ON THE EQUIVALENCE OF STOCHASTIC
COMPLETENESS, LIOUVILLE AND KHAS’'MINSKII
CONDITION IN LINEAR AND NONLINEAR SETTING

LUCIANO MARI AND DANIELE VALTORTA

ABSTRACT. Set in Riemannian enviroment, the aim of this paper is to
present and discuss some equivalent characterizations of the Liouville
property relative to special operators, in some sense modeled after the
p-Laplacian with potential. In particular, we discuss the equivalence
between the Lioville property and the Khas’minskii condition, i.e. the
existence of an exhaustion functions which is also a supersolution for
the operator outside a compact set. This generalizes a previous result
obtained by one of the authors and answers to a question in [25].

Sui quisque laplaciani faber

1. INTRODUCTION

In what follows, let M denote a connected Riemannian manifold of di-
mension m, with no boundary. We stress that no completeness assumption
is required. The relationship between the probabilistic notions of stochastic
completeness and parabolicity (respectively the non-explosion and the recur-
rence of the Brownian motion on M) and function-theoretic properties of
has been the subject of an active area of research in the last decades. Deep
connections with the heat equation, Liouville type theorems, capacity theory
and spectral theory have been described, for instance, in the beautiful survey
[8]. In [22] and [21], the authors showed that stochastic completeness and
parabolicity are also related to weak maximum principles at infinity. This
characterization reveals to be fruitful in investigating many kinds of geomet-
ric problems (for a detailed account, see [23]). Among the various conditions
equivalent to stochastic completeness, the following two are of prior interest
to us:
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- [L®°-Liouville] for some (any) A > 0, the sole bounded, non-negative,
continuous weak solution of Au — Au > 0 is u = 0;
- [weak mazimum principle] for every u € C?*(M) with u* = sup,; u <
400, and for every n < u*,
(1) inf Au <0, where Q, = u~{(n, +o0)}.
n
R.Z. Khas’minskii [IT] has found the following criterion for stochastic com-

pleteness. We recall that a w € C°(M) is called an exhaustion if it has
compact sublevels w™1((—o0,]), t € R.

Theorem 1.1 (Khas’minskii test, [I1]). Suppose that there exists a compact
set K and a function w € CO(M) N C?*(M \ K) satisfying for some X > 0:

(1) w is an ezhaustion; (1) Aw—Aw <0 on M\K.
Then M 1is stochastically complete.

A very similar characterization holds for the parabolicity of M. Namely,
among many others, parabolicity is equivalent to:

- every bounded, non-negative continuous weak solutions of Au > 0
on M is constant;

- for every non-constant u € C2(M) with u* = sup,; u < +00, and for
every 1 < u*,
(2) inf Au < 0, where Q, = u~{(n, +00)}.
U]
Note that the first condition is precisely case A = 0 of the Liouville property
above. As for Khas’'minskii type conditions, it has been proved by M. Nakai
[19] and Z. Kuramochi [14] that the parabolicity of M is indeed equivalent to
the existence of a so-called Evans potential, that is, a harmonic function w
defined outside a compact set K and such that w = 0 on K. To the best of
our knowledge, an analogue of such equivalence for stochastic completeness
has still to be proved, and this is the starting point of the present work.
With some modifications, it is possible to define the Liouville property,
the Khas'minskii test and Evans potentials also for p-Laplacians or other
nonlinear operators, and the aim of this paper is to prove that in this more
general setting the Liouville property is equivalent to the Khas’minskii test,
answering in the affirmative to a question raised in [25] (question 4.6). After
that, a brief discussion on the connection with appropriate definitions of the
weak maximum principle is included. The final section will be devoted to
the existence of Evans type potentials in the particular setting of radially
symmetric manifolds. To fix the ideas, we cite the main theorem in the “easy
case” of the p-Laplacian, and then introduce the more general (and more
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technical) operators to which our theorem applies. Recall that for a function
u € WHP(Q), the p-laplacian A,, is defined weakly as:

3) o= [ 1vap=(vuve)
Q Q
where ¢ € C2°(Q2) and integration is with respect to the Riemannian measure.

Theorem 1.2. Let M be a Riemannian manifold and let p > 1, X > 0.
Then, the following conditions are equivalent.
(W) The weak mazimum principle for C° holds for A, that is, for every
non-constant u € C°(M) N I/Vl})’f(M) with w* = sup,;u < co and for
every n < u* we have:

(4) isrzlf Apu <0 (<0ifA=0)
n

weakly on Q, = u={(n, +00)}.

(L) Every non-negative, L N I/VI})’CP solution u of Apu — MuP™! > 0 is
constant (hence zero if A > 0).

(K) For every compact K with smooth boundary, there exists an exhaus-

tion w € CO(M\K) N W'?(M\K) such that

loc

w>0 on M\K, w=0 ondK, pr—/\wpflgo.

Up to some minor changes, the implications (W) < (L) and (K) = (L)
have been shown in [24], Theorem A, where it is also proved that, in (W) and
(L), u can be equivalently restricted to the class C*(M). In this respect, see
also [25], Section 2. On the other hand, the second author in [30] has proved
that (L) = (K) when A = 0. The proof developed in this article covers both
the case A =0 and A > 0, is easier and more straightforward and, above all,
does not depend on some features which are typical of the p-Laplacian.

2. DEFINITIONS AND MAIN THEOREMS

Notational conventions. We set R™ = (0, +00), R = [0, +00), and R,
R, accordingly; for a function u defined on some set €2, u* and u, will denote,
respectively, the sup and inf of v on €, where the sup / inf has to be intended
in the sense of Lebesgue spaces if u is not continuous; we will write K € 2
whenever the set K has compact closure in €2; Lip;,.(M) denotes the class
of locally Lipschitz functions on M; with u € Ho6lo.(M) we mean that, for
every Q € M, u € C%%(Q) for some a € (0, 1] possibly depending on Q. We
will use the symbol Q = ... to define the quantity @ as .. ..

In order for our techniques to work, we will consider quasilinear operators
of the following form. Let A : TM — TM be a Caratheodory map, that
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is if # : TM — M is the bundle projection, 7 o A = A, moreover every
representation A of A in local charts satisfies

e A(z,-) continuous for a.e. x € M

e A(-,v) measurable for every v € R™

Note that every continuous bundle map satisfies these assumptions. Fur-
thermore, let B : M x R — R be of Caratheodory type, that is, B(-,t) is
measurable for every fixed ¢t € R, and B(z, ) is continuous for a.e. x € M.
We shall assume that there exists p > 1 such that, for each fixed open set
Q € M, the following set of assumptions .¥ is met:

(Al) (AX)|X) > a|XIP VXeTM

(A2)  JAX)| < aglX[P7t VX €eTM

(M) A is strictly monotone, i.e. (A(X) — A(Y)|X -Y), 2 0 for
every x € M, X,Y € T, M, with equality if and only if X =Y
(B1)  |B(x,t)| < by + bolt|P~ fort eR

(B2) for a.e. z, B(z,-) is monotone non-decreasing

(B3) for a.e. z, B(z,t)t >0,

where aq, a9, by, by are positive constants possibly depending on . As ex-
plained in remark [£.2] we could state our main theorem relaxing condition

[B1l to:
(B1+) |B(z,t)] <b(t) forteR

for some positive and finite function b, however for the moment we assume
[BI] to avoid some complications in the notation, and explain later how to

extend our result to this more general case.
We define the operators F, A, B : W1P(Q) — WP(Q)* by setting

A w6 € WH(Q) — [y (A(VH)| V)
® 5. u o [0€ WH(Q) — fy Blr,u(x))o|
F=A+B.

With these assumptions, it can be easily verified that both A and B maps to
continuous linear functionals on W1P?(Q) for each fixed Q € M. We define
the operators L 4, L accordingly to the distributional equality:

/¢LAuﬁ—<A(u>,¢>, /¢quﬁ—<f(u>,¢>
M M
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for every u € VVli)’f(M) and ¢ € C°(M), where <, > is the duality. In other
words, in the weak sense

Lru=div(A(Vu)) — B(z,u) Y ue W P(M).

loc

Example 2.1. The p-Laplacian defined in (3)), corresponding to the choices
A(X) = |X[P72X and B(z,t) = 0, satisfies all the assumptions in .7 for each
Q) € M. Another admissible choice of B is B(w,t) = A[t|P~2¢, where A > 0.
For such a choice,

(6) Lru = Apu — NulP2u

is the operator of Theorem We stress that, however, in . we require no
homogeneity condition neither on A nor on B.

