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Dedicated to the memory of Cinzia Coatti

Abstract. The aim of this paper is to prove two results concerning the rigidity of
complete, immersed, orientable, stable minimal hypersurfaces: we show that they are
hyperplane in R*, while they do not exist in positively curved closed Riemannian
(n+1)-manifold when n < 5; in particular, there are no stable minimal hypersurfaces
in $"*! when n < 5. The first result was recently proved also by Chodosh and Li,
and the second is a consequence of a more general result concerning minimal surfaces
with finite index. Both theorems rely on a conformal method, inspired by a classical
work of Fischer-Colbrie.

1 Introduction

It is well-known that a minimal surface M? C R? is a critical point of the area

functional A, for all compactly supported variations, i. e. 2 A; = 0; equivalently,

dt|—g
M? is minimal if and only if the mean curvature H, i.e. the (normalized) trace of the
second fundamental form, is identically zero, or if and only if M? can be expressed,

locally, as the graph I'(u) of a solution u of the minimal surfaces equation
(1 + u)uyy — 2ugtytiay + (1 + U )tge = 0.

In 1914, S. Bernstein showed that an entire (i.e., defined on the whole plane R?)
minimal graph in R? is necessarily a plane; the so-called “Bernstein problem” in
higher dimension can be then stated in the following way: if the graph I'(u) of
a function u: R™ — R is a minimal hypersurface in R"™!, does I'(u) have to be
necessarily a hyperplane? Many famous mathematicians worked on this problem in
the Sixties, in particular Fleming [Fle62] (who gave a new proof in the case n =2),
De Giorgi [Gio65] (case n =3), Almgren [Alm66] (case n =4), Simons [Sim68] (the
three remaining cases for n < 7) and, eventually, Bombieri, De Giorgi and Giusti
[BGG69], who showed that, for n > 8, there are minimal entire graphs that are not
hyperplanes. We explicitly remark that a minimal graph is area-minimizing, i.e. it
is not only a critical point of the area functional, but also a minimum, while this
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is not true for minimal hypersurfaces that are “non-graphical”, and also that area-
minimizing implies stgability, that is the non-negativity of the second variation for

A natural generalization of the classical Bernstein problem, thus, is the stable
Bernstein problem, that is: if M™ < R™*! is a complete, orientable, isometrically
immersed, stable minimal hypersurface, does M have to be necessarily a hyperplane?
In the case n =2 the (positive) answer was given in three different papers, which
appeared between 1979 and 1981 (see do Carmo and Peng [CP79], Fischer-Colbrie
and Schoen [FS80] and Pogorelov [Pog81]).

In higher dimensions, the aforementioned result of Bombieri, De Giorgi and Giusti

the area functional A >0 for all compactly supported variations.

implies that there exist non-flat orientable, complete, stable minimal hypersurfaces
in R"*! for n > 8, while for n <5 the stable Bernstein theorems is true with some
additional assumptions (for instance, if one requires bounds on the volume growth of
geodesic balls, see e.g. [SSYT75]; see also [CP82], [CSZ97], [Che01], [NSO7] and refer-
ences therein for other interesting results in the same spirit). Moreover, by [BGGG69]
and [HS85], we also note that there are non-flat area-minimizing (and thus minimal
and stable) complete orientable hypersurfaces M7 < RS.

Up until recently, without additional hypothesis, the remaining cases (3 <n < 6)
were still open, even if the study of minimal (in particular stable or in general
with finite index) hypersurfaces immersed into a Riemannian manifold (not only the
Euclidean space, then) is a very active field and has attracted a lot of interest. Then,
in 2021, Chodosh and Li [CL24] (see also [CL23]) showed that a complete, orientable,
isometrically immersed, stable minimal immersion M3 — R* is a hyperplane. Their
proof, clever and highly non-trivial, is based on the non-parabolicity of M: they
perform careful estimates for the quantity

F(t) :/Et V2

(here u is a positive Green’s function for the Laplacian and ¥, is the t-level set of
u), relating it to [y, |Aps|? (Apy is the second fundamental form of M).

