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FOUR DIMENSIONAL CLOSED MANIFOLDS
ADMIT A WEAK HARMONIC WEYL METRIC
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ABSTRACT. On four-dimensional closed manifolds we introduce a class of canonical Rie-
mannian metrics, that we call weak harmonic Weyl metrics, defined as critical points in the
conformal class of a quadratic functional involving the norm of the divergence of the Weyl
tensor. This class includes Einstein and, more in general, harmonic Weyl manifolds. We
prove that every closed four-manifold admits a weak harmonic Weyl metric, which is the
unique (up to dilations) minimizer of the functional in a suitable conformal class. In general
the problem is degenerate elliptic due to possible vanishing of the Weyl tensor. In order
to overcome this issue, we minimize the functional in the conformal class determined by
a reference metric, constructed by Aubin, with nowhere vanishing Weyl tensor. Moreover,
we show that anti-self-dual metrics with positive Yamabe invariant can be characterized by

pinching conditions involving suitable quadratic Riemannian functionals.
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1. INTRODUCTION

Given a closed (i.e., compact without boundary) smooth manifold M, it is a natural problem
to study canonical Riemannian metrics g on M. Many of them can be defined as critical points
of certain functionals defined on the space of metrics. Perhaps the most famous one is the

FEinstein-Hilbert action
S(g) = Volg(M)_nT_Q/ R, dV,,
M

where Voly(M) and R, denote the volume of M and the scalar curvature of g, respectively.
All stationary points of &(g) are Einstein metrics, i.e. metrics whose Ricci curvature satisfies
Ricy = A g, for some A € R. While the existence of Einstein metrics as critical points of &(g)
is not guaranteed (for instance in dimension four due to topological restrictions [3, Theorem
6.35]), a constrained version of the problem always admits a solution. More precisely, Yamabe,
Aubin, Trudinger, and Schoen (see [18]) showed that the Yamabe invariant

Y(M,[g]) := inf &(g)

g€lg]
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is always attained in the conformal class [g]. Moreover, every critical point in the conformal
class of the normalized functional has constant scalar curvature.

In the last decades several curvature conditions generalizing Einstein metrics have been
investigated by many authors (see for instance the classical Besse’s book [3] and reference
therein). In particular, important examples arise as critical points of functionals which are
quadratic in the curvatures (see for instance [8, 16, 1]). In general, the associated Euler-
Lagrange equation is of the fourth order in the metric, hence obtaining a satisfactory existence
theory can be challenging.

An important class of metrics which generalizes the Einstein condition is given by harmonic
Weyl metrics, i.e. metrics with divergence-free Weyl tensor, 6,WW, = 0 (see again [3] and [10]).
In fact, it is well known that all Einstein metrics have harmonic Weyl tensor and that, on four
dimensional closed manifolds, there are topological obstructions to the existence of harmonic
Weyl metrics (see [4, 11]).

From now on, let M* be a four-dimensional closed smooth manifold. Observe that all

harmonic Weyl metrics are critical points of the quadratic scaling-invariant functional
1
D(g) = Voly(M)2 /M |0gWyl2dVy

while the viceversa in general does not hold. Note that conformal variations give rise to a
second order Euler-Lagrange equation, since the transformation law of 6W (see [3]) is given
by

6§W§ = 69W - Wg(vgua BB )

for every conformal metric § = e?“g € [g]. Thus, in the same spirit of the Yamabe problem,
it seems natural to define the conformal invariant
D(M, [g]) := inf D(g).
g€lg]

The main purpose of this paper is to study the existence of minimizers in the conformal class
for the functional g — ©(g). In general the problem is degenerate elliptic due to possible
vanishing of the Weyl tensor. In order to overcome this issue, we minimize the functional in
the conformal class determined by a reference metric, constructed by Aubin, with nowhere
vanishing Weyl tensor. On the contrary, for the Yamabe problem the existence of minimizers
is guaranteed in every conformal class.

Besides the aforementioned variational point of view, there is another geometric motivation
for studying constrained critical points of g — ©(g). Indeed, it was proved by Derdzinski [10]
that, on four manifolds, harmonic Weyl metrics satisfy the nice Weitzenbock formula

1 1
(1.1) §A\W\2 = |VW|* + §R\W\2 — 3WijriWijpgWhipg

(see the next section for the precise notation). On the other hand, Chang, Gursky and Yang
[9] showed that, on every closed four-manifold (M*?,g), the following integral formula holds
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(see Corollary 2.3):
1
(12 [ (99 =W+ LRIV = 3 Wi W Wi ) dV =0,

A simple consequence is that, on a closed four-manifold M?,
0gWy =0 = Equation (1.1) holds on (M*,g).

In Section 3.1 we show that a metric is critical in the conformal class for the functional
g — D(g) if and only if it satisfies the Weitzenbock formula

1 1
(1.3) §A]W]2 = |[VW|? + 5Rywy2 — 3WiitaWijpgWhipg — S|0W |* + SW[2dV .

v o

Note that this equation reduces to (1.1) if 6W = 0. Hence we are led to give the following

Definition 1.1. Let M* be a closed four-dimensional manifold. A Riemannian metric g on
M* is a weak harmonic Weyl metric if the Weitzenbick equation (1.3) holds on (M*, g).

Clearly, harmonic Weyl metrics (and Einstein metrics) are weak harmonic Weyl metrics. We
explicitly observe that integrating equation (1.3) we obtain the identity (1.2) and this gives
no a priori obstructions to the existence of weak harmonic Weyl metrics, contrary to what
happens with (1.1).

Our first main result is the following

Theorem 1.2. On every closed four-dimensional manifold there exists a weak harmonic Weyl
meltric.

Remarks:

1. Aubin [2] proved that every closed Riemannian manifold admits a constant negative
scalar curvature metric. Besides this one, to the best of our knowledge, Theorem
1.2 is the only existence result of a canonical metric, which generalizes the Einstein
condition, on every four-dimensional Riemannian manifold, without any topological
obstructions.

2. To be more precise, the metric in Theorem 1.2 is constructed as follows: first, thanks
to a result of Aubin [2, Section 4], on every four-dimensional manifold M* we can
choose a reference metric gy with [Wy |, > 0. Then, we prove that on (M?,go)
the infimum D(M, [go]) is attained by a conformal metric g € [go], which is a weak
harmonic Weyl metric. Moreover, we show that every critical point in the conformal
class [go] is necessarily a minimum point.