Example 2.2. More generally, as in [24] and in [28], for each function
¢ € CORY) such that ¢ > 0 on RF, (0) = 0, and for each symmetric,
positive definite 2-covariant continuous tensor field h € T'(Symy(TM)), we
can consider differential operators of type

o [ e(IVul)
L%hu:dlv< vl h(Vu, )¢ ),

where ff is the musical isomorphism. Due to the continuity and the strict
positivity of h, the conditions (A1) and (A2) in . can be rephrased as
(7) ar Pt < o(t) < agtPL.

Furthermore, if ¢ € C'(RY), a sufficient condition for to hold is given
by

t t
0 Ahx) + () - 20 ) (v1x) ) >0
for every X,Y with |X| = |Y| = 1. The reason why it implies the strict
monotonicity can be briefly justified as follows: for L, is equivalent

to requiring

e(1X]) oy YD B .
(9) X WX, X -Y) Ve MY, X-Y)>0 if X#Y.

In the nontrivial case when X and Y are not proportional, the segment
Z(t)=Y +t(X —Y), t €[0,1] do not touch the zero vector, so that

Pty — 20207 70

|2
is C'. Condition implies that F’(t) > 0. Hence, integrating we get
F(1) > F(0), that is, (9). We observe that, if h is the metric tensor, the
strict monotonicity is satisfied whenever ¢ is strictly increasing on R™ even
without any differentiability assumption on ¢.
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Example 2.3. Even more generally, if A is of class C'!, a sufficient condition
for the monotonicity of A has been considered in [I], Section 5 (see the proof
of Theorem 5.3). Indeed, the authors required that, for every x € M and
every X € T, M, the differential of the map A, : T, M — T, M at the point
X € T, M is positive definite as a linear endomorphism of T'x (7, M). This
is the analogue, for Riemannian manifolds, of Proposition 2.4.3 in [27].

We recall the concept of subsolutions and supersolutions for L r.

Definition 2.4. We say that u € Wlif(M) solves Lru > 0 (resp. < 0,
= 0) weakly on M if, for every non-negative ¢ € C°(M), < F(u),¢ >< 0,
(resp., > 0, = 0). Solutions of Lru > 0 (resp, <0, =0) are called (weak)
subsolutions (resp. supersolutions, solutions),

Remark 2.5. Note that, since B is Caratheodory, (B3)) implies that B(x,0) =
0 a.e. on M. Therefore, the constant function u = 0 solves Lru = 0. Again
by (B3]), positive constants are supersolutions.

Following [24] and [25], we present the analogues of the L*°-Liouville prop-
erty and the Khas'minskii property for the nonlinear operators constructed
above.

Definition 2.6. Let M be a Riemannian manifold, and let A,B,F be as
above.

- We say that the L>°-Liouville property (L) for L>° (respectively, Holjo. )
functions holds for the operator L if every u € L (M) N I/Vlif(]\@
(respectively, Holo.(M) N VVéf (M)) essentially bounded, satisfying
u >0 and Lru > 0 is constant.

- We say that the Khas’minskii property (K) holds for Lx if, for every
pair of open sets K € Q € M with Lipschitz boundary, and every
e > 0, there exists an exhaustion function

w e COM\K) N W, P(M\K)

loc

such that
w>0 on M\K, w=0 onJK,
w<e onQ\K, Lrw <0 on M\K.
Such a w will be called a Khas’'minskii potential relative to the triple
(K,Q,¢).
- a Khas’minskii potential w relative to some triple (K,Q,¢€) is called

an Evans potential if Lrw = 0 on M\K. The operator Lxr has the

Evans property (E) if there exists an Evans potential for every triple
(K,Q,¢).

The main result in this paper is the following
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Theorem 2.7. Let M be a Riemannian manifold, and let A, B satisfy the
set of assumptions ., with instead of . Define A, B, F as in ,
and L o, Lr accordingly. Then, the conditions (L) for Hole., (L) for L™ and
(K) are equivalent.

Remark 2.8. It should be observed that if Lx is homogeneous, as in (6]),
the Khas’minskii condition considerably simplifies as in (K') of Theorem &
Indeed, the fact that dw is still a supersolution for every § > 0, and the
continuity of w, allow to get rid of 2 and ¢.

Next, in Section |5 we briefly describe in which way (L) and (K) are related
to the concepts of weak maximum principle and parabolicity. Such relation-
ship has been deeply investigated in [23], [24], whose ideas and proofs we
will closely follow. With the aid of Theorem we will be able to prove
the next Theorem [2.11] To state it, we shall restrict to a particular class of
potentials B(z,t), those of the form B(z,t) = b(x)f(t) with

b,b~t € LS (M), b>0ae. on M;

loc

fe€CR), f(0)=0, fisnon-decreasing on R.

Clearly, B satisfies (B1-+]), (B2) and (B3). As for A, we require (Al]) and
(A2)), as before.

Definition 2.9. Let A, B be as above, define A, B, F as in and L 4, Lr

accordingly.

(10)

(W) We say that b=1 L 4 satisfies the weak mazimum principle for C° func-
tions if, for every u € C°(M) N Wﬁ)f(M) such that u* < 400, and
for every n < u*,

igr)lf b 'Lau<0 weakly on Q, =u~{(n, +o0)}.

n
(Wpa) We say that b=1L 4 is parabolic if, for every non-constant u € CO(M)N
Wlf)f(M) such that u* < 400, and for every n < u*,
igr)lf b 'L au <0 weakly on Q, =u~{(n, +o0)}.

n

- We say that F is of type 1 if, in the potential B(x,t), the factor f(t)
satisfies f > 0 on RT. Otherwise, when f = 0 on some interval

[0,T], F is called of type 2.

Remark 2.10. infq, b~!'L 4u < 0 weakly means that, for every € > 0, there
exists 0 < ¢ € C°(£),), ¢ # 0 such that

—<A(u),¢><5/b¢>.
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Similarly, with infg, b~'L qu < 0 weakly we mean that there exist ¢ > 0 and
0<¢eCP(y), ¢ %0 such that — < A(u),¢ > < —¢ [ bo.

Theorem 2.11. In the assumptions for B(x,t) = b(z)f(t), and (Al]),
(A2) for A, the following properties are equivalent:

- The operator b1 L 4 satisfies (W);

- Property (L) holds for some (hence any) operator F of type 1;

- Property (K) holds for some (hence any) operator F of type 1;

Furthermore, in the same assumptions, the next equivalence holds:
- The operator b= L 4 is parabolic;
- Property (L) holds for some (hence any) operator F of type 2;
- Property (K) holds for some (hence any) operator F of type 2;

In the final Section [6] we address the question whether (W), (K), (L) are
equivalent to the Evans property (E). Indeed, it should be observed that, in
Theorem 2.7, now growth control on B as a function of ¢ is required at all.
On the contrary, as we will see, the validity of the Evans property forces some
precise upper bound for its growth. To better grasp what we shall expect, we
will restrict to the case of radially symmetric manifolds. For the statements
of the main results, we refer the reader directly to Section [6]

3. TECHNICAL TOOLS

In this section we introduce some technical tools, such as the obstacle
problem, that will be crucial to the proof of our main theorems. Throughout
this section, we will always assume that the assumptions in . are satisfied,
if not explicitly stated. First, we state some basic results on subsolutions-
supersolutions such as the comparison principle, which follows from the
monotonicity of A and B.

Proposition 3.1. Assume w and s are a super and a subsolution defined on
Q. If min{w — 5,0} € Wol’p(Q), then w > s a.e. in ).

Proof. This theorem and its proof, which follows quite easily using the right
test function in the definition of supersolution, are standard in potential
theory. For a detailed proof see [1], Theorem 4.1. O

Next, we observe that A, B satisfy all the assumptions for the subsolution-
supersolution method in [I3] to be applicable.
Theorem 3.2 ([I3], Theorems 4.1, 4.4 and 4.7). Let ¢1,¢2 € LiS. N VVlif
be, respectively, a subsolution and a supersolution for Ly on M, and suppose
that o1 < @2 a.e. on M. Then, there is a solution u € Li’cfcﬂﬂfl})’f of Lru=20
satisfying o1 < u < ¢9 a.e. on M.
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A fundamental property is the strong maximum principle, which follows
from the next Harnack inequality

Theorem 3.3 (|27], Theorems 7.1.2, 7.2.1 and 7.4.1). Let u € I/Vlif(M) be
a non-negative solution of Lau < 0. Let the assumptions in . be satisfied.
Fiz a relatively compact open set € M.

