as a consequence of Proposition[3.8is always possible
to construct a path ¢ joining a point x € B, (Py) to a point in G and a tubular neighborhood of ¢, where
its radius now depends also on r1, M.

Remark A.2. In the proof of the proposition, we make an extensive use of the three spheres inequality
for harmonic functions. We refer the reader to [30, (31, [8] for more details. For the sake of simplicity,
we recall here the statement which is adapted to our case: for every solution w € H'(By,(x)), where
By, (x) C G of the equation

Aw =0 in By, ()

and for all 0 < 91 < p2 < p3 < g, it holds
T 1—7
”wHLw(BQQ(m)) < ”wHLw(Bgl(z))Hw”Loo(BQg(m))a (A~4)

Q22 @1
where 0 < 7 < 1 depends on 027 05"
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Proof of Step 3. Thanks to Proposition we use ((A.1) and the three spheres inequality (A.4)) to propa-
gate the smallness of S(y, z) inside Q*\ g till reaching the point Q. In our notation, we choose w = S(y, -)
and g9 = R in (A.4)). Then, applying once the three spheres inequality, we get

19 Yooy eny < IS Ew iy, o 19, 0
The first and second terms on the right-hand side of the previous inequality are estimated by (A.1) and

(A.2)), respectively, noticing that the worst case in (A.2)) is given by d, = h, where h appears in the
definition of &;,. Therefore, we find

1
1S (y, ')HLOO(BQ2 ) < C€TW
where the last inequality comes from the fact that 0 < 7 < 1. Then, we apply the three spheres inequality
along a chain of balls to reach the point @, that is, we get

i 1 .
15(y, ML= (B,, @) < Ce < (e

ps(1—772)

where (5 is the number of iterations of the three spheres inequality and C' depends on the a priori data. In
order to propagate the smallness from @ to &, we use the same procedure proposed in [8, 9], iterating an
application of the three spheres inequality over a chain of balls of decreasing radius and contained
in a suitable cone of vertex P and axis v = e3. Finally reasoning as in [§], we find

log d’—Ll

lTog x|
;37-| g X
eP2

+1

15 M5y, €0 < C

1 ’

h2
where C depends on the a priori constant and 0 < 83 < 1. Hence, (A.3) follows. O
Step 4: final step. For all C; > 1and y,z € Q*\ [ Qgu U B%(Pl) , with 4 # j, one can repeat
Py Gai;g !
the same argument as in Step 2 to get

15(y.2)| < Cldyd) "2,
where C' depends on the a priori data and on Cy. In particular, choosing y = z = £,, we find the estimate
C
[S(&n: En)l < - (A.5)
Similarly as in Step 3, we can apply Proposition [3.8] and an iteration of chain of balls joining a point

y € By, (Py), where Py € QF to Q. In the application of the three spheres inequality, estimates (A.3)) and
(A.5) are now used. It holds

h
N @
By [losx]

h

where 0 < 51 < 1. Finally, we apply again the three spheres inequality along a chain of balls of decreasing
radius using the same construction of Step 3. Therefore, we get

+1

1SCs )l (B,, (@) < C

h
2 logﬁ’

Tog x|
BiT Tlogx
ert

h

+2

1SC En)lle (B, ) < C (A.6)
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Defining A = 1/d; and B = we get by - ) the estimate

Ilogxl’

B2t Bllog Alp Bl log 7|

1S(&n,&n)| < C -

The assertion of the theorem follows defining C3 and Cj as

Cy= B2, and  Cy = | log 7|
| log x|

Next, we provide the proof of Proposition [4.3]

Proof of Proposition[{.3 Let o be as in ([4.17) and consider &, and 0 < h < ho, with h € (0, %) to be
chosen later. By equation (4.8), we get

W = U VG(x,6) - VG (2,8,) du

Do (A7)
- ‘/D VGi(x, &) VG (x, &) da

] =: |Il| — ‘12|

To estimate I2, note that, since &, ¢ 9{g, we can add and subtract the gradient of the biphase funda-
mental solution in I5, that is

