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In this work we investigate several phenomenological and technical aspects related to electroweak (EW)
corrections at a high-energy muon collider, focusing on direct production processes (no vector-boson-
fusion configurations). We study in detail the accuracy of the Sudakov approximation, in particular the
Denner-Pozzorini algorithm, comparing it with exact calculations at next-to-leading-order EW accuracy.
We also assess the relevance of resumming EW Sudakov logarithms at 3 and 10 TeV collisions.
Furthermore, we scrutinize the impact of additional heavy boson radiation, namely the weak emission of
W, Z, and Higgs bosons in inclusive and semi-inclusive configurations. All results are obtained via the fully
automated and publicly available code MadGraph5_aMC@NLO.
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I. INTRODUCTION

In recent years a novel interest for a muon collider has
arisen, motivated by its great potential for the investigation
of the fundamental interactions of nature [1–6]. A key aspect
of a muon collider is the possibility of accelerating elemen-
tary particles at energies of several TeVs [7–13], leading to
the possibility to probe fundamental interactions at unprec-
edented energies. It offers the potential to significantly
advance our understanding of fundamental particle physics,
enabling in-depth studies of the StandardModel (SM)Higgs
boson [14–26], searches for beyond-the-SM (BSM) heavy
Higgs bosons [27–32], investigations of darkmatter [33–39],
constraints on lepton-universality violation [40–42], explo-
ration of themuon g − 2 anomaly [43–46], and tests of awide
range of new physics scenarios [47–62].
A muon collider is therefore both a discovery and

precision machine. In particular, precision physics relies
on both a clean experimental environment (no QCD in the
initial state) and precise and reliable theoretical predictions.
Thus, as has been the case for large electron-positron collider
(LEP), the calculation of electroweak (EW) corrections will
be paramount for theoretical predictions in muon collisions.

In fact, unlike other possible future electron-positron col-
liders, e.g., the FutureCircularCollider (FCC-ee) [63,64] and
the Circular Electron-Positron Collider (CEPC) [65–70], at a
high-energy muon collider the scope and relevance of EW
corrections will be much broader, especially for a 10 TeV (or
higher) collision machine.1 EW corrections at high energies
can be very large, even of Oð1Þ with respect to the leading-
order (LO) prediction, and therefore are expected to be
unavoidable in any phenomenological study, not only those
regarding precision. The origin of such enhancements is the
so-called EW Sudakov logarithms (EWSL), which involve
logarithms of ratios of the form Q=MW , where Q is any of
the scale of the process, like the energy of the collider

ffiffiffi
S

p
,

and MW is the W boson mass.
On the one hand, such logarithms emerge from the real

emission of heavy bosons V ¼ W, Z (and H). It has been
shown that such mechanism can be exploited in order to
leverage the sensitivity on BSM effects in the hard process
[15,81] and in general it has become a widespread notion
that these effects will be ubiquitous in the muon collider
physics [82]. Above all, the idea of the muon collider as a
vector-boson collider has emerged, where vector-boson-
fusion (VBF) processes can be modeled directly via VV
initiated processes and the convolution of universal and

*Contact author: yang.ma@bo.infn.it
†Contact author: davide.pagani@bo.infn.it
‡Contact author: marco.zaro@mi.infn.it

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1Similar effects, although of smaller sizes due to the associated
lower energies, are expected also for high-energy eþe− colliders
(see, e.g., Ref. [71]) as Compact Linear Collider (CLIC),
International Linear Collider (ILC), and C3 [72–80]. For such
colliders, a more prominent effect originates from quantum
electrodynamics (QED) initial-state radiation (ISR), which how-
ever in our set up would be automatically resummed within the
parton distribution function (PDF) formalism.
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process-independent parametrizations of the V emission
from initial-state muons [48,83]. Different groups have
already calculated and provided EW PDFs of V bosons
(and the other particles of the SM spectrum) in the muon
[84–86], resumming such effects.
On the other hand, EWSL originate from “genuine” EW

corrections, i.e., loop diagrams [87]. The calculation of
such logarithms has also received a novel interest in the
past years, independently from the muon-collider physics.
An algorithmic procedure for the evaluation of EWSL at
one- [88,89] and two-loop [90–93] accuracy, the so-called
Denner and Pozzorini (DP) algorithm, has been available
for a long time. Such an algorithm has been automated for
the first time [94] in the Sherpa framework [95] and
extended to the case of multijet merging at the next-to-
leading order (NLO). Afterward, the DP algorithm has
been revisited and improved in particular features [96] and
automated within the MadGraph5_aMC@NLO framework
[97,98] and matched to NLOþ PS simulations in QCD
[99]. Very recently [100], it has been automated also in the
OpenLoops framework [101,102], and adapted for a dynami-
cal treatment of resonances.
The resummation of EWSL has also been studied and in

Refs. [103–105] a general method to resum such logarithms
for an arbitrary process was developed, based on the
framework of soft-collinear effective theory [106–109].
Very recently, in Ref. [110], Next-to-leading-logarithmic
(NLL) resummation has been implemented in realistic
Monte Carlo simulations and studied both in the context
of future leptonic (CLIC at 3 TeV [75–78,111,112]) and
hadronic (FCC-hh at 100 TeV [113–115]) colliders.
One of the reasons for the novel interest in the compu-

tation of EWSL is the fact that they can in principle
approximate very well the exact NLO EW corrections, but
their evaluation does not involve the explicit computation
of loop diagrams; only tree-level amplitudes and logarithms
are involved. Thus, the evaluation of EWSL is much faster
and easier. Besides the SM scenario, their evaluation has
been performed also for BSM scenarios, such as dark-
matter studies [116], and it is clearly relevant in the context
of a high-energy muon collider, as shown e.g. in the already
mentioned Refs. [15,81].
Both for the SM and BSM case, one should keep in mind

that theEWSLare an approximation.Knowing howefficient
is this approximation is of primary relevance for physics at a
high-energy muon collider. However, nowadays also the
automation of the exact NLOEWcorrections is available for
SM processes, both in hadronic and leptonic collisions
[97,98,117–124].2 Thus, it is possible to compare directly

EWSL and exact NLO EW corrections in order to assess
their level of accuracy for SM processes.
In this work, we precisely investigate this issue for the

case of a muon collider at 3 and 10 TeV. We focus on direct
production processes (also denoted in the literature as
muon-muon annihilation), μþμ− → F, where the invariant
mass of the final state is close to the energy of the collider
and therefore VBF configurations are suppressed. In these
configurations the only relevant PDFs are the ones of the
(anti)muon in the (anti)muon, which accounts for effects
from QED initial-state radiation. Moreover, our focus is not
on precision physics but on large effects, as those expected
from EWSL at high energies. We exploit the SM as a “test
case,” but our conclusions are instructive also for a general
BSM scenario.3 All our calculations are performed via the
MadGraph5_aMC@NLO framework [96–98,123], in a com-
pletely automated approach.
First of all, we investigate in detail how accurate is the

Sudakov approximation and in particular its evaluationvia the
DP algorithm, comparing it with exact NLO EW results. In
particular, the DP algorithm has been rigorously derived for
the approximation of one-loop amplitudes in the strict limit
M2

W=s → 0, but its application for physical observables is less
straightforward and has been revisited inRef. [96]. On the one
hand, it has shown that the usage of the so-called SDKweak
scheme, a purely weak version of the original one, can be
superior to the more commonly used SDK0 scheme when
charged particles in the final state are recombined with
photons. On the other hand, it has shown that logarithms
such as log2ðs=jtjÞ or log2ðs=jujÞ, and in general logarithms
involving ratios of Lorentz invariants of the process, can be
numerically very large and the assumptions as s ≃ jtj ≃ juj are
not efficient. We address both these aspects when comparing
EWSL and exact NLOEWcorrections.Moreover, we show a
specific case for a process (μþμ− → ZHH production) where
in some regions of the phase space the LO predictions are
numerically dominated by diagrams that are mass suppressed
in the M2

W=s expansion, such that the DP algorithm lies
outside its range of applicability and therefore returns wrong
results. Such an example is very counterintuitive, and the
Sudakov approximation is very efficient in the region where
one would not naively expect it, and vice versa.
Then we approximate the resummation of EWSL via a

simple exponentiation and, after additively matching them
to the exact NLO EW, we compare this prediction with the
exact NLO EW itself. We investigate when resummation is
needed solely for precision studies and when it becomes
essential to ensure sensible predictions and prevent neg-
ative cross sections.
Finally, we scrutinize the contribution of heavy-boson

radiation (HBR), in other words the emission of weak
bosons W, Z, and H. We consider different scenarios,2More in general, the calculation of the so-calledComplete-NLO

has been automated. This accuracy includes NLO QCD and NLO
EWcorrections and also formally subleading contributions in the αs
and α power expansion, see, e.g., Refs. [96,98,118,122,125–134].

3The case of Standard Model effective field theory (SMEFT)
will be addressed in detail in an upcoming publication [135].
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where HBR is recombined or not with particles in the final
state F in μþμ− → F production. We also consider as
physical objects in the final state F the so-called “EW jets,”
obtained by the clustering ofW and Z bosons. We compare
the impact of HBR, which is calculated exactly and taking
into account phase-space cuts, with the one of NLO EW
corrections, also calculated exactly, and discuss their
relative size and possible cancellations. We show how
HBR leads in general to much smaller contributions than
their virtual counterparts, only marginally compensating
for the large effects due to the latter.
The paper is structured as described in the following. In

Sec. II we briefly summarize the automation of both NLO
EW corrections and EWSL in MadGraph5_aMC@NLO, focus-
ing on the aspects relevant to the study presented in this
work. In Sec. III we describe in detail our calculation setup
and the definitions of the different approximations used.
Also, we better formalize the aspects that we want to
investigate in this work and that we have mentioned in the
previous paragraphs. All the numerical results and the
discussion of the information obtained are reported in
Sec. IV. We give our conclusions in Sec. V.

II. NLO EW CORRECTIONS AND EWSL IN
MadGraph5_aMC@NLO

A. The automation of NLO EW corrections

Given a physical observable, typically a cross section,
the so-called NLO QCD and NLO EW corrections corre-
spond to the exact OðαsÞ and OðαÞ corrections, respec-
tively, to its LO prediction.4 Such corrections involve the
calculation of one-loop amplitudes, their renormalization,
the regularization of Infrared (IR) divergencies, and the
combination of virtual as well as real-emission contribu-
tions in order to cancel them.
The automatic computation of NLO QCD and EW

corrections, and the matching of the former to parton-
shower, is a well-known feature of the metacode
MadGraph5_aMC@NLO, achieved both for hadronic [98,122]
and leptonic [123] collisions. Before delving into aspects
specific to muon colliders, we remind the reader of some
general features about the building blocks of the code. The
computation of NLO corrections requires the local sub-
traction of IR singularities and the numerical evaluation of
one-loop amplitudes. The first task is achieved using the
FKS subtraction scheme [136,137] as implemented in
MadFKS [138,139]. The second task builds upon a number
of different numerical techniques (integrand reduction
[140], tensor-integral reduction [141–143], Laurent-series
expansion [144], and an in-house implementation of the
OpenLoops method [101]), implemented in publicly available

software libraries [145–150], all steered by the MadLoop

module [151]. Matching to parton shower (PS) (not relevant
for the work in this paper) is performed using the MC@NLO

method [152].
The capabilities of MadGraph5_aMC@NLO in the computation

of EW corrections at hadron colliders have been documented
in a number of papers [96,98,118,122,125–133,153–155].
For what concerns EW corrections at lepton-lepton colliders,
either electron-positron or muon-antimuon ones, far fewer
results are available, and are limited only to the case of
electron-positron colliders. We will first review these results,
and then comment on how to extend them at muon colliders.
For electron-positron colliders, inMadGraph5_aMC@NLOeffects
due to initial-state radiation are included in a collinear-
inspired picture, i.e., using quantities analogous to the
partonic density functions at hadron colliders. At variance
with their hadronic counterpart, leptonic PDFs are perturba-
tive and can thus be computed via first principles. This
requires the knowledge of their initial conditions, on which
one applies the Dokshitzer–Gribov–Lipatov–Altarelli–
Parisi (DGLAP) evolution. The computation of NLO
initial conditions [156] has led to the availability of
leptonic PDFswhose accuracy is next-to-leading-logarithmic
[123,157,158]. In Ref. [123] in particular, the dependence on
physical cross sections on renormalization and factorization
schemes has been thoroughly scrutinized for a selection of
lepton-initiated processes. This required the computation
of the corresponding cross sections at NLO accuracy, which
has been performed using a new version (now public) of
MadGraph5_aMC@NLO. The most relevant difference with
respect to the hadronic case, which required adaptation of
the phase-space integration, stems from the asymptotic
behavior of lepton PDFs at large values of the Bjorken x
variable. While hadronic PDFs typically vanish in the limit
x → 1, leptonic PDFs feature an integrable singularity in the
same limit,

lim
x→1

Γe−=e−ðx;Q2Þ ¼ Cð1 − xÞβ−1; ð1Þ

where β ∼ 0.05 (more details will be given in the Appendix).
Owing to the (distribution) identity

ð1 − xÞβ−1 ¼ 1

β
δð1 − xÞ þ 1

1 − x

����
þ
þOðβÞ; ð2Þ

one can easily see that the bulk of the cross section comes
from regions where x → 1.5 The peculiar dependence of the
leptonic PDFs required some changes in MadGraph5_

aMC@NLO, in order to have an efficient numerical integration:
the first, trivial, is to flatten out the integrable divergence via a
suitable change of integrationvariables [159]. The second one
specific to the computation of NLO EW corrections is to
devise a phase-space mapping where the event and its soft/

4For the processes that we will consider in this paper, a single
coupling combination contributes at LO. See footnote 2 for the
more general case.