(i) Suppose that 1 < p < m, where m = dimM. Then, for every ball
Byr C Q and for every s € (0,(p — 1)m/m — p), there exists a
constant C depending on R, on the geometry of Byr, on m and on
the parameters ay,as in . such that

el e,y < C(essin g ).

(1) Suppose that p > m. Then, for every ball Byr C 2, there exists a
constant C depending on R, on the geometry of Byr, on m and on
the parameters aq,as in . such that

esssupp u < C (essinf Br u) :

In particular, for every p > 1, each non-negative solution w of L qu < 0 on M
is such that either u =0 on M or essinfqu > 0 for every relatively compact
set §2.

Remark 3.4. We spend few words to comment on the Harnack inequalities
quoted from [27]. In our assumptions .#, the functions asg, a, by, ba, b in Chap-
ter 7, (7.1.1) and (7.1.2) and the function a in the monotonicity inequality
(6.1.2) can be chosen to be identically zero. Thus, in Theorems 7.1.2 and
7.4.1 the quantity k(R) is zero. This gives no non-homogeneous term in the
Harnack inequality, which is essential for us. For this reason, we cannot
weaken (A2)) to
IAX)| < ag| X' +a

locally on €, since the presence of non-zero @ implies that k(R) > 0. It
should be observed that Theorem 7.1.2 is only stated for 1 < p < m but, as
observed at the beginning of Section 7.4, the proof can be adapted to cover
the case p = m.

Remark 3.5. In the rest of the paper, we will only use the fact that either
u =0 oru>0on M, that is, the strong maximum principle. It is worth
observing that, for the operators L4 = L} described in Example very
general strong maximum principles for C* or Lip,,. solutions of Lypu <0
on Riemannian manifolds have been obtained in [26] (see Theorem 1.2 when
h is the metric tensor, and Theorems 5.4 and 5.6 for the general case). In
particular, if A is the metric tensor, the sole requirements

(11) p € CORY), »(0) =0, ¢ >0on R*, ¢ in strictly increasing on R
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are enough for the strong maximum principle to hold for C' solutions of
L,u < 0. Hence, for instance for L, the two-sided bound on ¢ can be
weakened to any bound ensuring that the comparison and strong maximum
principles hold, the subsoluton-supersolution method is applicable and the
obstacle problem has a solution. For instance, besides , the requirement

(12) ©(0) =0, aitP"t < (t) < agtP™! + a3

is enough for Theorems, [3:2] and it also suffices for the obstacle problem
to admit a unique solution, as the reader can infer from the proof of the next
Theorem B.111

Remark 3.6. Regarding the above observation, if ¢ is merely continuous
then even solutions of L,u = 0 are not expected to be C', nor even Lipy,..
Indeed, in our assumptions the optimal regularity for u is (locally) some
Holder class, see the next Theorem If p € C'(RY) is more regular, then
we can avail of the regularity result in [29] to go even beyond the C! class.
Indeed, under the assumptions

4 02 < i (0, 2 ) <m0, 240 ) < 0002

for some k > 0 and some positive constants v < I', then each solution of
L,u = 0 is in some class C1® on each relatively compact set €, where
a € (0,1) may depend on Q. When h is not the metric tensor, the condition
on ¢ and h is more complicated, and we refer the reader to [24] (in particular,

see (0.1) (v), (vi) p. 803).

Part of the regularity properties that we need are summarized in the fol-
lowing

Theorem 3.7. Let the assumptions in 7 be satisfied.

(1) [[I7], Theorem 4.8] If u solves Lru < 0 on some open set ), then
there exists a representative in WP (Q) which is lower semicontinu-
ous.

(i) /5], Theorem 1.1 p. 251] If u € L>®(Q) N WYP(Q) is a bounded
solution of Lru = 0 on ), then there exists a € (0,1) depending
on the geometry of Q, on the constants in ./ and on ||ul|pe(q) such
that w € C%*(Q). Furthermore, for every Qo € 2, there exists C =
C(, dist(Q0, 02)) such that

ullco.a(ny) < C.

Remark 3.8. As for (i), it is worth observing that, in our assumptions,
both by and a in the statement of [I7], Theorem 4.8 are identically zero.
Although we will not need the following properties, it is worth noting that
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any u solving Lru < 0 has a Lebesgue point everywhere and is also p-finely
continuous (where finite).

Next, this simple elliptic estimate for locally bounded supersolutions is
useful:

Proposition 3.9. Let u be a bounded solution of Lru < 0 on . Then,
for every relatively compact, open set Qg € 2 there is a constant C > 0
depending on p, 0, Qg and on the parameters in & such that

IVull o) < €A+ [[ufl oo ()

Proof. Given a supersolution u, the monotonicity of B assures that for every
positive constant ¢ also u + ¢ is a supersolution, so without loss of generality
we may assume that u, = 0. Thus, u* = [Ju/[ e (-

Shortly, with || - ||, we denote the LP norm on 2, and with C' we denote a
positive constant depending on p, 2 and on the parameters in ., that may
vary from place to place. Let n € C2°(€2) be such that 0 <n <1 on Q and
17 =1 on Qy. Then, we use the non-negative function ¢ = nP(u* — u) in the
definition of supersolution to get, after some manipulation and from ,

and ,
13

o [ wivul < pas [ [Vupp i - wlVal+ [ B
Q Q Q
Using (B1)), the integral involving B is roughly estimated as follows:
(14) / NP B(z, u)u* < |Q|(biu* + be(u*)P) < C(1 + u*)P,
Q

where the last inequality follows by applying Young inequality on the first
addendum. As for the term involving |Vnl, using (u* — u) < w* and again
Young inequality |ab| < |a|P/(peP) + €9]b|?/q we obtain

(15)

paz/Q(|Vuyp—1np—1(u*_u)|V17]) < paz/Q(|Vu|P—1np—1)(u*‘vn|)
< 2 pVaullh + 2= |Vl (wr)P

Choosing ¢ such that ase™ = a1/2, inserting and into and

rearranging we obtain
a
S nvully < C[1+ @+ IVaI) ).

Since n =1 on Qg and [[Vn|, < C, taking the p-root the desired estimate
follows. O
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Remark 3.10. We observe that, when B # 0 we cannot apply the technique
of [9], Lemma 3.27 to get a Caccioppoli-type inequality for bounded, non-
negative supersolutions. The reason is that subtracting a positive constant to
a supersolution does not yield, for general B # 0, a supersolution. It should
be stressed that, however, when p < m a refined Caccioppoli inequality for
supersolution has been given in in [I7]|, Theorem 4.4.

Now, we fix our attention on the obstacle problem. There are a lot of
references regarding this subject (for example see [17], Chapter 5 or [9],
Chapter 3 in the case B = 0). As often happens, notation can be quite
different from one reference to another. Here we try to adapt the conventions
used in [9], and for the reader’s convenience we also sketch some of the proofs.
First of all, some definitions. Given a function ¢ : 2 — R U 400, and given
6 € WHP(Q), we define the closed convex set

Koo ={f€W'P(@Q)| f>¢ ac and f—6W ")}

Loosely speaking, 6 fixes the boundary value of the solution u, while v is
the “obstacle”function. Most of the times, obstacle and boundary function
coincide, and in this case we use the convention Ky = Kgg. We say that
u € KCy ¢ solves the obstacle problem if for every ¢ € Ky p:

(16) < F(u),po—u>>0.

Note that for every ¢ € C2°(Q2) the function ¢ = u + ¢ belongs to ICy 9, and
this implies that the solution to the obstacle problem is always a superso-
lution. Note also that if we choose ) = —o0, we get the standard Dirichlet
problem with Sobolev boundary value 6 for the operator F, in fact in this
case any test function ¢ € Cg°(N2) verifies u &= ¢ € Ky 9, and so inequality
in becomes an equality. Next, we address the solvability of the obstacle
problem.

Theorem 3.11. In the assumptions ., if (2 is relatively compact and ICy g is
nonempty, then there exists a unique solution to the relative obstacle problem.