L] = ‘/D (VGg(x,gh) — vﬁ)(x,gh)) : (vaﬁ(x,gh) — Vfl(x,fh)) d

+ [ (V6hw ) - VTo(e ) - IT . 60) de

A8
| VT, &) - (VG (@,6) — VT (2,6)) do o
+ i VLo(x,&) - VI (2, &) da| =: Iy + Ins + Doz + Ina|.
Integral Is; can be estimated by , hence
[ Ioa | < /Q VG (@,60) = VTo(, &) VG (2, ) = VT (@,€)] do < C. (A.9)

Integral Ioo and Is3 can be treated analogously. For example, by Cauchy-Schwarz inequality and (4.5]),
we find that

| < /D VGH(w: ) = Vol @I IVT1 (1) do (A.10)

< O|VGE — Vol 2oy VTl 2(pyy < CIVTL | 208\ By (60) -

To estimate the last term in the previous inequality, we use the result in [8, Proposition 3.4], that is,
using the explicit behaviour of the biphase fundamental solution, that is

IVTi(z,y)| < = Vo,y €R®, x#£y, i=0,1,

|z —y|?’

and spherical coordinates, it is straightforward to prove that

Q

VT || 2 (Q\Bu(€n) = 7T

2

34



hence, the use of this result in (A.10) gives
‘122| S El, and similarly ‘[23‘ S gl (All)
h2 h2

Integral Io4 is estimated by using again the result in [§] and the fact that By, (§n) C B,(P), since h < 2,
and moreover D1 N B,(P) = (). Then,

=~ =~ C
il < [ R @) [VE @ elde <0 [
Dy Dy 1% — &l
g (A.12)
<C Tz dx.
’3\B,(P) 1T — &l

Note that |z — &, > |z| — h, hence, from the application of spherical coordinates to the last term of

(A.12), we find
+oo T2
Lyl <C ——d
|24|_ /g (’I"*h)4 T,

and since h < £ < 7, we have that r —h > Z, hence
el C
|IQ4| < C/ ) dr = -, (A13)
o T 0
where C' depends only on the a priori data. Finally, by estimates (A.9), (A.11)) and (A.13) in (A-§), we
find
Cy, C
L] <C1+ =+ =, (A.14)
h2 0

where C1, C5, C3 depend on the a priori data.
For the first integral in (A.7), we use the following decomposition of the domain Dy = (Dg N B,(P)) U
(Do \ B,(P)), that is

| >] / VG (2,6) - VG (2,€4) da|
DoNB,(P)

(A.15)

=: [I11] — [I12]

[ Gk Ve dr
Do\B,(P)

The term I12 can be estimated using the same procedure adopted for I, hence
C C
La| < Cy + 2+ 22, (A.16)
hz 4

In I1; we add and subtract the gradient of the biphase fundamental solution fl, that is

[T11] > ‘/ VTo(x, &) - VT (x, &) da|+
DoNB,(P)

- ‘ / VGh(@ &) = VTo(@, )] - VG (2, €0) da| = | L] = [Tnnal.
DoNB,(P)

For the estimation of 115 we use (4.6) and (4.7)), that is

o

[I119] < c/ VG (2, 8,)| dx < (A.17)
QF\ By (¢n)
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In the term I11, we add and subtract the gradient of the biphase fundamental solution fl, that is

[T111] >‘/ VLo (z, &) - VI (x, &) da|+
DoNB,(P)

/ Vo(z, &) - {VGg(%fh) - Vf1(5€7§h)] dx
DonB,(P)
=:|l111] — [T1112]-

For the term I3112, we use similar arguments adopted in the previous calculations and (4.5)), hence

C
[T1112] < IS (A.18)

Finally, from the results in [I3] [I'7], we have that

C
11111 > W (A.19)

From ({A.15)), by estimates (A.19), (A.18), (A.17) and (A.16)), we find

C Cy (s
P M
|I;| > W Ch e ’

(A.20)

Finally, using (A.20) and (A.14) into (A.7)), we get

C 1 Cs9h
IS (&ny&n)| > 7 <1 — C1hz — % - Csh) ,

where the constants C, C1,Cs,C3 depend on the a priori data. Therefore, there exists h > 0 such that,
for any 0 < h < hp, the estimate (4.16) follows. O
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