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Abstract

We study the well-posedness of a nonlinear reaction diffusion partial differential equation system on the
half-line coupled with a stochastic dynamical boundary condition, a random system arising from the description
of the chemical reaction of sulphur dioxide with calcium carbonate stones. The boundary condition is given by a
Jacobi process, solution to a stochastic differential equation with a mean-reverting drift and a bounded diffusion
coefficient. The main result is the global existence and the pathwise uniqueness of mild solutions. The proof
relies on a splitting strategy, which allows to deal with the low regularity of the dynamical boundary condition.
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1 Introduction

This paper concerns the study of the well-posedness and regularity of the solution of the following random
system:

%(g@s) =V - (¢Vs) — Apse, (0,00) x (0,7)

0rc = —Apsc,

(1)

with A € Ry, coupled with initial conditions s(z,0) = sg(x), c(x,0) = co(z) for x € Ry, ¢ = ¢(c), where
randomness is due to the coupling of with a stochastic dynamical boundary condition for s, given by

S(t70) = Ql)t, te [O,T]

More precisely, the idea is to consider as boundary condition the stochastic process ; given by the unique
bounded solution of the following stochastic differential equation of It6 type

dpy = oy — g )dt + on/1h (n — ) dW, (2)

where «,y,0 and 7 are positive parameters and W = {W, },c[o,1) is a Wiener process.

The deterministic system , endowed with a constant boundary condition, has been introduced in 2] as an
adimensionless model providing a quantitative description of the diffusion and the chemical action of sulphur
dioxide (SO,) on the porosity of calcium carbonate stones (CaCOj3); it is assumed that polluted air (and so the
sulphur dioxide) diffuses through the pores of the stones and interacts with the surface of the pores. In s
stands for the porous concentration of SO,, namely the concentration taken with respect to the volume of the
pores, and ¢ for the local density of CaCO5. The function p(c¢) is the porosity (volume of pores/total volume),
which is supposed to depend only on the density of calcite

p(c) = A+ Be.
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The porosity is related to the concentration ps of SO, (fraction of total volume occupied by SO,) by the relation
ps = ¢(c)s. For a detailed derivation of the system (I]), the interested reader may refer to [2], where the
authors investigate the qualitative behavior of the solution on the half-line. To the best of our knowledge, all
the dynamical systems considered so far describing the degradation of calcium carbonate due to the attack of
sulphur dioxide are deterministic ones, with the exception of 7], where a new nonlinear differential system for
marble sulphation including the surface rugosity, a function obeying a damage-like equation which describes
the microscopic variation of a surface with respect to a flat configuration, is introduced. During the numerical
simulations of the deterministic system a random surface rugosity on the boundary based on Weibull’statistics
is considered, while here a dynamical model for the boundary condition is proposed.

The mathematical properties of the system on the real line R have been studied in [20,22] in the case
of constant boundary conditions. In [23] the well-posedness of the model is faced in the case x € (0,00), as in
the present paper, with a boundary condition 1 for s given by a non negative function with W' regularity
in time; in the same paper the fast reaction limit and the large time behaviour is also discussed. See also [2]
for the mathematical study of a generalization of the deterministic model, with Dirichlet boundary conditions
for the unknown s expressed in terms of an assigned space-time function. In [2,/20] the boundary condition for
s is assumed to be constant, even though, at least as far as numerical analysis is concerned, the authors state
that the same analysis may be performed in the case where s(0,¢) is a given pre-selected bounded measurable
positive function. They prove existence and uniqueness results and some regularity properties of global solutions,
extending existence and uniqueness results of local solutions, at least for smooth initial data as in [13].

Similar evolution problems with stochastic dynamical boundary conditions has been studied with particular
attention to the case in which at the boundary the solution acts as a white noise; see, for example, [11|5/8-10]
12,/14,|15] and the literature therein. Particular attention has been devoted to the case where, at the boundary,
the solution acts as a white noise. For example, in [10}/14] the framework for the analysis of Poisson and heat
equations excited by the white in time and/or space noise on the boundary is considered, and existence and
uniqueness of weak solutions in the space of distributions are proven. Closer to our setting are the works in [912],
where the solution satisfies a stochastic differential equation at the boundary; these works use an approach via
semigroup theory to show existence and uniqueness of mild solutions; see also [5]. The difference of the present
work with respect to [9,|12] is the presence of the equation for ¢, which makes the system not strongly
parabolic.

In this paper, we introduce the stochastic boundary condition with the aim to study the existence,
uniqueness and regularity of the solution of the random system —. The motivation of the choice of equation
derives from a statistical study of the source term 1 giving the concentration of sulfur dioxide in the air.
Indeed, as observed in [3] for the time series of the SO, concentration (in air) in the Milano area, it is clearly not
realistic to consider such concentration as a constant; evidence of a random evolution can be easily recognized.
Within a preliminary study, the authors propose the same Pearson process, solution of a mean reverting equation
with bounded Jacobi noise as a model for the boundary function vy, taking advantage of an estimation procedure
based on the time series of real data, combined with a numerical simulation of the system —. This class of
diffusion processes is well-studied both in the biological literature, where they are known as Wright-Fisher
processes, and in the mathematical one known as Jacoby processes. See, e.g.[21] for a recent approach to these
processes via Dirichlet forms. The Pearson processes are interesting both for the modeling and theoretical point
of view, since they share the feature that under certain conditions upon the process parameters «, -y, 0,7 it can
be proved that, when it starts within [0,7], > 0, it remains positive and bounded in the finite region [0, 7).
Furthermore one can establish that admits an invariant probability distribution, which is a generalized Beta
distribution. It is a suitable way to introduce a bounded noise, in spite of the fact that it is driven by a Wiener
process W, which is a very important issue in the applications [17}[18].

The main mathematical problem with the stochastic boundary condition is the fact that this condition
is no longer in Wbt even tough it is more regular than the white noise. More precisely, the diffusion process
at the boundary inherits the same regularity of the Wiener process W, that is ¢ has almost surely trajectories
in CP, for every B € (0,1/2), i.e. the class of Holder continuous functions of order less than one half. So the
well-posedness of the PDE needs a carefully investigation. Indeed, randomness at the boundary is coupled with
a system of nonlinear parabolic equations which is not strongly parabolic and only some energy estimates are
available for analysing it, as noticed in [2,20]. We stress that the strategy of the proof using in [23] cannot be
adopted here, essentially because of the non differentiability of the boundary function v; (see Remark .

Our approach is based on a splitting strategy, in which the solution (s,c) of the system — is seen as
(u+wv,c), where from one side u is solution to the heat equation coupled with the stochastic boundary condition
(2), not depending upon the less regular function ¢; on the other side (v, ¢) is a solution of a non linear system,



depending upon u (in a functional way), but endowed with a deterministic constant boundary condition. This
strategy allows us to compensate the irregularity of the stochastic boundary path with the regularity of w,
coming from the heat equation. In particular, concerning u, the W19 norm of u can be controlled, in a pathwise
sense, by the C® norm of 1, for ¢ < 1/(1 —20) (see Proposition; this is a rather classical result but we give
here a self-contained proof based on fractional Sobolev spaces and interpolation theory.

As far as concerns the couple of variables (v, ¢), the equation satisfied by v is nonlinear and nonlocal, due to
the dependence of ¢ on v itself, involving also v and d,u. The assumptions of classical existence theorems for
nonlinear scalar parabolic equations are not verified because of the lack of L estimate of the quantity J,c, as
mentioned in [2[20L23], where the authors prove a global existence result for suitable weak solutions, based on
the control of d,c in L?. We partially use their results, but in our case we cannot apply the same strategy, due
to the terms containing % and d,u. To control these terms, we use the W4 bound on u in Proposition With
this argument, we get the L2 bound on a linearized system, Proposition and the a priori L? estimate on s,
Proposition which represent the main novelty of our proof. Our principal result states the well-posedness
for the nonlinear system (1)) under the hypothesis ¢ € C#([0,T]) with 3 € (1/4,1/2). The lower bound 3 > 1/4
on the Holder exponent for 1) comes from the L? integrability condition required for d,c, which in turn forces
the solution to the heat equation u to be in W12,

To sum up, we extend the well-posedness result in [23] by adding a random dynamical boundary condition,
given by the solution to an SDE with non Lipschitz diffusion coefficient. In particular, from the analytical point
of view, we allow the boundary condition to have lower regularity with respect to the case in [23], and precisely
to be only 8-Holder continuous, with 8 > 1/4. It would be interesting to investigate the role of an intermediate
irregularity between the one typical of Brownian motion and the one of white noise. We plan to work on this
direction in a future paper.

The paper is organized as follows. In Section 2 we introduce the PDE-ODE model with a stochastic dynamical
boundary condition. We discuss and prove the principal properties of the boundary process, as boundness and
Holder continuity. The splitting strategy and our definition of mild solution are specified. The solution of the
heat equation with the stochastic boundary condition above described is analysed in Section 3 with the aim to
establish for it continuity results in terms of the C’® norm of the stochastic boundary function. In Section 4 a
study of a version of a linear equation for § = % + v with prescribed regularity upon the coefficient is described.
In particular the existence of a mild solution ¥, and of § in L>°([0,T], WP(R,)) is established. Such results are
used in Section 5, where the main well-posedness achievements are illustrated.

Notations. Throught the paper, for sake of simplicity we have introduced in the proofs the following notations
for the involved Banach spaces L2 := LP(R,) in space and LY(L%) := L?([0,T],L%(R,)) in time and space.
Similar notation is considered for the fractional Sobolev spaces. Furthermore, given a function f defined on
[0,7] x Ry, we define the marginals as f; := f(t,-), for t € [0,T] and f, := f(-,z), for z € Ry.
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2 A PDE - ODE model with a nonsmooth boundary condition

Let us introduce and describe the initial boundary value problem under study. Hence, let us consider the
following reaction diffusion system for the couple (s, ¢)

—(ps) = V- (pVs)— Apsc, (0,00) x (0,7) (3)
Oic = —Apsc, (4)
where A € Ry with non-negative initial conditions

s(x,0) = so(x), c(x,0) = co(x), z € (0,00). (5)



An example of stochastic dynamical boundary condition We study the case in which the
boundary function for the solution s is random and it is given by a stochastic process

The main example we have in mind, and our motivation to consider the above regularity assumptions on v,
is a specific Pearson process {1 };c[o,77, solution to the following mean reverting generalized Jacobi stochastic
differential equation

dipy = oy — y)dt + o/ (1 — P )dW,
’(/}0 S [0777]7

with a,0,7v,n1 € Ry, and v < n. Overall we have a PDE problem with a boundary condition which is not only
stochastic but has less regularity. Indeed, the following properties hold.

