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TOEPLITZ AND CESARO-TYPE OPERATORS ON HOMOGENEOUS SIEGEL
DOMAINS

MATTIA CALZI, MARCO M. PELOSO

ABSTRACT. In this paper we study Toeplitz and Cesaro-type operators on holomorphic function spaces on
a homogeneous Siegel domain of Type II. We prove several necessary conditions and sufficient conditions
for these operators to be continuous or compact, or to belong to suitable Schatten classes.

1. INTRODUCTION

In this paper we study various mapping properties of Toeplitz and Cesaro-type operators between mixed-
norm weighted Bergman spaces on homogeneous Siegel domains. Let us first introduce Toeplitz and Cesaro(-
type) operators.

Let U be the unit disc in C, and denote by HP(U) the Hardy space on U of type LP, p €]0,00]. Then,
H?(U) is a reproducing kernel hilbertian space, and its reproducing kernel is given by

K(z,w) = c¢(1 — zw)™*

for z,w € U, for a suitable constant ¢ > 0. The corresponding projector
SF(z) = c/ Fw)(1 — 2m)~" dw
T

then induces continuous linear mappings of LP(T) onto HP(U) for every p €]1,00[, where T denotes the
boundary of U. Given g € L*(T), one may then consider the Toeplitz operator f — S(fg) of LP(T) into
H?(U), p €]1,00[. It turns out that the matrix of the restriction of such operator to H?(U) with respect to
the standard monomial basis (2*)ren has constant diagonal coefficient, i.e., is a Toeplitz matrix. Conversely,
an endomorphism of H2(U) whose matrix with respect to the basis (z¥)ren is Toeplitz is necessarily of the
form f — S(f*g) for some g € L°(T), where f* is the boundary value function associated with f (cf.,
e.g., |25, Theorem 3.2.6]). See [25] and the references therein for more details about Toeplitz operators on
the Hardy space.

One may then extend the preceding family of operators to more general reproducing kernel hilbertian
spaces. Let us briefly discuss the case of weighted Bergman spaces. Given s > —1 and p €]0, 00}, it is known
that the weighted Bergman spaces

axw)={ feno©): [ Irra- 1P as <o |

(modification for p = co) are quasi-Banach spaces and embed continuously into Hol(U). In particular, A%(U)
is a reproducing kernel hilbertian space, with reproducing kernel

Ky (z,w) = cs(1 — zw)"27*
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for a suitable constant ¢; > 0. The corresponding (weighted Bergman) projector

Pof(z) = s /U ) (1= 2m)25(1 — [w]?)* dw

then induces continuous endomorphisms of L?(U) for every p €]1,00[. Given g € Hol(U) and s’ > 0, the the
compression with Py of the operator of multiplication by g, namely,

[ Pu(fg)=Tof

is called a Toeplitz operator with symbol g. More generally, given a Radon measure p on U, one may consider
the operator

fes /U fa)(1 - )2 du(w) = T,

and still call it a Toeplitz operator with symbol p. One may then consider Toeplitz operators between
weighted Bergman spaces on more general domains. Cf. [23] [36], 2], 26| (40, [4T], 1T, 24, 12| 29, [30} 1] and the
references therein for more details on various aspects of the theory of Toeplitz operators on Bergman spaces.

It is known that the monomials z*, k € IN, form an orthonormal basis for the Hardy space H2(U).
Therefore, the space H2(U) may be identified with ¢2(IN). Therefore, the Cesaro operator on ¢2(IN) (cf. [19,
326])

1
2(N — < 2(N
SOERT P D IR € (),

isk keN

can be transferred to an endomorphism of H?,
C: HX(U) > f >—>/ J®) 4 e w20,
0 1 —w

As observed in [4], this operator can be considered as a particular case (corresponding to the choice g =
—log(1 — -)) of the operator

Cyi [ /  Flw)g' (w) duw,

for g € Hol(U). The operators C, may then be investigated on more general spaces. In [4], the mapping
properties of the operators C, between various weighted Bergman space were investigated. Cf. [33] 2] [3] [12]
for more details on these operators.

As noted in [29)], the operator C, may be essentially characterized by the property

(Cgf )/ =f glv
and then extended to general homogeneous Siegel domains replacing the standard derivative with more gen-
eral Riemann-Liouville operators. We call the resulting operators ‘Cesaro-type operators’. Notice, though,
that this latter interpretation basically reduces the study of such operators to the study of the corresponding
multiplication operators, since the precise definition of C,f is no longer specified and we content ourselves
with defining C, f modulo the kernel of the chosen Riemann-Liouville operator.

We shall now briefly describe homogeneous Siegel domains and the weighted Bergman spaces thereon.
Fix a complex hilbertian space F of finite dimension n, a real hilbertian space F' of finite dimension m > 0,
and an open convex cone {2 in F' which does not contain any affine lines. € is said to be homogeneous if the
group G(2) of its linear automorphisms acts transitively on it[] Take a non-degenerate hermitian mapping
®: E x E — Fg such that ®(¢) :== ®((,¢) € Q for all ¢ € E. Then, the Siegel domain of type II associated
with the cone €2 and the mapping ® is

D:={((,z) e ExFg:p(¢,z) =Imz—®(() e N }.

1We shall generally denote by (-, -) bilinear pairings and real scalar products, and by (- | - ) sesquilinear pairings and complex
scalar products, without specifying the involved spaces.
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When n =0, i.e., E={0}, D is said to be a Siegel domain of Type I, or a tubular domain over the cone
Q). The domain D is homogeneous if the group of its biholomorphisms acts transitively on D, in which case
the group of its affine automorphisms acts transitively (cf., e.g., [35, Theorem 2.3]). More precisely, D is
homogeneous if and only if for every h,h’ € Q there are t € G(2) and g € GL(E) such that th = b’ and
such that t® = ®(g x g) (so that g x t preserves D), cf., e.g., [28, Propositions 2.1 and 2.2|. In particular, if
D is homogeneous, then 2 is homogeneous.

The domain D is symmetric if it is homogeneous and admits an involutive biholomorphism with an isolated
(or, equivalently, a unique) fixed point. If D is symmetric, then Q is symmetric, that is, homogeneous and
self-dual. Conversely, if Q is symmetric and D is a tubular domain, then D is symmetric (cf., e.g., [32
Theorem] for more details on various characterizations of symmetric Siegel domains).

The Silov boundary of D, that is, the smallest closed subset of D on which every bounded continuous
function on D which is holomorphic on D has the same supremum as on D, is

bD ={((,z) € Ex Fg: p(¢,2z) =0},
and admits a natural 2-step nilpotent Lie group structure whose product is best described under the identi-
fication bD > (¢, +i®((,()) — (¢,z) € E x F. Namely,

(€ 2)(¢,2") =+ z+2" +2ImP((, (),
for (¢,z),({',2') € E x F, see e.g. |9}, Section 1.1]. We denote by A the set E x F endowed with this group
structure.
Notice that p maps D into 2, and that the fibres bD + (0,ih), h € Q, of p give rise to a foliation of D.
Given a function f defined on D, we shall often denote by fj, its restriction to bD + (0,¢h), interpreted as a
function on A for the sake of convenience. Explicitly,

for every h € Q and for every ((,z) € N. Note that, identifying bD + (0,7h) with N as above for every
h € Q, we get a left action of bD on D by affine biholomorphisms.
For p,q €]0,00] and s € R", the weighted Bergman spaces are defined ad]

(1.1) AP4(D) = { f € Hol(D): /Q (/N|fh(g,z>|Pd(<,x))q/pAg;(h) dva(h) < oo }

(modification if max(p,q) = oo), where d(¢,z) denotes a Haar measure on N and vq denotes a positive
G(Q)-invariant measure on €2, both fixed and unique up to a multiplicative constant. We shall sometimes
simply write A7 instead of A24(D).

We remark that the spaces AZP are the more ‘classical’ weighted Bergman spaces, the unweighted case
corresponding to the value s = —d/p, while the spaces Ay™ are the classical Hardy spaces.

We also remark that the analysis of holomorphic function spaces on homogeneous Siegel domains of Type
IT is a quite active area of research, see, e.g., [B, [6 27] and references therein for some recent results.

In this paper, we are interested in the study of Toeplitz and Cesaro-type operators on the weighted
Bergman spaces AP¢(D).

We now briefly outline the structure of this paper. In Section Bl we review some basic facts concerning
homogeneous cones and homogeneous Siegel domains. In Section Bl we review the definitions and the
basic properties of the function spaces on homogeneous Siegel domain that are relevant to our analysis. In
Section[fl we recall some basic facts about Schatten classes of operators between two hilbertian spaces. These
results should be known, but we have not been able to find them stated in the generality we needed. Even
though we provide no proofs, we briefly indicate how the result present in the literature should be adapted.
In Section Ml we present our main results about Toeplitz operators between weighted Bergman spaces on
homogeneous Siegel domains. We both provide necessary conditions (cf. Proposition [£4) and sufficient
conditions (cf. Theorem [L.0]) for continuity and compactness of Toeplitz operators between the spaces AP9.

2The definitions of the rank 7 of Q, of the ‘generalized power functions’ A¢, and of d € R" are deferred to Section
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In addition, we provide necessary conditions and sufficient conditions on the symbol p (cf. Theorem 3]
for a Toeplitz operator between the spaces A%2 to belong to the Schatten class .#?. In Section [, we
present our main results about Cesaro-type operators between weighted Bergman spaces on homogeneous
Siegel domains. We both provide necessary conditions (cf. Proposition [5.3] and [5.4]) and sufficient conditions
(cf. Proposition [£.2) for continuity and compactness of Cesaro-type operators between the spaces AP?. In
addition, we characterize the Cesaro-type operators which induce isomorphisms onto their image between
the spaces APP (cf. Proposition [5.5) and the Cesaro-type operators between the spaces A%? to belong to the
Schatten class .Z? (cf. Theorem [5.6)).

