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Abstract

A Systemic Optimal Risk Transfer Equilibrium (SORTE) was introduced in: “Systemic
optimal risk transfer equilibrium”, Mathematics and Financial Economics (2021), for the
analysis of the equilibrium among financial institutions or in insurance-reinsurance markets.
A SORTE conjugates the classical Bithimann’s notion of a risk exchange equilibrium with
a capital allocation principle based on systemic expected utility optimization. In this paper
we extend such a notion to the case when the value function to be optimized is multivariate
in a general sense, and it is not simply given by the sum of univariate utility functions. This
takes into account the fact that preferences of single agents might depend on the actions
of other participants in the game. Technically, the extension of SORTE to the new setup
requires developing a theory for multivariate utility functions and selecting at the same time
asuitable framework for the duality theory. Conceptually, this more general framework allows
us to introduce and study a Nash Equilibrium property of the optimizer. We prove existence,
uniqueness, and the Nash Equilibrium property of the newly defined Multivariate Systemic
Optimal Risk Transfer Equilibrium.

Keywords Equilibrium - Systemic Utility Maximization - Risk Transfer Equilibrium -
Systemic Risk
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1 Introduction

A Systemic Optimal Risk Transfer Equilibrium, denoted with SORTE, was introduced and
analyzed in Biagini et al. (2021). The SORTE concept was inspired by Biihlmann’s notion
of a Risk Transfer Equilibrium in insurance-reinsurance markets. However, in Biihlmann’s
definition the vector assigning the budget constraints was given a priori. On the contrary, in the
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SORTE, such a vector is endogenously determined by solving a systemic utility maximization
problem. As remarked in Biagini et al. (2021), “SORTE gives priority to the systemic aspects
of the problem, in order to optimize the overall systemic performance, rather than to individual
rationality”. For the precise definition of a SORTE, its existence, uniqueness and Pareto
optimality we refer to Biagini et al. (2021). In Sect. 1.1 we will only very briefly recall its
motivation and heuristic definition in order to compare it with the results of the present paper.
We will not address any integrability issues in this Introduction.

The capital allocation and risk sharing equilibrium that we consider in this new work,
similarly to the one introduced in Biagini et al. (2021), can be applied to many contexts, such
as: equilibrium among financial institutions, agents, or countries; insurance and reinsurance
markets; capital allocation among business units of a single firm; wealth allocation among
investors.

The key novelty in this work is that we consider preferences of agents which depend on
other agents’ choices. This is modeled using multivariate utility functions.

Let (2, F, P) be a probability space and L°($2, F, IP) be the vector space of (equivalence
classes of) real valued F-measurable random variables. The sigma algebra F represents
all possible measurable events at the terminal time. g [-] denotes the expectation under a
probability Q. For the sake of simplicity, we are assuming zero interest rate.

In a one period setup we consider N agents. The individual risk (or the random endowment
or the future profit and loss) plus the initial wealth of each agent is represented by the random
variable X/ € L%(Q, F, P). Thus the risk vector X = [X', ..., XN] € (L%(Q, F,P)N
denotes the original configuration of the system.

We assume that the system has at disposal a total amount of capital A € R to be used in
case of necessity. This amount could have been assigned by the Central Bank, or could have
been the result of the previous trading in the system, or could have been collected ad hoc by
the agents. The amount A could represent an insurance pot or a fund collected (as guarantee
for future investments) in a community of homeowners. For further interpretation of A, see
also the related discussion in Section 5.2 of Biagini et al. (2020). In any case, we consider
the quantity A as exogenously determined and our aim is to allocate this amount among the
agents in order to optimize the overall systemic satisfaction.

In this paper we work with a multivariate utility function U : RY — R that is strictly

concave and strictly increasing with respect to the partial componentwise order. However,
some results (see Corollary 6.2) hold also without the strict concavity or the strict mono-
tonicity. We develop a condition on the multivariate utility U, see Definition 3.4, that will
play the same role as the Inada conditions in the one dimensional case. Details and precise
assumptions are deferred to Sects. 1.2 and 3. Examples of utility functions U satisfying our
assumptions are collected in Sect. 7.
Systemic optimal (deterministic) initial-time allocation If we denote with a/ € R the
cash received (if positive) or provided (if negative) by agent j at initial time, then the time
T wealth at disposal of agent j will be X/ + a/. The optimal allocation ay €R" could then
be determined as the solution to the following aggregate criterion

N
MY (X) == sup { Ep [UX + )] |a €RV s.t. Y "al = A

j=1

As the vector ay €RY is deterministic, it is known at the initial time and therefore the
allocation is distributed (only) at such initial time and this is to the advantage of each agent.
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Indeed, if the agent j receives the fund a} at initial time, the agent may use this amount to
prevent financial ruin of future default.

By the monotonicity of U, we may formalize the budget constraints set in the utility
maximization problem (here and below) using equivalently the equality Z;V:l al = Aor

the inequality Z;»V:l al < A.

Systemic optimal (random) final-time allocation We are now going to replace in H‘/‘f‘
the constant vectors a €RY with random vectors ¥ = [Yl, YN e (LO(Q, F, IF’))N
representing final-time random allocations. Set

N
Cr:=1Y e (L%, F,P)V | ZYj eR
j=1

and note that each component Y/ of the vector ¥ € Cg is a random variable (measurable
with respect to the sigma algebra at the terminal time), but the sum of the components is
P-a.s. equal to some constant in R. We may impose additional constraints on the vectors Y
of random allocations by requiring that they belong further to a prescribed set B of feasible
allocations. It will be assumed that

RY cBCCR (D

and that B is translation invariant: B 4+ RY = 3. We consider a family of probability vectors
Q:=[Q',....,QN € Op.v (see (23)) associated to 13 and to the convex conjugate V of U,
and we take £ := geo, , L'(Q) for L'(Q) :=LY(Q, F, QY x --- x L1 (2, F, QN).

With these notations, a different possibility to allocate the amount A among the agents is
to consider the following criterion

N
MN(X) :=sup {Ep [UX +Y)] | Y € BNLsL Y Y =A P—as.{. (2
j=1

It is clear that l'[f'ft(X ) < II3%(X), thus random allocations realizes, as obvious, a greater
systemic expected utility, as the dependence among the components X/ of the original risk
can be taken into account by the terms X/ 4 Y/, The condition Zyzl Y/ = Ais instrumental
for the allocation of the amount A.

The optimization problem in (2) can be seen as the maximization of systemic utility for
the allocation of the amount A over feasible allocations Y € B, in a regulatory approach.
Indeed, only the utility of the whole system is taken into account in (2), while optimality
for single agents is not required. The problem (2) is similar in spirit to classical risk sharing
problems (see Barrieu & Karoui, (2005)). Unlike in the classical risk sharing problems, we
have a multivariate value function in place of the classical sum of univariate ones.

We observe that the “budget” constraints in IT}" are not expressed in the classical way
using expectation under some (or many) probability measures, but are instead formalized
as P — a.s. equality. Only in case N = 1 the problem becomes trivial, as ITR"(X) =
E[UX + A)].

On a technical level our first main result of this paper in the detailed study of the problem
IT'3". We first show in Theorem 4.2 that TT}{"(X) can be rewritten with the budget contraint
assigned by the family of probability vectors Qp v, namely

N
M5"(X) = sup {Ep [UX + )] | ¥ € £, Y Eg [Yf] <AVQeQsyvy. ()
=
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We prove (Theorem 4.2 and Corollary 4.7): (i) the existence of the optimizer Y e £ of
the problem in (3); (ii) its dual formulation as a minimization problem over Qg v; (iii) the
existence of the optimizer @ € 9p,v of such dual formulation; (iv) that (2) and (3) have the
same optimizer. Additionally, in (35) we prove that for such an optimizer @ we have

N
M (X) =sup {Ep [UX + V)] | Y € £, ) Eg,[Y/1< A}, “
j=1

We now present some more conceptual motivation for the analysis of this problem.

As stated above, IT:"(X) is greater than Hfift(X ) and the random variables ¥ =
(v',....,¥¥lin ITA"(X) are terminal time allocations, as they are F-measurable. How-
ever, obviously one may split ¥ in two components

Y=a+({ —a):=a+7, 5)

for some a € RY such that Z;V:l a’ = A, which then represents an initial capital allocation
a = (al, R aN) of A and a terminal time risk exchange Y satisfying Zj-v:l Y/ = 0, as
A= Z;V:l Y/ = Zﬁ.v:l al + Z?’zl Yi=A+ Zyzl YJ. We pose two natural questions:

1. Ts there an “optimal” way to select such initial capital a € RV ?
2. Could we discover a risk exchange equilibrium among the agents that is embedded in the
problem IT7"?

From the formulation in (4), one could conjecture that the amount a/ assigned as the expec-
tation of the optimizer of ITi" (X)) under the probability Q/, namely @/ := Eg; [Y/], could
have a special relevance. We will show indeed that the optimal solution to the above prob-
lem IT%"(X) coincides with a multivariate version of the Systemic Optimal Risk Transfer
Equilibrium (SORTE) introduced in Biagini et al. (2021).

In order to answer these questions more precisely we need to recall the notion of a risk
exchange equilibrium, as proposed by Biithlmann (1980, 1984).

1.1 Risk exchange equilibrium and systemic optimal risk transfer equilibrium

We recall that in this paper we work with a multivariate utility function but, in order to illustrate
the risk exchange equilibrium and the SORTE concepts, in this subsection we assume that the
preferences of each agent j are given via expected utility, by a strictly concave, increasing
utility functionu; : R — R, j = 1, ..., N.Inthis case the corresponding multivariate utility
function would be U (x) := Zj-v:l uj(xj), x € RN, The vector X = (X',..., XV) ¢
(LY, F, P))Y denotes the original risk configuration of the system (the individual risk
plus the initial wealth) and each agent is an expected utility maximizer. At terminal time
a reinsurance mechanism is allowed to happen, in that each agent j agrees to receive (if
positive) or to provide (if negative) the amount Y/ (w) at the final time in exchange of
the amount Eg; [? i ] paid (if positive) or received (if negative) at the initial time, where
Q :=[Q', ..., Q"] is some pricing probability vector (the equilibrium price system). The
reinsurance nature of this reallocation comes from the fact that the clearing condition

N .
Zw =0P—a.s., (6)
j=1
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is required to hold, which models a terminal-time risk transfer mechanism. Integrability or
boundedness conditions on ¥/ will be added later when we rigorously formalize the setting.
We use the ~ in the notation Y for the sake of consistency with the previous work (Biagini
et al. 2021).

As defined in Bithlmann (1980, 1984) , a pair (?X, Qy) is a risk exchange equilibrium
w.r.to the vector X if:

() for each j, )7)/( maximizes: Ep [uj (X7 + Y/ — IEQ{([?/])] among all r.v. 171';

B Zj-v:] ?)J( =0P-as.;
() Qy = =QY.

The optimal value in («) is denoted by

VO (x7y e p [Es [us000 + 77— By 7]} @

Remark 1.1 A key point of Biithlmann’s risk exchange equilibrium, which carries over to
SORTE and mSORTE, is that in () the single agent j is optimizing over all possible random
variables Y/ and not over only those that satisfies the clearing condition (8). Indeed for the
single myopic agent the clearing condition is irrelevant. Observe that if in (o) we consider a
generic probability vector Q, the solutions Y + of the single N problems in () will typically
not satisfy the clearing condition (8). It is only the selection of the equilibrium pricing vector
Qx in (@) that permits to comply with the clearing condition (5).

Remark 1.2 Differently from Biihlmann’s notion we will also impose that the exchange vector
Y belongs to a prescribed set 5 of feasible allocations, as already mentioned. If there are no
further constraints, i.e. B = Cg, then Qi( =...= @1)\(’ holds in Biihlmann’s risk exchange
equilibrium. But the presence of the constraints on Y, represented by B, forces to abandon
the condition (y) in Bithlmann’s risk exchange equilibrium and to allow for a generic vector
Qx := [Q)....,QY]. Indeed, it was shown in Biagini et al. (2021) Example 1.2 that
the equilibrium exists only if the components of the pricing vector Qx are not all equal.
Economically, multiple pricing measures may arise because the risk exchange mechanism
may be restricted to clusters of agents and agents from different clusters may well adopt a
different equilibrium pricing measure. This feature appears also in SORTE and mSORTE for
analogous reasons.

This prompt us to define a B-risk exchange equilibrium w.r.to the vector X as a pair
()7)(, Qx) satisfying:

() for each j, Y{ maximizes: Ep [uj X/ +Y/ — EQQ[WD] among all r.v. Y/,

(B)YY Yy =0P-as.andY € B.

After this review of the concept of risk exchange equilibrium, we now return to our problem
of allocating the amount A € R. Observe that if aeR" is allocated at initial time among the
agents and le\’:] a’ = A then the initial risk configuration of each agent becomes (a/ 4+ X/)
and they may enter in a risk exchange equilibrium w.r. to such modified vector (a + X).

According to Biagini et al. (2021), a triple (7;(, Qx, ax) is a Systemic Optimal Risk
Transfer Equilibrium (SORTE) with budget A € R if:

(a) the pair (?X, Qyx) is a B -risk f;xchange equilibrium w.r.to the vector (axy + X),
(b) ax<RY maximizes Zj-v:] v (a/ 4+ X7) among all acRV s.t. Zi‘v:] al = A.
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Thus the optimal value in (b) equals

N . ) )
S v + X9)
j=1
N N
~ e N -
= sup X]:S;]ip{E[p [wj@ + X7+ 7 EQ,X[YJ])]] | aeR s.t.X]:aJ —A
J= ’ j=

®)

Observe that SORTE explains how optima can be realized conjugating optimality for the
system as a whole (optimization over a € R¥ in (8)) and convenience for single agents (the
inner supremum in (8)). Under fairly general assumptions, existence, uniqueness and Pareto
Optimality of a SORTE were proven in Biagini et al. (2021).

