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Abstract

In the framework of continuous time symmetric stochastic differential games in open loop
strategies, we introduce a generalization of mean field game solution, called coarse correlated
solution. This can be seen as the analogue of a coarse correlated equilibrium in the N -player
game. We justify our definition by showing that a coarse correlated solution for the mean
field game induces a sequence of approximate coarse correlated equilibria with vanishing
error for the underlying N -player games. Existence of coarse correlated solutions for the
mean field game is proved by a minimax theorem. An example with explicit solutions is
discussed as well.
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1 Introduction

Coarse correlated equilibria are a concept of equilibria for games with many players which allows
for correlation between players’ strategies, thus generalizing the notion of Nash equilibria. In
this paper, we propose a notion of coarse correlated equilibria for a class of continuous time
symmetric stochastic differential games and study the corresponding mean field formulation as
the number of players N goes to infinity.

Mean field games (MFGs) have been an active theme of research for almost two decades, started
in the mid 2000’s from the seminal works of Lasry and Lions [29] and of Huang, Malhamé and
Caines [22]. Roughly speaking, MFGs arise as the limit formulation of symmetric stochastic
N -player games with mean field interactions between the players. Thanks to the mean field
interaction and propagation of chaos type results, one expects that the empirical distribution of
players’ states converges to the law of some representative player. In the limit, the concept of
Nash equilibrium translates into a fixed point problem in the space of flows of measures. For
a probabilistic approach to MFGs, we refer to the two-volume book by Carmona and Delarue
[12, 13]. The relation between the MFG and the N -player game is commonly understood in two
ways: on the one hand, a solution of the MFG allows to construct approximate Nash equilibria
for the corresponding N -player games, if N is sufficiently large, see, e.g., [8, 11, 22]. On the other
hand, approximate Nash equilibria can be shown to converge to solutions of the corresponding
MFG. The choice of admissible strategies, while always important, is crucial for results of this
kind: see [17, 26] for earlier results in open loop strategies and Cardaliaguet et al. [10], Lacker
[27], and Lacker and Le Flem [28] for convergence in closed loop strategies.

The notion of coarse correlated equilibrium (CCE) makes its first appearances implicitly in
Hannan’s work [18] and explicitly in Moulin’s and Vial’s [32]. The idea of CCEs can be sum-
marized as follows: The game includes a correlation device or a mediator, who picks a strategy
profile randomly according to some probability distribution over the set of strategy profiles,
which is assumed to be common knowledge among the players. Each player must decide whether
to commit or not to the strategies selected for her by the mediator before the mediator runs the
lottery. If a player deviates, she will do so without any information on the outcome of the lottery.
If a player commits, the mediator informs her of her own recommendation, without revealing
the recommendation to any other player. In equilibrium, it is best to commit to the anticipated
outcome of the lottery if one believes that every other player is doing the same. This notion of
equilibrium is weaker than that of correlated equilibrium (CE) à la Aumann (see [1, 2]), where
players decide whether to accept the mediator’s recommendation after having been informed
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(in private) of the strategies extracted for them. When the distribution used by the mediator
is a product distribution, CCEs reduce to usual Nash equilibria in mixed strategies, because in
this case the mediator’s recommendations do not carry any additional information over what is
common knowledge. Among the nice features of CCEs, we notice the fact that they may lead to
higher payoffs than Nash equilibria, even when true CEs do not exist (see Moulin et al. [31, 30]
for an example in a two-person static linear quadratic game), and they naturally arise from a
learning procedure of the players, such as the so called regret-based dynamics (see, e.g., Hart
and Mas-Colell [19] and Roughgarden [38, Section 17.4]).

Recently, correlation between players’ strategy choices has been considered in the context of
mean field games, although only for a class of symmetric games with discrete time and finite
states and finite actions. Campi and Fischer [9] establish the existence of symmetric CEs in
such a class of games, give a definition of CE in the mean field limit and provide both approxi-
mation and convergence results. In their formulation, players are allowed to use only restricted
strategies, that is, feedback strategies that depend only on time and each player’s private state.
As usual, the mean field interaction in the N -player game is modeled via the empirical measure
of players’ private states. In the mean field limit, they propose a notion of correlated MFG
solution, which is defined as a probability distribution over all the pairs of strategies and flows
of measures. Remarkably, in the mean field limit, the flow of measures is naturally stochastic,
as the aggregation of individual behaviours preserves the stochasticity of the correlation device.
The subsequent work with Bonesini [6] extends the notion of correlated solution for the MFG to
allow for progressive deviations and presents a new formulation based on open loop stochastic
controls. In a second group of papers by Müller et al. [34, 33], notions of both CCEs and CEs
are studied for a class of symmetric games with discrete time, finite states and finite actions, in
a setting close to the one in [9, 6]. Interestingly, they propose a different definition of CE for the
mean field game from that in [9], and in [33] the authors discuss on how the two definitions of
CE can be seen as equivalent. In addition, [34, 33] contain an extensive discussion of learning
algorithms for approximating Nash equilibria, CEs and CCEs in the mean field limit.

In the N -player game, the state dynamics follow stochastic differential equations (SDEs),
driven by independent standard Brownian motions representing additive idiosyncratic noise, and
the interaction between players is given through the empirical distribution of their states, which
appears both in the drift of the SDEs and in each player’s payoff functional. Players’ strategies
are assumed to be open loop, i.e., the correlation device would recommend the players to use
strategies adapted to the filtration generated by noises and initial data. More precisely, the
correlation device, or recommendation to the N players, is modeled as a random variable taking
values in the set of open loop strategy profiles; we require it to be independent of the random
shocks and the initial states which determine players’ states’ evolution. We deal very carefully
with the measurability properties the recommendation has to fulfill so that the players’ states
are well-defined and the recommended strategies are implementable by the players. In the mean
field limit, the notion of coarse correlated solution we present corresponds to a pair given by a
recommendation with values in the set of open loop strategies for the representative player and
a random flow of measures fulfilling the following two properties:

– Optimality : the representative player has no incentive to deviate from the recommended
strategy before the extraction has happened.

– Consistency : the flow of measures at any time t equals the marginal law of the represen-
tative player’s state conditioned on the σ-algebra generated by the whole flow of measures
up to terminal time.
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Through the study of a simple example, our notion of coarse correlated solution to the MFG is
compared to the more usual notion of MFG solution, (as defined, e.g., in [11]) and the notion of
weak MFG solution of [26]. Our main contributions are as follows:

– We justify our notion of coarse correlated solution for the MFG by showing that any coarse
correlated solution for the MFG induces a sequence of approximate CCEs in the N -player
game, with vanishing error as N goes to infinity.

– Under an additional convexity assumption, we prove the existence of a coarse correlated
solution for the mean field game.

Both results will be established using a genuinely probabilistic approach. To prove existence, we
associate a zero-sum game to the search of a coarse correlated solution for the MFG, inspired
by the works of Hart and Schmeilder [20] (for static games), Nowak [35, 36] (for continuous
time dynamic games) and Bonesini [5, Appendix 1.B] (for mean field games with discrete time
and finite states and actions, in the setting of [9]), which require us to apply a minimax theo-
rem. Therefore, compactness arguments are exploited, adapting some of the techniques used in
Lacker’s works [25, 27]. On the other hand, the approximation relies on propagation of chaos
arguments, which are reminiscent of [11].

The rest of the paper is organised as follows: in Section 2 we collect some notations and state
the main assumptions, which will be in force throughout the whole paper. In Section 3, we
define the N -player game and present a notion of CCE; coarse correlated solutions for the MFG
are defined in Section 4. The approximation and existence results are presented in Sections 5
and 6, respectively. In Section 7, we consider a simple class of games, already discussed in the
literature (see [3, 26, 27]): we show that it has coarse correlated solutions which are different from
the classical MFG solution, and we compare them with the notions of solution of the previous
literature. Finally, some auxiliary technical results are gathered in the Appendix.

2 Notations and standing assumptions

Here, we collect the most frequent notations that occur in this work and state the assumptions.
For a metric space (E, dE), we denote by BE the Borel σ-algebra generated by the topology

of E. When the context allows, we will drop the dependence upon E, and just denote it by B.
We denote by Cb(E) the set of continuous bounded function f : E → R.

We will denote by P(E) the set of probability measures on (E,BE). For p ≥ 1, we denote by
Pp(E) the set of probability measures m ∈ P(E) so that, for some point x0 ∈ E, and thus for
any, the p-moment of m is finite:

m ∈ Pp(E) ⇐⇒ m ∈ P(E) and
∫
E
dpE(x, x0)m(dx) <∞.

Let Wp,E(m1,m2) denote the p-Wasserstein distance on Pp(E), defined as

Wp
p,E(m1,m2) = inf

{∫
E×E

dpE(x, y)π(dx, dy) : π ∈ P(E × E), π has marginals m1, m2

}
.

Any time we will be given two metric spaces (E, dE) and (E, dE′), we will regard E × E′ as a
metric space itself, with the distance d((e, f), (e′, f ′)) = dE(e, f) + dE(e

′, f ′). The p-Wasserstein
distance on Pp(E × E′) will always be meant with respect to such distance on E × E′.

We recall some well-known equivalences for convergence in p-Wasserstein distance, which will
be used extensively:
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Proposition 2.1 ([40], Theorem 7.12). Let (E, dE) be a metric space, and suppose µn, µ ∈
Pp(E). Then the following are equivalent:

(1) Wp,E(µ
n, µ) → 0.

(2) µn → µ weakly and for some (and thus any) x0 ∈ E we have

lim
r→∞

sup
n

∫
{x: dpE(x,x0)≥r}

dpE(x, x0)µn(dx) = 0 (2.1)

(3)
∫
ϕ(x)µn(dx) →

∫
ϕ(x)µ(dx) for all continuous functions ϕ : E → R such that there exist

x0 ∈ E and c > 0 so that |ϕ(x)| ≤ c(1 + dpE(x, x0)) for all x ∈ E.

In particular, a sequence (µn)n ⊂ Pp(E) is relatively compact if and only if it is tight and satisfies
(2.1).

For T > 0 fixed, we denote by Cd the set of continuous functions from [0, T ] in Rd, d ∈ N, i.e.
Cd = C

(
[0, T ];Rd

)
. We endow Cd with the norm ∥x∥Cd = sups∈[0,T ] |xs|. Occasionally, we will

use the semi-norm ∥x∥t,Cd = sups∈[0,t] |xs|, for x ∈ Cd. We will denote as Wd ∈ P(Cd) the law of
a standard d-dimensional Brownian motion, and by C(P2) the set of continuous functions from
[0, T ] in P2(Rd), i.e. C(P2) = C([0, T ];P2(Rd)), where P2(Rd) is endowed with the 2-Wasserstein
distance. We endow C(P2) with the supremum distance supt∈[0,T ]W2,P2(Rd)

(m1
t ,m

2
t ), for any

m1 = (m1
t )t∈[0,T ] and m2 = (m1

t )t∈[0,T ] in C(P2).
When given a filtered probability space (Ω,F , (Gt)t,P), we regard as the P-augmentation of

the filtration (Gt)t the filtration F = (Ft)t, where Ft = ∩ε>0σ(Gt+ε,N ) and N stands for the
P-null sets of Ω. Such a filtration satisfies the usual assumptions.

We end this section by stating our standing assumptions on the state dynamics and on the
costs of the players in both the N -player game and the limit game. We are given a finite time
horizon T > 0, a control actions space A, an initial state distribution ν ∈ P(Rd), and the
following functions:

(b, f) : [0, T ]× Rd × P2(Rd)×A→ Rd,

g : Rd × P2(Rd) → Rd,

which will be referred to, respectively, as the drift function, the running cost and the terminal
cost.

The following Assumptions A will be in force throughout the whole manuscript.

Assumptions A.

(A.1) A ⊆ Rl, for some l ≥ 1, is a compact set.

(A.2) ν ∈ Pp(Rd), for some p > 4.

(A.3) The functions b, f and g are jointly measurable in (t, x,m, a).

(A.4) b(t, x,m, a) is Lipschitz in a ∈ A, m ∈ P2(Rd) and x ∈ Rd, uniformly in t:

|b(t, x,m, a)− b(t, x′,m′, a′)| ≤ L
(
|a− a′|+ |x− x′|+W2,Rd(m,m

′)
)

for every t ∈ [0, T ], (x,m, a) and (x′,m′, a′) in Rd × P2(Rd)×A.

(A.5) The functions [0, T ] ∋ t 7→ (b, f)(t, 0, δ0, a0) are bounded, for some a0 ∈ A.
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(A.6) f and g are locally Lipschitz in (x,m, a) for every fixed t ∈ [0, T ] with at most quadratic
growth, i.e., there exists a positive constant L > 0 so that∣∣(f, g)(t, x,m, a)− (f, g)(t, x′,m′, a′)

∣∣
≤L

(
1 + |x|+

∣∣x′∣∣+ (∫
Rd

|y|2m(dy)

) 1
2

+

(∫
Rd

|y|2m′(dy)

) 1
2

+ |a|+
∣∣a′∣∣)

·
(
|x− x′|+W2,Rd(m,m

′) + |a− a′|
)
,

for every t ∈ [0, T ], (x,m, a) and (x′,m′, a′) in Rd × P2(Rd)×A.

3 Formulation of the N-player game

Consider the following canonical space

Ω1 =
∞

×
1

Rd × Cd, F1 =
∞⊗
1

BRd ⊗ BCd , P1 =
∞⊗
1

ν ⊗Wd. (3.1)

We define a sequence of random variables (ξi)i≥1 and of Brownian motions (W i)i≥1, by taking
the projections:

ξi(ω1) = ξi((xj , wj)j≥1) = xi, W i
t (ω1) =W i

t ((x
j , wj)j≥1) = wi

t, t ∈ [0, T ]. (3.2)

By definition of P1, (ξi)i≥1 and (W i)i≥1 are mutually independent, (ξi)i≥1 are independent and
identically distributed with law ν ∈ Pp(Rd) and (W i)i≥1 are independent d-dimensional standard
Brownian motions.

Let N ∈ N, N ≥ 2, be the number of players. We define the filtration F1,N as the P1-
augmentation of the filtration generated by the first N random variables (ξi)Ni=1 and Brownian
motions (W i)Ni=1. Therefore, for the N -player game, we work on the space

(Ω1,F1,F1,N ,P1). (3.3)

We stress that, for every N ≥ 2, we keep the probability space (Ω1,F1,P1) fixed while the
filtration F1,N varies.

Consider the set AN of F1,N -progressively measurable processes taking values in A:

AN =
{
α : [0, T ]× Ω1 → A

∣∣∣ α is F1,N -progressively measurable
}
. (3.4)

Provided that we identify processes which are equal Leb[0,T ] ⊗ P1-a.e., we can regard AN as

AN = L2
(
[0, T ]× Ω1,P1,N , Leb[0,T ] ⊗ P1;A

)
,

where P1,N stands for the progressive σ-algebra on [0, T ] × Ω1, using the filtration F1,N . We
call any element α ∈ AN an open loop strategy for the N -player game. We regard a vector
(α1, . . . , αN ) ∈ AN

N =×N
1 AN as an open loop strategy profile for the N players, which will be

occasionally denoted by α. We endow such a space A with the norm

∥α∥L2 = EP1

[∫ T

0
|αt|2 dt

] 1
2

(3.5)

and consider the Borel σ-algebra BAN
associated to that. We observe that, since ([0, T ] ×

Ω1,B[0,T ]×Ω1) is Polish and A is closed, AN is a separable Banach space. In the following, we will
make no distinction between an F1,N -progressively measurable process α and any other process
α′ which is equal to it Leb[0,T ] ⊗ P1-almost everywhere.
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Definition 1 (Admissible recommendation profile and correlated strategy profile). We call ad-
missible recommendation profile to the N players a pair ((Ω0,F0−,P0),Λ) so that the following
holds:

1. (Ω0,F0−, P0) is a complete probability space; Ω0 is a Polish space and F0− is its corre-
sponding Borel σ-algebra.

2. Λ = (Λ1, . . . ,ΛN ) is a random vector with values in AN
N :

Λ : (Ω0,F0−,P0) −→ (AN
N ,BAN

N
)

ω0 7−→ Λ(ω0) = (α1, . . . , αN ) : [0, T ]× Ω1 → AN .
(3.6)

3. Λ is admissible in the following sense: Let (Ω,F ,P) be the product space of (Ω0,F0−,P0)
and (Ω1,F1,P1):

(Ω,F ,P) = (Ω0 × Ω1,F0− ⊗F1,P0 ⊗ P1).

We complete the σ-algebra F with the P-null sets and endow the product probability space
with the P-augmentation of the filtration

F = F0− ⊗ F1,N = (F0− ⊗F1,N
t )t∈[0,T ].

Given an (AN
N ,BAN

N
)-valued random variable Λ = (Λ1, . . . ,ΛN ) as in (3.6), we say that Λ

is admissible if there exists a process λ = (λ1t , . . . , λ
N
t )t∈[0,T ] with values in AN , defined

on (Ω,F ,P) and F-progressively measurable, so that, for every i = 1, . . . , N , for P0-a.e.
ω0 ∈ Ω0, the section (λit(ω0, ·))t∈[0,T ] is equal to Λi(ω0) in AN :∥∥(λit(ω0, ·))t∈[0,T ] − Λi(ω0)

∥∥
L2([0,T ]×Ω1)

= 0, P0-a.s., i = 1, . . . , N. (3.7)

If Λ = (Λ1, . . . ,ΛN ) is an admissible recommendation to the N players, we write

λit(ω) = λit(ω0, ω1) = Λi(ω0)t(ω1), i = 1, . . . , N, (3.8)

where equality is to be understood in the sense of (3.7). We call correlated strategy profile associ-
ated to the admissible recommendation profile ((Ω0,F0−, P0),Λ) the F-progressively measurable
process λ = (λt)t∈[0,T ] satisfying (3.8).

We remark that, by Proposition B.2, given any admissible recommendation to the N players
((Ω0,F0−,P0),Λ), the correlated strategy profile λ associated to it is unique Leb[0,T ] ⊗ P-almost
everywhere. We point out that in general, for instance when a recommendation profile Λ takes
uncountably many values, we cannot recover the progressive measurability property of the strat-
egy λ associated to the recommendation Λ. The essential reason is that we cannot deduce the
measurability of a set in the product σ-algebra from the measurability of its sections, as shown,
e.g., in [39, p. 5]. Therefore, the admissibility requirement on ((Ω0,F0−,P0),Λ) is necessary. Nev-
ertheless, we give some examples of admissible recommendations in Example 1 in the following
Section 4.

Remark 1. As usual, we can extend random variables defined on Ω1 to random variables
defined on Ω. Indeed, suppose X : (Ω1,F1) → (E, E) is a random variable with values in
some measurable space (E, E). We can then regard X as defined on the space (Ω,F) via the
identification X̃(ω0, ω1) = X(ω1), and analogously for Ω0. In this sense, via the identification
(ξ̃i, W̃ i)(ω0, ω1) = (ξi,W i)(ω1) for every i = 1, . . . , N , we can regard the Brownian motions
and initial data as defined on Ω; we observe that (W i)Ni=1 are independent standard Brownian
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motions with respect to the filtration F as well. Moreover, we can identify each process α ∈ AN ,
which is defined on Ω1, with a process α̃ defined on Ω via the identification α̃(ω0, ω1) = α(ω1).
Such a process is progressively measurable with respect to the filtration F and independent of
F0−.

We interpret the admissible recommendation as follows: A correlation device or a mediator
runs a lottery over open loop strategy profiles according to some publicly known distribution
P0 and communicates privately to each player a strategy according to the selected profile. The
extraction of the strategy profile happens before the game starts and it is independent of the
idiosyncratic shocks that determine the random evolution of players’ states. These features are
captured by the construction of the underlying probability space as a product of (Ω0,F0−,P0),
which contains the information used to correlate players’ strategies, and (Ω1,F1,P1), where
noises and open loop strategies are defined, and by the choice of the filtration F, since F0− ⊆ Ft

for every t ∈ [0, T ]. We stress that, by definition, the realization Λi(ω0) is an F1,N -progressively
measurable process in AN , for any scenario ω0 ∈ Ω0 and i = 1, . . . , N . Observe that, even though
Λ and (ξj ,W j)Nj=1 are independent, the correlated strategy profile λ = (λt)t∈[0,T ] is in general
not independent of either of them, since it is the result of both the recommendation profile and
the random shocks and initial data.

Let ((Ω0,F0−,P0),Λ) be an admissible recommendation profile. On the space (Ω,F ,F,P)
defined at point 3 of Definition 1, we assign players state dynamics and define the cost functionals.
If all players follow the recommendation Λ, players’ state dynamics are given by the following
system of stochastic differential equations:{

dXj
t = b(t,Xj

t , µ
N
t , λ

j
t )dt+ dW j

t , 0 ≤ t ≤ T,

Xj
0 = ξj ,

(3.9)

for every j ∈ {1, . . . , N}, where µNt is the empirical measure of the state processes of all players
at time t:

µNt =
1

N

N∑
j=1

δ
Xj

t
. (3.10)

Suppose player i deviates, while the other players follow the recommendations they receive
from the mediator. The deviating player will pick instead an open loop strategy β ∈ AN . In
other words, at every time t and for every scenario ω, player i plays the action β̃t(ω) = βt(ω1)
instead of playing the recommended action λit(ω) = Λi(ω0)(ω1). Then, players’ state dynamics
are given by the following system of stochastic differential equations:{

dXj
t = b(t,Xj

t , µ
N
t , λ

j
t )dt+ dW j

t , 0 ≤ t ≤ T, Xj
0 = ξj , j ̸= i

dXi
t = b(t,Xi

t , µ
N
t , βt)dt+ dW i

t , 0 ≤ t ≤ T, Xi
0 = ξi,

(3.11)

where µNt is defined as in (3.10). We note that µNt belongs to P2(Rd) almost surely, since it is a
superposition of Dirac’s deltas, which makes equations (3.9) and (3.11) well defined. We observe
that Assumption A ensures that there always exists an F-adapted continuous solution to both
equations (3.9) and (3.11) so that E[supt∈[0,T ]max1≤j≤N |Xj

t |2] < ∞ and pathwise uniqueness
holds. By Theorem A.1, uniqueness in law holds as well.