(7)

Proposition 1. Let us consider equation , with a,0,v,m € Ry and v < n. Assume that by € [0,n]. The
solution of equation (7)) exists (globally on [0,T]) and is pathwise unique. Furthermore, let us suppose that the
following conditions upon the parameters hold

2

. on
, aln—) = 2. ®)

Then for any t € (0,T],
¢t € (0777) (9)
In particular, we have 1y € L>(R,).

Proof. We give a sketch of the proof. See, for example, [24]. We notice that the drift coefficient oy (z) = a(y—1x)
is Lipschitz continuous for any z € R, while the diffusion coefficient o(x) = o+/x(n — z) is only continuous for
any z € [0,n]. Furthermore, for any = € [0, 7),

()] = oy — azl” < o®(|y]? + [2y2] + |2*) < Cl(ow)<1 + 35|2>

o1 (2)|* = lov/a(n — 2)|* < Jo*(Inz] + |2]*) < Ca(o,n) (1 + |2])

By classical results due to Skorokhod, we get that the solution exists [30]. The pathwise uniqueness can be
proven by applying the Yamada-Watanabe uniqueness criterion in [29], since

|O'1(.I‘)-O'1(y)|§p(|$—y‘)7 vx7y€R7 7::172’"'7

with p(x) = /z. Indeed,

lo1(z) — o1(y)| < o/Inz — 22 — Ny + 32|
<oz —ylVIn—=z—yl
< C3(n) - |z — 9\1/2-

Hence, the diffusion coefficient oy (x) is Holder continuous with index 1/2, for any x € [0, 7).

In order to obtain the bound @ for the solution, we consider the well-known Feller classification of the
boundaries [19424]. In the case under study, given a little generalization of the Jacobi process case, we have that
the scale function scale(x) and the speed density m(z) are defined as

1 1

scale(x) = po pppn v m(x) = ;x”_l(n — )t
with
_ 20y _ 2a(n—")
p - 2. q - 2 .
o n o n

The boundary x = 0 is an entrance boundary if and only if p > 1 while x = 7 is an entrance boundary if and
only if ¢ > 1 and these two condition are satisfied whenever hold (see [24],14]). O

We also recall the classical Holder regularity property of solutions to the SDE:



Proposition 2. Under the same assumptions of Proposition the solution of equation has trajectories
almost surely in CP([0,T]), B € (0,1/2).

Proof. If 1 is a solution to (7)), then, for any s,t € [0, 7], one may write, for p > 2

[ ot i,

By Burkholder-Davis-Gundy inequality [28](IV,42), and by the bound @ one obtained for every 2 < p < oo,
there exists C' > 0 such that, for every s < ¢,
(f

E (| — "] < Cla, )|t = s + Cn) [t = 5% < Cla,y,m) |t — 5™

t p P
o — P < / aly = )dr| + (10)

E / oS (7 = AW, o/ tbr (7 —br)

9 p/2
dr> ] <C(n)|t—s"?.

p
]<CIE

Then from , we have

By Kolmogorov continuity criterion, with r; = p and 1+ 75 = p/2, the solution v; is C#-Holder continuous for
any 3 € (0,72/r1) = (0,1/2 —1/p) and p > 2, that is 8 € (0,1/2). O

Remark 3. As said before, the Jacobi process solving @ is the main motivation to consider ¢ with Hoélder
regularity in time. However, our analysis will be deterministic and will apply to sample paths of any processes
with C? regularity in time, for 8 > 1/4 (and satisfying the Assumption [26 below).

A model for the porosity From now on, unless otherwise stated, ¥ : [0,7] — R will be a given function.
The function ¢ in system — refers to the porosity, which is the fraction of void volume with respect to
the total one. Considering the literature on the subject, we assume (see, for example, [2])

p(c) = A+ Be. (11)
with A > 0, B # 0. By the scaling s’ = |B|s, ¢ = |B|c/A, ¢'(¢') = Ap(c), we can reduce ourselves to the case
A=1, B=-+l; (12)

hence we will assume from now on. In the specific case of marble sulphation the value B = —1 is more
appropriate.

Proposition 4. If equation holds, the system -@ becomes

Os = 025+ be(t,x)0,8 + e(t,2)s(Bs — 1) (13)
Oic = —As(1+ Be)e (14)
with
OzC
Ye(t, ) = Ac (16)

Proof. Equation is derived in the following simple way

(14 Be)s) = V- -((1+ Bc)Vs) — A1+ Be)sc
015 + sBOc+ Bedys = 0%s+ BV(cVs) — M1 + Bc)es
(14 Bc)dys = 0%s+ BOycdys + Bcd?s — Ae(1 + Be)s + BAce(1 + Be)s?
(14 Bc)dys = (1+ Bc)d?s + BO,ycO,ys+ Aes(1 4 Be)(Bs — 1)
By dividing by (1 + Bc¢) we have the result. O

We want to prove an existence and uniqueness result for system —.



Definition 5 (Heat kernels). Denoted by G1(z) = 1/ 2me=*"/2 the standard Gaussian density, let us introduce
the heat kernel G(t, z) for any (¢,z) € [0,T] x R

Gt 2) = t12G (/%) = — oo/, (17)

G(t,z,y) =G(t,z —y) — Gz + ). (18)

with G as in as the Dirichlet heat kernel on the half line.

Definition 6 (Convolution *p). We call convolution with respect to the Dirichlet heat kernel and we denote it

as G(t,-) xp f the following operator, for any regular f
G(t7 ) *D f ('T) = / (G(t,l‘ - y) - G(tvx + y))f(y)dy = / G(t,l‘ - y)ded(y)dyv (19)
0 R

where f°%(z) = 1,50 f(z) — 1p<of(—2) is the odd extension of f.

Definition 7 (Bounded positive mild solution). We say that a couple (s, c), with s € L>([0,T], W23(Ry)) N
L>* ([0,T] x R4) and ¢ € By ([0,T] x Ry), the space of bounded Borel functions, is a bounded positive mild
solution of the nonlinear PDE — with initial conditions and boundary condition @ if the following
happens

i) for every x € Ry, the function ¢(-, z) solves and , that is ¢ is explicitly given by

co(z
cft,x) = o)) o E((m,'z)d'r " Beo(w)| (20)
ii) the function s satisfies
0<s(t,x) <n forevery (t,z) € [0,T] x Ry,
and it is a L°°([0, 7], W'?(R.))-mild solution of (L3), that is
s(t, ) =—2 /75 0.G(t — 7, )¢(T)dT + G(t,-) *p S0
; (21)

+ /0 Gt —1,) *p (be(T,)0us(T, ) + Ye(T,)8(T,+)) (Bs(7,-) — 1))ds.

In equation b. and 7. are defined as and (16)), respectively.

Let us remark in the mild formulation the dependence upon the boundary condition 1 and the initial
condition sp, as in and @

The idea to show well-posedness of — is to consider a splitting strategy in order to divide the problem
into two sub-problems: in the first one we consider the heat equation with the stochastic, Holder continuous
boundary condition, in the second problem we consider a non linear PDE with zero boundary condition. The
initial conditions of the original problems are inherited by the latter system.

A splitting strategy Let us consider the following splitting of the solution s of Equation
s=u-+wv,

where the function u is the solution of the following heat equation with a non-smooth boundary condition

du = 0%u (22)
u(z,0) = 0, x € (0,00) (23)
’U’(O?t) = 1% % € C’B([O,TD, ﬁ < 1/2 (24)

and the function v is the solution of the following deterministic reaction diffusion problem



Pl 020+ b(t, )00 — y(t, z)v + b(t, 2)Opu — y(t, x)u + y(t, z) B(u + v)* (25)
Oc = —As(A+ Bo)e (26)
with
ozcC
b(t, CU) = Bm,
v(t,x) = Ac.

The system — has the following initial and boundary conditions

C(SC,O) CO(‘I)7 VS (03 OO);
v(z,0) = so(x), z € (0,00);
v(0,8) = 0, te (0,7).

Remark 8. Let us note that the system for u — is completely autonomous: it does not depend on the
function c¢ of the original system —. Differently, the system for v is coupled with that of —.

Note that the analysis carried out in Section 3 and 4 and all the estimates are valid pathwise, that is for any
fixed realization of the boundary process. At the end of Section 5 we discuss the problem of measurability.

3 Heat equation with nonsmooth boundary condition: some bounds

We first study the regularity of the system —, where ¢ : [0,7] — R is a given function (with suitable
assumptions); though the regularity result for this system is rather classical, we give a self-contained argument.
Let us recall that equation admits an explicit solution given in term of the fundamental heat solution. We
recall that a solution of the heat equation for (¢,z) € Ry x Ry with initial condition «(0, x), and inhomogeneous
Dirichlet boundary condition u(t,0) may be represented as

u(t,x) = G(t,z,y)u(0,y)dy + / [%G(t — 7,2, 9)u(T, O)] ly=0 dr, (27)
R, R,

where G is defined by . The interest reader may refer to |11] for a detailed study. From the expression
we obtain an explicit solution of the initial-boundary problem (22)-([24) by taking into account initial and
boundary conditions and as it follows

t
u(t,z) = 72/ 0, G(t — T, 2)(7)dT. (28)
0
From , the space derivatives of the heat kernel G are given by

BIG(t,x) _ t_lG'l(t_l/Qa:) — t_3/2me_x2/4t, (29)

1
47
1 /1 .
O2G(t,x) = t—i“’/QG’l’(t—l/Qx):m (Qt_1x2—1> 8/2e— " /4t (30)

Hence, for p € [1,00), there exist some constant c,,c;, € Ry such that, for any ¢ € [0, 7]

|G(t, .)||LP(R+) =c, t—(l—l/p)/27

o (31)
102G (t, Loy = cjt~C71/P/2,

Proposition 9. For any ¢ bounded Borel function, the solution u given by |) 18 such that pathwise
u € C®[(0,T) x (0,00)] and u and its derivatives admit continuous extensions to [0,T) x (0, 00).