3. From both the geometric and the analytic point of view, it would be interesting to
understand which conformal classes of metrics contain a weak harmonic Weyl repre-

sentative.
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4. We can also consider the (anti-)self-dual functional
D%(g) = Vol, (M) / 6, WE2av,
M

and define weak half harmonic Weyl metrics its critical points in the conformal class.
In particular we can prove that, given a closed four-manifold (M*, go) with ]W;g lgo > 0,
there exists a weak half harmonic Weyl metric g € [gg]. However, we do not know
if the aforementioned result by Aubin can be extended to the (anti-)self-dual Weyl
tensor W+,

In order to prove this theorem, we endow a closed four-manifolds M* with the metric g

constructed by Aubin and we consider the functional

1
2 1
D) :=D(v 2g) = (/ v4dV> / (Z\Wﬂvm? + |6W)*0? — (v)? Wsijkwpijk,p> dv,
M M

where all the geometric quantities are referred to gg and the function v belongs to the convex
cone

H(M) = {uEHl(M):u>Oa.e. and/ u4dV<oo}.
M

The condition |W| > 0 is crucial, as it implies the uniform ellipticity of the problem. A
variational argument, combined with some spectral analysis and maximum principles, shows
that u — D (u) admits a minimum point v in H(M). Consequently, v is a (weak) solution of

the Euler-Lagrange equation

1 32
1 div(|W V) + ([0W* + div(WiijiWoijk ) v = D (v) </ U4dv> 5
M
which is a uniformly elliptic semilinear equation with singular nonlinearity. Here, again, all

the geometric quantities are referred to gg. Hence, by standard elliptic regularity theory,
veC®(M) and

D(M, [go]) = in D)= min D(u).
(M, [g0]) L (u) Lo (u)
Therefore
g:=v"g

is a weak harmonic Weyl metric on M4,

In the second part of the paper, we prove a characterization of anti-self-dual four-dimensional
manifolds, i.e. (M?,g) with WgﬂL = 0, assuming the positivity of the Yamabe invariant, a

pinching condition on the conformal invariant
WLl = [ WY,

and the non-positivity of the modified functional

1 5 — 9«
oit0) = Vo, 003 ( [ 5wy fav, - 222 [ mpwyan, ).
M M
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defined for a given « € [0, 8] In the same spirit we define ©_ (g). Note that ’D:ét(g) =D*(g).
9

More precisely, we have the following

Theorem 1.3. Let (M*, g) be a closed Riemannian manifold with positive Yamabe invariant
Y(M,|g]) > 0. Then (M*, g) is anti-self-dual, i.e. W+ = 0, if and only if, there exists
a €0, 3] such that

042
WH(M, [g]) < = V(M, 9)?  and  DE(G) <0 for some g € [g].

The same result holds for the anti-self-dual part W~ of the Weyl tensor. As a consequence
we can prove the following lower bound for W (M, [g]):

Corollary 1.4. Let (M*,g) be a closed Riemannian manifold with positive Yamabe invariant

Y(M,[g]) > 0. Suppose that there exists o € [0, 3] such that

DEG) <0 for some g€ [g].

Then either ng =0 or
3%\ 1672

+

M — | — (2x(M) + M

WEL L) > (e ) T (20 £3701)
where x(M) and 7(M) denote the Euler characteristic and the signature of M, respectively.

Remarks:

1. Gursky [14] proved that, if SW* = 0, i.e. D3(g) < 0, on a four manifolds (M*, g)
0

9
with positive Yamabe invariant, then either ng =0 or

7'('2
WM, [g]) > 2

(2x(M) £ 37(M)) .

The conclusion in this case is stronger than the one in Corollary 1.4. Ideed, the
harmonic Weyl condition implies the validity of the pointwise Weitzenbock formula
(1.1) which allows to conclude by using a clever Yamabe-type argument.

2. The same estimate as in Corollary 1.4 with a = % appeared in [5, Theorem 4.1]. The
authors proved the lower bound on W*(M, [g]), assuming (M*,g) being a gradient
shrinking Ricci soliton satisfying

1
/15Wi12dV§—/ RIW*2av ,
M 12 Jm

i.e. ®T(g) < 0. Note that in Corollary 1.4 we do not assume any curvature condition
on the3 Ricci tensor.

3. We conjecture that Theorem 1.3 and Corollary 1.4 hold only assuming one of the
conformal invariant conditions

D, (M, [g]) := inf D3 (g) < 0.
g€lg]
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The conjecture would follow, if one can show that the infimum D (M, [g]) is achieved.
This could be obtained by arguments similar to those used in the proof of Theorem
1.2, further assuming |W§i|5 > 0 for some g € [g]. Without such extra condition,
the functional and the associated Euler-Lagrange equation are degenerate, thus a
completely different analysis has to be performed.

The paper is organized as follows. Section 2 is devoted to the geometric preliminaries: we
give the relevant definitions, we prove a general Weitzenbock formula for the Weyl tensor and
we recall (and define) some Riemannian functionals. In Section 3 we derive the Euler-Lagrange
equation satisfied by critical points in the conformal class of the functional g — ©(g). The
existence of solutions to the elliptic equation and the proof of Theorem 1.2 are given in Section
4. Section 5 is devoted to the proof of a new quantitative Kato inequality for the Weyl tensors
W= which is used, in Section 6, to prove the rigidity results Theorem 1.3 and Corollary 1.4.

2. PRELIMINARIES
The Riemann curvature operator of an oriented Riemannian manifold (M",g) is defined
by
R(X,Y)Z =VxVyZ - VyVxZ - Vixy|Z.

Throughout the article, the Einstein convention of summing over the repeated indices will

be adopted. In a local coordinate system the components of the (1,3)-Riemann curvature

tensor are given by Réjk% = R(%, a%k) aii and we denote by Riem its (0,4) version with
components by R;jp = gimRﬁl. The Ricci tensor is obtained by the contraction R;;, = ¢’ : Rijk
and R = ¢**R;;, will denote the scalar curvature (g" are the coefficient of the inverse of the
metric g). Moreover, we will denote by (R%c)ik = }02,k = Ry, — %R gir the traceless Ricci
tensor. The so called Weyl tensor is then defined by the following decomposition formula in

dimension n > 3,

1
Wik = Rijr — p— (Rirgji — Ragjr + Rjugix — Rjrga)
R
(2.1) T DY) (9ik 951 — gugjk) -

The Weyl tensor shares the symmetries of the curvature tensor. Moreover, as it can be easily
seen by the formula above, all of its contractions with the metric are zero, i.e. W is totally
trace-free. In dimension three, W is identically zero on every Riemannian manifold, whereas,
when n > 4, the vanishing of the Weyl tensor is a relevant condition, since it is equivalent
to the local conformal flatness of (M",g). We also recall that in dimension n = 3, local

conformal flatness is equivalent to the vanishing of the Cotton tensor
1

(Rkgij — Rjgir) »
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where R, = ViR;; and Ry = ViR denote, respectively, the components of the covari-
ant derivative of the Ricci tensor and of the differential of the scalar curvature. By direct

computation, we can see that the Cotton tensor C satisfies the following symmetries
(2.3) Cijk = —Clkj, Cijk + Cjki + Crij = 0,
J J J J J
moreover it is totally trace-free,
(2.4) 99Cijk = g™ Cije = " Cij = 0,

by its skew—symmetry and Schur lemma. We recall that, for n > 4, the Cotton tensor can

also be defined as one of the possible divergences of the Weyl tensor:

n—2 n—2 n—2
(2.5) Cijk = <—> Wiikjt = — (n — >Wtijk,t = - (OW)iji -

n—3 3 n—3
A computation shows that the two definitions coincide (see e.g. [3]).
We say that a n-dimensional, n > 3, Riemannian manifold (M", g) is an Einstein manifold
if the Ricci tensor satisfies
Ric = Ag,

for some A € R. In particular R = nA € R and the Cotton tensor C' vanishes. If n > 4,
equation (2.5) implies that the divergence of the Weyl tensor and thus of the Riemann tensor

are identically null, i.e.
(2.6) Wiijke = 0, Ryjre =0

on every Einstein manifold. Manifolds satisfying these curvature conditions are said to have
harmonic Weyl curvature or harmonic curvature, respectively. The Hessian V2 of some tensor