In this paper we provide a completely different proof of Chodosh and Li result,
based on a conformal deformation of the metric, a comparison result and integral
estimates, and we also prove another rigidity result when the ambient space is a
complete Riemannian manifold with non-negative sectional curvature and either uni-
formly positive bi-Ricci curvature or uniformly positive Ricci curvature. To be pre-
cise, and to fix the notation, we consider smooth, complete, connected, orientable,
isometrically immersed hypersurfaces M™ — (X" h), n > 2, where (X"*1 h) is a
(complete) Riemannian manifold of dimension n + 1 endowed with metric h. We
denote with ¢ the induced metric on M and with H the mean curvature of M; we
have that M is minimal if H =0 on M. In this latter case we say that M is stable if

| AP+ Ri)] P av, < [ [9ePav,  veecron, ()
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where A = Aj; is the second fundamental form of M™, v is a unit normal vector to
M in X and dVj is the volume form of g.

As we recalled before, stability is related to the non-negativity of the second
variation or, equivalently, the non-positivity of the Jacobi operator

Ly := A+ AP + Ricy (v, v).
The first result is thus the following:

Theorem 1.1. A complete, orientable, immersed, stable minimal hypersurface M?> —
R? is a hyperplane.

The second result concerns minimal hypersurfaces with finite index. We recall
that a minimal immersion M™ < (X"*! h) has finite index if the number of negative
eigenvalues (counted with multiplicity) of the Jacobi operator Ljs on every compact
domain in M with Dirichlet boundary conditions is finite; in particular stability
implies finite (equal zero) index. Before presenting our next result, we need to recall
the notion of bi-Ricci curvature tensor introduced in [SY96]: given two orthonormal
tangent vectors u,v we define

BRicp(u, v) = Ricy (u, u) + Ricy (v, v) — Secty, (u,v) ,

where Secty(u,v) denotes the sectional curvature of the plane spanned by u and v.
Our second result is the following:

Theorem 1.2. If (X" 1) is a complete (n + 1)-dimensional, n <5, manifold with
non-negative sectional curvature and either uniformly positive bi-Ricci curvature or
uniformly positive Ricci curvature, then every complete, orientable, immersed, min-
imal hypersurface M™ — (X" 1 h) with finite index must be compact.

As a byproduct we have the

COROLLARY 1.3. If (X""1 h) is a complete (n + 1)-dimensional, n <5, manifold
with non-negative sectional curvature and uniformly positive Ricci curvature, then

there is mo complete, orientable, immersed, stable minimal hypersurface M™ —
(X" h).

In particular, there is no complete, orientable, immersed, stable minimal hyper-
surface of the round spheres M™ — (S"*!, gsq), provided n <5. In dimension n = 2
this follows from a more general result proved in [SY82], while, in dimension n = 3, it
was recently proved in [CLS22, Corollary 1.5]. We mention that Theorem 1.2 holds
also for complete, orientable, immersed, stable minimal hypersurface of the cylinder
M"™ < (R x S™, gsta) (observe that in this case Sect > 0 and BRic > 1), provided
n <5. As far as we know, Corollary 1.3 is new in the cases n =4,5 (see [Che08]
where the same technique is used). We do not know if Theorem 1.2 and Corollary
1.3 hold also in dimension greater than five. We note that, in the same spirit, in
[SY96] the authors obtained a compactness result for stable minimal hypersurfaces
of dimension n <4 immersed in space with uniformly positive bi-Ricci curvature.
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2 Proof of Theorem 1.1

In this section we give an alternative proof of [CL24, Theorem 1] (see Theorem 1.1).
The main idea is to use a weighted volume comparison for a suitable conformal
metric g together with a new weighted integral estimate inspired by [SSY75].

Let M™ — R"*! be a complete, connected, orientable, isometrically immersed,
stable minimal hypersurface.

