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Abstract

Using the algebraic criterion proved by Bandiera, Manetti and Meazzini, we show the
formality conjecture for universally gluable objects with linearly reductive automor-
phism groups in the bounded derived category of a K3 surface. As an application, we
prove the formality conjecture for polystable objects in the Kuznetsov components of
Gushel-Mukai threefolds and quartic double solids.

1 Introduction

The Formality Conjecture, as formulated by Kaledin and Lehn in [17], states that the
differential graded algebra RHom (F, ) of the derived endomorphisms of a polystable
sheaf F on a K3 surface (with respect to a generic polarization) is formal, i.e. it is
quasi-isomorphic to its cohomology algebra. The conjecture has been proved in some
cases by [17] and [30]. Then it has been completely solved by Budur and Zhang in
[10], who showed this result more generally for every choice of the polarization and
for polystable complexes in the bounded derived category with respect to a generic
Bridgeland stability condition, and by Bandiera, Manetti and Meazzini in [7], who
showed the conjecture for polystable sheaves on a smooth minimal projective surface
of Kodaira dimension 0. A further generalization of this conjecture has been recently
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proved by Arbarello and Sacca in [5], for polystable objects in the bounded derived
category of a K3 surface and in the Kuznetsov component of a cubic fourfold (without
the genericity assumption on the stability condition). See also [12] for the general
setting of Calabi-Yau-2 categories.

The first result of this paper is an extension of Arbarello and Sacca’s formality
result in the case of K3 surfaces.

Theorem 1.1 (Theorem 3.4) Let X be a K3 surface and F € D?(X) be an object such
that Ext' (F, F) = 0 for everyi < 0 and the automorphisms group Aut(F) is linearly
reductive. Then the derived endomorphism Lie algebra RHom(F, F) is formal.

As an application of Theorem 1.1, we obtain a formality statement for polystable
objects in certain Enriques categories that arise as semiorthogonal components in the
bounded derived category of some Fano threefolds. More precisely, let Y be a quartic
double solid, which is a smooth double cover of P3 branched on a quartic surface. Its
Kuznetsov component Ku(Y) is defined by the semiorthogonal decomposition

D°(Y) = (Ku(Y), Oy, Oy (1)) (1

and is an Enriques category (in the sense of Definition 3.8). As a second example,
consider a special Gushel-Mukai threefold X, which is a smooth double cover of a
codimension three linear section of the Grassmannian Gr(2, 5) branched on quartic
surface. Then there is a semiorthogonal decomposition

DP(X) = (Ku(X), Ox, Uy) 2)

where Uy denotes the pullback to X of the rank 2 tautological bundle on Gr(2, 5) and
Ku(X) is the Kuznetsov component, which is an Enriques category. In both situations,
the branch locus is a K3 surface and its derived category is the CY2 cover of the given
Enriques category (see Lemma 3.9).

Our second result is the following general statement about Enriques categories.

Theorem 1.2 (Theorem 3.10) Let C be an Enriques category with CY2 cover cate-
gory D. Let D be a DG enhacement of D with a 7./27-action and let (D)%%
be the associated enhancement of D%“/*2. Let E be a an object in C such that
Hompag (Forg(E), Forg(E)) is formal, where Forg: cle x~ (Ddg)z/ZZ — Dig g
the forgetful functor. Then Homgae (E, E) is formal.

Using Theorem 1.2, we show the formality conjecture for polystable objects in
the Kuznetsov component of quartic double solids and Gushel-Mukai threefolds and
fivefolds.

Corollary 1.3 (Corollary 3.12) Let X be a quartic double solid or a Gushel-Mukai
threefold or fivefold. Let o be a Serre-invariant stability condition on the Kuznetsov
component Ku(X) of X. Then RHom(E, E) is formal for every o -polystable object
E € Ku(X).
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From the point of view of geometry, the formality conjecture is useful in the study
of the local structure of moduli spaces at singular points. In fact, it is well-known
that the formality of the derived endomorphism algebra of an object F implies the
quadracity property (see also [8] for a result in the opposite direction). Thus Theorem
1.2 provides a description of a formal neighbourhood of a singular point in the moduli
space of semistable objects in an Enriques category, like the Kuznetsov component of
a quartic double solid or of a special Gushel-Mukai threefold, as in Proposition 3.11.

Strategy of the proofs. In [7] Bandiera, Manetti and Meazzini prove an algebraic
criterion to ensure the formality of a differential graded Lie algebra, which involves
the notion of quasi-cyclic DG-Lie algebra. Then they apply this criterion to the DG-Lie
algebra of derived endomorphisms RHom(F, F) of a coherent sheaf F with linearly
reductive automorphisms group on a smooth minimal surface of Kodaira dimension
0.

The proof of Theorem 1.1 is an application of Bandiera-Manetti-Meazzini’s cri-
terion. As in their case, a key point is the construction of a locally free replacement
for F with certain special properties which is done in Lemma 2.2 and Lemma 2.3.
Theorem 1.2 is a direct consequence of the formality transfer proved in [26, Theorem
3.4]. The application in Corollary 1.3 makes use of the strongly uniqueness of DG
enhancements known by [21, 23] and the result in [10] about invariance of formality
under this condition.