In this paper we propose a multivariate version of this concept, which we label with
mSORTE, and prove that the optimizg Y of [T (X), the optimizer Q of the dual formulation
of IT¥" (X)), the selection al = Eg; [Y/]in the splitting (5) determine the (unique) mSORTE.

1.2 Multivariate systemic optimal risk transfer equilibrium

Essentially, in this paper we answer to the following question: what can we say about a
concept of equilibrium similar to SORTE, with the same underlying exchange dynamics,
when preferences of each agent depend on the actions of the other agents in the system?
In our analysis, we consider a multivariate utility function U : R¥ — R for the system.
Mildly speaking, U is a utility associated to the system as a whole. U determines the pref-
erences of single agents in the system, who take into account the actions and choices of
the others: if the random vector ZI=/1 = [Z!, ... z/=' Zz/+1 .. . Zy] models the posi-
tions of agents 1,...,j — 1,7 + 1,..., N, we suppose that each agent j is an expected
utility maximizer, in the sense that he/she seeks W > max Ep [U([Z7/); W1)] where
[zI=71: w1 .= [Zl, Lz w, zi ZN]. U can be thought as nontrivial aggrega-
tion of preferences of single agents: if each agent has preferences given by univariate utility
functions u, ..., uy : R — R, then given an aggregation function I : RN — R which is
concave and nondecreasing we can consider U (x) = I'(u (Y, .. uy ™)), in the spirit
of Liebrich and Svindland (2019a) Definition 4, as a natural candidate for U. Alternatively,
U is a counterpart to the multivariate loss function £ considered e.g. in Armenti et al. (2018)
in the framework of Systemic Risk Measures. Just setting U (x) = —€(—x), x € RY, pro-
duces a natural candidate for our U starting from a loss function £. The difference between
loss functions and utility is not conceptual here, being instead just an effect of considering
as positive amounts losses (as in the case of £) or gains (as in the case of standard utility
functions). Multivariate utility functions could be employed also to describe the case of a
single firm having investments in N units, where the interconnections among the N desks
are relevant.

We will impose on our multivariate utility function U conditions which play the same
role of Inada conditions in the univariate case. Examples of utility functions satisfying our
assumptions are collected in Sect. 7. Notice that the setup and results in Biagini et al. (2021)
can be recovered from the ones in this paper by setting U (x) = Zyz L u j(x/ ), x e RV | as
described in Sect. 7.1.

In this paper we introduce and analyze the following concept. A mSORTE is a triple
(?X, ax, Qx) where:
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° ()7)(, ay) solve the double optimization problem

N
sup {supBp [U (a+ X +¥ —Equ[Y])] laeRY, Y a/ = A} ©)
Y j=1

e the pricing vector Qyx is selected in such a way that the optimal solution Yx belongs to
the set of feasible allocations 5 and verifies the clearing condition (6).

We provide an example that describes one possible situation underlying the concept of
mSORTE, as detailed in (9). Suppose a conglomerate runs several corporations and that one
of these is in financial distress. The conglomerate may provide some capital A to support
the corporation in distress. Then, the corporation has to allocate this resource among the N
interconnected business lines or subsidiary companies that constitute the corporation. In this
example, U is thus the objective function of the corporation, and A is the total amount that
the corporation has to allocate to each company.

We are particularly interested in mSORTE since, differently from the case of SORTE
(compare with (8)), here agents are taking into account other agents’ choices. Indeed, a Nash
Equilibrium property (see (30)) shows how also in this more complex setup, each agent is still
maximizing his/her expected utility, although other agents’ actions now appear explicitly in
such utility maximization problems. As illustrated by Theorem 4.5 and its proof, the problem
in (9) is intimately related to the ones already motivated and introduced (2), (3) and (4). We
prove existence and uniqueness of a mSORTE. Quite remarkably, this generalization of a
SORTE allows us to introduce and to study a Nash Equilibrium property for a mSORTE, as
shown in Section 4.2 (see Theorem 4.5). In Sect. 4.3 we provide an example of a class of
exponential multivariate utility functions with the explicit computations of the mSORTE.

From a technical perspective, our results can be considered as consequences of Theo-
rem 4.2 and Theorem 4.3. The proof of Theorem 4.2, which is the most lengthy and complex,
is split in several steps and collected in Sect. 6. We use a Komlds- type argument, in contrast
with the gradient approach in Biagini et al. (2021). This allows us to obtain existence of
optimizers for both the primal and the dual problems without requiring differentiability of
U (-), which is a rather unusual result in the literature. We also remark that, differently from
Biagini et al. (2021), we need to construct the dual system (M®, Kg), where M® is a mul-
tivariate Orlicz Heart having as topological dual space the Kothe dual K4. Here, we denote
with @ : (Ry)Y — R the multivariate Orlicz function ® (x) := U(0) — U (—x) associated
to the multivariate utility function U. Details of this construction are provided in Sect. 2.1.

As already mentioned, this paper is a somehow natural prosecution of Biagini et al. (2021).
Thus, as far as the conceptual aspects are concerned, we refer to the literature review in Biagini
et al. (2021) for extended comments. Here, we limit ourselves to mentioning that Biagini et
al. (2021), and so indirectly this work, originated from the systemic risk approach developed
in Biagini et al. (2019), Biagini et al. (2020). For an exhaustive overview on the literature on
systemic risk, see Fouque and Langsam (2013) and Hurd (2016).

Risk sharing equilibria have been studied in Borch (1962), Biihlmann (1980, 1984),
Biihlmann and Jewell (1979). In Barrieu and El Karoui (2005) inf-convolution of convex
risk measures has been introduced as a fundamental tool for studying risk sharing. Further
developments in this direction have been obtained in Acciaio (2007), Filipovi¢ and Svindland
(2008), Jouini et al. (2008), Mastrogiacomo and Rosazza Gianin (2015). Among other works
on risk sharing are also Dana and Le Van (2010), Embrechts et al. (2020), Embrechts et al.
(2018), Filipovi¢ and Kupper (2008), Heath and Ku (2004), Tsanakas (2009), Weber (2018).
Recent further extensions have been obtained in Liebrich and Svindland (2019b). We refer to
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Carlier and Dana (2013), Carlier et al. (2012), for Risk sharing procedures under multivariate
risks. Regarding multivariate utility functions, which have been widely exploited in the study
of optimal investment under transaction costs, we cite Campi and Owen (2011), Deelstra et
al. (2001), Kamizono (2004), Bouchard and Pham (2005) and references therein.

The paper is organized as follows. Section 2.1 is a short account on multivariate Orlicz
spaces and on the relevant properties needed in the sequel of the paper. The multivariate
utility functions used in this paper are introduced is Sect. 3, together with our setup and
assumptions. The core of the paper is Section 4, where we formally present the key concepts
and provide our main results. Section 5 collects some preliminary results on duality and
utility maximization. Most of the proofs are deferred to Sect. 6. The Appendix collects some
additional technical results and some of the proofs related to Sect. 2.1.

2 Preliminary notations and multivariate Orlicz spaces

Let (2, F, P) be a probability space and consider the following set of probability vectors on
(€2, 7)

PN = [Q:[Ql,...,QN]| such that Q/ <<]Pf0rallj=1,...,N], NeN, N> 1.

For a vector of probability measures Q we write Q < P to denote Q' <« P, ..., Q"N « P.
Similarly for Q ~ P. For Q € P! let

L°Q =L@, F,Q:R), L'Q:=L"Q F,QGR), L®Q) =L, F QR)),

be the vector spaces of (equivalence classes of) Q-a.s. finite, Q-integrable and Q-essentially
bounded random variables respectively, and set Li(@) ={ZeL’P(Q)|Z>0Q —as.} and
LP(Q, F,Q; RNy = (LP(Q)V, for p € {0,1,00}. For @ = [Q',..., Q"] € PV and
p € {0, 1, oo} define

LP(Q) :=LP(Q") x ---xL?@QY), L@ =L @Q") x ---xLE@Q")

and write Eq[Z] = [Equ[Z']. ..., Eqn[ZV]] for Z € L'(Q). Given a vector y € R" and
n e {l,..., N} we will denote by y!=" the vector in R¥~! obtained suppressing the n-th
component of y for N > 2 (and y[™" = #if N = 1) and we set

[y[_"];z] = [yl,...,y”_l,z,y"+l,...,yN] c R, forzeR. (10)

We will write Ry := [0, 4+00) and R, := (0, +00), (x,y) = ley:l x7yJ for the usual
inner product of vectors x, y € RN . Foravectorx € RV, ()c)i denote the vectors of positive,
negative parts respectively of the components of x. Same applies to |x|.

2.1 Multivariate Orlicz spaces

Given a univariate Young function ¢ : R — R we can associate its conjugate function
o*(y) = SUPyer, (XY — ¢(x)) for y € R4. As in Rao and Ren (1991), we can associate
to both ¢ and ¢* the Orlicz spaces and Hearts L?, M?, L®", M®". For univariate utility
functions, the economic motivation and the mathematical convenience of using Orlicz spaces
theory in utility maximization problems were shown in Biagini and Frittelli (2008). We now
introduce multivariate Orlicz functions and spaces induced by multivariate utility functions.
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The following definition is a slight modification of the one in Appendix B of Armenti et al.
(2018).

Definition 2.1 A function ® : (R,)"Y — R is said to be a multivariate Orlicz function if it
is null in 0, convex, continuous, increasing in the usual partial order and satisfies: there exist
A > 0, B constants such that ®(x) > AYY_, x/ — B Vx € (R)".

For a given multivariate Orlicz function ® we define, as in Armenti et al. (2018), the
Orlicz space and the Orlicz Heart respectively:

L® =X e (L@ F.P)" | 35 € 0 +00) st B2 [9G. X])] < +o0],

M® = {X e (L. 7, P)™ | Vi € (0, +00), Ep [B(|X])] < +oo], (11)

QN . .

where |X| := [|Xf |]j=1 is the componentwise absolute value, and LO(Q, F,P) is the set
of equivalence classes of R-valued F-measurable functions. We introduce the Luxemburg
norm as the functional

1Xllg = inf{x > 0| Ep [@ G m)] < 1}

defined on (L0 (2, F, IP’))N and taking values in [0, +o00].
Lemma 2.2 Let ® be a multivariate Orlicz function. Then:

1. the Luxemburg norm is finite on X if and only if X € L®;

2. the Luxemburg norm is in fact a norm on L®, which makes it a Banach space;

3. M® is a vector subspace of L, closed under Luxemburg norm, and is a Banach space
itself if endowed with the Luxemburg norm;

4. L® is continuously embedded in (L' (P)V;

convergence in Luxemburg norm implies convergence in probability;

6. X € LY, Yj| < |Xjf Vj=1,...,NimpliesY € L®, and the same holds for the Orlicz
Heart. In particular X € L® implies X* € L® and the same holds for the Orlicz Heart;

7. the topology of |||l¢ on M® is order continuous (see Edgar & Sucheston, (1992)) Defi-
nition 2.1.13 for the definition) with respect to the componentwise P-a.s. order and M®
is the closure of (L®°MP)N in Luxemburg norm;

8. M® and L® are Banach lattices if endowed with the topology induced by ||-||¢ and with
the componentwise P-a.s. order.

-

Proof Claims (1)—(5) follow as in Armenti et al. (2018). (6) is trivial from the definitions. As
to (7), sequential order continuity is an application of Dominated Convergence Theorem, and
order continuity follows from Theorem 1.1.3 in Edgar and Sucheston (1992). (8) is evident
from the previous items. O

Now we need to work a bit on duality.
Definition 2.3 The Kothe dual K¢ of the space L® is defined as

N
Zx!’zi eLl'P),vxelL®
j=1

Ko:={ze (L@ 7 m)"

Proposition 2.4 Ko can be identified with a subspace of the topological dual of L® and is
a subset of (LY ().
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Proof See Sect. A.3. O

By Proposition 2.4 K¢ is a normed space which can be naturally endowed with the dual
norm of continuous linear functionals, which we will denote by

N
I1ZI5 :=sup B | 1D X/ZI|| | [ X]le <1
j=1
This norm will play here the role of the Orlicz norm, and the relation between the two norms
Il-llo and |-||5 is well understood in the univariate case (see Theorem 2.2.9 in Edgar and
Sucheston (1992)). The following Proposition summarizes useful properties which show how
the Kothe dual can play the role of the Orlicz space L®" for M? in univariate theory, and are
the counterparts to Corollary 2.2.10 in Edgar and Sucheston (1992).

Proposition 2.5 The following hold:

I Ko = {Ze L@ 7)) | XN xizie L'®), VX eM“’] :

the topological dual of (M®, ||| ¢) is (Ko, I-11%);
3. suppose L® = L®' x ... x L®V for univariate Young functions ®1, ..., ®y. Then we
have that Ky = L x ... x Lo,

N

Proof See Sect. A.3. O

We now provide an example connecting the multivariate theory to the univariate classical
one.