2. HOMOGENEOUS SIEGEL DOMAINS OF TYPE II

We present here without proof some basic facts concerning homogeneous Siegel domains of type II. For a
more detailed exposition, see [9], of which we keep the notation as far as possible.

We shall denote by E a complex hilbertian space of finite dimension n, and by F a real hilbertian space
of finite dimension m. We denote by F¢ the complexification of F. Given an open convex cone {2 C F' not
containing any affine line, and an hermitian mapping ®: F x E — Fg such that

B(() = (¢, Q) €2\ {0}
for every non-zero ¢ € F, we denote by D associated the Siegel domain (of type II), that is,
D={(,2)e ExFg: p((,z) =Imz—®(() € Q}.
In order that D be homogeneous (that is, in order that the biholomorphisms of D act transitively) it is
necessary and sufficient that there is a Lie group 77 such that the following hold:

o T acts linearly and simply transitively (on the left) on €;
o for every t € T there is g € GL(E) such that ¢t - ® = ®(g x g).

In this case, T acts, by transposition, (on the right) on the dual cone
Q' ={XeF:VheQ\{0} (\h)>0}.

Observe that T, /[T, T4 ] is canonically isomorphic to (R )" for some r € IN, which is the rank of
(and D). In order to avoid trivialities, we shall assume that r» > 0, that is, that F' # {0}. Notice that
1 =R% when r = 1. Once we fix an analytic surjective strict morphism A: Ty — (R% )", we may describe
the characters of Ty as the ‘generalized power functions’

AS — A‘il NG
for every s € C". Once base-points eq and eg: are chosen in  and €)', respectively, the characters A® can
be transferred to generalized power functions A§, and A$, on Q and ', respectively. Precisely,

AG(t-eq) = A (eqr - t) = A3(t)

for every t € T'y.
As a matter of fact, it is possible to find A in such a way that the following hold (cf. [9] Sections 2.1-2.3
and 2.5]):

o there is d € (R* )" such that the measures
Vo = Ag -H™ and v = Ag/ -H™

are invariant under the linear automorphisms of € and €/, respectivelyE
o there are m,m’ € IN" such that the Laplace transform of A§, - vq and A, - vo: has a non-empty
domain if and only if Res € m + (R )" and Res € m’ + (R )", respectively;

3Here7 H™ denotes the Hausdorff measure on Q and ', respectively.
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o for every Res € m + (R%)" (resp. Res € m’ 4 (R%)") the Laplace transform of AP, - vq (resp.
A, - vgr) is defined on Q' (resp. 2), and equals

To(s)Ag?  (resp. Tar(s)Ag®),

thereon, where

T

Ta(s) = CH F(Sj - %) (resp. Loy (s) = Cﬁr<5j _ %))7

Jj=1

for a suitable constant ¢ > 0;

« there is b € R” such that AP(¢) = detr(g) for every ¢ € T, and for every g € GL(FE) such that
t-®=d(g xg);

e b=0ifand only if E={0};

o the measure vp = (APT2d 0 p) . #2+2m on D is invariant under all biholomorphisms of D.

Observe that, when r = 1, the holomorphic family of measures (ﬁ( S)sTL Hl)Res>O extends uniquely
to a holomorphic family of tempered distributions on C, giving rise to the so-called Riemann-Liouville
operators. Also in the general case it is possible to prove that there is a unique holomorphic family (I§)secr
of tempered distributions on F' such that I§ = #(S)A?z -vg for Res € m + (R})" (cf. [9, Lemma 2.26,
Definition 2.27, and Proposition 2.28]). We therefore call ‘Riemann-Liouville operators’ the operators of
convolution by the distributions I§.

Notice that AP, o p can be interpreted as the restriction to the diagonal of a ‘sesqui-holomorphic’ function
BS defined on D x D which is of particular importance in the study of weighted Bergman spaces. Explicitly,

!/
By w(69) = 84 (55 - 0(6.0))

for every ((, 2), (¢’, 2") € D. Obviously, the same definition can be extended to the case in which one at most
between ((,z) and (¢’, 2’) belongs to D.

Observe that NV := E x F, endowed with the 2-step nilpotent Lie group structure given by the product

(ga ZC)(C/, ZC/) = (C + g/a T+ ' + QIm(I)(C, C/))
for (¢,z),(¢’,2") € E x F, acts freely and affinely on the complex space E x F¢ as follows:

(C,x)-(¢',2) = (C+ ¢,z +i®(() + 2 4+ 20 Im @((', ()

In particular, A acts simply transitively on the Silov boundary bD = A -0 of D, with which it can therefore
be identified, and induces an action on D.

Fourier analysis on A plays a relevant role in the study of various function spaces of holomorphic functions
on D. For our purposes, a detailed presentation of the representations of N is superfluous, and we shall
only present some basic facts. Observe first that, for every A € F’, the group N/ ker \ is isomorphic to the
product of a Heisenberg group and an abelian group; it is actually isomorphic to a Heisenberg group if A
is in the complement of a proper algebraic set. Therefore, the Stone—von Neumann theorem (cf., e.g., [15]
Theorem 1.50]) shows that there is (up to unitary equivalence) a unique irreducible unitary representation
7 of N is some hilbertian space Hy such that my(0,iz) = e~ HNO T for every x € F. It turns out that
these representations are sufficient to get a Plancherel formula. More explicitly, (cf. |9, Corollary 1.17 and
Proposition 2.30])

1FIZ2 ) = C/F/Hm(f)l\fwm)ﬁé/b(k) dA

for every f € L*(N) N L?(N), where £?(H,) denotes the space of Hilbert-Schmidt endomorphisms of Hy.
Notice that Ag,b is actually a polynomial (so that it is defined on the whole of F’), cf. |9, Proposition 2.30].
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Since m(fr) = 0 for almost every A ¢ ', for every h € Q, and for every f in the space AP'? (to be defined
below), p €]0,2] (cf. [, Corollary 1.37 and 3.3, and Proposition 3.2]), we shall only describe 7y for A €
(‘Bargmann representation’). In this case, Hy = Hol(E) N L?(vy), with vy = e72M2()) . 3427 and

(21) TG 2)(w) = elhe TR Eb@ 0= Oy — ),

for every ¢ € Hy, for every w € E, and for every ((,z) € N. In addition, if Py denotes the self-adjoint
projector of Hy onto the space of constant functions, then mx(f5) = ma(fx)Px,0 for almost every A € ', for
every h € Q, and for every f € AP9, p €]0,2] (cf. [9, Proposition 1.19 and 3.2, and Corollary 3.3]).

We conclude this section with some remarks concerning lattices. We first endow D with the Bergman
metric, which is the complete Kéhler metric defined by

000 log(APT2d 0 p) (¢, 2)

for every (¢,z) € D and for every v,w € E X Fg (cf. [9 Section 2.5]). We denote by B(((, z), R) the
corresponding open ball of centre ({, z) and radius R.

We endow ) with the quotient metric induced by the submersion p: D — , and Q' with the Riemannian
metric induced by the correspondence 3 t-eq +— eq: -t € 2. We denote by Bq(h, R) and Bg/ (A, R) the
corresponding open balls of centre h and A, respectively, and radius R.

A (4, R)-lattice on , with 6 > 0 and R > 1, is a family (hy)rex of elements of © such that the Bq(hy,d)
are pairwise disjoint, while the Bgq(hg, RJ) cover Q. Observe that any maximal (26)-separated family of
elements of  is a (J, 2)-lattice, so that (4, 2)-lattices always exist. Lattices on £’ are defined similarly.

In order to define lattices on D, though, we need to be a little more cautious. Since we wish to deal with
mixed-norm spaces, it is more convenient to consider a two-parameter family ({j k, zjk)jeskex of elements
of D such that the B(({jx, #;,k),9) are pairwise disjoint, the B(((;k, zj.k), R0) cover D (as for usual lattices),
and such that there is a (6, R)-lattice (hx)rex on € such that p((jx, 2;x) = hi for every j € J and for every
k € K. Refining the argument which gives rise to (9, 2)-lattices on  and €', it is possible to prove that
there are (4,4)-lattices on D for every fixed § > 0 (cf. [9, Lemma 2.55]).

3. FUNCTION SPACES

In this section we define the main function spaces we shall consider, and state some of their properties.
We refer the reader to [9] for a more thorough exposition.

Definition 3.1. Take s € R" and p, g €]0, 00|, and define

LP9(D) = { f:D—C: fis measurable,/ﬂ (A?l(h)|‘fh||LP(N))qdl/Q(h) < 00 }

(modification when ¢ = o). We define L{'§(D) as the closure of C.(D) in L2%(D), and set
AP(D) = IP9(D)NHol(D),  and  AZY(D) = LP4(D) N Hol(D).

Notice that LL'6(D) = LL(D) and AJG(D) = AR4(D) if (and only if) p,q < co. In addition, it is not
hard to prove that AZ§(D) # {0} (vesp. AZ4(D) # {0}) if and only if s € 21—qm + (R%)" (vesp. s € R, if
q = o), cf. |9, Proposition 3.5].