Proof. The statement follows from the fact that the kernel G in is C* on (0,T) x (0,00) and G and its
derivatives admit continuous extensions to [0,7T) x (0, c0). O



The first step is to establish a bound for the norm of w in a fractional Sobolev space, uniformly in time.
Hence we recall here the definition of such spaces.

Definition 10 (The fractional Sobolev spaces). We consider the fractional Sobolev space WP upon R for
1<p<ooand 0< a<1 as follows [16,31]

WP (R) = { feL’(R): “; (f)yp‘/f;fi' € LP(R)} ,

an intermediate Banach space between LP(R) and W1P(R), endowed with the natural norm

||f||€va,p(R) = ||fH1£p + [f]gva,p(Ry

i = [ L0 g,

o =yl

where

is the so-called Gagliardo (semi)norm of f. Furthermore, one can define the fractional Sobolev space with
exponent k + «, with kK € N

Whter(R) = {f € WFP(R) : 9" f € W*P(R)},
endowed with the norm

1F I ks en @y = NI + 10 FI0 + [0 e gy (32)
In the case a = 0 the previous space is the classical Sobolev space. The previous definitions are extended also
to R+.

Proposition 11. Let u be the solution of the system —, with the boundary condition such that i €
L>([0,T]). Then, for any 0 < a <1 and 1 < p < 1/a, and for a constant C' not depending upon v, we have
sup [Ju(t, ) lwer@,) < CllYllLeeo,1))- (33)
t€[0,T)
Proof. By Proposition [9] we already have some continuous properties far from the boundary. Now we study the
behaviour of the solution near the boundary x = 0.
From 7 by considering the self similarity rescaling £ = 2:/v/t — 7, we analyse carefully the behaviour of u

both close and far from the origin. For some ¢ > 0 and a constant C', that may be different from line to line,
one may obtain from the following bound for u, for any (¢,2) € [0,T] x R

t
jut. )] < 2ilumqory | 106t )] dr
0

[ee] 52 , 2
G (5)2%

et

< O (Lo<t + e Loo) 19 smqo.10) / LG (€)de
0

= C||7/JHLoc([o,T])/ d¢

x

(34)

(oo}
2
=C (la<1 + e “las) ||¢|\Loo([o,T])/ e < de
0
= C (la<1 + e “lasa) |9l oo (0,17
Hence, for any ¢ € [0,T], we have
lu(t, ) oo sy > 1t ) oy y < CllPllLeo,ry), for any 1 <p < oo. (35)

In a similar way, taking the spatial derivative of , we get the following bound for the spatial derivative of u,
for any (¢,x) € [0,T] x R4

t
|&m@$N§ﬂWMw@¢D/IﬁG@—ﬂxHW
0
SN

Ol [ 5O

< Ol (0.7 (Tosr + e 1 ) [ G600

dg

1 —CI
=0 (aar + e 1 ) ey,

8



We can estimate the W P(R,) seminorm of u(¢,-), for any ¢t € [0,T]; indeed, we may write

—u(t,y)| // —ult,y)”
u(t, o d dy + dxdy
fut,- W PR //a: yl<1 |33_ |[+op |z—y[>1 |x_ y|rer
Gff Moo, dy+2p// ol
- r<y<z+1 |$‘— |1+ap |z— y\>1|m‘_ ‘1+ap

lult, z) — ult, y)|?
<9 / / dady + Cllullly .
r<y<z+1 |1‘ - y|1+ap Lr(R+)

where the last line is due to the equation (35)) and the fact that the function z=1~P is integrable at infinity. By
using the inequality e=¢* < Cz~! and by (35) and , we have that, for any t € [0, T,

Yy p
s Wy < CIEIE 0,20y + 2//< Lt (/ |8Zu(t,z)|dz) dady
TLY<T T
< Ol o1y

Yy p
sof[ ey ([0 a b e L) Wl gonyds ) dady
r<y<z+1 T

< ClIPI L o, (1 + // |z —y| 77 (|log(y/2)[Plo<t + |z — y[Pe™ P 1,m0) dxdy)
r<y<xz+1

1 00
< Clllze o, (1 +/0 dfﬂ/ El b _y/$|_1_ap|log(y/g;)|10dy)
x
o z+1
+ CH’lﬁHim([mT]) /1 dx/x |.’L‘ _ y|—1+(1—a)pe—cpxdy.

By the changes of variable w = y/x and v = y — z, in the first and second integral, respectively, we obtain, for
any t € [0,7],

1 oS}
Wiy < Ol iy + Ol gory [ dalal [ 1=l log uld

oo 1
+O||¢‘Iim([07T])[ dl‘/o U—l-‘r(l—a)pe—Cpmd,U.

The second integral in the above expression is clearly finite. Concerning the first integral, note that, for w
large, |1 — uw|~1=*P|log w|P is integrable, while for w close to 1,

|1 —w| ™17 2P|logw|P ~ |1 — w|~°P.
Hence, the first integral is finite if and only if ap < 1. Hence, if 0 < o < 1 and 1 < p < 1/«, we reach the
conclusion. O
Given more regularity on the boundary condition, we get a bound on the norm of v in a 2 + « fractional
Sobolev space, uniformly in time, with o € (0,1).

Proposition 12. Let u be the solution of the system -, with the boundary condition such that v is
Lipschitz and ¥(0) = 0. Then, for any 0 < a <1 and 1 < p < 1/a, and for a constant C not depending upon
1, we have

sup [[u(t, ) [wrer@y) < Cllgllwree o) (37)
te[0,T]

Proof. Note that 892G = 8,G,due to and ; furthermore from it follows that G(0,z) = 0 for > 0.



By an integration by parts in time, we get, for any (¢,z) € [0,7] x R4
Ozu(t,z) = =2 /Ot O2G(t, 2)¢(t — T)dr
_ 9 /0 0. Glr )bt — )
= 2G(r, )Yt —7) Loy —2 /0 t G(r,2)(t — 7)dr

= —2/01 G(r, x)l/)(t — 7)dT.

Differentiating with respect to x, we get

Ou(t, x) = —2/0 0. G(T,2)(t — 7)dT. (38)

Hence, by comparing and (B8], one can deduce that for any (¢,z) € [0,T] x Ry, 2u(t, z) is the solution to
the heat equation , with boundary condition at x = 0 given by . Hence, applying the bound to O2u,
with v replacing 1, we get
sup [|02u(t, - )llwe s e,y < ClY] oo (o,17)- (39)
te[0,T7]
By and we finally obtain the bound of the norm with k = 2, that is the statement .
O

The next step is to give the main result of the section, i.e a continuous result for the solution u of the system
— in W1P(R), uniformly in time, with respect to the boundary condition. In order to obtain the result
we consider compatible Banach spaces in Propositions[II]and[I2} Let us just recall the definition of interpolation
pair of Banach spaces. The interest reader may refer to |6,[25]. Here, for the interpolation methods and results,
we mainly refer to [27]31].

Definition 13.
Xole CXo,Xl CX0+X1,

where both Xy N X5, Xg + X; are Banach space with the norms

|2l xonx, = max (|lzllx, 2ly,)

inf{||gz:0||XO + ||9U1||X1 x =29+ 21, 9 € Xo, 11 EXl}.

]| x0+x,
An interpolation space is a space X that is an intermediate space between X and X in the sense that
XoNX; CX CXy+ Xy,
where the two inclusions maps are continuous. Given two compatible couples (X, X1) and (Yo, Y1), an interpo-
lation pair is a couple (X,Y) of Banach spaces with the two following properties:

i) The space X is intermediate between X and X7, and Y is intermediate between Yy and Y7.

ii) If L is any linear operator from Xy + X to Yy + Y7, which maps continuously Xg to Yy and X3 to Y7, then
it also maps continuously X to Y.

Definition 14. Let (Xp,X;) a compatible couple of Banach spaces , if 0 < § < 1 and 1 < ¢ < oo with
(Xo0,X1)e,q one denotes the Banach space obtained by the real interpolation K method with parameters 6 and
q. To be more precise, for t > 0 and any x € Xy + X, let

K(x,t; Xo,X1) = inf{||:ro||X0 +tlzillx, © *=x0+x1, 20 € Xo, 71 € X}
Let

1
Hl’”g’q = </ (tieK(l',t;Xo,Xl))q dt) = ||K(£L'7t, XO’Xl)”LZ(]RJr)? 0<l< 1, 1< q < o0,
0

t

[2]lg,00 = sup t K (x,t; Xo, X1), 0<6<1,
t>0

where L{(R) denotes the L9 space with respect to the measure dt/t. Then (X, X1)g,q is the following Banach
space
(Xo,Xl)g’q ={reXo+X1: ||x||9,q < 00}

10



Proposition 15. Assume that 0 < 8 < 1/2 and take

1<g< (40)

1-28"

Let u be the solution of the system ([22)-@24). Then, for every 1 € CP[0,T] with 1(0) =0, and for a constant C
not depending upon 1, we have

llull Lo (0,77, w0y ) = tSELlI;] lu(t, )lwramyy < CllYllesqor)- (41)

s

Proof. Given the two compatible couples (C([0,77]),C*([0,T])) and (W*P(R,), W2+*P(R,)) we seek for an
interpolation couple where the first component is the space to which the initial condition belongs and the second
gives the regularity of the solution of the system —.

Let us denote by A the solution operator given, where defined, by , that is
A = u.

By and (37), A is a bounded linear operator from C([0,7]) + C*([0,T]) to W*P(R,.) + W2TP(R,),
which maps continuously C([0,7]) to W*P(R, ) and C1([0,T]) to W2+*P(R,). To be precise, A is only defined
on subspaces of C([0,7]) and C*([0,T]) of functions v such that ¥ (0) = 0. However, we can easily extend A to
the full spaces by composing it with the operator ¢ — 1» —1(0).