Remark 2. As in Remark 1, we can further stress the dependence upon ω = (ω0, ω1) ∈ Ω0×Ω1 =
Ω: as for (3.9), we write, with the same abuse of notation of Remark 1,{

dXj
t (ω0, ω1) = b(t,Xj

t (ω0, ω1), µ
N
t (ω0, ω1), λ

j
t (ω0, ω1))dt+ dW j

t (ω1),

Xj
0(ω0, ω1) = ξj(ω1),
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for every j ∈ {1, . . . , N}, where λjt (ω0, ω1) = Λj(ω0)t(ω1) in the sense of (3.7). Analogously, in
presence of a deviating player i, instead of (3.11), we write{

dXj
t (ω0, ω1) = b(t,Xj

t (ω0, ω1), µ
N
t (ω0, ω1), λ

j
t (ω0, ω1))dt+ dW j

t (ω1),

Xj
0(ω0, ω1) = ξj(ω1),

j ̸= i{
dXi

t(ω0, ω1) = b(t,Xi
t(ω0, ω1), µ

N
t (ω0, ω1), βt(ω1))dt+ dW i

t (ω1),

Xi
0(ω0, ω1) = ξi(ω1).

Remark 3. We notice that there is an asymmetry between the information available to the me-
diator and the deviating player: if a player deviates, she chooses her strategy on her own, ignoring
the information contained in mediator’s recommendation, since, by definition of the process β
on the product space, deviating player’s strategy β is independent of the recommendation profile
Λ. We can interpret player i’s deviation in the following way: either the player commits to the
moderator ex-ante or she does not; if she does not, she will not exploit any of the additional
information the mediator would give away when communicating the recommended strategies to
the players.

As for the cost functional, let ((Ω0,F0−,P0),Λ) be an admissible recommendation profile. If
all players follow the recommendation, then the cost functional of each player j = 1, . . . , N is
given by

JNj (Λ) = E
[∫ T

0
f(t,Xj

t , µ
N
t , λ

j
t )dt+ g(Xj

T , µ
N
T )

]
,

with dynamics given by (3.9). If instead player i does not play according to the recommendation
Λi and plays a different strategy β ∈ A, while the other players stick to the recommendation
profile Λ−i = (Λ1, . . . ,Λi−1,Λi+1, . . . ,ΛN ), we define the cost functional of each player j as

JNj (Λ) = E
[∫ T

0
f(t,Xj

t , µ
N
t , λ

j
t )dt+ g(Xj

T , µ
N
T )

]
, j ̸= i

JNi (Λ−i, β) = E
[∫ T

0
f(t,Xi

t , µ
N
t , βt)dt+ g(Xi

T , µ
N
T )

]
,

where the dynamics are given by (3.11). Finally, we give the notion of ε-coarse correlated
equilibrium:

Definition 2 (ε-coarse correlated equilibrium). Let ε ≥ 0. An admissible recommendation
profile ((Ω0,F0−,P0),Λ) is an ε-coarse correlated equilibrium for the N -player game (ε-CCE) if

JNi (Λ) ≤ JNi (Λ−i, β) + ε (3.12)

for all open loop strategies β ∈ AN and all players i = 1, . . . , N . We call an admissible recom-
mendation profile ((Ω0,F0−,P0),Λ) a coarse correlated equilibrium for the N -player game if it
is an ε-coarse correlated equilibrium with ε = 0.

The usual notion of Nash equilibrium in open loop strategies is consistent with the definition
of coarse correlated equilibrium: Suppose we are given an ε-Nash equilibrium (α1, . . . , αN ) in
open loop strategies. We choose (Ω0,F0−,P0) as the trivial probability space and Λ as constant
and equal to (α1, . . . , αN ). It is then straightforward to see that the triple ((Ω0,F0−,P0),Λ) is
an ε-CCE according to Definition 2.

Notice that a Nash equilibrium in open loop strategies (α1, . . . , αN ) is F1,N -progressively mea-
surable, while a correlated strategy profile λ associated to an admissible recommendation Λ

9



contains the information carried by Λ itself, which is the information the mediator uses to ran-
domize players’ strategies. Moreover, while in both cases the deviating player will use an open
loop strategy, CCEs present a certain asymmetry between the information available to the me-
diator and the deviating player, as pointed out in Remark 3, while, when dealing with Nash
equilibria, the deviating player has access to the same information of the other players, since
they all use F1,N -progressively measurable strategies.

Remark 4 (Role of the probability space (Ω0,F0−,P0)). According to Definition 1, the prob-
ability space (Ω0,F0−,P0) is part of the definition of admissible recommendation. The natural
interpretation is that the mediator chooses the auxiliary space he uses to correlate players’ strate-
gies. Moreover, according to equations (3.9) and (3.11), it determines the probability space on
which state processes are defined. In order to keep the notation as simple as possible, by abuse
of notation, we mostly refer only to Λ as the admissible recommendation instead of the pair
((Ω0,F0−,P0),Λ).

Remark 5 (Relationship with correlated equilibria of [6, 9]). It is worth to briefly compare
our notion of coarse correlated equilibria with the notion of correlated equilibria of [9] and
[6]. Besides the fact that the sets of times, individual states and control actions are finite,
therein strategies recommended to the players are in restricted closed loop form, that is, they
are Markovian functions of each player’s private state, hence of the form (uj(t,Xj

t ))t∈[0,T ], with
uj : [0, T ] × Rd → A measurable, for each j = 1, . . . , N . Recommendations thus take values in
the set of such functions of time and state. Most importantly, in their framework, the deviating
player reacts to the recommended strategy: she observes the recommendation the mediator gives
her and decides whether or not to play accordingly after receiving it. Therefore, using our
notation, the deviating player i has access to the information carried by Λi. This feature is not
present in our model, as previously discussed.

Remark 6 (Expressing ε-CCE in terms of the law of the admissible recommendation profile).
For the sake of comparison with the literature, see, e.g., [31, 30] in the static case and [35, 36]
in the differential one, we restate the equilibrium condition (3.12) taking advantage of regular
conditional probabilities. Let Λ be an ε-CCE. Since both Ω0 and Ω1 are Polish, we get that
AN
N and (Ω,F) are Polish as well, so that we are allowed to consider the regular conditional

probability of P given Λ = (α1, . . . , αN ), which we denote by Pα. Let γN ∈ P(AN
N ) be the

law of Λ and γ−i
N ∈ P(AN−1

N ) be the law of Λ−i. It is straightforward to see that, for γN -a.e.
(α1, . . . , αN ) ∈ AN

N , under Pα, the process X solution to (3.9) satisfies the equation{
dXj

t = b(t,Xj
t , µ

N
t , α

j
t )dt+ dW j

t , 0 ≤ t ≤ T,

Xj
0 = ξj ,

and analogously holds for equation (3.11). Denote by Ji(α) the cost functional for player i
associated to an open loop strategy profile α. The equilibrium condition (3.12) reads as∫

AN
N

JNi (α)γN (dα) ≤
∫
AN−1
N

JNi (α−i, β)γ−i
N (dα−i) + ε ∀β ∈ AN , i = 1, . . . , N. (3.13)

We stress that the right-hand side depends only on the marginal law of Λ−i, for every β ∈ AN ,
for every i = 1, . . . , N .

4 Formulation of the mean field game

Consider the following canonical space

Ω∗ = Rd × Cd, F∗ = BRd ⊗ BCd , P∗ = ν ⊗Wd. (4.1)
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Define ξ and W = (Wt)t∈[0,T ] as

ξ(ω∗) = ξ(x,w) = x, Wt(ω∗) =Wt(x,w) = wt. (4.2)

By definition of P∗, ξ and W are independent, ξ is an Rd-valued random variable with law ν
and W is a standard Brownian motion. Define the filtration F∗ as the P∗-augmentation of the
filtration generated by ξ and W .

Consider the set A of F∗-progressively measurable processes taking values in A:

A =
{
α : [0, T ]× Ω∗ → A

∣∣∣ α is F∗-progressively measurable
}
. (4.3)

Provided that we identify processes which are equal Leb[0,T ] ⊗ P∗-a.e., we can regard A as

A = L2
(
[0, T ]× Ω∗,P∗, Leb[0,T ] ⊗ P∗;A

)
,

where P∗ stands for the progressive σ-algebra on [0, T ]×Ω∗, using the filtration F∗. We call any
element α ∈ A an open loop strategy for the mean field game. We endow such a space A with
the norm

∥α∥L2 = EP∗
[∫ T

0
|αt|2 dt

] 1
2

(4.4)

and consider the Borel σ-algebra BA associated to that. We observe that, since ([0, T ] ×
Ω∗,B[0,T ]×Ω∗) is Polish and A is closed, A is a separable Banach space. Finally, we will make no
distinction between an F∗-progressively measurable process α and any other process α′ which is
equal to it Leb[0,T ] ⊗ P∗-almost everywhere.

Definition 3 (Admissible recommendation for the mean field game). We call admissible recom-
mendation a pair ((Ω0,F0−,P0),Λ) where:

1. (Ω0,F0−, P0) is a complete probability space; Ω0 is a Polish space and F0− is its corre-
sponding Borel σ-algebra.

2. Λ is a random variable with values in A:

Λ : (Ω0,F0−,P0) −→ (A,BA)

ω0 7−→ Λ(ω0) = α : [0, T ]× Ω∗ → A.
(4.5)

3. Λ is admissible, in the following sense: let (Ω,F ,P) be the product space of (Ω0,F0−,P0)
and (Ω∗,F∗,P∗):

(Ω,F ,P) = (Ω0 × Ω∗,F0− ⊗F∗,P0 ⊗ P∗).

We complete the σ-algebra F with the P-null sets and endow the product probability space
with the P-augmentation of the filtration

F = F0− ⊗ F∗ = (F0− ⊗F∗
t )t∈[0,T ].

Given an (A,BA)-valued random variable Λ as in (4.5), we say that Λ is admissible if
there exists an A-valued process λ = (λt)t∈[0,T ], defined on (Ω,F ,P) and F-progressively
measurable, so that, for P0-a.e. ω0 ∈ Ω0, the section (λt(ω0, ·))t∈[0,T ] is equal to Λ(ω0) in
A: ∥∥(λt(ω0, ·))t∈[0,T ] − Λ(ω0)

∥∥
L2([0,T ]×Ω∗)

= 0, P0-a.s. (4.6)
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If Λ is an admissible recommendation, we write

λt(ω) = λt(ω0, ω∗) = Λ(ω0)t(ω∗), (4.7)

where equality is to be understood in the sense of (4.6). We call strategy associated to the admis-
sible recommendation ((Ω0,F0−,P0),Λ) the F-progressively measurable process λ = (λt)t∈[0,T ]

satisfying (4.7).

We remark that, by Proposition B.2, given any admissible recommendation ((Ω0,F0−,P0),Λ),
the strategy λ associated to it is unique Leb[0,T ] ⊗ P-almost everywhere.

Definition 4 (Correlated flow). A correlated flow is a triple ((Ω0,F0−,P0),Λ, µ) where:

1. ((Ω0,F0−,P0),Λ) is an admissible recommendation.

2. µ : (Ω0,F0−,P0) → (C(P2),BC(P2)) is a random continuous flow of measures with values
in P2(Rd).

The same considerations as in Remark 1 about the extension of random variables on the
product space (Ω,F ,P) hold for correlated flows as well.

Let ((Ω0,F0−,P0),Λ, µ) be a correlated flow. On the product probability space (Ω,F ,P)
defined at point 3 of Definition 3, we assign state dynamics. If the representative player decides
to play according to the admissible recommendation Λ, the dynamics is given by the following
SDE: {

dXt = b(t,Xt, µt, λt)dt+ dWt, 0 ≤ t ≤ T,

X0 = ξ.
(4.8)

If instead the representative player decides to ignore the mediator’s recommendation and to use
a possibly different strategy β ∈ A, the dynamics is given by the following SDE:{

dXt = b(t,Xt, µt, βt)dt+ dWt, 0 ≤ t ≤ T,

X0 = ξ.
(4.9)

By Assumptions A, on any space (Ω,F ,F,P) there exists a solution to equation (4.8) and path-
wise uniqueness holds. By Theorem A.1, uniqueness in law holds. Analogous considerations
apply to equation (4.9).

Remark 7. As in Remarks 1 and 2, we can further stress the dependence upon ω = (ω0, ω∗) ∈
Ω0 × Ω∗ = Ω: If the player implements the recommendation, we rewrite (4.8) as{

dXt(ω0, ω∗) = b(t,Xt(ω0, ω∗), µt(ω0), λt(ω0, ω∗))dt+ dWt(ω∗),

X0(ω0, ω∗) = ξ(ω∗),

for λt(ω0, ω∗) = (Λ(ω0))t(ω∗), where equality is meant in the sense of (4.6). If the representative
player deviates, we write instead{

dXt(ω0, ω∗) = b(t,Xt(ω0, ω∗), µt(ω0), βt(ω∗))dt+ dWt(ω∗),

X0(ω0, ω∗) = ξ(ω∗).
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Let ((Ω0,F0−,P0),Λ, µ) be a correlated flow. The cost functionals for the representative player
and the deviating player, whose state dynamics follow (4.8) and (4.9), respectively, are given by:

J(Λ, µ) = E
[∫ T

0
f(t,Xt, µt, λt)dt+ g(XT , µT )

]
,

J(β, µ) = E
[∫ T

0
f(t,Xt, µt, βt)dt+ g(XT , µT )

]
.

(4.10)

Finally, we give the definition of coarse correlated solution of the mean field game:

Definition 5 (Coarse correlated solution). A correlated flow ((Ω0,F0−,P0),Λ, µ) is a coarse
correlated solution of the mean field game if the following properties hold:

(i) Optimality: for every deviation β ∈ A, it holds

J(Λ, µ) ≤ J(β, µ). (4.11)

(ii) Consistency: for every time t ∈ [0, T ], µt is a version of the conditional law of Xt given µ,
that is,

µt(·) = P(Xt ∈ · | µ) P-a.s. ∀t ∈ [0, T ]. (4.12)

We will refer to coarse correlated solutions of the mean field game as coarse correlated mean field
solutions and mean field coarse correlated equilibria (CCE) as well.

As in [6] and [9], the consistency condition (4.12) should be read in the following way: the
mediator imagines what the flow of measures will be, up to the terminal horizon T , before the
game starts, and gives a recommendation to each player according to his idea. If all players
commit to the mediator’s lottery for generating recommendations before having been informed
of the actual outcomes, then the flow of measures should arise from aggregation of the individual
behaviors. This interpretation sheds light on the measurability requirement of both Λ and µ:
since the recommendation is given before the beginning of the game and it is formulated on the
mediator’s idea about the future flow of measures, it is natural to require µ to be measurable
with respect to F0−, as Λ is so. Moreover, in general, the recommendation Λ and µ are not
mutually independent: since the flow of measures µ should be thought of as the limit point of
the N -player empirical measure µN defined by (3.10) and, analogously, the recommendation Λ
should be the limit point to the recommendations given to any of the players in the N -player
game, some mutual dependency between them should be expected. Regarding the strategy of
the deviating player, as in the N -player game, if the player deviates, she chooses her strategy on
her own, without using any of the information carried by Λ or µ: the only information she has
about Λ or µ comes from the knowledge of the distribution P0, which is assumed to be known
by the representative player, in analogy to the N -player game.

Remark 8 (Role of (Ω0,F0−,P0)). Analogously as in the N -player game, although the prob-
ability space (Ω0,F0−,P0) is part of the definitions of admissible recommendation and cor-
related flow, when it is clear from the context we refer to Λ and (Λ, µ), instead of the pair
((Ω0,F0−,P0),Λ) and the triple ((Ω0,F0−,P0),Λ, µ), as admissible recommendation and corre-
lated flow, respectively.

Remark 9 (Expressing mean field CCEs in terms of the law of the correlated flow). Let (Λ, µ)
be a mean field CCE. Denote by γ ∈ P(A× C(P2)) the joint law of (Λ, µ) and by ρ ∈ P(C(P2))
the marginal law of µ. Since both (Ω0,F0−) and (Ω1,F1) are Polish spaces, so are A and (Ω,F),
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so that there exist a version of the regular conditional probability of P given (Λ, µ) = (α,m),
which we denote by Pα,m. By conditioning on σ(Λ, µ), we get that X is a solution to the SDE{

dXt = b(t,Xt,mt, αt)dt+ dWt, 0 ≤ t ≤ T,

X0 = 0,
(4.13)

on the probability space (Ω,F ,Pα,m), for γ-a.e. (α,m) ∈ A×C(P2). To see this, observe that W
is an F-Brownian motion under Pα,m as well, since by construction W and (Λ, µ) are independent
under P, and it obviously holds Pα,m(Λ = α, µ = m) = 1, which implies

Pα,m (b(t, x, µt, λt) = b(t, x,mt, αt), ∀x ∈ R) = 1, Leb[0,T ]-a.e. t ∈ [0, T ],

for γ-a.e. (α,m) ∈ A×C(P2). This is enough to conclude that X satisfies equation (4.13) under
Pα,m and that the equality

J(Λ, µ) =

∫
A×P(Cd)

J(α,m)γ(dα, dm),

holds. Here, J(α,m) stands for the cost functional associated to a correlated flow (Λ, µ) P0-a.s.
equal to (α,m) ∈ A×C(P2). Analogous reasoning holds for J(β, µ), except that the conditioning
on σ(Λ, µ) does not modify the dependence upon the deviating strategy β ∈ A. Therefore, the
optimality condition (4.11) reads as∫

A×C(P2)
J(α,m)γ(dα, dm) ≤

∫
C(P2)

J(α, β)ρ(dm), (4.14)

for all β ∈ A. Comparing this inequality with (3.13), we observe that the dependence upon the
non-deviating players in the left hand-side of (3.13) is replaced by the law of the flow of measures
µ, which captures the behavior of the population.

Example 1 (Admissible recommendations). Fix a complete probability space (Ω0,F0−,P0).
We provide some simple examples of random variables Λ : (Ω0,F0−,P0) → (A,BA) which are
admissible recommendations in the sense of Definition 3.

1. Suppose that Λ takes only finitely many values, say α1, . . . , αk ∈ A, k ≥ 1, i.e. P0(Λ =
αi) = pi, with pi ≥ 0 for every i = 1, . . . , k,

∑k
i=1 pi = 1. We can easily define the associated

strategy (λt)t∈[0,T ] as

λt(ω0, ω∗) =
k∑

i=1

1{Λ=αi}(ω0)α
i
t(ω∗).

We explicit the dependence upon the scenario ω = (ω0, ω∗):

Λ(ω0)t(ω∗) =
k∑

i=1

1{αi}(Λ(ω0))α
i
t(ω∗).

By the same line of reasoning of Remark 1, we have that this process is F-progressively measur-
able, since the processes αi, i = 1, . . . , k, are F-progressively measurable and the F0−-measurable
real-valued random variables 1{α1}(Λ(ω0)) can be regarded as defined on the product space
Ω0×Ω∗ and F0−⊗{∅,Ω∗}-measurable, therefore F-progressively measurable. Finally, condition
(4.6) is satisfied by λ itself.
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2. Suppose Λ takes at most countably many values. We can define λ = (λt(ω0, ω∗))t∈[0,T ] as

λt(ω0, ω∗) =

∞∑
i=1

1{Λ=αi}(ω0)α
i
t(ω∗).

Set λnt (ω0, ω∗) =
∑n

i=1 1{Λ=αi}(ω0)α
i
t(ω∗) and observe that, by the same argument of the pre-

vious point, λnt is an F-progressively measurable process for each n ≥ 1. Furthermore, for each
(t, ω0, ω∗) ∈ [0, T ]×Ω0×Ω∗, the sequence λnt (ω0, ω∗) is eventually constant, being ({Λ = αi})i≥1

a partition of Ω0. Therefore, the sequence λn converges pointwise to λ = (λt)t∈[0,T ]. Being λ the
pointwise limit of λn, we deduce that λ is a progressively measurable process with values in A
which satisfies (4.6), so that Λ is admissible.

3. Let (Ω0,F0−,P0) be a complete probability space, with Ω0 Polish and F0− the correspond-
ing Borel σ-algebra, and let (λt)t∈[0,T ] be an A-valued process defined on the P0⊗P∗-completion
of the product space (Ω0×Ω∗,F0−⊗F ,P0⊗P∗) with values in A. Assume that it is progressively
measurable with respect to the P0⊗P∗-augmentation of the filtration F = (F0−⊗F∗

t )t∈[0,T ]. We
can define a function Λ : Ω0 → A by setting

Λ(ω0) =


(λt(ω0, ·))t∈[0,T ] : [0, T ]× Ω∗ → A

(t, ω∗) → λt(ω0, ω∗),
ω0 ∈ Ω0 \N,

a0 ω0 ∈ N.

(4.15)

where N ⊂ Ω0 is a P0-null set and a0 is an arbitrary point in A. By Lemma B.1 in Appendix
B, the pair ((Ω0,F0−,P0),Λ) is an admissible recommendation, with strategy associated to the
recommendation Λ given by the process λ itself.

5 Approximate N-player coarse correlated equilibria

The next result shows how to construct a sequence of approximate N -player coarse correlated
equilibria with approximation error tending to zero as N → ∞, provided we have a coarse
correlated solution to the mean field game.

Theorem 5.1. Let ((Ω0,F0−, P0),Λ∗, µ∗) be a coarse correlated solution of the mean field game.
For each N ≥ 2, there exist:

(i) an admissible recommendation to the N players ((Ω0,N ,F0−,N ,P0,N ),ΛN );

(ii) a real valued εN ≥ 0, with εN → 0 as N → ∞,

so that ((Ω0,N ,F0−,N ,P0,N ),ΛN ) is an εN -coarse correlated equilibrium for the N -player game.

5.1 Construction of the admissible recommendation profiles to the N-player
game

With respect to the probability space (Ω1,F1,P1) defined in (3.3), let us denote by F(i) the
P1-augmentation of the filtration generated by (ξi,W i). Let us introduce the following set of
strategies:

A(i) =
{
α ∈ AN | α is F(i) progressively measurable

}
. (5.1)

We stress that, by construction, for each N ≥ 2, open loop strategies for the N -player game are
defined on the same probability space (Ω1,F1,P1) and we have the inclusions AN ⊆ AN+1 and
A(i) ⊆ AN for every i ≤ N .
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We build a probability space (Ω,F ,P) large enough to carry any sequence (Λi)i≥1 of admissible
recommendations such that

1. for every i, Λi is supported on the set A(i);

2. for every i, Λi has the same distribution as Λ∗,

3. for every N ≥ 2, (Λ1, . . . ,ΛN ) is exchangeable.

Then, we define the probability space (Ω0,N ,F0−,N ,P0,N ) as (Ω,F0−,N ,P), where F0−,N is a
suitable sub σ-field of F that will be defined below.