5We clearly assume that there are no other enhancement effects,
such as the direct production of a new resonant heavy state.
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collinear counterterms are evaluated at the same values of the
Bjorken x. Such a new mapping is documented in the
Appendix of Ref. [123]. Finally, the existence of NLL
densities in different factorization schemes requires the
inclusion in the short-distance cross section of additional
terms (finite contributions to the initial-state counterterms).
The same applies to the case when leading-logarithmic (LL)-
accurate PDFs are employed, in order to attain formal NLO
accuracy.
Turning specifically to muon colliders, in principle most

of what has been achieved for electron-positron ones can be
trivially extended. Two caveats here are in order, both
related to the higher energy of which muon colliders are
capable: first, the Bjorken-x range is extended toward much
smaller values, a fact that leads to enhancements of partonic
channels that would be otherwise suppressed. Indeed, at
small x (x≲ 10−2 for a 10 TeV muon collider) on top of
densities related to purely QED-interacting partons (pho-
tons and singlet contribution, related, e.g, to the positron
inside the electron), also those of QCD-interacting ones
(quarks and gluons) can lead to non-negligible contribu-
tions [2,84,85,160]. Moreover, also the contributions from
W, Z, and Higgs bosons as well as neutrinos PDFs have
been studied [84–86] and found to be relevant, especially
for very high energies. Second, effects due to EW correc-
tions are sizeable (typically much larger than 10% of the
LO and reaching even more than 100% in absolute value),
and their inclusion is mandatory even forOð1Þ estimates of
the cross sections.
In view of these facts, and considering that this work

represents a starting point in the study, within the
MadGraph5_aMC@NLO framework, of EW effects at muon
colliders, we will focus on the kinematics region where the
nonsinglet muon density dominates, i.e. large Bjorken-x.
This will be achieved by an invariant-mass cut on the final-
state products. Besides, also considering the current
unavailability of NLL PDFs for muon colliders, we will
not discuss effects due to the renormalization- or factori-
zation-scheme employed in the PDFs. Given their size at
electron-positron colliders, see Ref. [123], their effects are
expected to be negligible with respect to the size of the EW
corrections that we calculate and discuss in this work.

B. EWSL: The implementation of the DP algorithm

We recall in this section the main features of the DP
algorithm [88,89], and its revisitation presented in
Ref. [96], as implemented in MadGraph5_aMC@NLO. Many
more details can be found in Ref. [96] and, part of them,
also in the Appendix of Ref. [99].

1. Amplitude level

When the high-energy limit s ≫ M2
W is considered, the

DP algorithm allows for the calculation of the leading
contributions of the one-loop EW corrections of a generic
SM scattering amplitude. These contributions are denoted

as the “leading approximation” (LA), which consists of
double-logarithmic (DL) and single-logarithmic correc-
tions, both from IR and ultraviolet (UV) origin, of the form

Lðjrklj;M2Þ≡ α

4π
log2

jrklj
M2

and lðjrklj;M2Þ≡ α

4π
log

jrklj
M2

:

ð3Þ
Such logarithms are precisely what we denote as the
EWSL. In Eq. (3), rkl is a generic kinematic invariant rkl ≡
ðpk þ plÞ2 involving the momenta of a pair of external
particles (all momenta defined as incoming) and M is any
of the masses of the SM heavy particles (MW;MH;mt, and
MZ) or the IR-regularization scale Q, for the case of purely
QED contributions involving photons.
Via the DP algorithm it is possible to calculate in LA

one-loop EW corrections of a generic SM scattering
amplitude M, which are typically denoted as δM, to
the Born approximation, which is instead typically denoted
as M0. For any individual helicity configuration of the
amplitudeM, the DP algorithm allows one to write δM as
a function of the logarithms in Eq. (3), the couplings of
each external field to the gauge bosons (and another
possible field) or associated quantities such as electroweak
Casimir operators, and tree-level amplitudes as M0 or
similar ones with one or two of the external fields replaced
by, e.g., SUð2Þ partners with respect to the case of M0.
This is precisely at the origin of the resurgence of the
interest in EWSL and the DP algorithm in the past few
years: EWSL can be computed in a much faster and more
stable way than the exact NLO EW corrections and this
approach can be (supposedly) extended to the BSM case,
capturing the leading corrections at high energies.
However, there are a few crucial assumptions that

underly the derivation of the DP algorithm and we list
them in the following:

(i) External legs must be on-shell.
(ii) All the invariants are much larger in absolute value

than the typical EW scale, namely,

jrklj≡ jðpk þ plÞ2j ≃ j2pkplj ≫ M2
W

≃M2
H;m

2
t ;M2

W;M
2
Z: ð4Þ

Therefore the case of resonant decays is excluded.6

(iii) For the helicity configuration considered, in the
high-energy limit, the tree-level amplitudeM0 must
not be mass suppressed by powers of the form
ðMW=

ffiffiffi
s

p Þk with k > 0. In other words, by dimen-
sional analysis, a 2 → n process requires that ½M� ¼
ðGeVÞ2−n and therefore

6In fact, in the case of resonances, the process before decays
should be considered, and in order to cover the full on-shell and
off-shell region an approach as the one presented recently in
Ref. [100] should be used.
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M ∝ s
2−n
2 ; ð5Þ

with no extra ðMW=
ffiffiffi
s

p Þk powers.
An additional assumption is also present in the strict LA

as derived in Refs. [88,89], namely, if a specific rk0l0 in a
given process is considered, then the condition

jrklj=jrk0l0 j ≃ 1 ð6Þ

is always assumed, such that logarithms of the form
logðrkl=rk0l0 Þ are always discarded unless they multiply
other logarithms of the kind in (3).
The last point has been addressed in detail in Ref. [96],

where it has been shown7 that not only the logarithms of the
form Lðs;M2

WÞ and lðs;M2
WÞ, but also those of the form

Lðrkl; rk0l0 Þ and lðrkl; rk0l0 Þ can be relevant, especially when

jrklj ≫ jrk0l0 j ≫ M2
W: ð7Þ

The former two kinds of logarithms yield the formal LA
as presented in Refs. [88,89], while the latter ones have
been reintroduced in the DP algorithm in the revisitation in
Ref. [96] and they have been denoted as the Δs→rkl

contribution therein. Afterward, they have been employed
in the literature also in Refs. [100,161], where they have
been denoted as the sub-subleading soft collinear correc-
tions (S-SSC) beyond the strict LA. Unlike the strict LA,
theΔs→rkl has not been derived via formal arguments and in
principle some logarithms of the same form may be missed;
they have to be checked case by case, but so far all the
comparisons with the exact calculation of virtual correc-
tions, presented, e.g., in Refs. [96,100], have shown a
(sometimes dramatic) improvement in the agreement of
exact calculation and the EWSL approximation when they
are included. Therefore, for simplicity, we will refer in the
following to LA regardless of the inclusion or not of the
Δs→rkl terms.
Before considering the case of squared matrix elements

and cross sections it is important to note that, as we have
already said, the logarithms in Eq. (3) can be of the form
logðjrklj=Q2Þ or, using a fictitious photon mass λ as an
infrared regulator as done in Refs. [88,89], of the form
logðM2

W=λ
2Þ. Needless to say, such quantity and conse-

quently δM is IR divergent and therefore nonphysical,
similar to the virtual corrections without any approxima-
tion. A prescription or further additional steps are therefore
necessary and discussed in the next subsection.

2. Cross section level

What has been discussed in the previous section is here
extended and projected to the case of squared matrix
elements and especially to the cross section level. We will
focus here on the case of the muon collider and will
consider only processes that are of purely EW origin.
The squared amplitude jMj2 of a given process can be

directly linked to the fully differential cross section Σ. For
brevity, wewill consider only Σ in the following discussion,
again more details can be found in Refs. [96,99]. If we
denote the LO prediction of Σ as ΣLO and its purely virtual
NLO EW corrections as Σvirt

NLOEW
, in the LA we obtain

ðΣvirt
NLOEW

ÞjLA ¼ ΣLOδ
EW
LA ; ð8Þ

with

δEWLA ≡ 2ReðM0δM�Þ
jM0j2

; ð9Þ

where M0 is the amplitude that once squared leads
precisely to ΣLO.
Since δEWLA is an approximation of the relative virtual EW

corrections to the LO, it involves photons and therefore it is
IR divergent and nonphysical as the quantity δM. Thus, it
cannot be used, as it is, for a comparison with the exact
NLO EW corrections, which instead involve also real
emission contributions and are IR safe. Such comparison
is however one of the main aspects that we want to
investigate in this paper in the context of muon-collider
physics. For this purpose, it is first of all useful to
distinguish three different schemes for the calculation of
the EWSL, specifying their relation with NLO EW cor-
rections for physical cross sections:

(i) SDK: The SDK scheme is a very good approximation
at high energies for one-loop amplitude and virtual
contributions, but it cannot be used alone for phe-
nomenological predictions. It corresponds to the
usage of DP algorithm, which was derived for
amplitudes and not directly for cross sections. It
may or may not include the Δs→rkl contributions
for approximating the logarithms of the form
logðjrklj=jrk0l0 jÞ. In practice, it is what has been
discussed so far in this section.

(ii) SDK0: It corresponds to a procedure that in the past
has been used in the literature in order to remove IR
singularities from the SDK scheme, allowing for
predictions for physical observables. The notation
SDK0 has been introduced in Ref. [96] and, as
explained therein, this approach is mostly driven by
simplicity. The problem of IR finiteness is bypassed
by removing some QED logarithms that involveMW
and the IR scale. However, such logarithms arise due
to the conventions used in Refs. [88,89]. In first
approximation, it is equivalent to include QED

7For what concerns amplitudes, this is one of the two main
innovations presented in Ref. [96]. The other is the identification
of a missing imaginary component, which is relevant for
processes of the form 2 → n with n ≥ 3 and was omitted in
the original derivation of the DP algorithm.
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radiation up to the scaleMW , which is not a physical
argument unless the simulation of such radiation
above this scale is also included, as done for instance
in Ref. [100]. It may or may not include the Δs→rkl

contributions for approximating the logarithms of
the form logðjrklj=jrk0l0 jÞ.

(iii) SDKweak: This scheme has been presented in
Ref. [96] precisely with the aim of solving the
problematics of the SDK0 scheme. The main under-
lying idea is that at very high energies, such as in a
high-energy muon collider or a 100 TeV proton-
proton collider, collinear photons will be clustered
together with the charged particles that emit them,
even if these charged particles are massive (W
bosons and top quarks). In this way, for sufficiently
inclusive observables, the contribution from real
photon emissions cancels the virtual EWSL of
QED origin and therefore the IR divergences. In
practice, the SDKweak scheme consists of a purely
weak version of the SDK approach where almost all
contributions of QED IR origin are removed.8 Also
in this scheme, Δs→rkl contributions for approximat-
ing the logarithms of the form logðjrklj=jrk0l0 jÞ may
or may not be included.

Assuming a realistic scenario where high-energy electri-
cally charged particles are clustered with (quasi)collinear
photons, in Ref. [96] it has been clearly shown that the
SDKweak is superior to the SDK0 one; comparisons with
exact NLO EW corrections indicate that EWSL are in
general correctly captured only in the SDKweak. This will be
shown also in the context of muon-collider physics in
Sec. IVA 1.

III. DIRECT PRODUCTION AT MUON
COLLIDERS: THEORETICAL FRAMEWORK

A. Calculation setup

At a high-energy muon collider, the inclusive production
of a final state F with zero total electric charge (e.g.,
F ¼ tt̄; WþW−, etc.) mainly originates from two distinct
production mechanisms: the direct production, μþμ− → F,
and the vector-boson-fusion mechanism, μþμ− → Fþ
ðμþμ−=νμν̄μÞ, where the hard scattering process is in fact
VV → F with the V ¼ γ, W, Z radiated from the initial-
state muons.
The two classes of processes entail completely different

kinematics, especially in the bulk of the associated cross
sections. Direct production is dominated by the phase-space
region s ≃ S, where

ffiffiffi
s

p
is the total energy of the partonic

process in its rest frame while
ffiffiffi
S

p
is the collider energy.

Configurations with s ≠ S are induced by the emissions of
photons, in particular the initial-state-radiation, which is

taken into account in the collinear limit directly via PDF
evolution of the (anti)muon in the (anti)muon Γμ�=μ� or
otherwise via the NLO EW corrections. VBF production is
instead dominated by the phase-space region

ffiffiffi
s

p
≃mðFÞ≃P

i∈F mi, where i is any particle that is part of the final state
F andmðFÞ is the invariant mass of the final stateF. In other
words, the μμ−=νμν̄μ additional pair in the final state carries
away most of the energy of the colliding muons and it
typically does it along the beampipe axis. The hard process is
in fact VV → F, and the leading contributions, especially at
very high energies, can be simulated in the so-called
effective-vector-boson-approximation [162,163], which
has already been implemented in MadGraph5_aMC@NLO

[83]. Instead of simulating 2 → nþ 2 processes, where n
is the multiplicity of F, 2 → nmatrix elements are sufficient
(VV → F) and the “V in themuon” can bemodeled similarly
to what is done in the case of the photon in the lepton in the
Weizsäcker–Williams approximation [164,165]. As already
mentioned Sec. II A, these effects can also be resummed and
taken into account in a PDF formalism, as shown in
Refs. [84–86].9
In this work we want to study the phenomenology of EW

corrections at muon colliders for hard scattering processes
at high energies, i.e., for the direct production mecha-
nism.10 In particular, we consider final states with massive
particles only. It is important to notice that unless a very
high final-state multiplicity is chosen, in the SM for both 3
and 10 TeV collisions the two scales mðFÞ and S are very
well separated, with mðFÞ ≪ S. Thus, also when NLO EW
corrections are taken into account, the two classes of
processes (direct production and VBF) can be studied
independently. In order to do so, unless differently speci-
fied, in all the results of the paper we apply the following
cut on the invariant mass of the final state F:

mðFÞ ≥ 0.8
ffiffiffi
S

p
; ð10Þ

whichmeans that at least 80%of the collider energy is carried
away by the final state F. This cut has important conse-
quences on the setup of our calculation. In particular, the
VBF contribution is completely negligible and we can safely
focus on the direct-production mode. As a consequence, the
only relevant PDFs for our calculations are those of themuon
in the muon, Γμ−=μ− , and of the antimuon in the antimuon,
Γμþ=μþ . As can be easily seen in Refs. [84–86], when 3 or
10 TeV collisions are considered any luminosity different

8In Ref. [96] details on the modifications to the DP algorithm
for switching among the three schemes have been provided.