Plan of the paper. The paper is organized as follows. In Section 2 we review the
deformation theory of an object F in a full admissible subcategory of the bounded
derived category of a smooth projective variety using the language of DG-Lie algebras
(see the setting we work on at the beginning of Section 2). In particular, we consider
the Dolbeault DG-Lie algebra presentation of RHom(F, F), defined in (4) using a
locally free replacement for F. We recall the definition of the Kuranishi map and we
show how this is related to the local structure of a good moduli space. In Section 3,
after recalling the algebraic approach of [7], we prove Theorem 1.1 and Theorem 1.2,
together with the application to quartic double solids and Gushel-Mukai varieties of
odd dimension.

2 Deformation theory and good moduli spaces

We work in the following setting:

e Let X be a smooth projective variety defined over C and let DP(X) := D(Coh(X))
be the bounded derived category of coherent sheaves on X.

e Let D be a full admissible subcategory of D°(X), e.g. D is a semiorthogonal
component of Db(X ).

e Let F € D be a universally gluable object, i.e. Ext' (F, F) = 0 for every i < 0.
For instance this holds when F' is an object in the heart of a bounded t-structure
onD.

The aim of this section is to review the deformation theory of F' due to Lieblich
[20] and show it is equivalently described by the deformation theory of the DG-Lie
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algebra RHom(F, F) of derived endomorphisms of F in the framework introduced
by Manetti [25]. Note that this is well-known in the case of vector bundles [16] and
coherent sheaves [15]. The generalization to universally gluable object F € D is a
direct consequence of these results and the existence of a locally free replacement for F
(see Lemma 2.2). We write this explicitly for the sake of completeness. Finally we use
deformation theory to study the local structure of a good moduli space parameterizing
objects F' € D as above, under the additional assumption that F' has linearly reductive
automorphism group.

2.1 Preliminaries on deformation theory and DG-Lie algebras

Let Art be the category of local Artinian C-algebras. As in [20, Definition 3.2.1], given
A € ob(Art) we say that a deformation of F to X4 := X x Spec A is the data of a
complex F4 on X4 together with an isomorphism ¢ : Fy ®HA C = F. Consider the
functor

Defp: Art — Set

defined by associating to every object A in Art the set Defr (A) of equivalence classes
of deformations of F to X 4, with respect to the following equivalence relation: two
deformations (Fa, @), (F/,, ¢') are equivalent if there exists an isomorphism v : Fa =
F, such that ¢’ o i/ = ¢. Note that F4 is in DP(X 4) by [20, Lemma 3.2.4]. By [20,
Theorem 3.1.1 and Proposition 3.5.1] the functor DefF is a deformation functor, whose
tangent space Defr (C[¢]/ (%)) is Ext' (F, F), and the obstruction to the deformation
is in Ext’(F, F).

We remark that a deformation F4 of F to X 4 belongs to the base change category
Dy:=D Opb(Spec C) D" (Spec A) if and only if F € D by [6, Lemma 9.3] (see also
[19, Corollary 5.9]).

On the other hand, it is possible to use the powerful theory of differential graded
Lie (DG-Lie) algebras to study the deformation theory of F. We refer to [25] for a
survey on DG-Lie algebras and their associated deformation functors, recalling only
the main definitions we need in the next (we work over C, but the definitions are stated
over a field of characteristic 0).

Definition 2.1 A DG-Lie algebra is a graded vector space L := .eaiLi equipped with
a differential @ : L' — L'*! and a Lie bracket [—, —] : L' ® L/ — L%/ satisfying

o [f,g]l=(=DWlg+l[g 7]
o dif, gl =ldf,gl+ (—DVI[f, dgl;
o (—DVIM[F 1g, 1+ (=D I[g, [, f11+ (—D"IENA, [ £, g1 = 0,

for any homogeneous elements f, g, h € L of degree | f|, |g|, and ||, respectively.
We shall denote by H' (L) the i-th cohomology of L with respect to the differential d.

Associated to a DG-Lie algebra L we have the following functors (see [25, Section
3]). The Maurer-Cartan functor MCyp,: Art — Set is defined by
1
MCr(A) ={x e L' ®@my: dx + b xl = 0},
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where my4 is the maximal ideal of A. Equivalently, MCp (A) is the set of elements in
L' ®m satisfying the Maurer-Cartan equations. The Gauge functor G, : Art — Grp
is defined by

GL(A) = exp(L’ ® my),

where exp is the exponential functor applied to the nilpotent Lie algebra L ® m, with
values in the category of groups (see [25, Example 2.4.2]). The deformation functor
associated to L is

Defy, := MC. /Gy,

where the quotient is taken with respect to the action of the group functor G, on
MCp. As computed in [25, Section 3], the tangent space to Defy is H 1 (L) and the
obstructions are in H>(L).