By Theorem 1.1.6 and Proposition 1.1.4 in |27], for any 0 < #/ < 1 and € > 0 small, A is a bounded operator
such that

(C([0,T]), CH ([0, TN)gr 00 = (C([0,T]), C ([0, T])) vy = (WP (R4 ), WP (R ) (42)

By [31] (Section 4.4.1) and [27] (Examples 1.1.8 and 1.3.7), for any 0 < 8’ < 1 and € > 0 small the interpolation
space at the left side of the map is

(C([0,T7), C*([0,T])) pre.00 = C7+<([0,TY).

By [31](Sections, 4.3.1. and 4.5.2.) and [27] (Examples 1.3.8 and 1.3.10.), whenever 23’ + « is not an integer,
the interpolation space at the right hand side of the map is

(WP(Ry), WP (R )) g pp = WAPIAFZrdp(R ) = W2 Her(R ), (43)
Hence, by ([42))-(43) we obtain, for 0 < < 1,1 <p<1/a,0< ' <1 with 28 +a ¢ N,

sup [lu(t, ) lwesterm,) < Cllllcsteo,m)- (44)
t€[0,T]

For 0 < 8’ < 1/2, by the Sobolev embeddings [27,31], we may apply Proposition We consider s = 28"+« €
(1,2) and s > 1, s’ =1, and ¢ such that

;:%+1—(2[3’+a)>1—2ﬂ’, (45)

so that 1 < ¢ < 1/(1 — 28’). Hence, condition is satisfied and from (81)), we get
W2 Her(R) € WHI(R,). (46)

In conclusion, from and we can state that for given 0 < 8/ < 1/2, and 1 < ¢ < 1/(1 — 28’), one can
always find 0 < @ < 1 and 1 < p < 1/« satisfying , such that

sup [u(t, )llwrag,) < CllYpllcsr+eo,m-
t€[0,T]

Taking 8’ = 8 — € for 0 < € < 8 such that 28’ + a € (1,2) and ¢ < 1/(1 — 28'), we get . O
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4 A linear parabolic equation: a priori estimates

In this section we study an auxiliary problem. Precisely, we prove the well posedness of the following linear PDE
015 = 025+ b(t,2)0,5 +7(t, )5,
5(0,z) = so, (47)
5(t,0) = ¥(1),

with coefficients independent on s and satisfying the following assumptions.

Assumption 16. Let us assume the following hypothesis upon the functions in and the boundary condition
1.

A1l. The boundary condition ¢ € C?([0,T]), for some 3 € (1/4,1/2) and it is such that 1(0) = 0.

A2. The functions b and 7 satisfy the following regularity conditions

be L*([0,T], L*(Ry)), 7€ L>®([0,T] x Ry).

A3. The initial condition vy € W1P(R,) for some 2 < p < oo and it is such that vg(0) = 0.

The result of this Section are used in the next Section to deal with non-smooth (non C1:2) solutions to a
linearized version of the system (3))-(4)).

The solution § : [0,7] x [0,00) — R of system is meant as a mild solution [11,[26] according with the
following definition.

Definition 17 (Mild solution for 5). A function 3 : [0, 7] x [0,00) — R is a L>([0, T], WP(R)) mild solution
of the equation if § € L>°([0,T], WHP(R,)) and it is such that, for every t € [0, T],

¢ ¢
S(t.) = =2 [ 9,6l = m T + Tt ) w50+ [ Gt w0 (b(r, )0us(r) + 3 5(r N (48)
0 0
where G is the heat kernel and G(t,-) xp f(x) denotes the convolution (L9).

Remark 18. Let us comment that although G *p f in is not the convolution with f in the strict sense,
the Young inequality still holds for G *p f, i.e. for 1 < p’,¢’,r" < oo with

1 1 1
E:P+?*1, (49)

for any f € LY (R..), since by G € L (R,), then

IG D fllzwr < IGlp I1fll e (50)

The interest reader may refer to [11] for more details. Concerning derivatives, we have that for f € L"(Ry),
1 <r <oo, 0.(G(t,) xp f) = (0.G(t,-)) *p f. Furthermore, whenever f € W17 (R, ), with 1 < r < oo and
£(0) = 0, we have also

02(G(t,) #p f) = / Gt =) (02 )" (y)dy = G((£, ) * (0:£) """ (y), (51)

R

where (0, f)"*"(x) = 145002 f(2) + 14<00: f(—x) is the even extension of 9, f.

Now let us go back to the problem .

We split the solution s as § = u + ¢ with u again is the solution of the initial boundary problem for the
homogeneous heat equation — and v solution of the following non-homogeneous problem

040 = 920 + by + 7D + byl + i, (t,z) € (0, T] x Ry;
o(t,0) =0, t e (0,TY; (52)
0(0,z) = vo(z) = so(z), xeRy.

12



Definition 19 (Mild solution for ©). Let 2 < p < oo. A function ¢ : [0,T]x[0,00) — Risa L>°([0,T], WP (R,))
mild solution of if it belongs to L>([0, 7], W!P(R,)) and satisfies, for any ¢ € [0, 7],

f}(tv ) = é(ta ) *p Vo + A é(t -7, ) *D (b(Ta ')axﬁ(T’ ) + ?(7_7 ')6(7_3 ))dT
+ [ Gl 7w (0,5, ) + 37 il )
0

where G is the heat kernel and the operator G(t,-) *p f is defined by .

Our aim is to show that under the regularity conditions upon the coefficient functions, the boundary function
and initial condition, stated in Assumption the equation is well-posed in L> ([0, T], WP(R,)) as a mild
solution. First we provide some a priori bounds for .

Proposition 20. Under Assumption for p > q > 2 such that condition is fulfilled and r > 0 such that
=Z4Z_Z (54)
for the function © mild solution to the following bounds hold, for any t € [0, T

15t Mo @y < lvolley + CT** (16l Lo o112 ) + [Vl Loe (o712 @) 18]l Lo (t0. 71, w0 @)

O (55)

16l oo (t0,77,2 R )) + IVl 2o (ey) N0l om o,7))

10:5(t, )| o) < 105v0]l Loy + CTY* (I8l oo 0,11, Lo (24 )y + IVl = (220)) 18] e (to,70, w10 1))
1/(2r) (56)
+CT (1l oo fo,77,22 R4 ) + 7]l 20w (0,77, 250 1)) N0l 0,77

Proof. In the following, for any a,b > 2, we denote by h(a,b) the positive parameter such that 1/h(a,b) =
1/a + 1/b; hence

11 L

b h(ab) Tajla—1)
so that is satisfied. In particular, from the previous relation and by hypothesis upon the parameters,
one have with (a = 2,b =p)

R
2 h(2,q9) 7

Hence, for the set of parameters (p, h(2,p),2) and (p,r, h(2,q)) condition is satisfied and we may apply the
Young inequality . For simplicity we introduce here the following notations for the involved Banach spaces
LP = LP(R,) in space and LY(L4) = LP([0,T], L%(R,)) in time and space. Note that by Sobolev embedding
(e.g. [31] Eq. 4.6.1-(e)])

all e < Cllaflyyra, (57)
and by Holder inequality (since ¢ < p)
lallze < Nl g el =",
we obtain
lallz < Cllaflyra. (58)

In order to estimate the LP(R;) norm of ¥, we apply recursively Young inequality for functions in L? spaces
and their convolution with the kernel G and Holder inequality (with p,q > 2). Hence, by considering also

the L? norm of G in and (58], we get from

13



15t )z < IG(t-) D voll e +/0 [IG(t = 7,) %p (b(7, )02 0(7,)) | 2z + G (t, ) #p (F(7,)0(T, )|z
+IG(t, ) +p (b(7,)0ztu(T, )Lz + IG(t, ) +p (7, Yalr, )| 2z] dr
<G, )l llvoll e +/O [”G(tr')”Linb(Ta')axﬁ(ﬂ WNpran +1GE el (7,)o(r, )y
G Ly llo(r, )0ea(r, ) prew + G )y (7 (7, )ulr, ')”Lﬁ} dr
< crflvollzz + C/ [(t =) A6 ez 102007, e + 7 (T, )l o= 1507, )l 2
0
+(t = 7)Y b(r, ) 2 |0wi(r, g + Fsll e (T, ')”LQ} dr

< Cl||”0HL?; + (CT3/4||b||L§°(L§) + CT'W”L?"(L;;O))”T}(ﬂ ')||L;>°(W;y”)
+ (CTEFY2||b] oo 2y + COT ||| Lo (poey ) (T, W oo e

The conclusion follows from the last inequality and Proposition because of Assumption Al.

For obtaining the estimate for the L2 norm of 0,0, we write the equation for 0,9, using the expressions for
0.(G(t,-) *p f) given in and the fact that v (0) = 0:

azf](t? ) G(tv ) *D (8m7)0)even + / aﬁEG(t7 ) *D (b(T7 ')aﬁﬂf)(T? ) + 5(73 ')6(7—’ )) dr

0
t
+ [ 060t w0 (b )0sa(r.) +7(r, Jir, )
0
In a similar way as for inequality 7 we prove the bound . Hence, by — 7 and , we obtain

10:5(¢, 2 < G2, ) %D (av0) "l 2 + / 18,600, ) %0 (60, 050, Wiz + 1866, = G, Yor, il
+ 182G (t, ) b (b(r, )0u(7, )22 + 10.G (2, ) b F(r, Y7, ) 2] dr
<1IG(t, e 8ol 2 + / t (1068, )22 1b(r, 057, Y e + 102G ) 2 57, ), )
102Gt a6, V0, e + 108,V 2 [, Vi, |z | e
< ¢ |0uvollz + C / t [t = 7)o ez 1990, gz + (&= )7 2R e 190, )l
H(t = 7)Y (g 0, + (8 = 7)Yl (e | dr
< 0evolle + (Tl ey + T2 e 2y ) 150 Mooty

+ (CTl/(QT)HbHLgo(Lg) + CT1/2|WHL§°(L§)) ||7:‘(Ta ')HL?"(WG}"J)

By Proposition 15| and Assumption Al, we obtain the bound .
O
Now we are ready to give a result of existence of a mild solution @ in L>([0,T], W!P(R,)) that is it satisfies

equation .