Observe that the spaces AP?(D) and A’s):g (D) are complete metrizable topological vector spaces (Ba-

nach spaces when p,q > 1) and embeds continuously into Hol(D), endowed with the topology of compact
convergence. In particular, A2?(D) is a reproducing kernel hilbertian space, with reproducing kernel

I'a(2s—b—-d
Kal(6,2), (6" #) = e a2

for a suitable constant ¢ > 0, cf. [9, Remark 3.12]. For s € b+d — im — (R%.)" we may therefore consider
the weighted Bergman projector

P f v [ 1(C Bl A0 o (G 2),
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where
Lo (—s)
s = Cc—r———.
Fo(b+d-—s)
Analogously, the Hardy space A(Q)’OO(D) is a reproducing kernel hilbertian space, and its reproducing kernel
(the ‘Cauchy—Szegd kernel’) is given by
S((,z) (g/a :L'/) =c (B(bgrz(;)o(clv :C/)

for a suitable constant ¢/ > 0, cf. [9, Lemma 5.1]E One may therefore reconstruct every f € Ay>°(D) from
their boundary values fjy := %imo fn- More precisely,
—

f(¢,2) = <f0|5(<,z)>L2(N)

for every ((,z) € D.

This reconstruction formula is crucial for the study of boundary values of the spaces A2¢(D). Let us first
describe the Besov spaces of analytic type (on N') which are the ‘natural’ candidates for the boundary value
spaces of the weighted Bergman spaces considered above. Since the non-commutative Fourier transform of
tempered distributions on A is not easy to manage, we shall first introduce some spaces of test functions
which are particularly well-suited to our analysis. We first define

SoWN) ={yveSWN): Jp e CX(QA) VA € Q' mx(¢) = p(\)Pro, while mx(10) =0 for a.e. A & Q' },
and then Sq 1 (N) * So(N), endowed with the inductive limit of the topologies induced by S(N) on its

subspaces S(N) x1, 1 € So(N) [ We denote by 8.1 (N) the dual of So 1.(N). See [9, Propositions 4.2 and
4.5, and Lemma 4.14] for a proof of the following result.

Proposition 3.2. The following hold:
(1) the mapping Fpr: @ — [A = Tr(ma(p))] induces an isomorphism of Sq(N) onto C°(Q);
(2) given two (8, R)-lattices (Ap)kex and (N, )wekx: on &, and two families (Yr)ker, (V) ek of
elements of Sa(N) such that ((Fabr)(-tr)) and (Fatp)(-t),)) are bounded families of positive
elements of C°(QY), where ty, t), € Ty are such that \, = eqy - t, and N, = eq - t),, and

> Fnte, Y Fatbw > 1
k k'

on €Y, one has

a8 ()

|’lL * 1/}]/6’

LP(N) ) ~ HA?Z/(/\IC>||M*1/}]€||LP(/\/)

e (K’ 0a(K)
for every u € S, | (N).
Definition 3.3. Take s € R", p,q €]0,00]. Given (Ax)rex and (¢;) as in Proposition B2l we define
B (N, Q) as the space of u € S, 1 (V) such that
(A% (M) (ux p))i € €4(K; LP(N)),
endowed with the corresponding topology. We denote by B; q(/\/ , ) the closure of (the canonical image of)
Sa,.r.(N,Q) in B; (N, Q), which can be described as the space of the u € Sg, 1 (N) such that

(A% (M) (wx Pr))i € 65K LGN)).
(cf, [9, Theorem 4.23]).
4Since the boundary value mapping
£ fo= lim fi

is an isometry from the Hardy space Ag’oo(D) onto a closed subspace of L2(N), it is customary to write the Cauchy—Szegd
kernel as a function on A/ x D instead of as a function on D X D as one may expect.
5Tt is not hard to see that this definition is equivalent to |9, Definition 4.4].
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See |9, Proposition 4.20 and Theorem 4.23| for a proof of the following result. Here and in what follows,
we put p’ := max(1,p)’ for every p €]0,00], so that p’ = 0o if p < 1, and 1—17 + 1% =1lifp>1.

Proposition 3.4. Take p,q €]0,00] and s € R". Then, the canonical sesquilinear pairings on Sq,r(N) x
84,1, (N) and on S [ (N) x SQ,L(N) induce unique continuous sesquilinear pairings

(-1): By W, Q) x B,” <1/p DL () L @,

and
() B3 (N, Q) x B> =D+ By ) ¢,

respectively.

We may now introduce an extension operator from some of the spaces BYI(A, Q) into suitable weighted
Bergman spaces.

Definition 3.5. Take p, ¢ €]0,00] and s € (b+d)+ ym’+(R% )", and observe that S .) € B (1/p D+ (b+d) (N, Q)
by |9, Lemma 5.1]. Define a continuous hnear mappmg E: BPIN,Q) —» A>T ( ) by

s—(b+d)/p
Eu(C, 2) = (ulS(c.z))
for every ((,z) € D. Define
ApU(D) = E(B,5(N,9))  and  AY(D) = E(B, (N, Q)),
endowed with the corresponding (image) topology.
Cf. [9, Theorem 5.2, Proposition 5.4 and its proof, and Corollary 5.11] for a proof of the following result.
Proposition 3.6. Take p,q €]0,00], and s € 1 (b +d) + —m + (R%)". Then, the following hold:

(1) (Eu)n converges to u in B, 5(N,Q) (resp. in Sg, 1 (N)) for everu u € BZ;Z’(N, Q) (resp. for every
u € B, 3(N,Q));

(2) if, in addztwn s€ s m + (R%)", then there are continuous inclusions

E(Sa,r(N)) C APU(D) C ALU(D)  (resp. £(Sa,L(N)) € AL(D) € ALE(D));

(3) if, further,s € %qur (m — %)er’ + (R%)", then,

APYD) = APYD)  and  ALY(D) = ALH(D).

We can now present a sufficient condition for the continuity of the projectors Ps. See [9, Proposition 5.21
and Corollary 5.26] for a proof of the following result.

Proposition 3.7. Take p,q € [1,00] and s,s’ € R" such that the following hold:
e SE sup(%m, %(b +d)+ %q,m’) + (RL)";
: 1 1 1 N
. s+ emf(berf Am, L(b+d) - 2—qm’) — (R%)";
 AZY(D) = AZY(D);
° Ab—(i]-d s— s’O( ) A:g—(i]-d s— s’O(D>
Then, Py induces a continuous linear projector of LY§(D) onto AZG(D).

We conclude this section with some remarks on the atomic decomposition of the spaces AZ9(D), and its
connection with the spaces A2(D).
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Definition 3.8. We say that property (L)J'J, o (vesp. (L)['d) holds if for every do > 0 there is a (4, 4)-lattice
(Cjk» 2j.k)jesker, With § €]0, o], such that, defining hy, = p(Cjks 2j.i) for every k € K andfor some (hence
every) j € J, the mapping
. / (b+d)/p—s—s'
WX Y NEBY L ARV ()
4.k

is well defined (with locally uniform convergence of the sum) and maps £¢%(J, K) into A6 (D) continuously
(resp. maps (74(.J, K) into AP2(D) continuously)l] We say that property (L)% o (resp. (L')Z7d)) holds if,
for every dp > 0 as above, we may take (jk, zj.k)jet kek in such a way that the corresponding mapping ¥
is onto.

See [9, Corollaries 5.14 and 5.16] for a proof of the following result.

2q’

o if ALG(D) = gp,q( D) (resp. AP4(D) = AP4(D)), then property (L' oo (resp. (L")5d) holds for

(i (P d) = 5gm’ = (2mir}—<1,p> - 2%;)+m —s— (R

o if property ()9, o (resp. (L )s,s’) holds for every s’ in a translate of =R, then AL§(D) = AL§(D)
(resp. AL9(D) = AL(D)).

Proposition 3.9. Take p,q €]0,¢], s € sup (%m, 1—17(b +d) + 5 m’) + (RY)". Then, the following hold:

every s’ €

4. TOEPLITZ OPERATORS

In this section, we study Toeplitz operators between the spaces A2?(D). We first provide some necessary
conditions for continuity and compactness of Toeplitz operators (cf. Proposition [£4]), and then add some
corresponding sufficient conditions (cf. Theorem [£6)). As often happens with this kind of operators, the two
conditions only match when the measure 1 symbol of the given Toeplitz operator T}, is positive. We conclude
this section providing necessary conditions and sufficient conditions for a Toeplitz operator to belong to some
Schatten class .Z7(A22(D); A%*(D)) (cf. Theorem ES).

Definition 4.1. We denote by M (D) the space of Radon measures on D, and by M, (D) the space of
positive Radon measures on D. Given u € M(D) and R > 0, we define

Mpg(u): D 3 (¢, 2) 3 |ul(B((¢, 2), R)) € C.
Definition 4.2. Take p € M(D) and s’ € R". Define

Toarf = [ B (G2)dn(C.2)
D
for every p-measurable function f such that BS (¢',2')f € L'(u) for every (¢/,2') € D.

Observe that BS (¢/,2') = B(Sé, ) for every ({’, ') € D, so that T), ¢ f is defined if and only if B(C’ €
LY(p) for every (¢',2') € D.

Lemma 4.3. Take s’ € R" and p € M(D). Let f be a p-measurable function on D, and assume that
B?é,z)f € L*(p) for some (¢,z) € D. Then, T,.s f is a well-defined holomorphic function on D.