9It is interesting to note that since, at least for low multiplic-
ities, mðFÞ ≃P

i∈F mi ≃MW , not only logarithms of the form
logðs=M2

WÞ entering the PDFs are important but also power
corrections of the form ðmðFÞ=MWÞn to the matrix elements
cannot be neglected. However, this aspect is beyond the scope
of this paper and it will not be investigated here.

10The calculation of EW corrections for the direct production
of multi-boson final states has also been performed in the Whizard
framework [166] in Ref. [124].
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than Γμþ=μþ � Γμ−=μ− is strongly suppressed, being several
orders ofmagnitude smaller thanΓμþ=μþ � Γμ−=μ− . The choice
of the parametrization of the quantities Γμ�=μ� deserves a
detailed discussion andwepostpone it toAppendix,whilewe
continue on the description of the calculation setup.
Since we will consider direct-production processes at

high energies, the particles in the final-state F will be
typically very boosted. Therefore the heavy particles of the
SM (the bosons W, Z, and H and the top quark) will be
experimentally identified as (fat) jets. In this work, we will
study NLO EW corrections, and therefore it is important to
think about how to treat the real emission of a photon,
which is a contribution of the NLO EW corrections
themselves. Similar to what is done at lower energies
(present and past colliders) for bare leptons and photons,
which are recombined into “dressed” leptons, here we
recombine photons also with heavy charged particles: top
quarks and W bosons. Not only do we believe this
procedure is going to mimic, for what concerns the treat-
ment of photon emissions at high energies, a realistic
analysis where decays and jet clustering are considered, but
it has an impact also on the size of the EW corrections
themselves. Indeed, similarly to the case of leptons at lower
energies (s ≃m2

W ≫ m2
l), at high energies (s ≫ m2

W) the
recombination of photons with heavy particles leads to the
cancellations of part of the EWSL from virtual corrections.
Unless differently specified, when considering the exact
NLO EW corrections we will always cluster photons with
any electrically charged particle X if

ΔRðX; γÞ < 0.2; ð11Þ

where ΔR≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔϕÞ2 þ ðΔηÞ2

p
and Δϕ is the azimuthal

angle between X and γ and Δη is the difference between
their pseudorapidities.
In order to mimic a realistic experimental setup, since we

consider only undecayed particles that are typically
boosted, we require that they are both separated in angle
among them and also with the beam pipe axis. In particular,
for any particle X and Y that are part of the final state F we
require that

ηðXÞ< 2.44; pTðXÞ> 100 GeV; ΔRðX;YÞ> 0.4;

ð12Þ

where cuts are applied after the recombination of photons
described before. These cuts should be considered as
illustrative: for example, the pTðXÞ cut may be larger
depending on the collider energy. Our overall conclusions
are not affected by the specific values employed.
When energies of several TeV’s are reached, one may

wonder if not only photons but also H, Z, and W bosons
have to be clustered together with heavy particles. Indeed,
at such energies EW radiation is expected to lead to large

effects. Their origin is the real-emission counterpart of the
virtual EWSL: soft and/or collinear enhancements in the
radiation. On the one hand, from an experimental point of
view, if massive particles are very close in angle, their decay
products are expected to be clustered in a single fat jet. On the
other hand, from a theoretical point of view, realH,Z, andW
radiation induces OðαÞ corrections to the inclusive direct
production of a given final stateF, which therefore are of the
sameperturbative order ofNLOEWcorrections orEWSL. In
fact, they can be formally considered as part of the NLO EW
corrections to the hard process. This aspect has already been
discussed in the literature in the context of present and future
hadron-colliders, e.g., in Refs. [118,125,128], and this new
contribution has been denoted in these references as heavy-
boson radiation (HBR).
For many processes, the effect of HBR at hadron

colliders has been found to be much smaller than the
NLO EW corrections. Also, it has been understood that
only the details of the experimental analysis employed on
the specific signature targeted to detect a specific final state
F can determine howmuch of the HBR contribution will be
actually part of the signal. In view of these considerations
and since the direct production at high energy muon
colliders involves a completely different kinematics with
respect to the case of hadron colliders, it is interesting to
explore the impact of HBR also in our study. Thus, when
we will study the HBR we will consider three different
approaches:

(i) No recombination: We consider the final state F and
we take into account also the direct production F þ
B with B ¼ H, Z. We do not cluster the HBR of B
with any of the particles in the final state F and we
do not set any cut on B. While for the results
presented in Sec. IV C 1 one never has the case
where B∈F, should this condition be realized,
meaning that the particle B appears k times in F,
the cuts (10)–(12) are intended to be imposed
inclusively on the HBR process, i.e., by asking that
at least k B-type particles pass them.

(ii) Recombination: Same as the previous point, but we
cluster any particle X in F with B ¼ H, Z if

ΔRðX;BÞ < 0.2; ð13Þ

and we denote the clustered object as the original X
(for instance, clustering a “bare” top-quark with a Z
we call it a “dressed” top).

For the processes considered this procedure is
rather intuitive since in these cases there always
exists a vertex XX̄B in the SM. For more general
cases, one may decide whether to be agnostic or not
about the underlying theory (in the latter case, one
would not, e.g., cluster a pair of Z bosons together).

(iii) EW jets: This approach can be used in our study
only for final states F that contain only V ¼ W, Z.
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Starting from the direct production of the final states
F ¼ nV (notice that in this case V ≠ H but it can be
instead a W boson) the HBR contribution from the
ðnþ 1ÞV final states is considered. The physical
objects are EW jets, which are obtained (via FastJet

[167]) clustering any V and using the Cambridge/
Aachen algorithm [168] with a jet radius of 0.2 and
requiring the presence of at least n jets passing the
cuts in (10)–(12).11

For all three approaches, similarly to the case of the photon
recombination, the cuts are applied only after the recombi-
nation is performed.
Finally, we specify the input parameters that have been

used for obtaining the numerical results that are reported
in Sec. IV.
Input parameters are defined in the Gμ scheme, which is

what we employ for the computation of EW corrections and
in particular for the renormalization. The numerical values
are

MZ ¼ 91.188 GeV; MW ¼ 80.419 GeV;

Gμ ¼ 1.16639 × 10−5 GeV−2; ð14Þ

and the top quark and Higgs boson masses are set to

MH ¼ 125 GeV; mt ¼ 173.3 GeV: ð15Þ

The renormalization scale is not relevant and the factori-
zation scale has been set equal to

ffiffiffi
s

p
.

B. Definition of different approximations

In Sec. IV we will present several numerical results and
we will employ different approximations for the evaluation
of EW corrections. In this section we properly define them
introducing the notation that will be used within the rest of
the paper.

1. Exact EW corrections and HBR

In this work, we consider the inclusive μþμ− → FðþXÞ
production, for SM processes that feature tree-level ampli-
tudes only involving EW interactions. For such processes,
the LO is of OðαnÞ, where the value of n is process
dependent, and we stress that there are no other perturbative
orders that can be present at LO, i.e. starting from tree-level
diagrams. Thus, the only perturbative orders involving one-
loop corrections, the NLO corrections, are the NLO QCD
corrections, which are of OðαSαnÞ and are also denoted in
the literature as NLO1, and the NLO EW corrections, which

are ofOðαnþ1Þ are also denoted in the literature as NLO2.
12

In this work we focus on the latter and we notice that unless
QCD interacting particles are present in F, such as the top
quark, the NLO QCD corrections are not even present for
the processes considered, as, e.g., for multiboson final
states. On top of this, the presence of a single coupling
combination at LO (LO1) allows for a more direct com-
parison between the exact NLO EW corrections and their
Sudakov approximation.13

The main purpose of this paper is the study of such NLO
EW corrections for the inclusive direct production μþμ− →
FðþXÞ at a high-energy muon collider. On the one hand,
we want precisely to analyse the validity of the Sudakov
approximations and compare them with the exact NLO
EW. On the other hand, we want to study the contribution
of the corresponding real-emission counterpart, the HBR,
and compare virtual and real corrections. In the following,
we properly define the quantities and the notation that we
will use in our study.
First of all, considering that for the processes we

consider no QCD coupling enters at LO, we introduce
the following quantities:

σLO ∝ αn; ð16Þ

σNLO2
∝ αnþ1: ð17Þ

σNLOEW
≡ σLO þ σNLO2

: ð18Þ

In other words, σLO is the LO prediction, σNLOEW
is the

prediction at NLO EW accuracy, and the NLO EW
corrections, σNLO2

, correspond to σNLOEW
− σLO. Thus,

the relative impact of NLO EW corrections corresponds
to the quantity

δNLOEW
≡ σNLOEW

− σLO
σLO

∝ α; ð19Þ

where we have made explicit that this quantity is propor-
tional to α. NLO EW corrections, and therefore δNLOEW

,
account for the exact contributions at OðαÞ from one-loop
corrections and the tree-level emission of photons. The LO
contribution from HBR to the inclusive cross sections is
also of OðαÞ, but traditionally is treated separately because
of two reasons. First, it is per se IR finite, hence it can be
computed independently. Second, at the typical LHC
energies, the signature from HBR is distinguishable from
the process without emissions of B ¼ H,W, Z. Also in this

11The choice of the Cambridge/Aachen algorithm is due to the
fact that we opt for a purely geometric clustering (in the η–ϕ
plane), in order to have a more clear picture of the results. Other
choices are of course possible.

12This means that the so-called Complete-NLO predictions do
not involve other perturbative orders and coincide with LOþ
NLO QCDþ NLO EW. No NLOi with i > 2 is present.

13In particular, no contribution due to QCD corrections on top
of subleading LO contributions is present (in the Sudakov
approximation, this corresponds to the term denoted δQCDLA in
Ref. [96]).
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work, the two contributions will be separately treated,
unless differently specified. The cross section associated
with the HBR is denoted as σHBR and the relative impact on
the LO prediction as

δHBR ≡ σHBR
σLO

∝ α: ð20Þ

The quantity δNLOEW
as well as δHBR are expected to be

dominated by large EWSL. In order to investigate the
degree of cancellation ofOðαÞ EW corrections between the
standard NLO EW corrections and the HBR we introduce
also the quantity

σNLOEWþHBR ≡ σNLOEW
þ σHBR; ð21Þ

and the corresponding

δNLOEWþHBR ≡ σNLOEWþHBR − σLO
σLO

∝ α: ð22Þ

2. EWSL and their approximate resummation

As already mentioned, in this work we want to inves-
tigate how the DP algorithm and its revisitation presented in
Ref. [96] accurately catches the virtual EWSL within
δNLOEW

and consequently how it efficiently works as an
approximation of it. Our default option is denoted as
σSDKweak

and corresponds to σNLOEW
where the NLO EW

corrections σNLOEW
− σLO are approximated via the EWSL

in the SDKweak approach and taking into account also the
Δs→rkl contributions; see Sec. II B 2 and Ref. [96] for more
details.
Analogously to the NLO EW case we define

δSDKweak
≡ σSDKweak

− σLO
σLO

¼ δDL þ δSL þ δs→rkl ð23Þ

where

δDL ∝ Lðs;M2
WÞ ð24Þ

δSL ∝ lðs;M2
WÞ ð25Þ

δs→rkl ¼ f½Lðjrklj; sÞ; lðjrklj; sÞ�: ð26Þ

A few comments on the previous formula can be useful.
The terms δDL and δSL correspond to the double and single
logarithms [see also Eq. (3)] of the EWSL in the strict LA
expansion for s ≫ M2

W ; they are exactly evaluated via theDP
algorithm.14 The δs→rkl term accounts for large logarithms of

ratios of kinematic invariants of the process, as explained in
Sec. II B 2, and correspond to theΔs→rkl contributions,which
are a linear combination all the possible Lðjrklj; sÞ and
lðjrklj; sÞ that can appear starting from all the possible
invariants rkl.Unlike δDL and δSL they have not been formally
derived and there is no guarantee that all the possible
logarithms of this form are captured; case by case has to
be checked. However, as already mentioned in Sec. II B 1,
for several processes it has already been observed that they
are very effective. We remind the reader again that all the
components of δSDKweak

are evaluated in the SDKweak

approach.
With such a definition of σSDKweak

, at high energies and
expanding in powers of M2

W=s one gets that

δNLOEW
− δSDKweak

∝ αðM2
W=sÞn with n ≥ 0; ð27Þ

and in general, if Δs→rkl is an efficient approximation, as
observed in many cases, if a given invariant rkl is such that
jrklj ≪ s, expanding in powers of jrklj=s one gets

δNLOEW
− δSDKweak

∝ αðjrklj=sÞn with n ≥ 0: ð28Þ

In other words, Eqs. (27) and (28) say that if EWSL are
correctly calculated, at high energies they should correctly
capture the bulk of the NLO EW corrections and only
percents effects could be missed. When we study this
aspect in Sec. IV we will also introduce the quantities σSDK0

and δSDK0
, which are analogous to σSDKweak

and δSDKweak
,

respectively, but based on the SDK0 approach. Also, we
will study the impact of δs→rkl , by setting it to zero, as in the
original formulation of the DP algorithm.
At 10 TeV, but also at lower energies, the EWSL due to

δDL as well as to δSL can be very large and up to the point,
as we will see in Sec. IV, that in some kinematic regimes
δSDKweak