Proposition 21. Under Assumption with 2 <p < 1/(1—-28), the PDE admits a unique mild solution
0 in L>=([0,T]), WHP(R,)). Furthermore, for some constant Cr > 0, the solution ¥ satisfies the following bound

sup ||17(t7 ')lem(ﬁh) SCT(”bHLgC(Lg) + ‘|7||L§’?z)4||vo||W1«v(R+)
te[0,T) (59)

+ Cr (IIbll oo, 7122 R4 ) + 17220 (0,71 x (R4 )) ) [1¥]l e -
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Proof. To show the existence and uniqueness of ¢ satisfying (53)), we define a map F : L>([0,T], W1P(Ry)) —
L*([0,T], WHP(R,)) such that, for any h € L*°([0,T], W1P(R,)),

F(h) = G(t,) *p vo+/ G(t,) #p (b(r,)0zh(7, ) + (T, )h(7,"))dT

/ Gt )+ (b(r, )Duii(T, ) + (7, -Yid(r, -)dr.

We note that o € L>°([0,T], W1P(R, )) satisfies if and only if 7 is a fixed point for F'. By proceeding as for
the bounds —, we obtain that F' is well-defined and, for T sufficiently small, such that

CT3* + oTV* < 1/2,

F is a contraction on the time interval [0,7]. Therefore, by the fixed point theorem, for small T > 0, there
exists a unique fixed point @ of the map F' and hence a unique mild solution @ in L>([0,T], W*P(R,)). The
existence and uniqueness for every T' > 0 follows by a standard iteration argument.

Finally, the bound follows by a Gronwall-type inequality [32](Theorem 3.2.) applied to the bounds
on ||T¢]|Lr(r,) and on [|0,¥t||Lr(r. ), together with Proposition O

Corollary 22. Under Assumption with 2 < p < 1/(1 — 2pB), the linear PDE admits a unique
L>([0,T]), W'P(Ry.)) mild solution 5, i.e. satisfying [@8). This solution can be decomposed as § = @ + ¥,
where @ is the unique L ([0, T] WP(R,)) mild solution of the system (22))-(24) and © is the unique mild
solution in L>([0,T]), W"P(Ry)) of (52).

Proof. 1f @ is the unique L*°([0, 7], W'?(R})) mild solution of the system (22)-(24), then from Proposition
vis a L°([0,T], W1P(R,)) mild solution of if and only if § = 4+ is a L>([0, T], WP(R)) mild solution
of . Hence, well-posedness for s follows from well-posedness of v. O

Remark 23. If ¢ € C}, then well-posedness for mild solutions § to holds also for p = oo, that is it is a
Lo ([0, T), WL>°(R,)), with initial condition vy in W1°*(R,): indeed well-posedness in L>([0,T], WH>(R.))
holds not only for © solution to but also for @ solution to the heat equation —, by Proposition

Remark 24. Assume 2 < p < 1/(1 — 28). The mild solution v to satisfies, for every s < t,

s t
17,5—175:/ (Gt—r,-)—G(s—r,)) *DArdr—&—/ G(t—r,")*p Adr
0 s

where A, = 0,00, + Y0 + 00,0, + Y+U,.. Now we take the limit for ¢t — s — 0. For a.e. r < s, the
term (G(t —r,-) — G(s —r,-)) *p A, tends to 0 in LP and, proceeding as in (55), one can show that the L?
norm of (G(t —7r,-)—G(s—r,)) *xp A, is bounded by a time-integrable function, uniformly in s and ¢, hence
fo (t—r,-) —G(s—r,-)) xp Adr tends to 0 in LP. Proceeding again as in (55)), one can also show that the

f . G t—r,- ) xp A,dr tends to 0 in LP. Hence t — v; is actually continuous with values in LP. With a similar
argument, one gets that t — @, is continuous in LP. Hence also t + s; is continuous in LP, for 2 < p < 1/(1—28).

We conclude the study of the linearized system solution with some stability bounds for both the components
of the splitting, which will be useful later.

Proposition 25. Let b, 7, v, ¢, i = 1,2 satisfy Assumption |16 with p = 2 and let us denote by ' and ¥,
i = 1,2, the corresponding L°°([0,T], W12(R)) solutions of li and , respectively. Let us assume in
addition that ¥*, 5 are in C([0,T], L*(Ry)). Then we have

sup [|a! — @|lwr2(,) < Cllv! = ¢2||gs,
t€[0,T]

sup [|o" — 0 lwrzw,) < prosllvg — vglwize,)

([0,77)
t€[0,T)

+ p3000 (00 = V(Lo o112y + 17" = FPloqo.r).L2®,))

where p. are Borel locally bounded function such that p;y5 = pi (0" Lo (o,r1,22R1 ) 17 L= (0,11 xR4)) s for

i =1,2 and ps 5000 = P3 (|05 lwrzm,y, 19 s o), 10% Lo 0,7]xRy))- (We have used
the notation p.(a*) for p.(a',a?).)
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Proof. The bound on @' — @2 follows immediately from by linearity. Concerning the bound on ¢! — 92, by

proceeding as in the a priori bounds and , we get
15 — 57 Iz < llvg — vhllya2 + A+ B,

where the term A, resp. B, takes into account the contribution of b?, resp. 7%, i = 1, 2. Precisely, for A we have

4= c/1t—s [ P e PR [ P e
2 it — e + 162 = 23 N2y ] .

For B we have, by

t
B=C [ (6= Ikl od = iz + 172 = T2z
e 82 — @2z + 132 — 722182 dis
<0 [[6= 0 IRt - i + 15 - sz 1o
174 ese 18 = @2lls + 152 =32 0212 | ds.

The conclusion derives from a Gronwall-type inequality [32](Theorem 3.2), from the bound on 9! and 2,
the bound on @', @2 and @' — @2

5 Existence, uniqueness and regularity for the nonlinear system

This section contains the main result of this paper, that is the well-posedness for the nonlinear system —@.
The local well-posedness is proven by a fixed point argument, while the global one by an a priori bound. We
follow the proof outlined in [20], but considering v instead of s, for the energy bound. In the following, we may
let the time horizon T vary in a compact interval [0, Ty;,].

Let us gather together all the assumptions upon the initial and boundary conditions of the dynamical system
—@. We recall that ¢ (as well as so and c¢p) is given; in particular our analysis applies in particular to any
random boundary condition whose sample paths satisfy the assumption below.

Assumption 26. In the following, , m, ¢y are non negative constants and Cy > m > 0.

B1. The boundary condition v satisfies

¥ € CP([0, Tyin]) for some 1/4 < B < 1/2,
$(0) =0,
0<y <n.

B2. The initial conditions sy and ¢y satisfy

0<sp(z)<n, 0<m<co(z) <Cy Vzel0,0),
Co<1if B=—1,

So € Wj’z, Co—cp € WZLQ,

50(0) = 0.

B3. If B=1, then n < 1.
Remark 27. Recalling that ¢(c) = 1 + Be, the assumption Cp < 1 in the case B = —1 is equivalent to

m = i > 0.
® Juin o(c)

The positivity of ¢y, is automatically satisfied whenever B = 1. Furthermore, note that in the Assumption [26]
the hypothesis 1(0) = 0 is not strictly necessary, but it simplifies some calculation avoiding more technicality.
The last assumption on the initial condition sq is a right consequence since at the boundary s¢(0) = 1(0).
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The linear system. The first step of the analysis is to consider a linearized version of the (3)-(4)), where
the term s in the ODE for ¢ is replaced by a given term f. This makes the equation for s linear.

Assumption 28. Let us consider the class of Borel function f : [0,7] x [0,00) — R which satisfy the following
conditions:

feC([0,T), L*(Ry)) N L2 ([0, T], WH(Ry)) ;
A1 0.7, 120y + 102 1720, 7%, ) < K for some K > 0;

Il o 0,7 xRy ) < 15 (60)
f(t,0)=¢(t) forae. t€]0,T];
f=0.

Let us consider the following linear PDE-ODE system for (s, g), given a positive Borel function f satisfying
Assumption 2§

i(p(g)s) = 0:(¢(9)9xs) — Ap(9)s9, (61)
org = —p(9) fg. (62)

In — the function ¢ is given by , the boundary condition is @ and the initial conditions are, for
any z € (0, 00),

S($7O) :So(fﬂ), g(l‘,O) :CO(‘%');
where sg, cg and 9 satisfy Assumption Equation for s reads as
Ors = 025 + by0ys + 7,5, (63)

where b, is as in and 7, is given by
Vg = —A(1 = Bf)g. (64)
. Note that the solution g of equation admits an explicit form, that is

co(x)

7 . 65
(IO(C()((E))GAIO f(z,m)dr _ BCQ(:I,') ( )

g(l’,t) -

We seek a solution (s, g) which is a mild solution.

Definition 29 (Mild solution for (s,g)). The couple (s,g), with s € L>([0,T], WH2(R)) N L ([0, 7] x Ry)
and g € By ([0,T] x Ry), the space of bounded Borel functions, is a mild solution of PDE system — if,
for every z € Ry, g(-,z) solves (62)), that is g is given by and s is a L>([0,T], WH2(R,)) mild solution of
(63)-

Remark 30. If s is a mild solution of equation and s € C12 ([0, 7] x R,), the space of function C! in time
and C? in space, then s satisfies for every (t,x) € (0,T) x (0,00); we say in this case that s is a classical
solution of equation .

As in Section we split the linear solution s of as s = u+ v, where u solves the heat equation —
and © is a L>([0, T], W2(R,)) mild solution of the equation with b = by and 7 = 7,.