Proof. The proof is basically the same if we assume B = 0, as in [9], Appendix
1; in particular, it is an application of Stampacchia theorem, see for example
Corollary II1.1.8 in [I2]. To apply the theorem, we shall verify that Ky ¢ is
closed and convex, which follows straightforwardly from its very definition,
and that F : WIP(Q) — WP(Q)* is weakly Continuous monotone and
coercive. Monotonicity is immediate by properties (M| To prove that
F is weakly continuous, we take a sequence u; — u in . By using

(A2]) and ., we deduce from . that

| < F(ui), 6> | < ((a2+ ) lusllyly ) + 511217 ) 19llwrae)
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Hence the W1P(Q)* norm of {F(u;)} is bounded, and so from any subse-
quence we can extract a weakly convergent sub-subsequence F(uy) — z in
WLP(Q)*, for some z. From ug — u in WHP(Q), by Riesz theorem we get
(up to a further subsequence) (ug, Vug) — (u, Vu) pointwise on €2, and since
the maps

X — A(X), t — B(z,t)

are continuous, then necessarily z = F(u). Since this is true for every weakly
convergent subsequence {F(ug)}, we deduce that the whole F(u;) converges
weakly to F(u). This proves the weak continuity of F.

Coercivity on Ky ¢ follows if we fix any ¢ € Ky ¢ and consider a diverging
sequence {u;} C Ky ¢ and calculate:

(F(w:) = F(g)|ui = 0) B (Alw) = Alp)[ui — o) E, 0
[wi = ellwir B [ui = ellwrr) B
_ o (17wl + 19ly) — a2 (IVally™ [Vl + 19ail, 1Vl

i — QDHWLP(Q)

This last quantity tends to infinity as ¢ goes to infinity thanks to the Poincare
inequality on 2:

i = @ll o) < C VUi = Vol o)

which leads to [|Vuil|1p) = C1 + Ca ||uilly1p(q) for some constants C1, Cs,
where Cy depends on @]l y1p(q)- O

A very important characterization of the solution of the obstacle problem
is a corollary to the following comparison, whose proof closely follows that
of the comparison Proposition [3.1]

Proposition 3.12. Ifu is a solution to the obstacle problem Ky ¢, and if w
is a supersolution such that min{u, w} € Ky g, then u < w a.e.

Proof. Define U = {z| u(x) > w(z)}. Suppose by contradiction that U
has positive measure. Since u solves the obstacle problem, using with
function ¢ = min{u, w} € Ky o we get

(17) 0< <]:(u),g0—u>:/U(A(Vu)|Vw—Vu>+/UB(x,u)(w—u).

On the other hand, applying the definition of supersolution w with test func-
tion 0 < ¢ = u — min{u, w} € Wol’p(Q) we get

(18) 0§<Hw¢>:/

g (A(Vw)|Vu — Vw) + / B(z,w)(u — w)

U
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summing up the two inequalities we get, by and (B2),

0< / (A(Vu) — A(Vw)|Vw — Vu) +/ [B(z,u) — B(z,w)](w—u) <0.
U U

Since A is strictly monotone, Vu = Vw a.e. on U, so that V((u —w)4+) =0
a.e. on §2. Consequently, since U has positive measure, u —w = c a.e. on €,
where c is a positive constant. Since min{u,w} € Ky 9, we get ¢ =u —w =

u — min{u,w} € I/Vol’p(Q)7 contradiction. O

Corollary 3.13. The solution u to the obstacle problem in Ky g is the small-
est supersolution in Ky g.

Proposition 3.14. Let wi,wy € WYP(Q) be supersolutions. Then, w =
min{wi,ws} is a supersolution. Analogously, if uy,uz € WP(Q) are subso-
lutions, then so is u = max{ui,us}.

Proof. Consider the obstacle problem /C,,. By Corollary [3.13] its solution is
necessarily w, and so w is a supersolution being the solution of an obstacle
problem. As for the second part of the statement, define A(X) = —A(—X)
and E(w,t) = —B(x,—t). Then, E,E satisfy the set of assumptions ..
Denote with F the operator associated to g, B. Then, it is easy to see that
Lru; > 0 if and only if L z(—u;) <0, and to conclude it is enough to apply
the first part with operator L z. O

The following version of the pasting lemma generalizes the previous propo-
sition:

Lemma 3.15. Let wy be a supersolution on 2, and wo be a supersolution on

Qy C Q. If min{wy — wy,0} € WyP(Q), then

. min{wy, wy} on Q9
m =
w1 on Q\QQ
is a supersolution on 2. A similar statement is valid for subsolutions.

Proof. Since being a supersolution is a local property, we can suppose without
loss of generality that w; € W1P(Q), otherwise we just substitute Q with
any relatively compact set contained in it. First of all, we claim that m €
WP(Q). In fact, consider a sequence of smooth functions 1), converging
in the WP(Q) norm to wi, and a sequence {©,} C C>°(2) converging to
min{ws — w1,0} in the W1P(Qy) norm. Define u = min{wy — w1, 0}xq,,
where @, is the indicatrix function of €2. In our assumptions, ¢, — u in
WLP(Q), thus u € WHP(Q). Then, it is evident that v, + ¢, is a sequence
of smooth functions in 2 converging to m = w; + u.

To prove the statement we use a technique similar to Proposition [3.12]
Let s be the solution to the obstacle problem K., on €, then we immediately
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have by comparison s < wj a.e. in  and so s = w; = m on Q2\Qs. Since s
solves the obstacle problem, using ¢ = m in equation (|16)) we have:

(19) 0< < F(s)ym—s>= / (A(Vs)|Vm — Vs) +/ B(z,s)(m — s)
QQ QQ

on the other hand m is a supersolution in €y, and s — m is evidently a

non-negative function in VVO1 P(Qy) so:

0< <F(m),s —m >= / (A(Vm)|Vs — Vm) +/ B(z,m)(s —m)

Qo Qo
summing the two inequalities, we can conclude as in Proposition that
V(s —m) =01n Qs with s —m € W&’p(Qg), and so the two functions are
equal there. Since on Q \ Q2, s = w = m, the thesis is proved.

Note that the statement remains true if we exchange supersolution with
subsolutions and min with max thanks to the same trick as in the previous
proposition.

O

As for the regularity of solutions of the obstacle problem, we have

Theorem 3.16 (|17, Theorem 5.4 and Corollary 5.6). If the obstacle 1 is
continuous in ), then the solution u to Ky g has a continuous representative
in the Sobolev sense. Furthermore, if 1 € C%*(Q) for some a € (0,1),
then there exist C, 3 > 0 depending only on p,a, ), HuHLoo(Q) and on the
parameters in . such that

[ullcos ) < CA 4 [[¥]l o))

Remark 3.17. The interested reader should be advised that, in the notation
of [I7], bp and a are both zero with our assumptions. Stronger results, for
instance C® regularity, can be obtained from stronger requirements on 1,
A and B which are stated for instance in [17], Theorem 5.14.

In the proof of our main theorem, and to get some boundary regularity
results, it will be important to see what happens on the set where the solution
of the obstacle problem is strictly above the obstacle.

Proposition 3.18. Let u be the solution of the obstacle problem Ky g with
continuous obstacle ¥. If u > 1 on the (open) set D, then u is a solution of
F(u) =0 on D.

Proof. Consider any test function ¢ € C2°(D). Since u > v on D, and since
¢ is bounded, by continuity there exists ¢ > 0 such that u£d¢ € Ky g. From
the definition of solution to the obstacle problem we have that:

b < Flu), 6> :%<]-"(u),j:6¢>:%<F(u),(uié¢)—u> >0,
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hence < F(u),¢ > = 0 for every ¢ € C°(D), as required. O

As for boundary regularity, to the best of our knowledge there is no result
for solutions of the kind of obstacle problems we are studying. However,
if we restrict ourselves to Dirichlet problems (i.e. obstacle problems with
1) = —o0), some results are available. We briefly recall that a point zg €
00 is called “regular” if for every function § € W1HP(2) continuous in a
neighborhood of xg, the unique solution to the relative Dirichlet problem is
continuous in x(, and that a necessary and sufficient condition for x( to be
regular is the famous Wiener criterion (which has a local nature). For our
purposes, it is enough to use some simpler sufficient conditions for regularity,
so we just cite the following corollary of the Wiener criterion:

Theorem 3.19 ([6], Theorem 2.5). Let 2 be a domain, and suppose that
o € O has a neighborhood where OX) is Lipschitz, then xg is reqular for the
Dirichlet problem.

For a more specific discussion of the subject, we refer the reader to [6].
We mention that Dirichlet and obstacle problems have been studied also
in metric space setting, and boundary regularity theorems with the Wiener
criterion have been obtained for example in [2], Theorem 7.2.

Remark 3.20. Note that [6] deals only with the case 1 < p < m, but the
other cases follows from standard Sobolev embeddings.

Using the comparison principle and Proposition [3.18] it is possible to ob-
tain a corollary to this theorem which deals with boundary regularity of some
particular obstacle problems.