2.1 Conformal change. It is well known (see e.g. [Fis85, Proposition 1]) that,
since M™ — R™"! is stable, then there exists a positive function 0 < u € C*(M)
satisfying

—Agu= \A|§u on M. (2.1)

Following the line in [Fis85] (see also [ENRO07]), let & > 0 and consider the conformal
metric

§=u*yg,

where g =1*h is the induced metric on M (and 2 denotes the inclusion). First of all
we prove the following lower bound for a modified Bakry-Emery-Ricci curvature of g.
In particular, this implies the non-negativity of the 2-Bakry-Emery-Ricci curvature
of g for a suitable k.

LEMMA 2.1. Let f:=k(n —2)logu. Then the Ricci tensor of the metric § = u?*g
satisfies

1—k(n—-2)

s % e S
Rlcg + ng k(n —2)2

-1
drod = (k-""2) g

in the sense of quadratic forms. In particular, if n=3 and k= %, then the 2-Bakry-
Emery-Ricci tensor Riog’f := Ric; + V%f — %df ®df satisfies

Ricz/ > 0.
Proof. Since f =k(n — 2)logu, we have
d
df = k(n —2)2
u

and

v?
V2f = k(n—2) (—gu - du®du> ,
u
which implies

A |V u|2
Ayf =k(n—2) (%—% :
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On the other hand, from the standard formulas for a conformal change of the metric
Gg=¢e*g, peC®(M), ¢ >0 we get
Ric; = Ricy — (n —2) (Vzgo —dp® dcp) - [Agtp +(n— 2)|Vgg0|ﬂ g
and
Vif=Vof —(df ©dp+dp@df) +9(Vf,Ve)g.

Note that, in our case, ¢ = klogu; now we exploit the facts that w is a solution of
equation (2.1) to write
|V9u|2

du @ du

Ric; + V4 = Ric, — k*(n - 2) = +k|A2g + k = 94
2
. dfodf ) Vg fl
= e A Y — 9 g
Ricy n—2 + kAl g+ k(n—2)29

From the Cauchy-Schwarz inequality we have

Vof2g > df ® df,
thus
1—k(n—2)
; 2 . 2 .
RICE—F V'gi > RICQ + Wdf ® df + ]C|A|gg,
from Gauss equations in the minimal case we get Ric, = —A?; since A is traceless

we have the inequality
n—1
A* < ——APy,
n

and substituting in the previous relation we conclude

1—k(n-2) n—1
. 2, LRI TZ) _ 2
Rlcg+vgf h(n —2)2 df @ df > (k - >|Aygg. O
2.2 Completeness. In this subsection we are going to prove that the conformal

metric § =u?**¢ is complete, provided n =3 and k = % In order to do this we follow
the strategy in [Fis85] and we use some computations in [ENRO7]. First, we recall
that in the proof of [Fis85, Theorem 1], given a reference point O € M", the author
showed the existence of a g-minimizing geodesic,

v(s) : [0,00) = M™,

where s is the g-arclength and M™ < R"*! is the usual complete, connected, ori-
entable, isometrically immersed, stable minimal hypersurface. For the sake of com-
pleteness, we report the argument here. First of all, for every R > 0, we consider
the geodesic ball (of g) centered at O of radius R, Br(O). Then, we first claim that
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there exists a g-minimizing geodesic, g, joining O to any boundary point of Br(O).
Indeed, consider ug := u+n, where 7 is a smooth function such that =0 in Br(O)
and n=1in M™\ Bgr4+1(O). Since up is bounded below, the metric
2(n=1)
gr=up " g

is complete, and these geodesics exist. Therefore, for every R; > 0, since 0Bg,(O)
is compact, there exists x; € 9Bg,(O) so that x; is closest (in gr) to O. Let v; be
the gr-minimizing geodesic joining O to x;. Note that «; C Br,(O) or another point
would be closer to O. Since ur, = u in By, (O), then +; is a g-minimizing geodesic. We
parametrize ; with respect to g-arclength. In particular, since |¥;(s)|, =1 for every
s, up to subsequences, the sequence 7;(0) converges to a limit vector as R; — oc.
Thus, by ODE theory and Ascoli-Arzela, 7; converges on compact sets of [0,00) to a
limiting curve - which is a g-minimizing geodesic and is parametrized by g-arclength.