Remark 2.6 Even thought we will not make this assumption in the rest of the paper, suppose

in this Remark that ®(x) = Z;‘V:I D; (x/) for univariate Orlicz functions, that is each

separately satisfying Definition 2.1 for N = 1. Then we could consider the multivariate

spaces L® and M ?® as above or we could take L®' x --- x L®¥ and M®! x ... x M®N,
As shown in Sect. A.3, the following identity between sets holds:

M®=M® x...x M® and L®=L% x...x L®

and furthermore

(12)

N N
1 . )
— 3y xi H <IXle <N H X/ ‘ .
v 2], =ixie <N x|
j=l1 j=l1
Observe that in the setup of this Remark, from Proposition 2.5 Item 3, we have

Ko=L% x...x L% .

3 Setup and assumptions

Definition 3.1 We say that U : RY — R is a multivariate utility function if it is strictly
concave and strictly increasing with respect to the partial componentwise order. When N = 1
we will use the term univariate utility function instead. For a multivariate utility function U
we define the convex conjugate in the usual way by

V(y) = sup (U(x) = (x,y)).

xeRN
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Observe that by definition U (x) < (x, y) + V(y) forevery x, y € RN, and V(-) > U(0)
that is V is lower bounded.

Definition 3.2 For a multivariate utility function U, we define the function ® on (R;)" by

P(x):=U0) —U(—x). (13)

Remark 3.3 The well known Inada conditions, for (one-dimensional) concave increasing

utility functions # : R — R, have an evident economic significance and are very often

assumed to hold true in order to solve utility maximization problems.
u(x) u(x)

Inada(4o00): lim —— =0; Inada(—o0): lim
xt4o0 X xJ—oo X

+00

As it is easy to check, they can be equivalently rewritten as:

Inada(4+00): Ve > 03k, e R:u(x) <ex +k. Vx >0, x € R,
Inada(—00): VA > 03kg e R:u(x) < Ax +ka Vx <0,x e R. (14)

Consider now the condition weaker than Inada(—o0):
JA>03Fk eR:ukx) < Ax+kVx <0,x e R. (15)

One can again easily check that the two conditions (14) and (15) are equivalent to the following
single statement: there exists an Orlicz function @ : R — R and a function f : R — R
such that

ulx) < —5((x)*) +¢elx| + f(e) forevery e > 0. (16)

Motivated by the above remark, we now introduce a condition that will replace (16) in the
multivariate case and will play the same role as the Inada in the one dimensional case.

Definition 3.4 We say that a multivariate utility function U : RY — R is well controlled if
there exist a multivariate Orlicz function ® : Rﬁ — R and a function f : Ry — R such
that

N
U = -3 )+ ’x«"’ + f(s) foreverys > 0. (17)
j=l1
Lemma 3.5 Suppose that the multivariate utility function U is well controlled. Then:
(i) the function ®(x) = U(0) — U(—x), x € RQ\_’, defines a multivariate Orlicz function;
(i) L® € L?;
(iii) for every ¢ > 0 small enough there exist a constant b, such that

N
Ux)<ey (x))' +be VxeRY; (18)
j=1
(iv) there exista > 0, b € R such that

N N
U(x) SaZ(xj)"'—ZaZ(xj)_—i—b Vx e RV, (19)
j=1 j=1
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Proof Reca_ll that by Definition 2.1 there exist A > 0, B € R such that 5((x)’) >
A Z?’:] (x/)™ — B. Therefore, if U is well controlled then

N N
U = -AY ) +B+e) ‘xj‘ + f(e) foreverys > 0. (20)
j=1 j=1

(i) :Itisenough to show the existence of Ap > 0, By € Rsuchthat ®(x) > Ae Z;-V:l xJ—

Be Vx € Rﬁ. Forany x € RY, using (20) with ¢ = %, we obtain
N N N
. A . A A ; A
_ _ J =z J )= _Z J =z
U(—x) < AZx —I—B—l—ZZx +f<2>_ 2Zx +(B+f<2>),
j=1 j=1 j=1
and the desired inequality follows letting Ag := % and By := — (U(O) - f (%) — B) .

(i1) : From (17) one can easily see that ®(x) > 6()() —¢ Z?’:l x/ + constant for all
x € (Ry)N. The claim then follows recalling that X € L = X e (L'®)N by
Lemma 2.2 Item 4.

(iii) : Follows from (20) if ¢ < A and b, := B + f(e).

(iv) : Follows with a = %, b=B+ f(%) choosing ¢ = % in (20).

[m}

Remark 3.6 In the proofs in multivariate setting, the inequalities (18) and (19) will play the
same role that respectively (14) and (15) have in the unidimensional case. In Proposition 7.1
we use the aforementioned univariate Inada conditions to make sure that (17) holds when U
has a particular form.

We observe that the inclusion L® € L®, opposite of (ii), is a simple integrability require-
ment, which can be rephrased as: if for X € (LY (2, F, P); [—o0, +00]))Y thereexistA > 0
such that Ep [6(—A |X|)] > —00, then there exists « > O suchthatEp [U(—« |X]|)] > —o0.
This request is rather weak and there are many examples of choices of U that guarantee this
condition is met (see Section 7). Without further mention, the following two standing assump-
tions hold true throughout the paper.

Standing Assumption | The function U : RN — @is a multivariate utility function which is
well controlled (Definition 3.4) and such that for ® in (17)

2=, 1)

Standing Assumption Il B C Cg is a convex cone, closed in probability, 0 € B, RN +B = B.
The vector X belongs to the Orlicz Heart M®.

Observe that the Standing Assumption II implies that all constant vectors belong to B, so
that all (deterministic) vector in the form ¢’ — ¢/ (differences of elements in the canonical
base of RV) belong to BN M®. We recall the following concept, introduced in Biagini et al.
(2020) Definition 5.15, that was already used in Biagini et al. (2021).

Definition 3.7 B is closed qnder truncation if for each ¥ € B there exists my € N and
cy € RY such that Z;V:l Y/ = Z?’Zl cy and for all m > my

Y :=Ylyi|<mvj=1...ny T v la\(yi|<mvj=1..n) € B-
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Assumption 3.8 B is closed under truncation.

As pointed out in Biagini et al. (2020), B = Cp is closed under truncation. Closedness
under truncation property holds true for a rather wide class of constraints. For a more detailed
explanation and examples, see also Biagini et al. (2021) Example 3.17 and Example 4.20.
We will also need the following additional notation.

1. For any A € R we consider the set of feasible random allocations

N
Ba:=Bn{Ye@®)V|> ¥/ <A} CCr.
j=1

2. Q is the set of vectors of probability measures Q = [Q!,...,QN], with Q) « P
Vj=1,...,N,defined by

N
& Ko. S E -[Yf]<0VY nm®t @22
- 5 o Y Eg < € By (22)

j=1

dQ! dQV
Q:=QI[Q Q}

Identifying Radon—-Nikodym derivatives and measures in the natural way, this can be
rephrased as: Q is the set of normalized (i.e. with componentwise expectations equal to
1), non negative vectors in the polar of By N M ® in the dual system (M ® Ko). Observe
that M® € L'(Q) for all Q €Q and that Q depends on the set 5.

3. Inthe definition of mSORTE we will adopt the subset O v € Q of vectors of probability
measures having “finite entropy”

OB, v = {Q € Q| Ep |:V (A%)} < o0 for some A > 0} (23)

and the set £ of the random allocations satisfying the integrability requirements defined
by
L= () L'@=cL"x-xcL". (24)
Qeonyv

Here £/ := [Y/ € L'(Q)¥Q = [Q,...,Q"] €Qp v}.

4 Multivariate systemic optimal risk transfer equilibrium
4.1 Main concept

We now provide the formal definition of the concept already illustrated in the Introduction
(see Eq. 9). It is the natural generalization of SORTE as introduced in Biagini et al. (2021)
Definition 3.7.

Definition 4.1 The triple ()7 x, Qx,ax) € LXxOpRy xR¥ is a Multivariate Systemic Opti-
mal Risk Transfer Equilibrium (mSORTE) with budget A € R if

1. (I?X, ay) is an optimum for

N
sup sup{]E[p[U(a—{—X—i-?—EQX[?])] | ?eﬂ} | a GRNZaj =A;;
j=1
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2. )7x € Band Z;V:l ’)7)’( =0P-as..

4.2 Main results

We provide sufficient conditions for existence, uniqueness and the Nash Equilibrium property
of amSORTE, see Theorems 4.5 and 4.6 . Such results are relatively simple consequences of
the following key duality Theorem 4.2, whose proof in Sect. 6 will involve several steps. As
demonstrated in Sect. 6.1, Theorems 4.2, 4.5 and 6.1 below also hold true if Assumption 3.8
is replaced with an assumption on the utility function U.

Theorem 4.2 Under Assumption 3.8 the following holds:

sup Ep[U(X +7Y)]

YeBsnM®
N .
=sup {Bp [UX + V)] | Y € £, ) Boy [¥7] < AVQ € Qv (25)
j=1
N dQ
— min min |2 E-[Xj]A Ep |V (252 26
ot iy | H| B [+ A ) () e
= sup Ep[UX+Y)].
YeBaN(L>®(P)N

Moreover

1. there exists an optimum Yer 10 the problem in (25). Such an optimum satisfies Y e
Ba N L and for any optimum (A, Q) of (26) the following holds:

N N
ZE@J.[?-/] =A= Z?j, P—a.s.; (27)
j=I j=1

any optimum (’):, @) of (26) satisﬁes’): > 0 and @ ~ P;
3. there exists a unique optimum to (25). If U is additionally differentiable, there exists a
unique optimum (1, Q) of (26).

N

Proof The case A = 0 is covered in Theorem 6.1 and Corollary 6.8, the latter only proving
the equality following (26). In Section 6.3 we then explain how we can apply alsoto A # 0
the same arguments used for A = 0. O

The following result is the counterpart to Theorem 4.2, once a vector Q € Qp.y is fixed,
and will be applied in Theorem 4.6.

Theorem 4.3 Under Assumption 3.8, for every Q € Qp v and A € R the following holds:

N

. ; dQ
— ; J

sup Ep [U(X +Y)] = min | 4 Y Eq [X]+A —I—IEP[V(AdP)]

POy Egj[Y7]=A =
(28)
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Proof Consider first A = 0. By Egs. (61) and (62)

N
. d
min 2 | Y Eg, [Xf] +m v ) 2w mewx v
A>0 = dp YeM®
Zﬁy:l EQi[yj]50
Observing that M® c £ c LY(Q), we have
sup EpUX+Y)] < sup Ep[U(X +Y)]

YemM® YN E;[vi]<0 Yel
Jj=1 Ql[ ] Z;\’:IEQJ.[y/]S()

<inf |2 iﬂa -[Xf] +E [V(A@ﬂ
—zo\ "\ & R r ar /||

by Remark 4.4 below. The case A = 0 is then proved. The case A # 0, instead, follows from
Sect. 6.3. ]

Remark 4.4 From the definition of V we obtain the Fenchel inequality
UX4+Y)<(X+Y,AZ)+ V(HZ) P-as. forall X, Y, Z e (L°P)N, » > 0.

Recall that M® < LY(Q) for all Q €Q. For all X € M®, for all Q €Q and Y such that
Zj-v=1 Eqgi [Y/] < A we then have:

N
. oy dQ
Ee[UX + V)] < inf 133 Eq, [+ ¥)] +Ee [v (A@)}
j=1 (29)

<inf {2 XN:E v[Xj]ﬁ-A +E V<A@>
=320 ¥ ¥ dP

Jj=1
and the last expression is finite if Q €Qp.v.

On the existence of a mSORTE and Nash Equilibrium

Theorem 4.5 Under Assumption 3.8 a Multivariate Systemic Optimal Risk Transfer Equilib-
rium (Yx, Qx,ax) € L x Qp,y X RN exists, with EQ_; [Y)](] =O0forevery j=1,...,N.
X

Furthermore, the following Nash Equilibrium property holds for any mSORTE (?X ,Qx,ax):
forevery j=1,...,N

7 e argmax [Ep [U (ax + X + 1757 21 - Bo, 17y i 21) [ 1 Ze £} G30)
where LI = ﬂ@egg y LY(QY), and

B, (Y7 2] = [EQIX[?}(], o By [F L Egy [Z1 g 7Y, . Egy [17)7]] .
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o~

Proof Take Y as in Theorem 4.2 Item 1, @ an optimizer of (26), and set @/ := IE@/- [Y/],
j=1,..., N,. Then, from (25) and (26),

N
sup {Ep [UX + V)] | Y € £, Y Eg [Yf] <AVQeQny
j=

N d@
= min | A E-, [X/] Al +E P

j=1
N
@ wplEs X+ 1)1 Y €L, Y Eglvil<A 31)
j=1
N
—sup {sup { Ep [U(X + V)] | Y € L. Eg, [Yf] <a/ VjlaeRY, Y aj=4
j=1
—: 5Q(4) (32)

where the second last equation is a simple reformulation of (31). By Item 1 of Theorem 4.2,
the optimizer Y € L satisfies the constraints of the problem in (31), and by 27 (Y a)
ylelds an optimum for the problem in (32). By Lemma A 2, setting ax := aeRN, Yy =
Y - ax € L,Qx = Q we have that (Y, @) satisfies Item 1 in Definition 4.1 Observe also
thatY € B = Yx € Bsince B+ RN = B, andthatX:J:1 vl = ZJ:] Yi — Zjvzl al =
A — A = 0, so that also Item 2 in Definition 4.1 is satisfied. Also, by its very definition
Eqy (73] = Bgy[77] - Egy (7] = 0.