T of local components lellzjkl will be

(V2T )pg = qupT'jlmjl =T/

010k 21...0%,Dq
and similarly V¥ for higher derivatives. The (rough) Laplacian of a tensor T is given by
ATPE 9t = ghaT) 7t . The Riemannian metric induces norms on all the tensor bundles, and
in coordinates the squared norm is given by

|T| = g“ml e ngmkgjlnl cee gjlnlz;]llzjleﬁﬁ%k .
2.1. Dimension four. In this subsection we recall some known identities involving the Weyl
tensor on four dimensional Riemannian manifold. First we recall that, if T = {Tj;y} is
a tensor with the same symmetries of the Riemann tensor (algebraic curvature tensor), it
defines a symmetric operator, T': A> — A2 on the bundle of two-forms A? by

1

(2.7) (Twha = FTijuwij ,
with w € A%, Hence we have that X is an eigenvalue of T if Tijriwi; = 2Awyy, for some
0 # w € A?; note that the operator norm on A? satisfies HTH?w = %]T\Q.
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The key feature is that A2, on an oriented Riemannian manifold of dimension four (M*, g),

decomposes as the sum of two subbundles A¥, i.e.

(2.8) AN =ATaA.

These subbundles are by definition the eigenspaces of the Hodge operator
*: A2 — A?

corresponding respectively to the eigenvalue +1. In the literature, sections of AT are called
self-dual two-forms, whereas sections of A~ are called anti-self-dual two-forms. Now, since
the curvature tensor Riem may be viewed as a map R : A2 — A2, according to (2.8) we have
the curvature decomposition

R y:
» W+1—EI‘ Rice
Ric ‘W‘+%I

where
W=w"+w"
and the self-dual and anti-self-dual W* are trace-free endomorphisms of A*, I is the identity

map of A% and Roz'c represents the trace-free Ricci curvature Ric — % g.

Following Derdzinski [10], for z € M*, we can choose an oriented orthogonal basis w™,n*, 0T
(respectively, w™,1n~,07) of AT (respectively, A} ), consisting of eigenvectors of W= such that
lwt| = [nF| = |0F| = V2 and, at z,

(2.9) WE = Z(0Fwt @wt + it @ it + vE0E @ 6%)

N |

where AT < p* < v* are the eigenvalues of W, Since W* are trace-free, one has A* + p& +
v* = 0. By definition, we have

1
W32 = A5+ (05)* + () = [ WH*.

We recall that the orthogonal basis w®, nt, 6% forms a quaternionic structure on T, M (see
[10, Lemma 2]), namely in some local frame

+ £ _ . £ _ pEpt _ 5.

Wippj = Mip'lp; = aipepj = —0ij,
+, £ _ pE +pt £ = -
wWipllpj = 03 Miplp; = Wiy Oy =105

The following identity on the Weyl tensor in dimension four is known (see [10])

1
(2.10) Wi:jtktWijj:kl = Z|Wi|29tl = [ W*[|R2gu -
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As far as the covariant derivative of Weyl is concerned, it can be shown that (see again
[10]), locally, one has
(2.11) AVIVE = (dNF @ w™ + (A\F — )™ @ ™ + (vF — A F)b* ® 0F) @ w*
n (dﬂi 1t + (AF — pH)et @ Wt + (uF — )t ®91) ® 1t
n (dyj: ® 0% + (T — AEWE @ wt + (ut — vE)at ®77j:) ® 6%
+pE ot

for some one forms a . By orthogonality, we get

IVWIRe = VW FRa + VW13

and
(2.12)
IVWE|R2 = [dXE P+ ]dp™ P +[dv™ P +2(p* =) [0 P+ 2(XF =) pF P+ 2(AF — 1 F)?|cF 2

where [|[VWE[2, = 1[VWE|2,
Finally, the following identity holds (see [6])

Lemma 2.1. On every n-dimensional, n > 4, Riemannian manifold one has
1 2 1 2
Wikt tWijkes = §WW‘ - 3\5W! .
In particular, on a four manifold one has

1
(2.13) Wi Wik = §|VWi|2 — o],

2.2. A general Weitzenbock formula for the Weyl tensor. In this subsection, we prove
that on every n-dimensional Riemannian manifold, n > 4, the Weyl tensor satisfies a nice

Weitzenbock formula. Namely we have

Lemma 2.2. Let (M",g), n > 4, be a n-dimensional Riemannian manifold. Then

n—2
n—3

1
§A’W’2 = ’VW’Z — 2( >‘(5W’2 + 2quWpileqikl — 3WijleiquWklpq — Q(Wijklcjkl)i .

Proof. From the second Bianchi identity for the Weyl tensor (see for instance [9, 7]) we have

~Whiijmm — Whimijm + Wmjkt,im = Yijki,

where
1
n—2

The previous relation can be rewritten as

Uiipt o= (Clim,mOki + CimimOkj + Ciijk — ChjmmOii — Ckmi,m01; — Chiji)-

Witijmm = Winjkt,mi — Winikimg) — Yijkt + Whimg,im — Wiimgmi) — Whima,jm — Wiimi,mg)

n—3
= (Cikrj — Cikti) — Yiskt + Whimjim — Whimgjmi) — Wiimi jm — Whimi,mj)-
n—2
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Using the commutation relation for the second covariant derivative of the Weyl tensor (see
[7]) to expand the two terms Wi im — Wiimjmi ad Wiimi im — Whimi,mj, and also the first
Bianchi identity for W, we deduce

n—3
AWiji = (n — 2) (Cikt,j = Cjri) = Vijhi

+ Riprjkl - ijWpikl - 2(Wiququkl - VVipqlequ + W/iquijql)

1
+ 5 [RipWhint = RipWpjrt — Bip(Winj — Wpjki) — Biep(Wpgii = W)
1
n—2
Contracting with W;;;; and exploiting again the first Bianchi identity, we obtain formula
(2.2). O

+ Rpq(WhiqiOrj — WpjaiOki + WhikgOi; — WikqOii)-

In dimension four, using identity (2.10) and the orthogonality of W*, the formula simplifies
to the following

Corollary 2.3. Let (M*,g) be a four dimensional Riemannian manifold. Then
1 1
§A|W|2 = |[VW[? — 4|6W|* + §R|W|2 = 3WiitaWijpgWiipg — 2(WijniCina); -
As a consequence, if M is closed one has the integral identity (see [9]):
1
/M <\VW\2 — 4)0W | + §R\W\2 — 3WijleiquWklpq) v =0.
Moreover, we have
1jpq” " klpq

1
/ (\VWi\Q — 4lsWE)? + §R]Wi\2 —3W Wi Wi ) dv =0.
M

2.3. Some Riemannian functionals. Let (M*, ) be a closed four-dimensional Riemannian
manifold. First of all we recall the Chern-Gauss-Bonnet formula and the Hirzebruch signature

formula (see [3, Equation 6.31])

o 1
(2.14) / <|W+|2 + W% = 2|Ric|® + 6R2> dV = 3212y (M),
M

(2.15) /M (IWFP2 =W %) dV = 48x*7(M).

