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Introduction

Is it possible to efficiently simulate a quantum physical system on a classical computer?
The answer to this question is not straightforward, because of the exponential scaling
of the computational resources (memory, CPU time) needed: the state of a single
quantum system that lives in a d-dimensional Hilbert space is described by d complex
numbers; however, the dimension of the Hilbert space of n such systems interacting
with each other is dn. Even just representing the states of a quantum system on a
classical computer therefore quickly becomes dauntingly difficult as the number of
components increases, let alone simulating its behaviour over time.

A variety of sophisticated numerical methods have been developed over time to
tackle the challenge of simulating quantum systems: the dynamical mean-field theory
(DMFT) [4], quantum Monte Carlo methods [5], approaches based on neural net-
works [6, 7], classical phase-space representations [8], and numerical linked-cluster
expansions [9], to name a few, are representative of methods that, building upon spe-
cific assumptions, try to mitigate the aforementioned ‘curse of dimensionality’. In this
thesis we will focus on another simulation tool, tensor networks (TNs), which are a
mathematical representation of quantum many-body states based on their entangle-
ment structure [10]. Whenever one has a Hilbert space with a tensor-product struc-
ture, TNs naturally arise as a way to replace the original full tensor of coefficients (in
a given basis) of the state by a network of interconnected tensors. As we will discuss
later, in many relevant cases this approach leads to a compact description of quantum
states, requiring only a number of coefficients that scales polynomially, asO(poly(n)),
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INTRODUCTION

instead of exponentially, asO(dn), in the number of degrees of freedom. This method
can be applied for example to a chain of n spins modelling the magnetic properties
of a material, or an ensemble of n photonic modes manipulated by quantum optical
devices in boson sampling experiments, or a quantum computer with n qubits.

By an appropriate truncation of the individual tensors of the network, TNs can
also approximate quantum states in a controlled way, speeding up classical simulations
and reducing their memory footprint while sacrificing some of the accuracy. The effi-
ciency of TNs and their ability to represent general quantum systems are well-known
advantages, which is why they are employed in a wide range of cases. A fundamen-
tal example of TN, the matrix-product state (MPS), was introduced in the 1990s as
a mathematical method of representing finitely correlated many-body quantum states
[11], from the AKLT state [12] to Heisenberg spin chains [13, 14].

The first successful practical TN algorithm, the density-matrix renormalisation
group (DMRG), was developed in 1992 by Steven White, in the context of strongly
correlated systems [15]. The DMRG is an iterative, variational algorithm devised to
find the low energy properties (states, eigenenergies, and so on) of a one-dimensional
many-body system. It works by systematically truncating theHilbert space, identifying
the most relevant states that describe a target state—most often the ground state—in
order to find an efficient description of it [16]. It is a successful generalisation of Wil-
son’s numerical renormalisation-group procedure, and has quickly become the method
of choice in the numerical studies of static, dynamic, and thermodynamic properties
of one-dimensional quantum systems, as well as in computational quantum chemistry.
It was later recognised that in the thermodynamic limit, when the renormalization
procedure converges to a fixed point, the DMRG ground state can be written in a
matrix-product form [17]; later, the DMRG algorithm was studied as a variational
optimisation procedure over the class of MPSs [14]. The reason why DMRG per-
forms well, and in turn, why MPSs became a relevant tool in quantum many-body
physics, is the small amount of entanglement in ground states of gapped Hamiltoni-
ans with short-range interactions. These states obey an area law of entanglement [18],
according to which the entanglement entropy of the reduced state of a subregion grows
like the area of the boundary, and not like its volume (which is expected from a quan-
tum state picked at random). It is precisely this favourable scaling of the entanglement
that specifies how well an MPS is able to approximate a given state [11, 16].

Later on, in the 2000s, the theory of TNs was linked to the field of quantum infor-
mation through the work of Guifré Vidal [19], who treated them as proper mathemati-
cal tools for describing quantum many-body states and entanglement. The potential of
MPSs then began to be systematically explored by Ignacio Cirac, Frank Verstraete and
Vidal [20–22], and several other TN structures were introduced to describe different
situations, even beyond one-dimensional systems, including projected entangled pair
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states (PEPS) [23] and multiscale entanglement renormalization ansatz (MERA) [24].
The efficiency of MPSs, and TNs in general, and their versatility are well-known ad-
vantages, which is why they are employed in an increasingly broad range of applications
[10]. Beyond the fields of condensed matter physics and quantum information, TNs
are employed in quantum gravity [25, 26], (classical) statistical physics [27], machine
learning [28, 29], solving partial differential equations [30, 31], and many others.

In this thesis we will explore the practical application of TNs, more specifically
MPSs, in two specific scenarios:

• the simulation of the dynamics of a quantum system immersed in a thermal
fermionic environment;

• a full-TN simulation of the unitary and noisy behaviour of a qubit-based quan-
tum computer.

These topics involve open quantum systems (OQSs), which introduce another level
of difficulty to the simulation: they are systems that exchange energy, matter or more in
general information through their interaction with their surroundings. This interaction
leads to the emergence of dissipative and noisy processes. While these processes are
typically seen as detrimental in the context of quantum information processing, since
they reduce quantum resources such as coherence and entanglement, in other cases they
can also be beneficial for instance by facilitating the transport of energy in the system.
In any case, when modelling a realistic system, the effects of its environment must be
included, in some form, in the description [32]. The environment consists of a large,
sometimes infinite, number of degrees of freedom, therefore an explicit description of
the collective state of the system and its environment is usually intractable. The goal of
the theory of OQSs is instead to provide an effective description that focuses only of
the system’s degrees of freedom, possibly complemented by a reduced and manageable
representation of the environment. Numerical simulations become important in this
context as they make it possible to explore the behaviour of open systems beyond the
typical assumptions of a structureless, Markovian environment.

Many algorithms have been developed to face the numerical simulation of OQSs.
Numerous physical environments are well modelled by an infinite collection of har-
monic oscillators, as they can describe vibrational and thermal excitation of what sur-
rounds the system. As a result, bosonic environments are a common choice for the
environment of an OQS. The non-trivial structure of these baths can induce inter-
esting phenomena in the open system: for example, it can generate non-equilibrium
processes that sustain electronic coherences in biological systems [33]. It is therefore
important to develop numerical simulation tools that can treat these non-trivial effects.
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INTRODUCTION

The first part of this thesis will focus in particular on an extension of the time-
evolving density operator with orthogonal polynomials algorithm (TEDOPA) [34],
a chain-mapping algorithm that unitarily transforms a continuous environment into a
countably infinite chain of modes. This transformation allows continuous environ-
ments to be translated into a discrete structure which can be easily written as an MPS,
and which can therefore be efficiently numerically simulated. However, the size of
the resulting chain grows linearly with the physical duration of the time evolution,
and this can be troublesome when long-time dynamics are considered. In order to ad-
dress this shortcoming, the Markovian closure (MC) method, developed in Ref. [35]
for bosonic environments, truncates the chain-mapped environment to a finite size,
in such a way that the dynamics of the open system is approximately preserved. In
many relevant cases, fermionic environments play a central role as well. They appear,
for example, when studying the behaviour of magnetic impurities in metals [36, 37] or
electron transport in semiconductor quantum dots [38]. For this kind of environments,
several techniques [39, 40] already exist that replace the continuous environment with
a finite number of auxiliary fermionic modes, whose parameters are carefully tuned in
order to mimic the effects of the original environment on the system. In this thesis,
we extend the MC method to fermionic environments, providing—as in the bosonic
case—a generic numerical approximation method that yields a quadratic speed-up of
the wall-clock simulation time with respect to the physical simulation time, compared
to standard TEDOPA. This method does not require ad-hoc fitting procedures and
relies only on mild assumptions on the structure of the environment. Moreover, it
also preserves the information on the first modes of the TEDOPA chain, that are
responsible for the non-Markovian behaviour of the environment.

In the second part of the thesis, we turn our attention to the realm of quantum
computing, and in particular to the numerical simulation of noisy quantum circuits
by means of TNs. An important part of the research in quantum computing is ded-
icated to quantum advantage experiments, that seek to determine a quantum device
from which an observable quantity (possibly of practical interest) can be extracted
whose computation lies beyond the reach of exact classical simulation and heuristic
methods [41]. Several experiments recently emerged as viable candidates for realising
practical quantum advantage, such as [42] and [43]. On the hardware side, the en-
gineering of quantum devices keeps improving with ever decreasing error rates [44],
with the ultimate goal of constructing a fault-tolerant machine [45–47] where errors
during computation can be efficiently corrected.Most currently (commonly) available
quantum devices, however, such as those built from superconducting qubits [48, 49],
trapped ions [50, 51], or nuclear spins in silicon [52, 53], are still of a relatively small
size and their operations involve a significant amount of noise: they are thus termed
noisy intermediate-scale quantum (NISQ) devices [54]. While fault tolerance requires
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thousands of qubits to encode and manipulate information in an error-resilient way,
these smaller, noisy quantum processors are nowadays being used to perform increas-
ingly complex quantum simulations [48, 55, 56]. These devices inevitably entangle
with the surrounding environment during its execution, and as a consequence various
kinds of errors appear affecting their results. The natural framework to investigate the
behaviour of noisy quantum circuits is then the one of open quantum systems.

In this setting, quantum computation on noisy devices is typically supported by
classical post-processing techniques, exploiting models that are usually referred to as
hybrid quantum-classical algorithms [57]. Several error-mitigation schemes are being re-
searched: they are a class of methods that allow extracting meaningful physical quan-
tities that approximate the ideal, noiseless results from the noisy output.

In most circumstances, these quantum devices are not able by themselves to pro-
duce meaningful answers, as the signal is usually drowned by noise, and so they are un-
suited for most commercial or scientific applications. Together with error-mitigation
schemes, NISQ devices at pre-fault-tolerant circuit sizes may still enable useful quan-
tum applications. Moreover, as the research rapidly evolves, understanding how noise
affects the behaviour of these computers is key to advancing their development. We
will concern ourselves with the tensor-network error mitigation (TEM) method intro-
duced in Ref. [58], which defines a TN map that approximately reconstructs the ideal
final state of the circuit, and thus allows estimating the ideal (if noise were not present)
measured value of observables. With this method at hand, we study if and how a
particular class of quantum circuits, called dual-unitary (DU) circuits [59], constitute
the right compromise between integrability and complexity to stand as suitable bench-
mark systems for NISQ quantum devices, if we combine a capable quantum computer,
an expressive theoretical model to describe noise, and an efficient error-mitigation
technique. With DU circuits, the behaviour of particular correlation functions of the
kicked Ising model [60] can be simulated, and the hybrid quantum-classical approach
accurately reproduces such behaviour, successfully extending the reach of the quantum
processor. At the same time, we see that while a naive full-state MPS simulation of
the device is too complicated, TN simulations can still provide meaningful insight, for
example on the performance of the noise model, and on the structure of the entangle-
ment generated by the circuit.

Both of these scenarios involve systems that stretch the domain of applicability
of TNs, which are usually meant for moderately entangled systems. The desirable
behaviour is that the state of the system satisfies the area law, in that the entanglement
grows no larger than logn where n is the number of constituents of the system. In the
systems we are going to study, however, even when the entanglement growth is nicely
bounded as a function of n, it is not so as a function of time. Even worse, quantum
computers are usually specifically designed to create entanglement between its basic

xi



INTRODUCTION

components, since it is one of the primary resources that make quantum computing
advantageous; in fact, we do not expect that TNs perform well in simulations of deep
and highly-entangled quantum circuits [61]. For this reason we must back up the use
of TNs with a careful study of the convergence of the simulation method.

Thesis structure
This work is organised as follows.

• Chapter 1 provides an overview of TN definitions and algorithms, their advan-
tages and use cases, focusing on time-evolution methods. We also cover, in
Section 1.4, how to model mixed states and their evolution as MPSs.

• In Chapter 2, after a brief introduction on the basics of the theory of OQSs,
we review some theoretical and numerical methods that are commonly used to
reduce their complexity, with a special attention to numerical simulations.

• Chapter 3 introduces the MC approximation for bosonic environments and ex-
tends it to the case of fermionic environments. We determine the approximation
in this new scenario and we study its accuracy as well as its numerical perfor-
mance. The derivation of the fermionic MC and the accompanying numerical
study have been published in Ref. [1]; here we complement the results by pro-
viding, by means of the superfermion formalism introduced in Section 1.4.2, a
way to solve the equations of motion in specific cases.

• Finally, Chapter 4 presents the results of Ref. [2], focusing specifically on the
TN methods used in the experiment. First, the theoretical framework of DU
circuits is outlined, together with the specifics of the experiment. Next, the
TEM algorithm is described along with the results obtained with it. This is
followed by an analysis of the classical simulation with MPSs of the quantum
circuits and their noise model, analysing the convergence of the simulations and
whether they can be an useful companion to the results of the hybrid quantum-
classical computation.

Thematerials presented in Chapters 3 and 4, unless stated otherwise, are either original
or adapted from the author’s published articles [1] and [2].

xii



Tensor networks 1

Tensor networks (TNs) are a technique for working with tensors which have many
indices: they are a representation of large, high-order tensors as products of many low-
order tensors. The naive memory and computing costs of working with a dense tensor
having N indices (an order-N tensor) usually scale exponentially with N . When a
dense tensor is converted into a tensor network and all of the tensors in the network are
low-order, the tensor network can be an efficient way to perform common important
operations such as summing two high-order tensors or computing their product. These
operations can still be efficient even when the high-order tensor implicitly represented
by the network has hundreds or thousands of indices.

Large tensors withmany indices appear naturally as the coefficients of amany-body
quantum state: if |ψ〉 is a pure state in a tensor-product Hilbert spaceH1 ⊗H2 ⊗· · ·⊗
Hn, given a basis {|e(k)

i 〉}dk
i=1 for each Hk we can write

|ψ〉 =
d1∑

i1=1

d2∑
i2=1

· · ·
dn∑

in=1
ψi1,i2,...,in

|e(1)
i1
, e

(2)
i2
, . . . , e

(n)
in

〉 (1.1)

where |e(1)
i1
, . . . , e

(n)
in

〉 ..= |e(1)
i1

〉 ⊗ |e(2)
i2

〉 ⊗ · · · ⊗ |e(n)
in

〉. When dealing with TNs, we
will always consider finite-dimensional Hilbert spaces, so we will never need to worry
about convergence of sums, boundedness of operators and other mathematical issues
which are typical of infinite-dimensional Hilbert spaces. Dealing with the coefficient
tensor ψi1,i2,...,in

directly quickly becomes expensive as n grows: indeed the exponen-
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1 TENSOR NETWORKS

tial growth of the number of coefficients makes the representation of the tensor very
expensive even when di = 2, if n is large enough. In some cases, we can use a tensor
network to represent the tensor of coefficients ψi1,i2,...,in

in a more efficient manner.

1.1 Matrix-product states

The most common example of a TN is the matrix-product state (MPS) representation.
Consider a Hilbert space H = H1 ⊗ H2 ⊗ · · · ⊗ Hn with a local basis {e(k)

i }dk
i=1

for each space Hk, and a pure state |ψ〉 ∈ H written as in Eq. (1.1). The goal of the
MPS representation is to write the coefficient tensor ψi1,i2,...,in

as a TN that separates
the physical degrees of freedom of each ‘site’ from 1 to n, so that each entry of the
original tensor can be rewritten as the product of n matrices, each one corresponding
to one particular site. The algorithm to obtain an MPS from |ψ〉 consists in a series of
reshapings and singular-value decompositions (SVDs) on subsequent bipartitions of
the tensor-product Hilbert space, as illustrated for example in Ref. [62].

First of all, we reshape the tensor of coefficients of |ψ〉 into a matrix by grouping
the indices from the second to the last in a single one:

ai1,(i2,...,in)
..= ψi1,i2,...,in . (1.2)

We apply a SVD to this matrix and we obtain, for some r1 ∈ N with r1 ≤ d1 and
r1 ≤ d2 · · · dn,

• a d1 × r1 matrix U satisfying U†U = Ir1 ,

• a r1 × d2 · · · dn matrix V , satisfying V †V = Id2···dn
,

• and a list of (positive) singular values λ1, λ2, . . . , λr1 ,

such that the previous matrix can be written as

ai1,(i2,...,in) =
r1∑

j=1
Ui1,j1λj1Vj1,(i2,...,in). (1.3)

We reshape now λ and V into a new matrix a′
(j1,i2),(i3,...,in)

..= λj1Vj1,(i2,i3,...,in), and
at the same time we reshape U into a set of row vectors Γ (i1), for i1 ∈ {1, . . . , d1},
with components Γ (i1)

j1
= Ui1,j1 . After this first step of the decomposition, the tensor

of coefficients of |ψ〉 becomes

ψi1,i2...,in
=

r1∑
j1=1

Γ
(i1)
j1

a
′
(j1,i2),(i3,...,in). (1.4)
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1.1 Matrix-product states

Now, we carry out a new SVD on the matrix a′, decomposing it into

a′
(j1,i2),(i3,...,in) =

r2∑
j2=1

U ′
(j1,i2),j2

λ′
j2
V ′

j2,(i3,...,in); (1.5)

this time, we take the matrix U ′ and the singular values λ from Eq. (1.3), and we
define a set of matrices Γ ′(i2), for i2 ∈ {1, . . . , d2}, whose components are Γ ′(i2)

j1,j2
=

λ−1
j1
U ′

(j1,i2),j2
, so that

ψi1,i2...,in =
r1∑

j1=1

r2∑
j2=1

Γ
(i1)
j1

λj1
Γ

′(i2)
j1,j2

λ
′
j2
V ′

j2,(i3,...,in). (1.6)

We continue this way, with a′′
(j2,i3),(i4,...,in)

..= λ′
j2
V ′

j2,(i3,i4,...,in) and so on, each time
repeating the decomposition on the a matrix. The algorithm ends when the whole
tensor of coefficients is decomposed as the matrix product

ψi1,i2,...,in−1,in
=

r1∑
j1=1

r2∑
j2=1

· · ·
rn∑

jn=1
Γ

(1,i1)
j1

λ
(1)
j1
Γ

(2,i2)
j1,j2

λ
(2)
j2

· · ·λ(n−1)
jn−1

Γ
(n,in)
jn−1

(1.7)

or, in a more compact way, by treating the singular values λ(k)
jk

as part of an rk × rk

diagonal matrix Λ(k)
ij = δijλ

(k)
i ,

ψi1,i2,...,in = Γ (1,i1)Λ(1)Γ (2,i2)Λ(2)Γ (3,i3) · · ·Λ(n−1)Γ (n,in). (1.8)

We have completed the decomposition of the original ψ tensor in a matrix-product
state form, namely in a way that is called Vidal form, introduced in Ref. [21]. In
Eq. (1.8) we have a Γ tensor for each component of the tensor-product Hilbert space,
which we will call site tensor: they are order-three tensors except for the first and the
last ones, which are of order two. Between each site tensor we find a bond tensor, each
of which is a diagonal, positive square matrix. Internal indices, linking each site tensor
with the adjacent bond tensor(s), are called bond or virtual indices; their dimension ri,
called bond dimension is a very important parameter of the MPS which greatly deter-
mines the complexity of the calculations involving the state. The remaining, external
indices are called physical indices.

Expressions like Eq. (1.8) can seem very complicated, but fortunately TNs can be
expressed in a graphical notation that makes their structure easily understandable. In
this graphical notation, a tensor is represented as a shape (of an arbitrary kind, usually

3



1 TENSOR NETWORKS

Figure 1.1. An MPS with n = 8 sites in Vidal form. Yellow discs represent site tensors, with
the dangling leg representing their physical index; blue diamonds represent bond tensors.

simple geometric shapes) with a leg sticking out of it for each index.

Ai1,i2,i3Bj1,j2 = A B
1

i1

2
i2

3

i3

1
j1

2

j2

. (1.9)

The operation of contracting indices, that is, summing over repeated indices in a for-
mula, is represented by simply connecting the respective legs of the tensors they be-
long to. It does not matter, in the graphical notation, where the individual tensors are
placed: what is really important is the topology of the drawing, meaning how many
legs each shape has and how the tensors are connected with each other.

∑
k

Ai1,k,i3Bk,j2 = A B
1

i1

3

i3

2

j2

2 k 1 . (1.10)

Another example is the following, where we take a two-index tensor, in other words a
matrix, and we contract its indices together, obtaining its trace:

Mi1,i2 = M 1 i12i2 =⇒ trM =
∑

k

Mk,k = M 1

k

2 . (1.11)

In these two examples we labelled every leg in order to make it clear which index of the
tensor they referred to; usually, however, which leg represents which index is under-
standable from the context, so we omit almost all labels. With these instructions, the
MPS in Eq. (1.8) can be represented as in Fig. 1.1, where site tensors are represented
by discs and bond tensors by diamonds.

The internal indices are appropriately contracted as in Eq. (1.8), while external
indices remain dangling, as they are not contracted with anything. If we were to repre-
sent the initial coefficient tensor ψi1,...,in

as a TN, it would just be a single blob with

4



1.1 Matrix-product states

n legs: there is no particular structure beyond this. In its MPS form in Fig. 1.1 the
external legs are still there, but each of them is now associated to a different tensor,
showing how we decomposed the big original tensor in a sequence of smaller parts.

1.1.1 Efficiency of matrix-product states

Now we know how to write a generic pure state as an MPS: what is the point of this
construction? Let us assume for the sake of simplicity that all Hilbert spaces Hk have
the same dimension d and that r1 = · · · = rn = χ.1 Then the MPS, if n ≥ 3, is made
of 2d vectors (Γ (1,i1) and Γ (n,in) for all i1, in ∈ {1, . . . , d}) with χ elements, another
n vectors with χ elements (the singular values) and (n−2)dmatrices with χ2 elements,
so we have 2dχ+nχ+ (n− 2)dχ2 parameters overall. The original coefficient tensor,
instead, had dn components; the dependence on n in an MPS is apparently linear
instead of exponential. Indeed the trick is that the dimension χ actually depends on n,
and this dependence can be critical: since each rk counts the amount of singular values
of the SVD in the (1 · · · k)(k + 1 · · ·n) bipartition of the system, also known as the
Schmidt rank or number, the dimension χ is directly tied to the maximum entropy of
entanglement contained in the state when we look at this particular bipartition: this
entropy is given by the von Neumann entropy

S1···k = −
rk∑

i=1
(λ(k)

i )2 log(λ(k)
i )2 (1.12)

and, given rk, the maximal entanglement entropy we can obtain is when the singular
values are all equal, λ(k)

i = 1/√rk, for which S1···k = log rk. The entanglement
entropy is thus bounded by log rk. In fact the number rk of singular values, in the
worst-case scenario, increases as dmax{k,n−k}, so χ may depend exponentially on n. It
seems thus that we have only shifted the complexity of the state representation else-
where, hiding it inside χ. But here comes the key observation that makes MPSs useful:
since χ is related to the amount of entanglement in the state, it means that weakly en-
tangled states, i.e. states for which χ does not increase exponentially in n, but at most
polynomially, can be efficiently represented as an MPS whose dimensions scale poly-
nomially in n, which is a great improvement over dn!

A particularly important class of states that fall into this description is states satis-
fying the area law: in these states, contrary to expectations, the entropy of a subregion

1After slightly modifying the formula in Eq. (1.8) to allow singular values to be also equal to zero, we
can take χ to be the maximum of all rk ’s and pad the tensors with zeroes where needed. Orthonormal
vectors in the Γ matrices corresponding to null singular values will be arbitrary.
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1 TENSOR NETWORKS

is not extensive, scaling linearly with its volume, but it scales linearly with the area
of the boundary of the subregion instead [18]. This behaviour is common for ground
states of one-dimensional quantum many-body systems, where an area law holds for
gapped Hamiltonians with short-range interactions and away from critical points [63].
In contrast, area laws may be violated if the interactions may be long ranged, and there
exist critical lattice models for which a logarithmic divergence is encountered in the
entropy. MPSs satisfy an area law by construction, since the entropy of an MPS whose
bond dimension does not exceed χ is bounded by logχ; the question is whether the
physical state it should represent satisfies an area law, too, in which case the MPS can
describe it faithfully. However, even when the entanglement entropy is bounded by
an area law, this fact does not automatically make the MPS representation convenient
if we are dealing with time evolution problems. For example, there are tensor-product
initial states of one-dimensional spin chains, with short-ranged Hamiltonians, whose
entropy S(t) satisfies at any time t an area law, but at the same time S(t) ≥ c0t + c1
for some c0, c1 > 0 [64, 65]: this fact is responsible for the hardness of computing the
time evolution of many-body systems using some TN algorithms.

This section explained the relationship between dense state vectors, as in the tensor
ψi1,i2,...,in , and MPSs. We want to use MPSs for systems with many sites, where it is
often not possible to write down the exponentially large state vector in the first place.
In that case, we simply start from an MPS description in terms of smaller tensors, and
then operate on that MPS with a toolset of algorithms that allow us to transform the
state without ever leaving the MPS description. In fact, contracting all the tensors
back to a dense vector is usually outright impossible, and keeping the MPS form is a
necessity. Luckily, we can obtain all relevant information without having to reconstruct
the full state vector: there exist several techniques to manipulate quantum states as
MPSs so as to carry out common tasks such as algebraic operations (sums, products),
time evolution, sampling from states, measurements, partial traces, and so on [62, 66,
67].

1.1.2 Compression of matrix-product states

Even when there are many singular values, some of them may be less relevant than
others. For example, suppose that λ(k)

j ∝ e−cj : then truncating away the ‘tail’ would
amount to a small approximation of the state. This can be made precise as follows: for
a given MPS given by a set of Γ , Λ tensors as in Eq. (1.8), by fixing k and summing
all the matrices before and after k we can write the state, for somem, as
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1.1 Matrix-product states

|ψ〉 =
d∑

i1=1
· · ·

d∑
in=1

Γ (1,i1)Λ(1) · · ·Γ (n,in)|e(1)
i1
, . . . , e

(n)
in

〉 =

=
m∑

α=1
λ(k)

α |vL,α〉 ⊗ |vR,α〉 (1.13)

where |vL,α〉 and |vR,α〉 define a set of orthonormal vectors for H1 ⊗ · · · ⊗ Hk and
Hk+1 ⊗ · · · ⊗ Hn, respectively. By truncating the sum at m′ < m we obtain a new
state |ψm′〉 such that

∥∥|ψm′〉 − |ψ〉
∥∥2 =

m∑
α=m′+1

(λ(k)
α )2 (1.14)

which shows that if the singular values decrease fast enough, then an appropriate trun-
cation of the singular values produces a controlled approximation of the state. This
truncation is actually optimal, in the sense that the truncated state is the closest in the
2-norm, among all MPSs with bond dimensionm′, to the original one [20].2 To carry
out this truncation during the MPS construction we can act on each subsequent SVD
decomposition, e.g. at Eqs. (1.3) and (1.5) by not keeping all singular values in the
sums, but discarding the smallest ones. The loss of precision caused by the truncated
decomposition will be small if the entanglement is weak.

1.1.3 OtherMPS forms
There is no unique way to represent a state as an MPS: other forms, also called gauges,
are commonly used. If we choose a site k, and contract all Λ(j)’s with Γ (j,ij) for
j < k and with Γ (j+1,ij+1) for j > k, as depicted in Fig. 1.2, we obtain another
decomposition of the following form:

ψi1,i2,...,in
= A(1,i1) · · ·A(k−1,ik−1)Γ (k,ik)B(k+1,ik+1) · · ·B(n,in), (1.15)

where A(j,ij) ..= Γ (j,ij)Λ(j) and B(j,ij) ..= Λ(j−1)Γ (j,ij).
This more compact form is called the (mixed) canonical form, and its component

satisfy the nice properties

d∑
ij=1

A(j,ij)†
A(j,ij) = I,

d∑
ij=1

B(j,ij)B(j,ij)†
= I. (1.16)

2Theoptimality, however, does not necessarily hold anymore whenmultiple sequential SVD truncations
are applied.
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1 TENSOR NETWORKS

Figure 1.2. We obtain the canonical form of an MPS by merging each bond tensor with the
site tensor on the left or on the right.

Tensors satisfying one of these two properties are called left- or right-orthogonal, re-
spectively. The Γ tensor left over from the original form is called orthogonality centre
(or orthocentre, more shortly). If the orthocentre is at the last site, all the other tensors
are left-orthogonal and the MPS is termed left-canonical ; if the orthocentre is at the
first site then the MPS is right-canonical. A left- or right-orthogonal tensor is usually
represented by a triangle pointing towards right or left, respectively, as in Fig. 1.2 (they
point towards the orthogonality centre).

Another interesting gauge is the inverse canonical gauge introduced in Ref. [68].
In contrast to the Vidal form, where in the MPS each bond tensor, which is a diagonal
matrix containing the Schmidt decompositionweights at that bond, is an orthogonality
centre, in this gauge each site tensor is an orthogonality centre. Each bond tensor is a
diagonal matrix containing the inverse of the Schmidt weights.

Yet other ways of grouping the tensors of the Vidal form exist, and of course in
the end they all represent the same pure state in the Hilbert space: it is just a mat-
ter of convenience which form is the right one, a choice that is sometimes dictated
by the specific algorithms used to transform the state. We will come back to this in
Section 1.3.

1.1.4 Notes on fermionic systems

There is an additional step we need to consider when we want to represent fermionic
states as MPSs, due to the antisymmetric structure of the Fock space they live in.
In this case, the modes (i.e. the canonical creation and annihilation operators) rep-
resenting different degrees of freedom anticommute and consequently, for example,
an observable A which physically acts only on the first mode cannot be written as
A = A1 ⊗ 12 ⊗ · · ·, and similarly the global Hilbert space is not the tensor prod-
uct of the Hilbert spaces relative to the individual modes.

The numerical simulation of fermions on a (classical) computer typically requires,
therefore, ‘translating’ the anticommuting structure of fermionic Fock spaces into the
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1.1 Matrix-product states

structure of a ‘standard’ multi-mode Hilbert space in which different systems are com-
bined through the tensor product, as it corresponds to standard matrices and vectors
used in computer programming. There exist several of such translation maps; famous
examples are the Jordan-Wigner [69] and the Bravyi-Kitaev [70] mappings. We shall
use the former, which is a bijection that maps the algebra of creation and annihila-
tion operators of N fermions, {c(†)

k }N
k=1 in F−(CN ), into the algebra of N two-level

systems, in (C2)⊗N , as

ck = σ⊗k−1
z ⊗ σ− ⊗ 1⊗N−k, c†

k = σ⊗k−1
z ⊗ σ+ ⊗ 1⊗N−k, (1.17)

where σ+ ..= 1
2 (σx + iσy). The anticommutativity of operators on different modes

is taken care of by the strings of σz . This transformation maps a fermion chain with
nearest-neighbour interactions into a nearest-neighbour spin chain,

N∑
k=1

εkc
†
kck +

N−1∑
i=1

λk(c†
kck+1 + c†

k+1ck) =

=
N∑

k=1

εk1⊗k−1 ⊗ σ+σ− ⊗ 1⊗N−k +
N−1∑
k=1

λk1⊗k−1 ⊗ T ⊗ 1⊗N−k−1, (1.18)

with T = σ+ ⊗ σ− + σ− ⊗ σ+, but in general it may introduce artificial long-range
couplings, that can make the simulation more demanding.

At the same time, fermionic systems satisfy superselection rules [71, 72], that are fun-
damental restrictions on the set of physically allowed quantum states. The fermionic
modes we consider in a quantum theory should in fact be interpreted, as the special
theory of relativity states, as particles of half-integer spin. This establishes a connection
between the mode operators and the transformation properties under spatial rotations
of the corresponding fermionic particles [73]. In particular, the state of a fermionic
particle after a 2π rotation (about any axis) gains a minus sign. Consequently, states
containing an odd numbers of fermions also gain a minus sign after rotating all the
particles, while states with an even number of fermions remain unchanged. Given the
parity operator (−1)N , where N is the (total) number operator, we can then identify
two classes of states: the ‘even’ and ‘odd’ states, which constitute the eigenspaces of
(−1)N . In our language, the state 1√

2 (|0〉 + |1〉), a superposition of an even and an
odd state, would be transformed, after a full rotation, into 1√

2 (|0〉 − |1〉). The two
states are orthogonal and the fact that a 2π rotation, that is, the identity, can trans-
form one into the other does not make sense from a physical standpoint, since the two
states should be indistinguishable. A superselection rule, for this reason, imposes that
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1 TENSOR NETWORKS

no superposition of even and odd states may occur in physical states, and the fermionic
Fock space can therefore be written as the direct sum of the two eigenspaces of the
parity operator.

1.2 Operations on matrix-product states

Matrix-product states are useful not only because they can be an efficient way to encode
a many-body state. By associating a separate tensor to each space Hk, local operations
that involve one or few adjacent sites can be efficiently carried out on the MPS by
modifying only the relevant tensors. For example, take a linear map T that acts non
trivially on the space Hk, i.e. T = 1⊗k−1 ⊗ t⊗ 1⊗n−k, then

T |ψ〉 =
d∑

i1=1
· · ·

d∑
in=1

Γ (1,i1)Λ(1) · · ·Λ(n−1)Γ (n,in)T |e(1)
i1
, . . . , e

(n)
in

〉 =

=
d∑

i1=1
· · ·

d∑
in=1

Γ (1,i1)Λ(1) · · ·Λ(k−1)Γ (k,ik)Λ(k) · · ·

· · ·Λ(n−1)Γ (n,in)|e(1)
i1

〉 ⊗ · · · ⊗ t|e(k)
ik

〉 ⊗ · · · ⊗ |e(n)
in

〉 =

=
d∑

i1=1
· · ·

d∑
in=1

d∑
l=1

tl,ik
Γ (1,i1)Λ(1) · · ·Λ(k−1)Γ (k,ik)Λ(k) · · ·

Λ(n−1)Γ (n,in)|e(1)
i1
, . . . , e

(k)
l , . . . , e

(n)
in

〉

(1.19)

with tl,ik
..= 〈e(k)

l |t|e(k)
ik

〉; this means that at the MPS level the only change is to
replace Γ (k,ik) with

Γ ′(k,l) =
d∑

l=1

tik,lΓ
(k,ik). (1.20)

Similarly, a linear operator acting non-trivially only on Hk ⊗ Hk+1 acts on the
MPS by modifying only the Γ (k,ik), Λ(k) and Γ (k+1,ii+k) matrices, as represented in
Fig. 1.3. When we act on an MPS on more than one site, after we multiplied the
relevant tensors of the MPS by the tensor representing the operator we are left with a
new tensor spanning more than one site, as in the dashed square in Fig. 1.3: in order
to restore the original factorised form we also need to decompose the new tensor to
obtain smaller blocks of the required shape. This is usually done with a series of SVDs.
During this decomposition we have also the opportunity to approximate the result,
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Figure 1.3. A two-site operator acting on an MPS with n = 8 sites, in Vidal form.

instead of keeping the exact resulting tensors: once we reveal the singular values from
the SVD, we can truncate the less relevant ones, usually in two ways:

• by imposing a cutoff ε such that all singular values below ε get discarded,

• by imposing a maximum bond dimension χ, i.e. keeping at most the χ largest
singular values.