REMARK 2.2. (i) We observe that the completeness of the metric § = u?*¢ will follow
if we can show that the g-length of  is infinite, i.e.

/dgz/ukds:—koo.
¥ v

Indeed, by construction, the g-length of every other divergent geodesic starting from
O (i.e. its image does not lie in any ball Br(O)) must be greater or equal than the
one of .

(i) Note that v has unit speed with respect to g and to g, when it is parametrized
by the arclength s and 3, respectively.

From now on
2
=3 d k=-.
n an 3

LEMMA 2.3. The metric g = u%g is complete.

Proof. We do part of the computations for every n. We consider the g-minimizing
geodesic 7 just constructed and as observed in Remark 2.2 the completeness of g is
equivalent to prove that + has infinite g length, i.e.

+o00
/0 uF (y(s)) ds = +o0.

Since v is minimizing, by the second variation formula, following the computations
in the proof of Theorem 1 (with H =0) in [ENRO7], we obtain

+o0 +o00 n
(=1 [ e utdsz [ gt (k:rAP A - ZA%) ds
j=2

T ok oo, klVul?
—k(n—2)/ vru (logu)ssds+k/ pu—5—ds
0 0 u
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for every smooth function ¢ with compact support in (0,+o0c) and for every k > 0.
Since A is trace-free, we have

AP > A% + A%+ .+ A2, +2) AL > A§1+2ZA1],
7j=2

thus

KIA]? — A2, ZA (

In particular, if

>A§1 ZA

n—1

(2.2)

we have
+oo n
/ O’ uF | kA2 — A2, —ZA%j ds > 0.
0 ;
7=2

Using this estimate, the fact that |Vu|? > (us)? and integrating by parts, we obtain

+o00 +oo
(n— 1)/ (gs)?u="ds > 2k(n — 2)/ opsu ", ds
0 0

+oo
R = k(n—2)] / o0 (u,)? ds.
0
Let now ¢ = u*, with ¢ smooth with compact support in (0, +occ). We have
@Qufk — ukw27
= k@/}ukilus + ukwsa
<sos>2 =Rt () + () + 2kt g,

and substituting in the previous relation we get

(n—1) /O T k()2 ds (2.3)

+oo
> ok [ b ugds + k(1 — k) / D22 (u,)? d

Let
“+00
I:= PpsuFLug ds;
0

thus we have

:%/mws(uk)sds:—%/muk(zps ds—— +Oow1/155u ds.
0 0
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Moreover, for every ¢ > 1 and using Young’s inequality for every € > 0, we have

2k1 =2kt +2k(1 —t)I
+o0 +oo

“+oo
= —2t/ uF ()2 ds — 2t Vipgsu ds + 2k (1 — t) PsuF g ds
0 0 0

“+o00 “+o00
g—ag/ u%¢g2ds—2§/ Yibgsu” ds
0 0

k(- 0e [ w2 s+ 2 [ Ras

Assuming
k<1 (2.4)
and choosing
LY
Tt-1

we obtain

2k < %/‘ Vipgsub ds + k(1 — k / V2P (us)? ds

+ [Lf : 11) — Qt] /;OO uF (1,)? ds

From (2.3) we get

k(t—1)? o "
0< l” — 2t + (TL — 1)] /0 Uk(¢s)2 ds — 2t 0 1/”/185uk ds

for every ¢t > 1 and every k satisfying (2.2) and (2.4). Let

k(t—1)2
P(t)="2"" _9 1
(t):=——p 2+ (-1
and choose k = . It is easy to see that P(t) is negative for some ¢t > 1 if n =3:

indeed
P(t)=(n—1)t* —2nt +2(n—1)=2t> — 6t +4=—2(t — 1)(2 - 1).

Therefore, if n=3, k=% and t= %, we deduce

“+o00
o<~/
0

for every 1 smooth with compact support in (0,+0c). Now we choose ¢ = sn with
n smooth with compact support in (0,+00): thus

fwll\)

ud () ds—6/+°°uswu}ssds

e =n+ 805, Vss =215 + SNss,
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and we get
+oo +oo
/0 uSn?ds < /O us (—148nns — 657155 — 82(775)2) ds.