If we denote with o2(A) the second-elementary function of the eigenvalues of the Schouten

tensor A := % (Rz'c — %Rg), it is easy to see that
1 1 o
A) = —R? — —|Ric|?
72(A) = oo B — S| Ric
and the Chern-Gauss-Bonnet formula reads

/ (IWHP + W™ + 1602(A)) dV = 327%x(M).
M
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In particular, using (2.15), we get
(2.16) 8/ oo (A) dV :/ WAV + 872 (2x(M) + 7(M)) .
M M

Observing that the L?-norm of the Weyl tensors W¥ in dimension four are conformally

invariant and we define
WELI) = [ WEa,.

In particular, it follows that the integral of o9(A) is conformally invariant too. We denote
Y(M, [g]) the Yamabe invariant associated to (M*, g) (here [g] is the conformal class of g)
defined by

RdV; Gty + [ R dy
Y(M, [g]) := inf M —6 inf [y [Vu>dv + GfMl "
9€lgl Volg(M)2 wEWL2(M) (J, utav)*

It is well known that, on a closed manifold, Y (M, [g]) is positive (respectively zero or negative)
if and only if there exists a conformal metric in the conformal class [g] with everywhere positive
(respectively zero or negative) scalar curvature. We recall the following lower bound for the
Yamabe invariant which was proved by Gursky [12].

Lemma 2.4. Let (M*, g) be a closed four-dimensional manifold. Then, the following estimate
holds

V(M. [g])? > 96 /

o2(A)dV, = / R? dvg—u/ |Ric[2 V.
M M M
FEquivalently,

V(M [g])* = 12W*(M, [g]) + 967° (2x (M) + 7(M)) .

Moreover, the inequality is strict unless (M*,g) is conformal to an Einstein manifold.

As anticipated in the Introduction, we now define the quadratic, scale-invariant functionals

given by
D%(g) = Voly (M) / 5, WE2dv, .
Let also "
D(9) = 9" (9) +D7(0) = Voly(M)* [ 16,W, 3V,

We also denote with
D*(M, [g]) = inf D*(g)
gelgl
and
D(M,[g]) = inf D(g).
g€lgl
It is clear that if [g] contains a metric with §W* = 0, then D*(M,[g]) = 0. For example, if
(M*, g) is Kéhler with positive scalar curvature R,, then g = Rg_Qg satisfies 5§W§ = 0 and
thus Dt (M, [g]) = 0.
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Finally, for o € [0, 3] we define the Riemannian functionals

5 — 9a
DE(g) = Vol M%</ 5Wi2dV——/R Wﬂdv>,
() g() M|g g|g g 24 Mg|g|g g

and its infimum

D5 (M, [g]) = inf DZ(7).

¢ g€lg
Note that
D2(9) =D (g).

9

3. THE EULER-LAGRANGE EQUATION

Let M* be a closed smooth manifold. In this section we derive the Euler-Lagrange equations

satisfied, respectively, by a critical metric in the conformal class of the functional
1
g+ D(g) = Voly(M)? / |0gWyl|2dVy
M
and by the conformal factor.

3.1. Critical metrics. Let U € C*°(M) and u(z,t) : M x R — M be a 1-parameter family

du(z,t)

of smooth functions such that u(z,0) = 0, =z = U(x); for a conformal change of the

t=0

metric of the form
(3.1) g(t) = >y,
from the formula for the conformal change of W (see [3]) we easily deduce that
(3.2) DW= Wignti + wi@, ) Wigng
Since, for n = 4, we have dVg;) = 64“(“”7'5)(1‘/5,, we obtain
- 1
D(g(t)) = Volgy) (M)? /M 1350 Wate) 5 Vate
(3.3)
1
2
— < /M e4u(xvt)dvg,> /M e~ 2u@b) (|6g,Wg|2 + [us (2, ) Wiz |2 + 2u(z, t)Wsz‘jkWpijk,p) dVy.

Letting V := Vol, (M), a simple computation shows that

- ~1/2
®(E(1) :1< / 64“(”5’0)) < / 4Udvg,> [ 15w, av,
t=0 2 M M M g

T [ (a2 ),
M
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thus we deduce that g is a critical point in the conformal class of the functional, i.e.

dD(g(t
WOy gy e,
dt =0
if and only if
(34) Wsijk,spwpijk Vo 1 / ‘(5 W‘ dV 2’(5 W‘

Now, exploiting the algebraic properties of the curvature in dimension four, we show that

(3.4) is equivalent to the condition defining weak harmonic Weyl metrics (see Definition 1.1).

Proposition 3.1. Let M* be a closed smooth manifold. Then a metric g is critical in the
conformal class for the functional ©(g) if and only if g is a weak harmonic Weyl metric, i.e.

it satisfies the formula
(3.5) A]W!z VW% + R;WP 3WijkiWiipgWhipg — 8|6W|? + /]5W\2dv

Proof. First we observe that equation (3.4) holds separately for the self dual and the anti-self
dual part of Weyl, i.e.

1 2
+ + + +
WiV = Soicirs / W[ v — 2w,
We now perform our computation for the self dual part W. Since W;jkWp'Zk = 4|W+|5sp
by equation (2.10), we have
1 2
+ _ +
(3.6) (WeWoiie) = A

On the other hand,

- + + + 2 +
<WSZ]kWp2jk> ps - Wsuk pstz] W]kzs przjk s + ‘6W+‘ + WpUkWsz]k sp?
which implies
2
QWSerjk sme]k O + A|W+| - ]kzs,pW;zrjk s |6W+‘ ’
where © := WSU & SprJ;j & WS"Z k‘,pstZ] > thus, using (3.4) and Lemma 2.1 we deduce
4
(3.7) gA\Wﬂz = [V = slaw ]+ /M oW |?av — 20.