This procedure provides a dynamic compression method that allows us to simultane-
ously update the MPS and at the same time keeping its size under control.

1.2.1 Matrix product operators

The procedure used to decompose a pure state into an MPS can be adapted to decom-
pose a generic operator acting on the tensor-product Hilbert space. This time we want
to write the tensor of the matrix elements of a linear operator T ,

〈e(1)
i1
, . . . , e

(n)
in

|T |e(1)
i′

1
, . . . , e

(n)
i′

n
〉 (1.21)

as a product of smaller tensors. The decomposition is basically the same as the one we
already seen for a state, if not for the fact that each tensor block has a pair of physical
indices instead of just one (see Ref. [62] for a more detailed treatment). Then Eq. (1.21)
becomes

W (1,i1,i′
1) · · ·W (n,in,i′

n), (1.22)

and is called a matrix-product operator (MPO).3 Graphically, we represent an MPO
as in Fig. 1.4: since each factor in Eq. (1.22) has two physical indices, each block in
the TN will have two dangling legs.

3Wewill not care about the different gauges we could use to write anMPO, as they are not asmeaningful
as in the MPS case. The only important thing is that we are able to decompose a many-body operator into
a TN with a separate tensor for each degree of freedom.

11



1 TENSOR NETWORKS

Figure 1.4. Graphical representation of an MPO.

=

Figure 1.5. An MPO applied to an MPS: the tensors of the MPO and the MPS relative to
the same site get contracted together. The bond indices in this operation are not contracted, but
they are combined in a new index in the tensor product. The result is a new bond index whose
dimension is the product of the dimensions of the two initial indices.

As operators can be applied to pure states to obtain other pure states, an MPO can
be applied to an MPS. The result is again an MPS: given an operator T in the MPO
form of Eq. (1.22) and a pure state |ψ〉 written as

|ψ〉 =
d∑

i1=1
· · ·

d∑
in=1

M (1,i1) · · ·M (n,in)|e(1)
i1
, . . . , e

(n)
in

〉, (1.23)

the result is a new MPS

T |ψ〉 =
d1∑

i1=1
· · ·

dn∑
in=1

N (1,i1) · · ·N (n,in)|e(1)
i1
, . . . , e

(n)
in

〉, (1.24)

where

N
(k,ik)
(ak−1,bk−1),(ak,bk)

..=
d∑

i′
k

=1

W
(k,ik,i′

k)
ak−1,ak

M
(k,i′

k)
bk−1,bk

. (1.25)

Figure 1.5 depicts this operation in TN graphical notation.
It is an MPO whose ranks are the product of the ranks of the factors: the matrices

W and M get multiplied contracting their physical indices, but on the bond indices
we are performing a tensor product. As a consequence, multiplying MPOs and MPSs
usually results in a significant (multiplicative) increase in the size of the tensors; for this
reason, after the multiplication the resulting MPS must usually be compressed. Other
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1.2 Operations on matrix-product states

MPO-MPS multiplication algorithms exist which are more efficient than this apply-
then-truncate method: for example the ‘zip-up’ and the ‘density matrix’ algorithms,
explained in Ref. [74] perform multiplication and compression at the same time, thus
avoiding the need to construct an intermediate large MPS.

1.2.2 Contractions and inner products
The calculation of expectation values of local operators is an important example that
shows the power of the MPS representation: starting from the MPS form of a pure
state |ψ〉

|ψ〉 =
d∑

i1=1
· · ·

d∑
in=1

M (1,i1) · · ·M (n,in)|e(1)
i1
, . . . , e

(n)
in

〉 (1.26)

and an MPO

A =
d∑

i1=1

d∑
i′

1=1

· · ·
d∑

in=1

d∑
i′

n=1
W (1,i1,i′

1) · · ·W (n,in,i′
n)|e(1)

i1
〉〈e(1)

i′
1

| ⊗ · · · ⊗ |e(n)
in

〉〈e(n)
i′

n
|

(1.27)
the expectation value 〈ψ|A|ψ〉 is given by

〈ψ|A|ψ〉 =
∑
i,i′

M (1,i1) · · ·M (n,in)W (1,i1,i′
1) · · ·W (n,in,i′

n)M (1,i′
1) · · ·M (n,i′

n) =

=
∑
i,i′

∑
a,a′,a′′

M
(1,i1)
a1

W
(1,i1,i′

1)
a′

1
M

(1,i′
1)

a′′
1

M
(2,i2)
a1,a2

W
(2,i2,i′

2)
a′

1,a′
2

M
(2,i′

2)
a′′

1 ,a′′
2

· · ·

M
(n,in)
an−1

W
(n,in,i′

n)
a′

n−1
M

(n,i′
n)

a′′
n−1

(1.28)

The mathematical structure of this complex expression is made much clearer by the
graphical notation for TNs. A graphical example of this calculation can be found in
the upper left of Figure 1.6.

Note that the TN has no dangling external indices, corresponding to the fact that
the result is a scalar, i.e. a rank-zero tensor. While the order in which we multiply the
tensors here does not of course affect the final result, it does affect the computational
cost of the whole calculation: in fact, let us consider the worst and best cases, assuming
a uniform local dimension d and bond dimensions χ and ξ throughout the MPS and
the MPO, respectively. The contraction of a tensor has a computational cost equal to
the product of the dimensions of all its indices, both the internal (that are summed
over) and the external ones.
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Figure 1.6. Two contraction paths (first steps) for computing the expectation value of an MPO
on an MPS. The first leads to a calculation whose complexity grows exponentially in the number
of sites of the MPS, the other does not.

• If we start the contraction from the top row (as illustrated in the top figure
in Fig. 1.6), then the first operation would cost O(d2χ), the second O(d3χ),
up until O(dnχ) when the full upper MPS is contracted. This calculation is
massively inefficient, and practically impossible: we are essentially computing
the dense state vector from the MPS, which is exactly what we want to avoid by
using the MPS representation.

• If we contract ‘vertically’ instead, i.e. first all the tensors belonging to the first
site, then the second, and so on, the calculations are lighter. Following the
order written in the bottom part of Fig. 1.6, the first contraction is O(d2χξ),
the second is O(dχ2ξ), the third is O(dχ3ξ), and so on: the complexity never
grows exponentially in n. The final result is the same, but this method is smarter
and, most importantly, actually feasible.

For simpler operators which act on a few number of neighbouring sites, the MPS
structure allows for an even greater simplification. Consider the case of a single-site
operator, and write the state as a mixed-canonical MPS with the orthocentre on the
same site as the operator, as illustrated in Fig. 1.7. This case can be obtained by the
previous, more general one, by replacing all but one tensor of the MPO with identities.
Consider the first contraction, from the left: contracting the physical indices i1 and i′1
we get

d∑
i1=1

d∑
i′

1=1

M
(1,i1)
a1

W
(1,i1,i′

1)
a′

1
M

(1,i′
1)

a′′
1

=
d∑

i1=1

d∑
i′

1=1

M
(1,i1)
a1

δi1,i′
1
M

(1,i′
1)

a′′
1

=

14



1.2 Operations on matrix-product states

=

Figure 1.7. Tensor network of the expectation value of a one-site operator acting on an MPS
with n = 8 sites. Due to the orthogonality properties of the individual tensor, the network to
the left simplifies to the one to the right.

=
d∑

i1=1
M

(1,i1)
a1

M
(1,i1)
a′′

1
(1.29)

which simplifies to δa1,a′′
1

because of the left-orthogonality of the M (1) tensor (see
Eq. (1.16)). At the next step, the same thing happens:∑

i1,i2

∑
i′

1,i′
2

∑
a1,a′

1,a′′
1

M
(1,i1)
a1

W
(1,i1,i′

1)
a′

1
M

(1,i′
1)

a′′
1

M
(2,i2)
a1,a2

W
(2,i2,i′

2)
a′

1,a′
2

M
(2,i′

2)
a′′

1 ,a′′
2

=

=
∑
i2,i′

2

∑
a1,a′′

1

δa1,a′′
1
M

(2,i2)
a1,a2

δi2,i′
2
M

(2,i′
2)

a′′
1 ,a′′

2
=

=
∑
i2

∑
a1

M
(2,i2)
a1,a2

M
(2,i2)
a1,a′′

2
=

=
∑
i2

∑
a1

(M (2,i2))†
a2,a1

M
(2,i2)
a1,a′′

2
=

= δa2,a′′
2

(1.30)

again, and so on until we get to the site where the operator acts. The left-orthogonality
property of the tensors is such that we do not need to compute their contraction as in
these last equations, we already know that they will give an identity over the bond
indices. The same of course happens on the right side of the operator. Consequently,
the contraction for the expectation value, however many sites the MPS is defined on,
reduces automatically to the contraction of just three tensors, as depicted in Fig. 1.7.

These are classic examples that illustrate how the contracting order in a TN is fun-
damentally important: it determines the number of operations needed to compute
the result, and this number can greatly vary between different orders. For a general
tensor network, finding the best order is a difficult task: the optimal contraction or-
dering problem is known to be NP-hard [75]. In special cases, the geometry of the
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TNs or the even the value of the tensors (as in the previous example with left- and
right-orthogonal tensors) make it possible to always find an efficient contraction or-
der. This is the case for MPSs, for which there exist provably efficient contraction
schemes for all common operations, such as the computation of expectation values we
have just seen. For this reason the MPS structure is used to encode quantum systems
even when their physical structure does not resemble a one-dimensional system: the
great number of available algorithms and always knowing what is the best contraction
order makes them a powerful tool also where they are not an obvious choice.

1.3 Time evolution of matrix-product states

There exist several algorithms to compute the time evolution of a state as an MPS,
allowing us to solve e.g. the Schrödinger equation without leaving the TN formulation.
Ref. [66] reviews and compares time-evolution algorithms commonly used for one-
dimensional many-body states encoded in MPSs. In this section we will focus on the
time-evolving block decimation (TEBD) and the time-dependent variational principle
(TDVP) algorithms.

1.3.1 The Suzuki-Trotter decomposition

Typically the Hamiltonian generating the time evolution contains interaction terms
which do not commute with one another: even in a very simple example, a nearest-
neighbour chain

H =
n∑

i=1
ωia

†
iai +

n−1∑
i=1

gi(a
†
iai+1 + a†

i+1ai), (1.31)

individual terms in the sums do not commute with one another, in general. Since
writing the full time-evolution operator exp(−itH) as an MPO would be impossible
but for very small systems, one usually wishes to express it in terms of the exponen-
tials of smaller parts, such as the individual terms in the Hamiltonian. Unfortunately
transforming the exponential of a sum in a product of ‘smaller’ exponentials is not
straightforward because, since the addends of the sum do not commute, the correct
formula to use is

exp(X + Y ) =
= exp(X) exp(Y ) exp

(
− 1

2 [X,Y ]
)

exp
( 1

6 (2[Y, [X,Y ]] + [X, [X,Y ]])
)

· · · (1.32)
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known as Zassenhaus’ formula [76]. For nearest-neighbour Hamiltonians such as the
one in Eq. (1.31) we can identify two particular non-commuting terms whose sum is
the Hamiltonian. If we write H as a sum of two-site operators, H =

∑n−1
i=1 hi,i+1,

then all the odd terms, i.e. hi,i+1 operators with odd i, commute with one another; at
the same time, even terms, where i is even, do the same.4 It is natural then to split the
Hamiltonian as

H = Hodd +Heven =
bn/2c∑
i=1

h2i−1,2i +
bn/2c∑
i=1

h2i,2i+1 (1.33)

so that Eq. (1.32) could be used e.g. with X = Hodd and Y = Heven. The Suzuki-
Trotter decomposition [77, 78] allows us to approximate the calculation of exp(X +
Y ) with a finite number of products knowing the order of the neglected terms. For
example, the first two orders of approximation are

exp(tX + tY ) = exp(tX) exp(tY ) +O(t2),
exp(tX + tY ) = exp( 1

2 tX) exp(tY ) exp( 1
2 tX) +O(t3).

(1.34)

We usually want to apply this decomposition to a time-evolution operator U(t) =
exp(−itH): once we have factorised it in terms of Uodd(t) = exp(−itHodd) and
Ueven(t) = exp(−itHeven), we can further decompose each of these two as the products
of the single exp(−ithi,i+1), as their addends all commute. To improve the accuracy of
this decomposition, it is beneficial to reduce t as much as possible: this is usually done
by ‘slicing’ the evolution interval [0, t] inN smaller intervals so thatU(t) = U(t/N)N ,
so that we need to apply the operator U(t/N) to the stateN times; since t/N is small,
we can apply the decomposition to each U(t/N), with a reduced error, at each step of
the evolution.

1.3.2 The time-evolving block-decimation algorithm

Introduced in Ref. [22], the TEBD algorithm is a numerical integration scheme for
nearest-neighbourHamiltonians, which is based onMPSs and heavily uses the Suzuki-
Trotter decomposition. The algorithm computes the evolved state |ψt〉 = U(t)|ψ0〉
with the following method.

4Two-site operators are associated naturally to a unique hi,i+1, while we are free to associate a single-
site operator e.g. on site i to hi,i+1 or to hi−1,i, unless of course it lies on the edge of the system. It is also
possible to split it in both terms, i.e. assigning one half of it to hi,i+1 and the other half to hi−1,i; this is
the most common choice.
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Figure 1.8. A step |ψt〉 7→ exp(−iτH)|ψt〉, withH =
∑n−1

k=1 hk,k+1, of the TEBD algorithm
for n = 8 sites, with a second-order Suzuki-Trotter approximation.The tensors within each odd
or even layer, which commute with one another, are depicted on the same row to indicate that
they can be applied in parallel.

1. Write the evolution operator U(t) as a product of N smaller evolution steps
U(t/N).

2. Write the initial state |ψ0〉 in MPS form.

3. Decompose each step U(t/N) in a sequence of Uodd and Ueven according to the
Suzuki-Trotter decomposition, at a chosen approximation order.

4. Factorise Uodd, and similarly Ueven, exactly as (with τ = t/N )

Uodd(τ) =
bn/2c⊗
i=1

exp(−iτh2i−1,2i). (1.35)

5. Calculate each individual exp(−iτhi,i+1); this can be done exactly, as the size
of these operators is small.

6. For each time step, apply Uodd and Ueven by applying each exp(−iτhi,i+1) to
the state in the appropriate order to recreate the chosen approximation of U .

For example, choosing the second decomposition in Eq. (1.34) would mean evolving
the state as

|ψt+τ 〉 = exp
(
− i

2τHodd
)

exp
(
−iτHeven

)
exp

(
− i

2τHodd
)
|ψt〉, (1.36)

as depicted in Fig. 1.8.
From Fig. 1.8 it is even more clear that within an odd or even layer of operators

the tensors act on different blocks of the MPS: this not only means that the order in
which they are applied does not matter, but also that they can be applied together in
parallel to the MPS.
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1.3 Time evolution of matrix-product states

Error sources The TEBD algorithm suffers from two errors, both of which can be
controlled and estimated straightforwardly. The first one comes from the Suzuki-
Trotter approximation: for a m-th order decomposition U(τ) ≈ Um(τ) the error
is O(τm+1). By dividing the full simulation interval [0, t] in N slices we obtain

U(t) =
[
Um

(
t

N

)
+O

(
tm+1

Nm+1

)]N

=

= Um

(
t

N

)N

+O

(
tm+1

Nm

)
= Um(τ)N +O(tτm) (1.37)

which shows that the error decreases as N and m are increased; at the same time it
depends linearly on the total time t = Nτ of the simulation. It can be rigorously
bounded as shown in Suzuki’s works [77, 78]. The second type of error is due to the
compression of the MPS after each layer of odd or even operators is applied, which is
inevitable if we want the state to have a realistically manageable size. This truncation
error is described by Eq. (1.14), and it accumulates additively as the evolution goes on,
step after step [22]. By recording the sum of the discarded singular values at each step
we can track and control the the truncation error as the time evolution goes on. This
approximation preserves the unitarity of the time evolution as each operator applied
to the MPS is still unitary, however expectation values of observables may differ from
their exact value if the time step is too large.

When dealing with systems of sizes where we do not have the means to compare
to an exact result, we cannot know with certainty that our simulation results make
sense. In order to be sure that the result is not affected too much by the errors due
to the approximations, a standard strategy is to run the same simulation by gradually
increasing the bond dimension and checking that some relevant quantities (usually the
expectation values of selected operators) saturate and converge to extrapolated values.
This is a heuristic method and the extrapolated value is not meant to be used as an
estimate of the true expectation value, but the technique can be an useful way to check
whether the simulation has reasonably converged, or a least to determine if it has not.

The TEBD algorithm can be extended to the case of Hamiltonians with non-
nearest-neighbour interactions by using swap operators, that exchange the physical in-
dex of two sites, allowing us to move them to adjacent positions [79]. A generic two-
site operator Ti,j , acting on the (non necessarily adjacent) sites i and j, can then be
written as the composition

Si,i+1Si+1,i+2 · · ·Sj−2,j−1Tj−1,jSj−2,j−1 · · ·Si+1,i+2Si,i+1 (1.38)

where Si,j is an operator that swaps i and j, and Tj−1,j is the same two-body term in
the Hamiltonian as Ti,j , but but acts instead on adjacent sites. With swap operators we
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T3,4

T2,4

Figure 1.9. Application of a non-nearest-neighbour operator to an MPS with the help of a swap
operation. The T operator on sites 2 and 4 can be written as the product of the T operator on
sites 3 and 4 and two swap operators.

can write arbitrary two-site operators as a product of nearest-neighbour ones, whose
exponential is easier to compute. In general, by reordering the sites within the MPS
using these operators, we can change how entanglement is distributed in the state.
For example, if we take two strongly correlated sites and move them far apart, we
increase the range of correlations in the MPS: this may affect the ability of the MPS
to (efficiently) represent the state, even if in principle we are just changing how the sites
are ordered. It should be noted, however, that in an expression such as Eq. (1.38) the
swap operations are immediately inverted after the application of the actual ‘physical’
operator Tj−1,j , in order to restore the original site numbering. For this reason, in
this case, the (overall) swap operation does not affect the amount of entanglement in
the system, which is instead dictated by the topology of the interactions, regardless of
how we apply the operators to the MPS.

1.3.3 The time-dependent variational-principle algorithm
The time-dependent variational principle is an algorithm based on finding the state
that best approximates, over time, the solution to Schrödinger’s equation within a cho-
sen manifold. Once we choose a manifold M within the Hilbert space of states, we
want to find a time-dependent approximation |φt〉 ∈ M that best approximates the
true solution |ψt〉 of the differential equation [80]. This approximation is obtained
from the minimisation of ∥∥∂t|φt〉 + iH|φt〉

∥∥. (1.39)

within M. In particular the manifold is chosen to be the set of MPSs of fixed (both
local and bond) dimensions. This minimisation leads to the following differential equa-
tion on M:

∂t|φt〉 = −iPφt

(
H|φt〉

)
, (1.40)
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1.3 Time evolution of matrix-product states

where Pφt is the orthogonal projection onto the tangent space of M at |φt〉. This is
the differential equation we need to solve, starting from an initial condition |φ0〉 ∈ M:
by design, the solution will never leave M and so it can be described as an MPS of
constant bond dimensions.

To solve Eq. (1.40) we first need to characterise the tangent space, in order to be
able to write the projector. This is a highly non-trivial task. In short, MPS are invariant
under the set of transformations

Ai 7→ Ag
i = g−1

i−1Aigi (1.41)

where g0 = gn = 1 and the other gis are invertible χ × χ complex matrices.5 If we
were to define tangent vectors at the point |φt〉 ∈ M in the naive way as the derivatives
of each component, we would find a set of vectors spanning the tangent space but
which is not linearly independent, because of this ‘gauge invariance’. Ref. [81] contains
a detailed review of the geometry of MPS manifolds, and what conditions must be
imposed in order to have a unique characterisation of the tangent space.6 In the end,
following Ref. [82], the tangent vectors are parameterised as follows: if |φA〉 ∈ M
is determined by the tuple A = (A(1), . . . , A(n)) of tensors, then a tangent vector to
|φA〉 is an object |vA(B)〉, where B = (B(1), . . . , B(n)) is a tuple of tensors of the
same shape of A, defined as

|vA(B)〉 =
n∑

k=1

d∑
i1=1

· · ·
d∑

in=1
A

(1,i1)
L · · ·A(k−1,ik−1)

L B(k,ik)A
(k+1,ik+1)
R · · ·

A
(n,in)
R |e(1)

i1
, . . . , e

(k)
ik
, . . . , e

(n)
in

〉. (1.42)

In this expression, the k-th term is in the mixed canonical form with the orthocentre
on the k-th site: the subscriptsAL andAR denote the fact that the tensors are left- and
right-orthogonal, respectively. With this parameterisation, the projector in Eq. (1.40)
is

PφA
=

n∑
k=1

P
[1···k−1]
L ⊗ 1 ⊗ P

[k+1···n]
R

P
(k)
1

−
n∑

k=1

P
[1···k]
L ⊗ P

[k+1···n]
R

P
(k)
0

(1.43)

5After all, we have already seen that there are different but equivalent forms (Vidal, canonical) in which
an MPS can be written; Eq. (1.41) is merely a generalisation of this fact.

6With some mild restrictions on the MPS and on the action of the group G of gauge transformations,
the MPS manifold can be seen as a principal G-bundle. Finding a unique parameterisation for every tangent
vector becomes then equivalent to specifying a horizontal subspace, for which there is no unique prescription.
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in which the individual left and right projectors are

P
[1···k]
L

..=
M∑

α=1
|w[1···k]

L,α 〉〈w[1···k]
L,α |, P

[1···k]
R

..=
M∑

α=1
|w[k···N ]

R,α 〉〈w[k···N ]
R,α | (1.44)

where |w[1···n]
L,α 〉 comes from the Schmidt decomposition of |φA〉, i.e. from the left-

orthogonal matrices, and so on.

Integration scheme In order to solve Eq. (1.40) numerically, we perform a Suzuki-
Trotter approximation to first order of the projection

PφA
= P

(1)
1 − P

(1)
0 + P

(2)
1 − P

(2)
0 + · · · + P

(n−1)
1 − P

(n−1)
0 + P

(n)
1 (1.45)

by integrating each term separately, in this order, obtaining a sequence of 2n−1 differ-
ential equations: if we evolve the state from t0 to t1, and |φA,0〉 is the initial condition,
they are

i∂t|φA(t)〉1 = P
(1)
1 H|φA(t)〉1, |φA(t0)〉1 = |φA,0〉

i∂t|φA(t)〉2 = P
(1)
0 H|φA(t)〉2, |φA(t0)〉2 = |φA(t1)〉1

i∂t|φA(t)〉3 = P
(2)
1 H|φA(t)〉3, |φA(t0)〉3 = |φA(t1)〉2

i∂t|φA(t)〉4 = P
(2)
0 H|φA(t)〉4, |φA(t0)〉4 = |φA(t1)〉3

...

i∂t|φA(t)〉2n−3 = P
(n−1)
1 H|φA(t)〉2n−3, |φA(t0)〉2n−3 = |φA(t1)〉2n−4

i∂t|φA(t)〉2n−2 = P
(n−1)
0 H|φA(t)〉2n−2, |φA(t0)〉2n−2 = |φA(t1)〉2n−3

i∂t|φA(t)〉2n−1 = P
(n)
1 H|φA(t)〉2n−1, |φA(t0)〉2n−1 = |φA(t1)〉2n−2.

(1.46)

The solution of the last equation is the final approximation for the solution of Eq. (1.40).
This is a first-order integrator, meaning that if τ is the time step for the numerical in-
tegration then the error is O(τ2). Composing it with the adjoint gives a second-order
integrator, which means that if we solve Eq. (1.46) with a time step τ/2 and then, start-
ing from the final state, solve the equations again but in reverse order, we obtain an
integration scheme with anO(τ3) error. This is the scheme which is commonly used in
practice: each integration step is composed of a first left-to-right sweep, which starts
from a left-canonical MPS and ends with the MPS in the right-canonical form, and
a second right-to-left sweep at the end of which the MPS is left-canonical again.
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1.3 Time evolution of matrix-product states

Figure 1.10. Projectors used in the TDVP algorithm. On the left, from an MPS with the
orthocentre on its fifth site we obtain P (5)

1 . On the right, after further decomposing the ortho-
centre as a product of a left-orthogonal tensor and a bond tensor, we can compute P (5)

0 .

Each one of the split differential equations in Eq. (1.46) can be solved in closed
form. Furthermore, the whole scheme can be implemented very efficiently. The graph-
ical notation helps us navigate this procedure: Fig. 1.10, for example, shows how the
projectors P (k)

1 and P (k)
0 can be obtained from the individual tensors of the MPS,

while Fig. 1.11 shows the tensor networks involved in the time evolution of the blocks
of the MPS.

We can see that in the whole TN only the orthocentre of the original MPS is
modified. On the k-th site, starting from an MPS in the mixed-canonical form (note
that the tensors on sites i < k have already been updated to t+ τ )

A
(1,i1)
L (t+ τ) · · ·A(k−1,ik−1)

L (t+ τ)A(k,ik)(t)A(n−1,in−1)
R (t) · · ·A(n,in)

R (t) (1.47)

in the required mixed-canonical form, we obtain the solution to the differential equa-
tion involving P (k)

1 simply by computing

A(n)(t+ τ) = exp(−iτH [n]
eff )A(n)(t) (1.48)

where H [n]
eff is the TN in Fig. 1.11 (c). Despite the size of this TN, the solution of

Eq. (1.48) can be computed efficiently by caching partial contractions to the left and
to the right of the gaps: for example, when moving on to site n+1 the contractions on
the first n sites from the left are exactly the same, and do not need to be recomputed.

The zero-site projectionP (k)
0 is integrated in an analogous way; first we decompose

A(n)(t+ τ) as A(n)
L (t+ τ)C(n)(t+ τ), obtaining the final left-orthogonal tensor on

site n and revealing the bond tensorC(n)(t+τ) between the site that was just updated

23



1 TENSOR NETWORKS

(a) (b)

(c) (d)

Figure 1.11. (a) TN representingP (1)
5 (H|ψ〉). The highlighted tensors, when contracted, yield

H
[5]
eff |ψ〉, a three-index tensor of the same shape of the orthocentre of the initial MPS. (b) TN

representing P (0)
5 (H|ψ〉). (c) TN representingH [5]

eff , the TN we need to exponentiate in order
to compute Eq. (1.48). (d) TN representingK [5]

eff , the TN we need to exponentiate in order to
compute Eq. (1.49).

and the next one. Then, we evolveC(n)(t+τ) backwards due to the minus sign before
the zero-site projector in Eq. (1.43), obtaining

C(n)(τ) = exp(iτK [n]
eff )C(n)(t+ τ) (1.49)

where Keff is the TN in Fig. 1.11 (d). Finally, we move the orthocentre to site n + 1
with A(n+1) = C(n)A

(n+1)
R and proceed to the next step.

Error sources Two main sources of error affect the TDVP algorithm. The first one
is due to the approximation which turns Eq. (1.40) into the sequence of differential
equations in Eq. (1.46), which in the most common case is O(τ3). This discretisation
error corresponds, however, to an error with respect to the already projected equation,
not to the original Schrödinger equation. The other source of error is in fact due to the
projection itself, and this error can be bound (see Ref. [82]) by ‖(1 − Pφt

)H|φt〉‖.
As noted in Ref. [83], since in the one-site TDVP algorithm theMPS bond dimen-

sion is fixed at the beginning, if it is too low then the MPS manifold might not contain
the necessary degrees of freedom to represent the time evolution in a satisfactory way.
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1.3 Time evolution of matrix-product states

In some cases, especially with long-range interactions, the state can get stuck in a low-
entanglement manifold and may even not evolve at all from the initial value. A way to
fix the projection error is to manually expand the manifold before the time evolution,
by allocating an MPS which is larger than what is necessary for the initial state, but
large enough to accommodate a sufficient representation of the evolved state. This en-
largement can be performed by padding the initial MPS with zeroes, or, as suggested
in Ref. [83], through a subspace expansion by global Krylov vectors.However, as far as
the projection error alone is considered, regardless of the chosen bond dimensions, the
resulting evolution will conserve the norm exactly, together with all the quantities con-
served by the Hamiltonian of the original problem.As already mentioned for TEBD,
in order to judge whether the algorithm has converged we run the same simulation
multiple times, each time starting with a larger MPS, until the results converge.

Variants of the algorithm There exist variants of this algorithm that target its main
limitations.

• In a two-site variant of the algorithm, presented in Ref. [82] together with the
original scheme, a block of two successive sites is updated simultaneously. Dur-
ing the SVD of the updated two-site block, a new bond dimension can then be
chosen dynamically, according to the singular values.

• An adaptive variant, introduced in Ref. [84], evaluates the projection error in
order to dynamically optimise the bond dimensions before each time step, re-
sulting in an MPS that can dynamically restructure itself as the complexity of
the evolution grows over time.

• As TDVP is an intrinsically serial algorithm, it cannot be trivially parallelised
as TEBD, where different parts of the MPS can be updated simultaneously. A
parallel version of two-site TDVP, based on the inverse canonical gauge, is in-
troduced in Ref. [85]. The update algorithm is broken up into multiple blocks
which are then updated simultaneously; depending on the system, this parallel
splitting may lead to significant speed-ups, at the cost of some additional errors
and instabilities, that can however be worked around.

In conclusion, the TDVP algorithm allows simulating the time evolution using an
algorithm that can deal with arbitrary Hamiltonians, even long-range ones (without
resorting to swap operations). With respect to TEBD, it is more complex and more
costly to use, and cannot be easily parallelised. At the same time, while TEBD has a
local approach to the approximations, in which the time evolution operator is decom-
posed in a product of smaller exponentials that do not ‘see’ the part of the MPS they
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Figure 1.12. TN representation of a quantum channel ρ 7→
∑

k
CkρC

†
k, with each Ck rep-

resented as an MPO, applied to another MPO. The additional contracted legs, which are not
present in the composition of three MPOs, represent the sum over k.

do not act on, TDVP has a global approach, since the evolution operators in Eq. (1.48)
and Eq. (1.49), despite their small size, contain information about all sites of the state
MPS and of the Hamiltonian MPO. For this reason, TDVP can work with a greater
time step than TEBD while having the same error, which partly alleviates the overhead
of the former with respect to the latter.

1.4 Tensor networks for mixed states

So far we have studied the TN machinery for pure states in a Hilbert space H, opera-
tors acting onto H, and and how to evolve pure states over time. However, quantum
states can also come in the form of density matrices, so we need to find a proper TN
representation for them as well. The most obvious way to do this, since density ma-
trices are a special type of operators on H, is to use an MPO, but we soon run into
issues when we want to describe quantum channels acting on them. Operations such
as ρ 7→ Aρ or ρ 7→ ρB can be immediately written as composition of MPOs, but
it gets more difficult for generic channels. For example, if we want to write a single
TN that represents a map such as ρ 7→

∑
k CkρC

†
k we obtain the layout illustrated

in Fig. 1.12, where each Ck is represented, in turn, by an MPO. With additional legs
representing the k index in the sum, the TN layout is not as simple as an MPO-MPS
product. In this section we will see two methods to solve this problem.

1.4.1 Simple vectorisation
The most direct solution is to treat matrices as vectors. Linear operators on H form
a vector space L(H) over C, so we only need to choose an orthonormal basis for
L(H), and write the coefficient of mixed states in this basis as a vector. Moreover,
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if H = H1 ⊗ · · · ⊗ Hn then L(H) ∼= L(H1) ⊗ · · · ⊗ L(Hn) so the tensor-product
structure is still present at this level. Channels, in turn, become matrices acting on
the coefficient vectors, which makes sums and products much easier. This way, mixed
states can be written as MPSs and channels as MPOs. If the local dimension of the
Hilbert space in the pure-state case is d, for a mixed-state MPS it will be d2, which in-
creases the overall size of the tensors, making each operation generally more expensive.
Moreover, in addition to entanglement there will also be classical correlations between
the components of the system, thus we expect that we will need in general larger bond
dimensions to represent our states.

In order to compute expectation values, we recall that (A,B) 7→ tr(A†B) is an
inner product on the space of operators: since in finite-dimensional Hilbert spaces
every element ofL(H) is automatically a Hilbert-Schmidt operator, this inner product
alwaysmakes sense. By choosing a basis forL(H) which is orthonormal with respect to
this inner product, we can then write expectation values like tr(Aρ) as inner products
of two MPSs: one represents ρ and the other represents A†. The trace of the state is
given analogously as the inner product between ρ and 1, and the MPS representation
of the identity is trivial. The identity is also usually already one of the elements chosen
for the basis of L(H).

For example, for a mixed state over n qubits a common choice of orthonormal basis
is the tensor product of Pauli matrices, i.e. the set of the elements

ei1,i2,...,in
..= σi1 ⊗ σi2 ⊗ · · · ⊗ σin

(1.50)

with ik ∈ {0, 1, 2, 3} and σ0 = 1, σ1 = σx, σ2 = σy, σ3 = σz are Pauli matrices
on the individual qubits. The representation of states and channels in this basis is
usually called the Pauli transfer matrix (PTM) representation, especially in the field of
quantum computing.