Corollary 3.21. Consider the obstacle problem Kg., on Q, and suppose
that  has Lipschitz boundary and both 0 and 1 are continuous up to the
boundary. Then the solution w to Kg ., is continuous up to the boundary (for
convenience we denote w the continuous representative of the solution).

Proof. If we want g to be nonempty, it is necessary to assume t(xp) <
0(xg) for all 2y € 09.

Let 6 be the unique solution to the Dirichlet problem relative to 6 on (2.
Then theorem guarantees that § € CY(Q) and the comparison principle
allow us to conclude that w(z) > 6(z) everywhere in Q.

Suppose first that ¥ (z¢) < 6(zg), then in neighborhood U of zy (U C )
w(z) > 6(x) > ¥(x). By Proposition Lrw = 0 on U, and so by
Theorem |3.19| w is continuous in x.

If ¢ (zo) = 6(z0), consider w, the solutions to the obstacle problem K

0"’_671»0.
By the same argument as above we have that w, are all continuous at xg,
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and by the comparison principle w(x) < we(x) for every = €  (recall that
both functions are continous in ). So we have on one hand:

liminf w(x) > liminf ¢ (x) = 1 (x9) = 6(xo)

T—T0 T—T0

and on the other:

lim sup w(z) < limsup we(z) = 0(xo) + €
T—x0 T—T0

this proves that w is continuous in zy with value 6(x). O

Finally, we present some results on convergence of supersolutions and their
approximation with regular ones.

Proposition 3.22. Let w; be a sequence of supersolutions on some open set
Q1. Suppose that either w; T w or wj | w pointwise monotonically, for some
locally bounded w. Then, w is a supersolution. Furthermore, if {u;} is a
sequence of solutions of Lruj = 0 which are locally uniformly bounded in L>°
and pointwise convergent to some u, then u solves Lru = 0.

Proof. Suppose that w; 1 w. Up to changing the representative in the
Sobolev class, by Theorem @ we can assume that w; is lower semicon-
tinuous. Hence, it has minimum on compact subsets of {2. Since w is locally
bounded and the convergence is monotone up to a set of zero measure, the
sequence {w;} turns out to be locally bounded in the L*°-norm. The el-
liptic estimate in Proposition ensures that {w;} is locally bounded in
WLP(Q). Fix a smooth exhaustion {€2,} of . For each j, up to passing
to a subsequence, w; — 2, weakly in W1P(Q,) and strongly in LP((2,). By
Riesz theorem, z; = w for every j, hence w € VVlif (©2). With a Cantor
argument, we can select a sequence, still called w;, such that w; converges
to w both weakly in W1P(€,,) and strongly in LP(Q,) for every fixed n. To
prove that w is a supersolution, fix 0 < n € C°(f2), and choose a smooth
relatively compact open set 2y € €2 that contains the support of 1. Define
M = max; ||wj||W1,p(QO) < +o00. Since wj is a supersolution and w > w; for
every j,

< F(wy),n(w —wj) > > 0.

Using (Al]) we can rewrite the above inequality as follows:
(20)

[ auinve - oy = - [ [Bew) + Aw)90 |- w)



18 LUCIANO MARI AND DANIELE VALTORTA

Using , (A2)) and suitable Holder inequalities, the RHS can be bounded
from below with the following quantity

. /Q (w = w3) = b |1l s /Q g P e —
0

0

@) a2Vl [ (TP
0
p—1
> — 1l gy [51190\ P by M asz*l} lw = wjll o) = 0

as j — +o0o. Combining with and the fact that w; — w weakly on
WLP(Qy), by assumption the following inequality holds true:

(22) 0< /77 (A(Vw) — A(Vw;)|Vw — Vw;) < o(1) as j — +oo.

By a lemma due to F. Browder (see [3], p.13 Lemma 3), the combination of
assumptions w; — w both locally weakly in WP and locally strongly in LP,
and for every 0 < n € Cg°(Q), implies that w; — w locally strongly in
WP Since the operator F is weakly continuous, as shown in the proof of
Theorem this implies that

0 < < Flwj),n > — < F(w),n >,

hence Lrw < 0, as required.

The case w; | w is simpler. By the elliptic estimate, w € I/Vlif(Q), being
locally bounded by assumption. Let {€2,} be a smooth exhaustion of ), and
let u, be a solution of the obstacle problem relative to €2, with obstacle and
boundary value w. Then, by w < u, < wjlg,, and letting j — 400 we
deduce that w = u, is a supersolution on €2,,, being a solution of an obstacle
problem.

The proof of the last part of the Proposition follows exactly the same lines
as the case w; T w done before. Indeed, by the uniform local boundedness,
the elliptic estimate gives {u;} C VVl(l)f (©). Furthermore, in definition <
F(uj), ¢ > = 0 we can still use as test function ¢ = n(u — u;), since no sign
of ¢ is required. O

A couple of corollaries follow from this theorem. It is in fact easy to see
that we can relax the assumption of local boundedness on w if we assume
a priori w € I/Vl(l)f(Q), and moreover with a simple trick we can prove that
also local uniform convergence preserves the supersolution property, as in [9],
Theorem 3.78.

Corollary 3.23. Let w; be a sequence of supersolutions locally uniformly
converging to w, then w s a supersolution.
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Proof. The trick is to transform local uniform convergence in monotone con-
vergence. Fix any relatively compact Qp € Q and a subsequence of w; (de-
noted for convenience by the same symbol) with |jw; — wHLOO(QO) < 277, The

modified sequence of supersolutions w; = w; + % Ezozj 27F =w; +3x277 is
easily seen to be a monotonically decreasing sequence on {2y, and to its limit
w is a supersolution on any €2y by the previous proposition. The conclusion

follows from the arbitrariness of Q. O

Now we prove that with continuous supersolutions we can approximate
every supersolution.

Proposition 3.24. For every supersolution w € VVlif(Q), there exists a
sequence wy, of continuous supersolutions converging monotonically from be-
low and in VVI})S(Q) to w. The same statement is true for subsolutions with
monotone convergence from above.

Proof. Since every w has a lower-semicontinuous representative, it can be
assumed to be locally bounded from below, and since w(™ = min{w,m} is
a supersolution (for m > 0) and converges monotonically to w as m goes
to infinity, we can assume without loss of generality that w is also bounded
above.

Let £2,, be a locally finite relatively compact open covering on 2. Since w is
lower semicontinuous it is possible to find a sequence ¢,, of smooth function
converging monotonically from below to w (see [9], Section 3.71 p. 75). Let

wg’ ) be the solution to the obstacle problem Ky, 4., on €2,,. and define w,, =

minn{w,(ff )}. Thanks to the local finiteness of the covering €2, we can prove
that w,, is a continuous supersolution by showing that this property holds
only for the function min{wfﬁ),wg)}. Since wfﬁ) are continuous functions
defined on open sets, their minimum is an upper-semicontinous function,
and by the pasting Lemma [3.15] we can prove that it is also a supersolution,
so lower-semicontinuous and so continuous.

Monotonicity of the convergence is an easy consequence of the comparison
principle for obstacle problems, i.e. Proposition [3.12] To prove convergence
in the local WP sense, the steps are pretty much the same as for Proposition
[3:22] and the statement for subsolutions follows from the usual trick. O

Remark 3.25. With similar arguments and up to some minor technical dif-
ficulties, one could strenghten the previous proposition and prove that every
supersolution can be approximated by locally Hoélder continuous supersolu-
tions.
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4. PROOF OF THEOREM

Theorem 4.1. Let M be a Riemannian manifold, and let A, B satisfy the
set of assumptions .. Define A,B,F as in , and L4, Ly accordingly.
Then, the following properties are equivalent:

(1) (L) for Holipe functions,
(2) (L) for L™ functions,
(3) (K).

Proof. (2) = (1) is obvious. To prove that (1) = (2), we follow the ar-
guments in [24], Lemma 1.5. Assume by contradiction that there exists
0<wueL*M)n I/Vlicp(M), u Z 0 such that Lru > 0. We distinguish two
cases.

- Suppose first that B(x,u)u is not identically zero in the Sobolev
sense. Let ug > u* be a constant. By , Lrus < 0. By the
subsolution-supersolution method and the regularity Theorem [3.7]
there exists w € Holjpe(M) such that u < w < ug and Lrw = 0.
Since, by , and u < w, B(z,w)w is not identically zero,
then w is non-constant, contradicting property (1).