Choose 1 such that =1 on [0, R], =0 on [2R, +00) and with |n,| and |nss| bounded
by C/R and C/R?, respectively, for R <s<2R (C is a positive constant). Then

R 5 +oo +oo
/ u§ds§/ u§772d5§0/ us ds
0 0 R

for some C > 0 independent of R. We conclude that
+oo
/ us ds = 400,
0

ie. g= ugg is complete. g

2.3 Weighted integral estimates. From lemma 2.1 and lemma 2.3 we have that
4

the metric g = u3g is complete and it has non-negative 2-Bakry-Emery-Ricci cur-
vature. Using well known comparison results (see [Qia97]) we immediately obtain

the following weighted Bishop-Gromov volume estimate for a geodesic ball B (o)
centered at xg € M, of radius R, with respect to the metric g.

COROLLARY 2.4. Let xg € M3. Then, for every R >0, there exists C >0 such that
the f-volume

Vol; BY (o) := /B,qv( etason,
h(zo

where = %10g u. Equivalently, in terms of u and the volume form of g,

/ _ uidV, <CR°.
B, (20)

The last ingredient that we need in the proof of Theorem 1.1 is the following
weighted integral inequality in the spirit of [SSY75, Theorem 1].

LEMMA 2.5. For every 0 <d < %00, there exists C >0 such that
/ | AP+ 25 5 gy, < C/ wE |V AY, Ve G (M).
M M
Proof. Again, we do part of the computations for every n. From [SSY75] we get

Jare<c [ jarwer voecg), (25)

for every p € [4,44/8/n] and for some C' = C(n,p) > 0. For the sake of completeness
we report here the proof of (2.5). We take ¢ = |A|'T94), ¢ > 0, with ¢ € C§°(M), in
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the stability inequality (1.1) obtaining
14
J A <@g +el [ japviapet+ =L [ apeegp,
M M e Jm
for every € > 0, where we used Young’s inequality. On the other hand, multiplying
Simons’ inequality (see [CM11, Lemma 2.1] for a proof)
2

[AJAJA]+ A1 =~V 4] 1% (2.6)

by |A|?%)? and integrating by parts, we get

2 1
(F+1e20—c) [ 1APr9iAPe < [ a2 [ apeonogp
n M M €JM

for every € > 0, where we used again Young’s inequality. Since ¢ > 0, for € > 0 suffi-
ciently small, we obtain

9 -1
{1 —[(1+9)*+¢] <— +142¢— s) }/ |A[* 2y < C/ |A[*2| V|2

n M M

Let ¢q:= ’%4. For € > 0 small enough, we have
9 -1
1-[(1+q)*+¢ (E+1+2q—5) >0
if pe 4,44 1/8/n] and we finally obtain
[are<c [ japrveP v econ,
M M

Taking 1) = ©?/2, by Holder’s inequality we get (2.5).

Take ¢ = u*, with 1) smooth with compact support, u the solution of (2.1) and
a < 0. Since, from Cauchy-Schwarz and Young’s inequalities,

V(P < 209w + 20 VP (2.7
then (2.5) becomes
[1apeest <oc| [ jap et s [ arrevep| (@)
M M M
Vi € C2(M).

Now we tackle the first integral on the right-hand side of (2.8) firstly integrating by
parts

[1arreva = - [ jap-e s - [ urgivee, vjap)
M M M

~2 [ APV, V),
M
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secondly we use the fact that

Au® = au® P Au+ ala — Du® 2 Vu|* and  |Vu®|? = o?u?* 2| Vul?,
together with Cauchy-Schwarz and Young’s inequalities to get

[ AP 2R < —a [ japeec s vur?

1
= [t VAP e [ ATt 4 [ At v,
M M eJm
for all € > 0. From (2.1) we find

| 1apveep<a [ japuey? - 2y vun
M M

1
= [ O AP e [ A vat [ Aptee ek,
M M €JM

(

i.e.