Mixed states evolve in time not following Schrödinger’s equation, but von Neu-
mann’s equation ρ̇t = −i[H, ρt] or a generalisation such as the Gorini-Kossakowski-
Sudarshan-Lindblad (GKSL) equation we will encounter in Section 2.2. In any case,
the time-evolution will be written as a linear differential equation{

ρ̇t = L(ρt),
ρ0 = u0,

(1.51)

The time-evolution algorithms of Section 1.3 can be readily adapted to this represen-
tation, since the evolution map is linear in ρt. By writing u0 and the operators in L as
TNs we can cast this problem into the TEBD or TDVP algorithm, according to the
geometry of the interactions described by L.
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Figure 1.13. Expectation value on amixed state computed as theHilbert-Schmidt inner product
of MPSs. Here, for example, the observable 1⊗2 ⊗ σx ⊗ 1⊗5 acts only on site 3, and can be
written as an MPS with bond dimension 1.

Some of the useful properties of MPSs do not make immediate sense anymore
when they represent mixed states. For example, Eq. (1.12)—and consequently the
bond dimension—does not quantify the entanglement entropy of the physical state.
Other entanglement measures have been proposed for mixed states, such as the neg-
ativity [86], but they are not easily accessible from the MPS representation of the
mixed state. In this case, Eq. (1.12) describes both classical and quantum correla-
tions in the state, but in a way where we cannot easily tell the two contributions apart.
The concept can also be extended to a generic operator, relative to a bipartition of the
L(H1)⊗· · ·⊗L(Hn) space, where it is called operator-space entanglement entropy [87].
Just as in the pure-state case, this quantity directly affects the bond dimension of the
TN representing the operator and the efficiency of relative simulation methods.

As expectation values are not computed anymore by ‘sandwiching’ the observable
between two copies of the state like in Fig. 1.7, we cannot use the cancellation prop-
erties derived from the left- and right-orthogonality of the tensors, but we need to
compute a full contraction as in Fig. 1.13 each time. In most cases, however, the ob-
servable is a trivial MPS, and the full contraction is equivalent (on most of the sites)
to just picking out the local tensors associated to the basis element corresponding to
the identity.

Moreover, the generator L of the time evolution is in general not anti-Hermitian,
therefore we lose TDVP’s norm-conservation property we had with pure states.7 Un-
fortunately, although exp(tL) preserves the trace, the TDVP construction does not.
Nevertheless, we can use this to our advantage as a tool to check the goodness of the
simulation: if we observe that the trace of ρt significantly decreases as the time evolu-
tion moves forward, we can deduce that the bond dimension of the MPS is not large
enough to accommodate a faithful representation of the mixed state.

In the vectorised MPS description, as well as in the original MPO one, truncating
the operators as the time evolution goes on generally results in losing the positivity of
the state [88]. Even if exp(tL) is a positive map, therefore, exp(tL)(ρ) may not be

7Note however that the TDVP algorithm preserves the norm of the MPS, and in this case the MPS
norm would correspond to the square root of 〈ρ, ρ〉 = tr(ρ2), i.e. the square root of the purity.
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positive semi-definite anymore once we compress it; usually the positivity assumption
is simply dropped during the time evolution, which is acceptable as long as the ap-
proximation errors remain sufficiently small. This property of the state also cannot be
enforced, in an MPO or an MPS such as the ones we are considering now, at the level
of the individual tensors, whereas we would like to impose constraints which are local,
instead of regarding the whole TN. Checking whether an MPO or an MPS represents
a positive semi-definite operator, in fact, is computationally intractable [89].

For all of these reasons, while dealing with mixed states as MPSs with the simple
vectorisation strategy we just outlined is in some cases simple and effective, in general
it is technically more difficult.

A more mathematically sound approach is to employ a purification technique, rep-
resenting the mixed state as a pure quantum state in a higher-dimensional Hilbert
space. The larger pure state is evolved in time as any normal pure state, appropriately
adapting Eq. (1.51), and the original mixed state together with all the physical quan-
tities can then be recovered by taking the partial trace over the additional degrees of
freedom.

1.4.2 The superfermion formalism
If the system is made of bosons or fermions the symmetry properties of the Fock
space get lost, at best hidden, in the MPS representation. In these cases, the super-
boson/superfermion formalism is a more appropriate tool that leaves the symmetry of
the space clearly visible. Introduced in [90], it has been used e.g. in [39, 91, 92] to
study non-equilibrium steady states (NESSs) of strongly interacting quantum systems.
Within this section we drop the braket formalism, so as to keep the notation lighter,
as we will need to deal with several Hilbert spaces at once.

To begin introducing this formalism we need the concept of conjugate Hilbert
space. Given a Hilbert space H with inner product 〈−,−〉H, its conjugate space H

is made from the same bare set of vectors of H, but with the scalar multiplication
(λ, v) 7→ λv and the inner product

〈u, v〉
H

= 〈u, v〉
H
. (1.52)

It is customary to write v for the vector v when regarded as a vector in H, so that
λv = λv. The conjugate space H is isomorphic to the dual of H, i.e. the space of
bounded functionals from H to C. In other words, H is the space of bras to H’s kets.

The conjugate A of a bounded operator A ∈ B(H) is a bounded operator on H,
and Av = Av. Finally, the space B2(H) of Hilbert-Schmidt functions from H to
itself is isomorphic to H ⊗ H [93]: this is the key fact we will use to turn operators
into states.
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In this section, in order not to confuse the original operators with their vectorised
counterparts, we explicitly denote the isomorphism betweenB2(H) ≡ B2(H,H) and
H⊗HwithV . Given an orthonormal basis (en)n∈I ofH the products (em⊗en)m,n∈I

form a basis of H ⊗ H; for any state ρ on H we can write

V (ρ) =
∑
m∈I

∑
n∈I

ρmnem ⊗ en. (1.53)

If H has a finite dimension, then we can write this also as

V (ρ) = (ρ⊗ 1
H

)
∑
n∈I

en ⊗ en = (1H ⊗ ρ)
∑
n∈I

en ⊗ en (1.54)

in which the sum can be considered as V (1H) (the sum does not converge if dimH =
+∞). In this case we can also use this formula to compute the trace of operators, via
the inner product on H ⊗ H:

tr(Aρ) = 〈1H, Aρ〉B2(H) = 〈V (1
H

), (A⊗ 1
H

)V (ρ)〉
H⊗H

. (1.55)

Left- and right-multiplication become

V (Aρ) = (A⊗ 1
H

)V (ρ), V (ρA) = (1H ⊗A†)V (ρ). (1.56)

With these instructions, we can write for example von Neumann’s equation in
vectorised form with

V ([H, ρ]) = (H ⊗ 1
H

− 1
H

⊗H)V (ρ). (1.57)

while a simultaneous left- and right- multiplication becomes V (AρB) = A⊗B† V (ρ).
Let us specialise to the case where H is a symmetric or antisymmetric Fock space.

In the first case, if we consider the creation and annihilation operators a(†)
i associated

to the orthonormal basis, we get

[ai ⊗ 1
H
, a†

j ⊗ 1
H

] = δij 1
H

⊗ 1
H
,

[1H ⊗ ai,1H
⊗ a†

j ] = δij 1
H

⊗ 1
H
,

[1H ⊗ ai, a
†
j ⊗ 1

H
] = 0,

(1.58)

and so on, which show that a(†)
i ⊗1

H
and 1H⊗a(†)

i may be regarded as proper creation
and annihilation operators on a larger symmetric Fock space, in which to each ‘physical’
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1.4 Tensor networks for mixed states

mode we associate two ‘mathematical’ modes. The same construction fails for fermions,
since for example

{ai ⊗ 1
H
,1

H
⊗ aj} = 2ai ⊗ aj

instead of zero, so we cannot use the new operators to describe fermionic modes.
In order to fix this issue, we tweak the definition as done in Ref. [90]. To keep the

derivation simple, we consider spin- 1
2 fermions and omit the subscripts indicating the

spaces. In the antisymmetric N-mode Fock space F− over H, let e0 be the vacuum
state and define en for n = 1, 2, . . . , 2N − 1 as

en = e(nN ,...,n2,n1)
..= (a†

N )nN · · · (a†
2)n2(a†

1)n1 |∅〉. (1.59)

by associating to n the multi-index (nN , . . . , n2, n1) ∈ 2N made from n’s digits in
base 2, such that n =

∑N
k=1 nk2k−1, e.g. 1 = (0, . . . , 0, 1), 4 = (0, . . . , 0, 1, 0, 0)

and so on. We have, for example, e1 = a†
1e0 and e3 = a†

2a
†
1e0. From a multi-index

n we define its ‘size’ |n| ..=
∑N

i=1 ni, which corresponds to the number of creation
operators that need to be applied to e0 to create en, i.e. the number of particles in
the state. The sequence (en)2N −1

n=0 is an orthonormal basis for F−, and therefore the
elements fm,n

..= em ⊗ en form an orthonormal basis of F− ⊗ F−. We define new
creation and annihilation operators associated to this basis: for k ∈ {1, . . . , N}, we
set

A†
kfm,n

..= a†
kem ⊗ en, Ã†

kfm,n
..= (−1)|m|−|n|em ⊗ a†

ken (1.60)

and from the inner product

〈fm,n, A
†
kfm′,n′〉 = 〈em ⊗ en, a

†
kem′ ⊗ en′〉 =

= 〈em, a
†
kem′〉〈en, en′〉 =

= 〈akem, em′〉〈en, en′〉 =
= 〈akem ⊗ en, em′ ⊗ en′〉

(1.61)

from which we read Akfm,n
..= akem ⊗ en. Analogously,

〈fm,n, Ã
†
kfm′,n′〉 = (−1)|m′|−|n′|〈em ⊗ en, em′ ⊗ a†

ken′〉 =

= (−1)|m′|−|n′|〈em, em′〉〈aken, en′〉 =

= (−1)|m′|−|n′|〈em ⊗ aken, em′ ⊗ en′〉,

(1.62)

but in order to complete the definition we need to link m′ and n′ to m and n. To do
so, we observe that since a†

k adds a particle to the state, it must be that |m| = |m′|
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and |n| = |n′| + 1, otherwise the states in the inner product would have differ-
ent particle numbers, and would therefore be orthogonal. Consequently, we find
Ãkfm,n = (−1)|m|−|n|+1em ⊗ aken.

With this definition we can rewrite the action of pairs of these creation and anni-
hilation operators on the orthonormal basis fn,m: if the act on the left,

a†
kalem ⊗ en = A†

kAlfm,n, (1.63)

aka
†
l em ⊗ en = AkA

†
l fm,n, (1.64)

whereas if they act on the right

em ⊗ a†
kalen = (−1)|m|−|n|+1Ã†

k(em ⊗ alen) =

= (−1)|m|−|n|+1(−1)|m|−|n|+1Ã†
kÃlfm,n =

= Ã†
kÃlfm,n,

(1.65)

(when we move a†
k out from the factor on the right, the ‘particle count’ in the exponent

of −1 must take into account that al annihilates a particle and therefore decreases |n|
by 1)

em ⊗ aka
†
l en = (−1)|m|−|n|−2Ãk(em ⊗ a†

l en) =

= (−1)|m|−|n|−2(−1)|m|−|n|ÃkÃ
†
l fm,n =

= ÃkÃ
†
l fm,n.

(1.66)

It is a little more complicated for mixed terms, since in

akem ⊗ alen = (−1)|m|−|n|+1AkÃlfm,n,

a†
kem ⊗ a†

l en = (−1)|m|−|n|A†
kÃ

†
l fm,n

(1.67)

the sign does not get automatically cancelled out.8 Anyway, from these results it is
an easy exercise to check that the A and Ã operators actually constitute a new set of
fermionic operators, meaning that

{Ak, Al} = {Ãk, Ãl} = 0,

{A†
k, A

†
l } = {Ã†

k, Ã
†
l } = 0,

{Ã†
k, A

†
l } = {Ãk, Al} = {Ãk, A

†
l } = 0,

{Ak, A
†
l } = {Ãk, Ã

†
l } = δk,l1.

(1.68)

8The order of operations here does not matter: we can ‘extract’ first the creation and annihilation oper-
ator on em or the one on en without affecting the result.
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1.4 Tensor networks for mixed states

To summarise what we have seen so far, when we employ the superfermion formal-
ism we write states and operators in a larger space with twice the number of modes,
with the same statistics as the original space.9 To each original, ‘physical’ mode, we
add an ‘auxiliary’ mode, and we have a correspondence between mixed states in the
original Hilbert space and pure states in the enlarged space.

A way to get rid of the unwanted signs in Eq. (1.67) is to restrict our attention to a
specific subspace ofF− ⊗F−, namely one of the two eigenspaces of the parity operator
(in this case, the parity of fm,n equals |m| + |n| mod 2). Within these eigenspaces,
|n| − |m| is fixed and so the results of Eq. (1.67) do not depend anymore on n and
m. Fortunately, physics comes to our aid here. The superselection rules we already
encountered in Section 1.1.4, in fact, dictate that physical Hamiltonians must preserve
the parity of the system [94]. IfH is a parity-conserving Hamiltonian onF−, it is easy
to see that V (H) = H ⊗ 1 − 1 ⊗ H preserves the parity on F− ⊗ F−, thus in all
reasonable fermionic physical systems we can safely restrict the space to either one of
the parity eigenspaces. In addition, any pure state in F− corresponds to an even state
in F− ⊗ F−:

ψ =
∑

n

cnen =⇒ ψ ⊗ ψ =
∑
n,m

cncmfn,m (1.69)

but n,m run through even (odd) numbers only if ψ is even (odd) therefore each fn,m

term in the sum, in both cases, will be even. In the even-parity subspace, Eq. (1.67)
becomes

akem ⊗ alen = −AkÃlfm,n,

a†
kem ⊗ a†

l en = A†
kÃ

†
l fm,n.

(1.70)

Operators that preserve the parity, once written in terms of annihilation and cre-
ation operators, contain an even number of such operators. In order to determine
how V transforms operators, it is sufficient to calculate its action on operators that are
at most quadratic in an and a†

m, and the rest can be obtained through composition,
i.e. V (ABρ) = V (A)(V (Bρ)) = V (A)(V (B)(V (ρ))). We report here a ‘conversion
table’ for quadratic operators:

V (a†
namρ) = A†

nAmV (ρ), V (a†
nρam) = A†

nÃ
†
mV (ρ),

V (ana
†
mρ) = AnA

†
mV (ρ), V (anρa

†
m) = ÃmAnV (ρ),

V (ρa†
nam) = Ã†

mÃnV (ρ), V (ρana
†
m) = ÃmÃ

†
nV (ρ).

(1.71)

9The core results that we have written so far hold for bosons too, by removing (−1)|m|−|n| in
Eq. (1.60), albeit we need to be careful about the convergence of some infinite series. For example, the
trace cannot be computed as the inner product with the element V (1), which cannot exist since the sym-
metric Fock space is infinite-dimensional.
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We stress that these formulae hold only in the even-parity subspace ofF−; importantly,
there can be no such expressions for V (anρ) or V (a†

mρ) alone, for example, since a
single an or a†

m would map even states to odd states and vice versa.
In order to compute expectation values of observables, we use Eq. (1.55): first, we

need to write V (1) as an MPS. If we call b0 and b1 two orthogonal basis elements of
C2, and interpret n as the multi-index (n1, n2, . . . , nN ) as in Eq. (1.59), we can read
V (1) as the sum of all en ⊗ en elements where

en = bn1 ⊗ bn2 ⊗ · · · ⊗ bnN
. (1.72)

We observe that
2N −1∑
n=0

en =
1∑

n1=0

1∑
n2=0

· · ·
1∑

nN =0
bn1 ⊗ bn2 ⊗ · · · ⊗ bnN

= (b0 + b1)⊗N , (1.73)

so in the same fashion we derive

V (1) =
2N −1∑
n=0

en ⊗ en = (b0 ⊗ b0 + b1 ⊗ b1)⊗N . (1.74)

We can easily write this as an MPS whose sites are pairwise entangled:

b0 ⊗ b0 + b1 ⊗ b1 =
1∑

i1=0

1∑
i2=0

χ∑
a=1

M (1,i1)
a M (2,i2)

a bi1 ⊗ bi2 (1.75)

is an MPS with bond dimension 2 and with

M (1,0) = M (2,0) =
(

1
0

)
, M (1,1) = M (2,1) =

(
0
1

)
. (1.76)

The effect of computing tr ρ = 〈V (1), V (ρ)〉 is to contract the pairs of physical
and auxiliary indices of the MPS representing V (ρ): we can see this in the following
formula, where we consider a single physical mode.

〈b0 ⊗ b0 + b1 ⊗ b1, V (ρ)〉 =
∑

n,m∈I

ρnm〈b0 ⊗ b0 + b1 ⊗ b1, en ⊗ em〉 =

=
∑

n,m∈I

ρnm(〈em, b0〉〈b0, en〉 + 〈em, b1〉〈b1, en〉) =

=
∑

n,m∈I

ρnm〈em, en〉 =
∑
n∈I

ρnn,
(1.77)
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1.4 Tensor networks for mixed states

Figure 1.14. TN contraction that expresses the expectation value of a local operator on the
fifth site out of six. In the superfermion formalism (top), solid discs represent physical modes,
with the associated auxiliary mode, dashed, at their right. The trace operation contracts the free
index of the tensors of each physical mode with the one of the respective auxiliary mode. In the
standard MPO formalism (bottom), the trace contracts instead the two physical modes of each
tensor.

which is the trace of the mixed state ρ. If we want to compute the expectation value
tr(Xρ) of some operator X , first we compute V (Xρ) by finding V (X) in the super-
fermion space and applying it to V (ρ), and then we compute the trace by contracting
all the physical-auxiliary pairs of indices. Typically, when X represents a physical ob-
servable, it is written as a function of the creation and annihilation operators a(†)

k of
the original fermionic system, which translate directly to the creation and annihila-
tion operators A(†)

k of the physical modes of the superfermion system: for example,
V (a†

namρ) = A†
nAmV (ρ).

With the aim of optimising the TN structure towards the efficiency of contrac-
tions, we are essentially forced to order the ‘superfermionic modes’ putting the auxiliary
modes next to the physical mode they are associated to. This way, when we need to
compute the expectation value of an observable, or the trace of a state, the contraction
in Eq. (1.77) happens between neighbouring sites; this is exemplified in Fig. 1.14. Any
other ordering scheme would require us to contract far-away sites, greatly increasing
the complexity of the operation. There is a downside, however, in the fact that the
range of interactions increases: for example, nearest-neighbour interaction between
physical modes become next-to-nearest-neighbour, because we find an auxiliary mode
between them.

In conclusion, with the superfermion method illustrated in this section we can
write a mixed state of n fermions as a pure state of 2n fermions. We find at least two
advantages of doing so:
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Figure 1.15. Possible alternative scheme to arrange the TN for a state in the superfermion
formalism (right), where physical and auxiliary sites are placed on different levels, compared to
the standard layout (left).

• the antisymmetric structure of the Fock space makes calculations easier;

• many TN software libraries have the means to describe a fermionic pure state as
a TN, but not a mixed state.

Some remarks about MPSs we made before still hold in the superfermion formalism:
we do not have automatic trace preservation from the TN time-evolution algorithms,
the bond dimensions are affected by both quantum and classical correlations, and phys-
ical properties cannot always be obtained with efficient contraction techniques.

As a final note, we point out a possible way of improving this scheme. One of the
drawbacks of the superfermion formalism is that the correlations spread out more than
in the original state: the bond dimension needs between two consecutive sites needs to
accommodate both the correlation between next-to-neighbouring physical (as well as
auxiliary) modes and the correlation between a physical mode and its auxiliary one. A
more clever approach would probably be to use a different TN layout in which physical
and auxiliary modes are not interleaved, but on different ‘levels’, as in Fig. 1.15. In such
a layout the correlations would be better distributed along the multiple links of the TN,
possibly resulting in an overall smaller bond dimension. However, the structure of this
TN is unusual. Most of the algorithms we saw in this chapter, not only to compute the
time-evolution but also to perform basic operations such as expectation values or the
truncated SVD, would need to be reformulated. For MPSs, on the other hand, there
already exist many efficient algorithms that suit our needs. For these reasons, we will
stick to the methods outlined in this section and represent mixed states as standard
MPSs.
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Numerical simulation of open quantum systems 2

Any realistic quantum system is coupled to another quantum system, typically much
larger, which describes the world around it. We call this larger system the environ-
ment. The interaction between a system and its environment leads to correlations be-
tween them, which affect the dynamics of the former, usually causing decoherence and,
more in general, irreversible and noisy processes. In the design of quantum computers,
for example, decoherence is undesired, so they are kept as isolated as possible from the
external environment. Other times, however, decoherence can play a positive role: this
is the case, for example, in quantum biology systems where the environment is said to
assist the biological complexes in transporting energy [95]. When controlled, dissipa-
tion can also be an essential tool for manipulating quantum information: dissipation
engineering enables quantum measurement, state preparation and stabilisation [96].
In any case, it is important to find ways to incorporate the effects of the environment
in the evolution of the system, in order to derive a realistic description.

2.1 Open quantum systems

When a system is considered within its environment, the two can exchange energy,
particles, information, and other physical quantities. In this case, the system is called
open, in contrast to isolated systems which are instead completely separated from their
surroundings. The typical example of open quantum system (OQS) is a small quantum
system, such as a spin or a quantum dot, immersed in a bosonic bath modelling the
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2 NUMERICAL SIMULATION OF OPEN QUANTUM SYSTEMS

System

Environment

Figure 2.1. The theory of OQSs deals with systems that exchange information, energy, particles,
etc. with the surrounding environment.

environment surrounding the system, which introduces, among other things, thermal
noise. Typical examples are the Caldeira-Leggett model [97], and the spin-boson
model [98], in which a quantum particle in one dimension or a spin, respectively, are
coupled to an infinite collection of independent harmonic oscillators. These are simple
yet expressive models that allow investigating decoherence and damping effects caused
by the environment on the open system, and have found numerous applications, from
electron transfer to quantum information processing [99].

There are instances of fermionic environments as well, which play a major role in
several areas of condensed matter physics. The Kondo effect—which explains how the
scattering of conduction electrons in a metal caused by magnetic impurities leads to a
peculiar temperature dependence of the resistivity of the metal—sees the conduction
band modelled as a fermionic environment [100]. Fermionic environments are also
found in Anderson’s impurity model, which describes the behaviour of impurities in
metals in generality [36, 37, 101]. Finally, in the study of quantum transport, two
fermionic environments at a certain temperature and chemical potential are connected
to a quantum system that acts as a bridge to transport energy and/or particles [102–
104].

In general, the set of physical states for an isolated quantum system is the set S(H)
of self-adjoint, positive, unit-trace operators on a Hilbert space H. If we write the
global Hilbert space as the product of a ‘system space’ and an ‘environment space’,
H = HS ⊗ HE, then, in principle, one can obtain the state of the open system
ρS ∈ S(HS) first by computing the evolution of the global state ρ ∈ S(H) through the
von Neumann equation with a global Hamiltonian Htot, that is ρ̇(t) = −i[Htot, ρ(t)],
then by computing the partial trace over the environment. Sometimes a ‘clean’ sep-
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2.1 Open quantum systems

aration H = HS ⊗ HE is not possible, as is the case with fermionic systems: due
to the antisymmetrisation, a fermionic Fock space is not naturally equipped with a
tensor-product structure with respect to the individual mode subspaces. For this rea-
son, establishing a meaningful notion of subsystem is not trivial. Mappings such as the
Jordan-Wigner transformation mappings generally do not commute with the partial
trace operation [105], since they map local operators are to global spin (or qubit) oper-
ators. The superselection rule that prohibits the superposition of even and odd-parity
states, that we already encountered in Section 1.1.4, allows us to define quantum chan-
nels, completely positivemaps, partial traces and so on in ameaningful way by referring
to the (more natural) antisymmetric way of combining systems instead of the standard
tensor product [73, 94].

ρ̇S(t) = −i trE
(
[Htot, ρ(t)]

)
. (2.1)

However, to determine the dynamics of the reduced state ρS(t) from this equation
we need to compute the complete state ρ(t), which in all but the simplest cases is
essentially impossible. Moreover, in many situations, one is interested only in physical
quantities related to the system alone, and does not need a complete description of the
environment. The theory of OQSs provides a framework to approach this problem:
instead of an equation describing the evolution of the entire state, it seeks to simplify
the problem by searching for an equation (called master equation) that does not take
into account the degrees of freedom of the environment, but only how they influence
the state of the system.1

We look then for approximation techniques that, by discarding some aspects of the
description, can transform Eq. (2.1) into a closed equation with a simpler form. The
most important approximation in OQS theory is the assumption that the change in
ρS(t) does not depend on its past evolution. Under this assumption the master equa-
tion has a simple expression: there exists a particular, time-independent operator L
on S(HS) such that ρ̇S(t) = L(ρS(t)). We will briefly comment in Section 2.2 on
the hypotheses under which this regime, called Markovian, is appropriate. The basic
idea behind the Markovian approximation is the clean separation of the environmental
time scales from the system time scales [106]. The recent increase in the ability to con-
trol the dynamics of open systems and the properties of the environment, however, has
inspired the need to understand quantum dynamics beyond the Markovian behaviour.

While there exist master equations that can capture non-Markovian phenomena
[32, 106], they are typically complicated and cannot be (easily) solved. In such cases,

1In general, the ‘system’ is singled out as a subsystem such that all observations of interest refer to it. The
physical distinction between system and environment can be blurry: in fact, we will encounter situations
where the ‘system’ in our consideration is made of an actual, small, physical system together with a few
degrees of freedom of its surrounding real-life environment.
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it is therefore important to have reliable and efficient numerical tools that allow us to
explore the dynamics and find key properties beyond the analytical reach. The first
step in tackling the numerical simulation of OQSs is to treat the union of system
and environment as an isolated system with a large number of degrees of freedom,
for which a number of methods are already available in the literature. Some of them
were originally developed for the simulation of strongly correlated quantum systems,
such as the numerical renormalisation group in the basis of scattering states [107, 108],
flow equations [109, 110], the time-dependent density-matrix renormalisation group
(tDMRG) [16, 62], multilayer multiconfiguration time-dependent Hartree [111], and
continuous-time quantum Monte Carlo [112–114]. In addition to these methods,
many algorithms specifically designed for the simulation of the dynamics of OQSs
have been proposed in recent years: among them we find the hierarchical equations of
motion (HEOM) [115], the time-evolvingmatrix-product operators (TEMPO) [116]
the dissipation-assisted matrix-product factorization (DAMPF) [117, 118], and the
automated compressed environment (ACE) [119].

We are interested specifically in simulating OQSs with the TN techniques intro-
duced in Chapter 1. These are already well suited to the simulation of systems with
a large number of degrees of freedom: indeed some of the aforementioned numerical
methods are already implemented as TNs. The main difficulty, in essentially all cases,
is dealing with the large number of degrees of freedom of the environment affecting
the reduced dynamics of the OQS. For this reason, in Section 2.3 we explore some
results that reveal under which conditions two environments affect the systems in the
same way: we will then be able to use those results to replace a complex environment
with another one whose description (and numerical simulation) is more manageable.
We conclude the chapter by studying, in Section 2.4, a particular method for simulat-
ing OQSs, the time-evolving density operator with orthogonal polynomials algorithm
(TEDOPA), which reshapes a continuous environment into a discrete one, which can
then be mapped into an MPS. This will be the starting point for Chapter 3, where we
will put these techniques into practice.

2.2 Markovian dynamics

A major example of master equation is the Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) equation [120, 121]. If the system and the environment are initially uncorre-
lated, i.e. the initial state is ρ0 = ρS,0 ⊗ ρE,0, then the time evolution of the reduced
system can be described by the equation

ρS(t) = Vt

(
ρS(t)

)
= trE

(
U(t, 0)(ρS,0 ⊗ ρE,0)U(t, 0)†)

(2.2)
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where U(t, 0) is the unitary operator generated by the full Hamiltonian of system and
environment. The set {Vt}t≥0, with V0 = 1, of time-evolution operators forms a one-
parameter family of convex-linear, completely positive and trace-preserving maps on
S(HS), called quantum dynamical maps. If the characteristic time scales over which
the correlations induced by the system in the environment decay are much smaller
than the characteristic time scales of the system, then we can treat the environment as
effectivelymemoryless. Within this approximation, the excitations caused by the system
just diffuse away in the environment and never come back to influence the evolution
of the system at a later time. In the end, this means that the state does not depend
on information about its past. This regime is called Markovian, and is formalised by
stating that the collection of dynamical maps {Vt}t≥0 satisfies the semigroup property
VtVs = Vt+s. For any such quantum dynamical semigroup there exists an operator
L : S(HS) → S(HS) that generates the semigroup, in the sense that Vt = exp(tL).
The master equation for the reduced dynamics of the system is then

ρ̇S(t) = L
(
ρS(t)

)
. (2.3)

This equation is local in time: the right-hand side does not depend on the history of
the system but only on its current state ρS(t), and L does not depend on time or on
the state. In its most general form, the operator L can be written as

L
(
ρS(t)

)
= −i[H, ρS(t)] +

N∑
k=1

(
LkρS(t)L†

k − 1
2 {ρS(t), L†

kLk}
)
. (2.4)

whereH , L1, …, LN are operators on HS, andH in particular is self-adjoint. A com-
plete treatment of the necessary hypotheses that lead to this master equation, as well
as a microscopic derivation from the underlying unitary dynamics, which are beyond
the scope of this chapter, can be found in [32, 106].

The GKSL equation can adequately capture the decoherence dynamics of many
interesting systems: for example the interaction between matter and electromagnetic
radiation satisfies the assumptions for Markovian dynamics in typical quantum optics
situations [32]. Current advanced experimental techniques allow for the possibility
of investigating regimes where the environment creates memory effects in the system
dynamics, to the point where the previously mentioned separation of system and en-
vironment time scales does not hold anymore. More in general, when the underlying
assumption of coupling to an essentially unchanging, memoryless environment is not
fulfilled, significantly non-Markovian dynamics may arise, and system and environ-
ment can mutually influence each other’s evolution on time scales which are relevant
to the process under study, and cannot be easily decoupled. More complicated equa-
tions can be used to treat the evolution of the system’s degrees of freedom, but they
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2 NUMERICAL SIMULATION OF OPEN QUANTUM SYSTEMS

are much more complicated and cannot be (easily) solved: here, numerical simulations
turn out to be an important tool that allows us to explore the behaviour of the system
beyond our analytical reach. Solid-state implementations of qubits, such as quantum
dots [122, 123], molecular transistors [124], unconventional superconductors [125],
and molecular magnets [126], quantum thermal machines [127, 128], quantum sens-
ing and metrology protocols [129, 130], energy-charge conversion and exciton trans-
port in solid-state devices [131, 132], or synthetic or biological light-harvesting com-
plexes, complex organic molecules used for light emission or solar cells [133, 134] are
typical instances in which deviations from a Markovian evolution can play a significant
role.

2.3 Equivalent environments

If one is interested in the evolution of the open system only, the problem of comput-
ing its reduced dynamics would be simplified if we found another environment, not
necessarily directly related to the original one at the level of the overall dynamics, that
induces the same reduced dynamics on the system. For a specific class of environments,
called Gaussian environments, it is well known that, if their dynamics is unitary, their
influence is completely determined by the one- and two-time correlation functions of
the interaction operators. We start this section therefore with a brief introduction to
Gaussian states and their relevance.

2.3.1 Gaussian states
Gaussian states are a class of states defined by the property that they are completely de-
termined by their moments up to second order. Given an orthonormal basis {|ei〉}N

i=1
of a Hilbert space H, let ai be the annihilation operator associated to |ei〉 on the (sym-
metric or antisymmetric) Fock space F±(H). Gaussian states can be defined as those
states which can be represented as ground or thermal states of quadratic Hamiltoni-
ans [135, 136], i.e. Hamiltonian operators that are polynomials of order two in the
creation and annihilation operators. In this sense, a state ρ is Gaussian if there exists
β ∈ [0,+∞] and such a Hamiltonian H that

ρ = 1
tr exp(−βH)

exp(−βH) (2.5)

with β = +∞ obtained as a limit, representing the case where ρ is a ground state. All
physical properties of a Gaussian state are fully determined by its low-order moments;
in fact, through Wick’s theorem [137] we can compute the expectation value on a
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Gaussian state ρ ∈ S(F±(H)) of the product of any number of ais and a†
i s as the

product of terms from

〈ai〉ρ = tr(ρai), 〈aiaj〉ρ = tr(ρaiaj), 〈a†
iaj〉ρ = tr(ρa†

iaj), (2.6)

and their complex conjugates, for all i, j = 1, . . . , N .
In the context ofOQSs, theGaussian regime applies if system and environment are

coupled linearly and are governed by Hamiltonians which are at most quadratic in the
canonical operators; equivalently, the overall Hamiltonian of system and environment
must be at most quadratic. For example, denoting by a the system modes and by b the
environment ones,

H =
NS∑

k=1

εka
†
kak

HS

+
NS∑

k=1

NE∑
l=1

gkl(a
†
kbl + b†

l ak)

HI

+
NE∑
l=1

ωlb
†
l bl

HE

(2.7)

is Gaussian because the free Hamiltonians HS and HE are quadratic in the a and b
operators, respectively, and the interactionHI is linear in both as and bs. Note however
that Gaussian systems can be a discrete as well as a continuous collection of degrees
of freedom: what matters is that the operators are quadratic in the relevant canonical
operators.

Even if Gaussian states do not exhaust the entire range of allowed dynamics, they
still appear in the description of a vast number of experimental settings such as cold
atom gases and ion traps [138] and optomechanical and nanomechanical oscillators
[139]. On the fermionic side, Gaussian states are routinely used describe free states in
condensed matter physics [140] and quantum chemistry [141].