2.2 DG-Lie algebra of derived endomorphisms

Coming back to our object F € D, we need to fix a finite locally free replacement
& of F. The existence of such a replacement is probably known to the experts, but
in order to study the formality property in the next sections we need one with special
properties, as follows.

Lemma2.2 Let X be a smooth projective variety and F € DP(X) be an object in
the bounded derived category of X, let Aut(F) be the group of automorphisms of F.
There exists an Aut(F)-equivariant locally free replacement £ of F .

Proof Denote by G := Aut(F). Choose a bounded complex representative for F, and
without loss of generality, we assume that 7% = 0 for i ¢ [0, n]. We divide the proof
into several steps.

First Step: Consider

Frl -l 70 10 5 0,

where 7"~! is the image of 7"~! — F" and Z" = H"(F) is the n-th cohomology
sheaf of F. Let Ox (1) be a polarization on X. For a sufficiently large integer k, we
define £" := H%(X, T"(k,)) ® Ox(—k,) and thus have an exact sequence

0— K" — &" 2% 1 5 0,

where ev,, is the evaluation map and K" := ker(evy) is its kernel. The group of
automorphisms G acts on Z" and £", rendering the natural map ev, G-equivariant.
Thus, G acts on the kernel K" as well. If k, is sufficiently large such that
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Ext' (Ox(—=k,), 7" 1) = 0, then the map ev,, admits a lifting ev,, to F"

Kt ————— &"

| R
| R evy
g x~ év,

]:rtfl N Infl ¢ s T N AL s 0,

and induces a map K" — 7"~

Next Steps: Now we can continue the construction of £ by iterating the construction
in the first step. Suppose that we have £/ = [0 - & — ... - & — 0Olasa
G-equivariant complex of locally free sheaves concentrated in degrees [i, n], and it
admits a chain map £/ — F, such that the induced maps H/(£Z') = HJ(F) are
isomorphic for all j > i and H (£Z) — H'(F) is surjective. (Note that £2" :=
E™[—n] constructed above satisfies this condition, so in the first step we have achieved
fori =n.)

Then let C<' := cone(£Z' — F) be the cone. The cohomology sequence of this
distinguished triangle gives the following G-equivariant exact sequences

0—> H'(F) > H'™'(C™) —» H'(€7) - H'(F) > H'(C™) =0
and
0> H ' (F)— H™'(C") - K -0, ?3)

where KC' := ker (H' (£2') — H'(F)) is the kernel. Note that we have a diagram

Ki—s HI(EZ) — & —— ...
! l !

e — Fitl il y Zi o« v

where Z := ker(d' : F' — Fityand 70! .= Im(d'~! : Fi=! — Fi) are the
kernel and image. The map K! — Z'~! is induced by the factorization H'(£Z') —
Zi > HIU(F).

Define -1 := HO(X, H =1 (C<) (ki—1))@Ox (—ki_1) for some sufficiently large
number k;_; and let ev;_; : £ — HI71(C<) — K! — T/~ be the composition.
Then, we have a lifting ev;_

gi-l $ K &

[ evi—1
]

e — FiTl il

Thus, we obtain a G-equivariant complex 53’:’1 =10 — gi-1 - ... =& =0,
which admits a chain map to F. Note that H! (£Z1~1) = coker(K! — H!(£Z1)) =
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H!(F) and H'=1(£2=1) — H'~I(F) is surjective because of the surjectivity of
-1 o H=1(C<!) and Equation (3).

Final step: Once we achieve the previous steps for i = 0, we have a locally free
complex £20 with equivariant G-actions on each &£, with H/(£20) 5 HI(F) are
isomorphic forall j > Oand H 029 — HOF) is surjective. Since X is smooth and
projective, we can continue resolving the kernel of H 0&£2% - HOF) by bounded
complex of equivariant locally free sheaves. This gives the desired replacement. O

As in [7, Section 5], we consider the Dolbeault DG-Lie algebra presentation of
RHom(F, F): given a finite locally free replacement £ of F/, for instance the one in
Lemma 2.2, define

L= @ A% (Hom (€T, £%)), 4)

q.r,s

where A%Y(Hom(E", £%)) is the space of global (0, g)-forms taking values in
Hom(E", £%). Note that L inherits a standard differential

d(@™) == (=1)73(0™) + dg o (&™), Q)

where 0%9 € A%9(Tot (Hom(E', £))) is a (0, g)-form and dg is the differential of
the total complex Tot (Hom(E", £)). The wedge product A of (0, g)-forms naturally
gives L aDG-algebra structure with respect to the differential d, and moreover, induces
a Lie bracket

[f.gl:=frng—(=DVlIElg A £, (©6)

The triple (L, d, [—, —]) is then a DG-Lie algebra representing RHom(F, F).
We remark the following property which will be used in proof of Theorem 3.4.