Let finally (Yx, Qx,ax) € LxOp.y xRN be a mSORTE as in Definition 4.1. We prove
the Nash Equilibrium property (30). For any Z € £/, using Item 1 of Definition 4.1

Ep [Ulax + X + Yy — Eq,[¥x])]
=sup |Ep[Uax + X +Y —Eq, (Y]] | ¥ € £}

> sup Be [U (ax + X + (75 /) 21 - Bq, 7 /21|
ZeLli

> Ep [Uax + X + Yx — Eqy [Yx]D)] .

On uniqueness of a mSORTE

Theorem 4.6 UnderAssumptlon 3.8, suppose additionally that U is differentiable. Then there
exists a unique mSORTE (YX Qx, ax) with IE [Y)](] = 0forevery j =1,

Proof Take a mSORTE (Yy, Qy, ax) with Ey [Y]] = 0 for every j = 1,..., N. Set
X

Y = 7){ +ax — E@X[?X] = ?X + ax. We claim that Y is an optimizer of (25) and Qx
is an optimizer of (26) Observe that ¥ € Ba N L (using B + RN = B and Z 1 Y/ =

ijl Y]+ Zj:1 ay — Zj:1 Eqyi [Y]1=0+A—0)and Qx € Qp . Since ¥ € B4NL
X
and we are assuming that the set B is closed under truncation, by Lemma A.1 we have that
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29;1 IDRY [?/] < AforallQ € Qp.v. As Qx € Qp.v, we then obtain

N
Ep[UX + V)] <sup{Ep[UX + V)Y €L, Y Ky, [Yj] =AvR ey (39
N
<sup Ep[UX+Y)]|Y €L, ZEQJ [Yj] =A
X
j=1

N
. ; dQx
. J =
<inf | 4 § 1:15% [X ]+A +Ep [V <A b )] (34)
p=

N
T3 i {Bs [UX + 1)1 | Y e L, > Ey [Yf] <A

Jj=1

— sup sup{Ep[U(X—}-Y)]IYell EQ,[ ‘]5aij]|aeRN,ZN:aj:A
- (35)
=sup { sup Ep [U (a+ X +¥ —Eq,[¥])] |a e RY, Za/ (36)
Yel
=Ep [U (ax + X + Yx — Equ[Yx])] =Ep [U(X + Y)] 37

where (34) is a consequence of Fenchel inequality (29), the expression in (35) is a refor-
mulation of the one in the previous line, (36) follows from Lemma A.2 and (37) holds true
because(? x, Qx, ax) is a mSORTE and therefore ()N’ X, ay) is an optimizer of the problem
in (36). Notice that Theorem 4.3 guarantees that the inf in (34) is a min. We then deduce that
all above inequalities are equahtles and Y is an optimizer of (25) and Qy is an optlmlzer of

(26). Now, take another nSORTE (ZX, Dx, bx) w1thE [ X] = Oforevery j =0, .

Arguing exactly as above for Z:=7 x +bx we get that Z is an optimizer of (25) and Dy is
an optimizer of (26). Theorem 4 2Item 3 y1e]ds Z =Y and Qx = Dyx. Taking expectations
componentwise we get that b = ]ED, [ZJ] = ]E [YJ] = aX forevery j = 1,..., N,

which yields ay = by. Finally, from the deﬁmtlons of VA s Y we get 4 X = Y X.
[m}

Corollary 4.7 Under Assumption 3.8 and if U is differentiable there exists a unique optimum

Y for the problem TI"(X) in (2). Such an optlmum is given by Y = Yx + ax, where

(YX, Qx, ax) is the unique mSORTE with EQ, [YX] = Oforevery j =1,..., N and budget
X

A.

Proof Take Y = Y. x +ayx for (?X, Qx, ax) as described in the statement (Theorems 4.2 and
4.6 ). By Lemma A.1, TT{"(X) < (25). Since Y € LN By is an optimum for (25) (see the
proof of Theorem 4.6), existence follows. Uniqueness is a consequence of strict concavity of
U, by standard arguments. The arguments above also show automatically the link between
the unique optimum for IT%{" (X) and the unique mSORTE for the budget A. O
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4.3 Explicit computation in an exponential framework

With a particular choice of the utility function U (see (38) below) we can explicitly compute
primal (?) and dual (@) optima in Theorem 4.2. Consequently, the (unique) mSORTE can be
exphculy computed Recall from the proof of Theorem 4.5 that the mSORTE is produced by
setting aX = EQ, [Yf] Yx Y- ax,Qx = Q As we are able to find explicit formulas, we
prefer to anticipate this example even if the proof of Proposition 4.8 relies on two propositions
in Sect. 7.

Proposition 4.8 Take o1, ..., an > 0 and consider for x = x', ..., xN]eRY
U(xl,...,xN) :2522(1_67201/1/)_’_E Z (1_ef(aixl+ajx1)) . (38)
j=1 i,jell,...N}
i#j

Select B = Cr and define

—_ = (39)
P wpfow ()]
and the primal optimum Y in sup  Ep[U(X + Y)]is given by
YeBaNM®
~ . 1 —
Y/ =—-X'+ —X+«yx (40)
Baj

1 1 1 l %
Ky = — [— + —log (—) — —log (ﬁ)} [log(kx) log (EP [exp <_>:|)}
a;qj aj 2a; 5
X > ! 2X
Ax = exp (_IB |:A+ﬁ+l'*_ /3 Of(ﬁ) _ glog (]E]p |:exp (_ﬁ)i|):|> . (41)

Proof To begin with, one can easily check that the assumptions of Propositions 7.1 and 7.3 are
satisfied, and so is then Standing Assumption I. Standing Assumption Il is trivially satisfied,

i\ 2
once we take X € M®. Also, U(x) = —2 — % (Z;V:l e*“f"') . The conjugate V, as well
as its gradient, are computed explicitly in Lemma A.4.

Our aim is to show that primal and dual optima, whose existence and uniqueness are stated

in Theorem 4.2 Item 2 and 3, are given by Vi = —xi — (’):X d%, .. /):X @) and
(XX, [%, e %]) € (0, +00) x 9B.v, for’)cx and @ given in (41) and (39) respectively.
By direct computation one can then check that P ~ [@, R @] € Q9p,v and Y e M®

whenever X € M®, where in view of Propositions 7.1 and 7.3 we have M® = M®P x ... x
M*P for

M = {X € L%Q, F,P) | V2 € (0, +00), Ep [exp(x |X )] < +oo} .
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Recall now that U(=VV (w)) = V(w) — YV w/ 2¥ (w) for every w € (0, +00)" (see
Rockafellar (1970) Chapter V). Then, given (81), we can write

.. ~ dQ .~ dO
EP[U(X—l—Y)]_IEP|:U(—VV<AXdP,.. Ax dp))}
_ - _Blog)  p [dQ (dQ

B~ - ~ d0 ~ d0
— —Ax log(A E AX—, . .., Ax —
2xOg(x)-i- P|:V<XdP X 1p

N ~
R . 40 - d@
j=1

for ‘é% and Ay given in (39) and (41) respectively. In view of Theorem 4.2 primal and dual

optimality then follow, once we check that YenB BaNM ®_ Given @ and '):X, Y canbe directly
computed as (40) and we can check that Z - Y/ = A, which completes the proof. O

Remark 4.9 The key point in the proof of Proposition 4.8 above was guessing the particular
form of Q. Such a guess is a consequence of imposing ZN_I Y/ = A for the candidate
optimum Y. Indeed, imposing that Z/ | Yi=AforY/ = —XJ — 8w1 (’X%, .. ,’X%)

(k > 0 is a constant, yet to be found precisely at this initial stage), we get that for some
nelk

N N N =~
. . 1 ~dQ B ~dQ

A= F=-3"xJ -y — 1o =—X+n-=1
SF =YW =Y (P) + (P)

j=1 j=1 j=1

Here, we also used the explicit formula (80) for the gradient of V. This computation implies
that Q needs to satisfy (39).

4.4 Dependence on X of mSORTE

We study here the dependence of mSORTE on the initial data X. We recall that both existence
and uniqueness are guaranteed (see Theorems 4.5 and 4.6).

Proposition 4.10 Under the same assumptlons of Theorem 4.6 and for B = Cr, given the
unique mSORTE (YX Qx, ax) with ]E [ = O forevery j = 1,..., N, the variables

dQX and X +ax + Yx are o (X! + + XN) (essentially) measurable.

Proof By Theorem 4.6 there exists a umﬂue mSORTE. Recall the proof of Theorem 4.5,
where we showed that the optimizers (Y, Q) in Theorem 4.2, together witha/ = IEQ [Y 1,
j =1,..., N, yield the mSORTE via axy = a, Qx = Q, YX = Y — @. Notice that in
this specific case ¥ := ¢;14 —ejla € BN M® for all i, Jj- The same argument used in
the proof of Biagini et al. (2021) Proposition 4.18 can be then applied with obvious minor
modifications (i.e. using V (-) in place of Z?]:l v;(-) and taking any Q € Qp,v) to show that

% isG:=o(X'+-..+xV )-(essentially) measurable. We stress the fact that, similarly to
Biagini et al. (2021) Proposition 4.18, all the components of any Q € Qp v are equal.
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We now focus on X + Y: consider Z := Ep [X + Y| G| — X (the conditional expec-
tation is taken componentw1se) Then it is easy to check that Z - 7 = Z;‘V:I Yi=A
which yields ZeB 4. We now prove that Zel= ﬂ@e OBy LY(Q). This will imply that
Zyzl Eg; [Z/] < AforallQ € Qp v, by Lemma A.1. Since X € M®, itis clearly enough
to prove that Ep [X + ?|g] € L. Observe first that for any given Q < P, the measure Qg

defined by Q?EP = Ep [dé%i |g], j=1,..., N, satisfies

Qe v =0Qce9syv. (42)
To see this, recall that all the components of Q are equal, hence so are those of Qg. Moreover

N

j
ZEP[WdﬁD} ZY/ dQg =Y vi<0vreBnmM®

j=1

and Ep [V (A%)] < Ep [V (A %)] by conditional Jensen inequality.
Now, forany j =1,...,Nand Q € Qp v

Ep UEP [Xf + Yf|g] @] < Ep I:E[p |:E[p> HX/ + Y/‘ |g] @lgﬂ

—Ep [Ep UXJ +¥I|Bp [@lg] |g]] = Ep [\Xf L [@IGH

As a consequence, since by (42) £ C L! (Qg) and Ye L, we get X + YelL! (Q), and the
fact that Z € £ follows.

Finally, observe that Ep [U (X + Z)] = Ep [U (Er [X + YIG])] = Ep [U(X + V)] by
conditional Jensen inequality. Hence Z is another optimum for the optimization problem in
(25). By strict concavity of U then we get Y =Z.Since X+ZisG -(essentially) measurable,
so is clearly X + Y. O

It is interesting to notice that this dependence on the componentwise sum of X also holds
in the case of SORTE (Biagini et al., 2021, Section 4.5) and of Biihlmann’s equilibrium (see
Biihlmann, 1984 page 16, which partly inspired the proof above, and Borch, 1962).

Remark 4.11 1In the case of clusters of agents, the above result can be clearly generalized (see
Biagini et al., (2021) Remark 4.19).

5 Systemic utility maximization and duality

In this Section we collect some remarks and properties of the polar cone of By N M ®, which
will play an important role in the following.

Remark 5.1 If X € M®, then forany fixedk = 1,..., N wehave[O,...,0, xk, 0 ,0] €
M®. This in turns implies that for any Z € Ko and X € M® , X/ Zf el (]P’) for any
j=1,....N

Remark 5.2 In the dual pair (M®, Kq;) take the polar (By N M®)0 of By N M?®. Since
all (deterministic) vector in the form ¢’ — e/ belong to By N M ®  we have that for all
Z e (ByN M®)0 and for all i, jefl,...,N}Ep [Z‘] Ep [ZJ] < 0. It is clear that, as

@ Springer



Annals of Operations Research

a consequence, Z € (ByN M®)? = Ep[Z'] = -+ = Ep[ZV]. Recall that Ry := {b €
R, b > 0} and the definition of Q provided in (22). We then see:

Bon M N(@LDHY =R, - Q (43)
that is, (Byp N M®)? is the cone generated by O.

Remark 5.3 The condition B C Cg implies By " M® € (Cr " M® N {Z;V:l Y/ <0}, so
that the polars satisfy the opposite inclusion: (Cr N M®N {ij:] Yi <00 < (BonM®)0.
Observe now that any vector [Z, ..., Z], for Z € L%, belongs to (Cr N M® N {Z?le Y/ <
0. In particular, take @ > 0 for which (19) is satisfied. Then

N N N
V(a,...,al) < sup aZx-’—aZ((xj)7)+b—aij <b < +00.

xeRN

Itfollows that [P, ..., P € Qp,v # #since Ee [V (a [, ... F])] < +oo.