Let us denote by ρ ∈ P(C(P2)) the distribution of µ∗. Let

K : F0− × C(P2) → [0, 1]

be the regular conditional probability of P0 given µ∗, which exists and is unique since both
(Ω0,F0−,P0) and (C(P2),B) are Polish spaces. Here and in the following, B stands for the Borel
σ-algebra on C(P2). Let γ denote the joint law of (Λ∗, µ∗) under P0, let κ be a version of the
regular conditional probability of γ given µ∗, that is, the stochastic kernel κ : BA×C(P2) → [0, 1]
so that it holds

P0 ((Λ∗, µ∗) ∈ C ×B) =

∫
B
κ(C,m)ρ(dm) ∀C ∈ BA, ∀B ∈ B. (5.2)

Define the probability space
(
Ω,F

)
in the following way:

Ω =

(
∞

×
1

Ω0

)
× C(P2), F =

( ∞⊗
1

F0−

)
⊗ B, (5.3)

and define P so that, for every cylinder R with basis A1×· · ·×AN ×B, with Ai ∈ F0− for every
i = 1, . . . , N , N ≥ 2, B ∈ B, it holds

P (R) =

∫
B

N∏
i=1

K (Ai,m) ρ(dm). (5.4)

We complete the space (Ω,F ,P) with the P-null sets. Let ω = ((ωi
0)i≥1,m) denote a scenario in

Ω. Let µ : (Ω,F ,P) → (C(P2),B) be the projection on C(P2), that is

µ (ω) = m. (5.5)

Lemma 5.2. There exists a sequence of recommendations (Λi)i≥1 from (Ω,F ,P) to×∞
N=1AN

so that, for each i ≥ 1, the following holds:

(a) Λi is an admissible recommendation, and it takes values in A(i).

(b) The joint law of (Λ1, . . . ,ΛN ) under P is supported on×N
i=1A(i) ⊆ AN

N and it is given by

γN
(
dα1, . . . , dαN

)
=

∫
C(P2)

N⊗
i=1

κ
(
dαi,m

)
ρ(dm). (5.6)

As a consequence, for every i ≥ 1, (Λi, µ) has the same distribution as (Λ∗, µ∗) and (Λi)i≥1

are conditionally independent given µ.
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Proof. Recall from (3.3) and (4.1) the definitions of the spaces (Ω1,F1,P1) and (Ω∗,F∗,P∗).
Observe that, up to completion, it holds(

Ω1,F1,P1
)
=

∞⊗
1

(Ω∗,F∗,P∗) (5.7)

so that a scenario ω1 ∈ Ω1 can be written as ω1 = (ωj
∗)j≥1. Moreover, by definition of (ξj ,W j)j≥1

in (3.2), for every i ≥ 1 it holds

(ξi,W i)(ω1) = (xi, wi) = (ξ∗,W ∗)(ωi
∗),

so that (ξi,W i)i≥1 can be seen as a sequence of independent copies of (ξ∗,W ∗). Define the
filtered probability space (Ω,F ,F,P) as in point 3 of Definition 1. Let λi = (λit)t∈[0,T ], i ≥ 1, be
independent copies of λ∗ = (λ∗t )t∈[0,T ], the strategy associated to the admissible recommendation
Λ∗ according to (4.7), so that

λit(ω, ω1) = λit((ω
j
0)j≥1,m, (ω

j
∗)j≥1) = λ∗t

(
ωi
0, ω

i
∗
)
.

For every i, λi is F-progressively measurable: indeed, since by definition the measures P and
P0 ⊗ P∗ coincide on the cylinders Ai of the form

Ai =
{
(ω, ω1) = ((ωj

0)j≥1,m, (ω
j
∗)j≥1) ∈ Ω× Ω1 | (ωi

0, ω
i
∗) ∈ G

}
, (5.8)

for any G ∈ F0− ⊗ F1, every P0 ⊗ P∗-null set N can be identified with a P-null cylinder Ai of
the form (5.8) with basis N . Therefore, for every t ∈ [0, T ], the P-augmentation of the filtration
F0− ⊗F i

t contains all the cylinders with basis

Ai =
{
(ω, ω1) = ((ωj

0)j≥1,m, (ω
j
∗)j≥1) ∈ Ω× Ω1 | (ωi

0, ω
i
∗) ∈ G

}
,

for any G in the P0 ⊗ P∗-augmentation of F0− ⊗ F∗
t . This is enough to conclude that λi is

progressively measurable with respect to the P-augmentation of F0− ⊗ F i
t , and so with respect

to the filtration F as well. We define Λi as in (4.15), that is

Λi(ω) =


(λit(ω, ·))t∈[0,T ] : [0, T ]× Ω1 → A

(t, ω1) → λit(ω, ω1),
ω ∈ Ω \ N ,

a0 ω ∈ N ,

(5.9)

where N ⊆ Ω is a P-null set and a0 is an arbitrary point in A. By Lemma B.1, Λi is an
admissible recommendation from (Ω,F ,P) to (AN ,BAN

), for every N ≥ i. Since the associated
strategies coincide pointwise, it holds Λi(ω) = Λ∗(ωi

0) P-a.s., as ensured by Proposition B.2.
In particular, this implies that Λi only takes values in A(i), since for every fixed ω the control
process (λit(ω, ·))t∈[0,T ] is F(i)-progressively measurable. This proves point (a).

As for point (b), for every N ≥ 2, (Λ1, . . . ,ΛN ) takes values in×N
j=1A(j) by construction.

Hence, we may restrict the attention to Borel sets Cj ⊆ A(j), for every j = 1, . . . , N . Let B ∈ B.
Since Λj(ω) = Λ∗(ωj

0) for every j = 1, . . . , N P-a.s., by definition of P, we have

P
(
Λ1 ∈ C1, . . . ,Λ

N ∈ CN , µ ∈ B
)
= P

(
N

×
j=1

{
ωj
0 : Λ∗(ωj

0) ∈ Cj

}
×

∞

×
j=N+1

Ω0 × C(P2)

)

=

∫
B

N∏
j=1

K
({
ωj
0 : Λ∗(ωj

0) ∈ Cj

}
,m
)
ρ(dm) =

∫
B

N∏
j=1

K ({ω0 : Λ∗ (ω0) ∈ Cj} ,m) ρ(dm)

=

∫
B

N∏
j=1

κ (Cj ,m) ρ(dm).
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This shows also that (Λi, µ) are identically distributed as (Λ∗, µ∗) and that (Λi)i≥1 are condi-
tionally i.i.d. given µ.

For each N ≥ 2, set F0−,N = σ(Λ1, . . . ,ΛN ) and (Ω0,N ,F0−,N ,P0,N ) = (Ω,F0−,N ,P). Then,(
Λ1, . . . ,ΛN

)
:
(
Ω,F0−,N ,P

)
→
(
AN
N ,BAN

N

)
is the candidate εN -coarse correlated equilibrium to the N -player game, with εN to be deter-
mined.

Remark 10. The construction of the probability spaces (Ω0,N ,F0−,N ,P0,N ) is rather involved,
but has the advantage of making the admissible recommendation to the N -players (Λ1, . . . ,ΛN )
easy to define. Besides this technical reason, we notice that, both in the N -player game and
in the mean field game, the mediator may choose the space (Ω0,F0−,P0) he uses to randomize
players’ strategies, as already pointed out in Sections 3 and 4. Then, it is natural to use the same
space (Ω0,F0−,P0) on which the coarse correlated solution to the mean field game is defined to
randomize players’ strategies in the N -player game as well.

5.2 Proof of Theorem 5.1

By symmetry, let us consider only possible deviations of player i = 1. For every N ≥ 2, let εN
be given by

εN := sup
β∈AN

(
JN1 (ΛN )− JN1 (ΛN,−1, β)

)
= JN1 (ΛN )− inf

β∈AN

J1N (ΛN,−1, β). (5.10)

ΛN is an εN -coarse correlated equilibrium for every N ≥ 2. We must show that εN
N→∞−→ 0. For

each N ≥ 2, choose βN ∈ AN so that

JN1 (ΛN,−1, βN ) ≤ inf
β∈AN

JN1 (ΛN,−1, β)− 1

N
.

Let Z = (Zt)t∈[0,T ] be the solution of

dZt = b(t, Zt, µt, β
N
t )dt+ dW 1

t , Z0 = ξ1, (5.11)

and define the corresponding cost as

J(βN , µ) = E
[∫ T

0
f(s, Zs, µs, β

N
s )ds+ g(ZT , µT )

]
.

Let X be the solution of

dXt = b(t,Xt, µt, λ
1
t )dt+ dW 1

t , X0 = ξ1, (5.12)

with associated cost

J(Λ1, µ) = E
[∫ T

0
f(s,Xs, µs, λ

1
s)ds+ g(XT , µT )

]
.

Observe that, by construction, (ξ1,W 1, µ, λ1) under P is distributed as (ξ,W, µ∗, λ∗) under P∗.
Therefore, by Theorem A.1 the joint distribution of (X,λ1, µ) under P is the same as (X∗, λ∗, µ∗)
under P∗, where X* denotes the state process resulting from the mean field CCE (Λ∗, µ∗).
Moreover, note that by construction λ1 is Fµ,ξ1,W 1-progressively measurable, where

Fµ,ξ1,W 1

t = σ(µ) ∨ σ(ξ1) ∨ σ(W 1
s : s ≤ t), t ∈ [0, T ].
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By the Lipschitz continuity of b, X may be taken to be Fµ,ξ1,W 1-adapted as well.

To prove the theorem, the following must be shown:

J(Λ1, µ) ≤ J(βN , µ), (5.13a)

lim
N→∞

J1N (ΛN ) = J(Λ1, µ), (5.13b)

lim
N→∞

∣∣J1N (ΛN,−1, βN )− J(βN , µ)
∣∣ = 0, . (5.13c)

If these hold, then we can conclude as follows:

εN = J1N (ΛN )− inf
β∈AN

J1N (ΛN,−1, β) ≤ J1N (ΛN )− J1N (ΛN,−1, βN )− 1

N

≤ J1N (ΛN )− J(Λ1, µ) + J(Λ1, µ)− J(βN , µ) + J(βN , µ)− J1N (ΛN,−1, βN )− 1

N

≤ J1N (ΛN )− J(Λ1, µ) + J(βN , µ)− J1N (ΛN,−1, βN )

and, taking the lim sup, we have lim supN εN ≤ 0, which proves εN → 0 as N → ∞.

We start by proving (5.13a). We observe that we cannot just deduce it from the optimality
property (4.11) of (Λ∗, µ∗): since βN may belong to AN \ A(1), it may not be identifiable with
an open loop strategy for the MFG, for which inequality (5.13a) would hold. Instead, we prove
it by using the regular conditional probability of P given (ξi,W i)Ni=2. Denote by (x,w) a point
(xi, wi)Ni=2 ∈ (Rd×Cd)N−1, and let Pν =

⊗N−1
1 (ν⊗Wd) denote the joint law of (ξi,W i)Ni=2 under

P. Let Px,w be a version of the regular conditional probability of P given (ξi,W i)Ni=2 = (xi, wi)Ni=2.
We rewrite (5.13a) as

J(Λ1, µ)− J(βN , µ) =

= E
[(∫ T

0
f(s,Xs, µs, λ

1
s)ds+ g(XT , µT )

)
−
(∫ T

0
f(s, Zs, µs, β

N
s )ds+ g(ZT , µT )

)]
= E

[
E
[(∫ T

0
f(s,Xs, µs, λ

1
s)ds+ g(XT , µT )

)
−
(∫ T

0
f(s, Zs, µs, β

N
s )ds+ g(ZT , µT )

) ∣∣∣(ξi,W i)Ni=2

]]
=

∫
(Rd×Cd)N−1

(
EPx,w

[∫ T

0
f(s,Xs, µs, λ

1
s)ds+ g(XT , µT )

]
− EPx,w

[∫ T

0
f(s, Zs, µs, β

N
s )ds+ g(ZT , µT )

])
Pν(dx, dw).

(5.14)

We analyse separately the two terms in the last equality. Let us start with the term depending
upon λ1. Since µ, λ1, W 1 and ξ1 are independent of (ξi,W i)Ni=2 under P and X is Fµ,ξ1,W 1-
adapted, X is independent of (ξi,W i)Ni=2 as well. We deduce that, under Px,w, W is an F-
Brownian motion, X solves equation (5.12) and Px,w ◦ (X,λ1, µ)−1 = P ◦ (X,λ1, µ)−1 = P∗ ◦
(X∗, λ∗, µ∗)−1, for Pν-a.e. (x,w) ∈ (Rd × Cd)N−1. In particular, this implies that

EPx,w

[∫ T

0
f(s,Xs, µs, λ

1
s)ds+ g(XT , µT )

]
= EP∗

[∫ T

0
f(s,X∗

s , µ
∗
s, λ

∗
s)ds+ g(X∗

T , µ
∗
T )

]
= J(Λ∗, µ∗)

(5.15)

for Pν-a.e. (x,w) ∈ (Rd × Cd)N−1.

19



As for the term depending upon βN , we note that, since βN ∈ AN , there exists a progressively
measurable functional β̂ : [0, T ]× (Rd × Cd)N → A so that

βNt = β̂
(
t, ξ1,W 1, . . . , ξN ,WN

)
.

Under Px,w, it holds

βNt = β̂
(
t, ξ1,W 1, x2, w2, . . . , xN , wN

)
∀t ∈ [0, T ] Px,w-a.s., (5.16)

since (ξi,W i)2i=1 are almost surely constant under Px,w. Since the joint law of µ, W 1 and ξ1 is
the same under both P and Px,w, (5.16) implies that Z satisfies

dZt = b(t, Zt, µt, β̂
N
t (x,w))dt+ dW 1

t , Z0 = ξ1, (5.17)

under Px,w, with β̂N (x,w) F(1)-progressively measurable. For every (x,w) ∈ (Rd × Cd)N−1,
define the strategy

β̃ (x,w) =
(
β̂
(
t, ξ,W, x2, w2, . . . , xN , wN

))
t∈[0,T ]

. (5.18)

Then β̃(x,w) belongs to A for every (x,w) ∈ (Rd × Cd)N−1, and it depends measurably upon
(x,w). For every (x,w), let Z̃ be the solution of

dZ̃t = b(t, Z̃t, µ
∗
t , β̃t(x,w))dt+ dWt, Z̃0 = ξ.

Since Px,w ◦ (Z, β, µ)−1 = Px,w ◦ (Z, β̂N (x,w), µ)−1 = P∗ ◦ (Z̃, β̃(x,w), µ∗)−1, it follows that

EPx,w

[∫ T

0
f(s, Zs, µs, β

N
s )ds+ g(ZT , µT )

]
= EPx,w

[∫ T

0
f(s, Zs, µs, β̂

N
s (x,w))ds+ g(ZT , µT )

]
= EP∗

[∫ T

0
f(s, Ẑs, µ

∗
s, β̃s(x,w))ds+ g(ẐT , µ

∗
T )

]
= J(β̃(x,w), µ∗).

(5.19)
We note that the left-hand side of (5.15) depends measurably upon (x,w) due to a monotone
class argument. Being (Λ∗, µ∗) a mean field CCE by assumption, (5.15) and (5.19) imply that

J(Λ1, µ)− J(βN , µ) =

∫ (
EPx,w

[∫ T

0
f(s,Xs, µs, λ

1
s)ds+ g(XT , µT )

]
− EPx,w

[∫ T

0
f(s, Zs, µs, β

N
s )ds+ g(ZT , µT )

])
Pν(dx, dw)

=

∫ (
J(Λ∗, µ∗)− J(β̃(x,w), µ∗)

)
Pν(dx, dw) ≤ 0,

which yields (5.13a).

As for (5.13b) and (5.13c), they must be handled by continuity arguments on the cost functions
and propagation of chaos as stated in Lemma C.1. We give the details only for (5.13b), since
(5.13c) is analogous. We have:

∣∣J1N (ΛN )− J(Λ1, µ)
∣∣ ≤ E

[∫ T

0

∣∣∣f(t,X1,N
t , µNt , λ

1
t )− f(t,Xt, µt, λ

1
t )
∣∣∣ ds

+
∣∣g(XN

T , µ
N
T )− g(XT , µT )

∣∣ ] = E [∆f +∆g] .
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For ∆f , Assumptions A ensure that f is locally Lipschitz with at most quadratic growth. There-
fore, by straightforward estimates, we have:

E [∆f ] ≤ LE

[∫ T

0

(
1 +

∣∣∣X1,N
t

∣∣∣+ (∫
Rd

|y|2 µNt (dy)

) 1
2

+ |Xt|+
(∫

Rd

|y|2 µt(dy)
) 1

2

+ 2
∣∣λ1t ∣∣

)

· E
[∫ T

0

(∣∣XN
t −Xt

∣∣+W2,Rd(µNt , µt)
)2
dt

]
≤ CE

[∥∥X1,N
∥∥2
Cd + ∥X∥2Cd +

∫ T

0

∫
Rd

|y|2 µt(dy)dt+
∫ T

0

∫
Rd

|y|2 µNt (dy)dt+ 2

∫ T

0

∣∣λ1t ∣∣ dt] 1
2

· E
[(∥∥X1,N −X

∥∥2
Cd +

∫ T

0
W2

2,Rd(µ
N
t , µt)dt

)] 1
2

≤ C

(
1 + max

k=1,...,N
E
[∥∥X1,N

∥∥2
Cd

] 1
2
+ E

[
∥X∥2Cd

] 1
2

)
·

(
E
[∥∥X1,N −X

∥∥2
Cd

] 1
2
+ sup

t∈[0,T ]
E
[
W2

2,Rd(µ
N
t , µt)

] 1
2

)
.

By Lemma C.1, the right-hand side tends to 0 as N goes to infinity. The convergence of E[∆g]
is shown analogously.

6 Existence of a coarse correlated solution of the mean field game

Taking inspiration from [20, 35, 36] and [5, Appendix 1.B], we associate a zero-sum game to the
search of a mean field CCE. Loosely speaking, the game should be of the following type: player
A, the maximizer, chooses a correlated flow (Λ, µ), while player B chooses a deviating strategy
β ∈ A. The payoff functional is the following:

F [(Λ, µ), β] = J(β, µ)− J(Λ, µ). (6.1)

Player A aims at maximizing F , while player B chooses her strategy in order to minimize F . In
order to get an equilibrium, one should restrict to correlated flows (Λ, µ) so that the consistency
condition (4.12) is satisfied. If we could show that the game has a positive value and player A
has an optimal strategy (Λ∗, µ∗) , then we would have established that such a strategy would
satisfy the optimality property (4.11) as well, and therefore (Λ∗, µ∗) would be a mean field CCE.
In order to get a convenient structure for the sets of strategies and good continuity and convexity
properties of the payoff functionals, we embed our auxiliary problem in a more general zero-sum
game which, roughly speaking, extends the payoff functional in equation (6.1). Care is needed
in dealing with the term depending both on β and µ, since it must reflect independent strategy
choices of the opponents. Using Fan’s minimax theorem, we will show that the auxiliary game
has positive value and admits an optimal strategy for the maximizing player. Finally, such an
optimal strategy is used to induce a coarse correlated solution of the mean field game.

6.1 Relaxed controls

Since we are going to use compactness arguments, it is useful to provide some information about
relaxed controls before introducing the auxiliary zero-sum game in the next section. Relaxed
controls have a long history in control theory (see, e.g., [15] and [21]), and also in mean field
games (see the series of works [14, 25, 26, 27], or [8] in a slightly different framework). We will
use them in a similar way.
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Denote by V the set of positive measures q on [0, T ] × A so that the time marginal is equal
to the Lebesgue measure, i.e., q([s, t] × A) = t − s for every 0 ≤ s ≤ t ≤ T . We endow V
with the topology of weak convergence of measures, which makes V a Polish space. It is a well
known fact that, when the set A is compact, V is compact as well. Moreover, for every measure
q ∈ V, there exists a measurable map [0, T ] ∋ t 7→ qt ∈ P(A) so that q(da, dt) = qt(da)dt, with
(qt)t∈[0,T ] unique up to Leb[0,T ]-a.e. equality. We can equip the measurable space (V,BV) with
the filtration (FV

t )t∈[0,T ] defined by

FV
t = σ(V ∋ q 7→ q(C) : C ∈ B[0,t]×A).

We observe that FV
t is countably generated for every t ∈ [0, T ], by reasoning as in the proof

of [4, Proposition 7.25]. Finally, one can prove that there exists an FV
t -predictable process

q : [0, T ] × V → P(A) such that, for each q ∈ V, q(t, q) = qt for a.e. t ∈ [0, T ] (see, e.g., [25,
Lemma 3.2]). By an abuse of notation, we write qt(da) = q(t, q)(da).

Consider a filtered probability space (Ω,F ,F,P). A relaxed control r is a V-valued random
variable. We say that r is F-adapted if r(C) is a real valued Ft-measurable random variable for
every C ∈ B[0,t]×A. Observe that every A-valued progressively measurable process α = (αt)t∈[0,T ],
which is often referred to as strict control, induces a relaxed control by setting

rt(da)dt = δαt(da)dt.

Finally, using the map q described above, we can safely identify every F-adapted relaxed control
r with the unique (up to Leb[0,T ]-a.e. equality) F-progressively measurable process (rt)t∈[0,T ] with
values in P(A) so that

P(r(da, dt) = rt(da)dt) = 1.

In the following, we will use mostly the notation (rt)t∈[0,T ] for a relaxed control and will make
no distinction between a V-valued random variable and a P(A)-valued process.

6.2 The auxiliary zero-sum game

We now formally define and study the auxiliary zero-sum game.

Definition 6 (Strategies for player A). A strategy for player A is a probability measure Γ ∈
P(Cd × V × C(P2)) so that there exists a tuple U = ((Ω,F ,F,P), ξ,W, µ, r) with the following
properties:

(i) (Ω,F ,F,P) is a filtered probability space satisfying the usual assumptions; Ω is Polish and
F is its corresponding Borel σ-algebra.

(ii) W is an F-Brownian motion and ξ is an F0-measurable independent Rd-valued random
variable with law ν.

(iii) µ is an F0-measurable random variable with values in C(P2); it is independent of both ξ
and W .

(iv) r is an F-progressively measurable relaxed control r = (rt)t∈[0,T ] with values in A.

(v) Let X be the solution of

dXt =

∫
A
b(t,Xt, µt, a)rt(da)dt+ dWt, t ∈ [0, T ], X0 = ξ. (6.2)

Then µt(·) = P(Xt ∈ · | µ) P-a.s for every t ∈ [0, T ].
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(vi) Γ is the joint law under P of X, µ and r: Γ = P ◦ (X, r, µ)−1.

We denote by K the set of strategies for player A.

We observe that, by Assumptions A, there exists a unique solution to equation (6.2) for every
tuple U satisfying properties (i-iv).