< −100%, which implies σNLOEW
< 0. In these

cases, resummation is therefore not a procedure for
improving the precision and accuracy of the predictions
but for obtaining sensible results, i.e., positive cross
sections. Resummation of EWSL has already been studied
in the literature [88–90,103–105,169–183] and recently a
detailed study on its limitations and subtleties considering
terms up to next-to-leading-logarithmic accuracy have been
discussed in detail in Ref. [110]. Here we do not aim to
reach such a precision or investigate the resummation
procedure; we want to simply asses when resummation
is either desirable or mandatory in order to obtain mean-
ingful predictions in the case NLO EW corrections lead to a
vanishing or negative cross section. To this purpose, we
define the following quantity:

σEXPEW ≡ ðσLOeδSDKweak Þ þ ðσNLOEW
− σSDKweak

Þ
¼ σNLOEW

þOðα2Þ × σLO: ð29Þ

14Here we are understanding the additional imaginary terms
introduced in Ref. [96] and especially that the range of appli-
cability of the algorithm is satisfied, especially: no resonances
and no mass-suppressed Born amplitudes.
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The rhs of Eq. (29) says that if σEXPEW is expanded in
powers of α the NLO EW prediction is captured exactly,
while beyond OðαÞ the resummed tower of EWSL of order
αnlogkðs=M2

WÞ with n > 1 and k ¼ 2n; 2n − 1 is approxi-
mated via simple exponentiation. We stress again that we
do not claim we are doing NLL resummation of EWSL. We
instead want to study when and if this procedure is
necessary, by comparing δNLOEW

with the relative correc-
tions induced by σEXPEW, namely,

δEXPEW ≡ σEXPEW − σLO
σLO

¼ δNLOEW
þOðα2Þ: ð30Þ

In the exponentiation procedure, we do not include the
contributions from HBR. As it will be manifest in Sec. IV,
the effects due to the HBR (real) are in general much
smaller than the one induced by the virtual loops. Thus, the
resummation of such contributions is clearly not necessary
as their virtual counterpart. However, we do see a case
where both NLO EW corrections and HBR are relevant, the
multi EW jet (jEW) production, for which we calculate
additional quantities.

3. Quantities relevant to EW jets

The definition of EW jets has been provided in Sec. III
A, and in Sec. IV C 2 we will use it for studying inclusive
EW-dijet production, μþμ− → 2jEWðþXÞ. For such a
process we introduce additional quantities. First of all,

σXð2jEWÞ≡ σXð2VÞ for X ¼ LO;NLOEW; SDKweak;

ð31Þ

which means that the LO prediction, σLOð2jEWÞ, is given
by the prediction for the production of 2V ¼ WþW−; ZZ at
LO and applying the clustering for obtaining the EW jets.
Similar considerations apply for X ¼ NLO EW; SDKweak.
It is also clear that

σHBRð2jEWÞ≡ σLOð3VÞ; ð32Þ

σNLOEWþHBRð2jEWÞ≡ σNLOEW
ð2VÞ þ σLOð3VÞ; ð33Þ

and in addition we also define

σnNLOEWþHBRNLO
ð2jEWÞ≡σLOð2VÞ

�
1þδNLOEW

þδ2SDKweak

2

�

þσNLOEW
ð3VÞþσLOð4VÞ: ð34Þ

The prediction σNLOEWþHBR takes into account all the
corrections of OðαÞ: the NLO EW corrections to 2V and
HBR, meaning 3V production at LO. The prediction
σnNLOEWþHBRNLO

instead takes into account all the correc-
tions of OðαÞ, as σNLOEWþHBR, and those of Oðα2Þ, where
the two-loop corrections to 2V are approximated via their

Sudakov component in the SDKweak scheme15; it corre-
sponds to σNLOEWþHBR plus NLO EW corrections to HBR,
double HBR, and the approximation of the two-loop
corrections that we have just mentioned.
For all these quantities we understand, consistently with

the notation already used before,

δX ≡ σX − σLO
σLO

: ð35Þ

One should notice the exception of the case of HBR,
Eq. (20).

C. List of aspects investigated in this work

In this section, we list the different aspects that we want
to investigate, which are all related to EW corrections to
direct-production process at high-energy muon colliders.
(1) First of all we want to give an overview of how large

EW corrections can be, especially when differential
distributions are considered. Our work considers
only SM processes and therefore total rates can be
very small for some of them. However, the features
of EW corrections that we will discuss in Sec. IVare
not specific to the SM itself but can be extended, in
principle, to any BSM theory involving EW-charged
particles. Thus, we will focus on relative corrections
rather than the rates. The SM can be considered as a
test case for a more general EW-interacting theory.

(2) We want to show how at the differential level EW
corrections can be very different in a high-energy
lepton collider with respect to a hadronic one. Direct
production processes at a hadron collider are domi-
nated, similarly as in VBF at lepton colliders, by
kinematic regions with partonic

ffiffiffi
s

p
≃
P

i∈F mi. On
the contrary, as already said, in a high-energy muon
collider they are dominated by kinematic regions
with

ffiffiffi
s

p
≃

ffiffiffi
S

p
, where

ffiffiffi
S

p
is the collider energy, due

to the very different (opposite in fact) Bjorken-x
dependence of the PDFs. The DL of the EWSL in a
high-energy muon collider is therefore typically of
the form ≃LðS;M2

WÞ, regardless of the differential
distribution considered, unlike in hadron collisions.

(3) When NLO EW corrections reach, or even worse
surpass, the relative size of −100% of the LO,
resummation of EWSL does not concern precision
but the physical sense of predictions. We want to
investigate when we should expect such situations at
3 and 10 TeV collisions.

(4) The EW Sudakov approximation is expected to be a
very good approximation for the processes we are
studying in this work. We want to scrutinize under
which conditions EWSL are or are not in fact a good

15The first line of Eq. (34) corresponds to σEXPEW truncated at
Oðα2Þ with respect to LO prediction.
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approximation of the NLO EW corrections as
expected; using the notation of Sec. III B, it means
verifying that the quantity jδNLOEW

− δSDKweak
j is at

most at the percent level and a constant at the
differential level. This aspect is of particular rel-
evance in the BSM context, since at the moment, not
only for EFT theories but also for UV-complete
models, NLO EW exact calculations are not yet
available. On the other hand, EWSL can be in
principle calculated in an easier way, therefore it
is important to know if and when one can use this
approximation. In particular, using the SM as a test
case, we want to check the following aspects for
direct production at a high-energy muon collider:
(a) How relevant is the choice of the scheme

SDKweak or SDK0 for a correct approximation
of NLO EW corrections?

(b) How relevant is the inclusion of the δs→rkl term
for a correct approximation of NLO EW cor-
rections?

(c) What happens if the DP algorithm is used also in
cases where the LO prediction is mass sup-
pressed [see Eq. (5) and text around it]?

(5) The common lore is that EW radiation, HBR in our
notation, will be a ubiquitous and large effect at a
high-energy muon collider, as it is for QCD radiation
at the LHC or at a future high-energy hadron
collider. We want to check if this is always true
and compare the size of HBR with the one from EW
loops and real emission of photons, i.e., the NLO
EW corrections. By comparing δNLOEW

and δHBR, we
will check which one of the two effects is dominant
and, knowing also the EWSL component of the
former (δSDKweak

), we will check if both the contri-
butions need to be “cured” by resummation. In the
case of HBR, we will also investigate the impact that
the mass MB, B ¼ H, W, Z, has and we will
consider in specific cases (EW jets) the impact of
double HBR.

IV. NUMERICAL RESULTS

In this section, we present numerical results that have
been obtained with the purpose of investigating the points
listed in Sec. III C. The setup for the computations,
including the settings of input parameters, can be found
in Sec. III A.
In particular, in Sec. IVA we study the accuracy of the

EWSL approximation via comparisons with exact NLOEW
predictions. The section takes care of presenting different
aspects, and it is divided into three parts, Secs. IVA 1–IVA
3. They present, respectively, the comparison of the
SDKweak and SDK0 approaches, the importance of loga-
rithms involving the ratio of invariants (the δs→rkl term), and
a case when mass-suppressed terms arise in certain kin-
ematics regions and spoil the applicability of the DP

approach method. The discussion of results continues in
Sec. IV B, where we discuss under what circumstances the
need for resumming EW corrections arises. Finally, the
numerical importance of HBR is discussed in Sec. IV C,
where we first consider, in Sec. IV C 1, the case HBR
contributions to specific processes—the production of a
pair ofW bosons or of top quarks—while in Sec. IV C 2 we
discuss the case of EW jets.

A. Sudakov approximation vs exact NLOEW
predictions

As already said, in this section we study the accuracy of
the Sudakov approximation via comparisons with the exact
NLOEW predictions. In particular, In Sec. IVA 1 we show
the relevance of using the SDKweak scheme with respect to
the commonly used SDK0 one. In Sec. IVA 2 we show not
only that the logarithms in Eq. (3) are numerically relevant
but also that those involving ratios of kinematically
invariants have to be taken into account. In other words,
the quantity denoted as δs→rkl in Sec. III B 2 cannot be
ignored. Finally, in Sec. IVA 3 we show an explicit
example of how the presence of terms that are mass
suppressed, but numerically relevant, completely invalid-
ates the accuracy of the Sudakov approximation derived via
the DP algorithm, as expected by its range of applicability.
In this section we will also start to describe features of

the EW corrections that are distinctive for direct production
processes at high-energy lepton colliders and quite different
from the case of a high-energy hadronic machine such as
LHC or FCC-hh (see, e.g., Refs. [184,185] for overviews of
EW corrections at high-energy hadronic machines). We
remind the reader that all calculations have been performed
for SM processes, which are the only ones that can be
calculated at NLOEW accuracy with automated tools.
However, many of the conclusions from this study, espe-
cially those stating the limitations of some approaches, can
be clearly generalized also to BSM scenarios. The SM has
to be regarded only as a test case in this respect.

1. Importance of SDKweak vs SDK0

In this section, we start to show comparisons of
predictions at exact NLO EW accuracy, NLOEW, with
predictions that take into account NLO EW corrections in
the Sudakov approximation. The reference scheme is the
one denoted as SDKweak, introduced in Ref. [96] and briefly
described in Sec. II B 2. We also show the more commonly
used SDK0 and compare the two schemes. Here, we focus
only on 2 → 2 processes. With such a choice, we minimize
the interplay of the differences between the SDKweak and
SDK0 scheme with the effects that are studied in the next
section: the relevance of logarithms of ratios of invariants,
which we always retain in our predictions unless differently
specified.
We start by looking at the top-quark transverse momen-

tum distribution, pTðtÞ, in μþμ− → tt̄ production. In Fig. 1
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we show results for 3 TeV collisions in the left plot and for
10 TeV collisions in the right one. Cuts and the calculation
set-up are described in Sec. III A. Both plots have the same
layout, which will be used also for the other figures of this
section and, with more or less small variations, throughout
the whole paper. In the following we describe it and we also
discuss how to interpret the plots.
Using the same colour code of Ref. [96], in the main

panel we show LO (blue), NLOEW (orange), SDKweak (red),
and SDK0 (green) predictions.16 Whenever a distribution
has a negative cross section, the corresponding histogram is
plotted as a dotted line. In the first inset, we plot the relative
corrections induced by such approximations with respect to
the LO predictions, i.e., the quantities δX defined in
Eqs. (19) and (23) and more in general (35). In such inset
it is possible to appreciate the size and the sign of EW
corrections, either calculated at exact NLOEW accuracy or
via Sudakov approximation(s). Then, in the second inset,
we plot the difference δX − δNLOEW

for the two cases X ¼
SDKweak and X ¼ SDK0 in order to test their accuracy.
Rather than the minimization of this quantity, the validity of
the Sudakov approximation consists in having a small
constant difference (jδX − δNLOEW

j ≃ α) over the full spec-
trum, i.e., a horizontal line, see also Eqs. (27) and (28) and
text around them. Indeed, OðαÞ contributions are expected
to be present, while nonhorizontal lines indicate an (at
least) logarithmic-enhanced contribution that is not

captured. Such contribution may accidentally compensate
the OðαÞ constant term and lead to δX − δNLOEW

≃ 0 for
particular phase-space regions, but this is not to be regarded
as an indication of the validity of the approximation. That
said, a large constant difference (jδX − δNLOEW

j ≫ α),
however, also points to logarithms that are not correctly
captured. In particular, at a high-energy lepton collider, the
direct-production processes studied in this work and
characterized by

ffiffiffi
s

p
≃

ffiffiffi
S

p
may show such effects induced

by missing large double logarithms [see Eq. (3)] of the form
Lðs;M2

WÞ,17 which are therefore large constants for the full
phase-space.
In Fig. 1 we notice that LO, SDKweak, and SDK0

predictions quickly drop for pTðtÞ ≲ 250 GeV (pTðtÞ≲
800 GeV) at 3 TeV (10 TeV) collisions. This is due to the
cut on pseudorapidities in (12). In that region, only
contributions with

ffiffiffi
s

p
<

ffiffiffi
S

p
are allowed, and therefore

the large suppression from the muon PDF at Bjorken-x < 1
is the reason for such decrease in the rates. On the contrary,
NLOEW predictions, featuring also 2 → 3 configura-
tions via real photon radiation, can allow for smaller
values of pTðtÞ also with Bjorken-x ≃ 1, avoiding the

FIG. 1. Top quark pT distribution in μþμ− → tt̄. The left (right) plot shows results at
ffiffiffi
S

p ¼ 3 TeV (
ffiffiffi
S

p ¼ 10 TeV). The histograms
show σLO (blue) and σNLOEW

(orange) as well as predictions in the Sudakov approximation in different approaches, i.e., σSDKweak
(red) and

σSDK0
(green).

16The rigorous definition of these quantities can be found in
Sec. III B.