Proof. Observe that, by [9 Theorem 2.47], there is a constant C' > 0 such that

olpca ) < et

)| < C|BE (¢ 2)

CZ) CZ)

6Define
(0, K) = { A € 07 (e ner € C(K ()

endowed with the corresponding quasi-norm, and define Zg 9(J, K) as the closure of CUXK) in (], K).
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for every (C,z), (¢',2'),(¢", 2") € D such that d((¢’,2'), (¢, 2")) < 1. Therefore, |BS (¢, ') f| < C3|B(< 2 fl
on D, for every ((,2),({’,2') € D such that d((¢,z),(¢’,2")) < 1. Hence, the assumption shows that

B¥ (¢, 2)f € L'(p) for every (¢,z) € D, so that T« f is well defined. Then, Morera’s theorem readily
implies that T}, ¢/ f is holomorphic. O

Proposition 4.4. Take p,q €]0,00] and s,s’,s” € R" such that s € ﬁm + (RL)" (resp. s € RY if ¢ = 00)

and such that Ty, s induces a continuous linear mapping of ALG(D) (resp. AR49(D)) into Aﬁ_’f_d o g (D).
Then, the following hold:

(i) assume that My(u) € Lypiq_o_gi (D), and that B(S< ) € AS,,Jr (1/p— 1)+(b+d)( )
every) (C, 2) € D. If we denote by V the closed vector subspace of AY

by the B ) as (¢, 2) runs through D, then

/ fgdu = cs / (Ths F)g(Ag> o p)dvp

D D
for every f € ALE(D) (resp. f € AR9(D)), and for every g € V;

(i) if p is positive, then Mi(u) € Ly, g _o_g(D); -

(i) if w is positive, p,g > 1, s € %(b +d)+ 2}1 (R3)", ALG(D) = AZG(D), and Ty, induces a
compact linear mapping of ALG(D) into AYY 4 oo (D), then My(u) € Lyq oo o(D).

for some (hence

S”+(1/p 1)+(b+d)( ) generated

This extends one implication of [29, Lemma 4.1], where the case in which s = s” € R1,, s’ = d — 2s,
p=gq=2,and D is an irreducible symmetric tube domain, is considered.

We observe that, if p,q > 1 and A’SD/,,’q (D) = Ar, (D), then V is simply Ag,/,’q, (D), thanks to [9, Corollary

S//
5.14]. We do not know if V' = AL;? (D) under the sole assumption that p,q > 1.
Before we pass to the proof, we need a lemma.

Lemma 4.5. Take p,q €]0,00] and s,s’,s"” € R" such that T, s induces a continuous linear mapping
of ALG(D) (resp. ARU(D)) into AYly_o_gv(D). In addition, take s € Wor. Then, Ty s s induces a
continuous linear mapping of ALG(D) (resp. ALU(D)) into AY{q_ o _gnign(D), and
" 1
(Tu,s/ f) * Ias = (S/ + Em/) T;L,S/fs/”f
s///
for every f € AZG(D) (resp. f € ARY(D)).

Proof. Take f € AZG(D) (resp. f € A2?(D)). By [9, Proposition 2.29 and Corollary 3.27], it will suffice to
prove that, for every k € IN,

D*(Tpu F)(C. 2) /fC VD Bier (G, 2) du(¢, )

for every ((,z) € D, where D* denotes the differential of order k. Observe that, by Cauchy’s estimates
and [J, Theorem 2.47|, there are two constants Cy (¢,.), C}, . >0 such that

|DjB(</1Z/)( ”,Z”)| < Ck,((,z)f max |B(§’,z’)| < C};,((,z)|B(C’,z/)(§’Z)|

B((¢"",2"),1)
for every ({’,2') € D, for every (¢",2") € B((¢,2),1), and for every j = 0,..., k. Therefore, the assertion
follows by induction on k and the theorems of differentiation under the integral sign. O

Proof of Proposition[{-4 (i) Observe first that, if f € A29(D) and g € As,,+(1/p 1)+(b+d)( ), then fg €
Al (D) € L) (ct. [9, Proposition 3.2] and [I0, Theorem 5.4]), so that fg € L'(u). Therefore, the

sesquilinear form

(f.9) = /D J7du— cs /D T, (057 0 p) dup
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is continuous on AP4(D) x A§"7i(1/p71)+(b+d)(

/fB(< 2) Tu,s/f:cs// fB(C )(A_S/Op)dl/D

for every f € AJG(D) (resp. f € AR?(D)) and for every ((,2) € D, thanks to [9, Propositions 2.41 and 3.13].
Therefore, the assertion follows by continuity.

(ii) By LemmalH and [9, Proposition 2.41], we may assume that B?&,z) € AZG(D) (resp. B(Séﬁz) € Ar1(D))
for every (¢, z) € D. Then,

D). Then, observe that

(Tys B 2))(Co2) = IIBEE ) 1
for every ((,2) € D. In addition, observe that Ap{, ., (D) C Aof Of/p J(bd)_s—s (D) by [9, Proposition
3.2], so that by means of [9, Proposition 2.41] we see that there is a constant C7 > 0 such that

(TusrBY 2)(62) < CLAg™ ™ = (p(¢, 2))
for every ((,z) € D. Furthermore, by means of [9, Theorem 2.47], we see that there is a constant Cy > 0
such that
||B(2§S,z)HL1(#) Z OQB?ZZ)(C) Z)Ml(ﬂ)(ga Z) = CQASQQS (p(Ca z))Ml(M)(Ca Z)
for every ((,z) € D. It then follows that
e 1" C
AGHTTT (¢ 2) M () < -

for every ((,2) € D.
(iii) Arguing as in the proof of (ii), we may assume that B(C .y € AZG(D) for every ((,z) € D, and that

A’];er (D)= A€+d «_s (D) (cf. [9, Corollary 5.11]). Let us prove that

s’

o =
as (¢,z) — oo, in the weak topology o(A

= ATV (¢, ) B L) 0

26(D), AZG(D)'). Observe first that, by [9, Proposition 5.12], we

q
o(D
may identify A2'((D)" with Af] i—s_g /(D) by means of the sesquilinear form

(-[)g: API(D) x AV (D)3 (f.g H/fg p)dvp.

(Bt olf), = TG = T CH)

for every f € Af)/f(;fsfs,(D) In addition, Af)jrd (D) C A‘(’f Of/p)(b+d) s, o(D) by [9 Proposition 3.7],
since p,q > 1. Therefore,
), =0
S/

for every f € A{’)J’rqdfsfs,(D), whence our assertion. Since T}, ¢ is compact, this implies that

Now,

(¢,2)—00

Chm HT S/b (, z)Hqu (D) = 0,

(¢,2)— b+d—s/—s’/

so that the estimates of (ii) show that M(u) € Ly (D). O

s’—s’’,0

Theorem 4.6. Take p,q € [1,00] and s,s’,s” € R" such that s € 21—qm + (R%)" if ¢ < o0 and s € RY, if
q = oo, and such thats’ € b+d — %m — (R%)". Assume that Py induces a continuous linear mapping of
Lg,,’%(D) into AZ* (D), and that My(p) € Ly g o on(D) (resp. Mi(p) € Ly d o gn (D))
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Then, T, s induces a continuous (resp. compact) linear mapping of Ap?(D) into Ab+d o g (D), and
oo [ T 985" 0 ) o = [ Pagas
D D

for every f € ARY(D) and for every g € Lg:/ql (D).

This extends one implication of |29, Lemma 4.1|, where the case in which s = s” € R1,, s’ = d — 2s,
p=q =2, and D is an irreducible symmetric tube domain, is considered.

Proof. Observe first that [10, Theorem 5.4] shows that there is a constant C} > 0 such that

17l < CulflL s, o
for every f € Ai Jrls,, (D). Let us first prove that, if f € A29(D), then T, « f is a well defined element of
Hol(D). Indeed, since B(C . € Ag,/,’ (D) by [9, Propositions 2.41 and 5.20], it is clear that fBs ) € A;rlsu -
LY(p), so that fBS (¢, z) € L'(u) for every (¢, z) € D. The assertion the follows by Lemmalﬂ}l

Next, take Co > 0 so that || Ps /gHAp W (o) S Callgll for every g € L%, (D). Then, take g € C.(D)

and observe that, by Fubini’s theorem

D(T,u,s’f)(<7 ) (ga ) ( (Ca ))dVD(gaz)

7 /
¥ (D)

B B (G 2) (¢ 2) dpld!, 2)9(0 ) A0 (p(¢, 2) dvp (¢ 2)

| 1€ [ B¢ 0¢ 05 (06 2) o (€. 2) ()

1 -
—\ [ ¢ Peg@ (¢’ )

N

1
_”fPs/g”Ll(u)
s/

N

Ch
C_s/”fps/g”A;is,,(D)

Ch
< 2z Pl oy

< 0102

2 FlLazeoyllgl o -

Therefore, T}, & induces a continuous linear mapping of A24(D) into APy o ./ (D).

Now, assume that M (1) € Ly g o g (D). Observe that, in order to prove that 7}, s induces a compact
linear mapping of A27(D) into Aﬁ_‘id o s,,( ), by means of the preceding computations we may reduce to
the case in which p is # 0 and has compact support in D. Let R be the diameter of Supp(p). Let (f;);en
be a bounded sequence in A2?(D), and let us prove that (T}, s f;) has a convergent subsequence. Observe
first that, since AP?(D) embeds continuously into the Fréchet—Montel space Hol(D), we may assume that
(f;) converges to some f € AP9(D) locally uniformly. Up to replacing (f;) with (f; — f), we may therefore
assume that f = 0. Now, observe that, by [9] Theorem 2.47], there is a constant C5 > 0 such that

1) )
G Bl (€2) ‘B«z) <C3’B<<,z>(<’,2’)

for every (¢, 2),(¢',2"),(¢”,2") € D such that d((¢', '), (¢",2")) < R. Hence,

Tys f5] < C3|B(§z)||:LL|(D)||XSupp(u)fjHL“’(D);
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where (¢, z) is a (fixed) element of Supp(u). It then follows that
[ Ty.s fill az

b4+d—s/—

(o) S C3l|Bi yllara oy [l (D) I Xsupp() fill L= (D)

b+4+d—s’

so that (7,s fj) converges to 0 in ApY 4 oo (D)[] The assertion follows by the arbitrariness of (f;)). O

We now recall the definition of Schatten classes. For lack of a precise reference, in Section [f] we collect
and describe the main facts that we use.