Definition 7 (Strategies for player B). A stochastic kernel Σ from C(P2) to Cd×V is a strategy
for player B if there exists a tuple U = ((Ω,F ,F,P), ξ,W, r) so that

(i) (Ω,F ,F,P) is a filtered probability space satisfying the usual assumptions; Ω is Polish and
F is its corresponding Borel σ-algebra.

(ii) W is an F-Brownian motion and ξ is an F0-measurable independent Rd-valued random
variable with law ν.

(iii) r is an F-progressively measurable relaxed control r = (rt)t∈[0,T ] with values in A.

(iv) For every m ∈ C(P2), Σ(·,m) ∈ P(Cd × V) is the joint law under P of (Xm, r), where Xm

is the solution to

dXm
t =

∫
A
b(t,Xm

t ,mt, a)rt(da)dt+ dWt, X0 = ξ, (6.3)

that is:
Σ(B,m) = P((Xm, r) ∈ B) ∀m ∈ C(P2), B ∈ BCd ⊗ BV . (6.4)

We denote by Q the set of strategies for player B.

By Lemma D.1, the set of strategies Q for player B is well defined in the sense that the map
Σ is truly a stochastic kernel.

We now define the payoff functional p for the zero-sum game. Let us introduce the function
F : Cd × V × C(P2) → R defined by

F(y, q,m) =

∫ T

0

∫
A
f(t, yt,mt, a)qt(da)dt+ g(yT ,mT ). (6.5)

Definition 8 (Auxiliary zero-sum game). The auxiliary zero-sum game is a zero-sum game
where:

• The set of strategies for player A, the maximizer, is the set K introduced in Definition 6.

• The set of strategies for player B, the minimizer, is the set Q introduced in Definition 7.

• The payoff functional is the function p : K ×Q → R defined as

p(Γ,Σ) =

∫
Cd×V×C(P2)

F(y, q,m)Σ(dy, dq,m)ρ(dm)

−
∫
Cd×V×C(P2)

F(y, q,m)Γ(dy, dq, dm),

(6.6)

where ρ denotes the marginal of Γ on C(P2).

We denote the lower and upper values of the game as, respectively, vA and vB:

vA = sup
Γ∈K

inf
Σ∈Q

p(Γ,Σ), vB = inf
Σ∈Q

sup
Γ∈K

p(Γ,Σ).

If the lower and upper values of the game are equal, we set v = vA = vB and call v the value of
the game. We say that a strategy Γ∗ ∈ K is optimal for player A if

inf
Σ∈Q

p(Γ∗,Σ) = max
Γ∈K

inf
Σ∈Q

p(Γ,Σ).
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6.3 Relationship between the zero-sum game and the mean field game

The goal of this section is to show how to use an optimal strategy for the maximizing player
of the auxiliary game to induce a coarse correlated solution to the mean field game. The next
proposition shows that, for every correlated flow (Λ, µ) so that consistency condition (4.12) is
satisfied and every deviation β ∈ A, there exists a pair of strategies (Γ,Σ) ∈ K ×Q so that the
following equality holds:

p(Γ,Σ) = J(Λ, µ)− J(β, µ) = F [(Λ, µ), β]. (6.7)

Proposition 6.1. Let ((Ω0,F0−, P0),Λ, µ) be a correlated flow. Denote by ρ the law of µ. Let
λ = (λt)t∈[0,T ] be the strategy associated to the admissible recommendation Λ and let β ∈ A.

(i) Let X be the solution to (4.8). Suppose that consistency condition (4.12) is satisfied. For
every t ∈ [0, T ], set rt(da)dt = δλt(da)dt. Then, the probability measure Γ = P ◦ (X, r, µ)−1

belongs to the set K.

(ii) For every t ∈ [0, T ], set bt(da)dt = δβt(da)dt. Denote by Y the solution to (4.9). Then,
there exists Σ ∈ Q so that

P((Y, b, µ) ∈ B × S) =

∫
S
Σ(B,m)ρ(dm), ∀B ∈ BCd×V , S ∈ BC(P2). (6.8)

(iii) The pair of strategies (Γ,Σ) satisfies equation (6.7).

Proof. In the following, we work on the probability space (Ω,F ,F,P) defined in point (3) of
Definition 3. Recall that, as pointed out in Remark 1, we can think of W , ξ and µ as independent
random variables, each of them defined on the same probability space (Ω,F ,F,P). Observe that
the P(A)-valued process r = (δλt)t∈[0,T ] is F-progressively measurable since Λ is admissible by
assumption. Let X be the solution to equation (4.8). Since X obviously satisfies (6.2) for such
a process r and the condition µt(·) = P(Xt ∈ · | µ) holds by assumption, Γ = P ◦ (X,µ, r)−1

belongs to K.
As for point (ii), recall from Remark 1 that we can regard β as defined on the product space

(Ω,F ,P), and that β and µ are mutually independent by construction. Therefore, the P(A)-
valued process b = (δβt(da))t∈[0,T ] is independent of µ. Let Y be the solution of equation (4.9).
By Lemma D.2 in Appendix D, equation (6.8) holds.

Finally, since X and Y are defined on the same filtered probability space (Ω,F ,F,P), we can
write the integrals in p as expectations:∫

F(y, q,m)Γ(dy, dq, dm) = E
[∫ T

0
f(t,Xt, µt, λt)dt+ g(XT , µT )

]
= J(Λ, µ),∫

F(y, q,m)Σ(dy, dq,m)ρ(dm) = E
[∫ T

0
f(t, Yt, µt, βt)dt+ g(YT , µT )

]
= J(β, µ).

This proves (6.7).

The next result ensures existence of an optimal strategy for the maximizing player:

Theorem 6.2 (Existence of the value of the game and of an optimal strategy for the maximizing
player). Consider the game described in Definition 8. The following holds:

(i) The game has a value, i.e. vA = vB.

(ii) There exists a strategy Γ∗ ∈ K which is optimal for player A.
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(iii) The value v of the game is non negative: v ≥ 0.

The proof of this theorem is deferred to Section 6.4. The following result is some sort of
mimicking result: it will allow us to find, given any measure Γ ∈ K, a probability measure Γ̂ so
that Γ̂ and Γ share the same payoff for every opponent’s strategy Σ ∈ Q and Γ̂ is induced by a
correlated flow, as in Proposition 6.1:

Lemma 6.3. Let Γ ∈ K. There exists a measure Γ̂ ∈ K so that the following holds:

• The marginal distributions of Γ and Γ̂ on C(P2) are the same: Γ(Cd×V×·) = Γ̂(Cd×V×·).

• Let (X, r, µ) be such that Γ̂ = P ◦ (X, r, µ)−1. Then r is of the form rt = q̂t(Xt, µ), where
q̂ : [0, T ]× Rd × C(P2) → P(A) is a measurable function.

• For every Σ ∈ Q, it holds
p(Γ,Σ) = p(Γ̂,Σ).

The proof of this lemma is postponed to Appendix D. In order to prove Theorem 6.4, we need
the following additional assumption, which are standard when dealing with relaxed controls (see,
e.g., [21]):

Assumption B. For every (t, x,m) ∈ [0, T ]× Rd × P2
(
Rd
)
, the set

K(t, x,m) = {(b(t, x,m, a), z) : a ∈ A, f(t, x,m, a) ≤ z} ⊆ Rd × R (6.9)

is closed and convex.

Finally, we prove the existence of a coarse correlated solution to the mean field game:

Theorem 6.4 (Existence of a coarse correlated solution of the MFG). In addition to Assumptions
A, suppose that Assumption B holds. Then there exists a coarse correlated solution of the mean
field game.

Proof. Let Γ∗ ∈ K be an optimal strategy for player A, which exists by Theorem 6.2. Consider
the strategy Γ̂∗ given by Lemma 6.3, so that it holds

inf
Σ∈Q

p(Γ̂∗,Σ) = inf
Σ∈Q

p(Γ∗,Σ) = max
Γ∈K

inf
Σ∈Q

p(Γ,Σ) ≥ 0. (6.10)

Let U = ((Ω̂, F̂ , F̂, P̂), ξ̂, Ŵ , µ̂, r̂) be as in Definition 6, so that Γ̂∗ = P ◦ (X̂, r̂, µ̂)−1. Recall that,
by Lemma 6.3, r̂t(da)dt = q̂t(X̂t, µ̂)(da)dt Leb[0,T ]⊗ P̂-a.s.. By Assumption B, the set K(t, x,mt)

defined by (6.9) is convex for every (t, x,m) ∈ [0, T ]× Rd × C(P2). Therefore, by a well known
measurable selection argument (see, e.g., [21, Lemma A.9]) there exists a measurable function
α̂ : [0, T ]× Rd × C(P2) → A so that∫

A
b(t, x,mt, a)q̂t(x,m)(da) = b(t, x,mt, α̂(t, x,m)),

f(t, x,mt, α̂(t, x,m)) ≤
∫
A
f(t, x,mt, a)q̂t(x,m)(da).

(6.11)

It follows that X̂ is a solution to equation

dX̂t = b(t, X̂t, µ̂t, α̂(t, X̂t, µ̂))dt+ dŴt, X̂0 = ξ̂ (6.12)

as well, and the consistency condition (4.12) is still satisfied. By Lemma D.3, we deduce that
the solution X̂ to equation (6.12) can be taken adapted to the P̂-augmentation of the filtration
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(σ(µ̂)∨σ(ξ̂)∨σ(Ŵs : s ≤ t))t∈[0,T ], and therefore there exists a progressively measurable function
Φ : C(P2)× Rd × Cd → Cd so that

X̂ = Φ(µ̂, ξ̂, Ŵ ) P̂-a.s. (6.13)

Set
λ̂ : [0, T ]× C(P2)× Rd × Cd → A

(t,m, x, w) 7→ λ̂t(m,x,w) = α̂t(Φt(m,x,w),mt);

λ = (λt)t∈[0,T ] = (λ̂t(µ̂, ξ̂, Ŵ ))t∈[0,T ].

(6.14)

Then, the progressively measurable processes (α̂t(X̂t, µ̂))t∈[0,T ] and (λ̂t(µ̂, ξ̂, Ŵ ))t∈[0,T ] are equal
Leb[0,T ] ⊗ P̂-a.s., which implies that X̂ solves

dX̂t = b(t, X̂t, µ̂t, λ̂t(µ̂, ξ̂, Ŵ ))dt+ dŴt, X̂0 = ξ̂

as well, and the consistency condition is still satisfied. Set (Ω0,F0−,P0) = (C(P2),BC(P2), ρ).
By Lemma B.1, there exists a P0-null set N ⊂ Ω0 so that the pair (Λ∗, µ∗) defined by

Λ∗ :
(
C(P2),BC(P2), ρ

)
→ (A,BA)

m 7→ Λ∗(m) =

{
(λ̂t(m, ·, ·))t∈[0,T ], m ∈ Ω0 \N,
a0 m ∈ N,

µ∗ = Id :
(
C(P2),BC(P2), ρ

)
→
(
C(P2),BC(P2), ρ

) (6.15)

is a correlated flow, where a0 is an arbitrary point in A. Let X∗ be the solution of (4.9) on
the product probability space (Ω,F ,F,P) defined in point 3 of Definition 3. Note that the
strategy associated to the admissible recommendation Λ∗ strategy λ∗ is equal to λ̂t(µ

∗, ξ,W )
Leb[0,T ] ⊗ P-almost surely. Since uniqueness in law holds by Theorem A.1, it follows that

P ◦ (X∗, (δλ∗
t
(da))t∈[0,T ], µ

∗)−1 = P̂ ◦ (X̂, (δα̂(t,X̂t,µ̂)
(da))t∈[0,T ], µ̂)

−1, (6.16)

which implies that the consistency condition (4.12) is satisfied.

Finally, we verify that the correlated flow just defined satisfy the optimality condition (4.11).
For any β ∈ A, let Σ ∈ Q be as in point (ii) of Proposition 6.1. Then, by (6.16), (6.11) and
(6.10), for every Σ ∈ Q it holds

J(Λ∗, µ∗) = EP̂
[∫ T

0
f(t, X̂t, µ̂t, α̂(t, X̂t, µ̂))dt+ g(X̂T , µ̂T )

]
≤ EP̂

[∫ T

0

∫
A
f(t, X̂t, µ̂t, a)q̂t(X̂t, µ̂)dt+ g(X̂T , µ̂T )

]
=

∫
F(y, q,m)Γ̂∗(dy, dq, dm)

≤
∫

F(y, q,m)Σ(dy, dq,m)ρ(dm) = J(β, µ∗),

which proves that (Λ∗, µ∗) satisfies the optimality condition and therefore is a mean field CCE.

6.4 Proof of Theorem 6.2.

The main instrument is the following Minimax Theorem, due to K. Fan:
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Theorem 6.5 ( [16], Theorem 2 ). Let X be a compact Hausdorff space and Y an arbitrary
set (not topologized). Let f : X × Y → R be a real-valued function such that, for every y ∈ Y ,
x 7→ f(x, y) is lower semi-continuous on X. If f(·, y) is concave on X for every y ∈ Y and
f(x, ·) convex on Y for every x ∈ X, then

max
x∈X

inf
y∈Y

f(x, y) = inf
y∈Y

max
x∈X

f(x, y). (6.17)

The following results aims at verifying that the auxiliary zero-sum game in Definition 8 satisfies
the assumptions of Theorem 6.5. We start with some useful moment estimates for the solution
to (6.2):

Lemma 6.6 (Estimates). Let Γ ∈ K, let U = ((Ω,F ,F,P), ξ,W, µ, r) be the tuple associated to
Γ, as in Definition 6, and let X be the solution to (6.2). Then, for every 2 ≤ p ≤ p, there exists
a constant C = C(p, T, ν, b, A) so that

E
[
∥X∥pCd

]
≤ C. (6.18)

The proof is omitted as it is just a straightforward application of Gronwall’s lemma.

Lemma 6.7. K is pre-compact in (P2(Cd × V × C(P2)),W
2,Cd×V×C(P2)

).

Proof. Let (Γn)n≥1 be a sequence in K, let us show that it is pre-compact, which, by Lemma
2.1 is equivalent to show that (Γn)n≥1 is tight and condition (2.1) is satisfied. Moreover, by
[25, Lemma A.2], relative compactness of the sequence (Γn)n≥1 is equivalent to the relative
compactness of each sequence of marginals on Cd, C(P2) and V.

Since A is compact by Assumption A, the space V is compact as well. Then, we automatically
get both tightness of the sequence of the marginals on V of (Γn)n≥1 and property (2.1).

In the following, for every n ≥ 1, let Un = ((Ωn,Fn,Fn,Pn), ξn,Wn, µn, rn) and Xn be as in
Definition 6, so that Γn = Pn ◦ (Xn, µn, rn)−1. Let Γn

1 be the law of Xn under Pn. We prove the
tightness by means of Kolmogorov-Čentsov criterion, as stated, e.g., in [24, Corollary 16.9]. Let
2 < p ≤ p, 0 ≤ s < t ≤ T . We have:

En [|Xn
t −Xn

s |
p] ≤ CEn

[∫ t

s

∫
A
|b(u,Xn

u , µ
n
u, a)|

p rnu(da)du+ |Wt −Ws|p
]

≤ C

(
|t− s|p−1

∫ t

s
En

[∫
A
|b(u,Xn

u , µ
n
u, a)|

p rnu(da)

]
du+ |t− s|

p
2

)
,

for some positive constant C which is updated from line to line. For every u ∈ [0, T ], we have

En

[∫
A
|b(u,Xn

u , µ
n
u, a)|

p rnu(da)

]
≤ CEn

[
|Xn

u |
p +

(∫
Rd

|y|2 µnu(dy)
) p

2

+

∫
A
|a− a0|p rnu(da) + |b(u, 0, δ0, a0)|p

]

≤ C

(
1 + En

[
|Xn

u |
p +

∫
Rd

|y|p µnu(dy)
])

= C
(
1 + En

[
|Xn

u |
p + En

[
|Xn

u |
p
∣∣µn]])

= C (1 + 2En [|Xn
u |

p]) ≤ C

(
1 + En

[
sup

u∈[0,T ]
|Xn

u |
p

])
≤ C,

(6.19)

where the last inequality follows from Lemma 6.6, with C independent of n ≥ 1. Such a uniform
bound implies that

En [|Xn
t −Xn

s |
p] ≤ C

(
|t− s|p−1

∫ t

s
En

[∫
A
|b(u,Xn

u , µ
n
u, a)|

p rnu(da)

]
du+ |t− s|

p
2

)
≤ C

(
|t− s|p−1 |t− s|C(p, T, ν, b, A) + |t− s|

p
2

)
≤ C

(
|t− s|p + |t− s|

p
2

)
≤ C |t− s|

p
2 .
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Set β = p/2 − 1, so that we get

En [|Xn
t −Xn

s |
p] ≤ C |t− s|1+β , (6.20)

with p, β > 0. Since Pn ◦ (Xn
0 )

−1 = ν ∈ Pp(Rd) for every n ≥ 1, we have the tightness of the
initial laws as well. This concludes of the proof of the tightness of (Γn

1 )n≥1. As for condition
(2.1), we have:

lim
r→∞

sup
n

∫
{y: ∥y∥2Cd>r}

∥y∥2Cd Γ
n
1 (dy) = lim

r→∞
sup
n

En
[
∥Xn∥2Cd 1{∥Xn∥2Cd>r}

]
≤ lim

r→∞
sup
n

(
En
[
∥Xn∥4Cd

]) 1
2 Pn

(
∥Xn∥2Cd > r

) 1
2 ≤ C lim

r→∞
sup
n

Pn
(
∥Xn∥2Cd > r

) 1
2

for some positive constant C independent of n. By Markov’s inequality and estimate (6.18)
again, we get

lim
r→∞

sup
n

∫
{y: ∥y∥2Cd>r}

∥y∥2Cd Γ
n
1 (dy) ≤ C lim

r→∞
sup
n

En
[
∥Xn∥2Cd

] 1
2
r−

1
2 = 0.

Finally, we turn to the sequence (ρn)n≥1, where ρn = Pn ◦ (µn)−1. Let Pn,m(·) = Pn(· | µ = m)
be the regular conditional distribution of Pn given µn = m. Then, µnt = mt Pn,m-a.s. and
Pn,m ◦ (Xn

t )
−1 = mt ρ-a.e. for every t ∈ [0, T ], which implies that, for every s, t ∈ [0, T ], we have

En,m
[
Wp

2,Rd(µ
n
t , µ

n
s )
]
≤ En,m [|Xn

t −Xn
s |

p]

for ρ-a.e. m ∈ C(P2). Integrating with respect to ρ yields

En
[
Wp

2,Rd(µ
n
t , µ

n
s )
]
≤ En [|Xn

t −Xn
s |

p] ≤ C |t− s|1+β

where the last inequality follows from (6.20) with β = p/2−1. Since Pn◦(µn0 )−1 = δν , it is enough
to apply again Kolmogorov-Čentsov criterion and deduce the tightness of (ρn)n≥1. Finally, we
verify condition (2.1). To this extent, we note that, for every n ≥ 1, there exists a continuous
modification of the process (En[|Xn

t |2 | µn])t∈[0,T ], so that it holds

sup
t∈[0,T ]

∫
Rd

|y|2 µnt (dy) = sup
t∈[0,T ]

En
[
|Xn

t |
2
∣∣ µnt ] Pn-a.s.

Indeed, estimate (6.20) on the moments of Xn implies that the process (En[|Xn
t |2 | µn])t∈[0,T ]

satisfies

En
[∣∣∣En

[
|Xn

t |
2 | µn

]
− En

[
|Xn

s |
2 | µn

]∣∣∣p] ≤ En
[∣∣∣|Xn

t |
2 − |Xn

s |
2
∣∣∣p]

= En [|Xn
t −Xn

s |
p |Xn

t +Xn
s |

p] ≤ En
[
|Xn

t −Xn
s |

2p
] 1

2 En
[
|Xn

t +Xn
s |

2p
] 1

2 ≤ C |t− s|
p
2 ,

where we have used Cauchy-Schwartz inequality, (6.18) and (6.20) to bound En[|Xn
t −Xn

s |2p]
1/2

and En[|Xn
t + Xn

s |2p]
1/2, respectively. Therefore, by choosing 2 < p < p/2 and β = p/2 − 1

as above, we deduce from [24, Theorem 3.3], that there exists a continuous modification of
(En[|Xn

t |2 | µn])t∈[0,T ]. Then, observe that∫
Rd

|y|2 µNt (dy) = En
[
|Xn

t |
2 | µn

]
∀t ∈ [0, T ] ∩Q, Pn-a.s.
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Since both processes are almost surely continuous, we can take the supremum over every t ∈ [0, T ]
to conclude that

sup
t∈[0,T ]

∫
Rd

|y|2 µNt (dy) = sup
t∈[0,T ]

En
[
|Xn

t |
2 | µn

]
≤ En

[
sup

t∈[0,T ]
|Xn

t |
2

∣∣∣∣ µn
]

Pn-a.s. (6.21)

We are now ready to show that (2.1) holds for (ρn)n≥1: by applying (6.21) in the first inequality,
Cauchy-Schwartz and Markov inequalities, we have

lim
r→∞

sup
n

∫
{m: supt∈[0,T ]

∫
Rd |y|

2mt(dy)>r}
sup

t∈[0,T ]

∫
Rd

|y|2mt(dy)ρ
n(dm)

≤ lim
r→∞

sup
n

En
[
En
[
∥X∥2Cd | µn

]
1{En[∥X∥2Cd | µn]>r}

]
≤ lim

r→∞

1

r
1
2

sup
n

En
[
∥Xn∥4Cd

] 1
2 En

[
∥Xn∥2Cd

] 1
2 ≤ lim

r→∞
Cr−

1
2 = 0,

since the suprema over n ≥ 1 are finite by Lemma 6.6.

Lemma 6.8. K is closed in (P2(Cd × V × C(P2)),W
2,Cd×V×C(P2)

).

Proof. It is enough to prove that, for every sequence (Γn)n≥1 ⊆ K converging to Γ as n→ ∞ in
W

2,Cd×V×C(P2)
, we have Γ ∈ K. We work on the following canonical space: let (Ω,G) be given

by
(Ω,G) =

(
Cd × C(P2)× V,BCd ⊗ BV ⊗ BC(P2)

)
.

We equip such a space with the filtration G = (Gt)t∈[0,T ] given by

Gt = Bt,Cd ⊗FV
t ⊗ BC(P2),

where Bt,Cd = σ(Cd ∋ x 7→ xs : s ≤ t). Let x, m and q denote the projection from Ω in Cd,
C(P2) and V, respectively. Define the process w = (wt)t∈[0,T ] as

wt = wt(x, q,m) = xt − x0 −
∫ t

0

∫
A
b(s, xs,ms, a)qs(da)ds. (6.22)

Observe that w is a continuous process on (Ω,F) and, by [25, Corollary A.5], for every t ∈ [0, T ]
wt is a continuous with at most linear growth function of (x, q,m).