2.3.2 Equivalence of unitary dynamics
The relevance of Gaussian states is due to the fact that in most cases of interest the
Hamiltonian of the free environment is quadratic, while a linear coupling to the sys-
tem arises either naturally or through a weak-coupling approximation (in which one
approximates the interaction to the first order). Let us write the overall Hamiltonian
as

H = HS +HE +
∑
i∈I

AS,iBE,i. (2.8)

The first two terms describe the free dynamics of the system and the environment, re-
spectively, whereas the third describes the interaction between them, with AS,i acting
on the system degrees of freedom and BE,i on the environment ones. We assume
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2 NUMERICAL SIMULATION OF OPEN QUANTUM SYSTEMS

that the environment Hamiltonian is quadratic in the canonical creation and annihi-
lation operators of the environment, while the BE,i operators is linear. The system
Hamiltonian and theAS,i operators in the interaction terms can instead be arbitrary—
the Gaussian hypothesis applies on the environment side only. This is a very general
scheme that can describe typical bosonic or fermionic interactions such as an XX
interaction

NE∑
i=1

gk(a† + a)(b†
k + bk) (2.9)

or an exchange interaction
NE∑
i=1

gk(a†bk + ab†
k). (2.10)

We also assume that we start from a factorised initial state ρS,0 ⊗ ρE,0. The simplicity
of Gaussian environments is that their influence on the reduced system can be entirely
described by expectation values and two-time correlation functions (TTCFs) of the
coupling terms, i.e. the BE,i operators. The fundamental quantities here are the func-
tions

gi(t) ..= trE
(
BE,i Φ

E
t (ρE,0)

)
,

fi,j(t+ s, t) ..= trE
(
BE,i Φ

E
s

(
BE,j Φ

E
t (ρE,0)

)) (2.11)

where ΦE
t is dynamical map of the free environment generated by HE, i.e.

ΦE
t (ρ) = exp(−itHE)ρ exp(itHE). (2.12)

This means that if we swap this environment with a new one, E′, such that

H = HS +HE′ +
∑
i∈I

AS,iBE′,i, (2.13)

(the system-related terms are unchanged) and

trE
(
BE,i Φ

E
t (ρE,0)

)
= trE′

(
BE′,i Φ

E′

t (ρE′,0)
)
,

trE
(
BE,i Φ

E
s

(
BE,j Φ

E
t (ρE,0)

))
= trE′

(
BE′,i Φ

E′

s

(
BE′,j Φ

E′

t (ρE′,0)
))
.

(2.14)

for all i, j ∈ I and for all t, s ∈ R, then the reduced dynamics, i.e. ρS(t), will be
the same in both configurations. It should be noted that the i and j indices of the
BE,i operators in gi(t) and fi,j(t, s) are tied to the AS,i terms they appear with in the
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interaction Hamiltonian: it is not just the set of correlation functions and expectation
values that has to coincide, their order matters as well.

Several approaches exist in the literature that allow one to map the original envi-
ronment into a unitarily equivalent one, that is easier to deal with because its configu-
ration is more suitable for the application of specific numerical tools. The TEDOPA
algorithm that we will encounter in Section 2.4, for example, transforms a continu-
ous environment in a nearest-neighbour chain of modes that can be easily simulated
as a TN. Nevertheless, in these equivalent unitary models the number of degrees of
freedom of the environment typically remains very large, and as a consequence the sim-
ulation of the equivalent model can still be challenging. For this reason, we explore
now how an environment can be replaced not with another environment undergoing
a unitary dynamics, but a non-unitary one.

2.3.3 Equivalence of non-unitary dynamics
With a unitary environment we are essentially treating all of its modes on an equal
footing. However, in order to isolate the characteristics of the environment that most
influence the dynamics of the system, we would like to devise an environment that is
composed of a ‘non-Markovian core’ which, in turn, interacts with a Markovian envi-
ronment. The former will be coupled directly, and in a coherent manner, to the OQS
and will describe all the memory effects arising during the time evolution, while the lat-
ter will be effectively characterised by a GKSL equation, representing the dissipation
of information out of the non-Markovian core (and away from the system). The idea
behind this scheme is that computing the reduced dynamics in this new configuration,
in cases where the non-Markovian core can be well described by a limited number of
degrees of freedom, can be much simpler than doing so with the full unitary evolution
induced by a complex environment.

A particular instance of this scheme is the concept of pseudomodes, where the origi-
nal environment is mapped onto an alternative configuration consisting of a finite num-
ber of discrete modes, all coupled to the open system; in turn each of these discrete
modes is coupled to a Markovian reservoir. To its core, the pseudomodes approach was
born as a general, non-perturbative approach to study the decay of an atomic system
coupled to an environment described by a non-uniform density of states [142]. The
parameters (energy, damping rate, and so on) defining the pseudomodes are derived
in a systematic way from the original environment, and they enable a full inclusion of
non-Markovian effects by studying an enlarged OQS governed by a Lindblad master
equation [143].

The equivalence between the original dynamics and the new non-unitary one rests
again on the equality of the expectation values and TTCFs. It holds both for bosonic
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2 NUMERICAL SIMULATION OF OPEN QUANTUM SYSTEMS

environments [144] and fermionic ones [145–148], in slightly different ways. Let us
study both in more detail.

Bosonic environments The bosonic case is covered in Ref. [144]. The original con-
figuration, that we call ‘1’, is described by a Hamiltonian operatorH1 equal toH from
Eq. (2.8). The initial state is factorised as ρS,0ρE,0, and both factors are Gaussian states.
For this configuration the environmental expectation values and correlation functions
are gi(t) and fi,j(t, s) from Eq. (2.11). In configuration ‘2’ the same system S interacts
with another environment R (we call it reservoir to reduce ambiguity) as

H2 = HS +HR +
n∑

i=1
AS,iBR,i (2.15)

but the reservoir modes are also subject to a Lindblad-type evolution, generated not
only by HR alone from H2 but from

LR(ρ) = −i[HR, ρ] +
ℓ∑

j=1

(
LjρL

†
j − 1

2 {L†
jLj , ρ}

)
(2.16)

where the L1, …, Lℓ operators act on the Hilbert space of the reservoir2, such that
the dynamical map of the free environment is ΦR

t = exp(tLR). The initial state is
again factorised, as ρS,0ρR,0, in which ρR,0 is of course Gaussian. The environmental
expectation values and correlation functions are

g′
i(t) = trR

(
BR,i Φ

R
t (ρR,0)

)
,

f ′
ij(t+ s, t) = trR

(
BR,i Φ

R
s

(
BR,j Φ

R
t (ρR,0)

))
.

(2.17)

Fermionic environments The fermionic case is covered in Ref. [147]. For fermions
we need to start from a slightly more specific version of Eq. (2.8) as the configura-
tion ‘1’, and assume that the system S interacts with an environment E through the
Hamiltonian operator

H1 = HS +HE +
n∑

i=1
(A†

S,iBE,i +AS,iB
†
E,i) (2.18)

2These Lj operators can be arbitrary, as long as they determine a completely positive, trace-preserving
Gaussian map. A typical example is Lj equal to a creation or annihilation operator on a reservoir mode
(possibly times a positive number), in which case we obtain a quadratic Lindblad operator.
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SS SS

S

(1)

(2)

(3)

Figure 2.2. Sketches of equivalent reservoirs. 1. Original (closed) environment, with unitary
dynamics. 2. Equivalent open reservoir for bosonic environments. The reservoir, representing
the non-Markovian core, is open and dissipates excitations (particles, energy, information, etc.)
into an external environment. 3. Equivalent open reservoirs for fermionic environments. With
respect to the bosonic reservoir, here there is an additional reservoir that injects excitations.

with the usual linearity and quadraticity properties. Similarly to the bosonic case, the
initial state is the product of two Gaussian states, ρS,0ρE,0.

In configuration ‘2’ the open system interacts not with one but two reservoirs, one
starting from the vacuum state and the other from the completely occupied state, act-
ing as a sink and a source, respectively, as in Fig. 2.2.

This more complicated setting than the previous one can be explained by the fact
that even at zero temperature, the ground state of a fermionic system may not be the
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vacuum state, depending on the chemical potential. We need then both a ‘filled’ and
an ‘empty’ environment to model the modes below and above the Fermi surface, re-
spectively. The Lindblad operators in this case have a particular form that makes the
presence of two environments explicit: the generator of the free reservoir dynamics is

LR(ρ) = −i[HR0 +HR1 , ρ] +
ℓ∑

i,j=1
ΓR0,ij

(
a0,jρa

†
0,i − 1

2 {a†
0,ia0,j , ρ}

)
+

+
ℓ∑

i,j=1
ΓR1,ij

(
a†

1,iρa1,j − 1
2 {a1,ja

†
1,i, ρ}

)
(2.19)

where the a0,is and a1,is are the canonical annihilation operators of the empty and filled
reservoir modes, respectively. The initial state is factorised as ρS,0ρR1,0ρR0,0 where
ρR1,0 is the completely filled state and ρR0,0 the vacuum state. The environmental
expectation values and correlation functions are again as in Eq. (2.17), with a different
dynamical map, of course, this time generated by LR in Eq. (2.19).

In both the bosonic and the fermionic case, the result is analogous to the case of
unitary equivalence: if for any t, s ≥ 0 and for any i, j we have gi(t) = g′

i(t) and
fi,j(t + s, s) = f ′

i,j(t + s, s) then the reduced dynamics the system is exactly the
same.3 The recipe, therefore, is the following: the original environment is replaced by
a handful of pseudomodes (their number will depend on the particular situation) whose
parameters such as energy, coupling constants, dissipation/absorption rates, and so on,
to be determined so that the TTCFs and the expectation values coincide with those
generated from the original environment. This procedure yields a way to characterise
a generic dynamics, which can even deviate strongly from a Markovian behaviour, in a
non-perturbative way with a smaller set of degrees of freedom. We can then compute
the original unitary dynamics with a possibly simpler Lindblad-type evolution instead.
In general, an exact replacement is not available, and no finite, damped reservoir can
have the same effect, i.e. generate the same correlation functions, of an infinite unitary
one, as explained in Ref. [149]. However, the way these equivalence theorems are
proved is such that we can at least design a Lindblad-type dynamics whose parameters
are such that gi(t) ≈ g′

i(t) and fi,j(t+s, s) ≈ f ′
i,j(t+s, s), as close as possible [144].

Then the difference between the two reduced dynamics, i.e. the distance between ρS(t)
in the original and new configurations, would be bounded by a quantity which is tied
to the distance between the environment moments [150].

3The only difference (at this level) is that the time instants t and s do not take negative values, which
happens because the dynamics is not reversible.
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2.4 The TEDOPA chain mapping

In this section we review how the problem of a quantum system which is linearly cou-
pled to a continuous bosonic or fermionic environment can be mapped exactly onto
a one-dimensional model with nearest-neighbours interactions, as introduced in Refs.
[34, 151]; the fermionic case is discussed in detail in Ref. [152]. This map, called
time-evolving density operator with orthogonal polynomials algorithm (TEDOPA),
is a particular instance of a chain mapping, a type of algorithm designed to discretise a
continuous Hamiltonian operator. In our case, the procedure starts from an unspeci-
fied system S coupled to a quadratic environment

HE =
∫

X

g(x)f†
xfx dx, (2.20)

where fx and f†
x are the annihilation and creation operators of mode x ∈ X , respec-

tively, such that either [fx, f
†
y ] = δ(x − y)1 for bosons or {fx, f

†
y} = δ(x − y)1

for fermions. For bosons, the (frequency) domain X is usually taken as a subset of
[0,+∞). For fermions, for which the chemical potential µ is relevant, we can ei-
ther make µ explicit in the Hamiltonian, by adding a −µN term, or we can translate
the frequency domain and allow negative frequencies, so that µ = 0 and a negative
frequency represents a mode below the chemical potential. We also assume that the
interaction between system and environment is given by a linear coupling, i.e. in the
creation/annihilation operators of the environment, such as

HI =
∫

X

AS(fx + f†
x)h(x) dx, (2.21)

HI =
∫

X

(A†
Sfx + f†

xAS)h(x) dx (2.22)

for bosons or fermions, respectively. In this configuration, the system interacts with
all modes of the environment at the same time, while the environment modes do not
interact with one another: this configuration is usually called star shaped. If the envi-
ronment is in a Gaussian state, its effect on the system S is completely characterised
by the spectral density function J : X → [0,+∞) defined by the relation

|g′(x)|J
(
g(x)

)
= h(x)2 (2.23)

Under the previous hypothesis, any given spectral density J can be reproduced by
setting g(x) = cx and h(x) =

√
cJ(cx): the spectral density enters, then, as the

square of the weight of the interaction between the system and the environment mode
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at frequency x. In what follows we assume we are given J and define g and h this way,
so that the spectral density function is the only object characterising the environment.
This function defines a measure dλ(x) = J(x) dx on X , and we can compute a set
of monic polynomials {pn}+∞

n=0 that are orthogonal with respect to λ. Such a set of
polynomials satisfies a three-term recurrence relation

xpn(x) = pn+1(x) + αnpn(x) + βnpn−1(x). (2.24)

The transformation

f†
x =

+∞∑
n=0

Un(x)b†
n, Un(x) =

√
J(x) pn(x)

‖pn‖λ
(2.25)

is a canonical transformation from the original fx modes to a new, discrete set {bn}+∞
n=0

with the same statistics as the original modes. After this transformation the Hamilto-
nian of the free environment becomes

HE = c

+∞∑
n=0

(
αnb

†
nbn +

√
βn+1b

†
nbn+1 +

√
βn+1b

†
n+1bn

)
. (2.26)

The final form of HI depends on the particular form of the interaction, and it is ob-
tained by replacing

∫
X
fxh(x) dx by ‖p0‖λb0: for example, the operators in Eqs. (2.21)

and (2.22) become, respectively,

HI = ‖p0‖λAS(b0 + b†
0), (2.27)

HI = ‖p0‖λ(A†
Sb0 + b†

0AS). (2.28)

With the chain mapping, as illustrated in Fig. 2.3, the original continuous environ-
ment is transformed into a semi-infinite chain with nearest-neighbour interactions,
with frequencies ωn and couplings κn determined by the recurrence coefficients of the
monic polynomials as ωn = cαn and κn = c

√
βn+1; the system, crucially, interacts

with the first site of the chain only, with an interaction strength given by

‖p0‖λ =
(∫

X

J(x) dx
) 1

2

. (2.29)

For these reasons, the chain mapping is an important step towards the numerical
simulation of OQSs strongly interacting with their environments: the transformed
system can in fact be readily encoded into an MPS, enabling the use of powerful
TN-based simulation techniques to investigate its dynamics and the properties of the
ground state. Moreover, the unitarity of the map gives us the possibility of studying
some properties of the environment as well, since the chain modes can be transformed
back into the original environment.
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SS SS

Figure 2.3. In the original configuration of the OQS, the system interacts with all the environ-
ment modes at the same time. The TEDOPA chain mapping transforms the environment into
a semi-infinite chain with nearest-neighbour interactions, such that the system interacts only
with the first site.

2.4.1 Thermalised TEDOPA

The TEDOPA chain mapping transforms the Hamiltonian but does not say anything
in particular about the initial state of the environment. In fact, when we want to cast
the problem into a TN form, for a generic initial state we are still left with the problem
of how to represent it in this formalism. If the initial state is not the vacuum state—
which is preserved by unitarymaps—generally it does not get transformed into a simple
product state of the new chain modes. When the state is not a pure state, moreover, it
must be either represented as an MPO or an MPS with squared local dimensions, as
seen in Section 1.4. In order to build the TN of the initial state, therefore, we must
resort to other techniques such as the density-matrix renormalisation group (DMRG),
when the state can be seen as the ground state of a simple Hamiltonian, or (for thermal
states) imaginary-time evolution where exp(−βH) is interpreted as a time-evolution
operator with time variable iβ and the identity as initial state.

For a specific class of thermal bosonic environments, there is a way around this
issue which leverages the results of Section 2.3. This technique, called T-TEDOPA,
builds on TEDOPA by replacing the original environment at temperature T > 0 with
a different environment at T = 0 which starts from the vacuum state [153]. This new
initial state has an immediate MPS representation, thus removing the need to prepare
it through other numerical methods.

The basic hypothesis is that wemust be able to write the interactionHamiltonian as
a product of two self-adjoint operators, which in addition to the linearity requirements
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on the environment side means that

HI = AS

∫
X

(eiφ(x)f†
x + e−iφ(x)fx)

√
J(x) dx ≡ ASBE (2.30)

with φ a real-valued function on X . The initial state is the thermal state

ρβ = 1
tr exp(−βHE)

exp(−βHE), HE =
∫

X

xf†
xfx dx. (2.31)

As there is only one term in HI (compare Eq. (2.30) with Eq. (2.8)) and tr(ρβfx) =
tr(ρβf

†
x) = 0, the only relevant quantity from Eq. (2.11) is the correlation function

f(t) = tr(BE(t)BE(0)ρβ), where we have already exploited the fact that the TTCF
satisfies f(t+ s, s) = f(t, 0) ≡ f(t) because of the time-translation invariance of the
dynamics. We find

f(t) =
∫

X

∫
X

tr
(

(eiφ(x)eitxf†
x + e−iφ(x)e−itxfx) ·

· (eiφ(x′)f†
x′ + e−iφ(x′)fx′)ρβ

)√
J(x)J(x′) dx′ dx =

=
∫

X

[
eitx tr(f†

xfxρβ) + e−itx
(
tr(f†

xfxρβ) + 1
)]
J(x) dx =

=
∫

X

[
eitx 1

2

(
coth βx

2
− 1

)
+ e−itx 1

2

(
coth βx

2
+ 1

)]
J(x) dx.

(2.32)

Now we take X = [0,+∞), as is customary with bosonic spectral densities. By split-
ting the two terms in separate integrals, and inverting the domain of the one that
contains the eitx factor, we get

f(t) =
∫ +∞

0
eitx 1

2

(
coth βx

2
− 1

)
J(x) dx+

∫ +∞

0
e−itx 1

2

(
coth βx

2
+ 1

)
J(x) dx =

=
∫ 0

−∞
e−itx 1

2

(
− coth βx

2
− 1

)
J(−x) dx+

+
∫ +∞

0
e−itx 1

2

(
coth βx

2
+ 1

)
J(x) dx =

=
∫ +∞

−∞
e−itx sgn(x)1

2

(
coth βx

2
+ 1

)
J(|x|) dx.

(2.33)

Going back to the second-to-last line in Eq. (2.32), we see that we would get the same
result if we started from Eq. (2.30) withX = (−∞,+∞), a different spectral density
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J̃β : (−∞,+∞) → [0,+∞) defined as

J̃β(x) ..= sgn(x)1
2

(
coth βx

2
+ 1

)
J(|x|) (2.34)

and an initial state ρ0 such that tr(f†
xfxρβ) = 0, i.e. the vacuum state. This means

that the new environment E′ given by

HE′ =
∫ +∞

−∞
xf†

xfx dx, HI′ = AS

∫ +∞

−∞
(eiφ(x)f†

x + e−iφ(x)fx)
√
J̃β(x) dx

(2.35)
and starting from the vacuum state induces exactly the same dynamics in the open
system as the original one.4 We observe that the substitute environment does not have
to be a physically realistic one: here for example the alternative one has a frequency
domain that spans the whole real line, which is unrealistic. Now the TEDOPA chain
mapping can be applied to the new configuration, where the dynamics is still unitary
and the initial state is (exactly) represented by a trivial MPS.

2.4.2 The thermofield transformation

For fermionic environments, the T-TEDOPA method is not applicable since the typi-
cal system-environment coupling is an exchange interaction. Moreover, even the zero-
temperature thermal state may contain a significant amount of correlation, since in the
ground state of an ensemble of non-interacting fermions (described by Eq. (2.20)) the
particles are not all in the single-mode ground state, but they are arranged in a Fermi
sea. This means that with a fermionic environment, creating the TN of the initial state
will be difficult in both T = 0 and T > 0 cases. To address this issue, the thermofield
representation [152, 154] splits the modes above and below the chemical potential in
two different environments so that (even when the temperature is not zero) the initial
state is a tensor-product pure state. The transformation is essentially based on a local
purification of the initial mixed state ρβ,µ of the environment. For the following calcu-
lations, we write the frequency domainX so that it contains non-negative values only,
and explicitly write the chemical potential in HE. We also assume that system and
environment interact through an interaction such as in Eq. (2.22). To each ‘physical’
mode f1,x ≡ fx we associate an independent ‘ancillary’ mode f2,x so that the free

4We reintroduce the phase factors φ(x) that were already present in Eq. (2.30), but it is clear from
what we have seen so far that they have no effect at all on the reduced dynamics, since they disappear in the
TTCF of Eq. (2.32). In fact, the transformation fx 7→ eiφ(x)fx is a canonical transformation that leaves
HE invariant and completely eliminates the phase factors from the equations.
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2 NUMERICAL SIMULATION OF OPEN QUANTUM SYSTEMS

Hamiltonian of the extended environment is

HE′ =
∫

X

(x− µ)(f†
1,xf1,x − f†

2,xf2,x) dx, (2.36)

essentially doubling the initial environment over negative energies. The additional
environment is completely decoupled from the system and from the original environ-
ment, thus it does not change anything in the dynamics we are interested in. The next
step is to combine the f1,x and f2,x modes into new fermionic modes g0,x and g1,x

through the canonical transformation(
g0,x

g1,x

)
=

(
cos θβ,µ(x) − sin θβ,µ(x)
sin θβ,µ(x) cos θβ,µ(x)

) (
f1,x

f†
2,x

)
, (2.37)

with the θβ,µ(x) angle to be determined by equating the TTCFs. From the original
HI

HI = B†
EAS +A†

SBE, BE =
∫

X

f1,xh(x) dx (2.38)

the only relevant TTCFs we need to compare are

c1(t) = tr
(
BE(t)†BE(0)ρβ,µ

)
,

c2(t) = tr
(
BE(t)BE(0)†ρβ,µ

) (2.39)

where BE(t) is evolved according to the Hamiltonian HE of the free environment:

BE(t) =
∫

X

f1,x(t)h(x) dx =
∫

X

e−it(x−µ)f1,xh(x) dx. (2.40)

We obtain
c1(t) =

∫
X

eit(x−µ) tr(ρβ,µf
†
1,xf1,x)h(x)2 dx,

c2(t) =
∫

X

e−it(x−µ)[1 − tr(ρβ,µf
†
1,xf1,x)

]
h(x)2 dx.

(2.41)

In terms of the newly defined modes g, the free Hamiltonian Eq. (2.36) reads

H ′
E =

∫
X

(x− µ)(g†
0,xg0,x + g†

1,xg1,x) dx (2.42)

while the interaction Hamiltonian becomes H ′
I = (B′

E)†AS +A†
SB

′
E with

B′
E =

∫
X

(cos θβ,µ(x)g0,x + sin θβ,µ(x)g1,x)h(x) dx. (2.43)
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We initialise the new environment with the ‘0’ modes in the vacuum state and the
‘1’ modes in the filled state, i.e. in a state |∅0,F1〉 such that g0,x|∅0,F1〉 = 0 and
g†

1,x|∅0,F1〉 = 0 for all x ∈ X ; the TTCFs are

c′
1(t) = 〈∅0,F1|B′

E(t)†B′
E(0)|∅0,F1〉 =

=
∫

X

eit(x−µ)h(x)2[
(cos θβ,µ(x))2 〈∅0,F1|g†

0,xg0,x|∅0,F1〉
0

+

+ (sin θβ,µ(x))2 〈∅0,F1|g†
1,xg1,x|∅0,F1〉

1

+

+ sin θβ,µ(x) cos θβ,µ(x) 〈∅0,F1|g†
0,xg1,x + g†

1,xg0,x|∅0,F1〉
0

]
dx =

=
∫

X

eit(x−µ)(sin θβ,µ(x))2h(x)2 dx,

(2.44)

and analogously

c′
2(t) = 〈∅0,F1|B′

E(t)B′
E(0)†|∅0,F1〉 =

∫
X

e−it(x−µ)(cos θβ,µ(x))2h(x)2 dx,

(2.45)
so in order to have the TTCFs match, i.e. c1(t) = c′

1(t) and c2(t) = c′
2(t) for all t, it

is sufficient to choose θβ,µ(x) so that

(sin θβ,µ(x))2 = tr(ρβ,µf
†
1,xf1,x) = 1

eβ(x−µ) + 1
, (2.46)

just as in Ref. [154]. The interaction Hamiltonian H ′
I becomes then

H ′
I =

∫
X

[
h

(0)
β,µ(x)(A†

Sg0,x + g†
0,xAS) + h

(1)
β,µ(x)(A†

Sg1,x + g†
1,xAS)

]
dx, (2.47)

with couplings h(0)(x) and h(1)(x) defined by

h
(0)
β,µ(x) = cos θβ,µ(x)h(x),

h
(1)
β,µ(x) = sin θβ,µ(x)h(x).

(2.48)

The square of these two functions will be the spectral density functions of the new
environments, the initially empty and the initially filled one, respectively. A graphical
example of this transformation can be found in Fig. 2.4. Just as in T-TEDOPA, we
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2 NUMERICAL SIMULATION OF OPEN QUANTUM SYSTEMS

have moved the temperature dependence into the spectral density function of the en-
vironment in a way that preserves the TTCFs of the free environment, and with them
the dynamics of the reduced state of the OQS. The initial state of the new environ-
ment, both in the empty and in the filled case, can be trivially represented as an MPS:
therefore, at the cost of doubling the size of the environment, we can avoid the issue
of computing the MPS of the correlated initial state.

2.4.3 Environment merging

The equivalence under equality of TTCFs allows us to combine different baths as well.
For example, imagine a system that interacts with two environments at once: by ap-
plying the thermofield transformation to the environments, we obtain two pairs of
empty/full environments. This configuration is not one-dimensional anymore and so
it would not fit naturally in an MPS, without introducing artificial long-range interac-
tions, and with that a highly non-local entanglement structure which could be detri-
mental to the efficiency of time-evolution algorithms. To remedy this, we can perform
another replacement which merges the two empty environments together, and the two
filled environments together (clearly the same approach works for any number of en-
vironments). It is easy to see that if two quadratic environments5

HE1 =
∫

X1

xf†
1,xf1,x dx, HE2 =

∫
X2

xf†
2,xf2,x dx (2.49)

interact in the same way with the system, for example as

HI1 =
∫

X1

(A†
Sf1,x + f†

1,xAS)h1(x) dx, HI2 =
∫

X2

(A†
Sf2,x + f†

2,xAS)h2(x) dx,

(2.50)
they can be added together into a new environment defined by

HE =
∫

X

xf†
xfx dx, HI =

∫
X

(A†
Sfx + f†

xAS)h(x) dx, (2.51)

such that X = X1 ∪X2 and h2 = h2
1 + h2

2, meaning that by adding the two original
spectral density functions (extended as zero outside their respective domains) we obtain
the one for the combined environment.

5Here it is crucial that the frequency domains X1 and X2 are shifted according to the chemical potential
so that the latter is zero: this way the two Hamiltonian operators HE1 and HE2 have an identical functional
form.
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2.4 The TEDOPA chain mapping

The procedure is graphically illustrated in Fig. 2.4: in that picture, we start on step
(1) from two leads with spectral densities

Jα(x) = 2
π

√
(x− xα

min)(xα
max − x), (2.52)

withα = {L,R}, with different chemical potentialsµL < µR and inverse temperatures
βL < βR. At step (2) the spectral densities are split in the respective components

J (0)
α (x) = 1

e−βαx + 1
Jα(x),

J (1)
α (x) = 1

eβαx + 1
Jα(x)

(2.53)

and finally at step (3) we recombine J (0)
L with J (0)

R , and J (0)
L with J (0)

R obtaining two
new environments with spectral densities

J (0)(x) = J
(0)
L (x) + J

(0)
R (x), J (1)(x) = J

(1)
L (x) + J

(1)
R (x), (2.54)

starting from the vacuum and the filled state, respectively.
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Figure 2.4. Recombination of two fermionic leads. (1) The two leads (‘L’ and ‘R’) interact
with a system. (2) By using the thermofield transformation, each lead is split into its ‘0’ and ‘1’
components, depicted in red and blue, which start from the empty and filled state, respectively.
(3) The two hot components are merged, and so the two cold ones.
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Markovian closure for fermionic environments 3

One of the main limitations of the original TEDOPA formulation is its quadratic scal-
ingO(t2) with the physical simulation time t [153]. As a matter of fact, the TEDOPA
system we obtain from the chain mapping is infinite, but in order to run an actual
computer simulation we would need to truncate it at a certain length. Such a trunca-
tion must be suitably chosen so as not to introduce finite size effects: in Ref. [155]
it is shown that when the system is composed of a single site with free Hamiltonian
HS = εc†c, then the orthogonal polynomial discretisation scheme of a spectral density
function supported on [a, b] withN sites reproduces basically the exact time evolution
of the system Green’s function up to a time

tmax = 22N + 1
b− a

. (3.1)

This result shows that the number of sites must be incremented linearly the longer we
want the simulation to go on. While, more in general, the exact dependence on the
simulation time is hard to define, for sufficiently large tmax, Lieb-Robinson bound tech-
niques suggest that N(tmax) scales linearly in tmax [156]. Coupled with the fact that
the simulation also already depends linearly on tmax since the state has to be computed
at more time instants, one obtains the O(t2) dependence stated above.

As a result, long-time dynamics may prove difficult to simulate with TEDOPA. A
context where long-time dynamics are typically required is the investigation of NESS
properties of an OQS interacting with external environments. For example, in the
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3 MARKOVIAN CLOSURE FOR FERMIONIC ENVIRONMENTS

dynamical mean-field theory (DMFT) approach to strongly correlated materials, the
challenging part of the program is to solve the impurity model; this requires finding
the impurity spectral function, which can be accurately determined only if a NESS is
reached. A way around this problem has been put forward, for the case of bosonic en-
vironments, in Ref. [35] where a semi-infinite uniform chain of harmonic oscillators is
mimicked by a small collection of damped harmonic modes, called Markovian closure
(MC). The use of the MC allows for a quadratic reduction of the dependence of the
simulation complexity on the physical simulation time, i.e. from O(t2) to O(t), and
makes it possible to use the algorithm to determine long-time OQS dynamics.

The analysis presented in Refs. [157, 158], in particular, reveals a steady and fast
build-up of strong correlations between the environmental fermionic modes induced
by the interaction with the impurity. Even by adopting state-of-the-art strategies for
the mitigation of the effects of the appearance of such correlations, the determination
of the OQS dynamics over long times, which is typically required to reach the NESS
state, remains a computationally challenging task. The possibility of exploiting theMC
construct in the fermionic setting would therefore represent a powerful asset. In this
chapter we fill this gap by introducing a fermionic MC, and illustrate its application
and computational impact by means of some relevant case studies.

Data presented in this chapter were obtained using the ITensor library [159] in the
Julia programming language. All code is available at [3].

3.1 Reference model

Let us write down the physical model to which we will apply the MC in this chap-
ter: consider a general impurity model interacting with continuous fermionic baths
(leads). The derivation that follows is essentially independent of the details of the
system, but for simplicity we model it here as an m-mode fermionic system with an-
nihilation and creation operators dλ and d†

λ, λ ∈ {1, . . . ,m}, satisfying the canonical
anticommutation relations (CARs) {dλ, d

†
ν} = δλν ; the system Hamiltonian HS is

an arbitrary function of these operators. The environment is composed of two leads,
called left (L) and right (R) leads, i.e. two continua of (non-interacting) fermionic
modes, for which we assume a linear dispersion relation; each of them is indexed by
the frequency x ∈ Xα (we set the chemical potential to zero, and allow modes with
negative frequency), with α ∈ {L,R}; the operators fα,x and f†

α,x obey the CARs
{fα,x, f

†
α′,x′} = δαα′δ(x − x′). The evolution of the overall system-bath complex is

generated by the Hamiltonian

HSE = HS +HE +HI, (3.2)
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3.1 Reference model

HE = HE,L +HE,R =
∑

α∈{L,R}

∫
Xα

xf†
α,xfα,x dx, (3.3)

HI =
∑

α∈{L,R}

m∑
λ=1

∫
Xα

hλ,α(x)(A†
λfα,x + f†

α,xAλ) dx. (3.4)

The interaction between the system and the environment is specified by HI, with Aλ

and fα,ω and f†
α,ω operators acting on mode λ of the system and on the left (α = L) or

right (α = R) lead, respectively. The interaction (hybridisation) strength between the
system and the fermionic mode at frequency x is given by hλ,α(x) = κλ,α

√
Jα(x),

where the functions Jα : Xα → [0,+∞), α ∈ {L,R}, are spectral densities, while the
coefficients κλ ∈ R account for possibly different interaction strengths between the
environments and the different modes of the system. In simpler words, our scheme
represents a central set of modes, which make up the system, interacting with external
environments. Each system mode can interact with more than one environment at
a time, and vice versa; it is essential, however, that the interaction between a given
environment and different system modes differs by at most a constant, so that we can
compress the environments together.

The system-bath complex of Eq. (3.2) can describe different relevant fermionic
(spinless) OQSs such as the resonant-level model (RLM) and the interacting resonant-
level model (IRLM), and can be straightforwardly generalised to the case of spinful
fermions, as well as more than two leads. We point out that if the system Hamiltonian
HS comprises only quadratic terms in dλ and d†

λ, and Aλ is linear in those operators,
then the model fixed by Eq. (3.2) is Gaussian and exactly solvable, i.e. by means of
exact diagonalization [160].

We assume that the overall system is initially in a factorised state

ρSE(0) = ρS(0) ρE,L(0) ρE,R(0), (3.5)

for an arbitrary ρS(0), while ρE,L(0) (ρE,R(0)) is the thermal state of the left (right)
environment at a given inverse temperature βL (βR):

ρE,α(0) = 1
Zα

exp(−βαHE,α), (3.6)

where Zα = tr exp(−βαHE,α) is the partition function.
With these assumptions, following the recombination procedure outlined in Sec-

tion 2.4.3, we can reproduce the reduced dynamics of the systems replacing the two
leads by two new separate environments, an initially empty one and an initially filled
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3 MARKOVIAN CLOSURE FOR FERMIONIC ENVIRONMENTS

one, with zero temperature and chemical potential. Starting from the spectral density
functions JL and JR, we obtain with this procedure the spectral densities

J (0)(x) = 1
e−βLx + 1

JL(x) + 1
e−βRx + 1

JR(x),

J (1)(x) = 1
eβLx + 1

JL(x) + 1
eβRx + 1

JR(x).
(3.7)

We shall call the environment that starts from the empty state ‘hot’ (with spectral
density J (0)) and the environment that starts from the filled state ‘cold’ (with spectral
density J (1)), as they represent the upper and lower band of the original frequency
domain, respectively. With the chain mapping introduced in Section 2.4 we then
map the ‘hot’ and the ‘cold’ environment each onto a TEDOPA chain (as in Fig. 3.1),
obtaining at last a pair of environments that we can directly represent as MPSs.