17It is easy to see in Sec. 4.1 of Ref. [96] that, at variance with
the SDK0 scheme, the SDKweak scheme implies the substitution
CEW → CEW −Q2, where Q is the charge of the particle
considered, in the prefactor of the double-logarithm of the form
Lðs;M2

WÞ entering the formula of δDL in Eq. (23). Similar effects
are also present in the single logarithms and lead to large
constants when a fixed s is considered.
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PDF suppression. In that region, which is very much
disfavored with respect to the bulk, NLO EW corrections
are much larger than the LO predictions and one should in
principle also take into account effects from the photon
PDF into the muon. Moreover, being dominated by photon
real emissions, the comparison of NLOEW predictions with
the Sudakov approximation, either SDKweak or SDK0 is
meaningless.
For pTðtÞ ≳ 250 GeV (pTðtÞ ≳ 800 GeV) at 3 TeV

(10 TeV) collisions, we can instead discuss for the left
(right) plot the features of NLO EW corrections related to
the bulk of the distributions and that can be approximated
via EWSL. We describe them in the following. First of all,
in the first inset we notice that the shape of the EW
corrections is very different with respect to the typical one
observed for pT distributions at hadron colliders, for pp →
tt̄ can be found, e.g., in Refs. [126,128]. While at hadron
colliders, excluding the threshold, δNLOEW

is negative for tt̄
production and from small values at small pTðtÞ constantly
grows in absolute value at large pTðtÞ, here δNLOEW

is in
general large and negative over the full considered spec-
trum, δNLOEW

≃ −ð20–30%Þ at 3 TeV and δNLOEW
≃

−ð40%–50%Þ at 10 TeV. Somehow counterintuitively, it
slightly decreases in absolute values at large pTðtÞ, the
opposite of what is observed at hadron colliders.
The origin of such behavior has again to be ascribed to

the different Bjorken-x dependence of the PDFs of the
proton and of the muon. In muon collisions, unlike in the
case of the hadron collisions, regardless of the value of
pTðtÞ, s ≃ S. Thus the δDL component proportional to
Lðs;M2

WÞ in Eq. (23) is present over the full considered
spectrum. In other words, double logarithms are large,
especially at 10 TeV, and constant. The single logarithms,
as well as the logarithms entering δs→rkl in Eq. (23),
conversely, do depend on the kinematic and in particular
on the other two Mandelstam variables t and u. Overall,
they lead to smaller values of δSDKweak

, which, as can be
clearly seen in the second insets of the two plots of Fig. 1, is
a very good approximation of the NLOEW predictions.
Unlike the case of SDK0, forpTðtÞ≳

ffiffiffi
S

p
=10 the SDKweak

approach can very well approximate the NLOEW result, with
a constant discrepancy δNLOEW

− δSDKweak
of very few per-

cents with respect to the LO. This is manifest in the second
inset of the twoplots ofFig. 1,where it can also be seen that in
the case of SDK0 this discrepancy is instead of the order
δNLOEW

− δSDK0
≃ −ð5–10%Þ at 3 TeVand δNLOEW

− δSDK0
≃

−ð15–20%Þ at 10 TeV. Thus, δNLOEW
− δSDK0

is much larger
in absolute value than δNLOEW

− δSDKweak
, and it depends

muchmore on thevalue ofpTðtÞ and especially on the energy
of the collider. They are all clear signs that both double and
single EWSL logarithms are not correctly captured by the
SDK0 scheme, unlike the case of the SDKweak one.
In the region just above pTðtÞ ≃ 250 GeV (pTðtÞ≃

800 GeV) at 3 TeV (10 TeV) collisions another effect is

entering, slightly altering the agreement of δSDKweak
with

δNLOEW
, and similarly for the δSDK0

case. At NLO, the real
emission collinear to the initial state can alter the kinematic
and therefore has an impact on the accuracy of the Sudakov
approximation. On the one hand, even with Bjorken-x ≃ 1
for the muon PDF, we can have a smaller invariant mass
mðtt̄Þ for the tt̄ pair, allowing for smaller values of pTðtÞ
also with the cuts in (12). On the other hand, the boost from
the recoil against the photon emission can lead to more
peripheral top quarks, which cannot pass, therefore the
cuts. In conclusion, it is not surprising that such effects
are arising close to cuts that LO, SDKweak, and SDK0

predictions cannot pass, unless Bjorken-x≲ 1, but that
NLOEW predictions can instead pass also with Bjorken-
x ≃ 1. Moreover, in the case of 3 TeV collisions, in this
region pTðtÞ is only mildly larger than MW , so non-
negligible power corrections of the form M2

W=t or
M2

W=u cannot be excluded.
Many of the points of the discussion of the pTðtÞ plots of

Fig. 1 can be better understood by looking at the top-quark
invariant mass distribution mðtt̄Þ, which we show in
Fig. 2. All the contributions from LO, SDKweak, and
SDK0 predictions at Bjorken-x ≃ 1 enter the last bin at
mðtt̄Þ ≃ ffiffiffi

S
p

, while in the case of NLOEW predictions they
can contribute over the full spectrum. This is the reason
why, besides in the rightmost bin, the agreement between
the NLOEW predictions and their Sudakov approximation is
not good, regardless of the scheme choice. We remind the
reader that we cluster the photon in the real emission with
the top (anti)quark if they are collinear such that, for this
kind of contribution, mðtt̄Þ ≃ S also in the presence of very
hard photons.
We move now to the case of a different process, the

μþμ− → WþW− production. In Fig. 3 we show the dis-
tribution of the transverse momentum of the softest W
boson, pTðW2Þ. Many features are common to the case of
the μþμ− → tt̄ production process in Fig. 1. In the follow-
ing, we highlight the differences rather than the similarities.
At variance with the μþμ− → tt̄ production process, the

tree-level amplitude of μþμ− → WþW− production features
t- and u-channel diagrams and consequently LO predictions
are much less suppressed moving from large to small values
of pTðW2Þ with respect to what is observed in Fig. 1. Thus,
the distributions are much flatter, excluding again the
region pTðW2Þ ≲ 250 GeV (pTðW2Þ≲ 800 GeV) at
3 TeV (10 TeV) collisions, which is affected by the rapidity
cuts in (12).
The EW corrections, exact (NLOEW) or in Sudakov

approximation (SDKweak or SDK0) are much larger in the
case of WþW−, cf. Figs. 1 and 3. At 10 TeV the EW
corrections are so large that at large pTðW2Þ values, where
the cross section ismaximal, δNLOEW

< −100% and therefore
the NLOEW prediction becomes negative. This is a clear sign
of the necessity of resumming the large EWSL and we will
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return to this aspect in Sec. IV B. Larger corrections are not
surprising, since the couplings of the W bosons with EW
gauge bosons are larger with respect to the top quarks. The
shape of δNLOEW

is also different with respect to tt̄ direct
production. First, δNLOEW

is much less flat, denoting a larger
contribution from single logarithms, aswell as the logarithms
entering δs→rkl in Eq. (23). Second, for larger values of

pTðW2Þ, δNLOEW
grows in absolute value, similarly to the

typical shape observed at hadron colliders.
Moving to the comparison of the Sudakov approxima-

tion against the exact NLO EW corrections, the overall
pattern is quite similar with a few differences with respect
to Fig. 1. It is impressive how at large pTðW2Þ values exact
NLO EW corrections can be approximated at the level of

FIG. 2. Same as Fig. 1, for the mðtt̄Þ distribution in μþμ− → tt̄.

FIG. 3. Same as Fig. 1, for the pTðW2Þ distribution in μþμ− → WþW−.
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Oð1%Þ of the LO by the SDKweak predictions (see second
inset)when the corrections themselves are ofOð100%Þof the
LO for 10 TeV collisions (see first inset). The same argument
does not apply to the SDK0 predictions. Considering smaller
values of pTðW2Þ, we see that the agreement of SDKweak
predictions and the exact NLOEW is less goodwith respect to
the case of tt̄ production. To the best of our understanding,
this is due to the logarithms involving the ratios of invariants
as jtj=s or juj=s. The δs→rkl improves a lot the approximation
of these contributions, see the discussion in the next section,
but as already said it may miss some of such logarithms. In
the case ofWþW− production, we see non-negligible effects
due to these logarithms that are correctly captured only by
NLOEW predictions.
In Fig. 4 we show the analogous distribution of Fig. 3 for

μþμ− → ZZ production, pTðZ2Þ. Here NLO EW correc-
tions are even larger in absolute value than in the case of
WW production. Still, the SDKweak approximation is again
accurate at the level ofOð1%Þ of the LO. Since the particles
in the final state are not electrically charged the choice of
the SDKweak scheme is not returning results that are very
different with respect to the SDK0 one, especially for what
concerns the shape of distributions, since the photon
exchange between the initial and final state is not possible.
Still, the muons in the initial state are electrically charged,
so there are double logarithms of the form Lðs;M2

WÞ ≃
LðS;M2

WÞ that are treated differently in the two schemes
and lead, especially at 10 TeV, to a constant difference
between δSDKweak

and δSDK0
, degrading the agreement with

δNLOEW
for the latter.

We have also considered the mðWþW−Þ and mðZZÞ
distributions, which we do not show for brevity here.

Similar to the case of tt̄ production we see a large
suppression due to PDFs for mðWþW−Þ; mðZZÞ < ffiffiffi

S
p

.
In the case ofmðWþW−Þ we see a similar pattern, although
less dramatic when moving from the last bin,
mðWþW−Þ ≃ ffiffiffi

S
p

, to the others, mðWþW−Þ < ffiffiffi
S

p
. In the

case of ZZ production, we do not cluster photons with Z
bosons, since from them no photon emissions leading to
EWSL are possible. For the same reason, we do not see a
discontinuity from the rightmost bin with mðZZÞ ≃ ffiffiffi

S
p

to
the other ones with mðZZÞ < ffiffiffi

S
p

. For both processes, the
contributions from hard photons collinear to the initial-state
muons are subtracted by PDF counterterms in the NLOEW
predictions. These are the same double logarithms men-
tioned in the previous paragraph and this subtraction is
correctly taken into account by the SDKweak scheme, which
indeed exhibits for the mðZZÞ distributions an Oð1%Þ of
the LO accuracy over the full spectrum.
Finally, in Fig. 5 we show the transverse-momentum

distribution for the Higgs boson in μþμ− → ZH produc-
tion, pTðHÞ. Similarly to the case of tt̄ production in Fig. 1,
we observe a much less flat LO prediction with respect to
the case of WW and ZZ production. As in the case of tt̄
production, and unlike WW and ZZ, the tree-level ampli-
tude features only an s-channel diagram. As in tt̄ produc-
tion, and even more, δNLOEW

also is quite flat over the full
spectrum. We also observe that the difference δSDKweak

−
δNLOEW

is larger, of the order of 10% both for 3 and 10 TeV
collisions. Instead, in the case of δSDK0

− δNLOEW
, such

difference is of the order of 15% at 3 TeV and 20% at
10 TeV. Thus, the accuracy of δSDK0

is not only worse but
also energy dependent. To the best of our understanding,

FIG. 4. Same as Fig. 1, for the pTðZ2Þ distribution in μþμ− → ZZ.
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the μþμ− → ZH has large nonlogarithmic-enhanced contri-
butions at OðαÞ and on top of that the δSDK0

wrongly
approximates the double logarithms of the formLðs;M2

WÞ ≃
LðS;M2

WÞ from the photon exchange among themuons in the
initial state. Notice that the difference δSDKweak

− δSDK0
is the

same observed, both at 3 and 10 TeV, for μþμ− → ZZ
production in Fig. 4, for which the same argument was
presented.
We have also calculated and analysed the mðZHÞ

distribution. The situation is similar to the one observed
for the mðZZÞ distribution, but the δSDKweak

− δNLOEW

remains constant at the order of 10% as discussed for
the pTðHÞ distribution. Some of the features discussed in
this section have also been observed in Ref. [124], where
for the ZZ and ZH final state one can also find the
analytical expression of the corresponding EWSL.

2. Importance of logarithms involving ratios of invariants

In this section, we discuss the relevance of the term δs→rkl
entering Eq. (23) and introduced in Ref. [96]. As already
explained, this term accounts for (a large part of the)
logarithms of the form Lðjrklj; sÞ and lðjrklj; sÞ, see Eq. (3).
Whenever a large hierarchy among invariants is present,
these logarithms become numerically relevant. For proc-
esses as those studied in this work, where

ffiffiffi
s

p
≃

ffiffiffi
S

p ¼ 3 or
10 TeV but transverse momenta can be a few hundred
GeVs, δs→rkl is expected to be very relevant. One should
notice that invariants can be small(large) due to small(large)
angles among two particles and therefore angular distri-
butions are very sensitive to these logarithms.