Proposition 5.4 (Fairness) Forall Q € Q
Y Ey [Yf] <Y v/ vy eBnM®.
j=1 j=1

Proof Let Y € BN M®. Notice that the hypothesis RY 4+ B = B implies that the vector Yy,
defined by Yoj =Y/ - % Z?’Zl Y*, belongs to By. Indeed, 2,1:’:1 Yk e Randso Yy € B
and ij:1 Y({ = 0. By definition of polar, Z?’Zl Ep [Y({ Zf] <Oforall Z e (BN M®Y,
and in particular for all Q € Q

N ; N N ;
-dQ/ 1 dQ/
0>E]E Y, =§E YJ——E]E *E:Yki
P|:0 dIP} =1 P[ d]P’} j=I P|:N (k:l ) de|
. N ; N .
and we recognize Y ;_; Eq; [Y/] = Y;_, Y/ in RHS. O

Theorem 5.5 Let C € M® be a convex cone with 0 € C and e; — ej € Cforeveryi, j €
{1,..., N}. Denote by C° the polar of the cone C in the dual pair (M®, Ko):

N
A =1zeks| ZEP[YJZ~’] <o0vrec
=

and set
0 = {ZGCOHEP[Zj]=1Vj=1,...,N}
et = {Z6C0|Z]>0Vj—1 N}.
Suppose that for every X € M®

supEp [U(X +Y)] < +00.
YeC
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Then the following holds:

N
A d
Sp B [UX + 1)1 = min |2 Eq [X/]+Ee [V <AQ>] .44
YeC 220, Qe(C)H)+ = dp

If any of the two expressions is strictly smaller than V (0) = supgpn U, then the condition
A > 0 in (44) can be replaced with the condition A > 0.

Proof The proof can be obtained with minor and obvious modifications of the one in
Biagini et al. (2021) Theorem A.3 by replacing Y, u (), Y0 v;(-), L®" there with
U(-), V(-), Ko respectively. O

We also provide an analogous result when working with the pair (L (P))V, (L' (®))V)
in place of (Mcb, K ), which will be used in Sect. 6.2.

Theorem 5.6 Replacing M® with (L®°(P))N and Ko with (L'(P)V in the statement of
Theorem 5.5, all the claims in it remain valid.

Proof As in Theorem 5.5, the proof can be obtained with minor and obvious modifications
of the one in Biagini et al. (2021) Theorem A.3, using Theorem 4 of Rockafellar (1968) in
place of Corollary on page 534 of Rockafellar (1968). O

6 Proof of Theorem 4.2

‘We now take care of the proof of Theorem 4.2 for the case A = 0. For the reader’s convenience,
we first provide a more detailed statement for all the results we prove, which also provides a
road map for the proof. It is easy to reconstruct the content of Theorem 4.2 from the statement
below.

Theorem 6.1 Under Assumption 3.8 the following hold:

1. forevery X € M®

N .
sup Ep[UX +Y)]=sup{Ep[UX+1)]|Y €L, Y Eg; [YJ] <0VQe Opy

YeBynm® j=1
(45)

N
. ) ; dQ
- i
_Qenélnginzué (A;EQ/ |:X ]-i-E]p |:V (A dP)]) . (46)
Every optimum (A Q) of (46) satlsﬁes > Oa and Q ~ P. Moreover, if U is differentiable,
(46) admits a unique optimum (A Q) with @ ~ P.

Furthermore, there exists a random vector Ye (LYP)N such that:

2.7 satisfies:

; N
. dQJ .
Yf% €L'(®) VQe Qpy.Vj=1.....N and 3 Egy [Yf] <0 VQe Opy.
=
47
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and for any optimizer (/):, @) e Ry x Qp.y of (46)
Y Eg [Yf]:O:ZYf. (48)
j=1 j=1

3. Yisthe unique optimum to the following extended maximization problem:

N
sup { Bz [U(X + V)] | ¥ € £, ) Bgy V7] <0VQ € Qpy p =Ee [UX + )] .

j=1
(49)
Proof STEP 1: we show the equality chain in (45) and (46).
We introduce for A € R
N
A (X) :=sup Ep[U(X-}—Y)HYGBﬂMd),ZijA . (50)

Jj=1

We start recognizing mo(X) as the LHS of (45) and observing that —oo < mp(X) since
BaNM® # ¢ and by Fenchel inequality ro(X) < +00 (combining Remark 5.3 to guarantee
9n,v # ¥, Proposition 5.4 and the inequality chain in Remark 4.4). Again by Proposition 5.4
and Remark 4.4, it is enough to show that

N A dQ
- ; ; | xJ -
o, B0 = e g (33 3] e [v (15 )
This equality follows by Theorem 5.5, taking C := By N M® and noticing that minima
over Q can be substituted with minima over Qv since the expression in LHS of (45) is
finite. Observe at this point that, if any of the three expressions in (45) and (46) were strictly
smaller than V(0) = sup, g~y U (x), direct substitution of A = 0 in the expression would
give a contradiction, no matter what the optimal probability measure is.

STEP 2: we show the existence of a vector Y asdescribed in Items 2 and 3 of the statement,
made exception for the first equality in (48). More precisely, we first (Step2a) identify a

natural candidate Y using a maximizing sequence, and we show that it satisfies Z;V:] Yi =
0. Then (Step2b) we show that such candidate satisfies the integrability conditions and
inequalities in (47) . Finally (Step2c) we show optimality stated in Item 3. The proof of the
first equality in (48) is postponed to STEP 5.

Step 2a. First observe that X +Y > — (|X| + |Y|) in the componentwise order, hence for
Z e BoNnM® #@,asX,ZeM‘D,weget

sup Ep[UX+Y)]=EplUX + 2)] > EplU (—(IX]+1Z]))] > —o0.
YeBynM®

Take now a maximizing sequence (Y,), in By N M?® . W.l.o.g. we can assume that
N .
ZYJ =0 VnP—a.s.
j=1

since if this were not the case (i.e. if the inequality were strict) we could add a ¢ > 0
small enough to each component without decreasing the utility of the system or violating the
constraint Y, € By.
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Observe that

N N
sup| S B [ X7+ ¥/ ]| =[S Ee [X7]| + 101 < +oc
n . .

Jj=1 j=I1

and Ep [U(X 4+ Y,)] = Ep[U(X + Y1)] =: B € R. Then Lemma A.3 Item 1 applies with
Zy = X +Y,. Usingalso | X/ | + |v{| =[x/ + | +2|x/

N
supZEp UX" +
n .
j=1

Now we apply Corollary A.7 with P; = ... =Py = P and extract the subsequence (¥y, )
such that for some Y € (L!(P))Y

,j=1,..., N we get

J
Y,

] <oo.

H

N
;Ynh m Y P —as. and sIL;pZ;E]p HW,’_,H < +00. 51
= j=

Wy =
H-—H

We notice that by convexity the random vectors Wi still belong to Bg N M ®, and Y € By as
By is closed in probability (since so is 13). Moreover, we have that

N

N H N
. 1 . .
J . J J _
0= jgl Wy = hzil jgl Y, —)H " Z Y/ P —as.

so that the second equality in (48) holds.
Step 2b. We first work on integrability. We proceed as follows: we show that for any Q €

Op.v we have Z?’Zl Y/ dc%j € L'(P). Then we show that (Y)~ € L®, and conclude the
integrability conditions in (47). _
Let us begin with showing ZZ/-V:] Yi % € L'(P). By definition of V (-), we have

UX+Y)<VAZ) +(X+Y,1Z) P—as. V>0, Z € Ko. (52)
This implies
UX+Y) = (VA2 + (X +Y,22))"

sothat (V(AZ) + (X +Y,2Z))” e L'(P).
We prove integrability also for the positive part, assuming now Z = %, Q € 9p,v and
taking A > O such that Ep [V(AZ)] < +o00. By (51) Wy — & Y P-as. so that

Ep [(V(AZ) +(X+7, AZ))+] — Ep [limHinf (VOZ) + (X + Wy, xz>)+}
< limHianE]p [(VAZ) + (X + Wy, 2Z) ]
< sup (Ep [V(AZ) + (X + Wy, AZ)]) + sup (Ep [(V(AZ) + (X + Wy, AZ)7]) .
H H 53
Now since Ep [(Wy, 1Z)] < 0
sup (Bz [VG.2) + (X + Wi, AZ)) < Ep [VGZ) + (X.22)] < +oo. (54)
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Also by (52)

sup (Ep[(VOAZ) + (X + Wy, AZ)7]) < sup (Ep [(UX +Wg)) 7))

< sup (Ep [(UX 4+ W)t —UX + Wa)))

< SEP (Ep [(UX +W)']) - igf Ep[UX + W) . (55)
Now use (18):
N . .
sup (Ep [(U(X + Wy)T]) < supe ZEP [(X] + W,Q))*] + b, .
H o\

We also have, Y; being the first element in the maximizing sequence, that
infy (Ep [U(X + Wg)]) = Ep[U(X + Y;)] by construction. Thus, continuing from (55),
we get

sup (B [(V(:.2) + (X + Wi, 32)7])

N o (56)
<esup | YOBe [0+ Wit | +be — B [U X+ 7)) < oo
Ho\io

since the sequence Wy is bounded in (LYP)N (see (51)) and Ep [U(X + Y})] > —o0.
From (53), (54), (56) we conclude that

Ee [(V0.2) + (X + 7,22)) "] < +o0.
To sum up, for Z € Qv and A s.t. Ep [V(LZ)] < 400
(X,22), VO.Z), VO + (X +Y,22Z)", (VO.2) + (X +¥,22))” e L'(P)

which gives <?, Z) € L'(P),VZ € Qp,v. Hence we have
N .
. dQ/
ZYJ% eL'(P) YQeQny. (57)
j=1

Next, we prove that (?)_ € La. To see this, we observe from (17) that for ¢ > 0 sufficiently
small

N
Bp [UX + Wil = —Ep [ (X + Wi )] +e Y B [[ W]+ 7o)
j=1

which readily gives

N
sszp [ (X +Wm)7)] < &sup ;EP UWIQH (58)

—i%fIE]p[U(X—i-WH)]-f-f(S) < +00.
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By Fatou Lemma we than conclude
Ep [® (X +D)7)] < esup | YEe [|Wy ||| - inf Be V(X + Wil + f(e) < +o0.
H \Z

From this we infer (X + Y) S L<I>

We are now almost done showing integrability. Since by (21) L® = L®, we conclude
that (X + Y) e L?. By the very definition of K¢ and Qp v € K¢, we have Z I(Xf +
YJ) d(% e LY(P) , which clearly implies (Xf—i—Yf)*d(;% e LY(P) forevery j =1,..., N.
At the same time we observe that

i N N
Z(Xf +Yf)+ Z ZA'dQ +Z(Xf +¥) Q

j=1

and all the terms in RHS are in L' (P) (recall (57)). Thus, Y3_ (X7 +¥/)* dd%;’ € L'(P)and

(X7 + ?j)“‘% e L' (P) for every j = 1,..., N. We finally get that Ye m@egg y LY(Q)
and our integrability conditions in (47) are now proved. .

To conclude Step 2b, we need to show that 29;1 Egi [?/] <0VQ € Qp.v. Thisis a
consequence of Lemma A.1 with A = 0, since Y e BoNL.
Step 2c. Observe now that

H

1
Ep [UX + Wil 2 2 3 Ep[UX +Yy)] ———  sup  Ep[UX+Y)] (59)
h=1 H—+00 YeBynM®

by concavity of U and the fact that (Y}, ), is again a maximizing sequence. From the expres-
sion in (59) we get that for every ¢ > 0, definitely (in H)

Ep [UX+Wm)= sup EplUX+Y)]—¢
YeBynM®

Apply now Lemma A.3 Item 2 for B = supycp nye Ep [U(X + Y)] — ¢ to the sequence
(X + Wpg) g for H big enough (this sequence is bounded in (LY®y)N by (51)) to get that
for every ¢ > 0

Ep[UX+T1)] > sup Ep[UX+Y)—¢

YeBynM®
Clearly then Y satisfies
Ep[UX+Y)]> sup Ep[UX+Y)]. (60)
YeBynM®

Now recall that by (19) for some a > 0,b € R
N . . N . .
UX+Y)<a) (X +¥)+a) (X +V)7)+b

Jj=1 Jj=1
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and since RHS is in L' (P) we conclude that Ep [U (X + ?)] < +o00. Hence:

- Eq.(60)
Ep[UX+Y)] = sup  Ep[U(X +7Y)]
YeBynM®
Eq.(45 N ;
LY up B [UX + 1)1 | Y € £, Y Eg [YJ] <0VQe Oy
j=1

It is now enough to recall that by (47), which we proved in Step 2b, Y satisfies the constraints
in LHS of (49): Y € L, Z;L 1 Egi [Y/] <0 VQ € Qp,y. Optimality claimed in Item 3 then
follows.

STEP 3: we prove uniqueness of the optimum for the maximization problem in Item 3 and
condition % > 0 for every optimum (’):, @) of (46).

The uniqueness for the optimum follows from strict concavity of U (see Standing Assump-
tion I): if two distinct optima existed, any strict convex combination of the two would still
satisfy the constraint and would produce a value for Ep [U (X 4 e)] strictly greater than the
supremum.

Recall now from STEP 1 that to prove the claimed & > 0 it is enough to show that any of
the three expressions in (45) and (46) is strictly smaller than sup, .pv U (x). Propertyx >0
is easily obtained if sup, gy U(z) = +00 , since we proved that Ep [U(X + )A’)] < 400
in Step 2c. Suppose that instead sup, gy U(z) < +00 and notice that, setting I := {Y €

L, Y g [Y/]<0vVQe Qpy)

sup Ep [U(X + V)] <Ep [UX +1)] < sup U(2).