Lemma 2.3 Consider the Aut(F)-equivariant locally free replacement £ of F €
Db (X) constructed in Lemma 2.2. Then the DG-Lie algebra L defined in (4) using such
a replacement £ admits an Aut(F)-action, such that each degree of L is a rational
representation of Aut(F).

Proof Set G := Aut(F).By [8, Lemma 3.5],if U C X is any open subset, then EHU)
is a rational representation of G with finite support for every subgroup of G. Then,
by [8, Theorem 3.8], the DG Lie algebra L := @qﬁm A% (Hom(E™, £%)) has the
desired property. O

In the next lemma we show that the deformation theory of F is controlled by
the deformation theory of the DG-Lie algebra RHom(F', F'). This is an immediate
consequence of the results in [15] for coherent sheaves.

Lemma 2.4 There is an isomorphism between the deformation functors

DefF = DefL .
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Proof The result holds for vector bundles and coherent sheaves by [16], [15]. Since

"= Fin Db(X) we have Defrp = Defg.. By [15, Section 2] we have the isomorphism
Defe. = H]f[ o(X;expHom(E", £)), where the latter is a Cech type functor associated
to the sheaf of DG-Lie algebras Hom (£, £) (see [15, Section 3.1] for the precise
definition). We argue as explained in [15, Section 5]. Since Ext’ (F, F) = 0 for every
i < 0, by [15, Theorem 4.11] we have HII{O(X; exp Hom(E, £)) = Defome £
and by [15, Theorem 3.7] we have Defj31om(s-,£)) = Def go.x3om(s-.£))- This implies
the statement. ]

Remark 2.5 Consider the locally free replacement £ of Lemma 2.2 and 2.3. Since the
resolution £ is Aut(F)-equivariant, one can check that the isomorphism in Lemma
2.4 is Aut(F)-equivariant too.

2.3 Kuranishi map

We keep the setting introduced at the beginning of this section and we consider F' € D
whose group of automorphisms G := Aut(F) is linearly reductive.

Using the obstruction to the deformation of F it is possible to define the well-
known Kuranishi map. An explicit construction of a G-equivariant Kuranishi map is
described in [24, Appendix] if F is a polystable sheaf on a K3 surface. By Lemma 2.4,
the Kuranishi map of F is identified with the Kuranishi map of the DG-Lie algebra L
defined in (4), so we recall its definition using this formalism as in [25, Section 4].

We use the following notation. If V is a C-vector space we denote by V: Art — Set
the functor defined on objects by V(A) = V ® m4 and analogously on morphisms.

Given a DG-Lie algebra (L,d,[—, —]) we set Z"(L) = {x € L": dx = 0} and
B"(L) = {dx: x € L™} for n € Z. We can choose a splitting

ZM(L) = B"(L)® H"(L) and L" = Z"(L) & K". %
Note that d: K" — B"*!(L) is an isomorphism. Then we denote by §: L"*! — L”

the linear composition of the projection L"*! — B"*+!(L) with kernel H" (L) ® K",

the inverse d~!: B"H(L) > K", and the inclusion K" <> L™ i.e. § sits in the
commutative diagram

8
Ln+1 % sn.

|

1 d~!
B"t(L) —— K"

Let H: L™ — H"(L) be the projection With/_lfernel/iin (L) @& K". By [25, Lemma
4.2] we have the isomorphism of functors ¢: L! — L! given by

1
xelL! ®ma > ¢(x) =x + J0lx, x] eL'®@my.
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The Kuranishi map is the natural transformation
«: H\(L) > HA(L)
defined by
xe H(L)®@my > k() = H(¢~' (). ¢~ ()] € HA(L) @ my.
The Kuranishi functor k ~1(0): Art — Set is defined by
kO = {x e HI(L) ®@my: k() = H($™' (0), ¢~ (0]) =0}

By [25, Theorem 4.7] there exists an étale morphism v : k! (0) — Defy.

Now consider the DG-Lie algebra L in (4). Then H'(L) = Ext!(F, F) and
H2(L) = Ext’(F, F). As explained in [7, Theorem 5.1], we can choose a split-
ting of the form (7) where H" (L) and K" are G-invariant. Indeed, by Lemma 2.3 and
the assumption that G is linearly reductive, we can extend H 0(L) = Hom(F, F) C
ZO(L) ¢ L° to a G-equivariant splitting of L with the desired properties. As a conse-
quence H and § are G-equivariant maps and then the Kuranishi map is G-equivariant.
In particular, there is an action of G on the Kuranishi functor and the étale morphism
v is G-equivariant.