3.2 Derivation of the fermionicMarkovian closure

Aswe already observed at the beginning of this chapter, in actual numerical simulations
the chains generated by TEDOPAneed to be truncated beyond a certain length, which
must scale proportionally to the total physical simulation time in order not to induce
finite-size effects on the dynamics. The MC mechanism, proposed in Ref. [35] for
bosonic environments, provides a solution to this problem. In the following text wewill
introduce the basic ideas behind the MC and formulate an equivalent mechanism for
fermionic environments. The key ingredient in this is the equivalence theorem seen in
Section 2.3, which allows us to establish when a unitarily evolving environment induces
the same reduced dynamics on an OQS as an auxiliary environment undergoing a non-
unitary Lindblad evolution.

3.2.1 Asymptotic coefficients
Themain starting point of theMC construction is the fact that a certain class of spectral
density functions behave ‘asymptotically the same’. The Szegő class, originally defined
in Ref. [161, 1, Section 12.1], can be defined as the set of non-negative measurable
functions on [a, b] such that∫ b

a

log f(t)√
(b− x)(x− a)

dt > −∞. (3.8)

If such an f is considered as a measure on [a, b], as in the TEDOPA chain mapping
procedure, the recurrence coefficients αn and βn of the monic orthogonal polynomials
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Figure 3.1. Chain mapping of two fermionic leads. (1) The two leads (‘L’ and ‘R’) interact
with a system. (2) The spectral density functions of the two leads are recombined into a ‘hot’
environment and a ‘cold’ environment, as in Eq. (3.7). (3) Each of the two new environments
is transformed into TEDOPA chains.

it generates show an interesting convergence property [151]: their sequences converge
to limiting values

lim
n→+∞

αn = a+ b

2
, lim

n→+∞
βn = (b− a)2

16
(3.9)

that depend only on the endpoints of the support of the function. This convergence
reflects on the coefficients of the Hamiltonian of the TEDOPA chain, namely the on-
site energies and the coupling parameters, that converge to Ω = limn→+∞ αn and
K = limn→+∞

√
βn, respectively.

The Szegő class is a quite broad set, that contains many of the spectral density
functions commonly encountered in a physical setting, as shown for example in [151]:
power-law, Lorentzian, flat, semicircle, exponential functions all fall into this class.
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3 MARKOVIAN CLOSURE FOR FERMIONIC ENVIRONMENTS

Band gaps are a clear obstacle to a function belonging to this class, since Eq. (3.8)
would not be satisfied. Numerically, if there is a band gap then the chain coefficients do
not converge, thus theMarkovian closure cannot be used. More in general, Szegő-class
functions may show a certain degree of non-analiticity: spectral density functions can
even be discontinuous or diverging within the domain, as long as they satisfy Eq. (3.8).
Discontinuities, for example, easily arise when combining environments as we showed
Section 2.4.3.

Let us consider, without loss of generality, the Szegő class on the interval [−1, 1],
which we will denote by G. It easy to see that

• if f, g are in G then f + g and fg are too in G,

• if f is in G and h is a bounded function, then fh is in G,

• the concatenation of two functions, i.e. the new function

u(t) =

{
f(2t+ 1) −1 ≤ t < 0
g(2t− 1) 0 ≥ t ≥ 1,

(3.10)

is in G, too.

When combining environments as in Section 2.4.3, the only critical operation remains
truncating the domain of a function f ∈ G, or equivalently multiplying it by the
characteristic function of a subinterval, for example [a, 1] with a > −1. This could
be an issue if f(x) → 0 as x → a+ in such a way that log f(x), combined with the
denominator in Eq. (3.8), makes the integral diverge.1 If f is positive in the interior
of its domain, instead, truncation is never problematic. In conclusion, we can say
that the conditions for spectral density functions, as well as the result of the merging
multiple ones, to belong to the Szegő class are very light. When merging two baths,
the condition XL ∩ XR 6= ∅ on their supports is indeed a very mild one, since in
conduction schemes both leads do typically include the system transition frequency.

Once the coefficients have converged towards their asymptotic values up to a de-
sired tolerance ε > 0, meaning that we can identify NE such that for all n > NE we
have |ωn − Ω| < ε and |κn − K| < ε, the part of the chain that includes the modes
c

(†)
n for n > NE can be approximated by a uniform chain whose coefficients ωn and
κn are all set equal to Ω andK respectively. The resulting chain Hamiltonian reads

1A concrete example can be found in [1, Appendix B], where we analyse the Szegő class in more detail.
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3.2 Derivation of the fermionic Markovian closure

H ′
E =

NE∑
n=0

ωnc
†
ncn +

NE∑
n=0

κn(c†
n+1cn + c†

ncn+1) +

+
+∞∑

n=NE+1
Ωc†

ncn +
+∞∑

n=NE+1
K(c†

n+1cn + c†
ncn+1). (3.11)

For any assigned spectral density, it is always possible to make a suitable choice of NE
and to estimate the corresponding error [150]. As we will see in the next sections,
moreover, in the case of spectral densities that are relevant in the fermionic setting,
the approximate convergence is reached within a very small number (NE < 10) of
chain sites. It helps the physical intuition to think of the uniform chain as a ‘runway’.
While the inhomogeneities in the couplings or in the frequencies in the part of the
chain closer to the system (n < NE) scatter the excitations travelling in that region,
particles/holes entering the uniform region are instead propagated towards n → +∞
without the possibility of being scattered back [162].

Such a flat TEDOPA chain can be traced back (by inverting the chain mapping) to
a continuous fermionic environment, that we call residual environment, characterised
by

H res
E =

∫ Ω+2K

Ω−2K

xf†
xfx dx, (3.12)

interacting with the NE-th mode (the last one of the inhomogeneous part) through

H res
I =

∫ Ω+2K

Ω−2K

√
J∞(x)(c†

NE
fx + f†

xcNE
) dx, (3.13)

where J∞ : [Ω − 2K,Ω + 2K] → [0,+∞) is the spectral density function

J∞(x) = 1
2π

√
(2K −Ω + x)(2K +Ω − x). (3.14)

also known as the ‘Wigner’ semicircle [157].
The convergence toward a flat residual spectrum can be seen as an embedding of the

original system into an enlarged set of degrees of freedom that evolve in a Markovian
way [163]. In Ref. [35] it was proven, for a bosonic environment mapped onto a single
TEDOPA chain, that the residual environment having spectral density J∞ can be re-
placed with an auxiliary system, the Markovian closure, consisting of a small number
of damped, interacting bosonic modes subject to a non-unitary evolution. With this
mechanism the semi-infinite homogeneous chain is replaced by a finite auxiliary en-
vironment acting as an absorber for the excitations travelling along the homogeneous
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3 MARKOVIAN CLOSURE FOR FERMIONIC ENVIRONMENTS

part of the chain. The MC is moreover universal, in the sense that it can be applied
to all chain mappings of bosonic environments whose spectral density belongs to the
Szegő class.

In what follows, we will provide an analogous construction for fermionic environ-
ments. We will show how the semi-infinite homogeneous chain of fermionic modes
governed by the Hamiltonian

+∞∑
n=NE+1

Ωc†
ncn +

+∞∑
n=NE+1

K(c†
n+1cn + c†

ncn+1) (3.15)

from Eq. (3.11) can be replaced by a fermionic Markovian closure (FMC), i.e. where
the auxiliary modes follow the Fermi statistics, having the same structure as the one
devised for bosonic systems. The resulting closure, moreover, has the same universality
character of its bosonic counterpart: it can be applied to all fermionic environments
with a Szegő-class spectral density.

3.2.2 Derivation

We saw in Section 2.3 how a fermionic bath can be mapped to an auxiliary system
comprising two different baths, one of which is initially completely filled and the other
completely empty, representing the original environmental modes below and above
the chemical potential, respectively. After applying the chain mapping to both the
new environments separately, we obtain two TEDOPA chains, and we will map their
uniform regions to sets of damped fermionic modes with appropriate parameters. The
equivalence of the reduced dynamics generated by the different environments rests, as
usual, on the equivalence of the TTCFs of the interaction Hamiltonian.

This time, since wewant to replace not the whole environment but only the uniform
part of the chain, the role of the ‘system’ is taken up by the original OQS and the
TEDOPA chain up to n < NE, while the ‘environment’ is composed of the chain
modes with n ≥ NE. We immediately observe two facts.

1. The two chains are independent, therefore the construction of the MC for one
of them will not depend on the other one. This means that we can focus on the
two environments separately.

2. Within each of the two chains, we can discard the original OQS and everything
up to n = NE − 1, because those modes do not interact with the new ‘environ-
ment’: only the n = NE mode matters.
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3.2 Derivation of the fermionic Markovian closure

For both the initially empty and the initially filled environments, we start by defining

AS
..= cNE , BE ..=

∫ Ω+2K

Ω−2K

√
J∞(x)fx dx (3.16)

so that we can write the interaction Hamiltonian in Eq. (3.13) as

H res
I = A†

SBE +B†
EAS. (3.17)

Given the initial condition of the transformed environments, the only non-vanishing
TTCFs are

c0(t) = 〈BE(t)BE(0)†〉,
c1(t) = 〈BE(t)†BE(0)〉

(3.18)

where the average is computed on the vacuum state |∅〉 for the initially empty lead,
and from the filled state |F〉 for the initially filled one. In the former case, we have
BE|∅〉 = 0, so c1(t) is identically zero and only

c0(t) = 〈∅|BE(t)BE(0)†|∅〉 =
∫ Ω+2K

Ω−2K

e−itxJ∞(x) dx. (3.19)

remains; in the latter case, B†
E|F〉 = 0 instead so we only have

c1(t) = 〈F|BE(t)†BE(0)|F〉 =
∫ Ω+2K

Ω−2K

eitxJ∞(x) dx. (3.20)

By computing the Fourier transform of J∞, we get

c0(t) = K2e−iΩtCsc(2Kt),
c1(t) = K2eiΩtCsc(2Kt),

(3.21)

where
Csc(x) =

∫ 1

−1
e−ixy 2

π

√
1 − y2 dy = j0(x) + j2(x) (3.22)

is the transform of the unit-radius semicircle spectral density

Jsc(y) = 2
π

√
1 − y2 (3.23)

and jn denotes the n-th Bessel functions of the first kind.
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3 MARKOVIAN CLOSURE FOR FERMIONIC ENVIRONMENTS

We have now to define a pseudomode environment that reproduces the TTCFs
in Eq. (3.21). We will define new set of NC fermionic modes {ai}NC

i=1. Let us start
from the residual environment associated to a chain in the vacuum state: this system
acts (exactly as in the bosonic case) as a perfect absorber of excitations, so we take its
initial state to be the vacuum |∅〉〈∅| and describe its free dynamics as generated by the
Lindblad operator L(0)

R = −i[H(0)
R ,−] + D

(0)
R (in which [x,−] denotes the function

y 7→ [x, y]) with

H
(0)
R =

NC∑
i,j=1

Λ
(0)
ij a

†
iaj (3.24)

and

D
(0)
R (ρ) =

NC∑
i,j=1

Γ
(0)
ij

(
ajρa

†
i − 1

2 {ρ, a†
iaj}

)
(3.25)

for some complex matrices Λ(0) and Γ (0) to be determined; note that the vacuum is
stationary with respect to the evolution operator, i.e. L(0)

R (|∅〉〈∅|) = 0. We define a
new operatorBR, which plays the same role asBE in the exchange-interaction Hamil-
tonian in Eq. (3.17),

BR ..=
NC∑

k=1

ζkak, (3.26)

for some ζ ∈ CN . This operator generates the new correlation functions

c′
0(t) = 〈BR(t)BR(0)†〉,
c′

1(t) = 〈BR(t)†BR(0)〉,
(3.27)

that must match, respectively, c0(t) and c1(t) from Eq. (3.21) if we want the reduced
dynamics to be the same.

Let us start by considering c′
0(t): given the initial condition aj(0) = aj for the

time evolution of the annihilation operators, the only non-zero TTCF is

c′
0(t) = 〈∅|BR(t)BR(0)†|∅〉 =

=
NC∑

k=1

NC∑
l=1

ζkζl 〈∅|ak(t)a†
l |∅〉 =

=
NC∑

k=1

NC∑
l=1

ζkζl 〈∅|ak(t)|1l〉,

(3.28)
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3.2 Derivation of the fermionic Markovian closure

where |1l〉 ..= a†
l |∅〉 is the state in which the l-th mode (only) is occupied.

Let vi(t) be the vector whose j-th component is vi
j(t) = 〈∅|ai(t)|1j〉. It satisfies

dvi
j(t)
dt

= 〈∅|ȧi(t)|1j〉 = 〈∅|L′
R
(
ai(t)

)
|1j〉, (3.29)

where L′
R = i[H(0)

R ,−] + D
(0)′
R is the adjoint Lindblad operator that appears in the

equation of motion in the Heisenberg picture, and starts from the value

vi
j(0) = 〈∅|ai(0)|1j〉 = 〈∅|ai|1j〉 = δij . (3.30)

Within the right-hand side of the previous differential equation we find

〈∅|H(0)
R ai(t)|1j〉 = 0,

〈∅|ai(t)H(0)
R |1j〉 =

NC∑
m=1

Λ
(0)
mj 〈∅|ai(t)|1m〉,

〈∅|D(0)′
R

(
ai(t)

)
|1j〉 = −1

2

NC∑
m=1

Γ
(0)
mj 〈∅|ai(t)|1m〉 :

(3.31)

the differential equation becomes then
dvi(t)

dt
=

(
−iΛ(0) − 1

2Γ
(0))T

vi(t),

vi
j(0) = δij ,

(3.32)

which is solved by

vi
j(t) =

NC∑
m=1

exp(−itΛ(0) − 1
2 tΓ

(0))mjv
i
m(0) = exp(−itΛ(0) − 1

2 tΓ
(0))ij . (3.33)

The correlation function we are now considering is therefore

c′
0(t) =

NC∑
k=1

NC∑
l=1

ζkζl exp(−itΛ(0) − 1
2 tΓ

(0))kl = 〈ζ, exp(−itΛ(0) − 1
2 tΓ

(0))Tζ〉.

(3.34)
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3 MARKOVIAN CLOSURE FOR FERMIONIC ENVIRONMENTS

When the TEDOPA chain starts from the completely filled state |F〉〈F| instead,
we choose a Lindblad operator with the following terms:

H
(1)
R =

NC∑
i,j=1

Λ
(1)
ij a

†
iaj ,

D
(1)
R (ρ) =

NC∑
i,j=1

Γ
(1)
ij

(
a†

iρaj − 1
2 {ρ, aja

†
i }

) (3.35)

which satisfies D(1)
R (|F〉〈F|) = 0. The only nonzero correlation function is now

c′
1(t) = 〈F|BR(t)†BR(0)|F〉 =

NC∑
k=1

NC∑
l=1

ζkζl 〈F|a†
k(t)al|F〉. (3.36)

A calculation analogous to the one we made for c′
0 brings us to

c′
1(t) = 〈ζ, exp(itΛ(1) − 1

2 tΓ
(1))Tζ〉. (3.37)

Now that we know the TTCFs of the original (c0 and c1) and pseudomode (c′
0

and c′
1) environments, we can say that the reduced dynamics of the non-uniform part

of the chain is the same if and only if

K2e−iΩtCsc(2Kt) = 〈ζ, exp(−itΛ(0) − 1
2 tΓ

(0))Tζ〉 (3.38)

for the initially empty environment, and

K2eiΩtCsc(2Kt) = 〈ζ, exp(itΛ(1) − 1
2 tΓ

(1))Tζ〉 (3.39)

for the initially filled one, for all t ≥ 0. Note that by taking the conjugate of Eq. (3.39)
we have

K2e−iΩtCsc(2Kt) = 〈ζ, exp(itΛ(1) − 1
2 tΓ

(1))Tζ〉 =

= 〈ζ, exp(−itΛ(1) − 1
2 tΓ

(1))ζ〉
(3.40)

which has the same structure as Eq. (3.38), so once we solve Eq. (3.38) we can just set
Λ(1) = Λ(0) and Γ (1) = Γ (0) in order to obtain a solution for Eq. (3.39). Ultimately,
this means that we need to find Λ, Γ and ζ so that

〈ζ, exp(−itΛ− 1
2 tΓ )T ζ〉 = K2e−iΩtCsc(2Kt). (3.41)
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3.2 Derivation of the fermionic Markovian closure

Define Λ′ ..= Λ−ΩI and ζ ′ ..= Kζ: we get

K2e−iΩt〈ζ ′, exp(−itΛ′ − 1
2 tΓ )T ζ ′〉 = K2e−iΩtCsc(2Kt)

〈ζ ′, exp(−itΛ′ − 1
2 tΓ )T ζ ′〉 = Csc(2Kt);

now rescale the matrices by 2K, with Λ′ = 2KΛ′′ and Γ = 2KΓ ′′ to obtain

〈ζ ′, exp(−2iKtΛ′′ − 1
2 2KtΓ ′′)T ζ ′〉 = Csc(2Kt),

then rescale the time variable, too, with s = 2Kt, so that

〈ζ ′, exp(−isΛ′′ − 1
2sΓ

′′)T ζ ′〉 = Csc(s).

This means that we can first find a set of pseudomodes that solve the last equation,
which is the TTCFs generated by Jsc in Eq. (3.23), and then rescale back the results
to obtain pseudomodes that generate the original TTCFs.

As we anticipated in Section 2.3, we will not be able to find an exact solution of this
last equation with a finite number of pseudomodes only. Finding the solution involves
a non-trivial inversion problem (see Ref. [149]) and, in general, only an approximate
solution (e.g. by means of approximated Prony methods [164]) can be found. In any
case, the last equation is the same as the one determined in Ref. [35] for the bosonic
case, so the solution computed there for the bosonic MC is also valid in the fermionic
setting: given a tridiagonal NC ×NC complex matrix

M =



α1 β1 0 0 · · · 0
β1 α2 β2 0 · · · 0
0 β2 α3 β3 · · · 0
0 0 β3 α4 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · αNC


(3.42)

and a complex vector w ∈ CNC , the quantity ‖〈w, exp(tM)w〉−Csc(t)‖ is minimised
in the cases whenNC is equal to 6, 8 and 10. The coefficients αj , βj andwj solving the
minimisation problem are reported in Table 3.1. Given the equivalence, in the end, of
the structures of pseudomodes in the bosonic and the fermionic MCs, the observations
in [35] about how the expected semicircle spectral density of the residual environment
is well approximated by the surrogate pseudomode environment carry over to our case.
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3 MARKOVIAN CLOSURE FOR FERMIONIC ENVIRONMENTS

Going back to the original TTCFs in Eq. (3.41), by setting M = −iΛ′′ − 1
2Γ

′′

and w = ζ ′ we obtain the initial problem, of which we can then write the solution as

Λ(0) =


ω1 g1 0 · · · 0
g1 ω2 g2 · · · 0
0 g2 ω3 · · · 0
...

...
...

. . .
...

0 0 0 · · · ωNC

 (3.43)

and
Γ

(0)
ij = γjδij , (3.44)

where
ωj = Ω − 2K Imαj ,

gj = −2K Im βj ,

γj = −4K Reαj ,

ζj = Kwj .

(3.45)

This way, the minimisation of ‖〈w, exp(tM)w〉 − Csc(t)‖ is then equivalent to the
minimisation of ∥∥K2e−iΩtCsc(2Kt) − 〈BR(t)BR(0)†〉

∥∥ (3.46)

i.e. of ‖c0(t) − c′
0(t)‖, for all t ≥ 0. This is the recipe for obtaining the parameters

defining the pseudomodes that mimic the initially empty environment; the relative
solution for the initially filled environment follows immediately by using αj and βj

instead of αj and βj , respectively.
To wrap up this derivation, we have found that the auxiliary environment defined

by Eqs. (3.26), (3.43) and (3.44) is a collection of NC pseudomodes, with nearest-
neighbour interaction, undergoing local dissipation and each starting from the vacuum
state and interacting with the truncation site NE of the chain; this provides an FMC
for a TEDOPA chain of fermionic modes starting from the vacuum state. The pseu-
domodes mimicking the initially filled environment work in the same way, except that
the Lindblad operator D1 does not dissipate but absorbs particles from the external
(unmodeled) environment, injecting them into the system.2 In Fig. 3.2 we provide a

2The ‘cold’ closure, actually, still has a dissipative behaviour, but it does not dissipate particles, but rather
holes. In fact, holes are the proper way to describe the excitations of the ‘cold’ environment, that starts from
a completely filled state and is perturbed by the system. This perturbation creates holes in the initially filled
environment that travel along the chain, get scattered, and eventually reach the closure, where they are
dissipated away into the external environment. If we look at the particle balance, instead, the net effect is
that this side of the FMC injects particles into the system.
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3.2 Derivation of the fermionic Markovian closure

j Reαj Im βj Rewj Imwj

1 −1.60 · 10−2 7.85 · 10−1 2.74 · 10−5 −1.11 · 10−5

2 −1.48 · 10−10 −8.13 · 10−1 −4.79 · 10−1 3.99 · 10−1

3 −2.18 · 100 −1.08 · 100 6.34 · 10−6 −3.53 · 10−6

4 −1.44 · 10−11 −6.75 · 10−1 4.82 · 10−1 −3.84 · 10−1

5 −4.79 · 10−3 8.05 · 10−1 −1.40 · 10−6 2.45 · 10−6

6 −1.57 · 10−9 3.83 · 10−1 −2.93 · 10−1

j Reαj Im βj Rewj Imwj

1 −1.06 · 10−9 −8.88 · 10−1 −6.58 · 10−2 −2.48 · 10−1

2 −1.64 · 10−10 4.07 · 10−1 −1.31 · 10−1 3.47 · 10−2

3 −2.70 · 10−11 −9.96 · 10−1 −1.79 · 10−1 −6.75 · 10−1

4 −2.98 · 100 −1.49 · 100 1.92 · 10−2 −5.08 · 10−3

5 −1.02 · 10−9 −1.04 · 100 9.77 · 10−2 3.68 · 10−1

6 −3.61 · 10−9 −4.55 · 10−1 −1.36 · 10−1 3.60 · 10−2

7 −3.53 · 10−11 8.48 · 10−1 −1.06 · 10−1 −4.01 · 10−1

8 −3.73 · 10−11 −2.91 · 10−1 7.73 · 10−2

j Reαj Im βj Rewj Imwj

1 −3.43 · 10−1 1.13 · 100 −1.32 · 10−3 4.62 · 10−4

2 −8.67 · 10−5 1.05 · 100 3.32 · 10−3 5.49 · 10−4

3 −2.73 · 100 −1.08 · 100 −2.40 · 10−3 −1.48 · 10−3

4 −7.09 · 10−1 8.35 · 10−1 1.94 · 10−2 −3.55 · 10−2

5 −3.24 · 10−6 −6.04 · 10−1 −3.32 · 10−2 −1.20 · 10−2

6 −4.50 · 10−7 −5.09 · 10−1 1.04 · 10−1 −3.53 · 10−1

7 −2.79 · 10−6 6.77 · 10−1 1.21 · 10−1 2.08 · 10−2

8 −9.48 · 10−5 1.61 · 10−1 1.65 · 10−1 −8.17 · 10−1

9 −1.37 · 10−3 −9.51 · 10−1 −1.21 · 10−1 −4.45 · 10−3

10 −5.95 · 10−6 4.72 · 10−2 −3.67 · 10−1

Table 3.1. Universal parameters for the MC for NC equal to 6, 8 and 10 (from top to bottom).
In all three cases Imαj and Reβj are zero for all j.
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S

S

initial state: completely empty initial state: completely filled

Figure 3.2. The chain-mapped system of Fig. 3.1 before and after truncating the TEDOPA
chains and replacing the residual environments, on both the initially empty and initially filled
side, with pseudomodes.

graphical representation of the finite-size system resulting from the use of the FMC
construct. It is clear from the picture that we can expect a flow of particles/excitations
from the filled environment, which will constantly absorb particles from its reservoir,
through the system and into the empty environment, which will dissipate them away
into its reservoir.

We can see in Eq. (3.45) that the parameters needed to define the MC modes
depend on the original environments only through Ω and K, which are easily obtain-
able from the lower and upper bounds of the domain of the original spectral density
function, therefore it is very easy to determine the desired pseudomode parameters for
a chosen NC. An analysis of the accuracy of the approximation, which holds here as
well, is performed in the Supplemental Material of Ref. [35].

We remark that the semicircular density of states is not the only way the residual
environment can be described. Other fitting schemes have been proposed, e.g. in Refs.
[146, 165], which however target specific spectral densities. Moreover, different inter-
action patterns, e.g. with fully connected pseudomodes or next-nearest neighbour in-
teractions, and alternative methods for the determination of the closure coefficients, as
the one recently proposed in Refs. [166, 167], could be used to either reduce the num-
ber of modes in the closure or further reduce the approximation error. While a tailored
fitting procedure might produce, by directly replacing the original environment with
some pseudomodes and skipping the TEDOPA construction altogether, equivalent
environments with a smaller number of modes, the construction of the pseudomodes
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3.3 The fermionic Markovian closure as a tensor network

via the FMC method is a more generic and straightforward approach which does not
rely on particular features of the initial spectral densities.

The FMC method, as well as its the original bosonic version, is not the only way
to embed a non-Markovian dynamics in a Markovian one. In the reaction coordinate
approach, used for example in Refs. [163, 168, 169] a set of central, collective degrees
of freedom of the environment (the reaction coordinate) is identified and extracted.
The reaction coordinates and the open system form then a new ‘supersystem’, that is re-
sponsible for non-Markovian behaviour and short-time dynamics, and in turn interacts
with a residual environment, such that this dynamics can be described by employing
standard Markovian weak-coupling techniques. Just as the MC, this method allows
capturing non-Markovian effects quantitatively at strong system-bath coupling and
for structured baths. The chain mapping and the pseudomodes in the MC method
clearly share many similarities to the reaction coordinates. Pseudomodes, however,
arise from a quite abstract derivation, entirely based on the TTCF equivalence, which
is very general but does not tell us how exactly they represent the residual environment
besides the TTCFs. In fact, a question that remains open is whether we can use the
state of the pseudomodes to infer any physical information, such as the mean energy or
occupation number, about the modes of the residual environment we have replaced.

3.3 The fermionicMarkovian closure as a tensor network

In rest of this chapter we will benchmark the FMC construction by testing it on a
concrete model, the single-impurity Anderson model (SIAM) [101]. Generally, this
model describes electrons, for which we would have two fermionic levels σ ∈ {↑, ↓}
(representing the spin degrees of freedom) making up the system Hamiltonian

HS = ε↑a
†
↑a↑ + ε↓a

†
↓a↓ + Ua†

↑a↑a
†
↓a↓. (3.47)

In the continuum limit the environment—also composed of electrons—can be de-
scribed by the following Hamiltonian operators:

HE =
∑

σ∈{↑,↓}

∫
X

xf†
σ,xfσ,x dx,

HI =
∑

σ∈{↑,↓}

∫
X

√
J(x)(f†

σ,xaσ + a†
σfσ,x) dx

(3.48)

for some spectral density function J , starting from the thermal state at a given temper-
ature and chemical potential. For the most part we will consider the non-interacting
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version, i.e. a particular instance of this model in which U = 0. In this version, the sys-
tem does not couple the two spin degrees of freedom, which are therefore completely
independent: we can consider then a single spin component only, and instead of elec-
trons we will speak of spinless fermions, i.e. each mode will represent just a two level
(empty/occupied) degree of freedom.

After the transformation we described in the previous section, we transform the
initial model into a system such as in Fig. 3.2, described by the following operators.
For more clarity, we denote by a the annihilation/creation operators relative to the
system, with b those relative to the TEDOPA chains (what is left of them) and with
c those relative to the pseudomodes. We call 0 the ‘hot’ environment and 1 the ‘cold’
one.

H = HS +HE,0 +HC,0 +HE,1 +HC,1 (3.49)

where

HS = εa†a,

HE,α = ηα(a†bα,1 + b†
α,1a) +

NE∑
n=1

ωα,nb
†
α,nbα,n +

+
NE−1∑
n=1

κα,n(b†
α,nbα,n+1 + b†

α,n+1bα,n),

HC,α =
NC∑

n=1
να,nc

†
α,ncα,n +

NC∑
n=1

(ζα,nb
†
α,NE

cα,n + ζα,nc
†
α,nbα,NE

) +

+
NC−1∑
n=1

λα,n(c†
α,ncα,n+1 + c†

α,n+1cα,n).

(3.50)

together with the Lindblad operators

D0 =
NC∑

n=1
γ0,n

(
cα,nρc

†
α,n − 1

2 {c†
α,ncα,n, ρ}

)
D1 =

NC∑
n=1

γ1,n

(
c†

α,nρcα,n − 1
2 {cα,nc

†
α,n, ρ}

) (3.51)

make up the master equation

ρ̇t = L(ρt) = −i[H, ρt] + D0(ρt) + D1(ρt). (3.52)
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With respect to the unitary picture, we see that there are new hurdles we must
overcome if we want our simulation to be efficient, therefore we must be more careful
in how we shape the TN representing the system.

1. The FMC structure is not one-dimensional, so we need to introduce long-range
couplings if we want to represent it as an MPS.

2. TheGKSL equation resulting from the FMCconstruction forces us to usemixed
states. We can still use MPSs, but we need to double the size of the local Hilbert
space on each mode.

3. The presence of a mixed state means also that classical correlations, in addition
to quantum ones, will emerge during the time evolution, possibly increasing the
bond dimension necessary for an MPS simulation.

4. The TN representation can be more efficient when some quantities (e.g. parity,
number of particles) are conserved in the time evolution, by using sparse arrays
for the MPS tensors. Even when the original Hamiltonian conserves such quan-
tities, though, it is not immediately clear whether the transformation into the
FMC system preserves this property.

With respect to the bosonic MC scheme, additionally, in the most general setting
there are now two environments, with the OQS in the middle. This means that we
can expect a significant amount of correlation, both quantum and classical, to build up
across the two leads.

Here is how we can address these issues. The number of pseudomodes usually
needed to represent the residual environments is small, and in this case it suffices to
‘flatten’ the pseudomodes into a linear configuration, at the cost of creating non-nearest-
neighbour interactions between the sites (see Fig. 3.3).

Unfortunately, other simple TN topologies would not be viable representations.
For example, a tree TN, whose time evolution is also computable with the TDVP
algorithm [170], cannot (directly) represent the system we are considering, because the
FMC does not have a tree structure since the pseudomodes interact with each other. A
simple MPS, for which we already know efficient evolution algorithms, appears then
to be the best compromise.

Once we have chosen the MPS representation, there does not appear to be a way
to avoid doubling the dimension of the local Hilbert spaces, but there are several ways
to do that. We will use the superfermion formalism we saw in Section 1.4, where the
doubling translates to adding an auxiliary mode, of the same shape, to each physical
one. We prefer this method because the auxiliary modes are fermions, too, so they
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S

SS

Figure 3.3. TN layout representing the application of the FMC on both environment chains.
Squares denote a pair of a physical mode and the relative auxiliary mode; lines denotes coupling
terms between modes. Top: original flattened layout. Bottom: interleaved layout.

seamlessly integrate with the already existing physical structure. With this formalism,
however, only the parity of the system is conserved (by design) during the time evo-
lution, but with an additional trick we can restore the conservation of the number of
fermions.

With the superfermion formalism, denoting the auxiliary modes with a tilde, we
transform the terms in Eq. (3.52) following Eq. (1.71). The Hamiltonian part is very
simple: for the ρt 7→ Hρt term of the commutator, we just interpret the canonical
creation and annihilation operators as their superfermionic counterpart, for example

ωα,nb
†
α,nbα,nρ 7→ V (ωα,nb

†
α,nbα,nρ) = ωα,nb

†
α,nbα,nV (ρ), (3.53)

while in the ρt 7→ ρtH we replace all operators with their auxiliary counterparts, and
move them to the left:

ωα,nρb
†
α,nbα,n 7→ V (ωα,nρb

†
α,nbα,n) = ωα,nb̃

†
α,nb̃α,nV (ρ). (3.54)

Denoting with [H,−] the map ρ 7→ [H, ρ], we get

[HS,−] = εa†a− εã†ã, (3.55)
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3.3 The fermionic Markovian closure as a tensor network

[HE,α,−] = ηα(a†bα,1 + b†
α,1a− ã†b̃α,1 − b̃†

α,1ã) +

+
NE∑

n=1
ωα,n(b†

α,nbα,n − b̃†
α,nb̃α,n) +

+
NE−1∑
n=1

κα,n(b†
α,nbα,n+1 + b†

α,n+1bα,n − b̃†
α,nb̃α,n+1 − b̃†

α,n+1b̃α,n),

(3.56)

[HC,α,−] =
NC∑

n=1
να,n(c†

α,ncα,n − c̃†
α,nc̃α,n) +

+
NC∑

n=1
(ζα,nb̃

†
α,NE

c̃α,n + ζα,nc̃
†
α,nb̃α,NE +

− ζα,nb̃
†
α,NE

c̃α,n − ζα,nc̃
†
α,nb̃α,NE) +

+
NC−1∑
n=1

λα,n(c†
α,ncα,n+1 + c†

α,n+1cα,n +

− c̃†
α,nc̃α,n+1 − c̃†

α,n+1c̃α,n),

(3.57)

D0 =
NC∑

n=1
γ0,n

(
−c0,nc̃0,n − 1

2c
†
0,nc0,n − 1

2 c̃
†
0,nc̃0,n

)
, (3.58)

D1 =
NC∑

n=1
γ1,n

(
c†
1,nc̃

†
1,n + 1

2c
†
1,nc1,n + 1

2 c̃
†
1,nc̃1,n − 1

)
. (3.59)

All these operators act on the state V (ρ) by multiplying it on the left. Note that the
physical and auxiliary modes are not coupled by the unitary part: the terms −c0,nc̃0,n

and c†
1,nc̃

†
1,n in the Lindblad operators Dα are the only ones connecting them: dissi-

pation by the ‘hot’ environment is described by a pair of annihilation operators, one
on the physical and one on the relative auxiliary mode, while absorption by the ‘cold’
environment is described by a pair of creation operators.