For every n ≥ 1, let Un = ((Ωn,Fn,Fn,Pn), ξn,Wn, µn, rn) and Xn be as in Definition 6, so
that Γn = Pn ◦ (Xn, µn, rn)−1. Since Γn ◦ (x0, w,m, q, x)

−1 = Pn ◦ (ξn,Wn, µn, rn, Xn)−1, we
have that the tuple Un = ((Ω,F ,FΓn

,Γn), x0, w,m, q) satisfies the requirements of Definition
6, where FΓn

denotes the Γn-augmentation of the filtration G. We show that the tuple U =

((Ω,F ,FΓ
,Γ), x0, w,m, q) satisfies the requirements of Definition 6, which implies Γ ∈ K.

We start by the independence property of w, m and q under Γ. Let (ti)ki=1 ⊆ [0, T ], φi ∈ Cb(Rd)
for i = 1, . . . , n, ψ ∈ Cb(C(P2)), ϕ ∈ Cb(Rd) be bounded continuous functions. Since Wn, µn and
ξn are independent under Pn and Γn → Γ weakly, we have

EΓn

[
k∏

i=1

φi (wti(x, q,m))ψ(m)φ (x0)

]

= EPn

[
k∏

i=1

φi
(
Wn

ti

)
ψ(µn)φ (ξn)

]
= EPn

[
k∏

i=1

φi
(
Wn

ti

)]
EPn

[ψ(µn)]EPn
[φ (ξn)]

= EΓn

[
k∏

i=1

φi (wti(x, q,m))

]
EΓn

[ψ(m)]EΓn
[φ (x0)]
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where the first equality holds since wt(X
n, rn, µn) =Wn

t for every t ∈ [0, T ] Pn-a.s.. Then, since
ϕi ◦ wti is a continuous function of (x, q,m) for every i, weak convergence implies that

lim
n→∞

EΓn

[
k∏

i=1

φi (wti(x, q,m))ψ(m)φ (x0)

]
= EΓ

[
k∏

i=1

φi (wti(x, q,m))ψ(m)φ (x0)

]
,

lim
n→∞

EΓn

[
k∏

i=1

φi
(
wn
ti(x, q,m)

)]
EΓn

[ψ(m)]EΓn
[φ (ξn)]

= EΓ

[
k∏

i=1

φi (wti(x, q,m))

]
EΓ [ψ(m)]EΓ [φ (x0)] .

(6.23)

This is enough to ensure the mutual independence under Γ of (wti)i=1,...,k, x0 and m for every
(ti)ki=1 ⊂ [0, T ], which yields the independence of w, x0 and m. Moreover, by taking ψ and
ϕ identically equal to 1, equation (6.23) implies that w is natural Brownian motion under Γ,
since the finite dimensional distributions of w coincide with the ones of a Brownian motion. Let
us verify the independence of increments properties. Let s > t, φ ∈ Cb(Cd) Bt,Cd-measurable,
χ ∈ Cb(V) FV

t -measurable, ψ ∈ Cb(C(P2)) and ϕ ∈ Cb(Rd). Then, we have:

EΓ [ϕ (ws − wt)φ (x)χ (q)ψ(m)] = EΓ [ϕ (ws(x, q,m)− wt(x, q,m))φ (x)χ (q)ψ(m)]

= lim
n→∞

EΓn
[ϕ (ws(x, q,m)− wt(x, q,m))φ (x)χ (q)ψ(m)]

= lim
n→∞

EPn
[ϕ (ws(X

n, rn, µn)− wt(X
n, rn, µn))φ(Xn)χ (rn)ψ(µn)]

= lim
n→∞

EPn
[ϕ (Wn

s −Wn
t )φ(X

n)χ (rn)ψ(µn)] = 0,

where the last equality holds since Wn is a Fn-Brownian motion under Pn, µn is Fn
0 -measurable

and Xn and rn are both Fn-adapted. By working with an approximating sequence, this holds
also for bounded measurable φ, χ, ψ and ϕ, which is enough to conclude the independence of
increments. Finally, since w is G-Brownian motion, it remains so under the Γ-augmentation of
G.

Since Γn ◦ x−1
0 ≡ ν, we have that Γ ◦ x0 = ν as well. Moreover, since w is a FΓ-Brownian

motion and x is FΓ-adapted by definition of the filtration, equation (6.22) implies that x is a
solution to (6.2).

As for the consistency condition, observe that, for every t ∈ [0, T ], φ ∈ Cb(Rd), ψ ∈ Cb(C(P2)),
we have

EΓn

[∫
Rd

φ(y)mt(dy)ψ(m)

]
= EPn

[∫
Rd

φ(y)µnt (dy)ψ(µ
n)

]
= EPn

[
EPn

[φ(Xn
t )ψ(µ

n) | µn]
]

= EPn
[φ(Xn

t )ψ(µ
n)] = EΓn

[φ (xt)ψ(m)] ,

since µnt is a version of the conditional law under Pn of Xn
t given µn. Therefore, by weak

convergence we have both

lim
n→∞

EΓn
[φ (xt)ψ(m)] = EΓ [φ (xt)ψ(m)] ,

lim
n→∞

EΓn

[∫
Rd

φ(y)mt(dy)ψ(m)

]
= EΓ

[∫
Rd

φ(y)mt(dy)ψ(m)

]
where the second limit holds since the function m 7→

∫
Cd φ(y)mt(dy) ∈ Cb(C(P2)), which implies

EΓ

[∫
Rd

φ(y)mt(dy)ψ(m)

]
= EΓ [φ (xt)ψ(m)] .
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This is enough to conclude that mt = Γ(xt ∈ · | m) Γ-a.s for every t ∈ [0, T ], since the random
element (xt,m) takes values in a Polish space.

Lemma 6.9 (Convexity). K and Q are convex.

Proof. We start by proving that K is convex. Let Γi, i = 1, 2, be in K, and let α ∈ (0, 1). Let
Ui = ((Ωi,F i,Fi,Pi), ξi,W i, µi, ri) be as in Definition 6, so that Γi = Pi ◦ (Xi, ri, µi)−1. Set
Ξi = (ξi,W i, µi, ri, Xi). Without loss of generality, we can suppose that the tuples are defined
on the same probability space (Ω,F ,F,P) which supports also a Bernoulli random variable
η ∼ B(α), so that η and (Ξi)i=1,2 are mutually independent. If needed, we can enlarge the
filtration so that η is F0-measurable. Let us consider the following random variables:

ξα = ηξ1 + (1− η) ξ2, µα = ηµ1 + (1− η)µ2,

Wα = ηW 1 + (1− η)W 2, rα = ηr1 + (1− η) r2,

Xα = ηX1 + (1− η)X2.

(6.24)

Set Ξα = (ξα,Wα, µα, rα, Xα) and Γα = P ◦ (Xα, rα, µα)−1. Observe that the law of Ξ1 under P
is the same as the law of Ξα conditionally to η = 1, as the two tuples coincide on the set {η = 1},
and analogously for η = 0. Therefore, for every Borel set B, we have

P (Ξα ∈ B) = P
(
Ξα ∈ B

∣∣η = 1
)
P (η = 1) + P

(
Ξα ∈ B

∣∣η = 0
)
P (η = 0)

= P
(
Ξ1 ∈ B

)
P (η = 1) + P

(
Ξ2 ∈ B

)
P (η = 0)

= αP
(
Ξ1 ∈ B

)
+ (1− α)P

(
Ξ2 ∈ B

)
.

(6.25)

In particular, (6.25) implies that Γα = αΓ1 + (1− α)Γ2. Let us show that the tuple Ξα satisfies
the requirements of Definition 6. By (6.25), ξα has law ν and Wα is a natural Brownian motion.
To see that it is an F-Brownian motion, let s < t, G ∈ Fs, B ∈ BRd : then

E [1B (Wα
t −Wα

s )1G] =E
[
1B (Wα

t −Wα
s )1G1{η=1}

]
+ E

[
1B (Wα

t −Wα
s )1G1{η=0}

]
=E

[
1B

(
η
(
W 1

t −W 1
s

)
+ (1− η)

(
W 2

t −W 2
s

)
∈ B

)
1G1{η=0}

]
+ E

[
1B

(
η
(
W 1

t −W 1
s

)
+ (1− η)

(
W 2

t −W 2
s

)
∈ B

)
1G1{η=1}

]
=E

[
1B

(
W 1

t −W 1
s

)
1G∩{η=1}

]
+ E

[
1B

(
W 1

t −W 1
s

)
1G∩{η=0}

]
= 0,

since η is F0-measurable by assumption. As for the mutual independence of ξα, µα and Wα,
we have that the joint law factorizes in the product of the marginals: by using (6.25), since
(ξi,W i)i=1,2 share the same joint law, one gets

P(µα ∈ A,Wα ∈ B, ξα ∈ C)

=αP(µ1 ∈ A,W 1 ∈ B, ξ1 ∈ C) + (1− α)P(µ2 ∈ A,W 2 ∈ B, ξ2 ∈ C)

=αP(µ1 ∈ A)P(W 1 ∈ B)P(ξ1 ∈ C) + (1− α)P(µ2 ∈ A)P(W 2 ∈ B)P(ξ2 ∈ C)

=
(
αP(µ1 ∈ A) + (1− α)P(µ2 ∈ A)

)
Wd(B)ν(C) = P(µα ∈ A)P(Wα ∈ B)P(ξα ∈ C).

With similar arguments, one can show that for every t ∈ [0, T ], g : Rd → R, f : C(P2) → R
bounded and measurable, it holds

E [g (Xα
t ) f (µ

α)] = E
[∫

Cd

g (y)µαt (dy)f (µ
α)

]
,

which implies that µαt is a version of the conditional distribution ofXα
t given µα. Finally, consider

the set

Ω1 =

{
X1

t = ξ1 +

∫ t

0

∫
A
b(s,X1

s , µ
1
s, a)r

1
s(da)ds+W 1

t ∀t ∈ [0, T ]

}
∩ {η = 1} ,
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and define analogously Ω2. We have that Ω1 ∩ Ω2 = ∅ and P(Ω1) = α, since X1 satisfies the
equation above P-a.s., and analogously P(Ω2) = 1 − α, so that P(Ω1 ∪ Ω2) = 1. On such a set,
Xα satisfies the equation

Xα
t = ξα +

∫ t

0

∫
A
b(s,Xα

s , µ
α
s , a)r

α
s (da)ds+Wα

t , t ∈ [0, T ].

Since Xα is F-adapted, Xα is a solution to equation (6.2), which concludes this part of the proof.

Let us turn to the convexity of the set Q. Let Σi, i = 1, 2, be in Q, and α ∈ (0, 1). Let
Ui = ((Ωi,F i,Fi,Pi), ξi,W i, ri) be as in Definition 7 so that Σi(·,m) = Pi((Xm,i, ri) ∈ ·), where
Xm,i is the solution to equation (6.3) on (Ωi,F i,Fi,Pi) when b is evaluated at m ∈ C(P2). Let
Θi = Pi ◦ (ξi,W i, ri)−1, and consider the maps IΘi defined by

IΘi : C(P2) −→ P(Rd × Cd × Cd × V)
m 7−→ IΘi(m) = Pi ◦ (ξi,W i, Xm,i, ri)−1.

(6.26)

Similarly as for the set K, suppose that the tuples are defined on the same probability space
(Ω,F ,F,P) supporting also a Bernoulli random variable η ∼ B(α), so that η and (ξi,W i, ri)i=1,2

are mutually independent. If needed, we can enlarge the filtration so that η is F0-measurable.
Let ξα, Wα and rα be as in (6.24), and, for every m ∈ C(P2), define

Xα,m = ηX1,m + (1− η)X2,m.

Let Θα = Pα ◦ (ξα,Wα, rα)−1 and consider the map IΘα , defined analogously to above. By point
(ii) of Lemma D.1, it induces a stochastic kernel Σα ∈ Q. By working in the same way as in the
case of K, we can show that IΘα(m) = αIΘ1(m) + (1 − α)IΘ2(m) for each m ∈ C(P2), which
implies that Σα = αΣ1 + (1− α)Σ2 ∈ Q.

Proposition 6.10. The map K×Q ∋ (Γ,Σ) 7→ p(Γ,Σ) is bilinear. Moreover, K ∋ Γ 7→ p(Γ,Σ)
is continuous for every Σ ∈ Q.

Proof. Bilinearity is clear, hence we focus on the continuity of p(·,Σ) for fixed Σ. Take (Γn)n≥1, Γ
in K and suppose Γn → Γ in the 2-Wasserstein distance. We treat separately the term depending
just upon Γ ∈ K and the term depending also upon Σ ∈ Q in (6.6).

By Proposition 2.1, Γn → Γ in 2-Wasserstein metrics if and only if∫
Cd×V×C(P2)

ψ(y, q,m)Γn(dy, dq, dm) →
∫
Cd×V×C(P2)

ψ(y, q,m)Γ(dy, dq, dm), (6.27)

for every ψ continuous with at most quadratic growth, hence we just need to show that the
functional F defined in (6.5) is continuous with at most quadratic growth. By Assumptions A
and [25, Corollary A.5], we have that F(y, q,m) is continuous. It is straightforward to verify that
F has at most quadratic growth, in the sense that

F(y, q,m) ≤ C

(
1 + ∥y∥2Cd + sup

t∈[0,T ]

∫
Rd

|y|2mt(dy) +

∫ T

0

∫
A
|a− a0|2 qs(da)ds

)
.

Therefore, we get continuity of the term depending only upon Γ.

Denote by ρn and ρ the marginal of Γn and Γ on C(P2). We can manipulate the term depending
both upon Γ and Σ as∫

Cd×V×C(P2)
F(y, q,m)Σ(dy, dq,m)ρ(dm)

=

∫
C(P2)

(∫
Cd×V

F(y, q,m)Σ(dy, dq,m)

)
ρ(dm) =

∫
C(P2)

g(m)ρ(dm)
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where we set
g(m) =

∫
Cd×V

F(y, q,m)Σ(dy, dq,m).

We must show that g : C(P2) → R is continuous with at most quadratic growth with respect to
the 2-Wasserstein distance. As for the growth condition, estimate (D.6) in Lemma D.1 proves
that g has at most quadratic growth in m ∈ C(P2). As for the continuity, let (mn)n≥1,m ∈ C(P2)
so that mn → m in W

2,Cd . Note that Σ(dy, dq,mn) → Σ(dy, dq,m) in W
2,Cd×V , as implied by

Lemma D.1. Define ϕn(y, q) = F(y, q,mn). Since the cost functions are locally Lipschitz, we
have that ϕn converges to ϕ uniformly on bounded sets of Cd × V. This is enough to conclude
that

g(mn) =

∫
Cd×V

ϕn(y, q)Σ(dy, dq,mn) →
∫
Cd×V

ϕ(y, q)Σ(dy, dq,m) = g(m) as mn → m.

We can now prove points (i) and (ii) of Theorem 6.2: takeX = K, Y = Q and f(x, y) = p(Γ,Σ)
in the statement of Theorem 6.5. By Lemmata 6.7 and 6.8, K is compact with the topology of
convergence in 2-Wasserstein distance and both sets K and Q are convex by Lemma 6.9. By
Proposition 6.10, the payoff p is both concave and continuous in Γ for every fixed Σ ∈ Q and
convex in Σ for every fixed Γ. Therefore, Theorem 6.5 yields the existence of both the value v of
the auxiliary zero-sum game and an optimal strategy for player A. The next proposition proves
point (iii), concluding the proof of Theorem 6.2.

Proposition 6.11 (Positivity of the value of the auxiliary zero-sum game). Let v be the value
of the zero-sum game defined in Definition 8 has a value v. Then v ≥ 0.

Proof. We show that, for every Σ ∈ Q there exists a strategy ΓΣ ∈ K so that p(ΓΣ,Σ) = 0. Fix
Σ ∈ Q, let U = ((Ω,F ,F,P), ξ,W, b) be a tuple as in Definition 7 so that Σ(·,m) = P((Xm, b) ∈
·), for every m ∈ C(P2). On this probability space, consider the following stochastic differential
equation of McKean-Vlasov type:{

dYt =
∫
A b(t, Yt, pt, a)bt(da)dt+ dWt, t ∈ [0, T ], Y0 = ξ;

L(Yt) = pt, t ∈ [0, T ], p = (pt)t∈[0,T ] ∈ C(P2).
(6.28)

Under Assumptions A, there exists a unique pair (Y, p) satisfying (6.28), where Y = (Yt)t∈[0,T ] is
an F-adapted continuous process so that E[supt∈[0,T ] |Yt|2] <∞, as ensured by, e.g., [12, Theorem
4.21], which implies that p actually belongs to C(P2). Define the deterministic flow of measures
µ by setting µ = p. Define ΓΣ as P ◦ (Y, µ, b)−1. Since µ = p is deterministic and (Y, p) is a
solution to (6.28), µ is F0-measurable and independent of ξ and W , and consistency condition
holds trivially. This implies that ΓΣ belongs to K. By writing the integrals in p as expectations,
we have:

p(ΓΣ,Σ) =

∫
Cd×V×C(P2)

F(y, q,m)Σ(dy, dq,m)ρΣ(dm)−
∫
Cd×V×C(P2)

F(y, q,m)ΓΣ(dy, dq, dm)

= E
[∫ T

0

∫
A
f(t, Yt, pt, a)bt(da)dt+ g(YT , pT )

]
− E

[∫ T

0

∫
A
f(t, Yt, pt, a)bt(da)dt+ g(YT , pT )

]
= 0,

where ρΣ(·) = δp(·) denotes the marginal law of ΓΣ on C(P2). Since such a construction holds
for every Σ ∈ Q, we have

sup
Γ∈K

p(Γ,Σ) ≥ p(ΓΣ,Σ) = 0 ∀Σ ∈ Q.
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Taking the infimum with respect to Σ ∈ Q, we have

inf
Σ∈Q

sup
Γ∈K

p(Γ,Σ) ≥ p(ΓΣ,Σ) ≥ 0,

which shows that vB is non-negative. Since vA = vB = v, this proves that the value of the
auxiliary zero-sum game is non-negative.

7 An example of coarse correlated solution to the mean field game

Taking inspiration from the work of Bardi and Fischer [3] and Lacker’s papers [26, 27], we provide
a simple example of a mean field game possessing mean field CCEs with non-deterministic flow
of measures µ.

Let d = 1. Set A = [a, b], with a < 0 < b, and ν = δ0. For m ∈ P(R), denote by m its mean∫
R ym(dy). Consider the following coefficients and cost functions:

b(t, x,m, a) = a, f(t, x,m, a) = 0, g(x,m) = cxm,

with c > 0 a positive constant. Observe that they satisfy the requirements of Assumption A.
We want to find a coarse correlated solution for the mean field game whose payoff functional, to
be maximized, is given by

J(Λ, µ) = E [cXTµT ] , (7.1)

under the constraint

Xt =

∫ t

0
λsds+Wt, 0 ≤ t ≤ T, (7.2)

where λ is the strategy associated to an admissible recommendation Λ in the sense of (4.7).

Set Ω0 = {1, 2}2, F0− = 2Ω
0 the power set and, given some probability measure P0 ∈

P(Ω0,F0−), we set P0((i, j)) = pi,j , so that pi,j ≥ 0 for all i, j and
∑2

i,j=1 pi,j = 1. Consider the
following open loop strategies and flows of measures:

u+t (ω∗) ≡ b, µ+ = (P∗ ◦ (tb+Wt)
−1)t∈[0,T ];

u−t (ω∗) ≡ a, µ− = (P∗ ◦ (ta+Wt)
−1)t∈[0,T ].

(7.3)

It was shown in [3] that the pairs (u+, µ+) and (u−, µ−) are two non-equivalent open-loop
solutions of the mean field game, with initial distribution ν = δ0, where by “non-equivalent” we
mean that the flows of measures µ+ and µ− do not coincide. We point out that this result holds
for more general initial distributions ν ∈ P(R), see [3, Definition 3.1 and Theorem 3.1]. Choose
a1, a2 ∈ [0, 1], and set:

µ1 =
(
a1µ

+
t + (1− a1)µ

−
t

)
t∈[0,T ]

,

µ2 =
(
a2µ

+
t + (1− a2)µ

−
t

)
t∈[0,T ]

.
(7.4)

Define (Λ, µ) in the following way:

(Λ, µ) ((i, j)) =


(u+, µ1) (i, j) = (1, 1)

(u+, µ2) (i, j) = (1, 2)

(u−, µ1) (i, j) = (2, 1)

(u−, µ2) (i, j) = (2, 2)

(7.5)
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We claim that, as long as a < 0 < b, for every T, c > 0 there exists a probability measure
(pi,j)i,j=1,2 and a suitable choice of the parameters (ai)i=1,2 so that the tuple ((Ω0,F0−,P0),Λ, µ)
is a coarse correlated solution of the mean field game according to Definition 5.

First of all, as shown in Example 1 in Section 4, since Λ takes only two values, it is admissible.
Therefore, the tuple ((Ω0,F0−,P0),Λ, µ) is a correlated flow.

Let us begin with the consistency condition. We first observe that, when the state equation
is controlled by u+ (respectively, u−), the law of the state process at time t, Xt, is exactly µ+t
(respectively, µ−t ), for every time t ∈ [0, T ].

Suppose that p1,1 + p2,1 and p1,2 + p2,2 are both strictly positive. Then, observe that

P(Xt ∈ · | µ)(ω) = P(Xt ∈ · | µ)(ω0) =

{
P(Xt ∈ · | µ = µ1) if µ(ω0) = µ1,

P(Xt ∈ · | µ = µ2) if µ(ω0) = µ2.

We can compute explicitly such a conditional probability. Fix A ∈ BRd :{
P(Xt ∈ A | µ = µ1)

P(Xt ∈ A | µ = µ2)
=

{
p1,1

p1,1+p2,1
P(X+

t ∈ A) +
p2,1

p1,1+p2,1
P(X−

t ∈ A) if µ(ω0) = µ1,
p1,2

p1,2+p2,2
P(X+

t ∈ A) +
p2,2

p1,2+p2,2
P(X−

t ∈ A) if µ(ω0) = µ2.