Now, using formulas (3.16)-(3.22) and Lemma 3.4 in [9] a computation shows that

20 = 3(Wt)? \

thus completing the proof for W+. The same computation gives the formula for W~ and, by
orthogonality, (3.5) follows. O
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3.2. The PDE for the conformal factor. Let now gy be a fixed Riemannian metric on
M* and let v := e~ for some u € C°°(M*). Then, equation (3.3) yields

1
_ _ 2 1
D(v) :=D(v 2g9) = (/ v 4dV> / (Zywﬁywy? + [SW[*0% — (v)? Wsijkwpijk,p> av
M M
where all the geometric quontities are referred to the fixed metric go. Clearly we have

D(M, = inf D(v).
( [90]) 0<v€1£'1°°(M) (U)
To simplify the notation, now let

1
a:= Z|W|2’ By = WaijgWpijkp and ¢ := [0W].

Then the previous relation rewrites as

D(v) = (/M v‘*dv>é /M (a|Vv]* + cgv* — (B, V(v)?)) dV .

Imposing that v is critical for the functional v — D(v), i.e.

d t
A9 (v + 1) —0  Y0<gpel®M),
dt t=0
we obtain the Euler-Lagrange equation
A
(3.8) —div (aVv) +cv = %
with

_3/2
c=c¢p+divB and A(v) =D (v) (/ v4dV> .
M

In particular, the metric v=2gg is a weak harmonic Weyl metric, i.e. it satisfies (3.5).

4. EXISTENCE RESULTS AND PROOF OF THEOREM 1.2
4.1. Proof of Theorem 1.2. Consider the uniformly elliptic self-adjoint operator
(4.1) Ly := —div (aVv) 4+ cv

whit a € C*®(M), a > 0 and ¢ € C*>°(M). Note that no sign conditions are required on the
coefficient ¢. We assume that the first eigenvalue of L, i.e.

Vul? 2) dv
A= inf R(u) = inf Jar (@l Vul* + co) ,
wEH (M), uz0 wEH (M), uz0 [y u?dv

is non-negative. We will show the existence of positive solutions to the equation

A(v)

Ly = ——+
Vo
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Av) =D(v) (/M v_4dV>_%, D(v) = (/M v_4dv>% /M (a|Vv]* + cv?) aV

and that any two such solutions are proportional. More precisely, the solutions v that we find

with

satisfy

D(v) =D
where
4.2 D= inf D).
( ) O<u€1é’1°°(M) (u)

Now let (M*, gg) be a closed Riemannian manifold where g is the metric of Aubin (see

the Introduction) satisfying
(4.3) (Weoloy >0 on M.

Note that the previous assumptions on the operator L are satisfied in the case of the
geometric one defined in Section 3 with the choice a := Wy, [go* and cg, = (cg) g, +divg, By, .
Therefore the conformal metrics v~ 2go have weak harmonic Weyl curvature and the proof of

Theorem 1.2 is completed.

4.2. Preliminary results. From now on, all geometric quantities are referred to the metric

go and we omit to write their dependence. Let
H(M) = {u € HY(M) : u > 0 a.e. and / utdV < oo}
M

and define

D:= inf D(u).
ueH (M)

By standard elliptic theory, there exists a smooth, positive, first eigenfunction ¢ of L, i.e. a
solution of

Lor = A1
Note that R(¢1) = A1. We have the following weak maximum principle.

Lemma 4.1. Let A\ > 0. Under the previous assumptions, if u € H*(M) satisfies Lu > 0 in

the weak sense, then uw >0 a.e. on M.
Moreover, using Lemma 4.1, one can prove the following strong maximum principle.

Lemma 4.2. Let A\ > 0. Under the previous assumptions, if u € H*(M) satisfies Lu > 0 in
the weak sense, then either u =0 a.e. on M or essinfy; u > 0.

We have a two-sided estimate on D in terms of Ay
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Lemma 4.3. Under the previous assumptions, we have
Jur et dv
(fM 901_4 dV)

Proof. By Jensen inequality, for every u € H (M)

1
— < dV | Vol(M)z.
fMUQdV_</Mu ) ol{M)z

Vol(M)"2 A\, <D < Al

NI

Then
AL < R(w) < D(u) Vol (M)3

and the first inequality follows. Moreover, for every u € H(M) we have

24dv
D) = R(u) WV
(fyyutdv)?
Then
2dv 24V
D <D(p1) =R(p1) Jur ¢4 = Jus 1 Al

NI

(fM 901_4 dV) : (fM ‘P1_4 dV)
O

Consequently, by Lemma 4.1 and Lemma 4.2, maximum principles hold whenever D > 0
and D = 0 if and only if A} = 0.

4.3. Existence. In this subsection we prove that the functional v — ®(u) admits a minimum

vin H(M), that v satisfies the associated Euler-Lagrange equation and it is smooth.

Lemma 4.4. Suppose that w € H(M) and that ©(u) = D > 0. Then Lu > 0 in the weak

sense, i.e.

/M {a(Vu, V) + cup}dV >0 for any o € C1(M),p >0.
Proof. By contradiction, assume that there exists ¢ € C1(M), ¢ > 0 such that
/M {a(Vu, V) + cup}dV < 0.
For every v € H'(M) define
Qv) == /M {a\VU\Z + ch} dv .

Note that
Q(v) = Mvl7- -
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Take any t € R with [¢| small enough. We have that
D(u+tp) —D(u)

= (/M(u + tgo)_4dV> : Qu+tp) — </M u‘4dV> : Q(u)
- [( /M(u + tso)‘%zV)é - < /M u4dV>;

+ </M u_4dV> ’ [Q(u+tp) — Q(u)] .

Qu +tp)

Furthermore,
Qu+1tp) >0,
((u + tg0)74dV)% — (u74dV)% for any ¢t >0,,
and
Qu+tp) — Q(u) = Q'(u)[g] +o(t) as t—0,
where

Q(w)le] = /M{G(Vu, Voo + cugldV > 0.

Thus, for t > 0 sufficiently small,

1
3
Qu+te) = Q) < ([ wtav) (@l + o0} <0
M
So,
D(u+tp) < D(u)
with u 4+ te > 0 a.e., u + to € H(M). This is a contradiction, since

D(u) =D.

Corollary 4.5. Suppose that u € H(M) and that ©(u) =D > 0. Then essinfy; u > 0.

Proof. The thesis follows from Lemmas 4.2 and 4.4.
Theorem 4.6. There exists v € C(M),v > 0 such that

D(w)=D.

Lu=D (/ v_4dV> ’ v,
M

Moreover v satisfies

lw

17
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Proof. First we suppose that
D=0.
By Lemma 4.3, Ay = 0. Moreover,
_ JuAldV gy 2 2 fueidV

- R(p1 —=0=D.
(pr"av)? (prdv)?

D(p1)

Since ¢y € C*°(M), we have that also D = 0. Hence
D(p)=D=D=0.