- Suppose that B(z,u)u = 0 a.e. on M. Since u is non-constant, we
can choose a positive constant ¢ such that both {u — ¢ > 0} and
{u— ¢ < 0} have positive measure. By , Lr(u—c) > 0, hence by
Proposition the function v = (u — ¢)4+ = max{u — ¢, 0} is a non-
zero subsolution. Denoting with X, the indicatrix of {u < c}, we
can say that Lrv > 0 = X{u<c}vp_1. Choose any constant us > v*.

Then, clearly Lrus < X{u<c}u§'_1. Since the potential

E(JB, t) = B(.CC, t) + X{u<e} (:L‘)’t’p_Qt

is still a Caratheodory function satisfying the assumptions in ., by
Theorem there exists a function w such that v < w < uy and
Lrw = X{y<cywP™'. By Theorem [3.7, (ii) w is locally Hélder con-
tinuous and, since {u < ¢} has positive measure, w is non-constant,
contradicting (1).

To prove the implication (3) = (1), we follow a standard argument in po-
tential theory, see for example [24], Proposition 1.6. Let u € Holjo.(M) N
Wli’f(M ) be a non-constant, non-negative, bounded solution of Lru > 0.
We claim that, by the strong maximum principle, u < u* on M. Indeed, let
A be the operator associated with the choice A(X) = —A(—X). Then, since
A satisfies all the assumptions in .7, it is easy to show that Lz(u*—u) <0
on M. Hence, by the Harnack inequality u* — u > 0 on M, as desired.

Let K € M be a compact set. Consider an 1 such that 0 < n < v* and define
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the open set 2, = u™1{(n, +00)}. From u < u* on M, we can choose 7 close
enough to u* so that K NQ, = 0. Let z be a point such that u(zg) > %,
Let Q be such that g € 2, and choose a Khas’minskii potential relative to
the triple (K, Q, (u* —n)/2). Now, consider the open set V defined as the

connected component containing xg of the open set
V= {z € Q| ulz) >n+w@)}

Since u is bounded and w is an exhaustion, V is relatively compact in M
and u(x) =1+ w(z) on OV. Since, by (B2)), Lr(n+ w) <0, and Lru > 0,
this contradicts the comparison Theorem [3.T]

We are left to the implication (2) = (3). Fix a triple (K, €2, ¢), and a smooth
exhaustion {Q;} of M with Q € ;. By the existence Theorem with
obstacle ¢ = —o0, there exists a unique solution h; of

L]:hj =0 on Q]\K
hj:() on OK, hjzl on an,

and 0 < h; < 1 by the comparison Theorem with h continuous up to
9 (€, \ K) thanks to theorem [3.19] Extend h; by setting h; = 0 on K and
hj =1 on M\Q;. Again by comparison, {h;} is a decreasing sequence which,
by Proposition [3.22] converges locally uniformly in M to a solution

heC'(M)NWLP(M\K) of Lyh=0on M\K, h=0on K.

loc

We claim that h = 0. Indeed, by Lemma u = max{h,0} is a non-
negative, bounded solution of Lru > 0 on M. By (1), u has to be constant,
hence the only possibility is h = 0.
Now we are going to build by induction an increasing sequence of continuous
functions {wy,}, wo = 0, such that:

(a) wy|k = 0, wy, are continuous on M and Lrw, <0 on M\K,

(b) for every n, w, < m on all of M and w, = n in a large enough

neighborhood of infinity denoted by M\C,,

(©) Nlwnllpoo (o, < llwn-1ll oo, + 27-
Once this is done, by (c¢) the increasing sequence {w,} is locally uniformly
convergent to a continuous exhaustion which, by Proposition solves
Lrw < 0. Furthermore,

—+00 c
wll poegey < D on S€
n=1

Hence, w is the desired Khas'minskii potential relative to (K, €, ¢).

We start the induction by setting wy; = h;, for j large enough in order for
property (c) to hold. Define C; in order to fix property (b). Suppose now
that we have constructed w,. For notational convenience, write w = w,,.
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Consider the sequence of obstacle problems Ky p; defined on ;11 and let s;
be their continuous solution by Theorem [3.16], continuous up to the boundary
by Corollary Take for convenience j large enough such that C7 C €Q;.
Note that s;|gx = 0 and since the constant function n+ 1 is a supersolution,
by comparison s; < n + 1 and sj\QjH\Qj =n+ 1. So we can extend s; to
a function defined on all of M by setting it equal to 0 on K and equal to
n+1on M\Q;,1, and in this fashion, by Lemma Lrsj<0on M\ K.
By Corollary {s;j} is decreasing, and so it has a limit § which is still a
supersolution on M \ K by Proposition We take a lower semicontinuous
representative of §, which is granted via Theorem i). We are going to
prove that § = w. First, we show that § < n everywhere. Suppose by
contraddiction that this is false. Then, since h; converges locally uniformly
to zero, on the open set A = 57 {(n, 00)} the inequality s; > w+h; is locally
eventually true, so that s; is locally eventually a solution of Lrs; = 0 by
Proposition B.18 and so Lrs = 0 on A by Proposition [3.22] By Lemma [3.15]
and assumptions ., the function

f = max{s —n,0}

is a non-negative, non-zero bounded solution of Lrf > 0. By (2), f is
constant, hence zero; therefore 5 < n. This proves that s = w = n on
M\C,,. As for the remaining set, a similar argument than the one just used
shows that § is a solution of Lxs = 0 on V = {5 > w}. Now since V is
relatively compact and 5 = w on OV, the comparison principle guarantees
that 5 < w everywhere, which is what we needed to prove. Now, since s; | w,
by Dini’s theorem the convergence is locally uniform and so we can choose
j large enough in such a way that s5—w < 2% on 2,41. Define wy 41 = 53,
and Cj41 in order for (b) to hold, and the construction is completed. g

Remark 4.2. As anticipated in Section [2| the results of our main theorem
are the same if we substitute condition [BI] with condition

|B(x,t)] < b(t) instead of |B(z,t)] <by+by[tfP™t forteR

Although it is not even possible to define the operator B if we take W1P(Q)
as its domain, this difficulty is easily overcome if we restrict the domain to
(essentially) bounded functions, i.e. if we define

B: WP (Q)n L®(Q) - WP(Q)*

Now consider that each function used in the proof of the main theorem
is either bounded or essentially bounded, so it is quite immediate to see all
the existence and comparison theorems proved in section [3] along with all
the reasoning and tools used in the proof, still work. Consider for example
an obstacle problem Ky, such that [§] < C' > [¢)|, and define the operator B
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relative to the function:
B(x,t) for [t| < C+1
B(x,t): bi(z,C +1) fort>C+1
bi(z,—(C+1)) fort<—(C+1)

B satisfies evidently condition so it admits a solution to the obstacle
problem, which by comparison Theorem is bounded in modulus by C,
and now it is evident that this function solves also the obstacle problem
relative to the original bad-behaved B.

Remark 4.3. As mentioned in Remark one could prove that Locally
Holder supersolutions are monotonically and dense in the local WP sense in
the set of supersolutions, and this would make implication (2) = (1) in the
main theorem trivial. However, since this result is a little technical and since
the subsolution-supersolution technique is of interest in itself, we decided to
use this latter method.

5. ON THE LINKS WITH THE WEAK MAXIMUM PRINCIPLE AND
PARABOLICITY: PROOF OF THEOREM [2.11]
As already explained in the introduction, throughout this section we will
restrict ourselves to potentials B(x,t) of the form B(z,t) = b(x) f(t), where
b,b~t € LS (M), b>0ae. on M;

f€CR), f(0)=0, fisnon-decreasing on R,
while we require (A1), (A2) on A.

Remark 5.1. As in Remark [3.5] in the case of the operator L, in Example

with A being the metric tensor, (Al) and (A2)) can be weakened to
and .

We begin with the following lemma characterizing (W), whose proof fol-
lows the lines of [23].

(23)

Lemma 5.2. Property (W) for b=1L 4 is equivalent to the following property,
which we call (P):
For every g € C°(R), and for every u € C°(M) N I/Vlif(M)
bounded above and satisfying L au > b(x)g(u) on M, it holds
g(u*) <0.
Proof. (W) = (P). From (W) and Lyu > b(x)g(u), for every n < u* and
e > 0 we can find 0 < ¢ € Cg°(€2,;) such that

a/b¢ > - < Au),p > > /g(u>b¢ > gfg(u)/b¢
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Since b > 0 a.e. on M, we can simplify the integral term to obtain infq, g(u) <
e. Letting ¢ — 0 and then 7 — u*, and using the continuity of u, g we get
g(u*) <0, as required. To prove that (P) = (W), suppose by contradiction
that there exists a bounded above function v € C°N VVli’f, a value n < u*
and € > 0 such that info, b""L4u > e. Let g(t) be a continuous function
on R such that g.(t) = e if t > u* —n, and g-(t) = 0 for t < 0. Then,
by the pasting Lemma w = max{u — 1,0} satisfies Lqw > b(x)g-(w).
Furthermore, g.(w*) = g-(u* — n) = ¢, contradicting (P). O

Theorem [2.11] is an immediate corollary of the main Theorem and of
the following two propositions.