In order to minimize the overlap with the effects
discussed in the previous section, SDKweak vs SDK0, we
consider final states with only neutrally charged particles,
in particular: the ZZ, ZH, ZZZ, and ZZH production
processes. The layout of the plots in this section is very
similar to those shown in the previous section. The only
difference with respect to them is that we show here
SDKweak as defined in Eq. (23) (again displayed as a solid
red line) and the same quantity where we set δs→rkl ¼ 0

(solid green line) in the aforementioned equation.
We start by showing again the same observables

considered for ZZ and ZH production in the previous
section, pTðZ2Þ for ZZ production in Fig. 6 and pTðHÞ
for ZH production in Fig. 7. In Fig. 6 we clearly see
that for pTðZ2Þ ≳ 250 GeV (pTðZ2Þ≳ 800 GeV) at 3 TeV
(10 TeV) collisions, the very good accuracy of the SDKweak
prediction [δSDKweak

− δNLOEW
constant and of Oð1%Þ] is

much degraded when δs→rkl ¼ 0, i.e., the green line in the
second inset. Indeed, while at large pTðZ2Þ we see
δSDKweak

− δNLOEW
≃ 1%, at smaller values, pTðZ2Þ ≃

250 GeV (pTðZ2Þ ≃ 800 GeV) at 3 TeV (10 TeV), we
notice that δSDKweak

− δNLOEW
≃ 30%. Since the pTðZ2Þ

distribution is quite flat, this discrepancy at small
pTðZ2Þ has an effect also at the level of the total cross
section; setting δs→rkl ¼ 0 we find that, for both 3 and
10 TeV, with the cuts considered δSDKweak

− δNLOEW
≃ 10%

also for the total cross section. A similar (quite constant)
discrepancy is observed in the mðZZÞ distribution, too.
These results are clearly dependent on the cuts in (12), in
particular the one on the pseudorapidity of the Z bosons.
Setting δs→rkl ¼ 0 logarithms of the form, e.g., Lðjtj; sÞ are

FIG. 5. Same as Fig. 1, for the pTðHÞ distribution in μþμ− → ZH.
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omitted and, in the proximity of the pseudorapidity cuts,
such logarithms are of the same order for both the 3 and
10 TeV results.
The case of pTðHÞ distribution in ZH production, Fig. 7,

shows a very similar pattern at the differential level,
although the impact of δs→rkl is smaller. Moreover, since
the pTðHÞ distribution is much less flat, it is manifest that at

the inclusive level the accuracy for the SDKweak prediction
is not affected by the assumption δs→rkl ¼ 0. It is interesting
to note that for small values of pTðHÞ at 10 TeV the case
with δs→rkl ¼ 0 yields smaller values of δSDKweak

− δNLOEW
.

As said at the beginning of the previous section, this is not
per se a sign of better accuracy. Indeed this effect is due to
missing logarithms among invariants that accidentally

FIG. 6. pTðZ2Þ distribution in μþμ− → ZZ. The left (right) plot shows results at
ffiffiffi
S

p ¼ 3 TeV (
ffiffiffi
S

p ¼ 10 TeV). The histograms show
σLO (blue) and σNLOEW

(orange) as well as predictions in the Sudakov approximation in the SDKweak approach including (red) or
neglecting (green) the term δs→rkl .

FIG. 7. Same as Fig. 6, for the pTðHÞ distribution in μþμ− → ZH.
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compensate the large nonlogarithmically enhanced OðαÞ
component already discussed in the case of Fig. 5.
We move now to the case of 2 → 3 processes, ZZZ, and

ZZH production, for which more independent kinematic
invariants are present. In Fig. 8 we show the transverse-
momentum distribution of the second-hardest Z boson,
pTðZ2Þ. As can be noticed, EW corrections are very large
(δNLOEW

< −100% at 10 TeV in the bulk of the distribution),

and the SDKweak approximation (solid line) is able to capture
correctly the kinematic dependence with a constant discrep-
ancy δSDKweak

− δNLOEW
≃ 10%. On the contrary, setting

δs→rkl ¼ 0 (dashed line), we observe a constant growth of
δSDKweak

− δNLOEW
moving to small pTðZ2Þ values.

To the best of our understanding, this 10% discrepancy is
not due to a large nonlogarithmically enhanced OðαÞ
component, as in the case of ZH distributions, but to large

FIG. 8. Same as Fig. 6, for the pTðZ2Þ distribution in μþμ− → ZZZ.

FIG. 9. Same as Fig. 6, for the pTðZ3Þ distribution in μþμ− → ZZZ.
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logarithms that the SDKweak scheme is not able to capture
even retaining the δs→rkl term. This can be better understood
by looking at the pTðZ3Þ distribution, the pT of the softest
Z boson, in Fig. 9 and the ΔRðZ1; Z2Þ distribution in
Fig. 10, in particular at 10 TeV. First we observe that for
very large pTðZ3Þ, meaning all Z bosons that are hard and
so all the invariants that are large, δSDKweak

− δNLOEW
→ 0,

while the same quantity constantly grows in the opposite
direction. Second, forΔRðZ1;Z2Þ≲π, δSDKweak

−δNLOEW
≃0,

while for ΔRðZ1; Z2Þ ≳ π the same quantity jumps to
∼10% and remains constant up to ΔRðZ1; Z2Þ ≃ 5. The
dominant kinematic configuration is Z1 and Z2 that are
almost back-to-back, i.e., ΔRðZ1; Z2Þ ≃ π. The region
ΔRðZ1; Z2Þ≲ π is dominated by large values of pTðZ3Þ,
which therefore are correlated and both show δSDKweak

−
δNLOEW

≃ 0. Instead, in the region ΔRðZ1; Z2Þ≳ π large
contributions from the NLOEW prediction originate from
the ZZZγ final state, which allows a further recoil and
enhances jηðZ1Þ − ηðZ2Þj and in turn ΔRðZ1; Z2Þ. This
dynamics is only captured by the NLOEW prediction.
Another peculiar behavior is observed in the first bins of
the distribution, where the EWSL prediction departs from
the NLO EW. This is due to the fact that, in a Born-like
kinematics, the first bin can be filled only when all Z
bosons have equal transverse momentum. Photon radiation,
captured only by the NLO EW prediction, lifts such a
constraint, and can thus enhance this region All in all, for
this process, the inclusion of δs→rkl is crucial for improving
the approximation. Nevertheless, non-negligible effects are
not captured.
In Fig. 11 we show the ΔRðZ1; Z2Þ distribution for ZZH

production. In this case, the situation is a combination of

effects observed already for the ZH and ZZZ processes. To
the best of our understanding, there are both logarithms that
cannot be correctly captured, as in ZZZ, and a large
nonlogarithmically enhanced OðαÞ component.
In conclusion, considering also other distributions for

other processes that we have calculated but not shown in
the paper, the quantity δs→rkl in general improves the
approximation of the EWSL, but additional contributions
present at NLOEW accuracy can be omitted. For precise
predictions, such contributions cannot be neglected.

3. The case of numerically large contributions
from mass-suppressed terms

As clearly stated in Refs. [88,89], the DP algorithm
assumes that the helicity configuration considered is not
mass suppressed, i.e., as said in Sec. II B 1, that it scales as
M ∝ s

2−n
2 for a 2 → n process. In general, in the SM, at

least one of the helicity configurations of the processes
considered is typically notmass suppressed and therefore at
high energies is very enhanced with respect to the other
ones.18 For this reason, even blindly applying the DP
algorithm to all helicity configurations, regardless if they
are or are not mass suppressed, the prediction for the sum
over the polarizations is consistent, namely it corresponds
to the high-energy limitM2

W=s → 0. In other words, even if
the algorithm returns wrong results for the mass-suppressed
helicity configurations, they are so suppressed that the
relative impact in the sum over the helicity configurations is
completely negligible. However, it is known that there can

FIG. 10. Same as Fig. 6, for the ΔRðZ1; Z2Þ distribution in μþμ− → ZZZ.

18This enhancement is very large, by at least Oðs=M2
WÞ.
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be processes where none of the helicity configurations are
not mass suppressed, such as Higgs VBF production.19 For
such cases, the DP algorithm is known to not be working.

In this section, we give an example that is a bit more
subtle. We consider the case of the μþμ− → ZHH pro-
duction process, which does feature helicity configurations
that are not mass suppressed, but that in part of the phase
space are not numerically the dominant ones. Thus, the DP
algorithm leads to wrong results for the evaluation of high-
energy limit M2

W=s → 0 of the EW corrections.

FIG. 11. Same as Fig. 6, for the ΔRðZ1; Z2Þ distribution in μþμ− → ZZH.

FIG. 12. The mðHHÞ distribution in μþμ− → ZHH. The left (right) panel shows results at
ffiffiffi
S

p ¼ 3 TeV (
ffiffiffi
S

p ¼ 10 TeV). The
histograms show σLO (blue), σNLOEW

(orange) and σSDKweak
.

19In an upcoming paper, this aspect will be discussed in detail
in the context of the SM effective-filed theory [135], where these
cases are much more common.
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In Fig. 12 we show the invariant-mass distribution of the
HH pair, mðHHÞ, while in Fig. 13 we show the pTðZÞ
distribution. All plots have the same layout used already in
the previous sections, but we show only SDKweak results for
the Sudakov approximation. It is manifest that for low
values ofmðHHÞ, the SDKweak prediction is completely off
from the exact NLOEW one: jδSDKweak

− δNLOEW
j ≫ 100%.

At first, one may think that even including the δs→rkl
contribution large logarithms of the form Lðm2ðHHÞ; sÞ
are not correctly captured, but this bad agreement between
SDKweak and NLOEW starts to appear already at quite large
mðHHÞ values. The origin is different and we explain it in
the following.
Since

ffiffiffi
s

p
≃

ffiffiffi
S

p
, small mðHHÞ values are related to

configurations where a hard Z boson recoils against a HH
pair, with the two Higgs bosons hard and collinear. Indeed,
the same features present at low mðHHÞ in Fig. 12 are
visible also in Fig. 13 at large pTðZÞ. For mðHHÞ ≪ ffiffiffi

s
p

,
the tree-level diagram featuring the μþμ− → ZH�ðH� →
HHÞ topology leads to numerically large contributions that
formally are mass suppressed. Indeed, considering simply
the H� → HH part of the amplitude, it leads to a con-
tribution of order

MðH� → HHÞ ∝ vλ
ðmðHHÞÞ2 −M2

H
∼

M2
H

vðmðHHÞÞ2

×

�
1þO

�
M2

H

ðmðHHÞÞ2
��

; ð36Þ

which is not numerically small but it is mass suppressed.
Indeed if it were not mass suppressed it would have scaled

as 1=mðHHÞ, consistent with the scaling M ∝ s
2−n
2 for a

2 → n process, or equivalently for a process n → 2 where
here n ¼ 1. In this scenario, the DP algorithm is not
expected to work and indeed it does not.
The most important point to keep in mind is that NLO

EW corrections are not small, but they cannot be approxi-
mated via the DP algorithm. Even more surprisingly (at
least before understanding the underlying dynamics), the
SDKweak works well for small pTðZÞ values but not for
large values, which is the opposite of what one would
expect.20 Similar situations may manifest also for BSM
scenarios, where rates may be much larger than the SM
process considered here. This is a clear sign of the necessity
of exact NLOEW corrections also in BSM studies for the
physics at the muon collider.

B. Beyond NLO EW: The relevance of resummation

In this section, we investigate if and when the resum-
mation of EWSL of higher order, i.e. of OðαnÞ with n > 1,
is expected to be relevant. We do not perform actual
resummation, rather we approximate it via exponentiation
of the SDKweak result and match it additively to the NLOEW
prediction.21 We have dubbed such approximation as

FIG. 13. Same as Fig. 12, for the pTðZÞ distribution in μþμ− → ZHH.

20The agreement between SDKweak and NLOEW predictions at
small pTðZÞ is better at 3 TeV than at 10 TeV. In the latter case,
the gap between s and other invariants can be so large that the
δs→rkl contributions in the Sudakov approximation are not
sufficient in order to approximate the NLOEW prediction at the
same level observed at 10 TeV.

21This procedure is very similar to what has been done for
instance in Refs. [94,161] in the context of hadronic collisions.
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EXPEW and it has been properly defined in Eq. (29). We
show plots similar to those of Sec. IVA, showing also the
EXPEW predictions and in the first inset the δEXPEW (black
dashed). In the second inset we show δEXPEW − δNLOEW

, in
order to emphasize the expected impact of EWSL of higher
order and possibly the relevance of resumming them. The
term δEXPEW − δNLOEW

, multiplied by −1, is the finite part of
not EWSL origin that would not enter the resummation
procedure.
We start showing again the pTðtÞ in tt̄ production, as in

Fig. 1. For this observable, the EWSL of higher order are
expected to be relevant for precision atOð1%Þ at 3 TeVand
at Oð10%Þ at 10 TeV, as can be seen in Fig. 14 by the
difference between the δEXPEW and δNLOEW

relative correc-
tions. However, resummation appears not to be mandatory
for obtaining phenomenologically sensible results at 3 TeV.
Moreover, it is of the same order as the nonlogarithmic
enhanced contributions at NLOEW accuracy.
The case of pTðZ2Þ in ZZ production, already considered

in Fig. 4, is different. As can be seen in Fig. 15, at 3 TeV
EWSL of higher order are expected to be relevant for
precision at Oð10%Þ, they are much larger than what has
been observed in Fig. 14 at the same energy for pTðtÞ in tt̄
production, but still not mandatory for phenomenologically
sensible results. The situation is completely different at
10 TeV. The EW corrections are so large that the prediction
at NLOEW accuracy is even negative for large values of
pTðZ2Þ, therefore it is nonphysical. The resummation in
this case is not concerning only precision studies; it is
the only possible way of obtaining phenomenologically

sensible results. We observed a similar pattern in WW
production, which we do not explicitly show for brevity.
The case of ZH production, already shown in Fig. 5, is a

bit different. As can be seen in Fig. 16, EWSL of higher
order are expected to be of Oð10%Þ at 3 TeV and Oð20%Þ
at 10 TeV. Such effects are both of the same order of the
δSDKweak

− δNLOEW
result discussed for Fig. 5 and also visible

in the second insets of the plots of Fig. 5. If a precision at
Oð10%Þ is required, both the resummation of the EWSL
and the matching with the exact NLOEW predictions are
expected to be relevant.
As a last example, before giving our conclusion on the

relevance of resummation of EWSL for muon-collider
physics, we show the case of ΔRðZ1; Z2Þ in ZZZ produc-
tion, already shown in Fig. 10. In Fig. 17 we see that again
at 3 TeV resummation is relevant only for Oð10%Þ
accuracy studies, while at 10 TeV resummation is man-
datory for having positive cross sections and phenomeno-
logically sensible results. It is also interesting to notice that,
for both energies, the range where resummation is of
particular relevance [ΔRðZ1; Z2Þ ≲ π] is the opposite of
the one [ΔRðZ1; Z2Þ ≳ π] of the range where the difference
between δNLOEW

and δSDKweak
are not negligible.