In order to satisfy the consistency condition, it must hold{
p1,1

p1,1+p2,1
P(X+

t ∈ A) +
p2,1

p1,1+p2,1
P(X−

t ∈ A) = µ1t (A)
p1,2

p1,2+p2,2
P(X+

t ∈ A) +
p2,2

p1,2+p2,2
P(X−

t ∈ A) = µ2t (A)

for every A ∈ BRd . By definition of µ1 and µ2,{
p1,1

p1,1+p2,1
µ+t (A) +

p2,1
p1,1+p2,1

µ−t (A) = a1µ
+
t (A) + (1− a1)µ

−
t (A),

p1,2
p1,2+p2,2

µ+t (A) +
p2,2

p1,2+p2,2
µ−t (A) = a2µ

+
t (A) + (1− a2)µ

−
t (A)

which holds if and only if {
p1,1

p1,1+p2,1
= a1,

p1,2
p1,2+p2,2

= a2.
(7.6)

We can regard (7.6) as the consistency condition.

We now turn our attention to the optimality condition. Set γ = P ◦ (Λ, µ)−1 = P0 ◦ (Λ, µ)−1

and ρ = P ◦ µ−1 = P0 ◦ µ−1. As described in Remark 9, since Λ takes only two values, we can
rewrite the optimality condition using disintegration of measures as∫

A×P2(Cd)
J(α,m)γ(dα, dm) ≥

∫
P2(Cd)

J(β,m)ρ(dm)

under the constraint

Xt =

∫ t

0
θsds+Wt, 0 ≤ t ≤ T,

for θ = α in Λ(Ω0) := {u+, u−} ⊆ A on the left-hand side of the inequality above and θ = β in
A on the right-hand side. We rewrite explicitly the inequality as

J(Λ, µ)− J(β, µ) = p1,1
(
J(u+, µ1)− J(β, µ1)

)
+ p1,2

(
J(u+, µ2)− J(β, µ2)

)
+ p2,1

(
J(u−, µ1)− J(β, µ1)

)
+ p2,2

(
J(u−, µ2)− J(β, µ2)

)
≥ 0.

(7.7)
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Therefore, using (7.1), we have

J(Λ, µ)− J(β, µ) = p1,1
(
cT 2b(a1b+ (1− a1)a)− cM(β)T (a1b+ (1− a1)a)

)
+ p1,2

(
cT 2b(a2b+ (1− a2)a)− cM(β)T (a2b+ (1− a2)a)

)
+ p2,1

(
cT 2a(a1b+ (1− a1)a)− cM(β)T (a1b+ (1− a1)a)

)
+ p2,2

(
cT 2a(a2b+ (1− a2)a)− cM(β)T (a2b+ (1− a2)a)

)
,

where M(β) := E[
∫ T
0 βtdt] = E[Xβ

T ]. We can set m(β) := 1/TM(β) = 1/TE[
∫ T
0 βtdt]. Observe

that m(β) ∈ [a, b], being the mean of an A-valued process, and m(A) = [a, b], since for every
c ∈ [a, b] the constant process β ≡ c belongs to A. We divide by cT 2 to obtain the following
condition:

p1,1 (b(a1b+ (1− a1)a)−m(β)(a1b+ (1− a1)a))

+ p1,2 (b(a2b+ (1− a2)a)−m(β)(a2b+ (1− a2)a))

+ p2,1 (a(a1b+ (1− a1)a)−m(β)(a1b+ (1− a1)a))

+ p2,2 (a(a2b+ (1− a2)a)−m(β)(a2b+ (1− a2)a))

≥ 0.

(7.8)

The condition above can be seen as a positivity condition for a real affine function of g(m),
m ∈ [a, b], i.e.

inf
m∈[a,b]

g(m) = inf
m∈[a,b]

h((pi,j)i,j=1,2, (ai)i=1,2; a, b)m+ k((pi,j)i,j=1,2, (ai)i=1,2; a, b) ≥ 0
h((pi,j)i,j=1,2, (ai)i=1,2; a, b) = −{p1,1(a1b+ (1− a1)a) + p1,2(a2b+ (1− a2)a)

+p2,1(a1b+ (1− a1)a) + p2,2(a2b+ (1− a2)a)} ,
k((pi,j)i,j=1,2, (ai)i=1,2; a, b) = p1,1b(a1b+ (1− a1)a) + p1,2b(a2b+ (1− a2)a)

+p2,1a(a1b+ (1− a1)a) + p2,2a(a2b+ (1− a2)a).

(7.9)

We now impose the consistency condition (7.6) to get:

h((pi,j)i,j=1,2; a, b) = −b

(
p21,1 + p2,1p1,1

p1,1 + p2,1
+
p21,2 + p1,2p2,2

p1,2 + p2,2

)

− a

(
p22,1 + p2,1p1,1

p1,1 + p2,1
+
p22,2 + p1,2p2,2

p1,2 + p2,2

)
,

k((pi,j)i,j=1,2; a, b) = b2

(
p21,1

p1,1 + p2,1
+

p21,2
p1,2 + p2,2

)
+ a2

(
p22,1

p1,1 + p2,1
+

p22,2
p1,2 + p2,2

)

+ 2ab

(
p1,1p2,1
p1,1 + p2,1

+
p1,2p2,2
p1,2 + p2,2

)
.

(7.10)

Observe that imposing the consistency condition (7.6) reduces the number of parameters but
makes the problem nonlinear in the probabilities (pi,j)i,j=1,2.

Looking at (7.9) and (7.10), we observe that it covers the case treated in [3], for any choices
of a < 0 < b. Consider a probability measures P0 = (pi,j)i,j=1,2 so that p1,2 = p2,1 = 0 and,
therefore, p2,2 = 1− p1,1. Equations (7.10) take the simpler form

h((p1,1, 0, 0, 1− p1,1); a, b) = −bp1,1 − a(1− p1,1),

k((p1,1, 0, 0, 1− p1,1); a, b) = b2p1,1 + a2(1− p1,1).
(7.11)
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Sending p1,1 to 1, by continuity, we get h((1, 0, 0, 0); a, b) = −b and k((1, 0, 0, 0); a, b) = b2, so
that the condition (7.9) becomes

inf
m∈[a,b]

−bm+ b2 ≥ 0,

which is satisfied for every b > 0. On the other hand, by sending p1,1 to 0, we get h((0, 0, 0, 1); a, b) =
−a and k((0, 0, 0, 1); a, b) = a2 and condition (7.9) takes the form

inf
m∈[a,b]

−am+ a2 ≥ 0,

which is satisfied for every a < 0. Observe that, when p1,1 = 1, µ ≡ µ1 = µ+, while, when
p2,2 = 1, µ ≡ µ2 = µ−. This shows that the deterministic correlated flows (Λ, µ) ≡ (u+, µ+) and
(Λ, µ) ≡ (u−, µ−) are indeed mean field CCE in the sense of Definition 5.

Turning to more interesting cases, consider [a, b] = [−1, 1]. The choice of a symmetric interval
is not necessary, but it has been made to ease the comparison with previous results in the
literature (see the next subsection). Figure 1 shows the existence of coarse correlated mean field
equilibria as the probability measure (pi,j)i,j=1,2 varies. In particular, it shows the existence of
infinitely many coarse correlated mean field equilibria for the system.

White spots in Figure 1 refer to those probability measures on (Ω0,F0−) so that (Λ, µ) is
indeed a mean field CCE. Observe that, on the dashed diagonals, it always holds p1,1 + p2,2 = 1,
which implies that the coarse correlated solution (Λ, µ) is a randomization of the open loop MFG
solutions (u+, µ+) and (u−, µ−). On the other hand, there exist infinitely many coarse correlated
solutions of the mean field game so that Λ is not a deterministic function of µ, i.e., they are not
a randomization of the solutions (u+, µ+) and (u−, µ−).

Comparison with Lacker’s notion of weak mean field game solution without
common noise of [26]

ConsiderA = [−1, 1], T = 2. With this choice of control actions and time horizon, the example we
proposed matches the setting of Lacker’s “illuminating example” of [26, Section 3.3]. We show
that there exists a coarse correlated solution of the MFG which is not a weak MFG solution
without common noise as defined in Definition 3.1 therein. In particular, the most important
feature is the fact that the recommendation Λ can not be expressed as a deterministic function
of the flow of measures.

To be consistent with the notation and the setup of Lacker’s paper, we use the notion of relaxed
controls, which are used extensively in Section 6 (see, in particular, Section 6.1 for definitions,
notation and some important properties). Let (pi,j)i,j=1,2 be so that p1,1 + p2,1 and p1,2 + p2,2
are strictly positive. We introduce the relaxed controls δ+ = (δ+t )t∈[0,T ] and δ− = (δ−t )t∈[0,T ], by
setting

δ+t (ω∗; da) = δu+
t (ω∗)

(da) ≡ δ1(da), ∀t ∈ [0, T ], ω∗ ∈ Ω∗,

δ−t (ω∗; da) = δu−
t (ω∗)

(da) ≡ δ−1(da), ∀t ∈ [0, T ], ω∗ ∈ Ω∗.

Consider the correlated flow (Λ, µ) defined by (7.5) and observe that the strategy λ = (λt)t∈[0,T ]

associated to the admissible recommendation Λ can be rewritten as a relaxed control as

rt(ω; da) = rt(ω0, ω∗; da) = 1{Λ=u+}(ω0)δ
+
t (da) + 1{Λ=u−}(ω0)δ

−
t (da). (7.12)

We point out that r does not depend on ω∗ since δ+ and δ− do not depend on ω∗. Starting from
(Λ, µ), we define a random variable µ̃ with values in P(Cd × V × Cd) by setting

µ̃(·) = P((W, r, X) ∈ · | µ). (7.13)
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Figure 1: Existence of correlated equilibria as probability measure (pi,j)i,j=1,2 varies for
[a, b] = [−1, 1]. White points correspond to the values of (pi,j) so that infm∈[a,b] g(m) ≥ 0, black
points to the other ones.
The probability measure has been generated in different ways above and below the dashed
diagonal. Above the diagonal, p1,1 and p2,2 vary from 0 to 1 as indicated by the axis. We set
p1,2 = α(1− p1,1 − p2,2), p2,1 = (1− α)(1− p1,1 − p2,2) for some value α ∈ [0, 1].
Under the diagonal, we have a symmetric choice of probability: again, p1,1 and p2,2 vary
from 0 to 1, although in the opposite directions respect to above the diagonal, and we set
p1,2 = (1 − α)(1 − p1,1 − p2,2), p2,1 = α(1 − p1,1 − p2,2), for the same choice of α ∈ [0, 1] as for
above the diagonal. Different choices of α are considered.
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We observe that σ(µ) = σ(µ̃): we have σ(µ̃) ⊆ σ(µ) since, by definition of regular conditional
probability, µ̃ must be σ(µ) measurable; to get the opposite inclusion, for every t ∈ [0, T ], let
µ̃xt be the push forward of µ̃ through the map Cd × V × Cd ∋ (w, q, x) 7→ xt ∈ Rd. Then, by
exploiting the consistency condition (4.12), we have

µ̃xt (A) = µ̃({x ∈ Cd : xt ∈ A}) = P(Xt ∈ A | µ) = µt(A),

for every A ∈ BRd , i.e. µ̃xt = µt P-a.s, for every t ∈ [0, T ]. Let (Bt,Cd)t∈[0,T ] be the natural
filtration of the identity process on Cd, i.e. Bt,Cd = σ(Cd ∋ x 7→ xs ∈ Rd : 0 ≤ s ≤ t), and let
(F µ̃

t )t∈[0,T ] be the natural filtration of µ̃, that is

F µ̃
t = σ(µ̃ (C) : C ∈ Bt,Cd ⊗FV

t ⊗ Bt,Cd).

We observe that, for every t ∈ (0, T ], we have F µ̃
t = σ(µ). To see this, observe that

σ(µ) ⊇ F µ̃
t ⊇ σ(µ̃xs : s ≤ t) = σ(µs : s ≤ t) = σ(µ),

where the last equality holds for every t > 0, as can be verified by explicit calculations. Finally,
for t = 0, we have F µ̃

0 = {∅,Ω0}. Having established the relations between such σ-algebras, it
is straighforward to verify that the tuple ((Ω,F ,F,P),W, µ̃, r, X) satisfies properties (1-4) and
(6) of [26, Definition 3.1]. Now, pick a probability measure P0 so that min(p1,2, p2,1) > 0 and
µ1T > 0, µ2T < 0. Figure 1 shows that such a choice is possible (actually, there exist infinitely
many measures P0 with the desired property). For such a choice of P0, the relaxed control r does
not satisfy the optimality condition (5) of [26, Definition 3.1], since, as shown in [26, Section
3.3], every optimal control r∗ must be of the form r∗t (da)(ω) = δα∗

t (ω)
(da) for Leb[0,T ]-a.e. t, with

α∗
t = sign

(
E
[
µ̃xT | F µ̃

t

])
.

Here, sign (0) = 0. Since F µ̃
0 is trivial and F µ̃

t = σ(µ) for t > 0, the optimal control α∗
t must be

equal to

α∗
t (ω) = α∗

t (ω0) =

{
−1 if µT (ω0) < 0,

1 if µT (ω0) > 0,
0 < t ≤ T, (7.14)

and equal to an arbitrary value at t = 0. In particular, observe that such a control is a deter-
ministic function of the measure µ̃. For every P0 so that p1,2 + p2,1 > 0, this is not the case of
the correlated flow (Λ, µ) defined in (7.5), since Λ is not a deterministic function of µ.

The essential reason for the lack of optimality, in the sense of Lacker, of the relaxed control
r defined by (7.12) resides in the differences between allowed deviations: on one hand, for weak
mean field games solutions in the sense of [26], all adapted compatible controls b = (bt)t∈[0,T ]

are allowed, where “compatible” means that σ(bs : s ≤ t) is conditionally independent of Fξ,µ̃,W
T

given Fξ,µ̃,W
t for every t, which leads to a very rich class of controls. On the other hand, for

coarse correlated solution of the MFG, only F∗-progressively measurable strategies are allowed
as deviations. Therefore, many more solutions exist.

More generally, one can not compare weak MFG solutions without common noise of [26] and
mean field CCEs, due to the difference between the respective consistency conditions. Nev-
ertheless, we can make an additional assumption on the random measure µ̃ which makes it
possible to define a mean field CCE starting from a weak MFG solution. Let µ̃ be a weak
MFG solution without common noise. Let µt be the push forward of µ̃ through the map
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Cd × V × Cd ∋ (w, q, x) 7→ xt ∈ Rd. Define a random flow of measures by setting µ = (µt)t∈[0,T ].
Assume that the flow of measures µ carries the same information as the random measure µ̃, i.e.

σ(µs : 0 ≤ s ≤ t) = F µ̃
t , ∀t ∈ [0, T ]. (7.15)

If a weak MFG solution µ̃ satisfies condition (7.15), then µ̃ does induce a mean field CCE. Indeed,
set ρ = P◦µ−1. By (7.15), we have µt = P(X ∈ · | µ̃) = P(X ∈ · | µ), i.e. consistency condition
(4.12) is satisfied. Moreover, the assumption on equality of the filtrations ensures that there
exists a progressively measurable function φ : [0, T ]× C(P2) → A so that

α∗
t = sign

(
E
[
µT | F µ̃

t

])
= φ (t, µ) .

Then, we define (Ω0,F0−,P0) and (Λ∗, µ∗) as

(Ω0,F0−,P0) =
(
C(P2),BC(P2), ρ

)
,

µ∗ = Id :
(
C(P2),BC(P2), ρ

)
→
(
C(P2),BC(P2), ρ

)
,

Λ∗ :
(
C(P2),BC(P2), ρ

)
→ (A,BA)

m 7→ Λ∗(m) = (φ(t,m))t∈[0,T ].

(7.16)

By Lemma B.1, the tuple ((Ω0,F0−,P0),Λ∗, µ∗) is a correlated flow. Let X∗ be the solution
of (7.2) on the product probability space (Ω,F ,F,P) defined in point 3 of Definition 3. Since
uniqueness in law holds by Theorem A.1, it follows that (X∗, µ∗) has the same joint law as
(X,µ), which implies that the consistency condition (4.12) is satisfied. Since λ∗t = φ(t, µ∗),
(Λ∗, µ∗) satisfies optimality condition (4.11) as well and therefore it is a mean field CCE.

We observe that the additional assumption on the filtrations (7.15) is satisfied both by the
weak MFG solution exhibited in [26, Proposition 3.7] and in our case, as shown above. We
point out that this CCE has been already considered: suppose that the flow of measures as
law ρ = aδµ+ + (1 − a)δµ− , a ∈ (0, 1), for µ+ and µ− given by (7.4). Then, the correlated flow
(Λ∗, µ∗) corresponds to the white spots on the dashed diagonal of Figure 1, i.e. to the probability
measures P0 so that p1,2 = p2,1 = 0, p1,1 = a and p2,2 = 1− a. Roughly speaking, it correspond
to the case when Λ∗ = ϕ(µ∗) P0-a.s., for some deterministic measurable ϕ.

Appendix

A Weak and strong existence for controlled equations

We state and prove a Yamada-Watanabe type result for stochastic differential equations with
random coefficients as the ones encountered so far. Recall from Section 6.1 the definition of the
space V and of relaxed controls.

Let U = ((Ω,F ,F,P), ξ,W, µ, r) be a tuple composed by a filtered probability space satisfying
usual assumptions, an F-Brownian motion W , an Rd-valued F0-measurable random variable ξ,
an F0-measurable random flow of measures µ taking values in C(P2) and an F-adapted V-valued
random variable r, in the sense that the random variables r(C) are Ft-measurable for every
C ∈ B[0,t]×A. Let us consider the following stochastic differential equation:

dXt = G(t,Xt, µ, r)dt+ dWt, X0 = ξ. (A.1)

where G : [0, T ] × Rd × C(P2) × V → Rd is jointly measurable and progressively measurable in
V; progressive measurability must be understood in the following sense: for every q, q′ ∈ V, for
every (t, x,m) ∈ [0, T ]× Rd × C(P2), it holds:

q(C) = q′(C) ∀C ∈ B[0,t]×A =⇒ G(t, x,m, q) = G(t, x,m, q′).
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Definition 9 (Strong solution and pathwise uniqueness). Let U = ((Ω,F ,F,P), ξ,W, µ, r) be
a tuple as above. A strong solution to equation (A.1) on U is a continuous F-adapted process
X = (Xt)t∈[0,T ] adapted to the P-augmentation of F so that

Xt = ξ +

∫ t

0
G(s,Xs, µ, r)ds+Wt, 0 ≤ t ≤ T, (A.2)

holds P-almost surely.
Patwhise uniqueness holds for equation (A.1) if, given two strong solutions X and X ′ to (A.1)

on U, they are indistinguishable:

P(Xt = X ′
t ∀t ∈ [0, T ]) = 1.

Definition 10 (Weak solution and uniqueness in law). A weak solution to equation (A.1) is a
tuple U = ((Ω,F ,F,P), ξ,W, µ, r) as above so that there exists a continuous F-adapted process
X = (Xt)t∈[0,T ] satisfying equation (A.1).

Weak uniqueness holds for equation (A.1) if for any two weak solution of (A.1) Ui, i = 1, 2, so
that P1 ◦ (ξ1,W 1, µ1, r1)−1 = P2 ◦ (ξ2,W 2, µ2, r2)−1, it holds

P1 ◦ (X1, ξ1,W 1, µ1, r1)−1 = P2 ◦ (X2, ξ2,W 2, µ2, r2)−1,

where Xi are the continuous Fi-adapted processes that satisfy equation (A.1) on Ui, i = 1, 2.

Theorem A.1. Suppose pathwise uniqueness holds for equation (A.1), in the sense of Definition
9. Then, uniqueness in law in the sense of Definition 10 holds as well.

Proof. Let U1 and U2 be two weak solutions of equation (A.1) in the sense of Definition 10 above.
Since pathwise uniqueness holds for equation (A.1) by assumption, our goal is to bring together
the solution on the same filtered probability space. Let us define the following probability
measures:

Q̂i = Pi ◦ (ξi,W i, µi, ri, Xi)−1 ∈ P(Rd × Cd × C(P2)× V × Cd), i = 1, 2,

Q = Pi ◦ (ξi,W i, µi, ri)−1 ∈ P(Rd × Cd × C(P2)× V),
Q̃ = Pi ◦ (ξi,W i, µi)−1 ∈ P(Rd × Cd × C(P2)).

Observe that Q and Q̃ are well defined, since (ξi,W i, µi, ri) share the same joint law by assump-
tion. Let us consider the following space:

Ωcan = Cd × Cd × Rd × Cd × C(P2)× V;
Fcan = BCd ⊗ BCd ⊗ BRd ⊗ BCd ⊗ BC(P2) ⊗ BV ;

Gcan
t = Bt,Cd ⊗ Bt,Cd ⊗ BRd ⊗ Bt,Cd ⊗ BC(P2) ⊗FV

t ,

where

Bt,Cd = σ(Cd ∋ x 7→ xs ∈ Rd : s ≤ t), FV
t = σ(V ∋ q 7→ q(C) ∈ R : C ∈ B[0,t]×A).

In order to equip the space (Ωcan,Fcan, (Gcan
t )t∈[0,T ]) with a probability measure, we disintegrate

the measures Q̂i, i = 1, 2, in the following way: let Ki : BCd ×Rd ×Cd ×C(P2)×V → [0, 1] be a
regular conditional probability of Q̂i for BCd given (x,w,m, q), so that it holds

Q̂i(A×B) =

∫
B
Ki(A, x,m,w, q)P (dx, dm, dw, dq),
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for every A ∈ BCd , B ∈ BRd ⊗ BCd ⊗ BC(P2) ⊗ BV , or more briefly

Q̂i(dx, dw, dm, dq, dy) = Ki(dy, x,m, q, w)P (dx, dw, dm, dq), i = 1, 2.

Then, we set

Q(dy1, dy2, dx, dm, dw, dq) = K1(dy1, x,m, q, w)K2(dy2, x,m, q, w)Q(dx, dm, dw, dq).

Observe that the joint law under Q of the coordinate projections y1, x, m, w and q is exactly
Q̂1, and analogously when considering the coordinate process y2 instead of y1. Finally, complete
the σ-algebra Fcan with the Q-null sets NQ and consider the complete right continuous filtration
(Fcan

t )t∈[0,T ] given by

Fcan
t =

⋂
ε>0

σ
(
Gt+ε,NQ

)
.

By Lemma A.2, the coordinate process w is a (Fcan
t )t∈[0,T ]-Brownian motion under Q. Further-

more, it holds

yit = x+

∫ t

0
G(s, yis,m, q)ds+ wt, ∀t ∈ [0, T ], Q-a.s.

for i = 1, 2. Since pathwise uniqueness in the sense of Definition 9 holds by assumption, it follows
that y1 and y2 are indistinguishable under Q, which implies Q̂1 = Q̂2. This proves the desired
result.