Proposition 5.3. If b='L 4 satisfies (W), then (L) holds for every operator
Lx of type 1. Conversely, if (L) holds for some operator F of type 1, then
b~LL 4 satisfies (W).

Proof. Suppose that (W) is met, and let u € HéllOCﬂVVl})’Cp be a bounded, non-
negative solution of Lru > 0. By Lemma f(u*) <0. Since F is of type
1, u* <0, that is, uw = 0, as desired. Conversely, let F be an operator of type
1 for which the Liouville property holds. Suppose by contradiction that (W)
is not satisfied, so that there exists u € C° N I/Vli’f such that b= 'L qu > ¢
on some ;. Clearly, u is non-constant. Since f(0) = 0, we can choose
n € (no,w*) in such a way that f(u* —7) < €. Hence, by the monotonicity
of f, the function v — n solves

La(u—mn)>0b(x)e >b(x)f(u—n) on .

Thanks to the pasting Lemma w = max{u — 7,0} is a non-constant,
non-negative bounded solution of L 4w > b(z)f(w), that is, Lrw > 0, con-
tradicting the Liouville property. O

Proposition 5.4. If b='L 4 is parabolic, then (L) holds for every operator
Lx of type 2. Conversely, if (L) holds for some operator F of type 2, then
b~1L 4 satisfies (Wpa).

Proof. Suppose that (Wp,) is met. Since each bounded, non-negative u €
Hol,e N Wli’f solving Lru > 0 automatically solves L u > 0, then u is
constant by (Wpa), which proves (L). Conversely, let F be an operator of
type 2 for which the Liouville property holds, and let [0, 7] be the maximal
interval in ]Rar where f = 0. Suppose by contradiction that (Wp,) is not
satisfied, so that there exists a nonconstant u € C°n VVlzf with b=1L4u > 0
on M. For 7 close enough to u*, u —n < T on M, hence w = max{u —n,0}
is a non-negative, bounded non-constant solution of L w > 0 = b(x) f(w)
on M, contradicting the Liouville property for F. 0
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6. THE EVANS PROPERTY

We conclude this paper with some comments on the existence of Evans
potentials on model manifolds. We remark that, for the main Theorems
and to hold, no growth control on B(z,t) in the variable ¢ is required.
As we will see, for the Evans property to hold for Lz we shall necessarily
assume a precise maximal growth of B, otherwise there is no hope to find any
Evans potential. This growth is described by the so-called Keller-Osserman
condition.

To begin with, we recall that a model manifold M, is R™ endowed with
a metric ds? which, in polar coordinates centered at some origin o, has the
expression ds? = dr? + ¢(r)2d#?, where d6? is the standard metric on the
unit sphere S~ and g(r) satisfies the following assumptions:

geC®RY), g>0onRT, ¢0)=1, ¢®P0)=0

for every k =0,1,2,..., where ¢©**) means the (2k)-derivative of g. The last
condition ensures that the metric is smooth at the origin 0. Note that

o g SE@) e ey [T
Ar(e) = (m=) LI, val(oB,) = o). vol(B,) = [ gty

Consider the operator L, of Example ﬂ with A being the metric tensor. If
u(x) = z(r(x)) is a radial function, a straightforward computation gives

(24) Lou=g"""[g" (|2 )sen(2))]".

Note that implies ¢(t) — 400 as t — +oo. Let B(z,t) = B(t) be such
that

B e C'R{), B>0onR", B(0)=0, B is non-decreasing on R,
and set B =0 on R™. For ¢ > 0, define the functions
(25)
Voalr) =7 (e =m), Vaelr) =7 (eg(r)' ™ [rrg(t)"at)
zpa(r) = [ Vpa(t)dt, 2zt (r) = [ Vet (8)dt.

Note that both z,, and zg are increasing on [R, +00). By (24)), the functions
Upa = Zpa O T, Usy = Zgt © T are solutions of

Lyups =0, Lyug; = c.
Therefore, the following property can be easily verified:

Proposition 6.1. For the operator Lr defined by Lru = Lyu— B(u), prop-
erties (K) and (L) are equivalent to either

(26) Vit & L' (400)  for every ¢ > 0 small enough, if B >0 on RT,
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or
(27) Via & LY (+00)  for every ¢ > 0 small enough, otherwise.

Proof. We sketch the proof when B > 0 on R™, the other case being anal-
ogous. If Vi € Ll(—i—oo), then ug is a bounded, non-negative solution of
L,u > ¢ on M\Bpg. Choose n € (0,u*) in such a way that B(u* —n) < c,
and proceed as in the second part of the proof of Proposition to contra-
dict the Liouville property of Lz. Conversely, if Vi & L'(4+00), then ug is
an exhaustion. For every 6 > 0, choose ¢ > 0 small enough that ¢ < B(9).
Since ¢(0) = 0, for every p > R and € > 0 we can reduce ¢ in such a way
that w, , = d + ug satisfies

Wep =0 on OBRr, w., < d+e on B,\Br, Lyow.,=c< B(6) < B(w.,y).

As the reader can check by slightly modifying the argument in the proof of
(3) = (1) of Theorem[2.7] the existence of these modified Khas'minskii potentials
for every choice of d, ¢, p is enough to conclude the validity of (L), hence of
(K). O

Remark 6.2. In the case p(t) = t*~! of the p-Laplacian, making the condi-
tions on Vg and Vj,, more explicit and using Theorem we deduce that,
on model manifolds, A, satisfies (W) if and only if

< vol(B,)

vol(0B;,)
and A, is parabolic if and only if

(siams)” #2000

This has been observed, for instance, in [24], see also the end of [25] and the
references therein for a thorough discussion on A, on model manifolds.

)”_1 ¢ L' (+00),

We now study the existence of an Evans potential on M,. First, we need
to produce radial solutions of L,u = B(u) which are zero on some fixed
sphere Bg. To do so, the first step is to solve locally the related Cauchy
problem. The next result is a modification of Proposition A.1 of [4]

Lemma 6.3. In our assumptions, for every fixed R > 0 and ¢ € (0,1] the
problem

(28) { [g" (el sen(z)] = g™ 'B(cz)  on [R,+o%)
2R)=92>0, Z(R)=p>0

has a positive, increasing C solution z. defined on a mazimal interval [R, p),
where p may depend on c. Moreover, if p < 400, then z.(p~) = +oo.
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Proof. We sketch the main steps. First, we prove local existence. For every
chosen 7 € (R, R + 1), denote with A, the e-ball centered at the constant

function ¥ in C°([R,7], || - ||z). We look for a fixed point of the Volterra
operator T, defined by
(29)
L R e O T i )
Tcut=19+/ 1(—1—/ — = B(cu(r dT)dS
O =0+ 1 [ ot (T [ )

It is simple matter to check the following properties:

(7) If |r — R| is sufficiently small, To(A.) C Ag;

(#7) There exists a constant C' > 0, independent of r € (R, R+ 1), such
that |T.u(t) — Teu(s)| < C|t — s| for every u € A.. By Ascoli-Arzela
theorem, T, is a compact operator.

(¢4i) T¢ is continuous. To prove this, let {u;} C A. be such that ||u; —
ul|pee — 0, and use Lebesgue convergence theorem in the definition
of T, to show that T.u; — T.u pointwise. The convergence is indeed
uniform by (ii).