First of all, we consider some regularity and stability properties for the function g which has an explicit
formula given by , given the function f satisfying Assumption

Definition 31 (Good Data). We say that sg,co, f,% are good data if they satisfy Assumption [26| and [28| and
if the following regularities are satisfied: there exists an 0 < a < 1 such that f € C'*%/22+([0, T] x [0, +00)),
50 € C?F([0, +00)), co € CH(]0, +00)), ¥ € C1F/2([0,T]) and

83560(0)33;50(0)
¢(c0(0))
We have introduced the definition of good data since the results in [20] and in 23] are obtained under such

assumptions of good data and then extended to a more general setting, by density arguments. Furthermore, in
the case of good data, we get a higher regularity of the solutions, which is useful in some proofs.

$(0) = 02s0(0) + + Aco(0)s0(0)(£(0,0) — 1).

The following proposition proposes time uniform bounds for g and its spatial derivative.
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Proposition 32. Let us assume that f satisfies Assumption [28 and that ¢y satisfies Assumption [26. Then
0<g<Cyand

Co—g € C([0,T], LQ(R+>)° (66)
Moreover there exists k > 0, depending onm, Co, ©m, A, 0, Tfin, but not on K, such that, for every T € [0, T;,],
for every f satisfying Assumption[28 the following bounds hold

S[%PT] 1Co — gllz2®y) < &llCo — collzz) + &l flleor) L2y ) (67)
tel0,
tGSE%p HanHLZ(nh) < K[|, CO||L2(]R+) + £ 0x fHLQ (J0,T] xR )" (68)

Proof. As far as condition concerns, we first note that by (11)) and by Assumptions [26[ on ¢y and ¢, the
denominator in is bounded from below, hence g is bounded from above. Since f satisfies , we have, for
any 0 <s<t<T,

9(t,2) — g(s, )| < € | >3 Srvir A J7 sty

<C/ f(r,z)dr - Inax{e)‘fo 7\) 7’ e o f(rz)dr}

<C/fra:

The constant C, changing from line to line depends only upon f. We get

ot~ o, M <€ [ (€ [ srarir) ao< oo,

in particular Cy — g is in C([0,T], L*(R4.)).

If f and ¢y which are good data, in the sense of Deﬁnition inequalities @ and hold true, as shown
in [23](Proposition 2.1) and [20](Proposition 3.1), respectively. These bounds can be extended to the general
case by a density argument. The proof is complete. O

It is possible to establish also some stability results for g.
Proposition 33. Let us suppose that f1, fo satisfy Assumption and that co 1, co2 satisfy Assumption ' let

g1, g2 be the corresponding solutions to . Then we have, for some K > 0 (depending on m, Cy, ©m, A, 1,
Ttin, K), for every T € [0,Ty;y],

S[UP ] g1 — g2lln=ry) < KT\ f1 — folleqor),r2@ennrz o, wre®,y) + Kllco — cozlln=(r, ),
te[0,T

S[%PT] g1 — g2llwree.y < KT f1 — folloqo .2 &, ))n2 (0.1, w2 (&, ) (69)
telo,

+ K(1+ [|0zco1ll L2y ))llco — co2llwrzm,)-
Proof. Tt is enough to show the above bounds separately in the case when cp1 = cp2 and in the case when
f1 = f2. In the case when ¢g 1 = g2, the bound follows from [23](Proposition 2.5) and [20](Proposition 3.4) for
f1, f2 and ¢p1 good data and a density argument for general fi, fo and cp1 = cg2. We consider now the case
when f; = fo =: f. In the following, C' > 0 may denote different constants (depending on m, Cy, ©m, A, T, 7,
K). We write, for any solution g to ,

9(t,2) = plt,co(e)), pltsme) = oy "’) ht,x) = M fr)dr,

(t
In view of bounding g; — g2 and 9,91 — 0.g2, we compute (recall go( )= A+ Be, B=+1.

B 1 _ (B(h(t,z) = 1)c

et 2,€) = s " Be ~ (w(Oh(t.2) — B’

cp(c)0ph(t, x)
(@(c)h(t,z) — Be)?’

B (c) + Be 2cp(c)B(h(t,z) — 1)
0cDeplty @,¢) = O:hlt, 7) ( (@(Oh(t,2) — B2 (p(c)h(t2) — Be)® ) ’
s 9B((ta) 1) 2e(h(t,z) — 1)?
0t 0) = 1ol h(t,2) — Be? T (p(e)h(t,z) — B

awp(t7xvc) = -
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Since f safisfies (60]), we have (with a constant C' > 0 independent of (¢, z))

sup |0ep(t,z,c)| < C,
c€[0,Co]

t
sup |0.0.p(t,x,c)| < C/ |0x f (7, ) |dr,
CE[O,CO} 0

sup |0?p(t,z,c)| < C.
CG[O,C()]

Now we can bound g; — g2: since 0 < ¢p; < Cp, i = 1,2, we have

lg1(t,z) — g2(t, )| < Siup ] |0cp(t, @, c)l|co,1(x) — co2(z)| < Cleoa(w) — co2(2)],
c€[0,Co

which implies, for every 2 < ¢ < oo,

sup |lg1 — g2llze < Cllcon — cozllre-
t€[0,T]

Concerning 0,91 — 9,92, we have, for i = 1,2,
0 gi(t, ) = Opp(t, x, co4(x)) + Ocp(t, x, co,i(2))Duco,i(2)
and hence
10291(t, 2) — Oxga(t, )| < |0up(t, m,c01(w)) — Oup(t, @, co,2(7))|
+ 10cp(t; T, c0,1(x)) — Oep(t, T, co,2(7))||0zc0,1 ()]
+ [0ep(t, @, co,2(2))||0zco,1(2) — Oz 2(2)|
< sup  |0:0z:p(t, z, ¢)||co.1 () — co2(x)]

c€[0,Co]

+ sup |92p(t, x,¢)l|co(x) — co2(x)||0xco 1 (2)]
CE[O,C()]

+ sup [Ocp(t, z,c)]|0zco,1(x) — Dzco ()]
c€[0,Co]

T
<C (/0 |0y f (r, ) |dr + |8;1;co,1(33)> lco1 () — coa()]|

+ C‘amC()’l(SU) — 8m0072(l')|.
Therefore we obtain (by Assumption [28|on f)

sup [[0,91 — 8292l172 < C(100f1172(12) + 182c0.(72)llcon — co2l|Fee + CllOscon — Bucoall72

t€[0,T]
<C(1+ ||3zC(),1||%3)||C(),1 —Co,2

2
w2

where in the last line we have used the Sobolev embedding of W2 into LS. The proof is complete.

O

Next we show that any function s, mild solution of the linear equation , exists in [0,77], it is pathwise
unique and it can be approximated by a sequence of solutions of the same system given good data approximating
the initial conditions, the boundary conditions and the function f. The latter property is useful to apply the

results proven in [20}23].

Proposition 34. Let us consider equation , where g is the solution of the equation , with f satisfying

Assumption [28 and with Assumption [26] in place.
i) There exists a pathwise unique L>([0,T], W2(R}.)) mild solution s of the equation (63).

it) If so,co, f,% are good data as in Definition then the corresponding solution s € C12 ([0,T] x Ry);

hence, it is a classical solution to .

1) For any mild solution s of the equation , there exists a sequence of good data sg,cy, f™,¢", with fm
converging to f in C([0,T], L*(Ry))NL2([0,T], WH2(R..)), with corresponding classical solutions s™ of the

equation (63), such that (s™), converges to s in L°°([0, T}, W"2(Ry)), more precisely

lim sup ||s™(¢,-) — s(t,)||wr.2 =0.
Jm s 0 = st wee

In particular, s™ converges to s uniformly on [0,T] x (0, 00).
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Proof. Condition i) is a consequence of Corollary , applied with p = 2, and inequality . Moreover, if 1)
is in C1, then well-posedness holds also in L (W.1>°), by Remark

The regularity of the solution, stated in condition ii) in the case of good data, i.e. well-posedness of clas-
sical solutions in the class C’t{;a/ 22 s given in [23](Proposition 2.2). Since the classical solution is also in

L (WEo°) it must coincide with the mild solution.

Let us prove the approximating result iii). Let s be a mild solution of the equation . We take a sequence
of good data s%,ck, ™, 9" approximating s, co, f,? in the following sense: (s3), converges to so in W12,
(Co — ), converges to Cy — ¢ in W2 and hence in L% by Sobolev embedding, (f"), converges to f in
Cy(L2) N LF (W, ?) and (f™)y is uniformly bounded in Lg%, (¢/™), converges to 1 in CP™¢, for € > 0 given and
sufficiently small such that 5 — e > 1/4.

Let g™ be the solution to with data ¢, f. By (69), (9"), converges to g in Lg®(W}?) (and in Cy(L2)).
For any n € N, we consider the functions b" = b,, and 7" = 7,4, as in and . Therefore, by Assumption
and Proposition the family of drifts (b™),, converges to b = b, in L{°(L2) and the family of coefficients
(7")n is uniformly bounded in Lg, and converges to § = 7, in Ci(L2), where 7 is given by . Hence, we can
apply the stability bound given in Proposition calling s™ the solution to with good data sg, cg, f™, 9",
the family (s"),, converges to s in the sense of (70]. By Sobolev embedding W12 — C,, the convergence is also
uniform on [0,77] x (0,00). The proof is complete. O

Proposition 35. Let us assume that Assumption [26 holds and that f satisfies Assumption[28 Then, for any
mild solution s of the equation , we have

0<s(t,x) <m, Y(t,z) € [0,T] x [0, +00), (71)
mgr}_loos(t,x) =0, vt € (0,T]. (72)

Moreover, let consider the splitted representation s = G+ 0. Then, for some constant C > 0 (depending only on
Tfin) we have

0 <a(t,z) < ClYlleqo,m < Cn, V(t,z) € [0,T] x [0, 400), (73)
[0(t, z)| < Cn, v(t,x) €10, T] x [0, +00), (74)
Ill)IJ'I_loo a(t,z) = mli}lg_nooﬂ(t,ar) =0, vVt e (0,7T]. (75)

Proof. If f, so, ¢o and 9 are good data, and are given in [23](Proposition 2.3). The general case
follows by the approximation result in Proposition namely approximation via solutions with good data. The
positivity of u follows from the positivity of ¢, by the representation formula since 0,G < 0. The uniform
bound (73) and the limit of u in (75) follow from the bound (34). The uniform bound follows from
and ((73)), while the limit of v in (75]) follows from and the first of .