Lemma A.2. In the construction of Theorem A.1, w = (ws)s∈[0,T ] is a Brownian motion under
Q with respect to the filtration (Fcan

s )s∈[0,T ].

Proof. Observe that w is a natural Brownian motion under Q. In order to show that it is
a Brownian motion with respect to the filtration (Gcan

t )t∈[0,T ], we just need to prove that its
increments are independent, and the conclusion follows.

Fix A1, A2 ∈ Bt,Cd , B ∈ BRd , C ∈ Bt,Cd , D ∈ BC(P2) and F ∈ FV
t . By Cauchy-Schwartz

inequality, we have, for every H ∈ BRd and s > t:

EQ [1H(ws − wt)1A1×A2×B×D×C×F (y
1, y2, x,m,w, q)

]2
≤EQ

[
1H(ws − wt)1A1×B×D×C×F (y

1, x,m,w, q)
]

· EQ
[
1H(ws − wt)1A2×B×D×C×F (y

2, x,m,w, q)
]
.

Therefore, it suffices to show that

EQ
[
1H(ws − wt)1A1×B×D×C×F (y

1, x,m,w, q)
]
= 0. (A.3)

Since the integrand does not depend upon y2, we may rewrite such an expectation only with
respect to Q̂1:

EQ
[
1H(ws − wt)1A1×B×D×C×F (y

1, x,m,w, q)
]

=

∫
1H(ws − wt)1A1×B×D×C×F (y

1, x,m,w, q)Q̂1(dy1, dx, dm, dw, dq).

Then, we introduce another disintegration of the measure Q̂1: let Θ1 be a regular conditional
probability for BCd ⊗ BV given (x,w,m):

Q̂1 (A×B × C ×D × F ) =

∫
B×C×D

Θ1(A× F, x,m,w)Q̃(dx, dm, dw), (A.4)
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for every A ∈ BCd , B ∈ BRd , C ∈ BCd , D ∈ BC(P2) and F ∈ BV , or more briefly

Q̂1(dy1, dq, dx, dw, dm) = Θ1(dy1, dq, x,m,w)Q̃(dx, dw, dm).

As in [23, Lemma IV.1.1], it can easily be shown that, for every A× F ∈ Bs,Cd ⊗FV
s , the map

(x,m,w) 7→ Θ1(A× F, x,m,w)

is BRd ⊗BC(P2)⊗Bs,Cd-measurable, for every s ∈ [0, T ]. Therefore, we can compute the left-hand
side of (A.3):

EQ
[
1H(ws − wt)1A1×B×D×C×F (y

1, x,m,w, q)
]

=

∫
1H(ws − wt)1A1×B×D×C×F (y

1, x,m,w, q)Q̂1(dy1, dx, dm, dw, dq)

=

∫
1H(ws − wt)Θ

1(A1 × F, x,m,w)1B×D×C(x,m,w)Q̃1(dx, dm, dw)

=EP1 [
1H(W 1

s −W 1
t )Θ

1(A1 × F, ξ1, µ1,W 1)1B×D×C(ξ
1, µ1,W 1)

]
= 0,

since Θ1(A1 × F, ξ1, µ1,W 1)1B×D×C(ξ
1, µ1,W 1) is F1

s -measurable and W 1 is an F1-Brownian
motion under P1 by assumption.

B On admissible recommendations

Lemma B.1. Let (Ω0,F0−,P0) be a complete probability spaces and (Ω∗,F∗,F∗,P∗) be a filtered
probability space satisfying the usual assumptions. Fix a bounded A-valued process (λt)t∈[0,T ]

defined on the completion of the product space (Ω0 × Ω∗,F0− ⊗ F ,P0 ⊗ P∗). Assume that it is
progressively measurable with respect to the filtration F = (Ft)t∈[0,T ], where F is the P0 ⊗ P∗-
augmentation of the filtration (F0− ⊗F∗

t )t∈[0,T ]. Define a function Λ : Ω0 → A by setting

Λ(ω0) =


(λt(ω0, ·))t∈[0,T ] : [0, T ]× Ω∗ → A

(t, ω∗) → λt(ω0, ω∗),
ω0 ∈ Ω0 \N,

a0 ω0 ∈ N.

(B.1)

where N ⊂ Ω0 is a P0-null set and a0 is some point in A. The function Λ defined in (B.1) is an
admissible recommendation.

Proof. Take any bounded (F)t∈[0,T ]-progressively measurable process (λt)t∈[0,T ] defined on the
product space (Ω0 × Ω∗,F0− ⊗F∗,P0 ⊗ P∗) taking values in R, and not necessarily in A.

Observe that it is always possible to define a function Λ from (Ω0,F0−,P0) to (L2([0, T ] ×
Ω∗;P∗, Leb[0,T ]⊗P∗),BL2) as in (B.1), where P∗ denotes the progressive σ-algebra associated to
the filtration F∗. Indeed, by construction of the filtration F, since λ is F-progressively measurable,
there exists a set N ⊂ Ω0, P0(N) = 0, so that the section (λt(ω0, ·))t∈[0,T ] is P∗-measurable for
every ω0 ∈ Ω0 \ N . Set Λ(ω0) = (λt(ω0, ·)t∈[0,T ]) for ω0 ∈ Ω0 \ N and Λ(ω0) ≡ a0 for ω0 ∈ N ,
where a0 is any point in R, which is exactly (B.1).

Let H be the set of bounded progressively measurable processes λ so that the function Λ defined
according to (B.1) is a F0− \ BL2 measurable random variable. We show that H is a monotone
class which contains the set E of progressively measurable processes λ : [0, T ]× Ω0 × Ω∗ → R of
the form

λt =

n∑
i=1

ζi1[ti,ti+1)(t), (B.2)
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where n ≥ 1, ti ∈ [0, T ], ti < ti+1 for every i = 1, . . . , n, ζi are bounded Fti-measurable random
variables. Having established such properties, we apply monotone class theorem (as stated,
e.g., in [37, Theorem II.3.1]) to conclude that H contains the set of F-progressively measurable
bounded processes defined on the product space Ω0 × Ω∗.

To see that H is a monotone class, observe that H is clearly a vector space and contains all
processes λ so that λt ≡ c for every t ∈ [0, T ], for all c ∈ R. Let (λn)n≥1 ⊆ H, with λn ↑ λ as n
goes to infinity, λn positive and bounded by the same constant C ≥ 0 for every n. By monotone
convergence, λ is bounded and F0−⊗P∗-measurable as well, so that we can define Λ as in (B.1),
as previously discussed. Let Λn be the L2-valued random variables defined starting from λn

according to (B.1), which are F0− \ BL2 measurable since λn belongs to H for every n ≥ 1, by
assumption. Without loss of generality, we can suppose that the P0-null set N appearing in the
definition of Λn and Λ is the same for every n ≥ 1. Notice that, for every ω0 ∈ Ω0 \ N , the
sections (λnt (ω0, ·)t∈[0,T ]) ↑ (λt(ω0, ·)t∈[0,T ]) for every (t, ω∗) ∈ [0, T ]×Ω∗. Therefore, by monotone
convergence, it holds

∥Λn(ω0)− Λ(ω0)∥2L2 =
∥∥(λnt (ω0, ·)t∈[0,T ])− (λt(ω0, ·)t∈[0,T ])

∥∥2
L2

= EP∗
[∫ T

0
|λn(t, ω0, ω∗)− λ(t, ω0, ω∗)|2 dt

]
→ 0

(B.3)

for every ω0 ∈ Ω0 \N , i.e. Λ = limn→∞ Λn P0-a.s., which implies that Λ is F0− \BL2 measurable,
since the probability space is complete and L2([0, T ]×Ω∗,P∗, Leb[0,T ] ⊗ P∗) is a complete norm
space. Finally, Λ is admissible, since the process λ obviously satisfies (4.6), choosing the same
P0-null set N used in the definition Λ.

To see that E ⊆ H, suppose first that λ is of the form

λt =
n∑

i=1

1Ai(ω0)1Bi(ω∗)1[ti,ti+1)(t),

where n ≥ 1, ti ∈ [0, T ], ti < ti+1 for every i = 1, . . . , N , Ai ∈ F0− and Bi ∈ F∗
ti . We can regard

each variable 1Bi(ω∗)1[ti,ti+1)(t) as a bounded progressively measurable process αi. Therefore,
(B.1) takes the following form:

Λ(ω0) =

{
αi ω0 ∈ Ai, i = 1, . . . , N,

0 ω0 ∈ (∪n
i=1Ai)

c

which shows that Λ is F0− \ BL2-measurable. By Dynkin Lemma, conclusion holds true for
progressively measurable simple processes of the form

λt =
n∑

i=1

1Ci(ω0, ω∗)1[ti,ti+1)(t), (B.4)

where n ≥ 1, ti ∈ [0, T ], ti < ti+1 for every i ∈ {1, . . . , n}, Ci ∈ F0− ⊗ F∗
ti . Finally, let λ be of

the form (B.2). Thanks to the boundedness assumption on ζi, we can find a sequence of simple
processes (λn)n≥1 of the form (B.4) so that |λn| ≤ |λ| and λnt (ω0, ω∗) → λt(ω0, ω∗) pointwise for
every (t, ω0, ω∗). Let Λn and Λ be defined according to (B.1) starting by the processes λn. Due
to point 2.b) above, conclusion holds true for each Λn. Using dominated convergence, we can
prove that (B.3) holds for P0-a.e. ω0 ∈ Ω0, so that Λ is the a.s. pointwise limit of Λn, which
implies that Λ is F0− \ BL2 measurable.

Proposition B.2. Let (Ω0,F0−,P0) be a complete probability space.
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i) Let Λ : (Ω0,F0−,P0) → (A,BA) be an admissible recommendation. Let λ1 and λ2 be
two F-progressively measurable processes with values in A so that (4.6) holds. Then λ1 = λ2

Leb[0,T ] ⊗ P-almost surely.

ii) Let Λ,Γ : (Ω0,F0−,P0) → (A,BA) be admissible recommendations; let λ, γ be the strategies
associated to Λ,Γ, according to (4.6). Suppose that λ = γ Leb[0,T ] ⊗ P-almost surely. Then,
Λ = Γ P0-a.s.

Proof. As for point i), let N i, i = 1, 2, be two P0-null sets so that, for every ω0 ∈ Ω0 \ N i the
sections (λit(ω0, ·))t∈[0,T ] are F∗-progressively measurable processes and equation (4.6) holds true.
Without loss of generality, we can assume that N1 = N2 = N . Since for every ω0 ∈ Ω0 \ N it
holds

∥∥Λ− (λit(ω0, ·))t∈[0,T ]

∥∥
L2 = 0, i = 1, 2, we deduce that∥∥(λ1t (ω0, ·))t∈[0,T ] − (λ2t (ω0, ·))t∈[0,T ]

∥∥2
L2 = 0

for every ω0 ∈ Ω0 \N . Therefore, by taking the integral with respect to P0, we obtain

0 = EP0
[∥∥(λ1t (ω0, ·))t∈[0,T ] − (λ2t (ω0, ·))t∈[0,T ]

∥∥2
L2

]
= EP0

[
EP∗

[∫ T

0
|λ1s(ω0, ω∗)− λ2s(ω0, ω∗)|2ds

]]
= E

[∫ T

0
|λ1s(ω0, ω∗)− λ2s(ω0, ω∗)|2ds

]
by Fubini’s theorem. This is enough to conclude that λ1 = λ2 Leb[0,T ] ⊗ P-a.s.

As for point ii), by the same line of reasoning, if λ = γ Leb[0,T ] ⊗ P-a.s., the the sections
(λt(ω0, ·))t∈[0,T ] and (γt(ω0, ·))t∈[0,T ] are Leb[0,T ] ⊗ P∗-almost everywhere equal, which implies
that

∥Λ(ω0)− Γ(ω0)∥2L2 =
∥∥(λt(ω0, ·))t∈[0,T ] − (γt(ω0, ·))t∈[0,T ]

∥∥2
L2

= EP∗
[∫ T

0
|λt(ω0, ω∗)− γt(ω0, ω∗)|2dt

]
= 0

P0-a.s., so that Λ = Γ P0-a.s..

C Propagation of chaos

Here, we prove the propagation of chaos type result which is needed in the proof of Theorem 5.1.
The probability spaces and the random variables we use here are defined in Section 5.1.

We work on the product probability space

(Ω,F ,P) =
(
Ω,F ,P

)
⊗
(
Ω1,F1,P1

)
,

with (Ω,F ,P) defined by (5.3) and (5.4) and (Ω1,F1,P1) by (3.1) or, equivalently, by (5.7).
Consider the random measure flow µ defined by (5.5) and the recommendations (Λi)i≥1 defined
by (5.9), which we recall are conditionally i.i.d. given µ under P. We endow such a probability
space with the filtration F given by the P-augmentation of the filtration generated by F , the
initial data (ξi)i≥1 and the Brownian motions (W i)i≥1. We observe that for every N ≥ 2, each
β ∈ AN is also F-progressively measurable and, for every i ≥ 1, each strategy λi associated to
the admissible recommendation Λi is F-progressively measurable as well.

Fix N ≥ 2, β ∈ AN and 1 ≤ i ≤ N . Let X = X[ΛN,−i, β] =
(
Xj [ΛN,−i, β]

)N
j=1

be the solution
of {

dXj
t = b(t,Xj

t , µ
N
t , λ

j
t )dt+ dW j

t , Xj
0 = ξj , j ̸= i,

dXi
t = b(t,Xi

t , µ
N
t , βt)dt+ dW i

t , Xi
0 = ξi.
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The process X[ΛN,−i, β] is the state process of the N -players when every player j ̸= i follows
the recommendation Λi and player i deviates by picking the strategy β, where µNt denotes the
empirical measure of the N -players’ states at time t defined in (3.10). Let us introduce also the
empirical measure of the processes X = X[ΛN,−i, β]:

µN [ΛN,−i, β] =
1

N

N∑
j=1

δXj [ΛN,−i,β] ∈ C(P2). (C.1)

Let us denote X = X[Λ] = X[ΛN,−i,Λi] the state process of the N players when every player
i = 1, . . . , N follows the recommendation Λi. Then, let us consider the following auxiliary
processes: let

(
Zj [ΛN,−i, β]

)N
j=1

be the solution of{
dZj

t = b(t, Zj
t , µt, λ

j
t )dt+ dW j

t , Zj
0 = ξj , j ̸= i,

dZi
t = b(t, Zi

t , µt, βt)dt+ dW i
t , Zi

0 = ξi

and νN [Λ−i, β] be the empirical measure of the processes Z[Λ−i, β]:

νN [Λ−i, β] =
1

N

N∑
j=1

δZj [ΛN,−i,β] ∈ C(P2).

Lemma C.1. Let β be either an open-loop strategy in AK for some K ≥ 2, or be equal to λi,
the strategy associated to the admissible recommendation Λi to player i. It holds:

sup
t∈[0,T ]

E
[
W2

2,Rd

(
µNt [Λ−i, β], µt

)] N→∞−→ 0, (C.2)

max
1≤j≤N

E
[∥∥Xj,N [Λ−i, β]− Zj [Λ−i, β]

∥∥2
Cd

]
N→∞−→ 0, (C.3)

sup
n≥2

max
1≤j≤N

E
[∥∥Xj,N [Λ−i, β]

∥∥2
Cd +

∥∥Zj [Λ−i, β]
∥∥2
Cd

]
<∞. (C.4)

Proof. Because of the symmetry properties of the systems of SDEs, we can suppose i = 1.
Throughout the proof, to make notation as simple as possible, we omit the dependence upon
[Λ−1, β]. For the same reason, define, for each j ≥ 1, the following process γj :

γjt =

{
βt j = 1,

λjt j ≥ 2.

Obviously, in the case that β is λ1, we have γj ≡ λj for every j. Moreover, let us introduce the
following auxiliary processes: let (Y j)j≥1 be the solution of

dY j
t = b(t, Y j

t , µt, λ
j
t )dt+ dW j

t , Y j
0 = ξj .

Let ηN be the empirical measure of the processes Y j :

ηN =
1

N

N∑
j=1

δY j ∈ C(P2).

Denote by X∗ the state process resulting from the coarse correlated solution of the MFG, i.e.

dX∗
t = b (t,X∗

t , µ
∗
t , λ

∗
t ) dt+ dW ∗

t , X∗
0 = ξ∗.
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Since, for every j ≥ 1, (ξj ,W j , µ, λj) are distributed as (ξ∗,W ∗, µ∗, λ∗), by Theorem A.1 the
processes (Y j)j≥1 are identically distributed copies of X∗; moreover, the joint distribution of
(Y j , µ) under P is the same of (X∗, µ∗) under P∗, which, by marginalizing at every time t ∈ [0, T ],
implies that Y j satisfies the consistency condition (4.12) as well.

For every fixed t ∈ [0, T ], by the triangular inequality, it holds

E
[
W2

2,Rd(µ
N
t , µt)

]
≤ CE

[
W2

2,Rd

(
µNt , ν

N
t

)
+W2

2,Rd

(
νNt , η

N
t

)
+W2

2,Rd

(
ηNt , µt

)]
. (C.5)

We start from the third term in (C.5): let Pm be a version of the regular conditional probability
of P given µ = m, and denote by Em[·] the expectation with respect to the measure Pm. By
construction, the strategies (λj)j≥1 associated to the admissible recommendations (Λj)j≥1 are
i.i.d. under Pm, for ρ-a.e. m ∈ C(P2). Since µ is independent of (W j)j≥1 and (ξj)j≥1 under P,
the processes (Y j)j≥1 are independent under Pm. Moreover, since µt(·) = P(Y j

t ∈ · | µ) P-a.s.
for every t ∈ [0, T ] and µt = mt Pm-a.s. for ρ-a.e. m ∈ C(P2), we have

mt = Pm ◦ (Y j
t )

−1, ρ-a.e., ∀t ∈ [0, T ], (C.6)

for every j ≥ 1. We can conclude that the processes (Y j
t )j≥1 are independent and identically

distributed square integrable random variables with law mt under Pm, for every t and for ρ-a.e.
m. Therefore, as ensured, e.g., by [12, (5.19)], it holds

lim
N→∞

Em
[
W2

2,Rd

(
ηNt , µt

)]
= 0, ρ-a.e., ∀t ∈ [0, T ].

We observe that there exists a function g : C(P2) → R so that g ∈ L1(ρ) and Em[W2
2,Rd(µ

N
t , µt)] ≤

g(m), ρ-a.e., for every t: indeed, since, under Pm, Y j
t are i.i.d with law mt and µt = mt a.s., we

have

Em
[
W2

2,Rd

(
ηNt , µt

)]
≤ 2Em

[
W2

2,Rd

(
ηNt , δ0

)
+W2

2,Rd (δ0, µt)
]

≤ 2

(
1

N

N∑
k=1

Em

[∣∣∣Y k
t

∣∣∣2]+ ∫
Rd

|y|2mt(dy)

)
≤ 2

(
1

N

N∑
k=1

Em
[∣∣Y 1

t

∣∣2]+ Em
[∣∣Y 1

t

∣∣2])
≤ 4Em

[∣∣Y 1
t

∣∣2] ≤ 4Em
[∥∥Y 1

∥∥2
Cd

]
.

The function g(m) = Em
[
∥Y 1∥Cd

]
belongs to L1(ρ), since∫

C(P2)
g(m)ρ(dm) = E

[
E
[∥∥Y 1

∥∥2
Cd | µ

]]
= E

[∥∥Y 1
∥∥2
Cd

]
<∞. (C.7)

Therefore, by dominated convergence theorem, we have

lim
N→∞

E
[
W2

2,Rd

(
ηNt , µt

)]
= 0 (C.8)

for every t ∈ [0, T ]. The convergence in (C.8) is actually uniform in time. Indeed, fix t, s ∈ [0, T ]:
then

E
[
W2

2,Rd

(
ηNt , µt

)
−W2

2,Rd

(
ηNs , µs

)]
= E

[(
W2,Rd

(
ηNt , µt

)
−W2,Rd

(
ηNs , µs

))(
W2,Rd

(
ηNt , µt

)
+W2,Rd

(
ηNs , µs

))]
≤ CE

[∥∥Y 1
∥∥2
Cd

] 1
2 E
[(

W2,Rd

(
ηNt , µt

)
−W2,Rd

(
ηNs , µs

))2] 1
2

,
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where we used Cauchy-Schwartz inequality together with the uniform in time bound given by
(C.7). By triangulating with ηNs and µs, we get

E
[(

W2,Rd

(
ηNt , µt

)
−W2,Rd

(
ηNs , µs

))2]
≤ C

(
E
[
W2

2,Rd

(
ηNt , η

N
s

)]
+ E

[
W2

2,Rd (µt, µs)
])

≤ C

(
E

[
1

N

N∑
k=1

∣∣∣Zk
t − Zk

s

∣∣∣2]+ E
[
E
[
W2

2,Rd (µt, µs) | µ
]])

≤ C

(
E

[
1

N

N∑
k=1

∣∣∣Zk
t − Zk

s

∣∣∣2]+ E
[∣∣Y 1

t − Y 1
s

∣∣2]) ,
where in the last inequality we used (C.6) and tower property. By using Lipschitz continuity of
b, the triangular inequality and E[∥Y 1∥Cd ] <∞, it is straightforward to see that E[∥Zk∥Cd ] ≤ C
for every k ≥ 1, for some positive constant C independent of k. By the same arguments, we have

E
[∣∣∣Zk

t − Zk
s

∣∣∣2] ≤ CE
[∫ t

s

∣∣∣b(u, Zk
u , µu, γ

k
u)
∣∣∣2 du]

≤ CE
[∫ t

s

(
1 +

∣∣∣Zk
u

∣∣∣2 + ∫
Rd

|y|2 µu(dy) +
∣∣∣γku∣∣∣2) du]

≤ CE
[∫ t

s

(
1 +

∥∥∥Zk
∥∥∥2
Cd

+
∥∥Y 1

∥∥2
Cd +

∣∣∣γku∣∣∣2) du] ≤ C |t− s| ,

where the constant C depends upon T , b, E[∥Y 1∥2Cd ] <∞ and diam(A), which is a finite quantity
since the set A of actions is compact by Assumption A. Analogously holds for E[|Y 1

t −Y 1
s |], which

implies that ∣∣∣E [W2
2,Rd

(
ηNt , µt

)
−W2

2,Rd

(
ηNs , µs

)]∣∣∣ ≤ C |t− s|
1
2 . (C.9)

This is enough to conclude, by Arzelà-Ascoli theorem, that the convergence in (C.8) is uniform
in time.