Definition 4.7. Let Hy, Ho be two hilbertian spaces, and take p €]0, 00[. Then, we define £?(Hy; Hs) =
LY (Hy; Hy) as the space of T € £ (Hy; Hy) such that

HT”xp(Hl;HZ) = (Tr((T*T)P/Q))l/p — (TI‘((TT*)p/Q))l/p < 0.

We also define .£*°(Hy; He) = % (Hi; Hz), and £5°(H1; Ha) as the space of compact linear operators from
H1 into HQ.

Theorem 4.8. Take p €]0,00[ and s,s’,s” € R" such that s,s”",b+d—s" —s" € im + (R%)". Consider
the following conditions:
(1) T, induces an element of ZP(A§’2(D);Ai’f_d_S/_S// (D));

(2) Mi(i) € L /) oray—s—s(P)-

Then, (2) implies (1). If, in addition, p is positive and s = s when p < 1, then (1) implies (2).

This extends [29, Theorem 4.2], where the case in which s = s” € R1,,s’ = d—2s, and D is an irreducible
symmetric tube domain, is considered. This also extends [21, Theorem 2.1|, where the case in which D is a
strongly pseudoconvex domain is considered i

Before we pass to the proof, we need two lemmas. We define i® = e'Z(s1++57) for every s € C” to
simplify the notation.

Lemma 4.9. Take s,s’ € R" such that s,s —s' € im + (R%)". Then, the following hold:

(1) denoting by T the isomorphism of A22(D) onto Azfs, (D) which induces the endomorphism f — f*Igsll
of E(Sa,L(N)) (cf. |9, Proposition 5.13]),

_ 2T (25 —s' —b —d) st
I Bber 2s — Bber 2s+s
( @ ) iTo(2s —b—d) (&2
for every (¢,z) € D;
(2) for every f € E(Sa,L(N)),

/ /
(e B ™0) oy = )
for every (¢, z) € D, and for every h € Q.
Proof. Observe that [9, Corollary 1.41 and Propositions 2.14 and 3.11]| show that
m((BES72),) = dxar(NAE (Ve MrCathmy (¢ Re2) Py o
for almost every A € F/ \ W, where

b+d—2s+s’
(A BES)

;o 43¢
*" TI'g(2s—b-—d)
for a suitable constant ¢ > 0. Then, (1) follows by means of [0, Lemma 2.21], while (2) follows by means

C

of [9, Proposition 4.11]. O
"Notice that Bfé’z) € Azl;ﬁd—s’—s“(D) since Ty, .o AD9Y(D) — Azl;ﬁdfslfs” (D) is continuous by the preceding
computations.

8Note that a homogeneous Siegel domain is strongly pseudoconvex if and only if » = 1, since the Shilov boundary of a
strongly pseudoconvex domain is its topological boundary (cf., e.g., [I6}, Theorem 15.3]).
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Lemma 4.10. Take s,s’,s",s"" € R" such that

1
s,s".b+d—s —s' b+d-s —s"-5"¢ Zm+(]Ri)T.

Take p € M(D) such that Mi(n) € Ly q o gno(D), and denote by T the isomorphism of A%—?—d—s'—s“ (D)
onto A%)idfs’fs”fs”’ (D) which induces the automorphism f — f I3 of £(Sa.L(N)) (¢f. [9, Proposition
5.13]). Then,

ITHas/ = Tp,S’-‘rS”"

Notice that the assertion is contained in Lemma [£3]if s”/ € —INo,. The proof below is more delicate since
7 is no longer a differential operator.

Proof. By Lemma L9 the assertion is clear if p has finite support. Now, assume that g has compact
support and observe that there is a bounded filter § on the space of measures on the with finite support
which converges vaguely to p (cf. [8, Corollary 1 to Theorem 1 of Chapter III, § 2, No. 4]). We may further
assume that there is .# € § such that every element of .# is supported in Supp(u). Therefore, it is clear
that T}y o f and T}y & & f converge locally uniformly to T}, & f and T}, & s f, respectively, as p’ runs along §,
for every f € A2?(D). Since they stay also bounded along §, it is clear that T, ¢ f and T}, ¢ ¢ f converge
weakly to T), ¢ f and T}, ¢ s f, respectively, as p’ runs along §. Hence, ZT), o f converges weakly to ZT), ¢ f
as p/ runs along §, whence

IT,U.,S/f - T,u,s/+s’”f
for every f € A2%(D).
Then, take u € M(D) such that Mi(u) € Lpyg o (D). Observe that, if we define s == X 5((0,icq),¢) "1

for every ¢ € IN*, then ||M;(p — M€)||LZ°+’;° (D) =~ 0as £ — oo, so that T}, «» and T}, ¢ ys converge to

Tys and Tygysr in L(A22(D); Ap2 4 o_g) and Z(A22(D); A7), respectively, by Theorem The

s//
assertion follows. O

Proof of Theorem[{.8 (2) = (1). Assume first that p €]0,1]. Define s; ;== b +d —s’ — 2s”, so that the
automorphism f — fxI5" of E(Sq,r(N)) induces an isomorphism Z of Ai’id_s,_s/, (D) onto AZ2(D) (cf. [9)
Proposition 5.13]). Observe that, by Lemma [Z10]

ITe = T ts,-

Then, take s; € R” and a (4, R)-lattice ((jx,2jk)jeskex on D, for some § > 0 and some R > 1, such
that the mappings

A AT K) 3 A ZAj,kB(ng’k,zj’k)Aglerd)m-s-sQ(hk) € A22(D)
7.k
and
Ap: P2(JK) 3 A Y N kBR2 ARV () € AZE(D)
j.k

are continuous and have a continuous linear section, where hy = p({j k, ;1) for every (4, k) € J x K (cf. [9]
Proposition 3.15 and Corollary 5.16]). Then, Proposition implies that there is a constant C; > 0 such
that

||T,UaS'||$P(A§’2(D);Ai’idis,is”(D)) S Cl|AST 50451 Arll 2w (022 (0,10 -

In addition, Proposition shows that

p
||A;T 75’—‘,—51141”1‘)%1)(@2,2(‘],[()) < Z }<TM7S'+S1A16j7k|A26j’ak/>A§,’,2(D) )
(4,k), (5" k") eI x K



TOEPLITZ AND CESARO OPERATORS ON SIEGEL DOMAINS 15

where (e; 1) is the orthonormal basis of (*2(J, K) defined by e 1. (5, k') := &(; ), j i) for every (4, k), (', k') €
J x K. Now,

p
(Tusr s Arejkl Asejr k) 422 py
s

p
S2

(Cj’,k’vzj’,k’)>Az;,2(D)

S2 52
/B«]k,z]k) otz ) W

for every (j, k), (', k') € Jx K, where the second equality follows from Theorem [£6] since 2s” = b+d—s'—s;
by our auxiliary assumption. Now, let (B, ) be a Borel partition of D such that B(({jx, 2jk),0) € Bjr C
B((¢jk, #,k), RO) for every (j,k) € J x K. In addition, by [9, Theorem 2.42 and Corollary 2.44|, we may
take a constant Cy > 0 such that

|B(< (AN SIBE L) (¢ 2" < Cal BE L) (¢ 2))]

for every (¢, 2), (¢, 27), (¢, ”) € D such that d(({’, #'), (¢", 2"")) < Ré, and such that

_ A€z[(b+d)/2—s—s2] (hk)A€z[(b+d)/2_s” —s2] (hw)

S2
(T B oy 0| B

1 e o p
_ Ag[(b-i—d)/Q s 52](hk)Ag[(b+d)/2 s 52](hk/)

b

s/+s1

1 —_s— _s— —_s—
02 2(b+d)/2 s sz(h) < 2(b+d)/2 s sz(h/) < 02 A (b+d)/2—s sz(h)
and

1 sl o o
FAg:)er)/Q s S2 (h) < Ag:)er)/Q s S2 (h/) < C2A§2b+d)/2 s S2 (h)
2

for every h,h’ € Q such that d(h,h') < RS. Then,

p
. I
B B wzyan 1D By 1B o Gk B, L (G
// k//
2
2 By VIBEE, (GBI (G
// k//

for every (j, k), (', k') € J x K, since p < 1. Hence,

b+d)/2—s—
HA2 HS+SIA1|‘$I)(€2 Z(JK)) Z |/j/| //7k//)pZA€2[( )/2—s Sz](h )|B€52k7zj k)(c ” k//)l
s '+s1 Gk 7,k
b+d)/2—s" —
X zk: Ag[( /2 52](hk’)|B;€Cs;,k/,Zj/,k/)(Cj”’k””
J' k!
06:0 s
< // 1" Bp 2
h C]so/JrSlVD( ((0,ieq),9))? ;;u"u' w )l (4'//”“”)”‘4 [(b+) /25 —sg]+b+a (D)
PS2
X H (57 1) ”A [(b+d)/2 s“—sg]+b+d(D)

Now, by means of [9, Proposition 2.41] we see that, provided that sg is sufficiently small, there is a constant
C3 > 0 such that

b+d-s—s"’
by S Cs D AL ()l (B o) = Collul},

p
HTH15/||$P(A§’2(D)§A§2 i1 gt
27

+d—s/—s’ (

where
1/p

b+d—s—s"’
Il = { 3G )l (B |
3.k
with the obvious modification when p = occ.
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In addition, there is a constant C4 > 0 such that