Since H'(L) is finite-dimensional, the Kuranishi functor is prorepresentable. More
precisely, we follow the computation in [27, Section 15.6]. Consider the polynomial
ring R := C[H'(L)] over H'(L) and let R be the completion of the ring R with
respect to the maximal ideal m of polynomial functions vanishing at 0. Consider the
functor h = Hom(ﬁ , —): Art — Set. Then we have the isomorphism of functors

hp = H!(L) which, in coordinates fixing a basis ey, ..., e, for H! (L) and writing

AL

R = C[[ry, ..., rml], is defined by

(f:R—>A) > Y &® f(ri)eH(L)®@my.

i=1
Then we see that f: R— A corresponds to an element in «k~1(0)(A) if and only if
k(f): H'(L) ®m — H*(L) @ my

is the zero map. Write
m
kD ei®r) =) v;®gj(r.....rm) € H(L) @ my
i=1 j

and denote by a the ideal in R generated by the power series g;’s. Then the above
computation shows that

kN 0) Z hpyg,
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namely the Kuranishi functor is prorepresented by R /a and
(«~1(0), 0) = Spf(R/a) = colim, Spec((R/a)/m")

as formal schemes (here m is the maximal ideal of R, /a). Using v we have that there
exists a G-equivariant formal deformation (F, @) of F having the versality property,
parametrized by («~1(0), 0).

We denote by «; the quadratic part of the Kuranishi map, which is given by the
Yoneda product k»(e) = e — e for e € Ext'(F, F). We say that F satisfies the
quadracity property if

K10) = 15571(0),

namely that the base space of the Kuranishi family is cutted out by quadratic equations.

2.4 Local structure of a good moduli space

We keep the notation and assumptions introduced at the beginning of this section. Our
goal is to describe the local structure of a good moduli space parametrizing universally
gluable objects in D using the deformation theory and the Kuranishi map.

Recall that given a flat, proper, finitely presented morphism of schemes Y — T, a
T -perfect complex F' € D(Y) is universally gluable if for every point t € T we have
Ext' (F,, F;) = 0 for i < 0 (see [20, Definition 2.1.8, Proposition 2.1.9]). We denote
by Dpug(Y) C D(Y) the full subcategory of universally gluable T'-perfect objects.

In our setting, consider the functor

Mpug(D): (Sch)® — Gpd

from the opposite category of schemes over C to the category of groupoids, which
associates to T" in ob(Sch) the groupoid M,ue(D)(T) of all F € Dpyg(X7) such that
F; € D, forevery t € T. By [6, Proposition 9.2] M (D)(T) is an algebraic stack
locally of finite presentation and the canonical morphism Mpue (D) — Mpyg (Db(X )
is an open immersion.

Let M be an open substack of My (D) and assume it admits a good moduli space

T M—->M
in the sense of [3]. A closed point x € M represents the orbit of a universally gluable

objects F' € D with respect to the action of the stabilizer group G, = Aut(F).

Example 2.6 Assume that there exists a proper stability condition o on D with respect
to the numerical Grothendieck group K,ym(D), i.e. o is a full numerical stability con-
dition on D. For v € Kpym (D), we denote by M, (v) the moduli stack parametrizing
o -semistable objects in D. By [6, Theorem 21.24], [1] M (v) admits a good moduli
space

7T Mg(v) = My (v),
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which is a proper algebraic space.

A closed point x € M, (v) determines the orbit of a o-semistable object F with
numerical class v with respect to the action of the stabilizer G, = Aut(F). The point
w(x) € My (v) determines the S-equivalence class of F.

Let T)rq » be the tangent space to M at x. Note that by definition
Trmx = TMpe(D) = Defr (C[t]/(t%)) = Ext'(F, F)

where DefF is the deformation functor of F in D introduced in Sect.2.1. Recall from
Sect.2.3 the notation R := C[Ext!(F, F)], the completion R of the ring R at the
maximal ideal m of polynomial functions vanishing at 0 and the ideal a C R such that
R, /a prorepresents the Kuranishi map.

The following property is well-known in the case of moduli spaces of semistable
sheaves on a K3 surface, and generalizes [22, Lemma 3.2] to this more general setting.

Lemma 2.7 With the above notation, assume that the stabilizer group G, of x is
linearly reductive. Then

Omat) = (R/@)% = RO /(an R%).

Proof Since G, is hnearly reductive, by [22, Lemma 3.2], G, acts on the quotient
R/aand (R/a)Cr = RGx /(a N R). -

Note that (R /@)% is a complete local ring. Indeed, RGx = RGr is a complete
Noetherian local ring. It follows that the quotient RCx /(an R Gx) is also a complete
local ring, as we claimed.

Consider the stack K := [Spec (I/Q\ /a)/G], whose good moduli space is L —
Spec(l’?\ /)% and denote by K, the n-th thickening of K at 0. As a consequence of
the above computation, by [2, Theorem 1.3] the stack K is coherently complete along
x. This implies by [2, Corollary 2.6] that the compatible collection of morphisms
Kn — M, or equivalently the collection of equivariant compatible objects (Fy,, ¢,) €
Defr ((ﬁ /a) /1) for every n, effectivizes to K — M. Then the same argument as
in [22, Lemma 3.2] implies the desired statement. O

3 Formality results and moduli spaces
In this section we prove Theorems 1.1 and 1.2. Then we explain the applications to

the study of moduli spaces and to the formality conjecture in the case of Kuznetsov
components of Gushel-Mukai threefolds and quartic double solids.