From now on we suppose that D > 0. Let {vy, }neny C H(M) be a sequence of functions such
that ©(v,) — D. Since the functional ® is scaling invariant, without loss of generality, we
can assume that [}, v,;4dV = 1. Since D > 0, in view of Lemma 4.3, we have that A\; > 0. In
addition,

/ {a|Vv,|* + cv2}dV > )\1/ v2dV .
M M
Clearly, for any n € N sufficiently large,

0<D<D(v,) <D+1.

A\ / v2dV
M

g/ {a|Vv,|* + cv2}dV
M

Hence

41\ 3 2 2
= (v, dV)Q/ {a|Vu,|* + cvi}dV
M

=9(v,) <D+1.
So, {v,} is bounded in L?(M). Moreover, for any n € N sufficiently large,

mina / |V, |2dV
M M
g/ a|an|2dV:©(vn)—/ cvfldV
M M

< D(vn) + vl z< lonl 72
D+1

A1
So, {Vuv,} is bounded in L?(M), and {v,} is bounded in H'(M). Consequently, there exist
a subsequence of {v,}, which will be still denoted by {v,}, and a function v € H'(M) such
that

(4.4)

<D+ 1+ ||v||pe

v, — v in HY(M),

n—oo

Up — U in LQ(M),

n— o0
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v, — v a.e.in M.
n—oo

Therefore,

vt = v ae in M;
n—oo

here we have assumed that v,,v : M — [0, +o00] and é =0, % = 00. By Fatou’s lemma,

/ vV = / liminf v, *dV < liminf/ vtV =1.
M M M

n—oo n—0o0
Thus
/ vV < 400.
M

This implies that v > 0 a.e. in M. In fact, if v = 0 in a set of positive measure, since v > 0,
we get fM v=4dV = oo, a contradiction. Hence v € H'(M),v < 0 a.e. in M, fM vV < 1.
Using the fact that v, — vin H'(M) and v, — v in L?(M), we can infer that

n—o0 n—o0

D <D(v)
= (v_4dV)% / {a|Vv|* + cv?}adV
M

g/ {a|Vv]* + cv®}dV
M

n—o0

< liminf/ {a|Vv,|* + cv2}dV = lin_l)inf@(vn) =D.
M n—oo
So,
D(w)=D >0.
From Lemma 4.2 it follows that essinfv > 0. Take any ¢ € C*(M). Since D(v) = D, we get

4 0@+ 10)] o = 0.

Consequently, for any ¢ € C*(M), we have
_3
/ {a(Vv, Vo + coptdV = / D () dV/ Zav.
M M MY
Thus,
%
Lu=7D (/ v4dV> v 0 =:f weakly in M.
M

Since essinf v > 0, we have that f € L>°(M). Therefore, by standard elliptic regularity theory,
veC®(M),v>0in M. We can therefore infer that

D<Dw)=D<D.

Hence,
D(w)=D.
This completes the proof. ]
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Remark 4.7. From the proof of Theorem 4.6 we can deduce that D = 1/5, s0

(4.5) Lv=D (/ v4dV> v in M.
M

4.4. Uniqueness. Observe that equation (4.5) is scaling invariant, in the sense that if ug
solves (4.5), then uy := Bug, with 8 € RT, satisfies

N 4%
Lu2:D</ u2> uy °dV in M.
M

Therefore, uniqueness for equation (4.5) does not hold. However, we have the following result.

Theorem 4.8. Suppose that both uy and us are solutions of equation (4.5) and that uy >
0,u2 > 0 in M. Then there exists 3 € RT such that

up = Bug  in M.

Proof. Let

1

1
i 1
W= </ u1_4dV> , Y= </ u2_4dV> .
M M

Y= puy,  w = yug

/ vV = / w v =1.
M M

Ly =Dy~ in M,
Lw=Dw™® in M.

So, the functions

satisfy

Then

We choose @ > 0 such that
¢ —aw >0 and rr]}/iln{w—aw}:O.
Since M is compact, we can find a minimum point g € M of the continuous function 1 — aw,
so that 1(z¢) = aw(w) . First assume that D > 0. We have that
L —aw) =D —aw™>) in M.
In particular, at xy we obtain

. D(1 — ab)
-5 -5 _
0= D(¢ ('IO) - aw ('IO)) - 045?1}5(.%'0) :
This yields @ > 1, and so,

Yv>aw>w in M.

By repeating the same argument interchanging the role of ¢ and w, we get

w>1Y in M.
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Hence
pup =1 =w=~yug in M.
Thus, we obtain the thesis with g = %
Now, assume that D = 0. Since ) — aw > 0, if we take M > ||c|| e, then we have

L(Y —aw)+ M) —aw) >0 in M,
and minp {1 — aw} = 0. Observe that
ML+ MId)=M(L)+M=M>0.

Thus, by Lemma 4.2 applied to the operator L + M Id for the function v — aw, we obtain
1 = aw. Therefore,

U] = lauz in M.
1
The proof is now complete. O

Remark 4.9. The proof of Theorem 4.8 in the case D=0 is equivalent to the proof that
A1(L) is simple.

Consider equation

[SIY)

(4.6) Lu =D (u) ( /M u_4dV> i M.

Observe that D (u) = D(Su) for any € RT. Furthermore, equation (4.6) is scaling invariant
as before, so uniqueness for equation (4.6) does not hold. However, we have the following

result.

Theorem 4.10. Suppose that both uy and us are solutions to equation (4.6), and that uq >
0,u9 > 0 in M. Then there exists f € RT such that

up = Bug  in M.

Proof. First assume that ©(u;) > 0,D(u2) > 0. Let

= </Mu14dV>%©(u1), v = </M u24dV>%©(u2).

Y= puy,  w = yug

So, the functions

satisfy
Lip=¢° in M,
Lw=w"> in M.
Hence the conclusion follows as in the proof of Theorem 4.8, when D > 0. Also, in the case

D(u1) = D(uz) = 0, the thesis is obtained by the same arguments as in the proof of Theorem
4.8, when D = 0.
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We claim that the case ®(up) > 0 and ©(ug) = 0 cannot happen. Indeed, by contradiction
assume that ©(u;) > 0 and D (uz) = 0. Define

Y= puy,  wi=us.
We choose o > 0 such that
Y —aw >0 and mj\}n{w—aw}:().

Since M is compact, we can find a minimum point zg € M of the continuous function 1 — aw,
so that 1 (xo) = aw(zg). We have that

L —ow) =4 in M.

In particular, at xy we obtain
0> (xg) > 0.

This is a contradiction. The proof is now complete. ]

Corollary 4.11. Every critical point of the functional v — D (u), defined in H(M), is a

minimum point.

Proof. Let w be a critical point of the functional u — ®(u). Recall that this is equivalent to
requiring that ®’(w) = 0, i.e. w is a solution of equation (4.6). By Theorem 4.6, there exists
a minimum point v of the functional u — ®(u), which is a solution of equation (4.5). By

Theorem 4.10 with u; = w and uy = v we can infer that w = Sv, for some $ > 0. Then
D(w) =D(Bv) =D(v) =D.