Yek zeRN
If we had supy ¢ Ep [U(X + Y)] = sup, g~y U(2), then we would also have

sup U(z) = Ep [U(X +7)]

z€RN

so that:

sup U(z) —U(X +7)

zeRN

OZE]P’|:SUP U(z)—U(X+?)}:}EP[

zeRN

|

which implies sup, gy U(z) = U(X + ?) P-a.s.. In particular, from the fact that X + Y
is finite almost surely, it would follow that U almost surely attains its supremum on some
compact subset of RV, which is clearly a contradiction given that U is strictly increasing.
STEP 4: we study a related optimization problem when a Q € Qpg. v is fixed.
We show that for any fixed X € M ®andQ e Op.v it holds that

N
+00 > m(X) = sup A B [UX + 1)1 ¥ € M®, Y Bgs [¥/] <0F  (6D)
j=1
N 4 40
= min ,\;EQ,- [X7] +Ee [v (x@ﬂ . (62)
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ngg (X) < 400 follows from Remark 4.4. The equality between (61) and (62) follows from
Theorem 5.5, and the fact that

dQ

N
C:= Yqu’,ZIE@;[Yj]fO :>(C?)+:{dl[D

}CK¢aSQ€QBv
Jj=1

We stress the fact that (61) and (62) hold also dropping Assumption 3.8.

We observe that if (61) is strictly smaller than V (0) then the minimum in (62) can be taken
over (0, +00) in place of [0, +00).

Let now X € M® be fixed and mq(-), né?(') be as in (50), (61) respectively. Then from
STEP 1 together with (61) and (62)

_ ; Q
m(X) = min (x; (X)) (63)

and whenever (k Q) is an optimum for (46), then Q is an optimum for (63).

STEP 5: we show that for any optimum (A Q) € Ry x Op.yv of (46) we have Q P
and the first equality in (48) holds.

We start observing that for any optimal @ as in the claim we have that by STEP 4

~ N
T (X) =sup \Ep [UX + V)] | ¥ € £, Eg[¥/]<0
j=1

Ep [UX +7)] ™ 63

(64)

The last equality in particular follows observing that by trivial set inclusions and Fenchel
inequality

N
Al (X) <sup {Ep[UX + 1)1 Y € £, Eg, [Y/] <0
=1

<1nf )‘ZEQ/ I:XJ:I+EP |:V< i%)] EQ~(:62) JT(()@(X)'

We now prove that @ P, using an argument inspired by F(’jllmer and Schied (2016) Remark
3.32: if this were not the case then IP(Ak) > 0, where Ay = { = = 0}, for some component
k € {1,..., N}. Then the vector ¥ defined by Yk.=vk4 I, Y/ = Yi, Jj # k would still
satisfy Z IEQ,[YJ] <0

and by monotonicity Ep [U (X + Y )] > Ep [U (X + )7)] Thus ¥ would be another opti-
mum, different from Y. Since now U is strictly concave and {Y € L, Zj\’:l E@j [Y/] < 0}
is convex, we would get a contradiction arguing in the same way as in STEP 3.

We move to Zﬁ-v:l Eg [Y7] = 0: if this were not the case, by (47) we would have
Z;-V: 1 Egi [?j ] < 0 so that adding 0 < ¢ sufficiently small to each component of Y would
give a vector still satisfying the constraints of RHS of (64), but having a corresponding
expected utility strictly grater that the supremum (U is strictly increasing, and Yisan optimum
as showed by (64)), which is a contradiction.

STEP 6: we prove uniqueness of the optimum for (46) under the additional differentiability
assumption.
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Take C := By N M®, and observe that (46) can be rewritten, by (43), as

N
min{ > e [X/Z/] + e [V(2)]1 Z #0 € (€)+. Bz [V(2)] < +00
j=1
which from strict convexity of V() (Rockafellar (1970) Theorem 26.5) admits a unique
optimum 0 < Z # 0. We then get that, since A= Ep [2] , % = IEPZ[Z] (again by (43)),
uniqueness for optima in (46) follows. O

We now consider the possibility of weakening the requirements of strict monotonicity
and concavity of U. To do so, we introduce the additional condition B = — 5. We stress that,
for B = Cr both Assumption 3.8 and —B = B hold true.

Corollary 6.2 Suppose that the function U : RN — Ris (not necessarily strictly) concave and
(not necessarily strictly) increasing with respect to the partial componentwise order. Suppose
that there exist a multivariate Orlicz function ® : RQ\_’ — Rand a function f : Ry — R

such that (17) holds and L® = L®. Suppose that Assumption 3.8 holds and that —B = B.
Then the following statements in Theorem 6.1 still hold: the equalities in (45) = (46), the fact
that any optimum A for (46) is strictly positive, all the claims in Item 2 and optimality (not
uniqueness) in Item 3. Moreover, existence (not uniqueness) for a mSORTE holds.

Proof Observe first that all the statements in Lemma 3.5 still hold, since we did not need
strictness of concavity and monotonicity in their proof. Looking back at the proof of The-
orem 6.1 we observe that we used strict convexity and strict monotonicity only from STEP
5 on and for the following reasons: on the one hand, to prove uniqueness for Y, % Q and
that Q P, on the other hand to prove that Z =1 IEQ j [Y ] = 0. We now show that under
the hypotheses of the Corollary it is indeed possible to show the latter equality also when
U is just increasing and concave, | neither of the two being necessarlly strict. More prec1sely,
we show that for any optimum (A Q) of (46) we have Z 1 IE@ j [Yf ] = 0 for the vector Y
obtained in STEP 2.

To see this, it is indeed enough to observe that Y € By < —Y € By, thus the sequence Y,

we used in (76) satisfies Ep [Z Y,fl d(%j ] = 0 for any Q € Qp v (recall the definition of
9p.v in (23)). Then, the inequality in (77) is an equality, and our claim follows. To conclude,
observe that from this point on literally the same arguments of the proof of Theorem 6.1
yield the equalities in (45)=(46), the fact that any optimum A for (46) is strictly positive,
all the claims in Item 2 and optimality (not uniqueness) in Item 3. Also, Theorem 4.3 does
not in practice require strict concavity or monotonicity in its proof, so it still holds if these
assumption is dropped. Finally, a counterpart to the existence in Theorem 4.5 can be obtained
with the same argument. Take indeed (Y Q) as in Theorem 4.2 and adopt the notation from

Lemma A.2. Then one can check that SQ(A) = HQ(A), and that @ := EQ[Y] Yy =

Y — a) is an 1 optimum for H Q(A) To see this, it is enough to observe that the inequality
SQ(A) > HQ(A) can be obtained as in Lemma A.2, and that

s%a) = B = Bp [UX +@ + Tx — Bgl¥xD | = Bp [U(X + )] = 5%a)

since IE@[?] = a with Zj-v:l @/ = Aand (Y,Q) is optimal for sQ (A) as in the proof of
Theorem 4.5. ]
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6.1 Replacing Assumption 3.8
In this Section we present a counterpart to some of our findings, with Assumption 3.8 replaced
by the following one.

Assumption 6.3 The function 5(-) in (17) satisfies 6()() = Z?’:] 6j (x) Vx € RY, with
®; : R — R differentiable on R, and

29 %0 .
lim inf —<- > 1, lim =400, Vj=1,...,N.
z—>+00 d>j(z) z—+o0 7

(16

Notice in particular that the condition lim;_, 4o
~+o0 for every z > 0.

‘We now present two preliminary propositions before stating the main result of the section.
In Orlicz space theory the well known A; condition on a Young function ® : R — R
guarantees that L® = M®. We say that & € A; if:

= +o0 guarantees that CIA);‘ (@) <

There exists yo > 0, K > 0 such that ®(2y) < K®(y) Yy s.t. [y| > yo.
First, we show how Assumption 6.3 is linked to the A, condition for the conjugate of o i

Proposition 6.4 Let ® : R — R be a Young function differentiable on R \ {0} and let
®* : R — R be its conjugate function. Then

qD/
liminf 22 L s et e Ayl (65)
z—>+00 Z
In particular, under Assumption 6.3 we have 6*, o $*N € Ay which implies

BF B BF BF
Ko=L% x- x L% = M®1 x ... x M®~.

Proof The equivalence of the two conditions in (65) can be checked along the lines of
Theorem 2.3.3 in Rao and Ren (1991), observing that the argument still works in our slightly
more general setup (use Proposition 2.2 (Rao & Ren, 1991) in place of Theorem 2.2.(a) (Rao
& Ren, 1991)). We now prove the final claim. By Standing Assumption I and Remark 2.6,
L® =L%=L% x ... x L . Since L® = L®, by definition K¢ = K. Furthermore, by
Proposition 2.5 Item (3), Kg = L® x...x L®¥.To conclude, under Assumption 6.3 5j €
A by the previous part of this proof, which in turns implies LY = Mq)j, j=1...,N.O

We also need a sequential w*-compactness result, see Doldi (2021) Proposition 2.6.10,
partly inspired by Dellacherie and Meyer (1978) Chap. II, proof of Theorem 24. A similar

result is stated in Orihuela and Ruiz Galan (2012), proof of Theorem 1, with a more technical
(even though shorter) proof. For these reasons we omit the proof.

Proposition 6.5 Assume that ®, ®* : Ry — R are (univariate) conjugate Young func-
tions, both everywhere finite valued. Then the balls in L®, endowed with Orlicz norm, are

o (Ld), Mq)*) sequentially compact.
We are now ready for stating and proving the main result of this Section.

Theorem 6.6 Theorems 4.2, 4.3, 4.5 and 6.1 hold true by replacing Assumption 3.8 with
Assumption 6.3
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Proof We do not need to start from scratch. In fact, most of the proof of Theorem 6.1 carries
over with no modifications. The only point which needed closedness under truncation was
proving that Z]/-V:] Egj [?J] < 0VYQ € Qpy using Lemma A.1. If we show this in an
alternative way, all the rest can be done exactly in the same way. We observe that by (58) we
have foreach j =1,..., N

N
sup Ep [61- ((Xj + Wf,)7>] < gsup ZIEH» HW},H
H H \*
Jj=1

—ir;[f]EP[U(X+WH)]+f(8) =1y <+too.

If y < 1 we immediately conclude that supy H (X7 + W{I)"

_ < L.If conversely y > 1
@)

using convexity of ) j we have
~ (1 _. Fae 1 ~ -
supEp | @, ;(x-/ +WiHT) | < ;SupE]p [ (X +Wr)7)] <1
H

thus supy H (X7 + WIQ)_H@ < y. In conclusion, supy H (X7 + WIQ)_Ha < max(y, 1).
j J

Now we apply Propositions 6.4 and Proposition 6.5. Given the sequences (X/ + Wi,)_,
j =1,..., N, adiagonalization argument yields a common subsequence such that ((X/ +

W};,)’)H converges in o (L‘D/', M(Dj') on L%/ for every j. Call such limit Z ;. Almost sure
convergence

X+ W)~ > X +7)" P— as.

implies Z = (X + Y)~. Indeed, if this were not the case assume without loss of generality
P(Z/ > (X/ 4+ Y/)™) > 0 for some j. On a measurable subset D of the event {Z/ >
(X/ + Y™}, P(D) > 0, the convergence is uniform (by Egoroff Theorem, Theorem 10.38
in Aliprantis and Border (2006)). Consequently, by Dominated Convergence Theorem plus

o (LEU (F), M‘Dj' (]-')) convergence and the fact that L>° C M(IY;, j=1,...,N we get
Ep [Zj 1D] =Ep [(Xj +YiH)~ ID], which is a contradiction. Since by Proposition 6.4

B B
Qpv C Ko = M®1 x - x M®N

we get forany Q € Op.y

N i N i
. - dQ/ o~ dQ/
> Ep [(xf + W) CTP] —u Y Ep [(xf +77) d—P] : (66)

=1 j=1
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By Fatou Lemma and x™ = x + x~

N i N

S, dQY dQ/
;Ep [(X/ + Y/)+ﬁ:| < hmlanIE]p [(XJ + WH)+ ]
N N
dQ _dQ/
< liminf | Ep ;WH i ZEP[ P]—l—;lﬁl [(XJ_|_W) ]
rop.5.4 N N N
Frop timnf | W +Z [ %] Z |:(X/+W,/{)_dQ:|
]=1 = =

—hm ZW;, —I—ZEP[ :|+11m ZEP[(X/—i-W/_,)_ Qj]

=1

where we used (66) and the fact that Zyzl W[j{ is a numeric sequence converging (P -a.s.)

to Zyzl Y7 to move from lim inf to the sum of limits. As a consequence

N ; N N ;
Lo~ dQY —~ -dQ/
J Jyt+ J J

E Ep[(x +Y7) dIP’:|SjE:1Y +J§=1EP|:X d]P’}

j=1

N .
S dQJ
J J
+jE:11Ep|:(X +Y7) dP]'

(67)

We get (X + ?)i e L'(Q), hence YelL! (Q) and rearranging terms in (67)

S B [0 4798 ] < Zw +ZEP [v4].

j=1

In particular, since ¥ € By, we conclude that 29;1 Eqi [?f ] =0vVQ € Qp .y . As men-
tioned before, all the remaining parts of the proof are identical to the ones for Assumption 3.8.
Hence Theorem 6.1 holds true. Now we get counterparts to Theorems 4.2 and 4.3 with the
exact same arguments, recalling for the latter that (61) and (62) still hold dropping Assump-

tion 3.8 (see the proof of Theorem 6.1). Again using the same arguments of Theorem 4.5 we
then get its counterpart under the alternative Assumption 6.3. O

6.2 Working on (L> (P))V

The following result is a counterpart to Theorem 6.1 Item 1 when working with the dual
system

(L=@HN, (' @)y

in place of (M®, Ko).
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Theorem 6.7 Under Assumption 3.8 the following holds:

sup EpUX+Y)] = mm min | A ZIE@, [XJ] +E]p|:V<A@>:|

Y eByN(L>® (P))N Qpyv =0 dP
(68)