3.1 Preliminaries on formality and quasi-cyclic DG-Lie algebras

In this section, we review an algebraic approach introduced by Bandiera-Manetti-
Meazzini [7] to the formality of DG-Lie algebras.
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Definition 3.1 A DG-Lie algebra (L, d, [—, —]) is formal if it is quasi-isomorphic to
its cohomology DG-Lie algebra (H (L), 0, [—, —]).

A central notion in Bandiera-Manetti-Meazzini’s approach is that of a quasi-cyclic
DG-Lie algebra.

Definition 3.2 A DG-Lie algebra (L, d, [—, —]) with finite dimensional cohomology
is called quasi-cyclic of degree n if it admits a symmetric bi-linear pairing (—, —) :
L ® L — C[—n] of degree —n such that for any elements f, g, h € L, we have

() df,g) + (—DVI(f,dg) =0, if f is homogeneous of degree | f|;

) ([f, gl h) = (f.[g hD;
(iii) the induced pairing on cohomology (—, —) : H (L) ® H (L) — C[—n] is
non-degenerate.

In the next section we will apply the following criterion for formality.

Theorem 3.3 ([7, Theorem 1.2]) Let (L, d, [—, —], (—, —)) be a quasi-cyclic DG-Lie
algebra of degree n < 2. Assume it admits a splitting L = K ® H @& d(K) such that

(a) H =0fori <0;
(b) HO c LY is closgd with respect to the bracket [—, —];
(c) foralli >0, H', K' C L' are HO-submodules with respect to the adjoint action.

Then the DG-Lie algebra (L, d,[—, —]) is formal.

3.2 K3 surfaces

Let X be a K3 surface and fix an object F € DP(X). Recall the DG-Lie algebra
(L,d,[—, —]) defined in (4) which is representing RHom(F, F), for F € Db(X).
Then a nondegenerate degree 2 bilinear form on L can be defined as done in [7,
Section 5] for coherent sheaves. More precisely, given f, g € L, define the pairing of
f and g as

(f.g) = /Y Tr(f Ag) Ao, ®)

where Tr(—) : L — quAO’q(Y) is the trace map and w € HOY, Q%,) = Cis
the unique (up to scaling) nontrivial class. Then (L, d, [—, —], (—, —)) is a degree 2
quasi-cyclic DG-Lie algebra representative of RHom(F, F).

Theorem 3.4 Let X be a K3 surface and F € D’ (X) be a universally gluable object
and the automorphisms group Aut(F) is linearly reductive. Then the derived endo-
morphism Lie algebra RHom(F , F) is formal.

Proof By (8), Lemma 2.2 and Lemma 2.3, we have a degree 2 Aut(F)-equivariant

quasi-cyclic DG-Liealgebra (L, d, [—, —], (—, —)) representing RHom(F', F), where
each degree of L is a rational representation of Aut(F’).
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We then argue as in [7, Theorem 5.1]. Note that G := Aut(F) acts faithfully
on the group of O-cycles Z°(L) c L°. It induces a G-equivariant Lie algebra
embedding «: Hom(F, F) — Z%(L). Composing ¢ with the quotient Z°(L) —
HY(L) = Hom(F, F) yields an isomorphism, and therefore a G-invariant splitting
Z%L) = HO%L) @ d(L™Y), since Z°(L) c LY is a rational representation of the
linearly reductive group G. Similarly, for each i, we have L' = Z!(L) @ K' for
some G-invariant subspace K’ C L and then Z(L) = H'(L) ® d(K'~"). This
gives a decomposition of L satisfying the conditions in Theorem 3.3, and therefore
RHom(F, F) is formal. O

Remark 3.5 Theorem 3.4 has been proved by [7] for coherent sheaves with linearly
reductive automorphisms group, by [10] for polystable sheaves with respect to an
arbitrary polarization and for complexes in the bounded derived category which are
semistable with respect to a generic Bridgeland stability condition, and by [5, Theorem
3.2] for polystable complexes with respect to any stability condition. See also [12].

Now consider a Mukai vector v in the algebraic Mukai lattice K| aum(DP(X)) and
a full numerical stability condition o on DP(X). Using Theorem 3.4 one obtains a
description of the local structure of the moduli space M (v) at the point corresponding
to F.