-1
(07 )/ ’A‘p—2w2|vua’2 Sa/ ’A‘pu2a¢2
M M
1
~ [ e AP £ 2 At v,
M €Jm
Now, since
V[AP2 = (p— 2)| APV|A| = (p— 2)|A|"T |47 V4],

then, from Cauchy-Schwarz and Young’s inequalities we obtain

(1—e+0‘—_1— >/ AP~ 2¢2\vua|2<a/ APy (2.9)
(6% 2t1

—2)t
+(p ) 1/ \A|p_4¢2u2a|V|AH2—l——/ ‘A|p—2u2a|v,¢’2,
2 M €JmMm

for every t; > 0. Now, multiplying by |A[?~*f? the Simons’ inequality (2.6), integrat-
ing by parts and using Young’s inequality we obtain

Jars = (Zep-s-ta) [ 1arvlape - o [ jap2vsp

for every to > 0. Choosing f =u*y we get

Joapee= (Zapos-n) [ Apwiapee (2.10)

( +z—:)/ AP~2% Vu|? — (1+t2—€>/ | AP~ V2
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for every € > 0, since

1

V)P < (1 a2V + (14 ) VP

2

Now let 6 > 0. Using (2.10) in (2.9) with
0
= 1-2<1
o 5 <

we obtain

242 ) p—2 1+7¢ 5
1+ 3 —<2+—>€— -3 / AP 2%V 5 )2
( 1+3 3 2t ta M| =yl |

1 1+3 1 >
< |-+ +3<1+—>]/ AP~ 5 V2
IS to toc M
—2)t; 242 5 5
| 2)1— 3 —(1+§)p+3+6+(1+§)t2]

x [ Ap-tgta e F Al
M

for all €,t1,t3 > 0. Let

2(5 + 36
n=3, p=>5+34, tlz%, ty=1
we obtain
(p—2)t; 242 b b
- — (145 )p+3+0+ (145 )ta=0
2 n 3 3
and
242 p—2 14 1174545 —475% - 126°
1+ - - =
1+2 2t ty 180 + 1684 + 3642
Thus

117 + 546 — 4762 — 1263 5 )
_ 2 _ A3+5 2 v —1—-<2
( 180 + 1680 + 3662 ( +3)5>/M| [T VU8

< F + (1 - é) (1 - 1)] / AP % |y,
€ 3 € M

for all € > 0. Choosing 0 < § < 1/100 and e small enough we obtain

/ \A[3+51/12\Vu_1_%\2 < C/ ’A‘3+5u—2—%|v¢‘27
M M
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for some C > 0. From (2.8) and Young’s inequality we get
546, —2-28 9 344, —2-28 2
[oaputyr <o [ e vyl
M M
< 5'/ \AP*‘SU,‘Q‘%W " Q// u—2—23—5‘v1/}’5+6w—(3+6)
M e Jm
for all ¢/ >0 and ¢ € C§°(M). Therefore
/ \A|5+5u‘2‘2_36¢2 < C/ U—Q—%Nwsww—(sw)
M M
:C/ w2 E |V 50
M

The conclusion now follows immediately by replacing v with 1/)5%5. O
2.4 Final estimate. Combining Lemma 2.5 with Corollary 2.4 we can conclude
the proof of Theorem 1.1. More precisely, let zo € M and let 7 the distance function
from xy with respect to the metric g = uég. We choose ¢ :=n(7) with 0 <n <1,
n=1on [0,R], =0 on [2R,+00) and |n'| < C/R on [R,2R], for some C' >0 and
R > 0. From Lemma 2.5, for some 0 < 0 < 1/100, we have

/ ’A|5+6u727%n5+6d% < C/ u7272—§’vq/)|2+6dv}}
M M

25, 2(548)  ~
=C [ w255 |VyEtay,
M g

C 4
< R5+6 /~ us dVg

BzgR(:Eo)

where we used the fact that Wﬂfgv =1 and Corollary 2.4. Since § > 0, letting R — 400
we get

|A|=0 on M?

and this concludes the proof of Theorem 1.1.