In conclusion, we observe that at 3 TeV resummation is
certainly relevant for precise predictions, but it is not
mandatory for performing phenomenological studies.
The NLOEW predictions, or equivalently the Sudakov
approximation (including δs→rkl and using the SDKweak

scheme as discussed in Sec. IVA), can be sufficient. When
precision is the target, other effects not considered in this

FIG. 14. The top quark pT distribution in μþμ− → tt̄. The left (right) panel shows results at
ffiffiffi
S

p ¼ 3 TeV (
ffiffiffi
S

p ¼ 10 TeV). The
histograms show σLO (blue), σNLOEW

(orange), the EWSL prediction in the SDKweak approach and σEXPEW (black dashed), which
corresponds to the approximate resummation of EW corrections.
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paper should be also considered: NNLO EW corrections,
the accuracy of PDFs, the renormalization scheme as well
as the resummation of multiple-photon emissions. In that
direction, several studies and technological advancements
are desirable in view of the muon-collider physics program.
We want to stress that we considered here processes
featuring the Z bosons in the final state, which are related
to the largest EW corrections at high energies. Thus, it is

difficult that other processes may exhibit even larger
effects.
At 10 TeV the picture is different. Some processes, as

shown in the case of tt̄ production, are not expected to lead
to extremely large corrections and so also at this energy
resummation is necessary only for precision. Other proc-
esses instead require the resummation of EWSL. We
stress again that we did not perform actual resummation,

FIG. 16. Same as Fig. 14, for the pTðHÞ distribution in μþμ− → ZH.

FIG. 15. Same as Fig. 14, for the pTðZ2Þ distribution in μþμ− → ZZ.
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we approximated it via simple exponentiation. However,
our results call for the necessity of performing (at least)
next-to-leading-logarithmic resummation in muon-collider
studies for physics at 10 TeV. We stress that, as already
discussed in Sec. IVA, for these processes and given the
Bjorken-x dependence of the muon PDF, since s ≃ S if
δNLOEW

is not a constant, that is a clear sign that not only the
LL (the double logarithms in δNLOEW

) but also the NLL (the
single logarithms in δNLOEW

) are relevant; LL resummation is
not sufficient. That said, it appears clear that the case of tt̄
production is not unique, e.g., we observed the same pattern
in eþe− production. Intermediate configurations between
this case and the processes featuring Z bosons and very large
corrections are clearly possible. In other words, case-by-case
studies are necessary and the automation of NLL resumma-
tion of EWSL would be very helpful. Finally, the same
considerations for 3 TeV collisions concerning precision are
clearly also valid for 10 TeV collisions.

C. Heavy boson radiation (HBR)

One of the widespread assumptions about a high energy
muon collider is that soft and/or collinear splittings
involving heavy weak bosons (W, Z and H) will lead to
Oð1Þ corrections, similarly to the case of QCD at the LHC,
see, e.g., [16,84]. On the one hand, this implies that a muon
collider can be treated as a EW boson collider,
[6,15,16,48,82–84] leading to very large cross sections
for VBF processes. On the other hand, the emission ofW, Z
and possibly H bosons, i.e., what has been dubbed in this
work as HBR, is in general expected to lead to large effects
or even becoming dominant with respect to the case with no

radiation. This dynamics has already been studied in detail
in particular scenarios, e.g., showing how it can help to gain
sensitivity to new short-distance physical laws [81].
In this section, we investigate if Oð1Þ corrections from

HBR is really a ubiquitous effect. To this purpose, we
consider direct production processes as those already
studied in the previous sections. Moreover, we compare
and combine the relative corrections induced by the HBR,
i.e., the quantity δHBR defined in Eq. (20), and the relative
NLO EW corrections (δNLOEW

), since both of them are of
OðαÞ with respect to the inclusive production process
considered. In doing so we also inspect the degree of
cancellation between δNLOEW

, which is typically negative,
and δHBR, which is positive by definition.
In Sec. IV C 1 we consider the μþμ− → F processes F ¼

tt̄; WþW− and the effects of the additional HBR with
B ¼ H, Z. In Sec. IV C 2 instead we consider the case of
EW jets (jEW), where jEW is emerging from the clustering
of V ¼ W, Z. Details on the clustering of the jEWs
themselves and of the HBR with the particles in the final
state F are described in Sec. III A and we will not repeat
them through the next two sections.

1. Final states: tt̄, W +W −

We start considering again the pTðtÞ distribution in tt̄
production in Fig. 18. In the main panel we show as in the
previous sections LO and NLOEW predictions, but also the
contribution to the same observable from the tt̄Z (violet)
and tt̄H (brown) production processes. The solid (dashed)
lines correspond to the case “Recombination” (“No recom-
bination”) described in Sec. III A. In the first inset we show,

FIG. 17. Same as Fig. 14, for the ΔRðZ1; Z2Þ distribution in μþμ− → ZZZ.
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as usual, δNLOEW
as an orange line but also δHBR [see

Eq. (20)] as a red line and δNLOEWþHBR [see Eq. (22)] as a
black dashed line. It is clear that the HBR contribution is
given by the sum of tt̄Z and tt̄H and for the sake of
simplicity and the purpose of our discussion in the inset we
consider only the case where the HBR is recombined with
the top quarks.
A couple of features are manifest in Fig. 18. First, the

contribution of tt̄Z is much larger than the one from tt̄H,
so δHBR is dominated by the former. The origin of this
difference is due to the fact that at high energy the soft
emission of a Higgs boson is logarithmically enhanced, as
in the case of the Z emission, but it is also mass suppressed
(m2

t =s), at variance with the Z emission.22 Second, we see
that at very large pTðtÞ, if top-quarks are recombined with
the B ¼ H, V the contribution from both tt̄H and tt̄Z is
much larger (solid vs dashed). Indeed, only via the
recombination of a top with the HBR can the tt̄ pair
reach the value mðtt̄Þ ≃ s ≃ S, which would not be
possible otherwise even with soft HBR since MB ≠ 0.
We will come back with more details on this point later in
the discussion. Third, even considering such a recombi-
nation procedure, the total HBR contribution is negligible
with respect to the effects of the same perturbative order
induced by NLO EW corrections, both at 3 and 10 TeV.
This can be seen by comparing the absolute values of
δHBR and δNLOEW

over the spectrum for pTðtÞ ≳ 250 GeV
(pTðtÞ≳ 800 GeV) at 3 TeV (10 TeV) collisions. Only for
smaller values of pTðtÞ is the HBR contribution very large,

similar to the case of the NLOEW predictions. The same
argument presented for explaining the large contribution
from the real photon radiation and in turn the NLOEW
prediction in the discussion of Fig. 1 can be repeated
here for the HBR. Finally, we see that, as a consequence
of the previous point, δNLOEW

≃ δNLOEWþHBR for pTðtÞ ≳
250 GeV (pTðtÞ≳ 800 GeV) at 3 TeV (10 TeV) colli-
sions. This implies the EWSL from weak virtual correc-
tions, i.e., the δSDKweak

prediction, which we have been
shown to be the dominant component of δNLOEW

in the
discussion of Fig 1, are minimally compensated by those
from real radiation.
Let us see how it is possible that the contribution from

HBR is much smaller than the one from NLOEW, althoughffiffiffi
S

p
≫ MW . First of all, in order to select the direct-

production mechanism and exclude VBF configuration,
the cut in (10) is present in our simulations. Moreover,
also the cuts in (12) are present and have to be satisfied.
Thus, the phase space of the H and Z radiation is much
more constrained than one could naively expect. As a
consequence, the double logarithms of the form LðS;M2

BÞ,
as those appearing in the virtual contributions, cannot be
present. A larger contribution can be observed if the cut in
Eq. (10) is relaxed to mðtt̄Þ ≥ 0.5

ffiffiffi
S

p
, as shown in Fig. 19.

However, the effects from HBR are far from being of Oð1Þ
and are especially much smaller than NLO EW corrections.
While the EWSL from virtual corrections receive con-

tributions from W and Z bosons, at OðαÞ the HBR receive
contributions only from the Z boson (and the H boson)
emissions and especially are suppressed due to the phase-
space cuts. One cannot simply estimate the HBR rescaling
the LOpredictions by the EWSLas done in the case of virtual
contributions.Moreover, as pointed out inRef. [186], the fact

FIG. 18. Top quark pT distribution in μþμ− → tt̄. The left (right) plot shows results at
ffiffiffi
S

p ¼ 3 TeV (
ffiffiffi
S

p ¼ 10 TeV). The histograms
show σLO (blue), σNLOEW

(orange), the HBR contribution due to the Z (violet) and to the H boson (brown), with (solid) or without
(dashed) their recombination with top quarks. In the inset, besides the impact of NLO EW corrections (orange), it is shown the total HBR
contribution (red) and the sum of NLO EW and HBR (black dashed). The cut mðtt̄Þ > 0.8

ffiffiffi
S

p
in Eq. (10) is imposed.

22In the case of loop corrections, this is precisely the same
reason that allows one to neglect the contribution of Higgs loops
in the calculation of EWSL of soft origin.
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that the W, Z, and H have a nonzero mass cannot be
neglected and has an impact also in the results that are
obtained.
In order to better understand the difference between the

case of NLOEW predictions and the HBR, in Fig. 20 we
show the mðtt̄Þ distribution in the range mðtt̄Þ ≥ 0.5

ffiffiffi
S

p
.

For such distribution we clearly observe a much larger
impact of the HBR with respect to the pTðtÞ case. However,
one should, first of all, keep in mind that due to the shape of
lepton PDFs, as already said, the direct production mecha-
nism is dominated by s ≃ S and therefore all the pTðtÞ
distribution is mostly correlated to the last bin mðtt̄Þ ≃ ffiffiffi

S
p

,
where instead the HBR contribution is minimal or even
zero in the case of no recombination of the top quarks with
B ¼ H, Z. Thus, there is no contradiction between what is
observed in the mðtt̄Þ and pTðtÞ distributions. First, we

explain in more detail the case without recombination and
then we move to the case where top quarks are recombined
with the HBR.
When mðtt̄Þ < ffiffiffi

S
p

, at LO it implies s < S, and therefore
the prediction originates from Bjorken-x < 1 in the muon
PDFs, featuring a very large suppression. Conversely, at
NLOEW accuracy, due to the real photon emissions, or
thanks to the HBR contributions, if mðtt̄Þ < ffiffiffi

S
p

it is still
possible to have

ffiffiffi
s

p
≃

ffiffiffi
S

p
due to the 2 → 3 kinematic and

avoid the suppression of the PDFs. Thus the large relative
contribution from HBR (δHBR) atmðtt̄Þ ≪ ffiffiffi

S
p

is due in part
to the larger phase space volumes for the radiation, as also
observed by the comparison of Figs. 18 and 19, but
especially to the lack of PDF suppression that is instead
present at LO. Formðtt̄Þ ≃ ffiffiffi

S
p

it is the opposite; there is no
HBR contribution without performing the recombination.

FIG. 19. Same as Fig. 18, but imposing the cut mðtt̄Þ > 0.5
ffiffiffi
S

p
, unlike as done in general, Eq. (10), for the other plots in this work.

FIG. 20. Same as Fig. 19, for the mðtt̄Þ distribution in μþμ− → tt̄.
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Indeed, due to momentum conservation, the relation
mðtt̄Þ < ffiffiffi

S
p

−MB has to be satisfied.
If the recombination of top quarks with B ¼ H, Z is

performed, the predictions at mðtt̄Þ < ffiffiffi
S

p
are very similar

to the case without recombination. The prediction at
mðtt̄Þ ≃ ffiffiffi

S
p

, especially for the case of the H boson
emission,23 is instead very different. This is not a surprise
since when a top is recombined with a B the requirement
mðtt̄Þ ≃ ffiffiffi

S
p

translates intomðtt̄BÞ ≃ ffiffiffi
S

p
and so the relation

mðtt̄Þ < ffiffiffi
S

p
−MB has not to be satisfied. We stress again

that δHBR in the inset corresponds to the case with

recombination. The case without it therefore would exhibit
even smaller predictions for it.
The dynamics observed for the HBR in tt̄ production is

not peculiar for this process and we show as a further
example the case of WW production. In Fig. 21 we show
the pTðWþÞ distribution and in Fig. 22 the mðWþW−Þ
distribution, both of them obtained with the cut (10)
replaced by mðWþW−Þ > 0.5

ffiffiffi
S

p
. TheWW process is very

different from the tt̄ one. At LO a t-channel diagram is
present and the pTðWþÞ distribution is much flatter than the
pTðtÞ in tt̄ production. Nevertheless, the same effects
observed for tt̄ production are present also for this process.
In conclusion, the HBR is not expected in general to lead

to large effects in the bulk of the cross sections of direct
production processes. Conversely, it can be relevant for
instance in regions of the phase space where the cross

FIG. 21. Same as Fig. 19, but for the pTðWþÞ distribution in μþμ− → WþW−. Also in this case mðWþW−Þ > 0.5
ffiffiffi
S

p
.

FIG. 22. Same as Fig. 21 for the mðWþW−Þ distribution in μþμ− → WþW−.

23The Higgs boson can be emitted only from the final state so a
larger fraction of them, with respect to the case of the Z bosons, is
recombined with the top quarks.