Proof To check (68) we can apply the same argument used in STEP 1 of the proof of Theo-
rem 6.1 , by replacing Theorem 5.5 with Theorem 5.6. What is left to prove then is that for
C = By N (L®(P)N, the set

Ni=E€HTn {z e (L'P) )N | Ep [V(AZ)] < o0 for some A > 0}

is in fact Qp,y. To see this, observe that as consequence of Lemma A.5 we have N’ C K.
From this, by closedness under truncation we have for any ¥ € By N M® a sequence

(Y)n € Bo N (L®(P)Y such that for each Q € N, foreach j =1,..., N Y] —, Y/ Q/-

a.s. and the convergence is dominated: argue as in Lemma A.1. Thus for any ¥ € Bo N M @
we have by Dominated Convergence Theorem that Zj-vzl Eqj [Y J] < 0. This completes the
proof that N = Qg y. |

Corollary 6.8 Under Assumption 3.8 we have

sup Ep[UX+Y)]= sup Ep[UX+Y)]. (69)
Y €BoN(L® (P)N YeBynM®

Proof By Theorem 6.1 Item 1 and Theorem 6.7, both LHS and RHS of (69) are equal to the
minimax expression

N dQ
i Y E -[Xf] Ep |V (1=
Azo,%é%s,v ; ¥ * P[ < dIP’)]

6.3 General case: total wealthA € R

In this section we extend previous results to cover the case in which the total wealth A might
not be equal to 0. For A € R and Q € QOp,y recall the definitions of 74 (X) in (50) and
introduce, coherently with (61),

N
7 2(X) = sup {Ep[UX + )] | ¥ € M®, Y Egy [Yf'] <A
j=1
Itis possible to reduce the maximization problem expressed by 74 (X) (and similarly 7 (X )

to the problem related to o (-) (respectively, 7 ( ).
Take any a = [a', ..., a"] € RN with Z;V:l a’ = A. Then

N

7AX) = sup VEp[U (X +Y +a—a)] | (Y—a)eBﬁM‘D,Z(Yj—aj) <ol =
=1
=sup{Ep[U (X +Z+a)]| ZeBoNM®} =mo(X +a)
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where last line holds since RY + B = B under Standing Assumption II. We recognize then
that 4 (X) is just mo(+), with different initial point (X + a) in place of X.
The same technique adopted above can be exploited to show that for any a € RY with

Zy=1 al = A

N
sup Bz [UX + V)] | Y € £, Y Egj [YJ’] < AVQ e Qpy
j=1
N .
—sup \Ep[UX +a+2)]|ZeL, Y Eg [zf] <0VQ e Qny
j=1

The argument above shows how to generalize Theorem 6.1, Theorem 6.7, Corollary 6.8 to
cover the case A # 0, exploiting the same results with X + a in place of X.

Thus the statements of Theorem 6.1, Theorem 6.7, Corollary 6.8 remain true replacing
0, By with A, B4 respectively, and Equation (62) (similarly for (46), (68)) with

N

. dQ
in| A Eqgi | X/ A Ep|VIA—
pip [+ (Lo (] +4 ) +ee v (155)

7 On the assumptions and examples

We here present a technique to produce a wide variety of multivariate utility functions fulfill-
ing our requirement. First, we show how to produce multivariate utility functions satisfying
7).

Proposition 7.1 Let uy, ..., uy be univariate utility functions such that u1(0) = --- =
un(0) = 0 and that the Inada conditions hold (see Remark 3.3). Let A : RN — R be
concave and increasing, both not necessarily strictly, and bounded from above. Set

N N
U):=Y uj(x)+Ax), xeRY, and d(x):=) @;x/) xeRY, (70)
Jj=1 Jj=1
where 6j (2) := —uj(=z) forz > 0. Then ® is a multivariate Orlicz function and it ensures

that U is well controlled (see Definition 3.4). If additionally, for every j = 1,...,N, u;
satisfies asymptotic elasticity at —oo, that is u j is differentiable on R and

xu’.(x)
lim inf —2

> 1,
X——00 uj(x)

then also Assumption 6.3 holds true.

Proof First we motivate why U in (70) is a multivariate utility function: this follows from
the fact that U inherits strict concavity and strict monotonicity from uy, ..., ux which are
univariate utility functions.
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Now we show that the control from above in (17) holds true. To this end, notice that using
the fact that u ; (x) = uj((x)+) + uj(—(x)7) we have for any z > 0

N N
U)=— D —uj(=GH) |+ D uj(xHh) + Aw)
j=1 j=1
N ' N N
<[> —uj—ahH |+ (max 4 (z)) > oht -
j=1 = j=1
N
+) uj(2) + sup AQ) (71)
j=1 zeRN
where ddx L (z) are the usual right derivatives at z.

The Inada conditions imply that: for any ¢ > O there exists z > 0 such that

max ;V h dd u/ (z) < &, and thereexist A > 0, B € Rsuch thatuj(—(x/) )y > —A(x/)” +B.

From the latter we conclude that ® () is a multivariate Orlicz function according to Definition
2.1. From the former, continuing from (71) once ¢ > 0 had been fixed,

N N
U) = =B((0)7) +2 Y ()" + constant(e) = —B((0)7) +& Y x| + constant(e)
j=1 j=1
which clearly implies the existence of o, f satistying (17).
To conclude we prove the claim concerning Assumption 6.3. Differentiability of

<I>1, .. CI>N on (0, +00) follows from differentiability of u1, o UN. It is finally easy to
'

verify that asymptotic elasticity at —oo implies liminf,_, Zq) ((Z)) >1Vj=1,...,N.

O

It remains now to elaborate on how to guarantee the integrability condition L® = L®
to obtain examples in which Standing Assumption I holds. At this point we introduce a
definition, inspired by Definition 2.2.1 (Rao & Ren, 1991), which will serve precisely for the
scope (see Proposition 7.3).

Definition7.2 Let u : R — R and & : R — R. We say that u < u if there exist k € R,
c € Ry, C € Ry such that #(x) > Cu(cx) + k for each x < 0.

Note that such control is required to hold only for negative values.

Proposition 7.3 Under the same assumptions and notation of Proposition 7.1 suppose addi-
tionally that

K N
A) =Y A D BT with Bl By B BY = 0and n}a}{xﬂf >0
j=1 ’
or bounded from above, (not necessariLy Strict concave increasin, ey . —> .
for bounded from above, ( ily strictly) j ing A A :R—>R

Suppose that for every k = 1, ..., K it holds that u; < AKX, foreach j =1,..., N. Then
Standing Assumption I holds true.

Proof By Proposition 7.1 we only need to prove that L® = La, which will conclude the
proof of the fact that Standing Assumption I holds. For the sake of notational simplicity, we
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take K = 1. It will become clear at the end of the proof that the generalization to K > 2 is
immediate. By the concavity of A! we have, for every x € RY,

N

N 8; N
N ) N o P T
j=1 j=l1 Zn=1 '3" n=1

(72)

N 8, N
> — Al ﬂn> x’) .
parD DAY ((2

By u; = A, and boundedness from above of A! we have for each x € ((—o0, ODY and
from (72)

N

N
+o00> sup Al(z) > Al(x) > sz’ ; (c,-u,» <cj (Zﬂn> xf> +k,»> . (73)
n=1+Fn n=1

zeRN j=1

If X € L@, then by definition there exists a A9 > O such that the inequality
Ep [u;(M(—|X7/])] > —oo holds for every A < A9 and j = 1,..., N. This and (73)
then imply the existence of some A9 > A1 > 0 such that Ep [A(—A|X]|)] > —oo for every
A< Ap,thatis X € L®, ]

Just to mention a few explicit examples, any of the following multivariate utility functions
satisfy the Standing Assumption I and Assumption 6.3:

N N
U) =Y ujx))+u| Y Bjx/ |, with g; >0, forall j, (74)
j=1 j=1

where u : R — R, for some p > 1, is any one of the following functions:

X
P35 x=0

Wy =l=exppniu =100y a0

p arctan(x) x>0

uXx) =
) l—jx—17 x<0

and uy, ..., uy are exponential utility functions (u;(x/) = 1 — exp (—a;jx/), a > 0) for
any choice of u as above.

The function A in (70) could also be constructed as follows. Let G : R¥Y — R be convex,
monotone decreasing and bounded from below, and F : R — R be concave and monotone
decreasing on range(G). Then A : RN — R defined by

Alx) = F(G(x))

is concave, monotone increasing and bounded above by F(inf G). Notice that we require
differentiability only in few circumstances, mainly concerning uniqueness. We here provide
an example in which our assumptions are met, covering the non differentiable case. Take
yi >0,j=1..,N Gkx) = Zﬂy=1 yj(x/ —k/)” and take F : R — R defined by
F(x) :== —x%, a > 1, which is concave and monotone decreasing on range(G) = [0, 00).
Then

o

N
A) == Dyl —k)™ (75)
j=1
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is concave, monotone increasing and bounded above by 0, and U (x) := Z;-V:l uj @xH+A ),
with uj, ..., uy exponential utility functions and A assigned in (75), satisfies Standing
Assumption L.

We conclude this Section providing a method to identify suitable candidates for Standing
Assumption I.

Remark 7.4 Let U be a multivariate utility function, bounded from above. Define for each
j=1,...,N

u?o(z) = sup U ([x[_ﬂ; z]) .

xl/leRN-1
Then ucl’o, R uj’vo are real valued, concave and nondecreasing, and satisfy

N
Ux) <Y uP(—=@)7) + sup UG).

j=1 zeRN

With the same notation for ® and 5,- in Proposition 7.1 (with u;’o in place of u ;), we see that
U(x) < —=®((x)7)+sup,gny U(z). Thus, if one can guarantee, say by explicit computation,
that (a) u?", R uﬁ are strictly concave and strictly increasing, (b) that L$ = L?, then
Standing Assumption I is satisfied.

7.1 Comparison with (univariate) SORTE

We suppose now that U has the form (74) for u = 0 (which is allowed, since u needs not
be strictly concave nor strictly increasing by Propositions 7.1 and 7.3). Assumption 3.8 and
Assumption 6.3 are left untouched, and Standing Assumption I is satisfied automatically pro-
vided thatuy, ..., uy satisfy the assumptions in Proposition 7.1. Theorems 4.5 and 4.6 show
that both existence and uniqueness can be obtained assuming closedness under truncation for
far less strong assumptions than the ones in Biagini et al. (2021) (that is, without requesting
the validity of Equation (22) in Biagini et al. (2021)). In particular then the following holds
true.

Corollary 7.5 Letlet uy, ..., u; : R — R be strictly increasing, strictly concave and satis-
fying the Inada conditions. Then under either Assumptions 3.8 or 6.3 a SORTE, as defined
in Biagini et al. (2021), exists.
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A Appendix

Lemma A.1 Suppose Assumption 3.8 is satisfied. Then foranyY € LNBj andany Q € Oy
it holds that

N .
Y Eg [Yf] <A
=

Proof Taking Y, as in Definition 3.7, we have

N i N i N i

$ 502 $o 9% | §h g4
J J 1
Ymdi]P’ < max . de? s : ‘Cy‘ di]P) eL (IP))

and
N
dQ/
.ZY”j’d mZYJ—P— as. (76)
j=1
hence by Dominated Convergence Theorem
N i N i N
 dQ/ - dQJ .
J - ,
A>Ep Z}Ymd—P > Ep ;Y]dT» _X;E@, [¥/] (77
Jj= j= j=

where the inequality for LHS comes from the factthat Y, € 54 N(L®)N € BANM®andQ €
Op.v, so that by Proposition 5.4 Ep [Z Y,{l dé%,j] Z]=1 Eqi [ m] < Z 1 Y] < A.

LemmaA.2 Forevery Q € Op.y
5%(a)

N
:sup{suplEp[U(X—l—Y)] 1Y € L, Bg [Yf] <a/ VjlaeRY, Y q :A” -

j=1

N
:sup[§up]E]p>[U(a+X+Y—]E@[Y])] laeRY, Zaj :A] = HYA).
Yer j=1

Furthermore, _any opnmum (Y a) for SQ(A) produces an optimum (Y a) for HQ(A) by
setting Y=Y- a and any optimum (Y a) for HQ(A) produces an optimum (Y a) for
SQ(A) by setting Y=Y +a-— IE@[Y]

Proof We fist show S¢(A) > H®(A). Take a € RY with Y @/ = Aand ¥ € L.
Define Y := a + ¥ — Eg[Y]. Then ¥ € £ and Eq;[Y/] = a/, therefore SU(A) >
Ep[UX+ V] =Ep[UX+a+ Y — IEQ[Y])].Takingnowasupremumover{Y el ae
RV s.t. Y0 af = A} the claim follows.

Now we show S2(A) < HR(A). Observe first that since U is strictly increasing the budget
constraints are tight, so that all the inequalities in the definition of S Q(A) can be turned into
equalities without affecting the value of the supremum.

Take ¥ € L.a € RN with 37 laf = A and Eq[Y] = al,j = 1,...,N.
Define ¥ := Y — a and observe that ¥ € £ and EQ[Y] = 0 . Then HQ(A) >
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Ep [UX +a+Y —Eg[Y])] = Ep[U(X + Y)]. The claim follows taking a supremum
over {Y € L,a € RV s.t. Eg[Y] = a/, Z?’:laj = A}. This argument also shows how
optima for one of these problems produce optima for the other in the way descried in the
statement (just observe that in this case all the inequalities above become equalities). O

A.1 Additional properties of multivariate utility functions

We work under Standing Assumption I and II without further mention.