This is the thesis. 0

4.5. Further results. For any g > 0 consider equation

(4.7) Lu=pBu™ in M.

Let

[:= m]vilngpl, l:= mﬁxgpl.

Proposition 4.12. Assume that A\; > 0 and 3 > 0. Then there exists a solution v € C*°(M)

of equation (4.7) such that
BYNs . _1(B)*
— <u<-|— m M .
(M) —“—z<M> "

Moreover, if v > 0 is any solution of equation (4.7), then v =wu in M .

e~ e~
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Proof. Define

U= apy, U:=qap,

=

where o, @ are positive constants to be chosen. It is easily seen that if o < &=, then u is a
A

= ol

subsolution of equation (4.7), that is
Lu < ﬁg_5 in M.

In fact,
Lu = Mayp; < fu® = pBa P p;® in M,

‘ o=
o=

provided that o <

It is similarly seen that if @ > £+, then w is a supersolution of
A

I\
equation (4.7), that is

= ol
l—~
= ol

Lu>pu® in M.
Clearly, 0 < a < @. Define

Lu = —div (aVu).
Hence equation (4.6) is equivalent to equation
(4.8) Lu= f(u) in M,

where f(u) := —cu +u~°. We have shown that u is a subsolution of equation (4.8), while @

is a supersolution of equation (4.8). Moreover,
O<al<u<u<al in M,

and f € C'([al,@l]). Hence by the standard sub— and supersolutions method, we can infer

that there exists a weak solution to equation (4.8), and hence to equation (4.7), satisfying
u<u<u in M.

By standard regularity theory it follows that u € C°°(M). Moreover, by the same arguments
as in the proof of Theorem 4.8 when D > 0 we can infer that if v > 0 is any solution of
equation (4.7), then v = w. This completes the proof. ]

Proposition 4.13. Suppose that D > 0. Let v be a solution of equation (4.5). Then

~\ L 1 ~
D\° 4 >Z D
— <o v dV < — in M.

Proof. Let v be a solution of equation (4.5). So, v is also a solution of equation (4.7) with
~ _3
B=7DD([f,,v"*dV) 2. Hence, by Proposition 4.12, the thesis follows. O

N[

o~ e~
o~ | =~I|
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5. A QUANTITATIVE IMPROVED KATO INEQUALITY

We recall that, given any tensor 7', at every point where |T'| # 0, one has the classical Kato
inequality
VT2 > VT
It was proved by Gursky and Lebrun [15], that on a four manifold (M*, g) with half harmonic
Weyl metric, i.e. §W* = 0, there holds
5
IVWE? > g\wwﬂf

if [IW*| # 0. In this section we prove a new quantitative version of the classical Kato inequality
for the Weyl tensors W*. In particular, we recover the sharp Kato inequality established in
[15].

Lemma 5.1. Let (M*,g) be a four dimensional Riemannian manifold. Then at a point where
|W*| # 0 it holds

8(k—1)

WE2 > k| VIWE||® — 22— |sWE|2

VIV = RO - e

for every k € [0, g) In particular, if SW* =0, then at a point where |W=*| # 0, it holds

5
IVWE? > g\V\Win.

Remark 5.2. As it will be clear from the proof, in the case k = 0, the inequality holds on
the whole M, even at points where |W*| = 0.

Proof. We perform our computations for the self-dual case; first recall that (see equation
(2.12))

VWP = AP 2 |do ™2+ 20" = 07)P P20 =0 )20 P+ 2(0F = )2 et

In the rest of the proof we omit the “+” on A, u, v, w, n, 6 and a, b, ¢ for the sake of simplicity.
We set @ := (u — v)a, b:= (A —v)b and ¢ := (A — p)c; we also define

Xj = —wi;ag, Y} = nijl_)i, Zj = _Hijéi .
Then, from the quaternionic structure, we get

X2 =laP, |Y]P =P, |2 = e

and

(X,Y> = _Hijl_)idj, <X, Z> = —n;;Ciaj, <Y, Z> = —wijél-bj .
Since A\ +pu+v =0, |[W][? = i|VV|2 and |[VW|? = i|VVV|2 we have

(5.1) (VW[ = 8([dA[2 + (dA, dv) + |dv]? + |X > + [V + | Z]?)



FOUR DIMENSIONAL CLOSED MANIFOLDS ADMIT A WEAK HARMONIC WEYL METRIC 25

and
2
V[ WwH||* = Q‘d(\/)ﬁ + 2 +>\u)‘
2
= 2‘ (2AdX + 2vdy 4 vdX + Adv)
2V X2 1 12 + v
_ 1 2
= S ) (A H VA (o 2w
Thus
(5.2)
2 2 20 1y |2 2 712
VW = e [(2A + 0)2[dA? 4+ 0+ 20)2|dv]? + 2020 + V) (A + 2y)d)\dy].

Now, since by (2.11) one has
2Wiipea = (Aewpt + Cept — bibpt) wi
+ (Cowpt + Nt + @tOpt )1
+ (_Btwpt + agnpt + Vtapt)eijy
we deduce, after some computations,
‘5Wﬂ2 = P\twpt + CeMpt — Etept{z
+ |Crwpt + penpt + dté’pﬂ2
+ ‘_Etwpt + anpt + Vtept‘Q
= |dA[ + dp) + |dv]? + 2la* + 2[5 + 2|
+ 2wt (—Cibs + peas + arvs)
- 277515(—)\1555 + CiQs — Btys)
+ 205t (AeCs + Ceps — beais ),
and thus
(5.3) 6W | = 21dA2 + 2 (dX, dv) + 2|dv|* + 2| X > + 2]V |2 + 2| Z]?
+2(d\, X) +2(dNY) —4(d\, Z) + 4 (dv, X) — 2(dv,Y) — 2(dv, Z)
-2(X,)Y)-2(X,2Z)-2(Y, Z).
With respect to the “formal” ordered basis d\, dv, X, Y and Z, we can express the three

quantities in equations (5.1), (5.2) and (5.3) as quadratic forms, with associated matrices

given by, respectively,

M|VW+I2 —

O O O = @
O O O 0 =~
o O o o O
S o O O O
co o O O O
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(2 + v)? 2 X+v)(A+2v) 0 0 0
) (2 +v) (A + 2v) (A + 2v)? 00 0
Myw+ e = 2w 0 0 0001,
0 0 000
0 0 000
2 1 1 1 -2
1 2 2 -1 -1
M|5W+‘2: 1 2 2 —1 —1 5
1 -1 -1 2 -1

-2 -1 -1 -1 2

Now we define the quantity @ := |VI/V+|2 + k1|5W+|22 - k2|V|W+||2, for some ki, ko € R,
with associated matrix Q = M‘VW+‘2 + klMW\Wﬂ\? — k2M|5Wﬂ2; we have then

[ 84 2k — 2k Bt 4 kg — 2k B ki —2k ]
e Ty o s
Mq = ki 2k; 8+2k kK —ky
ki —ky ki 842k —k

I = —ky —ky =k 8+ 2k |

A computation gives that det(Mg) = 384(8 + 5k1)(8 + 5k1 — 8k — 3k1k2) . Let

8(k—-1
k= ko and k= ﬁ .
Thus det(Mg) = 0. We claim that the matrix Mg is non-negative definite. In fact, we can

check that the principal minors of order 2,3 and 4 have determinants, respectively,

144(3 — k)(1 — k)?
(5 — 3k)2 ’

384(1 — k)2((3 4 2k)A? + B+ k)Av + (3 + k)v?)
(5 —3Kk)2(\2 + \v + v2) ’

and
3072 k(1 — k)2(2\ + v)?
(5—=3k)2(N2+ v +1?)’