By Schauder theorem (7], Theorem 11.1), T; has a fixed point z.. Differen-
tiating z. = Trz. we deduce that 2. > 0 on [R,r], hence z. is positive and
increasing. Therefore, z. is also a solution of . This solution can be ex-
tended up to a maximal interval [R, p). If by contradiction the (increasing)
solution z. satisfies z.(p~) = 2i < 400, differentiating z. = Trz, we would
argue that z/(p~) exists and is finite. Hence, by local existence z. could be
extended past p, a contradiction. ]

We are going to prove that, if B(t) does not grow too fast and under
a reasonable structure condition on Mg, the solution z. of is defined
on [R,+00). To do this, we first need some definitions. We consider the
initial condition ¥ = 0. For convenience, we further require the following
assumptions:

(30) e € CYRT), a1 <t'(t) <ay+agt’' on RY,

for some positive constants ai,as. Define

K(t) = / sp(s)ds,  A(t) = /0 B(s)ds.
m

Note that B(t) is non-decreasing on R* and that, for every p > 0, K, is
strictly increasing. By , K,,(+00) = +00. We focus our attention on the
condition
(1KO) g 1i(te0).
K (B(s))
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This (or, better, it opposite) is called the Keller-Osserman condition. Orig-
inating, in the quasilinear setting, from works of J.B. Keller [10] and R.
Osserman [20], it has been the subject of an increasing interest in the last
years. The interested reader can consult, for instance, [5], [16], [I8]. Note
that the validity of (TK Q) is independent of the choice of u € [0,1), and we
can thus refer (TKO) to Ko = K. This follows since, by (30), K,(t) < t? as
t — +o00, where the constant is independent of y, and thus K;l(s) = s/ as
s — +o00, for some constants which are uniform when p € [0,1). Therefore,

("K Q) is also equivalent to
(31)

1
B(s)!/r
Lemma 6.4. In the assumptions of the previous proposition and subsequent
discussion, suppose that ¢’ >0 on RT. If

1
K=1(B(s))
then, for every choice of ¢ € (0,1], the solution z. of is defined on
[R,+00).

¢ L' (400)

("KO) ¢ L' (+00),

Proof. From [g™ Lp(c2")]' = g™ 1B(cz) and ¢’ > 0 we deduce that
¢'(c)ez” < B(ez), sothat c2'¢/(c2)cz” < B(ez)er' = (B(cz)).

Hence integrating and changing variables we obtain

K, (c2') = /:Z s’ (s)ds < /Ocz B(s)ds = (cz).

Applying K;l, cz' = K;l(/é’(cz)). Since 2’ > 0, we can divide the last equal-
ity by K, L(B(cz)) and integrate on [R,t) to get, after changing variables,

cz(t)
[
0 K,u (5(5))

By ('KO)), we deduce that p cannot be finite for any fixed choice of c. O

For every R > 0, we have produced a radial function u. = (cz.) o 7 which
solves Lyu. = B(uc) on M\Bg and u. = 0 on Bgr. The next step is to
guarantee that, up to choosing u, c appropriately, u. can be arbitrarily small
on some bigger ball Br,. The basic step is a uniform control of the norm
of z. on [R, Ri] with respect to the variable ¢, up to choosing p = pu(c)
appropriately small. This requires a further control on B(t), this time on the
whole R™ and not only in a neighbourhood of +o0.
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Lemma 6.5. In the assumptions of the previous proposition, suppose further
that

(32) B(t) <uit*"'  onRT.

Then, for every Ry > R and every ¢ € (0,1], there exists p > 0 depending c
such that the solution z. of with 9 = 0 satisfies

(33) 1zell oo (8, Ry < K
for some K > 0 depending on R, Ry, on as in and on by in but not

on c.

Proof. Note that, by , 'K O)) (equivalently, (31))) is satisfied. Hence, z.
is defined on [R, +00) for every choice of y,c. Fix Ry > R. Setting ¥ = 0 in

the expression of the operator T, and using the monotonicity of g and
Ze, we deduce that

wi) < = [ o7 (itan)+ [ Bleutryar ) as

c R

IN

l/t o1 (s@(cu) + (Ry — R)B(Cuc(s)))ds,

CJR

IN

Differentiating, this gives

p(euc(t)) < plep) + (R — R)B(cue(t)).
Now, from and we get
(34) PN ul)P™ < agp(ep) + az(Ry — R)byc? 1™t

Choose p in such a way that
1
olep) < P71 that is, < —p (e h
c

Then, dividing by ¢?~! and applying the elementary inequality (x+y)® <
2%(z® + y®) we obtain the existence of a constant K = K(Ry, R, az, ba) such
that

u(t) < K(1 4 uc(t)).
Estimate follows by applying Gronwall inequality. g
Corollary 6.6. Let the assumptions of the last proposition be satisfied. Then,
for each triple (Br, Br,,¢€), there exists a positive, radially increasing solu-

tion of Lyu = B(u) on My\Bgr such that w = 0 on OBgr and u < € on
Br,\Br.
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Proof. By the previous lemma, for every ¢ € (0, 1] we can choose p = p(c) > 0
such that the resulting solution z, of is uniformly bounded on [R, R1]
by some K independent of c. Since, by , ue = (cze) o r solves Lyu, =
B(u,), it is enough to choose ¢ < ¢/K to get a desired u = u, for the triple
(B R, B Ri15€ ) ]

To conclude, we shall show that Evans potentials exist for any triple
(K,Q,¢e), not necessarily given by concentric balls centered at the origin.
In order to do so, we use a comparison argument with suitable radial Evans
potentials. Consequently, we need to ensure that, for careful choices of ¢, u,
the radial Evans potentials do not overlap.

Lemma 6.7. In the assumptions of Lemmal[6.4, Let 0 < R be chosen, and
let w be a positive, increasing C1 solution of

{ [ Yow)] = g™ ' B(w)  on [R,+00)

(35)
w(R) =0, w'(R)=uwkL>0

Fiz R > R. Then, for every ¢ > 0, there exists y = M(c R, R) small enough
that the solution z. of ., with R replaced by R satisfies cze < w on
(R, +00).

Proof. Let p satisfy g™ 1(R)p(w}) > g™ Y(R)p(cp). Suppose by contra-
diction that {cz. > w} is a closed, non-empty set. Let r > R be the first
point where ¢z, = w. Then, ¢z, < w on [R, 7], thus ¢z.(r) > w'(r). However,
from the chain of inequalities

1 / T
9" (R)p(wh) /
w'(r)) = + [ B(w(r))dr
p(w'(r)) 1) (w(7))
gm‘l )SD(CM
> T / B(ca,, = p(c2l(r)),
T
and from the strict monotonlclty of ¢ we deduce w'(r) > ¢z/(r), a contradic-
tion. O

Corollary 6.8. For each u constructed in Corollary[6.6, and for every Ry >
R, there exists a positive, radially increasing solution w of Lrw = 0 on
M\Bg, such that w =0 on 0Bg, and w < u on M\Bg,.

Proof. Tt is a straightforward application of the last Lemma. O
We are now ready to state the main result of this section

Theorem 6.9. Let M, be a model with origin o and non-decreasing defining
function g. Let ¢ satisfies with a; = 0, and suppose that B(t) satisfies
. Define Ly according to Lru = Lyu — B(u). Then, properties (K),
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(L) (for Holioe or L) and (E) restricted to triples (K,$,e) with o € K are
equivalent, and also equivalent to either

(36) (%) ! ¢ L'(+00) if B>0 onRT,
or

1 \7T ,
(37) <Vol(aBT)) ¢ L'(+00) otherwise.

Proof. From , assumptions and (37 are equivalent, respectively, to
and . Therefore, by Proposition and Theorem the result will
be proved once we show that (L) implies (F) restricted to the triples (K, €2, ¢)
such that o € K. Fix such a triple (K, €, ¢). Since o € K and K is open, let
R < p be such that Bg € K € ) € B,. By making use of Corollary we
can construct a radially increasing solution ws of Lrws = 0 associated to the
triple (Bgr, By, €). By (L), u must tend to +o0o as x diverges, for otherwise
by the pasting Lemma the function s obtained extending wo with zero
on Br would be a bounded, non-negative, non-constant solution of Lxs > 0,
contradiction. From Corollary and the same reasoning, we can produce
another exhaustion w; solving Lrw; = 0 on M\B,, w; = 0 on 0B, and
wy < wg on M\B,. Setting w; equal to zero on B, by the pasting lemma
wy is a global subsolution on M below wy. By the subsolution-supersolution
method on M\ K, there exists a solution w such that w; < w < wy. By
construction, w is an exhaustion and w < ¢ on Q\ K. Note that, by Remark
, from with a; = 0 we deduce that w € C'(M\K). We claim that
w > 0 on M\K. To prove the claim we can avail of the strong maximum
principle in the form given in [26], Theorem 1.2. Indeed, again from
with a; = 0 we have (in their notation)

b
pay'sP < K(s) < pags? on RT, 0< F(s) < ;151’ on RT,
hence 1
¢ L}(0™).
Ky F 0

The last expression is a necessary and sufficient condition for the validity
strong maximum principle for C' solutions u of Lru < 0. Therefore, w > 0
on M\ K follows since w is not identically zero by contruction. In conclusion,
w is an Evans potential relative to (K, €, ¢), as desired. O
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