EW CORRECTIONS AND HEAVY BOSON RADIATION AT A … PHYS. REV. D 111, 053002 (2025)

053002-27



section is very suppressed at LO, as in the case shown here
for mðFÞ < ffiffiffi

S
p

. However, as already mentioned before in
this paper, further effects have to be considered in these
cases, such as effects from other PDFs (photon PDF in the
muon). The results of this section show also that while the
resummation of EWSL from virtual corrections can be
essential, as discussed in Sec. IV B, in the case of HBR the
multiple emission of weak bosons is not expected to be
always of primary relevance. That said, we are not claiming
that HBR is always leading to a small effect. An example is
what is discussed in Ref. [15], where theWWH production
process has been shown to be of the same order as ZH one.
In some sense,24 theWWH can be considered as one of the
HBR corrections to ZH production, if the physical object
rather than a Z boson is a generic V bosons V ¼ W, Z; thus
we compare VH and VVH in this case. However, the origin
of the large contribution from WWH is not only due to
the presence of the double logarithms. Since ZH is an
s-channel process and inWWH there are instead t-channel
configurations, featuring less suppression at high energy, a
further enhancement not related to EWSL is present for the
HBR with respect to the LO prediction. This mechanism is
not present in the case of tt̄ and WþW− production
processes. Rather than a common feature it should be

regarded as a special case, similarly to, e.g., the giant QCD
K factors observed for some hadroproduction processes
[187–190].

2. EW jets in multi-V production

We now consider the case of inclusive EW-dijet produc-
tion, μþμ− → 2jEW, where in the EW-jet jEW we cluster W
and Z bosons. In other words, the LO originates from the
processes μþμ− → VV withV ¼ W,Z, which correspond to
the final states WW and ZZ. Having found in the previous
section that the impact of the Higgs boson radiation is
minimal, we consider as a contribution to the HBR only the
processes involving an additional V ¼ W, Z radiation,
μþμ− → 3V, which correspond to the final states ZZZ
and WWZ. Clearly, the (at least) two jEWs that are required
may be also associated with W and Z, respectively, or also
with aWZ pair and aW, respectively. Several combinations
are possible and someof them, as theones justmentionedand
unlike the cases discussed in the previous section, do not
feature the same “partonic” final state of the LO, which can
feature only ZZ andWW. Wewill consider also the case of a
double HBR and therefore the 4V final states: ZZZZ,
WWWW, and WWZZ.25

FIG. 23. pTðjEW;1Þ distribution in μþμ− → 2jEW, with mð2jEWÞ > 0.8
ffiffiffi
S

p
. The left (right) plot shows results at

ffiffiffi
S

p ¼ 3 TeV
(

ffiffiffi
S

p ¼ 10 TeV). The histograms show LO (dashed) and NLO (solid predictions) for WþW− (green), ZZ (blue), 2V ¼ WþW− þ ZZ
(orange), 3V (red), and 4V (violet, only at the LO). In the second inset, the quantities δnNLOEWþHBRNLO

and δNLOEWþHBR are shown
respectively as black-solid and black-dashed lines. These quantities are defined by Eq. (35) in terms of respectively Eqs. (33) and (34).
The solid grey line shows the quantity δ2SDKweak

=2, which enters only in δnNLOEWþHBRNLO
.

24The sense is the same underlying the idea of EW-jets
introduced in Sec. III A and the corresponding results discussed
in Sec. IV C 2.

25As a side comment, such processes have been shown to be
very sensitive to possible anomalous interactions of the Higgs
boson with the muon [16,18] and therefore are of particular
relevance in the muon collider physics program.
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In the plot in Fig. 23 we show the transverse momentum
distribution of the hardest jEW, pTðjEW;1Þ, while in Fig. 24
the same distribution for the second-hardest jEW,
pTðjEW;2Þ. The plots have a different color code with
respect to those shown in the previous sections and we
describe them in the following. In the main panel we show
the contribution from the WW final state (green) and ZZ
(blue) which once summed leads to the 2V prediction
(orange). The total 3V contribution is in red and the 4V one
in violet. All LO contributions are shown as dashed lines
while those at NLOEW accuracy as solid lines.
In the first inset we plot the quantities

ΔXð2VÞ≡ σXð2VÞ − σLOð2VÞ
σLOð2VÞ

; ð37Þ

ΔXð3VÞ≡ σXð3VÞ
σLOð2VÞ

; ð38Þ

ΔXð4VÞ≡ σXð4VÞ
σLOð2VÞ

; ð39Þ

where σLOð2VÞ corresponds to the LO predictions for 2jEW
production. Similarly, σNLOEW

ð2VÞ corresponds to the
NLOEW prediction for 2jEW production, and σLOð3VÞ to
the HBR contribution. Thus, ΔNLOEW

ð2VÞ ¼ δNLOEW
ð2jEWÞ

andΔLOð3VÞ ¼ δHBRð2jEWÞ. In the second inset we instead
plot the quantities defined in Eqs. (33) and (34), respectively,
as δNLOEWþHBR and δnNLOEWþHBRNLO

. The former (the black-
dashed line) accounts for all the possible corrections ofOðαÞ,
which are calculated exactly. The latter (the black-solid line)
accounts for the former effects plus all theOðα2Þ corrections:

the double HBR and NLO EW corrections to single HBR,
which are evaluated exactly, and the NNLOEW corrections,
which are approximated via the EWSL. In particular the
contribution from the approximated NNLO EW corrections,
i.e., the quantity δ2SDKweak

=2 in Eq. (34), is displayed as a grey
solid line in the second inset.
In the main panel we notice that the LO is dominated by

the WW “partonic” process, which has a much larger cross
section than the ZZ “partonic” process and therefore
coincides with 2V. Especially at 10 TeV, both 2V and
3V processes receive very large and negative contributions
from NLO EW corrections. The colored dotted lines in the
main inset of the right plot of Fig. 23 indicate negative
values for the lines depicted as solid, which we plot in
absolute value in order to be visible on a logarithmic scale.
It means that for both 2V and 3V processes, the relative
NLO EW corrections are negative and larger than 100% in
absolute value. At 3 TeV they are smaller, but also in this
case they are much larger than the contribution from double
HBR production at LO, i.e., 4V at LO. Similarly to the case
of the HBR, i.e., 3V at LO, which is smaller than the NLO
EW corrections, the double HBR, i.e., 4V at LO, is smaller
than the NLO EW corrections to 3V and so to the single
HBR. Estimating the two-loop corrections, i.e., the NNLO
to 2V, as δ2NLOEW

=2 ≃ δ2SDKweak
=2, we see that this contri-

bution (the grey solid line) is even larger than the NLO EW
corrections to the HBR contribution. In other words,
looking at the case OðαÞ and Oðα2Þ, it appears that for
a given n the leading component of the OðαnÞ corrections
to LO in 2jEW production is the n-loop corrections, the
subleading component is the (n − 1)-loop corrections to
HBR and so on; loops win over HBR.

FIG. 24. Same as Fig. 23 for the pTðjEW;2Þ distribution for μþμ− → 2jEW, with mð2jEWÞ > 0.8
ffiffiffi
S

p
.
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In the second inset, we see the relative corrections induced
by all OðαÞ contributions, δNLOEWþHBR, are negative and
larger in absolute value than the δnNLOEWþHBRNLO

quantity,
which is also negative and includes also the Oðα2Þ contri-
butions. The NLO EW corrections to HBR are negative but
they are completely compensated by the positive δ2SDKweak

=2
contribution [see Eq. (34)] and in part by the double HBR.
Without taking into account such contribution, wewould see
a different picture: δnNLOEWþHBRNLO

would be much larger
than δNLOEWþHBR in absolute value. It is also interesting to
note how close δNLOEWþHBR and δnNLOEWþHBRNLO

are over the
full spectrum.
Unlike what has been done in Sec. IV B, here we did not

approximate via exponentiation the resummation of higher-
order EWSL; we have only retained those of Oðα2Þ arising
from such exponentiation in order to approximate the
NNLO EW. However, a proper resummation of such effects
is also in this case clearly necessary for reliable results at
10 TeV collisions.26

We have also inspected the same results allowing
mðjEW;1jEW;2Þ > 0.5

ffiffiffi
S

p
. Contributions from HBR are

slightly more relevant, similarly to what was observed in
Sec. IV C 1, but otherwise the qualitative picture is not
altered. Given the results shown in Ref. [15] a different
picture may arise if instead of the 2jEW processes theHjEW
is considered. We reckon this would be very interesting, but
it would not be representative of the typical impact of HBR
at muon colliders.

V. CONCLUSIONS AND OUTLOOK

We have performed a comprehensive study of NLO EW
corrections at a future multi-TeV muon collider, using the
MadGraph5_aMC@NLO framework. The focus of our work has
been on direct-production processes. For these colliders,
NLO EW corrections are sizeable, and their inclusion is
mandatory not just for precision studies, but even for proper
estimates of scattering rates. Within MG5_aMC, EW correc-
tions can be computed either exactly at NLO, or in the
Sudakov (high-energy) approximation, exploiting the DP
algorithm. The latter case has clear advantages in terms of
speed and numerical stability, however its accuracy must
always be validated against the exact NLO EW computa-
tion. Indeed, in this respect, we have shown the benefit of
employing a purely weak version of the DP approach, and
the importance of including extra angular-dependent terms.
Both aspects were first highlighted in Ref. [96]. Still, we
have discussed exceptional cases when the high-energy
approximation as obtained from the DP method fails,
sometimes in a rather spectacular way, as in the case of
ZHH production.

Besides, we have discussed when, due to their large size,
the resummation of EW Sudakov logarithms is necessary in
order to have sensible predictions or even simply positive
cross sections. Although based on an approximate formula,
our findings show that resummation is mandatory for multi-
boson processes at 10 TeV or in general whenever EW
corrections approach −100% with respect to the LO rate.
However, there are also processes, as, e.g., the top-quark
production, where resummation is definitely necessary for
precision studies, but its impact on top of NLO EW
predictions is below the 5%(10%) level at 3(10) TeV.
Thus, dedicated studies on the resummation of Sudakov
logarithms for specific processes and at different energies
would be desirable.
Finally, we have discussed the impact of the real-

emission counterpart of the Sudakov logarithms, i.e., the
radiation of a heavy boson. Generally, the impact of these
processes is subdominant with respect to their virtual
counterpart. This is somehow in disagreement with existing
studies on the subject, which, however, have focused on
specific processes. Indeed, enhancements due to the HBR
can be found only for particular processes or regions of the
phase space, either when the HBR processes are kinemat-
ically favourable with respect to the LO (e.g., appearance of
t channels), or because the emission of an extra particle
modifies phase-space boundaries.
While the study has been carried out focusing on SM

processes, many of the conclusions can be considered
generic and can be extended to BSM scenarios. Studies
aimed at specific extensions of the SM are envisaged.
A natural follow-up of this work is the study of the low-

invariant mass region, where direct production is not the
dominant mechanism. In this region, photon-initiated proc-
esses and VBF topologies are relevant, and a number of
aspects need to be under control in order to have reliable
predictions. For example, small-x effects in the parton dis-
tributions, and the interplay between power corrections and
logarithmic enhancements related to the vector-boson mass.
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Ricerca (MUR). We also acknowledge support from the
COMETA COSTAction CA22130. Y. M. is a Postdoctoral
Fellow of the Fond de la Recherche Scientifique de
Belgique (F.R.S.-FNRS), Belgium.

26If δNLOEW
∼ 100%, as in the last bins of the distributions

shown here, one could expect ≃ − 15% effects just from the
EWSL of Oðα3Þ.

YANG MA, DAVIDE PAGANI, and MARCO ZARO PHYS. REV. D 111, 053002 (2025)

053002-30



DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX: ISR PARTON DISTRIBUTION

In this appendix we discuss the modeling of ISR effects
and therefore of the muon PDF in our simulations. As it
should be clear from the discussion in Sec. III A our interest
is in the direct-production processes, characterized by an
invariant mass of the produced final state close to the
nominal collider energy,

ffiffiffi
s

p
≃

ffiffiffi
S

p
. In this region, the

dominant parton luminosity is the muonic one, while all
other ones (photon, the other fermions, etc.) are suppressed
by large factors. This can be clearly seen, e.g., in several
plots that have been shown in Refs. [84,85].
Having established that the only relevant parton is the

muon, the next question to address is how to model its
luminosity density. At the moment, at variance with the
electron case, only LL-accurate muon densities are avail-
able. Furthermore, given the results presented in Ref. [123]
for the case of eþe− collisions, one can appreciate that the
size of effects on physical observables, due to the NLL
evolution or the various factorization schemes at this order,
is at the percent level or below. EW corrections instead, as
documented also in Sec. IV, lie in the ballpark of several
tens of percent for direct production processes at a high-
energy muon collider. Moreover, the modeling of ISR,
although being of primary relevance for precision studies,
is not one of the several aspects (see Sec. III C) that we are
investigating in this work.
Given all the previous considerations, a LL description

for the muon PDF is sufficient for our simulations.
We reckon that, quite recently, a fully fledged description
of the muonic content in terms of massless partons (leptons,
the photon, but also quarks and the gluon) has appeared
in Ref. [191], employing LL-accurate evolution in QCD

and QED. For the purpose of this work, however, we
opt for a simpler approach. Specifically, we minimally
modify the electron ISR PDF at leading-logarithmic accu-
racy [192–195] in the so-called β scheme, including up to
Oðα3Þ terms [196–198]

ΓLL
μ�=μ�ðx;Q2Þ ¼ expð−γEβ þ 3

4
βÞ

Γð1þ βÞ βð1 − xÞβ−1

−
X3
n¼1

1

2nn!
βnhnðxÞ; ðA1Þ

where

β ¼ α

π
ðlogðQ2=m2Þ − 1Þ: ðA2Þ

We then set m to the muon mass, and we neglect the
running of α. Rather, we fix its value to

α ¼ αGμ
≡Gμ

π

ffiffiffi
2

p �
1 −

M2
W

M2
Z

�
M2

W; ðA3Þ

consistently with the renormalization scheme that we will
employ in the computations, with Gμ measured from the
muon decay. Finally, as it is well known, the usage of LL-
accurate ISR in NLO EW computations requires the
inclusion, at the level of short-distance cross section, of
additional terms required to attain formal NLO accuracy
(treated on the same footing as change of factorization-
scheme contributions).27 All our results at NLO will be
computed including these terms, which are already avail-
able inside MadGraph5_aMC@NLO.
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