Let us first recall the construction of the quiver associated to a polystable object F
in My (v), which has been introduced in [4, Proposition 6.1], [5, Section 4.3]. Write
F =®j_;F; ® Vi, where V1, ..., V; are vector spaces of dimension ny, ..., ns; and
F1, ..., F are distinct o-stable objects. Set G := Aut(F) and denote by g its Lie
algebra. The quiver Q(F) = (I, E) associated to F has vertex set I = {1, ..., s} and
edge set E such that the number of edges between the i-th and the j-th vertex is equal
to

ext!(F;, Fj)  ifi # J,
ext! (F, Fj)/2 ifi = j.
Consider the quiver Q with the same vertex set as Q(F) and edge set E := E L1 E°P,

For ¢ € E denote by s(e) and #(e) the source and the target of e, respectively. Then
there are G-equivariant isomorphisms

Rep(Q) := @) Hom(Vy (). Vi) = Ext'(F, F), g" = Ext*(F, F)
ecE
and through them the second order term of the Kuranishi map for F

k2: Ext!(F, F) > Ext’(F, F)

corresponds to the moment map

piRep(Q) »> g =g", (x,3") > p(x,y") =Y [x, 3]
eckE
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Note that this result is proved in [4, Proposition 6.1] for polystable sheaves on a K3
surface, and the proof adapts line by line to this setting.
Define the quotient

Mo:=u"'0) )G

with respect to the trivial rational character (see [4, Section 5] for more details on
quiver varieties).
The following result is due to [4, 5] as a consequence of formality.

Proposition 3.6 ([4], Theorem 6.5(i), [S], Corollary 4.1) Let F be a polystable object
in My (v). Then there is a local analytic isomorphism

(Mo, 0) = (Mo (v), [F])

of germes of analytic spaces.

Proof By Lemma 2.7 we have a G-equivariant local analytic isomorphism
(Mg (v), [F]) = (c7'(0) / G.0)

where k~1(0) / G = Spec(R/a)C with R := C[Ext!(F, F)]. Theorem 3.4 implies
the quadracity property, i.e.

Kk1(0) = ;7 1(0).

Since «, 1(0) = M_I(O) G-equivariantly by [4, Proposition 6.1], we deduce that
M (v) and 9y are isomorphic locally around [ F'] and 0, respectively. O

3.3 Group actions on categories and Enriques categories

The definition of Enriques category involves the notions of group action on a category
and category of invariant objects. We briefly recall here those definitions, for more
details see [9].

Definition 3.7 Let G be a finite group. Let x be an object of an co-category 2. A
G-action on x is a functor ¢ : BG — 2 such that ¢ (x) = x, where BG denotes the
classifying space of G regarded as an co-groupoid and * € BG is the unique object.
Given a G-action ¢ on x, the G-invariants are

x% = 1lim(¢)
provided the displayed limit exists.

In the next we only consider group actions on C-linear categories, i.e. small
idempotent-complete stable co-categories equipped with a module structure over the
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oo-category of finite complexes of finite dimensional C-vector spaces. By [11] the
theory of C-linear categories is equivalent to that of small pretriangulated DG cate-
gories over C. In this setting, the invariants (called the invariant category) exist since
the co-category of C-linear categories admits all limits by [28].

A G-action on a C-linear category D induces a G-action on its homotopy category
hD, which is equivalent to the data of a group morphism G — Aut(hD) (see [9,
Section 3.1.1]). Conversely, under some suitable conditions, a G-action on a C-linear
triangulated category D can be lifted to an enhancement of D (see [9, Corollary 3.4]).
We will always work under these assumptions. As a consequence, objects in D consist
of pairs (F, 0), where F' € D and 6 is a collection of isomorphisms compatible with
the group structure on G (see [9, Section 3.1.2] for the precise definition). The forgetful
functor is given by

Forg: DG—>D, (F,0)— F.

In the following definition, we consider an enhanced triangulated category and by
a G-action on a triangulated category we mean an action that lifts to an co-action on
the enhancement.

Definition 3.8 Let X be a smooth projective variety over C. An admissible subcategory
C of DP(X) is an Enriques category if it is equipped with a Z/2Z-action whose
generator 7 is a nontrivial autoequivalence of C satisfying S¢ >~ t o [2], where S¢ is
the Serre functor of C.

Recall that a C-linear category D is a CY2 category if its Serre functor satisfies
Sp =~ [2]. Generalizing the geometric case of Enriques surfaces and their associated
covering K3 surface, we have the following result.

Lemma 3.9 ([9, Lemmas 4.5 and 4.6]) Let C be an Enriques category and D = CZ/22
be its invariant category for the Z/2Z-action on C. Then D is a CY2 category, called
the CY2 cover of C. Moreover, D is equipped with a natural 7./27-action, called the
residual Z/2Z-action, such that there is an equivalence C ~ D%/?Z,

3.4 Proof of Theorem 1.2

Let C be an Enriques category. In all examples that we will consider, its CY2 cover D
is an admissible subcategory of the bounded derived category of a smooth projective
variety. Through the equivalence C ~ D%/?%Z we can identify every object in C with
an object in the invariant category D%/?Z,

On the level of DG categories, the theory of equivariant categories has been devel-
oped by [14]. Starting with a Z/27Z-equivariant DG enhancement D% of D (i.e. a DG
enhancement of D with a Z/27Z-action), he constructed a specific DG enhancement
(D%/?2ydg of DLI?Z | given by taking the equivariant category of D and passing
to perfect objects. For (F,0) € DLI2ZL | the sets Hom(DZ/ZZ)dg((F, 0), (F,0)) and
Hompa (F, F) are DG algebras, and we can define the usual Lie bracket on them by

[f,gl:=fog—(—=DlElgo f. )
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Here o is the composition on Hom pz/2zy4: ((F, 6), (F, 0)) or Hompag (F, F), respec-
tively. It follows from the definition and the fact that o is a morphism of complexes
that [—, —] is a Lie bracket.