It is evident that exactly these two terms in Eqs. (3.58) and (3.59) do not conserve
the particle number. To remedy this issue, as pointed out in Ref. [92], we ‘invert’
the auxiliary modes, switching particles and holes via a simple c̃k ↔ c̃†

k canonical
transformation. We can see in fact that all the other terms (which do conserve the
particle number) involve either two physical modes or two auxiliary modes, therefore
the particle-hole inversion would change either none or both of them, preserving the
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3 MARKOVIAN CLOSURE FOR FERMIONIC ENVIRONMENTS

number-conserving property. In the offending terms instead only one of the factor
changes, and they become

−c0,nc̃
†
0,n and c†

1,nc̃1,n (3.60)

respectively: they now conserve the number of fermions. In the end, without intro-
ducing new symbols, the particle-hole inversion on the auxiliary modes transforms the
previous operators in

[HS,−] = εa†a+ εã†ã, (3.61)

[HE,α,−] = ηα(a†bα,1 + b†
α,1a+ ã†b̃α,1 + b̃†

α,1ã) +

+
NE∑

n=1
ωα,n(b†

α,nbα,n + b̃†
α,nb̃α,n) +

+
NE−1∑
n=1

κα,n(b†
α,nbα,n+1 + b†

α,n+1bα,n + b̃†
α,nb̃α,n+1 + b̃†

α,n+1b̃α,n),

(3.62)

[HC,α,−] =
NC∑

n=1
να,n(c†

α,ncα,n + c̃†
α,nc̃α,n) +

+
NC∑

n=1
(ζα,nb̃

†
α,NE

c̃α,n + ζα,nc̃
†
α,nb̃α,NE

+

+ ζα,nb̃
†
α,NE

c̃α,n + ζα,nc̃
†
α,nb̃α,NE

) +

+
NC−1∑
n=1

λα,n(c†
α,ncα,n+1 + c†

α,n+1cα,n +

+ c̃†
α,nc̃α,n+1 + c̃†

α,n+1c̃α,n),

(3.63)

D0 =
NC∑

n=1
γ0,n

(
−c0,nc̃

†
0,n − 1

2c
†
0,nc0,n − 1

2 c̃0,nc̃
†
0,n

)
, (3.64)

D1 =
NC∑

n=1
γ1,n

(
c†
1,nc̃1,n + 1

2c
†
1,nc1,n + 1

2 c̃1,nc̃
†
1,n − 1

)
. (3.65)

In the Hamiltonian part, we rearranged the terms into a normal form by taking advan-
tage of the CARs: in this case the multiples of 1 produced by the anticommutation
cancel out; we cannot do the same thing in the Lindblad operators.
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3.4 Exact solution with Gaussian states

The next step is to convert the antisymmetric structure of the fermion Fock space
into a standard tensor-product space, in order to be able to encode states and operators
into an MPS. We will use the Jordan-Wigner mapping, for which we need to choose
a specific enumeration of the sites, flattening the system onto a line. The naive way
of doing it would separate the ‘hot’ and the ‘cold’ environment on opposite sides of
the central system. However, as shown in [157], we expect that a significant amount
of correlation will build up between the two environments. This configuration would
therefore lead to the appearance of long-range correlations, ultimately causing a sig-
nificant increase in the bond dimensions in the middle of the MPS, which may be
prohibitive for our numerical simulations. An alternative enumeration is introduced
in Ref. [157]: we interleave the two environments, alternating a mode from the empty
environment with one from the full one; we keep the auxiliary modes close to their
associated physical modes. This is applied already at the level of the unitary dynamics,
i.e. on the TEDOPA chains with no FMC yet. A similar result holds for bosonic envi-
ronments as well, as noted in Ref. [171], where it is also shown how this configuration,
resulting in a simple MPS, can also be more efficient than more complex TNs.

In the interleaved configuration, the open system is put at one edge of the linear
chain (see Fig. 3.3). The two environments are brought ‘closer’ (in the TN topology) to
each other, allowing us to use a lower overall bond dimension in the MPS; to do so, we
pay the price of transforming the original nearest-neighbour interactions of HE into
coupling operators spanning four sites: between cα,n and cα,n+1 we find the auxiliary
mode of the former, and two modes from the opposite environment.

3.4 Exact solution with Gaussian states

In the time evolution of the MPS, with the FMC we are introducing another approx-
imation error, so it is not always easy to discern whether the errors are coming from
the MPS time-evolution algorithm, from having bond dimensions which are too low
or from the FMC itself. With the exact solution at our disposal, we will be able to
analyse the FMC-related error directly, without the other issues interfering. Once the
FMC error is ruled out, it will be easier to know how far we need to increase the bond
dimension of the MPS representation of the state, by comparing the MPS solution
with the exact one. In practice, we select a few operators, let the state evolve for a
certain time (ideally until it reaches its steady state) and then compare the expectation
values of those operators over time, setting a threshold that the MPS evolution needs
to satisfy.

If the system Hamiltonian is quadratic, then every term of the GKSL equation is
quadratic, so it mapsGaussian states intoGaussian states; in this case, the evolved state
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Figure 3.4. Numbering scheme for the superfermionic modes, as in Section 3.4. Each site
shows the name of the annihilation operator related to it.

ρt is completely determined by the TTCFs such as tr(b†
nbmρt). We can therefore try

to compute an exact solution of the equation, at least numerically: we will not obtain
an analytic solution, but we will have a differential equation that can be solved efficiently
with arbitrary numerical precision. By evolving the matrix of TTCFs directly, instead
of the state MPS, it will be sufficient to perform computations on a N × N matrix
(where N is the number of modes): the complexity is only polynomial in N .

Together with the superfermion formalism, we can write the time-evolution differ-
ential equation of the TTCF in a very simple way, as follows. We assume the system
is composed of a single fermionic mode, which starts from the occupied state. First of
all, let us use a common notation for all modes. LetM ..= NE +NC: we have in total
M + 1 physical modes and just as many auxiliary modes. We will use the following
scheme to name the modes in a uniform way:

c0,NC · · · c0,1 b0,NE · · · b0,1 a b1,1 · · · b1,NE c1,1 · · · c1,NC

f−M · · · f−NE−1 f−NE · · · f−1 f0 f1 · · · fNE fNE+1 · · · fM

(the previous naming scheme is illustrated in Fig. 3.4, for reference).
We join physical and auxiliary modes in a single vector of 2(2M + 1) creation and

annihilation operators

φ = ( f−M f−M+1 · · · fM f̃†
−M f̃†

−M+1 · · · f̃†
M )T.

and in terms of the φj operators we have a new set of CARs

{φj , φk} = 0, {φ†
j , φ

†
k} = 0, {φj , φ

†
k} = δjk1. (3.66)

Since the equations will be more convoluted than usual, we use in this section the
superfermion notation introduced in Section 1.4.2; recall that V is the ‘vectorisation
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3.4 Exact solution with Gaussian states

map’ from the original space of states S(H), containing density matrices, to H ⊗ H,
containing vectors, where H is the antisymmetric Fock space of 2M + 1 fermionic
modes.

We start by writing the vectorisation of L(ρ), that is V (L(ρ)), with f† and f̃ on
the left, and f and f̃† on the right in every term by making use of the CARs. We
call H the (Hermitian) matrix containing all parameters coming from the unitary part
of the evolution, i.e. the −i[H,−] term, and Γ0 and Γ1 the matrices containing the
dissipation/absorption rates, equal to Γ (0) and Γ (1) from Section 3.2 (in particular
Γ (0) appears in Eq. (3.44)), respectively, extended as zero on the rest of the system:

Γ0,nm
..= Θ(n ≤ −NE − 1)δnmγ

(0)
−n−NE

=

=

{
δnmγ

(0)
−n−NE

−NC −NE ≤ n ≤ −NE − 1,
0 otherwise,

(3.67)

and similarly Γ1,nm
..= Θ(n ≥ NE + 1)δnmγ

(1)
n−NE

. We find

V (L(ρ)) =
M∑

j,k=−M

[
−iHjkf

†
j fk − iHjk f̃

†
k f̃j + Γ0,jk(f̃†

kfj − 1
2f

†
kfj + 1

2 f̃
†
j f̃k) +

+ Γ1,jk(f†
j f̃k + 1

2f
†
j fk − 1

2 f̃
†
k f̃j)

]
V (ρ) +

+
M∑

j=−M

(iHjj + 1
2Γ0,jj − 1

2Γ1,jj)V (ρ) =

=
M∑

j,k=−M

[
(−iHjk − 1

2Γ0,jk + 1
2Γ1,jk)f†

j fk +

+ (−iHkj + 1
2Γ0,jk − 1

2Γ1,jk)f̃†
j f̃k +

+ Γ0,jkf̃
†
j fk + Γ1,jkf

†
j f̃k

]
V (ρ) + tr

(
iH − 1

2 (Γ1 + Γ0)
)
V (ρ)

(3.68)

so we can write V (L(ρ)) as LV (ρ) where

L = φ†
(

−iH + 1
2 (Γ1 − Γ0) Γ1
Γ0 −iH − 1

2 (Γ1 − Γ0)

)
K

φ+ tr
(
iH − 1

2 (Γ1 + Γ0)
)
1.

(3.69)
Now that we have reshaped the GKSL equation in this very simple form, we com-

pute the time evolution of expectation values of pairs of physical operators, tr(ρtf
†
j fk),
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3 MARKOVIAN CLOSURE FOR FERMIONIC ENVIRONMENTS

from which we can extract the expectation values of all relevant physical operators, due
to the Gaussianity of the evolution. In the vectorised setting the time evolution works
as follows: for a generic operatorX on H, call X̃ its counterpart in the enlarged space
H ⊗ H, such that X̃V (ρ) = V (Xρ):

tr(Xρt) = 〈V (1), V (Xρt)〉 = 〈V (1), X̃V (ρt)〉 = 〈V (1), X̃ exp(tL)V (ρ0)〉 =
= 〈V (1), exp(tL) exp(−tL)X̃ exp(tL)V (ρ0)〉 =
= 〈exp(tL′)V (1), exp(−tL)X̃ exp(tL)V (ρ0)〉 (3.70)

Now exp(tL′)V (1) = V (1), whereL′ is the adjoint ofL, sinceL′V (1) = 0, therefore

tr(Xρt) = 〈V (1), exp(−tL)X̃ exp(tL)V (ρ0)〉 (3.71)

from which we can see that exp(−tL)X̃ exp(tL) is the vectorisation of the time-
evolved operator Xt in the original formulation. Now, we are interested in the value
of

tr(f†
j fkρt) = 〈V (1), V (f†

j fkρt)〉 =

= 〈V (1), f†
j fkV (ρt)〉 = 〈V (1), φ†

j+M+1φk+M+1V (ρt)〉 (3.72)

for 1 ≤ n,m ≤ 2M + 1. We want therefore to compute the evolution over time of
the matrix

Bnm(t) ..= 〈V (1), φ†
nφmV (ρt)〉. (3.73)

The time evolution of a single mode operator is computed from the differential equa-
tion

∂tφj(t) = ∂t

(
exp(−tL)φj exp(tL)

)
= [φj(t), φ†Kφ] =

2M∑
l=−2M

Kjlφl(t) (3.74)

from which we see that the vector of operators φ evolves as φ(t) = exp(tK)φ. Con-
sequently,

Bnm(t) = 〈V (1), φ†
nφmV (ρt)〉 =

= 〈V (1), exp(−tL)φ†
n exp(tL) exp(−tL)φm exp(tL)V (ρ0)〉 =

=
2M∑

j,l=−2M

〈V (1), exp(−tK)jnφ
†
j exp(tK)mlφlV (ρ0)〉

(3.75)
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3.4 Exact solution with Gaussian states

or, more compactly,

B(t) = exp(−tKT)B(0) exp(tKT). (3.76)

We can write B(t) as the block matrix

B(t) =
(
B(1) B(2)

B(3) B(4)

)
(3.77)

where, for n,m ∈ {1, 2, . . . , 2M + 1},

B(1)
nm = 〈V (1), f†

n−M−1fm−M−1V (ρt)〉 = tr(ρtf
†
n−M−1fm−M−1),

B(2)
nm = 〈V (1), f†

n−M−1f̃
†
m−M−1V (ρt)〉 = tr(ρtfm−M−1f

†
n−M−1),

B(3)
nm = 〈V (1), f̃n−M−1fm−M−1V (ρt)〉 = tr(ρtf

†
n−M−1fm−M−1),

B(4)
nm = 〈V (1), f̃n−M−1f̃

†
m−M−1V (ρt)〉 = tr(ρtfm−M−1f

†
n−M−1).

(3.78)

By defining the matrix R(t) as Rjk(t) ..= tr(ρtf
†
j fk), which is Hermitian, we can

then write
B(t) =

(
R(t) I − R(t)
R(t) I − R(t)

)
. (3.79)

At the beginning of the time evolution we have Rjk(0) = tr(ρ0f
†
j fk) = 0 unless

j = k > 0 where it equals one (the modes with j = k > 0 correspond to the ‘cold’
environment), and j = k = 0 where we have the initial population of the open system
at the centre.

3.4.1 Solution
We compute here a numerical solution to Eq. (3.76). The exponential character of the
evolution, and the fact that the generator is not anti-Hermitian, are such that as t grows
the components of the exp(±tKT) matrix become either really small or really large,
thus we first need to fine-tune the actual calculation in order to avoid numerical issues.
One precaution to avoid this is to evolve the state not by computing Eq. (3.76) directly
at any t, but evolving the B matrix step by step, i.e. once by partitioning the [0, tf]
interval into a sequence (0, t1, t2, . . . , tn ≡ tf) and compute a sequence of matrices
(B(ti))n

i=0 with

B(ti) = exp
(
−(ti − ti−1)KT)

B(ti−1) exp
(
(ti − ti−1)KT)

. (3.80)
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Figure 3.5. Expectation value of the population of the open system from the solution of
Eq. (3.76) (FMC) compared with a reference solution, computed by integrating the equation
obtained with a truncated TEDOPA.

If the ti − ti−1 steps are small enough, then the matrix elements do not diverge. If the
time step is uniform this is also a much faster method since we only need to exponen-
tiate the generator twice.

We compute a concrete solution to the following setting, derived from Refs. [157,
158]: a non-interacting SIAM with the impurity, starting from the occupied state of
energy ε = −π/8, in contact with an environment described by a semicircle spectral
density

J(x) = 1
10π

√
x(2 − x) (3.81)

on the domain [0, 2], with temperature T = 0.4 and chemical potential µ = 0.2.
As a figure of merit, we plot the occupation number of the open system, 〈nS(t)〉 =
〈V (1), f†

0f0V (ρt)〉, comparing it with a numerical solution of the differential equation
of the TEDOPA system (without the FMC). Figure 3.5 shows the result of calcula-
tions performed with a uniform time step of 0.2. Unfortunately, even with a step-by-
step evolution the solution clearly diverges from the correct path.

This issue can be traced back to the fact that, due to the finite precision of floating-
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Figure 3.6. Expectation value of the population of the open system from the solution of
Eq. (3.76), obtained enforcing the form in Eq. (3.79) after each time step. The inset plot shows
the absolute difference between the FMC plot and a reference solution computed by integrating
the equations obtained with a truncated TEDOPA.

point calculations, and the very different orders of magnitude appearing in K and in
its spectrum, the correlation matrix deviates from the form illustrated in Eq. (3.79) as
the evolution proceeds. These deviations accumulate exponentially over time, causing
the appearance of spurious populations in the unphysical modes, and resulting in a
dramatic divergence from the expected result as in Fig. 3.5. A simple solution to this
problem is to enforce, after each time step, that the correlation matrix B(t) has the
form of Eq. (3.79), with R(t) a Hermitian matrix. The result is shown in Fig. 3.6.

3.5 Numerical analysis of theMPS solution

We put the FMC technique to the test in a true MPS setting, as promised in Sec-
tion 3.3, with the TN described in that chapter, as in Fig. 3.3. Since the FMC gives
rise to long-range interactions once we flatten the system onto an MPS, we can either
use TEBD with swap operators or TDVP, that can deal with arbitrary interaction ge-
ometries. We choose the TDVP algorithm, namely the one-site version, imposing the
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conservation of particle number and using sparse tensors to represent the state and the
observables, for increased efficiency. As anticipated in Section 1.3.3, because we have
long-range interactions, we need to artificially increase the bond dimensions of the
MPS at the beginning of the evolution. The initial bond dimension will not change
throughout the time evolution, since the one-site TDVP algorithm keeps it constant.
Therefore, in order to judge whether the chosen bond dimension is sufficient, we run
different simulations with an increasing initial bond dimension, until the results we
are interested in have satisfactorily converged.3

3.5.1 Correlation functions
Since the FMC method is entirely built on the fact that the environment correlation
functions completely determine the dynamics of the open system, we can quickly check
whether the approximation is working by making sure that, in fact, the open system
‘sees’ the expected correlation functions, at least to a sufficient degree of approximation.
To this purpose we choose for the SIAM environment a non-trivial example, merging
the two semicircle spectral densities

JL(x) = 1
2π

√
x(2 − x), TL = 0.2, µL = 1,

JR(x) = 1
4π

√
x(2 − x), TR = 1, µR = 1

4 ,
(3.82)

both defined on the domain [0, 2]. Through the procedure detailed in the previous
chapters we derive the two equivalent environments

J0(x) =
∑

α∈{L,R}

1
e−x/Tα + 1

Jα(x+ µα),

J1(x) =
∑

α∈{L,R}

1
ex/Tα + 1

Jα(x+ µα),
(3.83)

and reshape the respective environments with the chain mapping: the top half of
Fig. 3.7 shows how the chain coefficients converge towards their asymptotic values.
We apply the FMC leaving NE = 13 or NE = 20 chain sites and adding NC = 6
pseudomodes on each side: we choose these numbers so that for n > NE the distance
of the n-th coefficients from their asymptotic value is less than 10−2 forNE = 13, and

3The adaptive TDVP scheme of [84] could be used to dynamically adjust the bond dimensions, but
in our numerical simulations we observed that the bond dimensions saturate very quickly during the initial
transient regime of the evolution. The advantage of a flexible bond dimension would therefore be confined
only to a small initial window, and for this reason we stuck with the standard TDVP algorithm.
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3.5 Numerical analysis of the MPS solution

less than 5 × 10−3 for NE = 20. We then reproduced the spectral densities by calcu-
lating the inverse Fourier transform of the correlation function, which for the initially
empty environment gives the following function

1
π

Re
∫ +∞

0
eixtη2

0 tr
(
b0,1Φt(b†

0,1|∅0,F1〉〈∅0,F1|)
)

dt (3.84)

of the frequency x, where b0,1 is the annihilation operator of the first mode of the
chain derived from the initially empty environment (see Eq. (3.50)), and Φt the time-
evolution map, i.e. exp(tL) where L is the Lindbladian operator fixed byHE,0,HC,0
andD0 from Eqs. (3.50) and (3.51). An analogous formula holds for the initially filled
environment. We run the simulation up until t = 400; this truncation, that we cannot
avoid, introduces artefacts in the Fourier transform. We smooth them out by multi-
plying the correlation function by an exponentially decaying factor exp(−gt2) with
g such that the resulting product is 10−15 at t = 400. This does not alter the corre-
lation function significantly since it is already exponentially decaying. We can see in
Fig. 3.7 that the expected and simulated spectral densities are in very good agreement:
the absolute difference is at worst 1 × 10−2, at the non-differentiable points. Since
we can compute the correlation function only for a finite amount of physical time, we
expect, after all, that this procedure is not able to describe correctly the spectral density
function in a neighbourhood of its non-differentiable points.

3.5.2 Accuracy of MPS simulations
We now perform a full MPS simulation of the same configuration as in Section 3.4,
considering the non-interacting SIAM with ε = −π/8 and the environment charac-
terised by the spectral density of Eq. (3.81).

In Figs. 3.8 and 3.9 we compare our approach to standard TEDOPA, i.e. without
the Markovian closure, and to the exact solution with Gaussian states developed in
Section 3.4, with the solution obtained by integrating the ODE of the TEDOPA
system taken as our reference result. We show the time evolution expectation value of
the population of the impurity site. In both figures different closure sizes (forNC equal
to 6, 8 and 10) attached to the truncation point of the TEDOPA chain are considered.

We observe that the MPS formulation of the FMC in Fig. 3.8 deviates from the
reference solution by 1–2 orders of magnitude more than the exact solution obtained
with the Gaussian state formalism: the discrepancy however is present (albeit smaller)
in the TEDOPA MPS simulation, too, which strongly suggests that the MPS repre-
sentation of the FMC is not inherently worse than the one of the TEDOPA system.

The number NC of pseudomodes does not have a strong effect on the accuracy of
the simulations: counter-intuitively, the use of a larger number of pseudomodes does
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Figure 3.7. Top: convergence of chain coefficients of the equivalent ‘hot’ (0) and ‘cold’ (1)
environments obtained from the spectral densities in Eq. (3.82). Bottom: comparison of the
simulated (solid lines) correlation functions of the equivalent environments, computed with
Eq. (3.84), against the expected ones (dashed lines). The inset plot shows the absolute error
between simulated and expected functions. Plots with darker colours represent simulations with
NE = 20, lighter ones with NE = 13.
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Figure 3.8. Population of the open system, starting from a filled state, comparing the FMC and
standard TEDOPA methods on a spinless SIAM simulation with Ω = [0, 2], µ = 0.2 and
T = 0.4, NE = 6, ε = −π/8. Inset: absolute error between MPS simulations and the exact
TEDOPA solution of Fig. 3.6, taken as a reference curve.
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Figure 3.9. Population of the open system, starting from a filled state, comparing the FMC
and standard TEDOPA methods on a spinless SIAM simulation with Ω = [0, 2], µ = 1,
T = 0.4 and NE = 6, ε = −π/8. Inset: absolute error between MPS simulations and the
exact TEDOPA solution, in the same way as in Fig. 3.8.
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not necessarily improve the quality of the results. As observed in Ref. [35], this can
be related to the fact that theNC = 8 closure better approximates the residual spectral
density near the border of the domain than the NC = 10 one. The quality of the ap-
proximation of the semicircle spectral density at the edges of the support impacts on
low- and high-momentum components of the wave-packet travelling along the chain.
The effect of the deviations from the ideal spectral density in these regions, therefore,
strongly depends on the excitation dynamics on the chain, which is, in turn, deter-
mined by the chain coefficients. Unbalanced environments, namely when the support
of the spectral density Jβ,µ(ω) is not symmetric with respect to the chemical potential,
will lead to different system-chain coupling strength ηα (see Eq. (3.50)) for the vacuum
and filled chains. This asymmetry is responsible for the generation of slowly travelling
packets, which, due to the chain momentum/energy dispersion relation, sample the
frequency region where the approximation of the asymptotic spectral density is less
accurate. If the chemical potential sits at the middle point of the domain of the spec-
tral density, as in the case considered in Fig. 3.9, the situation is more favourable: the
system-chain couplings ηα have the same magnitude and the FMC performs better,
without a significant difference between the three NC = 6, 8, 10 cases.

The accuracy does not depend also on NE, i.e. how many sites we leave on the
original chains before we attach the FMC; if we increase this parameter, the errors due
to the FMC start to appear at a later time (as expected), but then they increase until
they reach the same value. It is clear from the plots in Figs. 3.10 and 3.11 that the
chain coefficients are very close to their asymptotic values already from n = 5, which
motivates the choices forNE in the simulations shown in the main text. IncreasingNE
would increase the numerical costs in general, since the system would be bigger, and
possibly the bond dimension too, so we do not see any practical advantage in choosing
bigger values for this parameter.

The FMC can be extended straightforwardly to the spinful case of the SIAM,
i.e. the interacting model, just by using spinful fermions as modes instead of spin-
less ones; the simulations become inevitably much more costly than the ones we have
already seen, since the local dimension increases from 22 = 4 to 42 = 16. In this
case, as discussed in Ref. [152], a simulation in the Heisenberg picture, which in our
vectorised setting involves minimal modifications to the time-evolution algorithm, al-
lows us to use an overall lower bond dimension, at the price of being able to simulate
the evolution of only a specific observable. In Fig. 3.12 we compare the results in the
spinful case obtained by a Heisenberg-picture simulation of the FMC system, with
Eq. (3.81) as spectral density, ε↑ = ε↓ = −π/8 and U = −π/4, T = 0.4 and µ = 1.
This time, because of the quartic term Ua†

↑a↑a
†
↓a↓ describing the interactions between

the two spin degrees of freedom, the model is not Gaussian, therefore we have no exact
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Figure 3.10. Top: absolute distance between chain coefficients of the equivalent environments
in Fig. 3.9. The blue and red lines coincide, since µ = 1 lies in the middle of the support,
consequently J0(x) = J1(µ − x), which leads to Ω = 1, ω0,n − Ω = −(ω1,n − Ω) and
κ0,n = κ1,n for all n. Bottom: comparison of the simulated (solid lines) correlation functions
of the equivalent environments, computed with Eq. (3.84), against the expected ones (dashed
lines). The inset plot shows the absolute error between simulated and expected functions.
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Figure 3.11. Top: absolute distance between chain coefficients of the equivalent environments
of the simulations in Fig. 3.8. Bottom: comparison of the simulated (solid lines) correlation
functions of the equivalent environments, computed with Eq. (3.84), against the expected ones
(dashed lines). The inset plot shows the absolute error between simulated and expected func-
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Figure 3.12. Expectation value of the total population 〈nS,↑(t) + nS,↓(t)〉 of the system site
in the spinful SIAM: we show an FMC simulation in the Heisenberg picture, with J as in
Eq. (3.81), ε↑ = ε↓ = −π/8, U = −2ε↑, T = 0.4 and µ = 1, and a standard TEDOPA one
taken as a reference. Inset: absolute error between FMC and TEDOPA simulations.

solution at our disposal: we compare the FMC results with a simple TEDOPA-only
simulation. We observe that after a reasonably long initial transient period the FMC
has introduced an error of the order of 10−3, just as in the spinless case. These results
show that the FMC method provides an accurate representation, even in a TN form,
of the influence of the environment on the dynamics of the OQS.
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3.5.3 Computational cost
For a given chain of length L, the complexity of a TEDOPA simulation scales as
O(Ltmax(dχ)3) [153], where d is the local dimension, χ the bond dimension of the
MPS, and tmax the total physical simulation time. In a uniform TEDOPA chain, the
excitations propagate at rate that equals twice the coupling constant between the sites.
In a typical TEDOPA simulation the asymptotic value of the coupling constant,K, is
a good estimate of the actual propagation speed if the coefficient, site by site, converges
relatively quickly towards this value. The chain should therefore contain at least 2Ktmax
sites if we want to avoid that the excitations ‘bounce back’, creating artefacts due to the
finite size; with L = Ktmax we get that the TEDOPA complexity is O(Kt2maxd

3χ3).
In FMC simulations, the size of the system (i.e. its length L) is fixed, but d gets

squared and the required bond dimension χ′ is generally higher than χ, in order to
account for classical (in addition to quantum) correlations and the presence of longer-
range interactions: overall we find O(tmaxd

6χ′3). Whether the FMC is an advantage
over standard TEDOPA depends on how much χ′ needs to be higher than χ.

Given these scaling properties, it is clear that the FMC can be an advantage over
a standard TEDOPA simulation only if we want to study long-time dynamics, when
the t2max-dependence of the latter can overcome the simpler tmax-dependence of the
former. We will show an example of this in this section. This tells us that the two
methods are really meant to be used in different situations:

• a standard TEDOPA simulation is more efficient, even with very long chains, if
the entanglement is low, effectively making use of the favourable scaling prop-
erties of matrix-product states;

• the FMC method works best with very long simulations or if the whole system
develops moderate levels of entanglement, in which case the determination of
the evolution of long chains would require very long computational times.

It is however important to stress that, if the open system starts from a mixed state
or if there are Lindblad terms acting on the open system (e.g. dephasing terms), so
that both TEDOPA and FMC simulation methods have to deal with density matrices
from the start, and thus with a d6 dependence on the local dimension, then the FMC
provides a clear major speed-up, which is not limited to long-time simulations, due to
its naturally finite size.

The possibility to reach longer physical times can be beneficial e.g. for the compu-
tation of spectral functions: usually, extrapolation of the retarded or advanced Green
functions by means of some ingenious method, such as linear prediction [172], is
needed. The determination of the retarded Green’s function typically requires the
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preparation of some equilibrium state through an adiabatic evolution from a simple
initial state. This evolution must be sufficiently slow so as to reach the correct equilib-
rium state, so that one can easily end up with very long TEDOPA chains in order to
accommodate a high tmax. We try out this scheme on the non-interacting model, fol-
lowing the technique presented in Ref. [157]: system and environment are initialised
in a product state, then they are evolved using a time-dependent Hamiltonian where
the system-environment interaction term is slowly ramped up from zero to its actual
value.

We use the spectral density J as in Eq. (3.81) and ε = −π/8. At the beginning of
the evolution, our open system is in the empty state and the environment in its thermal
equilibrium state with T = 0.4 and µ = 1; the composite system is slowly evolved
under the Hamiltonian H(t) = HE + r(t)(HI + HS) where r(t) = min{1, t/τ},
τ = 20, until t = 100. Figure 3.13 displays the results of this procedure: we take a
standard TEDOPA simulation as a reference. We found that a bond dimension equal
to 200 is sufficient for an FMC structure with NE = 6 and NC = 6 to obtain a state
ρMC such that, if ρTEDOPA is the state obtained with a standard TEDOPA evolution,
|tr(A(ρMC − ρTEDOPA))| < 10−3 for local and non-local observables A acting on
the common sites between the two systems, i.e. on the open system and on the first
NE sites on each environment chain. We show at last in Fig. 3.14 the difference in
computational time between the standard TEDOPA and FMC simulations used to
compute these equilibrium states. The plot illustrates the wall-clock time required for
each time step in the relaxation phase (i.e. when t > τ ) of the adiabatic evolution
towards an equilibrium state, considering environments of various lengths. In this
situation, entanglement is slowly spreading along the chain, requiring more and more
time for each sweep of the TDVP algorithm in the normal TEDOPA cases. This can
be explained by observing that while the operations on the tensors, especially thematrix
decompositions, admit a general dependence on the dimensions of the involved tensors,
they can also depend on the actual values of the coefficients of the tensors. For example,
the SVD algorithm found in commonly used linear algebra libraries terminates sooner
if fewer singular values are not zero (or above the cutoff we have set to discard them):
the operations can then, in practice, perform better than what the reported scaling
suggests. In the case of Fig. 3.14, in particular, the tensor operations are more efficient
in the regions of the TEDOPA chain far from the central system, and for this reason
the time required for each step is not constant in time—even though it increases if
the chain is longer—but generally increases as the evolution proceeds (and eventually
settles on a final value). With the FMC, instead, the entanglement increases and
spreads rapidly at the beginning (which here already happened in the ramp-up phase
of the adiabatic evolution, not shown) and reaches very soon the maximum quantity
allowed by the limited bond dimension. After this point, the computational time

98



3.5 Numerical analysis of the MPS solution

0

0.2

0.4

0.6

⟨n
S(

t)
⟩

NC = 6
NC = 8
TEDOPA

0 20 40 60 80 100

0.94

0.96

0.98

1

t

⟨n
E

,1
|N

E
(t

)⟩

0 20 40 60 80 100
10−13

10−10

10−7

10−4

0 20 40 60 80 100
10−7

10−6

10−5

10−4

Figure 3.13. Adiabatic evolution of non-interacting SIAM with T = 0.4, µ = 1, ε = − π
8

and J given by Eq. (3.81). Population of the open system (top frame) and of the last site before
the FMC in the chain of the initially filled environment (bottom frame). The composite system
is evolved from a product state towards a state where the impurity is in equilibrium with the
environment. Insets: absolute error between the FMC and TEDOPA simulations.
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remains constant as the evolution goes on.
This example clearly shows that the FMC can reduce the time complexity of the

simulation and is more efficient than standard TEDOPA when long chains and mod-
erate levels of entanglement are involved.

3.5.4 Technical improvements
The comparison of the time evolution obtained with normal TEDOPA and with the
FMC, considering several systems and environments, has proven to be a satisfactory
match as far as the expectation values of operators and the environment correlation
functions were concerned.

There are of course some improvements that can be studied in order to enhance the
performance of the FMC method. While the quality of the results obtained by means
of FMC is already more than satisfying, we could look for a better parameterisation of
the closure, e.g. by means of the techniques introduced in Refs. [166, 167], in order
to improve the accuracy of the fitting of the asymptotic spectral density, as well as
fermion-to-spin representations leading to a decrease of the entanglement in the TN.
Another improvement comes from using a different factorisation technique for the re-
orthogonalisation of the MPS during a TDVP sweep, where the cost of a traditional
SVD decomposition can become very demanding (it scales as (dχ)3 where d is the
local dimension and χ the bond dimension) especially in the spinful case where d = 16.
The reduced-rank randomised SVD [173] has a more favourable scaling with respect to
the standard SVD, and might be useful to speed up the calculations. In situations
where the memory of the environment saturates on time scales which are shorter than
relaxation, the dynamical map extraction technique shown in [92, 174] can be used to
compute equilibrium TTCFs by extrapolating the initial transient dynamics beyond
the memory time of the environment, up to the stationary regime. We finally observe
that, for very long simulation times that exceed the memory time of the environment,
the transfer tensors formalism [175] can be used to further enhance efficiency.
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Figure 3.14. Top: wall-clock time required with standard TEDOPA for each step of the relax-
ation phase of the system described in Fig. 3.13, for different tmax (shown alongside the curves).
While the duration of individual steps (lighter curves) can vary due to situational factors, we ob-
serve a clear increasing trend (straight, darker lines), and the increase is steeper when the chain
is longer. Bottom: wall-clock time required for the whole evolution in the top figure, showing
the how the FMC outperforms standard TEDOPA over long times.
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Quantum simulation of a many-body chaotic system 4

In recent years considerable effort has been devoted to the design of quantum com-
puters with an increasing number of qubits and capable of executing circuits with the
best possible accuracy. The information handled by quantum computers is extremely
fragile, and building devices that can shield it from noise, or correct errors that emerge
during the computation, is a very difficult engineering challenge. For example, qubits
can interact with each other in uncontrolled ways, leading to differences between the
expected and the actual calculations. The qubits may also interact with the external
environment, causing decoherence phenomena to such an extent that the quantum be-
haviour of the system is partially or completely lost during the circuit execution. Some
amount of physical error is inevitable, but if the physical error rate is kept below a cer-
tain threshold then, through the application of error-correction schemes, the logical
error rate can be suppressed to arbitrarily low levels, making the computer fault toler-
ant—essentially correcting errors faster than they appear [45–47]. While research on
designing and building better and more resilient quantum computers continues, and
several new advanced error-correction schemes are being devised, quantum computers
available today are noisy and with a relatively small size: they are commonly called
noisy intermediate-scale quantum (NISQ) devices [54].