HTu,s’Hg(A (D); Aijd

o) S Callploe

for every Radon measure p on D such that ||u]|eo < 00, as one sees by inspection of the proof of [I0, Theorem
5.4] and of Theorem
Now, take p €]1, 0o[ and assume that p has compact support. Define

gz = [l BETDTEY A () [l (B )P X, -
gk
and observe that the mapping
Fizeo Tye = 550 A0l (Bia) P9 T, ubra—2s € L(AT*(D); Ay g (D))
4.k
is holomorphic on € and bounded on the closure of S := {2z € C: 0 < Rez < 1 }. Inaddition, F(1/p') =T,
”F(Zt)||$1(A§’2(D);Ai’id7 s (D) S < Cslpiellr = Csllpllp
and
| F(1+ it)”x(Ai’z(D);Aif (D) S < Callpatitlloo = Callpllp-

Therefore, Proposition implies that

||Tu,s’||$p(,4 (Dy;ALZ (D) < max(Cs, Ca) || pllp-
Finally, take p €]1, 00|, and let  be a Radon measure on D such that ||p||, < co. Define
He = XB((0,ieq),t) * I

for every £ € IN*, and observe that the preceding remarks show that
||T#215'||$P(A§’2(D)) < max(Cs, Ca) | pllp

for every ¢ € IN*. In addition, it is clear that ||u — p¢lloc — O for £ — oo, so that T}, & — T, in
L(A22(D); ApY q_o (D)) for £ — co. Hence, Proposition 6.6 shows that

||Tu,5’||gp(A§v2(D) A (D)) < max(Cs, Ca)[pllp,
whence the conclusion thanks to [I0, Lemma 5.1].

(1) = (2). Assume first that p is positive, p < 1, and s = s”. Define s; and Z as in the proof
of the implication (2) = (1). We also define A; and A, s1mllar1y, except for the fact that this time
(Ck» 2j k) jesker Will be an (R,4)-lattice (cf. [9, Lemma 2.55]), so that A; and As are still continuous, but
not necessarily onto (cf. |9, Propositions 3.17 and 3.32, Theorem 3.34, and the proof of Corollary 5.14]),
provided that sg is sufficiently small. We shall define B; i, := B(({jx, zj,x), R0) for every (j,k) € J x K. The
precise conditions to be imposed on § and R will be determined later on.

Observe that ZT), ¢ = T}, ¢/4s, by Proposition £.4] and Lemma [

TT 1) a2y = —— [ 17P

for every f € A22(D), by Proposition 4l so that, in partlcular, IT, s is (self-adjoint and) positive. In
addition, if p/ is a positive Radon measure on D and p’ < p, then (ITM',s'f|f>A§2(D) < (ITM7s/f|f)A§,z(D)
for every f € A22%(D), so that (ZT,s ¢)'/? is the composite of (ZT),¢)/? with a contraction of A22(D).
Hence,

LT sl 2o az2(py) S 1Tl 2na22 ()
for every p’ as above, thanks to Proposition [6.21



TOEPLITZ AND CESARO OPERATORS ON SIEGEL DOMAINS 17

Define X, :== A3TT,s ¢ A1, and observe that X, € £P((*>2(J, K)). Observe that X,, = A3T, ¢+, A1 by
Proposition 24 and Lemma T0l In addition, define A, as the diagonal operator whose diagonal elements
are the same as those of X /. Then, the computations of the proof of the implication (2) = (1) show that

1 b+d—2s—2sz 2 ?
HA#/H;F)(@Z,Q(.]’K)) = Cp — ZA?} s—zs ] </ |BS< br2s) ‘u/)

s'Hs1k

1

S Z Ap[b+d—25] (hk)u’(B- k)p
= 2 Q Js
& O I

s’+s1

for every positive Radon measure p/ < p on D, and that

csp
X, AR 50 < BPs2 ,
10 = S lveacry b s, vn(B((0,ieq), R/2)) Z“ /d((c,z>,(<',z/>>>R| o orvzgn o) (G 2
B L (€A== <<,z>>A€}<b*d>/2*5 ~lp(¢, 7)) d(vp @ vp)((C, %), (¢, 2)

for every positive Radon measure p/ < pon D such that p/(D\U; ;, Bjx) = 0, where C5 is defined as in the
proof of the implication (2) = (1) and is independent of § and R as long as (say) R < 1. Now, observe
that there is a constant C'r > 0 such that

2 2 b+d 2—s—s
I, o (G2BR2 (AT (¢ 2)

/d(((,z),((/,z/))>R
> Ag[(ber)/Qfs —sz](p(gl,zl)) d(VD ® VD)((g,Z), (C/’z/)) _ CRAg[b+d72S](hk”)

for every k” € K, by homogeneity, and that hm Cr = 0, provided that sg is sufficiently small (cf. [9]
Proposition 2.41]). Therefore, we may find 9, R > 0 such that 0R < 1 and

1 b+d—2
[ X — Al gre22(,x)) < W T ZAg[ A () (B k)P

s’+s1

for every positive Radon measure p/ < pon D such that u/(D\U; , Bjx) = 0. Therefore, |13, Lemma 9 (b)
of Chapter IX, § 9] implies that

>
4cP,

[b4+d—2s
CQ,,ZAP T ) (B
s'+s1 72

| Xl v (022 (5,5)) =

for every positive Radon measure with compact support p' < p on D such that p/(D\ Uj,k Bjr) = 0. By
approximation, the same holds for every positive Radon measure p/ < p on D such that u'(D\ijk B ) =0.
Now, observe that, by the proof of [9, Lemma 2.55] we may find two countable families of affine automor-

phisms (¢j/)jscs and (Y ) ek such that the following hold:

(a) ¢j is induced by the action of some element of bD on D, for every j' € J';

(b) ¢Ypr = gr X tg for some tyy € Ty and giw € GL(E) such that ¢t o ® = ® o (g X gis), for every

k' e K';

(C) (’lﬂk/ ((pj/ (0, ’ieg)))j/ €J k'eK’ is an (R, 4)-1attice on D.
Observe that, by homogeneity, (Y (¢, (¢, 2)))j7er kek is an (R, 4)-lattice on D for every (¢, z) € D. Then,
let (e, 2z0)eer be a family of elements of B((0,ieq),4R) which is maximal for the property that the balls
B((¢e,20), R0/4), as ¢ runs through L, are pairwise disjoint. Observe that clearly

vo(B((0,ie0), AR + RS /4))
VD(B((Ov’LeQ)vRa/ZL)) ’

Card(L) <
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so that L is finite. Then, applying the preceding arguments to the measures py = Zj,,k, XB (s (o1 (Cer2e)),RE)
w, we find

D> AR ) u(B W (05 (G 22)), RO < oc.

CeL j' k'
Now, observe that B((0,ieq),4R) C Jyer B((Ce, 2¢), RI/2), by maximality, and that

Mps)2(1)(C, 2) < Mps(1) (i (@40 (Ces 20)))
for every ((,z) € B((¢¢, 2¢), R5/2) and for every £ € L. In addition, there is a constant C5 > 0 such that
1 plbt+d—2s b+d—2s b+d—2s
FSAZ[ + ](h) AP[ + ]( ) C AP[ + ](h)
for every h,h’ € Q such that d(h,h') < 4R (cf. [0, Corollary 2.49]). By the arbitrariness of £ and (¢, z), this
implies that

/ Mps ()P (ABPT42 6 ) dup < Cs Mpso(vp) (0, ieq ) > Mps(p)((Ger 20))P
B((0,ieq),4R) Lel

so that, by homogeneity,

(WPAEPH o p)dup

/ Mpgs/2(p
Bty (1 (0sie0)) AR)

< C5 Mps o (vp)(0,ieq) D AGPT472 (hyo) Migs (1) (wows (95 (G, 20)))P
leL
Therefore,

/ MR§/2 Ap[b+d 2] o p) dvp < o0,

that is, Mp;,s € L(1 /) (bt 9s(D). The conclusion follows from [10, Lemma 5.1] in this case.
Finally, assume that p is p031t1ve and that p > 1. By means of Lemma [£5] and [9, Proposition 2.41],
we may also assume that BS ) € AZZ(D) for every (¢, z) € D. Take s such that properties (L/)22

S,S2
(L')i,?s hold (cf. [9] Crollary 5.11 and 5.16]). Then, there is a (d, R)-lattice (¢j k, 2j.k)jes ke for some § > 0
and some R > 1, such that, if we define A; and A, as in the proof of the implication (2) = (1), then both
Ay and Ay are continuous (and onto). Define, in addition, hx = p((j k, 2j,x) and Bjx = B(((jk, 2j.k), RO)

for every (j, k) € J x K. Observe that, by [9, Theorem 2.47|, there is a constant Cg > 0 such that

and

Cs [B2.(¢ )| < | BRz., (¢ 2| < Co| B2 (<. 2)
for every (¢, 2), (¢, 2'),(¢",2") € D such that d(({’, 2'), (¢",2")) < Ré.
Then,
) p
—s—s"’ 2 b+d—s—s" —2s2 2
S (AR ten(Biw) < Z( ) 1B )
J.k gk 3.k
p
2p b+d—-s—s" —2s s
< CG Z <AQ 2(h ><B(<2] ksZjk) (Cj,k72j,k)> )
e L2(p)

:c’;,cgpz‘< wAres il AgAseis) 2

d s/ S// (D) ’
thanks to Proposition 4.4 where

A3 A2 2( ) 5 f N f( 25 +s’ _(b"rd) p) c Li’id_sl_s// (D)

s/’
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” p
is a continuous linear mapping. Therefore, Propositions6.2land 6.3/imply that 3, , (ABerfsfs (hk),Uz(B_j,k))

is finite, so that the conclusion follows from [I0, Lemma 5.1]. O

5. CESARO-TYPE OPERATORS

In this section we study Cesaro-type operators, following (and extending) the definition given in [29].
For these operators, continuity and compactness results basically follow from the corresponding results for
Carleson measures (and this is rigorously so when the target space is of the form AZ?(D) with p €]0, co[).
Using the relationship between Cesaro-type and Toeplitz operators, we then characterize the Cesaro-type
operators which belong to some Schatten class .£7(A22, A>? (D)) (cf. Definition 1] below).

s1 2 “'sg,8’

Definition 5.1. Take s € R", s’ € Ny, and p, ¢ €]0, oo]. Define flg’g, (D) as the Hausdorfl space associated
with the space of f € Hol(D) such that f * I s ¢ ALl (D), endowed with the induced topology. Define
AP ‘% o(D) analogously.