O

Our main original contribution is given by the following proposition and its corollary the crucial bound
on the splitting variable ¥ that, together with the analogous bound for the splitting variable @ , (Proposition ,
gives the final bound for the solution s of the linear equation. The corollary that follows states the generalization
of this bound to the nonlinear equation.

Proposition 36 (Estimate for the linear system). Suppose that Assumption |26 holds. For every f satisfying
Assumption with a generic K > 0, let s be the solution of the equation (61)), coupled with equation .
Then, there exists a constant p > 0, depending on m, Co, om, X, 0, Ttin, |¥|lcs, |sollL2, ||0z¢ol|L2 but not on
K, such that, for every T € [0,T}:y], satisfies the following bound

T T
1
sup_||s(t, )22 (w,) +/ 1025, |72, dt < 1o+ 5/ 102 £ (£, )72 (r, At (76)
+€[0,7] 0 0

In particular, for any f satisfying Assumption with K > 2, for any T € [0, T}ip], we have

T
sup \IS(tw)II%z<R+)+/ 1025(t, )72 m, dt < K. (77)
te[0,7T] 0
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Proof. By the approximation result in Proposition it is enough to show the two bounds and for
classical solutions arising from good data f, sg, ¢, ¥. Hence we will now consider such classical solutions.

Let us remind that we may consider the splitting s = @+ ¢, where @ is solution of — and o is solution
of We first obtain an equation for the pore concentration for ¢(g)92, where ¢ is given by . By the chain
rule, equations and , we get the following

D (p(9)0%) = 20(9)00,0 + %0,y
= 200(9)020 + 200, (0(9)) 920 — 2Xp(9)g(1 — Bf)5? + 20,909,100 — 2Xp(9)gti(1 — Bf)o — Ap(g) g
= 200, (0(9)27) — Ap(9)g(2 + (1 = 2B) f)0* + 20,99, 40 — 2Xp(g)gt(1 — Bf)o.

Let us integrate over (0,t) x (0,4+00). By means of the integration by parts in « in the first term at the right
hand side, since by Proposition [35| v(¢,0) = 0 and v(t, +00) = 0), we get

/ o(g¢) 07 d —/ ©(g0) Uod$+2/ / V2 dxdr
0

/ / 2o(g)g(2+ (1 —2B)f)o dedr—i—/ / 200,904 udxdr—i—/ / —2Xp(9)g(1 — Bf)uvdxdr
=: Ri + Ry + Rs.

By Proposition and Assumption we have @ > 0, f > 0 and, for B=1, f <1n < 1 and, for B = —
2+ 3f > 0. Hence
Ry <0.

As the Ry term concerns, Proposition [35| gives the L uniform bound on @, inequality (]@ gives the L? bound
on ,g, while the L? bound on d,u derives by Proposition since 8 > 1/4; hence, for ¢ > 0 to be determined
later and the constants Cc and C, depending only on € and only on T'f;,, respectively, we get what follows

t ]
Ry = / / 20, g0 uvdxdr
0 Jo

T T
<C. [ lotuilzr+e [ ouglizar

0 ” 0 ”
< CeT\|5||2Lgfz||awﬂ||%§°(Lg) +eT ||5wg||2Lt°°(L3,)

< CCTP|l3s + T (|0ecollZ: + 10 2 12)) -

For the term Rj3, we use the L* bound on g given by , the L' bound on u and the bound || <7, the
uniform bound on v by Proposition [35| and Assumption [26] and get
t o
R3 = / / —2Xp(g9)g9(1 — Bf)uvdzdr

< 2MT|gllnge (A + Bllgllze )10l gs, @l e 1)
< CAT*Co(A + BCy).

Hence, by means of the estimates of the terms R; — R3 and by considering the lower bound for ¢ as in condition
B2 of the Assumption we get the following space estimate in L? for ¥ and its derivative

o) t oo
/ v2dr + 2/ / (0,0)2dxdr < @} / o(g)v2dx + 2, / / )2 dxdr
0 o Jo

< ¢ CollsollTz + CCep TP |10 Es + er HTHaxCoH%g
+CAT?Co(A + BCo) + epp 6T 1|0 f |72 12
= A+ 6@;11HT||afﬂfH2Lt2(Lg)

If we combine the latter estimate with the inequality for @, then, for some constant C' depending only on
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T'tin, we get the following for s = 4 + 7,

sup / std:v+/ / (Ops)*dxdr <2 sup / utdm—|—2/ / (0,0)*dxdr +2 sup / vZdx
te[0,T] tel0, 7] JO tel0, 7] JO
+ 2/ / 0:0) dacdr

< Ol¢l3s +3Ac + 3e0y, KT 1100 flI 212

Now, let us take € > 0, sufficiently small that 3ep;,! kT, < 1/2; we get

oo T o) B 1
sup / sidx +/ / (0p8)2dzdr < C||Y||%s + 3Ac + §||81f||2L$(L2).
o Jo *

te[0,7] J0

So, inequality is proven, with p = C'||”¢J||2Cg + 3A.. If we take the parameter K in such that K > 2u,

we conclude that
K K
sup/ dx—l—/ / (0z9) 2dedr < — 4+ — = K.
te[0,T] 2 2

Hence, inequality is proven. O

Remark 37. Proposition is the main point where the irregularity of the boundary condition v does not
let us use the results already proven in [23]. Precisely, in [23](Proposition 2.4), the estimate on s is obtained
by multiplying the equation for ¢(g)s morally with s — 1) and integrating by parts in time and space; in this
procedure the time derivative of ¢ appears, something which cannot be controlled in our context. Here instead,
in a certain sense we leave the irregularity due to 1 into the u term and consider the equation for v instead,
which has smooth (actually zero) boundary condition.

Remark 38. Note that, unlike [23](Proposition 2.4), the bound in Proposition [36[ on the solution s to the
linear equation depends on the C([0,T], L?(R)) N L?([0,T], WH2(R,)) norm of f. The reason for this
dependence is due to the appearance of the term 9,g, which can only be controlled by the C([0,T], L?(R,)) N
L2([0, 7], WH2(R,)) norm of u. However, we can make this dependence small, that is, with a multiplicative
constant less or equal than one half. This is enough to get the a priori estimate in Proposition 40|in the case of

the nonlinear equation —.

The next result deals with the contraction property of the operator that maps any f in into the solution
of the linear equation, for small time 7.

Proposition 39. Suppose that Assumptz’on holds. There exists p > 0 (as in Pmposition@/ such that, for
every K > 2pu, we have: there exist T € [0,Tfin], L < 1 (all depending on m, Co, @m, A, 0, Trin, [[¥]cs,
llsollzz, |0zcollze and K) such, that, for every f*, f? satisfying with K, calling s', s the corresponding
solutions, we have

T T
s = ey | 10t~ 0t <2 s 171~ Pl 10 0 e )
€10,

t€(0,T]

Proof. If s' and s? are solutions arising from good data, then one can repeat the arguments in the proof of
[23] (Proposition 2.6), by replacing the constant K in [23] with the constant K > 2y, where y is as in Proposition
The general case follows by the approximation result in Proposition O

The nonlinear system Let us focus again on the nonlinear PDE ([I3)-(16). First of all we consider a
corollary of Proposition

Proposition 40 (Estimate for the nonlinear system). Suppose that Assumption holds. If (s,c) is a mild
solution to the monlinear PDE -. Then there exists a constant p > 0, depending on m, Coy, ©m, A, 1,
Trin, [1¥]lcss ISollz2, [|0xcollr2 but not on K, such that, for every T € [0, T, if (s,¢) is a mild solution to the
nonlinear PDE —, we have

T
sup |[|s(t, )| —|—/ Dps(t,)||? dt < 2u.
S [ED] PP | 1025t ) L2m )
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Proof. If (s, c) solves the nonlinear PDE —, one can consider f = s and the conclusion follows from the
bound of Proposition . O

Remark 41. We note that if (s, c) is a mild solution to (I3)-(L6]), then by Remark 24 s € C([0,T]; L*(R?)).
Furthermore, we have that (s, ¢) is a mild solution to (13)-(16) if and only if (s, ¢) is a mild solution to (61])-(62)
with f =s.

The global existence of a pathwise unique mild solution for the nonlinear equation is proven in the following
theorem.

Theorem 42. Let us consider system — on [0, Tin] x Ry. Suppose that Assumption holds. For any
T € [0, T}in|, there exists a pathwise unique mild solution (s, c), in the sense of Definition n

Proof. Let xx r denote the space of functions f satisfying Assumption with K and T as in Proposition
and Proposition [39} it turns out that y i 7 is a complete metric space endowed with the norm Cy(L2)NLZ (W12).

We consider the solution map of the liner system

F:xgr— XK1 F(f)=s,

where, given a function f, s is the first component of the solution (s,g) to the linear system — driven
by f. By Proposition [35| and Proposition the operator F' is well-defined and it is a contraction on xx r (for
small T" and large K), due to Proposition Hence, we get existence and uniqueness of a fixed point of F', that
is existence and uniqueness for —, for small T > 0. For general T' > 0, we can use a strategy which is
similar to the one followed in [23]. We take K = 2u, with p as in Proposition [36| and Proposition and define

T* =sup {t € [0,7] | 3! mild solution (s,c) to — (L)} .

First of all, we show that (s,c) can be extended as a mild solution up to 7™ included and s is such that
it satisfies that supycpo 7+ [|s¢l[yy22 < co. In order to do this, we take f = s, extended to ¢t = T™ for example
taking fr- = 0. With such f, ¢ can be extended up to T* included by the explicit formula and the bounds
— still hold. By Corollary there exists a unique mild solution § on [0,7*] to , in particular § is in
Ci(L3) and satisfies sup,e(o 7+ [|5¢[lyy1.2 < 00. By uniqueness of (61), s and 3 must coincide on [0,7*). Hence s
can be extended to a solution on [0,7”] by setting sy« = §p- and it verifies sup, (g -+ [[st[lyy1.2 < o0.