Among the various possible application of quantum computers, we find their use
as simulators, as already theorised by Richard Feynman [176]. By virtue of being quan-
tum systems themselves, quantum computers are well-suited to simulate the behaviour
of other quantum systems such as complex molecules or materials. The parameters of
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the physical quantum platform can be tuned to match the behaviour of the system be-
ing studied, whose dynamics can be investigated bymeasuring the state on the platform.
In particular, quantum circuits with local unitaries have emerged as a rich playground
for the exploration of many-body quantum dynamics of discrete-time systems, which
can be implemented exactly, without being subject to discretisation errors due e.g. to
the Suzuki-Trotter approximation. This digitalisation of the dynamics of quantum sys-
tems can be applied to investigate, for example, the behaviour ofmeasurement-induced
phase transitions [177], ergodic phases of many-body systems [178], phase transitions
in random unitary circuit models [179].

In this chapter we will analyse a particular quantum-computing experiment which
involves dual-unitary (DU) circuits [59], a class of quantum circuits with specific uni-
tarity properties which allows the exact computation of some properties of the system
that would typically be very hard to calculate. DU circuits have recently attracted at-
tention because they are an analytically tractable model of quantum chaos, which is an
interesting open problem in many-body physics. A number of measures have been
proposed to characterise whether a quantum system can be said to be chaotic: for ex-
ample, from the point of view of spectral statistics, a chaotic system possesses an energy
spectrum with correlations described by random matrix theory [60]; from the point
of view of dynamical complexity, instead, it is a system where local-operator entangle-
ment grows linearly over time [180, 181]. In DU circuits, many of these measures can
be computed analytically, and in most cases, these systems turn out to be maximally
chaotic [60]. This makes DU systems interesting because we have a chaotic system that
can be studied analytically without it necessarily being an integrable model. Since they
can be studied classically, DU systems have also found some use as a testing ground for
benchmarking quantum processors, as in Refs. [56, 182]. The intrinsic locality of the
interaction, moreover, makes them particularly well suited to run on current quantum
processors, where error-mitigation techniques can be used to recover the ideal (noise-
less) value of physical quantities by processing the output of the quantum device on a
classical computer [183–185]. However, in cases where we cannot have an exact ana-
lytical formula for the quantity of interest, verifying the results at non-trivial scales is
a highly complex task. One of the possible methods to benchmark these devices is to
run a classical simulation of the calculations and to compare the results with the ones
obtained on quantum hardware. An exact description of the computer’s state at any
time during the execution of a circuit is usually possible only for a very small number
of qubits, because of the exponential scaling of the Hilbert space dimensions with the
number of qubits; the most common approach is therefore to build an approximate
representation of the state, for example by means of TNs.

The drawing of a set of one-, two- or three-site local operators applied sequentially
to an MPS has a stark resemblance to a logic circuit where a sequence of gates is
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applied to the input state: it is not surprising then that TNs are widely used to describe
gate-based quantum computers. Quantum objects such as state vectors, mixed states,
operators and channels can be encoded into TNs, so that the execution of a quantum
circuit can be simulated on a classical computer. Since one of the main features that
makes quantum computers powerful is their ability to entangle qubits and perform
calculations on them, and since the MPS representation becomes more expensive as
the state entanglement increases, we expect classical simulation with MPSs to become
unfeasible as we increase the number of qubits. Nevertheless, in the case of NISQ
devices, TNs can still contribute to the simulation in different ways:

• by performing a simulation of the noisy output, which can validate the theoret-
ical model describing the noise and error sources;

• by using them to perform error mitigation on the results, instead of a full simu-
lation.

Both cases, as we will see, lie more readily within the reach of TN tools. In the experi-
ment presented in this chapter TNs will be employed not only for a straight simulation
of the execution of the quantum circuit, but also to perform benchmark simulations
for the noise model of the computer, as well as to apply a particular error-mitigation
scheme aimed at recovering an approximation of the ideal state from the noise-affected
output.

4.1 Dual-unitary circuits

Given a two-mode operatorU : H⊗H → H⊗H, and an orthonormal basis {|ei〉}i∈I
on H, from the components

U =
∑

i,j,k,l∈I

Ui,j,k,l|ek, el〉〈ei, ej | (4.1)

one defines a dual operator by

UD ..=
∑

i,j,k,l∈I

Ui,j,k,l|ej , el〉〈ei, ek| (4.2)

through a shuffling of two input/output subsystems of U (we have swapped j and k
in the bra/ket indices). If both U and UD are unitary operators, then U is called dual
unitary (DU). When viewed as a two-qubit gate, a DU operator gate can be seen as a
gate that is unitary when viewed as a propagator along the ‘spatial’ direction as well as
the ‘temporal’ direction.

105



4 QUANTUM SIMULATION OF A MANY-BODY CHAOTIC SYSTEM

U U† = U U†
=

Figure 4.1. Cancellation rules for unitary and dual-unitary gates. The left half shows the usual
rule for unitary gates: a two-qubit unitary gate U composed with its adjoint U† returns 1 ⊗ 1,
the identity on both qubits. If U is also dual unitary, then the cancellation rule on the right
applies as well, yielding another way to simplify gates in a circuit.

DU circuits, which will be the primary focus of the simulations in this chapter,
consist of N qubits (labelled with n ∈ {0, 1, . . . , N − 1}) evolving by a brickwork
pattern of DU gates Un,n+1 [59, 180, 186]. The brickwork is composed of ‘even’ and
‘odd’ layers of DU gates,

Ueven =
b N

2 c−1⊗
j=0

U2j,2j+1 and Uodd =
b N

2 c⊗
j=1

U2j−1,2j (4.3)

respectively, repeated one after the other.
A periodic gate structure such as this one can be associated to a class of interesting

physical systems, periodically driven systems, which are widely used as one of the sim-
plest settings that can display chaos, a famous example being the kicked rotor [187].
Recent motivation to study these systems comes from trying to understand many-body
physics as well as from quantum information [188]. Floquet’s theorem [189] states
that for a periodically driven system we can write the evolution operator U(t′, t) as

U(t′, t) = exp(−iKt′) exp(−i(t′ − t)H) exp(iKt) (4.4)

whereKt is a time-dependent, periodic Hermitian operator, andH is a time-indepen-
dent Hamiltonian. These systems are sometimes easy to understand: for example in
the kicked-rotor case the propagator is written as the product of two other propagators,
U = V1V2 where V1 is the kinetic term and V2 the potential; still, it can result in rich
physics even when the constituents V1 and V2 alone (provided they do not commute)
have simple non-chaotic dynamics. Continuing this splitting idea one can write U in
terms of individual two-qubit gates as in quantum computation, resulting in a quantum
circuit. Such formulation is also extremely handy for modern numerical simulation
methods based on MPSs.
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4.1.1 The kicked Ising model

A natural example of a chaotic model with local interactions, on a finite Hilbert space,
in the class of DU systems is the kicked Ising model [190, 191]. It describes a classical
Ising model subject to a longitudinal magnetic field,

HI = J

N−2∑
n=0

ZnZn+1 + h

N−1∑
n=0

Zn, (4.5)

which is periodically ‘kicked’ by a transverse field

HK = b

N−1∑
n=0

Xn, (4.6)

where Xn, Yn, Zn are the local Pauli operators on qubit n.
We will see now how we can represent the time evolution of the kicked Ising model

with a quantum circuit made of two-qubit DU gates. The kicked Ising model is de-
scribed by the time-dependent Hamiltonian:

HKI(t) = HI +
∑
m∈Z

δ(t−m)HK, (4.7)

that generates the time-evolution operator over one period (which in this case is equal
to 1) [192]

UKI = e−iHKe−iHI , (4.8)

which is the form of Floquet’s theorem in Eq. (4.4), with t′ = 1 and t → 0+, so
that only one kick is included in a single period. We can therefore view the temporal
evolution of this system as a sequence of discrete steps, at each of which we apply
UKI to the state. This means that we can exactly represent the propagator UKI with a
sequence of quantum gates. This is a very convenient feature of the kicked Ising model,
in that the continuous time evolution does not require a Suzuki-Trotter approximation
in order to be digitally simulated.

This Floquet evolution can be implemented through a brickwork circuit where the
two-qubit building blocks are specified by the model parameters h, J , and b. The
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propagator can be written as

UKI = exp
(

−ib
∑
n
Xn

)
exp

(
−iJ

∑
n
ZnZn+1

)
exp

(
−ih

∑
n
Zn

)
=

h b

h b

h b

h b

h b

h b

J

J

J

J

J

...

...
(4.9)

where we have introduced the gates

J = exp(−iJZ ⊗ Z), b = exp(−ibX), h = exp(−ihZ). (4.10)

Now, consider the two-qubit gate

Un,n+1 = exp(−ihZn) exp(−iJZnZn+1) exp(−ib(Xn +Xn+1)) ·

· exp(−iJZnZn + 1) exp(−ihZn) =
h

J
b

b
J

h
(4.11)

A brickwork circuit made up of this gate consists of an even and an odd layer of gates
as in Eq. (4.3), repeated periodically. Two time steps of the brickwork are given by

U = UoddUeven =

U

U

U

U

U

U

U

...

...

=

h

h

h

J

J

J

b

b

b

b

b

b

b

b

J

J

J

h

h

h

h

h

h

h

h

J

J

J

J

b

b

b

b

b

b

b

b

J

J

J

J

h

h

h

...

...

(4.12)

108



4.1 Dual-unitary circuits

Define the unitary operator

Σ =

N−1
2∏

n=1
exp(−iJZ2n+1Z2n)

N−1
2∏

n=1
exp(−ihZ2n+1) =

h

h

h

J

J

J

J

...

...

(4.13)

and consider the circuit given by

Σ†UΣ =

h

h

h

h

h

h

h

h

J

J

J

J

J

J

J

b

b

b

b

b

b

b

b

J

J

J

h

h

h

h

h

h

h

h

J

J

J

J

b

b

b

b

b

b

b

b

...

...

(4.14)

Using the fact that the h-gates and the J-gates commute, and comparing Eq. (4.14)
with the circuit diagram for UKI in Eq. (4.9), we can see that Σ†UΣ is equal to two
periods of the Floquet unitary operator of the kicked Ising model:

Σ†UΣ = U2
KI. (4.15)

This shows that the Floquet unitary for the kicked Ising model can be related to a
brickwork circuit with a fixed two-qubit gate given by Eq. (4.11).

For |J | = |b| = π/4 the Un,n+1 gates are dual-unitary, for any choice of h [193].
If h = 0 the model is integrable, as it can be mapped to free fermions via a Jordan-
Wigner transformation: the corresponding brickwork circuit is composed of Clifford
gates, and circuits consisting of Clifford gates only can be efficiently simulated with a
classical computer, as stated by the Gottesman–Knill theorem [194]. In general, for
other choices of h, the model is not integrable, yet analytical solutions exist for the
time evolution of certain correlation functions.
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4.2 Experiment on the quantum computer

In this section we comment briefly on how the experiment was run on the quantum
computer and on the results, in order to establish the context in which the TN simu-
lations were performed.

4.2.1 Setup
Weassume that the number of qubitsN is odd, andwe initialise the quantum computer
in the state

|ψ0〉 = |+〉 ⊗ |ψBell〉⊗ N−1
2 . |ψBell〉 = 1√

2
(|0〉 ⊗ |0〉 + |1〉 ⊗ |1〉) (4.16)

that prepares the 0-th qubit in the state |+〉 = 1√
2 (|0〉 + |1〉) and all other qubits in

a product of Bell pairs |ψBell〉 (for all qubit pairs i, i+ 1, with i ∈ {1, 3, . . . , N − 2}).
We want to measure the function t 7→ 〈ψ0|Xn(t)|ψ0〉, where Xn(t) is the Pauli X
operator on the n-th qubit evolved withUKI in theHeisenberg picture. Figure 4.2 (step
1) depicts, for example, the circuit representing 2 N−1

2 〈ψ0|Xn(t)|ψ0〉 with n = t =
N−1

2 . Bell pairs are represented as simple arcs connecting the qubits, since applying
a two-qubit gate to |ψBell〉 is equivalent, except for the

√
2 normalisation factor, to

connecting (i.e. contracting) the input legs of the gate:

√
2 (〈ei| ⊗ 〈ej |)A⊗B|ψBell〉 =

1∑
l=0

〈ei|A|ek〉〈ej |B |ek〉. (4.17)

If the system is at one of its DU points, i.e. if |J | = |b| = π/4, then using the DU
cancellation rules of Fig. 4.1 we can simplify the circuit representing 〈ψ0|Xt(t)|ψ0〉 as
in Fig. 4.2. The result is

〈ψ0|Xt(t)|ψ0〉 = 〈+|Tt
U (X)|+〉 (4.18)

where TU : L(H) → L(H) is the map

A 7→ 1
2

tr2
(
U†(1 ⊗A)U

)
= 1

2 A
U U†

(4.19)

in which tr2 is the partial trace on the second factor. This map, with our DU gate
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U = exp(−ihZ ⊗ 1) exp(−iJZ ⊗ Z) exp(−ib(X ⊗ 1 + 1 ⊗X)) ·
· exp(−iJZ ⊗ Z) exp(−ihZ ⊗ 1) (4.20)

and |b| = |J | = π/4, is such that

TU (1) = 1,

TU (X) = cos(2h)X + sin(2h)Y,
TU (Y ) = 0,
TU (Z) = 0,

(4.21)

therefore 〈ψ0|Xt(t)|ψ0〉 = cos(2h)t. With a similar reasoning we can prove that
〈ψ0|Xn(t)|ψ0〉 = 0 if n 6= t.

Noting that |+〉〈+| = 1
2 (1 +X) and that tr(TU (X)) = 0, we can also write

〈ψ0|Xt(t)|ψ0〉 = 1
2

tr
(
XTt

U (X)
)
. (4.22)

From Fig. 4.2 we observe that the final expression we arrive at is identical to the one
given in [59] where an infinite-temperature initial state ρ∞ = 2−N1 is used in place
of our Bell pairs.1 We have therefore an intuitive physical interpretation for our expec-
tation value: it is equivalent to the infinite-temperature auto-correlation function

Cn(t) = tr
(
ρ∞X0(0)Xn(t)

)
, (4.23)

Let us briefly sum up what we have derived in this section. We have seen how in a
brickwork circuit of DU gates limits information spread not only within a light-cone
shape in the ‘temporal’ direction, that is for t < n, but also in the ‘spatial’ direction for
n < t. As a result, non-zero correlations are only found on the ‘diagonal’ of the circuit
where t = n. The expectation value we are interested in can be computed exactly: for
odd N and t ≤ (N − 1)/2,

〈ψ0|Xn(t)|ψ0〉 = Cn(t) =

{
cos(2h)t if n = t

0 otherwise,
(4.24)

On the light cone, the auto-correlation function is constant at the integrable Clifford
point h = 0, but otherwise decays exponentially in time. When the circuit is not
DU, the equivalence with the infinite-temperature model and Eq. (4.24) do not hold
anymore. We expect anyway that when the parameters are tuned slightly away from
the DU points, the spreading of information will still be, for the most part, confined
near the diagonal of the circuit.

1This equivalence holds as long as N ≥ 2t + 1, which will always be the case in this experiment.
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+ +

X

1
+ +

X

2

+ +

X

3
+ +

X

4

Figure 4.2. (1) Calculation of 2
N+1

2 〈ψ0|Xt(t)|ψ0〉 in a DU circuit with N = 7 qubits, and
t = 3, where each red block represents a DU gate U and blue blocks represent U†. (2) Unitary
gates cancel with their adjoints, leaving only gates within the light cone defined by the |+〉
state on the first qubit and the Xt gate in the middle. (3) The DU property of the gates allows
us to further simplify the expression. The first pair of gates we can simplify, as in Fig. 4.1, is
highlighted in green. (4) By using the DU cancellation rules we can then remove all gates which
lie off the diagonals joining the |+〉 state and the Xt operator. We can also join the two + into
the |+〉〈+| operator, thereby exactly replicating the diagrams in [59].

4.2.2 Measurement

The most general kind of measurement of a quantum system is described by a posi-
tive operator-valued measure (POVM), that is a set {Πk}M

k=1 ⊆ L(H) of positive
semi-definite operators that sum to the identity.2 An elementΠk of the POVM, also
called effect, is associated with the measurement outcome k, such that the probability
of obtaining it when performing a measurement on the state ρ is given by tr(ρΠk).
We call a POVM informationally complete if, in addition, its effects span L(H). To
an informationally complete (IC) POVM one can associate a dual frame, that is a set

2We consider here only the discrete case, which is enough for our experiment as we only deal with
finite-dimensional Hilbert spaces.
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{Dk}M
k=1 of Hermitian operators such that

A =
M∑

k=1

tr(DkA)Πk (4.25)

for any operatorA. This means that the expectation value of an observableA on a state
ρ can be written as

tr(ρA) =
M∑

k=1

tr(DkA) tr(ρΠk) = tr
( M∑

k=1

tr(ρΠk)DkA

)
(4.26)

and we can write, therefore,

ρ =
M∑

k=1

tr(ρΠk)Dk (4.27)

meaning that we can reconstruct the state from the average of the dual operators over
the probabilities tr(ρΠk). Equation (4.27) is a generic decomposition of the state in
terms of the effects and their duals, and if we actually used such a formula to recon-
struct ρ from the measurements the computational cost would scale exponentially with
the number of qubits, as in a full state tomography procedure [195]. However, we are
not interested in knowing the final state of the quantum device, but rather in measur-
ing Eq. (4.24), and we can optimise the measurement procedure towards this goal. We
consider as our IC POVM a set of projective single-qubit measurements in the eigen-
bases of the Pauli operatorsX,Y, Z. On each qubit, for each circuit run, we choose one
of the effects according to a set probability pX , pY , pZ , namely pX = pY = pZ = 1

3
for all qubits but the n-th qubit (the one associated with the observableXn of interest),
for which pX = 8

10 and pY = pZ = 1
10 .The full-system POVM is then determined

by the tensor products of the elements of the single-qubit POVMs effects, and the
associated dual operators.

ΠZ,+ = pZ |0〉〈0|, ΠZ,− = pZ |1〉〈1|,
ΠX,+ = pX |+〉〈+|, ΠX,− = pX |−〉〈−|,
ΠY,+ = pY |i〉〈i|, ΠY,− = pY |−i〉〈−i|

(4.28)

with |±〉 ..= 1√
2 (|0〉 ± |1〉) and |±i〉 ..= 1√

2 (|0〉 ± i|1〉), with respective dual operators

Dα,± = 1
2

(
1 ± 1

pα
Pα

)
, (4.29)
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for α ∈ {X,Y, Z}, where the Pα are Pauli matrices. Suppose we performed a series
of measurements yielding a sequence S of results, each of which is a list of elements
(α, σ) ∈ {X,Y, Z} × {+,−}, one for each qubit. We can estimate the circuit output
by

ρS = 1
|S|

∑
s∈S

Ds, (4.30)

and we can define an (unbiased) estimator for the expectation value of an observable
A as [196, 197]

Ā = 1
|S|

∑
s∈S

tr(DsA). (4.31)

In practice, we do not perform the measurements independently from one another:
instead of randomly drawing a new set of effects from Eq. (4.28) for each run of the
circuit, which is impractical for large-scale problems, we run the circuit with the same
effects several times. This means that we need to correct the formula for the variance to
address this. Calling M the set of different circuit settings (i.e. of effects), and Sm the
set of outcomes for each setting m ∈ M, we collect a total number of |M||S| shots.
Denoting by ξm the average outcome for a given settingm ∈ M, The appropriate way
to compute the variance in this case is [58]

VarA = 1
|M|2|Sm|2

∑
m∈M

∑
s∈Sm

(s− ξm)2 + 1
|M|2

∑
m∈M

(ξm − 〈A〉)2. (4.32)

The DU circuit, for several values of h, was implemented and run with up to 91 su-
perconducting transmon qubits and 4095 two-qubit gates on IBM’s ‘Eagle’ processor
ibm_strasbourg [198]. The experiment was then extended beyond the analytically
tractable points, by tuning b away from π/4. When decomposed into the native gate
set of the quantum processor, each two-qubit block of Eq. (4.12) is transpiled into a se-
quence that includes two entangling echoed cross-resonance gate (ECR) gates. Thus,
each odd (even) layer is built from two entangling layers of parallel ECR gates on odd
(even) neighbouring qubit pairs, interleaved with layers of single-qubit gates.

4.3 Noise mitigation

The results are affected by various sources of noise and unwanted interference during
the execution of the circuit. For the purposes of this section, we distinguish three types
of noise.
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• State preparation and measurement (SPAM) errors arise when the qubits fail
to be initialised the intended state, for example due to thermal excitations, or
because operations on one qubit affect the state of another during preparation
or measurement.

• Coherent errors occur in the gate operations, a unitary type of error, which can
involve small unexpected rotations acting anywhere on the qubits. A typical
situation where this arises is when frequencies of oscillator qubits are misaligned:
this results in systematic unitary over- or under-rotations of their states [199].

• Incoherent errors occur because of the entanglement of the qubits with the ex-
ternal environment.

The first technique used to suppress errors is Pauli twirling: for every parameter
configuration, several instances of circuits that implement the same global unitary but
differ in their single-qubit gate layers are run. In other words, independent, random,
single-qubit gates are introduced into the logical circuit in such a way that the effective
logical circuit remains unchanged, but the noise is effectively converted into a stochas-
tic Pauli channel [200], i.e. a channel E that maps an n-qubit state ρ to

E(ρ) =
∑

P ∈P ⊗n

cPPρP
†, (4.33)

where P⊗n is the set of the 4n n-qubit Pauli operators and the coefficients cP are
a probability distribution over P⊗n. Pauli twirling transforms coherent errors into
incoherent errors: it does not suppress errors per se, but transforms them into errors
that are easier to characterise and mitigate, e.g. with the techniques we will introduce
later.

There exist standard readout error mitigation techniques that address SPAM errors
such as the one presented in Refs. [201, 202]. In this instance, this kind of error was
characterised for all qubits by measuring the single-qubit 〈0|Zi |0〉 expectation values
while twirling the readout [203]: deviations from the expected value (of zero) were
used to correct the final result.

4.3.1 Tensor-network error mitigation
The techniques introduced in the previous section do not eliminate all errors: the left-
over noise is tackled by the tensor-network error mitigation (TEM) method, intro-
duced in [58]. The basic idea behind TEM is to construct an approximate and efficient
noise-cancelling map as a TN which maps the noisy state produced by the quantum
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device to the ideal noiseless state. We assume that the calculation ideally performed
by the circuit is described by a sequence (Ul)L

l=1 of unitary layers, and (Nl)L
l=1 are

quantum channels describing the effects of noise on each layer, such that the ideal and
noisy circuits are described by

C = UL ◦ · · · ◦ U2 ◦ U1, C̃ = UL ◦ NL ◦ · · · ◦ U2 ◦ N2 ◦ U1 ◦ N1, (4.34)

respectively. The TEM algorithm works by constructing an MPO that, applied to the
final state of the noisy circuit written as a TN, reconstructs the ideal state, as follows:

ρideal = C ◦ C̃−1(ρnoisy) =
= UL ◦ · · · ◦ U2 ◦ U1 ◦ N−1

1 ◦ U−1
1 ◦ N−1

2 ◦ U−1
2 ◦ · · · ◦ N−1

L ◦ U−1
L (ρnoisy).

(4.35)

Constructing the TEM map M = C ◦ C̃−1 as in Eq. (4.35) by concatenating the
constituent maps layer by layer, in order, would lead to a complexity growing exponen-
tially in the number of layers: it would be equivalent to simulating the circuit exactly.
However, the computation is made efficient via the recurrence relation

Ml = Ul ◦ Ml−1 ◦ N−1
l ◦ U−1

l , M0 = 1, (4.36)

since every unitary layer Ul and corresponding inverse noisy layer N−1
l ◦U−1

l approxi-
mately cancel each other. Both Ul and N−1

l allow a TN representation in the form of
an MPO of bond dimension 4, so the mapM is constructed via recurrent conventional
TN contractions of MPOs. In practice, however, we need to compress the MPO at
each iteration, therefore in the end we obtain an approximate map capturing the most
significant contributions.

In order to apply the TEM map to the output, we first need an MPO representa-
tion of the final noisy state; this can be done with the IC measurements described in
Section 4.2.2. Since we chose an IC POVM which is a product of single-qubit effects,
each operatorDk of the dual frame (which is also a product of single-qubit operators)
can be immediately written in MPS form, as the vectorisation of anMPO. In principle,
we could then take the average of these MPSs as in Eq. (4.30), apply the TEM mapM
to the result and in the end compute the expectation value on the error-mitigated state.
Realistically, we want to avoid adding MPSs together, as it can be a computationally
heavy operation (see e.g. [62, Sec. 4.3]), so we are better off calculating the expectation
value as

〈A〉 =
M∑

i=1
tr

(
AM(Dsi

)
)
, (4.37)
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Figure 4.3. Schematic of the TEM algorithm. (a) Circuit on the quantum hardware (which
also includes the gates used to create the initial state from |0〉⊗N ), with noise channels Nl

acting before the unitary layers Ul. (b) Measurement with an IC POVM to whose outcomes
we assign a dual operator D. (c) Inverse of the noisy circuit. (d) Ideal circuit. The TEM map,
outlined in red, is constructed as a sequence of contractions and compression of the layers, from
the middle out. In the end, the observable is applied to the error-mitigated data.

that is applying the TEM map to the individual MPS of the duals, computing the
expectation value for each term separately and then taking the average at the very end.

Once we know the TEM mapM, we can also use it to understand how to optimise
the measurement procedure, i.e. how to adjust our POVM in order to capture as much
information as possible not on the final state in general, but on the data needed for
estimating the observable of interest. Provided the compression errors are reasonably
small, the average value of the TEM-modified observable M†(A) in the noisy state
is the same as the noiseless estimation of the original observable A. As explained
in Ref. [204], the main contribution in M†(A) is the rescaled original observable A,
i.e. M†(A) ≈ cA for some c ≥ 1. In the so-called typicality scenario, the dynamics
leads to each Pauli-string component of the observable branching into a vast number of
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strings, that is, ifA =
∑

p∈P⊗n app thenM†(p) is a linear combination of many Pauli
strings (with non-zero coefficient). In this scenario, the Pauli strings in A get damped
by the noise by a factor of the same order of magnitude as a randomly chosen Pauli
string. If A has a low Pauli weight, then the main contribution to the TEM-modified
observable has the same low Pauli weight, meaning it can be efficiently estimated with
high accuracy via qubit-wise IC measurements such as the POVM in Eq. (4.28). This
means, moreover, that the remaining part of the TEM-modified observable,M†(A)−
cA, can be essentially neglected as it does not contribute significantly to the average
value [204]. This is the reason why we choose a POVM which is skewed towards X
on the target qubit.

In our specific case, once we obtain M†(Xn) through a TN calculation, we look
at its decomposition into Pauli strings. We observe that discarding Pauli strings with
weight greater than 2 allows us to reproduce the ideal and noisy signals in the DU
regime. In non-DU circuits, the signal is simulable in the same way by keeping Pauli
strings with a slightly greater Pauli weight, up to about 10. The non-typicality of the
observable leads to high-Pauli-weight components in M†(Xn) − cXn that cannot be
neglected; however, the estimation of these contributions using Eq. (4.28) leads to
a large variance, which is exponential in the Pauli weight [205]. In this case, more
advanced and experimentally demanding measurement techniques [197, 205], that
adapt more to the modified observable, may be employed.

4.3.2 Noise model
The (approximate) noise-cancelling map M relies on a representative model of the
device noise: to this purpose we assume the noise follows the sparse Pauli-Lindblad
(SPL) model [183]. In this model, a noise channel N is determined by a Lindblad
generator

L =
∑
P ∈K

LP , LP (ρ) ..= λP (PρP † − ρ) (4.38)

where λp ≥ 0 and K is a subset of all n Pauli strings. Each individual LP in the sum
in Eq. (4.38) commutes with the others, so the channel N = expL can be written as

N =
P ∈K

expLP , (expLP )(ρ) = e−2λP + 1
2

ρ+ e−2λP − 1
2

PρP †. (4.39)

The terms in K are chosen to reflect the noise interactions in the quantum processor,
and their number, which determines the model complexity and expressiveness, is usu-
ally assumed to scale polynomially in n and therefore allows us to describe the noise
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of the full device by a sparse representation, given by the small set of non-negative
coefficients λP .

Our quantum circuits consist of two unique entangling ECR layers, and we assume
that the noise channel associated with the respective layer is identical whenever the
layer appears in the circuit: for this reason we only need to characterise two noise
layers. In particular, we choose K so that it contains Pauli strings which are non-
trivial on single qubits or on consecutive pairs of qubits only, for a total of 3n+ 9(n−
1) potentially non-zero parameters λP . We refer the reader to the Supplementary
Material of Ref. [2] for a full account of the noise-learning protocol that allows us to
estimate the λP parameters. Essentially, they are obtained by fitting the SPL model
to fidelities obtained from cycle benchmarking circuits [206]. In addition, since this
procedure does not allow us to learn all parameters independently, we calibrated them
on the Clifford circuit representing the kicked Ising model at h = 0, b = J = π

4 as
well.

Once the two sets of λP parameters, for each of the two ECR layers, are deter-
mined, we need to write them as MPOs in order to use them in the TEM algorithm,
as well as in the MPS simulation. Since the noise channel consists essentially of Pauli
strings, a natural basis for states and operators to write the TNs in is the PTM repre-
sentation (see Section 1.4), where for one qubit we take as a basis set for the space of
states the four Pauli matrices {I,X, Y, Z}, and for n qubits we simply take the tensor
product of the single-qubit basis with itself n times. This basis is particularly conve-
nient also because the noise channels become diagonal matrices, as illustrated in Ref.
[58], thus both the TN form of the noise channel N and its inverse can be trivially
written: the result is an MPO of bond dimension 4.

4.3.3 Performance of error mitigation
Applying an error mitigation technique, such as TEM, to the output of a quantum
computation results in an associated computational cost, usually referred to as sam-
pling overhead, which is a multiplicative factor in the number of circuit executions
needed to get the same estimation accuracy as in the noiseless scenario. The sampling
overhead is known to scale exponentially in both the circuit volume and the error rate
[207, 208]. Despite the exponential scaling, error mitigation may still be feasible if the
error rate is small enough. Ref. [204] reviews TEM alongside two other established
mitigation strategies, zero-noise extrapolation (ZNE) [56] and probabilistic error can-
cellation (PEC) [183, 185]. These three techniques have in common their reliance
on noise characterisation for every essential circuit layer: error mitigation then boils
down to inverting the modelled noise. Calling ε the average error rate per qubit per
layer and V the circuit volume, i.e. the number of qubits times the number of layers,
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Ref. [204] shows how, assuming an SPL noise model for all three techniques, the sam-
pling overhead for PEC scales as exp(2εV ) while ZNE and TEM scale as exp(εV ).3
This is explained by the fact that while ZNE and TEM are tightly bound to a specific
observable which gets measured, PEC is not, therefore it is more general. Moreover,
ZNE and TEM differ in a prefactor to exp(εV ), which scales polynomially in εV for
ZNE and is constant for TEM. Assuming noise is weak, TEM actually achieves the
universal lower cost bounds [207] for the estimation of Pauli observables in large-scale
circuits.

4.4 Classical simulation

We benchmark the noisy and the noise-mitigated results against purely classical ap-
proximate simulations of the noisy and noiseless circuits, respectively, in both the
Schrödinger and Heisenberg picture by using TN techniques. In order to perform
a simulation which is as close as possible to what really happens on the quantum com-
puter, we do not use the ‘theoretical’ gates of Eq. (4.10) but the actual sequence of
native gates used by the device to perform the computation: we start from a |0〉⊗N

state and apply every gate exactly as the computer does, including the gates that pre-
pare the initial state in Eq. (4.16). This is particularly necessary because the noise
model is meant to be applied to the actual gates used by the device.

Each gate of the circuit, being a local single-qubit or two-qubit operator, has a
straightforward representation as a tensor with either two or four legs, respectively.
The gates can be then naturally grouped into layers according to the structure of the
circuit: starting from the first executed gate we collect all gates that commute with
it (and that can then be applied in parallel, at least theoretically) and create an MPO
by multiplying all the gate tensors together, and we proceed this way until we arrive
to the end of the circuit. Due the periodicity of the circuit, we need of course to do
this only for the first two Floquet steps (an ‘odd’ and an ‘even’ step). We obtain five
MPO layers for each Floquet step: some of them are trivial MPOs of bond dimension
1, when they are composed of single-qubit gates only, while the MPOs containing
ECR gates have bond dimension 2. In the noisy simulation, we also need to insert
the MPOs of the noise channels (as seen in Section 4.3.2) before the corresponding
ECR layer. At each step the MPO-MPS multiplication is performed with the density
matrix algorithm [74].

3In our experiment, we have seen how information in the DU case does not spread throughout the
whole circuit, but is limited to a smaller region. Even in the non-DU case, the light cone of the observable
is smaller than the whole circuit area roughly by half. In such cases where the causality-covered part C of
the circuit is significantly smaller than the whole volume, ε|C| should be used instead of εV .
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4.4 Classical simulation

We simulate the unitary evolution of an n-qubit pure state in the Schrödinger
picture by writing the (pure) state in the computational basis {|0〉, |1〉} of eigenstates
of Z for each qubit. The initial state |ψ0〉 of Eq. (4.16) has bond dimension 2. In
this situation, in order to speed up the computation, we do not apply the gates one by
one, but we compose them first into MPOs, as showed in Fig. 4.4, by grouping them
around the ECR gates. This operation can be performed exactly, since the maximum
bond dimension of the result is 2, due to the ECR gates alone: single-qubit gates do
not affect the entanglement and can be grouped, arbitrarily, with the ECR preceding or
following them, without affecting the bond dimensions of the resulting MPOs. Once
we group the gates into MPOs, to advance the circuit by a Floquet step we need only
apply two MPOs to the MPS of the current state: this is an efficient compromise
between applying many small objects to the MPS (individual gates) and applying a
few large ones (MPOs representing larger chunks of the circuit).