LemmaA.3 Let (Z,), be a sequence of random variables taking values in RN such that
Ep [U(Z,)] = B for all n, for some B € R.

1. Ifsup, Zy:1EIP’ [Zﬁ]
2. If Zy — Z P-as. and sup, Y\ Ep [(Z,{ﬁ] < 400 then Bp [U(Z)] > B

< o0 then sup, Zyzl Ep [

] <oo

Proof Item 1. Suppose that

N N N
sup Z]Ep [ ] = sup ZEP [(Zﬁ) ] Z [(Z/ ] = +00.
n = n =1 =1
From the boundedness of

3o 1] - e i) - o o]

j=1

J
Zy

we conclude that sup,, Z;V:l Ep [(Z,{)_] = +o00. Select a, b as in (19) . Then we have

B<E:[U(Z)] <a iEp [zl] - a iﬂzﬂ» (] +b

=1 j=1

which is clearly a contradiction.
Item 2. For ¢ > 0 define the function I'; as

N
Tex) =26 [ Y N | +be — Ulx)
j=1

where the coefficient b, is the one in (18). Then I'; > 0 and by Fatou Lemma we have

N
> Ee [ ] |+ be — B U(2)] = Ep [To(2)] < lim inf B [T (Z,)]
j=1
N

— liminf [ 2¢ ZEP[(Z,{)Jr] +be — Ep [U(Zy)]
n
j=1
N .
< B+ b +2eliminf | Y Ep [(Zﬁﬁ]
n - 1
]:
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As a consequence

Ep[U(Z)] > B + 2¢ ﬁ:Ep [ Zf)+] —sup ZIEP [(zf)+]

Jj=1 Jj=1

Since the term multiplying ¢ is finite by hypothesis and the inequality holds for all ¢ > 0 we
conclude that Ep [U (Z)] > B. O

A.2 Explicit computation of the convex conjugate in an exponential setup

Lemma A4 Take ay, ...,ay > 0 and consider for x = [xl, .., xNeRN

N
1 j 1 i j
U(xl,...,xN) = E § (1_6720(!')(])_1__5 E (l_e*(a[x +o¢jxj)>

j=1 i.je{l,...N}

N2 1 N wix
= — — = e Yi*
52

Define

Then the conjugate V(w) = sup,c.gn (U(x) —Zyzlxjwj) satisfies: for any w €
(0, +00)Y N dom(V)

N2 N rwi wj1 w/ 1| & w N i 1 N i
V I I — — - = — I —
= (2 (1)) S (L)

and forany w = [z, ..., z] € (0, +oo)N Ndom(V)

av 1 1 1 1 1
—.(Z,...,z)=—+—log(—>——10g(ﬁ)+ﬂlog(z), (80)
J

Jw/ a; a; a; 20
Zz—(z,...,z)zz[ﬁJrr—’slozg(ﬂ)]Jrgzlog(z). 1)
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Proof Take w = [w',..., w™],w/ >0Vj =1,..., N withw € dom(V). Then

N2 1 (&Y AR
V(w):= sup | UKx) — Zx w’ —7+ sup 3 Ze_“ij —Zx]w/
xeRN j=1 x€RN j=1
N2 o I,
=—+ sup | —sup e " | h—=h
2 erV\ h20 2:: 2
N
— 3 wiwd
j=1
2 N
= — 4+ sup inf Z(—he @i —x/w/)—i- h?
2 eRN 1= j=1
N
(*)N o 1,
2 tinf (—hemr! = xiwl) +
7 T e ; e Ywl) 4 3

where in (x) we exploited the minimax Theorem 2.4 in Liero et al. (2018). Now observe that

since w # 0, if the infimum over 4 were attained at 7 = 0 we would get V(w) = +o0
Hence, recalling that w € dom(V),

N2

N
V(w) = — + inf su (—he“"f"j - x"w") + =h?
(W) 2 h>oxd§v ; 2
N2 N - ( ffﬁlogaz)) S
> + inf sup Z e AT — <x/ - —log(h)) w’
h>OXERN j=l Olj
Yo
- Z <— log(h)> w! + h2
. oj 2
j=1
Yo 1
= — —1— inf sup ( —xw ) (— log(h)> w! + =h?
h>0 ZXER jgl o; 2
2 N N i
=75 + ) sup (—e_“fx - xwf - sup Z — | 2log(h) — €*102™
1 *<R 2 p>0 = %
J J
N2 N N 1 N w/
=—+ ) sup (—e’“fx — xw’) ——sup | —e* — — | x
2 ;xe]R 2 xeR ; o

where in the lastequality we set 2 log(h)

= —x.Now, recalling that sup, . (—e 7" — xw)
wiw ]Og w
vy Ty

we get from the equation above that (79) holds. Expressions (80) and (81)
can then be obtained by direct computation

m}
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A.3 Results on multivariate Orlicz spaces

Proof of Proposition 2.4 We show that K ¢ is a subspace of the topological dual of L® and is
a subset of (L1 (P))V. o
For Z € K¢ consider the well defined linear map ¢ : L® — L'(P), X — Z;V:] XJZJ.

Suppose X, — X in L® and ¢(X,) — W, then we can extract a subsequence (X, ) con-
verging almost surely to X, since convergence in Luxemburg norm implies convergence
in probability (Lemma 2.2 Item 5). It is then clear that ¢ (X,,) = ley:l X;ik Z) =y

Z?;l X777 = W P-as., thus the graph of ¢ is closed in L® x L'(P) (endowed with
product topology). By Closed Graph Theorem (Aliprantis & Border, 2006 theorem 5.20) the
map is then continuous, thus any vector in K¢ identifies a continuous linear functional on
L®. Finally since [sign(Z/)];V:1 e L®MP) € M® C L®, Zﬁ-vzl |Z7| e L'(P) yielding
Ko C L(P). o

Proof of Proposition 2.5 Item 1. We show that for any extended real valued vector
Z e 1°((@. 7. Py [-o0, +0c1")

we have

N

N
sup Ep |y ‘xl’ z ‘ - swp Ep|Y ‘xf z ’ . (82)
XeL® | X|p<1 = XeM? || Xllp=<1 j=1

and that, moreover

N
Ko=17¢ell ((Q,}', P): [—o0, +oo]N) IS X2 e L'®), VX € M®
j=l1
Argue as in Proposition 2.2.8 of Edgar and Sucheston (1992): take any X € L® and Z ¢
(LO(P))N and assume w.l.0.g. both are componentwise nonnegative (multiplying by signum
functions will not affect Luxemburg norms by definition). Take sequences of simple functions

(Y,{ Jn, j = 1,...,n each converging to X Y monotonically from below. Clearly [|Y, [ <
|| X|lg for each n and by Monotone Convergence Theorem

N N
Ep Z’xf'zf‘ =limEs | 3
j=1

J=1

Y,{Zj’

This implies that

N

sup Ep Z ‘Xij‘
XeL® ||IX]p=<1 j=1

N N ]
< swp o Ep|Y ‘szf’ < sy Ep|Y ’XJZ/‘
XeL® X[ p<] ot XeM® X[ o<1 o

since L> € M®. The converse inequality is evident, so that (82) follows. Now suppose

N
zelzel’ (@ F Pyl-oo.+ooV) | Y XIZI e L'(®), VX € M®
=
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Observe (by using |Xj | sgn(Z7) in place of X/ in RHS below) that

N N
sup Ep Z‘ijj’ = sup Ep ZXij < +00.
XeM® | X|p=<1 j=1 XeM?®,|X|p<1 j=1
where we used a Closed Graph Theorem argument similar to the one in the proof of Propo-
sition 2.4, with M® in place of L?, to show finiteness of RHS: since X > Zj-v:l X/zi
is well defined and continuous on M® it must have finite operator norm, i.e. RHS. Now it
follows that

N N
] @2 o
sup Ep Z‘X’Z" €0 sup Ep Z‘X’Z" < 400
XeL®,|X|p<1 =1 XeM?,|Xllp<1 j=1
which in turns provides Z € K¢. O

Proof of Proposition 2.5 Item 2. We prove that the topological dual of (M®, |-|l¢) is
(Ko, [I-II%)- By order continuity, for a given linear functional ¢ in the topological dual of
M® we have that A — ¢ ([0, ...,0,14,0,...,0]) defines a (finite) absolutely continuous
measure with respect to . This gives by Radon—-Nikodym Theorem a vector Z € (L")V
satisfying: for every vector of simple functions s € (L®(P))N ¢ (s) = Z;-V:l Ep [s/Z7] We
now prove that Z belongs to K¢: take X > 0 and a sequence (Y,,), of non negative simple
functions (vectors of simple functions more precisely) converging to X from below.
By order continuity of the topology on M® we have

XN:EP [sgn(Zj)Yanj] —¢ ([sign(zf)y,{'yV ) L ([sign(zf)xfyV ) < +oo.
= j=1 n j=l1
Thus by Monotone Convergence Theorem
N . . N . R N . .
too > 1131;1% [sgn(Z])Y,{ZJ] - 111511;114:@ [Y,{ ‘ZJH - ;]Ep [Xf ‘ZJH :

This proves that Z € Ky, since the argument above can be applied to any 0 < X € M @
and subsequently to any X € M®. Finally, the norm we use on K¢ is exactly the usual
one for continuous linear functionals, so (K&, |-||3) is isometric to the topological dual of
M®,||ll9). o

Proof of Proposition 2.5 Item 3. We show that if we suppose
L® = L% x...x LoV, (83)

then we have that K¢ = LY x ... x L®V. To see this, observe that

N
Ko =17 L1°(@. F Py (-0, +00l") | Y X2/ e L'(®), VX e L°
j=1
N . .
Z e L°(P;[—o0, 0oV | Y X/Z/ e L'(P), ¥X € L™ x - x L®V
j=1

- [Z € L°(P; [—o0, +oo)V | X/Z/ e L'(P), VXI € L®, ¥j =1 N} .

@3)
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Now apply Corollary 2.2.10 in Edgar and Sucheston (1992) componentwise. O

Proof of Remark 2.6 To prove the claims, observe that M® € M®' x ... x M®V follows
from the fact that Ep [®; (A |X/])] < Ep [® (1 |X|)], while the converse (2) is trivial.

We now prove inequalities (12). First observe that for X € M® andforevery j = 1,..., N
the functions y — Ep [Cb(% IXI)] andy — Ep [ij(% |Xf })] are continuous by Dominated
Convergence Theorem, hence for || X||¢ # Oandevery j =1,..., N

Ep [cpj (HX}”@ ‘XJD] <Ep [@ (“Xl”cp |X|)] =

Since also for || X || = 0 we have X = 0 and as a consequence HXj ”Q =0,j=1,...,N,
J
we have
[x7), =1xle j=1.....N, (84)
¢
Moreover for X # 0 set A := max; <||Xf ||<1><>' Then
J
Ep | ® I‘Xj‘ < Llp o l‘xf‘ <2
AV B A REAVS =N
Hence for X # 0
||X||¢5Nmax(”xf\ )
J D;
and the same trivially holds for X = 0. In general then
N
1| §Nmax(”XfH >§N HXJH . (85)
® i ®; ; ®;

Now inequalities (12) follow from inequalities (84) and (85) and the claims are proved. O

LemmaA.5 Ler Z € (LY(P)N be such that for some A > 0 Ep[V(AZ)] < +oc. Then
Z e Kp.

Proof By definition of V we have for any x, z € RN —(x,z) < Z(z) — U(X). Take Z with
Ep [V(LZ)] < 400 for some A > 0. For any X € M® consider X defined as

X/ = —sgn(X))sgn(zH)x?, j=1,...,N

and observe that X € M®. Moreover we have A (|X|, |Z]) = — ()A(, AZ) < V(AZ)— U(X).
If X € M® then, by (13), Ep [U(X)] > —o0. Since V(1Z) € L'(P) by hypothesis, we
conclude that (X, Z) € L' (P) for every X € M % which in turns yields Z € K¢ by
Proposition 2.5 Item 1. O

A.4 On Komlos Theorem

We now recall the original Komlés Theorem:
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Theorem A.6 (Komlés) Let (f,), < L'((2, F,P,);R) be a sequence with bounded L
norms. Then there exists a subsequence ( f,)r and a g again in L' such that for any further
subsequence the Césaro means satisfy:

1
NZ]‘% —g P—as.asN — +oo.
i<N

Proof See Komlés (1967) Theorem 1a. ]

Corollary A.7 Let a sequence (Yy), be given in L' (Py) x - -- x LY(Py) such that for prob-
abilities P, ..., Py < P

Y/

dP;
— | < 0.
dP

N
sup ZEP |:
n .
j=1

Then there exists a subsequence (Y, ), and an YelL! (Py) x --- x LY(Py) such that every
further subsequence (Y, iy )k satisfies

K

1 : —~

EE Y,{hk—>Y/ Pj—as Vj=1,...N asK — +00.
k=1

Proof We suppose N = 2, the argument can be iterated. The result follows from a diagonal
argument: take the first component, we have a subsequence and an Y! s.t. each further
subsequence has IP|-a.s. converging Césaro means as in Theorem A.6. Now take this sequence
in place of the one we began with, and do the same for the second component. Notice that in
the end we get a subsequence for the second component too, and the corresponding indices
yield a subsequence of the one we extracted for the first component. The claim follows. O
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