Observe that the mapping f — f * IS;S/ induce isomorphisms of A% (D) and A% (D) onto A”9, (D)

s,s’ s,s’,0 s+s’
and AJY, (D), respectively (argue as in the proof of [J, Proposition 3.17]). Therefore, AZ'd, ((D) # 0 (vesp.
A’S’:g, (D) # 0) if and only if s + 8’ € 21—qm + (R%)" (resp. s +s’ € R, if ¢ = 00). Observe that A’S’:g, (D) is

. . . Ap q
canonically isomorphic to Ag’g,

We observe explicitly that both AS:g,(D) and ﬁg:g,
classical (weighted) holomorphic Besov spaces (notice that almost no difference arises when r» = 1, that is,
when D is a Siegel upper half-space or, equivalently, biholomorphic to the unit ball). Cf. [37, 38| [39] for
more information of holomorphic Besov spaces on bounded symmetric domains.

For every s’ € N and for every g € Hol(D), define a mapping C, ¢ : Hol(D) — Hol(D)/ ker(- 155/) by

Cos (f) * 15% = flg* I5%)

for every f € Hol(D). Observe that saying that Cy ¢ maps AEV9(D) into Ag;p(D) continuously (resp.
)(Age Y

(D) if ¢’ is sufficiently large.

(D) can be considered as possible generalization of the

compactly) is equivalent to saying that (g * I, s’ o p) - vp is a p-Carleson measure (resp. a
vanishing (or compact) p-Carleson measure) for AP»9 (D). In the particular case po = g2 = p, then, the
following Propositions [(.2] 5.3l and B4 follow from [10, Proposition 5.2 and 5.3, and Theorem 5.5|. Even
though the proofs in the general case are analogous, we repeat them for the sake of completeness.

Proposition 5.2. Take p1,p2,q1,q2 €]0,00], s1,82 € R" and s’ € Nq/. Define p3 = (p% — p%);'l; g3 =
11

(q—2 — q—l)jrl, and s3 = sz —s1 + (p—ll — p%)Jr(b +d). Take g € Ag;g? (D) (resp. g € A’S’;gfo(D)) Then, Cg.s
induces continuous (resp. compact) linear mappings AP 8 (D) — AP>% (D) and APV (D) — AP>%2 (D),

s1,0 s2,s’,0 s2,s’
This extends one implication of [29] Corollary 3.9 and Theorem 3.11], where the case in which p; = ¢; €

[1,00][, p2 = q2 € [1,0], s1 = s2 € R1,, and D in an irreducible symmetric tube domain, is considered.

Proof. STEP 1. Assume that g € /vl?s’gv% (D). By [9, Theorem 3.23], given a (6, R)-lattice ({jx, 2j,k)jet kek OL
D for some 6 > 0 and R > 1 (cf. [9) Lemma 2.55]), we may find a constant C; > 0 such that the operators
S1,82,83: Hol(D) — C7*K defined by

(Sef)im = A~ CFDP(p(Cn, 2zp))_ max |f1,
B((Cj,k+24,5),R3)

for every f € Hol(D) and for ¢ = 1,2, 3, satisfy

1
a”sffHéW’ql(J,K) S lazeae py < CillSefllereae gk



20 M. CALZI, M. M. PELOSO

for every f € Hol(D) and for £ = 1,2,3. We may also assume that f € AL"¢*(D) if and only if Syf €
0% (J, K). Then,

||Cg,s’(f)||A§§;§,2(D) < Cil|Sa2(f (g * 1% )l evz .02 (1,1

< CilIS1(1)85(9 * 16 levaveo 1.6)
< ClS1()llers ar (50155 (9 % Tg™ | evs s (1)
< C13||f||A§;"’1(D)||9||Ag§.,qs(D)

for every f € Hol(D). The assertion follows in this case.
STEP IT. Assume that g € A7 % (D). By [9, Theorem 3.22], we may find a (6, R)-lattice (k. 2j,k) jeskex

on D for some § > 0 and R > 1, and a constant Cy > 0 such that the operators Sy, Sz, S3: Hol(D) — C7/*&
defined by

(Sef)in = A5~ TP (p(C e, 250)) F (G 200,
for every f € Hol(D) and for ¢ = 1,2, 3, satisfy

1
a”sefﬂéque(J,K) Sl azese oy < CollSefllereae r.x)
for every f € A% (D) and for £ = 1,2,3. Define X ¢ = Sg(A;’j,’gf (D)) and X := Sg(AL9(D)) for £ = 1,2,
and define Ay o == S3(g * I5° ). By sTEP I, it will suffice to prove that the continuous linear mappings

X170 SA— )\)\5775/ S XQ,O and X132 )A— )\)\g,s’ c Xo

are compact, where the product is defined componentwise. Since A\, ¢ € £5*%(J, K), and since X, has the
topology induced by ¢P¢%(J, K) for £ = 1,2, the assertion follows easilyE O

Proposition 5.3. Take p1,q1,q2 €]0,0], s1,82 € R" and s’ € Nq/. Assume that s1 € ﬁqu (R7%)" (resp.
s1 € R if 1 = 00). Define s3 == sy —s1 + (p% — p%)(b +d) and take g € Hol(D) so that Cy¢ induces a
continuous linear mapping AL '(' (D) — AZ;?,O(D) (resp. ALL9 (D) — /Vlgz’g? (D)).Then, g € A::S,O(D)

If, in addition, s € (R%)" when p1 = q1 = 00 and Cy,s induces a compact linear mapping Agi:gl (D) —
Jaeae (D) (resp. AP17 (D) — qu,qz(D)), then g € A:j’:,o(D)

’ ’
s2,s’,0 S2,8

Proof. Take s4 € pil(b +d) — ﬁm’ — (R% )" such that s; +s4 € pil(b +d) — ﬁm’ — (R%)", so that [9]

Proposition 2.41] shows that there is a constant C; > 0 such that

1 —(b+d)/p1
IBEE llazpo by = CLAG = CFDP (¢, 2))

Sa
(¢;2)
for every (¢, z) € D. In addition, by [0, Theorem 2.47], there is a constant Cy > 0 such that
B ()] > CaA% (0(C, 2)
for every (¢, 2), (¢, 2") € D such that d((¢, 2), (¢’,2")) < 1. Therefore, there is a constant C5 > 0 such that
1+sa—(b+d)/p1 S,
Catry =TI (¢, 2)) > [1Co (BEE )l oz

D)

= 1B (9 1™ ) azzy22

= CoAG (p(C, 2))IXB((c.2)) (9 % 1™ )l o2 o2

s2(D)

9Indeed7 if (Ys)gew is an increasing sequence of finite subsets of J x K whose union covers J x K, then the operator of
multiplication by Ay is the limit of the operators of multiplication by XYBA /, which have finite rank and are therefore

g,s"
compact, in .Z(X1; X2).
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for every ({,z) € D. Now, by a simple modification of [0, Lemma 3.24], we may find two constants p, Cy > 0,
with p < 1, such that
2—(b+d 2
Ag PV (p(¢,2))R(C 2)] < Cullxsc.o), phllzrza
for every h € Hol(D). Therefore,

C3C,
Cs

A% (p(¢,2))|(g % I5%)(¢, 2)] <

for every ((,z) € D, sothathAs o (D).

Now, assume that Cy4 ¢ induces a compact linear mapping Ap r8(D) — A;’Z’g? (D). Arguing as in the
proof of [I0, Proposition 5.3], we may find s € R" such that

. b+d)/p1—s1—
im AGTIITRT (G 2))Cous BE ) Lz 2 ) = O
Then, by means of the preceding estimates, it is readily seen that g € A:O :OO(D). O

Proposition 5.4. Take p1,q1,q2 €]0,00], s1,82 € R" and s’ € Nq/. Assume that s € ﬁer (R3)"
(resp. s1 € RY if g1 = oo) and that property (L){S7 holds for some s” € R". Define p3,q3, and s3 as
in Proposition [2.2 (with ps == q2), and take g € Hol(D) so that Cg s induces a continuous linear mapping

APV (D) 5 A (D) (resp. ALV (D) - AR (D). Then, g € AP (D).

s1,0 sa2,8’,0 sa,s’ s3,s’

This extends one implication of [29, Corollary 3.9 (ii)], where the case in which p1 = q1,¢2 € [1, 0],
s1 =s2 € R1,, and D in an irreducible symmetric tube domain, is considered.