We simulate the noisy evolution alternating the layers of the ideal circuit and the
noise channels: since in this configuration the states are matrices and circuit layers are
channels, the state is vectorised into an MPS in the PTM basis as

ρ =
∑

i1,...,iN

M (1,i1) · · ·M (N,iN )σ
(1)
i1

⊗ · · · ⊗ σ
(N)
iN

(4.40)

where (σ(k)
0 , σ

(k)
1 , σ

(k)
2 , σ

(k)
3 ) = (Ik, Xk, Yk, Zk) are the Pauli matrices on the k-th

qubit; similarly, operators such as the noise channels or the gate operations ρ 7→ UρU†

are transformed into MPOs acting on this MPS.
Here, since we find noise layers between unitary layers, we do not merge the uni-

tary gates as before, but we stop at the noise layers, as in Fig. 4.4, obtaining a few
more MPOs per time step. In the PTM representation the unitary layers, containing
at most one ECR gate per qubit, have a maximum bond dimension of 4; the noise lay-
ers are MPOs of bond dimension 4, too. A priori, the latter may lead to a (potential)
additional increase of the bond dimension during the simulation with respect to the
ideal case. Throughout the simulations, both ideal and noisy, we set an upper thresh-
old χmax for the bond dimension: if during the MPO-MPS multiplication the bond
dimension trespasses this limit, the result is truncated to χmax.

We expect a great amount of entanglement to build up across the qubits, therefore
the Schrödinger-picture simulations will likely be very expensive—if at all feasible—
from a computational point of view. Because in the mixed-state simulation the local
dimension of theMPS is 4 instead of 2 as for pure states, we will not even attempt a full-
state simulation, in the Schrödinger picture, of the noisy device. In our case, we start
from the observable Xn at the end of the circuit and, step by step, apply the adjoints
of the layers until we reach the beginning, then we close the TN contraction with the
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1 2 3 4

1 2 3 4 5 6 7 8 9

Figure 4.4. Structure of the layers within two consecutive Floquet steps, with different gate-
grouping strategies for ideal (top) and noisy (bottom) circuits. Each block stands for the respective
set of native gates obtained after transpiling the circuit.
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+

I I I I I I I I I I I I I I I I IX

Figure 4.5. The brickwork structure of the unitary circuit and the locality of the observable lead
to a significant simplification of the circuit when it is simulated in the Heisenberg picture: of
the original circuit, only the gates in the ‘light cone’ (represented in a darker shade of red) act
non-trivially on the MPS of the observable.

MPS of the initial state. By running the simulation in the Heisenberg picture, instead,
we expect a significant decrease of the complexity, due to the particular form of the
observable and the brickwork pattern of the entangling gates: in this picture, in fact,
roughly half of the ‘bricks’ do nothing on the observable, as illustrated in Fig. 4.5. As
identity terms are invariant under unitary gates and noise channels, the entanglement
remains confined to the light cone of the evolution, whose extension grows linearly as
the circuit layers are applied progressively.

This simplification happens, strictly speaking, only in the unitary case. The MPOs
of the noise channels are a composition, as in Eq. (4.39), of two-qubit Pauli operators
over many pairs of (adjacent) qubits, therefore in general we may expect a noise layer
MPO to create correlations throughout the whole array of qubits; however, if noise is
sufficiently small this will be a small perturbation and we can still treat the light-cone
simplification of Fig. 4.5 as a first approximation.

4.5 Results

The performance of the quantum computer, together with the TEM correction, was
benchmarked at the DU point b = J = π/4 with h ∈ {0.05, 0.1, 0.15} and different
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system sizes of 51, 71 and 91 qubits: the results are illustrated in Figs. 4.7 to 4.9 at the
end of this chapter.

The correlation function Cn(t) was measured for various numbers of qubits n and
time steps t. The observed result was negligible for t 6= n, and a finite signal was only
measured along the light-cone boundary, i.e. for t = n. However, as a consequence
of noise, the measured values on the light cone boundary decayed quicker with t than
the exact evolution from Eq. (4.24).

The error-mitigated data show good agreement with the theoretical curve, albeit
with some deviations. Even when integrability is broken for h > 0, the expected be-
haviour was closely recovered for all considered values of h, although small deviations
appear in the mitigated results at larger system sizes. As the system size increases,
the circuit depth also increases, and at these larger circuit volumes, errors in the noise
model can accumulate, leading to a residual bias in the mitigated results [209]. These
are likely a consequence of, for instance, imperfections in noise learning, incorrect
model assumptions, or even the increased instability coming from the longer runtimes
associated with larger circuit volumes [210]. With the TN simulations of the noisy
circuit we can check whether the assumptions on the structure of the noise and its learn-
ing process were successful in defining an effective model, by comparing the simulated
result with the actual raw data from the quantum computer, i.e. the measurement of
the observable directly on the quantum device, evolved with the noisy circuit. The
result for the DU circuits is shown in Figs. 4.13 to 4.15 at the end of this chapter. It
should be noted that since the h = 0 circuits were used to fit the parameters of the
noise model, the simulations agree perfectly in those cases with the raw data, and this
matching should not be counted towards the ability of the model to describe the noise.

We can observe how the situations in which the error-mitigated data ismost distant
from the expected curve correspond to the case where the noisy simulation is farther
from the raw data. Thismay happen from one of the reason listed before for the failures
of the noise model, or because of an unexpected dependence of the model from the h
parameter. Another important factor is the fact the actual noise on the physical device
may not be constant in time, whereas in the sparse Pauli-Lindblad model we have no
time dependence: as the circuits get executed one after another, the noise can change
and the learned parameters might not capture its current effect anymore. In particu-
lar, the choice of performing additional noise learning on the h = 0 circuits only is
inevitably a trade-off between having a model that adheres better to the individual cir-
cuits, but has to be re-calibrated each time, and a less detailed model that captures only
the most relevant features, but requires less effort to be defined. In the end, even with
an unlimited bond dimension, the accuracy of the TEM method is generally limited
by the accuracy of the quantum component and its noise model. In [2, Supplemen-
tal Information, Sec. III.G] we performed a systematic analysis of the effect that the
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discrepancies in the noise model had on the error mitigation. We confronted, for the
experiments at the DU point, the relative error between the unmitigated outcomes
and the simulated results with the relative error between the mitigated outcomes and
the exact theoretical prediction. We concluded that the relative error post-mitigation
is consistent with the relative error between the noisy experiment and the expected
noisy outcomes. In this sense, TEM performed as well as could be expected within
the margin of error relative to the accuracy of the noise models used.

For the quantum component of the workflow, the traces of data shown in Figs. 4.7
to 4.12, including the learning of the noise model and the error-mitigation in post-
processing, took a wall-clock time of 2 hours and 18 minutes forN = 51, 2 hours and
55 minutes for N = 71 and 3 hours and 24 minutes for N = 91. As the number of
gates in the temporal light cone affecting the noisy signal (650 ECR gates forN = 51,
1260 forN = 71, and 2070 forN = 91) increases, the signal-to-noise ratio decreases,
and therefore the statistical errors in the mitigated values get larger. This is especially
reflected in the size of the error bars in Fig. 4.12, where each data point is estimated
from 262 144 individual shots. A complete account of the measurement statistics can
be found in the Supplementary Material of [2].

After assessing the accuracy of themitigated results for analytically solvableDU cir-
cuits, we perturb away from the DU points. While working with the same initial state
and observable as before, the local expectations values 〈Xn(t)〉 lose their interpretation
as auto-correlation functions when away from the DU points. In Figs. 4.10 to 4.12,
at each of the previously considered values of h, we report the change of 〈Xn(t)〉 for
n = t = (N − 1)/2 as we perturb the transverse field b away from dual unitarity.
Figures 4.16 to 4.18 compare instead the noisy simulations to the raw data; the same
considerations made for the DU case hold here, too.

In the absence of exact analytical solutions and at a scale beyond brute-force state-
vector simulations, these error-mitigated data can only be compared to approximate
classical methods. We compare therefore the results to TN simulations as introduced
in Section 4.4. Across the different parameters, the experimental data show strong
agreement with the Heisenberg-picture simulations with some deviations arising at
larger circuit volumes, but large disagreements with the Schrödinger-picture simu-
lations. Heisenberg-picture simulations display a higher convergence rate than the
Schrödinger-picture ones; therefore, in Figs. 4.10 to 4.12 we employ a bond dimen-
sion χ = 600 for the former and χ = 1500 for the latter. While dynamics in the
Heisenberg picture seem to be converging on classical computers, simulations in the
Schrödinger picture with the same convergence rate become unaffordable at the scale
of this experiment. In the quantum-classical workflow, instead, in order to produce the
error-mitigated data points forN = 91 the middle-out contraction for TEM employs
a bond dimension of χ = 70. Next, we analyse the convergence of the TN simulations
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in more depth.

4.5.1 Convergence of tensor-network classical simulations
We assess the reliability of the classical simulations by running each TN simulation
with a progressively increasing bond dimension χ of the MPS representing either the
pure state or the observable. As χ is gradually increased from run to run, we observe
that the difference between the simulated expectation values from subsequent runs
decreases, and the convergence is faster in the Heisenberg-picture simulations than
in the Schrödinger-picture ones, as shown at the end of this chapter in Fig. 4.19 (a)
and (b). In fact, noiseless simulations in the Heisenberg picture show that the absolute
difference between the results with bond dimension χ and χ + 100 does not change
more than 10−2 for 100 ≤ χ ≤ 500 and no more than 10−3 for 500 ≤ χ ≤ 900, see
Fig. 4.19 (a). We reached a bond dimension of 900 in the 51- and 71-qubit circuits,
while in the 91-qubit case we stopped at 600 due to the expensive memory require-
ments.

As another metric for convergence of the TN simulations, we use the estimated
absolute error proposed in Ref. [211], defined by

∆χ = |〈Xn〉χ − 〈Xn〉χ→∞|, (4.41)

where 〈Xn〉χ is the average value of the observable in the TN simulation with bond di-
mensionχ, and 〈Xn〉χ→∞ is obtained by a linear extrapolation of the data as a function
of 1/χ. It is important to stress that this is a heuristic estimate: there is no guarantee
that the extrapolated value is actually the value we would get with an unlimited bond
dimension, as we do not have any rigorous bounds on the approximation error caused
by limiting the bond dimension. However, in conjunction with other types of analyses,
it can give us a hint on whether the simulation seems to converge. In practice, in each
circuit we identified a specific bond dimension χ̄ such that 〈Xn〉 increases approxi-
mately linearly as a function of χ−1 for all χ ≥ χ̄. This happened for all (h, b) points
at approximately χ̄ = 500, sometimes even at lower bond dimensions. We then fit a
straight line to the (at least) three points, i.e. the data with the three greatest bond di-
mensions. For the circuits under study, we obtain∆χ ∼ 10−2 for 100 ≤ χ ≤ 400 and
∆χ ∼ 10−3 for 500 ≤ χ ≤ 900. We illustrate the approach, for some of the circuits
under study, in Fig. 4.20: importantly, the results of simulations in the Heisenberg and
Schrödinger pictures do not generally agree with each other even within the heuristi-
cally determined error bounds, despite the fact that the extrapolations with respect to
χ−1 seem to be reasonable in both pictures.

For both Schrödinger- and Heisenberg-picture simulations we also monitor how
the entanglement entropy of the MPS changes as we increase the bond dimensions, by
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computing the maximum of Eq. (1.12) over all bipartitions of the MPS. For an MPS
with bond dimensions that does not exceed χ, the entanglement entropy is bounded
from above by log2 χ. Hence, we can safely say that the truncated bond dimension
does not significantly affect the results if we see a plateau well below this value. As
already pointed out in Section 1.3, this is actually the entanglement of the bipartition of
the physical state only when we are considering the ideal simulation in the Schrödinger
picture, which is the only case when the MPS represents a pure state; in the other cases,
it measures both quantum and classical correlations within the TN, if it represents a
mixed state, or the operator-space entanglement entropy, if it represents an operator.
In any case, it is a key quantity we want to observe in order to estimate the complexity
of the TN calculation.

In Fig. 4.19 (c) we show the maximum of the entanglement entropy among all
values of b and h for the 51-qubit circuit; the entropy for the 71- and 91-qubit cir-
cuits follows the same trend. We can see that the simulations in the Schrödinger
picture achieve the worst possible scaling, hitting the upper bound given by the bond
dimension: this is due to the highly-entangling nature of the circuit. The Heisenberg-
picture simulations, instead, show an overall lower entanglement entropy. As further
confirmation that the Schrödinger-picture simulations are still far from convergence,
we show in Fig. 4.21 how after even a few Floquet steps, except in the most trivial
case h = 0, the simulated state fails to give an expected value 〈Xt(t)〉 close to the
theoretical result.

The particular choice of the observable has also a great role in determining the ef-
ficiency of the Heisenberg-picture simulations. In the b = π

4 , h = 0 case we have a
Clifford circuit, in which case the observable is mapped in the end to a Pauli string
which is not trivial on a single qubit only, the ZIII · · · string, whose entropy is zero.
Even when we deviate from these values, by changing b or h or by adding noise, the
distribution of the coefficients of each component of the observable remains in all
cases peaked around the dominant contribution ZIII · · ·; during its evolution the ob-
servable picks up other terms that are not trivial on more than one qubit, but their
contribution is still not relevant enough to increase the entropy beyond what we can
manage with a moderately-sized MPS. Still, the entanglement entropy of both noisy
and ideal simulations in the Heisenberg picture grows logarithmically with the bond
dimension. This does not contradict the convergence shown in Fig. 4.19 (a) and (b)
because we are computing the expectation value of a specific observable in a specific
initial state, namely, |0〉〈0|⊗N . This initial state, in the PTM representation, can be
written only with I and Z components on each qubit, so it captures only part of the
evolved observable. To take this into account, we recompute the singular values of
the MPS of the final observable after projecting it onto these two components (thus
eliminating the contributions containing X or Y , which are orthogonal to the initial
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Figure 4.6. Time and memory requirements for Heisenberg-picture TN simulations of the
kicked Ising model. (a) Elapsed time in the simulation of the b = π/4 + 0.15 and h = 0.15
ideal circuit, with 16CPUs and 72 GiB of memory on theHPC cluster Leonardo, with different
bond dimensions. (b) Total memory required for the same simulation (without constraints).

state). In this case not only is the entanglement entropy much lower than in the pre-
vious cases, but it is also basically constant for all considered bond dimensions in the
range from 100 to 900, which substantiates the convergence analysis.

4.5.2 Classical resources

We conclude the analysis with some comments on the resources used for the simu-
lations. The TEM post-processing algorithm was implemented in Python with the
Quimb [212] TN library, while the classical TN simulations were implemented in Ju-
lia with the ITensor [159] library. Simulations were run on the Karolina, Leonardo
high-performance computing (HPC) clusters and on Microsoft Azure cloud virtual
machines.

The most expensive part of the simulation is the MPO-MPS multiplication at
each layer of the circuit, with time complexity O(Nd(χχ′)3) where N is the number
of qubits, d is the local dimension and χ and χ′ are the bond dimensions of the MPS
and the MPO, respectively. In the Schrödinger-picture simulations, the local dimen-
sion is 2 and the MPO encoding the 2-qubit layer has bond dimension 2, whereas in
the Heisenberg-picture simulations these numbers become 4 and 4. This means that a
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Schrödinger-picture with MPS bond dimension χS and a Heisenberg-picture simula-
tion with χH have the same time complexity if χS = 2 4

3χH. For example, χS = 1500
is roughly equivalent to χH = 600. Since the circuit of the kicked Ising model creates
less entanglement on the observable side than on the state side, it is not surprising that
the Schrödinger-picture simulations are still very far from converging even at bond di-
mension χS = 1500, while the Heisenberg-picture simulations with bond dimension
χH = 600 are already sufficient to obtain reliable results.

Figure 4.6 shows how much wall-clock time the ideal (noiseless) evolution of the
observable in the Heisenberg picture—for a specific choice of b and h associated to
one of the most expensive simulations—took with fixed number of CPU cores and
amount of memory, as well as the overall memory required in an unconstrained setting
(no wall-clock time data is available for the 91-qubit circuit). As the plot shows, a
91-qubit simulation with bond dimension 500 already required more than 50 GiB;
increasing the bond dimension to 600 would bring the required memory to roughly
90 GiB. We note that, contrary to the statements above, the measured execution time
is not proportional to the number of qubits, and its increase does not scale as χ3, but
rather as χ2. The explanation for both of these facts is that, in the Heisenberg picture,
the MPS is almost never at ‘full capacity’: the information, in fact, spreads linearly
along a line from the central qubit, where the observable Xn is supported, with the
edges of the circuit being reached only at the very last step in the Heisenberg evolution.

4.5.3 Summary and final comments
The Schrödinger-picture simulations are far from convergence, except in the most triv-
ial cases; our analysis indicates that the MPS representation of the state at the chosen
bond dimension, despite the great amount of computational resources required, is still
not adequate. The overall low entanglement entropy of the Heisenberg-picture sim-
ulations suggests, instead, that those simulations achieve a satisfactory degree of con-
vergence, especially at lower sizes, which is facilitated by the more favourable scaling
of the complexity of the calculation with respect to the bond dimension.

ForN = 51 qubits, in both the non-DU and the DU regimes, the quantum error-
mitigated results match the converged Heisenberg-picture simulations closely, high-
lighting that the TEM method is able to recover unbiased estimators at non-trivial
scales. Even at the larger sizes of 71 and 91 qubits we observe that TEM is able to
approximately reconstruct the shape of the curves, although with larger discrepancies.

Incorporating the noise model in the classical simulation, moreover, allows us to
assess its validity and to understand whether the difference between the expected and
the error-mitigated results can be linked to the model failing to describe the actual
physical noise. The limitations of the sparse Pauli-Lindblad noise model are known;
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still, in our experiment, it provided a good description of the errors in most cases,
especially given that it was calibrated only once for all the circuit runs at each different
sizeN . As the engineering of quantum computing platform keeps improving, and the
physical noise decreases, we expect that we will need finer, possibly non-Markovian
noise models in order to accurately capture the influence of the environment.

These results emphasise the progress of error-mitigated quantum computing in
becoming increasingly competitive with widely used classical algorithms, in regimes
where we cannot rely on a brute-force exact solution. By considering different choices
of observables of the form PkPl, i.e. product of pairs of Pauli operators, we could study
e.g. two-body correlators, magnetisation imbalance (that is, non-uniformity), and the
two-body mutual information with the same experimental setup. The auto-correlation
functions we studied, in addition, could be used to detect the existence of a ballistic
transport regime, where the spin current in the system grows linearly with time [213]
and predict the existence of localised phases [214], where thermalisation is extremely
slow but not completely arrested, so that the system appears to be localised for a long
time.
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Figure 4.7. Comparison of the error-mitigated data, with error bars indicating one standard
error, to the theoretical values at the DU point for N = 51 qubits. The measured observ-
able 〈Xt(t)〉, plotted as a function of the number of circuit steps t, corresponds to the auto-
correlation function Ct(t) for increasing values of h and the experimentally probed time steps t,
for b = J = π/4.
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Figure 4.8. Comparison of the error-mitigated data, with error bars indicating one standard
error, to the theoretical values at the DU point for N = 71 qubits. The measured observ-
able 〈Xt(t)〉, plotted as a function of the number of circuit steps t, corresponds to the auto-
correlation function Ct(t) for increasing values of h and the experimentally probed time steps t,
for b = J = π/4.
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Figure 4.9. Comparison of the error-mitigated data, with error bars indicating one standard
error, to the theoretical values at the DU point for N = 91 qubits. The measured observ-
able 〈Xt(t)〉, plotted as a function of the number of circuit steps t, corresponds to the auto-
correlation function Ct(t) for increasing values of h and the experimentally probed time steps t,
for b = J = π/4.
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Figure 4.10. Non-dual-unitary circuits beyond exact classical verification at N = 51 qubits.
Each plot shows the evolution of 〈Xt(t)〉, with t = (N−1)/2, as the transverse field b is tuned
away from dual unitarity, for different values of h. Error bars indicate one standard error. The
DU points at b = π/4 correspond to the rightmost points in Fig. 4.7. The results are compared
against classical TN simulations in the Schrödinger (χ = 1500) and the Heisenberg (χ = 600)
pictures.
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Figure 4.11. Non-dual-unitary circuits beyond exact classical verification at N = 71 qubits.
Each plot shows the evolution of 〈Xt(t)〉, with t = (N−1)/2, as the transverse field b is tuned
away from dual unitarity, for different values of h. Error bars indicate one standard error. The
DU points at b = π/4 correspond to the rightmost points in Fig. 4.8. The results are compared
against classical TN simulations in the Schrödinger (χ = 1500) and the Heisenberg (χ = 600)
pictures.
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Figure 4.12. Non-dual-unitary circuits beyond exact classical verification at N = 91 qubits.
Each plot shows the evolution of 〈Xt(t)〉, with t = (N−1)/2, as the transverse field b is tuned
away from dual unitarity, for different values of h. Error bars indicate one standard error. The
DU points at b = π/4 correspond to the rightmost points in Fig. 4.9. The results are compared
against classical TN simulations in the Schrödinger (χ = 1500) and the Heisenberg (χ = 600)
pictures.
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Figure 4.13. TN simulations of the noisy circuit at the DU point for N = 51 qubits. The
simulated noisy expectation value 〈Xt(t)〉, plotted as a function of the number of circuit steps
t, is compared to the raw data obtained from the quantum device, used for the error-mitigated
data of Fig. 4.7. Error bars indicate one standard error (although they cannot be noticed as they
are are smaller than the symbol size).
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Figure 4.14. TN simulations of the noisy circuit at the DU point for N = 71 qubits. The
simulated noisy expectation value 〈Xt(t)〉, plotted as a function of the number of circuit steps
t, is compared to the raw data obtained from the quantum device, used for the error-mitigated
data of Fig. 4.8. Error bars indicate one standard error (although they cannot be noticed as they
are are smaller than the symbol size).
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Figure 4.15. TN simulations of the noisy circuit at the DU point for N = 91 qubits. The
simulated noisy expectation value 〈Xt(t)〉, plotted as a function of the number of circuit steps
t, is compared to the raw data obtained from the quantum device, used for the error-mitigated
data of Fig. 4.9. Error bars indicate one standard error (although they cannot be noticed as they
are are smaller than the symbol size).
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Figure 4.16. TN simulations of the noisy circuit beyond the DU point for N = 51 qubits
The simulated noisy expectation value 〈Xt(t)〉, plotted as a function of the parameter b, with
t = (N − 1)/2, is compared to the raw data obtained from the quantum device, used for the
error-mitigated data of Fig. 4.10. Error bars indicate one standard error.
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Figure 4.17. TN simulations of the noisy circuit beyond the DU point for N = 71 qubits
The simulated noisy expectation value 〈Xt(t)〉, plotted as a function of the parameter b, with
t = (N − 1)/2, is compared to the raw data obtained from the quantum device, used for the
error-mitigated data of Fig. 4.11. Error bars indicate one standard error.
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Figure 4.18. TN simulations of the noisy circuit beyond the DU point for N = 91 qubits
The simulated noisy expectation value 〈Xt(t)〉, plotted as a function of the parameter b, with
t = (N − 1)/2, is compared to the raw data obtained from the quantum device, used for the
error-mitigated data of Fig. 4.12. Error bars indicate one standard error.
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Figure 4.19. Convergence analysis of TN simulations of the kicked Ising model. (a) Maximum
of the absolute difference, over all values of b and h, between Heisenberg-picture simulations
of 〈Xn〉 obtained with bond dimension χ and χ− 100. Solid lines represent ideal simulations,
while dashed lines represent noisy ones. (b) Same as (a) but relative to the value of 〈Xn〉. (c)
Maximum entanglement entropy, over all values of b and h, of the final MPS in the ideal and
noisy simulations of the 51-qubit circuit (H: Heisenberg picture, S: Schrödinger picture). The
dashed line indicates the upper bound set by the bond dimension. (d) Focus on the entangle-
ment entropy of the final states after the projection on I and Z components.
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Figure 4.20. Results of TN simulations of the kicked Ising model in the Heisenberg picture (a-
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Conclusion

Final remarks

In this PhD thesis we have employed TNs in two challenging realistic settings, where
their ability to represent quantum many-body systems has been exploited to simulate
the complex behaviour of open systems. We started by reviewing in Chapter 1 the
basic theory of MPSs, why and how they are useful for many-body systems. We also
described two widespread algorithms for computing the time evolution of MPSs, and,
finally, we discussed two ways of using the MPS formalism to represent mixed states.
In Chapter 2 we presented the fundamental concepts of the theory of OQSs, before
turning to some theoretical and practical techniques for transforming and reshaping
the time-evolution problem of OQSs in order to reduce its complexity, with special
emphasis on TNs. In our first main example in Chapter 3 we developed the FMC
approximation scheme, and implemented it as a TN, in order to numerically simu-
late the full, non-Markovian dynamics of a fermionic OQS in a generic fermionic
environment. In the second main example, presented in Chapter 4, we used TNs to
benchmark, instead, a large NISQ device, both as a fully classical simulation tool and
as part of a hybrid quantum-classical approach in which TNs formed the basis for an
error-mitigation algorithm. These two examples showcase the versatility of TNs and
their usefulness in various contexts, from time evolution of quantum systems to data
processing in quantum computers. Let us review them in more detail.

With the FMC construct we introduced a way to improve the numerical simula-
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tion with TNs of open systems coupled to continuous fermionic environments. First,
we explored a method—closely related to the thermofield transformation—to reshape
the environments through the TTCF-based equivalence. We were able to absorb the
factors depending on chemical potential and temperature into modified spectral den-
sities, which made it possible to merge several environments into one or two effective
ones. This simplification leads to a reduction of the number of chains to be determined
by means of the TEDOPA chain mapping, that would otherwise require one chain per
environment. In principle, this simplification could benefit other simulation schemes
as well. Second, after performing the chain mapping on the environment in order to
transform it into a one-dimensional system with nearest-neighbour interactions, we
developed a technique to approximate the dissipative behaviour of the environments
using only a finite number of sites. This construction extends the existing MC con-
struction for bosonic environments to fermionic environments, retaining most of its
properties, in particular the universality of the closure. The technique, in fact, approx-
imates the behaviour of continuous environments in a way that does not rely on a
specific form of the spectral density, but only on its asymptotic behaviour, which is
common to all spectral densities in the Szegő class, and does not need ad-hoc discreti-
sation schemes.

In order to test the correctness of the FMC, after rewriting the master equation
in the superfermion formalism, we considered Gaussian OQSs, for which we were
able to compute the time evolution of expectation values and correlation functions in
a numerically exact way. We found that the results aligned very well with the ones
obtained from an analogous numerical solution of the environment discretised with
TEDOPA.

We then tested the FMC in the TN form as well, analysing several technical steps
that must be taken so as to obtain an efficient representation, such as interleaving the
two environments and leveraging the number-conservation property of the closure to
use sparse tensors in calculations. We compared the TN form of the FMC with a stan-
dard TEDOPA simulation (with TNs) and, if available, with the Gaussian solution on
several systems and environments, and we found in all situations a satisfactory match
between the expectation values of operators measured in the two cases, with relative
errors below 10−3.

In the end, we observed that the FMC can in some instances reduce the time
complexity of the simulation and proves to be more efficient than standard TEDOPA
in simulations involving long chains and moderate levels of entanglement. All these
results, starting from the equivalence theorem, show the validity of the FMC method.

In Chapter 4 we discussed an experiment designed to highlight the utility of pre-
fault-tolerant quantum processors for studying many-body physical models with non-
trivial dynamics. This experiment adds to the growing body of work that leverages
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classical computation to extend the reach of near-term quantum processors [58, 215–
217], advancing the boundaries of quantum simulation.

In particular, we outlined the main features of DU circuits and how they can be
used to represent the time evolution of a chaotic physicalmodel, the kicked Isingmodel.
This circuit model induces a significant amount of entanglement in the device, but at
the same time it is equipped with certain physical quantities that can be analytically
calculated, proving to be an interesting benchmark system for NISQ devices. Next, we
illustrated the methodology of the experiment, from the measurement scheme to the
noise modelling and, finally, the TN scheme at the heart of the post-processing calcu-
lations. This combination allowed us to recover meaningful data from the noisy output
of the quantum computer. We then focused in particular on the classical MPS-based
simulations that we ran parallel to the hybrid approach, studying different methods of
assessing their convergence, their efficiency, and whether they were well suited to give
us results that matched the error-mitigated output of the quantum device.

The error-mitigated results, when compared to the expected theoretical curves of
auto-correlation functions of the DU kicked Ising model, demonstrated the capability
of our quantum-classical hybrid approach to accurately simulate their behaviour, and
therefore of how these systems can serve as performance benchmarks for non-Clifford
circuits. The fully classical TN simulator, in turn, proved to be a useful method to
check the validity of the noise model—by running simulations of the noisy circuit—as
well as a way to explore the behaviour of the circuit when perturbed away from the
DU points, where no analytical solutions existed for our physical quantities of interest.
We observed that, while the simulations of the noisy device converged to a satisfactory
degree, a full-state naive simulation of the state of the device is not feasible at the scale
of the NISQ device we used, and more clever schemes need to be devised in order to
have meaningful results.

Future directions

The set of pseudomodes defined in the FMC could be used in impurity solvers as a
direct replacement of the environment, if the original spectral density function already
resembles a semicircle. Choosing a suitable initial state for the FMC, however, is
not trivial because the pseudomodes directly interact with one another: a state where
each pseudomode is independently in a thermal equilibrium state would therefore not
be the correct overall thermal equilibrium state. In this regard, the chain mapping
(together with the thermofield or T-TEDOPA techniques) also serves the purpose
of ‘thermalising’ the environment, so that the initial state of the FMC modes can be
either the empty or the filled state.
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There are of course some improvements that can be studied in order to enhance
the performance of the FMC method. While the quality of the results obtained by
means of the FMC is already satisfying, we can look for a better parameterisation of
the closure, e.g. by means of the techniques introduced in Refs. [166, 167], in order
to improve the accuracy of the fitting of the asymptotic spectral density, as well as
alternative fermion-to-spin representations leading to a decrease of the entanglement
in the tensor network. Another area where work can be done is the shape of the TN, as
mentioned at the end of Chapter 1. If, for example, we only had one environment, by
choosing a ‘ladder’ structure as in Fig. 1.15 all interactions between sites would be of
the nearest-neighbour type and we would have a local dimension equal to that of pure
states. However, it is not clear whether the smaller overall bond dimensions would
outweigh the greater complexity of the tensor operations, as the individual block of
the TN would generally have more indices (legs).

Another open question is how we can extract meaningful physical quantities of
the residual environment from the state of the pseudomodes in the MC, if it can be
done at all. The truncation of the TEDOPA chain, in fact, breaks the possibility of
reversing the chain mapping. A standard TEDOPA chain mapping can always be
inverted to recover the original formulation of the continuous environment, the only
error being in the finite length of the actual chain used in the simulations (which is
however not a significant issue if the chain is long enough to properly contain the
dynamics). This makes it possible, for example, to estimate TTCFs involving the
original environment mode operators from the TTCFs of the TEDOPA modes. This,
however, is not possible anymore once we introduce the MC, since the transformation
from the residual environment to the pseudomodes is not invertible, and we cannot
recover the mode operators of the former from the latter. This precludes us, currently,
from computing useful quantities such as correlations between the open system and
the whole environment with the MC scheme.

Concurrently, we continue to search for new physical systems where the FMC can
improve the quality of the numerical simulations to analyse physically relevant quan-
tities, such as spectral functions of interacting systems or the Kondo phenomenon. A
particular class of systems where this could happen are systems that need to be de-
scribed with mixed states from the start, for example because of driving terms acting
on the open system: in this case a standard TEDOPA simulation, with mixed states,
would be very demanding because of the high local dimension and the additional clas-
sical correlations, so the FMC would undoubtedly provide a great simplification.

As far as the experiment in Chapter 4 is concerned, finally, the approach we ex-
plained could pave the way to a new series of quantum simulations of many-body
dynamics on quantum processors that are able to outmatch classical simulators, al-
ready before the advent of fault-tolerance as hardware advances towards lower error
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rates [218], more stable noise [210] and faster speeds [219]. In principle, the hybrid
approach to quantum computation with TEM is agnostic to what is actually computed
on the device. In its current formulation, TEM it is of course limited to circuits that are
either one-dimensional or that can be easily flattened to a one-dimensional structure.
It works best when the device noise is low and when, as in the DU circuits we encoun-
tered, the information does not significantly spread across all qubits, taking into the
account both the initial state and the measured observable. More complex observables
would need a more complicated, possibly non-local POVM. In this regard, we can read
the TEM-transformed observable in order to find the most significant contributions
e.g. in terms of Pauli string components: with this information we can then tailor the
POVM to the noisy circuit, obtaining an optimised measurement routine that can to
capture the most significant components, simultaneously keeping the variance small.

As more and more developed engineering techniques reduce the noise in more
sophisticated quantum devices, we expect that a coarse Markovian noise model, such
as the sparse Pauli-Lindblad one that we used, will not accurately capture the influence
of the environment anymore. We must therefore look for finer models which include
non-Markovian effects and that, at the same time, can be efficiently learned and have
a simple TN representation.

The auto-correlation functions we considered, moreover, could be used to extract
transport properties [213] and predict the existence of localised phases [214] in fur-
ther experiments of condensed matter physics. With different choices of observables
of the form PkPl, with P a Pauli operator, we could study for example two-body cor-
relators, magnetisation imbalance, and two-body mutual information with the same
experimental setup. Such observables are likely to show a similar qualitative behaviour
to our auto-correlator as functions of time at the DU point and for the initial state we
used. However, their dependence from h might be different and offer new physical
insight.
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