3 Proof of Theorem 1.2

Proof of Theorem 1.2. Let (X" h) be a complete n-dimensional, n <5, manifold
with non-negative sectional curvature and either uniformly positive bi-Ricci curva-
ture or uniformly positive Ricci curvature and consider an orientable, immersed,
minimal hypersurface M™ — (X"*1 h) with finite index. Suppose, by contradiction,
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that M is non-compact. It is well known (see [Fis85, Proposition 1]) that there exist
0<wueC>®(M) and a compact subset K C M such that u solves

—Au= []A|2—|—Rich(y,y)} u on M\ K.
Let k > 0 and consider the conformal metric
g=u*yg.

where g is the induced metric on M. Let s be the arc length with respect to the metric
g. Following the construction in [Fis85, Theorem 1], we can construct a minimizing
geodesic J(s) : [0,400) — M \ K in the metric g which has infinite length in the
metric g. Now we can argue exactly as in the proof of estimate (6) in [ENRO7], using
H =0, obtaining

a

s 4—k(n—1)] [@ s\
Sp%ufds%——k[ F(n )]/ @? (u) ds
u 4 0

(=1 [ () ds=kin-3)
+/0“ 0 (kRiCh(V, V) —i—ileﬂj) ds

+ /0 o (k:\A|2 a2 ZA%]-) ds.
j=2

for every smooth function ¢ such that ¢(0) = ¢(a) =0 and for every k > 0. Arguing
as in [SY96, Section 2] we have the following identity

kRicy(v,v) + Z Ri‘jlj = kBRicy,(e1, ) — kRicp(e1,e1) + kRY 1, + Z Ri‘jlj
=2 =2

n
= kBRicy(e1,v) + (1 — k) Y RYjy;.
j=2
Since (N1, k) is with non-negative sectional curvature and either uniformly positive

bi-Ricci curvature or uniformly positive Ricci curvature, we have R’fjl ; =0 for every
j=2,...,n and either

BRicp(e1,v) > Ry or Ricy(v,v) > Ry

for some Ry > 0. Therefore, if £ <1, we get

s k[4—k(n— @ s\
@gpsu—ds—k—[ (n 1)]/ ©* (u_) ds
u 4 0

a

(n=1) [ (e ds = k(n-3) [

+/0 ©? (kROJrk\AF—A%l—ZA%j) ds.
j=2
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Since A is trace-free, we have

|AP> > A3, 4+ A, 4+ ...+ A2, +2ZA A§1+22A1J,
Jj=2
thus
KA]? — A2, — ZA ( >Ag1 (2k—1)3 42,
J=2
Choose
-1
r="""<1
n
We get
—n2_1 ra s 2 a
/(gps) ds>—/ <P¢s—ds+M/ <p2<u—> ds—i—@ ©*ds.
4n? 0 U n Jo
If n <5, we have
2
—n2-1
6n 4n2 > 65y > 0
n

Moreover, there exists C' > 0, such that

n—3 Ug us\ 2
90905_ > 6090 < » > - 0(908)2'
Therefore, there exists C' > 0, such that

C/ (@S)2ds>&/ ©*ds
0 n Jo

for every smooth function ¢ such that ¢(0) = p(a) = 0. Integrating by parts we
obtain

/Oa (gpgoss + CR()QDQ) ds <0.

Choosing ¢(s) =sin(rsa™!), s € [0,a] one has
7T2 a
CRy— — / sin?(rsa™)ds <0
a 0

2

i.e.

a’ <

~ CRy’

We conclude that the length (in the metric ¢) of the geodesic ¥(s) is finite and this
gives a contradiction. Therefore (M™,g) must be compact and this concludes the
proof of Theorem 1.2. O
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Proof of Corollary 1.3. If M is stable, by Theorem 1.2 it must be compact. Moreover
there exists u > 0 satisfying

—Au= UA|2 + RiCh(V,V)} u on M.

Integrating over M we get a contradiction, since Ricy >0 on M. Equivalently, one
can use f =1 in the stability inequality (1.1) to get a contradiction. O
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