In the next statement, we compare the formality of Hom pz/2zya: ((F, 6), (F, 0))
and Hompa (F, F). By abuse of terminology, we will refer to the formality of
Hom¢ ((F, 6), (F, 0)) and the formality of Homp(F, F) = RHom(F, F), respec-
tively.

Theorem 3.10 Let C be an Enriques category with CY2 cover category D. Let DY be
an equivariant DG enhancement of D and (D)%/?Z the associated enhancement of
DLI2L [ et (F, 0) be an object in DZLI2L ~ C such that Homp(F, F) is formal. Then
Hom¢ ((F,0), (F,0)) is formal.

Proof For every (F,0) € C =~ DLI2Z, by the construction of [14, Definition 8.8], the
forgetful functor induces a morphism of DG algebras

f: HOm(Ddg)Z/ZZ((F, 9), (F, 9)) — HOdeg(F, F)

Since Forg is faithful, we have that f is injective. Moreover, since Forg commutes
with the composition o, it induces a morphism of DG-Lie algebras by (9). By the
proof of [29, Lemma 5.8] (which is done on the level of triangulated categories, but
the argument works line by line at the DG level) there is a splitting'

Homp(F, F) = Hom¢ ((F, 0), (F,0)) @ Home((F, 0), (F,0 ® x))

which makes Hom¢((F, 0), (F,0)) a direct summand of Homp(F, F) as a
Hom¢ ((F, 6), (F, 6))-module. By the formality transfer [7, Theorem 2.3] (proved
originally in [26, Theorem 3.4]), we deduce the formality of Hom¢ ((F, 6), (F, 6))
from that of Homp (F, F). O

As in the case of K3 surfaces, Theorem 3.10 allows us to describe the local structure
of moduli spaces of semistable objects in Enriques categories.

Proposition 3.11 Under the assumptions of Theorem 3.10, let o be a full numerical
stability on an Enriques category C. Let F be a o -polystable object in C. Then there
is a local analytic isomorphism

(Mg (v), [F]) = (k5 ' (0) / Aut(F), 0)
of germes of analytic spaces.

Proof This follows from Lemma 2.7 and Theorem 3.10. O

We can apply Theorem 3.10 to interesting Enriques categories arising from geom-
etry.

1 We denote by x the nontrivial character of Z/2Z and 6 ® x is the linearization given by multiplication
with x.
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Corollary 3.12 Let X be a quartic double solid or a Gushel-Mukai threefold or fivefold.
Let o be a Serre-invariant stability condition on the Kuznetsov component Ku(X) of
X. Then RHom(E, E) is formal for every o -polystable object E € Ku(X).

Proof First note that by [10], if the underlying category has strongly unique DG
enhancement, then the formality property is independent of the DG enhancement. This
is the case for K3 surfaces [21] or Ku(X) of quartic double solids or GM varieties by
[23], which gives us the freedom to choose the DG enhancements in the rest of the
proof.

The Kuznetsov components of a quartic double solid and of a Gushel-Mukai vari-
ety of odd dimension are Enriques categories [9, Section 4.3]. Moreover, to prove the
statement for Gushel-Mukai variaties of odd dimension, by [18, Theorem 1.6] it is
enough to show it in the threefold case. We denote such Kuznetsov components by C.
By definition, a Serre-invariant stability condition o¢ on C is fixed by the Z /2Z-action
defined by the Serre functor on C. Thus it defines a stability condition op on the asso-
ciated CY2 cover D which is fixed by the residual Z/2Z-action on D by [29, Theorem
4.8, Lemma 4.11]. Thus if E is o¢-polystable then Forg(E) is op-polystable, where
Forg: C ~ D%/?Z s D. In particular, Forg(E) has linearly reductive automorphism
group. Then Homp (Forg(E), Forg(E)) is formal by Theorem 3.4 in the case of K3
surfaces, and by [5, Remark 0.1] for special Gushel-Mukai fourfolds.

In order to apply Theorem 3.10, we need to find a Z/2Z-equivariant DG enhance-
ment D of D. For ordinary GM threefolds, the associated D is the Kuznetsov
component of a special GM fourfold, with Z/27Z acting via the geometric involu-
tion. Then the standard DG enhancement, given by the restriction of the DG quotient
of the DG category of bounded complexes over its full DG subcategory of acyclic
ones [13], is Z/2Z-equivariant. For special GM threefolds or quartic double solids,
the Z/27Z-action on Ku(X) is via the geometric involution, hence the standard DG
enhancement is equivariant, and by [14, Theorem 4.2] this induces a DG enhance-
ment of D which is equivariant under the residual action. And now the statement
follows from Theorem 3.10. O
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