Remind from Section 2 that ∥x∥t,Cd = sups∈[0,t] |xs|, t ∈ [0, T ]. To handle the second term in
(C.5), we use the coupling of νN and ηN given by 1

N

∑N
k=1 δ(Zk,Y k), together with the Lipschitz

continuity of b:

E
[∥∥∥Zk − Y k

∥∥∥2
t,Cd

]
= E

[
sup
0≤s≤t

(∫ s

0

(
b
(
u, Zk

u , µu, γ
k
u

)
− b

(
u, Y k

u , µu, λ
k
u

))
du

)2
]

≤ C

(∫ t

0
E
[
sup

0≤u≤s

∣∣∣Zk
u − Y k

u

∣∣∣2] ds+ ∫ t

0
E
[∣∣∣λkt − γkt

∣∣∣2] ds) .
By definition of (γk)k≥1, we have∫ T

0
E
[∣∣∣λku − γku

∣∣∣2] du =

{ ∫ T
0 E

[∣∣λ1u − βu
∣∣2] du k = 1,

0 k ≥ 2.

Therefore, by Gronwall’s lemma, we sum over k = 1, . . . , N to obtain the estimate

sup
t∈[0,T ]

E
[
W2

2,Rd

(
ηNt , ν

N
t

)]
≤ E

[
W2

2,Cd

(
ηN , νN

)]
≤ C

N

N∑
k=1

E
[∥∥∥Y k − Zk

∥∥∥
Cd

]
≤ C

N

N∑
j=1

∫ T

0
E
[∣∣λju − γju

∣∣2] du =
C

N

∫ T

0
E
[∣∣λ1u − βu

∣∣2] du ≤ C

N

N→∞−→ 0,

(C.10)
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where the constant C depends only upon T , b and diam(A).

Finally, for the first term of (C.5), we use the coupling of µNt and νNt given by 1
N

∑N
k=1 δ(Xk,N

t ,Zk
t )

,
together with the Lipschitz continuity of b:

E
[∥∥∥Xk,N − Zk

∥∥∥2
t,Cd

]
≤ C

∫ t

0

(
E
[
sup

0≤u≤s

∣∣∣Xk,N
u − Zk

u

∣∣∣2]+ E
[
W2

2,Rd(µ
N
s , µs)

])
ds

≤ C

∫ t

0

(
E
[
sup

0≤u≤s

∣∣∣Xk,N
u − Zk

u

∣∣∣2]+ E
[
W2

2,Rd(µ
N
s , ν

N
s )
]
+ E

[
W2

2,Rd(ν
N
s , µs)

])
ds

≤ C

∫ t

0

E
[
sup

0≤u≤s

∣∣∣Xk,N
u − Zk

u

∣∣∣2]+ 1

N

N∑
j=1

E
[∣∣Xj,N

s − Zj
s

∣∣2]+ E
[
W2

2,Rd(ν
N
s , µs)

] ds

≤ C

(∫ t

0
max

k=1,...,n
E
[
sup

0≤u≤s

∣∣∣Xk,N
u − Zk

u

∣∣∣2] ds+ sup
s∈[0,t]

E
[
W2

2,Rd(ν
N
s , µs)

])
.

By taking the maximum over k = 1, . . . , N on the left-hand side and applying Gronwall’s lemma,
we get

max
k=1,...,N

E
[∥∥∥Xk,N − Zk

∥∥∥2
Cd

]
≤ C sup

t∈[0,T ]
E
[
W2

2,Rd(ν
N
t , µt)

]
→ 0,

by (C.8), (C.9) and (C.10), which proves (C.3). Coming back to (C.2), we have

sup
t∈[0,T ]

E
[
W2

2,Rd

(
µNt , ν

N
t

)]
≤ sup

t∈[0,T ]

1

N

N∑
k=1

E
[∣∣∣Xk,N

t − Zk
t

∣∣∣2] ≤ max
k=1,...,N

E
[∥∥∥Xk,N − Zk

∥∥∥2
Cd

]
→ 0.

This estimate together with estimates (C.8), (C.9) and (C.10) implies (C.5) and therefore (C.2).
Finally, (C.4) follows from the above calculations.

D Auxiliary results for the existence of mean field CCE

In this section, we state and prove some auxiliary results that were used in Section 6 to prove
the existence of a mean field CCE. In particular, Lemmata D.1 and D.2 provide the technical
instruments we used in Proposition 6.1 to show that, for every deviating strategy β ∈ A and
random flow of measures µ, we can represent the joint law of µ, β and deviating player’s state
process in terms of a strategy for player B in the zero-sum game 8 and the the law of µ. Lemmata
6.3 and D.3 were needed in the proof of Theorem 6.4 in order to define a mean field CCE starting
from an optimal strategy for player A in the zero-sum game 8.

Consider any tuple U = ((Ω,F ,F,P), ξ,W, µ, r), composed of a filtered probability space sat-
isfying usual assumptions, a d-dimensional F-Brownian motion, an Rd-valued F0-measurable
random variable, an F0-measurable random continuous flow of measures in P2(Rd) and an F-
progressively measurable P(A)-valued process. Assume that µ, W and ξ are mutually indepen-
dent. Let us consider the following equations:

dXt =

∫
A
b(t,Xt, µt, a)rt(da)dt+ dWt, X0 = ξ, (D.1)

dXm
t =

∫
A
b(t,Xm

t ,mt, a)rt(da)dt+ dWt, X0 = ξ, (D.2)

where m is a point of C(P2). In order to stress the dependence upon the deterministic flow of
measures m, we write Xm for the solution of (D.2).

49



By Assumptions A, on any such tuple U there exists a solution to equation (D.1) and path-
wise uniqueness holds. If needed, we can suppose that the filtration F on (Ω,F ,P) is the P-
augmentation of the filtration Fξ,W,µ,r, given by

Fξ,W,µ,r
t = σ(ξ) ∨ σ(µ) ∨ σ(Ws : s ≤ t) ∨ σ(r(C) : C ∈ B[0,t]×A). (D.3)

By Theorem A.1, uniqueness in law holds. Analogous reasoning holds for equation (D.2) as well,
for every m ∈ C(P2).

Lemma D.1. Let U = ((Ω,F ,F,P), ξ,W, µ, r) be as above, let Θ ∈ P(Rd × Cd × V) be the joint
law of ξ, W and r. Let us define the map

IΘ : C(P2) −→ P(Rd × Cd × Cd × V)
m 7−→ IΘ(m) = P ◦ (ξ,W,Xm, r)−1,

(D.4)

where Xm is the solution to equation (D.2).

(i) The map IΘ is continuous, in the sense that

sup
t∈[0,T ]

W2,Rd(m
n
t ,mt) → 0 as n→ ∞ =⇒ IΘ(mn)

n→∞−→ IΘ(m) in W2,Rd×Cd×V×Cd .

(ii) The map IΘ induces a stochastic kernel Σ from C(P2) to Cd × V, by setting

Σ(B,m) = P((Xm, r) ∈ B) = IΘ(m)(Rd × Cd ×B) ∀m ∈ C(P2), B ∈ BCd ⊗ BV .

Σ is a strategy for player B, as described in Definition 7.

Proof. Note that, by Theorem A.1, IΘ(m) is the unique weak solution of (D.2) when the joint
law of ξ, W and r is given by Θ and b is evaluated at m ∈ C(P2). Let Σ ∈ Q, let (mn)n≥1 ⊂ C(P2)
so that mn → m. For every n ≥ 1, denote by X and Xn the solution to equation (D.2) when
b is evaluated at m and mn, respectively. For every 2 ≤ p ≤ p, by Lipschitz continuity of b, we
have:

E

[
sup

0≤s≤T
|Xn

s −Xs|p
]
≤ C sup

t∈[0,T ]
W2

p,Rd(m
n
t ,mt), (D.5)

sup
n≥1

E

[
sup

t∈[0,T ]
|Xn

t |
p

]
≤ C

(
1 + sup

n≥1
sup

t∈[0,T ]

(∫
Rd

|y|2mn
t (dy)

) p
2

)
. (D.6)

Therefore, for p = 2, we have that mn → m in C(P2) implies that ∥Xn −X∥2Cd → 0 in expecta-
tion, which in turns implies that (ξ,W, r, Xn) −→ (ξ,W, r, X) in distribution. In order to have
convergence in 2-Wasserstein metrics, it is enough to check uniform integrability, according to
(2.1). Since (IΘ(mn))n have the same marginals on Rd ×Cd ×V, we just need to check (2.1) for
the laws of (Xn)n: for every n ≥ 1, r > 0, we have

E
[
∥Xn∥2Cd 1{∥Xn∥2Cd>r}

]
≤
(
E
[
∥Xn∥4Cd

]) 1
2
(
E
[
1{∥Xn∥2Cd>r}

]) 1
2

≤
(
E
[
∥Xn∥4Cd

]) 1
2 E
[
∥Xn∥2Cd

] 1
2
r−

1
2 ≤ Cr−

1
2

by using Cauchy-Schwartz inequality, Markov inequality, (D.5) and (D.6). By taking the limit
as r → ∞, we get condition (2.1) satisfied and so point (i) is proved.
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As for point (ii), let π : Rd×Cd×Cd×V → Cd×V be the projection on the last two components.
Note that (IΘ ◦ π−1)(m) = P ◦ (Xm, r)−1, which shares the same continuity properties of the
map IΘ. Therefore, in particular, it is Borel measurable, where P(Cd × V) is endowed with the
usual Borel σ-algebra associated with the topology of weak convergence. Then, the thesis follows
from the fact that, for a Polish space E, the usual Borel σ-field on P(E) coincide with the σ-field
generated by the maps P(E) ∋ m 7→ m(S), with S ∈ BE , (see, e.g., [4, Corollary 7.29.1]).

Lemma D.2. Let U = ((Ω,F ,F,P), ξ,W, µ, r) be a tuple so that (ξ,W, r) and µ are independent.
Denote by ρ ∈ P(C(P2)) the law of µ under P. Suppose without loss of generality that F is the
P-augmentation of the filtration (Fξ,W,µ,r

t )t defined by (D.3). Let X be the unique solution of
(D.1) on the tuple U. Then, the following decomposition of measure holds

P((X, r, µ) ∈ B × S) =

∫
S
Σ(B,m)ρ(dm), ∀B ∈ BCd×V , S ∈ BC(P2).

In particular, Σ(B,m) = P((X, r) ∈ B | µ = m) = P((Xm, r) ∈ B) for every B ∈ BCd×V , ρ-a.e.
m ∈ C(P2).

Proof. Let P(· | µ) denote the regular conditional probability of P given µ. Set Pm(·) = P(· | µ =
m). Since (ξ,W, r) and µ are independent by assumption, we have that Pm ◦ (ξ,W, r)−1 =
P ◦ (ξ,W, r)−1 for ρ-a.e. m ∈ C(P2). Therefore, it is enough to prove that X is a solution to
(D.2) on the tuple U = ((Ω,F ,F,Pm), ξ,W, r) for ρ-a.e. m ∈ C(P2). Then, since uniqueness in
law holds for (D.2), we deduce that Pm ◦ (ξ,W, r, X)−1 = IΘ(m) ρ-a.s. Observe that, since the
joint law of (ξ,W, r) is the same under P and Pm for ρ-a.e m, W is a natural Brownian motion
under Pm as well. By definition of the filtration F, it can be easily verified that

EP[1A(Wt −Ws)g | µ] = 0 P-a.s

for every 0 ≤ s < t ≤ T , A ∈ BRd , g bounded and Fs-measurable. This implies that

EPm
[1A(Wt −Ws)g] = EP[1A(Wt −Ws)g | µ = m] = 0

ρ-a.s., for every g bounded and Fs-measurable. By working with a countable measure determining
class of sets, which is possible since the σ-algebra Fξ,W,µ,r

t is countably generated for every
t ∈ [0, T ], the equality holds for every g bounded and Fs-measurable, for ρ-a.e. m ∈ C(P2),
which in turn implies that W remains an F-Brownian motion under Pm as well. Under Pm one
has

Pm

(∫
A
b(t, x, µt, a)rt(da) =

∫
A
b(t, x,mt, a)rt(da) ∀x ∈ Rd

)
= 1 Leb[0,T ]-a.e. t ∈ [0, T ]

and therefore X solves (D.2) for b evaluated at m ∈ C(P2). The thesis follows from marginalizing
as in the proof of point (ii) in D.1.

We turn our attention to the proof of Lemma 6.3, which for convenience we restate below.

Lemma 6.3. Let Γ ∈ K. There exists a measure Γ̂ ∈ K so that the following holds:

• The marginal distributions of Γ and Γ̂ on C(P2) are the same: Γ(Cd×V×·) = Γ̂(Cd×V×·).

• Let (X, r, µ) be such that Γ̂ = P ◦ (X, r, µ)−1. Then r is of the form rt = q̂t(Xt, µ), where
q̂ : [0, T ]× Rd × C(P2) → P(A) is a measurable function.

• For every Σ ∈ Q, it holds
p(Γ,Σ) = p(Γ̂,Σ).
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Proof. In the following, for a metric space (E, dE), ϕ : E → R continuous and bounded and
m ∈ P(E), we set ⟨ϕ,m⟩ =

∫
E ϕ(e)m(de).

Let U = ((Ω,F ,F,P), ξ,W, µ, r) be as in Definition 6, so that Γ = P ◦ (X, r, µ)−1. As ensured
by [27, Lemma C.2], we have that, by choosing Yt = (Xt, µ) taking values in Rd × C(P2) as
conditioning process, there exists a jointly measurable function q̂ : [0, T ]× Rd × C(P2) → P(A)
so that, for every ϕ : [0, T ]× Rd × C(P2)×A→ R bounded and measurable it holds∫

A
ϕ(Xt, µ, a)q̂t(Xt, µ)(da) = E

[∫
A
ϕ(Xt, µ, a)rt(da)

∣∣Xt, µ

]
P-a.s., a.e. t ∈ [0, T ], (D.7)

which we abbreviate as

q̂t(Xt, µ)(da) = E
[
rt(da)

∣∣Xt, µ
]

P-a.s., a.e. t ∈ [0, T ].

Next, we manipulate the term of the functional p in (6.6) which depends only upon Γ:∫
F(y, q,m)Γ(dy, dm, dq) = E

[∫ T

0

∫
A
f(t,Xt, µt, a)rt(da)dt+ g(XT , µT )

]
=

∫ T

0
E
[
E
[∫

A
f(t,Xt, µt, a)rt(da)

∣∣∣Xt, µ

]]
dt+ E [g(XT , µT )]

=

∫ T

0
E
[∫

A
f(t,Xt, µt, a)q̂t(Xt, µ)(da)

]
dt+ E [g(XT , µT )]

=

∫ T

0
E
[
E
[∫

A
f(t,Xt, µt, a)q̂t(Xt, µ)(da)

∣∣∣µ]] dt+ E
[
E
[
g(XT , µT )

∣∣∣µ]]
=

∫ T

0
E
[〈∫

A
f(t, ·, µt, a)q̂t(·, µ)(da), µt

〉]
dt+ E [⟨g(·, µT ), µT ⟩] .

(D.8)

Second equality holds by Fubini’s theorem and tower property of conditional expectation, third
equality holds by definition of the control (D.7), third and fourth equalities hold by tower property
again, and fifth equality holds since, by consistency condition, µt(·) = P(Xt ∈ · | µ).

We observe that, by choosing ϕ(t, x,m, a) = b(t, x,mt, a) in (D.7), we have∫
A
b(t,Xt, µt, a)q̂t(Xt, µ)(da) = E

[∫
A
b(t,Xt, µt, a)rt(da)

∣∣Xt, µ

]
P-a.s., a.e. t ∈ [0, T ].

This is enough to apply [7, Theorem 3.6]: indeed, in its terminology, we can take E = Rd×C(P2),
Φ : E × Cd

0 → C ([0, T ]; E) defined by Φt(x,m, y) = (xt + y,m) ∈ Rd × C(P2), where Cd
0 = {y ∈

Cd : x0 = 0}. Set Zt = Φ(Xt −X0, X0, µ) = (Xt, µ), where we note that the second component
of Z is constant in time as it is equal to the whole flow µ = (µs)s∈[0,T ]. Then, such a result
ensures that there exists a probability space (Ω̂, F̂ , F̂, P̂), with Ω̂ Polish and F̂ its corresponding
Borel σ-algebra, supporting an F̂-Brownian motion Ŵ , a continuous E-valued process Ẑ so that
there exists an F̂-adapted process X̂ that satisfies

X̂t = X̂0 +

∫ T

0

∫
A
b(s, X̂s, µ̂s, a)q̂s(X̂s, µ̂s)(da)ds+ Ŵt, Ẑ = Φ(X̂t − X̂0, X̂0, µ̂)

so that for every t ∈ [0, T ] it holds P ◦ Z−1
t = P̂ ◦ Ẑ−1

t . This implies both that µ̂ and µ have the
same law ρ and that the consistency condition is satisfied, since P̂ ◦ (X̂t, µ̂)

−1 = P ◦ (Xt, µ)
−1 =

mt(dx)ρ(dm). Finally, since Z is F̂-adapted, we deduce that X̂0 and µ̂ are F0-measurable and
therefore Ŵ , X̂0 and µ̂ are mutually independent.
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Set Γ̂ = P̂ ◦ (X̂, r̂, µ̂)−1. Since the last term in the chain of equalities (D.8) depends only upon
µ and µ and µ̂ share the same law, we can exploit the fact that µ̂ and X̂ satisfy the consistency
condition as well to get∫

F(y, q,m)Γ(dy, dm, dq) =

∫ T

0
E
[〈∫

A
f(t, ·, µt, a)q̂t(·, µ)(da), µt

〉]
dt+ E [⟨g(·, µT ), µT ⟩]

=

∫ T

0
EP̂
[〈∫

A
f(t, ·, µ̂t, a)q̂t(t, ·, µ̂t, a)(da), µ̂t

〉]
dt+ EP̂ [⟨g(·, µ̂T ), µ̂T ⟩]

=

∫ T

0
EP̂
[
EP̂
[∫

A
f(t, X̂t, µ̂t, a)q̂t(X̂t, µ̂)(da)

]
dt+ EP̂

[
g(X̂T , µ̂T )

∣∣∣µ̂]]
=

∫ T

0
EP̂
[∫

A
f(t, X̂t, µ̂t, a)q̂t(X̂t, µ̂)(da)

]
dt+ EP̂

[
g(X̂T , µ̂T )

]
=

∫
F(y, q,m)Γ̂(dy, dm, dq).

Analogously, for every Σ ∈ Q, we have∫
F(y, q,m)Σ(dy, dq,m)ρ(dm) =

∫
F(y, q,m)Σ(dy, dq,m)ρ̂(dm),

which proves the desired statement about the payoff functional p.

Finally, we show that it is always possible to find a strong solution to equation (6.2) in the
case of a feedback in state control process q̂t(x,m), as given by Lemma 6.3:

Lemma D.3 (Strong solutions for feedback in state controls). Let (Ω,F ,F,P) be a filtered
probability space satisfying the usual assumptions, with Ω Polish and F its Borel σ-algebra,
supporting a d-dimensional F-Brownian motion W , an F0-measurable Rd-valued random ξ with
law ν and a F0-measurable random flow of measures µ in C(P2) with law ρ. Assume that ξ, W
and µ are mutually independent. Let q̂ : [0, T ] × Rd × C(P2) → P(A) be a measurable function,
and suppose that there exists a solution of the SDE

dXt =

∫
A
b(t,Xt, µt, a)q̂t(Xt, µ)(da)dt+ dWt, (D.9)

so that it holds
µt(·) = P(Xt ∈ · | µ) P-a.s.

for every t ∈ [0, T ]. Then, X may be taken adapted to the P-augmentation of the filtration
Fξ,µ,W = σ(ξ) ∨ σ(µ) ∨ FW . In particular, there exists a progressively measurable function Φ :
C(P2)× Rd × Cd → Cd so that Φ(µ, ξ,W ) = X P-a.s.

Proof. SetB(t, x,m) =
∫
A b(t, x,mt, a)q̂t(x,m)(da). B is jointly measurable in (t, x,m) ∈ [0, T ]×

Rd×C(P2) with at most linear growth in (x,m) ∈ Rd×C(P2) for every t ∈ [0, T ]. The following
hold:

1. For every m ∈ C(P2), equation

dXm
t = B(t,Xm

t ,m)dt+ dWt, Xm
0 = ξ. (D.10)

admits a unique strong solution. Moreover, let Pm = P ◦ (Xm)−1. Then, the map C(P2) ∋
m 7→ Pm ∈ P(Cd) is measurable.
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2. There exist a continuous F-adapted process X solution to

dXt = B(t,Xt, µ)dt+ dWt, X0 = ξ. (D.11)

X is adapted to the P-augmentation of the filtration Fξ,µ,W .

3. Pathwise uniqueness holds, in the following sense: suppose there exists a pair of continuous
F-adapted processes (X1, X2) which satisfy equation (D.11) so that (X1

s , X
2
s )s≤t is condi-

tionally independent of Fξ,µ,W
T given Fξ,µ,W

t for every t ∈ [0, T ]. Then, P(X1
t = X2

t , 0 ≤
t ≤ T ) = 1.

4. The joint law of X and µ is given by

P ◦ (X,µ)−1 = Pm(dx)ρ(dm).

This properties can be proven with the same methods of [27, Appendix A] and [28, Appendix A].
We just point out that the results therein do not hold automatically in our case, since B is not
progressively measurable in the measure flow m, in the sense of [27, 28]. Nevertheless, since we
require µ to be F0-measurable, the same arguments lead to the results above.

Let X be as in the statement of the lemma. We first show that the joint law of X and µ is given
by Pm(dx)ρ(dm). Let Pm(·) = P(·|µ = m) be a version of the regular conditional probability of
P given µ = m. Then, since ξ, W and µ are mutually independent, Pm ◦ (ξ,W )−1 = P◦ (ξ,W )−1

for ρ-a.e. m, and, by exploiting the fact the Fξ,µ,W,X
t is countably generated for every t, W

is an Fξ,µ,W,X -Brownian motion under Pm as well. Therefore, X satisfies equation (D.10) on
(Ω,F ,Fξ,µ,W,X ,Pm) for ρ-a.e. m ∈ C(P2). By point 1, Pm ◦X−1 = Pm for ρ-a.e. m ∈ C(P2),
which implies that P ◦ (X,µ)−1 = Pm(dx)ρ(dm).

It can be shown by straightforward calculations that (Xs)s≤t is conditionally independent of
Fξ,µ,W
T given Fξ,µ,W

t , for every t ∈ [0, T ]. Since pathwise uniqueness holds by point 3, this implies
that X is indistinguishable from an Fξ,µ,W -adapted solution to equation (D.11).
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