Finally, we show that 7" = T. By contradiction, if 7% < T then we would like to take sp- (which is in
W1?2) and cp- as new initial conditions and apply the local well-posedness result to extend the unique solution
for T' > T*. Unfortunately here we cannot use exactly this argument, because sp+ = ¥~ does not need to be
zero and so we are outside Assumption However, we can consider a modified fixed point problem as follows.
We take the space Xf(T of functions f satisfying Assumption [28 and such that f = s (the unique solution of
(L3)-(16) on [0,7*] x [0,00) and we still consider the map F, restricted on )Z?T, such that F'(f) is the solution
to the (first equation of) the linear system — driven by f. The proof of Proposition (which is the
proof of [23](Proposition 2.6)) does not use the fact that (0) = 0 and so one can repeat the proof for f in )ZTI;*T
and get the following fact, for K large enough and T — T* > 0 small enough, for some L < 1: for every f!, f2
in Y% p, calling s' = F(f!), s* = F(f?),

T T
1okl 4 oot otz < (swp 1< P + [ 1051 0 s )
te[T,T*] T* te[T*,T) T*

Hence, for large K and small T'— T*, F is a contraction on )Z};T and therefore it has a unique fixed point, that
is there exists a unique mild solution (s,¢) on [0,7* + T']. But this is in contradiction with the definition of T*.
Hence T* = T. The proof is complete. O

Stability with respect to the boundary condition. In this paragraph we show a stability bound of
the mild solution (s, ¢) with respect to the boundary condition . The stability result implies in particular that,
for random adapted v, the (random) solution (s, c¢) is adapted as well.

We start with stability for the linear system (61))-(62):

Proposition 43. Assume that so and co satisfy Assumption[26 Let i, 12 be two boundary conditions satisfying

Assumptions f1, f2 satisfying Assumption let (s1,91), (S2,92) be the corresponding mild solutions to —
(62). Then there exists C' > 0, depending on m, Co, Pm, A, 0, Ttin, |0zcollL2 HSi”Lf(W;'?) and ”fi”Lf(W;*Q);

23



i =1,2 (but not directly on 1; or on f;) such that

T T T
_ _ 1
stﬁ—M@+/I@ﬁ—@M@ﬁSCWrWM@+C/Hﬁ—w@ﬁ+*/Hﬁ—M@mﬁ
te[0,T] e 0 * ¢ 0 ’ 2 Jo z
(78)

The proof follows the lines of the proof of [23](Proposition 2.6), but exploits the splitting strategy to deal
with a non-zero boundary condition for the difference s; — so. We recall the following inequality (consequence
of Sobolev-Gagliardo-Nirenberg, or of and [27], Example 1.3.8):

[vlZee < Cillvlly/ee < Callvllcz vlly e

Proof. By a density argument (and Proposition , it is enough to show the result for sg, cg, f; and v¥; good
data as in Deﬁnition for which s; and sy are C12([0, 7] x Ry). We call f = f1 — f2, ) = 11 — 1o, § = 81 — 82,
g = g1 — g2. We split s = u+ v, where u is the solution to the heat equation —— (with 1 as boundary
condition) and v = v; — vy (where s; = u; + v;) satisfies

0:(p(g1)v?) = 200, (p(g1)0xv) + 2080910, u

—2Xp(g1)g10*(1 — Bf1) — 2Ap(g1)g1uv(l — Bfy)
BOyg1  B0Oygo
+%w@ﬂ%@< - )—%Mwmﬁﬂmﬂ—Bﬁ)—mﬂ—BhD (79)

o(g1)  p(g2)
- BNP(gl)f191U2
::I+T1+T2+T3+T4+T5+T6.

We integrate each term in time and space (in the following, C' represents a generic positive constant, which
depends on m, Co, @m, A, 1, Tfi, and may change from one line to another). Since v(t,0) = 0, the term I gives

T T T
/ / Idxdt = —2/ / ©(g1)|0pv]*dxdt < —C/ / 0,0 dzdt,
0o Jry 0o Jry 0o Jry

where we have used that ¢(g1) is bounded from below (see Remark . Recalling the bound on u, the
term Ty gives, for fixed § > 0 and Cs > 0 (possibly changing from one line to another),

T
0 Ry

T
< C/o HU”QL;odt + C(”aa;Ql”QLgo(Lg) + ||6z92||2L;>°(Lg))||awu||%§°(1:§)

T T
gcg/nﬂ@ﬂ+§/nmwga+cw¢ﬁﬁg+wmhﬁg+w@%ﬁnwﬁﬁ
0 c 0 E T T x

where we have used the bound on g;. The term T, gives

T
0 Ry

T
<CO+ ol )3+ Ifilees) [ olEade
' 0

T
< C/ |v]|32 dt,
0 x

where we have used that g1 and f; are bounded respectively by Cy and 7 (see Proposition . Similarly, using
, the term T35 gives
T
0o JR,

T T
< [ olzderC [ ult
0 0

T
<C [ olat + i,
0 ’ E

and the term Tj gives

T
< c/ [v][2. dt.
|

T
0 Ry
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The terms T} gives, for fixed § > 0 and constants ¢ > 0 (depending on m, Coy, @m, A, 7, Tin, but independent
of §) and Cs > 0 (possibly changing from one line to another),

T
/ / Tydxdt
o Jry

T
gC%ﬂgnm&fdr+waﬁﬂ@ﬁ@ﬂl+wwm%mx¢f

[llgr = 0203 e 1) 10091 3 12) + 19001 = a3 e 12 923 10|

T T
<Cy [ olfzdt+5 [ 0u0ly
0 0
+ 68|z 521721211 — f2|\2L§(W;~2)(1 102 1l 222y + 192collZ2),

where we recall that ¢(g;) is bounded from below (by ¢,, > 0) and the Propositions [32| and |33 on g and g;.
Similarly, the term T3 gives

T
0 R4

T
g@/o 013 it + ll 212 (1+ llg1 ]2 )-

: {Hgl = goll7 e (oo 1 fill72 2y + 11 — sz%g(Lg)Hg2||%go(L;o)] dt

T T
gC(;/ Hv||iidt+6/ 0,013 dt
0 0
+8ellfr = fall3 ey (L IF1l T2 2y + I 2llZa 12))-

where we have used that s; is bounded respectively by 7 (see Proposition and again the Propositions|32|and
on g;. Integrating in time and space, we get, for constants ¢ > 0, C' > 0 (depending on m, Co, ©m, A,
1, Tins 10zcollr2, ||3i||Lg(W;v2) and HfiHLf(WTL2))a

T T T T
W@W%+AH&ﬂ%ﬁSCWﬁgH%AHﬂﬁﬁ+@ﬂlﬁﬂ%ﬁ+%llmﬂyﬁ

Choosing ¢ with ¢§ < 1/8, combining the above bound on v with Hu||L;,o(W;,z) < C|¥|| e from (A1), we obtain
for s = u + v (possibly renaming C)

T T T
_ _ 1
ISz + [ Nosltgae < Oz +C [ Neligat+5 [ 110t
The proof is complete. O

As a consequence, we get the stability bound for the nonlinear system -:

Proposition 44. Let ¢y, ¢ be two boundary conditions satisfying Assumptions |20, let (s1,91), (s2,92) be the
corresponding mild solutions to the nonlinear system — (as from Theorem . Then there exists C > 0,
depending on m, Co, ©m, N\, 1, Ttin, [|0zcol|z2 and HSiHLf(W;@) ||fi||L§(W;'2)’ i =1,2 (but not directly on 1; or
on s;) such that

1 Tfin _
sup ||s1 — sal[32 + 5/ 10251 — Opsa||32dt < Clltpy — 1/)2||é5.
te[0,Tfin] ¢ 0 * ¢

Proof. The bound is a consequence of 7 taking s; = f; the solution to the nonlinear system — and
applying Gronwall lemma. O

Finally, we conclude adaptedness when 1 is an adapted stochastic process:

Corollary 45. Let 8> 1/4, let (0, A, (Fp)¢, P) be a filtered probability space satisfying the standard assumption
and let ¢ be a (Fi)-progressively measurable process with paths in CtB satisfying Assumption % (for possibly
random n > 0). Let (s,c) be the corresponding mild solution to the nonlinear system —. Then s is
(Fi)¢-progressively measurable as L?(Ry)-valued process.

Proof. For every T < T}y, the map [0,T] x 2 3 (t,w) — s¥(t) € L?(R;) is the composition of the two
maps (t,w) — (t,7(w)) € [0,T] x CA([0,T]), which is measurable from B([0,T]) ® Fr to B(C?([0,T]), and
(t,7) = s7@)(t), which is measurable from B(C?([0,T]) to B(L?(R)). This shows progressive measurability. [

Clearly progressively measurability of ¢ holds as well (for example in the space of functions g with Cy — g €
L?(R.)), as a consequence of progressively measurability of s and the explicit expression of ¢ in terms of s.
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6 Appendix

For convenience of the reader here we recall some classical results of functional analysis related to fractional
Sobolev spaces with some embedding results [16,27,[31]. Furthermore, we give the basic definition related to the
interpolation theory [6}25(27}/31].

Let us remark the fact that, as in the classical case with integer exponents, the space WH+a'p ig continuously
embedded in W*+P with k +a < k' + o/, k, k' integers and o, o’ € (0,1). The result holds in the limit case
a =1 [16].

Proposition 46. [16] Let p € [1,00], k, k' € N, and o,/ € (0,1), with k+ o < k' +a'. Then
[ llwssercey < Ol lysrsar ey

In particular, .,
Wk +a ,p(R) C Wk-‘roe,l)(R)_

The previous hold also in the case k = k' = 0. Furthermore,
WLP(R) C W*P(R).

The Sobolev embedding results may be extended by considering different LP spaces, for various exponents
p, provided some relations among the exponents.

Proposition 47. [27,(31]Let p,q € [1,00], 5,8 € Ry, withp < q and s’ < s. If

8—128/—1, (80)
p q
then ,
W*P(R) C W* 9(R). (81)

All the previous results are applied also to R.
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