Proof. If ¢ = oo, then the assertion follows from Proposition [5.3] so that we may assume that g2 < co. Let
1 be the measure on D with density

(C,2) = AZS (¢, 2)|(g % I5%) (¢, 2)|

with respect to Lebesgue measure. Then, the assumption means that A’s’i:gl (D) embeds continuously into
L% (). Thus, [10, Theorem 5.5] implies that the function

(Caz) HM(B(((C’Z)a - HXB ((¢,2), 1)(9*I )Hqu "2 (D)

belongs to Lff;}{ ?;1):;1(2’])1({]?2;) Jp1—qosa (D). Then, arguing as in the proof of Proposition we may find two

constants p, C' > 0, with p < 1, such that
2—(b+d 2
A% ETDIE (G, 2)] < Ol bl

s2(D)

for every h € Hol(D). Therefore, g € AP*% (D). O

s3,s’

Proposition 5.5. Take p €]0, 00|, s1,82 €
following conditions are equivalent:

(1) Cys induces an isomorphism of ALP(D) onto a closed subspace of ALP(D);
(2) there are e, R,C > 0 such that

o ({ (€2 € BUCG2), R g+ Ig¥)(¢, )] > A5 (o(¢', ) }) = ©
for every (¢, z) € D.

This extends [22], Corollary 1], which deals with the case in which 8" =0, s; = so = —d/p, and D is the
unit disc in C (but g is a bounded measurable function).

ﬁm + (R%)", s’ € No, and g € Azz s (D). Then, the
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Proof. (1) = (2). Define
Goi={(¢2) € D: (g + I¥)(C, 2)] > A5 77 (p(¢, 2)) |

for every € > 0. Observe that, by assumption, there is a constant C; > 0 such that
||CgsfHAPP (D) & CleHA“’

for every f € AL:P(D), so that
Cillfllazrpy < [1f(g % 157 )HA;};S/(D)

for every f € A’S”IZD) If we define Cy = Hg||Aoo,oo (D) then

Cillfllazppy < CQHXG fllazz oy +ellxpre. fllazp o)

for every e > 0 and for every f € A? 1’2 D)
Now, assume by contradiction that (2) is not satisfied. Then, [I0, Theorem 7.3] implies that for every
j € IN* there is f; € AZl,, (D) such that || f;[| azr(p) = 1 and such that
IxG,, fill azp oy < 1/5.
Then,
Cy < Jim (C2HXG1/jfl/jHA§ip(D) + EHXD\Gl/jfj”Agip(D)) =0,

which is absurd.
(2) = (1). By [10, Theorem 7.3], there is a constant C5 > 0 such that

£l azr(py < Csllxa. fllazy
for every f € AL:P(D), so that

1Cost Fll itz my = (o 16 L azy, ()
2 elxc. fllazr o)
> —||f||AP (D)
for every f € ALP(D). The conclusion follows by means of Proposition O

Theorem 5.6. Tuke s; € tm + (R%)", s2 € R", s’ € No, p €]0,00[, and g € Hol(D). Then, Cys €
LP(AZ2(D); A2 (D)) if and only if g € APP (D).

s2,s’ s2—s1+(b+d)/p,s’

This extends one implication of [29] Theorem 4.3], where the case in which s; = s2 € R1,, p > 2, and D
in an irreducible symmetric tube domain, is considered.

Proof Let 4 be the measure on D with density (A252+25 ~®Fd) o p)g  I5%|? with respect to vp. Define
i=b-+d—2s;. Notice that Cye € L(A22(D); A22(D)) if and only if g € A2 & (D), thanks to Propo-
sitionsandlf):{l, and that T, s» € £(A22(D)) if and only if M (1) € L:'f,’oo(D) thanks to Proposition F4l
Therefore, arguing as in the proof of Proposition .4, we see that Cq s € Z(AZ2(D); fvlgf(D)) if and only
Tus € Z(A%*(D)). Hence, we may assume that both of these conditions hold. Since we may also assume
that g # 0, we deduce that sz +s’ € Tm + (R})".

Then, for every f € Agf(D),
”Cg,S’fH?ngys,(D) = ||f(g* 155 )||?42’22+s,([))

= 1£1Z2)
= Cs”|<Tu,s”f|f>A§'12(D)|a
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where the last equality follows from Proposition 4l Then, T}, s~ is (self-adjoint and) positive, so that

1/2 1/2
HC.‘LS’fHAV:;S/(D) = CS/// HTH,/S”||A§’12(D)

for every f € A22(D). Hence, there is a linear isometry of Cy ¢ (AZ2;?(D)) onto T;/Q (AZ2(D)) such that

"
,S

1/201/2

s/t s’

UCyjs =c
so that Proposition implies that

1/2 2
||Cg,s’||gp(A§v12(D);Aj:s,(D)) = Cgir HT;L,s"”gpm(Agf(D))'

The assertion then follows from Theorem O

6. SCHATTEN CLASSES

In this section we review some basic fact about Schatten classes of linear mappings between two hilbertian
spaces (cf. Definition F7)).

Proposition 6.1. Let Hy, Hy be two hilbertian spaces, and T € £ (Hy; H2). Then, the mapping
10,50] 3 p = [T oty € [0, 0]
18 decreasing.
This result follows easily from the singular value decomposition of compact operators (cf., e.g., [20, p. 261]).

Proposition 6.2. Let Hy, Hi, Hy, H, be four hilbertian spaces, and take U € £ (Hy; H1),T € Z(Hy; Hy),
and V € ZL(Ha; HS) and p €]0,00]. Then, the following hold:
(1) if T € L¥(Hy, Hs) (resp. T € £P(Hy,Hs)), then VIU € £F(Hy; HS) (resp. VIU € £P(Hy; HY))
and
IVTU v (my;my) < IV 2(bra;mp 1T || 20 (11,58 U | 2117111
(2) #f U is onto, V is an isomorphism onto its image, and VI'U € L (Hy; HS) (resp. VIU € £P(Hy; HY)),
then T € £y (Hy, Ha) (resp. T € £P(Hy, H));
(3) if U* is an isometry on T*(Hz), and V is an isometry on T(H,), then
IVTU|| 2v(mr:mz) = 1T 20 (21,5125
This follows easily from [40, Proposition 1.30 and Corollary 1.35].

Proposition 6.3. Let H be a hilbertian space, p € [1,00[, and T € £ (H). Then, T € £LP(H) if and only if
> I Twjlo)|P < o0
jeJ

for every countable orthonormal family (v;);cs of elements of H. In addition,

1
stmraa=my 1T sy < ?UI;ZKTUHUMP <N a1y
Vj ]

where (vj)jeg runs through the set of orthonormal finite families of elements of H. If T is normal, then
equality holds.

This follows from [40, Theorem 1.27] and [31, Lemma 2.3.4]. Use the spectral theorem (applied to the
self-adjoint operators 7'+ T+ and (T'—T) /i) to prove that T is compact provided that . ;|(Tv;[v;)[P < oo
for every countable orthonormal family (v;);cs of elements of H.
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Proposition 6.4. Let Hy, Hy be two hilbertian spaces, T € ¥£(Hy;Hs), and p € [l,00[. Then, T €
£P(Hy; H2) if and only if

> W Tvjlw))[P < oo

jed
for every countable set J and for every two orthonormal families (v;)jcs and (wj)jes of elements of Hy and
Hs, respectively. In addition,

||Tng Hy:Hy) —  Sup Z| ij|wj )

(UJ) (wj)

where (v;)jes and (wj)jes Tun through the sets of orthonormal finite families of elements of Hi and Ho,
respectively.

This follows from [31, Lemma 2.3.4] and [40, Theorem 1.28], as for Proposition (.3

Proposition 6.5. Let Hy and Hy be two hilbertian spaces, p €]0,2], T € £(Hy; H2), and (vj)jer, (Wk)kek
two orthonormal bases of Hy and Hs, respectively. Then,

U1 ety < D_NT0slP < Y [(Toslw) P
jeJ jedkeK
This follows from [I8, p. 95] using the polar decomposition of T'.
Proposition 6.6. Let Hy, Hy be two hilbertian spaces, and take p € [1,00]. Then, the mapping (T,S) —
| T — S|| (1) 5 @ pseudo-distance which is lower semi-continuous in the weak topology of Z(Hy; Ho

which endows £*(Hy; Ha) with the topology of a Banach space. In addition, £¥(Hy; H) is the closure in
ZLP(Hy; Ho) of the space of linear operators with finite rank.

This follows from Propositions [6.4] and [.1] using the singular value decomposition of compact operators
(cf., e.g., [20, p. 261]).

Proposition 6.7. Let Hq, Ho, Hs be three hilbertian spaces, and take p,q,r € [1,00[ such that % =
Then, for every T € £P(Hy; H2) and for every S € £(Hs; Hs), one has ST € £"(Hy; Hs), and

1 1
p+q'

IST N2 (rry;115) < N SN0 (rr; 1) 1T || 20 (11438 -

This follows from [31, Theorem 2.3.10] using the polar decompositions of T" and S.

Proposition 6.8. Let Hy, Hy be two hilbertian spaces, and take p € [1,00]. Then, the sesquilinear mapping
ZP(Hy; Hy) x L7 (Hy; Hy) 3 (T, S) — Tr(S*T) € €

induces an isometric antilinear isomorphism of £V (Hy; Ha) onto £F(Hy; Ha)'.

This extends [31, Theorem 2.3.12] and is proved similarly.
Proposition 6.9. Let Hy, Hy be two hilbertian spaces, and take p € [1,00[. Then,

(L (Hy; Ha), Z5° (His Ha))pu ) = (L1 (Hus Ha), £ (His Ho)) ) = £P(Hy; Ha).

Here, (A, B)jg denotes the complex interpolation space of the Banach pair (A, B) of index ¢ € [0, 1].
This follows from [I8, Theorem 13.1 of Chapter III| using standard techniques.

10We denote by %s(H1; H2) the space £ (Hi; H2) endowed with the topology of simple (or pointwise) convergence. A
pseudo-distance on a set X is a symmetric mapping d: X X X — [0,00] which vanishes on the diagonal and satisfies the
triangular inequality.
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