Since k € [0, %), it is easy to see that all these quantities are nonnegative. Moreover, with
similar computations, one verify that all the leading minors have non-negative determinants.

Thus Mg is non-negative definite and the inequality is proved. O
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6. RIGIDITY RESULTS: PROOF OF THEOREM 1.3 AND COROLLARY 1.4

In this section we prove Theorem 1.3 and Corollary 1.4. Let (M*, g) be a closed manifold
of dimension four with positive Yamabe invariant, Y(M, [g]) > 0. Assume that (M*, g) is not
anti-self-dual, i.e. W # 0, and satisfies the pinching

+ o’
(61) WM, [g)) < &
for some «a € [0, g] Obiouvsly, if @ = 0 we have a contradiction. Moreover, the case o = 8

was already considered in [14] (see also [17]). Hence we can assume « € (0, 3). In order to

Y(M,[g])?,

prove Theorem 1.3, we will show that
D1(g) >0 forevery g€ l[g].
From Lemma 2.3 we have

1
(6.2) /M VW 2aV = /M (4\5W+y2 — §R\Wﬂ2 +3W W W

1jpq klpq) av

On the other hand, since the following sharp inequality holds

(6.3) WoaWi Wi

1
+3
1jpq klpq = \/g ’W ‘ ’

by Hoélder inequality one has

3
/vakl quWklpq /|W+| dv

) ()

Moreover, the equality case is attained if and only if W™ has at most two different eigenvalues
and |[W ™| is constant almost everywhere. In particular, in this case, since W+ £ 0, [IW¥| > 0
on W has exactly two distinct eigenvalues on M?. The Yamabe-Sobolev inequality applied
to u = |W| yelds

1
2 2 2
| Wi WiV < \fy (/ W2 dV> (6 |ovwipav+ [ R dV>
ga/ yV\Wﬂ\?dVJr—/ RIWT|2dV,
M 6 /m
where in the last inequality we have used the assumption (6.1). Let
My :={x € M : |WT|(x) = 0}.

Note that, in general, Vol(Mj) can be strictly positive (by a unique continuation principle,
this is not the case when dW™* = 0, see for instance [13]). Then one has

Wh Wt Wt oqv < VW2 dV 9/ RIW*2dV .
/ ikl "V ijpg " kipq —O‘/M\MO| | I +6 e | |
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Thus, the improved Kato inequality in Lemma 5.1, implies for every k € [0, g)

8a(k —1)
Wt Wt W dv<9/ VW2 dv 7/ SWH2dv
/M igkl " igpq " kipg =k M\M0| | + k‘(5 —3k‘) M\M0| |

+9/ RIW*2av.
6 Jan\ o

On the other hand, by Remark 5.2, on My we have
VW 2 S

hence

(07

a / w2y 4 ok — b
Mo

swH2av + 2 [ RwHPav > 0.
T g J,, VTV G [ Ry

k My

Combining the above inequalities with (6.2), we obtain

k—3a 4k(5 — 3k) + 24a(k — 1)

1 -«
VWH2dv < / 6W+2——/RW+2dV.
v T M L

Now choose k = 3a and we get

5 — 9«

/|6W+|2dV2 /R|W+|2dv,
M M

i.e.
95(9) > 0.

If D1 (g) > 0, since all the assumptions are conformally invariant, this estimate holds for
every metric in the conformal class g € [g] and the claim follows. On the other hand, suppose
that D1 (g) = 0. Then

59
/\5W+]2dV: O‘/ RIWT2av .
M 24 Ju

From a previous estimate, since k = 3a, we obtain

1 8(3a—1) a
wt wt wht dV<—/ VWT]2dv 7/ SWH2dV —/ RIWT]2dV
/M igkl " igpq " klpg =3 M’ ‘ +3(5—90z) M‘ ‘ + 6 v ‘ ’

1 —1
:—/ wwtRay + (201 @ /Ryw+y2dv

9a — 2
RIWT2dv.
- /M| |

1
:—/ VWE2av +
3 m

Thus

— 1 —2
/!VW+\2dV§<5 fa 1 Sa )/ RWHPav+ [ 9w = [ ewpav
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In particular we have equalities in the previous computations, so |[WW ™| is a positive constant
and the equality case in the Yamabe-Sobolev inequality gives that also the scalar curvature
R has to be a positive constant. Substituting in (6.2), we obtain

5-9a 1 1-3
/ﬁvwﬂwvz< “——+9>/JMVdez a/pmwﬂwv
iy 6 2 2)/y 35 Ju

1-3
:< 3a>VdMﬂRM”P.

This implies a < % To conclude we use the fact that we have equality also in the Kato
inequality in Lemma 5.1 with k = 3a, i.e.
8(1 — 3a)

VW2 =
| | (5 —9)

[sW 2

on M* since |[IW*+| > 0. First of all, by the equality in the algebraic estimate (6.3) we
know that W™ has exactly two distinct eigenvalues. Following the proof in Lemma 5.1, since
det(W™) > 0, we can assume that 4 = X and v = —2\. Thus ¢ = 0 and Z = 0. Substituting
in (5.1) and (5.3), we obtain

VW H|? = 24]dA[? + 8| X|? + 8|y |?

W > = 6ldA2 + 21X |2 + 2]V |2 = 6 (d\, Y) + 6 (d\, Y) — 2(X,Y) .
Thus

8
5 — 9«

+a1—&mwxxv—6@—3@guﬁw+2a—3@<xgv)

8(1 — 3a)

0=|VW*P - (5 —9a)

W2 = «ml—amuﬁ+3u—anxﬁ+3u—aﬂyﬁ

Following again the notation in Lemma 5.1, the associated matrix is given by
3 91 — o) 3(1 =3a) —3(1-3a)
M:5—9a 31-3a) 31—« (1-3a)
—3(1-3a) (1-3a) 3(1—-«a)

A computation shows that det(M) = 288a(2 — 3a), which has to be zero. This is a contra-

diction, since 0 < a < % and the proof of Theorem 1.3 is complete.

Corollary 1.4 follows from Theorem 1.3 using the lower bound for the Yamabe invariant
proved in [12] (see Lemma 2.4).
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